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Abstract

We prove local in time well-posedness in Sobolev spaces of the Cauchy problem for semi-linear
p-evolution equations of the first order with real principal part, but complex valued coefficients for the
lower order terms, assuming decay conditions on the imaginary parts as |x| — oo.
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1. Introduction and main result

Given an integer p > 2, we consider the Cauchy problem

PM(D)M(t,X):f(t,X), (t,x)G[O,T]XR (1 1)
u(0,x) =ugx), xeR ’
for the semi-linear p-evolution operator of the first order
p—1 ]
Py(Dyu= P(t,x,u(t.x), Dy, Do)u := Du +ap(t)DYu+ Y a;(t,.x,u)Diu,  (1.2)
j=0
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where D = }—.8, ap € C(I0, T;R), and a; € C([0,T]; C*(R x C)) with x = a;(t,x,w) €
B*(R), for0 < j < p —1(B*(R) is the space of complex valued functions which are bounded
on R together with all their derivatives).

The condition that a, is real valued means that the principal symbol (in the sense of Petrowski)
of P has the real characteristic T = —a, (t)£”; by the Lax-Mizohata theorem, this is a neces-
sary condition to have a unique solution, in Sobolev spaces, of the Cauchy problem (1.1) in a
neighborhood of t =0, for any p > 1 (cf. [26]).

The condition that a;(¢, x, w) € C for 0 < j < p — 1 implies some decay conditions on the
coefficients as |x| — 0o, because of the well-known necessary condition of Ichinose (cf. [21])
for 2-evolution linear equations, and of the very recent necessary condition of [9] for p-evolution
linear equations with arbitrary p > 2.

We give the main result of this paper, Theorem 1.3, for the operator P in (1.2), i.e. under
the condition that a, does not depend on the monodimensional space variable x € R, only for
simplicity’s sake. Indeed, we can generalize Theorem 1.3 to the case a, = a,(t, x), x € R: see
Theorem 4.1. Moreover, Theorems 1.3 and 4.1 can be generalized to the case x € R", up to some
technical complications, following the ideas of [23,16] and [14]: see Remark 4.2.

The monodimensional problem for either operator (1.2) or (4.3) is of interest by itself; for
instance, in the case p = 3 our model recovers equations of Korteweg—de Vries type, widely
used to describe the propagation of monodimensional waves of small amplitudes in waters of
constant depth.

The original Korteweg—de Vries equation is

3 1 2 1
B — E\/%ax (7,2 et 503%14) , (13)

where u represents the wave elevation with respect to the water’s surface, g is the gravity con-
stant, & the (constant) level of water, « a fixed small constant and

m Th
o=———,
3 pg

with T the surface tension, p the density of the fluid. The operator in (1.3) is of the form (1.2)
with constant coefficients a, = a3 and a =0, and with a; = a1 (u).
Assuming that the water’s level & depends on x, we are led to an operator of the form (4.3).
Our model can also be applied to study the evolution of the wave when the seabed is variable.
The n-dimensional problem can find applications in the study of Schrodinger type equations
(p = 2), and of higher order equations that can be factorized into the product of Schrodinger type
equations, as for instance the Euler—Bernoulli equation of a vibrating plate

32u +a’ () A2u + Z b (t, x)3%u =0

| <3

(vibrating beam in the case n = 1). The above operator factorizes into the product (3; —ia(t) Ay —
b(t,x,0,))(0; +ia(t)Ayx + b(t, x, 3y)) of two (pseudo-differential) Schrodinger type operators,
modulo terms of order zero.

The aim of this paper is to give sufficient decay conditions on the coefficients of P, (D) in
order that the Cauchy problem (1.1) be locally in time well-posed in H°.



A. Ascanelli, C. Boiti/ J. Differential Equations 260 (2016) 7563-7605 7565

Results of H*® well-posedness of the Cauchy problem for linear p-evolution equations of the
first order

p—1 )
Diu+ap(t)Dfu+ Y a;(t,x)Diu= f(t,x), (1.4)
j=0

or for linear p-evolution equations of higher order, have already been obtained, first for real
valued (or complex valued, with imaginary part not depending on x) coefficients (see for instance
[1,11] and the references therein), then for complex valued coefficients depending on the space
variable x under suitable decay conditions on the coefficients as |x| — 400 (see [22,23,13,
7.4] for equations of the form (1.4), [5,12,15,16,27] for higher order equations, and [10] for
equation (1.4) in a different framework). Among all these results, in the present paper we shall
need an extension of the following theorem of [7] (see Theorem 2.1 below):

Theorem 1.1. Let us consider the operator (1.4) with a, € C([0, T]; R), a,(t) =0Vt €0, T]
and a; € C([0, T1; B*) for 0 < j < p — 1. Suppose that there exists C > 0 such that for all
(t,x)e[0,T] x R:

|Re DPaj(t,x)| < Cap(t), 0<p<j—1,3<j<p-—1, (1.5)
Ca,(t
Im D a1, 0 < —2 05[2}51—1,35151)—1, (1.6)
(x) »=1
Ca,(t
[ Imas(t, 0] < <20, L7
(x) 7
Cay(t)
[Imay (¢, x)| + | Im Dyax (¢, x)| < ———, (1.8)

(x) 7T

where [B8/2] denotes the integer part of /2 and (x) := /1 + x2.

Then, the Cauchy problem associated to equation (1.4) with u(0,x) = up(x), x € R, is
well-posed in H* (with loss of derivatives). More precisely, there exists a positive con-
stant o such that for all f € C([0,T]; H*(R)) and ug € H*(R) there is a unique solution
u € C([0, T]; HS~° (R)) which satisfies the following energy estimate:

(e, I —y < Cs (nuon% + /;nf(r, ->||§dr) Vi € [0, T], (1.9)
for some Cy > 0, with || - |s = - || -
Remark 1.2. Condition (1.6) with j =p — 1, =0, i.e.
|Ima,_(t,x)| < Cap(t)(x)~",

is strictly consistent with the necessary condition
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0
AM,N >0: sup min f Imay,_1(t,x + papy(r)0)dd < Mlog(l+0)+ N, Vo>0
-0

xeR 0=st=<t=<T
for H° well-posedness of the Cauchy problem associated to equation (1.4), proved in [9].

As far as we know, semi-linear equations P,(D)u = f of the form (1.2), or of higher order,
have been considered in the case of complex valued coefficients with imaginary part not depend-
ing on x (see, for instance, [2]), or in the hyperbolic case (see, for instance, [3,17]). Recently,
we considered in [8] semi-linear 3-evolution equations of the first order and in [6] a 2-evolution
equation of order 2 that generalizes the Boussinesq equation. We gave sufficient decay condi-
tions on the coefficients for H* well-posedness of the Cauchy problem (see the comments after
Theorem 1.3).

Here we consider the general case (p > 2) of non-linear p-evolution equations of the first
order, proving the following:

Theorem 1.3. Let us assume that there exist constants C, > 0 and C > 0 and a function y :
C — R* of class C” such that the coefficients of the semi-linear equation (1.2) satisfy for all
(t,x,w)e[0,T] xR x C:

ay(t) > Cp, (1.10)
c
[im(DPa;)(t, x, w)] < L 05@5]’—1,35]'519—1, (L.11)
(x) 7
|Re(Dfaj)(f,x,w)|§CV(w) 0<B=<j—-1,3<j=<p-—1, (1.12)
Cy(w)
(DY DEaj)(t, x, w)| < — sy (1.13)
e
azl,ﬂzo,[“ﬁ]sj—l, 3<j<p-1.
[Reax(t, x, w)| < Cy(w), (1.14)
c
[Imay(t, x, w)| < Y(lf, (1.15)
()77
Cy(w)
[Imay (¢, x, w)| + |Im Dyay (¢, x, w)| + | Dya(t, x, w)| < ; (1.16)

Then the Cauchy problem (1.1) is locally in time well-posed in H*: for all f € C([0,T];
H>®(R)) and ug € H*®(R), there exist 0 < T* < T and a unique solution u € C([0, T*];
H>®(R)) of (1.1).

Notice that conditions (1.10)—(1.16) correspond exactly to (1.5)—(1.8) for linear equations.
In [8] we had to strengthen the leading condition (1.11) for 8 =0, j = p — 1, p =3, requiring a
decay of order 1 + ¢ instead of order 1 on the sub-leading coefficient:

Cy(w)

(_x)—l‘i’s’ e > 0.

| Imax(r, x, w)| <
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Also in [6] such a faster decay is required. This is because, both in [8] and [6], we used a
fixed point argument to show the existence of a solution to the semi-linear equation. To avoid
such a stronger condition, here we make use of the Nash—-Moser theorem. Inspired by [18] (see
also [17]), the idea is to linearize the equation, fixing u € C([0, T], H*(R)) and solving the
linear Cauchy problem in the unknown v(¢, x)

{PM(D)v(t,x) = f(t,x), (t,x)€[0,T]1xR, (1.17)
v(0, x) = uo(x), x eR, ’

and then apply the Nash—-Moser theorem.

The paper is organized as follows. In Section 2 we briefly retrace the proof of Theorem 1.1
for the linear problem (1.17) taking care of the dependence on u of the constants in the energy
estimate (1.9). Then, in Section 3, we prove Theorem 1.3. Section 4 is devoted to generalizations
of the main result to the cases a, = a,(t, x) and/or x € R". Finally, in Appendix A we collect
the main notions about tame spaces and the Nash—Moser Theorem A.11, according to [18,20];
in Appendix B we recall the main tools used to write an energy estimate for the solution v of the
linear Cauchy problem (1.17), i.e. sharp-Garding theorem (with remainder in explicit form, see
[24, Ch. 3, Thm. 4.2]) and Fefferman—Phong inequality, [19].

2. The linearized problem

In this section we consider, for a fixed function u € C([0, T]; H*°(R)), the linear Cauchy
problem (1.17) in the unknown v. By Theorem 1.1, we know that this Cauchy problem is
well-posed with loss of derivatives in Sobolev spaces, and the solution v satisfies the energy
estimate (1.9), with a positive constant Cy = Cg(u). The aim of this section is to retrace as
briefly as possible the proof of Theorem 1.1 taking care of the dependence of the operator P, (D)
on u, to compute precisely Cs(u): this will be needed in the proof of Theorem 1.3. The com-
putation of Cs(u) clarifies that to write an energy estimate of the form (1.9) it is enough to fix
u e C(0,T]; H*73(R)).

The present section is devoted to prove the following:

Theorem 2.1. Under the assumptions of Theorem 1.3, there exists o > O such that for every
ueC(0,T); H*?73(R)), f € C([0, T]; H*(R)) and ug € H*(R), there exists a unique solu-
tion v € C([0, T]; H*~ (R)) of the Cauchy problem (1.17) and the following energy estimate is
satisfied:

4p-3 f
||v(t,.)||§_(,gcs,ye“““'#—ﬂf<||uo||§+ fonf(r,-)n?dr) Viel0,T],  (2.1)

for some Cs ,, > 0.

