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Introduction

The main object of our study is calibrated Go manifolds. Such a manifold is a
7-dimensional Riemannian manifold admitting a Go-structure whose fundamental
3-form, called the Gy form, is closed. In particular, we construct new examples of
those manifolds from symplectic half-flat manifolds of dimension six via mapping
tori, and show the existence of nilsoliton metrics determined by closed Gy forms.
For each of these latter Gy forms, we prove that the solution of its Laplacian flow
has long time existence.

Let (M, g) be a Riemannian manifold. The existence of a certain differential
form Q on (M, g), such that Q is parallel with respect to the Levi-Civita connection
of the Riemannian metric g, gives a powerful restriction on the holonomy group
of (M, g). This group acts in a natural way on the tangent space T,(M) of M
in any point p. When (M, g) is complete, de Rham in [44] proved that unless
this representation is irreducible, M has a finite covering, which is a product of
Riemannian manifolds of smaller dimension. In 1955 Berger [15] gave the complete
list of the possible holonomy groups of a simply connected, irreducible and non-
symmetric Riemannian manifold (M, g) of dimension n:

i) SO(n) acting on R";

ii) U(m) C SO(n) acting on R*", with n = 2m;
iii) SU(m) C SO(n) acting on R*™ with n = 2m;
iv) Sp(m) C SO(n) acting on R*™, with n = 4m;

v)  Sp(m)Sp(1) C SO(n) acting on R*™,  with n = 4m > 8;
vi) Gy C SO(7) acting on R, with n =T7;
vii) Spin(7) C SO(8) acting on R, with n = 8.

It is remarkable that all but the two largest irreducible holonomy groups, SO(n)
and U(m), force the metric to be Einstein and in some cases Ricci-flat. More pre-
cisely, Riemannian manifolds whose holonomy group is contained in U(m) are
called Kahler manifolds; they have dimension 2m, and the Kéahler form is a non-
degenerate 2-form which is parallel with respect to the Levi-Civita connection of

IX
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the Kéhler metric. Riemannian manifolds with holonomy SU(m) are Kéhler man-
ifolds such that the Kahler metric is Ricci-flat. On such a manifold, in addition
to the Kahler form there is a complex volume form which is parallel, and if it is
compact, then it is called Calabi- Yau manifold. A Riemannian manifold (M, g)
of dimension n = 4m is said to be hyper-Kahler if its holonomy group is con-
tained in Sp(m). Since Sp(m) C SU(2m) C U(2m), hyper-Kéhler manifolds are
Kahler and Ricci-flat, and they have three complex structures compatible with the
hyper-Kahler metric. Quaternionic Kahler manifolds are those whose holonomy
group is contained in Sp(m)Sp(1). Such a manifold has a 4-form which is par-
allel. Alekseevsky in [2] proved that quaternionic Kéhler manifolds of dimension
> 8 are Einstein. (Note that in dimension 4, an orientable Riemannian manifold
is called quaternionic Kéhler if it is Einstein and selfdual [117].) The groups Gq
and Spin(7) are the exceptional holonomy Lie groups. Riemannian manifolds with
holonomy contained in Gy or Spin(7) are Ricci-flat and have a 3-form or a 4-form,
respectively, which is parallel with respect to the Levi-Civita connection [20].

The geometrical structures associated to the cases ii) to wvii) of the list of
Berger are known as special geometrical structures and the corresponding under-
lying Riemannian metric is called a special metric. For the exceptional holonomy
groups, that is, Gy and Spin(7) the corresponding geometrical structures are called
exceptional structures and the corresponding metric is said to be an exceptional
metric.

For many years after Berger’s result, the theory of G, manifolds was a dormant
subject. In fact, there were doubts whether the two exceptional entries (Gy and
Spin(7)) in Berger’s list can be realized as holonomy groups. Only in 80’s, mani-
folds with holonomy Gy were constructed. In 1987, Bryant in [23] constructed local
examples, and then R. Bryant and S. Salamon in [26] produced complete mani-
folds with holonomy Gs. The first examples of compact manifolds with holonomy
Go and Spin(7) were given by Joyce [86], 87]. Kovalev in [89] and, recently, Corti,
Haskins, Nordstrém and Pacini in [43] produced new examples of compact man-
ifolds with holonomy Gs. Since then, Gy manifolds became a central subject of
study not only in geometry and topology but also in mathematical physics, mainly
in the context of string theory and supersymmetry [58, 59, 60, 67, 113].

Let us consider the space O of the Cayley numbers, which is a non-associative
algebra over R of dimension 8. Thus, we can identify the 7-dimensional Euclidean
space R” with the subspace of @ consisting of pure imaginary Cayley numbers.
Then, the product on O defines on R7 the 3-form ¢ given by

@ = 12T | BT | 56T 4 o135 (236 U6 245 (1)

where {ey,...,e7} is the standard basis of R” and {e',...,e"} is the dual basis.
Here, e'?7 stands for e! A €% A €7, and so on. The group Gy is the stabilizer of the
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3-form ¢ defined by under the standard action of GL(7,R) on A3(R")*, that
is,

Gy ={A € GL(T,R) | A" ¢ = ¢}.

The Lie group Gs is compact, connected, simply connected and simple of dimen-
sion 14. It acts irreducibly on R” and preserves the metric and orientation for
which {ey,...,e7} is an oriented orthonormal basis. Denote by *, the Hodge star
operator determined by the orientation and the metric. Then Go also preserves
the 4-form

1234 1256 1367 1457 2357 2467 3456
120 36T 15T 4 90T o207y (8456,

(& € € (& € €

ko =€

A Gaq-structure on a 7-dimensional manifold M is a reduction of the structure
group GL(7,R) of its frame bundle to the exceptional Lie group Gy. Therefore, a
Go-structure determines a Riemannian metric and an orientation on M. Manifolds
admitting Go-structure are called Gy manifolds. The presence of such a structure
is equivalent to the existence of a global 3-form ¢, called Gy form, which can be
locally written as in (1)) with respect to some (local) basis {e', ..., e’} of the (local)
1-forms on M (see subsection for details). Such a Gy form ¢ on a manifold
M induces a Riemannian metric g, on M given by

1
9o(X,Y)voly = ELXgo/\ Ly A @,

for any vector fields X,Y on M, where wvoly; is the volume form on M, and
tx denotes the contraction by X. Let V be the Levi-Civita connection of the
Riemannian metric g,. The Go-structure ¢ is called torsion free Go-structure if
V¢ =0, so the holonomy group of (M, g,) is contained in Go; and ¢ is said to be
Ga-structure with torsion if Vi # 0.

By [56], a manifold M with a Gay-structure comes equipped not only with a
3-form ¢ and a Riemannian metric g, determined by ¢, but also with a 2-fold
vector cross product P, which satisfy the relation

QP(X7 Yv Z) = g@(P(X, Y),Z),

where X,Y and Z are vector fields on M. Therefore, Gy manifolds can be con-
sidered the Go analogues of almost Hermitian manifolds. Corresponding to the
almost complex structure and the Kéahler form, one has the vector cross product
and the fundamental 3-form ¢, respectively. It should be remarked that there
is one fundamental difference between almost complex structures and 2-fold vec-
tor cross products. Almost complex structures are defined without reference to a



XII Introduction

metric (although if a metric exists, a compatibility condition is required). In con-
trast to this, a 2-fold vector cross product has a unique (positivie definite) metric

associated with it (see subsection [1.1.2)).

Fernandez and Gray in [56] give a classification of Go manifolds. They prove
that there are 16 classes according to how the covariant derivative of the fun-
damental 3-form behaves with respect to its decomposition into Gs irreducible
components. Within these classes one can find the Gy analogues of some classes of
almost Hermitian manifolds. For example, if ¢ is closed, then (M, ¢) is a calibrated
Go manifold in the sense of Harvey and Lawson [79], a G, analogue of an almost
Kéhler manifold; if dy is a multiple of x,¢, (M, ¢) is a nearly parallel G, manifold,
a Gy analogue of a nearly Kéahler manifold; if ¢ is coclosed (d %, ¢ = 0) then M is
a cocalibrated Go manifold, a Gy analogue of semi-Kéhler manifolds. Moreover, if
¢ is closed and coclosed, then the holonomy group of M is a subgroup of Gy [56],
that is, ¢ is parallel with respect to the Levi-Civita connection of the metric g,,
and M is a Gg analogue of a Kéhler manifold.

Any orientable hypersurface M C R® has a Go-structure induced by the vector
product of R® [50, 56, 132]. In [56] it is proved that such a Gy-structure is always
coclosed; moreover, it is nearly parallel if and only if M is the sphere S7 and it is
parallel if and only if M is totally geodesic.

However, constructing examples of compact calibrated G, manifolds is not a
straightforward task. For instance, Cleyton and Swann in [36] classify calibrated
G, manifolds on which a simple group acts with cohomogeneity one, but no com-
pact manifold occurs in this list. On the other hand, Ferndndez in [51] exhibited
the first example of a compact calibrated G manifold that does not have holonomy
Go. This example is given in terms of a nilpotent Lie algebra g and an element of
A3g* that corresponds to a closed left invariant 3-form on the associated simply
connected nilpotent Lie group. Since the structure constants are rational, there ex-
ists a uniform discrete subgroup [102] such that the quotient is a compact manifold,
called compact nilmanifold, which has a calibrated Go-structure. A classification
of compact nilmanifolds carrying left invariant closed Go forms was given recently
in [38]. In Chapter 4 we shall return to this classification.

In the first and second chapter we pursue this approach and we produce new
examples of calibrated Gy manifolds, with a Ga-structure with torsion, via mapping
tori of diffeomorphisms of SU(3)-manifolds carrying a symplectic half-flat structure
which is preserved by the diffeomorphism.

In section we recall some results on SU(3)-structures and G manifolds.
An SU(3)-structure on a manifold M of real dimension 6 consists of an almost
Hermitian structure (g, J), with Riemannian metric g and almost complex struc-
ture J, such that (M, g, J) carries a complex volume form ¥ = ¢, +i¢_. In
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general, neither the 3-form ¥ nor the Kahler form w of (g, J) are closed. Since Go
is the stabilizer of the transitive action of Gy on the six-sphere S, it follows that
a Go-structure on a manifold induces an SU(3)-structure on any oriented hyper-
surface. If the Gy manifold has holonomy group contained in Go, then Chiossi and
Salamon in [33] prove that the SU(3)-structure is half-flat. (As we explain in the
subsection [I.1.1], the name half-flat structure is due to the behavior of the intrinsic
torsion of such a structure [33].) In terms of differential forms, an SU(3)-structure

(g,J,W =, +i1_) on a 6-manifold is half-flat if
wAdw=0, diy, =0,

where w is the Kéhler form of (g, J). This means that half-flatness is characterized
by the closure of w? = w A w and the real part 1, of the complex volume form V.

Conversely, it follows from a result of Hitchin [83] that every compact, real-
analytic half-flat 6-manifold can be realized as a hypersurface in a manifold with
holonomy contained in Gg, though this is no longer true if the real-analytic hy-
pothesis is dropped [25]. Moreover, the Ga-structure can be obtained from the
half-flat structure by solving certain evolution equations (PDE which turns into
an ODE in the homogeneous case), so that the construction of half-flat structures
is indirectly a means of constructing local metrics with holonomy in Gs.

A half-flat structure (g, J, ¥ = ¢, + i) is called symplectic half-flat if the
Kéhler form w of (g,J) is closed, and so symplectic. In this case, we denote
the Kahler form by F' instead of w. Thus, if the almost complex structure J is
integrable or, equivalently, ¥ is closed (see subsection then (M,g,J) is a
Kéhler manifold and, when M is compact, (M, g, J, V) is a Calabi-Yau manifold
of complex dimension 3 assumed that the norm of ¥ is constant. Therefore,
symplectic half-flat manifolds can be considered as an extension of Calabi-Yau
manifolds to the non-integrable case.

Regarding Ga-structures, it happens that if M has a symplectic half-flat struc-
ture (g, J, V), and F' is the K&hler form of (g, /), then the 3-form ¢ on M x R
given by

e=F ANdt+, (2)

is a closed Go form with

1
ko0 = Y_ A dt + §F2,
where t is the coordinate of R. Moreover, the pair (dt, F') is a cosymplectic struc-
ture on M x R in the sense of Libermann [97], or a co-symplectic structure in the
sense of Li [96], that is, dt and F are both closed and dt A F*® is a volume form on
M x R. Hence M x R has a closed Gy form ¢ defined by and a cosymplectic
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structure (dt, F'). This fact and the result of Li [96] mentioned below are the rea-
sons for which in section [1.3| we study mapping tori of diffeomorphisms preserving
a symplectic half-flat structure.

Let M be a 6-manifold with a symplectic half-flat structure (g, J, V) with
Kéhler form F (so F' is a symplectic form) and let v: M — M be a diffeo-
morphism. Independently of the symplectic half-flat structure that we have on
M, we can consider the mapping torus M, of the diffeomorphism v, that is, the
manifold obtained from M x [0, 1] by identifying the ends with v,

M x [0,1]
(z,0) ~ (v(z),1)’

Clearly, M,, = M x S'if v: M — M is the identity, and in general M, is the
total space of a locally trivial fiber bundle 7: M, — S* with fiber M. If the
diffeomorphism v preserves the symplectic form F', then v is called a symplec-
tomorphism, and the manifold M, is said to be a symplectic mapping torus of

v: (M,F) — (M, F). In this case, F' defines a closed 2-form F' on M,, and the

pair (o, F) is a cosymplectic structure on M, in the sense of Libermann [97] since
do =0 =dF and a A F? is a volume form, where « is the pullback to M, of
the volume form of S'. In [96], Li proves the following nice structure theorem for
compact cosymplectic manifolds:

M, =

A compact manifold N has a cosymplectic structure if and only if N is a sym-
plectic mapping torus.

If M has a symplectic half-flat structure (g, J, ¥ = 1, +i1_), we say that a
diffeomorphism v: M — M is an SU(3)-diffeomorphism if

v'g =g, V'E =F, Vi =y

Then, v also preserves the almost complex structure J and the complex volume
form W since ¢_ = J . Moreover, M, has a cosymplectic structure. In Theorem
we prove that M, has also a closed G5 form. However, we show that the con-
verse is not true. In fact, in Proposition [1.3.3] we construct a compact calibrated
G, manifold which does not admit cosymplectic structure, and so it cannot be the
mapping torus of any SU(3)-diffeomorphism of a symplectic half-flat manifold.

As we said, compact Riemannian manifolds whose holonomy group is a sub-
group of Gy can be considered the Gy analogous of Kahler manifolds. Compact
Kahler manifolds satisfy a collection of topological obstructions: theory of Kéahler
groups, evenness of odd-degree Betti numbers, Lefschetz property or the formality
[45,[126]. In symplectic geometry, formality allows to distinguish compact symplec-
tic manifolds which admit K&hler structures from those which do not [41], 45, [64].
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Intuitively, a simply connected manifold is formal if its rational homotopy type
is determined by its rational cohomology algebra. Simply connected compact
manifolds of dimension less than or equal to 6 are formal [63, [106]. We shall say
that M is formal if its minimal model is formal or, equivalently, if the de Rham
complex (Q2*M,d) of differential forms on M and the algebra of the de Rham
cohomology (H*(M),d = 0) have the same minimal model. In [63] the concept
of formality is extended to a weaker notion called s-formality. There, it is proved
that an orientable compact connected manifold, of dimension 2n or 2n-1, is formal
if and only if it is (n-1)-formal.

For any compact manifold (M, g) with holonomy G,, Joyce [87] proves that
its fundamental group is finite, the first Betti number vanishes and the cup prod-
uct by the cohomology class of the Gy form is an isomorphism between the de
Rham cohomology groups H?(M) and H?(M) (a type of Lefschetz property). But
nothing is known on the formality of such manifolds.

The first example of a compact calibrated Go manifold was given by Fernédndez
in [5I]. This 7-manifold is a compact nilmanifold whose first Betti number b;
is by = 5. The classification of compact Gs nilmanifolds with a left invariant
calibrated Go-structure was given recently in [38]. The first Betti number of these
manifolds is such that 2 < b < 5, or by = 7 for the 7-torus T’. Moreover,
excepting T7, all of them are non-formal. Examples of compact formal calibrated
Gy solvmanifolds (non-nilmanifolds) were given in [52]; in all these cases b = 3.
In section we recall the results of Bazzoni, Munoz and Fernandez proved in
[8] on the formality of mapping tori. Then, in section using Theorem
mentioned previously, we show new examples and, in particular, we construct a
compact calibrated G, manifold with by = 1 which is formal.

In order to construct more examples of 7-dimensional manifolds with closed
G, forms, a natural place to look is left invariant symplectic half-flat structures
on 6-dimensional solvable Lie groups, and then take the direct product of such
a Lie group by R. According to Magnin [100], and Bazzoni-Mufioz classification
[11], there are 34 isomorphism classes of nilpotent Lie groups, of which exactly 3
(including the Abelian Lie group) admit symplectic half-flat structure [40].

In Chapter 2, we classify the 6-dimensional solvable Lie algebras admitting sym-
plectic half-flat structure. To this end, we need the following results. Nilpotent
Lie algebras with half-flat structures have been classified by Conti [37]. Schulte-
Hengesbach has classified in [I15] direct sums of two 3-dimensional Lie algebras
admitting half-flat structure, and the complete classification of decomposable half-
flat Lie algebras is achieved by Freibert and Schulte-Hengesbach in [65]. Moreover,
in [66] they classify arbitrary indecomposable Lie algebras admitting half-flat struc-
ture, except for the solvable case with 4-dimensional nilradical, which we study in
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sections 2.3 and 2.4 using, on the one hand, the classification of Turkowski [124]
of 6-dimensional solvable Lie algebras with 4-dimensional nilradical and, on the
other hand, the classification given in [99] of 6-dimensional unimodular solvable
Lie algebras admitting symplectic form. That list is given using as starting point
the original classification due to Mubarakzyanov [104].

In section 2.2 we investigate the case when the solvable Lie algebra is decom-
posable (Proposition m, Proposition and Proposition . The decom-
posable case 4@ 2 is of special interest, because such Lie algebras (solvable or not)
cannot admit a symplectic half-flat structure (Proposition . The indecom-
posable case is considered in section 2.3 for unimodular Lie algebras (Proposition
2.3.1)), and in section 2.4 for non-unimodular (Proposition and Proposition
2.4.2). As a consequence of the results proved, we see that the decomposable
solvable Lie algebras having symplectic half-flat structure are unimodular and, by
[19, [61], [70}, 123, [130], the corresponding simply connected solvable Lie groups have
a co-compact discrete subgroup. Thus, they produce compact calibrated Gy solv-
manifolds. Moreover, in sections 2.2-2.4, we give an explicit symplectic half-flat
structure for the 8 (non-nilpotent) solvable Lie algebras admitting it, as well as,
for the 2 one-parameter families of (non-nilpotent) solvable Lie algebras that also
admit it (Proposition m, Propositionm Proposition m, Propositionm
and Proposition .

To prove that the remaining Lie algebras having either symplectic form or half-
flat structure do not admit a symplectic half-flat structure we consider, in section
2.1, two obstructions to the existence of symplectic half-flat structure on a Lie
algebra.

The first obstruction is given in [65] as follows. Suppose that g is a 6-
dimensional Lie algebra with volume form u. For any closed 3-form p on g, we
consider the endomorphism J7: g* — g* defined by

Toa(X)p = a A (uxp) Ap,

for « € g* and X € g. Then in [65] it is proved the following result:

If g is a 6-dimensional Lie algebra with a volume form v € ASg*, and there is
a non-zero 1-form o € g* such that for any closed 3-form p € A*g* and any closed
4-form o € A*g*, the following condition

oz/\j;a/\az(),

is satisfied, then g does not admit half-flat SU(3)-structures.

The second obstruction is a consequence of the obstruction to the existence of
closed Gy forms on 7-dimensional Lie algebras given in [38]. We have: If g is a
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6-dimensional Lie algebra, and there exists X € h =g @ R such that
(LX¢>3 = 07

for any closed 3-form ¢ on by, where tx denotes the contraction by X, then g has
no symplectic half-flat structure.

Compact calibrated Go manifolds have interesting curvature properties. As we
mentioned at the beginning of this introduction, a Riemannian manifold whose
holonomy group is contained in G, is Ricci-flat, or equivalently, both Einstein and
scalar-flat. On a compact calibrated Gy manifold, both the Einstein condition [35]
and scalar-flatness [24] are equivalent to the holonomy being contained in Gg. In
fact, Bryant in [24] shows that the scalar curvature is always non-positive.

The result mentioned of Cleyton and Ivanov in [35] can be considered a Go
analogue of the Goldberg conjecture for compact almost Kéhler manifolds. This
conjecture states that the almost complex structure of a compact Einstein almost
Kahler manifold is integrable [68]. In [110], Sekigawa gives a proof of this conjecture
under the assumption that the scalar curvature of the almost Kahler manifold is
non-negative. On the negative side, a complete Einstein almost Kéhler manifold,
with negative scalar curvature, which is not Kéhler was constructed in [5], and
in [81] it was shown that this example is an almost-Ké&hler solvmanifold, that
is, a simply connected solvable Lie group endowed with a left invariant almost-
Kéhler structure. Moreover, this Lie group is non-unimodular, since by [46] left
invariant Einstein metrics on unimodular solvable Lie groups are flat. We point
out that a left invariant Ricci-flat metric on a solvmanifold is necessarly flat [4],
but solvmanifolds can admit incomplete metrics with holonomy contained in Gy
as it is shown in [67, [32].

Therefore, in relation to the Gy analogue of the Goldberg conjecture, by [24] 35]
we know that a closed Gy form on a compact manifold cannot induce an Einstein
metric, unless the induced metric has holonomy contained in Gs. However, it is
still an open problem to see if the same property holds on non-compact manifolds.

The goal of Chapter 3 is to study the existence of Ga-structures inducing Ein-
stein metrics on non-compact homogeneous Einstein manifolds and, more pre-
cisely, on non-compact homogeneous Einstein solvmanifolds, since all the known
examples of non-compact homogeneous Einstein manifolds belong to the class of
solvmanifolds, that is, they are simply connected solvable Lie groups endowed with
a left invariant Einstein metric [92]. More yet, according to a long standing con-
jecture attributed to D. Alekseevskii (see [16, 7.57]), these might exhaust the class
of non-compact homogeneous Einstein manifolds.

In section 3.1 we recall some results on Einstein solvmanifolds. A left invariant
metric on a Lie group S will be always identified with the inner product (-, -) deter-
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mined on the Lie algebra s of S. Lauret in [03] showed that Einstein solvmanifolds
are standard, that is, satisfy the following additional condition: the correspond-
ing metric Lie algebra (s, (-, -)) has the orthogonal decomposition s = a & n with
n = [s,s] and a abelian. The dimension of a is also called the rank of 5. Standard
Einstein solvmanifolds have been deeply studied by J. Heber, who has obtained
many remarkable structural and uniqueness results, by assuming only the stan-
dard condition (see [80]). In particular, Heber showed that a standard Einstein
metric is unique up to isometry and scaling among left invariant metrics and that
the study of standard Einstein solvmanifolds can be reduced to the rank-one case.
Using these results, in section 3.2 (Theorem 3.2.2) we show that, in dimension
six, the example given in [5, 81] is the unique example of Einstein (non-Kéhler)
almost-Kéhler solvmanifold. In Theorem 3.2.2 we also classify the 6-dimensional
solvmanifolds admitting a left invariant (non-flat) Kahler-Einstein metric.

In subsection 3.3.1 (Theorem 3.3.6) by using the classification of 7-dimensional
Einstein solvable Lie algebras and some obstructions to the existence of calibrated
Go-structures we prove that, in contrast to the almost-Kahler case, a seven dimen-
sional solvmanifold cannot admit any left invariant calibrated Go-structure ¢ such
that the induced metric g, is Finstein, unless g, is flat.

The class of cocalibrated Go manifolds includes nearly parallel G, manifolds,
which are always Einstein with non-negative scalar curvature. Since 7-dimensional
solvmanifolds cannot admit a left invariant nearly parallel Gy-structure, it is a
natural problem to study the existence of left invariant cocalibrated Gy forms
such that the induced metric g, is Einstein. In subsection 3.3.2 (Theorem
by using some obstructions to the existence of cocalibrated Go-structures we show
that a 7-dimensional Einstein solvmanifold (S, g) cannot admit any left invariant
cocalibrated Go-structure ¢ such that the induced metric g, = g.

Seven dimensional 3-Sasakian manifolds are always Einstein with Einstein con-
stant 6 and scalar curvature 42. By the results in [I] they admit a canonical co-
calibrated Ga-structure inducing the Einstein metric. In section 3.4, using warped
products, we construct a new example of a (non-nearly parallel) coclosed Gy form
¢ on a (non-compact) manifold such that ¢ determines an Einstein metric whose
Einstein constant is equal to 4, and so such a Go-structure is not 3-Sasakian.

According to the results mentioned in Chapter 3, we know that simply con-
nected solvable Lie groups can have an Einstein metric but they do not admit
any closed Gy form inducing an Einstein metric, unless the induced metric is flat.
Natural generalizations of Einstein metrics are given by Ricci solitons, which have
been introduced by Hamilton in [78]. A complete Riemannian metric g on a man-
ifold M is called Ricci soliton if its Ricci curvature tensor Ric(g) satisfies the
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following condition
Ric(g) = A\g + Lxg,

where )\ is a real constant, X is a complete vector field on M, and Lx denotes
the Lie derivative with respect to X. Moreover, such a metric ¢ is said to be
homogeneous if its isometry group acts transitively on M, and hence g has bounded
curvature [94]; and g is called trivial if it is an Einstein metric or is the product of
a homogeneous Einstein metric with the Euclidean metric.

All known examples of non-trivial homogeneous Ricci solitons are left invariant
metrics on simply connected solvable Lie groups, whose Ricci operator satisfies the
condition

Ric(g) = A\ + D,

for some A € R and some derivation D of the corresponding Lie algebra. The left
invariant metrics satisfying the previous condition are called nilsolitons if the Lie
group is nilpotent [90]. Thus, in the context of closed Ga-structures, a natural
question arises:

Do there exist seven dimensional simply connected (non-Abelian) nilpotent Lie
groups with nilsoliton metric determined by a closed Go form?

In Chapter 4, we give a positive answer to this question. In fact, we classify
7-dimensional simply connected non-Abelian nilpotent Lie groups with a closed Gs
form which determines a nilsoliton metric. Moreover, for each one of those closed
G, forms we solve its Laplacian flow.

In section 4.1, we recall some results on nilsoliton metrics and its existence.
Between them is to be noted that not all nilpotent Lie groups admit nilsoliton
metrics, but if a nilsoliton exists, then it is unique up to isometry and scaling [90].
Moreover, the nilsolitons metrics are strictly related to left invariant Einstein met-
rics on solvable Lie groups. Indeed, Lauret in [02] proves that a simply connected
nilpotent Lie group N has a nilsoliton metric if and only if its Lie algebra n is an
Finstein nilradical, which means that n has an inner product (-,-) and there is a
metric solvable extension (s = nda, (-, -)s) of (n, (-,-)) such that the inner product
(-,)s is Einstein. Furthermore, by [80 93] such an Einstein metric has to be of
standard type and it is unique, up to isometry and scaling.

In section 4.2 we determine the nilpotent Lie algebras which admit both closed
G, forms and nilsoliton metrics but the nilsoliton is not induced by any closed
G, form; and in section 4.3 we classify the s-step nilpotent Lie algebras (s = 2, 3)
carrying a nilsoliton metric determined by a closed Gy form. For this, we use the
classification given in [3§] of 7-dimensional nilpotent Lie algebras admitting closed
Gy forms. There it is proved that there are 12 isomorphism classes, including the
Abelian case which has a trivial nilsoliton because it is flat. On the other hand,
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we use the classification of 7-dimensional indecomposable nilpotent Lie algebras
admitting a nilsoliton given in [49]. Nevertheless, in [38] there appear two decom-
posable (non-Abelian) nilpotent Lie algebras, namely n, and ng in Theoremm
So, in the aforementioned paper [49], n, and ny are not studied. As we explain
below, except in the case of the Lie algebra denoted by ng in Theorem [4.2.1] we
write explicitly the nilsoliton for all the cases having closed Gs-structures.

Using the classifications in [38] and [47], we show that, up to isomorphism, there
1s a unique nilpotent Lie algebra, namely ng in Theorem with a closed Go
form but not admitting nilsoliton metrics. However, all the other ten nilpotent Lie
algebras have a nilsoliton, and we can determine explicitly the nilsoliton except for
the Lie algebra nyo which is 4-step nilpotent (see also [47, 48], [49]). In Proposition
we prove that n; (¢ = 3,5,7,8,11) do not carry closed Ga-structures inducing
the nilsoliton. Moreover, as we mention before, the existence of a nilsoliton on the
Lie algebra nyg was shown in [47, Example 2] but we do not know the nilsoliton
metric explicitly, and so we do not know whether or not there is a closed Gs form
inducing the nilsoliton. This is the reason why the result of Theorem [4.3.1] is
restricted to s-step nilpotent Lie algebras, with s = 2,3. In fact, in Theorem
[4.3.1], we show that, up to isomorphism, there are exactly four s-step nilpotent Lie
algebras (s = 2,3) with a nilsoliton determined by a closed Gy form.

The Ricci flow became a very important issue in Riemannian geometry and
has been deeply studied. The same techniques are also useful in the study of the
flow involving other geometrical structures, like for example, the Kahler Ricci flow
that was studied by Cao in [29].

For any closed Gy form ¢q on a manifold M, Bryant in [24] introduced a natural
flow, the so-called Laplacian flow, given by

Lo(t) = Ay p(t),
de(t) =0,
SD(O) = Yo,

where (t) is a closed Gy form on M, and A, is the Hodge Laplacian operator of
the metric determined by ¢(t). Since the initial 3-form ¢y is closed, the de Rham
cohomology class [¢(t)] is constant in ¢. The short time existence and uniqueness of
solution for the Laplacian flow of any closed Gs-structure, on a compact manifold
M, has been proved by Bryant and Xu in [27]. Also, long time existence and
convergence of the Laplacian flow starting near a torsion-free Go-structure was
proved in [129].

In section (Theorem [4.4.2] Theorem [£.4.5, Theorem and Theorem
4.4.10) we show long time existence of solution for the Laplacian flow on the
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four compact nilmanifolds admitting an invariant closed Gs-structure which de-
termines the nilsoliton on the corresponding Lie algebra (see Theorem . To
our knowledge, these are the first examples of compact manifolds having a closed
Ga-structure such that the solution of its Laplacian flow has long time existence.

Since the Laplacian flow is invariant by diffeomorphisms and the initial Go-form
@p is invariant, the solution ¢(t) of the Laplacian flow has to be also invariant.
Therefore, we show that the Laplacian flow is equivalent to a (nonlinear) system
of ordinary differential equations which admits a unique solution. We prove that
the solution for the four manifolds is defined for any ¢ € [0,+00). Moreover,
considering the Laplacian flow on the associated nilpotent Lie algebra as a bracket
flow on R, in a similar way as Lauret did in [107] for the Ricci flow, we study the
convergence of the underlying metrics g(¢) of the solution. We also show that, for
any t € [0,400), the metric ¢g(¢) is a nilsoliton isometric to g(0).
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Chapter 1

Go manifolds and mapping tori

“You take the blue pill, the story ends, you wake up in your bed and belicve
whatever you want to believe. You take the red pill, you stay in Wonderland, and
I show you how deep the rabbit hole goes.”

Morpheus

The topological description of cosymplectic manifolds is due to Li [96]. There he
proves that a compact manifold M has a cosymplectic structure if and only if M is
the mapping torus of a symplectomorphism of a symplectic manifold. This result
may be considered an extension to cosymplectic manifolds of Tischler’s Theorem
[120] that asserts that the existence of a non-vanishing closed 1-form on a compact
manifold M is equivalent to the condition that M is a mapping torus.

In this Chapter we study mapping tori of diffeomorphisms of symplectic half-
flat manifolds such that the symplectic half-flat structure is preserved by the dif-
feomorphism. By Li [96], such mapping tori produce cosymplectic manifolds. In
Theorem we prove that these mapping tori are also calibrated G, manifolds.
But, in Proposition we show that the converse is not true even if we assume
compactness of the Go manifold. Moreover, using Theorem we show new
examples of compact calibrated Go manifolds and, in particular, the first example
of such a manifold whose first Betti number is b; = 1.

1.1 Special structures on manifolds

In this section we recall some definitions and properties about the geometric struc-
tures that we consider throughout this work. If M is a differentiable manifold of
dimension m, and G is a subgroup of the linear group Gl(m,R), a G-structure
on M consists in a reduction of the structure group of the frame bundle of M
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to the Lie group G. Manifolds endowed with a G-structure are usually called G
manifolds. We will focus our attention on SU(3) and Gy manifolds.

From now on, we denote by Q2*(M) and F (M) the algebras of differential forms
and differentiable functions on a differentiable manifold M, respectively, and by
X(M) the Lie algebra of vector fields on M.

1.1.1  SU(n)-structures

Definition 1.1.1. Let M be a differentiable manifold of dimension 2n. A U(n)-
structure, or an almost Hermitian structure, on M is a pair (g,J), where g is a
Riemannian metric and J is an almost complex structure on M, such that g and
J are compatible in the following sense:

g(JX, ‘]Y) - g(X>Y>>

for X, Y € X(M). A manifold M with such a structure is called an almost Her-
mitian manifold.

If (M,g,J) is an almost Hermitian manifold, the Kdhler form of (g,J) is the
differential 2-form w on M defined by

w(X,Y)=9(JX,Y),

for X,Y € X(M).

Since ¢ is non-degenerate, the Kéhler form of (g, J) is also non-degenerate,
that is, w” # 0 at each point of M, where w” denotes wA .. Aw. Moreover,
the compatibility condition of g and J implies that w is compatible with J, which

means that
w(X,Y)=w(JX,JY),

for X, Y € X(M).

Gray and Hervella in [74] prove that there are sixteen different classes of almost
Hermitian manifolds depending on the behavior of the covariant derivative of the
Kéhler form. We recall here those that are needed in this thesis:

e (g,J) is almost Kdhler iff dw = 0;
e (g,J) is nearly Kdhler iff Vx(J)X = 0 or, equivalently, dw = 3Vw;

e (g,J) is complex iff J is an integrable almost complex structure, that is, the
Nijenhuis tensor N; vanishes, N; = 0;

e (g,J) is Kdhler iff it is complex and almost Kéahler or, equivalently, V J = 0
which is equivalent to Vw = 0;
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where V denotes the Levi-Civita connection of g, and the Nijenhuis tensor N is
given by
N;(X,Y)=[X, Y]+ JJX, Y]+ JX,JY]| - [JX, JY],

for XY € X(M).

We would like to note the following. A symplectic manifold (M, F) is a pair
consisting of a 2n—dimensional differentiable manifold M with a closed 2—form F
which is non-degenerate (that is, F™ never vanishes). The form F' is called sym-
plectic. Any symplectic manifold admits an almost Hermitian structure (g, J)
such that F' is compatible with J, and the Riemannian metric g is given by
g(X,)Y) = F(X,JY), for any X,Y vector fields on M. Thus, (M,g,J) is an
almost Kéahler manifold, with Kéahler form F.

Examples of compact almost Hermitian manifolds in the mentioned classes
have been constructed by different authors [72, [73, [74, 88|, 119]. Let us recall some
of these examples. The complex projective space CP" has a natural Hermitian
metric h which is defined as follows. Fix a basis on C"*!, and a Hermitian metric
ho on the tangent space T,,(CP") at pg = [1: 0 : ... : 0]. Consider the (unique)
metric h on CP" which is U(n 4 1)-invariant, that is, h is obtained by moving hg
by the matrices in U(n +1). Take homogeneous coordinates [zg : 21 : ... : z,], that
is, for each j such that 0 < j < n, consider the open set U; of CP" defined by
z; # 0. Now, take U = {[z0 : 21 : ... : 2,)|20 # 0} C CP". Then, U = C", and the
point [1: 21 :...: z,] € U has coordinates z = (z1, ..., z,) € C". The Hermitian
metric h and the Kéhler form wy on CP" are expressed as

"= T+ PP ’

and

7 (1 + |Z|2) Zdzz VAN dZZ — Zi,j iji dZZ' N de
2 (1+]2[?)? '
Then, it is easy to check that

Wy =

Wy = %8510g(1 + 2%,

and so dwy = 0. Moreover, h = g + iwy, where g = Reh is the Kahler metric
on CP". Also, any compact complex submanifold S of CP" is a Kéhler manifold
whose Kéhler metric is the pullback to S of the Kahler metric g of CP".

The most well known examples of compact nearly Kahler manifolds are the
6-sphere S® and S® x S® [57, 72, [74]. They do not admit Kahler metrics since the
second Betti number is zero. The products of odd dimensional spheres S+ x §2k+1
(k,1 > 1) constitute the Calabi-Eckmann compact complex manifolds. Its complex
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structure is defined from the complex structures of C"** and C**!, and considering
S2+L  CHYand S?+ C CFFL More yet, Vaisman in [125] proved that S x S2¢+1
where k > 1, is locally conformally Kahler, but the natural complex structure of
S §2k+1 - for k,l > 1, is not locally conformally Kihler [74]. Of course,
St x S?k+1 cannot be globally conformally Kihler because it does not have the
cohomology of a Kahler manifold.

The first example of a compact manifold admitting complex and symplectic
structures but no Kéhler metric is the Kodaira-Thurston manifold KT [88] 119];
and the first example of a compact symplectic manifold M not admitting com-
plex structures was constructed by Ferndndez, Gotay and Gray in [55]. These
4-manifolds are not simply connected; they are actually nilmanifolds. (As we re-
call below, a compact nilmanifold is the compact quotient of a simply connected
and nilpotent Lie group by a discrete subgroup.) In fact, KT is the compact nil-
manifold defined by the structure equations de! = de? = de* = 0, de® = e* Ae?; and
M is the compact nilmanifold defined by the equations de! = de? = 0, de® = e Ae?,
de* = el A e3.

The classification of complex and symplectic nilmanifolds of dimension 6 was
given by Salamon in [I14]. Generalizations to higher dimension 2n > 6 of the
Kodaira-Thurston manifold are the generalized Iwasawa manifolds considered in
[41]. Such manifolds have complex and symplectic structures but carry no Kéahler
metrics since they are non-formal. Examples of simply connected compact sym-
plectic non-Kéhlerian manifolds were given in [9] 64 [69] [76, [103]

Definition 1.1.2. An SU(n)-structure on a differentiable manifold M, of dimen-
sion 2n, is a triple (g, J, V) such that (g,J) is an almost Hermitian structure on
M, and U =, +i_ is a complex (n,0)-form, which satisfies

_yn(n-1)/2 i)” T L on
(-1) (2 UAT =

where W is the complex form obtained from U by conjugation, and w is the Kihler
form of (g, J).

It is clear that w Ay = w AY_ =0 and - = Jy,, for any SU(n)-structure
(9,J,¥) on M with Kéhler form w. Moreover, if ¥ is closed, then the almost
complex structure J is integrable. In fact, for any (1,0)-form p, we have that
du NV =d(uAN¥) =0since u AV is an (n+ 1,0)-form and ¥ is closed. Thus,
the component of type (n,2) of du A W vanishes. This implies that du has no
component of type (0,2).

The different classes of SU(n)-structures are defined in terms of the forms w,
Y4 and ¥_ in a similar way to the Gray-Hervella classification of U(n)-structures.
Some of these classes are the following [33]:
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o (g,J,%) is half-flat SU(n)-structure iff dw™ ! = dip, = 0;
e (g,J, %) is symplectic half-flat SU(n)-structure iff dw = dip, = 0;

e (g,J,V) is integrable SU(n)-structure iff dw = dip, = diy_ = 0 or, equiva-
lently, Vw =0, V¢, =0and Viy_ =0

Moreover, for n = 3, a new class of SU(3)-structures is introduced in [57] to
produce examples of nearly parallel G, manifolds which are defined in subsection

12
e (g,J,V) is nearly half-flat SU(3)-structure iff diy_ = —2w A w.

We will consider nearly half-flat SU(3) manifolds in Proposition of Chapter
3.
In this context on classes of SU(n)-structures, we would like to resalt the fol-

lowing result due to Lichnerowicz [98] (see also [Corollary 2.97 and Proposition
10.29 in [I6]]).

Theorem 1.1.3 [16] O8]. Let (M, g, J) be a Kdihler manifold of (real) dimension
2n. Then, the Kahler metric g is Ricci-flat if and only if there exists a closed com-
plex volume (n,0)-form which is parallel with respect to the Levi-Civita connection

of the Kdhler metric g or, equivalently, the holonomy group of (M, g) is a subgroup
of SU(n).

Remark 1.1.4. Note that if (M,g,J, V) is an integrable SU(n)-structure, then
not only is (M, g) a Kdihler manifold but also Definition implies that U has
constant norm, and so g is Ricci-flat by Theorem m However, if (M,g,J) is
a Kdhler manifold of (real) dimension 2n, and ¥ is a closed (n,0)-form on M, in
general VU is not parallel with respect to the Levi-Civita connection of the Kahler
metric g. In fact, ¥ is parallel only if ¥ has constant norm. Nevertheless, if there
exists a closed (n,0)-form U on a Kdhler manifold (M, g, J), then Yau’s Theorem
[151] implies that there exists a Ricci-flat Kdahler metric g on M. But, in general,
g 1is not the metric g, and in some cases such a metric g is not known explicitly.
This happens, for example, with Fermat quintic considered in section[1.4).

Definition 1.1.5. An SU(n)-structure (g,J, V) is called torsion free SU(n)-
structure if it is integrable; otherwise (g, J, V) is said to be SU(n)-structure with
torsion.

Next, we will focus on SU(3)-structures. In this case, one can provide more
details. First, we would like to note that, as we explain in subsection m (see
identities (1.8)), half-flat SU(3)-structures were used firstly by Hitchin [83] to
produce metrics in dimension 7 with holonomy contained in Gy. However, the
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name half-flat SU(3)-structure on a 6-manifold is due to Chiossi and Salamon [33].
This nomenclature is due to the behavior of the intrinsic torsion of such a structure.
Since SU(3) is the stabiliser in SO(6) of w and ¥ = v, + it _, the information
about the intrinsic torsion of an SU(3)-structure is contained in Vw and VW,
where V denotes the Levi-Civita connection. More precisely, the intrinsic torsion
of an SU(3)-structure belongs to the 42-dimensional space W = T*®su(3)", where
T* denotes the real space underlying the complex space of (1,0)-forms and 51,1(3)l
denotes the orthogonal complement of su(3) in s0(6, R). The space W decomposes
in SU(3)-modules as

W=WreW; oW eW, & WsdW, & Ws,

with Wit =2 R, Wi 22 su(3), Wy, Ws = RS and Wj isomorphic to to real space
underlying the space of complex symmetric 2-tensors over C3. By [33], dw, di,
and di_ are sufficient to know the intrinsic torsion. The conditions dw? = 0 and
diy; = 0 for a half-flat SU(3)-structure force the intrinsic torsion to belong to the
21-dimensional space W, @ W, @ W5 and so half of the total 42 dimensions is
eliminated.

Examples of half-flat SU(3)-structures are given by nearly Kéhler structures in

dimension 6. Indeed, if M is a 6-dimensional manifold with a nearly Kahler struc-
ture (g, J), then (M, g, J, ¥ =1, +i1_) is a half-flat SU(3) manifold satisfying

3y = dw, dp_ = 2w N w.

Symplectic half-flat SU(3)-structures were used in [56] to show the first example
of a (non-compact) calibrated G manifold (see subsection [I.1.2)). Examples of
symplectic half-flat 6-manifolds are given at the end of this subsection. Also in
Chapter 2 we return to these manifolds.

