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Our purpose here is to re-examine some specific fe~tures ~)f the axial vector vertex 
in spiller c leetrodynamics  0) in the light; of the analyt ic  regularization method (2.a) 
in its gauge- invar ian t  version W e n  by  ]~tlI.;IT1,;NLOIINI,;R and MITTER (4) to deal with 
closed fermion loops. As a result  of our work we h~ve found tha t :  

i) Al~,hough the  inlcgraI  defining the V V A  t r iangle  graph (***) (see Fig. 1 a)) 
appears to be superficially lim~arly divergent  by  1)ower count ing,  it  is, wi th in  the spirit  
of analyt ic  regularizat ion a convergent ittteg-,'al. 

ii) Since, when analyt ic  reglflarization is used, it is no t  dangerous to shift the 
in tegrat ion va,rial)le in a, d ivergent  graph and  no mass-indcI)endent  terms are lost in 
the process of regul~rizali<m, we  conclude tha t  the result  ot)t~incd by  ROSENBERG (e) 

for the VV~\ t r iangle gral)h is unique.  By this we mean  (hat  the value of the graph 
is no t  ~mbiguous and  i t  doe, s no t  (h,pend on tim labeling convei~tion or on the  method  
of evaluat ion of the ia tegral  dctining it (***). 

y~ k I 7~ k I 

a) b) 

Fig.  1. - a)  The  VVA t r i ang le  g r a p h ,  b) The  V V P  t r i ang le  g r a p h .  

(*) M e m b e r  of Consojo N a c i o n a l  de  Inves t igac iones  Cientlf lcas y Tdcnicas  de Argen t i na .  
(**) M e m b e r  of Comisi6n de ] n v c s t i g a c i o n e s  Cient i t icas  de  l~t P r o v i n c i a  de Buenos  Aires ,  Buenos  Aires.  
0)  S. ADLER: P h y s .  Rcv. ,  177, 2426 (1969). 
(2) C. (7. ~OLLINI, J .  J .  GI:L~[BIA(;I ~nd  A.  GONZ/~LF, Z DO:VANGUEZ: Nuovo Cimento,  31, 550 (1964). 
(~) E.  SPEI':It: J o u r n .  3[ah. Phys . ,  9, 1404 (1988). 
0)  P .  BRE1TE-~LOm~'ER a n d  lI .  MITTI,:R: Nuel .  Phys . ,  7 B, 443 (1968). 
(***) In  comxcct iou wi th  th i s  nomcnch~ture  for  t he  t r i ang le  g r a p h s ,  see ref .  0) .  
(6) S. ADLER: Pen'lurbatio~ Theory An~)malies, in 1970 ]3rar~lei8 UTbiversiy S u m m e r  lns t i tu t e  in  Theoretical 
Phys ics ,  Vel. 1. 
(i) L.  :[~()SENBEI4G: Phys .  Rev. ,  129, 2786 (1963). 
(***) As  is known ,  t he  t~nalytic r e g u l a r l z a t i o n  m e t h o d  p rese rves  u n i t a r i t y  a t  all  s t ages  of t he  ca lcu la t ion .  
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iii) I f  Re~(]cl, k2, ~) a n d  Rez(k~, k2, A) are t h e  a m p l i t u d e s  assoc ia ted  w i t h  dia- 
g r a m s  VVA a n d  V V P  (see Fig. i a) a n d  b)) a n d  t h e  corresponding d iag rams  w i t h  t h e t  
p h o t o n  indices  i n t e r c h a n g e d ,  respec t ive ly ,  t h e  axia l  vec to r  W a r d  i d e n t i t y  t u r n s  ou 
to be  anoma lous  for  any va lue  of t h e  complex  regula r iz ing  p a r a m e t e r  ~. This  out -  
come of t he  a n a l y t i c  regt f lar iza t ion  m e t h o d ,  for t h e  p r e s e n t  p rob lem,  is to  be  com- 
p a r e d  w i t h  t he  fol lowing s t a t e m e n t  of ADLER (*), m a d e  up  in connec t ion  w i t h  t he  Paul i -  
Vil lars  r egu la to r  t e c h n i q u e :  As far  as t h e  r egu l a to r  mass  M o is k e p t  f inite,  t h e  t r i ang le  
d i ag rams  sa t i s fy  t h e  n o r m a l  axia l  vec to r  W a r d  ide~3tity. 

I t  is c lear  t h a t  t h e  resu l t s  we h a v e  j u s t  summa~ised  c o n t r a d i c t  some of t h e  a r g u m e n t s  
ra i sed  b y  ADLER (1) tO jus t i fy  t h e  fa i lure  of t h e  axia l  vec to r  W a r d  i d e n t i t y  in t h e  case 
of t h e  t r i ang le  g r a p h  (**). 

