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Modelling flexible multi-body systems within the Udwadia-Kalaba framework, a
lumped parameter approach
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University of Bristol, Bristol, BS8 1TR, United Kingdom

A.K. Rahman®
BAE Systems, Rochester, Kent, ME1 2XX, United Kingdom

It is common practice within Multi-Body Dynamic (MBD) modelling to assume that individual bodies
are rigid however this can be an oversimplification especially when slender bodies are present resulting
in inaccurate estimations of the system’s natural frequencies and overall behaviour. To address this
shortfall, we extend the Udwadia-Kalaba (U-K) MBD formulation in this paper to model flexible
multibody systems for purposes of exploring system natural frequencies. To model the flexibility, a
lumped parameter approach is proposed, which in this work idealises a flexible beam as a series of
discrete rigid elements connected by torsional springs. In the U-K formulation, a mechanical system
can also be discretised into rigid elements and adapted. This is viewed as a benefit for incorporating a
lumped parameter approach within the U-K formulation to model flexible multibody systems. A flexible
crank-slider mechanism is introduced and modelled within the Udwadia-Kalaba formulation to capture
the dynamics of flexibility through linkage compliance. The model is validated against an alternatively
formulated MBD model and system natural frequencies and mode shapes numerically predicted.
Results of the study show the effectiveness and potential of extending the application of the Udwadia-
Kalaba formulation by using a lumped parameter approach to dynamically model flexible multibody
systems.

1. Introduction

The study of Multi-Body Dynamic (MBD) modelling approaches is integral to the analysis of
mechanical systems that display large displacements, geometric non-linearities and feature joints which
dictate the range of permittable kinematic motion of system components. With the advancements in
technological developments in addition to improved understanding of compliant mechanisms and
systems, modern engineering structures are increasingly designed to operate in envelopes that exceed
the realms where linear based assumptions may be used. This often results in systems with components
exhibiting deflections well into the nonlinear range where linear equations are no longer appropriate in
defining their motions. With advantages of compliant systems including simplified manufacturing,
reduced wear and elimination of lubrication [1], the projected continual growth in their applications
means considerable effort and emphasis is placed on developing techniques to facilitate the design and
analysis of such nonlinear systems [1].
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Whilst methods such as nonlinear finite element analysis (FEA) and software applications including
MSC Adams, Dymore and ANSYS [2-4] are readily available for the analysis of MBD systems that
display nonlinear dynamic behaviour, this paper will primarily concern its discussion around analytical
based approaches for modelling MBD systems. This is due to the insight that can be gained into the
fundamental equations underpinning the modelling of an MBD system. The use of analytical based
MBD approaches, implemented within tools such as MATLAB, is also conducive for implementing
control theory to the MBD model should this be of interest to the analyst. In addition, low-cost analytical
models are often desired [1] that may accurately capture system geometric nonlinearities, and provide
access to the underlying model equations, whilst providing capabilities for parametric design insight.
One such analytical modelling approach is the U-K formulation [5] — this is the modelling approach of
primary consideration in this paper. The U-K formulation specifically address the modelling of
multibody mechanical systems subjected to kinematical constraints. The formulation can be used to
model a mechanical system as a system of rigid bodies, with geometrical constraint equations governing
their physical kinematical motions. Previous investigations of this dynamic modelling approach [6,7,8]
showed convincing agreement of simulated system dynamic results with reference data. Udwadia and
Phohomsiri in [9] note that alternative analytical formulations of constrained system motion were
offered by Gibbs and Appell, Gauss and Dirac, however emphasise that a key feature of the U-K
formulation is that it may provide an explicit set of equations for generic constrained systems. The U-
K formulation was also investigated in scenarios where constrained mechanical systems contained
nonideal constraints [10] or singular mass matrices [11]. Results of these studies showed the
formulation was able to handle such situations through modifications in the equations of motion, further
highlighting the contribution of the U-K modelling approach for the analysis and control of multi-body
systems [9]. Udwadia and Schutte furthered the work in [11] by deriving and obtaining a simpler set of
equations in the form of the U-K formulation that are valid for systems exhibiting positive definite
and/or singular mass matrices [12].

The U-K formulation’s solution techniques can also be efficient [13] with Bauchau attributing this to
the formulations resulting in a system of Ordinary Differential Equations (ODEs) which may be
solved with standard explicit time integration solvers. Furthermore, the formulations have the benefit
of eliminating the use of Lagrange multipliers which have often been noted to be difficult to obtain for
large number degree of freedom systems [9].

Previous work of the authors [14] considered the application of the U-K modelling approach to model
a nonlinear and rigid crank-slider mechanism, and nonlinear multibody aircraft inceptor system.
Under the influence of an externally applied sinusoidal load, the mechanism’s dynamic behaviour
was assessed with results shown to match responses from alternatively formulated models. These
models included a reduced coordinate Lagrangian model and a model produced within MATLAB’s
MBD toolkit Simscape [15]. The results of the study highlighted the applicability of the U-K
modelling approach in representing the dynamics of generic multibody systems that were subjected to
kinematical constraints and also displayed nonlinear behaviour.

In the aforementioned studies [6,7,8,14], the U-K formulation was applied to model rigid-body systems.
Various studies have discussed and explored methodologies of applying the U-K formulation to deal
with flexible systems. Examples include Antunes et al. [16-18] who demonstrated a modelling strategy
for continuous flexible systems by transforming the U-K formulation into modal coordinate space.
Gutiérrez and Heidecker [19] combined the assumed modes method within the U-K framework to
model flexible structures by approximating the differential equation model of continuous systems.
Pennestri et al. [20] assessed the numerical efficiency of the U-K formulation in analysing the dynamics
of a flexible linkage against an alternative coordinate partitioning scheme through an application study
of a slider-crank mechanism; as an additional element of novelty, Pennestri et al. modelled the coupler
by a single Timoshenko beam element.
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In this paper, the authors offer an alternative methodology to model flexible multibody systems using
the U-K formulation by extending the notion of rigid body modelling through a lumped parameter
approach. In the lumped parameter approach, a flexible body is discretised into a series of rigid elements
with lumped masses connected by flexible joints. However in the lumped parameter approach adopted
in this work, a flexible body is discretised into a series of rigid elements with lumped masses, connected
by torsional springs to represent bending flexibility. In the U-K formulation, a mechanical system can
be adapted to be similarly discretised into rigid elements; this was viewed as a benefit for incorporating
a lumped parameter approach within the U-K formulation to model flexible multibody systems. An
additional benefit is that within the U-K formulation, beam model equations may be generalised to
enable a U-K formulated beam model to be automatically formulated for a chosen number of rigid
elements; the fidelity that a flexible beam is discretised into may be autonomously prescribed to
facilitate the rapid dynamic analysis of flexible systems to meet accuracy requirements.

