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Abstract

The distribution semantics integrates logic programming and probability theory
using a possible worlds approach. Its intuitiveness and simplicity has made it the
most widely used semantics for probabilistic logic programming, with successful
applications in many domains. When the program has function symbols, the
semantics was defined for special cases: either the program has to be definite
or the queries must have a finite number of finite explanations. In this paper
we show that it is possible to define the semantics for all programs. We also
show that this definition coincides with that of Sato and Kameya on positive
programs. Moreover, we highlight possible approaches for inference, both exact
and approximate.

Keywords: Distribution Semantics, Function Symbols, ProbLog, Probabilistic
Logic Programming

1. Introduction

The distribution semantics has been proposed independently in [T}, 2] [3]
and has been rediscovered many times by various authors. It is a particularly
appealing approach for assigning a semantics for probabilistic logic programs
(PLP) because of its clear reference to possible worlds that make programs
readable and intuitive.

In the last few years many languages have been proposed that are based on
the distribution semantics, such as Probabilistic Horn Abduction [2], PRISM [3],
Independent Choice Logic [4], Logic Programs with Annotated Disjunctions [5],
ProbLog [6] and CP-logic [7]. These languages have been successfully applied
in many domains such as natural language processing, biology, chemistry and
medicine.

The definition of the distribution semantics can be given quite simply in the
case of no function symbols in the program: a probabilistic logic program under
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the distribution semantics defines a probability distribution over normal logic
programs called worlds and the probability of a ground query can be obtained
by marginalizing the joint distribution of the worlds and the query. In the case
where the program has function symbols, however, this simple definition does
not work as the probability of individual worlds is zero.

A definition of the distribution semantics for programs with function symbols
was proposed in [2] [§] but restricted to definite programs. The case of normal
programs was taken into account in [4] where the semantics required that the
programs are acyclic. A looser condition was proposed in [9] but still required
each goal to have a finite set of finite explanations.

In this paper we show that the distribution semantics can be defined for all
programs, thus also for programs that have goals with an infinite number of
possibly infinite explanations. We do so by adapting the definition of the well-
founded semantics in terms of iterated fixpoints of [I0] to the case of ProbLog,
similarly to the way in which the T operator has been adapted in [IT], 12] to
the case of stratified ProbLog programs using parameterized interpretations. In
the case of an infinite number of possibly infinite explanations, we show that
the probability of queries is defined in the limit and the limit always exists.

We consider the case of ProbLog but the results are equally applicable to all
other languages under the distribution semantics, as there are linear transfor-
mations from one language to another that preserve the semantics.

The possibility of having goals with an infinite number of explanations is
useful for modeling domains with recursive definitions or chains such as those
that are found in model checking or grammar parsing. Some examples of these
domains are illustrated in Section [@

Moreover, we discuss possible approaches for performing inference, i.e., com-
puting the probability of goals having an infinite number of explanations. Exact
inference algorithms have been presented in [13| 14 [15] but they impose limi-
tations to the form of programs. Approximate inference based on Monte Carlo
sampling can be applied to a larger class of programs directly, as the probability
of following an infinite explanation is null. The web system cplint on SWISH
[16]E| contains many example programs that can be run online with Monte Carlo
inference.

The paper is organized as follows. Section [2| presents preliminary material
on fixpoints and the well-founded semantics. Section [3] introduces the distri-
bution semantics for programs without function symbols. Section [ discusses
the definition of the distribution semantics with function symbols in the case of
finite set of finite explanations. Section [| represents the main contribution of
this paper and discusses the case of infinite set of infinite explanations. Section
[6] illustrates the relationship with the definition of [8]. Section [7] shows some
examples where the definition applies and Section [§] discusses approaches for
inference. Finally, Section [9] concludes the paper.

Thttp://cplint.lamping.unife.it/
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2. Preliminaries

2.1. Partial Orders, Complete Lattices, Fixpoints

A relation on a set S is a partial order if it is reflexive, antisymmetric and
transitive. In the following, let S be a set with a partial order <. a € S is an
upper bound of a subset X of S if z < a for all z € X. Similarly, b € S is a lower
bound of X if b < x for all z € X.

An element a € S is the least upper bound of a subset X of X if a is an
upper bound of X and, for all upper bounds a’ of X, we have a < /. Similarly,
b e S is the greatest lower bound of a subset X of S if b is a lower bound of X
and, for all lower bounds &’ of X, we have &/ < b. The least upper bound of X
is unique, if it exists, and is denoted by lub(X). Similarly, the greatest lower
bound of X is unique, if it exists, and is denoted by glb(X).

A partially ordered set L is a complete lattice if lub(X) and glb(X) exist for
every subset X of L. We let T denote the top element [ub(L) and L denote the
bottom element glb(L) of the complete lattice L.

Let L be a complete lattice and T' : L — L be a mapping. We say T is
monotonic if T(x) < T(y), whenever z < y. We say that a € L is a fizpoint of
T if T(a) = a. We say that a € L is the least fixpoint of T if a is a fixpoint and,
for all fixpoints b of T', we have a < b. Similarly, we define greatest fizpoint.

Let L be a complete lattice and T : L — L be monotonic. Then we define
T10=LT1a=T(T 1 (a—1)),if o is a successor ordinal; T' t a = lub({T" 1
BIB < a}), if ais alimit ordinal; T | 0=T; T | a=T(T | (e« —1)),ifais a
successor ordinal; T | oo = glb({T | 5|8 < a}), if « is a limit ordinal.

Proposition 1. Let L be a complete lattice and T : L — L be monotonic. Then
T has a lest fizpoint, ifp(T) and a greatest fixpoint gfp(T).

2.2. Logic Programming

A normal program P is a set of normal rules. A normal rule has the form
r=h<by,....by,—>C1,...,"Cm (1)

where h,b1,...,bn,c1,...,Cp are atoms.

The set of ground atoms that can be built with the symbols of a program P
is called the Herbrand base and is denoted as Bp.

A two-valued interpretation I is a subset of Bp. I is the set of true atoms,
so a is true in [ if a € I and is false if a ¢ I. The set Int2 of two-valued
interpretations for a program P forms a complete lattice where the partial order
< is given by the subset relation <. The least upper bound and greatest lower
bound are defined as lub(X) = | J;cx I and glb(X) = ();cx I. The bottom and
top element are respectively ¢ and Bp.

A three-valued interpretation T is a pair (I7; Ir) where It and I are subsets
of Bp and represent respectively the set of true and false atoms. So a is true in Z
ifae Iy andisfalsein Z if a € Ir. A consistent three-valued interpretation Z =
(Ir; Ir)is such that It nIp = . The union of two three-valued interpretations



<IT7 IF> and <JT, JF> is defined as <IT, IF>U<JT7 JF> = <IT ) JT7 IF U JF> The
intersection of two three-valued interpretations {Ir, Iry and {Jr, Jr) is defined
as <IT,IF> N <JT, JF> = <IT [ JT,IF N JF>

The set Int3 of three-valued interpretations for a program P forms a com-
plete lattice where the partial order < is defined as {Ir,Ip) < {Jp,Jp) if
Iy <€ Jr and Ir € Jp. The least upper bound and greatest lower bound are de-
fined as lub(X) = (J;cx I and glb(X) = (;cx L. The bottom and top element
are respectively (&, &) and {Bp, Bp).

The well-founded semantics (WFS) assigns a three-valued model to a pro-
gram, i.e., it identifies a consistent three-valued interpretation as the meaning
of the program. The WFS was given in [17] in terms of the least fixpoint of an
operator that is composed by two sub-operators, one computing consequences
and the other computing unfounded sets. We give here the alternative definition
of the WFS of [I0] that is based on a different iterated fixpoint.