Us ing  t he  g a u g e - i n v a r i a n t  fo rma l i sm for closed loops,  deve loped  in ref.  (~), we wr i t e  
for t he  sum of t h e  V V A  t r i ang le  d i a g r a m  i l l u s t r a t ed  in Fig. 1 a) a n d  t he  co r r e spond ing  
d i a g r a m  iwi th  t h e  two p h o t o n s  i n t e r c h a n g e d  t h e  fol lowing expl ic i t  express ion  (***): 

(1) / ~ , ( / c ~ , / ~ ,  ;t) - -  

1 

L d# . . . .  
0 

z o -  ~p~ + ~ ( p  + k~)~+ $~(p--k~) ~ , 
where  

1 

Qo~,(z) = ~ [(m0 + K)  Pe,~(K) - -  (too-- K) P ~ / - -  K)]x . . . .  

PQ~,(mo) : T r  {yq(m 0 + y -p) ya [~o + Y "(P + kl)] iYaYs [m0 + Y" (P --/c2)]},  

mo is t h e  u n r e n o r m a l i z e d  f e rmion  mass  a n d  ]()0 is an  a r b i t r a r y ,  regular  func t ion  of t h e  
r egu la r i z ing  p a r a m e t e r  A w i t h  ] ( 0 ) :  1. 

F r o m  eq. (1) a n d  t h e  def ini t ion of Oo,a(z) i t  follows t h a t  for  suff iciently pos i t ive  
va lues  of Re ~ t h e  f o u r - m o m c n t u m  in t eg ra l  in  d4p becomes  conve rgen t .  W e  can  p e r f o r m  
t h e  i n t e g r a l  in  d~p keep ing  t h e  complex  p a r a m e t e r  A w i t h i n  t h e  region of convergence  
a n d  t h e n  t h e  r e su l t  can  be  ana ly t i ca l ly  e x t e n d e d  to t h e  en t i r e  ~-complex p l ane  ill accord-  
ance  w i t h  G e l ' f a n d ' s  m e t h o d s  (9). T h u s  we o b t a i n  (***) 

(2) ~(7/~(]61, /Q, A) : me0a](,~) d} 1 d~ s 8~ ~Oa#a[/cl(l- ~ 1 ) -  It2(1 ~2)]" 

0 0 

R ~2 l 

} - -  2~2 Co~Z~ (m~--  ~ - -  iO) 1+~ (u~'u~u~-- u~'u~k{ § u~'u~l~ --u~k~k~) ' 

(*) See ref. (s), p. 94. 
(**) Field-theoretical derivations of the anomalous axial-vector-current divergence have been given 
in ref. (7). 
(~) ft. SCnWlN~ER: Phys. Rev., 82, 664 (1951); C. R. H.&GE~: Phys. Rev., 177, 2622 (1969); R. JACKIW 
and 1~. JOHRTSOX: Phys. Rev., 182, 1457 (1969); ]3. Zu~I~O: Proceedings o] the Topical Con]erence on 
Weak Interactions (Geneva, 1969), 1). 361. 
(***) Our metric convention is that  of ref. (s). 
(s) S. SOHWEBER: An Introduction to Relativistic Quantum Field Theory (Evanston, Ill., 1961). 
(~) I .M.  GEL'FiND and G. E. SnlLOV: Le distribution, Vo]. 1 (Paris, 1962). 
(***) Needless to say, the integration variable can be shifted at pleasure in the region of convergence; 
in the rest, analytic continuation defines the reslflt. 
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where  

-" - -  r -i- ~ ( l  e ~k  ~ 2_ / ~ =  R(~l,~.~,ki,k2) ~1(1 ~ e --s2, ' 2 '  2~elr ' 

u ~ u ~ ( ~ i , ~ , k l ,  k ~ ) : -  e ~ 

Cqa~,~ = Tr  (707aYaTf17~,~7~) 

and 

% ~  is the  complete ly  an t i symmet r i c  t en so r .  