Furthermore, the aspect of modelling flexible bodies contained within wider mechanisms, and capturing
the resulting multibody system’s flexible modes may be readily handled by this proposed modelling
methodology, so long as respective geometric constraint equations are identified and appended within
the U-K formulation. A case study of a flexible crank-slider mechanism is presented to demonstrate
proof of concept of using a lumped parameter approach within the U-K framework to model flexible
bodies integrated within wider mechanisms to capture flexible modes of the complete multibody
system.

It is common practice to extend existing modelling methodologies for rigid systems when dealing with
flexible multibody dynamics [21]. Previous work by the authors [22] developed a framework and
demonstrated the applicability of using a lumped parameter approach within the U-K modelling
framework to predict natural frequencies and mode shapes of a flexible beam. The results were validated
against a beam modelled within MSC Patran [23]. Neild et al. [24] also investigated representing a
beam as a series of rigid elements connected by springs and formalised a methodology in representing
a beam in discrete form that also provides insight to the physical representation of the flexible beam.
This methodology [24] is adopted herein to approximate the dynamics of a flexible beam contained
within a larger mechanism, and to investigate implications on the mechanism’s resulting natural
frequencies.

The following section provides an overview outline of the Udwadia-Kalaba MBD modelling approach.
Section 3 introduces the crank-slider mechanism for which the dynamics is modelled using the U-K
formulation assuming rigid body dynamics. The mechanism’s natural frequencies are numerically
predicted and compared with frequencies obtained from conducting forced time response simulations
of the U-K formulated mechanism model. Section 4 then demonstrates the adaptation of the U-K
approach to modelling flexible bodies in the form of a flexible beam in discrete form. In Section 5, the
presented crank-slider mechanism model is extended to consider the dynamics of flexibility. A lumped
parameter representation of a beam modelled within FEA is integrated within the crank-slider
mechanism model. Responses of the resulting flexible crank-slider mechanism are compared with those
from an alternatively formulated model and natural frequencies numerically predicted.

2. The Udwadia-Kalaba MBD modelling approach

The Udwadia-Kalaba equations of motion specifically address the modelling of multi-body mechanical
systems subjected to kinematical constraints. The underlying basis of the formulations follow the Gauss
principle of least constraint which dictate that the accelerations that materialize for a system are those
that minimize the Gaussian scalar quantity [5]. The U-K formulation effectively reduce a mechanical
system to a corresponding system of rigid bodies with their physical kinematical motion governed by
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the system’s geometrical constraint equations. Hence the U-K formulation place heavy emphasis on the
accurate derivation of the system’s geometric constraint equations. The U-K equations [5] are

+

1 1
k=a+M2(AMZ) (b- Aa), 1)

where X is the vector of true accelerations of the multibody system including the influence of applied
kinematical constraints. It is of size (u x 1) where u denotes the number of system state variables. a
refers to a vector of external accelerations resulting from impressed forces acting on the system and is
of size (u x 1). It is often referred to as the accelerations of the unconstrained system. M refers to the
mass matrix of the system, with size (u x u). The + symbol is the Moore-Penrose generalised inverse
function [25]. The use of this inverse is what alleviates the need to consider the notion of Lagrange
multipliers in the explicit equations of motion formulation for constrained multibody systems [9]. The
U-K formulation assumes that the system’s accelerations between rigid bodies resulting from the
derived constraint equations may be expressed in the form of linear equality relations given by

A% = b. 2

Here A is a (v x u) matrix associated with the system’s state accelerations obtained from differentiating
the system’s geometric constraint equations twice with respect to time and arranged in the form of Eqg.
(2). The quantity v refers to the number of geometric constraint equations derived for the system. b
denotes a vector of size (v x 1) populated with terms unassociated with state accelerations when the
geometric constraint equations are differentiated twice with respect to time and formulated in the form
of Eq. (2).

1

1 +
Upon closer inspection of Eq. (1), the right hand side terms constituting M 2 (AM"E) (b — Aa)

effectively represent the additional accelerations introduced by virtue of the system constraints, to
ensure that the system complies and does not deviate from its prescribed constraints for every instance
of time. The accelerations of the unconstrained system a within Eg. (1) may be obtained from evaluating
Lagrange’s equation

d<c’)L> oL Ry ¢ .

where q; represents a generalised coordinate, g; is its time derivative and subscript j refers to the
generalised coordinate index. L is the Lagrangian quantity associated with the kinetic-potential energy
balance of the system and R, is an energy function term that arises due to the presence of dissipative
forces within the system. Q; represents the generalised forces acting on the system associated with the

j™ generalised coordinate.

The caveat with using Lagrange’s equation here is to treat the virtual displacements of individual
generalised coordinate terms as though they are independent of one another, as though no constraints
are present within the system to associate the generalised coordinates. By treating the generalised
coordinates as being independent, the acceleration equations that result therefore represent those of the
unconstrained system, hence a in Eq. (1) is obtained.

3. The crank-slider mechanism- rigid multibody dynamics

The rigid body dynamics of the crank-slider mechanism is firstly presented and discussed prior to
showing how the U-K formulation may be extended using a lumped parameter approach to approximate
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the dynamics of bending flexibility within the mechanism. The geometry of the crank-slider mechanism
is shown in Fig. 1. It is a planar mechanism, comprising two links namely a crank link and slider link,
both assumed to be rigid. The mechanism’s crank link is denoted by subscript 1 whilst the slider link is
denoted by subscript 2 in accordance with the notation within the illustration. One end of the crank link
is attached to the ground through a revolute joint whilst one end of the slider link is attached to the
ground through a translational-revolute joint to permit translational displacement. The crank and slider
links are connected to one another through a revolute joint at their ungrounded ends and a spring-
dashpot is attached between the two links to provide means of translational resistance and energy
dissipation. The mechanism’s revolute joints and translational-revolute joint are all assumed
frictionless.

