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Motivated by several applications, including neuronal models, we Received 12 July 2017
consider the McKean-Vlasov limit for a general class of mean-field Accepted 5 June 2018
systems of interacting diffusions characterized by an interaction via
simultaneous jumps. We focus our interest on systems where the
rate of the jumps is unbounded, which are rarely treated in the
mean-field literature, and we prove well-posedness of the
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McKean-Vlasov limit together with propagation of chaos via a cou- McKean-Vasov limit;
pling technique. To highlight the role of simultaneous jumps, we [t6-Skorohod stochastic
introduce an intermediate process which is close to the original par- differential equation

ticle system but does not display simultaneous jumps. This shows in
particular that the simultaneous jumps contribute to the overall rate ~ MATHEMATICS SUBJECT

of convergence of the N-particle empirical measures by a term of CLASSIFICATION
60F17; 60H10; 60J75; 60K35
order 1/v/N.

1. Introduction

Treatable modeling for complex systems often involves the mean-field assumption: the
system is comprised by several interacting components, whose distribution is permuta-
tion invariant. This assumption allows in several cases the derivation of macroscopic
equations for the dynamics (McKean-Viasov equations), in the limit as the number of
components tends to infinity. Macroscopic behavior is also related to the phenomenon
of propagation of chaos, which states that a fixed number of components become sto-
chastically independent as the total number of components increases to infinity.

Since the introduction of this topic in the study of fluid dynamics [1, 2], dynamic
mean-field models have been considered both in general [3-6] and for special models,
motivated by life sciences [7-10] and social sciences [11-13]. General results on propa-
gation of chaos include diffusions with jumps [4, 5], under suitable Lipschitz conditions
on the coefficients. In recent years, neuronal networks have motivated the introduction
of models whose components are allowed to jump simultaneously. Propagation of chaos
is not obvious in these models, since simultaneous jumps could in principle interfere
with asymptotic independence. In [14], this problem is solved via a rather involved
approximation techniques, while existing techniques have been adapted to this context
in [10, 15].
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Padua, via Trieste 63, 35121 Padova, ltaly.
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The purpose of this paper is to prove propagation of chaos results for general models
with simultaneous jumps, which include the great majority of those cited above, by
applying coupling techniques mainly borrowed from [4]. The peculiarity of this
approach is the L' framework, reflected in the use of the Wasserstein-one distance. The
L! framework, as opposed to the more common L* framework, allows to prescribe, in a
natural way, the transition rates of the jumps. Besides simultaneous jumps, the models
we treat may have drift or jump coefficients which are, though only locally Lipschitz as
functions of the state variable, sufficiently stabilizing to yield strong existence and
uniqueness of solutions. Notice that, when dealing with nonlinear Markov processes,
the localization procedure usually employed in the proof of existence and uniqueness
for SDEs with non-globally Lipschitz coefficients does not work in general [16].

We aim to highlight the role of the simultaneous jumps in this general class of sys-
tems. For this reason, we combine coupling arguments with the introduction of an
“intermediate process” that will be convenient in handling the jump terms. The cou-
pling approach for the proof of propagation of chaos, in particular in the presence of
jump terms, is rarely chosen when the coefficients of the model are not globally
Lipschitz continuous but it is of great interest since it provides a rate of convergence.
Indeed, from a numerical or statistical points of view, it is desirable to know explicitly
the rate at which the empirical measure of a system of interacting particles converges to
the law of its McKean-Vlasov limit. Our work aims to underline that, for many systems
considered in the literature, no ad hoc technique is necessary to obtain propagation of
chaos results in the presence of jumps and only locally Lipschitz terms. It also provides
a framework that can be applied to generalizations of the models recently proposed in
neuroscience and in other applications.

The paper is organized as follows. In Section 2, we introduce at an informal level the
framework, describing the main characteristics of both the particle system and the non-
linear process that we are interested in. In the following sections, we prove our results
under precise assumptions, for three classes of systems. In Section 3, we work under
Lipschitz conditions, where rather straightforward adaptations of standard techniques
are applied. In Section 4, we introduce a class of nonlinear diffusions with jumps where
the drift term comes from a convex potential. In Section 5, we take inspiration from
the neuroscience models mentioned above and adapt our techniques to a class of piece-
wise deterministic processes, where the jump rate is superlinear.

2. Interacting particle systems and macroscopic limits

In this section, we introduce both the microscopic and the macroscopic dynamics at an
informal level, and illustrate the phenomenon of propagation of chaos. In the remaining
part of the paper well-posedness and convergence will be shown under various
assumptions.

2.1. The microscopic dynamics

Let XN = (XV,...,XY) € RN be the spatial positions of N different particles moving
in RY. We introduce the corresponding empirical measure
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1 N
= 2 O
i=1

When the time variable appears explicitly in XN(t), we write p¥(t) to indicate the
time dependence of the empirical measure. Note that ¥ (t) is an element of M(RY),
the set of probability measures on the Borel subsets of RY.

The particle positions X™(t) evolve as a jump diffusion process with the following
specifications for the ith particle:

e a drift coefficient of the form F(XN(t),uY(t)) for some function F:RY x
M(RY) — RY common to all particles;

e a diffusion coefficient of the form o(XN(t),uf(t)) for some function
o : R4 x M(RY) — R4 again the same for all particles;

e the jump amplitude and rate: particle i jumps by a random amplitude
U(XN(), 1 (1), hY) with rate A(XN(t), u¥(t)); this main jump induces simultan-
eous collateral jumps of all other particles: the jth particle jumps by a random

O(XY (). X (1) y ()" )

N
random parameter h™ = (h}')._, _n Which is distributed according to a symmet-

amplitude , where randomness of the jumps is given by the

ric probability measure vy on [0, l]N, that is, vy is invariant under permutation
of indices. Here A, ¥, and © are functions R?Yx M(RY) — [0,00),
RY x M(RY) x [0,1] — RY, and RY x RY x M(RY) x [0,1]* — RY, respectively.

In more analytic terms, we are considering a Markov process X™ = {X(t)} o1
with values in R®N whose infinitesimal generator takes the following form on a suit-
able family of test functions f:

N 1 d
£ = 2 |Floo ) - () + 5 3l ) - 810
1= k=

252 e A2 1%)) = £

where i (x) indicates the vector of first order derivatives w.r.t. x;, 92f(x) indicates the
Hessian matrix of the second order derivatives w.r.t. x;, a(x;, /)=0(x;, 1 )o(x;, pif)”
and

@(xi,xj,ux ,hf\l,hJN)

N for j #1,
t//(xl,,ux ,hN) for j =1i.

Towards a rigorous construction, allowing the limit as N — +o00, let us consider a fil-
tered probability space (Q,F,(Ft),>,,P) satisfying the usual hypotheses, rich enough
to carry an independent family (B;, N i)ieN of d-dimensional Brownian motions B; and
Poisson random measures A" with characteristic measure 1x1x v. Here 1 is the
Lebesgue measure restricted to [0,00) and v is a symmetric probability measure on
[0,1]" such that, for every N>1, vy coincides with the projection of v on the first N

A?I(xv :“xN’hN)ji
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coordinates, for a consistent family of symmetric probability distributions {in}, . We
will construct XN as the solution of the following SDE

dXG (1) = F(XY (1), g3 (1))t + o (X (1), (1)) dBy

1 .
— O(XNt™), XN(t7), 1l (t7), hy, hy )1 N{ooy N (e )(dt, du, dh
D) (DD, By b ) o ) (0t s

+ XN, @), h) 1 s gy e N(dt, du, dh),
J[OW)X[O,I]NN P (), 1 (), 00 x5 iy )] (WA (dt, du, dh)

(1)

i=1,...,N. The existence and uniqueness of a solution starting from a vector of initial
conditions (X}¥(0), ..., XX(0)) depends obviously on the assumptions on the coefficients,
and we will specify sufficient conditions in the following sections.

Remark 2.1. Notice that we made the choice of considering separately the jump’s rate
and amplitude, a similar representation appears in [17]. This is motivated by the fact
that we are mainly interested in the jumps and we want to state a clear framework, use-
ful for applications. The non-compensated jump component is often represented by a
measure that does not directly describe the behavior of the system. Here, we want to
highlight the role of the jumps, therefore we describe a diffusion process that at each
position has a certain jump rate and a set of possible jumps, represented by the func-
tions 4 and AN, respectively. Our assumptions will allow for unbounded jump rates. In
the next sections, we will see that the first natural assumption is to have globally
Lipschitz conditions on the functions 4 and AN. This is the reason why we need to per-
form all our proofs in an L' framework, instead of the classical L* approach for stochas-
tic calculus. Indeed, when dealing with the well-posedness of the nonlinear Markov
process, we will need to bound expectations of the supremum over a time interval of an
integral w.r.t. the Poisson random measure N. In an L? framework, this involves the
corresponding compensated martingale A and needs bounds of the type, for X, Y €
RNd

Jo o OB )8 W ) | Pty Xy 7, 2

for p = 2. However, sometimes (2) may hold for p = 1, but not for p = 2, which justi-
fies the choice of getting the L' framework, where we do not need to compensate the
process N. For instance, if A is constant and / is globally Lipschitz, (2) holds for p =1
and not p = 2.