Now we wan t  to inves t iga te  more closely t he  bchav iour  of Rqa~(2) an a complex 
funct ion of ). in the  ne ighborhood of the  (~ physical  v a l u e ,  of the  pa ramete r ,  t h a t  is 
). = 0. Since the  second t e r m  of the  r igh t -hand  side of eq. (2) prescnts  a pole at  ~ = 0, 
we make a Lauren t  expansion of Rqo~(2) at(rand this pole:  

I(q al* l)(Y) 
(3)  / ~ , ( ; t )  = - . t ~"o~'  + O() . )  , 

~?(~) its finite par t .  where  Koe~, is the  residue of Ro~,(a ) at  the  pole ~ = 0 and .,o~, 
Koa,u can be readi ly  ea.letflated from 

Koo~, = l i m  [2 /70~ , (3 . ) ]  
).---~0 

with the  result  

Koa~, = A aft 

o o 

Replacing into our lqst equat ion the  relat ions 

we obtain 

(4)  Koa/~ : O .  

This is our first remflt. /70~/,(~) is all analyt ic  funct ion of ). which is regul'~r in a 
neighborhood of ) . =  0. Therefore ,  f rom the  v iewpohl t  of analyt ic  regtfl~u'ization, the  
in tegra l  defining the  VVA tr iangle  gra.ph is well detined. Fur the rmore ,  since we have  
only dealt  wi th  convergent  integrals  and no mass- independent  te rms  have  been h)st 
dur ing the  process of regtflarizaiion,  we can tflso conclude thai: the  expression 
for ~ ( I ) / 6  k2), to be obtained,  is un ique ;  in the  sense of behig independeu t  of any 
par t icu la r  labeling of the  t r iangle  graph.  

F r o m  the  detinition of t iniie pa r t  (2) 
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we get ,  a f te r  some a lgebra ic  r e a r r a n g e m e n t s ,  

(5)  - ~ a f  ~ ' V l ' R ( I )  [~. k2 ) = __ {AI(ICl ' k2) ]~lSaq~/_~a A2(ICl , IC2)IC2E~q~# ~_ 

+ Aa( ic l  ' k2 ) 3 a 3 ICl 0 ]~1 k2 efleq/z -~ A4(ICl, IC2) k2q k l  k2 efleatt + 

+ As(ICl, Z ~ ' ~ " ~ IC2) Ic lak l  IC2 effect* + A6(ICl,  IC2) Ic2a ]cfll IC25 s/hie# -~ *k l  se~aItGI(ICl,  IC2) - -  *IC2 see*air G2(ICl, k2)}, 

where ,  for compar i son  purposes ,  we h a v e  i n t r o d u c e d  t h e  fol lowing def in i t ions :  

A l ( k  1 , k~) = - -  ICl " k e A ~ ( k l  , IC~) - -  IC~ Aa(ICl , I%) , 

Ao.( k l  , k2) = - - k ~ A s ( I C  1, IC~) - ICl " IC2 A 6 (  ICl , IC2) , 

A 3 ( k l ,  Ice) = - -A6(IC '2 ,  kl) = - -  16n : I l l (k l ,  Ice) , 

A d ( k ~ ,  IC.,) = - - A ~ ( I % ,  kl) = 16z~ 2 [Ieo(kl, k e ) -  Ilo(icl, ke)],  

1 1 - ~  

I s t ( i c l '  IC2) = ~ d~2~2~l[R(~l, ~2, kl ,  k2) - -mo]  , 

o o 

ff[  ] 1 - - 2 ~ 1 ) R  + k2(6:2 + ~1~2- -  ~2) ~_ (3~1 - 1) In (m~- -  R) , (6a) G l ( k l ,  k2) = d~l d~2 m ~ - - R  

o o 

? [, ] 1 - - 2 ~ ) R +  2 2 ICI(~ + ~:1~--  ~ )  
(6b) G2(1Cl, k2) = ~1 d~e ~ + (3~2-- 1) In ( m ~ - - R )  . 

~b o - -  
0 o 

Our resu l t  for ~(])  does no t  seem to be  g a u g e - i n v a r i a n t  since 

a n d  

However ,  we will show now  t h a t  G~(k~ ,  IC~) -~  G2(ICl, IC~) : 0. To do th i s  we consider  G~ 
a n d  we s t u d y  d G ~ / d m ~  F r o m  eq. (6a) we get  as a f unc t i on  of m o 

(7) d~X ~ d~ [(i-- 2~1)~ + ~ (~  + ~ - -  ~)] a~-- 1[ 
_ . 

o o 

T h e  i n t e g r a n d  of t he  r i g h t - h a n d  side of eq. (7) is a f unc t i on  of t h r e e  i n d e p e n d e n t  va r i -  
2 2 ables  k~, IC~ a n d  k~, k~. A Tay lo r  e x p a n s i o n  of i t  a r o u n d  IC~ = 0, k~ = 0 a n d  ICl, k~ = 0 

al lows us to  wr i te  

dG~(m~) _ ~  3 / +  1 N! 