The proof of Theorem 2.1 is based on the energy method, after an appropriate change of
variable of the form

A(x,D)

v(t,x)=e w(t, x), 2.2)

and makes use of the sharp-Garding theorem and the Fefferman—Phong inequality, see Ap-
pendix B.
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The operator A is suitably constructed as a real valued, invertible on L? operator with symbol
e2§) ¢ §9 5§ > 0. The change of variable (2.2) transforms the Cauchy problem (1.17) into the
equivalent problem

2.3)

Pp(t,x,u(t,x), Dy, Dy)w(t,x) = fa(t,x) (t,x)€[0,T] xR
w(0, x) = ug, A (x) xeR

for

Pai= (M) 7'Pet, fai=E@) 7 uoa =™

We are so reduced to show the well-posedness of (2.3) in Sobolev spaces, which is equivalent,
since e has order § > 0, to the desired well-posedness with loss of & = 28 derivatives for the
Cauchy problem (1.17).

The operator A (x, Dy) is a pseudo-differential operator having symbol

A, 8) =Ap-1(x,8) +Ap2(x,8) +... +21(x, §), 2.4

with

Ak (X, 6) :=M,,_kw<%) f0<y>‘5——kw((;)ff_l)dy@n;k“, I<k=p-1, 25
h

where (§), :=/h2+E2forh > 1, (y) :== ()1, M, > 0 will be chosen large enough through-
out the proof, w is a C*°(R) function such that w(y) =0 for |y| <1 and w(y) = |y|P~ 1/y”_1
for [y| > 2, ¥ € C°(R) is such that 0 < ¢(y) < 1 forall y e R, ¥ (y) =1 for |y| < 2, and

¥ (y)=0for |y[=1.
In the following lemma we list the main properties of the symbols Ax(x, &) and A(x, &),

referring to [7] for all proofs.

Lemma 2.2. Let xg be the characteristic function of the set E = {(y) < (E) } C R2. We have
that

Ap-1(x,8) < Mp_1log2+ Mp_1(p — 1)log()n,

—1 k=1
I

Ay (6. 8)] < My 2 ()7

P €)M ae), 2<k<p-1;

moreover, for every a #0, B # 0, there exist Cy g > 0 such that:
k=l
1980p 4, )1 < Cople) T P(E), (), 1<k<p—1,
98 A p—1(x,8)| < Ca,0Mp—1(8);,* (1 +10g(&)n x(1£1<2n))
k=1
108 % p—k (2, )] < Car0Mp—i(x) 1€)X (), 2<k<p—1,

10208 3y (6, )] < Cap ) 1 P1&) e (o), 1<k<p—1. 2.6)
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Again, there exist positive constants C, § independent of h and, for every a € Ny := N U {0} and
B €N, positive constants 8y, g, independent of h, such that:

IA(x, )] < C + 81og(E)n, 2.7)
|0¢ DEA(x, §)] < 80,5(8),. (2.8)

By (2.7) and (2.8), it can be easily shown that the operator ¢ Px) with symbol ¢2%) ¢ §°
is invertible for £ large enough, say & > h, with inverse

e '=e2U +R) (2.9)

where [ is the identity operator and R is the operator defined by means of the convergent Neu-

mann series R = Z:;Xl’ r", with principal symbol

r_1(x,8) =0:A(x,§)DA(x,8) € s~

Moreover, for h > hg we have

0 A0 | < Cy (), %N Va e N, (2.10)

|DEeEACE) | < Chix)TPeEA™H  vB e Ny, (2.11)

Finally, denoting i P = 9; + A(t, x, u(t, x), D), with

p—1
A, x,u(t, x),8) =iap(DEP + ) iaj(t, x,ut, x)E’,
j=0
we have that
iPp =0 + (" PNTLA®, x,u, Dy DY) (2.12)

with

(AP T A x u, D)eNF P = ¢ AEDI At x u, Dy )eAPY)
p—2 1 p—1l—m
+ Z % Z e*A(x,Dx)An,m(t,x’ u, Dx)eA(x’D“)
m=0 " n=I

+A0(t’an)C)a (2.13)

where Ag(t,x,€) € SO and A™™(t,x,u,€) = aénr"(x, EYDV(A(t,x,u,&)) € SPT" (see
[7, Lemma 2.6]). The lower order terms in (2.13) have the same structure as the principal term,
so the structure of the operator (e®)~!Ae? is the same as that of e~ Ae?.
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In the proof of Theorem 2.1, the following lemma will be crucial:

Lemma 2.3. Under the assumptions (1.11), (1.12), (1.13) there exists a positive constant C’ such
that for every fixed u € C([0, T1; H*?=3(R)) the coefficients aj(t,x,u(t,x)) of the operator
P, (D) satisfy for all (t,x) € [0,T] x R:

|Re DE(aj(t, x,u(t, x)))| < C'y )1 + ||u||’f+5), (2.14)
l<p<j—-1,3<j<p-1
C'y(u)
|Tm D (aj(t, x, u(t, x)))| < W(l + ||u||’f+ﬁ), (2.15)
x) p-

=1, [g}sj—l, 3<j<p-1.
Proof. Let us compute for 3 < j < p — 1 and 8 > 1 the derivative

DP(aj(t, x,u)) = (Dla;)(t,x,u)

+ Y g > cqrdd(DPray) e x. u)(DPu) - (DY u)

Bit+Be=B  rit..trg=pH2
B2>1 ri>1

for some cg, ¢4, > 0.

From conditions (1.12) and (1.13), using the relationship between geometric and arithmetic
mean value and Sobolev’s inequality (see [24, Ch. 3, Lemma 2.5]) for the fixed function u(t) €
H4P’3(]R), we immediately get that forevery3 <j<p—1,8>1landn > 1

|Re DP(aj(t, x,u))| < |Re(DPa;)(t, x,u)|

+ Y g Y cqrl@8DPrap e x w)| - |D | DY ul

Bi1+p2=p rit..trg=p2
par=>1 ri>1

<Cy) |1+ Z c Z cq,r|D;'u|~~|D;"u|

Bi+B=p  rit..4rg=pH2
Ba>1 ri>1

Dlul+ -+ D%u\!
cormlie X o B g (i

Bi+Pr=p ri+..+rg=p2 4
Ba>1

ri>1

<Cy@ |1+ > o D cqrllullly

Bi+B=p  rit..trg=pB2
h>1 ri>1

<Cly( + [ul, p); (2.16)
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taking n = 1 we get (2.14). On the other hand, from (1.11) and (1.13) we have, with similar
computations, that for every 8 > 1 such that [8/2] <j—1,3<j<p—landn>1

I Im(D? (a;(t, x, )| < |Im((Dfa;)(t, x,u))|

+ Y e Y cql@DPap . x, )] |Dul - DY ul

Bit+Be=B  rit..+trg=pH2
B>1 ri>1

Cy)
= — |1 Z cp Z cqr| D ul -+ DY ul
(x) Pt Bi+B2=p ri+..+rg=p2
h>1 ri>1

C'y(u)
< —— (Ll ) 2.17)

(x) 7
taking n = 1 we have (2.15). O
Proof of Theorem 2.1. We divide the proof of Theorem 2.1 into the following steps:

Step 1. Compute the symbol of the operator e~ Ae® and show that its terms of order p — k,

1 <k < p — 1, denoted by (e_AAeA)|0rd(p_k), satisfy

Re(e ™ Ae™)| 40, (toxou.6)| =€ @) ) @18)
Ol'd(p—k) k] k] ’ — (Mp,l,..,,Mp,k) h M

for a positive constant

Ctyytty @) = Chtyy vty (L4 y @)+ 5 )

depending on u, M,_1,..., M, i and not on Mp_x_1, ..., My. This allows the con-
stants Mp_1, ..., M; to be chosen recursively, since at each step (say “step p — k")
we have something which depends only on the already chosen M,_1, ..., M, ;41 and
on the new M _; that is going to be chosen, and not on the constants M,_;_1, ..., M
which will be chosen in the next steps.

Step 2. We choose M,,_1 > 0 such that

Re (e " Aeh)| +Cw)=0

ord(p—1)

for some positive constant C (i) > 0 depending on u, and apply the sharp-Gérding The-
orem B.1 to (e’AAeA)|0rd(p71) + C(u) to get
p—1
ale M Ae™y =iapE” + Qpor1+ ) (e AM) iy + Rp—1 + Ao,
k=2
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Step 3.

Step 4.

Step 5.
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where Q1 is a positive operator of order p — 1, Ag € S and Rp_1(t,x,u, Dy) is are-
mainder of order p — 2, consisting in the sum of terms satisfying (2.18) with a new
constant which is similar to Cy M,_)(u) but depends on a higher number of
derivatives of the fixed function u.

To iterate this process, finding positive constants M,_», ..., M such that

p—1lseees

Re (e " Aeh)| +Cu) >0

ord(p—k)
for some C(u) > 0 depending on u, we need to investigate the action of the sharp-
Garding Theorem B.1 to each term of the form

—A A
(€ Ae™)| ypiy T Spk:

where S, _ denotes terms of order p — k coming from remainders of previous applica-
tions of the sharp-Garding Theorem, for p — k > 3.

We show at this step that remainders are sums of terms with “the right decay at the
right level”, in the sense that they satisfy (2.18) with a new constant which is similar
to C¢ My 10 My p) (u) but depends on a higher number of derivatives of the fixed func-
tion u. Then we apply the sharp-Garding theorem to terms of order p — k, up to order
p—k=3.

In this step we apply the Fefferman—Phong inequality (B.5) to terms of order p —k =2
and the sharp-Garding inequality (B.4) to terms of order p — k = 1, finally obtaining
that

P
ole M Ae™) =iapt? +) 0y

s=1

with

Re(Qp_sw, w) >0 Yw(t,)e HP™S, s=1,...,p—3
Re(Qp_sw,w) > —Cw)|wl}  Yw(t,-)e H'™, s=p—-2,p—1
Qo e S,

where C () is a positive constant which depends on y (1) and on a finite number of
derivatives of the fixed function u.

We finally look at the full operator in (2.13) and prove that e~ A™™¢2 satisfies
the same estimates (2.18) as e " Ae®, with suitable constants still depending on
y and on a finite number of derivatives of u. Thus, the results of Step 4 hold
for the full operator (¢*)~!Ae® and not only for e *Ae?, i.e. there exists a con-
stant C(u) > 0, still depending on a (higher) finite number of derivatives of u, such
that

Re((e™)'Aetw,w) > —Cw)|wl3  Vw(t,)e HP.

From this, the thesis follows by the energy method.
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These steps have already been followed in the proof of Theorem 1.1 in [7]. Here we briefly

retrace the proof of the five steps, outlining what is new with respect to [7] and referring to it for
all the other computations.