Fig. 1: Rigid crank-slider mechanism

In Fig. 1, the global axes is located at the centre of the crank link ground revolute joint, with positive
translational and rotational displacements indicated. The model parameters considered for the crank-
slider mechanism are presented in Table. 1.

Table. 1: Rigid crank-slider mechanism parameters

Symbol Parameter Value Unit
L, Length of crank link 24/2 m
L, Length of slider link 242 m
my Mass of crank link 1 kg
m, Mass of slider link 1 kg
cc Spring-dashpot attachment offset 0 m
distance from crank link centre
of gravity
dd Spring-dashpot attachment offset 0 m
distance from slider link centre
of gravity
Kspring—dashpot Spring stiffness 50 Nm™!
Lo Spring equilibrium length 2 m
Cspring—dashpot Dashpot damping coefficient 5 Nsm™!

Both the mechanism’s crank and slider links are equal in length and equal in mass. With the parameters
cc and dd taking a null value from Table. 1, the mechanism’s spring-dashpot is horizontally level and
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attached to the crank and slider links at their centres of gravity (CG). In Fig. 1, F refers to an externally
applied force, chosen to be applied vertically at the connection between the crank and slider link
although this point of application is not limited. The acceleration due to gravity, g is a scalar value of
9.81ms~2 assumed to act in the negative Y-direction.

The configuration of the crank-slider mechanism, with both links assumed rigid and their CGs at each
of their respective centres, may be described by six geometrical positional states X;, Y;, 64, X5, Y5, 05.
With reference to Fig. 1, subscript 1 refers to the mechanism’s crank link and subscript 2 refers to the
slider link. X; and Y; denote the link’s centre of gravity translation in the global axes whilst 8; refers to
the orientation of the link relative to the horizontal. The constraint equations governing the range of
kinematic motion of the mechanism due to its geometry are defined as

X, — %cos(el) =0 (4)

Y, — %sin(el) =0 (©)

X, + %cos(el) - X, - %cos(ez) =0 (6)
Y, + %sin(el) -Y, - %sin(ez) =0 (7
Y, — %sin(ez) —0 (8)

3.1 The crank-slider mechanism- rigid dynamic response

To model the mechanism’s dynamic response using the U-K formulation, the mechanism’s constraint
equations are differentiated twice with respect to time to yield a set of acceleration-level constraint
equations. Through rearrangement, the mechanism’s accelerations due to the constraints are expressed
as a linear equality relation in the format of Eq. (2) from which the 4 and b quantities to be used within
the U-K formulation are obtained.

[ L |
1 0 751[1(61) 0 0 0
Ly
0 1 —?cos(el) 0 0 0
_ Ll . L2 . 10
A=|-1 0 —sin(@;) 1 0 ——"sin(8,) (10)
Ly L,
0o -1 —7cos(61) 0 1 7cos(62)
L,
0 0 0 0 1 —7cos(92)
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L.
—?19% cos(0,)
L.
—?19% sin(8,)
L. . L, .
b= —?195 cos(8;) + 729% cos(6,) (11)

L. L, .
— ?1 0% sin(0,) + 72 02 sin(0,)

L, .
- ?2 03 sin(0,)

The mechanism’s unconstrained acceleration vector a is shown in Eq. (12) and the mass matrix M of
the mechanism shown in Eg. (13). The mass matrix was prescribed and inferred directly from the
mechanism’s unconstrained acceleration vector.

(2L + 2X; — 2X5,) (2X; — 2X5)
_kspring—dashpot ) - Cspring—dashpotf

my

F—-myg
my

F (% cos(el))

Iv,

o
I

(12)

(2Ly + 2X; — 2X5,) (2X, — 2X;)
kspring—dashpot ) + Cspring—dashpotT

my

—myg
m;

oS O O

(13)

o oo o§o
P—
oo o oo
oo =3
N
ONEOOOO
oo oo o

. .
[N o) Oo§
=Y

Iy, |

In Eq. (12), Iy; is the mass moment of inertias of the mechanism’s i™h link, taken about its respective

centre of gravity in the axis about which the links rotate. In Eq. (12), the virtual displacements
corresponding to the mechanism’s identified generalised coordinates were treated as being independent

7
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of one another. The acceleration contributions due to gravity (g) and accelerations resulting from the
applied externally force (F) applied vertically at the mechanism’s link connections are all considered
here.

Time history simulations of the U-K formulated mechanism model were conducted within MATLAB
and compared against alternatively formulated models of the mechanism produced within Simscape
and a minimal coordinate Lagrangian model to provide means of validation. The Simscape mechanism
model, shown in Fig. 2, provides an alternative visualisation of the mechanism and respective
connections. The Simscape crank-slider mechanism model is now briefly discussed, upon which the
minimal Lagrangian model is addressed.

a) b) c)
Fig. 2: MATLAB Simscape model of the rigid crank-slider mechanism

The orange and red blocks in Fig. 2 represent the mechanism’s crank and slider link whilst the blue
block represents the crank link’s ground attachment point and location of the ground revolute joint. The
green block is a fictitious slider block, included as a visual aid to illustrate and emphasise the slider
link’s ground attachment translational-revolute joint. The black bars that project out of the crank and
slider links are also fictitious blocks that were included purely as a visual aid to highlight the location
of the mechanism’s spring-dashpot attachment points along the centre lines of the crank and slider link.
The spring-dashpot is modelled within the Simscape environment through a prismatic joint which
permits translational displacement along only a single axis. The translational stiffness and damping
coefficient of the prismatic joint are specified with the parameters outlined in Table. 1.

A brief overview of the processes involved within a Simscape simulation is now discussed, according
to the documentation outlined in [26]. The process Simscape adopts in simulating a model involves
firstly constructing a system of equations to solve for the physical network created by the connection
of user-specified block ports [26]. Initial conditions that satisfy the model’s equations are then solved,
for all system variables contained within the Simscape model before the simulation is initiated. The
simulation comprises two primary phases: a transient initialisation phase and transient solve phase. In
the initialisation phase, all dynamic variables within the Simscape model are fixed by the Simscape
solver whilst algebraic variables and dynamic variable derivatives are solved to obtain a set of consistent
initial conditions for system variables which are then passed into the solve phase. In the solve phase,
the system’s continuous differential equations are integrated in the time domain until an event occurs
such as a discontinuity or a zero crossing, where a mathematical function changes sign. If either event
is encountered, the initialization phase of the simulation is returned to by the Simscape solver and initial
conditions for system variables re-determined and passed back into the solve phase — this cycle repeats
until the simulation completes.
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To illustrate the concept of a network of block connection ports within the Simscape modelling
environment, a block schematic of the Simscape rigid crank-slider mechanism model is shown in Fig.
3.