As it was mentioned before, the existence of an SU(3)-structure on a manifold
M implies the existence of a certain metric on M (see [82]), but actually this
metric can be described in terms of the forms (w, v, ) as

g(X7 Y) w3 = _3[’Xw A LY(er) A 1/}+7

where X, Y are vector fields on M, and ¢y denotes the contraction by X. We can
also recover, up to scaling, its compatible almost complex structure as in [42]

(5, @) (X) W = a A uxy Ay,

or, equivalently,
a(JX) = —-Ja(X),

for any 1-form o on M.
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Also, if (M, g, J,¥ =1, +i1_) is an SU(3) manifold, we may choose a local

orthonormal frame {ey, ..., es} such that Je; = ey, Jes = e4 and Jes = eg. Then,
if {e!,...,e%} is the orthonormal local basis of the 1-forms on (M,g) dual to
{e1,...,e6}, we have that Je! = —e?, Je3 = —et and Je® = —e5. So, the Kiahler

form w of (g, J) and the complex volume form ¥ can be locally written as

w=e?4 ¥ e U= (e +ie?) A(e® +iet) A (e® +ied), (1.1)

where, for notational simplicity, we write e” for the wedge product ¢! A e/, e¥*

for e A e/ A €F, and so on. Thus,

by = el _ M6 _ (26 _ 2 b = —e6 | (25 4 15 136,
Moreover, for any SU(3)-structure (g, J, ¥ = 14 +i1)_) we can write the forms
dw (where w is the Kéhler form of (g, J)), di; and di_ in terms of the so called
torsion forms (see below Proposition and Definition [1.1.7). To this end, we
proceed as follows. Let us consider the inner product on Q4(M) given by

(o, BYvolyy = o A\ %0,

for a,, B € QU(M). In [14], it is proved that Q9(M) splits orthogonally into compo-
nents f (M) of dimension [, which are irreducible under the action of SU(3). The
representation of SU(3) on Q' (M) is the six dimensional irreducible representation,
and the representation of SU(3) on Q4(M) and Q~%(M) are the same because the
Hodge star operator * : Q4(M) — Q°79(M) is an isometry. Therefore, it suffices
to describe the representations of SU(3) on Q*(M) and Q3(M). By [14]

Q*(M) = Q}(M) @ QM) @ (M),

QM) = b, (M) & O, (M) & QM) & O (M), 12

where, using the notation of [I4], the summands appearing in ([1.2)) are:

QM) = Ruw,
QM) = {x(a Ay ) | € QY (M)},
QR(M) ={8e€P(M)|SAp, =0and = —FAw},

and . .
QRe(M) = R¢+7 le(M) = RQ/J,,

QM) ={anwlae (M)} ={ye Q(M)| xy =1},
(M) = {y € (M) [y Aw =0,y Ay =0,y A = 0}.

Using these decompositions of the space Q9(M), in [14] it is proved the follow-
ing.
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Proposition 1.1.6 [14]. The differential of the forms (w,v4,v_) of an SU(3)-
structure on M can be written as:

3 3
dw = —§Uow++§ﬂo¢7+V1/\w+V3,

dpy = Tmow? + T Ay — T Aw,
dip_ = ogw? + Jm Ay — 09 A w,
where oy, 79 € F(M), vi,m € QYM), 09,m € Q2(M) and vz € Q3,(M).

Definition 1.1.7. The forms my, 09, 1,1, 02, T2 and vs, that appear in (1.3)), are
called the torsion forms of the SU(3)-structure.

From Proposition [1.1.6) the special classes of SU(3)-structures can also be
described by the behavior of the torsion forms as follows:

e (M, g,J, V) is half-flat SU(3)-structure iff 7o = v1 = 1 = M9 = 0;

o (M,g,J, V) is nearly half-flat SU(3)-structure iff v; = 7 = g9 = 0;

o (M,g,J, V) is nearly Kdhler iff my =1y =m = 09 = Mo = v3 = 0;

o (M, g, J, W) is symplectic half-flat SU(3)-structure iff 7y = 09 = 11y
=m =me =v3 = 0;

o (M, g, J, W) is integrable SU(3)-structure my = 09 = 1y = m = 09

:7'('2:1/3:0.

An effective technique to obtain compact examples of half-flat manifolds and,
in general, examples of some special Riemannian manifolds, consists in considering
left invariant structures on a rational nilpotent Lie group, that is, on a connected,
simply connected and nilpotent Lie group such that its structure constants are ra-
tional numbers, for some basis of left invariant 1-forms. Six dimensional nilpotent
Lie algebras are classified in [100], and recently in [11] was given the classification
of nilmanifolds up to rational and real homotopy type. Moreover, according with
Mal’cev Theorem [102], each associated Lie group has a uniform discrete subgroup,
giving rise to a compact quotient, called compact nilmanifold. Thus, an SU(3)-
structure on the Lie algebra determines a left invariant SU(3)-structure on the
associated nilmanifold, and viceversa.

Before showing examples of half-flat SU(3)-structures, let us recall that, for
compact nilmanifolds, Nomizu in [T08] proves the following result:

Theorem 1.1.8 [108]. Let N = I'\G be a compact nilmanifold, and let g be the
Lie algebra of G. Denote by (\ g*,d) the Chevalley-FEilenberg complex of forms on
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g. Then the natural inclusion (A g*,d) C (2*(N),d) induces an isomorphism in
cohomology,

HY(N) = H"(g"),

where H*(N) denotes the de Rham cohomology group, of degree k, of the nilman-
ifold N =T'\G.

The compact nilmanifolds admitting symplectic half-flat structure have been
classified by Conti and Tomassini in [40]. There it is proved the following result.

Theorem 1.1.9 [40]. The 6-dimensional nilpotent Lie algebras admitting sym-
plectic half-flat structures are:

(0,0,0,0,0,0), (0,0,0,0,12,13), (0,0,0,12,13,23).

A symplectic half-flat structure (wy,17), (wo, ¥y ) and (ws, ), respectively, is
given by

wy = e + P 4 D = 1B 16 26 205,
wy = €M+ 2 4 B W = 1B g 190 _ 25 _ 3,
and
Wy = €10 £ 26 4 P = 12 4 9pld5 (26 9,350
In all these cases, the dual basis {ey, ..., es} of {et, ... €%} is an orthonormal basis
of g.

Here and in what follows, we use the following notation for Lie algebras. For
instance,

g=(0,0,0,0,12,13),

means that there is a basis {e!,...,e®} of g* such that the Chevalley-Eilenberg
differential d is given by

de! =0, de* =0, de* =0, de'=0, de®=¢e'?, de®=e",

and similarly for the other Lie algebras.

The 6-dimensional compact nilmanifolds admitting either symplectic or half-
flat structures have been classified by Salamon in [114] and by Conti in [37], re-
spectively. In the following table we summarize the existence of symplectic and
half-flat structures on 6-dimensional nilpotent Lie algebras. There, for every Lie
algebra g, we suppose that {ej,...,eg} is an orthonormal basis of g.
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Table 1.1: SU(3)-structures on 6-dimensional nilpotent Lie algebras.

Structure equations

Symplectic

Half-flat

(07 O? 03 07 07 O) 612 =+ 834 + 656 612 + 634 + e56
o135 _ 146 _ 236 _ 245
(0,0,0,0,0,12) el e 4 3 P& 2

el25 _ o146 _ 236 _ 245

(0,0,0,0,0,12 + 34)

12— 3T 1 56

o145 _ 136 _ ;246 _ ,235

(0,0,0,0,12,13)

614 +€26 + 635

P R
-
123 4 o156 _ ;245 _ 346

(0,0,0,0, 12, 34)

615 +€36 + 624

I3 2T _ 56

*6126 +€236 +€145 + 6345 + 6146 +€125

(0,0,0,0,12, 14 + 23)

o106 — 35 oA

eI3 Z 56 oA

o126 _ o145 4 (235 _ 346

(0,0,0,0,13 — 24,14 + 23)

616 +€25 + 634

e12 + 634 + e56

o135 _ o146 _ ;236 _ /245

(0,0,0,0,12, 14 + 25)

613 +826 + 645

oIT 1 46 _ 25 _ 36

6156 _ 6123 + 6236 _ 6345 + 6246

616 +625 + 634

T3 A5 _ %6

156 | o124 _ (235 _ 346

616 + 2625 +634

T8 1 2625 1 31
123 | 90145 | (246 _ (356

616 +€25 + e34

614 +€26 + 635

616 + e23 + 645

el24 _ 135 _ ;256 _ 346

(0,0,0,12,13,14 + 23)

—eI6 1 ¢%5 1 258

T2 1 25 1 (16 _ 56 _ 14 _ 36
.
0246 4 o123 4 136 4 (134 | (345 | (156

(0,0,0,12,13 + 14, 24) el6 1+ 25 4 31 —
(0,0,0,12,14, 13 — 24) el® + %0 3t —
(0,0,0,12,13 — 24,14 +23) el® — 20 + % + 3 —
(0,0,0,12, 14, 24) — —
(0,0,0, 12,23, 14 + 35) — P E B

6146 + 6125 _ 6234 + 6356

(0,0,0,12,23,14 — 35)

B 1 o2 _ A5
125 | o146 | (234 | 356

(0,0,0,12,13,14 + 35)

26 3T _ 12 _ 15

—6123 + 6245 + e236 _ e356 + 6146

(0,0,0,12, 14, 15)

626 +835 + 614

613 +625 _|_€46

o124 _ o156 4 (236 | (345

(0,0,0,12, 14, 15 + 24)

I3 1 26 _ A5

I3 1 o2F — 36 _ 56
123 4 o125 4 (146 _ (236 _ /345

(0,0,0,12, 14, 15 + 24 + 23)

I8 %5 _ 37

6123 + 6125 + 6146 _ 6126

0236 _ 345 _ ;235

(0,0,0,12, 14,15 + 23)

PRUNTRPSE: St

226 _ 56 _ 24 _ 13

234 _ (345 _ 124 | o145

Jeld6 _ o235 _ 236

—€

(0,0,0,12,14 — 23,15 + 34)

616 +635 + e24

28 13 56

6236 + 6125 + 6345 +€146
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Table 1.1: SU(3)-structures on 6-dimensional nilpotent Lie algebras. Con-
tinued.

Structure equations Symplectic Half-flat
1635 1 .24 1 .15 T4 24 _ .25 _ .30
) ) ) ) )
(0,0,12,13,23,14 4 25) e’ +e?+e+e e e e e
156 _ o256 _ 123 _ 345 | 246
— 6 _— 35 .24 1 15 36 24 | 15
) K k) ) )
(0,0,12,13,23,14 — 25) e e +e* +e e®+e*tte

9345 _ 134 _ 123 _ 235

o146 _ 9,456 __ ,256

(0,0,12,13,23, 14) 15 | o2 | 26 _ 34 Q15 4 24 4 36
123 _ o146 | (256 | 345

(0,0,12,13,14,15 + 23) el® 4 2t 25 — 3 —
(07 07 127 137 14 + 23, 15 + 24) 616 + 2634 — 625 625 — 614 —+ 636 — 656
V2345 _ L 156 _ 1 246

f 123 \\/@ 125
++v/2e*%° —/2e

(0,0,12,13,14,15) el0 4 25 — 31 —
(0,0,12,13,14,34 — 25) — —
(0,0,12,13,14 + 23,34 — 25) — —

1.1.2 Ggy-structures

Similarly to the well-known vector product (or Gibbs vector product) of R3, there
exists also a vector product on R defined via the product of octonions, or Cayley
numbers, as follows. Let us consider the 8-dimensional real vector space O of the
octonions, which is a non-associative algebra over R with identity 1. Recall that
the product on O, that we denote by o, is given by

(p1,p2) © (q1,q2) = (11@1 — @2P2, G2P1 + P2, (1.4)

where p;, ¢; (i = 1,2) are quaternions, and p denotes the conjugate of a quaternion
p, that is, if p is the quaternion p = a1 + agi + asj + a4k (ar € R and i, j, k such
that i = j2 = k* = —1,1j = —ji = k, jk = —kj = i,ki = —ik = j) then
D = a1 — agi — agj — ask. We take an orthonormal basis {1, ey, ..., eq} of O, such
that the product of the octonions satisfies

el = —1, eej = —eje;, (1 # 9),

€;€ir1 = €13, €;13€; = €11, €;1+1€;4+3 = €; with ¢ € Z7.

Such a basis is called Cayley basis. Consider the basis of O, described as the pairs
of quaternions

{(1,0), (5,0), (5,0), (k0), (0,1), (0,9), (0,5), (0,k)}.
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From the expression (1.4]) of the product on @, can be easily obtained that the
basis {1, e, ..., €6} given, for example, by

1=(L0), e =(i,0), e =(50), e =/(0k)
€3 = (kJ,O), €4 = (O,Z), €5 = (0, 1), €g = (0,]),

is a Cayley basis.

We identify R” with the 7-dimensional subspace of Q consisting of the pure
imaginary Cayley numbers, that is, those such that the real part of the first quater-
nion is zero. Then, the vector product (or 2-fold vector cross product) on R is the
bilinear map

P:R"xR" — R’
given by
P(z,y) =zoy+(z- y)l,

for z,y € R, and where = - y denotes the dot product of z and y. As the Gibbs
vector product on R3, the vector product P on R” satisfies

(P(z,y)) o= (P(z,y) - y=0, [Pyl = [lzl*lyll* - (= v),

for x,y € R". So, P(z,y) = —P(y,x). Gray in [71] proves that there exists a
2-fold vector cross product on R™ if and only if m =3 or m = 7.

It is known that the vector product of R?® determines a volume form on R3,
and so a 3-form. Similarly, the pair (-, P) on R determines the 3-form ¢ defined
by

go(x,y,z) = (P((L’,y)) " 2.
Thus, with respect to a Cayley basis, ¢ has the expression
o= Zei A eitl A gt
€Ly

Many authors use different bases in order to obtain an expression adapted to their
purposes. We consider an orthonormal basis {e!,... e’} of (R7)* so that the
3-form ¢ has the following expression

@ = 127 | B4T | (56T | (135 146 (236 245 (1.5)

The subgroup of G1(7, R) that fixes ¢ is the 14-dimensional compact, connected,
simple Lie group Gy, that is,

Gy ={A e GUT,R)|A*p = p}.

The group G, acts irreducibly on R and preserves the metric and orientation for
which the basis {ey, ..., e7} dual to the basis {e!,...,¢"} is an oriented orthonor-
mal basis of R”.
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Definition 1.1.10. Let (M, g) be a Riemannian manifold of dimension 7, with
Riemannian metric g. A vector product on (M, g) is a tensor field

P:X(M)xX(M)— X(M)
satisfying
g(P(X,Y),X) = g(P(X,Y),Y) = 0,||[P(X,Y)[]* = [[X[P|Y]]* —g(X, V),

for XY € X(M). A 7-dimensional Riemannian manifold with a vector product is
called Go manifold.

Note that, in opposite with almost complex structures, if P is a vector product
on (M, g), the Riemannian metric g is determined by P. In fact, Ferndndez and
Gray in [56] prove that

P(X,P(X, P(X,Y))) = —[|X[]* P(X,Y),

for X,Y € X(M).
To describe the geometry of a G, manifold (M, g, P) it is very useful to consider
the differential 3-form ¢ on M given by

¢<X7KZ):Q<P(X7Y>7Z>7 (16>

for X,Y,Z € X(M). This form ¢, originally defined by Bonan [20], is called Go
form, or fundamental 3-form, of (M, g, P), and it may be locally written as in
(1.5). Note that there is also the 4-form *¢ on M associated to (g, P), where x
denotes de Hodge star operator of (M, g). By , we have

3456 —|—€1256 +€1234 o 62467+€2357 —|—61457 + 1367.

xp =€ e

Bryant in [23] proves that if (M, g, P) is a Gy manifold, the G, form ¢ of (g, P)
determines the metric g, = g on M as

1
9o(X,Y)voly = gL ANye N, (1.7)

for any vector fields X,Y on M, where voly; denotes the volume form on M. The
vector product P on M is given by (|1.6)). This leads to the following definition

Definition 1.1.11. A Ga-structure on a 7-manifold M is defined by a differential
3-form ¢ on M such that defines a Riemannian metric g,, and ¢ can be lo-
cally written as in with respect to some (local) orthonormal basis {e*,... e}
of the (local) 1-forms on M.
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In [56] it is given a classification of Gy manifolds. Some of these classes are the
following;:

e (g, P, ) is almost parallel or calibrated Go-structure iff dp = 0
e (g, P, ) is semiparallel or cocalibrated Go-structure iff d * ¢ = 0;
e (g, P, ) is nearly parallel iff dp = ¢ * p, where ¢ € R;
e (g, P, ) is parallel iff V ¢ =0 or, equivalently [50], dp =d * ¢ = 0.

In order to show examples of G, manifolds in some of these classes, firstly we
note that using the product of the octonions one can define a 3-fold vector cross
product P on R® [50], so that P : R® x R® x R® — R? is a trilinear map. In [50]
it is proved that if M is an oriented hypersurface of R®, with unit normal vector
field U, then M has a natural Gy-structure whose vector product P is defined by

P(X,Y) = P(U,X,Y),

for X, Y € X(M). This G, manifold is always cocalibrated, and it is nearly parallel
if and only if M = S7; moreover, the Go-structure is parallel if and only if M is
flat [56].

Regarding calibrated Go manifolds, the first example of a compact calibrated
G, manifold was given by Fernandez in [51]. This example is described as follows.
Let K7 be the 7-dimensional nilpotent Lie group

K™ =H(1,2) x R?,

where H(1, 2) is the connected nilpotent Heisenberg group of dimension 5 consisting
of matrices of the form

10 r1 <z

a — 0 1 To 29
00 1 y |’
00 0 1

where x4, x9, 21, 22,y € R. Then a global system of coordinates z;,y, z; (i = 1,2)
for H(1,2) is given by x;(a) = z;, y(a) = y, zi(a) = z;. Let u; and uy be the
natural coordinates on R?. A standard calculation shows that a basis {e!,...,e"}
for the left invariant 1-forms on K7 is given by

el = du, e? = du,, e3 = dy, et = dz — x1dy,

e’ =dzy — Tody, €S =duy, € = dus.
Thus, the 3-form ¢ on K7 given by

0= 6367 + e157 4 6247 4 6123 + 6345 . 6146 4 e256
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is a left invariant and closed Gy form on K7. Therefore, it defines a closed G5 form
on the compact nilmanifold
Vi =T\K",

where I' C K7 is the discrete subgroup of K7 consisting of the matrices of K7
whose entries are integer numbers.

In Chapter 4, Theorem [4.2.1], is described the classification of Conti and
Fernandez of the compact nilmanifolds having left invariant closed Gy form.

It is well-known that if (g, P, ¢) is a parallel Go-structure on M (that is, ¢ is
a closed and coclosed form), then the holonomy group of (M, g) is a subgroup of
Go [56]. The first examples of compact Gy manifolds whose holonomy group is
Go were given by Joyce in [86]. On the other hand, Hitchin in [83] proves that if
M is a 6-manifold with a half-flat SU(3)-structure (w, ), _) which belongs to a
family (w(t), 14 (t),¥_(t)) of half-flat structures on M, for some real parameter ¢
lying in some interval [ = (¢_,t, ), and satisfying the evolution equations

{ at¢+(t) = Aw(t)a
w(t) A Oy(w(t) = —dv—(t),

then M x I has a Riemannian metric whose holonomy is contained in Gs. In fact,
it is easy to check that the 3-form ¢ and the 4-form % given by

0 =w(t) Adt+ (1), *p = P_(t) Adt + %w(zﬁ)Q (1.8)

are closed. In general, if (w,?,,1_) is an SU(3)-structure on M, then the 3-form
o defined by

p=wAdt+ )y (1.9)

is a Go form on M x R. Moreover, as we mentioned in the subsection [1.1.1} it is
clear that if (w,1,1_) is a symplectic half-flat SU(3)-structure on M (so we will
denote by F, instead of w, its Kahler form), then

o=F Adt+ 1, (1.10)

is a closed Gy form on M x R. Similarly, half-flat manifolds produce cocalibrated
Go manifolds. In fact, if (w,¢,1_) is a half-flat SU(3)-structure on M, then

o =wAdt—1p_ (1.11)

is a coclosed Gy form on M x R since

1

is closed.
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Definition 1.1.12. A Gg-structure (g, P) is called torsion free Go-structure if it
is parallel, and otherwise (g, P) is said to be Go-structure with torsion.

As in subsection [I.1.1] we denote by Q%(M) the space of the differential g-forms
on M, and let (,) be the inner product on Q%(M) given by

(o, BYvolpy = o A\ %3,

for a, f € QI(M). In [50] it is proved that Q7(M) splits orthogonally into com-
ponents (M) of dimension I, which are irreducible under the action of Go. The
representation of Gy on Q' (M) is the seven-dimensional irreducible representation,
and the representation of Gy on Q¢(M) and Q7 9(M) are the same because the
Hodge star operator * : Q4(M) — Q7"9(M) is an isometry. Therefore, it suffices
to describe the representations of Gy on Q?(M) and Q3(M). In [23], 28, 56, 86, [T13]
it is proved that

O*(M) = Q7(M) & Qiy(M),

QM) = QM) @ QM) © O (M), (112)

where the summands of ((1.12)) are characterized as

DA(M) = {x(a Axp) | a € QU (M)},
={BeQ*(M) | BAo=2xp},
O (M) ={BeQ*(M) | BNp=—xp},
and
QM) = {ap | a € R},
QM) = {x(ahgp) | a € Q'(M)},
Q3 (M) = {y € (M) | yAp=0,7Axp=0}.

= {
= {

With this Go decomposition, Bryant gave in [24] a description of d ¢ and d * ¢.

Proposition 1.1.13 (Proposition 1, [24]). Let (M, g, P) be a Go manifold with
Gy form ¢. Then, the forms de and d * ¢ are such that

de = 1o *x @+ 311 N\ @ + *T3,
dxp =411 N *xp+ 75 A\ @,

where 1o € F(M), 71 € QY (M), 15 € Qi (M) and 73 € Q3,(M).

Definition 1.1.14. The forms 1y, 71, T2 and 135 are called the torsion forms of the
Go-structure.
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Remark 1.1.15. We denote the index of the torsion forms according to its de-
gree. However, several authors write the index of the torsion forms according to
the dimension of the invariant subspace they belong to. Thus, the torsion forms
To, T1, T2 and T3 are sometimes denoted in the related literature as 1, 77, T14 and To7,
respectively.

From Proposition [1.1.13|the classes of G5 manifolds mentioned before, can also
be described in terms of the torsion forms as follows:

e (g, P, ) is almost parallel or calibrated Go-structure iff 79 =7 = 73 = 0;
e (g, P, ) is semiparallel or cocalibrated Go-structure iff 7 = 15 = 0;
e (g, P, ) is nearly parallel iff 71 = 79 = 73 = 0;
e (g9, P ) is parallel iff o =171 =17 =713=0.

Now, we can characterize parallel Go-structures as follows.

Proposition 1.1.16 [24,56]. Let (M, g) be a 7-dimensional Riemannian manifold
with a Go form . Denote by V the Leuvi-Civita connection of g. Then, the
following conditions are equivalent:

1. HOZ(V) g GQ,'
2. Vo =0y
3. dp=dx*p=0;

4. 7'0:7'1:7'2:7'3:0.

1.1.3 Almost contact metric structures

We first recall some properties of almost contact metric structures, and then we
see the existence of such a structure on any G manifold with a non-zero vector

field [6].

Definition 1.1.17. Let M be a (2n+1)-dimensional manifold. An almost contact
metric structure on M is a quadruplet (¢,&,m,g), where ¢: X(M) — X(M) is a
tensor field on M, &€ is a nowhere vanishing vector field, n is a differential 1-form,
and g is a Riemannian metric on M satisfying the conditions

¢ =—Id+E®n,  nE) =1 g(¢X.¢Y)=g(X,Y)—n(X)n(Y), (1.13)

for XY € X(M). The vector field £ is called Reeb vector field, and (M, ¢,n,&, g)
is said to be almost contact metric manifold.
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Thus, if (M,®,n,&,g) is an almost contact metric manifold, the kernel of n
defines a codimension one distribution H# = kern, and there is the orthogonal
decomposition of the tangent bundle T'M of M

TM =HoL,

where L is the trivial line subbundle generated by £. Note that conditions ([1.13])
imply
¢(§) =0, nog =0.
If (¢,€,7n,9) is an almost contact metric structure on M, the fundamental 2-
form F of (¢,£,n,g) is the differential 2-form on M defined by

F(X.Y) = g(6X,)Y),
where X,Y € X(M). Hence,
F(¢X,9Y) = F(X,Y),

that is, F' is compatible with ¢, and n A F™ # 0 everywhere. Therefore, n A F™ is
a volume form.

Conversely (see [17, [18]), as for symplectic manifolds, it happens that if M is a
(2n+1)-dimensional manifold with a 2-form F" and a 1-form 7 such that n A F" is a
volume form on M, then there exists an almost contact metric structure (¢, &, 7, g)
on M whose fundamental form is F. In fact, since n A F™ is a volume form, it
defines an isomorphism between the F (M )-module of the vector fields on M and
the F(M)-module of the 2n-forms on M. Thus, corresponding to the 2n-form F™,
there exists a unique vector field & on M such that

e(n\NF™) =F",
Therefore,
Lan = O,

which implies that
e(n) =1, F=0.

Then, F is a symplectic form on the distribution H = ker(n). Thus, proceeding as
in the case of symplectic manifolds, there exists an endomorphism ¢3,: H — H
and a metric gy on H such that

Qﬁ{ = _Id’H)

and
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on ‘H. Now we define the metric g on M and the endomorphism ¢: T'M — T'M
by
and

O(X) = onu(X), #(§) =0.

It is easy to check that (g, ¢, 7n,€) is an almost contact metric structure on M with
fundamental form F', that is,

F(X,Y) = g(¢X,Y),

for any vector fields X and Y on M.

An almost contact metric structure (¢, £, 7, g) on M is said to be contact metric
if

9(¢X,Y) = dn(X,Y).

In this case 7 is a contact form, meaning n A (dn)™ # 0 at every point of M, and
the fundamental form F of (¢,£,n,g) is F = dn.

Just as in the case of an almost Hermitian structure, there is the notion of inte-
grability of an almost contact metric structure. More precisely, an almost contact

metric structure (¢, €, n, g) is called normal if the Nijenhuis tensor N, associated
to the tensor field ¢, defined by

Ny(X)Y) = ¢’ (X, Y] + [0X, Y] — ¢[¢X, Y] — ¢[X, ¢Y]
satisfies the condition

This last condition is equivalent to the condition that the almost complex structure
J on M x R given by

1(xrg) = (ox - ren0 )

is integrable, that is, (M x R, J) is a complex manifold, where f is a differentiable
function on M x R, and t is the coordinate on R [I7, [18]. In other words, ¢ defines
a complex structure on ker(n) compatible with dn.

A Sasakian structure is a normal contact metric structure, in other words, an
almost contact metric structure (n, &, ¢, g) such that

Ne = —dn®¢&, dn=F.

If (n,€, ¢, 9) is a Sasakian structure on M, then (M, n,&, ¢, g) is called a Sasakian
manifold.
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Boyer and Galicki in [22] prove that Riemannian manifolds with a Sasakian
structure can also be characterized in terms of the Riemannian cone over the
manifold. More precisely, a Riemannian manifold (M, g) admits a compatible
Sasakian structure if and only if M x RT equipped with the cone metric

¢ =tg+dt®dt

is Kéhler (but not necessarily Einstein). Furthermore, the Reeb vector field of the
Sasakian structure is Killing and the covariant derivative of ¢ with respect to the
Levi-Civita connection of g is given by

(Vxo)(Y) = g(§,Y)X — g(X,Y)§,

for any pair of vector fields X and Y on M.
In Chapter 3, we need some properties of 3-Sasakian manifolds [22]. Let (M, g)
be a Riemannian manifold of dimension 4n+3.

e (M,g) is 3-Sasakian if M x R* with the cone metric ¢¢ = t*g + dt ® dt
is hyperkéhler or, equivalently, the holonomy group of (M x R* ¢°) is a
subgroup of Sp(n + 1). Thus, ¢° is Ricci-flat.

Taking into account that cone metrics are a particular type of warped product
metrics, we have

Proposition 1.1.18 [22]. Any 3-Sasakian manifold (M, g) of dimension 4n+ 3 is
Finstein with Finstein constant X = 4n + 2. Moreover, if (M, g) is complete, it is
compact with finite fundamental group.

In terms of tensor fields, 3-Sasakian manifolds can be defined as follows [22].
A Riemannian manifold (M, g) is 3-Sasakian if and only if there exist 3 almost
contact metric structures (¢;, &, 1m;,9) (1 = 1,2,3), with respect to same metric g,
such that (¢;, &, m;, g) is Sasakian, for any ¢ = 1,2, 3, and

0i&; = —0;& =&k, M0 Q5 = —nj 0 P = M,
Or = Qi — M RE = —Q;0; + 1 ®E;,

for any cyclic permutation (4, j, k) of (1,2, 3).

By analogy with the terminology used in almost Hermitian geometry, we say
that:

e (¢,&,1m,9) is almost cokihler iff dF = dn = 0;
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o (0,&,1m,9) is cokdhler iff it is almost cokéhler and normal, that is, dF = dn
=0and Ny = —dn®¢,

where F' is the fundamental 2-form of (¢,&,n,g).
If (N,g,J) is an almost Kéhler manifold with Kéhler form w, then the Rie-
mannian product N x R has an almost cokéhler structure (¢,&,n, h), where

0

— dt .
77 ? 5 at7

(X) =JX, ¢(&) =0,

and

h'<X7 Y) = g<X7 Y)? h(Xa f) =0, h(é:f) =1,

for any vector fields X and Y on N, and where t is the coordinate on R.

Conversely, if (M, ¢,£,n, g) is an almost cokdhler manifold, then the Rieman-
nian product M x R (or M x S') is an almost Kahler manifold (in particular,
Kahler if (¢, &, m, g) is a cokdhler structure) with Kéhler form

w=F+nAdt,

and (M,n, F) is a cosymplectic manifold in the sense of Libermann [97] since
dn=dF =0 and n A F" is a volume form of M. Cosymplectic manifolds are also
called almost cosymplectic [18], and recently were called co-symplectic by Li [96].

The following result shows that cosymplectic manifolds constitute the odd di-
mensional analogue of symplectic manifolds.

Proposition 1.1.19 (Proposition 1, [96]). A manifold M admits a cosymplectic
structure if and only if the product M x S' admits an S*-invariant symplectic form.

Before going to the topological characterization of compact cosymplectic man-
ifolds given by Li in [96], we would like to note the following. Suppose that (M, ¢)
is a Gy manifold with a nowhere vanishing vector field £ on M. (This happens for
example if M is compact [I18].) Denote by g, the Riemannian metric induced by

¢. By normalizing ¢ using g,, we may assume that ||£|| = 1. Then, in [6] it is
proved that M has an almost contact metric structure (1, F, g,,) defined by

for X € X(M). In [6] it is proved that if M is compact and dp = 0, then the
almost contact metric structure given by does not define a contact structure
on M compatible with the closed Gy form ¢, that is, such that dn = 1. Also in
[121] it is proved the following result

Proposition 1.1.20 [121]. Let (M, ) be a Go manifold. Then the fundamental
2-form F of the almost contact metric structure given by 1s closed if and
only if € is Killing. In this case, dn = 0 and the almost contact metric structure
15 normal and hence a cokahler structure.
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Corollary 1.1.21 [121]. If (M, ) is a Gy manifold with full Gy holonomy, then
dF # 0. In particular, the almost contact metric structure constructed above
cannot be almost cokdahler, cokdhler nor Sasakian.

In the last years, the geometry and topology of cokahler and almost cokahler
manifolds and, in particular, of cosymplectic manifolds have been studied by sev-
eral authors (see for example [8, [10, 12, 18, 22, B1], 30, O6] and the references
therein). Some of those results are given using mapping tori.

A theorem by Tischler [120] asserts that a compact manifold is a mapping torus
if and only if it admits a non-vanishing closed 1-form. This result was extended
recently to cosymplectic manifolds by Li [96]. Let us recall first some definitions.

Let N be a differentiable manifold and let v : N — N be a diffeomorphism.
Then, we can define the diffeomorphism

v: NxR ——— N xR
(z,t) ——— (v(z),t+1).

Denote by I'; the infinite cyclic group of diffeomorphisms of N x R generated by
v. Then, I'; is a discrete group which acts freely and proper discontinuously on
N x R. The mapping torus N,, of v is the quotient

N, = (N x R)/T5. (1.15)

Thus, N, is a differentiable manifold of dimension dim N, = (dim N) + 1. From
the topological point of view, the mapping torus N, is just N x [0, 1] with the ends
identified by v, that is,

N x [0,1]

(,0) ~ (v(x),1)

N, =

The natural map
7: N, — S,

defined by 7(z,t) = €™ is the projection of a locally trivial fiber bundle with
fiber N.

Definition 1.1.22. Let (N, w) be a symplectic manifold, and let v: N — N be a
diffeomorphism. We say that the mapping torus N, of v is a symplectic mapping
torus if v is a symplectomorphism, that is, v*w = w.

Remark 1.1.23. We would like to note that if (N,w) is a symplectic manifold
(not necessarily compact), and v : (N,w) — (N,w) is a symplectomorphism,
we can equip N, with a cosymplectic structure as follows. First, we consider the
pullback to N x R of the symplectic form w via the projection map N x R — N,
and then we get a closed 2-form w on N x R. Since v is a symplectomorphism,
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we know that w 1s v-invariant, and so its pullback to N X R is a closed 2-form w,
which is T'y -invariant. Hence, it induces a closed 2-form w on N,. Similarly, for
the canonical 1-form dt on R we consider its pullback to N x R, and it is also I' -
invariant, so dt defines a closed 1-form n on N,. The pair (dt,w) is a cosymplectic
structure on N x R and thus (n,w) is a cosymplectic structure on N,. Note also
that the Reeb vector field on N x R s just %, which is preserved by v, and hence
reduces to be the Reeb vector field on N,.

For compact manifolds, Li in [96] proves the following result.

Theorem 1.1.24 (Theorem 1, [96]). A compact manifold M admits a cosymplectic
structure if and only if it is a symplectic mapping torus M = N,,.

Recently, Bazzoni and Goertsches in [10] show conditions under which the Reeb
vector field of a symplectic mapping torus is Killing.

Proposition 1.1.25 (Proposition 2.12, [10]). Let (N, g,J) be an almost Kdhler
manifold with Kdhler form w, and let v : (N,w) — (N,w) a symplectomorphism
such that v* g = g. Then, the Reeb vector field of the symplectic mapping torus N,
is a Killing vector field.

1.2 Massey products and formality of mapping
tori

In this section some definitions and results about formal manifolds and, in partic-
ular, about formality of mapping tori are reviewed [8] [45].

From now on, we work with graded algebras over the field of real numbers R,
and we denote by |a| the degree of an element.

A differential graded commutative algebra (A, d) over R (DGA for short) is a
pair (A,d), where A is a graded commutative algebra A = @®;>0A’ over R, and
d: A* — A**!is a derivation of degree 1, that is, d is a linear map such that d? = 0
and, for homogeneous elements a and b,

d(a-b) = (da) - b+ (=1)la - (ab).

Given a differential graded commutative algebra (A, d), we denote its cohomology
by H*(A). The cohomology of a differential graded algebra H*(.A) is naturally a
DGA with the product inherited from that on A and with the differential being
identically zero. The DGA (A, d) is connected if H'(A) = R, and (A, d) is
1-connected if, in addition, H'(A) = 0.

In our context, the main examples of DGAs are the de Rham complex
(Q*(M), d) of a differentiable manifold M, where d is the exterior differential,
and the de Rham cohomology algebra (H*(M),d = 0).
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If (A,d4) and (B, dp) are DGAs, a map
¢ : <A7 dA) E— (Bv dB)a

is called morphism of DGA’s if ¢ is a morphism of algebras such that preserves
the degree and commutes with the differential, so ¢ o dy = dg o ¢.

Definition 1.2.1. A DGA (A, d) is said to be minimal if

o A is the free algebra A = \V over a graded (real) vector space V- = @, V*;
and

e there exists a basis {x;,1 € I} of V', for a well-ordered indez set I, such that
|z;| < |xj| if i < j, and each dx; is expressed in terms of the preceding x;
(i < J).

Note that the second condition implies that dx; does not have a linear part.

Definition 1.2.2. Let (M, dn) and (A, d) be two DGA’s. We say that (M, d )
is a minimal model of (A, d) if (M,dnm) is minimal, so M = AV, and there
exists a morphism

P <M7 d/\/() - (“47 d)7

of DGAs, such that it induces an isomorphism in cohomology
p* HY (M) ———— H*(A).

In [77], Halperin proved that any connected differential graded algebra (A, d)
has a minimal model unique up to isomorphism. For 1-connected differential al-
gebras, a similar result was proved earlier by Deligne, Griffiths, Morgan and Sul-
livan [45].

Definition 1.2.3. A minimal model of a connected differentiable manifold M is a
minimal model (\'V, d) of the de Rham complex (2*(M), d) of differential forms
on M.

Thus, if (A 'V, d) is a minimal model of a manifold M, then the cohomology of
(AV, d) is, up to isomorphism, the cohomology of M. Moreover, if M is a simply
connected manifold, then the dual of the real homotopy vector space m;(M) ® R
is isomorphic to V* for any i. This relation also happens when i > 1 and M is
nilpotent, that is, the fundamental group m (M) is nilpotent and its action on
7;(M) is nilpotent for j > 1 (see [45]).



Massey products and formality of mapping tori 25

Definition 1.2.4. A minimal differential algebra (/\'V, d) is called formal if there
exists a morphism of differential algebras

v (AVid) — (H'(\V).0),

inducing the identity map on cohomology. Also a differentiable manifold M 1is
called formal if its minimal model is formal.

Many examples of formal manifolds are known: spheres, projective spaces,
compact Lie groups, homogeneous spaces, flag manifolds, and compact Kahler
manifolds.

The formality of a minimal algebra is characterized as follows.

Theorem 1.2.5 [45]. A minimal algebra (/\'V, d) is formal if and only if the space
V' can be decomposed into a direct sum'V = C@® N with d(C) = 0 and d injective
on N, such that every closed element in the ideal I(N) in \'V generated by N is
exact.

This characterization of formality can be weakened using the concept of s-
formality introduced in [63].

Definition 1.2.6. A minimal algebra (\V, d) is s-formal (s > 0) if for eachi < s
the space V' of generators of degree i decomposes as a direct sum V¢ = C* @ N?,
where the spaces C* and N* satisfy the three following conditions:

1. d(CY =0
2. the differential map d: N* — AV is injective, and

3. any closed element in the ideal I, = I(@ N*), generated by the space @@ N*

1<s 1<s

in the free algebra \(@V?), is exact in \V.

1<s
A differentiable manifold M is s-formal if its minimal model is s-formal.

Clearly, if M is formal then M is s-formal, for any s > 0. The main result of
[63] shows that sometimes the weaker condition of s-formality implies formality.

Theorem 1.2.7 [63]. Let M be a connected and orientable compact differentiable
manifold of dimension 2n or (2n — 1). Then M is formal if and only if it is
(n — 1)-formal.

One can check that any simply connected compact manifold is 2-formal. There-
fore, Theorem implies that any simply connected compact manifold of dimen-
sion < 6 is formal.
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In order to detect non-formality, one can use also Massey products, which are
obstructions to formality. The simplest type of Massey products are the triple
(also known as ordinary) Massey products, which are defined as follows.

Let (A, d) be a DGA (in particular, it can be the de Rham complex of dif-
ferential forms on a differentiable manifold). Suppose that there are cohomology
classes [a;] € HPi(A), p; > 0,1 < i < 3, such that ay - a3 and as - ag are exact.
Write

a - as = dx, as - az = dy. (1.16)

The (triple) Massey product of the classes [a;] is defined as

Hp1+p2+p3*1(A)
[al] . HP2+Z73—1<A) + [ag] . Hp1+P2—1(A)'

([aa], [a2], [as]) = [a1-y+(=1)""2-as] €

Note that a; -y + (—1)P* "1z - a3 is always closed, because d(ay -y + (—=1)" Tz - a3)
= (=1)Pay - ap - a3 + (=1)P""la; - ay - a3 = 0, but its cohomology class in
HPrP21P3=1( A) is not well-defined since it depends of the representatives x and y
in (L.16).

Theorem 1.2.8 [45]. A DGA which has a non-zero Massey product is non-formal.

To finish this section we recall the results proved in [§] about the formality of
the mapping torus of an orientation-preserving diffeomorphism v of a manifold V.
Those results show that the formality of IV, depends on v but not on the formality
of N.

Next, by multiplicity of the eigenvalue A of an endomorphism A :V — V we
mean the multiplicity of A as a root of the minimal polynomial of A.

First we notice that if v : N — N is a diffeomorphism, the Mayer-Vietoris
sequence implies that the de Rham cohomology group of the mapping torus N, of
v is, up to isomorphism,

HP(N,) = K*(N) & [dt] A CP"1(N), (1.17)

where K?(N) = ker (1/* —Id: HP(N) — HP(N)>,
CrI(N) = coker(z/* —Id: H"Y(N) = prl(N)).

As it is described in [§], [a] € KP(N) defines a cohomology class [a] € HP(N,). In
fact, if [a] € KP, then v*[a] = [a]. Therefore, v*a = a + df for some (p — 1)-form
f on N. Consider now a function p(t), such that p = 0 near t = 0 and p = 1 near
t = 1. Thus, the closed p-form & on N x [0, 1] defined by

a(z,t) = a(z) + d(p(t)B(x)),
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where z € N and ¢ € [0,1] is such that
v'a(z,0) = via(r) = a(z) + df(z) = a(z, 1),
and thus defines a closed p-form on the mapping torus N,,.

Theorem 1.2.9 (Theorem 13, [§]). Let N be an oriented compact differentiable
manifold of dimension n, and let v : N — N be an orientation-preserving diffeo-
morphism. Let M = N, be the mapping torus of v. Suppose that, for some p > 0,
the homomorphism v* : HP(N) — HP(N) has eigenvalue A = 1 with multiplicity
2. Then, M = N, is non-formal since there exists a non-zero (triple) Massey
product. More precisely, if [o] € KP C HP(N) is such that

o] € Im(u* —Id: H?(N) — HP(N)),

the Massey product {[n],[n], [&]) does not vanish.

Also in [§], under certain conditions of v, a partial computation of the minimal
model of N, is given.

Theorem 1.2.10. With M = N, as above, suppose that there is some p > 2
such that v* . H¥(N) — HF(N) does not have the eigenvalue X = 1 for any
k< (p—1), and that v* : H?(N) — HP(N) does have the eigenvalue X = 1 with
some multiplicity r > 1. Put

K, = ker ((u* — Idy : HP(N) — HP(N)),

where j =0,...,7. So {0} =Ko C K1 C Ky C...CK,.

Write G; = K;/K;_y, for j =1,...,r. The map F = v* — Id induces maps
F:Gj— Gj_1,j=1,....r (here Gy = 0). Then the minimal model (AW, d) of
M = N, is, up to degree p, given by the following generators:

Wt = {(a), da =0,
Wk =0, k=2,....p—1,
szGl@Gg@...@Gr, dw:a-F(w),wEGj.

Taking into account Definition [1.2.6] Theorem [1.2.10] implies that the spaces
C'and N (i = 1,...,p) of the minimal model (A\ W, d) of N, are

C' = (a), N' =0, C'=0=N" (i=2,....,p—1),
C? = (3, NP =Gy ... DG,.

Also if w € G, then a-w € I(N) and d (a - w) = 0, but a - w is not exact. Thus,
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Corollary 1.2.11. Under the conditions of Theorem [1.2.1(}, the mapping torus
N, is always (p — 1)-formal (in the sense of Definition[1.2.6), and if r = 1, then
N, s p-formal. Moreover, if r > 2, then N, is non-formal.