Step 1. By developing asymptotically the symbols of the products of pseudo-differential opera-
tors, we have, as in [7], that:

e M Aet) = Z Z ( )(za,)(e Apmetygi—m

m=0 j=m+1

j—m—1 «

00

m=0 j=m+2 a=1 p=0
x (8¢ e ™) (D ay) (DT Fe™)EI ™ 4 Ag
=:Ar + Ay + Ao, (2.19)

for some Ao € S¥; the difference is that here a j=a;(t, x,u(t, x)) depend on x both in the second
and in the third variable, so in A;; we have to make use of Lemma 2.3 to estimate

Re(iDla;) =Im(DPa;) and i DPaj|, B+#0.
In [7] we have shown that the terms in Ay with m + o — B > 1 satisfy, for some ¢ > 0,

|0g e ™) (i DEaj)(DyT*Pet)gi—m|

p=1 A et P
o L e )7 o
<c|Dyajl Z H M, oo Mpv— o= G
aj+..to, | =a k,k'=1 <§>h <§>h

Vit +yp_1=m+a—p
ri+.rg =ag; riar =1
S1 +...+spk, =y Sin V=1

(2.20)

In (2.20) the term —03: A(iap6P)Dx A = —r_1(x,&)(iap&P) appears. This term will cancel,

in Step 5, with r_1(x, §)(ia,&”), coming from AL0 of (2.13); thus we shall omit this term in the
following.

Each other term of (2.20) has order

p—1 p—1
jmm=a =3 qk=1) =) pp® 1) <min{p—k—1,p—k ~1)
k=1 k'=1

and, in view of (2.14), decay in x of the form

i 1‘ik(k 1)+Z 17k/(k )] et f jem-a=YP” 1‘ik(k - Zk/ P (' =1)
{(x) = <{x) Pt
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since —(p—1)(m+a—B) <—j+m+aform+o—p > 1. Thus, whenever My, or M), s
appear in (2.20), then the order is at most p —k — 1 and p — k’ — 1 respectively.
On the other hand, for m + « — 8 =0, from [7] we have that

|Re[(dg e ™) (iDfaj)e™ &/~

p—1
. ) k=1 —or—ai (k—1 i
<cReDfapl Y. ] X M), T g
ait..Fop_1 k=1 rit..+rg =k
=

riop>1

2.21)

for some ¢ > 0.
Inserting (2.15) in (2.21), and reminding that Dfa,,(t) =0 for B #£ 0, we see that each term
of (2.21) is a symbol of order

p—1
j—m—a=Y qk-1)<p—k-1 (2.22)
k=1
with decay in x of the form
I qetk-1—j+18/2) jmm—a=x b g
(x) p=t <{x) Pl

since [B/2] < B < a + m; hence M,_; appears in (2.21) only when the order is at most
p — k — 1. Moreover, the terms of order p — k of Ay, denoted by Ajloa(p—i)» all have the
“right decay for the right level” in the sense that they satisfy (2.18). To compute the positive
constant C(Mp—lw--;Mp—k) we notice that for every 1 <k < p — 1 we have that Aglord(p,k)
contains derivatives of the fixed function u. Let us compute the maximum number of deriva-
tives of u in Ajlod(p—k): the general term (age—f\)(iDfa,)(DZ”“‘ﬂeA)gf—m, with 8 < «,
is at level j — m — « because of (2.10) and hence at a fixed level j —m — a = p — k the
maximum number of S-derivatives on u appears when o > 1 is maximum and hence m =0
and j maximum, i.e. j = p — 1 (j = p is not considered because D,"?ap (t) = 0); in this case
p—k=j—m—a=p—1— o« and the maximum number of B-derivatives on u at level p — k
is given by f = o = k — 1. On the other hand, the minimum number of derivatives on u at level
p — k is zero (think, for instance, at terms of the form Dga ;) and there are also terms which do
not depend neither on y neither on u (think at Dga p(2)). Summing up, formulas (2.14), (2.15),
(2.20), and (2.21) give that

Cr(l+y @)+l ()

—k
IRe Agtlord(p—iy| < P &) (2.23)

(x) =t
for some Cj > 0, and moreover, Re Alllord(p—k) depends onlyon M, 1,..., M, 11 and not on

M, _,...,M.

p—k-> s

As it concerns Ay, following [7] it is straightforward, by means of Lemma 2.2, to show that it
can be written as
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p—1
Ap=iap? +) (AY_ + A} )+ B, (2.24)
k=1

where
Agik = iap_képfk + ipapr)»p_képfl e spk

is the sum of a term ia, (¢, x, u)eP~* depending on u and a term ipa,(t)Dyip i (x, g)gp1
not depending on u, while AIIF « €SP ~* depends on the coefficients aj(t, x,u) (but not on their
derivatives) and on the symbols A ,_1,Ap_2, ..., Ap_1_k=2) (cf. [7]), f?o e 89, and from (1.11),
(1.12) with B =0and (1.15), (1.16) we get that

Cr(1+y )™
p—k
(x) =]

|Re AY (1, x, )| + | A} (1, x,0)| <

(2.25)

possibly enlarging the constant Cy of (2.23), 1 <k < p — 1; moreover, Agf « depends only on
Mp_ and A}J_k depends only on Mp_1, ..., Mp_i41. Step 1 is so completed.

Step 2. We now look at the real part of the terms A, 4 of order p — k in (2.19):

Ap—k = Allord(p—) T Allord(p—k)
= A+ AL o+ Alllowapiy.  k=1....p—1 (2.26)

From the definition (2.5) of A,_, conditions (1.10) and (1.11) with 8 = 0, estimates (2.23)
and (2.25), for |&€] > 2h we have:

Re A, =Re(ipa, Dx)\p—k%-p_l + iap—kg:p—k) + Re(A}j_k) + Re( AII|ord(p7k))

p—1 p—
— pae” My <x>‘v——'f1/f( pl)_l) €7 —may g7
©f

+Re(A) 1) +Re(Anrlord(p—t)

2N\ M, C c -
> (7) pCprtyp by - VW ypty,  CYW kg
3 (x) P71 () 71 (x) 77T

€)=+
— e+ 1+l )+ y @)=

B {(i)"‘lCM
) L)

(x) =1
(C +Ce(2+ ||”||1+(k 1))) (I+ V(u))]

g+
k
(x) 71

— G+ y @)+ uli ) 2.27)
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for some Cy > 0 since 1&] > %(E)h and (5)571/()@ is bounded on the support of (1 — ¥).

Notice that the constants Cy, C‘k depend only on M,_1, ..., M,_i41 and not on M,_y, and that
with a new constant C ,/( > (0 we can write

(x) 71

(x) 2\ / k-1 <$>fl:_k
ReA,_ _— — C,M,_;—C,(1 1
eAp k=Y <(§>£_1> |:(\/§> PCpMp—k 1+ ”M”H»(kfl))( +yu)) =k

— Cel+y )+ el 7 ge_y)-
(2.28)

In particular, for k = 1,

(x) 2\ , @
ReA, 1>y (W) : |:(ﬁ) pCpyM, 1 —2C (1 + ]/(u)):| )

h
—2C (1 +y ),

and we can choose M), > 0 sufficiently large, i.e.

Cid 4y @)

Mp—lep—l(u)z —
20-2//5" 1pc,,

so that
ReAp_1(t,x,u,6) > —-2C1(1+ym)  Y(t,x,&) €0, T] x R%.

Applying the sharp-Garding Theorem B.1to A,_1 + 2C (1 + y(u)) we can thus find pseudo-
differential operators Q1(¢, x, u, Dy) and R, _1(¢, x, u, Dy) with symbols O, 1(¢,x,u,§) €
S$P~1 and Rp_1(t,x,u,§) € S$P~2 such that

Ap 1(t,x,u, D) =Qp 1(t,x,u,Dy) + Rp_1(t,x,u, Dy) — 2C1(1+y@) (229

where

Re(Qp-1(t, x,u, Dy)w(t, x), w(t, x)) >0 Y(t,x) €[0,T] x R, Yw(z, ) € H''(R),

and R, has the asymptotic development given in (B.2) for A,_. From (2.19), (2.24), (2.26)
and (2.29) we get:

p—1
ole M AeM) =iaptl + Ap 1+ Y Ap i+ A
k=2
p—1
=iapt’ + Qp_1 + Z(A1|0rd(p—k) + A11|0rd(p—k) + Rp-1 |0rd(p—k)) + Ag
k=2
(2.30)
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for some Aé), Ag e SO, where Rp_1| denotes the terms of order p — k of R, 1, for

ord(p—k) satisfy (2.18)
with a new constant C (Mp_1,.., Mpfk)(u). In [7] it has already been proved, using Lemma 2.2 and
conditions (1.5), (1.6) instead of (1.11), (1.12), (1.13), that the terms of R, 1 |ord(p—k) all have
the right decay for the right level p — k; here we only need to find by means of Lemma 2.3 the
precise constant Cyy, (1) (note that the constant depends only on M) since Rj,—i depends
only on A,_1). The term A, _; does not contain derivatives of u, since in order that a term of type
(@Fe=™) (i DY aj) (DY P el )gi=m of (2.19)is atlevel j —m —a = p — 1 with & > 1 we must
have j = p. Therefore, looking at the asymptotic development of R,_; given by Remark B.2
with m = p — 1 and £ = k — 1, the maximum number of derivatives on u in R, i

ord(p—k)
2 <k < p. To complete step 2, we need to check that the terms R 1,_1|

ord(p—k)
appears in (B.3) whena =0and § =204+ 1 =2k — 1.
By Lemma 2.3 we come so to the estimate
Cel+y @)+l 0 )
|Rp—1(t’xv M,$)|ord(p—k)| S p—k (E)h ’ (231)

x) 1

possibly enlarging the constant Cy of (2.23), (2.25). Step 2 is completed.

Step 3. In order to reapply sharp-Garding Theorem B.1 we now have to investigate the action of
that theorem to each term of the form Ajloqp—r) + Atrlord(p—k) + Sp—k> Where S,k denotes
terms of order p — k coming from remainders of previous applications of the sharp-Gérding
Theorem, for p — k > 3. In [7] we have computed and estimated the generic remainder

R(Alord(p—t)) + R(Anlora(p—iy) + R(Sp—k)

under the assumptions of Theorem 1.1, showing that it is sum of terms of order p — j, k +
1 < j < p, each one of them with the right decay (p — j)/(p — 1) and the right constants
Mp_1,..., My, iy for the right level p — j. Here, we can argue with the same (quite long and
technical) computations and make use of Lemma 2.3 instead of assumptions (1.5) and (1.6) to
get that this generic remainder consists in a sum of terms of order p — j, k + 1 < j < p, each
one of them satisfying (2.18). It only remains to compute precisely the corresponding constant
Cmyi,.sMpy i) W)

To this aim, we need to better understand the dependence of S, on u; let us first focus on
the second application of the sharp-Gérding Theorem B.1. From (2.30) with R, | = R(A,_1)
we have

U(e_AAeA) — iapfp +0p 1 +Ap 2+ R(AP*I)‘ord(p*2)

p—1
+ Z(Ap—k + R(Ap—1)|ord(p—k)) + Ag.
k=3

Since from (2.31) R(A,— 1)|Or d(p—2) has the same structure as A,_», depends on the same
constant, and bears 2k — 1 = 3 derivatives of # (much more than A,_5, see (2.23) and (2.25)),
we can follow the computations in (2.27) to get, instead of (2.28),
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S}

Re (Ap—z + R(Ap_1)|0rd(p—2)) (t,x, u, E) =
€))

2 \"!
> (%) [(_> pCpMy 2 —C) (1 + ||u||i) (1+ V(u))i| )
()7 V5 (x) 7T

— Co(1+y @) + [ull)

for some C}, Cy > 0.
We can so choose M), > > 0 sufficiently large, i.e.