2.2. Macroscopic process

Suppose the solution XN of (1) exists, and that its initial condition has a permutation
invariant distribution. Fix an arbitrary component i, and assume the process X has a
limit in distribution; by symmetry, the law of the limit does not depend on i, so we
denote by X the limit process. To identify, at a heuristic level, its law, we make the fur-
ther assumption that a law of large numbers holds, i.e. u§(t) converges, as N — o0,
to the law p, of X(t). Letting N — +o0 in (1) we deduce, at a purely formal level, that
the limit process X(t) has the law of the solution of the McKean-Vlasov SDE:
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dX(t) = (F(X(t),ut) + <uu/1(',ut)J[0 1]2®('aX(t),ut,hnhz)Vz(dhhdhz)>>dt

+0(X(t), u)dB; + J Y (X(t7), p, ha) 1 (04(X(0)0)] (u)N(dt, du, dh).

[0,00)x[0,1]"

3)

Here, B is a d;-dimensional Brownian motion and N an independent Poisson ran-
dom measure with characteristic measure dtdur(dh) on [0,00)> x [0,1]" as above. By
(+,-) we indicate the integral of a function on its domain with respect to a certain meas-
ure; thus, (i, ¢ fRd

Remark 2.2. The Poisson random measures appearing in Equations (1) and (3), respect-
ively, have characteristic measure defined on [0,00)* x [0,1]". The two equations could
equivalently be stated in terms of Poisson random measures with characteristic meas-
ures defined on [0,00)* x [0,1] (namely, 1 x 1 x ) and on [0,00)* x [0,1] (namely,
1 x 1 x v). The reason for our seemingly unnatural choice is that it prepares for the
coupling argument we will use below to establish propagation of chaos. We will need,
for each N, a coupling of the N-particle system with N independent copies of the
limit system.

Existence and uniqueness of solutions to (3) starting from a given initial condition
X(0) will be discussed in the following sections. Note that (3) is not a standard SDE
since the law y, of the solution appears as an argument of its coefficients. It is often
referred to as McKean-Vlasov SDE, as it is customary to call McKean-Vlasov equation
the partial differential equation solved by the law g, namely, in the weak form,

(tes 8)— o, ) = j;ws, L)),

where

d
> a1, P90

jk=1

+<ﬂt7 i(, ,ut)J[ ]2@)('7 X, My, h17 hZ)VZ(dhlv dh2)>8¢)(x)
0,1

N

L) p(x) =F(x, 1) 0p(x) +

+A(x, ut)J (p(x + ¥ (x, p, hy)) — d(x)) v (dhy).

[0,1]

2.3. Propagation of chaos

The link between the microscopic dynamics (1) and the macroscopic limit (3) is
explained by the phenomenon of propagation of chaos. Let u be a probability measure
on RY. We assume that the sequence of the distributions of XN(0) is u-chaotic: for every
k €N, the vector (X}(0),X)(0),...,X}(0)) converges in distribution to the product
measure p“*. Fix an arbitrary time horizon T>0, and denote by XN[0,T]=

(xN ())epor) the random path of the microscopic process up to time T. We say that
propagation of chaos holds if the distribution of XN[0,T] is itself Q-chaotic for some
probability measure Q on the Skorohod space of cadlag functions ([0, T],RY), that is,
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for each fixed k € N, the vector of random paths (X)'[0, T, X5[0, T], ..., X} [0, T]) con-
verges in distribution to Q“. For a comprehensive introduction to the notion of propa-
gation of chaos see [6].

To illustrate the general strategy of proof, it is useful to introduce an intermediate
process YN = (YN(t))te[()’T] with values in RN, This Markov process YN can be given
as the solution of the SDE

dy; (1) = F(YN(t), g (1)) dt + o (YN (1), 1§ (t))dB]
N
Z )| o (YJN (), YN (), (), hy, h2) vy(dhy, dh,)dt

[0.1°

z\.—

(4)
+J[() o) [0.1] ‘P (Yf\] (t7>7 ﬂy(t7)3 h) H(O.A(Y?I(t’),uy(t’))] (u)Ni(dta du7 dh)a

i=1,...,N, where again B' are independent d-dimensional Brownian motions and N'
are independent Poisson random measures with characteristic measure 1 x 1 x v. It is
immediate to see that the process YN differs from the original process X" in the jump
terms; indeed, here the collateral jumps have been absorbed by a new drift term, while
the amplitude of the remaining jumps affects only one component a time. By using the
same Brownian motions and the same Poisson random measures in (1) and in (4), the
processes X' and YN are coupled, i.e. are realized on the same probability space: it will
not be hard to give conditions for the L'-convergence to zero of XY[0,T]—YY[0, T].
Thus, the fact that the law of XV is Q-chaotic will follow if one shows that the law of
YN is Q-chaotic. Since YN has no simultaneous jumps, this can be obtained along the
lines of the classical approach. The intermediate process has the nice feature of high-
lighting the role of simultaneous jumps in the rate of convergence in W; Wasserstein
distance of the empirical measure. Indeed by comparing the empirical measures of X
and YN, we obtain that the rate of convergence due to the simultaneous jumps is of the
order 1/+/N, while the final rate obviously depends on the moments of initial condi-
tions and of the process itself, see [18].

3. Globally Lipschitz conditions on all coefficients

In this section, we give Lipschitz conditions under which we can prove rigorously the
results informally stated in the previous section. To state these conditions and the corre-
sponding theorems, we need a suitable metric on spaces of probability measures.

Let M'(RY) be the space of probability measures on RY with finite first moment:

M (RY) = {ueM(Rd J||X||de <+oo}

This space is equipped with the W; Wasserstein metric:
p(1, V) iinf{fRdX]Rd ” X—y || n(dx, dy); © has marginals x4 and 1/}
= Sup{<g,u> —(gv) g R =R, [ g0 g | <[l x—v] }

We also consider the following subset of M (D([0, T],R%)), the set of the probability
measures on D([0, T], RY):
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D t€[0,T]

Ml(D([O,T],Rd))i{oceM(D([O,T},Rd)):J sup | x(t) | Ot(dx)<+oo},

and provide it with the metric

xD t€[0,T]

pr(a, ﬁ)iinf{J sup || x(t) —y(t) || P(dx,dy): where P has marginals « and [3}
D

The metric p; is not complete on M (D([0, To],RY)) as it is based on the supremum
norm. In our proofs all the estimates that we make will clearly hold also for the weaker
Wasserstein metric

m(cx,ﬁ)iinf{j

DxD

dr(x,y)P(dx,dy); where P has marginals o and [3},

where dr is the classical Skorohod metric, see [19]. Since dr is complete on
D([0, To],RY), py is complete on M (D([0, To],RY)) (see, for instance, [20]), and it is
weaker than p; because the Skorohod metric dr is bounded from above by the distance
in supremum norm. Therefore, we choose to give our estimates with respect to pr
because of its simplicity.

In what follows, we shall adopt a notion of chaoticity that is stronger than the one
we stated above.

Definition 3.1. Let XN = (X)X}, ..., XY) be a sequence of random vectors with com-
ponents XN ecRY  (resp. XN eD(0,T],RY). For ue M'(RY) (resp.
i€ MY (D([0,T],RY))), we say that XN is p-chaotic in W, if its distribution is permuta-
tion invariant and, for each k € N, the law of the vector (X}, X5, ...,X}) converges to
uZX with respect to the metric p (resp. pr).

3.1. Existence and uniqueness of solutions for the particle system and the
McKean-Vlasov equation

The conditions on the coefficients of system (1) and the corresponding limit (3) are
as follows:

Assumption 1. (Li) The classical global Lipschitz assumption on F and o: 3 L >0 such
that, for all x,y € RY, all «, y e Ml(Rd),

| Be)—E () v L ox0y—orn) | <E(Ix—y || +p(n)).
(I) The integrability condition: for all N € N, for all x € RN and all « € M'(RY)

J AN (x, 2, ) [ (dBY) <00,
oa

(L1) The L'-Lipschitz assumption on the jump coefficients: 3 L >0 such that, for all
X,y € R4, all o,y € Ml(Rd),
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Jo o 102 0000 |t @R)SE (W =y | )

and
” <“7i('7a)J‘[o,]]Z@(WX;O‘vhlth)VZ(dhladh2)>_<%)“('7”)))J‘[(),l]2®('7y'7%hth)VZ(dhlvth» ”
<=yl +p@n).

In the following, we set L =LvL.

Existence and uniqueness of a square integrable strong solution of (1) and (4) starting
from a vector of square integrable initial conditions (X)(0), ..., XX(0)), independent of
the family (B;, N'),_, are ensured by Assumption 1; see Theorem 1.2 in [4]. The same
assumptions also guarantee existence and uniqueness of a strong solution of (3) starting
from any square integrable initial condition X(0); see Theorem 2.1 in [4].

3.2. Propagation of chaos

In addition to the aforementioned assumptions, for the proof of propagation of chaos,
we will need the following square integrability condition on the amplitude of the collat-
eral jumps:

Assumption 2. (I2) There exists a constant C>0 such that, for all x,y € R? and all
xe M'(RY)

| ©0¢, 1.2, 14,11 ) () [ 2duns (dm)<C.

J[Opc)x[O,l]N 04k
We begin by establishing the closeness between the original particle system XY and
the intermediate process YN.