Note that if NV is a compact symplectic manifold, and v : N — N is a symplec-
tomorphism, then v* : H*(N) — H?*(N) always has the eigenvalue A\ = 1, since
v*: H*(N) — H?*(N) fixes the symplectic form on N. Thus, as a consequence of
Theorem [1.2.10} we have

Corollary 1.2.12. Let N be a compact symplectic 2n-manifold, and assume that

v: N — N is a symplectomorphism such that the map induced on cohomology

v*: HY(N) — HY(N) does not have the eigenvalue X\ = 1. Then, N, is 2-formal

if and only if the eigenvalue A = 1 of v* : H*(N) — H?(N) has multiplicity r = 1.
We will need also the following

Lemma 1.2.13. Let N be a compact manifold, and let v : N — N be a diffeo-
morphism of finite order, that is, there exists p € N such that (v)? = Id. If there
exists k > 1, such that A =1 is an eigenvalue of

V' H*(N) — H*(N),
then the multiplicity of A\=11isr = 1.
Proof. Suppose that, for some k > 1, the map v* : H*(N) — H*(N) has the

eigenvalue A = 1 with multiplicity » > 1. Then, there exists a non-zero cohomology
class a € H*(N) such that

a € ker(v* — Id : H*(N) — H"(N)),
and
a= (V" —1d)(b),
where b € ker((v*—1Id)?* : H*(N) — H*(N)) —ker(v*—1Id : H*(N) — H"*(N)).
Since the order of v is finite, there exists p € N such that (v*)? = Id. Now let
us consider the map T : H*(N) — H*(N) given by
T=1Id+v"+ V), +---+ )P
Then,
T(a) =pa. (1.18)
On the other hand, we obtain
T(a)=T((v" —1d)(b)) = (Id+v*" + W)+ + )P ) (v — Id)(b)
= (V)P = 1d)(b) =0,
which contradicts ((1.18)) since p > 1 and the cohomology class a is non-zero. Hence
ker(v* — Id) NIm(v* — Id) = 0.
O
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1.3 Mapping torus of an SU(3)-diffeomorphism

As we mention in subsection[I.1.2], the Riemannian product of a symplectic half-flat
SU(3) manifold with R has a closed Gy form. In this section, we show conditions
under which the mapping torus of a diffeomorphism of a symplectic half-flat SU(3)
manifold has such a Gy form. Moreover, we show that if a 6-dimensional symplectic
half-flat Lie algebra is endowed with a particular type of derivation, then one can
construct a Lie algebra with a closed Go form.

Definition 1.3.1. Let (N, g, J,V = ¢y + i¢_) be an SU(3) manifold, and let
v: N — N be a diffeomorphism. We say that v : N — N is an SU(3)-diffeo-
morphism if v preserves the SU(3)-structure, that is

vg=g. wmod=Jown, VW)=t

Thus, v also preserves the Kéhler form w of (g, J) and the 3-form ¢ = J 1y,
that is,
r'w=w, v =) .

Hence, if w is closed, N, is a 7-dimensional cosymplectic manifold since v is a
symplectomorphism (see Remark [1.1.23). Moreover, we have

Theorem 1.3.2. Let (N,g,J,¥ = ¢, + i) be a symplectic half-flat SU(3)
manifold, and let v : N — N be an SU(3)-diffeomorphism. Then, the symplectic
half-flat SU(3)-structure (g, J,¥ = ¢4 +i1p_) on N induces a closed Go form on
the mapping torus N, of v.

Proof. Since (N, g, J,¥ =, +i1_) is a symplectic half-flat SU(3) manifold, we
know that the 3-form ¢ on N x R given by

o=, +FAdt (1.19)

is a closed Gg form, where F' is the Kéhler form (now, symplectic form) of (g, J)
and ¢ is the coordinate of R. The form ¢ determines the metric h = g + (dt)? on
N x R. Moreover, ¢ and h are both ['y-invariant. So, taking into account ,
they define a closed 3-form ¢ and a Riemannian metric hon N, respectively, where
h is the metric induced by . The local expression of ¢ is as in because locally
¢ has such an expression with respect to some local orthonormal basis of 1-forms
on N x R. Hence ¢ is a closed Gy form. [

We would like to note that the converse of the previous Theorem is not true
even if we assume that N, is compact. For this, it is sufficient to show an example
of a compact calibrated Gy manifold which does not admit cosymplectic structures.



30 Gy manifolds and mapping tori

Such an example is given as follows. Let us consider the 7-dimensional nilpotent
Lie algebra g whose dual space is spanned by {e!,...,e"} such that

de' =0, de*=0, de*=e?, de*=e', de® =e*,
deb = &1 1 24 el = 16 4 34 (1.20)

Mal’cev Theorem [102] implies that the simply connected Lie group G associated
with g has a uniform discrete subgroup I', so that

M =T\G
is a compact nilmanifold.

Proposition 1.3.3. The compact manifold M = T'\G given by (1.20) has a closed
Gy form but does not carry cosymplectic structures.

Proof. Using Theorem of Nomizu (Theorem [1.1.8]) we have that the real cohomol-
ogy groups of M are

H'(M) = (1),

H'(M) = ([e'],[e*]),

H*(M) = ([e"],[e%], [ — ™)),

H3(M) — <[6456 . 6357 + 6267], [—6345 + 6246 . 6237], [6256], [6147], [6126]7 [6135], [6137]>,
H4(M) — <[62356], [62357 . 62456], [61467 ’ [61347], [61357], [61237], [61247]>,

H5(M) — <[€12467]’ [613467], [623567]>,

HG(M) — <[6134567], [6234567]>,

H7(M) — <[€1234567]>.

By [38] we know that a closed Gy form ¢ on M =TI'\G is given by
o= €127 M 125y 136 4 23 256 _ 456 _ 26T | 35T

Now, let us suppose that M has a cosymplectic structure (n, F). Then, 7 is a
differential 1-form and F' a differential 2-form on M such that dn = dF =0 and
n A F? is a volume form. Hence 1, F and n A F® define non-zero cohomology
classes on M. But

= X'l +ule’],  [Fl=ale"]+0[e®] +c[e* €],
for some real numbers A, i, a,b and c. Therefore,
[F3) = —6a c? 123456

which implies that [n A F3] = 0, for any a, b, c € R, since e!?*%5 = 23457, This is
not possible for a cosymplectic structure on a compact manifold. O]
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For cocalibrated G, manifolds we have:

Theorem 1.3.4. Let (N, g, J, V¥ = ¢y +i1_) be a half-flat SU(3) manifold, and
let v: N — N be an SU(3)-diffeomorphism. Then, the mapping torus N, of v
has a coclosed Go form.

Proof. Since (N, g, J,V =1 +i1_) is a half-flat SU(3) manifold, we know that
the 3-form ¢ on N x R given by

po=FNdt—1y_,

is such that

1

and therefore is a coclosed Gy form, where F' is the Kéhler form of (g, J) and ¢ is
the coordinate of R. The form ¢ determines the metric h = g + (dt)*> on N x R.
Moreover, ¢ and h are both ['y-invariant. So, taking into account , they
define a coclosed 3-form ¢ and a Riemannian metric h on N, respectively, where
h is the metric induced by ¢. The local expression of ¢ is as in because
locally ¢ has such an expression with respect to some local orthonormal basis of
1-forms on N x R. Hence @ is a coclosed Gy form. O

Next, we show that if a symplectic half-flat Lie algebra, of dimension 6, is
endowed with a particular type of derivation, then one can construct a Lie algebra
of dimension 7 with a closed G form. For this, we use that if § is a 6-dimensional
Lie algebra, and D a derivation of h, the vector space

g=0b@p R
is a Lie algebra with the Lie bracket given by

for any U,V € b.

We recall that a closed G, form on a real Lie algebra g of dimension 7 is a
closed 3-form ¢ on g such that ¢ can be written as in ((1.5)) with respect to some
basis {e!,...,e"} of the dual space g* of g.

On the one hand, we know that (see for example [I4]) there exists a real
representation of the complex matrices via

p:gl(3,C)—— gl(6,R).
In fact, if A € gl(3,C), p(A) is the matrix (B;;);,_, with

B.. — ReAij ImA,]
v —ImAU RGAZ']' ’
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where A;; is the (4, j) component of A.

Let (g, J, ¥ = ¢ +i1_) be an SU(3)-structure on a 6-dimensional Lie algebra
h. We know that the SU(3)-structure on h guarantees the existence of a basis
{e',..., €%} of the dual space h* of b, such that the Kahler form w of (g,.J) and
the 3-forms ¢, and 1 _ have the canonical expression , that is,

w=e?+e*+e",
Wy = el — ol _ 236 _ 245 (1.22)

W = 136 4 Q145 | 285 _ 246

Definition 1.3.5. Let (g,J,¥ = 4 + iv_) be an SU(3)-structure on a 6-
dimensional Lie algebra by, and let w be the Kdhler form of (g,J). We say that a

basis {e1,...,es} of b is an SU(3)-basis if w, 1, and 1p_ are expressed as in (1.22))
with respect to the dual basis {e',... e®} of b*.

Now, suppose that (g, J, ¥ =1, +i1_) is a symplectic half-flat structure on
a 6-dimensional Lie algebra b, and let D be a derivation of h such that D = p(A),
where A € sl(3,C). Then, the matrix representation of D with respect to an
SU(3)-basis (in the sense of Definition {e1,...,e¢} of b is the following

a1l G12 | aiz Q14 a1s 16
—Q12 411 | —Q14 dA13 —Aa16 a5
D= a3z1  A32 | G33 A34 ass 36 ’ (1'23)
—a3z2 431 | —A34 (33 —ase ass
G51 G52 | 453 QG54 | —A11 —A33 —G12 — 434
—Qs2 Q51 | —As54 (53 | Q12 +a34 —a11 — A33

where a;; € R.

Proposition 1.3.6. Let (b, g, J, ¥ = ¢ +i1p_) be a symplectic half-flat Lie algebra
of dimension 6, and let D = p(A) (A € sl(3,C)) be a derivation of b whose matriz
representation, with respect to an SU(3)-basis (in the sense of Definition
{e1,...,e¢} of b, is as in (1.23)). Then, the Lie algebra

g="bdp RE,
with the Lie bracket given by , has a closed Gy form.
Proof. We define the Gy form ¢ on g = &p RE by
p=wAn+Py, (1.24)

where 7 is the 1-form on g such that n(X) = 0, for all X € b, and n(§) = 1.
Then, for U, V,W,T € b we have

de(U,V,W,T) = dip (U, V,W,T) = 0,
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since 14 is closed.
Now,

de(U,V,W, &) = —p([U, V], W, &) + (U W], V. &) — (U, €], V, W)
- 90([‘/7 W]’ Uu 5) + @([V’ 5]7 U7 W) - @([V[/u 5]7 U7 V),

which by definition of ¢ is

- w([U7 V]7W) +w([U7 W]? V) - w([v7 W]a U) - ¢+([U7 5]7 ‘/7 W)
+ er([‘/a 5]7 U7 W) - ¢+([W, 5]7 U7 V) = dw(Ua ‘/7 W) + w+(D<U)7 ‘/7 W)
+ 94 (U, D(V), W) + ¢y (U, V, D(W)).

Therefore, since w is closed, using ([1.21]) we obtain
de(U,V,W,&) = ¢ (D(U),V,W) + ¢ (U, D(V), W) + ¢, (U, V, D(W)).

Taking into account the expressions of D and 4 in terms of the SU(3)-basis
{e1,..., e}, we see that

Vi (D(ei), €5, ex) + ¥y (ei, D(ej), ex) + vy (ei, e5, D(ey)) = 0,

for every triple (e;, e;, i) of elements of the basis {eq,...,es} of h. For example,
let us see that ¥ (D(e1),ea,e3) + ¥y(e1, D(e2),e3) + 1y (er,e2, D(ez)) = 0. We
have
Vi (D(er), e2,€3) + Vo (er, D(ea), €3) + ¥i(en, e2, D(e3))
= 4 (arier — azey + azies — aspey + asies — as2cs, €2, €3)
+1pi(e1, a12e1 + arrey + asges + asieq + aszes + asieq, €3)
+ ¥y (e1, €2, arzer — as€ + azzes — assey + az3€5 — Us54€6)

= asy — asz = 0.
Thus, the 3-form ¢ defined by ([1.24]) is a closed Gy form on g. O

As an application of the previous Proposition, we show a new example of a
compact solvmanifold with a closed Gy form. Let b be the 6-dimensional nilpotent
Lie algebra defined by the equations

h=(0,e%,0,2¢",0,e").

The almost Hermitian structure (g, .J) on b given by

6
g= E e'®e, Jey =ey, Jez=ey4, Jes=eg
i=1
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is such that its Kahler form is
w=e?+e* 4"

Thus, (g, J) together with the complex volume form ¥ = ¢, 4+ i1)_, where

by = 135 _ M6 _ o236 _ 245

b = 136 4 QM5 | 285 _ 246

define a symplectic half-flat structure on b, since w and ¢, are closed.
Consider now the derivation D of b that with respect to the SU(3)-basis
{e1,...,e6} of h has the following representation

1

that is,
D(ey) =2e3, Dl(eg) =2e4, D(es) =e1, D(es) =e2, D(es)= D(eg)=0.
Now, consider the Lie algebra
g =b ®p Req,
which, according to , is defined by the equations
g = (57,63 4+ e 2617 2677 4 2615 0,13, 0).

Then, Proposition [1.3.6] implies that the 3-form ¢ given by

347 567 146 236 245

@ = e 4 &3 4 P07 o135 oMb _ o236 o

is a closed Gs form on g. Indeed, using the equations defining g, one can check that
¢ is closed because 0 = d(e'?" 4 €347 + €%7) = d(e'3%) = d(e'0 + €2%) = d(e?*).

Let G be the simply connected solvable Lie group with Lie algebra g, and let
H be the simply connected nilpotent Lie group with Lie algebra h. Denote by
e € H the identity element. Note that G = R x4 H, where ¢ is the unique action
¢ : R — Aut(H) such that, for any ¢ € R, the morphism (¢;)«|. : h — b is given
by

<¢t>*|e = eXp(tD),
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where D is the derivation previously defined of the Lie algebra h of H, and exp
denotes the map exp : Der(h) — Aut(h).

In order to show that there exists a discrete subgroup I' of G such that the
quotient space I'/G is compact we proceed as follows. The SU(3)-basis {ey, ..., e}
of b is a rational basis for h and, with respect to this basis, we have

cosh(v/2t) */75 sinh(v/2t)

cosh(v/2t) \/75 sinh(v/2t)
exp(tD) = /2 sinh(v/2t) cosh(v/2t)
/2 sinh(v/2t) cosh(v/2t)

In particular, if we consider t, = ¥2arccosh(3), then cosh(v/2t,) = 3 and

2
sinh(v/2ty) = 2v/2. Thus exp(tyD) is a matrix whose entries are integer num-
bers. Therefore, exp (Z{ey, ..., eq)) is a co-compact subgroup of H preserved by
®1o- Consequently,

I'= (tO Z) X ea:pH(Z<€1, <. 7€6>)

is a co-compact subgroup of G (see [19, Proposition 7.2.5]). Hence, the compact
quotient I'/G is a compact solvmanifold endowed with an invariant closed G, form.

Remark 1.3.7. Note that the Lie algebra b of the previous example is the third
nilpotent Lie algebra that appears in Theorem [1.1.9. In fact, consider the basis

{fL 122 15 15, 1) of b given by

fl — 81, f2 — 63, fS — 65, f4 — 66, f5 — %66, f6 — 62.

Then, the structure equations of b with respect to the basis {f'} are
(0,0,0, f12, 13, £23) which are the equations defining b in Theorem .

For cocalibrated Lie algebras we have the following result.

Proposition 1.3.8. Let (h,g9,J,V =, +i1_) be a half-flat Lie algebra, and let
D be a derivation of b whose matriz representation, with respect to an SU(3)-basis
(in the sense of Definition[1.3.5) {e1,... es} of b, lies in sp(6,R). Then, the Lie

algebra
g= b Dp R£7
with the Lie bracket given by (1.21)), has a coclosed Go form.
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Proof. Since D € sp(6,R) with respect to the SU(3)-basis {ey,..
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., €6}, we can

write
a11 Q12 ai13 Q14 | Q15 Q16
a1  —011 | A23 Q24 | G25  (A26
D= —Qa24 Q14 a3s Q34 | G35 A36
23  —a13 | A43 —A33 | Q45 (46
—Q2 Q16 | —G46 Q36 | A55 (56
Q25  —Q15 | Q45  —0a35 | g5 —As5

Consider the Gy form on g = h ®p RE given by
p=wAn—1y_. (1.25)
Thus
1

where 7 is the 1-form satisfying that n(X) = 0, for all X € b, and n(§) = 1.
For U, V., W, T, R € b, we have

d* (U, V,W,T,R) = dw A w(U,V,W,T,R) =0,

since w A w is closed.
Now, we determine d x (U, V, W, T, &),

d* p(U,V,W,T,§) = — % o([U, V], W, T, &) + xp([U, W], V. T, &) — *p([U, T], V, W, )
+x([U, &, V.W, T) — xp([V, W], U, T, ) + xp([V, T], U, W, )
—*p([V, &, U W, T) = xp([W,T],U, V, &) + *p([W, €], U, V, T)
— ([T, &), U, V, W),

which by the definition of ¢ is exactly
— U ([U VW T) + 9 ([U WLV, T) =y ([U TV, W) = oy (VWL U T)
F UV TLU W) = 6 (W TLU V) 4 o Aw([U,] VW, T)
— 2o AWV ELUWT) 2w A (W€l UV.T) — 2w Aw((T,€], UV, W)
— dib, (U,V,W,T) + %w Aw(D(U),V,W,T) + %w Aw(U, D(V), W, T)
+ %w Aw(U,V,D(W),T) + %w Aw(U,V, W, D(T)).
Therefore, since v, is closed, we have
A o(UV.W,T,) =+ %w A w(D(U), V. W.T) + %w A w(U. D(V), W,T)

1 1
+gw ANw(U,V,D(W),T) + v ANw(U, V,W,D(T)).
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By using the expressions of D and w with respect to the SU(3)-basis {ey, ..., e},
we obtain

wAw(D(e;),ej, e, e) +wAw(e, D(ej), ex, )

+w Aw(e;, e, D(ex), e) +w Aw(e;, e, ex, D(e)) =0,

for every quadruplet (e;, e, e, €;) of elements of the SU(3)-basis of . Thus, the
G form ¢ defined by ([1.25]) is coclosed on g. ]

Next, we show a new example of a compact solvmanifold with a coclosed Go
form. Let b be the 6-dimensional Abelian Lie algebra defined by the structure
equations

h=(0,0,0,0,0,0).

The almost Hermitian structure (g, .J) on b given by

6
g= E e'®e, Jep = es, Jesz = ey, Jes = eq

i=1
is such that its Kahler form is
W= el2 4 By 56

Thus, (g, J) together with the complex volume form ¥ = ¢, + i1_, where

Wy = 135 _ 146 _ 286 245

b = el 115 | 235 _ 216

define an SU(3)-structure on . Clearly, dw? = d, = 0. So (g, J, ¥ =, +iv_)
is a half-flat SU(3)-structure on b.
Consider now the derivation D of h given by

1
-1

€ sp(6,R),

-1
that is,
D(ey) = ey, D(ey) = —ey, D(e3) = e,
D(es) = —eq, D(es) = es, D(eg) = —es.
Take the Lie algebra
g="hop Rer.
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Thus, according to (1.21]), the structure equations of g are

17 27 37 AT 57 6T
g= (e, —e e’ —e" e’ —e”",0).

Then, Proposition implies that the 3-form ¢ given by

127

= e+

4 6567 4 6136 + 6145 4 e235 o e246

is a coclosed Gy form on g. In this case, the 4-form x¢ is given by

wp = 1231 4 Q1256 | (3156 | 1357 _ (L6T _ 2367 _ 2457
which is closed because each term that appear in that expression is closed.
Let G be the simply connected and completely solvable Lie group of dimension

7 consisting of matrices of the form.

e’ T

—z7 T

err T3

. -
T7 Ts )
e 7 Te
1 T

1

o
I

where z; € R, for 1 <7 < 7. Then a global system of coordinates {z;, 1 <1i <7}
for G is defined by z;(a) = z;, and a standard calculation shows that a basis for
the left invariant 1-forms on G consists of

V= e %7dy,, e? = ¥ dx,, e3 = e dxs, et = " dxy,

> = e s, eb = e dxg, e’ = dzxy,

e
e
which means that g is the Lie algebra of G. Now we notice that the Lie group G
may be described as a semi direct product G = R x4 R° where R acts on R® via
the linear transformation ¢, of R® given by the matrix
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Thus the operation on the group G is given by
a - b = (b1€a7 + a, bge_‘” + a9, b3€a7 + as, b4€_a7 + Ay, b5€a7 + as, b66_a7 + ag, b7 + a7),
where a = (ay,...,a7) and b = (by,...,b7). Hence G = R x4 R where R is a

connected Abelian sugbroup, and RS is the nilpotent commutator subgroup.

Now we show that there exists a discrete subgroup I' of GG such that the quotient
space I'\G is compact. To construct I it suffices to find some real number ¢, such
that the matrix defining ¢, is conjugated to an element A of the special linear
group SL(6,Z) with distinct real eigenvalues A and A~!. In these conditions we
could find a lattice Ty in R® which is invariant under ¢;,, and take

I'= (tg Z) ) Fo.
To this end, we consider the matrix A € SL(6,Z) given by
2 1
11

— N
_ =

2 1
11

with triple eigenvalues % and %ﬁ Taking ty = log(3+2‘/g), we have that the

matrices ¢y, and A are conjugated. In fact, take

1 =livs
| 28
1 =LV
P = 125
2 . 71;\/5
1 =5
Then, a direct calculation shows that
3+v5  1+v5
V5 125
? ? 3+v6  1+V5
PA = ¢ P = 3_2\/5 1_2\/5
2 2 3+v5  1+V56
3,2\/5 1,2\/5
2 2
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So, the lattice I'y in R® defined by
Lo = P(my, my, ms, my, ms, mg)",

where my, mg, ms, mg, ms, mg € Z and (my, mg, m3, my, ms, mg)" is the transpose
of the vector (my, ma, mg, myg, ms, mg), is invariant under the group ¢yZ. Thus

I = (toZ) [><¢) FO

is a co-compact subgroup of G. Hence, the compact solvmanifold I'\G has an
invariant coclosed Gy form.

1.4 Examples of compact calibrated G; mani-
folds

In this section, we apply the results of the previous sections to produce new exam-
ples of compact calibrated G, manifolds. Moreover, we prove that 7-dimensional
Lie algebras with b; = 6 cannot admit closed G, forms.

Example 1. A compact calibrated Go manifold with by = 1

According with , we know that the product of a compact symplectic
half-flat manifold M with S! has a closed Gy form. Moreover, this Gy form is
also coclosed if the symplectic half-flat structure on M is integrable (in the sense
mentioned in subsection .

Next, using the results of the previous section, we show a closed and coclosed Go
form on a non-trivial mapping torus of an SU(3)-diffeomorphism of a 6-dimensional
Calabi-Yau manifold.

We consider the so-called Fermat quintic X, that is, the Calabi-Yau manifold
of (complex) dimension 3 defined as the zero-locus of

ARS8 =0, (1.26)

where [z9 : 21 @ 22 : 23 : 24] denotes the five homogeneous coordinates on the
complex projective space CP*. Then, X is a complex submanifold of CP* of
complex dimension 3. In fact, as we explained in subsection [I.1.1], the standard
holomorphic atlas of CP* contains 5 charts. If

U="{l20:21:2:2: 2|2 # 0} C CP*
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then U = C*, and the point [1:21:20:23:24] € UC CP* has coordinates
2 = (21,22, 23,24) € Ct Now, if [1: 2y : 20 : 23 : z4] € X, there is a constraint on
21, 29, 23 and z4, namely,

1+204+ 25 +25+2;=0. (1.27)

Note that the point [1:0:0:0: 0] € CP* does not live in X. Suppose that z; # 0
or, equivalently,

1+ 20 4 25 + 25 #0.
Then, equation (|1.27) means that we can express z4 in terms of the coordinates
21,29 and z3 as

k5
2y = 24(21, 29, 23) = —A \/1—1-2?—1—25’—!—25?,

where A = €™/ and k € {0,1,2,3,4}. Therefore, this generates 5 charts for X.
Also note that these charts could be also described as subsets of the collection of
points of the form [z} : 2] : 2 : 2% : 1], with 2} # 0. In a similar way, we can also
express, for example, z; in terms of zy, 23 and z4. So, we have 50 = 5 -5 - (4/2)
charts which describe completely the Fermat quintic X.

Consider the inclusion j: X < CP*. Then, the pullback of the Kahler form
wo (given in subsection [1.1.1)) on CP* defines on the Fermat quintic X the Kéhler
form

w = j"(wo),

which is compatible with the metric ¢ induced on X by the Fubini-Study metric
on CP*. Moreover, the Kiithler manifold (X, ¢g,w) has a non-vanishing holomorphic
3-form W, which is given as follows [I3], T12]. Let [1: 21 : 22 : 23 : z4(21, 20, 23)] be
a chart of X. Then,

B le A dZQ A ng

eh

v

This form was defined in [I3], and one can see in [I12] that ¥ is preserved by
changes of coordinates. Thus, ¥ is a (globally) defined holomorphic 3-form on
X. Clearly, if we examine the behavior of ¥ on any chart of X, we see that it
is nowhere vanishing. But (g,w, V) does not define a Calabi-Yau structure on X
since the norm of ¥ is non-constant.

Therefore, by Yau’s Theorem [131], we know that there exists a Ricci-flat
Kéhler metric g on the complex manifold (X, .J). (But, as we mentioned in Re-
mark [I.1.4] the explicit expression of the Ricci-flat Kéhler metric g on X is not
known.) Then, Lichnerowicz’s Theorem (see Theorem implies that there
exists a closed complex volume (n,0)-form ® which is parallel with respect to the
Levi-Civita connection of the metric g. From now on, we denote by w the Kahler
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form of the Ricci-flat Kéhler structure (g,J). Thus, (g,J,®) is an integrable
SU(3)-structure on X, that is, (X,q,J,® = ¢, +i¢_) is a Calabi-Yau manifold.

To determine the cohomology of the quintic X we use that X satisfies Lefschetz
theorem on hyperplane sections [75, p.156]. This means that j: X «— CP* is 3-
connected, that is, up to homotopy CP* is constructed out of X by attaching cells
of dimension 4 and higher. Thus [21, p.217], for r < 3, there is an isomorphism
j*: H"(CP") — H'"(Z) induced by j on cohomology and, for r = 3, there is a
monomorphism j*: H3(CP*) — H3(X). Hence, the Betti numbers b;(X) of X are
such that

bo(X) =1, bi(X)=0b5(X)=0, bo(X)=04(X) =1, b3(X) =204,

because the Euler characteristic x (X)) of X is x(X) = —200 (see for example [112]).
Therefore, if we denote by h/ the dimension of the Dolbeault cohomology group
H%(X), we conclude that h'* = %! = 0, h*® = h%2 = (0 and A = 1. Since
h39 = h%3 = 1, we obtain h*! = h'? = 101. Hence, if @ and ® = ¢, +i¢_ are
the Kahler form and the complex volume form on the Ricci-flat Kéahler manifold
(X,9,J), respectively, considered before, then H!(X) = ([@]), H*(X) = ([®])
and H%3(X) = ([®]).

In order to define an SU(3)-diffeomorphism of (X,g, J, ® = ¢, +i¢_) we
proceed as follows. Let G be the group of the Kéhler isometries of (X, g, J). We
know that G is a finite group because (X, g) is a simply connected compact Ricci-
flat manifold (Corollary 6.2 of [7]). Consider u € G. Let us see when p is an
SU(3)-diffeomorphism of (X, g, J,® = ¢, +i¢_). Since p defines an action of G
on H3Y(X), we have a morphism of groups

p: G — GL(H*(X)).

Because the space H*%(X) has (complex) dimension 1, GL(H*°(X)) is isomorphic
to C* and so Abelian. Now, the first group isomorphism theorem (or fundamental
homomorphism theorem) implies that G /ker p is Abelian since it is isomorphic to
a subgroup of GL(H?°(X)). Thus, the commutator subgroup [G,G] of G is such
that

G, G| C ker p.

This means that any element of [G, G] preserves the complex volume form @, and
so it defines an SU(3)-diffeomorphism of the Fermat quintic (X, g, J,® = ¢ +i¢p_)
as a Calabi-Yau manifold.

In order to construct a compact G calibrated manifold, we need also the
following result on the Kahler isometries of a simply connected compact Calabi-
Yau manifold.
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Proposition 1.4.1 [I01]. Let M be a simply connected compact Calabi-Yau man-
ifold of complex dimension n, and let f be an isometry of M. Then, f fixes the
Kihler cohomology class [w] on M if and only if the order of f is finite.

Now, we have the following

Theorem 1.4.2. Let (g,J,® = ¢ +i¢_) be the Calabi-Yau structure on the
Fermat quintic X defined by , and let G be the group of the Kahler isometries
of (X,g,J). Take v € |G,G]. Then, the mapping torus X, of v is a compact
formal calibrated and cocalibrated Go manifold with first Betti number by (X,) = 1.

Proof. By Theorem and Theorem we know that the SU(3)-structure
(g,J,® = ¢, +i¢_) on X induces the closed and coclosed G, form ¢ on X, given
by
=ty +wAN
In fact, ¢ is also coclosed because xp = _ An+ %@2 is closed.
Since X is simply connected, implies that b;(X,) = 1. Moreover, using

again ([1.17]), and taking into account Lemma|l.2.13|and Proposition [1.4.1} we have
that the de Rham cohomology groups of X, are

H°(X,) (1),

qY(X,) = (),

H(X,) = ([@]),

H3(X,) = <[nw]>@ker<y*—1d;ﬂ3(x> —>H3(X)>,
aY(X,) = (@) e hAH(X),

°(X,) = (mA&?),

H(X,) = (@),

H'(X,) (In A&%)

Note that ¢, and ¢_ define cohomology classes in H3(X,) since ¢, and ¢_ are
closed v*-invariant forms on X, that is, the cohomology classes [¢4] and [¢_]
belong both to the space ker(v* — Id : H*(X) — H3*(X)). More yet, if

x € ker(v* — Id: H*(X) — H*(X)),
then [n] A z is a non-zero cohomology class in H*(X,,). Indeed,
v & Im(v* — Id: H*(X) — H*(X)),
because, by Lemma [1.2.13] the eigenvalue A = 1 of the map
v — Id: H¥(X) — H3(X)
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has multiplicity » = 1.

By Theorem [1.2.10} we know that X, is 2-formal (in the sense of Definition
1.2.6)). To prove that it is 3-formal, we see that the minimal model of X, is the
differential graded algebra (AW, d), where W' = C* + N' is such that, for i < 3,

C'=(a), N'=0,
C?* = (b), N?=0,
C3 Zker(v* — Id: H¥(X) — H*(X)), N?®=0.
Since N* =0 (z = 1,2, 3), we conclude that X, is 3-formal and, by Theorem
X, is formal. O

Example 2. Compact calibrated non-flat Gy manifolds with by = 7.

Tomassini and Vezzoni in [122] construct a family of symplectic half-flat
structures (J;,w, ¥;) on the 6-dimensional torus T®, coinciding with the standard
Calabi-Yau structure for ¢ = 0, but which is not Calabi-Yau for ¢ # 0.

Theorem 1.4.3 [122]. There exists a family (Jy,w,V;) of symplectic half-flat
structures on the 6-dimensional torus TC®, such that (Jy,w, V) is the standard
Calabi-Yau structure on T, but (J;,w,V;) is not integrable for t # 0. Such a
structure (Jy,w, W) is defined as follows:

Jt(ar) = e_t/\ra?ﬂ—m
Jt(a?)—i—r) = _et)\rara

forr =1,2,3, where 0, = %, and a = a(xy),b = b(xy), c = c(x3) are three smooth
functions on RS such that

A= b(x2) —c(z3), A= —a(z)+c(xs), A3 =a(zr1)— b(z)
are Z5-periodic;
w = dxy Ndry + dry N dxs + drs A dxg, (1.28)
and
U, =i (doy + ie™dxy) A (dag + ie2dxs) A (das + i€ dg) . (1.29)

In [122] it is proved that (T®, J;,w, ¥,) is a symplectic half-flat manifold, for
any t € R, and J; is non-integrable for ¢ # 0; moreover, in this case (¢ # 0),
A1, A2, A3 are non-constant. Note that the corresponding metric g; is given by

gy = ey @ day + My @ day + e M ey @ dag
4 6(2)‘1+>‘2+)‘3)tdI4 ® dxy + e()‘1+2)‘2+>\3)tdl‘5 ® dCL‘5 + 6()\1+)‘2+2)‘3)tdl’6 ® de’ﬁ.

Now, taking into account subsection and, in particular, the expression of
the Gy form given by (1.10)), we have
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Proposition 1.4.4. The 7-torus T" has a family of closed Gy forms p,, inducing
a non-flat metric fort # 0,

wt:¢j+thn7

where wy, Uy = ;" + i1, are given by (1.28)) and (1.29)), respectively, and n is the
volume form on S*.

In order to prove that 7-dimensional Lie algebras with b; = 6 do not carry
closed Gg forms, we need the following restriction to the existence of closed Go-
structures proved in [3§].

Proposition 1.4.5 [38]. Let g be a 7-dimensional Lie algebra. If there is a non-
zero X in g such that (1xp)® = 0 for every closed 3-form on g, then g has no
closed Go-structures.

Proposition 1.4.6. Let g be a 7-dimensional Lie algebra with by = 6. Then, g
cannot admit closed Gy forms.

Proof. Since b; = 6, there exists a basis {e!,...,e"} of g* such that g is defined

by the equations '
de’ =0, j=1,...,6,

de" = +e" Aa,
where B € A%(e!,...,e%) and a € A'(e!,...,e%). (Note that g has to be solvable

) Y €
because dim [g,g] = 1.) Suppose that g has a closed Gy form ¢. Then we can
write

(1.30)

p="v+e AJ,
where v € A3(e!,... €% and § € A%(e!, ..., e®). Using (1.30), we see that dv = 0,
since v € A3(el,...,eb). Also, d§ = 0 because § € A%(e!,... e%). Then, the
condition dy = 0 is equivalent to de” A § = 0, that is, to

(B+e"Aa)Ad=0.

This gives
BAI=0, aANd=0.

Since § € A%*(e!,...,e%), v € A3(e',...,e% and ¢ = v + e’ A 4§, we have that
0 = te;p. Now, by Proposition , J is non-degenerate, that is, 8% # 0. Moreover,
a € A(et, ... €% is a 1-form, so the condition a A § = 0 implies that a = 0 and
hence g has to be nilpotent. But, by the Conti-Fernandez classification [38], there
are no nilpotent Lie algebras with b; = 6 and admitting closed Go-structure. [J
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Chapter 2

Six dimensional symplectic
half-flat solvable Lie algebras

“La géométrie est l’art de raisonner juste sur des figures fausses.”
René Descartes

In order to construct examples of 7-dimensional manifolds with a closed Gg
form, a natural place to look is left invariant symplectic half-flat structures on
6-dimensional Lie groups. According to Magnin’s classification [I00], there are 34
isomorphism classes of nilpotent Lie algebras, of which exactly 3 (including the
Abelian Lie algebra) admit symplectic half-flat structures [40].

In this Chapter, we give a complete classification of 6-dimensional solvable Lie
algebras for which the corresponding simply connected solvable Lie group has left
invariant symplectic half-flat structure.

Taking into account the classification of 6-dimensional decomposable Lie alge-
bras with half-flat structures given in [I15] and [65], we show that there are 21
(non-nilpotent) solvable Lie algebras as well as 4 one-parameter families of solvable
Lie algebras having both half-flat structures and symplectic forms. Then, we prove
that only 2 of those 21 Lie algebras and only 1 of the 4 one-parameter families
carry symplectic half-flat structures (Propositions 2.2.1, 2.2.2 and 2.2.3).

For indecomposable Lie algebras we study separately unimodular and non-
unimodular ones. For unimodular Lie algebras we consider the classification given
in [99] of 6-dimensional unimodular Lie algebras with symplectic forms. We show
that only 3 of those Lie algebras have symplectic half-flat structures (Proposi-
tion 2.3.1). Non-unimodular indecomposable Lie algebras are studied taking into
account the dimension of their nilradical. For those with 5-dimensional nilradi-
cal we consider the classification given in [66] of 6-dimensional Lie algebras (with
5-dimensional nilradical) endowed with half-flat structures. On the other hand,
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we use the list of Turkowski [124] of the 6-dimensional solvable Lie algebras with
4-dimensional nilradical. For these latter Lie algebras, there is no classification of
those with a half-flat structure. In Propositions 2.4.1 and 2.4.2, we determine a
symplectic half-flat structure on 4 non-unimodular indecomposable (non-nilpotent)
solvable Lie algebras and on 1 one-parameter family. To prove that the remaining
Lie algebras do not admit such a structure we consider, in section [2.1] two ob-
structions to the existence of symplectic half-flat structures on a Lie algebra. All
these results appear in [62].

2.1 Obstructions

In this section we give some obstructions to the existence of symplectic half-flat
structures on a 6-dimensional Lie algebra, and use them in the following sections
to classify the solvable Lie algebras with such a structure. To this end, we need
the characterization of SU(3)-structures given in [82, 83] in terms of certain stable
forms which satisfy some additional compatibility conditions as we explain in the
following:

Definition 2.1.1 [82, 83]. A 3-form p on a 6-dimensional oriented vector space
(V,v) is stable if its orbit under the action of the group GL(V') of the automor-
phisms of V' is open.

If (V,v) is a 6-dimensional oriented vector space, we have the isomorphism

k: ANV — VAV
n — X ®u,

where X € V is such that n = txv. Then, for any 3-form p on (V,v), we have the
linear transformation K, : V — V @ A®V* given by

K,(X) = r(exp A p).
Thus, we also have A(p) € (A°V*)? defined by

1
Ap) = atrKg.

Moreover, A(p) enables us to construct a volume form ¢(p) on V as

6(p) = VA € AV,

Here, we would like to note that for any one-dimensional vector space L, an element
u € L ® L is defined to be positive (u > 0) if u = s ® s for some s € L; and u
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is negative if —u > 0. Therefore, we have well-defined square roots of positive
elements in L ® L.

In [83] it is shown that the stability of p is characterized by the open condition
A(p) # 0 or, equivalently, by ¢(p) # 0.

It is well known that a 2-form F' € A%V* is stable if and only if it is non-

degenerate, that is, if
1

O(F) = cF° £0,

Definition 2.1.2 [82, R3]. A pair of stable forms (F,p) € A2°V* x A3V* is called
compatible if

FNp=0,
and normalized if
o(p) = 26(F).
Note that if A\(p) < 0, the endomorphism
1
J,=—K
"oe(p) T’

defined by a stable 3-form p, gives rise to an almost complex structure. The action
of J; on 1-forms is given by the formula

Jra(X)o(p) = aNixp A p. (2.1)

Thus, such a pair (F, p) induces a pseudo Euclidean metric, g(-,-) = F'(J,-, -) which
satisfies on 1-forms the identity

1
aNJBNF? = ég(oz, B)F?, (2.2)

for o, p € V*.
For us the relevant result is the following characterization of SU(3)-structures.

Proposition 2.1.3 [82, 83]. An SU(3)-structure on a 6-dimensional oriented vec-
tor space (V,v) is determined by a pair of compatible and normalized stable forms
(w,y) € A2V* x A3V* inducing a positive-definite metric and with \(¢,) < 0.

A symplectic half-flat structure on an oriented Lie algebra g is an SU(3)-
structure (w, ) such that dw = 0 and dy, = 0, where d denotes the Chevalley-
Eilenberg differential on the dual g*.

Notice that if (w,?;) defines an SU(3)-structure, w is non-degenerate and
U =1, +i1_ is a complex volume form.

Let g be a 6-dimensional Lie algebra with an SU(3)-structure (w,y). We
denote by Z*(g) the space of closed k-forms on g, by S(g) the space of symplectic
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forms on g, and by Ann(¢y) the annihilator of ¢, in the exterior algebra A*g*,
that is

Z*(g) = {0 € A*g*|db = 0},
S(g) ={we Z%g) |wAwAw#0},
Ann(y,) = {0 € A*g"[0 Ay, = 0},

In [65] it is proved the following obstruction to the existence of half-flat struc-
tures on Lie algebras.

Proposition 2.1.4 [65]. Let g be a 6-dimensional Lie algebra with a volume form
v € A°g*. Then, g does not admit any half-flat SU(3)-structures if there is a
non-zero 1-form o € g* satisfying

oz/\j;oz/\oz(),

for all closed 3-forms p € A3g* and all closed 4-forms o € A*g*, where j;oz 18
given by

Jya(X)v = a A (txp) Ap, (2.3)

for each X € g.

Proposition 2.1.5. Let g be a 6-dimensional Lie algebra. Then g has no sym-
plectic half-flat structures if one of the following conditions is satisfied:

1. There is a non-zero 1-form o on g such that
a A j;a AF? =0,
for each F' € 8(g) N Ann(p), and for each 0 # p € Z3(g).
2. There are some X,Y € g such that
F(jp<X)=X) -F(jp(Y),Y) =0,
for any F € S(g) N Ann(p), and for any 0 # p € Z3(g).

Proof. Suppose that g has a symplectic half-flat structure (w, v, ). From (2.3)) we
have that for any 1-form « on g and any X in g,

J{;+04(X)w3 =3a A (txthy) ANy
On the other hand, if v denotes a volume form on g*

j&a(X)z/ =a A (Lxty) Ny
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Therefore, i, and j{;+ are proportional since
T 1 *
Jy (X)) = §J¢+04(X)w3.

Now, from ({2.2) it follows that if the condition of the part (1.) is satisfied,
then the induced metric by (w,1,) is degenerate since there exists a € g* such
that

g(a,a) =0.
So there is no symplectic half-flat structure on g.

To prove part (2.) we use that the metric induced by an SU(3)-structure
(w, %) is determined by g(-,-) = w(-, Jy, ). Hence, condition (2.) implies that
there exist X,Y on g such that

9(X, X) - g(Y,Y) <0,
and thus ¢ is not positive-definite. O

Moreover, from Proposition [1.4.5] we obtain the following obstruction to the
existence of symplectic half-flat structures on Lie algebras.

Lemma 2.1.6. Let g be a 6-dimensional Lie algebra. If there exists a mon-zero
vector X of the Lie algebra bh = g & R such that for all closed 3-forms ¢ on b the

2-form 1x ¢ 1s degenerate, that is

(LX¢>3 - 07
then g has no symplectic half-flat structures.

Proof. We know that a symplectic half-flat structure (w,?,) on a 6-dimensional
Lie algebra g induces the closed Gy form ¢ = w A dt + 1, on the Lie algebra
h = g ® R, where ¢ is the coordinate of R. Suppose that for any closed 3-form ¢
on b, there exists X € b such that (1x¢)®> = 0. Then, by Proposition , h does
not admit closed Gy forms, and so g has no symplectic half-flat structures. m

2.2 Decomposable symplectic half-flat Lie alge-
bras

We determine the 6-dimensional decomposable and (non-nilpotent) solvable Lie
algebras admitting symplectic half-flat structure. A Lie algebra g is said to be
decomposable if g is the direct sum g = g; @ go of two ideals g; and gs of g.

From now on, we use

pDaq,
to denote a decomposable Lie algebra g = g; @ go such that dim(g;) = p and
dim(gs) = ¢.
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2.2.1 3@ 3 Lie algebras

We use the classification of the 6-dimensional solvable Lie algebras with half-flat
structures given in [I15]. Then we see that the 3@ 3 decomposable (non-nilpotent)
solvable Lie algebras which have both symplectic and half-flat structures are those
appearing in the following Table where F' denotes a symplectic form and
(w, 1) a half-flat structure.