Definition 1. For a normal program P, sets Tr and Fa of ground atoms, and
a 3-valued interpretation Z we define the operators OpTruef : Int2 — Int2
and OpFalseJI3 : Int2 — Int2 as

OpTruef (Tr) = {ala is not true in Z; and there is a clause b < Iy, ...,l,, in P, a
grounding substitution # such that a = b8 and for every 1 < i < n either
1;0 is true in Z, or [;,60 € Tr};

OpFualseX (Fa) = {ala is not false in Z; and for every clause b « Ii,...,1,, in P
and grounding substitution 6 such that a = b0 there is some i (1 < i < n)
such that [;0 is false in Z or ;0 € Fa}.

In words, the operator OpTrueX (Tr) extends the interpretation Z to add the
new true atoms that can be derived from P knowing 7 and true atoms Tr, while
OpFalseIID (Fa) computes new false atoms in P by knowing Z and false atoms
Fa. OpTruek and OpFalseIID are both monotonic [I0], so they both have least
and greatest fixpoints. An iterated fixpoint operator builds up dynamic strata
by constructing successive three-valued interpretations as follows.

Definition 2 (Iterated Fixed Point). For a normal program P, let IFPT .
Int3 — Int3 be defined as IFPY(T) = T U {ifp(OpTruek), gfp(OpFalseX))>.

IFPT is monotonic [10] and thus as a least fixed point Ifp(IFPT). Moreover, the
well-founded model WFM (P) of P is in fact ifp(IFP). Let § be the smallest
ordinal such that WFM (P) = IFP” 1 5. We refer to § as the depth of P. The
stratum of atom a is the least ordinal 8 such that a € IFPY 1 38 (where a may
be either in the true or false component of IFPT 1 B). Undefined atoms of the
well-founded model do not belong to any stratum — i.e. they are not added to
IFPF 1§ for any ordinal é.



3. The Distribution Semantics for Programs without Function Sym-
bols

We present the distribution semantics for the case of ProbLog [6] as it is the
language with the simplest syntax. A ProbLog program P is composed by a set
of normal rules R and a set F of probabilistic facts. Each probabilistic fact is of
the form p; :: f; where p; € [0,1] and f; is an atonﬂ meaning that each ground
instantiation f;0 of f; is true with probability p; and false with probability
1 — p;. Each world is obtained by selecting or rejecting each grounding of all
probabilistic facts.

An atomic choice indicates whether grounding f6 of a probabilistic fact
F = p :: f is selected or not. It is represented with the triple (f,6,7) where
i € {0,1}. A set s of atomic choices is consistent if it does not contain two
atomic choices (f,0,4) and (f,0,j) with i # j (only one alternative is selected
for a ground probabilistic fact). The function consistent(k) returns true if &
is consistent. A composite choice k is a consistent set of atomic choices. The
probability of composite choice x is P(k) = H(f,h&l)en Di H(fi,ao)eﬁ 1—p; where
p; is the probability of the i-th probabilistic fact F;. A selection o is a total
composite choice, i.e., it contains one atomic choice for every grounding of every
probabilistic fact. A world w, is a logic program that is identified by a selection
0. The world w, is formed by including the atom corresponding to each atomic
choice (f,0,1) of o.

The probability of a world w, is P(w,) = P(o). Since in this section we
are assuming programs without function symbols, the set of groundings of each
probabilistic fact is finite, and so is the set of worlds Wp. Accordingly, for
a ProbLog program P, Wp = {w1,...,wy,}. Moreover, P(w) is a distribution
over worlds: }, ., P(w) = 1. We call sound a program for which every world
has a two-valued well-founded model. We consider only sound programs, as the
uncertainty should be handled by the choices rather than by the semantics of
negation.

Let ¢ be a query in the form of a ground atom. We define the conditional
probability of ¢ given a world w as: P(g|lw) = 1 if g is true in w and 0 otherwise.
Since the program is sound, ¢ can be only true or false in a world. The proba-
bility of ¢ can thus be computed by summing out the worlds from the joint dis-
tribution of the query and the worlds: P(q) = >}, P(q,w) = >}, P(qlw)P(w) =

Zw':q P(U})

4. The Distribution Semantics for Programs with Function Symbols

When a program contains functions symbols there is the possibility that its
grounding may be infinite. If so, the number of atomic choices in a selection
that defines a world is countably infinite and there is an uncountably infinite

2With an abuse of notation, sometimes we use F to indicate the set containing the atoms
fis. The meaning of F will be clear from the context.



number of worlds. The probability of each individual world is given by an
infinite product. We recall the following result from [I8, page 218].

Lemma 1. If p; € [0,b] for all i = 1,2,... with b € [0,1), then the infinite
product H?ilpi converges to 0.

FEach factor in the infinite product giving the probability of a world is
bounded away from one, i.e., it belongs to[0,b] for a b € [0,1). To see this
it is enough to pick b as the maximum of all the probabilistic parameters that
appear in the program. This is possible if the program does not have flexi-
ble probabilities [19] or probabilities that depend on values computing during
program execution.

So if the program does not contain flexible probabilities, the probability of
each individual world is zero and the semantics of Section B]is not well-defined.

Example 1. Consider the program

p(0) — u(0). t— —s. F =a:u(X).
p(s(X)) « p(X),u(X). s<—r,—q. Foa=bur
q <« u(X).

The set of worlds is infinite and uncountable. In fact, each world can be put
i a one to one relation with a selection and a selection can be represented as
a countable sequence of atomic choices of which the first involves fact fs, the
second f1/{X/0}, the third f1/{X/s(0)} and so on. The set of selections can be
shown uncountable by Cantor’s diagonal argument. Suppose the set of selections
18 countable. Then the selections could be listed in order, suppose from top to
bottom. Suppose the atomic choices of each selection are listed from left to right.
We can pick a composite choice that differs from the first selection in the first
atomic choice (if (fa2, &, k) is the first atomic choice of the first selection, pick
(fo, D, 1 —k)), from the second selection in the second atomic choice (similar
to the case of the first atomic choice) and so on. In this way we have obtained
a selection that is not present in the list because it differs from each selection in
the list for at least an atomic choice. So it is not possible to list the selections
in order.

Example 2. Consider the game of dice proposed in [J]: the player repeatedly
throws a siz-sided die. When the outcome is six, the game stops. A wversion of
this game where the die has three sides is:

Fy =1/3:: one(X).
Fy =1/2:: two(X).

on(0,1) < one(0).

on(0,2) < —one(0), two(0).

on(0,3) < —one(0), —two(0).

on(s(X),1) «— on(X, ), —on(X, 3), one(s(X))

on(s(X),2) — on(X, ), —~on(X, 3), —one(s(X)), two(s(X))
on(s(X),3) < on(X,_), —on(X,3), —one(s(X)), —two(s(X))

[=p}



If we add the clauses

at_least_once_1 < on(_,1).
never_l « —at_least_once_1.

we can ask for the probability that at least once the die landed on face 1 and that
the die never landed on face 1. As in Example[l], this program has an infinite
and uncountable set of worlds.

We now present the definition of the distribution semantics for programs
with function symbols following [4]. The semantics for a probabilistic logic
program P with function symbols is given by defining a probability measure p
over the set of worlds Wp. Informally, u assigns a probability to a set of subsets
of Wp, rather than to every element of (the infinite set) Wp. The approach
dates back to [20] who defined a probability measure ;1 as a real-valued function
whose domain is a o-algebra 2 on a set W called the sample space. Together
W, Q, ) is called a probability space.

Definition 3. [21] Section 3.1] The set Q of subsets of W is a o-algebra on
the set W iff (o-1) W € €; (0-2) Q is closed under complementation, i.e.,
we N —> W\w) e Q; and (0-3) Q is closed under countable union, i.e., if w; €
for i =1,2,... then | J, w; € Q.

The elements of 2 are called measurable sets and (W, Q) is called a measurable
space.

Importantly, for defining the distribution semantics for programs with func-
tion symbols, not every subset of W need be present in €.

Definition 4. [20] Given a sample space W and a o-algebra Q of subsets of W,
a probability measure is a function p : 0 — R that satisfies the following axioms:
(p-1) p(w) = 0 for all w e Q; (p-2) u(W) = 1; (u-3) p is countably additive, i.e.,
if O = {wy,ws,...} € Qis a countable collection of pairwise disjoint sets, then

#Uueo) = 25 mlwi)-

We first consider the finite additivity version of probability spaces. In this
stronger version, the o-algebra is replaced by an algebra.