My s> Co(L+ ulHA +y @)
p—1
21157 pC,

so that

Re (Ap-2+ ROAp-Dl gy ) (6510, = =Co(l + 7 @)1 + Jull,
V(t, x,€) €0, T] x R?
and we can apply the sharp-Garding Theorem B.1 to

Ap=2+ R(Ap=1)|org(p_zy T C2(L+y @) (1 + [lull3)

obtaining that there exist pseudo-differential operators Q> and R,_>, with symbols in §p=2

and §P~3 respectively, such that

Re(Q, 2w, w)>0  Vuw(,-)e H' 2

Ap=2+ R(Ap-1)| g pny = Qp—2+ Rp—2 = Co(1 +y ) (1 + llul}),

with

Rp—2=R(Ap2+ R(Ap-1)|y4(p_n) = R(Ap-2) + RR(Ap-1)|4(p_2))-

so that with the notation RZ(A,,_l) =R(R(Ap-1))

o(e ™ Ae®) =iapt? + Qpo1 + Qp2
2
+ Ap—3 + R(Ap_1)|0rd(p—3) + R(AP_Z)iord(p—:;) +R (Ap_1)|0rd(p—3)

p—1
+ Z (Ap—k + R(Ap—1)|0rd([,_k) + R(Ap—2)ord(p—k)
k=4

2
+ R Ap-D|oraipty) + Ab-
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At the second application of sharp-Garding Theorem B.1 the term R*(A p—1) appears at (max-
imum) level p — 3. By (2.31) we know that R(Apfl)‘ord(p—z) contains 2k — 1 = 3 deriva-
tives on u; so, its remainder, given by (B.2), has the structure of Remark B.2 and by (B.3)
with m = p — 2 and £ = k — 2 we see that the maximum number of derivatives with respect
to u in R(R(Ap,1)| appears when 8 = 2¢ 4+ 1 = 2k — 3 and is given by
34 2k —3) =2k.

Analogously, by formula (B.2) and Remark B.2, we have that R(A,_») consists of terms
R(Ap,2)|0rd(P7k) with 3 < k < p; formula (B.3) with m = p — 2 and £ = k — 2, together
with (2.23) and (2.25), give that R(Ap,2)| contains at most 1+ (2k — 3) = 2k — 2 deriva-
tives on u.

Summing up, the maximum number of derivatives of u appears in R%(A p—1) and we get:

ord(p—2)) |0rd(p—k)
ord(p—k)

2
[(RAp-Douappy + RAp-Darapty +RAp-D) gy ) 5,1, )| =

_ G4y @)+ sy
<
x) =1

&P 3<k<p. (2.32)

Now, let us come back to the general case.
At the j-th application of sharp-Garding theorem we find, at level p — j, the terms

Apj+ Y. R(Applpj.
1<k<j-1
1<s<j—k

These terms depend on # and its derivatives; reminding that

Ap—j = Allord(p—j) + Atllord(p—j) = iap— ;"7 +ipapDihp— ;77" + A},,k + Anrlord(p—j)»

see also (2.23) and (2.25), we see that the maximum number of derivatives of u is in the term
RITYN(Ap_Dlord(p— ) i€ in the principal part of R/~1(A,_}). To compute this number, we
work by induction. For j =2, by (2.31) with k = 2 we know that R/-1 (Ap—1)lord(p—j) contains
2k — 1 = 3 derivatives of u; for j =3, by (2.32) with kK = 3 we know that R/-1 (Ap—Dlord(p—j)
contains 2k = 6 derivatives of u; let us now suppose that for all 2 <s < j — 1 we have that
Rs—1 (Ap—1)lord(p—s) contains 3(s — 1) derivatives of u, and prove that RI-1 (Ap—1)lord(p—j) con-
tains 3(j — 1) derivatives of u. Arguing as for R(A,_1) and R*(A p—1) we obtain that the remain-
der R/-! (Ap-1) = R(Rj_z(A,,_l)) is the sharp-Gérding remainder of the operator Rj_z(A,,_l)
with symbol of order p — 1 — (j —2) = p — j + 1; the principal part of R(Rj_Z(A,,_1)) con-
sists so in a term of order p — j, depending on u and its derivatives, and given by (B.3) with
m = p — j+1and £ = 1. The maximum number of derivatives on u appears so when o« = 0 and
B =31in (B.3) and is given, by the inductive hypothesis, by 3(j —2) +3=3(j — 1).
It follows that

Ci+y @)+l )

p—J

() o1

IR7 YA p— D lord(p—j) (8, X, u, &) < €7, 2<j<p.
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Thus, at each level p — j, 2 < j < p, we have
AL F Adloap-y+ D RUAp0)lp—j| (6 x u.8)

I<k<j-1
1<s<j—k

3(j—1)
Gy @ 60 e

- p—J h >

with C; dependingon Mp,_1,...,Mp_ji1 andnoton M,_j, ..., M;.

Thanks to the estimates given here above, we can apply again and again the sharp-
Gérding Theorem B.1 to find pseudo-differential operators Q,_1, Qp—2,..., Q3 of order
p—1,p—2,...,3 respectively and all positive definite, such that

o(e ™ Ae®) =iapt? + Qpo1+ Qpa+ ...+ Q3+ (A2 + 52) + (A1 + S1) + (Ao + So),

with §;, j =0, 1, 2 coming from remainders of the sharp-Garding theorem, and such that

__J
—1

€)1, j=0,1,2,
(2.33)

(Aj+ S x, 1, 8)] < Cp (14 y )L+ ull} o= ) )

with Cp,_; > 0 depending on Mj,_1,..., M1 and noton M, ..., M.

Step 4. Let us split the term of order 2 into Re(A; + S»2) + i Im(A, + S»); by (2.28) and the
discussion of step 3 we have that

Re(As + ) = o | — -[(i)H c,M
2+ 8) > @_)gq 7 pCpM;

— O+ ull} 50 51+ y(u))}xfﬁl ()i

= 3(p-3
—Cpa(l+ ||u||1f3(p)_3))(1 +y ),

for some C”_,, C,,_» > 0 and we can choose M large enough so that

r=2
Re(Az +82) = —Cpa(1+y @)1+ lul} V5 5)-
Then, the Fefferman—Phong inequality (B.5) applied to
Ay, x,u(t,x), y (u(t,x)), Dy) :=Re(Aa + 5) + Cpa(l +y @)+ [ull} V50 5)
gives

Re((Re(As + $2))w, w) > —c() (1 + y ) (1 + ]} L5 5wl
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without any remainder, for a new constant c(u) > 0 depending on the derivatives 8? 8,’? of the

symbol of Ay with |a| + 8] <7, by Remark B.5. Being the function y of class C’ by assumption
we can then find a constant C), > 0, depending only on y, such that

1+3(p—3)+7
Re((Re(A2 + S2))w, w) > —Cy (1+ ull 13073 ) w3

3p—1
=—Cy (1 +[lull3h~Dlwl5. (2.34)
On the other hand, we split i Im(A; + S3) into its hermitian and antihermitian part:

iIm(Az + $) + (i Im(Az + $2))* n iIm(A 4+ 85) — (i Im(Az + $))*
2 2 ’

and we have that Re( ImA2t82)—(Im(AskH)7 ) ) — 0, while i Im(A2 + S2) + (i Im(A2 + 55))*
can be put together with A 4+ §7 since it has a real principal part of order 1, does not depend
on M1, and has the “right decay” for level 1. Therefore we can choose M7 > 0 sufficiently large
so that, by (2.33),

iIm(As + $») + (i Im(As + S»))*
2

= 3(p—2
Re <A1 +85+ >z ~Cpt (L y @)+ ul {47 ),

for some C »—1 > 0 and hence, by the sharp-Gérding inequality (B.4) we get

iIm(Az 4+ 5) + (I Im(Az + $2))*

Re((A1 + 81 + 5 Jw, w) =
143(p—2
> —C) (1+ ully S50 w3, (2.35)
for a new constant C ;, > 0.
Summing up, throughout steps 1-4 we have obtained
p—3
ole M Ae™) =iapt? + Y 0pj+ (Az+ S2) + (A1 + S1) + (Ao + So)
j=1

with

Re(Qp—jw, w) >0 Vw(t,.)eHP—j’ l<j<p-3

Re((A2 + 5+ A1+ Spw,w) = —C, L+ [ul3-DIwl} Yw(.) € H,

for a positive constant C'y, because of (2.34) and (2.35), since 3p — 1 > 1+ 3(p — 2).

Step 5. Now, we come back to (2.13), and remark that A" is of the same kind of A with D7'a;
instead of a; and (8g‘r")é‘f instead of &/, withO<m <p—2and 1 <n < p —1—m. This
implies that we have m more x-derivatives on a;, but the level in & decreases of —n —m < —m,
so we still have the right decay for the right level and the right dependence on the constants
Mp_;, j <k, ateachlevel p — k. As far as the derivatives of the fixed function u are concerned,
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the maximum number of derivatives of u appears in the term Bg" "Dl (iaj(t, x, u)§ 7y e §i—m—n
with j =p—1,n=1,m = p — 2, so that we argue as for o (e~ Ae®) and find that also

P
o™t Aammet)y =3 Op",
s=0
with Q)" € S? and
Re(Q"™ w, w) > —C2" (1 + |ull32- 1P 2y w2
p—s" = y 3p—1+4+p-2 0
4p-3

= —CIm A+l DIwlE Vwe ) e HP S, 1<s<p—1

for some C};™ > 0.
Summing up, we have proved that

Re((e™) ' Aetw, w) > —c, 1+ ull P DI Yw(, ) e HP (2.36)

for some ¢ > 0. From (2.12) and (2.36) it follows that every w € C([0, T']; HP)N clqo, 11; HO)
satisfies:

d
o lwll3 = 2Re(d;w, w) = 2Re(i PAw, w) — 2Re((e™) ' Ae’ w, w)
< [IPawllg + lwll§ — 2Re((e™) ' Ae™ w, w)
4p-3

<, (L4 ullyh =D U Pawl§ + lwl5)
for some c;, > 0. Applying Gronwall’s inequality, we deduce that for all w € C([0, T]; HP) N
Cl([O, T1; HO), the estimate

2 _ U+l 2 " P
lw(, Hlg <e” =37 lw(O, ~)|Io+/ | Paw(z, )llgdT ), YVt €[0,T]
0

holds. Since (D, )* Pp(D,)~* satisfies, for every s € R, the same hypotheses as P, we immedi-
ately get that for every s € R, w € C([0, T']; HtP)nN Cl([O, T1; H®) we have

4p-3 t
lw(z, ) < v el (nw(o, 22+ / | PAw(z, -)||§dr) L Viel0,T] (237)
0

for a positive constant Cy ,, .