Table 2.1: 3 @ 3 decomposable (non-nilpotent) solvable Lie algebras
admitting both symplectic and half-flat structures.

g str. equations half-flat str. simplectic str.
¢(2) ®e(2) (0,—€™3,e2,0,—€™,e™)  w=2e"T+¢? + % F=elT4e¥ e
Yy = el23 — 156 | 246 _ 345
4126 _ o135 | (234 _ 456
e(1,1) de(1,1) (O,—613,—612,0,—646,—645) w = el 4 23 4 2¢56 F =el% 423 42656
Yy = el25 — 126 _ (135 _ (136
4245 4 246 | 345 _ /346

2(2) 2 RB (0’ —613, 612,0,0,0) w = 614 + 625 + 636 F = 614 + 623 + 656
Py = €126 — o135 4 234 _ 456

¢(1,1) o R3 (0, —e'3,—e12,0,0,0) w = el 4 25 4 36 F =elT 4 23 4 56
by = €126 _ 135 | o234 _ 456

e(2) 2) 6(1, 1) (07 —613, 612, 07 —646, —645) w = 614 + 625 + 636 F = 614 + 623 + 656
Gy = —2e234 | 185 _ 126
L 246 _ 345 | 456

NOEL (0, —¢'3,¢'%,0,0, D) w=clZ 1 B 1 50 F — 13 1 23 1 56

= _234 | 36135 _ el26
345 456
+e +e

2(1’1)@h (0,—613,—612,0,0,645) w:el4+625+636 F:614+623+656
,[/)+ :r 7623:1.4» %6135 _ e126
7634‘) +€4‘)6

e(2)Pra®R (0, —el3 €120, —e, 0) w=elZ 4 3% _ ¢56 F=el6 423495
7/}+ — 6236 _ 6245 + 6135 + 6146

6(1,1)@1‘2@1[{ (0,7813,7812,0,7645,0) w:612+634 7656 F:616+623+645

Py = 236 — 245 4 135 | (146

Note that, in Table 2.1} the only 3 & 3 non-unimodular solvable Lie algebras
are ¢(2) @ o ® R and ¢(1,1) Dty B R.

Proposition 2.2.1. Let g be a 6-dimensional decomposable and (non-nilpotent)
solvable Lie algebra such that g = g1 @ go, where dim(g1) = dim(g2) = 3. Then, g
has symplectic half-flat structure if and only if g = e(1,1) ®e(1,1).

Proof. First we observe that in [122] it is proved that the Lie algebra e(1, 1)®e(1, 1)
defined by the structure equations

¢(1,1) @ e(1,1) = (0, —e'®, —e'?, 0, —e*®, —e?%),

has a symplectic half-flat structure. The differential forms w and v, appearing in
Table are closed and determine an SU(3)-structure since with the change of



Decomposable symplectic half-flat Lie algebras 53

basis given by
Floel f2oet Poe Ao PP oS
the forms w and ¢, have the following expression

w = f12+f34+f56
@Z)_;_ — f135 . f146 o f236 o f245-

Next, we show that no other Lie algebras included in Table [2.1] have a sym-
plectic half-flat structure. For the following Lie algebras we use Proposition [2.1.5
(2.) for suitable vectors X and Y of the Lie algebra.

e For the Lie algebra ¢(2) @ ¢(2) defined by the structure equations
¢(2) ®e(2) = (0, —e' e'? 0, —e® ),

the spaces Z"(¢(2) ® ¢(2)) (k = 2,3) are:

and

Z3(e(2) ® 2(2)> :<61237 124 (134 Q45 Jl46 (156 234 (136 | 245

1 26 o126 | 35 (15 | 36 456)
Thus, the expression of any pair (F, p) € Z%(e(2) @ e(2)) x Z3(e(2) @ e(2)) is
F = bie'? + bye!® + bye' + bye®® + bse®® + bge? + bre®,

and

P — 16" 4 400! 4 a1 — 10620 + age’t — age!® + agel® 4 ayettd

146 156 234 245 246 345 346 456
+ ase + age + aye + age + age + ajpe + ane + ape,

where a; and b; are real numbers for 1 <7 <12 and 1 < j < 7. From these
expressions of F' and p, we have

gles,es) - gles, €6) = F(jpe5, es) - F(jpeﬁ, eg) = —(azay + a6a7)2b$ < 0.

Then, Proposition|2.1.5( (2.) applies for X = e5 and Y = eg. Thus, ¢(2)@®e(2)
has no symplectic half-flat structure.
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e For

¢(2) ®R3® = (0, —e'3,e'%,0,0,0),
the spaces of closed 2-forms and 3-forms are
ZQ(e(Q)GBR?’) = (612, ¢13 (1 15 (16 (28 o5 A6 56
and
Z3(e(2)@R3) — (123 (124 125 (126 134 (135 136
145 146 156 234 235 236 456
e ).
Then, if (F, p) € Z2(e(2) ® R?) x Z3(e(2) & R?) we have

F = bre'? + bye!® + bye' + byel® + bse's + bge?® + bre® + bge®® + bye®,
0= a1 4 aze' + age'® + 4,6 + a5 + age'™ + azet0 + age!®S

146 156 234 235 236 456

+ age + ap€ + aje + aq€ + aise + ape,

where a; and b; are real numbers. These expressions of F' and p imply that
F(jpeg, 62) =0.
Again, Proposition [2.1.5 (part (2.)) applies for X =Y = e,.

For ¢(1,1) & R3 defined by
¢(1,1) @ R® = (0, —e'® —e'?,0,0,0),
we have
Z2(e(1,1) @ R®) = (e12,e13 14 15 16 2 45 (46 56
and
Z3(e(1,1) @ R?) =(e!28 24 125 (126, 134 (135 (136 145 146
Q156 (234 (235 (236 456)

Then, any pair (F,p) € Z2(e(1,1) ® R®) x Z*(e(1,1) ® R®) is of the form

F = bre'? + bye!® + bye' + bye!® + bse' + bge?® + bre® + bge®® + bye®,

P — 16" 4 4001t 4 43! + a,0! 4 aze’ 4 aget® + are% 4 ggel®S

146 156 234 235 236 456
“+ aj4e s

+ age + ap€ + aje + aq€ + ais€e

for any real numbers a; and b;. Now we obtain that
F(jpeg, 62) =0.

Hence, it is sufficient to consider X =Y = es.
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e Consider
¢(2) ®e(1,1) = (0, —e'3,e'?, 0, —e*®, —e*%).

The spaces Z*(e(2) @ ¢(1,1)), for k = 2,3, are

ZQ (8(2) D 6(1, 1)) — <612,€13,€14,623, 645, 646,656>,

and

3 123 124 134 145 _146 _156 234
Z (e(Q)@e(l,l)) =(e e et e e e e
o130 (M5 135 | (26 (126 | (345 (125 | (36 (456)

Then, any pair (F, p) € Z2(e(2)®e(1,1)) x Z3(e(2)@®e(1,1)) has the following
expression

F= b1612 + b2€13 + b3614 + b4€23 + b5645 + b6€46 + b7656,
p =a1e™® + aze’™ + aze + ae™ + ase!® + age'® + are®
+ ag(—€" 4 €25 1 ag(—e 4 e216) 4 gy (e 4 ¢¥49)

125 |, 346 456
+ a1 (e 4 €°) + ae™”,

124 134 145 146 156 4

and we obtain that
F(jpeg, 62) . F(jpeg, 63) = —4(&8(110 — a9&11>zbi S 0.

Thus, we take X = e; and Y = e3 in Proposition (2.).

e The Lie algebra ¢(2) @ b defined by the structure equations
¢(2)®h=(0,—e'3 e'2,0,0,e*),
is such that
Z2(e(2) @ ) = (12,13 ¢! !5 €2 15 (16 (50
and

3 _ /123 124 125 _134 135 _145 _146 156
Z(e(Q)@[j) =(e e e et e e e e
(2 (25 136 | 25 126 | 35 456

Then, any pair (F,p) € Z> (e(2) @ f)) X Z3(e(2) ) h) is given by

F = b1e'? + bye!® + bye' + byel® + bse® + bge®® + bre® + bge®,
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P — 16" 4 490" 4 436" + a3’ + a5 + age™ + a6 + age!™

+ age? + a10e + ay (€1 + €245 4 q1p(—e'26 + €35) 4 ay5e856.
It is not necessary to impose the condition F' A p = 0 since
F(Jpeﬁ, 66> = 0.

Hence, we take X =Y = ¢g.

Take the Lie algebra
¢(1, 1)@ bh = (0, —e'® —e'2,0,0,e*).
We have
72 (e(l, )@ [J) = (e12,¢13, 14 (15 2B o5 (16 (56Y
and

ZS(Q(l, 1) o b) :<€123,6124,6125,613476135, 614576146, 6156,

234 235 136 |, 245 126 , 345 _A56
e L0 et e 4?0 e,

,€ e

Consequently, any pair (F,p) € Zz(e(l, 1) & f)) X Z3(e(1,1) &) h) can be
expressed as

F = b1€12 —I— b2613 + b3€14 —I— b4615 + b5€23 —I— b6645 + b7€46 —I— b8656,

p =a1e’® + aze™®* + aze® + age + ase’ + age™® + aze® + age!®

234 235 136 | 245 126 | 345 456
+ age”® 4+ ajpe”” + ajr (e + ) + app(e ™ + €7) + apze™™.

124 125 134 135 145 146

Exactly as for ¢(2) @ b we also obtain that
F(jpe(;, 66) == O,

Therefore, we can consider X =Y = eg.

For the two Lie algebras ¢(2) @ty @R and e(1, 1) G vy B R we use Proposition
(1.) for an appropriate 1-form « on the Lie algebra.
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e For¢(2) ®ty @R,
¢(2) Dty DR = (0, —e'3,e'?,0, —e*,0),
the spaces Z* (k = 2,3) are
Z2(e(2) Bty B R) = (€12, €% 14 16 62 45 (46,
and

3 123 124 126 134 _136 145 146 234
Z(e(2)@tQ@R) =(e >, e e e e e e e
(20 o135 | 25 o125 | 35 456y

Y

e

Thus, any pair (F,p) € Z*(e(2) ® ts ® R) x Z3(e(2) ® v, ® R) is given by
F = be'? + bye!® + bge! + byel® + b3e?® + bge®® + breS,

and

) :(116123 + (126124 + (136126 + (146134 + (156136 =+ a6€145 + (176146 + a8€234

+ age® 1 arg(—e! 1 e29) 4y (€12 + 315) 4 agpetS.
An easy computation shows that

J;€4 = (2&3&10 -+ 2@5@11) 61 + 2@9(11162 — 2&9&1063

+ (agag — azaig + azar; — aras2) €,
for arbitrary real numbers a; and b;. So,
64/\J~;€4/\F2 = 0.

Hence, we can apply Proposition (1.) with a = e*.

e Fore(1,1) @ty ® R,
¢(1,1) @ty R = (0, —e'3, —e'2,0, —e**,0),
the spaces ZF (k =2, 3) are
Z2(e(1,1) ® 1y B R) = (€12, 1%, e 16 62 ¢ (46,
and

3 123 124 126 134 _136 _145 146 _234
Z(e(l,l)@tg@R) =(e e e e e e e e
(20 o135 4 M5 o125 | 35 456
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Then, any pair (F,p) € Z%(¢(1,1) @ ra ®R) x Z3(e(1,1) ® o ® R) can be
expressed as follows

F = bre'? + bye!® + bye' + bie!® + bse? + bge®® + bre,
and
0= a1 4 ape' + age'® 4 0™ £ a5 4 age™ + are 4 gge?
+ age®0 + ago(—e'® 4 e25) 4 qpp (—el? 4 e34) 196t
Now we have

J;e4 = (2azayo + 2asa1;) €' — 2aga;1* — 2agarpe’

+ (asag — asaio + azar; — arars) €,
for arbitrary real numbers a; and b;. So,
64/\j;€4/\F2 = 0.
Hence, we can apply Proposition (1.) with a = e*.

2.2.2 42 Lie algebras

According to [65], there are 6 (non-nilpotent) solvable Lie algebras as well as a
one-parameter family of type 4 @ 2 with half-flat structures. Below, in Table
we consider only those also admitting symplectic forms and such that cannot be
decomposed as 3@ 3. As usual, we denote by F' a symplectic form and by (w, 1)
a half-flat structure.

Table 2.2: 4 © 2 decomposable (non-nilpotent) solvable Lie algebras ad-
mitting both symplectic and half-flat structures.

g str. equations half-flat str. symplectic str.
AsL Do (€2%,e57,0,0,0,e%9) W= —elB F 25 — 3t F = ¢l% 23 1 &6
— 123 _ (145 4 (156
_ 246 + 345 _ 9356

_ T B .
A492 P o (%614+€23,624,7%634,0,0,656) w=61673624+2625+655 F:el3+624+e56
¢+ — \/§(6124 + 26134 _ 6135
+6146 _ 26156 + 26236
+46245 _ 6345 + @6456)

A 12 B 1o eI3 f e eI 1 ¢23.0.0.0, 50 W= I8 — 2623 1 ¢25 1 ¢34 _ 30
N il s Uy Uy Uy
Py = el23 1 2e134 _ (136 4 145 F = el3 4 ¢24 4 56
+el56 _ o235 _ o246 4 9,356
o Bty Dy (0, —€'2,0, —¢3%,0, —¢™9) W= elZ Z ¢T3 _ o5 _ 35 1 A0 F = el2 ; 3% F &6

L= el24 _ o126 + 2134 + 3156
234 + 256 +6345 +2€356
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We should remark that all the Lie algebras appearing in Table are non-
unimodular.

Proposition 2.2.2. Let g be a 6-dimensional decomposable and (non-nilpotent)
solvable Lie algebra such that g = g1 ® g2, where dim(g1) = 4, dim(g2) = 2. Then,
g has no symplectic half-flat structure.

Proof. We use Proposition (1.) for an appropriate 1-form « on the Lie
algebra.
e For the Lie algebra
A4,1 S¥) Ta = (624, e347 Oa 07 07 656)’

we have
2 14 15 24 34 45 56
77 (Ag1 Do) = (e, e, e, €™ e?, ™),

and

3 124 134 145 156 234 245 _ 246 |, 256
Z(A471@t2):<€ yet e et et et —e®t0 4 50

6345 _6346 + 6356, 6456>.

Then, any pair (F,p) € Z> (A4,1 D tg) x 73 (A4,1 D tg) is of the form

F = b1€14 —|— b2615 + b3€24 —|— b4634 + b5€45 =+ b6656,

p :CL1€124 + CL2€134 + CL3€145 + CL4€156 + a5€234 + a6€245

o (176246 + (176256 + (186345 - a9€346 + a9€356 + a10€456’

for any real numbers a; and b;. So,
64/\j;64/\F2 = 0.

Hence, we can apply Proposition (1.) with o = e*.
_1
e The Lie algebra A, § @ vy with structure equations
-3 1ia 23 20 1 34 56
Al Dy = <—e + e’ e”* ——e"*,0,0,e ),
’ 2 2
is such that

1 1
2 2 _ 13 14 23 24 34 45 56
Z(A4’9@'C2)—<6 756 +e,eT e e e >7
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and
3043 124 134 135 234 L 145 | 235 L a6 156 | 236
Z (A49€9t2) =t et e ™t —e P 4™ —e P — e 5
' 2 2
1
(56 | (256 35 1 M6 (356 456),

1 1
Then, any pair (F,p) € Z*(A,¢ Do) x Z*(A, 8 ®ts) is given by

bs
F =be! + 5614 + bye? + bye®* + bye®t + bye®® + bge™,
as ag
p = a1 £ age'™ 4 age'® + 56145 T 56146 — g™ + a,e?t 4 a5e?

aio
+ a76245 . a8e246 + a8e256 + a96345 + 346 + a10€356 + a12e456_

2

+ age*

Therefore, the expression of J;e4 is

Tx 4 3 4 5 2.6
Jye = 2azage + (aga6 + asas — azag — ayag) €+ (2asaq + 2azag) e+ 2age”,

so that )
64/\J;64/\F2 = 0.

Thus, we apply Proposition (1.) with a = e'.

For Ay 12 @ vo, that is,

13 24 14 23 56
A4,12@t2:(e + e ,—€ + e ,0,0,0,e ),

the spaces Z¥ (A 12 @ ta), with k = 2,3, are
Z2(Ag1o ®ts) = (1 + €2, —eM 4 6B, M, %5 ¢ o5,
and

ZB (A4,12 ey t2) :<€1237 6134, 6234, —6145 4 6235, 6135 4 6245, 6136 - 6156 4 6246,

6146 o 6236 + 6256, 6345, 6356, 6456>.

Thus, any pair (F,p) € Z* (A4712 D tz) x 73 (A4,12 <) tg) has the following
expression

F =bye'® — bie! + b1e? + bye®* + byet + bye®® + bye® + bge®®,

P — a1 £ a0’ + 450! + el — aue!® + aret® — ggel® 4+ age?t

4 (146235 o CL76236 4 CL5€245 4 CL6€246 4 CL7€256 4 CL8€345 4 a96356 4 a10€456.
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So,
63/\j;63/\F2 =0,

that is, we can apply Proposition (1.) with a = €3.

e The Lie algebra ty @ vy @ vy defined by
s B ta B s = (0, 12,0, —e3, 0, —e®)
is such that
72 (@1 ®ry) = (€12, ¢13, 15, ¢34 ¢35 (36Y
and

3 123 125 _134 _135 _156 124 234
ZP(ta Dy D 1p) =(e, €', e 1 10 12 4 23

- 6126 + 6256, 6345, 6356, —6346 4 6456>.

Then, any pair (F, p) € Z%(ta ®ta D ta) X Z3(ta @ 1o @ ty) is given by

F =bie'? + bye' + bge'® + et + bse® + be®,

23 25 126 134

aze’ " + ase 135

6

+ ase’® + age'®
456

234 256 345 346 356
+ age”™" + a7e”” +age” — ape” + age” + ape .

p =a1e'® — age® + aqe’

Hence
(' +e®)AJi(e' +e¥) AN F? =0,

so, we can apply Proposition (1.) with a = e! + €3,

2.2.3 5@ 1 Lie algebras

According to Theorem[I.1.9] the unique (non-Abelian) nilpotent Lie algebra which
is decomposable and has symplectic half-flat structure is the Lie algebra defined by
(0,0,0,0,12,13). Thus, we use the classification given in [65] of 5&1 decomposable
(non-nilpotent) solvable Lie algebras which have half-flat structure. There it is
proved that there are 13 (non-nilpotent) solvable Lie algebras and 4 one-parameter
families with such a structure. In the following table we describe which of them
also admit a symplectic form.
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Table 2.3: 5@ 1 decomposable (non-nilpotent) solvable Lie algebras ad-
mitting both symplectic and half-flat structures.

g str. equations half-flat str. symplectic str.
A;;,Bﬁﬁ &R (6157 —e25, Be33, 7564570’0) W= —eld 24 | 56 F = el2 4 ¢34 4 56
0<B<1 Wy = 126 4 o145 | 235 4 (346
Ag}fl,l ®R (315,—325,—e35,e45,0,0) W= —el3 4 ¢24 4 56 F = —el3 1 24 4 56
hy = el26 4 145 4 0235 | 346
As_,é ®R (€25,0,e35, —e%5,0,0) W= —eld  ¢24 1 ;56 F — el2 | ¢34 1 56
hy = el26 4 o145 4 0235 | 346
A5_130 T eR (15, —e25 ye®5 —4e350,0) w= —el3 ;24 | 56 F = el2 4 34 1 56
4>0 p=el26 4 145 4 235 4 (346
Ag,m@R (€%5,0,e%°, —€35,0,0) W= —el3 o201 56 F = 12 1 ¢34 1 (56
hy = el26 4 o145 4 0235 | 346
As_js ®R (eT® + €25, 625, —¢35 1 25, W= —eld  ¢24 1 ;56 F — —eld | 23 1 56
—e4%,0,0) hy = el25 4 o146 _ 0236 _ 345
Ag (1)7w &R (€25, —e15 ye®5 —4e350,0) w= —el3 4 24 | 56 F = el2 4 ¢34 1 56
0<~y<1 p=el26 4 145 4 235 4 (346
Ag‘_’ﬁa’l PR (aels + €25, —el® 4 e25 w=eld f 24 } 56 F =el3 4 24 | 56
a>0 —ae35 4 e45 35 — qed5 0,0) p=el25 — ¢l46 | 236 _ (345
Ag,w SR (€55 1 55, —eI® 1 3, %, W= elZ _ 3% _ 50 F = I3 1 2% J 96
307070) w+ — e136 + 6145 _ 6235 + 6246
A5 = 2o R (—el® + 23,25 2635, w=eld 4 24 _ 9025 _ 56 F = el2 4 ¢34 4 (56
26450, 0) L= —el26 4 o145 _ 234
£346 _ ;356
As 36 OR (eI 1 25 28— 25, = %612 Fel3 + 16 F = 12 f 23 4 (56
35,0,0,0) _5624 4+ 46 | 56
_ 1 el24 4 16125 el34 _ 135
+46146 +46236 +3634a +3€406
As 37 DR (2e1% f 23, 24 1 ¢35, W= —g €16 1 3,24 1 ¢35 F = 2¢14 1 23 1 56
—e25 4+ ¢34,0,0,0) Py = —el25 4 3e134 | 90146

236 + 6e345 — 13j€456

Note that, in Table 2.3] the only 5 @ 1 non-unimodular solvable Lie algebras
are A5736 D R and A5737 D R.

Proposition 2.2.3. Let g be a 6-dimensional decomposable and (non-nilpotent)
solvable Lie algebra such that g = g1 ® g2, with dim(g1) = 5 and dim(gy) = 1.
Then, g has symplectzc half-flat structure if and only if g is either g = Ay 1 LleR

07’9—14517

® R, with a a non-negative real number.

Proof. We show first that A_l "M@ R and Ag‘y’l}a’l @ R have a symplectic half-flat

structure.

-1
o For A, 7

'@ R defined by

ATy e R -

15 25 35 _45
(e, —e®® —e””,e*,0,0),
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the differential forms w and 1), appearing in Table are closed and deter-
mine an SU(3)-structure. In fact, let us consider the change of basis given

by
Flem el f2=¢d, o2 floel oS 0=
Then, in this new basis, w and v are
W= f12 4 f3y f56
b, = f135 _ pU6 _ g6 _ g5
e For the one-parameter family of Lie algebras
Apit BR = (ae'® + e —e'® + ae®®, —ae®® + e*°, —e*® — ae®,0,0),
we have that any Lie algebra corresponding to a non-negative real number
a has a symplectic half-flat structure. Actually, the differential forms w and

Y, appearing in Table are closed and determine an SU(3)-structure. This
can be checked from the fact that with the change of basis

flzelv f2:637 f3262a f4:€47 f5:657 f6:€6a

the forms w and v, are described canonically.

Notice that Ag,’lﬁﬂ = A;‘f‘fﬂ ") thus we can restrict the study to a > 0.

Now, we prove that there are no more Lie algebras from Table having a
symplectic half-flat structure. For the next ones we use Proposition (2.) with
appropriate vectors X and Y.

e The Lie algebra A;’B PR (with 0 < 8 < 1) has the following structure
equations

A;l%B,—ﬁ OR = (815’ —e25, Be35, —ﬁe45, 0, 0)‘
1 2 _laﬂ)_ﬁ 3 _luﬁy_ﬂ 1 1
Thus, any pair (F, p) € Z*(A;; O R) x Z°(A;; @ R) is given by
F= 61612 + b2€15 + 63625 + b4€34 + b5635 + b6€45 + b7656,
and

D :CL1€125 + CL2€126 + CL3€135 + CL4€145 + CL56156 + CL66235 + CL76245

256 345 346 356 456
+ age + age + ape + aq€e + ape™,
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where a; and b; are real numbers. These expressions of F' and p imply that
F(jpel, 61) = O,

that is, Proposition (2.) can be applied for X =Y = e;.

For
Ass R = (%0, —e%,0,0),

any pair (F,p) € Z*(A;5 ® R) x Z*(A; 3 ® R) is of the form
F = bre'? + bye!® + b3e® + bye?® + bset + bge®® + bre® + bge®,
and

p :&16125 4 a2€126 + a36135 + Cl46145 + a56156 + a66234 + a76235

245 256 345 346 356 456
+ age”" + age”™ + ape” T +ape” + ape’ + ajze.

Now, we obtain that .
F(Jp€3, 63) = 0.

Hence, it is sufficient to consider X =Y = e3.
The Lie algebra Agjg?” @ R (with 0 < ) with structure equations
As—i,??,w DR = (', —e?, 7e?®, —7e%,0,0)
is such that the pair (F,p) € Z%(4;13" @ R) x Z3(A;15" @ R) is
F = be'? + bye!® + b3e?® + bye®* + bse®® + bge® + bre,
and

p :CL1€125 + 6L2€126 + 6L3€135 + CL4€145 + CL5€156 + a6€235 + CL7€245

4 age® + age™ 4 106 + 411635 + a1,
These expressions of F' and p imply that
F(jpel, 61) =0.

Then, Proposition (2.) applies with X =Y = e;.
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e For
A2, R =(e%,0,e%, -€%,0,0),

the pairs (F, p) € Z*(A2,, ® R) x Z3(AJ,, ® R) are given by
F = b1612 + b2€15 + b3625 + b4€26 + b5634 + 66635 + b7645 + 68656,
and

p :CL1€125 4 CL2€126 4 CL3€135 =+ CL4€145 4 CL5€156 4 a6€234 4 CL7€235

245 256 345 346 356 456
+ age + age + ape + aj€e + ais9€ + ajze .

We obtain again that .
F(Jpel, 61) = O,

and hence, it is sufficient to consider Proposition[2.1.5] (2.) with X =Y = e;.
e The Lie algebra A;1; ® R is defined by
Asls &R = (e +e®,e* —e® 1 6%, —e%,0,0).
Thus, any pair (F,p) € Z*(A;15 ® R) x Z3(A;1; @ R) is given by
F = —bye™ + b1e'® + bye?® + by + bye®® + bye® + bge®® + bre®,
and

p =a1e’® + age'® + aze™ — age'® + a,e!®® + ase

246 256 345 356 456
+ age + age + ajpe + are + appe .

235 236

+ age + a7€245

The expressions of F' and p imply that
F(jpel, 61) = 0.
Thus, Proposition (2.) applies for X =Y = e;.

e For

0,0,y _ (.25 15 45 35
A5,17 @R - (e , € ,7e ,—7e 7070)7

(with 0 < v < 1), the pairs (F,p) € ZQ(A&?’J ®R) x Z3(Ag:(1)’77 @ R) are of
the form

F = be! + bye!® + bge® + bye® + bye®® + bge®® + bre™,



66

Six dimensional symplectic half-flat solvable Lie algebras

and

p =a1e"®® + aze™® + aze™® + a0 + azet0 + qe*®

245 256 345 346 356 456
+ a7e” +age”™” + age” " + ajpe” T + ape’t + ajpe .

126 135 145 156

We obtain that .
F(Jyez,e2) =0,

and then, it is sufficient to consider X =Y = e,.

The Lie algebra Agyls @ R, given by the structure equations
Ag,w BR = (2 + &%, —e!® 1 e%5 %5 _e% (,0),
is such that the pair (F, p) € Z*(A2 13 ® R) x Z3(AJ s ® R) is of the form
F = 62613 —|— 61615 —|— 62624 —|— b3625 —|— 64634 —|— b5635 —|— b6645 —|— b7656,

0 :a16125 4 a26135 4 a7el36 4 a3el45 4 a4el56 4 a56235 4 CL66245

+ 4762 4 age? + age® + a106% + a1, + a6
These expressions of F' and p imply that
F(jp€2, 62) =0.

Then, Proposition (2.) applies for X =Y = e,.
For

Agj’; DR = (—e'® 4 e?? e?® —2e%° 2¢%,0,0),
the pairs (F, p) € ZQ(A;};)Q @& R) x Z3(A5_&§2 @ R) are given by
F = b1e'? — byel® + bye® + b3e?® + byet + b5e®® + bge + bre®,
and

=01 + aye'® 4 age™® — a6 — age!™ 4 4yt + age? + age?
245 256 345 346 356 456
+ are + age + age + ape + aq€e + aq9€e .
We obtain that
F(Jp€4, 64) = O,
thus, it is sufficient to consider Proposition (2.) for X =egand Y = ey.

For the two Lie algebras left, that is, A5 36 @ R and A5 37 & R we use Propo-
sition (1.) with a convenient 1-form « on the Lie algebra.
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e For the Lie algebra
Ass B R = (1 + e e — % ¢35,0,0,0),
any pair (F, p) € Z?(As 36 ®R) x Z3(A536 ® R) is described by
F =bieM + b1e® — bye®* + bye®® + b3e®® + bye™® + bse?® + bge™,
and
p= — 2416t § 416 1 age™ 4 aze™® + 46§ 4560 4 aze? 4 gt
+ ase®0 4 age® — 4262 4 4262 + 4563 + age¥ + qy0e",
Computing the expression of J , we obtain that
j;e4 = 2a1a5€? + 2asase® + 2aya9e* + (2a3a7 — 2a1a9) €°,
for arbitrary real numbers a; and b;. So,
64/\j;64/\F2 = 0.
Hence, we can apply Proposition (1.) with a = e*.

e The Lie algebra A; 37 @ R is defined by the structure equations
Aszr DR = (2e' + €% e + &5, —e*® +€%)0,0,0).
Thus, the pairs (F, p) € Z?(A537 ®R) x Z3(A537 @ R) are of the form
F = 2b1e™ 4+ b1e® + bge? — bye®® + bye®t + b3e®® + bye®® + bse®® + bge™,
and

p = 3ase'® + a1e'® — 3a1e™® + aze!® + 204 + 2450 + a3e?3t + a4

236 245 + Cl96246 o 256 345 346 356 456

+ ase”" + age age”™” + are’™” + age” 4+ age””” 4+ ape .

An easy computation shows that
j;e4 = 2a1a5€® + 2asa5e® + (2a,as — 2aza9) €* + (—2aas — 2a1a9) €°,
for real numbers a; and b;. Therefore,
64Aj;e4AF2 =0,

Hence, we can apply again Proposition (1.) with a = et. .

Remark 2.2.4. The Lie algebra e(1,1) @ ¢(1,1) is unimodular and the corre-
sponding simply connected solvable Lie group admits a compact quotient as it is
shown in [123]. For the simply connected solvable Lie groups corresponding to
A;}’fl’l and A;’l}a’l with a > 0, conditions for the existence of lattice are given
in [I9] Propositions 7.2.1 and 7.2.14]. In particular, there is a lattice for the cases
Ag2 7 and AL for a = 0 and f iti

5.7 and Ag; " for a and for some positive a.
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2.3 Unimodular indecomposable symplectic
half-flat Lie algebras

This section is dedicated to studying symplectic half-flat structures on unimodular
indecomposable solvable Lie algebras of dimension six. The classification of these
Lie algebras is given in Proposition [2.3.1]

By Theorem|1.1.9, we know that g¢ 3 = (0,0, 0,12,13,23) is the only indecom-
posable nilpotent Lie algebra admitting symplectic half-flat structures. Therefore,
in the following we focus our attention on (non-nilpotent) solvable Lie algebras.

By [99] there exist 15 unimodular indecomposable 6-dimensional (non-
nilpotent) solvable Lie algebras with symplectic forms. We show that only 3 of
them have symplectic half-flat structures.

Table 2.4: Unimodular indecomposable (non-nilpotent) solvable Lie al-
gebras admitting symplectic forms [99].

g str. equations symplectic str.
gggl (e%5,¢%,0, e, —¢%0) F — 16 4 o283 1 o5
98:(110 (€%, ¢35, 0, %, —¢™ () F — o164 o283 1 o5

6’?70 (_%(316 e, 26 %(3367 e6.0,0) F = 13 4 24 4 56

6%’1_;«;170 (_% 1 e, ; 26 36 16 () 0) F = 12 4 o34 4 56
ggj{) (e, 30, —e% 2 1 B 30 _ 50 () F=c®y1 T2 o3
gg’lgl (e, —€%, 636, 3+ 16, —¢% () F— 16 ¢ 624 P
ggm (€®,0, %, T, ¢ 0) F— 612 T 56 oF
ggzg(s ( 2, %0, —¢%, B () F — 2616 _ 38 4 o2
9838 (€@, — 267 % — ¢ 3 1 16 () F = —2616 1 31 _ %
923511 (el +e35 — 26 +€457€36’_ %0,0) F — o4 4 o2 1 56
921(7)0 (—e® + &3 10 1 B 16 36 () () F — o3 1 24 1 56
do.rs (—el0 1 B, B 2 1 636 T 646 46’ —¢%,0) F = 11 4 %5 _ 26

2,1—118—1 ( 16 + 625 _615 N 626, 36 _ ’ 35 + 6467 0, O) F = el + 23 _ ;56
nga (—e®, —el® — % el 1 M 1 6567 B —e®0) F=Fed 1B+ ¢

Proposition 2.3.1. Let g be a 6-dimensional unimodular indecomposable and
(non-nilpotent) solvable Lie algebra. Then, g has symplectic half-flat structures
if and only if g = 98,387 g= 92:5_41 org = 9221_1187_1

Proof. First we give a symplectic half-flat structure on gg 54, ggjgj and gg:ﬁlg’fl.
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e The Lie algebra gg 45 is defined by the structure equations

0 _ (.23 36 _26 _26 56 _36 46
96,38—(e ,—e’,e",e” —e,e" f+e ,0).

Therefore, the forms

w=—2e!2 4 &3 _ 2

by = —2e135 _ el 4 (236 _ 456

are closed, and they determine an SU(3)-structure since with the change of
basis given by

{f1:_2617 f2:€67 f3:€37 f4:647 f5:€57 f6:62}7
the forms w and v, have the following expression
w = f12 +f34+f567
¢+ — f135 . f146 . f236 . f245-

e For
0,—1 16 35 26 45 _ 36 46
9654_(e +e , —€ +e , €, —¢€ 7070)7

)

the forms

w=e"+e* + e,
by = ! — o136 | 246 | 345

are closed, and they define an SU(3)-structure. In fact, with respect to the
new basis

{flzela f2:64, f3:€2, f4:€37 f5:€57 f6:€2}7

the pair (w,1,) is given by the canonical expression.

e The Lie algebra 92317118’71 is defined by the structure equations

0,—1,—1 16 , 25 15 26 36  _45 _35 , _46
Oo1is = (—e" +e”, —e” —eT e’ —e” e’ +e70,0).
Thus, the forms

w=e B _ 5

Wby = 126 _ o185 | 245 | 346
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are closed, and they determine an SU(3)-structure, because with the change
of basis given by

{fl — 61, f2 _ 64, f3 — 62, f4 — 637 f5 — 66, f6 — 65},
the forms w and v, are expressed as

w = f12+f34+f56
¢+ _ f135 . f146 . f236 . f245-

For the remaining Lie algebras of Table [2.4] we show the details of how Propo-
sition [2.1.5| rejects the existence of symplectic half-flat structures.

e For the Lie algebra ggg ' whose structure equations are
g‘éjgl — (e°,e3%,0, 1%, —e5° 0),
any pair (F,p) with F € Zz(gggl) and p € Z3(gggl) is given by
F = be'® + bye®® + b3e?0 + bye®® + bse®® + bge? + bre®,
and

p :CL1€123 4 CL2€126 4 CL3€136 4 CL4€146 4 CL5€156 4 a6€236 4 CL7€246

256 345 346 356 456

+ age + age + ape + aje + as€e

Now j;‘ is such that

J;@G = (—ayay — aayz) €% — 2a1a9e?,

for arbitrary real numbers a; and b;. Therefore,
66/\j;€6/\F2 = 0.

Thus, we apply Proposition (1.) for the 1-form o = €% and consequently
ggg " does not admit symplectic half-flat structures.

e The Lie algebra ggz(fo has structure equations
00 _ (.26 (36 ) (56 _ 46 ()
96,10 (e € ,u0,e, —e )
Then, any pair (F, p) with F € Z%(gg'}y) and p € Z%(gg'},) is given by

F = b1e'% + bye® + b3e? + bye3® + bse®® + bgel® + bre™,
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and

p :CL1€123 + CL2€126 + CL3€136 T CL4€146 + CL5€156 T CL6€236 + CL7€246

256 345 346 356 456
+age™™" + age”" + ajpe” + ape” + appe .
Now J; is such that

J;e6 = —2a1a9e® + (—agag — ajars) €.

Thus, .
66/\J;ef"/\F2 = 0.

Hence, we can apply Proposition (1.) for the 1-form o = 5.

. -1,10 .
e For the Lie algebra g4 ,5°" , whose structure equations are

-1,3,0 1 46 23 26 1 36 46
120 —_
96,13 —(-56 +e™, —e 756 , € 7070 )

11 11
any pair (F,p) € Z*2 (96&52’0) x 73 (96&52’0) is given by

1
F =be + b2< — —elf 4 623) + bge?t + bye®® + bye® + bge’® + bre,

2

1 1
p =16 4 4y 4 agel 4 a4(§6146 _ 6234) + as (56156 n 6235>

236 245 246 256 346 356 456
+ age™” + are”" +age” + age” + ape” T + ae’ + ape .
We have that J, is such that
Joe1 = (agas — azar + agag)e; — asaqses + 2aiazey,

which implies B
F(Jpel, 61) =0.

Therefore, we apply Proposition (2.) with X =Y = e;.

1
e The Lie algebra gg”ml’o is described by

1 30 1 1 1
1-10 6 , .23 L 26 36 _46
96,13 - <_§e +e 7§e , "€ ,€ 7070)-

1 1
Thus, any pair (F, p) € Z* (9627’131’0) x 73 (9627’131’0) is of the form

b2€16

F = be'? — + boe® + b3e® + bye®t 4 bye3® + bge® + breS,

71
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and

CL4€146 (156156

125 126 136 234 235 236
p=ae”" +ae " +aze” — 5 + 5 + aqe””” + aze”” + age

246 256 345 346 356 456
+ are” + age”™ + age” " + ape” + a1e” + age .

A direct calculation shows that

jpel = (—aqas + azsag — ajajg) €1 — ajases — 2ajazey,
for arbitrary real numbers a; and b;. Then

F(jpel, e1) =0.
Now, we apply Proposition (2.) with X =e; and Y = e;.
For the Lie algebra gg 15 defined by the structure equations
ggjg, — (%3, 670, 36 020 | 016 36 _ 56 ()
any pair (F, p) € Z2(g515) x Z%(gz1s) is given by
F = bye'® — byel® + be? + bye®® + b3e?® + bye®t + b5e® + bge?® + bre®,

p = a16'? + age'® 4+ aze'? 4 age™ 4+ s — a5 4 age!™ + age?
235 236 246 256 346 356 456
+ age + are + age + age + ajpe + aje + appe.
Thus,

Jp64 = (—2(15(112) 61+(2a3a12)62+(—a3a9 + asaio -+ alalg) e4+(2a§ + 2a3a8) €5,

which implies that 3
F(Jp€4, 64) =0.

Therefore, we can apply Proposition (2.) with X =Y = ey.
For the Lie algebra gg }é_l whose structure equations are
g;,s—l — (23, —e 630 30 1 016 56 (),
any pair (F, p) € Z%(gg1s ') % Z%(g1s ') is of the form
F = bye!® + b1e® + bye®* + 3?8 + bye®® + bse® + bge? + bre®,
and

p = a1e'® 1 9! + age!® + 4,0 — 45618 + agel™® 4 a5e? + age?®

236 246 256 346 356 456
+ are + age + age + ape + ap€e + appe .
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Now .J ; is such that

J;je3 = (—2asas — azas + aja12) €® + (2agag + 2asag + 2aa12) €°,
therefore )
63/\J;63/\F2 = 0.
Thus, we consider Proposition (1.) for the 1-form o = €.
The Lie algebra gg 5, is defined by
00,1 = (e2%,0,6%0 e _e (),
We have that any pair (F,p) € Z*(gg4,) X Z*(gg.4,) is of the form

F =b1e'? + bye® + b3e? + bye3® + bse™ + bgel® + bre™,
p = a1 + 4y 4 456" — 0410 4 a5l 4 a,e% 4 g5

236 245 246 256 346 356 456
+ age + are + age + age + ajp€ + ap€ + ape .

Then, j; satisfies that

J;€2 = (-2&4&5 — asary + (llalg) 62 + (—2a5a10 - 2@4(111 - 2&3@12) 66.
So, .
62/\J;€2/\F2 =0,

and we apply Proposition (1.) with the 1-form a = €.
Consider the Lie algebra ggigG whose structure equations are

00 _ (23 26 _ 56 46

ge36 = (€7°,0,e", —e””, ™, 0).

Any pair (F,p) € Z*(gg35) X Z*(gg.36) is given by

F =b1e'? + bye® + b3e® + by + bse®® + be® + bre™,
p = a1 £ a9 + age" + 0,16 4 a5 + a5e® — 0,675 + age?

24 246 256 346 356 456
+ are > + age + age + ape + aje + appe.
Then, J7 is such that
Tx 2 2 2 2 6
Jyet = (—a4 —a; —asay + alalg) e” + (—2asayp + 2a4a1; — 2a3a12) €°,

therefore 3
62/\J;€2/\F2 = 0.
Thus, we take a = €? in Proposition (1.).
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e For the Lie algebra 92:(;0: defined by the equations
gg:(’;o = <_e26 + 635, elﬁ + 645, _6467 8367 07 0)7
any pair (F,p) € Z*(8g70) X Z°(gg70) is given by

F =be! + b1 + byet — b3e® + bye® + bye® + bsel® + bse®® + bgel® + bre°,

o — 016" 4 406" + 036150 — 0,6 + 0,675 + age™ + a5e?0 4 age!®
245 246 256 345 346 356 456
+ age + are + age + age + ajpe + aje + appe .
A direct calculation shows that

jpel = (2a4a5 — asag + agay — ajayo) €1 + (—2asa4 — 2asag) €3 + (2a1a5)es

— (2a1a9)eq,
and

jpeg = (2@4@7 — 2&5@6) €1 + (-2@4(15 —f- 206 — Qg7 — alalo) €9 —f- (2@1(17)63

— (2a1a5)ey,
which implies
F(jpel,el) = —2bjajas, and F(jp€2,€2) = 2bjaias.

Thus, we can consider Proposition (2.) with the pair X = e; and
Y = €a.

e Take the Lie algebra g 7s defined by
Gors = (—el6 + e25 o5 e24 | @36 | o6 @46 56 ().
Any pair (F,p) € Z*(ge13) X Z>(g6.7s) is of the form

F =bie™ + bye'® + b3e?* — bye?® + b1e?0 + b1e®® + bye®0 + bye®® + bye® + bge,
p=are! 4 aze'® — ape™ 4 agel® 4 auel® 4 a5e? 4 age? 4 anes

F a5 1 age? — 066’ 4 1063 1 5% — 45?0 4y,
We obtain that

7 2

Joer = (a1as + asaz — aras) €1 + (2a3 — 2a1a4) e,

which implies that 3
F(Jpel, 61) =0.

Hence, we apply Proposition (2.) for X =Y =e;.
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e For the Lie algebras g = ngt,84, whose structure equations are
‘%,84 = (—e®, el _ 30 _ol4 | o260 3 o6 56 46 ()
: 2t 3(at ) ia o
any pair (F, p) € Z%(nggy) X Z°(ngg,) is given by

F = b1614 — b1€26 + b2615 + b2636 + b3€16 + 63625 + b3€34 + b4645 + b5€46 + b6656,
p :a1€124 o a1€135 + a2€125 + a2€134 + a2€246 4 a3€126 4 a3€345 4 a4€136
—00€% 4 ase™ 4 age® 0615 4 06! £ age? 4 g+ g2

346 456
+ ap€ + aqe .
Therefore,

7 2 2
Jpeg = (—a1a2 + Az — Qy + a1ag + G209 + aglg — A9 — agalo) €9

+ (:F2a§ + 2asa4 F 2a0a8 — 2&1a9) es,

and so,
F(jpeg, 62) =0.