Definition 5. [21I] Section 3.1] The set Q of subsets of W is an algebra on the
set W iff it respects conditions (o-1), (0-2) and condition (a-3): Q is closed
under finite union, i.e., w; € Q,wy € Q > (w1 Uwa) € Q

The probability measure is replaced by a finitely additive probability measure.

Definition 6. Given a sample space W and an algebra 2 of subsets of W,
a finitely additive probability measure is a function p : £ — R that satisfies
axioms (p-1) and (u-2) of Definition {f and axiom (m-3): p is finitely additive,
fe,w Nwy = — p(wy; Uws) = pu(wy) + p(ws) for all wy,ws € Q.



Towards defining a suitable algebra given a probabilistic logic program P, we
define the set of worlds w,, compatible with a composite choice £ as w, = {w, €
Wp|k € o}. Thus a composite choice identifies a set of worlds. For programs
without function symbols P(k) = >, .., P(w).

Given a set of composite choices K, the set of worlds wx compatible with K
is wg = UKGK wx. Two composite choices k1 and ko are incompatible if their
union is not consistent. A set K of composite choices is pairwise incompatible
if for all k1 € K, k3 € K, K1 # Ko implies that k1 and ko are incompatible.

Regardless of whether a probabilistic logic program has a finite number of
worlds or not, obtaining pairwise incompatible sets of composite choices is an
important problem. This is because the probability of a pairwise incompatible
set K of composite choices is defined as P(K) = Y, __, P(k) which is easily
computed. Two sets Ky and Ky of finite composite choices are equivalent if
they correspond to the same set of worlds: wg, = wg, .

One way to assign probabilities to a set K of composite choices is to construct
an equivalent set that is pairwise incompatible; such a set can be constructed
through the technique of splitting. More specifically, if f6 is an instantiated
fact and « is a composite choice that does not contain an atomic choice (f, 8, k)
for any k, the split of k on f0 is the set of composite choices Sy r9 = {k U
{(f,0,0)}, ko {(f,0,1)}}. It is easy to see that k and Sy ¢ identify the same set
of possible worlds, i.e., that w,, = wg, ,,, and that S ¢ is pairwise incompatible.
The technique of splitting composite choices on formulas is used for the following
result [22].

Theorem 1 (Existence of a pairwise incompatible set of composite choices [22]).
Given a finite set K of composite choices, there exists a finite set K' of pairwise
incompatible composite choices such that K and K' are equivalent.

Proof. Given a finite set of composite choices K, there are two possibilities to
form a new set K’ of composite choices so that K and K’ are equivalent:

1. removing dominated elements: if k1,k2 € K and k1 C kg, let K/ =
K\{ka}.

2. splitting elements: if k1, ks € K are compatible (and neither is a super-
set of the other), there is a (f, 0, k) € k1\k2. We replace ko by the split of
ko on f6. Let K' = K\{ka} U Sk, ro.

In both cases wxg = wg. If we repeat this two operations until neither is
applicable we obtain a splitting algorithm that terminates because K is a finite
set of composite choices. The resulting set K’ is pairwise incompatible and is
equivalent to the original set. O

Theorem 2 (Equivalence of the probability of two equivalent pairwise incom-
patible finite set of finite composite choices [23]). If K1 and Ko are both pairwise
incompatible finite sets of finite composite choices such that they are equivalent

Proof. Consider the set D of all instantiated facts f6 that appear in an atomic
choice in either Ky or K>. This set is finite. Each composite choice in K7 and



K> has atomic choices for a subset of D. For both K; and K5, we repeatedly
replace each composite choice x of K and Ky with its split S 1,9, on an f;0;
from D that does not appear in k. This procedure does not change the total
probability as the probabilities of (f;,8;,0) and (f;,6;,1) sum to 1.

At the end of this procedure the two sets of composite choices will be iden-
tical. In fact, any difference can be extended into a possible world belonging to
wg, but not to wg, or vice versa. O

For a probabilistic logic program P, we can thus define a unique probability
measure i : Qp — [0, 1] where Qp is defined as the set of sets of worlds identified
by finite sets of finite composite choices: Qp = {wk|K is a finite set of finite
composite choices }.

Theorem 3. Qp is an algebra over Wp.

Proof. Wp = wg with K = {¢J}. The complement w$ of wx where K is
a finite set of finite composite choice is wz where K is a finite set of finite
composite choices. In fact, K can obtained with the function duals(K) of [22]
that performs Reiter’s hitting set algorithm over K, generating an element x of
K by picking an atomic choice (f, 0, k) from each element of K and inserting in
k the atomic choice (f, 0,1 — k). After this process is performed in all possible
ways, inconsistent sets of atom choices are removed obtaining K. Since the
possible choices of the atomic choices are finite, so is K. Finally, condition (a-3)
holds since the union of wg, with wgk, is equal to wk, ,k, for the definition of
WK . O

The corresponding measure p is defined by p(wg) = P(K') where K’ is a
pairwise incompatible set of composite choices equivalent to K.

Theorem 4. (Wp,Qp, p) is a finitely additive probability space according to
Definition [

Proof. j(wyg) is equal to 1. Moreover, pu(wg) = 0 for all K and if wg, N
wr, = & and K] (KJ}) is pairwise incompatible and equivalent to K; (K3),
then K| u K} is pairwise incompatible and

plwr, Vwi,) = Y, P(e)= >, Plk)+ Y, P(k2) = plwr,) + plwr,)-
keK] UK Kk1EK] Ko€K)
O

Given a query ¢, a composite choice k is an explanation for q if Yw € w,, :
w = ¢q. A set K of composite choices is covering with respect to ¢ if every world
in which ¢ is true belongs to wg

Definition 7. For a probabilistic logic program P, the probability of a ground
atom ¢ is given by P(q) = p({w|jw € Wp,w = q}).



If ¢ has a finite set K of finite explanations such that K is covering then {w|w €
Wp Aw = q} = wi € Qr and we say that P(q) is finitely well-defined for the
distribution semantics. A program P is finitely well-defined if the probability
of all ground atoms in the grounding of P is finitely well-defined.

Example 3. Consider the program of Example . The set K = {k} with
k= {(f1,{X/0},1), (f1,{X/s(0)}, 1)} is a pairwise incompatible finite set of fi-
nite explanations that are covering for the query p(s(0)). Deﬁm‘tion@ therefore
applies, and P(p(s(0))) = P(k) = a*

Example 4. Now consider Ezample[d The set K = {k1,r2} with

r1 = {(f1, {X/0}, 1), (f1,{X/s(0)}, 1)}
r2 = {(f1,{X/0},0), (f2, {X/0}, 1), (f1, {X/s(0)}, 1)}

18 a patrwise incompatible finite set of finite explanations that are covering for
the query on(s(0),1). According to Definition [7] then

P(on(s(0),1)) = P(K) = 1/3 x 1/3 + 2/3 x 1/2 x 1/3 = 2/9.

5. Infinite Covering Set of Explanations

In this section we go beyond [4] and we remove the requirement of the
finiteness of the covering set of explanations and of each explanation for a query
q.