Crank link ground Crank link Slider link Fictitious slider block
attachment block _— i1
2 Extemal Force
Crank link ) | connected to
ground - 4 world frame - Fictitious. -
f(x) = 0| attachment | Crank link » | Slider link| @ slider »
block L% ? | e block—$
Solver
C
Cranklink | Crank link Slider link Slider link Flosios ser | P mer
start end start end = >
y - 3 3 7 ]
o ot | _‘\v L 4 . | + . te X IN" &
< d ! < J Ly Coordinate frame
Second pin joint Revolute joint
Groundframe 1 | Coordinate frame Crank link L, ' transform 6
transform 1 pin joint
£~ Coordinate frame Coordinate frame
i %
A ~% | transform 2 <% | transform 5 1
H &
Theta_2_Dat: T : 1] -
Configuration
« Revolute joint for <. Revolute joint for i
& Spring-dashpot 1 & Spring-dashpot 2
- e Coordinate frame [ 2
Spring-dashpot  coordinate frame transform 7 | %
transform 4 A
L&
Coordinate frame | Spring-dashpot Coordinate frame | .
rarisforii 3 transform 8 | %
.~ | Spring-dashpot m ——] Spring-dashpot Cwﬂ;r:':sse'g;"mg
Ki_| crank link attachment K | slider fink attachment P:
w | frame » " | frame
Ground frame 2| ./
Spring-dashpot 5 < Spring-dashpot
®» | crankllink visualisation ® | slider link visualisation
block 5 block

Fig. 3: Simscape crank-slider mechanism model block schematic

In Fig. 3, the blocks and corresponding connections associated with the mechanism’s crank and slider
links are highlighted in the orange and red groupings. The mechanism’s crank link ground attachment
point is represented by the block highlighted in the blue outline and the mechanism’s fictitious slider
block and spring-dashpot are also highlighted. The mechanism’s crank link, slider link and fictitious
slider block in Fig. 3 were constructed by firstly inserting a solid block where block dimensions and
dynamic properties are specified. However, to recognise their physical rigid nature within the Simscape
modelling environment, two rigid frame transforms were prescribed for each solid block as shown in
Fig. 3, that originate from the block’s centre of gravity and project outwards to define the block’s
physical fore and aft edge boundaries where additional model network port connections may attach to.

The basis of the minimal coordinate Lagrangian model is to use a single generalised coordinate to fully
express the mechanism’s equation of motion within Lagrange’s equation. By inspecting Eqg. (4)-(8), the
mechanism’s constraint equations, Six geometrical positional states are associated through five
constraint equations; the mechanism is an effective a single degree of freedom system and can be fully
described by the generalised coordinate 6, alone.

A sample of dynamic time history simulation responses of the U-K rigid crank-slider mechanism model
are presented in Fig. 4 and compared against the alternatively formulated Simscape and minimal
coordinate Lagrangian models, to provide a means to validate the U-K formulated mechanism model.
The U-K mechanism model was solved within MATLAB using the standard odel5s solver with
specified relative tolerance of 1le-6 and absolute tolerance of 1e-8.
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Fig. 4: Rigid crank-slider mechanism (a) free response under gravity, (b) forced response under the
application of external sinusoidal loads and gravity (forcing amplitudes F, = 2N, 5N. Forcing
frequency, o: 1.3rads™).

In Fig. 4 the quantity displayed is the orientation of the mechanism’s crank link to the horizontal, 8,
as defined in Fig. 1. The time history simulations were conducted with 6, initially orientated at 45°. In
the forced response time history simulations in Fig. 4(b), two vertical sinusoidal forces with forcing
amplitudes 2N and 5N were applied at the mechanism’s crank-slider link connection. The associated
forcing frequency for both loading cases was 1.3rads™. Fig. 4(b) reveals the bistable nature of the
mechanism, with responses attracted to either ‘lower’ (6, < 0) or ‘upper’ (6; > 0) limit cycle solutions
depending upon the forcing amplitude level applied. The responses from the U-K formulated model in
Fig. 4 show a direct match with dynamic time history responses produced from both the Simscape and
minimal coordinate Lagrangian models. This validates the implementation of the U-K formulation
whilst also demonstrating the generic applicability and simplicity of the U-K formulation to model
constrained multibody systems that also exhibit nonlinear behaviour.

The U-K formulation results in a system of ODEs that provide direct access to the linearised system’s

Jacobian matrix from which system modal properties such as natural frequencies and mode shapes may
be numerically evaluated. For the rigid crank-slider mechanism defined with parameters in Table. 1, its
modal frequencies and corresponding mode shapes were numerically obtained from evaluating the
eigenvalues of the linearised system’s Jacobian matrix at equilibrium conditions — which for simplicity
was specified in the absence of gravitational forces, external forcing, and with the crank link
0, orientated at 45° from the horizontal so as to equilibrate the mechanism’s spring. A single modal
frequency was numerically predicted at 0.616Hz. For validation, the Simscape mechanism model’s
natural frequencies were numerically extracted by defining open loop linearisation input and output
points within in the model’s physical signal network. A single frequency was numerically predicted at
0.616Hz. The agreement of natural frequencies numerically predicted from the U-K and Simscape
models provides confidence and validation in the method of evaluating a linearised system’s Jacobian
matrix within the U-K formulation, to extract its modal properties.

10
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To further assess the U-K model in terms of predicting the mechanism’s natural frequency, forced
response time history simulations of increasing forcing amplitudes and frequency levels were conducted
on the U-K mechanism model to emulate a frequency response (FR) analysis as seen in Fig. 5. The
forced time history simulations were conducted in the absence of gravity to be consistent with the
conditions that were used to numerically obtain the U-K mechanism model’s modal frequency.