The a priori estimate (2.37) implies, by standard arguments from the energy method, that
for every upg o € H® and fp € C([0, T], H®) the Cauchy problem (2.3) has a unique solution
w € C([0, T]; H) satisfying

4p-3 4
||w(t,-)||fSecs'y(1+|ull4”‘3)t<||M0,A||%+ / ||fA(r,-)||3dr> Vie[0,T]. (238)
0
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A

Since e® € S, for v = e w we finally have, from (2.38) with s — § instead of s:

4p-3

t
2 2 C 14||u t 2 2
l2 s < crllwll?_s < cpeCr HIlap—3) <||uo,A||s_5+ / ||fA||s_5dr>
0
R Yy I AT
<C; e r=3 (uoll> + | 11 f11Pde
0

for some ¢, ¢3, C;’y > 0, that is (2.1). This proves Theorem 2.1. In particular, we have that for
every f € C([0, T]; H®) and ug € H* there exists a solution v € C([0, T']; H*°(R)) of (1.17)
which satisfies an energy estimate of the form (1.9) with constant

4p-3
Cy=Cywy =C) TG g

3. The semilinear problem
In this section we consider the semilinear Cauchy problem (1.1) and give the proof of the

main result of this paper, Theorem 1.3.
We set X := C1([0, T]; H®(R)) and consider the map

J: X—X
u+— J(u)
defined by
t
J (1) ::u(t,x)—uo(x)—i—i/ ap(s)Dfu(s,x)ds 3.1
0

p=1 ) t
+1i Z/ aj(s,x, u(s, x))Diu(s, x)ds — i/ f(s,x)ds.
oo 0

Remark 3.1. The existence of a local solution u € C!([0, T*]; H*®(R)) of the Cauchy prob-
lem (1.1) is equivalent to the existence of a solution u € C L([0, T*]; H*®(R)) of

Jw)=0 in[0,T*] x R. (3.2)

Indeed, if J (1) = 0 then
t
u(t,x) =up(x) — i/ ap(s)Dfu(s, x)ds
0
p—1 ) t
_iZ/ aj(s,x,u(s,x))D,{u(s,x)ds+i/ f(s,x)ds (3.3)
oo 0

and hence u (0, x) = ug(x) and
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p—1 ]
Diu(t,x) = —idu(t,x) = —ap(t)Dfu(t,x) — Zaj(t,x, u(t, x)Diu(t, x) + [, x)
j=0
3.4

so that u solves (1.1). Vice versa, if u € C1([0, T*]; H*®(R)) is a solution of the Cauchy prob-
lem (1.1), then integrating (3.4) with respect to time we get (3.3), i.e. J(u) =0.

We are so reduced to prove the existence of 0 < 7* < T and of a unique solution
u e CY([0,T*]; H®(R)) of (3.2).

To this aim we shall use the Nash-Moser Theorem A.11. Note that X = C!([0, T]; H*®(R)),
with the family of semi-norms

llgllln = sup (llg, Hlln+ 1Deg, )la),  ne€No,
[0.7]

is a tame space, see Example A.6 in Appendix A.

The map J is smooth tame, since it is a composition of linear and nonlinear operators and
of integrations, which are all smooth tame by Remark A.10, and since it does not contain time
derivatives (this is important since d; does not operate from X to X, so it cannot be a tame map).

In order to apply the Nash—Moser Theorem A.11, denoting by DJ (u#)v the Fréchet derivative
of J at u in the direction v, we shall prove that the equation DJ (u)v = h has a unique solution
v:=S(u,h)forallu,h € X and that §: X x X — X is smooth tame. This is going to be done
in the following lemmas.

Lemma 3.2. For every u, h € X, the equation DJ(u)v = h admits a unique solution v € X, and
the solution satisfies for every n € Ny the following estimate:

t
||v(t,->||2scn(u)(||h(0,->||,%+,+ /O||D,h(r,->||,%+,dr> Vie[0,T],  (3.5)

foranyr > o, with C,,(u) := Cy 45,y €Xp {(1 + IIMIIiZ:g)T} asin (2.1).

Proof. Let us compute by the definition (3.1) of the map J, the Fréchet derivative of J, for
u,veX:

J(u+ev)—J(u)
m

DJu)v = 1i
e—0 &
t L, Ta;(s,x,u+ev)—aji(s,x,u) _;
= lim {v—i—i/ ap(s)va(s)ds—i—iZ/ j 8, X, IS5 sy
e—0 0 =0 0 >

p—1 . )

+1i E / aj(s,x,u—i-sv)D,jcv(s)ds}
; 0
j=0

t p=1l )
= v—}—i/ a,,(s)va(s)ds —i—iZ/ 8waj(s,x,u)v(s)D)JCu(s)ds
0 o’ 0



A. Ascanelli, C. Boiti/ J. Differential Equations 260 (2016) 7563-7605 7585
p—l . )
—l—iZ/ aj(s,x,u)D)]cv(s)ds
j=07 "
t p=1 )
= v—i—i/ ap(s)va(s)ds +i2/ aj(s,x,u)D,{v(s)ds
0 oo
t =l .
+ i/ (ao(s, x,u) + Z Opaj(s,x, u)Diu)v(s)ds
0

Jj=0

t p=l .
= v—0+i/ ap(s)va(s)ds—i—iZ/ Ezj(s,x,u)Dﬁv(s)ds—O
0 ; 0
j=0

=:Jou,0(v),
where
aj(s,x,u), I<j=p-1
- p—1
(S XU =N s, 2, 0) + Y dwan(s, x,u)Diu, j=0
h=0

and for every u, ug, f € X the map Jyy , r : X — X is defined by

t
Jug,u, fv =0, x) —up(x) + i/ ap(s)Df;v(s,x)ds
0
p=1 ) t
~|—iZ/ &j(s,x,u(s,x))D,{v(s,x)ds —i/ f(s,x)ds.
- 0 0
j=0

As in Remark 3.1, we notice that v is a solution of J,, ,,, s (v) = 0 if and only if it is a solution
of the linearized Cauchy problem

{ Pu(D)v(t,x) = f(t,x)
u(0, x) = ug(x),

where P, (D) is obtained from P, (D) substituting a; with a;.
Therefore v is a solution of DJ (u)v = h if and only if Jo , 0(v) = h; writing

t

Jo,u,0(v) —h=Jouo) —ho— i/ODzh(S, x)ds = Jpy,u,p,n (V)

with hg := h(0, x), we have that v is a solution of DJ(u)v = h if and only if it is a solution of
Jho,u,0,n (V) =0, i.e. it is a solution of the linearized Cauchy problem

{ P,(D)v(t, x) = D;h(t, x) (3.6)
v(0, x) = ho(x).
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We now want to apply Theorem 2.1 with ﬁu (D) instead of P,(D). Note that conditions
(1.10)—(1.16) are the same for P,(D) and P,(D), since there are no conditions for Jj=0.Ap-
plying Theorem 2.1 we have that, for any u,h € X there is a unique solution v € X of (3.6)
satisfying the energy estimate

4p-3 t
||v(r,-)||%scn+n,ye(1+'“”4p—3)T(||ho||5+r+ / ||Dth<r,~>||5+rdr) Vi € [0, T1,
0

for any » > o, which is exactly (3.5). This completes the proof of the lemma. O

We can therefore define the map

S: X xX—X 3.7

(u,h) — v,

where v is the unique solution of the Cauchy problem (3.6), i.e. of DJ (#)v = h, and satisfies the
energy estimate (3.5).

Lemma 3.3. The map S defined in (3.7) is smooth tame.
Proof. To prove that S is smooth tame, we work by induction. The proof is divided into 4 steps.

In steps 1, 2, 3 we prove, respectively, that S, DS, DS are tame maps; step 4 is the inductive
step.

Step 1. Let us show that S is a tame map. To this aim we first remark that, for fixed (ug, hg) €
X x X and (u, h) in a neighborhood of (g, hg) we have that C,, (#) is bounded and hence, from
the energy estimate (3.5),

lo@t, Iz < CollhllZ,,  Vtel0,T] (3.8)

for some C), > 0. A similar estimate also holds for D;v since

p—1 )
1Dl = | —apDLoe,) = a0, wDlva, )| +1Dh, 1,
=0

= Clv @, ln+p + 172 l2)

for some C > 0.
Therefore

1S G, m)Nlln = sup (v, a4+ 1Dv(E, lln) < Calllbllngr < Call @, R)lllngr (3.9)

tel0,T]

for some C, >0andr' €N, r' > o + p, and S is tame.
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Step 2. We start by computing the Fréchet derivative of S, for (u, k), (uy,h1) € X x X:

S(u—+eur,h+¢ehy)— S, h)
&

DS(u,h)(uy, hy) = lim
e—0

Vg —

= lim =" — lim w, (3.10)
e—=0 € e—0

where v is the solution of the Cauchy problem (3.6) and v, is the solution of the Cauchy problem

{ Pyyeu (D)ve = Dy (h + £hy)
v:(0,x) =h(0,x)+¢eh1(0, x).

Therefore
ﬁu+8u1(D)vs_ﬁM(D)v=£thl (311)
ve(0, x) —v(0, x) = eh1 (0, x)
and, writing explicitly the equation in (3.11) we come to the equivalent equation
p—1 )
Dy (ve — v) +ap(t)DY (ve —v) + Y _a;(t.x,u+eur)Di (v — v)
j=0
-1 )
+ Z (&j(t,x, u—euy) —aj(t, x, u))chv =¢eD;h;.
Jj=0

This means that w{ in (3.10) satisfies

p—1 - ~
~ ai(t,x,u+euy)—a;t,x,u) _;
Pu+£u|w§ = Dihy — Z ! ! D,{:v = fl‘s
A &
]=

wi(0,x) =h1(0, x).