Example 5. In Ezample[l], the query s has the pairwise incompatible covering
set of explanations

K?® = {Kk3,Kk],...}
with
K:f = {(f27®31)7(f17{X/0}’1)77(fla{X/S’Lil(o)}a1)>(fla{X/Sl(0)}aO)}

where s¢(0) is the term where the functor s is applied i times to 0. So K* is
countable and infinite. A covering set of explanations for t is

K' = {{(f2, &,0)}, 5"}

where k! is the infinite composite choice

K= {(f27®7 ]‘)ﬂ (fla {X/O}ﬂ 1)7 (fla {X/S(O)}7 1)7 .- }

Example 6. In Ezample[d the query at_least_once_1 has the pairwise incom-
patible covering set of explanations

Kt ={rd,r{,...}

10



with

kg = {(fi,{X/0},1)}
"q— = {(fl,{X/0}70),(f2,{X/0},1),(f1,{X/S(0)},1)}

Ky = {(fla{X/Q}vo)’(f27{X/O}’1)7:"v(fh{X/Siil(O)}vO)a
(f2, {X/s"H0)}, 1), (fr, {X/5'(0)}, 1)}

So K is countable and infinite. The query never_1 has the pairwise incompat-
ible covering set of explanations

K™ ={kry,k1,...}
with
kg = {(f1,{X/0},0), (f2, {X/0},0)}

K:l_ {(flv {X/O}a 0)’ (an {X/O}’ 1)7 (fl’ {X/S(O)},O),
(f2,{X/s(0)},0)}

mp = AU AX/03,0), (fo AX/OL 1), (1, {X /571 (0)},0),
(f?a {X/5171(0)}7 1)7 (fla {X/SZ(O)}a 0)7 (f?a {X/Sz(O)}, 0)}

For a probabilistic logic program P, we can define the probability measure
i Qp — [0,1] where Qp is defined as the set of sets of worlds identified by
countable sets of countable composite choices: Qp = {wg|K is a countable set

of countable composite choices }.
Before showing that Qp is a o-algebra, we need some definitions and results

regarding sequences of sets. For any sequence of sets {A,|n > 1} define [24]

page 2]
o¢] 0
n=1k=n
_ 0 o)
iy aodn = () | 4n
n=1k=n
Note that [24] page 2]
lim, ,A4, = {alae A, io.}
lim, . A, = {aJa€ A, for all but a finite number of indices n}

where i.0. denotes infinitely often. The two definitions differ because an element
a of lim, ,,A, may be absent from A, for an infinite number of indices n,

11



provided that there is a disjoint, infinite set of indices n for which a € A,,. For
each a € lim, , A, instead, there is a m > 1 such that Vn > m,a € A,,.

Then lim,, , A, < lim, ,0A,. Iflim, A, =lim, A, = A, then A is
called the limit of the sequence and we write A = lim,,_, o A,,.

A sequence {A,|n = 1} is increasing if A,,—1 € A, foralln =2.3,.... Ifa
sequence {A,|n = 1} is increasing, the limit lim,,_,o, A4, exists and is equal to
Ur_, A, [24, page 3].

Lemma 2. Qp is a o-algebra over Wp.

Proof. (0-1) is true as in the algebra case. To see that the complement w§, of
wk is in Qp, let us prove that the dual K of K is a countable set of countable
composite choices and then that wf = wz. Let us consider first the case where
K is finite, ie., let K be K,, = {Kk1,...,6n}. We will prove the thesis by
induction. In the base case, if K1 = {1}, then we can obtain K; by picking
each atomic choice (f,0,k) of x; and inserting in K; the composite choice
{(f,0,1—Ek)}. As there is a finite or countable number of atomic choices in 1,
K is a finite or countable set of composite choices each with one atomic choice.

In the inductive case, assume that K, _1 = {k1,...,kn—1} and that K, 4
is a finite or countable set of composite choices. Let K,, = K,,_1 U {k,} and
K,.—1 = {k},rh,...}. We can obtain K,, by picking each x/ and each atomic
choice (f,0,k) of k. If (f,0,k) € s}, we discard &}, else if (f,0,k’) € s with
k' # k, we insert k] in K,. Otherwise we generate the composite choice &
where k! = k% U {(f,0,1 — k)} and insert it in K,. Doing this for all atomic
choices (f,0,k) in k,, generates a finite set of finite composite choices if k,, is
finite and a countable number of finite composite choices if x, is countable.
Doing this for all x} we obtain that K,, is a countable union of countable sets
which is a countable set [25, page 3]. w§ = wy because all composite choices of
K are incompatible with each world of wg, as they are incompatible with each
composite choice of K. So w§ € {p.

If K is not finite, then let K = {k1,K2,...}. Consider the subsets K, of

the form K, = {ki1,...,/,}. Using the construction above build K, for all n
and consider the set hmnﬁmKn and hmnHOOK A K belongs to lim,, , K,
if there exists an integer m > 1 such that x’ € K,, for all n > m. Consider a
k' that belongs to lim, . K,. Suppose ' € K; and £’ ¢ K; 1. This means
that k' was removed because k' < kj;1. Then x' will never be re-added to a
K, with n > j + 1 because otherwise wx, and wgg,- would have a non-empty
intersection. So for a composite choice to appear 1nﬁn1tely often there must
exist an integer m > 1 such that ' € K,, for all n > m. In other words, x’
must belong to lim,_,. K, for all but a finite number of indices n. Therefore
liimn_,ooKi = lim,, o K, = lim,, o0 K. Let us call K this limit.
K is countable as it is a countable union of countable sets. Moreover, each
composite choice of K is incompatible with each composite choice of K. So
Wi = wg and wi € Op.

(0-3) is true as in the algebra case. O

Consider the sequence {K,|n = 1} where K,, = {k1,...,Kkn}. Since K, is an
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increasing sequence, the limit lim,,_,, K, exists and is equal to K. Each K, is a
finite set of composite choices and we can compute an equivalent finite pairwise
incompatible set of composite choices K/,. For each K] we can compute the
probability P(K]), noting that the probability of infinite composite choices is
0.
According to [24 Corollay 2, page 23],
P(K) = P(lim K])= lim P(K])

n—ao0 n—o0

because the limit lim,,_,o K, exists. So we can define measure p as

p(w) = lim P(K))

n—o0

Theorem 5. (Wp,Qp, ) is a probability space according to Definition .
Proof. (pu-1) and (u-2) hold as for the finite case and for (u-3) let

O ={wr,,Wr,,---}

be a countable set of subsets of 2p such that the wy,s are pairwise disjoint.
Let L be the pairwise incompatible set equivalent to L; and let £ be [ J;~, L.
Since the wr,s are pairwise disjoint, then £ is pairwise incompatible. Qp is a
o-algebra, so L is countable. Let £ be {k1,ka,...} and let K], be {k1,...,kn}.
Then p(0) = lim, o P(K]) = lim,_ ZRE]% P(k) = X,.cp P(k). Since £ =

UjZ, L, by rearranging the terms in the last summation we get

w0) = Y P(r) = ) P(Ly) = ) plwe,).

KEL n=1 n=1
O

For a probabilistic logic program P, the probability of a ground atom ¢ is
again given by P(q) = p({w|w € Wp,w = ¢}). If ¢ has a countable set K of
explanations such that K is covering then {wjw € Wp A w = ¢} = wi € Qp
and we say that P(q) is well-defined for the distribution semantics. A program
P is well-defined if the probability of all ground atoms in the grounding of P is
well-defined.

Example 7. Consider Example[5 Since the explanations in K* are pairwise
incompatible the probability of s can be computed as

P(s):b(l—a)+ba(1—a)+ba2(1—a)+...:b(ll_%j):b,

since the sum is a geometric series. K' is also pairwise incompatible and
P(k')=0s0 P(t)=1—0b+0=1—0b which is what we intuitively expect.
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Example 8. In FExample @ the explanations in K+ are pairwise incompatible
so the probability of at_least_once_l is given by

P(at_least_.oncel) = 1/3+2/3x1/2x1/3+(2/3x1/2)?x1/3+...
= 1/3+1/9+1/27...
/3 13

13 o Y

since the sum is a geometric series.
For the query never_1, the explanations in K~ are pairwise incompatible so
the probability of never_1 can be computed as

P(never.1) = 2/3/2+2/3x1/2x2/3x1/2+(2/3x1/2)* x2/3x1/2+...
= 1/34+1/9+1/27...=1)2.

This expected as never_1 = —at_least_once_l.

We now want to show that every program has a countable set of countable
explanations that is covering for each query. In the following, we consider only
ground programs that however may be countably infinite, thus they can be the
result of grounding a program with function symbols.