Proposition 3.1. Grant Assumptions 1 and 2. Let X and YN be the solutions of (1) and
(4), respectively. We assume the two processes are driven by the same Brownian motions
and Poisson random measures, and start from the same square integrable and permuta-

tion invariant initial condition. Then there exists a constant Cy>0 such that, for each
fixed i € N, for all N>1

E[sup I () - YN | (5)

<Cr
t€[0,T] } h \/N

Proof. To simplify notation, we adopt the following abbreviations:
®1] (XN(87)7 h) = @ (X?I(Si)ﬂ X}\I(Si)a ﬂ§<57)7 hiv h]) )
Zi(XN(s7)) = A(XY (s7), 1 (57),
Vi (X (57), h) =9 (XY (57), (7)),
U=10,00) x [0, 1]".

By permutation invariance of both the initial condition and the dynamics, we have,
for every t € [0, T},
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z

[sup | XN(s ] Z [sup 1% (s) = Y}(s) ||]-

s€[0,t]

Moreover this, together with the coupling bound for the W; Wasserstein metric,
implies that, for all t>0

E[p(15(0), iE[ | x¥0 - v¥o ||| = [ | x¥0 - v¥o | ]
Fix t € [0, T], and set :
£ RO 0 — BT ) | 8
iE[sup 1[ (02000059 - o3, u¥<s>>>dB;||] |

re(0,t]
. 1 N, ,-
®; =E[sup || <> 03 (XN(s7), h) g 1,85y (W (ds, du, dh)
rel0,t] j#i [0,r]xU
1 N
_NZJ ©;i(YN(s7), h)Lg 5, y3(sm )y (w)ds dur(dh) ],
=0 [0,r]xU
L [ OG0 ()N,
refot] J[0,xU

—j{o O (N, du ab) )

Note that all these quantities do not depend on the choice of i, which is therefore
omitted in what follows. Then

E{sup I xN(s) — YN(s) ||]<F+a+®+w. ()

s€[0,t]

The term F can be easily bounded thanks to the Lipschitz condition (Li) and the cou-
pling bound for the W; Wasserstein metric, and we obtain

F<2L J; E[ | XN(s) = YNGs) || }ds.

The bound on ¢ involves the Burkholder-Davis-Gundy inequality, and we get, for
some constant M not depending on N nor t,

t N N Y
a<ME[<J <|| XN(s) = YNGs) | ﬂ%Z” XN(s) — YN(s) ||> d8> ]
0 =1

. zMﬁE[sup 13¢6) - ¥¥o) |

s€[0,t]

The term © needs to be treated again with the Burkholder-Davis-Gundy inequality. In
what follows, we denote by N the compensated P01sson measure associated to N". Notlce
constant K> 0 c0m1n7é7from the Burkholder-Davis-Gundy 1nequa11ty, the constant L >0
coming from condition (L1) and a constant C > 0 not depending on N nor t, we have
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O<E

L
supcg |53 |

i [0,r]xU

gl _ _
+E[Supr6[0>t1 I NZJM U(®j'i(XN(S ): 1)L 00(s ) — ©3a(YN(57) 1) Lo 4 sy )ds dur(dh) ||
=1 J[0.1]x

®j,i(XN(S )s h)ﬂ[OA(XN ) (ds du, dh) ”]

+1E
N

sup || LO ] U®i,i(XN(s )sh)l g5 x5 ds du v(dh) ||]

rel0,t]

1/2
gE (Zj JU [ @4 X)) vy () [ 2 duy(dh))

7
ol

~ <#N JU@J(YN(S_),h)ﬂ[o,ib(yn( () dup(dh) > ”ds

I (1. | @400 0o (0 duu(dh>>

t
+1EU J | @ (XN (), 1) ey () || du(dh)d }
N lJoJu
) [t E[ || XN(s) — YN(s) || }ds+9.
\/N Jo 1 1 N

The term  concerns the main jumps of the particle system and is bounded by the
positivity property of Poisson processes and the Lipschitz condition (L1):

S E[f[()t xU ” Y (X )H(OA (XN(S*))](u) — ¥ (YN(Si)’h)ﬂ(o,zi(YN(Sf))] (u) ” N'(ds, du, dh)}
U[o t)xU ” lﬁ )H(OA (XN(s ))}(u) 2 (YN(Si)vh)ﬂ(o,gi(yN(s—))] (u) ” ds duy(dh)}
<L [LB[ | X¥() — ¥X(9) || ] ds.

Therefore, recalling (6), we ﬁnd that, for every t € [0, T],

E[sup [ X}(s) - Y)(s) | ]<2MvE[sup || XY(s) = Y)(s) [|] + 6L
s€(0,t] s€(0,t]

t

JOE[ I X (s) = ¥i(s) || ds+N+f

Choose Tp>0 small enough so that (1—2M+/T,)>0. By summing over the index i in
the above inequality and dividing both sides by N, we can move the first two terms on
the right-hand side to the left, obtaining, for every t € [0, Ty,

E xN J XN(s) — YN
Li%% | XNs) - ” — f Lgpr [ —YN@s) |
C

N(1 - 2M¢E) RSN

An application of Gronwall’s lemma yields

C
E{ sup || XN(t) — II] To 7)
t€[0,Ty)

for some finite constant Cp, not depending on N. Recall that (7) holds on a time inter-
val [0,To] for Ty sufficiently small. If Ty is smaller than T, then we can repeat the
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procedure of estimates on the interval [Ty, (2T)AT]. In this case, we find that, for every
te [T(), (ZTQ)/\T],

E XN(g) — YN XN YN
s 1X¥(s) = YNGs) II} — ﬁ< [p 1X¥(s) = YNGs) IID

6K ' N N
Ty TOLO LGSI;R] 13 (s) = Y (s) ||]Clr

C
N(1 - ZM\/t——TO) \/N(1 —2Mt=T,)’

where the first term comes from a bound on the initial condition E[[|XN(To)—YN(To)]|].
Hence, again thanks to Gronwall’s lemma, for some constant C, r,,

B[ sup XN -Y¥e) ] ]< G, +C C
s€[0,(2T) A T] 1 i :| ( 2M\/t——T8) (1 — ZM\/t——_TT))
< Cor,
X \/N .

We proceed by induction until we cover, after finitely many steps, the entire interval
[0, T]. By exchangeability of the laws of both the initial and the intermediate process,
this yields, fori =1, ...,N,

sup | X¥(s) = YY(9) || | <
s€[0,T]

5o

and (5) holds. O

In the next proposition, we use a similar coupling technique and we now show
propagation of chaos for YN.

Proposition 3.2. Grant Assumptions 1 and 2. Let p, be a probability measure on RY
such that [ ||x||* o (dx)< + co. For N € N, let YN be a solution of Equation (4) in [0,T].
Assume that YN(0) = (YY(0),...,YN(0)), N €N, form a sequence of square integrable
random vectors that is py-chaotic in W,. Let u be the law of the solution of Equation (3)
in [0, T] with initial law P°X(0)"" = .. Then YN is p-chaotic in W.

Proof. Let the processes Y, N € N, i € {1,...,N} be all defined on the filtered probabil-
ity space (Q,F, (F)>,,P) with respect to the family (B;,N'),.y of Brownian motions
and Poisson random measures. Since (YN(0)) is p,-chaotic in W, by hypothesis, we
assume, as we may, that our stochastic basis carries a triangular array
(XN(O))ie (1,..N}Nen Of identically distributed R4-valued random variables with common
distribution y, such that (X?I(O))le{1 Njnen and (Bi, N'), oy are independent, the

1

.....

¢NiE[

X'(0) —YP(O)M

tends to zero as N — 0.
For Ne N, i€ {1,...,N}, let X?I be the unique strong solution of Equation (3) in
[0,T] with initial condition X} (0) = XN(0) a.s., driving Brownian motion B; and
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Poisson random measure N'. Notice that the processes X}, ..., X\ are independent and
identically distributed for each N.

By definition of the metric py, the p-chaoticity in W, of the sequence YN follows
from

N—oo

lim E
t€[0,1T]

sup HX Y?j(t)w —0, ®)

for every fixed i € N. However, the limit is the same by exchangeability of components.
The term in (8) is bounded by

[te [0,T]

N(t)H] <PN+F+5+0 -+,

where
T
P8 | P60 - PR o) o
G =E| sup J a(Y(s), 1y (5)) — 0(X; (s), 1) dB] 1
t€[0,T] 0
©=E/ sup || (5). | O ¥(6) 61,101y () duvl)ds
te[0,T] 0 U

—J JU<,uS,®(-,)_(?I(s),/,Ls,h)]l(oﬁ;vj(_’usﬂ(u) dur(dh))ds

0
l} =E [ sup HJ (Y?j(s_% MWI}I(S)a h>]1(07i(YiI\I(s*),u¥(s*))] (u)
te[0,T] [0,t]xU
N, _ .
VXS e Mg sy (WIN' (s, dh)”]'

The terms F, &, and  are treated exactly as in Proposition 3.1, whereas the term @
only requires the application of the Lipschitz condition (L1). By mimicking the steps in
Proposition 3.1, there exists a Tp>0 small enough and a constant Cr,>0, independent
of N, such that we can apply Gronwall’s lemma and obtain

N I

te[0,To)

(9)
By the triangle inequality, for every fixed t € [0, Tj),

E[ﬂ(ﬂ?(t),ut)KE[p(u?(t),uXN(t))} +E

sup p(uXN(t), ut)]
te[0,To)

t)H] + E[pTO (MXNM)}

<E
t€[0,To]
Then, for a T, sufficiently small, using again Gronwall’s lemma, there exists a positive

constant, depending on T, that by abuse of notation we will indicate again with
Cr, >0, such that
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320 =550 [ Bln e VB[ (0] + ).

