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Abstract

In 1972, Maschler, Peleg and Shapley proved that in the class of
convex games the nucleolus and the kernel coincide. The only aim of
this note is to provide a shorter, alternative proof of this result.
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1 Introduction

Coalitional game theory deals with the problem of how to divide the outcome
obtained by players that may coordinate their actions and form coalitions.
Assuming transferable utility (TU games) the problem is solved by proposing
real-valued vectors where each component is the payo¤of a player. One of the
most important solution concepts for TU games is the nucleolus (Schmeidler,
1969). The nucleolus of a game belongs to the kernel (Davis and Maschler,
1965) of the game and in some cases they coincide. Convex games were
de�ned by Shapley (1971) and the coincidence of the nucleolus with the kernel
(and the prekernel) for this class of games was established by Maschler, Peleg
and Shapley in 1972. The proof of that result is quite long and complex. In
this note we provide an alternative.

2 TU games

A cooperative n-person game in characteristic function form is a pair (N; v),
where N is a �nite set of n elements and v : 2N ! R is a real-valued function
in the family 2N of all subsets of N with v(;) = 0: Elements of N are
called players and the real valued function v the characteristic function of
the game. Any subset S of N is called a coalition. Singletons are coalitions
that contain only one player. The number of players in S is denoted by jSj.
Given S � N we denote by NnS the set of players of N that are not in
S. A distribution of v(N) among the players -an allocation- is a real-valued
vector x 2 RN where xi is the payo¤ assigned by x to player i. A distribution
satisfying

P
i2N
xi = v(N) is called an e¢ cient allocation. The set of e¢ cient

allocations is denoted by X(v):We denote
P
i2S
xi by x(S). The core of a game

is the set of allocations that cannot be blocked by any coalition, i.e.

C(N; v) = fx 2 X(N; v) : x(S) � v(S) for all S � Ng :

Games with nonempty core are called balanced games. We say that a game
(N; v) is convex if v(S)+v(T ) � v(S[T )+v(S\T ) for all S; T � N: Convex
games are balanced.
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A solution ' on a class of games �0 is a correspondence that associates a
set '(N; v) in RNwith each game (N; v) in �0 such that x(N) � v(N) for all
x 2 '(N; v). This solution is e¢ cient if this inequality holds with equality.
The solution is single-valued if the set contains a single allocation for each
game in the class.
We say that the vector x weakly lexicographically dominates the vector

y (denoted by x �L y) if either
�
x =

�
y or there exists k such that

�
xi =

�
yi

for all i 2 f1; 2; :::; k � 1g and �
xk >

�
yk where

�
x and

�
y are the vectors with

the same components as the vectors
�
x,

�
y, but rearranged in a non decreasing

order (i > j ) �
xi �

�
xj).

Given x 2 RN the satisfaction of a coalition S with respect to x in a
game v is de�ned as e(S; x) := x(S) � v(S): Let �(x) be the vector of all
satisfactions at x arranged in non decreasing order. Schmeidler (1969) intro-
duced the prenucleolus of a game (N; v); denoted by PN(v); as the unique
allocation that lexicographically maximizes the vector of non decreasingly
ordered satisfactions over the set of allocations. In formula:

PN(N; v) = fx 2 X(N; v) j�(x) �L �(y) for all y 2 X(N; v)g :

Analogously, the nucleolus (Schmeidler, 1969) of a game (N; v), denoted by
N(v), is the unique allocation that lexicographically maximizes the vector
of non decreasingly ordered satisfactions over the set of imputations. An
imputation is an allocation that satis�es individual rationality, i.e each player
i receives at least his/her individual worth v(fig):
Given a TU game (N; v) and an allocation x we denote by B(x) the set

of coalitions with minimal satisfaction according to x:
Given a TU game (N; v) and an allocation x 2 X(N; v) the complaint of

player i against player j is de�ned as follows:

sij(x) = min
S:i2S;j 62S

F (S; x):