Given two sets of composite choices K7 and K, define the conjunction K7 ®
K5 of Ky and Ky as K1 ® Ko = {k1 U ka|k1 € K1, k2 € Ko, consistent(k1 U k2)}

Similarly to [IT], 12], we define parameterized interpretations and a IFPPp
operator. Differently from [I1], [I2], here parameterized interpretations associate
to each atom a set of composite choices instead of a Boolean formula.

Definition 8. A parameterized positive two-valued interpretation Tr of a ground
probabilistic logic program P with Herbrand base Bp is a set of pairs (a, K,)
with a € atoms and K, a set of composite choices. A parameterized negative
two-valued interpretation Fa of a ground probabilistic logic program P with
Herbrand base Bp is a set of pairs (a, K_,) with a € Bp and K_, a set of
composite choices.

Parameterized two-valued interpretations form a complete lattice where the par-
tial order is defined as I < J if V(a,K,) € I,(a,L,) € J : wg, S wr,. The
least upper bound and greatest lower bound always exist and are lub(X) =
(@, Ua,x,yer.rex Ka)la € Bp} and glb(X) = {(a,@(q,k,)e1,1ex Ka)la € Bp}.
The top element T is

{(a,{@})la e Bp)

and the bottom element L is

{(a, D)|a € Bp}.

Definition 9. A parameterized three-valued interpretation T of a ground prob-
abilistic logic program P with Herbrand base Bp is a set of triples (a, Ko, K_,)
with a € Bp and K, and K_, sets of composite choices. A consistent parameter-
ized three-valued interpretation Z is such that V(a, K4, K—4) € Z, wi, Nwi_, =

.
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Parameterized three-valued interpretations form a complete lattice where the
partial order is defined as I < J if V(a, Ky, K—,) € I,(a, Lo, L—y) € J : wg, <
wr, and wig_, € wr,_,. The least upper bound and greatest lower bound always
exist and are lub(X) = {(a, U x, x_.)er,1ex Ka: U, io 50 )er,rex K-a)la €
Bp} and glb(X) = {(a, @4k, .k, )er,1ex Kar @ a i, 1 0)er,1ex K=a)la € Bp}.

The top element T is
{(a,{}, {D})]a € Bp}

and the bottom element L is

{(a, D, D)|a € Bp}.

Definition 10. For a ground program P, a two-valued parameterized positive
interpretation Tr with pairs (a, L,), a two-valued parameterized negative inter-
pretation Fa with pairs (a, M—,) and a three-valued parameterized interpreta-
tion Z with triples (a, Ko, K—,), we define OpTruePT (Tr) = {(a,L,)|a € Bp}
where

/ {{(a, &, )} if ae F
M slrukTeRTe e | Mk
OpFalsePT (Fa) = {(a, M!)|a € Bp} where
{{(a, ,0)}} ifaeF
MLa = ®a<_b1,...,bn,ﬂcl,...,cmeR((Mﬂbl ®K-p,)uU... ifae BP\J:

UMy, @ K p,) UK, u... UK. )

Proposition 2. OpTruePﬁ’IJ and OpFalseP%) are monotonic.

Proof. Let us consider OpTrueP? We have to prove that if Tr; < Trs then
OpTrueP% (Tr1) < OpTruePT (Try). Try < Tro means that

V(a,Ly) € Try,(a, M) € Try: Ly, S M,.

Let (a, L)) be the elements of OpTruePZ(Tri) and (a,M!) the elements of
OpTrueP% (Trs). We have to prove that L/, < M/,

If a € F then L), = M = {{(a,0,1)}}. If a € Bp\F, then L and M/ have
the same structure. Since Vb e Bp : Ly, < My, then L, < M/

We can prove similarly that OpFalsePg is monotonic. O

Since OpTruePg and OpFalseP? are monotonic, they have a least fixpoint and
a greatest fixpoint.

Definition 11 (Iterated Fixed Point). For a ground program P, let IFPP?
be defined as IFPP”(T) = {(a, K, K-4)|(a, K,) € ifp(OpTruePY), (a, K_,) €
afp(OpFalseP7)}.

Proposition 3. IFPP” is monotonic.
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Proof. We have to prove that if Z; < Z, then IFPP” (I,) < IFPP"(1,). T, < T,
means that V(a,La, L-q) € Iy, (a, My, M) € Io : Ly © My, L, © M—,. Let
(a,L',,L",) be the elements of IFPP”(Z;) and (a, M/, M’ ,) the elements of
IFPP”(Z,). We have to prove that L/, € M/ and L', < M’ . This follows
from the monotonicity of OpT 7ﬂueP7I)1 and OpFalseP%)2 in 7y and Z, respectively,
which can be proved as in Proposition O

So IFPP” has a least fixpoint. Let WFMC(P) denote Ifp(IFPPT), and let §
the smallest ordinal such that IFPPT 1t § = WEFMC(P). We refer to & as the
depth of P.

Let us now prove that OpTrueP;D and OpFalsePg are sound.

Lemma 3. For a ground probabilistic logic program P with probabilistic facts
F, rules R and Herbrand base Bp, let LS be the formula associated with atom
a i Op TruePg 1 a. For every atom a, total choice o and iteration o, we have:

Wy € wpa — WFM(ws|T) = a

where wy|Z is obtained by adding to w, the atoms a for which (a, K., K-,) € T
and w, € K, as facts and by removing all the rules with a in the head for which
(a, Ko, K_y) €T and w, € K_,.

Proof. Let us prove the lemma by transfinite induction: let us assume the thesis
for all 6 < « and let us prove it for a. If a is a successor ordinal, then it is
easily verified for a € F. Otherwise assume w, € wro where

Lo = U (LT UK )®. .. ®(Ly T UK, )®K -, ®. . .®K )
a<bi,....;bpn,—cC1,...,c;,ER

This means that there is rule a <« by,...,b,, —c1,...,¢n € R such that w, €

Wre1 K, fori =1,...,n and w, € WK, for j = 1...,m. By the induc-

tive assumption and because of how w,|Z is built then WFM (w,|Z) = b; and
WFM (ws|Z) = —cj so WEM (we|T) E a.
If o is a limit ordinal, then

e = b({Lf)8 < ) = | ) L

B<a

If wy € wra then there must exist a 8 < « such that w, € w, 5. By the inductive
assumption the hypothesis holds. O

Lemma 4. For a ground probabilistic logic program P with probabilistic facts
F, rules R and Herbrand base Bp, let M, be the set of composite choices
associated with atom a in OpFalseP? | a. For every atom a, total choice o and
iteration o, we have:

Wy € wya, — WFM(ws|T) = —a

where wy|T is built as in Lemma @
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Proof. Similar to the proof of Lemma O
The following Lemma shows that IFPP” is sound.

Lemma 5. For a ground probabilistic logic program P with probabilistic facts
F, rules R and Herbrand base Bp, let K and K%, be the formulas associated
with atom a in IFPPF 1 . For every atom a, total choice o and iteration a,
we have:

Wy € wra — WFM(w,) = a
Wy € wga, — WFM(ws) F —a

Proof. Let us first prove that for all a«, WFM (w,) = WFM (w,|IFPPT 1 o). We
can prove it by transfinite induction. Consider the case of « a successor ordinal.
Consider an atom b. If w, ¢ wip and w, ¢ wie, then the rules for b in w, and
wJ|IFPPP 1 « are the same. If w, € Wre then b is a fact in w[,|IFPP73 T«
but, according to Lemmal[3| WFM (w,|IFPPP 1 (a—1)) k= b. For the inductive
hypothesis WFM (w,) = b so b has the same truth value in WFM (w,) and
WFM (w,|IFPPT 1 ). Similarly, if w, € wie,, then WFM(w,) = —b and b
has the same truth value in WFM (w,) and WFM (w,|IFPP” 1 a). So overall
WFM (w,) = WFM (we|IFPPT 1 a).