0

E[ sup
t€[0,Ty]

We see that the bound on (8) depends on the initial conditions and on
E[pTo(,uf(N, W], that is, the distance, on the time interval [0, Ty], between the empirical
measure of N ii.d. copies of the solution of the process with law u and the law g, itself.
By the Glivenko-Cantelli theorem, setting

PN = B pr (5x(0). )
we have

lim N = o0.
Nﬂooﬂ

Therefore, we know that there exists a constant Cr, >0 such that, for N going to
infinity, we have

E- up ‘
_tG[O,TQ]

YN(O)-X] (1) H] <Cr, (¥ + ¢N).

Iterating this procedure as in Proposition 3.1, we extend the above result to [0, T], i.e.

E[ sup |[v¥(0) - X} ()| [<cr (8 + ¢Y),
L t€[0,T]
for a suitable constant Cr. This establishes u-chaoticity of YN in W;. O

Remark 3.1. Since we have an explicit rate of convergence in (5), it would be desir-
able to give also some bounds on fy and ¢y in terms of N. However, the rate of
convergence of empirical measures of ii.d. random variables in Wasserstein distance
is a delicate issue, see for example [18, 21]. By the results in [18], we have sharp
bounds for measures in RY, depending on the moments and on the dimension d. If
the diffusion coefficient does not depend on the measure, it is possible to exploit
these results to get an explicit rate of convergence. Indeed, the second term in the rhs
of (9) would not appear and all the subsequent estimates would only depend on dis-
tance of measures on R and not on the space of trajectories. In Proposition 3.1 we
prove that, in any situation, the simultaneous jumps in the form presented here, do
not worsen this rate of convergence, since they contribute with a term of

order 1/\/N

The propagation of chaos property for X is now an immediate consequence of
Propositions 3.1 and 3.2.

Corollary 3.3. Grant Assumptions 1 and 2. Let i, be a probability measure on RY such
that [ ||x||*so(dx)< + co. For N €N, let XN be a solution of Equation (1) in [0,T).
Assume that XN(0) = (X}(0),...,XX(0)), N €N, form a sequence of square integrable
random vectors that is yy-chaotic in W,. Let u be the law of the solution of Equation (3)
in [0, T] with initial law P°X(0)'= p,. Then XN is u chaotic in W.
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4. Non-globally Lipschitz drift

We are interested in enlarging the class of systems for which propagation of chaos holds.
In this section, we relax the Lipschitz assumption on the drift, allowing gradients of general
convex potentials. This includes relevant examples as those appeared in [3, 12].

4.1. Particle system

Consider the particle system (1) in Section 2. The coefficients are supposed to satisfy
the following set of conditions.

Assumption 3. (U) The drift coefficient F : RY x M(R?) — R is of the form
F(x,0) = =VU(x) + b(x, ),

for all x € RY and all « € M(RY), where U is convex and C'. The function b is
assumed to be globally Lipschitz in both variables, and for all x € RY we
have sup, . 1 ge) b(x, 0t) <oo.

(LD) The diffusion coefficient o : RY x M(RY) — R4 satisfies the usual global
Lipschitz condition, i.e., 3 L>0 such that for all x,y € RY, all o,y € M(RY),

| ope.a)—o.n | <E( I x =y ]| +p@n)-

Moreover, for all x € R? SUP e vt (re) O (X, ) <00
The jump coefficients satisfy conditions (I) and (L1) from Assumption 1.
As before, we set L=L VL.

Remark 4.1. Condition (U) is a natural choice when one wants to relax globally-
Lipschitz conditions on coefficients. It induces a process whose trajectories are strongly
constrained by the convex potential. This attracting drift, even when combined with an
unbounded jump rate, should prevent the process from exploding in finite time. We
will see that this is what happens provided the jump rate is in some way “controllable,”
as it is under the Lipschitz assumption (L1).

4.2. McKean-Vlasov equation with non-Lipschitz drift

Here, we focus on the well-posedness of the McKean-Vlasov limit of the particle system
introduced in Section 4.1, that is, Equation (1) under Assumptions 2 and 3. This limit
will satisfy Equation (3), for which we prove existence and uniqueness of strong solu-
tions in the following. Since the collateral jumps part in the limit gives rise to a globally
Lipschitz drift term, in this subsection, by abuse of notation, we absorb it into the drift
coefficient F, satisfying the weaker condition (U) in Assumption 3. Thus, consider the
stochastic differential equation

dX(t) = F(X(t), g )dt + o (X(t), p,) By (10)
+j[0,oc) «0,1]" 1] (X('f )y e hy ) H(O,A(X(r),yﬁ )] (u)N(dt, du, dh),

where p, = Law(X(t)), B is a d;-dimensional Brownian motion and A a stationary
Poisson random measure with characteristic measure 1 x 1 x v.
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Theorem 4.1. Let the coefficients of the nonlinear SDE (10) satisfy Assumption 3. Then
for all square integrable initial conditions X(0) € RY, Equation (10) admits a unique
strong solution.

Proof. Let P! and P? be two laws on D([0, T],RY), and suppose that X' and X? are two
solutions of the following SDE, for k = 1, 2:

XX (1) = F (Xk(t), pl;) dt + U(Xk(t), pl;) dB,
+J\[O,OO>X[O’1]N[# (Xk(ti)’ Plt(, y hl) ﬂ(o,i(xk(t’),l)t& )] (u)./\/(dt, du, dh),

defined on the same probability space (Q,F,(F),P) with the same F-Brownian
motion B, the same Poisson random measure N and with initial condition
X!'(0)= X?(0) = & P-almost surely. The well-posedness of Equation (11) is ensured by
Lemma A.1. Let Q' and Q? be the laws of the solutions on D([0,T),RY), and let " be
the map that associates Q to PX. We are interested in proving that the map I is a con-
traction for the W; Wasserstein norm. Hence, we want to bound the distance

PT(Ql,QZKE{sup X0 - X3(1) II] (12)

t€[0,T]

(11)

The idea here, in order to exploit the convexity of U, is to apply Ito’s rule. A classical
approach consists in applying Ito’s rule to a quantity of the type (X —Xf)z; this L? approach
does not work in the presence of jump terms. For this reason, we rather use an L' approach.
To this aim, for all € > 0 we define the following smooth approximation of the norm

=y [x]2+e

Then, by Ito’s rule and Fatou’s Lemma, we have

QWMMJWM—W®H<@$MPWF@%%X%W

te[tmtl]
<MwMWMMWMAHMmM+Mmﬂ+l%ﬂ+&hmh
where, for t; € [to, T], we set
iefto, 1] = E[f*(X' (to) — X*(t0)) ],
ucfto, ti] =E | sup —j V(X! (s) = X2(s)) - V(U(X'(5)) —U(X%s)))ds}

te(to,ty] to

t€ftot] Jto

be[to, t1] iE[ sup J VE (X (s) — X2(s)) - (b(X'(s),P}) b(Xz(s),Pf))ds],

te[to,t1] Jt

ol t] = lE[ sup | (0 (K16, P2) 1 0628) P2 M (009, B2) = o0 B2

Ze[to, t1] ;E[ sup Jt VE(X!(s) — X2(s)) - (o(X"(s),P}) — U(Xz(s),Pi))dBS:|.,

teto,t1] Jto

t 00
Ae [t07 tl} =E |: sup J J[ | J fE(XI (S) + l//(Xl (S), P;./ h)ﬂué/l(xl(s),P:) — XZ(S)
0,1

t€(to,t1] Jto 0

—(X3(s), P2, h) Ly s,p2)) —(XH(s) — X%(s))duy, (dh)ds} .
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Notice that, by the assumption of convexity of U, for all x and y € RY, it holds

1
Ix—y]* + €

Therefore, the term u,[ty, t;] is easily bounded, since it is always non-positive, i.e.
liminf u,[to, t;]<0.
€l0

For the term b.[t,t;], we use the global Lipschitz condition on the function b,
together with the properties of W; Wasserstein distance and inequality (12):
bito, ] <E[ [ | b(X'(5), P) = b(x2(5), P2) | |
<L< tt)l E[Supse[o,t] ” X!(s) — X*(s) ” }dt + (i — tO)P[tO,tl](PlvPZ))'

For estimating the term a.[to, t;], we observe that the Hessian matrix of f has the fol-
lowing form:

1 1
Hee() = I- 3/2 Al
(w/|lx||2+e (llxl* +¢)

where A is the d x d matrix such that, for all i,j, Aj; = xix; and I is the identity d x d
matrix. Therefore,

L LWI X!(s)-X*(s) || > + €

(0(X(s), ;) — o(X*(s), Pf))] ds
1

+|E
L 2 || X!(s) = X2(s) || 2+ €)Y
(X1 (8)=X*(s)); (X! (5)=X2(5));) (a(X (s), P) — 0 (X*(s), Pi))} ds.