Now, we apply Proposition (2.) for X = ey and Y = e. 0O

Remark 2.3.2. The simply connected solvable Lie group whose Lie algebra is
03 33 admits a lattice by [19, Proposition 8.3.3]. For gg:;f, it is shown in [61] that
the corresponding simply connected Lie group has also a compact quotient by a
lattice. Finally, the simply connected solvable Lie group corresponding to gngl !

admits a lattice by [130].

18

2.4 Non-unimodular indecomposable symplectic
half-flat Lie algebras

In this section we complete the classification of 6-dimensional solvable Lie algebras
carrying symplectic half-flat structures.

A 6-dimensional solvable Lie algebra with nilradical of dimension lower than 4
is decomposable or nilpotent [104]. So, we are left to study Lie algebras with 4 and
5-dimensional nilradical. We study which of those admit also symplectic forms,
and describe them in Table , where I denotes a symplectic form and (w, ) a
half-flat structure.
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Table 2.5: Non-unimodular indecomposable solvable Lie algebras with
5-dimensional nilradical admitting both symplectic and half-flat struc-

tures.
g - str. equations half-flat str. symplectic str.
Aigé’*l (7%6164,623,7%6267%636, W= —2e16 4 ¢34 4 (52 F = —2¢l6 4 ¢34 _ 25
46, 56 0) Py = —2135 — 2124 _ 356 4 (246
Aesg,é;% (_%616 4+ el5 15 4 %e%, W= —el2 _ ¢34 | 9,56 F = —2¢15 4 ¢34 4 (26
36367 _36467 €36, 0) Py = €135 4 2146 4 90236 _ 245
Aé:;;gl (€35, €15 1 ¢26 36, _ 46 56 (0) ) = 2610 + €23 — ¢34 1 45 F — elb + 26 4 34
Py = —el24 4 135 4 96236
+2e256 4 9e346
Agjﬂ (%5, 15 1 20,36 1 56, W — 216 | ¢23 _ ¢34 | 45 F — eIb 26 34 _ 16
—e46 56 0) Py = —el24 4 135 4 9,236
+2e256 4 9e346
A(:&él (€75, eT5 £ ¢35, ¢36 0, 0,0) W= el6 4 o283 _ 34 | 45 F — el4 + 16 1 25 | 36
— 124 +el35 + 236
+e 256 +6346
AG_,é;l_Q (616 + 635, 72626 + 645,2636, w=— 13 _ 24 + 656 F = 614 + 623 + 656
—e46, 56 ) Yy = 6126 e145 4 235 _ 346
ATS T (e16 + €35, (a—1)e26 + ¢33, W — _el3 _ 24 _ .56 F — o4 | ¢23 1 56
0<a<? (1—a)e3®, —e46 aed6,0) hy = —ael?6 — 145 1 235 4 346
A2:é4 (16 + €35, 626 1 45, — 36, w— 31 4 42 4 965 F — _¢l8 _ o224 _ 9,56
7646, 26567 0) ¢+ — 26346 + 6235 _ 6145 _ 26126
Afls,56 (€T + &35, %8 + 25,0, W — I8 _o2a _ 50 F = T ¥ 25 1 56
—e46 56 () Py = —el26 _ 145 4 (235 4 346
Aé:és (e + &% ¢ 16 T 26 1 45 W — _elB _ o284 _ 9,56 F — eI3 + ¢16 26 4 (45
7636, 636 _ 646, 2656,0) ¢+ — 726126 _ 6145 + 6235 + 26346
A;}% (2616 — 26 4 (35, W= el3 4 24 _ 65 F = el3 4 24 _ (65
a0 el6 4 Q26 | 45 @36 46y (0126 o145 | 0235 | 6346
e36 — %646,066%6,0)
A(;721 (%616 1 e, %626 1 €3, w=ell 4 23 4 956 F = —eld 4 ¢23 | 9056
_%636 4 et, _%6467 €5%,0) Py = —e245 | 2346 _ 96126 _ (135
Aggﬁ (—5e10 + €25, —2¢20 1 45, W — 13 _8e26 _ 3634 Y F — —5¢l6 4 025 1 ¢34
€24 — 36 (16 356 () Py = el24 — 6136 _ 8156
4235 _ 86346
Aé 229 (2e10 + e2% 1 ¢35, 626, W — el% _3¢24 _ 19626 _ o35 F — 2016 4 24 35
10€36, —4¢46, —8¢%6, ) Py = el25 126136 £234
36¢236 — 12¢156
A;, 34 (—e™® 1 &2 + 3%, 2670 1 ¢35, = —eld — 20 — 334 _ 330 F — —elb | ¢25 | ¢34
—3¢36,2¢46 56 () Py = 3e126 _ 13574 234
_ %6236 _ 30456
A;§4 (%616—1—@25—1—@34,—%626—&-635, w:em—le%—&-%e%—i— F:%ew-i— 25 34
—%6‘36,2646,656,0) e34 _ % 36 4 756
er le 126 _ 135 4+ o146 4 234
+I 7236 4 0245 4 7625 + 49 £456
A;, é4 (€16 1+ %5 1 37 ¢35 w=eld 1 oI5 _ 3¢ 55 F — el6 + 25 4 o34

—e36,2¢16_ €56 ()

3026 4 34
= 123 _ 3,146 4 3,156

—6245 + 38246 + 36356
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Proposition 2.4.1. Let g be a 6-dimensional non-unimodular indecomposable and
(non-nilpotent) solvable Lie algebra with 5-dimensional nilradical. Then, g admits

—21_ a2
symplectic half-flat structure if and only if g = Ag73* 1, g= Aé:;ﬂl, g= A7 (a#
_3
0), or g = Ag 7.
Pmof The half-flat structure (w,1y) given in Table - 5| for the Lie algebras g =

Ag, 53;3’ 9= A6 51 0= Ag ( #0) and g = A6771 is symplectic half-flat.

In the following, we show that there are no more Lie algebras of Table[2.5 having
a symplectic half-flat structure. To this end, we use Lemma for appropriated
vector X of the corresponding Lie algebra.

e For the Lie algebra A6 39, defined by the structure equations
3_3 1 1 3 3
A272:<__16 45 15+ 26 9 36 _ 2 46 560>
6,39 5& teerdgerger —ger e i),
we consider the 7-dimensional Lie algebra

3

AnioR
Then, any 3-form ¢ = Z3 (Ag ’392 @® R) is of the form
b = 1M 1 q2e!0 + ag(e135 + 2623) 4,62 — gy (M5 — 20) 1 gge?
a7 (26157 4 267) — gg (€13 — 345) 1 gge3S + a106347 4 ay,e5
419637 4 €162 — a14(€157 — 2657) 1 a156%97 + 416”7,

where a; are arbitrary real numbers. Thus, the 2-form p = (., ¢ has the
expression

3B _

n= a1646 + a2656 + asze 5645 + 2a7e57 — a8636 — a14667.

Therefore, 1 is degenerate and Lemma applies for X = e;.
. 1.-1 . .
e The Lie algebra Ag's9 is defined by the structure equations
1,-1 _ (.45 15 26 36 _ 46 _56
A6,39 = (€7, e +-e™,e””, —e™,e°°,0).
Th 7%(Agze ®R) is given b
en, ¢ € 639 D is given by
b = 416" 1 aye' 4 a3 4 a6 1 a5 4 age™ + aze!%7 4 24,2
ag
F age®® — q362% 4 age?0 4 280267 _ o345 L 36 4 g BT

2

156 _ 90687 1+ 015627 4 ayge

356 367 567
+ apqe + a13€ + ayue .

Thus, Lemma [2.1.6| applies for X = es.
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e For the Lie algebra Ag 15, given by

-1 _ (.45 _15 26 36 56 _ 46 56
A6,42_(e € +e , € +e, —e , € 70)7
we consider a closed 3-form ¢ € Z 3( oo @ R). So,
b =16t 1 aye'? 4 a3t 4,6 1 a5t 4 aget® + azet 4 age!™
+ age™ 4 a10e'%7 + 20,62 — 4062 — 436210 4 ay,e2 + age?7
345 346 347 356 367 456 457
— a5€ + aiqe — a1p€ + aise + ase + ase + age .
Then, Lemma [2.1.6] can be applied with X = es.
The Lie algebras AZ:, are defined by
+1 _ (.45 15 | _46 36
A6,51—(e , € te , € 70707())'
Any closed 3-form ¢ € Z3 (AjEl &) R) has the following expression
6,51
6 = are'® 4 4y + a3 4 a6 + a5e + age®® + azet? + age™
+ e + a10e'% + 4367 + a116% + 42620 + 11267 + a106®7 — a,e%

356 367 457 467 7

346 56
+ aj3e” + apse + age”".

Therefore, Lemma fulfils for X = e3.

+ ase + age “+ ajre

For the Lie algebra Ag é}fQ, with structure equations
Ag;f — (el 1 &35, 2626 | o5 2636 16 %6 (),
a closed 3-form on Ag L@ Ris

b = a161% + a9el® — a1 ¢ azet0 4 auet 4 azel® + age!™ + azel®

235 236 237 246 256 267 345 346
+ a7 +aze™ +aqe” +age” + age” + ape” T + aje” T + apse
a
356 357 367 456 10 457 467 567
+ ajze + are + ayse + ajse — —2 (& + a1g€ + apze” .

Thus, we apply Lemma for X = e;.
Take the family of Lie algebras Ag;gg‘l with 0 < o < 2. Tt is given by
Ag:;l—l — <816 + e357 (a o 1)626 + 845, (1 _ a)e367 —846, 04856, O)

The expression of any ¢ € Z3 (A5 @ R) is

126 136 145 146 147 156 7 5

+ a1’ + ase!®® + azet® 4 aueM” + aze® + agel®’ — aze®
236 237 246 256 267 345 346
+ aze”® 4+ age®’ + a7e”™® + age®™ + (o — 1)ape™" + age®™ + ajpe

356 357 367 456 457 467 567
+ aq€e + age + aq0€e + aise + aue + aize + aig€ .

Now, we can apply Lemma with X = e;.

¢ = aage
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e For the Lie algebra g = Aé’%, given by the structure equations
Aé,56 = (16 + &35 %6 | %5 0, —e%0, &5 (),
any ¢ € Z3 (Aé756 D R) is of the form
b = 4161 + agel + azel0 + a1e! 4 auet 1 age!™ + age!™ + azel®T — a,e?®
4 age® 4 052 4 4,6 — age® 1 age?® + 11062 + 1163 + 119630

356 357 367 456 457 467 567
+ aze” +are”’ +ape” +apse +age T +aze 4+ aget

thus, we use Lemma with X = e;. Hence A 54 does not admit sym-
plectic half-flat structure.

e The Lie algebra g = Aéﬁg, is defined by
ALZ = (o161 o35 016 | 26 | 15 36 36 _ 46 956 ()
6,65 ) ’ ) ) ) .

A closed 3-form ¢ on Aéjzg, @ R is expressed as

ai ai
§b — CL1€126 + CL2€136 + CL3€137 + 56145 + a4€146 + a5€156 + a6€167 . 36235
236 246 256 267 345 346 356 357
+ age + are + age + age + ape + aq€e + aq€e + age
357 367 456 457 467 567
— Qg€ + ai3€e + apse + age + ais€ + a1ge” .

Thus, we apply Lemma for X = es.

5
of Table , that is, Ag 3, Aé:g’f, Agoss Aoy and Ag g, we can apply Lemma

Followine same procedure we obtain that for the remaining Lie algebras
2.1.6) with X = e;.

]

It remains to study solvable Lie algebras with 4-dimensional nilradical. To this
end, we use the list of [124] that contains 12 Lie algebras and 31 families depending
at least of one parameter. Indeed, there are 14 one-parameter families, 10 two-
parameter families, 4 three-parameter families and 3 four-parameter families. We
prove that from all them only 1 Lie algebra has symplectic half-flat structures.
First we study which of those Lie algebras admit symplectic forms and we describe
them in the following table.
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Table 2.6: Non-unimodular indecomposable symplectic solvable Lie alge-

bras with 4-dimensional nilradical.

g str. equations symplectic str.
Néx,lﬁﬁa,fﬁ aB #0 (a615 + 5616’ e — 562676367645’070) F =el2 436 4 45
Ng,lﬂA,O,—l aB £0 (aels + ,86167 76267 6367645,0’0) F =e23 4 %5 1 geld 4 5616
Ngiﬁ,—l,o aB #0 (ae15 + Bel6, —e25, 63676457070) F = e24 4 ¢36 4 qelb + Bel6
N6721’B’75 (_615 ¥ 5616’825 _ 5626’636’ e35 4 64670’ 0) F = el2 4 ¢35 4 46
Ng,z—l,w (_6167625 + 7e26 36 ¢35 4 6467070) F = ~e20 1 ¢25 1 ¢13 1 ¢35 | 46
Ng’f,o (_6267816’8357635 1 Be36 1 e4570’0) F =el2 + ¢35 4 336 1 45
B#0
Ng"‘l%fo"fﬁ (aels ¥ 56167 e — 66267636 _ 645’ F = el2 4 36 _ 45
024’52750 635+646,0,0)
(o, B) # (0,42)
Ng’132’0’2 (72616’ 2e26 36 _ 45 ¢35 4 46 () 0) F =el2 4 ¢35 1 46
Ngtﬁ,o aB £0 (a€15 + ,36167 8267 _8457635,070) F = qeld + 5616 4 e34 4 (26
Ng’,lﬁ‘r;%() (615 +7616 _ 6267616 +e25 4 Wez(s’ F=el5 4 7616 434 _ (26
B #0 _56457ﬂ6357070)
Ng{)G (6167615 + 26, 7645’6357070) F = elB 4 26 | 34
Ng . (0, e15, 36 — 5 ¢35 1 36 0, 0) F = el2 f ¢35 1 46
Ng,féo B£0 (616 —e25 15 4 026 3e15 3035 () 0) F = —elb ;26 4 ¢34
Ng.?—ol (_6567 _62676367645’070) F = e23 4 45 1 (16
Ngt’,202 (615 ¥ a6167€26’07635’070) F = el f qel6 4 ¢34 4 26
a#0
Ng’203 (615 — €26 16 1 25 (¢35 1 ae367070) F = el6 4 25 | 34
Ng 26 (_65676267 —645,535,0,0) F = elb f 26 1 o317
Neo.28 (7624 T e, —eE 1 26, ¢35 1 2699, F = oI5 — ¢28 — ¢35 [ 920
etd — ¢46.0,0)
Né’,"z% (_623 + el 4 e16 25 36 qetd 4 56467070) F = —e23 4+ 15 4 16 1 15 4 Bet6
2 2
a“+ B4 #0
N& o (_623 T 2e15,e75 %6 1 &35 e + 6467070) F =el® — 23 5 %0 1 e
N&sy (7623 T % 1 el%,e% 1 aed, F = —e23 ;% 1 ¢Io
(1 — a)e36 — €35, ¢%6.0,0)
N 33 (_623 T el 1 16,75 56 36 1 6467070) F = —e23 f elb § 46 1 (16

(e 1B 1 1+ a)e®,eB 1 ae®,

F:—623+815+(1+a)616+635+646

4
6.3 €36, ¢35 4 €46 0, 0)

Naﬁ (—e2 + 2¢16, 35 1 (26 ¢36 | 25 F = —e2 1 2616 | qe®5 | et6

a#0 ae?® + Be%6,0,0)

Ng'37 (—e?3 4+ e 126716 26 — ¢35 — 39, T = —¢25 F 25 1 2010

’ €25 | 26 _,'_636’2646’070)
No.ss (—eP T e 1 10,675, &35, —¢50 .0, 0) T = 2 F el0 f oI0 f 46
No.30 (—eZ 1 2e™0, —&%5 1 25, %5 1 &30, —¢59, 0, 0) F = % J 25 1 2610

Proposition 2.4.2. Let g be a 6-dimensional non-unimodular indecomposable and
(non-nilpotent) solvable Lie algebra with 4-dimensional nilradical. Then, g has
symplectic half-flat structure if and only if g = Né];l;?’“.

Proof. The Lie algebra Ng;gQ’OQ, defined by the structure equations

0,-2,0,2 16 .26 .36 45 _35 | _46
Ngis™ = = (—2e7°,2e™,e"® —e™,e™ +e™,0,0),
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has a symplectic half-flat structure. In fact, the differential forms
w=e'? 43 4 10

and

Wby = el3 _ 156 _ 286 | 245

are closed and determine an SU(3)-structure since, with the change of basis given
by
{flzela f2:627 f3263’ f4:€57 f5:64) fﬁzeﬁ}a

the forms w and ¢, have the canonical expression, that is,

w:fl2+f34+f56
er — f135 o f146 . f236 - f245-

Next, using Proposition [2.1.5(and Lemma|2.1.6] we show that no more Lie algebras
appearing in Table [2.6] have symplectic half-flat structure. For the Lie algebras

Nex M@ #0), Ngy” ™" Ng»'", Ngr’
Neis"” with o2 + 82 £ 0,((a, 8) # (0,£2)) and N 47,

we discard the existence of a symplectic half-flat structure by applying Lemma
with X = ey4.
For the Lie algebras

,3,0,—1 a,5,—1,0 53,0 0,8,7,0 70,0 0,8,0
NG Hap # 0),Ng 7 %(af # 0), NGy (af # 0),Ng15%, Ng s, Ng1is (5 # 0),
0,—1 a,0 a,0 a, (e « «
N6,20 ) Ne,zz(a #0), N67237 Ng,zev N6,§9(Q2 + 52 #0), N6,307 N6,327 Ne 33, N6,347
Ng:§5(0‘ # 0), Ng 37, N 38, N6 39,
we apply Lemma [2.1.6] with X = e;.

Finally, on Ngog we can apply Proposition (2.) for X = e5 and Y = eg,
which completes the proof. O

Therefore, by Theorem [1.1.9] Proposition [2.2.1] Proposition Proposi-
tion [2.2.3] and Proposition [2.3.1] we have
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Theorem 2.4.3. A unimodular (non-Abelian) solvable Lie algebra g has symplec-
tic half-flat structure if and only if it is isomorphic to one in the following list:

e(1,1) @e(1,1) = (0, —e'®, —e'?,0, —e®, —e®),
w = 614 —|-623 —|-2656, er — (612 +634) A (65 - 66) + (—613 +€24) A <€5 +66);
95,169 R = (07 07 Oa 07 6127 613)’

WMy B B g, = 1y 156 25 s,

A;},fl,l@ R = (!5, —e®, —e¥ ¢®0,0),
We —eB Mg PO g = 1% M5 285 3,

A‘;;;;“’l@ R = (ae'™+e?, —e!™+ae?, —ae*™+-e*’, —e**—ae®®,0,0), a > 0,
weeB Mg O = 1 M6y 286 35,

12 13 23
96,N3: (0707()’6 ,€ ,€ )7
w = 616 + 2625 + 634, er — 6123 + 26145 + e246 . 26356;

0 __ (.23 36 26 2 56 36 , 46
Go3s = (€77, =€, e e™ —e” e” +e7,0),

w = —2616 + 634 o 625, ¢+ — 6123 _ 26124 + 6236 o 6456;
0,-1 __ 16 35 26 45 36 46
96754_(6 +er,—e e, e, —e 7070)7
W = 614 + 623 + 656, 1/}4_ — 6125 - 6136 + 6246 + 6345;
0,—-1,—-1 16 25 15 26 36 45 35 46
96,118 —(—6 +er, e —e,eT —e, et te 7070)7
W= 614 + 623 . 656, ¢+ — 6126 o 6135 + 6245 + 6346.

Remark 2.4.4. Note that in the previous theorem, only the first 4 Lie algebras
are decomposable while the remaining 4 are indecomposable; and the Lie algebras
951D R and g¢ N3 are the unique (non-Abelian) nilpotent Lie algebras admitting
symplectic half-flat structure. (These Lie algebras gs 16 R and g n3 are, in The-
orem the second and third algebras, respectively.) Moreover, in Proposition
was defined a symplectic half-flat structure on e(1,1) & e¢(1,1); in Proposi-
tion was defined such a structure on A;%’fl’l@ R and A;’l}a’l@ R, where
a >0, and a symplectic half-flat structure on gg s, 92:5_41 and 9231_118’_1 was defined

in Proposition [2.5.1]

Regarding non-unimodular solvable Lie algebras, from Proposition and
Proposition [2.4.2], we have:

Theorem 2.4.5. A non-unimodular solvable Lie algebra g has symplectic half-flat
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structure if and only if it is isomorphic to one in the following list:

—2.5.-1 L 46 23
3’37 .
916 4 o34 +652’
2,1 16 35 26 45
Agsy = (e + e, e +e™,

W= —el3 24 _ 9,56

&
I

Y

2 1
_Ze% §€367 16, 5, O),

3
by = —2e1 _ el _ o356 | 246,

_ 36 _ 16 936 0),

Wy = 346 | 235 _ 145 90126,

1 o o o o
a, 50
A6 720 < el _ 26 635’ 16 26 645’ 36 646’ 36 5 646’ 6567 0)’

2
with a € R — {0},

w=e"+e*+ ae®,

2 2

w+ — 046126 . 6145 4 e235 4 CK€346;

A_% _ §616 + 625 1626 + 635 —1636 + 645 _§646 656 0
6,71 — 2 ’ 2 ) 92 ) 2 ) ’ )
w = —614 + 623 + 2656, ¢+ — —6245 + 26346 o 26126 . 6135;

077270y2 _ 16 26 36
N6713 — (_26 ,26 ,6 -

w=e?+e¥ 4!

45 35 | 46
e e 4+¢%0,0),

by = 13 _ Q156 _ o236 | 245

Therefore, in all these cases, g is indecomposable.
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Chapter 3

Go-structures on Einstein
solvmanifolds

“Dios, concédeme Serenidad para aceptar las cosas que no puedo cambiar, Valor
para cambiar aquellas que puedo, y Sabiduria para reconocer la diferencia.”

Plegaria de la Serenidad

The Go analogue of the Goldberg conjecture for compact Einstein almost
Kéhler manifolds was studied in [35]. There, Cleyton and Ivanov proved that
if ¢ is a closed Gy form inducing an Einstein metric g, on a compact manifold,
then ¢ is parallel with respect to the Levi-Civita connection of the metric g,. But
nothing is known for closed Gs forms inducing Einstein metrics on non-compact
manifolds.

In this Chapter, we consider (non-compact) solvmanifolds and, for those man-
ifolds, we study a Go analogue of the Goldberg conjecture. In Theorem 3.3.5 we
prove that 7-dimensional solvable Lie groups do not carry any left invariant closed
Gy, form defining an Einstein metric, unless the metric is flat. Moreover, in section
3.3.2 we study a Gy analogue for coclosed Gy forms of the Goldberg conjecture. In
Theorem 3.3.11 we show that 7-dimensional solvable Lie groups do not admit any
left invariant coclosed Gg form defining an Einstein metric, unless the metric is
flat. On the other hand, in section [3.4] using warped products we construct a new
example of a (non-nearly parallel) coclosed G, form ¢ on a non-compact manifold
such that ¢ induces an Einstein metric. The results appearing in this chapter can
be found in [53].
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3.1 Standard solvable Lie algebras and Einstein
metrics

In this section, we recall some results on solvable Lie groups, of arbitrary dimen-
sion, with a left invariant metric g which is Einstein in the Riemannian sense, that
is, the Ricci curvature tensor Ric(g) satisfies

Ric(g) = Mg,

where )\ is a constant.

Note that all the known examples of non-compact homogeneous Einstein man-
ifolds are simply connected solvable Lie groups S endowed with a left invariant
metric (see for instance the survey [92]). Moreover, according to a long standing
conjecture attributed to D. Alekseevskii (see [16 7.57]), these might exhaust the
class of non-compact homogeneous Einstein manifolds. In [46] the following re-
sult concerning unimodular solvable Lie groups admitting a left invariant Einstein
metric is proved.

Theorem 3.1.1 [46]. Left invariant Einstein metrics on unimodular solvable Lie
groups are flat.

Therefore, we will study non-unimodular solvable Lie groups. A left invariant
metric on a Lie group S will always be identified with the inner product (:,-)
determined on the Lie algebra s of S. The pair (s, (-, -)) is said to be a metric Lie
algebra.

Lauret in [93] characterizes the Einstein metric solvable Lie algebras as the
metric solvable Lie algebras which are standard in the following sense.

Definition 3.1.2. Let (n,(-,-)) be a metric nilpotent Lie algebra. A metric solv-
able extension of (n, (-,-)) is a metric solvable Lie algebra (s, (-, )s) such that s
has the orthogonal decomposition s = n @ a, where n = [s,s], [a,a] C n and
(-, Vsluxn = (+,-). The metric solvable Lie algebra (s, (-,-)s) is standard, or has
standard type, if a is an Abelian subalgebra of s; in this case, the dimension of a
15 called the rank of the metric solvable extension.

Remark 3.1.3. Note that an standard metric solvable extension (s, (-,-)s) of a
metric nilpotent Lie algebra (n, (-,-),) is not unique even if we fix the dimension
of 5. For example, consider the metric nilpotent Lie algebra (b3, (-,-)), where b3
denotes the 3-dimensional Heisenberg Lie algebra defined by

b3 = <07 07 612)7
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and where the inner product (-,-) is given by (-,-) = (e’)? + (e?)* + (e*)?. Then, it
admits different standard metric solvable extensions like
1 1
5 = (5614’ 56247612 4 O),
and
5y = (e, e e +2¢%)0).

In these examples, the first one is Finstein, while the second one is not.

Theorem 3.1.4 [93]. Any FEinstein metric solvable Lie algebra (s, (-,+)s) has to be
of standard type (in the sense of Definition .

Standard Einstein, simply connected, solvable Lie groups constitute a distin-
guished class that has been deeply studied by J. Heber, who has obtained many
remarkable structural and uniqueness results, by assuming only the standard con-
dition (see [80]).

Theorem 3.1.5 [80]. (Uniqueness) A simply connected solvable Lie group admits
at most one standard Einstein left invariant metric up to isometry and scaling.

In [94], it is proved that any nilpotent Lie algebra of dimension lower than or
equal to 5 admits an Einstein solvable extension. Moreover, in [127] it is shown
that the same is true for any of the 34 nilpotent Lie algebras of dimension six.
Using these results, we obtain a classification of all 7-dimensional rank-one Einstein
solvable Lie algebras (see Table at the end of the subsection [3.3.1). Also, a
classification of 6 and 7-dimensional Einstein solvable Lie algebras of higher rank
was given in [128§].

Furthermore, the study of standard Einstein simply connected solvable Lie
groups can be reduced to the rank-one case, that is, dima = 1, where a is the
Abelian part in the decomposition given in Definition (see [80]). More pre-
cisely, in [80), Sections 4.5,4.6] Heber shows the following theorem.

Theorem 3.1.6 [80]. Let s = n @ a be a non-unimodular solvable Lie algebra, of
standard type, endowed with an Einstein inner product (-, -), with Einstein constant
A. Then A < 0 and, up to isometry, it can be assumed that ada s symmetric for
any A € a. In that case, the following conditions hold.

1. There exists H € a such that the eigenvalues of ady|, are all positive integers
without common divisors.

2. The restriction of (-,-) to the solvable Lie algebra RH @& n is also Einstein.

3. a is an Abelian Lie algebra of symmetric derivations of n and the inner
product on a must be given by (X,Y) = —+tr (adxady), for all X,V € a.
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Standard Einstein solvable Lie algebras are closely related to solvable metric
Lie algebras of Iwasawa type. Such a Lie algebra is defined as follows

Definition 3.1.7. A solvable metric Lie algebra (s, (-,-)) is of Iwasawa type if it
satisfies the conditions:

1. s is the orthogonal decomposition s = n@a, where n = [s,s] and a is Abelian,
2. the operator ady is symmetric, for H € a;

3. there exists Hy € a such that adpy, : n — n has positive eigenvalues.

One defines Hy € a such that (Hy, X) = tr(adx) holds for all X € s. Then,
for some positive multiple H = kH,, the normal operator ady|, has eigenvalues
whose real parts pq, ..., i, are positive integers with no common divisors. Thus,
Theorem implies the following

Corollary 3.1.8. Any standard Einstein simply connected solvable Lie group is
isometric to a solvable Lie group whose underlying metric Lie algebra is of Twasawa

type.

3.2 Almost Kahler manifolds

As in section [I.1.1} an almost Hermitian manifold (M, g,.J), with Riemannian
metric g and almost complex structure J, is said to be almost Kdhler if the corre-
sponding Kéhler 2-form w defined by w(,-) = g(J-, ) is closed.

In this section we study the existence of almost Kahler structures on 6-
dimensional solvable Lie groups whose underlying metric is Einstein. We obtain
that the unique 6-dimensional solvable Lie group carrying left invariant Einstein
(non-Kéhler) almost Kéhler structure is the example given by Apostolov, Draghici
and Moroianu in [5]. Moreover, we determine the 6-dimensional solvable Lie groups
admitting left invariant Kahler-Einstein metric.

For convenience, we will use the following notation for the coefficients appear-
ing on the Einstein extensions of the Lie algebras. We will always denote by a
the coefficient that appears on the rank-one Einstein extension. However, the
coefficients of the higher rank Einstein extensions will be denoted by b;.

Proposition 3.2.1 [91]. If ¢ is a 6-dimensional Einstein solvable Lie algebra of
rank one, then € is one of the following eight Lie algebras:
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2 9 10 11 20 15

¢, :(Eaew, 1—3@626, 1—3\/§a612 + 1—3@636, 13 e 4 ae't \/_CL614 13 ae™, O),
1

£ :<Zae 5 \/ 30ae'? + ae \/ 30ae!?® + aett

1 5
— 5\/5&6 — 5\/5&623 + Zae%, 0),

3 2 3 1 7 1 1
€5 :<Ea616, gae%, gae%, 3\/ 30ae'? + Eae‘w, g\/ 15ae* + g\/ 30ae* + ae®, O),
1 1 1 1
£, :<§CL616, 5&626, §ae36, 5&646, ae? + ae** + ae®, 0) ,
Loy 1 o 12 36 13 3 46 23 | S 56
€5 :(gae , §ae ,2ae"? + ae’®,\/3ae'® + 5(16 V3ae? + 5@6 ,0>,
1 1 1 5 5
£ :<§a616, 5@626, 5&636, ae'? + 6&646, ae® + 6(1656, O),
1 1 1 3 3
¢, :<§ael6, iae26 —\/7@612 + ae’®, Z—Lae%, Zae%, O),
1 1 3
£s :<ZCL€16, 54 \/ 26ae'? + ae \/ 26ae'® + aet 10 e’ O),
where {e1,...,es} is an orthonormal basis of € with respect to the Finstein metric.

Theorem 3.2.2. Let (S, g) be a 6-dimensional solvable Lie group, and let (s, (-,-))
be the metric Lie algebra of (S, g). Then,

1. (S,g) admits a left invariant Einstein (non-Kdhler) almost Kihler structure
if and only if (s, (-,-)) is isometric to the rank-two Einstein solvable Lie
algebra

3 3
5= <Zel5+ 4@ e 3625 ae®® \/2_a612+ 4ae35 Z % \/_a613+ae45+2646 0 0)

2. (S, g) admits a left invariant Kdhler-Einstein structure if and only if (s, (-, -))
15 1sometric either to the rank-one solvable Lie algebra

a a a a
5 = —616 —626 —636 —646 a612+ae34+ae56 0
2 72 72 72 ) ) )

or to the rank-two Finstein solvable Lie algebra

V22
. :<gel5 + be' 4 bye, %e% 4 byel® 4 bype Taeu + ae® + (by + bio)e’,

zae (bl + blO) 707())7
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where a = %3676\/36% + 5b1gby + b3 + 3b3,, or to the rank-three Einstein solv-
able Lie algebra

2 2
5 :<ael4 — \/76%15 + %ew, ae** + ?ae25 + \/7_626, ae3t — \/ﬁae%, 0,0, 0).

Moreover, in all the Lie algebras that appear in 1. and 2., the Einstein inner
product is such that the basis {ey, ..., es} of the corresponding Lie algebra is
orthonormal.

Proof. A 6-dimensional Einstein solvable Lie algebra (s, (-, -)) is necessarily stan-
dard, so one has the orthogonal decomposition (with respect to (-, -))

s=n6da,

with n = [s, s] nilpotent and a Abelian.
We consider separately the different possibilities according to the rank of s,
that is, to the dimension of a.

Rank one
If dima = 1 and n is Abelian, then it is known by [80, Proposition 6.12] that
the structure equations of s are

16

(ae'®, ae®®, ae® ae*, ae™,0),

where a is a non-zero real number. For this Lie algebra s we obtain that any closed
2-form w is degenerate, that is, satisfies w® = 0 and so s does not admit symplectic
forms.

If dima = 1, but n is (non-Abelian) nilpotent, then (s, (-, -)) is isometric to one
of the solvable Lie algebras ¢; (i = 1,...,8) defined in Proposition endowed
with the inner product (-,-) such that the basis {ej,...,eg} is orthonormal.

For £, €;, 5 < j <8, we have again that any closed 2-form w is degenerate, so
they do not carry symplectic form.

The Lie algebras €, and €3 admit symplectic forms. However, one can check
that any almost complex structure J on & (i = 2,3) is such that (-, ) # w(-, J-).

For ¢, we have that a symplectic form is

12 16 26 34 36 46 56
W= H12€ " + 166" + H26C T + [l12€7 + [U36€7 + flacC + fi2€7,

where p; ; are real numbers with ;19 # 0. In fact, such a form w is closed and
w? = 2pf ,e!?3150 2£ 0. Thus, if J is the almost complex structure on (&, (-,-))
satisfying (-,-) = w(-, J-), then J is given as follows

Jey =eq, Jesg=-ey, Jes=eg,
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where {ey, ..., e} is the dual basis to {e',...,e%}. Such a J is integrable. There-
fore, (g, J,w) are Ké&hler-Einstein structures on £,.

Rank two
In order to determine all the 6-dimensional rank-two Einstein solvable Lie al-
gebras, we need first to find the rank-one Einstein solvable extensions

S5 = Ny b R<65>

of the 4-dimensional nilpotent Lie algebras ny, and then we consider the standard
solvable Lie algebra

S5¢ = 55 D R<€6>,
or, equivalently,
S6 = N4 D a,
where a = R{es, eg) is Abelian, and such that the basis {ey, ..., s} is orthonormal.

If n = [s,s] is Abelian, the rank-one Einstein extension s is defined by
(ae'® ae® ae®, ae®,0).

To find the rank-two Einstein solvable extension sg we have to consider the struc-
ture equations

(de' = ae'® 4 b1e'® + bye?® + bye® + byef,
de? = ae®® + bse' + bge?0 + bre36 + bgelS,
de® = ae®® + bye' + b1pe? + by1e35 + byaeS,
de* = ae® + bize'® + b14e?6 + b15e35 4 bygeS,
de® = deb = 0.

\

Now, we impose that the inner product on s, making the basis {ej,...,eg} or-
thonormal, has to be Einstein and that d*¢? = 0, for j € {1,...,6}. Solving these
conditions, we find that the structure equations of s¢ are

(de' = ae'® + biel®,

de? = ae® + (—b; — by — by) €%,
de? = ae® + bye®,

de* = ae® + byelS,

de® = deb = 0,

\

where a = %\/2(b% + b2 + b2 + bybs + byby + b3by). But this Lie algebra does not
admit symplectic forms.
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The other possibilities for s; are obtained beginning with the 4-dimensional
(non-Abelian) nilpotent Lie algebras, that is, the nilpotent Lie algebras defined
by the structure equations (0,0, e?,0) and (0,0, e'?, e'3). Their rank-one solvable
extensions are

1 1 1 3
(éaem, 5@625, Z\/ 22ae? + ae, Zae%, 0),

and

1 1 1 3 1
(Zael‘r’, 5&625, 5\/5%12 + Zae%, 5\/5%13 + ae®, 0),

respectively. To obtain the rank-two solvable Einstein extension of n = (0,0, e'?,0)
we should consider the Lie algebra

(de! = %Cle15 + b1e'0 + bye?® + b3e0 + bye®f,
d€2 — %ae% + b5616 + b6626 + b7636 + b8€467

¢ de® = 1v22ae'? + ae® + bye'S + bioe?® + by1e®® + biae™®,
de* = 3ae®™® + bize'® 4 b1ae®® + by5e®® + byge®,
de® = deb = 0.

\

Then, we impose the Jacoby identity and the condition that the inner product
has to be Einstein. We obtain the rank-two Einstein extension s4 defined by the
equations

de' = Jae'® + bie'® + bye®,
de® = %ae25 + bye'® + bye®,
de? = 1v/22ae'? + ae® + (by + byg)e®®,
de* = 3ae® — 2(by + big)e,
| de® = de® =0,

where a = %J 302 + Bbigby + b3 + 3b%,, which admits the Kahler-Einstein struc-
tures given by

w = pi(ae? + 2,/ Zae® + 2,/ 2 (b + b1o)e®®) + py 5(ae™® + 2b1e’6 4 2b,e%)
+p2,5(202€"0 + ae® + 2b1ge?®) + a5 (3ae®® — 8(by + bioe™®)) + 56,

— — _ /2 /3 _ /3 /2
J€1 = €9, J€2 = —€1, J63 =2 ﬁ€5 + ﬁeﬁ, J€4 = ﬁ€5 -2 ﬁeﬁ,
— / 2 /3 _ /3 /2
J€5 =-2 ﬁeg - ﬁ64’ J@G = — ﬁeg +2 ﬁ€47

where p; are real parameters satisfying (by + b10) uiQm,g) # 0. The almost complex
structure J is indeed integrable since the Nijenhuis tensor of J vanishes.
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From the rank-one Einstein solvable extension of n = (0,0, ¢'?, e!3), we obtain
the rank-two Einstein solvable extension. For this, we have to consider the Lie
algebra

(de' = 2e'® + b1e'® 4 bye?® + b3e® + bye®,

de? = 2e2° 4 bse!® + bge? + bre30 + bgetd,

de® = %\/gae12 + %ae% + bge'® 4 byge0 + by1€°0 + bype®,
de* = 1v/5ae' + ae® + bize'® + brae®® + bise®® + bige’S,
ded = de® = 0.

NI R

\

Therefore, imposing the condition d?¢? = 0 (j = 1,...,6) and the inner product
to be Einstein, the corresponding structure equations of s become

(de' = % + 3ae’,
de? = 262 — e,
de® = 1v/5ae'? + 3ae® — 465, (3.1)
de* = %\/5%13 + ae® + %646,

| ded = de® = 0.

Moreover, s¢ has the Einstein (non-Kéhler) almost Kéhler structure given by
w:€13+%6454_%646_%625_’_%626;
Jeg =e3, Jes=—e1, Jex= —\%’65 + %66, Jey = \%65 + \/Lgeﬁ,
Jes = \/Lgez - %64, Jeg = —\/Lgeg — %64,
which defines the inner product (-,-) on s¢ given by
() = (2 4 (@ + (4 () () + ()

Now, let (S,g) be the simply connected Lie group whose Lie algebra is sg.
Then, the Einstein almost Kahler structure on sg defines a left invariant almost
Kéahler structure (g, J) on S whose Kéhler form is w. Clearly the metric g is given
by

g=(e)*+ () + ()" + (") + ()" + ()7,
and its Ricci curvature tensor is such that

, 15
Ric(g) = —Za2g.

This means that ¢ is Einstein with non-positive scalar curvature. The almost
complex structure J is not integrable since its Nijenhuis tensor N; does not vanish.
In fact,

Nj(e1,es) = —V/baes #0, Nyley,es) =ae; #0, Ny(er,eq) = —2ae; # 0.
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Rank three

For the rank-three Einstein extensions we proceed as for the previous exten-
sions. If dima = 3 and n is Abelian, we already know that the rank-one Einstein
extension of n is exactly described by

(ae' ae® ac®)0).

In order to find the rank-three Einstein solvable extension we have to consider the
structure equations

de! = ae' 4+ be'® + bye® + b3e®® 4 byel® + bse? + bge3S,

de? = ae®* + bre'® + bge® + bye?® + bype'® + by1e?6 + byge’S,
de® = ae®* 4 bise!® 4 bge?® + bise® + bige'® + b17e26 + bigeS,
de* = de® = de® = 0.

After imposing the Einstein condition on the inner product and that d%e¢’ = 0, j =
1,...,6 we obtain that the structure equations of the corresponding Lie algebra
are

de' = ae' — ‘/%gae15 + \/75%167
de? = ae®* + ‘/TECLG25 + ‘gae%,
de’ = ae®* — /2ae’°,
det = de’ = de® = 0,

which admits the almost Kahler structure given by

w = p1.4(v2eM — V3 + €'%) + o4 (V22 + V32 + €20) + s a(—e3t + V/2e3)
56" + pa e + ps e’

=L, - L L =L L L = _L 2

Jey 7564 — 7565 T 7566 Jey 7564 T 565 T 5 Jes e \/;66,
=1, L L = L L =Ll 1 _ /2

J€4 = \/?261 \/562 \/363, J€5 = \/561 \/562, JGG = \/661 \/662 \/;63,

where p 4pt0.4p134 # 0 and actually the almost complex structure J is integrable
since N; = 0. Thus, the metric

g= (") + () + () + ()’ + () + (%),
is Einstein because its Ricci curvature tensor is

Ric(g) = —3a’g.
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If dim a = 3 and n is (non-Abelian) nilpotent, then n is exactly hs (the 3-
dimensional real Heisenberg Lie algebra) defined by the structure equations

(0,0,e'?).
We find the following rank-one Einstein solvable extension

(2614

ge't, %624, ae'? + ae’t)0).

Proceeding similarly as in the previous examples we find that 3 does not admit
a rank-three Einstein solvable extension unless it is flat. In fact, the rank-three
Einstein solvable extension of h3 has to be of the form

det = 2e! + b1e'® + bye?® + b3e®® + bye'® + bse®® + bgeS,

de? = 2e** 4 bre'd + bge? + bge + bypel® + b1ye?® + bye®,

de® = ae'? + ae®* + bise!® + bige?® + byse® + bige'® + by7e?6 + bygeS,
det = de® = de® = 0.

[ ISH NS

After imposing that de/ = 0, for any j € {1,...,6}, and solving the equations
corresponding to the Einstein condition on the inner product we obtain that the
structure equations have to be

de' = 2e* + bie® 4 bye'S,
d€2 — 624 _ 51625 _ 54626,
de? = ae'? + ae®?,

de* = de® = de® = 0.

NI e

Thus, the metric
g=(e")?+ (€ + (") + (¢)* + (€°)* + (%)
is such that its Ricci curvature tensor is exactly

. 3 3 3
Ric(g) = — §a2(el)2 — 2a (62)2 — §a2(63)2 — §a2(e4)2 — 2b§(e5)2 — 262(66)2

— 4b1b4(€5 &® €6>.

Therefore, it cannot be Einstein unless it is flat.
Higher rank Einstein solvable extensions are always Ricci-flat, and therefore
because of Theorem they are flat. O

Remark 3.2.3. We would like to note that Lie algebras with structure equations
are all isomorphic, for the different values of the parameter a # 0, since by
Theorem the rank-one Einstein metric solvable extensions are unique. The
solvable Lie group corresponding to the Lie algebra defined by 15 the example
given by Apostolov, Draghici and Moroianu in [5]. That example is a non-compact,
FEinstein and non-Kdahler almost Kahler manifold.
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3.3 Ricci curvature of Gy manifolds

Bryant in [24] gave a formula for the Ricci curvature of a Gy manifold in terms of
the torsion forms and its exterior derivatives. To describe this formula we define
the linear map
jo : A3(RT) ——— S*(R"),
given by
Je (M)W, w) = #, (o) A (Lwp) A7),

for v € A3(R7) and v,w € R”. Note that j, satisfies j,(¢) = 6g,.