If o is a limit ordinal, then K3 = (J,_,, K and K2, = Us<a KP. Soifw, €
wkp there is a 3 such w, € W and for the inductive hypothesis WFM (wy) =
b so b has the same truth value in WFM (w,) and WEM (w,|IFPPT 1 «).
Similarly if w, € w K, -

We can now prove the lemma by transfinite induction. Consider the case of
« a successor ordinal. Since (a, K&) € lfp(OpTrueP?FpPT(afl)), by Lemma

Wy € wra — WFM (w,|IFPPT 1 (0 — 1)) F a

Since WFM (wy|IFPP” 1 (a — 1)) = WFM (w,), (5) is proved.
Since (a, K¢,) € gfp(OpFalseP?FPPPT(a_l)), by Lemma

W, € wia, — WFM(w,|IFPP? 1 (o — 1)) = —a

Since WFM (wy|IFPPT 1 (a — 1)) = WFM (w,), (5) is proved.

If v is a limit ordinal, K& = (Jz_, KJ and K2, = Jz_, KJ. If w, € wie
there is a 8 such that w, € wip and by the inductive hypothesis 1] is proved.
Similarly for . O

The following Lemma shows that IFPP” is complete.

Lemma 6. For a ground probabilistic logic program P with probabilistic facts
F, rules R and Herbrand base Bp, let K and K%, be the formulas associated
with atom a in IFPPF 1 . For every atom a, total choice o and iteration a,
we have:

a€IFP" ta - w, € K¢

—a € IFP"" 1 a > w, € K¢,
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Proof. Let us prove it by double transfinite induction. If v is a successor ordinal,
assume that
ae IFPY" 1 (@ —1) » w, € K&!

—a € IFP" 1 (a — 1) - w, € K*,*

Let us perform transfinite induction on the iterations of OPTmefFPPPT(aq)-
Let us consider a successor ordinal d: assume that

a€ OpTrue}”I;’PwUT(a_l) 1 (6—1) > wye L1

—a € OpFalseif}fiPwaT(afl) L(6—1) > wy e M2

and prove that
ac€ OPTTUG}UEPWT(Q,Q 10— w, e L’

—a € OPFGZSGQIUEPWT(&,D 10— w,eM,
Consider a. If a € F then it is easily proved.

For other atoms a, a € OpTrue’I”IjingT(a_l) 1 0 means that there is a rule a «
bi,...,bn,—c1,...,Cn such that for all i = 1,...,n b; € Omeezﬁ«gpwaT(aq) 1
(0 —1) and for all j = 1,...,m —¢; € IFP"" 1 (a —1). For the inductive
hypothesis Vi : w, € Lg:l V W, € K;‘:l and Vj @ w, € Kﬁc_jl so, for the
w, € LS. Analogously for —a.

Lt and M2, = @, _s M¥,. For the

definition of OpTruefipu, 3(o_ 1y,

If § is a limit ordinal, then L = [ J
inductive hypothesis for all 4 < §

n<o

ac OpTrue}”l;PwUT(afl) Tu— wy e L

—a € OpFalsequjiPwUT(a_l) lp—w, e M¥,

If a € OPTW@}UEPWT(Q,D 1 0, then there exists a u < § such that a €
Op Tme?ﬁpwm(aq) 1 . For the inductive hypothesis, w, € Lg.

If —a € OpFalse?’ﬁ’PwdT 1 | &, then, forall p < §, —a € OpFalseif};’PwﬂT(a_l) !

(a—
p. For the inductive hypothesis, w, € M?.

Consider a limit a. Then K¢ = |J;_, K and K2, = (Jz_, KZ,. The
inductive hypothesis is

a€ IFP" 1 B — wy € KP

—a € IFPY" 1  — w, € KP,

If a € IFPY° 1 a, then there exists a 8 < a such that a € IFP"¥ 1 3. For the
inductive hypothesis w, € K, g s0 w, € K. Similarly for —a. O

We can now prove that JFPP” is sound and complete.
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Theorem 6. For a ground probabilistic logic program P with Herbrand base
Bp, let K& and K¢, be the formulas associated with atom a in IFPP” 1 q.
For every atom a and total choice o, there is an iteration agy such that for all
a > ag we have:

Wy € wra <> WFM(w,) = a
Wy € Wie, < WFM(w,) = —a

Proof. The — direction is Lemma [5| In the other direction, WFM (w,) = a
implies JapVa = g : IFP,,, 1 o = a. For Lemma@7 Wy € Wia. WFM(wy) =
—a implies JagVa = ag : IFPY* 1 o = —a. For Lemma@, Wy € WK, - O

We can also prove that every query for every program has a countable set
of countable explanations that is covering.

Theorem 7. For a ground probabilistic logic program P, let K and K, be
the formulas associated with atom a in IFPPT 1 a. For every atom a and every
iteration a, K¢ and K%, are countable sets of countable composite choices.

—-a

Proof. Tt can be proved by observing that each iteration of OpTruePﬁ,PppT P

and OpFalseP7, pr1g generates countable sets of countable explanations since
the set of rules is countable. O

So the probability measure p({w|lw € Wp,w = a}) for a ground atom a is
well defined. Moreover, since the program is sound, for all atoms a, w K = Wges
where ¢ is the depth of the program, as in each world a is either true or false
and [fp(IFPC?) is a consistent parameterized three-valued interpretation.

6. Comparison with Sato and Kameya’s Definition

Sato and Kameya [§] define the distribution semantics for definite programs,
i.e., programs without negative literals. They build a probability measure on
the set of Herbrand interpretations from a collection of finite distributions. Let
F be {f1, fa,...} and let X; be a random variable associated to f; whose domain
is {0, 1}.

They define Vr as a topological space with the product topology such that
each {0,1} is equipped with the discrete topology.

In order to clarify this definition, let us introduce some topology terminology.
A topology on a set V [26], page 23] is a collection ¥ of subsets of V, called the
open sets, satisfying: (t-1) any union of elements of ¥ belongs to ¥, (t-2) any
finite intersection of elements of ¥ belongs to ¥, (t-3) & and V belong to V.
We say that (V, V) is a topological space. The discrete topology of a set V [27]
page 41] is the powerset P(V) of V.

The infinite Cartesian product of sets v; for ¢ = 1,2,...is

o0

p= >< 1/}1':{(517523"')|5i6wi7i:1727"'}

i=1
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A product topology [26, page 53] on the infinite Cartesian product X?:l V; is
obtained by taking all possible unions of open sets of the form X?il v; where
(p-1) v; is open Vi and (p-2) for all but finitely many 7, v; = V;. Sets satisfying
(p-1) and (p-2) are called cylinder sets. There exists a countable number of
them.

So Vr = X;2,{0,1}, i.e., it is an infinite Cartesian product with V; = {0,1}
for all ¢. Sato and Kameya [8] define a probability measure nz over the sample
space Vr from a collection of finite joint distributions P}n) (X1 =k,..., X, =
k) for n = 1 such that

0<PM(Xy =k, Xy = kn) <1
S PEV X = Ry, Xy = k) = 1

Sy PE0 = ke Xy = Kgr) = PE (X0 = by, X = k)
(2)

The last equation is called the compatibility condition. It can be proved [24]
from the compatibility condition that there exists a probability space (Vr, Uz, nx)
where 77 is a unique probability measure on W, the minimal o-algebra con-
taining open sets of Vr such that for any n,

nE(Xy =k, Xn = k) = PY(Xy =y, X = k). (3)

PY(Xy = ki, Xy = k) is defined as PY(Xy = Ky, ..., Xy = kn) =
Ty ... 7, Where m; = p; if k; = 1 and m; = 1 —p; if k; = 0, with p; the annotation
of fact f;. This definition clearly satisfies the properties in .

The distribution P](_-") (X1 =ky,...,X, = k) is then extended to a proba-
bility measure over the set of Herbrand interpretations of the whole program.
Let Bp be {a1,as,...} and let Y; be a random variable associated to a; whose
domain is {0,1}. Moreover, let a* = a if k = 1 and a* = —a if k = 0. Vp is the
infinite Cartesian product Vp = x;‘il{o, 1}.