Of course, due to the Lipschitz property of the diffusion coefficient o, this term gives

Ielto, i] < Tr(o(X'(s), By) — o(X*(s), 7))

_Tr(a(X'(s), P!) — a(X(s), P2))"

rise to a new term linear in E[sup,¢, | ||X1( )—X2(t)||], since we have, for a certain K>0,
)
o fto, t] <KL (J E[ sup [ X'(s) = X*(s) | ] dt + (1 — to) Pl (P, P2)> .
to Se[to,t]

In addition to the previous arguments, the treatment of the term Z.[to,t;] involves
the Burkholder-Davis—-Gundy inequalities and the global Lipschitz condition (LD):

zf[to,anlE[(f | (o0} (5), B1) — 0(33(5), P2))"

to

(X (5),B!) — o(X*(s), P2)) | ds)m]

t 1/2
<cit( | sup 136 - X0 [ 2+ (0t (P2 |
t

0 s€[to,t1]

<C,L (tl—t0)<E[ sup || X (1) — X3(1) ||}+p[t0,tl](P1,P2)>

te€(to,ti]
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for some constant C; not depending on to,t;. To bound the term Ay, |, we make use
of the properties of the process {A(t)}cjo 1) of the Wi Wasserstein distance, as well as
condition (L1) and the monotone convergence theorem:

t
1irr130an4to,t11=E[ sup. | j{ ]j | X(5) + WX (5). PL ) Ly ) — X206)
€ 0.1 B

te(to,ty] Jt

—y(X3(s), P2, )Ly se ) | = I X2 (5)=X2(s) || dsduwy (dh)
)
<E“ J [yt (7). Pe )t (oz(st)mw]
to J[0,00)%[0,1]
—(X2(s7), P2 h)lg s (s pe ) | dsdur(dh)]
t
<L<J E[Sup [ X! 5) = x%(6) ||:|dt+(t1—to)p[to,h](Pl,Pz)).
to s€[0,t]
Therefore,

te[to ,tl]

+L((K+ 1)(t; — to)+Cy \/tl_tO) Pty ty] ( )
+CiL (tl—to)E{ sup | X! (1) = X(1) ”]

t€[to,t1]

E{ sup || X1(1) — X2t || } gE[ | X!(to) — X2(to) M

+L(1 4 K)(t;—to) r

to

E{sup X! (s) = x2(s) | ]dt.

s€[0.4]
By hypothesis, E[||X'(0) — X*(0)||] = 0. Choose T>0 such that 1—C;Ly/T(>0. Then

L(1+K)T, JTMT {

E[ sup [X'(0) - X(1)]|]< E| sup ||X1<s>—xz<s>||]dt

te[0,To A T] 1 —CiLv/To Jo
n L((1 + K)To+Ci/To) pe (P1,P?)
1-CLyT, " 7

Applying Gronwall’s lemma to (13), there exists a Ty>0 sufficiently small such that
r,(Q Q) < E{ sup[|X(t) — x2<t>||] <Cr,pr, (P!, P?),

tE[O,T() A T]

s€[0,1]

(13)

for some constant Cr,<1. Therefore, when PX=Q¥, this shows uniqueness of the
McKean-Vlasov measure in M (D([0, To],RY)). However, since Cr, depends only on
the amplitude of the interval, the same procedure iterated over a finite number of inter-
vals of the type [ToAT,2ToAT], [2ToAT,3ToAT], etc., yields uniqueness of the measure
in M'(D([0, T],RY)).

The proof of existence is obtained via a Picard iteration argument, starting from (11).
Let PX=Q""!, then (11) gives a sequence of laws {Q"},, that is a Cauchy sequence
for the metric py, on MY (D(]0, To], RY)). Consequently, it is a Cauchy sequence also
for a weaker Wasserstein metric based on a complete Skorohod metric, that yields exist-
ence of a solution of (11) on [0, ToAT]. Again, iterating the procedure over a finite
number of intervals gives the thesis.
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4.3. Propagation of chaos

A propagation of chaos result for a particle system with superlinear drift term of type
(U) and simultaneous jumps clearly follows along the lines of Section 3.2, with the tech-
niques of Theorem 4.1. For this reason the following result is almost straightforward.

Theorem 4.2. Grant Assumption 2 and Assumption 3. Let u, be a probability measure
on RY such that f||x||2u0(dx)< + 00. For N € N, let XN be a solution of Equation (1) in
[0, T]. Assume that XN(0) = (X}¥(0),...,XX(0)), N € N, form a sequence of square-inte-
grable random vectors that is uy-chaotic in Wy. Let Q be the law of the solution of
Equation (3) in [0, T] with initial law P°X(0)'= p,. Then XN is Q chaotic in W.

We use again the trick of the sequence of intermediate processes {Y™}y.y, where
each process YN = {YN(t)}tE[O,T] is defined as the solution of the system (4). As before,
the collateral jumps have been absorbed by a new drift term, that by the properties of
the jump rate A and its amplitude ® is a globally Lipschitz drift term, that is added to
b, giving rise to a new drift F that maintains condition (U) of F. For the proof of
propagation of chaos, we apply again the procedure of Section 2.3, starting with the
bound over the distance of the two particle systems (1) and (4) of the form

Cr
E| sup [IXF(t) - YV (O]l |<—=,
t€[0,T] \/N
which is obtained by computations similar to those of Theorem 4.1. Then propagation
of chaos follows by coupling the intermediate process (4) with N independent copies of
the solution of (3).

5. Non-globally Lipschitz jump rate

Stochastic models in neuroscience often focus on the membrane potential of neurons and
describe its spikes in terms of SDEs with jumps. The jump rates in those models are usually
super-linear. It is therefore interesting to investigate systems where the jump coefficients
are not required to be globally Lipschitz. We adapt the model presented in [10] to a
d-dimensional framework and a slightly more general situation allowing for jumps with
random amplitude. In order to get a tractable model with a super-linear jump rate, we are
forced to make more restrictive assumptions on the other parts of the dynamics than in
the previous sections. We consider a model where particles are subject to a linear attracting
drift, we drop the diffusion part, and we assume the main jump to force the particles into a
given compact set. Furthermore, the collateral jumps are of bounded random amplitude
and do not depend on the positions of the affected jumping particle.

5.1. Particle system

We consider the Markov process X" solution of the following SDE, similar to Equation

(D),

1
dxMN(t) = —xN(t)dt + — J
NZ Jo.oolx o

~Jomoyxot (X3 (6) = U(hy)) Lo (xv)) (w47 (dt, du, dh)

V (hy, i) Lrg s xv oy (WA (dt, du, dh)
(hy; hi) [0.4(X] ()))( ) (14)
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for all i=1,...,N. As before, (N'),. is an independent family of Poisson random
measures N', each of them with characteristic measure 1 x 1 x v, 1 is the Lebesgue meas-
ure restricted to [0,00), and v is a symmetric probability measure on [0,1]" such that
there exists (vx)yey> @ consistent famlly of symmetric probability measures, each of
them defined respectively on [0,1]" and coinciding with the projections of v on N
coordinates.

Assumption 4. The coefficients of the system (14) obey the following properties:

e the jump amplitudes, V and U, are two bounded functions from respectively
[0,1]% and [0, 1] to RY (since they represent two random variables with values in
some bounded subsets of RY, with abuse of notation we will indicate as expecta-
tions their integrals w.r.t. the measure v);

e the jump rate of each particle is a non-negative C' function of its position,
L:RY— R,, that is written as a sum of two functions:

A()=b([- ) +h().
—bis a C', positive, non-decreasing, unbounded function such that
b'(r)<yb(r) + ¢ (15)

for some ¢>0 and y< 5E[va
—h:RY =R is a C' bounded function, ie. there exists H>0 such that V
x € RY, |Ih(x)||<H.

The assumption y< SE[IIVH] will allow to obtain a priori bounds on the moments of
A(X(t)) where X(t) is the solution of the corresponding McKean-Vlasov equation, see
(16) below; it is used in the proofs of Lemmas 5.4 and 5.5, which are postponed to
the appendix.

Remark 5.1. The model and the form of the function b is suggested by [10]. It is inter-
esting to notice that Assumption 4 allows to consider non-globally Lipschitz functions;
in particular, this covers all the cases where b(r) is of the form r*, for a>1. We also
remark that the condition on b here is a little stronger than in [10], due to the coupling
method (vs. the martingale approach) in the proof, which in particular allows to identify
the rate of convergence, which is of the order O( \/1—) This requires y< REVT] with K =
5 rather than K = 3, as in [10].

HVH]

Remark 5.2. The neuronal model presented in [14, 15] is similar to this one, but it has
a drift toward the barycenter of the system, instead of the origin. When dealing with
initial conditions with bounded support, we could adapt our computations to that case,
except for the fact that the function b has to be convex. In [15], the authors succeed in
proving propagation of chaos with an explicit rate (namely, the expected 1/v/N) even
for weaker conditions on the initial values, by defining an ad-hoc distance based on the
rate function £ itself.

Existence and uniqueness of a non-explosive solution to the system with N fixed,
both the initial particle system (14) and the intermediate process (19) below, rely on a
truncation argument on the function 4, see Appendix B.