If we prove that {wf{}, is a Cauchy sequence in X, there exists then w; € X such that w{ — w
in X, so that DS(u, h)(u1, h1) = w1, and w; solves the Cauchy problem

{ﬁu(D)wlzfl (3.12)
w10, x) =h1(0, x)
for
p—1 )
fi:=lim £ = Dihy —Z(:)aw&j(z,x,u)ulu,{v. (3.13)
j:

Then, by Theorem 2.1 the solution w; of the Cauchy problem (3.12) would satisfy the energy
estimate
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t
Jr 0.0 = € (IO, + [ 1A IR, )
for C,,(u) defined in (3.5), and

lwi (@, )lln < Cyuyur) sup (171, lntr + 1D E llner + 10 E ) ngrtp-1)
te[0,T]

< Gy (It llnr + WA ) (3.14)

by (3.8), for (u, h) in a neighborhood of (u¢, i) and (u1, h1) in a neighborhood of some fixed
(i1, h1) € X x X, and for some C),(u,u1),C, > 0and r'>2r 4+ p — 1. Also

p—1
Dywy = —ap(t)Dfwy — Y a;(t.x,u)Diw) + fi
j=0

would satisfy a similar estimate, so that the first derivative DS would be tame. Summing up, to
gain that DS is a tame map, it only remains to show that {w{}. is a Cauchy sequence in X. To
this aim, let us take wf] and wfz solutions, respectively, of the Cauchy problems

Pyteu, (Dywi' = [, Putequ, (D)WY = f1%2, (3.15)
wi' (0, x) = h1(0, x), wi? (0, x) =1 (0, x), '

then wi' — w}? is solution of

p—1
e p.& ~ Jj. e & p.&e
Diw{' +a,(t)Dyw)' + Zaj(t,x,u +e1u) Dywy' — Dywy* —a, (1) Dy wy®
j=0
p—1 p—1
—Z&j(t,x,u—i—szul)D,{wfz+Z&j(t,x,u~|—81u1)Diw‘192
j=0 j=0
p—1
—Z&j(t,x,u—i—elul)Diwfz
Jj=0
_ el &
=fi — A

with initial condition (w{' — w{?)(0,x) =0, i.e.

p—1

Puteyy (DY (wi' —w?) = f1' = f2+ Z (aj(t, x,u+eur) —aj(t,x,u+eup))Diw}?
j=0

(wf1 — wfz)((), x)=0.

By the energy estimate (2.1) and the Lagrange theorem, there exists u1 » between u 4 e1u;
and u + eru; such that, for all ¢ € [0, T],
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[(w]" —wi)(t, )ln < Cn<u+elu1)( sup 71t ) — £ ) lnr
tel0,T]

p—1

j_ &

+Z sup ”awaj(t’xvul,Z)(gl_82)141D)jcw12”n+r>
i—0!€l0.T]

for some C,,(u + €1u1) > 0. This goes to 0 as &1 — &3 — 0 because ff‘ — ff2 — 0 and, being
H?(R) an algebra and satisfying Sobolev inequality for s > 1/2,

0waj(t,x,u12)(er — &2)u1 AW ngr < 10wa;j(t, x, u12)llngr (61 — et lnr [W gt
is bounded for (u, k) in a neighborhood of (1, ) and (u1, k1) in a neighborhood of some fixed

(11, h1) € X x X, since uy is between u + eju; and u 4 eou; and ||w‘1€2||n+,+j is bounded by
the energy estimate

t
1wi 15y j < Cogrgj -+ E2u1) (nm (UB] AP / Ollffz(r, Myt ,dr) :
Then {w{}¢ is a Cauchy sequence in X and the Fréchet derivative

DS: (X x X)) — X
((u, k), (ur, h1)) — wi,

with wy solution of (3.12), is tame by the above considerations.

Step 3. Let us now consider the second derivative of S:
D*S: (X x X)) — X
(G, h), (i, hy), (U2, ho)) —> D*S(u, h)(uy, hy)(ua, ho)
defined by

DS(u+eup, h+¢ehy)(uy, hy) — DS, h)(uy, hy)
£

D2S(u, h)(uy, hy)(uz, hy) = lim
e—0

Wi —w
= lim ' = lim w¢

e—0 3 e—>0
where w; is the solution of the Cauchy problem (3.12) and w{ is the solution of the Cauchy

problem

p—1
Pyyeuwy®§ = ff := Dihy = Y 0,@j(t, x, u + euz)u; Div
j=0

(3.16)
wi (0, x) =h1(0, x).
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Writing

ff - fl = ﬁu+£u2(D)lZ)‘1€ - IBL[(D)wl
p—1 )
= Puseuy (DY — w1) + D (@(t, x,u + euz) —aj(t, x,u)) Diw,
j=0

we have from (3.13) and (3.16) that

-1

P ~ -
- fE—n ai(t,x,u+euy)—a;(t,x,u) _;
e __ Jl1 TASERAE) jUs, X, j
Puveu(Dwy = =—— = Z - Dlw,
Jj=0
p—1 - ~
aj(t,x,u+euy) —aj;t,x,u) ;
--% : bl
j=0
p—1 ~ ~
Owaj(t, x,u+cup) — dya;(t,x,u) i
—Z uyDyv
j=0 ¢
= fze

ie.
ﬁu+eu2(D)w§ = f28
w5 (0, x) =0.

Arguing as for {w{}¢, we can prove that {w5} is a Cauchy sequence and hence wj — ws € X,
where w> is the solution of the Cauchy problem

p—1 p—1
Py(Dywy == dydij(t, X, wyus Diwy — Y _ 9 (t. x, wyujua Dyv =: f
Jj=0 j=0

wr(0,x) =0

and satisfies the following energy estimate for gu, h) in a neighborhood of (ug, ko) and (uy, k1),
(u2, hy) in a neighborhood of some fixed (1, h1), (42, h2) € X x X:

t
lwall2 < Cua) / (R

which gives

p—1
lwalln < Chatsur,u2) 3 (IDFwi o + 1Dl )
j=0

< Cp (s ur, w2) (lwillntrtp—1 4 10llntr+p—1) < Cpp (Wt llagrr 4 WAllgr7)
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for some C), (u,uy,u2),C, >0and r” >r + p— 147+, by (3.14) and (3.8). Then also D%S is
tame.

Step 4. We prove by induction on m € N that, for all m > 2,

D" S(u, h)(uy, hy) - (U, hm) = Wi (3.17)

is the solution of the Cauchy problem

Py (D)wp = fm (3.18)
wp (0, x) =0,
with
p—1 ) p—1 )
o= = 3 06 D1~ 358 D]
j=0 j=0
p—1 ]
— = Y ama (X, w)u -ttt D{wg (3.19)
j=0

and wo := v, and satisfies, in a neighborhood of (u, h), (u1, h1), ... (Um, hnm), the estimate

m—1

llwmllln < Cn Z 172 j a4+ (o) (3.20)
=0

for some C,, > 0 and r(m) € N, where hq := h.
Let us assume (3.17)—(3.20) to be true for all j < m and let us prove them for j =m + 1:

D" VS (u, by (ur, hy) - - g1y A1)
D" S+ eupy1, h+eupyp)uy, hy) - Wm, hm) — D™ S, h)(uy, hy) - (Um, hin)

= lim
e—0 3
. wfn — Wy . &
=lim ——— = limw, _, (3.21)
£—0 & =0

where w,, is the solution of (3.18) and w}, is the solution of

{ Pyuteuy ., (DYWE, = [

wi (0,x) =0
with
p—1 p—1
~ j 2~ j
fyf; = Z awaj(tvxs u +8um+l)umD)jcwm—l - Z 8waj(tv X, U +8um+1)um—lumD)jcwm—2
Jj=0 Jj=0
p—1
— = Y At X, Bl U Uy Diwo. (3.22)

j=0
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Then

fE = fn = Puteuy,, (D)WE, — Py (D)wy,

p—1
= Dy (W, — wy) + ap(t)D)';(u_)ﬁl —Wp) + Z&j(t, X, u+ eum+1)D;€(u_)fn — W)
j=0
p—1
+ Z (Ezj(t,x, u+eump1) —aj(t, x, u))D){wm
j=0
p—1 )
= ~u+6um+1 (D) (W, — wy) + Z (Ezj (t, x,u+eupqyr) —aj(t, x, u))chwm (3.23)
j=0

and hence, by (3.21), (3.23), (3.22) and (3.19), wf;Hl is solution of the Cauchy problem

e _ f¢
PM+€Mm+1 (D)wm-H — Jm+1

& _
W11 (0) =0
where
p_l ~ ~ &
. aj(t,x,u+eupmt1) —a;t,x,u) ; e — Jfm
m+1 ':_Z Diwy +
X & &
j=0
p_ld(txu—i—eu )y—a;i(t,x,u)
Ly, A, 1) — AEES) j
S )G
£
j=0

”f Budij (1, X, + i) — D (1, X, u)

J
e U Dy w1

Jj=0

J
U\ Um Dx W2

p—1 ~ ~
B Z 83)aj(t,x, U+ eums1) — Biaj(t,x, u)
Jj=0 ¢

J
1+ i Dywo.

-1 ~ ~
B pZ: waj(t, x,u~+eumr) — 0ya;t,x, u)u
&
J=0

Arguing as for {w{}¢, we can prove that {w}, ., }¢ is a Cauchy sequence and therefore wy,

Wm+1 € X, where wy, 41 is the solution of the Cauchy problem

+1

{ ﬁu(D)wm+l = fm+1
Wm+1 (O,X) =O5

with
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p—1 p—1
. ~ . 5 - .
Smt1:=— Z 8waj(tv X, u)”m—HD)]cwm - Z awaj(ta X, “)umum-HD)]cwm—l
=0 =0
p—1
3~ J

— Z 05, (£, X, W)Uy 1 U U1 Dy w2 - - -
Jj=0
p—1

— Z 8$+151j(t, X, )U - U1 DIwg
Jj=0

and (3.18) is proved for j = m + 1. Moreover, by the energy estimate (2.1) and the inductive
assumption (3.20)

t
It 2 < Caur) / Wt I de

and so, for (u, h)_in a neighbgrhood of (ug, ho) and (u1, hy), ..., (Um, hy) in a neighborhood of
some fixed (i1, h1),...(Um, hy) € X x X,

m p—1 )
lwmsilln < C,/q (u) Z Z ety —st1 - tp - um+1D)]c Win—s lntr
s=0 j=0
p—1 m p—1 m m—s—1
<ottt i) DD MWmsllatrtj C Y D Y Whillntrtjrn—s)
j=0s=0 j=0s=0 i=0
m—1
<C Y Wil
i=0
for some C),(u), C,,(u, uy, ..., un),C,,C) >0,r'(m) €N.
Then also
p—1 )
IDswms1lln = || = ap®) DY w1 = Y _a;(t. x. u) Diwms1 + fusilln
Jj=0
m—1
< Co @) (1wt 1 lntp + I s l1n) < Cp D Wi gy
i=0

for some C}, > 0, r”'(m) = p 4+ r'(m), and for (u, h) in a neighborhood of (ug, ho) and (u1, h1),
<oy (Um, hy) in a neighborhood of some fixed (ﬁl,ﬁl), R (7P ﬁm) € X x X. Therefore (3.20)
holds also for m + 1.