Measure nF is extended to np by introducing a series of finite joint distri-
butions P7(,")(Y1 =ki,....,Y, =k,) forn=12 ... by

[a]fl Ao Ak E = {v e VE|lhmp (v) |=alf1 A.Aakny

where lhmp(v) is the least Herbrand model of R u F,,, with F,, = {fi|v; = 1}.
Then let

PE(Yi = ki, Y = k) = nr([af AL A afn]z)
Sato and Kameya state that [alf1 A ... A aFr]F is nr-measurable and that, by
definition, P7(,n) satisfy the compatibility condition

Z P’](Jn+1)(}/l = k17"'7Y7L+1 = kn+1) = P'](Dn)(Yl = kla"'vi/n = kn)

kn+t1

Hence there exists a unique probability measure 1p over Wp which is an exten-
sion of nr.
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In order to relate this definition with ours, we need to introduce some more
terminology on o-algebras.

Definition 12 (|24, page 6]). The minimal o-algebra ¥’ containing a nonempty
set X of subsets of W, is a o-algebra such that (m-1) ¥’ 2 3, and (m-2) " 2 3/
whenever ¥” 2 ¥ and 3" is a o-algebra. Such a minimal o-algebra ¥’ containing
Y is also called the o-algebra generated by ¥ and is denoted by o(X).

The minimal o-algebra of a set 3 o(X) always exists and is unique [24] page 7].

Definition 13 (Product Space). For any measurable spaces (W;, <), i =
1,2,..., define

0 0
g = U{><w1|wi€Qi,1<i<mandw,-:Wi,i>m}

m=1 i=1

8
)
I

i =0(9)

i=1

X 8
X8

(Wi, Q) = (

1 A

0
=1

Il
—

%

Then Xﬁl(Wi, Q;) is called the infinite-dimensional product-measurable space
and X ;- Q; is the product o-algebra.

It is clear that if W; = {0,1} and Q; = P({0,1}) for all 4, then G is the set of all
possible unions of cylinder sets so it is the product topology on szl W; and

Wi, Qi) = (Vr, ¥F)

s

Il
—

K3

i.e, the infinite-dimensional product-measurable space and the minimal o-algebra
containing open sets of Vr coincide. Moreover, according to [24, Exercise 1.3.6],
U~ is the minimal o-algebra generated by cylinder sets.

An infinite Cartesian product p = X .-, v; is consistent if it is different from
the empty set, i.e., if v; # & for all i = 1,2,.... We can establish a bijective
map between infinite consistent Cartesian products p = X ;‘)O=1 v; and composite
choices: yr( X2, vi) = {(fi, &, ki)|vi = {ki}}.

Lemma 7. FEach element of ¥ r can be written as a countable union of consis-
tent possibly infinite Cartesian products:

P = U pj (4)

where pj = X o, v; and v; € {{0},{1},{0,1}} for alli=1,2,....
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Proof. We will show that ¥ and ®, the set of all elements of the form ,
coincide. Given a © for the form , each p; can be written as a countable
union of cylinder sets so it belongs to Wx. Since W is a o-algebra and v is a
countable union, then 1) € ¥z and & < Ur.

We can prove that ® is a g-algebra using the same technique of Lemma
where Cartesian products replace composite choices. ® contains cylinder sets:
even if each p; must be consistent, inconsistent sets are empty set of worlds, so
they can be removed from union . As U x is the minimal o-algebra containing
cylinder sets, then Ur < ®. O

So each element ¥ of ¥ r can be written as a countable union of consistent
possibly infinite Cartesian products.

Lemma 8. Consider the function T'x : Ur — Qp defined by T'r(¢) = wi
where ¢ = U;O:1 p; and K = U;il{'y;(pj)}, Then T r is bijective.

Proof. Immediate because yr is bijective. O

Theorem 8. Probability measure p coincides with np for definite programs.

Proof. Consider (X1 = kq,...,X,, =k, ) and let K be

{(f, D k1), (fo, D k) 3}

Then K =T'x({X; = k1,...,X,, = k,») and p assigns probability 7 ... 7, to
K, where m; = p; if k; = 1 and m; = 1 — p; otherwise.

So u is in accordance with P}n). But P](_-n) can be extended in only one way
to a probability measure 1z and there is a bijection between ¥ and Qp, so
is in accordance with nz on all U £.

Now consider C' = a’fl A ... A akn. Since IFPPT 1§ is such that K¢ and
K? , are countable sets of countable composite choices for all atoms a, we can
compute a covering set of explanations K for C by taking a finite conjunction
of countable sets of composite choices, so K is a countable set of countable
composite choices.

Clearly P7(,") (Y1 = ki1,...,Y, = k) coincides with p(wg). But P7(,") can be
extended in only one way to a probability measure np, so p is in accordance
with np on all ¥p when P is a definite program. O

7. Examples

Let us now see some examples where there are goals that have an infinite
number of explanations from a normal probabilistic logic program. These exam-
ples and those that will be mentioned below in Section [§]show that the extended
semantics allows users to write programs that solve concrete problems.

We first consider the game of dice proposed in [5] and discussed in Example
the player repeatedly throws a die. When the outcome is six, the game stops.
This game can be modeled with the following Logic Program with Annotated
Disjunctions (LPAD) [5]:
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on(0,1):1/6;0n(0,2):1/6;0n(0,3):1/6;
on(0,4):1/6;0n(0,5):1/6;0n(0,6):1/6.

on(X,1):1/6;0n(X,2):1/6;0n(X,3):1/6;
on(X,4):1/6;0on(X,5):1/6;0on(X,6):1/6:-
X1 is X-1,X1>=0,0on(X1,_),
\+ on(X1,6).
at_least_once_1:- on(_,1).
never_1:- \+ at_least_once_1.

Note that PLP languages under the distribution semantics are equally expres-
sive, there are linear transformations from one language to another that preserve
the semantics. We use an LPAD here instead of ProbLog as in Example [2] for
its more general syntax that allows a more succinct program and to give an
example of the transformation between ProbLog and LPADs. This programs
has function symbols because it uses integer arithmetics and integers can be
represented with function symbols.

Another example is a prefix parser for probabilistic context free grammars,
from [I3] [I4]. The program below computes the probability that a string is a
prefix of a string generated by the grammar. Again the program is presented
as an LPAD for succinctness.

% grammar

% 0.4:8->88

% 0.3:8->a

% 0.3:8->b

pre_pcfg(L) :- pre_pcfg([’S’],L,[1).

pre_pcfg([AIR],LO, [1):-
rule(A,LO,RHS), % A is a nonterminal
pre_pcfg(RHS,LO, [1). % pseudo success, R is discarded

pre_pcfg([A|R],LO,L2):-
rule(A,LO,RHS), % rule A->RHS is selected
pre_pcfg(RHS,L0,L1). % recursion
pre_pcfg(R,L1,L2). 7% recursion

pre_pcfg([AIR], [AIL1],L2):-
\+ rule(A,_,_), % A is a terminal, consume A
pre_pcfg(R,L1,L2).

pre_pcfg([],L,L). % termination

rule(’s’,L,[’S’,’S°]):0.4; rule(’S’,L,[a]):0.3;
rule(’S’,L,[b]):0.3.

Clearly the number of explanations for the query pre_cdg(L) with L a string
may be infinite as there may be an infinite number of strings that start with L.
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Another interesting example involves handling domains with a variable num-
ber of objects. BLOG [28] is a system designed for handling unknown objects
and the paper presents an example where the blips on a radar screen are used to
probabilistically infer the presence of aircrafts, of which there are an unknown
number.

This example has been represented in logic programming in [29] and we
report below an LPAD version

numObj (N, N) :-
\+ more(N).

numObj (N, N2) :-
more(N),
N1 is N + 1,
numObj (N, N2).

more(N):0.3.

aircraft(I):-
numObj (0,N),
between(1, N, I).

blip(X, Y, T):-
aircraft(I),
inGrid(I, T),
xpos(I, T, X,
ypos(I, T, Y).
producesBlip(I, T).

producesBlip(I, T):0.1.