STOCHASTIC ANALYSIS AND APPLICATIONS @ 979

5.2. McKean-Vlasov equation

This section is devoted to analyzing the McKean-Vlasov equation whose law is the limit
of the sequence of empirical measures corresponding to system (14), that is

dX(t) = E[Z(X(t))]E[V]dt—X(t)dt—J (X(t) = U(hy)) 1 sx(ry) (w)N(dt, du, dh),

[0,00)x[0,1]"
(16)

with A/ a Poisson random measure with characteristic measure 1 x v x 1. Since the
model that we treat is basically an extension in d-dimension of the model presented in
[10], techniques for proving existence and uniqueness of solutions for the nonlinear
Markov process (16) are adaptations of the techniques presented in that paper. The pro-
cedure relies on a priori bounds on moments of the solution and of the expectation of
A(X(t)); we present the main steps here, while we gather the details in Appendix B.

Lemma 5.1. Let f: R, — RY be a locally bounded Borel function, then there exists a
unique solution (Z¢(t)) to the SDE

dZ¢(t) = —Z¢(t)dt + f(t)dt—J N(Zf(t) = U(h1)) Lo,z () ()N (dt, du, dh)  (17)
[0,00) x[0,1]

with initial condition x and coefficients satisfying Assumption 4. Moreover, for every pair

of locally bounded Borel functions f and g, for every T >0 there exists a constant Cr >0

such that

T
E[ sup [1Z¢(t) - zg<t>|q <Cr j sup [£(s) — g(s)|d. (18)

te[0,T] s€[0,t]

A priori bounds for any solution of (16) are necessary to perform the iteration that
yields existence and uniqueness of the nonlinear process itself. The following lemma
provides the required bounds.

Lemma 5.2. Suppose Assumption 4 is satisfied. Let X be a solution of (16) with integrable
initial ~condition X(0); then we have that sup.,E[||X(t)||]]<occ. Moreover, for
p=1,2,3,4, if E[A"(X(0))]<oo then sup,.,E[4"(X(t))|<C<oo, where C only depends
on E[/P(X(0))] and on the parameters of equations (16).

The proof of this lemma is in Appendix B and it basically relies on the properties of
the function b.

Theorem 5.3 (Solution of the McKean-Vlasov equation). Under Assumption 4, for any
initial condition X(0) with bounded support and independent of N, there exists a unique
strong solution {X(t) }c(o.) for (16).

Proof. Fix a constant C >0, and consider the following Picard iteration: Z§(t) = X(0)
and

dz; (1) = =Z;()de+ (E[A(Z, 1<t>)] ) [V]dt
i (ZC(t D) fo,1(z2(0)) (WA (dt, du, dh),

oo
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Since the jump term is forcing the process to return in a compact set, the following a
priori bound is essentially obvious: for all n>1 it holds

1 ()] <K + tCE[[[ V]

a.s. for a suitable K>0 depending on the support of X(0) and the range of U(h).
Indeed, when || ZC(t)| is large, the linear term —ZC(t)dt as well as the jumps can only
decrease the norm. From Lemma 5.1 we know that there exists a constant Ct such that

te[0,T] 0 s€(0,t]

T
E[Sup 1Z51(8) — Zﬁ(t)ll] <CTE[IVIIJJ sup E[4(Z(s)) — A(Z_,(s))]dt.

Thanks to the a.s. bounds on [|ZS(t)]|, we can exploit the local Lipschitzianity of 2
and get, for a certain constant Kr>0,

T
E{ sup [|ZS,,(t) — ZS ()| | <CrE[| V] Kr J E{sup 1Z5(s) — z§_1<s>||} dt

te[0,T] s€[0,t]

<K

n!

(KeCrE[IVIIT)" |
|:S€[0,T]

sup [1Z5(s) — z§<s>||]

Therefore the sequence {Z}, y is a Cauchy sequence and its limit Z is a solution
of the SDE

dz€(t) = —z€(t)dt + (E[A(z°(t))] AC)E[V]dt
- () — U(hl))ﬂ[ ) (WN(dt, du,dh).

00001 0.2(Z%(t)

By Lemma 5.2, we can choose C such that E[A(Z°(t))]<C for all t, so that Z* is
indeed a solution of (16).

To prove uniqueness we can consider two solutions Z; and Z,. Using the above a
priori bound, (18) and Gronwall’s lemma, their equality follows from stand-
ard arguments.

5.3. Propagation of chaos

As in the previous sections, we introduce an intermediate process {YN(t)}tE[O‘T] that is
the solution of a system, similar to (14), that is

dYN(t) = —YN(t)dt + % JZN;E[V] ) (YJN (t)) dt
~Jiomoyxo (Y1 (1) = U(hy)) Lo (v () (WN'(dt, du, dh)

for all i =1,...,N. We indicate the empirical measure corresponding to the solution of
(19) as 4. In order to use a coupling procedure to prove propagation of chaos, we
need to set some a priori bounds on the involved quantities. The proofs of the two fol-
lowing lemmas are in Appendix B, we state them here to highlight the quantities
involved and the comparison with the a priori bounds for the nonlinear process (16).

(19)
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Lemma 5.4. For N>0, under Assumption 4, let XN and YN be solutions, respectively, of
(14) and (19), starting from initial conditions s.t. E[(1}(0),2*(:))]<oco and
E[(1/(0), 2*(-))]<oo. Then there exists a certain No>0 such that it holds

sup supE[(ug(t),)»4(-)>}<oo and sup supE[(,u?(t),)fl(-))}<oo.

N=Np t=0 N>=Np t=0

Lemma 5.4 is crucial for proving that the number of jumps of the system in a com-
pact time interval is proportional to N with probability increasing with N. This bound
is stated in the following lemma.

Lemma 5.5 (Bound on the number of jumps). Assume that Assumption 4 is satisfied,
that, for any N>0, XN and YN are solutions, respectively, of (14) and (19), starting from
initial conditions that are p,-chaotic. Here u, is a probability measure on RY s.t.
{1y, 2°(-))<oc. Then, for any T>0, there exists a positive constant Hy and a natural
number No>0 such that, for certain positive constants Kt and IET

Cn(T) K T, N Kr
P< N ZHT><W and P(IO<MY(S),}V>dS>HT)<W,

for all N>Ny. Here Cx(T) is the number of jumps performed by system (14) up to time T.

The bounds on the number of collateral jumps and of the corresponding drift in a
compact time interval play a role in the proof of propagation of chaos, since they let us
exploit the local Lipschitzianity of the function A when we start from initial conditions
with bounded support. The proofs of these lemmas involve the form of the function 4;
they are given in Appendix B. In the following, we state and prove the result on propa-
gation of chaos; also in this case, the simultaneous jumps result in a rate of the order
1/v/N. As in the previous sections, we start with the comparison between the particle
system X~ and the intermediate system YN.

Theorem 5.6. Let Assumptions 4 and 2 be satisfied and let XN and YN be the solution,
respectively, of (14) and (19) with initial conditions XN(0)= YN(0) a.s. that are p,-cha-
otic, with p, probability measure on R® with compact support. We assume the two proc-
esses are driven by the same Poisson random measures, and start from the same
permutation invariant initial condition with compact support. Then, for each fixed i € N,

lim E| sup ||XN('E) f\l(t)H =0.
N—+o00 |:t€[0T]

Proof. As in previous sections, by permutation invariance of the initial conditions and
of the dynamics, we have

E{ sup [[XN(t) - ]

t€[0,T]

Z |

ZE[ s 1K) = YOI

t€[0,T]
Let us start with

E{ sup [[XN(t) —YiN(t)Il]éE

+Vxn yn (T) + UXN,YN (T);
tE[O,T] 771 1 i

L X0 — YN dt

where, for simplicity, we have set:
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E[V N t . N
ZAd :J — (YN (s))ds

j=1
] ;

- J J[O,”N |70 6) = U s )

] |

With the notation of Lemma 5.5, we consider the positive constant Hr and the event

Ey = {CNI\(IT) <HT} N {Ew(s),@dngT},

so that P(Eg) — 0 for N — co. Obviously, under the event Ey, for all i =1,...,N, the

quantities supcp Z(XN(t)) and SUPic(o.T] Z(YN(t)) are uniformly bounded and we can

exploit local Lipschitzianity of A (we will indicate its Lipschitz constant as Ly, ). Thus,
t

we bound the first terms in Vyx yn(T) in the following way:
E[V] J N N
E| su XN (s)) — A[ Y (s) )ds
L[O% le 0 (JO) (’(>)
(j Lt X(6) - Y]N<s)||ds>hN]
1

N £
ugmz; [
E[|[VJE [ N2 <s>)1+u(Y}“<s>)|ds)ﬂEc

t€[0,T]

1 t 00 i
+ZJ J[O HNJ V(hiahj)ﬂ[o,A(xjN@))(u)N)(dSadu,dh)

Uxnyn(T) :=E| sup
Y t€[0,T]

—(Y3(8)=U(he))Ljg s vv(s)y) (W)N'(ds, du, dh)

)

z
| S

<L BV | & Ehlp IXN(s) - <s>|th
0 =1 se(0,t
[ V] & T
=5 J_ZMP(EWEMXJ- (5))Flds
FE[V]] & R
+ I =g jZl\/P(ES)\/E[Ii(Y,» (s))Pds
<Ly,E ||V||J Zj lseuog]HXN Y?(s)H]dt