Using the map j,, Bryant in [24] describes the Ricci curvature tensor of a Gy
manifold in terms of the torsion forms 7y, 7, 72 and 73 as

. 3 3 1 1
Ric(g,) = — (5571 - ng + 15|71 — Z|T2’2 + 5]73\2>g¢

. D 1 1

+j¢< — —d( s, (T1 A *q,gp)) — —dT + — *, dT3
4 4 4

5 (3.2)

Tom Noxg(TL A *pp) — gT0Ts T T ATy
3 1 1
T *e (11 A73) + g *e (72 A 72) + aQ(Tz),?Ts)),

where 0 is the codifferential operator associated to gy, | - | denotes the norm of
differential forms and the map

Q: A*(R7) x A3(R") ——— A*(R),
is defined as follows: if {e;}7_; is a local orthonormal frame, for a, 3 € Q3(M)

Q(aa B) = *tp[@jkl(b(ei/\ej) *o Oé) A (L(ei/\ej) *o 6)]:

with €5, the value of *,¢(e;, €5, ek, €).
In general, for a n-dimensional Riemannian manifold (N, g) the codifferential
operator 0 is the map

5 QP(N™) ——— QP H(N™),

given by
d = (—1)1‘”“”“rl * dx

)

S0, in particular, for a G, manifold M

51 QP (M) ——— QP L (M),
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the codifferential operator ¢ of g, is exactly
d= (1P x,dx*,.

It is also assumed that the norm |-| is the natural norm of differential forms, in

The scalar curvature of a Go manifold can be described in terms of the torsion
forms as

21 1 1
Scal(gw) = 12(57’1 + ng + 30‘7’1‘2 — §|T2’2 — §|7'3‘2. (33)

In general, the formulas for the Ricci curvature tensor and the scalar curvature
are complicated, but when we restrict them to special classes of Ga-structures they
simplify.

If the Gy form is closed, then (as we explain in Chapter 1) the torsion forms
satisfy o = 7 = 73 = 0. From and , we obtain that the expression of
the Ricci curvature tensor and the scalar curvature of a manifold endowed with a
closed Go-structure are given respectively by

) 1 ) 1 1
Ric(g,) = Z—l|7‘2|29¢ + ]¢< — ZdTg + 3 *, (T2 A Tg)>,

and 1
Scal(g,) = —§|7'2]2.

Thus, the scalar curvature of a closed Go-structure is always non-positive. If a Go
manifold (M, ¢) is such that ¢ is closed and the induced metric g, is Ricci-flat,
then it is parallel and therefore g, has holonomy contained in G, [56]. Regarding
Einstein metrics, if we take into account that j,(¢) = 69, one can check [24, Corol-
lary 2] that the Einstein condition is equivalent to the torsion form 7 satisfying
the equation

3 1
dT2 = ﬁ‘7'2|2(,0+§*(p (Tg/\Tg). (34)

Remark 3.3.1. Note that from the Go-type decomposition, if ¢ is closed, then T,
is exactly dp. Thus, the Einstein condition (3.4) implies that the Hodge Laplacian
operator A =dod+dod of  is exactly

3 1
AgO = ﬁ‘TQPQP + 5 *tp (7'2 A 7'2).

From the Go-type decomposition of exterior forms we already know that 7, €
02,(M). Tt is also known that, if a 2-form 3 belongs to Q3,(M), then S A B3 €
QI (M) @ Q3,(M), that is, it does not have part in Q3(M). Even more, by [35],
Lemma 5.8] the Q3.(M) part of 3 A 3 vanishes if and only if 3 vanishes itself.

With all these considerations we have the following:
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Proposition 3.3.2 [35]. (Cleyton-Ivanov) No compact manifold M can support a
closed Go-structure ¢ whose underlying metric g, is Einstein unless ¢ is parallel
(with respect to the Levi-Civita connection V of g, ).

Proof. (Bryant technique). From the Einstein condition (3.4]), and the fact that
T € Q2,(M) and 79 A 1y € QF (M) @ Q3,(M), we obtain that

1 2
d<§7'23> = ?|7'2|4 *cp ]_7

where *,1 denotes the volume form. By Stokes’ theorem we get

1 2
o= )= [ B
o 37 m 7 ’

which implies that 7 = 0 and therefore Vi = 0. O

For nearly parallel G,-structures we know that the torsion forms are such
that 71 = 9 = 73 = 0. Therefore, from and , the expressions for the
Ricci curvature tensor and the scalar curvature of a nearly parallel Gy manifold
(M, p) are respectively given by

Ric(g,) = _|7'0|29307

and 51
Scal(g,) = §|T0|2.

Thus, nearly parallel Go-structures are always Einstein with non-negative scalar
curvature. It is also clear that a Ricci-flat nearly parallel manifold is parallel.

Finally, coclosed Ga-structures are determined by the vanishing of the tor-
sion forms 7 and 7y. In general, for a Gy manifold (M, ¢), with ¢ coclosed, from

(3-2) and (3.3]), we have that the Ricci curvature tensor and the scalar curvature
are respectively given by

. 3 1 ! 1 1
RZC(Q@) = (ng - §|T3|2>9<p + Jp <Z *p drs — 57'07'3 + 6—4Q(7‘3,7'3)>,
d
an 21, 1, .,
Scal(g,) = §7’0 - §\Tg| )

So, in general, nothing is known about the sign of the scalar curvature of the
Riemannian metric induced by a coclosed Ga-structure. In contrast with the closed
and nearly parallel ones, manifolds with a coclosed Gs-structure which are Ricci-
flat do not need to be parallel.
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Remark 3.3.3. We would like to note that for cocalibrated Gy manifolds an ana-
logue of Goldberg conjecture is mo longer true. Indeed, there exist compact Go
manifolds (M, ), with ¢ coclosed and such that the induced metric g, is Einstein,
but ¢ is non-parallel. For example, nearly parallel manifolds. But not all coclosed
Gy forms inducing Einstein metric are nearly parallel; 3-Sasakian manifolds con-
stitute a counterezample. In section we describe an example of Einstein non-
nearly parallel manifold with a coclosed Go form such that the induced metric is
not 3-Sasakian. Such an example is given using warped products.

3.3.1 Closed Gy-structures

In this section we study the existence of closed Gy forms ¢ on 7-dimensional
solvable Lie algebras whose underlying Riemannian metric g, is Einstein. For this,
we use Proposition [I.4.5] (an obstruction to the existence of closed Go-structures),
and the following results.

Lemma 3.3.4. Let g be a 7-dimensional Lie algebra and ¢ a Gy-structure on g.
Then the bilinear form g, : g x g — R defined by

1
9o(X, Y)vol = = (exp Ay A ),
has to be a Riemannian metric.
Proof. 1t is a direct consequence of (|1.7)). O

By [115, Proposition 4.5], if a 3-form ¢ defines a Go-structure on a 7-
dimensional Lie algebra and we choose a non-zero vector X € g of length one,
with respect to g,, then on the orthogonal complement of the span of X one has
the SU(3)-structure defined by the pair (a, #), where @ and § are the 2-form and
the 3-form, respectively, given by

a=1xp, [B=p—aAn, (3.5)
where n = tx(g,). So, o and [ satisfy
o =ahNaha#0, anB=0. (3.6)
In contrast with the almost Kahler case, we have the following theorem.

Theorem 3.3.5. A 7-dimensional solvable Lie group does not admit any left in-
variant closed Gy form ¢ such that g, is Einstein, unless g, is flat.
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Proof. An Einstein solvable Lie algebra (s, (-,-)) is necessarily standard, so one
has the orthogonal decomposition (with respect to (-,-)), s = n®a, with n = [s, 5]
nilpotent and a Abelian. We will consider separately the different cases according
to the rank of s, that is, to the dimension of a.

Rank one
If dima = 1 and n is Abelian, then by [80, Proposition 6.12] the structure
equations of the Einstein solvable extension s are

(ae'”, ae®", ae® ae*, ae®, ae",0),

where a is a non-zero real number. Calculating the general expression of a closed 3-
form on s, it is easy to check that s cannot admit closed Gy forms since Proposition
is satisfied for X = ey, ..., eq.

If dima = 1 and n is (non-Abelian) nilpotent, then Will in [127] proves that
(s, (-,-)) is isometric to one of the solvable Lie algebras g,, with i € {1,...,33},
that appear in Table which is included at the end of this subsection, endowed
with the inner product such that the basis {ey,...,e;} is orthonormal. We may
apply Proposition with X = eg to all the Lie algebras g; (i = 1,...,33)
with the exception of the Lie algebras g1, g4, g9, g1 and gsg, showing in this way
that they do not admit any closed Gy-structure. For the Lie algebras g1, g4, g9, 918
and gog we first determine a generic closed 3-form ¢ and then, we apply [115
Proposition 4.5], for each X =ey,...,e7 and n = tx(g,). Thus, for each X, taking
a and [ as in (3.5)), we know by that a N\aAa # 0 and a A =0.

Moreover, we have that the closed 3-form ¢ defines a Go-structure if and only
the matrix associated to the symmetric bilinear form g,, with respect to the or-
thonormal basis {ej,...,er}, is positive definite. Since the Einstein metric is
unique up to scaling, a closed Go-structure induces an Einstein metric if and only
if the matrix associated to the symmetric bilinear form g,,, with respect to the basis
{e1,...,er}, is a multiple of the identity matrix. Then by a direct calculation we
have that the Lie algebras g1, g4, g9, g1s and gos admit a closed Gy-structure (see
Table but they do not admit any closed Go-structure inducing an Einstein
(non-flat) metric. Next, we show the details of this result for the Lie algebra gos.
To this end, we see that any closed 3-form ¢ on gog has the following expression:

1 1
_ 127 136 137 145 147 157
Y =p1a7€ " — 5,05,6,76 + po a7 + 5/)5,6,76 — P237€  — P2,6,7€

1 1
167 235 237 246 247 257
+ p2sre T + 5P5.6.7¢ + po37e” + 5P5.6.7¢ + p2a7€” + pa2s e
67

267 347 357 367 457 467 5
+ poe 7€+ P347€” + P357€7 F+ P36,7€7 + P367€ — P357€ + Ps56,7€

where p; ;1. are arbitrary real numbers denoting the coefficients of ¢
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Thus, the induced metric ¢ = g, is given by the matrix G with elements
Gij = g(ei €):

gler,e1) = —%101,2,70?),6,77 gler, e2) = gler,e3) = 4/)237056%
gler, eq) = iP274,7P§,6,7a gler,e5) = 4,02560567a gler, e6) = 4,0267056%
glei,er) =0, g(ez,e2) = ,01,2,7/)5677 g(ez, e3) = 4/)247/)567:
gles, e4) = 5,02,3,7P§,6,7a g(ez,e5) = 40267P567a g(ez, e6) = 4P257P5677
g(ez,er) =0, gles, e3) = 4P347P56 7 g(es, eq) =0,

gles, e5) = 1;0367p5677 g(es, es) = 4p357p567> g(es,er) =0,

g(es, e4) = _1P3,4,7[)5,6,7a g(es, e5) = 40357/75677 g(es, e6) = 4p367p567’
g(es,e7) =0, gles, e5) = p°467, g(es,e6) =0,

g(es,e7) =0, g(es, e6) = p54677 g(es,e7) =0,

_ P P 2 2 2
gler,er) = —pseipPasr + PL27P357 T PL2703 67 T PasiP347 + PagrP347
+p257 (2p237p367 — 2p2470357) — 20267 (P2,370357 + P2.a7P367)

Then, the system G = kl;, with k a non-vanishing real number and I; the
identity matrix, does not have solution. Equivalently, the Lie algebra gsg does not
admit any closed Ga-structure inducing an Einstein inner product.

Rank two

In order to determine all the 7-dimensional rank-two Einstein solvable Lie
algebras, we need first to consider the rank-one Einstein solvable extensions
56 = ns @ Reg) of any of the eight 5-dimensional nilpotent Lie algebras nj
(see Proposition [3.2.1). Then we obtain the standard solvable Lie algebra
s7 = 56 D R{er) = n5 @ a, with a = R(eg, e7) Abelian and such that the basis
{e1,...,er} is orthonormal.

For the rank-two Einstein extension of the nilpotent Lie algebra

n=(0,0,e" e "),

we take into account the expression of its rank-one Einstein extension €; which
is described in Proposition [3.2.1. Thus the structure equations of the rank-two
Einstein solvable extension are

(de = 13 et0 + byel™ + bye?™ + b3e3T + byel™ + bsedT
de? = Zae + 66617 + bre?" + bge3T + boet” 4 bloe
de® = \/_ael2 €30 4+ byiel” 4 bioe®” + bise’” —|— biae*T + by5ed”
de* = Bae + ae46 + b16617 + D172 + b1ge3T + byget” + byged”
de® = E\/_ae14 1—3ae56 + bo1!T + bage?” 4 boge®” + bose?” + b25e57
[ deb =de” = 0.
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Imposing that the inner product ) .(e’)? is Einstein and the condition d?*e¢? = 0,
where j € {1,...,7}, we have that the structure equations of the corresponding
7-dimensional rank-two Finstein solvable Lie algebra are

[ de' = é\/éaelﬁ + 4ae'”,
de? = %\/éae% — Tae?",
de® = g\/ﬁaelz + %\/6@636 — 3ae’",
de* = 0/6ae"® + 13\/6ae'® + ae',
de® = gx/ﬁaeM + g\/gae% + 5ae’7,
deb = de” = 0.

\

Now, calculating the general expression of a closed 3-form ¢, and using Lemma
B.3.4)and [115, Proposition 4.5], forn = ¢’ (i € {1,...,7}), we have that the matrix
associated to g, with respect to the basis {ey, ..., e7}, cannot be a multiple of the
identity matrix. Thus, the Lie algebra previously defined does not admit a closed
Go-structure inducing the Einstein metric.

For the nilpotent Lie algebra
n=(0,0,e!2, 1% M 4 2,

whose rank one Einstein extension is €;, is not obtained any 7-dimensional Einstein
Lie algebra of rank two. Concretely, a rank two Einstein extension of n would have
to be of the form

(de' = Lae'S + bie'T + boe? + byedT + byet™ + bse,
1

de? = 1ae®® + bge'™ 4 bre?” + bge®” + boe” + byge’,

de?® = %1\/%@612 + %ae% + bu1e'” 4 bioe®™ + bize® 4 bige'” + byse™,

de* = 1/30ae'® + ae’® + bige'™ + bize®” + bise®™ + bigel™ + byge™,

de® = —32v/Bae — 1v/5ae® + 3 + by1e!7 + boge®™ + bz + byset” + bose™,
deb = de” = 0.

\

However, after imposing the conditions d?¢’ = 0 (j = 1,...,7) and the inner
product to be Einstein, we obtain that there are no values on the parameters b;
satisfying these conditions.

The nilpotent Lie algebra
n=(0,0,0,e2 et + %)

has a rank-one Einstein extension given by €3. Therefore the structure equations
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of the rank-two Einstein solvable extension are

(de! = 10 e + bye'” + by + b3eT + bye” + bsed”
de? = 2ae® + bge'™ + bre®™ + bge¥ + bye'™ + byoe™
de? = 2ae® + b11€17 + b12€*" + b13¢37 + byye?” + byse™,
de* = 1\/_a612 €0 + bigel” + brre?” + bigedT + brgeT + bogedT,
ded = é\/_ae% é\/_ael4 + ae® + byre'” + boge?™ + byzed” + 624647 + bosed”
([ de® = de” = 0.

After solving the equations corresponding to the condition d*¢’ =0 (j =1,...,7)
and the inner product to be Einstein, the structure equations of the rank-two
Einstein extension are

( de! = 1\/_ lael®
de? = \/_ae26 + 2ae
de® = ?\/_ ae>6 7,
det = %\/%\/ﬁaem + §\/2_1ae46 + ae?’,
de® = %mmaem + %\/ﬁ\/ﬁae% + %\/ﬁae%
de® = de” = 0.

Calculating the expression of a generic closed 3-form ¢ and using Lemma |3.3.4
and [IT5, Proposition 4.5] with = e!, ... e” or equivalently, with X =ey,... e7,
we get that the matrix associated to g,, with respect to the basis {ei,..., ez},
cannot be a multiple of the identity matrix. Therefore, the metric induced by a
closed 3-form cannot be Einstein.

We already know that the rank-one Einstein extension of the nilpotent Lie
algebra

\

n=(0,0,0,0,e? 4 *)

is described by &, (see Proposition [3.2.1)). Thus, the rank-two Einstein extension
of n is of the form

(de' = ae'® + biel™ + boe?” + b3e3T + byet” + bsedT,

de? = ae®® + bge'™ + bre®™ + bge®™ + boe” + bype®”

de® = ae3® + by1e'” + b12e® + bise3” + braet” + bysed”

de* = ae’® + bige!™ + by7e®" + bige®” + brget” + byped”

de® = 2ae'? + 2ae3* + 2ae® + bore!” + byoe®” + bose3” + byge?” + bosed”
[ de® = de” = 0.

Therefore, we solve the corresponding conditions and obtain that the structure
equations of the 7-dimensional rank-two Einstein extension are
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(de' = ae'® — brel™ + bye?” + b3e®” + bye?’,
de? = ae® + bye!™ + bre?” + bye?” — byel”,
de® = ae3% + bge!™ + bye®” — bige®” + brae?’,
de* = ae® + bye'™ — bse?” + biae3” + brge”,
de® = 2a(e'? + e3* + €%9),

[ deb = de™ =0,

where a = 31/b2 + b3 + 203 + 202 + b3, + b%y. Then, if we compute the expression

of a generic closed 3-form on this Lie algebra, we can apply Proposition [1.4.5( with

X = e5. Thus the rank-two Einstein extension does not admit closed G, forms.
Now, we consider the nilpotent Lie algebra defined by the structure equations

n=(0,0,e'? e *).

It admits the rank-one Einstein extension given by €5. Then, the rank-two Einstein
extension of n is of the form

(de' = ae'® + biel + bye®” + bze3T + bye” + bsedT,

de? = ae® + bge'™ + bre?™ + bgedT + boet” + bype’?,

de? = 4ae'® + 2ae30 + bye!” + bi9e?®” + bi3e37 4 biaet” + bise™,
det = 2v/3ae® + 3ae® + bigel” + bire?” 4 bige®” + bige” + boge™,
de® = 2v/3ae?® + 3ae0 + byre!” + by + bage®” + bose™ + bose
[ deb = de” = 0.

We solve the equations corresponding to the inner product to be Einstein and
d*¢/ = 0,5 = 1,...,7. Thus, the structure equations of the rank-two Einstein
extension of n are

( de' = ae'® + bioe!™ + boge?’,
de? = ae?® + byye!” — bige?”,
de® = 4ae'? + 2ae3",
det = 2¢/3ae® + 3ae*® + biget” + byge?”,
de® = 2v/3ae?® + 3ae® + byye?” — bige™,
[ deb = de” = 0.

We take the expression of a closed 3-form, namely . After calculating its
corresponding metric g, and its associated matrix G with respect to {es,...,e7},
using [115, Proposition 4.5] for n = e!,... e’ we have that the system G = kI;
(where k is a non-zero real number) has no solution.
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For the nilpotent Lie algebra
n=(0,0,0,e'% e"),

the rank-one Einstein extension is given by £s. Thus, the structure equations of
the rank-two Einstein extension associated to n are of the form

(de' = zae'® + bie!” + bye? + b3e® 4 bye'™ + bse”,

de? = %ae% + be'™ 4 bre?™ + bge®” + boe™ + bype’”,

d€3 — %CLGSG + blle” + b12€27 + 1)13637 + b14€47 + b15€57,

de* = ae'? + gae46 + bige'™ + bi7e®” + biged” + bige” 4 byge®,
de® = ae® + 2ae™ + byre!” + byoe® 4 ba3e® 4 bage®™ + byse®,
[ de® = de” = 0.

Therefore, imposing the Einstein condition and the differential operator to vanish
when applied twice we obtain the two families of 7-dimensional rank-two Einstein
Lie algebras

(de' = 2ae'® + 2(byg + bos)el”,
de? = 3ae®® — (byg + 2bos)e*" + biae®,
de3 = 3ae3® + bype® — (bg + 2bos) e,
de* = 6ae'? + 5ae* + biget” + biyedT,
de® = 6ae'® + 5ae® + biget” + bysed7,
[ deb =de” =0,

and
( del = \/§b25€16 + 4b25€17,

de? = %ﬂb%e% — 3byse®” — byge’,

ded = %\/51)25636 + b19e?” — 3byse?”,

de* = 31209512 + gﬂbg5e4ﬁ + byse?” — byge’”,
ded = 3v/2by5e'3 + g\/§b25e56 + byoe?” + byse®7,
de® = de” = 0.

\

For 1) we calculate first a generic closed 3-forms ¢ and then, using [115, Propo-
sition 4.5] for X = ey, equivalently 7 = ¢”, we impose the condition a A § = 0. By
this condition we have, in particular, that

P1,2,301,3.4(b1g + bas) = 0,

where by p; j» we denote the coefficient of €% in ¢. One can immediately exclude
the case p;34 = 0, since otherwise the element G4 of the matrix associated to



106 Gae-structures on Einstein solvmanifolds

the metric g, has to be zero. Then we study separately the cases p;23 = 0 and
big = —bos. In both cases we do not find any solution for the system S = G — k1.

For 2) we consider separately the cases bjsbgs # 0, bia = 0 and bes = 0. In
the case b1abos # 0 we compute first a generic closed 3-form ¢ and then, using
[115, Proposition 4.5] for X = e, we impose the condition o A v A v # 0, getting
the condition p;25 # 0. Thus, we take the system S = G — kI; and get the
values of po 56, 0346, P356 and pa 36 from Ss 5,535, 544 and Ss 4, respectively. Now
Ss3 = —k, and the system does not admit any solution.

For b1 = 0 we first compute the expression of a general closed 3-form ¢ and
then we use [115, Proposition 4.5] with X = ez, obtaining that ps 36, p2.4.6, 356
and py 56 are all different from zero. Thus, the system S = G — kI; does not have
solution. In the case by; = 0 we first compute a generic closed 3-form ¢ and then
we apply Proposition with X =eq,..., e5.

The nilpotent Lie algebra

n=(0,0,¢",0,0)

admits a rank-one Einstein extension described by €;. Therefore, the rank-two
Einstein extension of n is given by

(de' = ae'® + brel” + bye®” + bsye®” + byet™ + bsed7,
de? = ae® + bge'™ 4 bre®™ + bge®” + boet” 4 bype’”,

de® = 33/ Tae'? + ae® + byye'™ + bipe® + bise®™ + biget” + bise”,

de* = 3ae + bige!™ + bi7e® + bige® + bige®™ + byoe®,
de® = %ote56 + ba1e!” 4 e + byge3” + boset” 4 byse®,
deb = de” = 0.

\

We solve the equations corresponding to the inner product to be Einstein and
d*¢/ = 0,7 = 1,...,7. Then, we obtain the four families of 7-dimensional rank-
two Einstein Lie algebras, with structure equations

(de' = ae' + (=by + big)e!” + bge?7,
de? = ae?® + bge'™ + bre?’,
de® = a(\/Te'? + 2¢%9) 4 b5e,
det = 2ae® — (2b13 + bos)e?” + boyedT,
de® = 2ae®® + byse?™ + byse®,

l deb =de” =0,

2
3
2
d
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Where a = 22—1\/2117% — 21b7f13 + 63()%3 + 21b% —|— 42b25b13 —|— 21b%5 —|— 21bg4,

p

\

det = ael® + (=b; + byz)el” + bge?,
de? = ae®® + bge'™ + bre?’,

de® = a(\/Te'? + 2¢%%) + b5e7,

de* = 2ae’® — byze?” — byye™,

2

de® = %ae‘r’6 + byse?” — byge’”,
de® = de” = 0,

with @ = Z+/21b2 — 21b7by3 + 42b3; + 210%;

;

\

de* = ae'® + Lbize’™ — bge™,
de? = ae?® + bge'™ + %b13627,

de® =
de* =
de® =
deb =

a(v/Te'? 4 2e3%) + by3e’7,

%CL646 — (2b13 + b25)647 + b24657,
30e™ + byye™™ + byse®,
de” =0,

where a = /23102, + 168b13bo5 + 84b2- + 84b2,; and
21 13 25 24

;

\

del = %\/§b25€16 — %b25€17 — b6€27,
d€2 = %\/3625626 + b6€17 — %b25627,
d€3 = %\/§b25(\/7€12 + 2636> — b25€37,
de* = %\/3525646 + bose?” — by,
d€5 = %\/§b25€46 + b24647 + b25€57,
de® = de” = 0.
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For all of them, after calculating a generic closed 3-form we can apply Proposi-
tion [1.4.5 with X = e3. Thus, the rank-two Einstein extension of n does not admit

closed Gg-structures.

The nilpotent Lie algebra given by

n=(0,0,e'? e, 0)

has the rank-one Einstein extension described by £g. Thus, the structure equations
of the rank-two Einstein extension of n are

(de' = ae'® + bie' 4 bye?®” + bye®” + bye?™ + bse®7,
de? = 2ae?0 + bgel™ + bre?” + bge3" 4 boet™ + bipedT,
de® = /26ae'? + 3ae® + bre'” + b1oe®” + bi3ed” + byge*” + byse”,
de* = V/26ae® + 4ae®® + bige'™ + b17e®" + bige3T + bige!T 4 byge™,
de® = 3ae’0 + bo1e!'™ 4 byoe®™ + by3e®” + boge?” + byse’”,

[ deb = de” = 0.
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Therefore, after solving the equations corresponding to the Einstein condition, and
the vanishing of the differential operator when it is applied twice, we obtain that
the structure equations of the rank-two Einstein solvable extension of n are

(de' = ae® + (—biz + byg)e'”,
de? = ae?® + (2b13 — byg)e?’,
de® = a(v/26e'? + 3¢%0) + by,
de* = a(v/26e!® + 4¢0) + byge?,
de® = 3ae®® — (2by3 + byg)e™,

[ deb =de” =0,

where a = 251/3900%; — 78b13b1g + 156b%,.

We study separately the cases bi13big # 0, by3 = 0 and b9 = 0.

For by3b19 # 0, using [I15], Proposition 4.5] (that is, a AaAa # 0, with X = e7),
we may suppose p124p1,35 7 0 for a generic closed 3-form ¢. Now, we consider
the system

S:G—kf7,

where G is the matrix associated to g, and k a non-zero real number. From the
equation corresponding to Sy 5, 534 and S; o we obtain the values of the parameters
P125,P1,2,3 and a. Substituting these values in the remaining equations and con-
sidering the equations corresponding to S 4 and Sy 5 we conclude that the system
S = 0 does not have solution. Indeed, the two equations corresponding to S 4
and Sy 5 imply that b3 = —%blg and b3 = 3111319, which is a contradiction since
b13b19 7& 0.

In the case bj3 = 0, using [115, Proposition 4.5] with n = e”, we may suppose
p135p347 7 0 for a generic closed 3-form. Then, we get the expression of py 57, k
and py 37 from Ss5, 553 and Sy 3, respectively. After substituting these values on
S we have that
Tp135 (490%,2,5 + 1520:23,4,7)

76478 ’

and thus, Sy4 # 0, since p; 35 and ps 47 cannot vanish.

For b9 = 0, using [I15, Proposition 4.5] with n = e, we can consider
p135psa7 7 0 for any closed 3-form. Then we obtain py23,p256, 0237 and
p135 from Ssg4,S23,524 and Ss3, respectively. Substituting these values of
P1.2.3: P2,5.6, P2,3,7 and py 35 in the remaining equations we have that

Sia =

7

95932202 5 594 4 7 + 5IT11K?
59711k ’

which implies again Sy 4 # 0. Then, the rank-two Einstein extension of n does not
admit any closed Gg-structure inducing the Einstein metric.

44 = —
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If n is the 5-dimensional Abelian Lie algebra, in order to obtain the rank-two
Einstein extension of n, namely s, we have to consider for s the structure equations

(de! = ael® + bie',
de? = ae?® 4 bye?”,
de? = ae®0 + bge’7,
de* = ae’S + byet”
de® = ae® + bsed7,

[ de® = de” = 0.

By imposing that s is an Einstein Lie algebra (the inner product is the one
for which {eq,...,er} is orthonormal), we get that the family of Lie algebras with
structure equations

(de' = ae'® + (—by — b3 — by)e'”,
de? = ae®® + bye?",
de? = ae®0 + bge’7,
de* = aet® + byet’
de® = ae’",
[ deb = de™ =0,

where a = /1062 + 10b7by3 + 10b7b1g + 1067, + 10by3b19 + 10b%,. For these Lie al-
gebras we first calculate a generic closed 3-form ¢, and then we may apply Propo-
sition [1.4.5| with X =eq,..., es5.

Rank three

In order to determine all the 7-dimensional rank-three Einstein solvable Lie
algebras, we need to find first the rank-one Einstein solvable extensions

S5 = Ny b R<€5>

of the two 4-dimensional (non-Abelian) nilpotent Lie algebras ny as well as of
the Abelian one. Then we consider the standard solvable Lie algebra s; =
55 @ Rieg,e7) = ny @ a, with a = R(es, €6, e7) Abelian and such that the basis
{e1,...,e7} is orthonormal. We begin with the 4-dimensional nilpotent Lie alge-
bra

n=(0,0,e" e'),

which has the rank-one Einstein extension defined by

1 1 1 3 4 1
(L—lael‘r’, 5@625, 5\/566612 + 1%35’ 5\/5@613 + ae®,0).
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Thus, the structure equations of the rank-three Einstein solvable extensions are

ae'® + b1e'® + bye?0 4 bge38 + bye?d + bye'™ + bge?™ + bred” + bge”,

5@625 + bge'® + b1pe?0 + by1e®0 + bige?® + bysel” + byge?” + bysed”

+bige?,

de? = %\/gaeu + %ae‘g‘r’ + by7e'0 4 bi1ge® + bige30 + bogedS + byrel” + byye?”
+bo3e37 + byge?,

det = %\/gaelg + ae®® 4 bose'® + boge?0 + byre3® + bageS 4 bogel” + byge?”
+b3137 + bgae?,

de® = deb =de” = 0.

\

[ de!
de?

1
1

—_

(3.7)
After considering the equations corresponding to the inner product to be Einstein
and the condition of the differential operator to vanish when applied twice, we have
that the family of Lie algebras n does not admit a rank-three Einstein extension.
Consider now the nilpotent Lie algebra

n=hs®R = (0,0,e?0),

where b3 is the Lie algebra of the 3-dimensional nilpotent Heisenberg group, that
is, b3 = (0,0, e'?). Then, the rank-one Einstein extension of n is

L 51 o5 1 12 35 9 45

—ae’, —ae™’, =V 22ae ae’™, —ae™,0).

(2 'S ' + 1 ,0)

Therefore, the structure equations of the corresponding rank-three Einstein solv-

able extensions are

( de! %ael‘:’ + b1e'6 4 boe?® + b3e®0 + byetS 4 bsel” + bge?” + bre3T + bget?,
de? = Zae®™ 4 boe'® + b1pe®® + b11e®® + bioe®® + bise!™ + biae®” + bise” + byge,
d€3 = i@aelZ + %(1635 + b17€16 + 1)18626 + b19€36 + b20646 + 621617 + b22627
+623€37 + b24647,
d€4 = %ae% + 625616 + b26626 + b27636 + b28€46 + b29617 + b30€27 + b31€37 + 632647,
de® = de® =de” =0.
\

Then, we obtain that the 7-dimensional rank-three Einstein extension of n = h3BR
has the structure equations

(de' = Jae'® — (big + 3bag)e’® 4 bae®® + (—bia + bag)e'T 4 be®,
de? = 2ae® + bye'® + byge?® + byze!'™ + byye?,
de® = 1v/22ae™? + ae® — Lbyge™ + by, (3.8)
de* = %ae‘ﬁ’ + boge® — 2byze?T,

| de® = de® =de” =0,
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satisfying the conditions d?¢’ =0 (i = 1,...,4) and one of the two following:

D) a= \/ 3262, — 32b14by3 + 963, + 3203,

bg = b
33 3 6 13,

11
by =by =+ brsbas,
2 \/ 403y — Abiabos + b3y + 43,

1 1
b = F —13b14bay + 662, + 202, + 202
: ¢11\/46%4—4bl4bgg+bgg+4z)g3( 1abs + 603, -+ 207, + 201,
by = 7 - (462, — dbiybag + bl + 462,);
T 403, — 4biybos + b3y + 4020 M 14Y23 7T 23 13)5

2 1 7/ 1
2) a = 2\/;b23, bQ = :|:§ 11b%3 — 46%0, b6 = blg = bgg = O, b14 = ébgg.

For 1) we determine the general expression of a generic closed 3-form ¢. Using
[115, Proposition 4.5] with X = ey, and the fact that a # 0, we consider the
condition a A f = 0, where

2 (b1a — ba3) p156 — (2010 + bag) p1.57 — 2b13p256 + 259P2,5,7> Q16
a

12
a =pia7€ " + (

2b + 2b —2b +2b
—|—p17577615 —I—p27577€25 4 (_ 601,5,6 201,5,7 1402,5,6 1002,5,7) 26

a
2 \/ %b23pl,2,4 34 2 24/ %52391,2,5 .
+ ——e" + | 24/ —=pro7r———— | e
a 11 14y CL

45
+ pasr€

_|_

24/ lb?SPl,Q,G\/ 2 bospr2,7 ]p 4D
B 11 ; 11 636+( 2304,5,6:;; 28/04,5,7) 646+p5,677656

and

7p
_ 124 125 126 156 256 1,24 345
B =pigae ™ + prase "+ pioee " +pisee + pasee — —\/ﬁ e

/2 /2
B 11528,01,2,46346 N 11b2801,2,5 P 3
a a V 11

Lo 356

456
+ Pase€

Take the metric induced by ¢, namely g, whose corresponding matrix in terms
of the basis {ey, ..., er} is denoted by G. Then, the Einstein condition is equivalent
to the vanishing of the matrix system

S:G—kf'y,
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where £ is a non-zero real number. Considering the equations corresponding to
Ss.4 and Sz 3, we have that S5 # 0. Therefore, the family of Lie algebras satisfying
condition 1) does not admit closed Gy form inducing the Einstein metric.

For 2) we start considering the conditions

2 1
a = 3\/65237 bg = b1z = bag = 0, b1y = 55237

where bog # 0 since a # 0.

We calculate the expression of a generic closed 3-form (. Then we use the
condition av A B # 0 in [115, Proposition 4.5] for X = e7. Studying separately the
solutions of the equations corresponding to Ss 3, 534, 92,3 and S; 3, can be checked
that this Lie algebra does not carry any closed Gy form inducing the Einstein
metric.

If n is the 4-dimensional Abelian Lie algebra, to get the rank-three Einstein
extension of n, namely s, we should consider the structure equations

(det = ael® + bie' + byelT,

de? = ae® + bge?® + bye?”,

ded = ae®® + bse30 + bge7, (3.9)
de* = ae® + bre*S 4 bget?,

de® = de® = de” = 0.

\

The conditions of the inner product to be Einstein and d?(e’) = 0 imply
by = —by—b3 —bs,  bg=—by—by— by,
2b1bg + 2b3by + 20506 + babs + babs + b1by + babs + bibg + bsbs = 0,
202 + 2b3 + 202 + 2b1b3 + 2b1bs + 2b3bs = 4a’.

We take the expression of a generic closed 3-form ¢ and use [I15], Proposition 4.5]
with X = e;. Then, we consider the equations S 2,513,514 and Sy 3 obtaining
that

£1,.2,501,3501,45 = 0,

where p; ;1 denotes the coefficient of €% in . But, from S;; = 0 we obtain that
P125P1,35P145 7 0. So the system S = 0 does not have solution, that is, the
rank-three Einstein solvable extension of the 4-dimensional Abelian Lie algebra
does not admit any closed Gy form inducing the Einstein metric. O

Remark 3.3.6. Note that in the proof of Theorem we study only the exis-
tence of closed Go forms inducing Finstein metrics on the Einstein extensions of
rank two and three, which is sufficient to prove Theorem |3.5.5. But, we do not
care about closed Gy forms whose corresponding metric is not Einstein.
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Remark 3.3.7. Note that for the Lie algebra gog with structure equations
gos = (€17, €27, 37, 2T 213 — 962 4 2657 2eld | 2628 4 2667 ),

we are able to solve 48 of the 49 equations of the system G = kl;. The 3-form ¢
on gog given by

o = 62T L 9pMT _ o136 4 o5 | 235 | 246 | 567
1s a closed Go form, which induces the metric
go=20'®e' +?@e’+e @+t el +P @+ @l +4e" ®e).

We finish this subsection with Table [3.1] and Table [3.2] which were used in the
proof of Theorem [3.3.5] Table[3.1]contains the list due to Will [127] of the rank-one
Einstein 7-dimensional solvable Lie algebras, each of them defined in terms of a
basis {e1, ..., er} which is orthonormal with respect to the Einstein inner product.
In Table we consider those Lie algebras admitting closed Gy form (but clearly
not inducing the Einstein inner product) and such a Go form is also given.
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Table 3.1: Rank-one Einstein 7-dimensional solvable Lie algebras.

g1 (%e”, ae?” \/13ae'? 4+ %(l637,4a613 + 2ae?7,2v/3e 4 2ae?3 + %ae57

—V/13ae?® 4 24/3ae3* + Zaem 0)

21 17 21 .27 f 21,47

g2 (—%ae ,—I—Cae R 2\/7 —22 54—\/;ae s

ael4 — @aem,ae?"l —ae?5 — 31—Cae 70)
gg ( — —\g?ae 7, —9%(1627,(1612 — 5471784(16377 @ae13 Lae 7 @aem \{:ae

_ 13@ 67 ())

g4 (ae” 2(1627 2[612 + 3ae37 6\/ 15 13 + 4ae47 2fael4 +2 V1155 1lo 23 + 5ae57

2Y 1115" ael® + S—Vllfae24 + 6a6677 O)
g5 (ae”7 3ae27,2v/14ae'? + 4ae37,2v/15ae'3 + 5aet”, 61/2ael* + 6ae®7, 4v/2ae'5 + 2¢/15ae23 + Taeb7, 0)
13 <%el7, ae?”,\/10ael? + %ae37, V10ae!3 + 2ae?7, v/10ae?3 + gaem7 V10ael* + %aem, 0>
ar (ae”, ae?” 4ae'? 4 2ae37,2v/5ae!3 + 3ae?”, 2v/5ae?? + 3aed7, dael? — 4ae?* + 4ae7, 0)
dgs (ae” ae?” 4ael? 4 2ae37,2v/5ael3 + 3aet”, 2v/5ae?? + 3aed7, daett + 4ae?4 + 4aed7, O)
do (Tfa 17 72%1 €27 %3%37, §a612 _ %%47’&614 — ae? 4 727283%57 ae3t 4 ﬁaew _ %Lw(i?’o)
g10 (%(wn? ae?’, %aem 27\/114(1612 T 193 AT, 2 190aet + 197 57, 2\/11 el5 4 2\/11 3 4 %%677 0)
g11 (%6177 %%27 10f el | qed, 4\/7 €12 + aet?, 4\/100 el3 4 %%14 + gaeﬂ’
g12 <%e17,a6277 %%37, 2\22* 12 4 ae47 2W el 4 2qedT, 2F el5 4 2\/7 e24 | gaecw’o)
913 (%aen’aew %ae37 2xﬁa812 + gaeu 4ﬁael4+ @aem 2Wael5 + §(166770)
O14 <%e177ae277 % 37, F el2 4 ae47 F el3 4 a€57 f 44 J;Ta635 + 2a66770)
g15 (ae”, ae?”, ae?7,\/10ae!? + 2ae*”,/10ae??® + 2aed7, v/10ae'* + /10ae3® + 3aeb7, O)
g]_ﬁ (ae”, ae?’ a837, v10ae!? + 2ae47, V10ae?3 + 2ae57, V10ae'* — v/10ae35 + 3a667, 0)
gdi7 (ae”7 ae?7, 15—2ae37, %\/31&612 + 2ae?7, 2\/ 3ael? + 3ae®7, 2 V9 93ae?* + 3aeb” 0)
g18 ((1617, ae?”,2ae37 4ael? + 2ae?”, 2ae'? — 2v/3ae?* + 3aed7, 2v/3ae* + 2ae23 + 3aeb7, O)
g19 <5ael7, 6ae27, 127, 2/134ae!2 + 11ae7, V/A02ae + 16ae®”, /134ae'® — v/402ae24 + 17057, 0)
d20 <ael7, ae?” 2ael? + 2ae37, 2v/3ael? + 2ae7, daelt + 3aed7, 2ae24 + 21/3ae23 + 3aeb7, U)
d21 (3&817, 5ae27, 6ae37, 2v/42ae'? + 8ae?”,2v/21ae'd + 9aed7, 2v/42ae' + 2v/21ae?3 + 11aeb7, 0)
[sH)) (Gae”7 5ae27,9ae37,2v/93ael? + 11ae?”, 2v/93ael® + 15a€57, 41/31ae?* + 16ae87, 0)
923 (aew’ %aew’ 3ae37,v/37ael? + 7 A7, F 13 4 4aed7 \/3Taelt + aew 0)
d24 (ae”7 ae??, aed7, \/6ael? + 2(1647, \/éael3 + 2ae57,/6ae? + 2a667, 0)

17 2 e27 9 37 9v31 47 13 3. .34 3 .15 4 931 67

g25 | (Bfac'”. 2T ac®, %8 ac™, %Yl act7 ae'? 4 15yl aeh”, — Yiac™ — acl® 1 9flact, 0)
d26 (ae”, 2ae27, 3ae37, 3ae?7, 4v/2ae'? + 3ae57, 4v/2ae® + 4aeb7, 0)
go7 (at?l?7 2%277 %(16377 %%47 \/14 el2 4 %57 f eld 4 f 025 4 2%6770)
das (ae”, ae?”, ae37 aet?, 2ael3 — 2ae?? + 2aed7, 2ael? + 2ae2? 4 2aeb7, 0)
da9 (ae”, ae?7, %ae?ﬂ7 éae47, V6ael? + 2aeb7, /6aelt + /6ae?3 + %aem, 0)
930 (%6177 227 ; e37, &edT \[aeu + aed, \[a634 + aeb7 0)
932 <%e17’ 2627 8637 24T, %%577 @%12 + @%34 + aeb7, O)
033 (%317, 227, %ae:w’ %aeu’ %aem’ @aeu + aeb7, 0)
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Table 3.2: Closed Gs-structures on rank-one Einstein solvable Lie alge-
bras.

57 Closed Ga-structure
_ 1 B 123 , /I3 125 _ (13312V/3-748800) 157
g1 o = 755 (1440 — 128V3) €128 4 3125 LB TE0) ¢

+%el35 _ 9p137 _ %6146 /36147 | 106157 — (167 _ %6236 + €237

+% (1440 + 128\/5) 247 + %6267 + %6345 _ @357 _ 457 + 567

g1 | o= —ﬁel% L el3T _ %6146 — el ¢ %6167 T %6236 _ 237
196247 _ o267 4 17736345 + %6357 _ 45T _ o567
9 = —2—\7/5e125 T el _ %6146 el | %6167 T %6236
23T | 9247 _ 267 17736345 4 %6357 _ o457 _ o567
Ois o = e123 _ 127 _ 136 /3,145
136167 4 (235 | /3246 _ %6347 1 36567
s 0 — 2127 _ 9¢BAT _ o136 | 145 | 285 216 | 9507

3.3.2 Coclosed Go-structures

In this section we study the existence of coclosed Ga-structures ¢ on 7-dimensional
solvable Lie algebras whose underlying Riemannian metric g, is Einstein. We will
use the classification of the 7-dimensional Einstein solvable Lie algebras contained
in the previous section as well as the following results.