—+——F0=0.0N
—+—F0=0.5N

7k yd "\ F0=1.0N

PRI ———FO0= 1.5N

/ 3 F0=2.0N

; \ FO=2.5N

6 POV AN ——F0=3.0N
[ 720N

External Force Frequency, f (Hz)

Fig. 5: U-K formulated rigid crank-slider mechanism model frequency responses

Individual frequency response plots in Fig. 5 were obtained from conducting forced time history
simulations with an external sinusoidal excitation load applied vertically at the connection between the
mechanism’s crank and slider link. The amplitude of this externally applied sinusoidal load was
incremented by 0.5N for every successive time history simulation run. Additionally, for each forcing
amplitude run considered, frequency sweeps were conducted in step intervals of 0.1rads™ between the
range 0 and 7rads™, corresponding to an upper limit of approximately 1.1Hz in Fig. 5. At each forcing
frequency level, the response was continued until the transient had subsided, resulting in an oscillation
of constant amplitude; the maxima of solutions were extracted for FR analysis before the forcing
frequency level was incremented. The FRs in Fig. 5 further highlight the nonlinear nature of the crank-
slider mechanism through the presence of a mild softening effect with individual resonance peak
locations shown to subtly reduce with increasing externally applied forcing amplitudes. This
demonstrates the capability of the U-K modelling approach to capture nonlinearities within a system.
Hence, where the aspect of a system’s nonlinearity is of interest, the U-K formulation has shown to be
a suitable modelling approach that can assess both the system’s linear and nonlinear dynamic
characteristics such as natural frequencies.

Results of the frequency response analysis performed on the U-K crank-slider mechanism model in Fig.
5 indicate the presence of a modal frequency in the region of 0.6Hz. This observation aligns well with
the mechanism’s linearised natural frequency numerically evaluated at 0.616Hz and provides further
confidence in the method of evaluating a linearised system’s Jacobian matrix within the U-K
formulation to extract its modal properties.

This methodology will be adopted in the remainder of this paper as the primary means for extracting
the modal properties of a system modelled within the U-K formulation. Concluding the discussion

11
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regarding rigid-body dynamics of the crank-slider mechanism, the U-K modelling framework is now
carried forward and extended to consider modelling flexible bodies.

4. Modelling flexible systems within the U-K formulation - a flexible beam

In the extension of the U-K formulation to consider flexible multi-body systems, a lumped parameter
approach based on the methodology proposed by Neild et al. [24] in representing a uniform planar beam
in discrete form is adopted. The methodology idealises a uniform beam as a series of rigid elements,
connected by torsional and linear springs to approximate the beam’s bending and shear deformation
respectively, in a manner such that the rigid elements at either end are half of the length of the remaining
elements, as illustrated in Fig. 6. However, in the proceeding discussion, only the bending aspect of
their discretised beam model represented by torsional springs is considered due to the primary interest
in modelling a flexible system’s bending flexibility.

I-‘beam
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Fig. 6: (a) Original beam (b) lumped parameter diagrammatic view of the original beam

In Fig. 6(a), L, E and I represent the length, elastic modulus and second moment of area of the original
flexible beam. The second moment of area is taken about the axis of rotation concentric with the beam’s
centre of gravity. In Fig. 6(b), the lumped parameter model of the flexible beam, m; denotes the mass
of individual rigid elements, K7, denotes the stiffness of individual torsional springs and L; the length

of individual rigid elements. The subscript N denotes the number of rigid elements the beam is
discretised into. The length of each rigid element is prescribed as Lpeam /(N — 1) whilst the first and

last elements have their lengths defined by ( be“m) /2. In similar fashion, the mass of each rigid element
is given by Mpeam /(N — 1) with the exception of the first and last elements which have mass prescribed
by (Mbeam) /2. Mpeam refers to the total mass of the uniform flexible beam and 8; represents the
orientation of the rigid element to the global horizontal.

The centre of gravity of individual rigid elements are assumed to lie at their centres and so within the
Udwadia-Kalaba formulation, the constraint equations governing the individual rigid element’s centre
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of gravity translation in the global frame of reference, in accordance with the notation defined in Fig.
6(b), can be simply written as:

L L
X, — X, — %cos(el) — %cos(ez) =0 (14)
Ly L, .
Y, -Y; — ?sm(el) — ?sm(ez) =0 (15)
o
o
o
Ln- L
XN = Xn-1 = 5 c0s(8y-1) = = cos(8y) = 0 (16)
Ln- L
Yy — Ynoq — Nz Lsin(By_q) — 7Nsin(6N) =0 (17)

This lumped parameter methodology may be readily transferred to consider non-uniform beam
members as the mass distribution and length of the defined rigid elements may be non-uniform. In
particular, this lumped parameter method also provides insight to the physical representation of the
original flexible beam. With the uniform flexible beam discretised as in Fig. 6(a), the theoretical
expression for the stiffness of individual torsional springs from static loading conditions may be
prescribed [24], as:

Eil; (18)

In Eq. (18), E; and I; are the Young’s Modulus and second moment of area of the original flexible beam
at the location of the i™ torsional spring. I; is defined as the length between the centre of gravity of
rigid element i to the centre of gravity of rigid element i + 1, and effectively represents the portion of
the original beam’s compliance that is accounted for by torsional spring Kr; in the beam lumped
parameter model. This is with the exception of the end rigid elements in which case [, and [y_, refer
to the length from the end rigid element free edge to the centre of gravity of the adjacent rigid element,
as in Fig. 7.

Kr, Kr, Kr, Kr, Kr Kr Kr, ece Krnoy  Krnos
© *—@F@' ‘.-*
L A A A 1 A ] A A | )
T Y Y Y Y T Y Y T T
Ly L l3 Ly ls lg l, ooe In_> In_1

Fig. 7: Beam distributed compliance across length segments [

From Fig. 7, discretising a uniform beam using this lumped parameter method results in a uniform value
for [ across the entirety of the beam length, which would result in a uniform set of torsional spring
stiffnesses Kr,, as obtained from Eq. (18). However, this is not necessarily the case especially when

considering non-uniform beams where the individual length of rigid elements [ may be varying. To
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numerically determine an adequate number of rigid elements to discretise a flexible beam into and to
find the corresponding uniform torsional spring stiffness values within the U-K lumped parameter beam
model, a simple iterative process was conducted. This process involved systematically incorporating
uniform sets of torsional spring stiffness values and numerically evaluating the resulting U-K beam
model natural frequencies (as detailed in section 3.1) until it results in a sufficient match with reference
beam natural frequency values, and theoretically expected torsional spring stiffnesses obtained from
Eq. (18). The reference beam natural frequencies are provided from a finite element (FE) beam model
produced within MSC Patran. The FE modelled beam is planar with free-free boundary conditions and
a rectangular cross section. Beam properties are tabulated below in Table. 2. This FE beam model is
regarded as a true representation of the beam, referred to below as the ‘original beam’.