+ [ BV RED Ve 6. 120 ds
+ [ EOVINPED Ve ). 120 as

By Lemma 5.4 there exists No>0 such that for all N>Njy sup,- , E[(u¥ (s), |A(-)|*)] and
SUp, = [( Y(s), |4(-)|?)] are bounded. By Lemma 5.5, there exists a constant Ky >0 such
that P(Eg)< K . The second term in VXN YN( ) is bounded using Burkholder-Davis-Gundy
inequality, the orthogonality of the martingales {N’ }ien and Lemma 5.4.
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1 N ot pt 50 g
N;J L J[o,l]N L V(b By) 0,5y N (95, du, dh)

o~ [ Efjvie L ROvIEL | e
E (ZLE[IVI ]A(xf‘(s))ds) M\ [= (L@Q(t),i(.»dt) ‘

i

Therefore we get that there exist two constants Cr and Ky such that, for all N>N,
T

- KT
Vi N(T)éCTJ E|sup ||XN(s) — YN(s)||*|dt + —=.
Yy B[ 16 - Yo

With a similar argument, we get a bound of the same type for Uy~ yn(T):

—ZUxN v (T)<Cr JO iZIIXiN(t)—YF(t)Hdt +E [ﬂEg J lZHX%“(t)||/1(X}“(t))dt]
1ECJ ZHYN MIAYN(t))dt J Zz (xXN(t) ]
g J Z/l (YN(1)

As before, we wish to get a bound of the order O(ﬁ) for the last terms. We do that
by means of Cauchy-Schwartz inequality, Lemmas 5.4 and 5.5. We also exploit that, by
definition of 4, it holds ||x||<BA(x) + ¢ for some positive constant B and a constant c.
Take, for instance, the second term of the right-hand side:

2
XN(s H XN ( ))) ]ds

Tl N T 1 N
E lEﬁLﬁZ A(XN(t))dt gJO P(ES), |E NZ

<Ty/P( J t:t;}; NON BRI ]<T\/ J L:%% )/1(-)4>1.

The same holds for the remaining right-hand side terms. Thus, there exist two con-
stants CT and KT and a Ny>0, such that for all N>Nj it holds

+E[[U[[JE

+E[|[U[[JE

X()

T
Kr
—§ U <CJEsu XN(s) — YN(s)|| | dt + —.
XNYN T . [Se[oli]| (s) ()q N

It follows that there exist two constants, depending only on T, which by abuse of
notation we will indicate by Cr and Kr, and N>0 such that, for all N>Nj it holds

T
K
E[ sup [XN() - YN0 <Cx j E[ sup [X(s) = Y¥(s)]] e + .
te[0,T] 0 |sefo,] v N

By applying Gronwall’s lemma we get the thesis.

Theorem 5.7 (Propagation of Chaos for YN). Grant Assumptions 4 and 2. Let p be a
probability measure on RY with compact support. For N € N, let YN be a solution of
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Equation (19) in [0, T]. Assume that YN(0) = (Y}(0),...,YN(0)), N € N, form a sequence
of integrable random vectors that is p-chaotic in Wy. Let Q be the law of the solution of
Equation (16) in [0, T] with initial law P°X(0)™" = . Then YN is Q chaotic in W1.

The proof of this theorem is a combination of the computations done for proving
Theorem 5.6 and the coupling techniques for propagation of chaos used in the previous
sections. Again, this implies propagation of chaos for XN.

Corollary 5.8 (Propagation of Chaos for XN). Grant Assumptions 4 and 2. Let y be a
probability measure on RY with compact support. For N € N, let XN be a solution of
Equation (14) in [0, T]. Assume that XN(0) = (X}¥(0), ..., XN(0)), N € N, form a sequence
of integrable random vectors that is p-chaotic in Wy. Let Q be the law of the solution of
Equation (16) in [0, T] with initial law P°X(0)™" = . Then XN is Q chaotic in W1.
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Appendix A
Appendix for Section 4

We gather in this subsection some lemmas useful to the analysis of the nonlinear stochastic differen-
tial equation in the case of the non-globally Lipschitz drift condition stated in (U). These lemmas
rely on the procedure of constructing iteratively the solution by pasting together the diffusive paths
between two successive jump times and exploiting the finite intensity of the jump process. The same
approach has been used to define branching Markov processes [22-24]. Here, we consider a proced-
ure of this type where the process has an additional dependence on an external flow of measures
that parametrizes the solution and will play a crucial role in the proof of Theorem 4.1.

Lemma A.1. Consider the SDE parametrized by a measure o. ¢ M"'(D([0,T],RY))
dX(t) = F(X(t), 00)dt + o(X(t), 0 )dBy
+ Y(X(t7), o, hu) Lo s ) o)) ()N (d, du, dh). (20)

[0,00)x[0,1]N

If the coefficients satisfy Assumption 3, then for every o € M'(D([0,T],RY)) and every square-
integrable initial condition, there exists a unique strong solution to Equation (20).

Proof. First let X! and X? be two integrable stochastic processes on [0, T] with values in RY. We
define the map that associates the law of X¥ to the law of the solution of

dY*(t) = F(Y*(t), ) dt + o (Y¥(t), o, ) dBy
+ P REE) e b)) )] (WA (d, du, dh),

[0,00)x[0,1]"

1)

which is well defined by Lemma A.2. With the same computation of the proof of Theorem 4.1,
we get that, for a small enough T(>0, there exists a constant Cr, <1 such that
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sup ||Y1<t>—Y2<t>||}<cT0E{ sup X' (1) — X2(0)][].
t€[0,To] te[0,To]

This shows pathwise uniqueness for solution of (20). By means of (21), we define a Picard iter-
ation argument that gives a sequence of laws {Q"}, .y on D([0,T],R%). Again, there exists a
To>0 small enough such that {Q"}, . is a Cauchy sequence for py, and hence for a weaker but
complete Wasserstein metric on M (D([0, To],RY)). Iterating the procedure over a finite number
of time intervals, to cover [0, T], yields the thesis.

The integrability property is proved as in the proof of Lemma A.2.

Remark A.1. Notice that, in the proof of Lemma A.1, we need to define the map by means of
(21) and not simply by substituting X¥ in the whole right-hand side of (20). In fact, we need to
control the jumps by means of a known process, but at the same time, we need to have the same
variable as argument of the drift coefficient to exploit the convexity of the potential function U.

Lemma A.2. Consider the SDE parametrized by two measures o and f € M"(D([0,T],R?))
dX(t) = F(X(t), ox)dt + o(X(t7), o )dBy
o ) By (Nt ), 22)

[0,00)x[0,1]N
where {Y(t)}cjor) is a progressively measurable process with law B. If the coefficients satisfy
Assumption 3, then for every o and f € M (D([0,T],RY)), every square-integrable initial condi-
tion, there exists a unique strong solution to Equation (22).
Moreover, let j1=Law((X(t)) o)) be the law of the solution of (22) starting from the square-
integrable initial condition X(0) py- dzstrlbuted then u € M*(D([0, T],RY)).

Proof. Let B be an (F;)-Brownian motion, p be a (F,)-stationary P01sson point process with char-
acteristic measure 1 x v and D, = {t € [0, T] : p(t) € (0,00) x [0, 1"} and & be a Fy-measurable
square-integrable r.v. Let Di{s € Dps.t.p(s) € Us= (O,A(Y(s ),as-)] % [0,1] x [0,1] % ---}.
Let us call 0;<0,<... the elements of D. Each o, is an F; -stopping time and lim, .., 6, = 00
a.s. Indeed, for every T>0 and for a fixed n € N*,

Ay (), at)dt] Cr

n n

T E
P(GngT) =P <J J[O - I]N ﬂ(OJ.(Y(t’).ir )] (u)N(du7 dh: dt) 21’1) < |:

0

for a certain constant Cr and by Borel-Cantelli, we get the claim. Then we start by showing
existence and uniqueness of solutions to (22) on [0, g;]. Consider the equation

Z(t)=é+J

0

t t

F(Z(s), os)ds + J o(Z(s7), as)dB,. (23)

0

Existence and uniqueness of a strong solution for (23) are ensured by the classical
Hasminskii’s test for non-explosion (see e.g. [25] with the Lyapunov function V(z)= ||z||*). The
test’s conditions are guaranteed by the inequality

sup z-F(z,0) + tr(a(z, oc)aT(z, oc)) <C(1+ ||z|]?), (24)

aeM'(RY)

for some C>0, for all z € RY. Indeed, fix an « € M'(RY). Then, under (U) from Assumption 3,
we have

z-F(z,0) = —(z—0) - (VU(z)=VU(0)) +z- VU(0) + 2z b(z, 1) <C(|z]* + 1),

due to the convexity of U and the linear growth of b. A similar bound is obtained for the second
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summand in the Lh.s of (24), which has uniform quadratic growth in the z variable. Then, for
every integrable initial condition, there exists a unique strong solution to (23). Let m; be the pro-
jection defined as

T [o,m?hx [;),oo) — [0,1]

1-

Set

. Zl(t) t € [0,61),
o= { 2\ (a) + b (¥(07),2(e7). mplen)) t=on. )

where {Z'(t)},-, is the solution of (23) with initial condition Z'(0) = ¢ a.s. We see that X'(t) is
solution of (22) for t € [0,0,). We iterate the procedure by setting ¢&=X;(a;),
B = (B(t+ 01)—B(01))5, and p = (p(t+ 61)),5,. We define X;(t) for t € [0,5,] as we did for
X;(t) in (25), where 6, is the smallest time such that p belongs to I_JJIH and coincides with
0,—0;. We define

X, (t) t € |0,0q],
X5(t) ::{Xl(tfm) t € %al,a]z].