In this example, the number of objects follows a geometric distribution with
parameter 0.3: for each possible number of aircrafts, there is probability 0.3 that
there is one more. A blip on the radar screen may be generated by an aircraft I
where I varies from 1 to the number of aircrafts. Clearly, each possible number
of aircrafts has a non-zero probability so the number of possible explanations
for goal of the form blip(X,Y,T) is infinite.

A model checker for a fragment of Probabilistic Computation Tree Logic
(PCTL) is presented in [I5]. PCTL an extension of computation tree logic
which allows for probabilistic quantification. The LPAD version of the model
checker is

% State Formulae

models (S, prop(A)) :-
holds(S,A).

models (S, neg(A)) :-
\+ models(S,A).
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models(S, and(SF1, SF2)):-
models(S, SF1),
models (S, SF2).

models(S, pr(PF, gt, B)) :-
prob(pmodels(S, PF), P),
P > B.

models(S, pr(PF, geq, B)) :-
prob(pmodels(S, PF), P),
P >= B.

trans(s0,I,s0):0.5; trans(s0,I,s1):0.3;
trans(s0,I,s2):0.2.

trans(s1,I,s1):0.4; trans(s1,I,s3):0.1;
trans(s1,I,s4):0.5.

trans(s4,_,s3).

% Path Formulae
pmodels(S, PF) :-
pmodels(S, PF, _).
pmodels (S, until(SF1, SF2), H) :-
models(S,SF2).
pmodels (S, until(SF1, SF2), H) :-
models (S, SF1),
trans(S, H, T),
prmodels(T, until(SF1, SF2), next(H)).
pmodels (S, next(SF), H) :-
trans(S, H, T),
pmodels(T, SF).

The logic partitions formulas into state formulas and path formulas. The first
are checked with goals of the form models(S, SF) that return true if state
formula SF is true in state S. Path formulas are checked with goals of the form
pmodels(S,PF) that return true if path formula PF is true in state S. Note that
path formula take into account state transitions, that follow a Markov chain
model where a transition from a state depends only on the current state. The
probability of a path formula at a state requires taking into account all paths
starting from the state in which the formula holds. Since the paths may be
infinite, queries to this program may have an infinite number of explanations.
Note that this program makes also use of nested probability computations,
as the last two clauses for models/2 have the predicate prob/2 in the body
that computes the probability of a query. While we haven’t defined a semantics
for this case, it is not difficult to define one provided the nested calls are well-
founded, i.e., that there are no circular dependencies, please see [19, [30].
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8. Inference

Recently, a number of papers have started to appear that present techniques
for exact inference when the number of explanations is infinite. In [I3] [14]
the authors extended PRISM by considering programs under the generative
exclusiveness condition: at any choice point in any execution path of the top-
goal, the choice is done according to a value sampled from a PRISM probabilistic
switch. The generative exclusiveness condition implies that every disjunction is
exclusive and originates from a probabilistic choice made by some switch.

In this case, a cyclic explanation graph can be computed that encodes the de-
pendence of atoms on probabilistic switches. The graph is composed of formulas
of the form

H < (msw(idg,v1) A B1) v ... v (msw(idg,va) A Bar)

where H is a ground atom and the ;s for ¢ = 1,..., M are conjunctions of
ground atoms and switch atoms. The authors show that from explanations
graphs a system of equations can be obtained of the form

P(H) = Ppp(msw(idg,v1))P(B1) + ... + Ppp(msw(idmg,var))P(Bmr)

where P(H) is a variable, Ppp(msw(idy,v;) is a constant (the probability of
the switch value from the program) and P(p;) is a product of some switch
probabilities and variables.

The authors of [I3], 14] show that by first assigning all atoms probability
0 and repeatedly applying the equations to compute updated values results in
a process that converges to a solution of the system of equations. For some
program, such as those computing the probability of prefixes of strings from
Probabilistic Context Free Grammars, the system is linear, so solving it is even
simpler. In general, this provides an approach for performing inference when
the number of explanations is infinite but under the generative exclusiveness
condition.

In [I5] the authors present the algorithm PIP (for Probabilistic Inference
Plus), that is able to peform inference even when explanations are not necessarily
mutually exclusive and the number of explanations is infinite. They require
the programs to be temporally well-formed, i.e., that one of the arguments of
predicates can be interpreted as a time that grows from head to body. In this
case the explanations for an atom can be represented succinctly by Definite
Clause Grammars (DCGs). Such DCGs are called explanation generators and
are used to build Factored Explanation Diagrams (FED) that have a structure
that closely follows that of a Binary Decision Diagram (BDD). While the internal
nodes of a BDD are Boolean variables, a FED contains two kinds of internal
nodes: one representing terminal symbols of explanations (msws), and the other
representing non-terminal symbols of explanations. FEDs can be used to obtain
a system of polynomial equations that is monotonic and thus convergent as in
[13,14]. So, even when the system is non linear, a least solution can be computed
to within an arbitrary approximation bound by an iterative procedure.
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Turning to approximate inference, we can observe that Monte Carlo sampling
approaches such as ProbLog [31] and MCINTYRE [32], while not developed for
this purpose, can handle as well goals with an infinite number of possibly infi-
nite explanations. In fact, these approaches work by running the query many
times to a program where the probabilistic choices are sampled independently
in each run. The proportion of times that the query succeeded gives an estimate
of the probability of the query. Each run/derivation corresponds naturally to
an explanation and the probability of a run is the same as the probability of
the corresponding explanation. The risk is that of incurring an infinite expla-
nation. But infinite explanations have probability 0 so the probability that the
computation goes down such a path and does not terminate is 0 as well. As
a consequence, Monte Carlo inference can be used on programs with an infi-
nite number of possibly infinite of explanations. As examples of applications of
MCINTRYE to these programs see the web system cplint on SWISH [16] that
allows the user to query LPADs using exact and approximate inference. cplint
on SWISH contains the following examples that have infinite explanations:

e parser for a Probabilistic Context Free Left Recursive Grammatﬂ;
e prefix parser for PCFGSE| [14];

o prefix parser for Probabilistic Left-Corner Grammar [14];

e model checker of a Markov chairﬁ [15];

e model checker of the Synchronous Leader Election Protocol expressed in

PCTI[] [15];
e model checker for fuzzy formulas in generalized probabilistic logicﬁ [15];

e model checker for Recursive Markov Chains expressed in generalized prob-
abilistic logic E| [15];

e random arithmetic functions |E|[33];
e program for handling unknown objectﬁ [28, 29];
e game of dice [5]@

Shttp://cplint.lamping.unife.it/example/inference/pcfglr.pl
4http://cplint.lamping.unife.it/example/inference/prefix.pl
Shttp://cplint.lamping.unife.it/example/inference/pre_plcg.pl
Shttp://cplint.lamping.unife.it/example/inference/markov_chain.pl
“http://cplint.lamping.unife.it/example/inference/pctl_slep.pl
8http://cplint.lamping.unife.it/example/inference/gpl.pl
9http://cplint.lamping.unife.it/example/inference/rmc.pl
Ohttp://cplint.lamping.unife.it/example/inference/arithm.pl
http://cplint.lamping.unife.it/example/inference/var_obj.pl
%http://cplint.lamping.unife.it/example/inference/threesideddicemc.pl
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Another form of approximate inference achieves a lower bound on the probability
of the query by imposing a depth bound on the derivations of an exact inference
algorithm computing explanations. In this way, infinite derivations are avoided
at the cost of possibly cutting legitimate long explanations. This has been
implemented in the PITA exact inference algorithm [34] [35] available in cplint on
SWISH. Many of the above examples can be run with this inference approac

9. Conclusions

We have presented a definition of the distribution semantics in terms of an
iterated fixpoint operator that allowed us to prove that the semantics is well
defined for all programs. In this way we can give a meaning to programs where
the queries have an infinite number of possibly infinite explanations. We have
shown that there are many interesting problems that benefit from such a feature.
We have also discussed approaches for performing inference on these programs.
The operator we have presented could also be used for developing an exact
forward inference algorithm similarly to [I1} 12], complementing recent work on
inference [13], 14} [15].
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