Lemma 3.3.8. Let (g,(-,-)) be a 7-dimensional metric Lie algebra. If there is
a non-zero vector X € g such that (1x®)® = 0 for every coclosed 3-form ¢ on
(g,(-,-)), then (g, (-,-)) has no coclosed Gy-structure.

Proof. Suppose that (g, (-,-)) has a coclosed G, form ¢ inducing the inner product
(-,-) on g. Then, according with [38], for any X € g, we know that tx¢ is the
two-form of an SU(3)-structure and therefore it is non-degenerate or, equivalently,
(txp)? # 0. In view of this contradiction we conclude that (g, (-, -)) does not admit
coclosed Go forms.

O

Lemma 3.3.9. Let g be a 7-dimensional solvable Lie algebra with a coclosed Go
form ¢ inducing the inner product (-,-) on g. Denote by x the Hodge star operator
on (g,(-,-)). Then, there exists a real number X\ such that

pAT=0 and xpAT=0,
where T is the 4-form on g given by

T=—x(dp— X\ *xp).
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Proof. Suppose that ¢ is a coclosed Gy form on g. By Proposition [1.1.13] we know
that dy and d * ¢ are expressed in terms of the torsion forms as

dp = To * @ + 371 N\ @ + *T3,
d*p =411 N *xp+ T A\ @,

where 75 € A’g* = R, 7, € Alg* = g*, o € A%,g* and 73 € A3.g*. The coclosed
condition (d * ¢ = 0) implies that 7y = 75 = 0. Thus,

dp = To * © + *T3.

This implies that
T3 = —* (dp — 1o x ).

But, by , we know that
Argt ={pe N’g"|pNp=0=pAxp}.
As 73 belongs to the space A3.g*, the conditions
pAT3=0 and xpAT73=0
must be fulfilled. Thus, it is sufficient to take A = 7y and 7 = 73. O

We recall that a 5-dimensional manifold N has an SU(2)-structure if there
exists a quadruplet of differential forms (1, w;,ws,ws), where 71 is a 1-form and w;
are 2-forms on N, satisfying w; Aw; = d;;v, v An # 0, for some nowhere vanishing
4-form v, and

Lxws = tyw; = wo(X,Y) >0,

for any vector fields X and Y on N. Such structures were introduced by Conti
and Salamon in [39].

Proposition 3.3.10. Let (g =n@ a,(-,-)) be a 7-dimensional rank-two Einstein
Lie algebra, and let {ey,...,ez} be an orthonormal basis of (g, (-,:)) such that
a = R{es, e7). Then, any Gq-structure ¢ on g, with g, = (-,-), induces an SU(2)-
structure on n such that the associated metric h is the restriction of g, to n.

Proof. By [115, Proposition 4.5] we know that the 2-form F' = (., and the 3-
form p given by p = ¢ — F A €7 determine an SU(3)-structure on R{ey, ..., eq)
whose associated metric is the restriction of g, to R(es, ..., es). Now we can write
F=f24 P4 fPAaeband p+p= (fP+if2) A2+ ifY) A (f° +ieb), where
fi € R{ey,...,e5) and {fi,..., f5,ec} is orthonormal. Then by [39, Proposition
1.4] the forms

n= f5; Wy = f12 +f34; Wy = f13+f427 w3 = f14+f23
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define an SU(2)-structure on n. The basis { f1, ..., f5} is orthonormal with respect
to the metric h induced by the SU(2)-structure. So, h coincides with the restriction
of g, ton. n

Corollary 3.3.11. Let (g =n@a,(-,-)) be a 7-dimensional rank-two Finstein Lie
algebra, and let {ey,... ez} be an orthonormal basis such that a = R{eg,e7). If
for any coclosed 3-formyp one of the two following conditions

o (wf —wi)An#0 for somei# j,
o w; A1 # *xpw; for some i

is satisfied, where (wy,ws,ws,n) is the SU(2)-structure as in Proposition |3.5.10
and h its corresponding metric, then, (g, (-,-)) does not admit any coclosed G-
structure @ such that g, = (-,-).

Proof. By Proposition [3.3.10] a Ga-structure ¢ on (g = n ® a,(-,-)), such that
gp = (-,-) and a = R{eg, e7), induces an SU(2)-structure (wq,ws,ws,n) on n. By
definition of SU(2)-structure, the forms (wy, we, w3, ) have to satisfy the conditions
(W —w?) An =0 for all 4, j, and w; A1 = *pw; for all i = 1,2, 3. O

We already know that 7-dimensional Einstein solvable Lie algebras cannot ad-
mit nearly-parallel Go-structures since the scalar curvature of such a structure has
to be positive. Next, we show that in general those metric Lie algebras do not
admit coclosed Gy form whose induced metric is Einstein.

Theorem 3.3.12. A T7-dimensional solvable Lie group cannot admit any left in-
variant coclosed Go-structure ¢ such that its induced metric g, is Einstein, unless

gy s flat.

Proof. According with Theorem [3.1.4] an Einstein solvable Lie algebra (s, (-,-))
is necessarily standard, so one has the orthogonal decomposition (with respect to
()

s=nda,

where n = [s, 5] is a nilpotent Lie algebra and a Abelian. We will consider sepa-
rately the different possibilities according to the rank of s, that is, the dimension
of a.

Rank one
If n is Abelian, then by [80, Proposition 6.12], we know that s has the structure
equations
s = (ae'", ae*, ae®, ae', ae’, ac®,0),
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where @ is a non-zero real number. A generic coclosed 3-form ¢ on (s, (-,-)) has
the following expression

123 124 125 126 134 135 136
QY =p1,2,3€ " + P124€ F P125€6 7 F pP126€ T T pP134€ 7 +p135€ 7 + P136€

145 146 156 234 235 236 2
+ P145€ " + Praee T P156€ 0 T P2,34€77 + p23se + pa3ee” + P245€

246 256 345 346 356 456
+ P246€” + P256ET + P345€T T + P346€T + P356€°  + Pas5eC -

45

We apply the aforementioned result [I15, Proposition 4.5]. For example, for X =
e, we have

23 24 25 26 34 35 36
Q= Le, P =P1,2367° + P124€" + P125€7° + P126€" + P134€” + P135€7 + P1,36€
6

+ prase™ + prage’® + prsee’
and therefore,
aNaNa=0.

If n is (non-Abelian) nilpotent, then (s, (-, -)) is isometric to one of the solvable
Lie algebras g; (i = 1,...,33) in Table , endowed with the Riemannian metric
such that the basis {ej, ..., e7} is orthonormal. To study the Lie algebras gs, g3,
g23 and g; (25 < j < 33), we apply Lemma [3.3.8 with X = e7, and we see in this
way that they do not admit any coclosed Go-structure ¢ such that g, = (-, ).

For the Lie algebras

g1, 92, B4, 95, Y6 Y20,

we write, for every of these algebras, the expression of a generic coclosed 3-form
v, and then we determine the torsion forms 7y and 73. In all the cases, we obtain
that 73 A ¢ # 0 unless ¢ vanishes. So applying Lemma [3.3.9] we have that these
Lie algebras do not admit a coclosed Ga-structure.

For the Lie algebras

g, T<j<24, j#13,20,23, (3.10)

we first determine a generic coclosed 3-form ¢ and then, by applying [115, Proposi-
tion 4.5] with n = ¢!, ..., €, we impose the conditions for the corresponding
forms o and 3, which are defined as in . Moreover, we have that the coclosed
3-form ¢ defines a Go-structure if and only if the matrix associated to the symmet-
ric bilinear form g,, with respect to the orthonormal basis {e,...,er}, is positive
definite. Since the Einstein metric is unique up to scaling, a coclosed Go-structure
induces an Einstein metric if and only if the matrix associated to the symmetric
bilinear form g,,, with respect to the basis {eq, ..., er}, is a multiple of the identity
matrix. By a direct computation we have thus that the Lie algebras cannot
admit any coclosed Go-structure inducing an Einstein metric.
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Rank two

For the 7-dimensional rank-two Einstein solvable Lie algebras, using the same
notation as for the closed case (Theorem@ , we obtain the result for &, €3, €5, €5 ;
and €5 by the first condition of Corollary [3.3.11] For the other Lie algebras, that
is, €4, 871, €72, €73, 87 4, €5, as well as for the extension of the Abelian one, the result
is obtained using the second condition of Corollary

Rank three

As we did in the subsection concerning closed Go-structures, we have to consider
the rank-three solvable Einstein extensions of the two (non-Abelian) nilpotent 4-
dimensional Lie algebras, as well as of the Abelian one.

From , we know that the 4-dimensional nilpotent Lie algebra with structure
equations

n=(0,0,e'2, %)

does not admit a rank-three Einstein solvable extension.
For the nilpotent Lie algebra described by

n="hs R =(0,0,e? 0),

the rank-three Einstein solvable extension is given by (3.8). Then, we can take
the expression of a 3-form ¢ which is coclosed. The, we calculate the metric g,
induced by ¢, and consider the matrix system

S:G—kl7,

where G is the matrix corresponding to g, with respect to {ei,...,er}, and k
a non-zero real number. Thus, if we try to solve the system S = 0, which is
equivalent to the inner product to be Einstein, we obtain that Sg¢ = k. Therefore,
the system S = G — kl; does not have solution, and so the rank-three Einstein
extension of h3 @ R does not admit coclosed Go-structure inducing the Einstein
metric of .

Finally we consider the rank-three Einstein extension of the 4-dimensional
Abelian Lie algebra. Its corresponding structure equations are described in (3.9)).
As before, we take the general expression of a coclosed 3-form ¢ and we calculate
its induced metric. Imposing that the matrix system S (defined as before) must
vanish, we obtain again that Ss¢ = k. Therefore, the system S = 0 does not have
solution or, equivalently, the rank-three Einstein extension of the 4-dimensional
Abelian Lie algebra does not admit coclosed Go-structure inducing the Einstein

metric of ({3.9)).
O
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3.4 An Einstein cocalibrated G; manifold from
warped products

In this section, using warped products, we show an explicit example of a (non-
nearly parallel) coclosed Gy form inducing an Einstein metric on a non-compact
manifold. We point out that, according with Chapter 1 (see ), the Rie-
mannian product of a half-flat manifold by R (or by S* in the compact case)
has a coclosed Gy form but the induced metric is not Einstein. Moreover,
Agricola and Friedrich in [I] prove that any 7-dimensional 3-Sasakian manifold
(M, ¢i, &,m5,9; 1 = 1,2,3) has a canonical coclosed Go form ¢ such that the in-
duced metric g, is g, = g and so is Einstein. But we will see that the metric of
our example is not 3-Sasakian.

Let (B, gp) and (F, gr) be two Riemannian manifolds, and let f > 0 be a real
differentiable function on B. We denote by 7w and o the projections of B x F' onto
B and I, respectively. The warped product, namely M = B x; I, is the product
manifold M = B x F' endowed with the metric g given by

g=1"(g8) + 0" (9r).

The manifold B is called the base of M, F the fibre, and the warped product is
called trivial if f is a constant function. We denote by Ric? the lift (pullback by )
of the Ricci curvature of B, similarly for Ric'; and let Hess(f) be the lift to M of
the Hessian of f. By [109, p. 211] the warped product (M, g), where M = B x ¢ F,
is Einstein with Ric = \g if and only if (F,gr) is Einstein (Rict’ = ugr), with
Einstein constant p, and the following conditions are satisfied

Agp = RicP — %Hess(f),
NPV 2 (3.11)
- r ( a Flgg’

where Af = tr(Hess(f)), V f denotes the gradient of f and d = dim(F).
Moreover, when the base space has dimension 1 (dim(B) = 1), then equations
(3.11) reduce to

(f)*+ 2f2 = ﬁ- (3.12)

The behavior of the solutions of (3.12) depends on the signs of A and p. Never-
theless, up to homotheties, those solutions (besides the constant case) are given in
the following table (Table (see also [16]).
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Table 3.3: Solutions of the system (|3.12))

W —d-1) | 0 | d-1 | d—1 | d-1
A —d —d —d 0 d
S cosht | e | sinht | t | sint |

From this table follows the next result.

Theorem 3.4.1 (Theorem 9.110, [16]). Let (M, g) be a warped product, where M
= B x; F, dim(B) =1 and dim(F) = d > 1. If (M, g) is a complete Einstein
manifold, then either M is a Ricci-flat Riemannian product, or B = R, F s
Einsten with non-positive scalar curvature and M has negative scalar curvature.

Now, let M = I x; N be a warped product, where I is an open interval,
f I — R is a differentiable function, f > 0, and (N, gy) is a 6-dimensional
Riemannian manifold. Then, by [16], the metric ¢ on M given by

g=dt’ + f* gy

is Einstein if and only if gy is Einstein and (f’)* + paf? = pn, where

B scal(g) B scal(gn)
PM = 49 ) PN = 30 )
or equivalently,
A p
PM = 87 PN = 57

where, as we mentioned before, A and p are the Einstein constant of (M, g) and
(N, gn), respectively.

From now on, we suppose that the 6-dimensional manifold N has an SU(3)-
structure (w, ¥4, ¥_) which belongs to a one-parameter family of SU(3)-structures

(w(t), ¥4 (t),1-(t)) such that
w(t) = fi(t)w, Vi(t) = fo(t) ¥, Y_(t) = f3(t) ¥,

where the functions f; = fi(t) (i = 1,2,3) are real differentiable functions on an
open interval I. We will show conditions for (w,,%_) and for the functions
fi = fi(t) under which the 3-form

e =w(t) Ndt+ 1. (t) (3.13)

is either a closed or a coclosed Gy form on the warped product I x; N inducing
an Einstein metric g, = f2gy + dt?, for some real differentiable function f on I,
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and where gy is the Riemannian metric on N determined by (w, ¥, ,9_) . We
obtain some results taking certain functions f = f(¢) and particular types of
SU(3)-structures (w,1,,1_) on N.

First, we consider a family of SU(3)-structures (w(t), 44 (t),%_(t)) on N, for ¢
in some open interval I, such that

where f = f(t) > 0 is a real differentiable function on I. By (|1.9) we know that,
for any t € I, the 3-form ¢(¢) on N x R given by

(1) = w(t) A dt + 0, (1) (3.14)
is a Go form inducing the metric
Gety = dt* + gn (1),

where gn(t) denotes the Riemannian metric on N determined by the SU(3)-
structure (w(t), 1+ (t),1_(t)). Thus, the metric g, is the warped product metric

9oty = dt* + f2(t)gn (3.15)

on I x; N if and only if
an(t) = f*(t)gn.

In these conditions, the forms ¢(t) and *,) ¢(t) can be expressed, in terms of the
function f and the SU(3)-structure (w,v;,1_) on N, as follows

p(t) = A w A dt+ )y,
*o(r) P(t) = %f“(t) wAw+ () - Adt.

Therefore,

di(t) = f2(t) dw Nt — 3F2(t)f'(t) oy Adt+ F3(t) i,

. ~ 3.16
(kg p(t) = fHt) dw Aw +2f° () f' () w Aw A dt + f2(t) dp— A dt, (3.16)

where, as it is usual in this context, d denotes the differential on M = I x N, and
d denotes the differential on N.
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Taking into account the first equation of (3.16]), the closed condition for
©(t) (de(t) = 0), is equivalent to the following conditions on the SU(3)-structure
(w,14,1_) and on the function f = f(¥)

{d%+:0’ (3.17)
dw = 3f'(t) Yy,

since f(t) > 0, for all ¢ € I. To study this system we use that the scalar curvature
of the underlying metric g, of a closed Go-structure ¢ is non-positive. Then, from
Table , we see that the function f(¢) = sint can be discarded in order to have an
Einstein warped product M = I x; N. Concretely, from Table , can be checked
that the Einstein constants p and A of (N, gy) and (M, g), respectively, are such
that A\ and p are > 0. Thus, (M, g) has positive scalar curvature and therefore the
metric g cannot be induced by a closed Go-structure. Considering the function
f(t) = cosh(t) the previous system has not solution. This can be checked
by taking into account the fact that w and v, do not depend on the parameter ¢.
Thus, for f(t) = cosh(t), the second equation of does not admit solution.
The same happens if f(t) = e’ or if f(¢) = sinh(¢). However, a solution of is
obtained if f(t) =t (¢t € R™). In this case, we get the following well known result
of Bryant and Salamon [23, 26] on the cone metric over a 6-dimensional nearly
Kéhler manifold.

Proposition 3.4.2 [23| 26]. The cone metric over a Riemannian 6-manifold N
has holonomy contained in Gy if and only if N is a nearly Kdhler manifold.

Proof. Suppose that (w,1,1_) is a nearly Kéhler structure on N, that is, the
forms w, ¥, and ¢_ satisfy dw = 3¢, and diy_ = —2w?. Clearly, (w,v,,v_)
belongs to the family of SU(3)-structures (w(t), ¢ (t),1_(t)) on N such that

w(t) =t*w, by (t) = 4y, () =ty

and this family satisfies the system (3.17) for f(t) = ¢, where t € R*. Therefore,
according with (3.13]), the 3-form ¢ is defined by

o =twAdt+1t9, (3.18)

is a closed G form on M = R* x N. Using that f(¢) = ¢ and (3.15]), we have that
the induced metric g, is the cone metric of gn. So g, = dt? + t?gy is Ricci-flat
since (N,w,1,,1%_) is a nearly Kéhler manifold and so gy is Einstein and with
Einstein constant 5. Now, by , both properties (¢ closed and g, Ricci-flat)
imply that the 3-form ¢ is also coclosed and so parallel with respect to the Levi-
Civita connection of the cone metric of gy.
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Conversely, suppose that (w,1,,1_) is the SU(3)-structure on N inducing the
metric gy such that the cone metric g, = dt? 4+ t?gx has holonomy contained in
Gy. This means that the Gy form ¢ defined as in (3.18) is closed and coclosed.
But the closedness of ¢ and *, ¢ = —t3dt AN - + %t‘l w? imply that dw = 31,
and diy_ = —2w?, respectively. Thus, (w,1;,1_) is a nearly Kéhler structure on
N. O

From the second equation of (3.16)), and using that f(¢) # 0 since f(t) > 0,
the coclosed condition for ¢(t) (d *,@) ©(t) = 0) is equivalent to the following
system of conditions involving the SU(3)-structure and the function f(t)

{gw/\w:O,

- (3.19)
dp_ = =2f"(t)w A w.

Regarding the possible functions f(¢), from Table|3.3| we obtain that the previous
system only admits solution if f(t) = ¢ and dip_ = —2w A w. Recall that, as we

mentioned in Chapter 1, an SU(3)-structure (w, ¥y, _) satisfying c/l\w_ = 2wAw
is called nearly half-flat.

Proposition 3.4.3. Let N be a differentiable manifold, of dimension 6, endowed
with a nearly half-flat SU(3)-structure (w, vy, ¢_) (dy_ = —2w?) whose underlying
metric gy is Einstein and with Einstein constant 5. Then, the 3-form ¢ on M =
Rt x N defined by

o =t*wNdl+ 1, (3.20)

is a coclosed Gy form on M = R* x N inducing the Ricci-flat metric given by the
cone metric of gy, that is,
Jp = dt* +tgy.

Proof. From and (3.19)), the Go-structure on M = R* x N determined by
the 3-form given by is coclosed. Using , we have that the induced
metric g, is the cone metric of gx and so g, is Ricci-flat since gy is Einstein and
with Einstein constant 5. [

Remark 3.4.4. Note that in general a coclosed Go form inducing a Ricci-flat
metric is not closed, and so (in opposite with closed Gy forms inducing Ricci-flat
metric) it is not parallel with respect to the Levi-Civita connection of the metric.
Howewver, as far as we know, examples of non-parallel coclosed Gy forms defining
a Ricci-flat metric are not known.

Now we consider the family of SU(3)-structures (w(t), v (¢t),%-(t)) on N, for
t in some open interval I, such that
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Yy (t) = f3(t)(costap, —sintp ),
Yo(t) = F(E)(sint s +cost ).

where f = f(t) > 0 is a real differentiable function on /. From (3.14)), for any
t € I, we have the forms ¢(t) and *,p(t) on N x R given by
o(t) = f2()wAdt + f2(t) (costyp, —sintih_),

3.21
*o0 P (1) = %f4(t)w/\w+f3(t)(sint@/)+ +cost@/)_) A dt. ( )

Thus,
do(t) =f2(t) dw A dt — 3f2(8) f'(t)(cost . A dt — sint i A dt)
+ f3(t) sintpy Adt+ f3(t) costp_ A dt
+ f3(t) costdip, — f3(t) sintdip_, (3.22)
d( %o p(t)) =fA(t) dw Aw + 2F() f/ () w Aw A dt
+ f3(t) costdip_ Adt + f3(t) sint dip, A dt.

Therefore, according with the first equation of (3.22)), the closed condition
for ¢(t) is equivalent to the system

C/i\quj-i- - 07
dip_ =0,
dew =(3f'(t)cost — f(t)sint)iy
— (3f(t)sint + f(t)cost)y_.
Now, Proposition and the conditions c?z/ur =0= c/l\z/J, imply that:
c/l\w = ANw —+ vs,

with v, € QYN%) and v3 € Q3,(N®). Therefore the previous system does not

admit any solution.
Taking into account the second equation of (3.22)), the coclosed condition of
©(t) is equivalent to the following system

dw A w = 0,
2f () wAw = —sintdiy, — costdi_.
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Considering the possible functions f = f(¢) making Einstein the warped product
metric, Table implies that the only possibility is f(f) = sint. Therefore, the
SU(3)-structure must satisfy the conditions

c/l\z/ur =0 and dY_ = —2wAw. (3.23)

An SU(3)-structure satisfying (3.23)) is called double half-flat SU(3)-structure in
[T15, page 56].

Remark 3.4.5. Note that the ezistence of an SU(3)-structure (w,y,1_) on a
manifold N satisfying (3.23) is equivalent to the existence of an SU(3)-structure
(W,14,1_) on N such that

dv. =0 and di- =\&AG, (3.24)
where A is a non-zero real number. In fact, if (w, vy, 1_) satisfies (3.23)), then the
SU(3)-structure (w0, ¥4, 9_) given by

w = (2/ )‘)Zwa J+ = _(2/ )‘)3 ¢+, 7;7 = _<2/ )‘>3 ¢—

satisfies (3.24). Conversely, if ((D,{L,J_) is an SU(3)-structure satisfying (3.24]),
then the SU(3)-structure (w, v ,_) given by

w=(A/2)*®, Yy =—(A /2)3J+7 o =—(A /2>37Z—

satisfies (3.23). Conditions (3.24) are given in [110, page 56] to define dou-
ble half-flat SU(3)-structures. Note also that in the changes from (W, ,19_) to

(w, Yy, 9_), and conversely from (w, ¥y, ¥_) to (0,1, ¥_), we preserve the almost
complex structure but we change the metric.

For a double half-flat SU(3)-structure, we have the following result.

Proposition 3.4.6. Let (N,w, v, ,1%_) be a 6-dimensional differentiable manifold
endowed with a double half-flat SU(3)-structure (in the sense of (3.23))) whose

underlying metric gy 1s Finstein and with positive scalar curvature. Then, the
3-form ¢ on (0,7) x N defined by

@ =sintw Adt +sin®t (costp, —sintp_)

is a coclosed Go form on (0,7) X N inducing the well-known FEinstein metric with
positive scalar curvature
g = dt* +sin’t gy.
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Proof. A warped product (M, g), with M = (0,7) x N is Einstein with Ric = Ag if
and only if (N, gy) is Einstein (with Ric"Y = ugy) and equation is satisfied.

From the possible solutions of system (3.12)) (which are described in Table
we see that the solution f(¢) = sint requires p to be positive, or equivalently
Scal(gy) > 0. Therefore, the Gy-structure

@ =sintw Adt +sin®t (costip, —sintp_)

defines the metric
Jp = dt? 4+ sin’t gy,

which is Einstein if and only if gy is Einstein with positive scalar curvature.

On the other hand, if (V,w, v, ,1_) is double half-flat, that is
c?@/ur =0 and c?zﬁ_ =—2wAw,
from equation (3.22)) we have that

d(*,)p(t)) =sint dw A w + 2sin® tcostw A w A dt

+ sin?’tcostc?w, A dt + sin4t§w+ A dt
=2sin®tcostw Aw Adt —2sin®tcostw AwAdt = 0.

]

For the particular case of (N,w,,,1_) being nearly Kéhler the following
known result holds.

Theorem 3.4.7. [57, Theorem 5.3] Let (N,w,1,,1_) be a nearly Kdhler mani-
fold. Then, the 3-form ¢ on (0,7) x N defined by

@ =sin’tw Adt +sin®t (costp, —sintp_)
is a nearly parallel Gy form on (0,7) x N inducing the well-known FEinstein metric
g = dt? +sin’t gy,

where gy s the nearly Kahler metric on N.
If (N,w, vy ,v_) is compact, then (N x St ) is a compact nearly parallel G,
manifold with two conical singularities att =0 and t = .

Proof. Recall, that (N, w,,1_) is a nearly Kéhler manifold if and only if

C/l\w:?)er and ciw,:—2w/\w.
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Thus, from (3.22)) we have that

d(p(t)) =3sin?t1p, A dt — 3sin®tcos® t1py Adt + 3sin®tcost_ Adt
+sin*tep Adt +sin®tcostp_ Adt + 2sin*tw A w
—4sin*tep, Adt +4sin®tcost_ Adt + 2sin* tw A w.

Then, using (3.21]), we obtain that the Gg-structure ¢(t) is nearly parallel since

d(p(t)) =4, p(t).
O

Next, we construct a 7-dimensional (non-compact) manifold M with a coclosed
Gy form ¢ which induces an Einstein metric on M which is not 3-Sasakian. We
also show that ¢ does not define a nearly parallel Go-structure.

Let us consider the sphere S?, viewed as the Lie group SU(2), with the basis
of left invariant 1-forms {e', e?, €*} satisfying

de' =e*, de* = —e'®, and de’ =e'*

Hence, the Lie algebra of 5% x S% is g = su(2) & su(2), and its structure equations
are

g= (2, i3 12 28 f13 f12)

where {f?} denotes the basis of 1-forms on the second sphere.
Now, we consider the basis {h',..., hS} of the dual space g* of g given by

1 V2 V2 V2 V2
1_ Yo npty g2t 1 g1y 3 V4 2 4 V4 V43 36_ V43
h—4(e+f),h 4(e+f),h 4e,h 1 4e,h 4f.
With respect to this basis, the structure equations of the Lie algebra g of S® x S3
turn into

g = (2h% + 20", —2h35 1 2p%0 —2n15 1215 2410 — 2420 2113 —2p23 2p1 4 2h2).

We define the SU(3)-structure (w,v,%_) on S x S3 by

1 f2 h5:

w = h?4h¥ 4 h
w+ — h135 _ h146 _ h236 _ h,245, (325)
w_ = _}246 + ) 235 + 145 + 136
Then, an easy calculation shows that
&\w = 3¢+ + Vs,
dy,. = 0, (3.26)

cfw, = —2wAuw,
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which means that (w, 1, ,_) is a double half-flat structure (in the sense of (3.23))
on S x S% where vz € Q03,(S5? x S?) is given by

]/3 — _h135 + h146 _ h236 _ h245 + 2h235 + 2h246‘ (327)

The second and third equations of (3.26]) imply that the SU(3)-structure defined
by (3.25]) is double half-flat but it is not nearly Kéhler because v3 # 0, and hence

dw # 31, . We have that the metric g induced by (w, ¥ = 1, +itp_) on S% x S3

is Einstein with positive scalar curvature. Indeed, g is given by
g=(h')? + ()* + (K°)* + (h*)* + (h°)* + (h°)?, (3.28)
and its Ricci curvature tensor is
Ric=4h'@h +h?@h*+ P h® +h* @ h* + h° @ h® 4+ h® @ hY).
Thus, ¢ is Einstein with Einstein constant u = 4.

Proposition 3.4.8. Let (w,v,%_) be the double half-flat SU(3)-structure on S x
S3 defined by (3.25). Then, the 3-form ¢ on M = (0,7) Xgns (S® x S3) given by

@ =sin’t (h'? + b3 + h%®) Adt +sin®t cost (' — p146 — p236 — p24)

o sin4t (h136 4 h145 4 h235 o h246) (329)

is a (non-nearly parallel) coclosed Gy form whose underlying metric is Einstein
but not a 3-Sasakian metric.

Proof. By Proposition [3.4.6], we know that the 3-form ¢ defined by (3.29) is a
coclosed Gy form on M = (0,7) Xgn¢ (5% x S3). Moreover, from (3.29) (or inter-
changeably from (3.22))) we have

de = —dx,p(t) + sin*(t)vs A dt,
d( *o, <p) = 0,

where v is defined by (3.27). These equations not only imply that ¢ is coclosed
but also they imply that the Go-structure defined by ¢ is not nearly-parallel since
v3Adt # 0. Also, by Proposition [3.4.6, we know that ¢ induces the Einstein metric

Jp = dt? +sin’tg

where g is the Einstein metric on 5% x 5% given by (3.28). Now, a direct calculation
shows that the Einstein constant of g, is A = %. Thus, the metric g, is not
3-Sasakian since, according with Proposition the Einstein constant of a
3-Sasakian metric on a 7-dimensional manifold is 6. m
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Chapter 4

Closed Gy forms inducing
nilsoliton metrics

“La matematica € l’alfabeto in cui Dio ha scritto [’Universo.”
Galileo Galilei

According to the previous chapter, we know that simply connected solvable
Lie groups can have an Einstein metric but they do not carry any closed Gs form
inducing the Einstein metric, unless the induced metric is flat. For nilsoliton
metrics a natural question is the following:

Do there exist T-dimensional simply connected (non-Abelian) nilpotent Lie
groups with nilsoliton metric determined by a closed Go form?

In this Chapter, we answer this question in the affirmative. Using the classi-
fication in [38] and in [47], we show that, up to isomorphism, there is a unique
nilpotent Lie algebra (denoted by ng in Theorem 4.2.1 of section with a closed
Go form which does not admit nilsoliton metrics. It turns out that all the other ten
(non-Abelian) nilpotent Lie algebras have a nilsoliton. However, in Proposition
we prove that the Lie algebra n; (i = 3,5,7,8,11) (defined in Theorem 4.2.1
of section has a nilsoliton but does not carry closed Go-structures inducing
the nilsoliton. For the Lie algebra, namely n;y in Theorem 4.2.1, the existence of a
nilsoliton was shown in [47, Example 2] but we do not know whether or not there
is a closed Gy form inducing it since we cannot explicit the nilsoliton. Since nyq is
4-step nilpotent, the result of Theorem is restricted to s-step nilpotent Lie
algebras, with s = 2,3. In fact, in Theorem we show that, up to isomor-
phism, there are exactly four s-step nilpotent Lie algebras (s = 2,3) with a closed
G, form inducing a nilsoliton metric.

For each one of those closed Gs forms inducing nilsoliton metrics, we study in
section [4.4] the Laplacian flow introduced by Bryant in [24] for any closed Gy form.
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The short time existence and uniqueness of solution for this flow, on a compact
manifold M, has been proved by Bryant and Xu in [27]. In Theorem , Theorem
[4.4.5] Theorem [4.4.8 and Theorem [4.4.10] we show the first examples of compact
manifolds with a closed Gy form whose Laplacian flow has long time existence of
solution. The results of this Chapter can be found in [54].

4.1 Nilsoliton metrics. Einstein nilradicals

This section is devoted to recall some definitions and results about nontrivial ho-
mogeneous Ricci soliton metrics and, in particular, on nilsolitons (see for instance
[34], [90] and [85]).

A complete Riemannian metric g on a manifold M is said to be Ricci soliton
if its Ricci curvature tensor Ric(g) satisfies the following condition

Ric(g) = Ag + Lxg, (4.1)

for some real constant A and some complete vector field X on M, where Lx denotes
the Lie derivative with respect to X. If in addition X is the gradient vector field
of a smooth function f: M — R, then the Ricci soliton is said to be of gradient
type. Ricci solitons are called expanding, steady or shrinking depending on whether
A <0, A=0o0r A >0, respectively.

We also need to distinguish the following types of Ricci soliton metrics. A
Ricci soliton metric g on M is called trivial if g is an Einstein metric or ¢ is the
product of a homogeneous Einstein metric with the Euclidean metric; and g is said
to be homogeneous if its isometry group acts transitively on M, and hence g has
bounded curvature [94].

In order to characterize the nontrivial homogeneous Ricci soliton metrics, we
note that any homogeneous steady or shrinking Ricci soliton metric g of gradient
type is trivial. Indeed, if g is steady, one can check that g is Ricci flat, and so by [4] ¢
must be flat. If g is shrinking, then by the results in [105, Theorem 1.2] and in [I11],
(M, g) is isometric to a quotient of P x R* where P is some homogeneous Einstein
manifold with positive scalar curvature. Now, we should notice that this last result
for shrinking homogeneous Ricci soliton metrics is also true for homogeneous Ricci
solitons of gradient type [I1I]. Moreover, if a homogeneous Ricci soliton g on a
manifold M is expanding, then by [84] M must be non-compact; and from [110] all
Ricci solitons (homogeneous or non-homogeneous) on a compact manifold are of
gradient type. Conversely, as was proved by Lauret in [94] we have the following:

Lemma 4.1.1 [94]. Let g be a nontrivial homogeneous Ricci soliton on a manifold
M. Then, g is expanding and it cannot be of gradient type. Moreover, M is
non-compact.
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All known examples of nontrivial homogeneous Ricci solitons are left invariant
metrics on simply connected solvable Lie groups whose Ricci operator is a multi-
ple of the identity modulo derivations, and they are called solsolitons or, in the
nilpotent case, nilsolitons, which are defined as follows.

Definition 4.1.2. Let N be a simply connected nilpotent Lie group, and denote
by n its Lie algebra. A left invariant metric g on N s called a Ricci nilsoliton
metric (or simply nilsoliton metric) if its Ricci endomorphism Ric(g) differs from
a deriwation D of n by a scalar multiple of the identity map I, that is, if there
exists a real number \ such that

Ric(g) = M + D.

Lauret in [94] shows that if g is a nilsoliton metric on a simply connected
nilpotent Lie group N, then g is a Ricci soliton, that is, its Ricci curvature tensor
Ric(g) satisfies . In fact, since N is simply connected and D is a derivation
of the Lie algebra n of N, we can consider the flow ¢; : N — N, t € R, where ¢,
is the unique automorphism of N such such that the morphism (¢;). : n — n is
given by

(¢0) = e € Aut(n).

Now, let Xp be the left invariant vector field on N determined by ¢;, that is,

Xolp) = 5 o).

where p € N. Then

i d (e_tD.

dt|0¢tg =9

—tDy — _94(D-.-).
a, ) g(D-,-)

EXDg: , €

This implies that the Ricci tensor is such that Ric(g) = cg— %E x5 9, and henceforth
g is a Ricci soliton.

From now on, we will always identify a left invariant metric on a Lie group
N with an inner product (-,-), on the Lie algebra n of N. Then, according to

Definition 4.1.2) we say that (-, -), is a nilsoliton inner product (or simply nilsoliton)
on n if there exists a real number A and a derivation D of n such that

Ric(n, (-, -)s) = A + D. (4.2)

Nilsoliton metrics have properties that make them preferred left invariant metrics
on nilpotent Lie groups in the absence of Einstein metrics. Indeed, non-Abelian
nilpotent Lie groups do not admit left invariant Einstein metrics. Nevertheless,
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not all nilpotent Lie groups admit nilsoliton metrics, but if a nilsoliton exists, then
it is unique up to automorphism and scaling [90].

By Lauret’s results it turns out that nilsoliton metrics on simply connected
nilpotent Lie groups N are strictly related to Einstein metrics on the so-called
solvable rank-one extensions of N which were defined in section 3.1 (Definition
3.1.2)).

Theorem 4.1.3 [92, 93]. A simply connected nilpotent Lie group N admits a
nilsoliton metric if and only if its Lie algebra n is an Einstein nilradical, that is, n
possesses an inner product (-,-) such that (n,(-,-)) has a metric solvable extension
which is Finstein.

4.2 Nilsoliton metrics not induced by closed G
forms

We determine the nilpotent Lie algebras with closed Gy form and nilsoliton inner
product which is not induced by any closed Gy form. We also show that, up to
isomorphism, there is a unique 7-dimensional nilpotent Lie algebra with a closed
G4 form but not having nilsolitons.

The classification of nilpotent Lie algebras admitting a closed Ga-structure is
given in [38] as follows.

Theorem 4.2.1. Up to isomorphism, there are exactly 12 nilpotent Lie algebras
that admit a closed Go-structure. They are:

n, = (0,0,0,0,0,0,0),
=(0,0,0,0,e'?, e, 0),
= (0,0,0, 612 13 623’0)7
=(0,0,€'2,0,0,e" + &2, e'),
(0 076127070’ 613’614 + 625)7
(0 0,0, 6127 13 6147615%

= (0,0,0,e'%,e" e + % '),

(0 0761276137623,615 + 624’616 + 634)’

(0 0’612761376237615 + 624’ el6 4 34 4 625)7

no = (0,0,e'2,0,e™ + e e ef0 4 e 4 e!® 4 ),

Ny = (0 0,612,0,613,624 + 6237625 + 634 + 615 + 616 o 3626),

=(0,0,0,e'? e*, —e? 2620 — 2¢3 — 210 4 2¢2°).
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Using Table 1 in [47] we can determine which indecomposable Lie algebras n;
(4 <i < 12) do not have nilsoliton inner products. Note that the existence of
nilsolitons on ny and ng is not studied in [47] since they are decomposable. Con-
cretely, the correspondence between the indecomposable Lie algebras of Theorem
[1.2.1) and Table 1 in [47] is the following:

ny = 3.8, n; = 3.11, ng = 3.20, ny = 2.39,
ng = 25, Ng = 11(2?]), and Mo = 13(Z1>

Moreover, ny; and nys are respectively isomorphic to the real form of 1.2(i_3) and
3.1(i2). In particular, we have that ng is the only 7-dimensional nilpotent Lie
algebra with a closed Gy form but not admitting a nilsoliton.

Remark 4.2.2. Note that the Abelian Lie algebra ny admits as rank-one Finstein
solvable extension the Lie algebra s; with structure equations

(ae'® ae®®, ae®, ae®®, ae’®, ae®®, ae™,0),

for some real number a # 0, and the nilsoliton on ny is trivial because it is flat.

Since we are interested in non-trivial nilsolitons inner products, in the sequel
when we refer to a nilpotent Lie algebra we will mean a non-Abelian nilpotent Lie
algebra.

In order to classify the Lie algebras n; admitting a (non-trivial) nilsoliton but
with no closed G forms inducing it, we will use Proposition m (see Chapter 1,
section which shows an obstruction to the existence of closed Gq-structures
on 7-dimensional Lie algebras.

As we mentioned in Chapter 3, by [115, Proposition 4.5] we know that if ¢
is a Go-structure on a 7-dimensional Lie algebra and we choose a non-zero vector
X € g of length one with respect to g, then on the orthogonal complement of
the span of X one has an SU(3)-structure given by the 2-form a = 1x¢ and the
3-form = ¢ —a A1, where n = 1x(g,). So in particular a A 8 = 0.

By using these results we can prove the following proposition

Proposition 4.2.3. The Lie algebra n; (i = 3,5,7,8,11) has a nilsoliton inner
product but no closed Go-structure inducing it.

Proof. To prove that ng has a nilsoliton, we consider the Lie algebra ns defined
by the equations given in Theorem [4.2.1. Let (-,-),, be the inner product on nj
such that {e',...,e"} is orthonormal. Then, (-, -),, is a nilsoliton because its Ricci

tensor
,o)

N —

1
727

N | —

Ric = diag( —-1,-1,-1,



136 Closed Gy forms inducing nilsoliton metrics

satisfies (4.2)), for A = —5/2 and

333 5
D = diag| 2,2, = 2.
dzag<2727273737372>

Since the nilsoliton inner product is unique (up to isometry and scaling) it suffices
to prove that there is no closed Gy form inducing such an inner product.
Suppose that ng has a closed Gy form ¢ such that

9o = hns = D (€)% (4.3)
Thus, g4 has to satisty
7
[Toseier) =1. (4.4)
i=1

A generic closed 3-form « on n3 has the following expression

_ 123 124 125 126 127 134 135
Y =p1,2,3€ 7 + P124€ 7 + Pr25€ T + Proe€ T + pr27€ 7 + pr34€ + pr35€

136 137 145 146 147 156 157
+ p136€ " + P1,37€°7 T P1as5€  + pPrae€ T praz€ + P56 + pP157€
167 234 235 236 237 245 246
+ pre7€  + P2,34€7 + P235€7 + pPa3e€’T + p237€ + praee” + P246€
247 256 257 267 345 346
+ p2a7€” + pase€”T + pPas €T + p2g et + pr56€” 0 + P256€

347 356 357 367
+ (pas7— preq) e + pspee + p3sre”’ + psere’

where p; ; , are arbitrary real numbers. Now, we show conditions on the coefficients
pijk SO that ¢ = v is a closed Gy form such that g, satisfies (£.3). To this end, we
apply the aforementioned result of [I15, Proposition 4.5] for X =¢; (1 <i < 7)
and so = €’ by (£.3). For X = ey, thus n = e', we have

23 24 25 26 27 34 35
a1 =le, @ = p123e”” + proae” + prase” + proee” + piroze” + pi3ae” + pr3se
36 37 45 46 47 56 57
+ p136€” + p137€ + P1as5€6 " + Prase T praze + P56 + pi1s7€
67
+ pig7€
and
1 234 235 236 237 245
Br=¢ —te,d Ne” = pazae™ + pagse™ + pagee™ + pasre + prage
246 247 256 257 267 345
+ p2a6e” + p2are + pas5e€T + p2s7eT + poere + pP156€
346 347 356 357 367
+ p2see” + (p257 — preg) € + pssee” + pssre” 4 psgre’

But, a; A 57 = 0 describes a system of 6 equations. Hence, after apply the result
of [I15, Proposition 4.5] for X = ey, ..., ey, we obtain a system of 42 equations.



Nilsoliton metrics not induced by closed G forms 137

This system and condition (4.3) imply that any closed Gy form on nj satisfying
(4.4) is expressed as follows

123 145 167 246 257
O =p1a3e "+ prase "+ prere " + prae’ + pasre

(4.5)
+ (p25,7 — P1,6,7) e + ,03,5,66356-

Because ¢ should be a closed G, form on ng, at least for certain coefficients p; ; .,
Proposition implies that the coefficients appearing on (4.5) cannot vanish.
In particular, ps57 — p167 7 0. Now, denote by Gy the matrix associated to the

inner product on ng induced by the 3-form ¢ given by (4.5). Then, (4.3)) implies
that G4 = I, for some p; ;; and then

S=Gy—1I; =0, (4.6)

for those coefficients. From now on, we denote by S; ; the (4, j) entry of the matrix
S. One can check that equations 571 = S22 = S55 = 0 imply that

B 1  P145P16,7 d B 1
pP3se = ———, P46 = ——  —— an Pr23 = — .
P1,45P2,5,7 P2,5,7 £1,4,5P1,6,7

Therefore the expression of S5 becomes

I

g - (pr67 — p257)(Pre7 + P25.7)
6,6 — 5

P257
and hence p; 67 = £p257. But we know that py 7 # p257, and for p1g7 = —pa2s7,

we have that S35 = —p123(p1.67—p25.7)P356 and so S # 0, which is a contradiction
with (4.6). This means that nsz does not admit a closed Gs form inducing the

nilsoliton given by (4.3)).

To prove that ns has a nilsoliton, we consider the Lie algebra ns defined by the
structure equations

n; = (0,0,v3e'2,0,0,2e!3, e!* 4+ v/3e®).