Table. 2: Geometrical and material properties of the FE model beam

Parameter Value Unit
Length 22 m
Width 0.050 m
Height 0.0026 m

Elastic Modulus 70 GPa
Density 2710 kgm 3
Poisson ratio 0.3

In the absence of boundary conditions, the U-K lumped parameter beam model was discretised initially
into three rigid elements. The number of elements was then increased to 5,9 and 20, and the influence
on obtained torsional spring stiffnesses was investigated.

Table. 3: Comparison of obtained and theoretical torsional spring stiffnesses

No. rigid Theoretical spring U-K beam model Percentage
elements stiffness spring stiffness difference
(Nmrad™1) (Nmrad™1)
3 3.6637 2.9849 18.53%
5 7.3274 7.3303 0.04%
9 14.655 14.657 0.01%
20 34.805 34.806 287x1073 %

Results from Table. 3 show that as the flexible beam is discretised with increasing number of rigid
elements, the matching and agreement between numerically obtained torsional spring stiffnesses and
those theoretically obtained from using Eq. (18) significantly improve. This provides confidence in
using Eq. (18) to approximate the U-K lumped parameter beam model torsional spring stiffnesses so
long as a sufficient number of rigid elements are used to represent the original beam. To obtain the
numerical torsional spring stiffnesses, a heuristic approach was used that involved systematically
incrementing uniform values of spring stiffnesses within the U-K lumped parameter beam model until
an adequate match in the beam’s first natural frequency is observed with that of the original beam
provided by the FE model as shown in Table. 4
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Table. 4: Comparison of U-K beam model natural frequencies (NFs) for
varying number of elements

Mode | FE beam model 3 element 5 element 9 element 20 element

No. frequencies, U-K beam U-K beam U-K beam U-K beam
Hz model model model model

NFs, Hz NFs, Hz NFs, Hz NFs, Hz

1 1.704 1.704 1.704 1.704 1.704
2 4.697 2.880 4.693 4.695 4.697
3 9.208 10.15 9.190 9.207
4 15.22 11.28 15.12 15.22
5 22.74 22.24 22.73
6 31.76 29.63 31.73
7 42.28 43.08 42.20
8 54.30 43.37 54.12
9 67.83 67.44
10 82.86 82.07

In the case whereby the beam is discretised into 20 rigid elements, the extent of disparities between the
numerically obtained and theoretical spring stiffness values in Table. 3 may be considered negligible.
The corresponding U-K beam model frequencies from using the numerically obtained torsional spring
stiffness values is also found to strongly match the original beam frequencies provided by the FE model,
at least for the first ten modes as shown in Table. 4 and visualised in Fig. 8. In contrast, discretising the
original beam using the minimum number of rigid elements considered (3 rigid elements) yielded the
highest discrepancy of 18.5% between the numerically obtained and theoretical spring stiffness values
as in Table 4.14. Using the numerically obtained spring stiffness values also resulted in an equally poor
match in the U-K beam model’s natural frequencies with those of the FE model; the highest discrepancy
of 38.68% was recorded as shown in Fig. 8.
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Fig. 8: Percentage differences of U-K beam model natural frequencies with those of
the original beam
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From Table. 4 and Fig. 8, increasing the number of rigid elements the flexible beam is discretised into
notably improves the matching of the U-K beam model’s modal frequencies with those of the original
beam. The onset of considerable modal frequency discrepancies may be delayed to higher modes.
Increasing the number of rigid elements the flexible beam is discretised by also improves the matching
between the numerically obtained and theoretical torsional spring stiffness values as shown in Table. 3.
These observations validate and provide confidence in using Eg. (18) to approximate the torsional
spring stiffnesses within the U-K lumped parameter beam model, as long as a sufficient number of rigid
elements are considered. As the number of rigid elements representing the original beam increases, the
representativeness of the U-K lumped parameter beam model in capturing the dynamic characteristics
of the original beam namely natural frequencies substantially improves.

The U-K beam model equations were generalised to accept any specified number of rigid elements,
enabling the U-K beam model to be automatically formulated for the chosen number of rigid elements
in Table. 4. This highlights a benefit of implementing a lumped parameter approach within the U-K
formulation to model a system’s flexibility since a mechanical system can be discretised into rigid
elements, and adapted within the U-K formulation by extending the notion of rigid body modelling.
This is conducive to the autonomous formulation of a flexible beam model as the number of rigid
elements may be selected to facilitate rapid dynamic analysis of flexible systems to meet varying modal
analysis accuracy requirements.

The results in Table. 4 and Fig. 8 provide confidence in the discretisation method of a flexible beam
into rigid elements as adapted by Neild et al. in [24], as long as a sufficient number of rigid elements
are used to represent the original flexible beam to hold the assumed approximations.

The extension of the U-K formulation to model a flexible body using the proposed lumped parameter
approach in this section showed to be an effective framework for modelling the dynamics of flexibility
of a beam, and may be readily transferred to consider non-uniform beam members. In the following
section, the aspect of modelling a flexible body contained within a wider system to capture flexible
modes of the multibody system is demonstrated, and will be shown to be readily handled using this
lumped parameter approach methodology implemented within the U-K formulation.

5. The flexible crank-slider mechanism- flexible multibody dynamics

The dynamics of flexibility is now considered for the original crank-slider mechanism presented in
Section 3. The crank link is now assumed to be deformable due to inherent flexibility as shown in Fig.
9(a), with properties of the flexible beam previously specified in Table. 2. The 20 rigid element U-K
beam model from the previous section is used here to represent the flexibility of the crank link: this is
justified from the results in Tables. 3 and 4 where with a 20 rigid element beam model, strong
agreements were observed in obtained torsional spring stiffnesses and modal frequencies with reference
theoretical values. The values of the individual torsional spring stiffnesses within the 20-rigid element
lumped parameter beam model is 34.806Nmrad ™1, in accordance with the value obtained in Table. 3.
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(b)
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s ,+eslida'

Fig. 9: (a) Crank-slider mechanism with flexible crank link, (b) lumped parameter idealisation of
the flexible crank link as a series of rigid elements connected by torsional springs

In Fig. 9(b), the flexible crank link is shown to be represented by six rigid elements for ease of
illustration. The mechanism’s slider link is treated as a rigid body with its centre of gravity defined at
its centre as in Fig. 9(b). By treating the mechanism’s slider link as a rigid body, the respective
geometric constraint equations defining its centre of gravity translations were derived and appended
into the system of constraint equations describing the lumped parameter model of the flexible crank
link. In total 43 constraint equations were derived to describe the flexible crank-slider mechanism,
summarised in Eq. (19). The first 40 equations describe the X;, Y; centre of gravity translations of the
20 rigid elements of the crank link lumped parameter model. The remaining three constraint equations,
the final three equations in Eq. (19), describe the X;,Y; centre of gravity translations of the rigid slider

link.