We have thus proved (3.17)—(3.20). In particular, D™ S is tame for every m and hence S is a
smooth tame map. O
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We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. By Remark 3.1, our goal is to look for a local solution u of (1.1) as a
local solution of (3.2), i.e. of

t p=1 .
u(t,x):uo(x)—i/ ap(s)Dfu(s,x)ds—iZ/ aj(s,x,u(s,x))D)]cu(s,x)ds
0 . 0
j=0

t
+i/ f(s,x)ds, (3.24)
0

by definition (3.1) of the map J. To this aim, let us notice that from (3.24) we have the Taylor
expansion of the first order of u:

p—1 )
u(t, x) = uo(x) — it | ap(0)DYuo(x) + Y _ a;(0, x, uo(x)) Diuo(x) — £(0,x) | +o(r)
Jj=0
=:w(t,x)+o(1), ast — 0. (3.25)

The function w € X is in a neighborhood of the solution # we are looking for, if 7 is sufficiently
small. The idea of the proof is to approximate Jw by a function ¢, identically zero for 0 <t <
T, < T and apply the Nash—-Moser’s Theorem A.11, in particular the fact that J is a bijection of
a neighborhood U of w onto a neighborhood V of Jw. If ¢, € V, then by the local invertibility
of J there will be u € U such that Ju = ¢, =0 in [0, T,] and hence the local (in time) solution
of (3.2) will be found.

To construct ¢, we compute first (see the definition (3.1) of J):

p—1

o (Jw(t,x)) =0,w + iap(t)wa +1 Zaj(t,x, w)Diw —if(t,x),
j=0

and using the definition (3.25) of w we get

p—1
or(Jw(t,x)) = —iap(O)Dfuo —1i Zaj(O,x, uo)D;iuo +if(0,x)
j=0
p—1 )
+iap () DY ug + 1a, (1) DY (a,O) DY ug + Y a;(0, x,u0) Dlug — £(0,%))
j=0
p—1 p—1
+i Zaj(t,x, w)D){uo +t Zaj(t,x, w)D,{ (ap(O)Dfuo
j=0 j=0
p—1 )
+ 340, %,u0)Dlug = £0.%)) = if (1, %)
j=0
p—1 )
=ila,(t) —a,,(O)]D{ZquriZ[aj(z,x,w) —a;j(0, x, uo) | Dug
j=0
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p—1 )
+a,(t)tDY [a,,(O)D;’uo + Y " a;(0,x,u0) Diug — £0, x)]
j=0

r—1 ) p—1
+ Y a;(t,x,w)Dy [ap(owf:uo + Y a;(0, x, up) Dyug — (0, x)}
j=0 s=0

+i(f(0,x) = f(t,x)).

Therefore

p—1
I w(t, )l = sup lap(@) = ap(O) - Buolep + 3 [yt x, w) = ;0. x,u0)] Do |
te[0,T

j=0
p—1
+1t sup lap(t)]- |ap©)Dfug+ Y as(0,x,u0)Diug — £(0, x)
1€[0,T] =
n+p
p—1 ) p—1
+t Z aj(t, x, w)D} ap(O)Dfuo + ZaS(O, x,u0)Dyug — f(0,x)
j=0 s=0

n

+ 110, x) = f (&, X) |-

By Lagrange theorem and for ¢ sufficiently small (so that w is in a sufficiently small neighbor-
hood of up):

p—1
13: Jw (2, )lln < Colap. uo)t +»_ Claj.uo)t + Ci(ap. ..., ao. uo. )t + Cr(f)t
j=0
Sc(ap""va()su()v f)t (326)
for some positive constants Co(ap, up), C(aj, up), Ci(ap, ..., ao, uo, ), C1(f), C(ap, ..., ao,

up, f) depending only on the variables specified there.
Let us now choose p € C*°(R) with0 < p <1 and

s<1

pls) = {(1)7 S;Z.
Define then
t
e (1, x) :=/ p(f) (8, Jw) (s, x)ds,
0 &

and note that ¢, =0 for 0 < < e. We are going to prove that, for every fixed neighborhood V
of Jw in the topology of X = CL([0, T1; H®(R)), we have ¢. € V if ¢ is sufficiently small.
Indeed, by definition of ¢, and using (3.26),
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1w = el = H/;(l—p(g))(a,Jw)(s,~)ds s/z (1=2()) @awis. | ds

2¢
SC(ap,...,ao,uo,f)f sds=C(ap,...,a0,uo,f)282. (3.27)
0

< (1 —p (é)) 18, Jw(t. )l

< (1 —p (é)) Clap, ...,a0,ug, )t <2C(ap,...,ao,uo, fle, (3.28)

Moreover

19 (Jw = pe)lln =

o Jw(t,-)—p (é) (0 Jw)(t,-)

again by (3.26) and looking at the support of 1 — p (t/¢).
From (3.27) and (3.28) we thus have, for 0 < ¢ < 1, that

INw —@ellln <2C(ap, ..., ao, uo, fle

and hence ¢, € V for ¢ sufficiently small, where V is the neighborhood of Jw such that
J: U — V isinvertible.
Then, there exists u € U C X such that Ju = ¢, and hence, in particular,

Ju=0 forO <t <e.

This proves that u € C1([0, e]; H*®(R)) is a local solution of the Cauchy problem (1.1).
Uniqueness follows by standard arguments. As a matter of fact, if u, v are two solutions of
the Cauchy problem (1.1), we have

p—1 ]
0= P (D)u— P,(D)v = P,(D)(u—v)+ Y _ (aj(t.x,u) —a;(t,x,v)) Div
j=0

p=l oy ‘
P,(D)(u —v) + Z/ dwaj(t,x,s)ds Div
i—0 v

p=1 . )
P,(D)(u —v) + Z/ dwaj(t, x, v +1(u — v))(u — v)dt Div
=07 "

p=1 . .
= PM(D)—i—Z/ Bwaj(t,x,v—}—t(u—v))dtD)]cv (u —v)
0/ 0

= I:’(u —v).

Therefore, for fixed u, v € X, the function w := u — v solves the linear Cauchy problem

{ﬁw =0 (3.29)
w(0, x) =0,
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and since P is of the same form as P, (D) with

p—1 )
ap(t,x,u) :=ao(t,x,u) + E / dwaj(t,x,v+1t(u—v))dt Dilv

; 0

J=0

instead of ag(, x, u), and has therefore the same kind of regularity on the coefficients. By the
uniqueness of the linearized Cauchy problem (given by Theorem 1.1), we finally have that w = 0.
Therefore u = v and uniqueness is proved. 0O

4. Further generalizations

In this section we focus on generalizations of Theorem 1.3; we first consider the Cauchy
problem (1.1) witha, = a,(t, x), x € R, and then give an idea on how the result can be extended
to the case x € R”".

The dependence of a, on x means that in the explicit expression of the symbol o(e M Ae)
in (2.19) some new terms containing Df ap(t, x) appear for g # 0.

By assuming a, € C([0, T'], B*(R)) with a, (¢, x) € R and

(o
[Im(Dfay) (1, )] < — 77 0§|:§:|§P—1, B#0 @.1)

{(x) »1

|IRe(DPa,)(t,x)|<C, 0<B<p-—1, (4.2)

in analogy with (1.11)—(1.12), we shall retrace here below the proof of Theorem 1.3.
Notice that a, € C([0, T]; B°°(R)) implies that condition (4.2) is automatically satisfied,
while a, real valued implies that condition (4.1) reduces to

C B
|Dfap(f»x)|fw, OS[E]SP—L B odd.

(x) "7

Therefore we can prove the following theorem:

Theorem 4.1. Let p > 2 and consider the following p-evolution operator:

p—1
Py (Dyu := Dy +a,(t,x)D{u+ Y _a;(t,x,u)Diu, 4.3)
j=0

where a, € C([0, T]; B*(R)) with a,(t,x) € R, and aj € C([0,T]; C*°(R x C)) with x —
aj(t,x,w)eB*MR), for0<j<p—1

Let us assume that there exist constants C,, > 0 and C > 0 and a function y : C — RT of
class C7 such that, forall (t,x,w) € [0, T] xR xC:

ap(t,x)>Cp,

C B
|Dfap(t,x)|§Tﬂ{2], 0§[§:|§P_1a B odd,

(x) r=
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Cyw) A .
PN 05[5 <j—-1,3<j<p-—1,
=

(x)

ITm(DPa;)(t, x, w)| <

IRe(Dfaj)(t,x,w)| <Cy(w) 0<B<j—1,3<j<p-—1,

Cy(w) a+p . :
(D2 DEaj) (1, x, w)] < — LW azl,ﬂzo,[—z <j-L3<j<p-1
(x) #T
[Reax(t,x, w)| < Cy(w),
C
[Imax(t, x, w)| < y(lf,
(x)p-1
Cy(w
[Imay (t, x, w)| + [ Im Dyax(t, x, w)| + | Dyaz(t, x, w)| < - 4.4
(x)r-t

Then the Cauchy problem (1.1), for P,(D) defined as in (4.3), is locally in time well-posed
in H®: for all f € C([0,T]; H*®(R)) and ug € H*®(R), there exists 0 < T* < T and a unique
solution u € C([0, T*]; H®(R)) of (1.1).

Proof. We remark that from the assumptions (4.1)—(4.2) we can obtain (2.14)—(2.15) also
for j = p (indeed, inequalities (2.16)—(2.17) are valid also for j = p with a fixed constant
y W) =y).

Now we follow the proof of Theorem 2.1 (see also [7]) outlining the needed changes. In for-
mula (2.19) of step 1, on the one hand the symbol A; remains unvaried if a, = a, (¢, x), so (2.25)

is unvaried too; on the other hand, A;; has terms Df ap(t, x) which are now different from zero
also for B # 0. Deriving (2.23) from (2.20) and (2.21) we thus have to take into account these
terms. The estimates of the order and decay of the terms in (2.20) are the same as in the case
ap = a,(t), while in the estimate of the order and decay of the terms in (2.21), the only term
which works differently from the case a, = a,(t) is —(3z A)(Dyiap)&P. This is sum of terms of
the form —(0gA i) (0xap)&P: for k =1 the term —(dgA,—1)(xap)é? is of order zero because

dsAp—1 has support in the set {%(é)}’:_l <{x)< (f),’l’_l}; the other terms

—(gAp—r)(0xap)E?, 2<k<p-—-1, (4.5)

have order p — k and not p — k — 1, as it was in (2.22).

Therefore all terms of Re Ajyorq( p—k) satisfy (2.23) except for the terms in (4.5), that we shall
treat separately here below, following the same ideas as in the proof of the invertibility of e
(ct. [7]).