(s) d ~  -- ~=o(.~)~§ ~ ~.~,~(~)~(IC~)~(IC~'IC~)~r ~,m,n " �9 
(t+m+n=~u 

w h e r e  

z 1-$~ 

- - ~ ' d  / 'd  ~+~1 ~ ~ + ~ - ~ 1  ~ ~ N m 

o o 



T I l E  A X I A L  V E C T O R  V E R T E X  IN SPINOI~ E L E C T R O D Y N A ] ~ [ I C S  E T C .  13 

The idea is to show t h a t  each eoeliieient C~m. of the  expansion giveu in eq. (8) vanishes.  
If  in the  expression detining C: .... we perform the Zo:integralion, we get  (1: being the  
Gauss hypergeomet r i c  f lmetion) 

I 

(9) C~,,,,~= d ~ ( 1  - ~ ) ~ + ' ~ ' ~ l , ' 0 r ~ _  n : l ,  - m ;  ~n, ~ ~ i. 2; ~ ) .  
o 

�9 [ ~ r - - m  : I - - ( 2 N  i-3)(I  - ~ 0  ,-~ ( N + . m  i 2 ) (1 - -  ~ )  - -  ~(1 i n - -  1 ) ] = 0 .  

This result ,  dGl(m~)/(lm~ ~ 0, implies t ha t  Gl(k 1, k.z) does not  depend on the  fermion 
mass m. 0. In 1)articular, choosing m~-> oo, we havc  from eq. (6a) 

[ { f f  }1 2 ~ ~ ~ 1) 0 (10a) Gl(kl,]~:2)~ !ira l u m  0 d , ,  d,.o(3,, . . . .  . 

o o 

Proceeding  along ihe  same lines it  can I)e shown tha t  

1 1 - - ~  

(lOb) G.,.(kl kz) -- lira [ In{  f f . 1)}] 0 ' m~.-~o 'm,~ d$1 d $ . , ( 3 ~ -  = . 

O o 

After  this proof  it heeomes eh',ar that  the ampl i tude  

( I 1 )  T,~/) ,1. k2 ) =-::_ ( . . . . . .  i~ $ *~,qai,~t~l , ~ ,41 k l  ec, eG:, -::- -12 k.,. eo, oGi, l- z l3 kj e kz  k2 ~,~,~:, 

yielded by the  analyt ic  regtflarization method  is finite, gauge- inwlr iant  and coincident  
wi th  the  result a l ready  obtained by ]~OSE.~BERa (6) for the VVA triangle.  

W e  turn now Io the  analysis of the  axial veer.or Ward  ident i ty .  F r o m  eq. (1) 
and af ter  a repea ted  use of the Bose symmet r i c  charac ter  of our ainl)litudes wi th  respcct  
to the  l)hoton indices, we got. 

(12) (~1 ! k2) :~ Re~/,(k~, ~:.,, 2) ~ 2.moRoa(k~, k2, ).) - -  8~'te~,~k~lc~ + 0().) . 

W h a t  eq. (12) says is lha t ,  for any value  of the  complex paramete r  ). ~l~e axial  vector  
W a r d  identi~y is 'mon~alous for the  tr iangle graph.  Since we have  p roved  tha t  Rea/,().) 
is a regular  function of 2 a t  ), ~ 0 ~md t-,'.e~ obviously  satisiics the  same. condit ion,  
lhe  linfit ). > 0 can be cont inuously tak('~n in eq. (12) withou~ des t roying the anomalous  
charac te r  of the  axial  vector  Ward  idcut i ty .  On the  contrary ,  when the same problem 
is handled  with the  cut-off method ,  it  is found tha t  the  regula tor  mass t e rm genera tes  
the  anomalous coutr ibut ion  of the  Sc lmingcr -Adler  result  (~a0). 

q c ~ g r  

SVc axe gra te fu l ly  iadebted  to Profs.  C. G. B o r z J s r  ,~nd J .  J .  GIAMBIAGI for s t imu-  
la t ing discussions and a cri t ical  reading of the manuscr ipt .  

Af te r  thi~ manuscr ip t  was complel~ed, we learn t h a t  l ' .  BItEITENLOItKElt and 
1[. MITTER had a r r ived  to a reslflt s imilar  to ours wi thout  using a direct  eo lnputa t ion  
of the  seagull diagrams.  We are f ra teful ly  indebted  to them for le t t ing  us know the i r  
results.  

('9 C, I~. HAaEX: l n l o r m a l  M e e t i n g  on l t e n o r m a l i z a t i o n  Theory ,  LC.T.F. ,  Trieste, IC/69/121,  58-60. 