The prekernel of a TU game (N; v) is:

PK(N; v) = fx 2 X(N; v) : sij(x) = sji(x) for all i 6= jg
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For any game (N; v) the prenucleolus is single-valued, is contained in the
prekernel and lies in the core whenever the core is nonempty. In general, the
prekernel and the prenucleolus do not coincide1.
The Davis-Maschler reduced game property is de�ned as follows:
Let (N; v) be a game, T � N , T 6= N; ; and x 2 RT . Then the Davis-

Maschler reduced game with respect toNnT and x is the game (NnT; vx) where

vNnTx (S) :=

8>>><>>>:
0 if S = ;

v(N)�
P
i2T
xi if S = NnT

max
R�T

�
v(S [R)�

P
i2R
xi

�
for all S � NnT

The prekernel satis�es the Davis-Maschler reduced game property: Let (N; v)
be a game and let S be a nonempty coalition. If x 2 PK(N; v) then xS 2
PK(S; vx):

3 Antipartitions and partitions

The notion of antipartitions (Arin and Inarra, 1998) plays a central role in
the main result of this note.
A collection of sets C =

n
_S : S � N

o
is called a partition if [

S2C
S = N

and for any S; T 2 C it holds that S \ T = ?:
A collection of sets C =

n
_S : S � N

o
is called an antipartition if the

collection of sets fNnS : S 2 Cg is a partition of N . For any game (N; v) the
satisfaction of an antipartition C is de�ned by

F (C) :=
v(N)�

P
S2C

1
jCj�1v(S)

jCj :

1Consider a 4-person game (N; v) de�ned as follows:

v(S) =

8><>:
4 if S = N
0 if jSj = 1 or S 2 ff1; 2g ; f3; 4gg
2 otherwise.

It is immediately apparent that (2; 2; 0; 0) is an element of the prekernel (kernel) of the
game and that the prenucleolus (nucleolus) of (N; v) is (1; 1; 1; 1):
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For any game (N; v) the satisfaction of a partition C is de�ned by

F (C) :=
v(N)�

P
S2C v(S)

jCj :

Lemma 1 (Arin and Inarra, 1998) Let (N; v ) be a game and x be an
allocation:
a) if the collection of sets with minimal satisfaction B(x) contains an

antipartition C then F (S; x) = F (C) for all S belonging to B(x).
b) if the collection of sets with minimal satisfaction B(x) contains a par-

tition C then F (S; x) = F (C) for all S belonging to B(x).

Note that if the set of coalitions with minimal satisfaction with respect
to an allocation contains an antipartition or a partition then the satisfaction
of those coalitions depends only on the characteristic function of the game.
Let (N; v) be a TU game and x be an allocation. Denote by B(x) the set

of coalitions with minimal satisfaction at x:
In our paper we also use Theorem 5.2. and Lemma 5.7 in Maschler et al.

(1972), which we now restate without the proof2.

Theorem 2 For any convex game (N; v), coalition S and core allocation x,
the reduced game (S; vx) is convex.

Lemma 3 Let (N; v) be a convex game, and consider a core allocation x,
a coalition S in B(x) and the reduced game (S; vx): Then for all R � S it
follows that

vx(R) = max
Q2NnS

(v(R [Q)� x(Q)) = max fv(R); v(R [ (NnS))� x(NnS)g :

4 Convex games: The kernel and the nucle-
olus coincide

In what follows we prove that in the class of convex games the prekernel and
the prenucleolus coincide.

2The proofs of the statements are not long and complex.
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A collection C of subsets of a set N is called near-ring if
A;B 2 C then either A [ B = N; or A \ B = ; or both A [ B 2

C and A \B 2 C:
It is immediately apparent that if (N; v) is convex and x is an allocation

then B(x) is a near-ring3.