By (2.6) and (4.1):

k—1

C
|0 A p—kOxap&P| < C1oMp—p(x) 7T (é‘);kXE(X)( )leg
x)p-

—k+1
My (€)]
L %XE(X)

(&)n (x) P

=C1,0C
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M, ()P

"o

<é__>]117—k+1

<C1,0C

<C1C (4.6)

ith>Mp,_.

This means that we can insert (dgA,_x)(9xap)EP at level p — k + 1, since it has the “right
decay” for the level p — k 4 1 and satisfies an estimate of the form (2.18), with a constant Cy oC
that does not depend on any of the M, for k > 2.

Therefore we shall insert (g p—x)(0xap)§? in Re Agr|ora(p—i+1) instead of Re Agrlora(p—i)»
for 2 <k < p —1, and act as if (2.23) holds as it was in Theorem 2.1.

All the other steps are based on the estimates (2.25) and (2.23), so that their proof follows as in
Theorem 2.1, thanks to the added assumptions (4.1), (4.2), which ensure that the new terms still
have the “right decay for the right level” and depend on the “right constants™ M, _, if we choose
h>max{M,_», M,_3, ..., M} and large enough to ensure the invertibility of the operator e
asin (2.9).

Finally the Nash-Moser scheme of Section 3 does not involve the dependence of a;, on x.

Therefore Theorem 4.1 is proved. O

We conclude this paper with the following remark about the generalization of Theorems 1.3
and 4.1 to the case x e R", n > 2.

Remark 4.2. In the proof of Theorems 1.3 and 4.1, the symbol A = Ay + --- 4 A,_| was con-
structed in (2.5), following [23], in a way such that in Steps 2 and 3 of the proof of Theorem 2.1,
in order to apply the sharp-Garding theorem, we got

Re(ipa,Dydp— k&P vid,—) = payduhp k&P~ —Imap—y > —Cw), k=1,....,p—1,
(4.7)

where a,_; was given by the sum of a,_&” ~* and (possible) other symbols of order p — k with
the “right decay for the right level” and dependence on the “right constants”.

For the case of more space variables we have to choose A = A1 +---+ A,_1 in order that it
satisfies a pseudo-differential inequality of the form:

n
> pap(t.x)dy dp il 2 — My = —Cw), k=1...p—1 (@48
Jj=1

where a p—k 18 a symbol of order p — k with the “right decay” and depending on the “right
constants”, i.e.

(g)yr*
) 1

[Imap 4| < C(Mp_1..... Mp_i41) (4.9)

for some C(Mp_1,..., Mp_j41) > 0.
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A solution A, to (4.8) can be constructed, following the ideas of [23], by solving the equa-
tion

> pCpoe,hpr 17726 = 15k (x, ) (4.10)
j=1

for C as in (4.4), and for some positive function gi(x, &) with a decay as in (4.9) and large
enough so that (4.8) will therefore be satisfied.
But a solution, for large |£|, of an equation of the form

D &0 A(x, ) = &g (x, &)
j=1

is given by (cf. [23])

x-£/I€] £
A(x,&):/o g(x—t|é—|,§>dr, “4.11)

so that the functions A, can be constructed by means of functions A of the form (4.11), as
explained in [16].
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Appendix A. The Nash—-Moser theorem
We recall here the basic notion of the Nash—Moser theory as in [18,20].

Definition A.1. A graded Fréchet space X is a Fréchet space whose topology is generated by a
grading, i.e. an increasing sequence of semi-norms:

lxll, < ||x||n+17 Vn e Ny, x € X.

Definition A.2. For two graded Fréchet spaces X, Y, a linear map L : X — Y is said to be a
tame linear map if there exist r,ng € N such that for every integer n > ng there is a constant
C,, > 0, depending only on n, s.t.

ILxlln < Cullxllntr  VxeX. (A.1)
The number ny is called the base and r the degree of the tame estimate (A.1).

Definition A.3. Given a Banach space B, the space of exponentially decreasing sequences ¥ (B)
is the graded space of all sequences {vi}ren, C B such that

+00

H{vedlln == ™ lluells < +00  VneNo.
k=0
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Definition A.4. A graded space X is said to be fame if there exist a Banach space B and two
tame linear maps L1 : X — X(B) and Ly : ¥(B) — X such that L, o L is the identity on X.

Remark A.5. The property of being tame is stable under the usual operations like direct sum,
product, etc. (cf. [18,20]).

Example A.6. The space C' ([0, T]; H®(R™)), m > 1, endowed with the family of seminorms
llgllln := sup (g, Hlln + 11D:g (2, ) » n € No,
[0,7]

is a tame space.

Proof. Since H*>°(R™) is tame (see [17]), there exist a Banach space B and two tame linear
maps
Li: H*[R") — Z(B)

g +— {8}
Ly: ¥(B) — H®@®RM)

{ex} — ¢
such that

+00

L1 (@)lln = g} lln ==Y _ ™ ligells < Cullglatr  n=no
k=0

IL2({gkDlln = gl < Cp gk lntrr 1 =10 (A2)

for some C,,, C),, > 0, no, r, ' €N, and
LyoLi(g)=g  VgeH™R"). (A.3)
We construct the linear map

Ly: C'([0,T]; H®([R™)) — C'([0,T]; £(B))

g(t,x) —> Li1g(t,x)

defined, for every fixed ¢t € [0, T'], by Zlg = ng(t,;) ={gr(t,-)}. Clearly {gk(¢,-)} € X(B) for
all t € [0, T'] by construction. We now prove that L; is well defined. Let us first remark that,
since g € C1([0, T']; H®(R™)), there exists g’ € CO([0, T']; H*(R™)) such that

p =0 VneN,. (A4)

n

- g/(tv )

h—0
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In order to show that ZLg ={gr(t, )} e C'([0, T): =(B)) we shall prove that there exists, in
> (B), the 9; derivative of L1g = {gx (¢, -)} and this is given by L1(g") = {(g)x (¢, -)}. Indeed, for
all n e N, from (A.2) and (A.4) we have that

+00 h,.) — iy
3 et gkt + 2 8k (t )—(g')k(t, 3
k=0 B
TR R
<C, g(t+h’2_g(t’.)—g’(t,-) —>0 ash—O0.
n+r

Therefore (g)'(z, -) = (g")« (¢, -) and the linear map L is a linear tame map because of (A.2):

+00 +o0
IZ1()lln = sup (Z e llgr (. lla+ Y €™ (g, ~>||n)

1e0.T] \k=0 k=0

<C, sup (llg(t, Mlntr + 118' (@, ')||n+r)
1€[0,T]

= Culllglln+r-
Analogously we can construct a tame linear map
Ly: C'(10. T1: 2(B) — C'([0. T]: H®(R™))
{8kt x)} — g (1. x)
defined by 1:2(~{gk})~(t, ) =Lo({gk(t,-)}) =g(¢t,-) forall r € [0, T].

Moreover, L, o L is the identity map on C' ([0, T]; H>(R™)) by construction.
The proof is complete. O

For nonlinear maps, the definition of tame map is given by:
Definition A.7. Let X, Y be two graded spaces, U C X and T : U — Y. We say that T satisfies

a tame estimate of degree r and base ny if for every integer n > n there exists a constant C,, > 0
such that

IT@ln < Ca(l+ lltllnyr) — YuelU. (A.5)

A map T defined on an open set U is said to be tame if it satisfies a tame estimate (A.5) in
a neighborhood of each point ¥ € U (with constants r, ng and C, which may depend on the
neighborhood).

Remark A.8. Let us remark that a linear map is tame if and only if it is a tame linear map.
Moreover, the composition of tame maps is tame (cf. [18,20]).
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Recalling the notion of Fréchet derivative DT (u)v ofamap T : U C X — Y atu € U in the
direction v € X, as

Tu+ev)—T(u)
E 9

DT (u)v := lim (A.6)
e—0

we say that 7 is C'(U) if it is differentiable, in the sense that the limit (A.6) exists, and if the
derivative DT : U x X — Y is continuous.

Recursively, we can define the successive derivatives D"T : U x X" — Y and say that T is
C°(U) if all the Fréchet derivatives of T exist and are continuous.

Definition A.9. Given two graded spaces X, Y and an open subset U of X, we say that a map
T : U — Y is smooth tame if it is C° and D" T is tame for all n € Ny.

Remark A.10. Sums and compositions of smooth tame maps are smooth tame. Moreover, linear
and nonlinear partial differential operators and integration are smooth tame (cf. [18,20]).

We finally recall the theorem of Nash—Moser (see [20]):

Theorem A.11 (Nash—Moser—Hamilton). Let X, Y be tame spaces, U an open subset of X and
T : U — Y a smooth tame map. Assume that the equation DT (u)v = h has a unique solution
v:=S(u,h)forallueU and h € Y and assume that S : U x Y — X is smooth tame. Then T
is locally invertible and each local inverse is smooth tame.

Appendix B. Sharp-Garding and Fefferman—-Phong inequalities

Let A(x, D,) be a pseudo-differential operator of order m on R with symbol A(x, &) in the
standard class S defined by

0 DEA(x.£)| < Cap(€)"™  Va.BeN, (B.1)

for some Cq g > 0.
The following theorem holds (cf. [24]):

Theorem B.1 (Sharp-Gdrding). Let A(x,&) € S™ and assume that Re A(x,&) > 0. There
exist then pseudo-differential operators Q(x, Dy) and R(x, D)) with symbols, respectively,
Q(x,&) € S™ and R(x, &) € S™, such that

A(x, Dy) = Q(x, Dy) + R(x, Dy)
Re(Q(x, Dy)u,u)>0  Yue H™
R(x,8) ~¥1(§)DxA(x,§) + Z llfa,ﬂ(é)angA(x,E), (B.2)

a+p>2

with Y1, Yo g real valued functions, | € S—! and Yo, € §@=P72,
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Remark B.2. Terms of the form vy (£)9¢ DPA(x, &) e Sm=@+B)/2 o 4 B> 2, of (B.2) can be
rearranged so that we have

R(x, g) ~ Z R(x, g:)|ord(m—1f)’
>1
where

VIEDAXE+ Y Ve p® DIAR,E), (=1,

2<a+p=3

Y Yap@®EDIAR,E), £>2

2U<a+B<20+1

R(x’ E) |ord(m—€) =

Remark B.3. Theorem B.1 implies the well-known sharp-Gérding inequality
Re(A(x, Dy)u,u) > —c||u||%m_l)/2 B4
for some fixed constant ¢ > 0.
A well-known refinement of (B.4) is given by the following theorem (cf. [19]):
Theorem B.4 (Fefferman—Phong inequality). Let A(x,&) € S™ with A(x, &) > 0. Then
Re(A(x, Dy)u,u) > —c||u||%m_2)/2 Yu e H" (B.5)
for some ¢ > 0 depending only on the constants Cy g in (B.1).

Remark B.5. By [25] we know that for m = 2 the constant ¢ in (B.5) depends only on
maX|q|+|8|<7 Ca,ﬁ, for Ca"g as in (B.l).
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