Ly

Xy — 7cos(61) =0
Ly

Yl - ?sm(el) =0

L L,
X, — X, — 7cos(61) - 7cos(62) =0

Ly | Ly .
Y, —Y, — ?sm(el) — 7sm(62) =0

leider

LZO
Xslider — X20 — TCOS(GZO) + COs(eslider) =0

leider

LZO . .
Ystider — Y20 — TSIH(ezo) + sin(Bgjiger) = 0

leider
Yslider - 2 Sln(eslider) =0

— (19
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In Eq. (19) the numbered subscripts denote the index of rigid elements within the mechanism’s flexible
crank link lumped parameter model and the slider subscript denotes the mechanism’s rigid slider link.
The length of the slider link is still taken as 2v/2m previously defined in Table. 2. The constraint
equations in Eq. (19) were differentiated twice with respect to time and the respective vectors and
matrices associated with modelling the mechanism within the U-K formulation derived as per the
processes outlined in section 2. With 43 constraints and 63 geometrical positional states, the derived A
matrix is of size (43 x 63) whilst b is a (43 x 1) vector. The mass matrix M is of size (63 x 63) and the
unconstrained acceleration vector a of size (63 x 1); the mechanism is an effective 20 degree of freedom
system.

Dynamic time history simulations were performed on the U-K formulated flexible crank-slider
mechanism model and responses compared with those from an alternatively formulated model produced
within Simscape for validation, shown in Fig. 10 and 11.
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Fig. 10: Flexible crank-slider mechanism free responses under gravity (a) 6, , (b) Ojiger
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Fig. 11: Flexible crank-slider mechanism forced responses under the application of external
sinusoidal load and gravity (a) 6, , (b) 64iqer- External sinusoidal load applied (forcing amplitude
F, = 5N forcing frequency, o: 1.3 rads™?)
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In Figs. 10 and 11, the dynamic time history responses between the U-K and Simscape flexible crank-
slider mechanism models strongly match, validating the flexible crank-slider mechanism’s modelling
within the U-K formulation. Both the U-K and Simscape models were numerically solved using the
standard MATLAB odel5s solver with a specified relative tolerance of 1e-8 and absolute tolerance of
1e-10. These tolerance values were selected as they could further converge the already strong matching
responses between the U-K and Simscape models, without significantly compromising computational
efficiency. The quantities displayed in Figures Figs. 10 and 11 are 6, and 84, Which refer to the
orientation of the first rigid element within the flexible crank link lumped parameter model relative to
the horizontal, and the orientation of the mechanism’s rigid slider link to the horizontal. For the forced
response case, an external sinusoidal force was applied vertically at the connection between the flexible
crank link and rigid slider link as illustrated in Fig. 9. The forcing amplitude specified was arbitrarily
chosen to be 5N, with a forcing frequency of 1.3rads™? .

In the cases presented, torsional damping of value 0.05Nsmrad™! was applied at the locations of
individual torsional springs within the crank link lumped parameter model, to dissipate the presence of
the mixed-mode responses, notably apparent within the first 10 seconds of the time simulations in Figs.
10 and 11.

The mechanism’s natural frequencies and mode shapes were numerically extracted through evaluating
the Jacobian matrix of the U-K formulated model to explore the mechanism’s dynamic characteristics
now with the inclusion of linkage flexibility. For conciseness, the mechanism’s first 10 modal
frequencies and corresponding mode shapes are shown below. The modal frequencies are presented in
Table. 5, alongside those evaluated from the Simscape model for validation.

Table. 5: Flexible crank-slider mechanism modal frequencies

Mode U-K model Simscape model

frequencies, Hz frequencies, Hz
1 0.285 0.285
2 1.73 1.73
3 3.06 3.06
4 6.83 6.83
5 12.1 12.1
6 18.8 18.8
7 27.1 27.1
8 36.8 36.8
9 48.0 48.0
10 60.6 60.6

The mechanism’s corresponding mode shapes are presented across Figs. 12 and 13. In the plots, the X-
Y displacements of individual rigid element CGs within the mechanism are plotted, including that for
the rigid slider link, hence the appearance of the furthermost X-displacement point position in the mode
shape plots.
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Fig. 12: Mode 1 to 6 frequencies and shapes numerically predicted from the U-K formulated
flexible crank-slider mechanism model
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Fig. 13: Mode 7 to 10 frequencies and shapes numerically predicted from the U-K
formulated flexible crank-slider mechanism model

Throughout the plots in Figs. 12 and 13, what is referred to as deformed is the shape of the mechanism
at its predicted modal frequency whilst undeformed refers to the initial configuration of the mechanism,
with the crank link orientated at 45° from the horizontal. The U-K and Simscape model frequencies
show a direct match, further validating the flexible crank-slider mechanism’s modelling within the U-
K formulation and the method of evaluating a linearised system’s Jacobian matrix to extract its dynamic
properties.

The mechanism’s rigid modal frequency of 0.616Hz can be reobtained from the U-K flexible crank-
slider mechanism model if the torsional spring stiffnesses within the crank link lumped parameter model
are uniformly scaled from their default value of 34.806Nmrad~! by a factor of 266, effectively
stiffening the crank link as shown in Table. 6 and visualised in Fig. 14.
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Fig. 14 shows the U-K formulated mechanism model’s numerically evaluated mode shape in regards to
the X-Y displacement of the crank-slider mechanism’s rigid element CGs including that for the rigid
slider link. The 266x scaling factor was obtained by successively scaling the U-K mechanism model’s
crank link default torsional spring stiffness’s uniformly until convergence is achieved with the 0.616Hz
previously identified rigid modal frequency. The 266x torsional spring stiffness scaling factor resulted
in a 0.601Hz rigid modal frequency for the Simscape mechanism model, constituting a 2.4% difference
relative to the U-K model’s 0.616Hz rigid modal frequency. Whilst this difference may be attributed to
differences between the U-K and Simscape mechanism model formulations in addition to differences
in methods to numerically extract the mechanism natural frequencies, this observation also highlights
the sensitivity of the torsional spring stiffness parameter within the two mechanism models.