Consider the inner product (-, -),, such that the basis {e!,...,e"} is orthonormal.
Then, its Ricci tensor satisfies
11 3 )

Ric = di (—4 3, -, 2929
ZC Za/g ? ? 27 27 27 ?

Actually, Ric = —%[7 + D, where D is the derivation of ns given by

5 7 17 17
D :di&g(§,§,6,6,5,7,7>
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and 50 (-, )n, = S.1_,(¢")? is a nilsoliton inner product.

Since the nilsoliton inner product is unique (up to isometry and scaling) it is
sufficient to prove that there is no closed Gy form on nj inducing such an inner
product. Suppose that n; has a closed G form ¢ such that gs = (-, ‘).

A generic closed 3-form « on n5 has the following expression

_ 123 124 125 126 127 134 135
Y =p123€ " + pP1r24€ T F+ Pro5€ T + pPr2e€ T + Pror€ T + pP134€ 7 + P135€

136 137 145 146 147 156
+ p136€ " + P1,37€°7 F P1as5€ T P1ae€ T praz€ " + P156€

157 167 234 235 236 237
+ P17 + prer€ T P2,34€77 + P23 s€TT + pas3ee + P23 7€

1 1
+ /)2,4,56245 + 5[92,3,76246 + 02,4,76247 - 5@01,3,76256 + \/3(03,4,5 - P1,4,7)€257

345 356 457
+ p345€" " — Pre7€” + Pasre

where p; ;i are arbitrary real numbers. Now we show conditions on the coefficients
pijx S0 that ¢ = 7 is a closed Gy form such that gy = (-, ), Proposition [1.4.5]
(applied for X = e;) implies that

P67 P2,37 Pa57 7 0. (4.7)

Now, we denote by G, the matrix associated to the inner product on ns induced
by the generic closed 3-form ¢. Then the condition g; = (-, -)n, implies for
some coefficients p; ;. From the equations Sgg = S77 = Se7 = S37 = Sas =
5373 = 53,6 = 54,7 = (0 we have that

2 1
P237= —5 > Pa5T = 5PL6T  P236 = —2p247, P1,36 = —2P1,4,7,
P16,7
1
p345 =0, L34 = SPLET P1,37 = 2P1,4,6, p2,34 = 0.

Therefore, Sy 4 = —% P 6.7p2.37 which by (4.7) cannot vanish and so S # 0, which

)

is a contradiction with (4.6]).

Consider now the Lie algebra n; defined by the structure equations

n; = <0, 0,0, 612, ?613, elt + ?e%, \/5615)

Let (-, )y, be the inner product on ny such that the basis {e!,... "} is orthonor-
mal. Then, (-,-)p, = S0, (¢)? is a nilsoliton since

11 5 3 15
Ric ( 4 ) 47 2707 4747 > 7+ 3
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where

5 11 5 15 21
D:dia/g(z,z,§74727Z75)?

is a derivation of n;. As before, since the nilsoliton inner product is unique (up
to isometry and scaling) it suffices to prove that there is no closed Gy form on n;
inducing such an inner product.

Suppose that n; has a closed Gy form ¢ such that g, = (-, -)n,. A generic closed
3-form v on n; has the following expression

123 124 125 126 127 134 135
Y =p123€ " + pPr24€ T + pP1r25€ T + pPr26€ T + pPr27€ T + p134€ 7 + P135€

136 137 145 146 147 156 157

+ p136€ " + P1,37€°7 F P1as5€ T P1ae€ T praz€ + P56 t+ pP157€
167 234 235 V6 V6 236 237

+ prere " + p23ae” + pa3se” + (—2 P25 = 5 PLag | € + p2,3,7€

V2 V6
+ /)2,4,56245 + 02,4,66246 + 7P2,5,6€247 + P2,5,66256 + | P16,7 T ?P3,4,7 e’

V6 V6
+ (7101,5,6 + \/5,02,3,7 e*® + 702566346 + P3,4,7€347 + \/5,03,4,76356

357
+ p3 577,

where p; ; , are arbitrary real numbers. Now, we show conditions on the coefficients
pijk SO that ¢ = v be a closed Gg form such that g, = (-, -)s,. Proposition m
applied for X = e; implies that

£1,6,7 ?é 0. (48)

Now we apply the result of [I15] Proposition 4.5] for X =¢; (1 <i < 7) and so
n = e’ by ([4.3). For X = e;, we have

23 24 25 2 27 34 35
) =le, @ = P123€"° + proa€” + prase” + prage” + praze” + pr3ae’ + pr3se

36 37 45 46 47 56 57
+ p136€° + P137€° + Pras€ " + Prae€ T pPraze + pPr56€ + P15,7€

67
+ p16,7€
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and

V6 V6
Br=0¢ = te,® A el = ,02,3,46234 + P2,3,5€235 + <7;02,4,5 — 7/)1,4,6 e + /)2,3,76237

V2 V6
+ 102,4,56245 + /)2,4,66246 + 7/72,5,66247 + 02,5,66256 + | P17+ ?/73,4,7 e

V6 V6
+ (701,5,6 + \/502,3,7 e+ 7%32566346 + ;03,4,76347 + \/503,4,76356

+ p3sre’.
Therefore, a; A B = 0 describes a system of 6 equations. Hence, after apply
the result of [115, Proposition 4.5] for X = es,...,e7, we obtain a system of 42
equations. This system together with the fact that p; 67 # 0 and the condition
9o = (-, )n, imply that any closed G form on n; satisfying (4.4)) is expressed as
follows

V6

¢ =p123e'® + prase’™ + prege’™ + prape™ + <,01,6,7 + ?P3,4,7> e (19)

347 356
+ p3,a7€T +V/2p5 477,

Now we denote by G, the matrix associated to the inner product on n; induced

by the 3-form ¢ given by (4.9). Then, the condition g, = (-, -)s, implies (4.6]) is
satisfied for some coefficients p; j ;. From equations Si; = S33 = S4a = Sg6 = 0
we have

V2

-
203,4,7

V2

3
203,4,7

Therefore S5 5 = 1 and so S # 0 which is a contradiction with (4.6).

y o Plas = —\/§P3,4,7, P167 = —pP3a7, and posg=

P1,2,3 =

The metric Lie algebra ng with structure equations Let the Lie algebra ng
be described by the structure equations

12 13 23 15 , 24 16 _ 34
ng = (0,0, 7, —e”, —e*,e” + e, —e® —e),

and let (-, -),, be the inner product on ng such that {e',... e’} is orthonormal.
Then, (-, )n, = Zzzl(ei)Q is a nilsoliton because its Ricci tensor

3 11
Ric = diag| —2,-2,-1,—=,0,=,1
1C 20/9( 9 27 9 27 727 >
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satisfies (4.2)), for A = —g and

1 3 5 7
D= dl(lg(E, ]_, 5,2, 5,3, 5) .

The nilsoliton inner product is unique (up to isometry and scaling) therefore
it suffices to prove that there is no closed Gy form on ng inducing such an inner
product. A generic closed 3-form v on ng has the following expression

_ 123 124 125 126 127 134 135
Y =p123€ "+ piroae T + pro5e T + praee T + pr2reT + pP134€7 + P1,35€

+ 01,3766136 + P173,7€137 + (—p127— P136) e + 01,4766146 + P174,7€147 + 01,5766156
+ P1,5,76157 + P2,3,4€234 + P2,3,5€235 + ,02,3,66236 + P2,3,7€237 + 02,3,66245

+ (P156 — P2,3.7) e*10 + ,01,5,76247 + 02,5,66256 + ,02,6,76267 + (p2,3,7 — 2p156
+ p15.7€°" — pagre® + po e’

) e345

where p; ;, are real numbers. Now, we show conditions on the coefficients p; ;
so that ¢ = v is a closed Gy form such that gy = (-, -)n,. We apply the result
previously mentioned [I15, Proposition 4.5] for X =¢; (1 <4 < 7) and so n = €'
by the condition g, = (-, -)ns. After solving the system of 42 equations we have
that any closed Gy form on ng satisfying is expressed as follows

3 45

123 124 125 126 135 136 1
O =pi123€ "+ praae "+ prase T+ proee T+ pi3se T+ p136€ T — P1,3,6€

+ 02,3,46234 + p2356°7 + paz e’ + 02,3,66245 + pasee.
(4.10)
Now denote by G4 the matrix associated to the inner product on ng induced by
the 3-form ¢ given by . Then G = 0 obtaining a contradiction with .

It only remains to study the Lie algebra n;;. According to Theorem [4.2.1]
ny; is defined by the structure equations

Ny = (0707f12707f13;f24 4 f237f25 4 f34 4 f15 4 f16' - 3f26)'

We consider the new basis {e’}7_; of n}; with

{61:f2 62:_£f1 63:@f3+\/@f4 6’4:—\/%f4
’ 377 39 78 77 78 7
65:£f6 66:_1f5 o7 — \/§f7}
3977 377 014"

Thus, the Lie algebra ny; can also be described by the structure equations

V13 V13 V26 V26 V13
nyy 2(0, 0, ——e'?2 0, ——el? — Z—elt T2 4 =~ "2
13 13 26 26 13

\/1_3625+ \/%634+ \/@6154_ \/1_3616 _ \/@626).
26 26 26 26 26
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Let (-,-)n,, be the inner product on n;; such that {e!,... e’} is orthonormal.

Then, (-, )y, = Zz:1(€i>2 is a nilsoliton because its Ricci tensor

1
Ric = ﬁdiag(—z -7,-3,-3,1,1,5)

satisfies Ric = —%[7 + D, where D is the derivation of the Lie algebra n;; given
by

1
D= 1—3diag(1, 1,2,2,3,3,4).

It suffices to prove that there is no closed Gy form on ny; inducing such an inner
product. Lets suppose that ny; has a closed Gy form ¢ such that g, = (-, )n;,- A
generic closed 3-form v on ny; has the following expression

123 124 125 126 127 134
Y =p12,3€ " + pr24€ T + Pr25€ T + pPr26€ T + pPr27€ 7 + p134€

135 136 137 145 146 14
+ p135€ " +pi13e€ T + P13 + prase T+ praee + praze
3 p 6167
156 157 3,4,7 234 235 236
+ p156€6 " — \/;,03,4,76 + ——F=— + p234€" + p235€" + pP236€

V2

P37 20156\ o37 <P1,2,7 P1.36 P2,3,5) 245 246
4 PAT 26 s (P21 PAAS L, o PRBR) 205 ) e
< V3 V3 ) N G P46
57

2
P156 20137\ 256 | P3A7€ 267
e + + =P34,7€

a4 (250 2 g, s
P2,4,7 \/§ \/§ \/5 5

1 P1,5,6 1 345
_ _ 1Yy _ 3
+ <2P1,4,7 /2 2\/_P2,4,7 e

2 1 1
+ (—\/;,01,3,7 - 5\/5/)1,4,7 + pi)%(j - —/)2,4,7) ¥ + p3a 7€ + V/2p547%

7

2

where p; ; , are arbitrary real numbers.

Now, we show conditions on the coefficients p; ;i so that ¢ = v is a closed
Gy form such that gs = (-,)n,,- We apply the result of [I15, Proposition 4.5] for
X =¢€; (1 <i<7)and son=e" by the condition gs = (-, -)n,,. After solving the
system of 42 equations we have that any closed Gy form on ny; satisfying is
expressed as follows

6 2
123 145 167 157 167 245
) =pP1,23€¢  — P246€ @ — \/502,4,66 - —2 pP347€ " + —2 pP347€¢  — \/§P2,4,6€

V2 V6
+ P2,4,66246 + 703,4,76257 + 7,03,4,76267 + P3,4,7€347 + \/5,03,4,76356-

(4.11)
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As before denote by G4 the matrix associated to the inner product induced by

the 3-form ¢ given by (4.11). Then, the condition g4 = (-, -)s,, implies (4.6)), for
some p; ;. Equations Sg¢ = S77 = 0 imply that

p2,4,6 - _§p374’7, and p3,477 frng 271/3

Therefore, Sy 4 = —% and so S # 0 which contradicts (4.6]).
O

Remark 4.2.4. Note that the 4-step nilpotent Lie algebra nig s isomorphic to
the Lie algebra 1.3(i)[A = 1] in the classification given in [49] and the existence
of the nilsoliton was shown in [47, Example 2]. Since an explicit expression of
the nilsoliton is not known, we cannot apply the argument used in the proof of
Proposition [{.2.3. Thus, it remains open the question of whether the Lie algebra
nyo admits a closed Gy form inducing a nilsoliton or not. Moreover, the explicit
expression of the nilsolitons for nyy and nyy have been already determined in [[9]
(see there page 20, Remark 3.5), but our basis is different for the nilsoliton on the
other Lie algebras.

4.3 Nilsoliton metrics determined by closed G
forms

In this section we prove that, up to isomorphism, there are only four (non-Abelian)
s-step nilpotent Lie groups (s = 2, 3) with a nilsoliton metric determined by a left
invariant closed Gy form.

Theorem 4.3.1. Up to isomorphism, ny, ny, g and nyy are the unique s-step
nilpotent Lie algebras (s = 2,3) with a nilsoliton inner product determined by a
closed Go-structure.

Proof. We will show that the Lie algebra n; (i = 2,4, 6,12) has a closed Go form,
namely, ¢; such that the Ricci tensor of the inner product g, satisfies (4.2)), for
some derivation D of n; and some real number .

For the Lie algebra ny, we consider the closed Gy form ¢y defined by

(g = M7 4 @207 4 3T | o123 | (156 | 25 _ (316 (4.12)
The inner product g,, is the one making orthonormal the basis {e',... e}, and
it is a nilsoliton since Ric = —2I; + D, where

33 .55
D=di 1,-,-,2,=,=,2
Z&g(,,,,2,2,),
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is a derivation of n,.

On the Lie algebra ny, we define the Gy form ¢4 by

Dy = —el2h _ A50 | MT | 135 | 16T | 25T 236 (4.13)
Then, ¢, is closed and the inner product g, makes the basis {€', ..., e’} orthonor-
mal. Therefore, g, is a nilsoliton since Ric = —317 + D, where D is the derivation
of ny given by
35 7
D=d 1,=,=,2,2, -3 ).
Zag ( Y 2’ 27 ) Y 27 >

For the Lie algebra ng we consider the closed Go-structure defined by the

3-form
06 = 128 4 Q45 | 167 | 25T _ 246 | 34T | 356 (4.14)

Therefore, the inner product g, is such that the basis {e!,...,e"} is orthonormal
and it is a nilsoliton since Ric = —317 + D, where D is the derivation of ng given
by

1 5 9
D =di = 2,2, -, = .
Zag (27 ) )2727373>

Theorem implies that the Lie algebra ny, is defined by the equations

o = (0,0,0, b2, 1%, —h'3 2% — 213 — 2110 + 2p%°).

If we consider the basis {e',...,e"} of n}, given by
V3 1 1 1 1
1:_h2 2:h1__h2 3:h3 4:——h4 5:—h5 _hG
{ 2 " e T e =T e =g g
3 3 3
o Vs Ve 1 —£h7},
12 12 48

then, nyo is described as follows

3 1 3 3 1
o :(0, 0,0, \/—_612, —e® \/—_613, —£623 — —el3,
_ £634+ @625 " 1626_‘_ ﬁem _ 1615>.
6 12 4 12 4
We define the Gy form @5 by

prg = —el24 | 135 4 Q167 _ o236 | (257 4 34T 456 (4.16)
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Clearly (12 is closed. Moreover, it defines the inner product g,,, which makes the
basis {€', ..., e’} orthonormal, and thus g,,, is a nilsoliton since Ric = —;ih—l—%D,
where D is the derivation of nis given by

D = diag(1,1,1,2,2,2,3).

]

4.4 Solutions of Laplacian flow with long time
existence

Let us consider the nilpotent Lie algebra n; (i = 2,4,6) defined in Theorem [4.2.1]
and the Lie algebra n;s defined by . Let N; be the simply connected nilpotent
Lie group with Lie algebra n; and closed G, form ¢; (i = 2,4, 6,12) given by (4.12),
(4.13)), and ([4.16)), for i = 2,4,6 and 12, respectively. By Mal’cev theorem
[102], we know that N; has a discrete subgroup I'; C N; such that the quotient
space

is a compact manifold. Since ¢; (1 = 2,4,6,12) is a left invariant closed Go form
on N;, it descends to a closed Go form ¢; on M;.

The purpose of this section is to prove long time existence and uniqueness of
solution for the Laplacian flow of ¢; on M;. Moreover, we show that the underlying
metrics g(t) of this solution converge smoothly, up to pull-back by time-dependent
diffeomorphisms, to a flat metric, uniformly on compact sets in N;, as t goes to
infinity.

Let M be a 7-dimensional manifold with an arbitrary Gs form . The Laplacian
flow of ¢, introduced by Bryant in [24], is given by

Colt) = D),

©(0) = o,

where A; is the Hodge Laplacian of the metric g; determined by the Gy form (¢).
In general, the expression of the Laplacian of a Go form ¢(t) is described in
terms of the torsion forms as:

Ap(t) =1o(t)%p(t) + 310(t) * (11(8) A p(t)) + To(t)3(t) + 3 d * (T2 (t) A (1))
+ xdrs(t) — Ad(* (11 (t) A xp(1))) + dma(t),
(4.17)
with 7o(t) € QO(M), 7 (t) € QYM), mo(t) € Q2,(M) and 73(t) € Q3. (M).
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Therefore, the behavior of the solution of the Laplacian flow is very different
for the different types of Gy-structures. For example, the stable solutions of the
Laplacian flow, that is, %gp(t) = 0 are given by the Gy manifolds (M, g) such that
Hol(M) C Ga.

The study of the Laplacian flow of a closed Gs form ¢y on a manifold M
consists to study long time existence, convergence and formation of singularities
for the system of differential equations

do(t) = 0. (4.18)

By Stoke’s theorem, the two first equations of the system imply that all
the Gy forms ¢(t) are cohomologous for any t.

In the case of closed Gy forms on compact manifolds, Bryant and Xu [27] gave
a result of short time existence and uniqueness of solution.

Theorem 4.4.1 [27]. If M is compact, then (4.18)) has a unique solution for a
short time 0 <t < €, with € depending on vy = ¢(0).

Therefore if the initial 3-form ¢ is closed, taking (4.17) into account, the
Laplacian flow is described by

() = dryft),

90(0) = $o,

In the following theorem we determine a global solution of Laplacian flow of
the closed Gy form ¢y on M.

Theorem 4.4.2. The family of closed Gy forms po(t) on My given by

3
0a(t) = 4T +e27 4 357 f(1)3e123 1 156 4 245 o346 te <_E’ —|—oo> , (4.19)

is the solution of the Laplacian flow (4.18)) of wo, where f = f(t) is the function

10 3
£(t) = (—t+ 1)5.
3
Moreover, the underlying metrics g(t) of this solution converge smoothly, up to pull-
back by time-dependent diffeomorphisms, to a flat metric, uniformly on compact

sets in M, as t goes to infinity.
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Proof. First we study the Laplacian flow of ¢y on Ny. Let f; = fi(t) (i =1,...,7)
be some differentiable real functions depending on a parameter t € I C R such
that f;(0) = 1 and f;(t) # 0, for any ¢ € I, where [ is a real open interval. For each
t € I, we consider the basis {z!,..., 27} of left invariant 1-forms on N, defined by

=2 (t) = filt)e', 1<i<T. (4.20)

From now on we write fi; = fi;(¢t) = fi(t) f;(t), fijx = fiju(t) = fi(t) f;(t) fr(t), and
so forth. Then, the structure equations of N, with respect to this basis are

de' =0, i=1,2,3,4,7, da® = ﬁx”, da’® = ﬁx”’. (4.21)
f12 f13

Now, for any ¢ € I, we consider the Gy form @9(t) on Ny given by

QOQ(t) — 9:,147 + 1‘267 + .%’357 + 1,123 + 1,156 + 9:,245 _ .%’346

= frare™ + fas7€®® + fa57¢® + froze'® + fisee!® + fouze®® — faueeC.

(4.22)
Note that ¢2(0) = @9 and, for any ¢, the 3-form (t) on Ny determines the
metric g; such that the basis {z; = %ei; i =1,...,7} of ny is orthonormal. So,

g(t)(es, e) = fi*.
Using (4.21)), one can check that dgs(t) = 0 if and only if

fas(t) = fas(), (4.23)

for any ¢. Assuming f;(0) = 1 and (4.23)), to solve the Laplacian flow (4.18) of ¢,
we need to determine the functions f; and the interval I so that 4o (t) = Aypa(t),

for t € I. Using (4.22)) we have

%%(t) = <f147>/6147 + <f267>16267 + <f357>/€357 " (f123>/6123

, . . (4.24)
+ <f156> e + <f245> et — <f346> ™.
Now, we calculate Aypo(t) = —d #; d *; po(t). On the one hand, we have
k1 pa(£) = 22396 _ 145 _ 1246 | ASGT | 2847 1367 4 125 (4.25)
So, #4557 is the unique nonclosed summand in *;p,(t). Then, taking into account

(4.23)), we obtain

s (% :ﬁ _ﬁ 123_&123):_ E2123
d(*¢d *; p2(1)) Fia ( f13x f12:)3 2<f13> [l
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Therefore, in terms of the forms e“* the expression of —d(x;d *; ©o(t)) is

— d(ed % pa(1)) = 2f123<%>2el23 - 2(%)6123. (4.26)

Comparing (4.24) and (4.26])) we see that, in particular, fi55(t) = 1, for any t € I.
Then, using (4.23)), we have

hfs? _ 1
i3 (f1)?
This equality and (4.26)) imply that —d(*,d *; ¢2(t)) can be expressed as follows
L g3
— d(xd *; a(t)) = QWe : (4.27)

Then, from (£.24) and ([4.27) we have that £pa(t) = Ayps(t) if and only if the
functions f;(t) satisfy the following system of differential equations

(1) = (1) = () = (1) = () = (5) =0,

/ 1 (4.28)
<f123> = 2@-
Because p2(0) = @9, the equations in the first line of (4.28) imply
Jrar(t) = faor(t) = fasr(t) = fis6(t) = fous(t) = faas(t) = 1, (4.29)
for any ¢ € I. From the equations (4.29) we obtain
fi=r="1f

Let us consider f = f; = f, = f5. Using again (4.29)) we have

filt) = (f(t))é, i=4,56,T.

Now, the last equation of (4.28]) implies that f*f' = % Integrating this equation,
we obtain

10
o= Et + B, B = constant.

But ¢2(0) = ¢y implies f2(0) = f123(0) = 1, that is, B = 1. Hence,

it = (1),

and so the one parameter family of 3-forms {p2(t)} given by (4.19) is the solution
of the Laplacian flow of 5 on N, and it is defined for every ¢ € (—35, +00).
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Moreover, {po(t)} is also the solution of the Laplacian flow of ¢y on M, since, for
any t € (—1%, —I—oo), o(t) is a left invariant closed Gy form on Nj.

To complete the proof, we study the behavior of the underlying metric g(t) of
such a solution in the limit for ¢ — +oo. Indeed, if we think of the Laplacian
flow as a one parameter family of G, manifolds with a closed Go-structure, it can
be checked that, in the limit, the resulting manifold has vanishing curvature. For
every t € (—%, +oo), denote by ¢(t) the metric on M, induced by the Go form

(2(t) given by (4.19). Then,

10 2/5 10 2/5 10 2/5
g(t) :<—t+1> et @el + (—t+1> 2 ®e? + (—t+1> e ®e?

3 3 3
10 -1/5 10 -1/5 10 -1/5
+<§t+ > e4®e4—|—<§t—l—1> e5®e5—|—<§t+1> e @ el
10 -1/5
+ <?t + ) Qe

Concretely, taking into account the symmetry properties of the Riemannian cur-
vature R(t) we obtain

3
Ris12 = Rizis = ———5—,
4(1+ 2t)
1
R =R =R =R = —,
1515 1616 3636 2525 PTE %t)
1
Rogsg = ——————, Ry = 0  otherwise,
2356 i+ 13_015) ki

where R;ji = R(t)(e;, ), ex, ;). Therefore, lim, , ., R(t) = 0.
[

Remark 4.4.3. Note that, for everyt € (—3,+00), the metric g(t) is a nilsoliton
on the Lie algebra ny of Ny isometric to g(0). In fact, taking into account
and ([£.22), it is sufficient to consider the isometry F;: (na, g(t)) — (na,9(0))
such that, at the level of the dual space w} of ny, it is given by Fy(e') = z'(t), that
is,

. 10 15

Fr(el) = <§t + 1) ¢l ifi=1,2,3 and
/10 110

Frel) = (Et + 1) ¢ ifi=456,T.

Then, with respect to the orthonormal basis (x1(t),...,x7(t)) dual to
(21(t),...,27(t)), we have

6 3

| | 3
Ricl®) =~ o 1 3100 79 (1’ 2’

[\CRGV]

5 b 3
2, =, =2 )| =——F—HRs 0
2.5.52) = o RietalO),



150 Closed Gy forms inducing nilsoliton metrics

where 3+10t ——diag (1, g, g, 2, g, g, 2) 1 a derwwation of the Lie algebra ny of Ns, for
every t. Moreover the Ricci tensor Ric(g(t)) of g(t) is expressed as
10 3/ —3/5
Ric(g(t)) = — <?t + 1) - 5( ) e’ ® e?
1,10 —3/5 4 1,10 —6/5
— (=t 1> —(—t 1) ‘e’
2( 3 + e’ ®e + 5\ 3 + e®e
1,10 —6/5
+§<?t+1> e® @ e,

Remark 4.4.4. Note that the limit can be also computed fixing the Go-structure
and changing the Lie bracket as in [95]. We evolve the Lie brackets u(t) instead
of the 3-form defining the Go-structure and we can show that the corresponding
bracket flow has a solution for every t. Indeed, if we fix on R” the 3-form

13147 4 .CL’267 4 ZE357 4 $123 + l‘156 4 1;245 . ZE346,

the basis (x1(t),...,x7(t)) defines, for every positive t, a nilpotent Lie algebra
with bracket p(t) such that p(0) is the Lie bracket of ny. Moreover, the solution
converges to the null bracket corresponding to the Abelian Lie algebra.

In the following theorem we show a long time existence of solution for the
Laplacian flow (4.18)) of the closed G form ¢4 on the compact manifold M,.

Theorem 4.4.5. There exists a solution, p(t) of the Laplacian flow of ¢(0) = @4
with

Dy = —el2 450 | T | 135 | 16T | 25T 236
on My defined in the interval I = (tyin, +00), where tp, is the negative real
number given by the elliptic integral

3 1

tmin = ——/ %22 — 2%) 7% 2da.
2 Jo

Moreover, the underlying metrics g(t) of this solution converge smoothly, up to pull-

back by time-dependent diffeomorphisms, to a flat metric, uniformly on compact

sets in My, as t goes to infinity.

Proof. We study now the Laplacian flow of ¢, on N;. Consider some differentiable
real functions f; = fi(t) (i =1,...,7) and h; = h;(t) (j = 1,2,3) depending on a
parameter ¢ € I C R such that f;(0) = 1,h;(0) = 0 and f;(¢t) # 0, for any ¢ € [
and for any i and j. For each t € I, we consider the basis {z!,..., 27} of left
invariant 1-forms on N4 defined by

o =u ( ) f’L( ) i? 1<i<A4, z° = 1‘5(t)
2% = a%(t) = fo(t)e® + ho(t)e?, o' =2 (t)

fs(t)e® + hy(t)et,
f7 (t)€7 + hg (t)€4
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From now on we write f;; = f;;(t) = fi(t) f;(t) and fiji = fiju(t) = fi(t)f;(t) ().
The structure equations of N4 with respect to this basis are

de' =0, i=1,2,4,5, dz°= J{—?’xl?,
12
4.30
da® = ﬁzl?’ + ﬁxﬂ and dx" = £$15 | )
f13 f24 ’ f15

For any ¢ € I, we define the G form ¢(t) on Ny by
o(t) = — 12t 456 | T 185 16T | 25T 256
:< — f124 = fahi2 — fahiz + f1h23) et — fusee™ + faure®
+ f135€'® + frere'™" + fasr€®" — fazee™ + <f46h1 - f16h3>6146

- <f45h2 + f25h3> e 4 ( — forh1 + f17h2>6127.

(4.31)

Clearly ¢(0) = ¢4 since f;(0) = 1 and h;(0) = 0. Moreover, using (4.30) and
(4.31]), one can check that dy(t) = 0 if and only if

fi6(t) = faa(t), far(t) = fs6(2),

for any t.
To study the Laplacian flow (4.18) of ¢4, we need to determine the functions

fi, h; and the interval I so that S¢(t) = Awp(t), for t € I. On the one hand,
using (4.31) we have

%@(ﬂ :< — fi2a — fahia — fohis + f1h23>/6124 - <f456)/e456 + <f347),e347

+ <f135>/6135 + <f167)/€167 + <f257>/€257 — <f236>/6236

+ (Fishs = fuohs) €% = (fisha + foshs) €+ (= forhs + firhs ) €.

(4.32)
On the other hand,
ko p(t) = @97 4 12T | 1256 26T | 2305 | 1457 4 146,
So, %7 and 2?7 are the nonclosed summands in (%)
Then, for Ayp(t) = —d %, d *,0) p(t) we obtain
_ 3 13 farhs _ fEh1) 124
Dp(t) = —(fraa(g + i) — Lt — Bl ) a

fE . JE N\ 135 . fsf 245 | f3/2 127
+f135<f12f§ + f%f§>6 TR ¢ T RECT
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Comparing (4.32) and (4.33]) we see that the functions f;, hy and hg satisfy
frev(t) = fase(t) = fosv(t) = faar(t) = fase(t) = 1, fas(t)hi(t) — fie(t)hs(t) = 0,
for any t € I. But these equations are satisfied if

1
fos’
Using (4.34)), we write (4.32)) and (4.33) in terms of f;, hy and hs. Then, we see
that Lo(t) = Awp(t) if and only if

fi=u-v, f2:f4:U1/27 f3:f5:U1/2> Jo=fr= (UU)_1/27
hy = 3wt — Sul? hy =0, hy = 1032012 — L(ww) 12

fi= f3 fi= [, Is = I3, Jo=fr= hy = fofihs. (4.34)

(4.35)

where u = u(t) and v = v(t) are differentiable real functions satisfying the system
of ordinary differential equations

o= +2 2 —u?
T3 wded )
. _2 1,3 (4.36)
3 a2
with initial conditions
u(0) =v(0) = 1. (4.37)

Let us accept for the moment that (4.36)-(4.37) has a solution u = u(t),v = v(t)
defined in I = (¢, +00). Then, taking into account (4.31)) and (4.35)), the family
of closed Gy forms ¢(t) solving (4.18) for ¢4 is given by

1

1
o(t) 216124 (—u'v® 4+ 2u*v — dww® — 1) + 56127 (u*v — 1) + uPve'™®

1
4 6167 . 6236 + 56245 (u2U . 1) + 6257 4 6347 . 64567

for t € (tmin, +00). Moreover, {p(t)} is also the solution of the Laplacian flow of
@4 on My since, for any t € (¢, +00), @(t) is a left invariant closed G form on
Ny.

The underlying metric g(t) of this solution converges to a flat metric. To
check that the corresponding manifold in the limit is flat, we note that all non-
vanishing coefficients of the Riemannian curvature R(t) of g(¢) are proportional to
the function 2u(t) — u*(¢).

Below (see Corollary we show that the function wu(t) satisfies

lim u(t) =23,

t——+o0
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and so

lim R(t) = 0.

t——4o00

To study the system ({4.36[)-(4.37) we note that the first equation of (4.36)

implies that « > 0 since u(0) = 1 and the functions v = u(t), v = v(t) are both
positive. Moreover, we note also that the functions at the second member of (|4.36])
are C* in the domain

Q= {(u,v) ER*|0<u<2"® v>0},

in the phase plane. Then, for every point (ug,vy) € €2, there exists a unique
maximal solution (u,v), which has (ug,vp) as initial condition, and with existence
domain a certain open interval I such that either

lim (u(t)® + v(t)?) = +o0,

t—inf I
or
tllilg%l(u(t),v(t)) € 092,
and either
. 2 2\ _
t—l>lsr£>1 (u(t)? + v(t)?) = 4o,
or
t_l)lsrlgl(u(t), u(t)) € 09,
where 02 denotes the boundary of €. O

To complete the proof of Theorem [4.4.5 we study the system (|4.36[)—(4.37)

proving the two following results.

Proposition 4.4.6. The mazimal solution (u(t),v(t)) of (4.36), satisfying the
initial conditions (4.37)), belongs to the trajectory of equation

v = ﬁ (4.38)

Proof. From (4.36)) we obtain

dv  o(l—2u’)

du —  u2—ud)’

that is,
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Integrating this equation and using (4.37)), we have
logv = log(u(2 — ug)_l/Q).

Therefore,

1
V= [l
u(2 —u?)

As a consequence we have the following corollary, which completes the proof
of Theorem (4.4.5]

Corollary 4.4.7. The maximal solution of (4.36))-(4.37),
I35t (u(t),v(t)) €

parametrizes the whole curve (4.38)). Moreover, the mazimal solution is defined in
the interval

I = (tmina +OO)7
where ) 3/2
3 T
tinin = —= ———dx, 4.39
2/0 2 — 232" (4:39)
and
hmt_nmin U(t) = 07 ].imt_>+oo U,(t) = 21/3,
limt_>t7,Lin 'U(t) = +OO, limt_>+oo U(t) = +00.
Proof. Let I = (tmin,tmas) the existence interval of the maximal solution

(u(t),v(t)) of (4.36) satisfying the initial conditions (4.37)). Using the previous
proposition and the first equation of (4.36]) we see that

o(t) = (2u(t) —u(®)) V2, (1) = —ié?—ﬁ

which imply

In order to find t,,,., we can use that ‘fl—f = f(z(t)) or, equivalently,

dx

m:dt.
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So, in particular, we have

Note that the function %1'%(2 — #%)72 is increasing from 0, for z = 0, to 400, for
z = 25. Then, integrating % = dt between t,,;,, and 0, and using that x(t,,;,) = 0
and z(0) = 1, we have that ¢,,;, is finite and equal to the real number

3 [l
tmin = ——/ 2322 — %) 7 dx.
2 Jo

Similarly, in order to find t,,,, we integrate again % = dt between 0 and t,,4..

Since x(tmaz) = 25 we get

3 [° 5
tmaz = __/ %(2 - >_§d$,
1

which implies that t,,,, is 400 because this integral is not defined in x = 25. [

ol

Concerning the Laplacian flow (4.18)) of the closed G form ¢g on Mg we have
the following.

Theorem 4.4.8. There exists a solution, ¢(t) of the Laplacian flow of v(0) = ¢g

with
o123

Vg = + 6347

356 145 167 246 257

+em+e " +e +e

on Mg defined in the interval I = (tyin, +00), where tp,:, is the negative real
number given by . Moreover, the underlying metrics g(t) of this solution
converge smoothly, up to pull-back by time-dependent diffeomorphisms, to a flat
metric, uniformly on compact sets in Mg, ast goes to infinity.

Proof. Consider the Laplacian flow of g on Ng. We take differentiable real func-
tions f; = fi(t) (i =1,...,7) and h; = h;(t) (j = 1,2) depending on a parameter
t € I C Rsuch that f;(0) = 1,h;(0) = 0 and f;(t) # 0, for any ¢ € I and for any
i and j. Now, for each t € I, we consider the basis {x!,..., 27} of left invariant
1-forms on Ny defined by

' =a'(t) = fi(t)e', 1<i<5,
2% = 2%(t) = fo(t)e® + hi(t)e?,
2T =" (t) = fr(t)e’ + ha(t)e’

For any t € I, let (t) the Go form on Ng defined by

gD(t) — $123 4 LU145 4 .T167 + $257 - LE246 4 $347 4 .T356. (440)
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In order to study the flow (4.18)) of g, we proceed as in the proof of Theorem
4.4.5, We see that the forms () defined by (4.40]) are a solution of (4.18)) if and

only if the functions f;, h; and hy satisfy

fi=u-v, f2:f3:y1/27 f4:f5:u1/2,
1 1
f6 = f7 = (U’U)*l/2, hl — h2 — _§<uv)fl/2 + 5’&3/201/2,
where u = u(t) and v = v(t) are differentiable real functions satisfying the system

of ordinary differential equations

w22
/ 3 W (4.41)
V= s
with initial conditions
u(0) =v(0) = 1. (4.42)

Clearly, the systems (4.41)-(4.42)) and (4.36))-(4.37) are the same. Thus, the
maximal solution of (4.41))-(4.42) satisfies the properties expressed in Corollary

for the maximal solution of (4.36))-(4.37). Moreover, {¢(¢)} is also the solu-
tion of the Laplacian flow of pg on Mg since, for any t € (¢, +00), @(t) is a left
invariant closed Gy form on Ng.

To finish the proof we see that, for ¢t € (tuin, +00), the expression of p(t) is
given by

1
(1) _1(1 Juv? — 20 + utv?)el? 4 T | (B | 16T 246 | 25T
1
+ v2ve'® 4 5(1 - uQv)(e136 — 6127).

The underlying metric g(t) of this solution converges to a flat metric. To check
that the limit metric is flat, we note that all non-vanishing coefficients of the
Riemannian curvature R(t) of ¢g(t) are proportional to the function

uP(8)(2 — u’(t))",
where p and ¢ are real numbers satisfying that ¢ > 0. According with Corollary
4.4.7), we have that the function u(t) satisfies
lim u(t) =243,

t——+o0

and so
lim R(t) =0.

t—+o0
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Remark 4.4.9. Note that surprising in the Ny and Ng cases we get the same
system of equations.

Finally, for the Laplacian flow of the closed Gs form @15 on M5 we have the
following.

Theorem 4.4.10. The family of closed Gy forms ¢(t) on My given by
D(t) = — M4y 1T (Y0613 f(1)56230 4 62T oMT_ o456 ¢ ¢ (_37 +oo> (4.43)

is the solution of the Laplacian flow of p(0) = 12, where f = f(t) is the function

(1) = (%H 1)1/8.

Moreover, the underlying metrics g(t) of this solution converge smoothly, up to pull-
back by time-dependent diffeomorphisms, to a flat metric, uniformly on compact
sets in Myo, as t goes to infinity.

Proof. 1t is sufficient to prove that solves the Laplacian flow of (15 on Nis.
Let f; = fi(t) (i =1,...,7) be some differentiable real functions depending on a
parameter t € I C R such that f;(0) = 1 and f;(t) # 0, for any ¢ € I, where [ is an
open interval. For each t € I, we consider the basis {z!,..., 27} of left invariant
1-forms on N5 defined by

' =2'(t) = fi(t)e!, 1<i<T. (4.44)
Then, from (4.15) the structure equations of Nis with respect to this basis are

\/_f4 12

dr*=0, i=1,2,3, det = ==
6 fo
dr’ — — 1f5 223 \/_f5 13 d:(;ﬁz—iﬁ 23 _ 1f6 13 (4.45)
4f23 12 f13 12 fa3 4f13
\/_f7 34 \/_f7 25 1 f? 2 \/_.f7 16 1 f? 15

da™ = + X2 + = — oL

6 f34 12 f25 4f26 12 f16 4f15

Now, for any ¢t € I, we consider the Gy form ¢(t) on Nis given by

o(t) = —p'2 107 4 135 _ 4286 | 257 4 347 456
= — f12a€"* + fi67€"%7 + fizse'® — fose®® + fos7€®" + faare® — fusce

(4.46)

Note that ¢(0) = @12 and, for any ¢, the 3-form @(t) on Ny determines the
metric g; such that the basis {z; = %ei;z’ = 1,...,7} of nyy is orthonormal. So,

456
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gt(eia ei) - f7,2
We need to determine the functions f; and the interval I so that %o (t) = Aup(t),

for t € 1. Using (4.46) we have

%Cp(t) _ (f124)/€124 + <f167)/6167 4 (f135)/€135 o (f236)/€236

(4.47)
+ (f257)/6257 =+ (f347)/€347 - (f456)/€456-
Now, we calculate Ayp(t) = —d *4¢) d *,@) p(t). On the one hand, we have
kp(e) () = 36T — 26T | (2345 | (45T | j1346 4 1256 4 1257 (4.48)

So, 227 and %7 are the unique non closed summands in *,;)¢(t). Then, taking
into account the structure equations (4.45) and that z'(t) = fi(t)e’,1 < i < 7 we
obtain

s+ fe) (2SS + F51E) a6 s
Agp(t) = 16f1f2/3/5f6 (e ™)
n (fis + fos) (25 — f:’?f?)(elzw 4 o),
163 f1 f2f3 5 fs
Comparing and , in particular, we have that

(f124)" = (fr67)" = (fas7) = (faar)" = (fass)’ = 0,
and since ¢(0) = @15 this imply that

J124(t) = fi67(t) = fosv(t) = four(t) = fase(t) = 1, (4.50)

for any t € I. From the equation (4.50) we obtain that the functions f;, where
i€{3,4,5,6,7}, can be expressed in terms of f; and fy as follows

A S

(4.49)

f3 = (fif2)’, fa

T A T hf

Let us consider f = f; = fo. With these concrete values (4.47) and (4.49) become
d
() = (7)) (e — ), (4.51)

and )
-

Avo(t) = O 1o gy,

respectively. From (4.51) and (4.52) finding a solution of the Laplacian flow is

equivalent to solve f7f’ = 2—14. Integrating this equation, we obtain

(4.52)

1
8= §t + B, B = constant.
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But ¢(0) = ¢12 implies that f(0) = 1, that is, B = 1. Hence

fiy = (5t +1)"

and so the one parameter family of 3-forms {¢(¢)} given by is the solution
of the Laplacian flow of @15 on Njo, and it is defined for every ¢t € (=3, +00).

Finally, we study the behavior of the underlying metric ¢(t) of such a solution
in the limit. If we think of the Laplacian flow as a one parameter family of Go
manifolds with a closed Gg-structure, it can also be checked that, in the limit, the
resulting manifold has vanishing curvature. Denote by ¢(t), t € (—3,4+0o0), the
metric on Ny induced by the Gy form 15(t) defined by (4.43). Then, g(¢) has the

following expression

1 1/4 1 1/4 1 -1
g(t) :<—t+1) el el + <§t+1> 2 ®e® + (—t+1) e’ @ e?

3 3
1 —1/2 1 1/4 1 1/4
+<§t+1> e4®e4+<§t+1> e5®e5+<§t—|—1> b ® e’
1 ~1/2
+ <§t+ 1) el

Concretely, every non vanishing coefficient appearing in the expression of the
Riemannian curvature R(t) of g(t) is proportional to (¢t + 3)~!. Therefore,

limy, 400 R(t) = 0. m

Remark 4.4.11. Note that, for everyt € (—3,400), the metric g(t) is a nilsoliton
on the Lie algebra nyo of Nig isometric to g(0). In fact, taking into account
and (4.46)), it is sufficient to consider the isometry Fy: (ni2,g(t)) — (M2, 9(0))
such that, at the level of the dual space n}, of nya, it is given by Fy(e') = x'(t),
that is,

o s

Fr(el) = <§t + 1) ¢ ifi=1,25,6
o 12

F}(e') = (gt + 1) e' if i =3, and
o Sy

Fr(el) = (gt + 1) ¢l ifi=4,T.

Then, with respect to the orthonormal basis (x1(t),...,x7(t)) dual to
(2'(t),...,27(t)), we have

3 3 3
Ric(g(t)) = — Id + diag(1,1,1,2,2,2,3) = EE)

4340 " T 8B 1Y) Ric(9(0)),
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where ﬁdiag(l, 1,1,2,2,2,3) is a derivation of the Lie algebra nio of Nia, for

every t. Moreover, the Ricci tensor Ric(g(t)) of g(t), is expressed as
1/1 —3/4 1/1 —3/4
Ric(g(t)) = — 3 (515 + 1) el @e! — 3 <§t + 1) e? ® e?

1 1/1 —3/2
—§e3®e3+§<§t+1> el
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