Theorem 4 Let (N; v) be a convex game and let x 2 PK(N; v). Then,
either B(x) contains a partition or B(x) contains an antipartition

Proof. Take any maximal coalition S in B(x)4 and de�ne K as the
subset of coalitions in B(x) which are contained in NnS and are maximal
under these conditions. Two cases may occur:
a) K 6= ;
Then S together with coalitions in K form a partition. By maximality

di¤erent coalitions in K do not intersect. It su¢ ces to show that for every
i 2 NnS there is R 2 K satisfying i 2 R. Since x 2 PK(v) there is a
coalition in B(x) containing i. Not every T of this type intersects S since we
would contradict separability5 observing that T � NnS by maximality of S.
b) K = ;
In this case every coalition in B(x) which intersectsNnS also intersects S,

hence it contains NnS by maximality of S. Let F be the subset of maximal
coalitions of B(x) which contain NnS. By maximality the union of two
di¤erent coalitions in F coincides with N .
To show that S together with all coalitions of F form an antipartition it

remains to be demonstrated that every player i of S is a member of precisely
j F j �1 coalitions of F . By separability there is a coalition in F not
containing i and the union of two di¤erent coalitions in F coincides with N .

The alternative proof is based in the following facts:

3The result arises by applying the de�nition of convexity to the sets in B(x):
4There is no coalition T in B(x) such that S � T:
5Separability implies that if there exists S 2 B(x) such that i 2 S and j =2 S then there

exists T 2 B(x) such that j 2 T and i =2 T: Clearly, if x is an allocation of the prekernel
this condition of separability must hold in B(x):
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1.- The prekernel and the prenucleolus satisfy the DM-RGP and they
coincide if the game has three or fewer players.
2.- Let x be a prekernel allocation of a convex game (N; v). The set of

coalitions with minimal satisfaction according to x contains a partition or an
antipartition.
3.- Let (N; v) be a convex game and let x; y 2 PK(N; v): There exists

a partition or antipartition, say Q; that must be included in B(x) and in
B(y). The satisfaction of coalitions in Q depends only on the characteristic
function of the game. Therefore, for any S 2 Q it must be the case that
x(S) = y(S):

4.- Let (N; v) be a convex game, S a nonempty coalition of N and x a
prekernel allocation. In order to compute the DM-reduced game (S; vx) only
the total payo¤ of coalition NnS; x(NnS); is needed.
5.- Combining facts 3 and 4 it must be concluded that the reduced games

with respect to a coalition in Q and allocations x and y are identical. These
reduced games are convex and therefore the arguments can be repeated until
games of three or fewer players are obtained.

Theorem 5 Let (N; v) be a convex game. Then PK(N; v) = fPN(N; v)g :
Proof. Let x = PN(N; v) and assume that there exists y; y 6= x; such

that y 2 PK(N; v): First of all note that B(y) and B(x) contain either an
antipartition or a partition, denoted by Q. Since the satisfaction of an an-
tipartition or a partition only depends on the characteristic function B(x)
and B(y) should contain the same antipartition or partition. Therefore, for
any coalition S in the antipartition (partition) it must hold that y(S) = x(S)
and consequently y(NnS) = x(NnS): Finally, DM-reduced games (S; vy) and
(S; vx) are convex and identical (by applying Lemma 3). The prekernel satis-
�es DM-reduced game property. If (xi)i2S and (yi)i2S are di¤erent we repeat
the argument with the games (S; vy) and (S; vx): At some point the reduced
games should have three or fewer players and in this cases the prekernel con-
tains only one allocation. Therefore;it must be concluded that for all S 2Q
and for all i 2 S it holds that xi = yi: Since Q is either a partition or an
antipartition [

S2Q
= N and therefore for all i 2 N it holds that xi = yi:
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In the class of balanced games the prenucleolus and the nucleolus coincide.
The nucleolus of a game belongs to the kernel of the game Therefore,

Corollary 6 Let (N; v) be a convex game. Then PK(N; v) = K(N; v) =

fN(N; v)g :
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