Fig. 14 highlights the effective rigid nature of the crank link at mode 1 due to the linear trend in rigid
element CG translation points. Referring to Eq. (18), the 266x spring stiffness scaling factor physically
translates to a corresponding scaling of either the crank link’s second moment of area and subsequent
cross sectional area, or Young’s modulus of the crank link material along its entire length. To shed
insight into how the evolution of the crank link flexibility influences the resulting mechanism’s natural
frequencies, the spring stiffness scaling factor is now gradually reduced and resulting mechanism’s first
5 modal frequencies presented in Table. 6.
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Table. 6: Influence of crank link torsional spring stiffness scaling factor on U-K crank-slider
mechanism model natural frequencies.

Torsional spring stiffness scaling factor
Mode 266.25% 200x 100x 50x 1x (original)
No.
1 0.616 Hz 0.614 Hz 0.6101 Hz 0.600 Hz 0.285 Hz
(Rigid mode
frequency)
2 13.2 Hz 11.4 Hz 8.13 Hz 5.83 Hz 1.73 Hz
3 49.9 Hz 43.3 Hz 30.6 Hz 21.6 Hz 3.06 Hz
4 111 Hz 96.4 Hz 68.2 Hz 48.2 Hz 6.83 Hz
5 197 Hz 171 Hz 121 Hz 85.4 Hz 12.1 Hz

The appearance of an asymptotic trend in the mechanism’s first modal frequency in Table. 6 suggests
any further stiffening and increase in spring stiffness scaling beyond a factor of 266x would most likely
continue to yield a modal frequency that tends towards the limit of 0.62Hz. The influence of scaling the
torsional spring stiffnesses on the crank-slider mechanism’s resulting natural frequencies was also
explored - the stiffening efficiency of the torsional springs for the first five modes were measured; the
extent to which the mechanism’s natural frequencies are influenced by stiffening the torsional springs
within the mechanism’s crank link lumped parameter model.
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Fig. 15: Torsional spring stiffening efficiency

The results from Fig. 15 support the earlier view of an asymptotic limit in the mechanism’s first modal
frequency; stiffening the torsional springs in the crank link beyond a scaling factor of 15x appears to
mark the onset of the frequency asymptotic limit. The findings also provide physical insight into the
influence of the crank link’s flexibility on specific modal frequencies. For example, if it is desired to
redesign the original flexible crank-slider mechanism in order to shift its mode 1 frequency substantially
beyond its rigid modal frequency of 0.616Hz, results from Table. 6 and Fig. 15 suggest avoid resorting
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to stiffening the mechanism’s flexible crank link as means to achieve this due to the diminishing returns
and the asymptotic limitations associated with this particular modal frequency.

6. Conclusion

In this paper, the authors offer an alternative methodology to model flexible multibody systems using
the Udwadia-Kalaba framework by extending the notion of rigid body modelling through a lumped
parameter approach. In the lumped parameter approach used in this work, a flexible body is
discretised into a series of rigid elements connected by torsional springs to represent bending
flexibility. A mechanical system can be discretised into rigid elements and adapted within the U-K
formulation; this was viewed as a benefit for incorporating a lumped parameter approach within the
U-K formulation to model flexible multibody systems. An additional benefit is that within the U-K
formulation, the ability to generalise beam model equations enables a U-K formulated beam model to
be automatically formulated for a chosen number of rigid elements; the fidelity that a flexible beam is
discretised into may be autonomously prescribed to facilitate the rapid dynamic analysis of flexible
systems to meet accuracy requirements.

The Udwadia-Kalaba (U-K) modelling approach was shown to be applicable for modelling the
dynamics of nonlinear and generic multibody systems under the influence of kinematical constraints.
Initially, a flexible beam in the absence of boundary conditions was used to outline the process of
discretising a flexible structure into lumped parameters within the U-K framework to capture the
dynamics of flexibility. The resulting lumped parameters obtained within the U-K model were then
validated against theoretically derived values.

A case study of a flexible crank-slider mechanism was presented to demonstrate the proof of concept
of using a lumped parameter approach within the U-K framework to model flexible bodies integrated
within wider mechanisms to capture flexible modes of the complete multibody system. The flexible
crank-slider mechanism U-K model was validated through time history simulations against an
alternatively formulated model and natural frequencies and mode shapes numerically obtained and
validated.

By scaling the torsional spring stiffnesses within the flexible crank link, the influence on the resulting
mechanism’s natural frequencies were investigated, providing physical insight into the original system.
On a wider scope, the implication is that modelling flexible multibody systems using the proposed U-
K lumped parameter approach offers the ability to gain parametric insight into flexible multibody
systems for their design. The prominence and potential of extending the application of the Udwadia-
Kalaba formulations to model flexible multibody systems using a lumped parameter approach was
shown in this study and advantages of adopting such an approach highlighted. Future research directions
in this field include consideration of the application of modelling of flexible 3-D mechanical systems,
which will introduce an additional layer of complexity in both the modelling and the interpretation of
the dynamics.
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Nomenclature

a = Unconstrained acceleration vector

A = Matrix associated with the system’s state accelerations

b = Vector of terms unassociated with the state accelerations of the system
CG = Centre of gravity

E = Young’s Modulus

FE = Finite element

I = Second moment of area

g = Gravitational acceleration

Kr, = i*™® torsional spring stiffness

L = Lagrangian quantity

l = Length between centre of gravity of adjacent rigid elements

NF = Natural Frequency

M = Mass matrix of the system

MBD = Multi-Body Dynamic

ODEs = Ordinary Differential Equations

Q; = Generalised force acting on the system associated with the j™ generalised coordinate.
qj = j™ generalised coordinate

R, = Energy function term due to the presence of dissipative forces

U-K = Udwadia- Kalaba

XY,0) = Global coordinate system

N = Vector of true accelerations of the multibody system including the influence of
applied constraints

+ = Moore-Penrose generalised inverse
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