Clearly X, is solution of (22) for t € [0, 6;). Since lim,_,», 64 = 00 a.s., we can iterate this pro-
cedure to cover the entire time interval [0, T].

To prove that the law p of a solution of (22) belongs to M (D([0, T}, R?)), we will show that
there exists a filtered probability space (Q,P, (Fy), F), with a F-Brownian motion B, an adapted F,
Poisson random measure N with characteristic measure 1 x I X v and a Fy-measurable initial condi-
tion X(0) po-distributed such that E[sup,cpq [|X(t)[[]<oco. We consider the process X(t), for all
t=0, solution of (22) and for all K>0 we define the stopping time tx := inf{t>0: ||X(t)|| >K}.
We apply Ito’s rule to the smooth approximation f° of || - || and taking the limit for € | 0, to exploit
the properties of the potential function U. For the details of the approach, see the proof of Theorem
4.1. By monotone convergence of f°(x) to ||x||, we get, for all t € [0, T],

E[1(t<w) || X(1)]|] < lilgionfE[ﬂ(tng)ff X()]< litg%nfE [f(X(tax))],

and by the optional stopping theorem, we have that there exist three positive constants Dy, D,
and D3 such that

E[1(t<x)[|X(t) ] <E[[IX(0)|]+D, T + D, TE ngpﬂ I\Y(t)ll} +D, .[;E[l(s<rl<>ux<s>||]ds.

By Gronwall’s lemma, we get the desired bound on E[l(t<tk)||X(t)||], but since it does not
depend on K, we take the limit K " co and get the thesis.

Appendix B
Appendix for Section 5

We collect here auxiliary lemmas and proofs for Section 5. First, Lemma B.1 concerns existence
and uniqueness of solutions for the particle system (14) under Assumption 4. Notice that the
same result holds also for the intermediate particle system (19). Then, thanks to two technical
lemmas, we give the proof of Lemma 5.1, crucial for the existence and uniqueness of solution of
the nonlinear process (16). Finally, we give the proofs of Lemma 5.4 and Lemma 5.5 that we use
in the propagation of chaos section. Notice that, the key ingredient here is represented by the
fact that all the main jumps of the processes are such that they make the process go back inside
a compact set (the support of U). To exploit that, we need to apply Ito’s rule for a process with
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jumps (notice that here we do not have a diffusion term). Since all the functions of interest (|| - ||
and A(-)) have singularities in the origin, we use a smooth approximation of the norm || - ||. As
in the proof of Theorem 4.1, for all €>0, we define

£ () =/ lxl + .

Lemma B.1. Under Assumption 4, for every integrable initial condition XN(0) € RN, the SDE
(14) admits a unique solution.

Proof. The main issue is represented by the fact that the function A is unbounded and not glo-
bally Lipschitz continuous, indeed when 4 is bounded existence and uniqueness of solutions for
(14) are consequences of standard results, see [26]. Therefore, let us consider the truncate func-
tion X =1AK, for K € N, and the solution XN'K(t) of (14) with the function X instead of /.
This solution exists and it is unique for all t € [0, T], moreover, by pathwise uniqueness, it holds
XNEK(t)= XNKFL (1) for all t € 75, where ¥ =inf{t /|| X™K(t)|| >K}. Therefore t¥<t**! as. and
there exists a pathwise unique solution X(t) to (14), defined for all t € [0,7), where
T= supg .y T". We are left to prove that P(t>T) = 1.
Let us fix i € {1,...,N} and ¢>0. By computing f*(XN(t)) by means of Ito’s formula, we get

N ot 00
£ (XN (1) <t (XN(0)) + %Z J J{O . J £°(V (g, hi) ) 10,15 (0)] (W)N' (ds, du. dh)

j=1 0 0
+ fot j[o,l]N fooo (fﬁ(U(hi)) —f (Xy(s)))ﬂ(o,z(xﬁ(s))] (w)N'(ds, du, dh).

Therefore, summing on all i =1,...,N and taking expectation, by the application of Fatou’s
lemma we get:

E

1S 1 &

— XN | < liminf [ E[= f(XN(0

N LI < limin ( [N;lj (X(0))
N

;Z;ixy(s))] E{;Zf%x?f(s))i(x?(s))

i=1

n J';u%[ff(vn L E[F(U))E

:

Then, by monotone convergence, we have

E

1 N
SO IRl <E
i=1

;ijnxmon@

_E [% Z\ XN (s) | A(XN(s))

N

D AKN))

i=1

+ [ wivin -+ siyvie ds.

i=1

Since b is increasing and h is bounded, there exists a positive constant C, depending on

N
E {ﬁzl |Xf\l(0)|} , such that

<C,

1 N
E|— XN(t
sup {N;H Ol
implying P(t>T) = 1.

The proof of existence and uniqueness of solutions of (16) for compact support initial condi-
tion relies on a straightforward adaptation of the arguments of [10] to our framework, therefore
we write the proof of Lemma 5.1 only for completeness.

Proof of Lemma 5.1. We want to get an almost sure bound for ||Z¢(t)||, in order to use locally
Lipschitzianity of 4 in the following computations. Intuitively, the jumps have an increasing role
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only if we are inside the support of the random variable U, otherwise they force the norm to
decrease. Therefore, a.s., we can bound the process ||Z¢(t)|| with the deterministic expression

t
Kot | I(s) s,
0

where Ko := max{||x[|, supyc (o ;) [U(h)[|}. This almost sure bound for ||Z¢(t)|| and the continuity
of the coefficients ensure the existence and uniqueness of a non-explosive solution Z¢ on [0, T].
Let Zs and Zg two solutions of (17) corresponding to two different locally bounded Borellian
functions f and g. The almost sure bounds on ||Z¢(t)|| and ||Z,(t)]| let us define two positive con-
stant br¢(T) and L¢g(T), such that we have

T T

E[ sup [1Z¢(t) — zg<t>||] < j E{sup 1Z¢(s) — zg<s>||} ds+ j sup [|f(s)—g(s)|dt

t€[0,T] s€[0,t] 0 s€0,t]

+E
0

J J[O o )Il(zf(s*) — U) Lo ze65 ) (0) = (Zg(s™) — U(h))ﬂ[w(zg(s)))(u)||clsduu1(dh)}

< jE[p 12465 —zg<s>||]ds+f sup [1(s)—g(s) It

s€[0,t] 0 s€[0,t]

T
+(bf7g(T) + H) Jo E{sup |Z¢(s) — Zg(s)||} ds

s€[0,t]

0 s€[0,t

+Le(T) <1< - j |f<s>|ds) jTE[sup] 1Z¢(s) — zg<s>|\] ds.

We apply now Gronwall lemma and we obtain (18).

The proof of Lemma 5.2 requires two technical lemmas adapted to our case from [10].

Lemma B.2. Let x(t) be a non-negative C' function on R,. If the following inequality holds for
any 0<s<t:

t t

K (u)du + J P;(x(u))du

N

x(t)<x(s)—K J

where k, K>0 and Ps(+) is a polynomial of degree <Kk, then
sup x(t)<Cy<oo.
=0
Proof. Consider that for x — oo, then
—K4-Ps(x) — —o0.

Therefore it exists a value Cy such that, as soon as the trajectory exceeds Cy >0 its derivative
becomes strictly negative and the trajectory is forced toward zero. Thus, defining

Cp := max{Cy,x(0)},
we get the desired bound.
Lemma B.3. If the function b satisfies the assumption (15), then for any €>0 and p € [1,4 + 2¢],

there exists a constant y,<(4 4 2€)y, ¢;>0 and a value n>0, such that, for all a € R with ||a||<n
and for all x € RY, it holds

[b°(llx + all) — bP([[al)I<]lall (2, 6" llx[]) +<1)-
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Proof. The proof of this lemma comes directly from Lemma 8 in the appendix of [10].

Notice that the constant 7, <(4 + 2¢)y, together with the condition of Lemma B.2 on the positivity
of the coefficient K, cause the condition on 7 w.r.t E[||V||] in Assumption 4. This condition plays a
crucial role in all the proofs of the boundedness for the moments of A(X(t)) and of A(XIN(t)) for all
i. Now that we have stated these two results, we are ready to prove Lemma 5.2, that provides a priori
uniform bounds on the first moment of the solution to (16) and on the moments of A(X(t)).

Proof of Lemma 5.2. Fix ¢>0, by means of Ito’s rule, we have

EIF*(X(0)|<EIF*(X(O)] - [y BIF*(IX(5)1)]ds + [y E[(BUIVI) + E[UJ) — £(X(5))) h(X(s))]s
+Jo E b (X)) (ELIVI] + B[] — #(X(5))) | s

From the monoticity assumption on b, we know that there exist A>0 and >0 such that
b(r) (E[||V|l] + E[||U]|]] — r)<—Ar + B. Therefore, by Fatou’s lemma and the monotone conver-
gence theorem,

t

E[[IX(0)[I]<E[IX(0)[] + Jt (HE[|[VI] + E[JU[]]) + plds—A L E[[IX(s)])]ds

that gives the boundedness of sup, , E[||X(t)|].
Let p = 1, clearly, to get a bound for E[A(X(t))], it is sufficient to bound E[b(||X(t)||)]. Thus,
again, we use Ito’s rule to compute b(f*(X(t))) for e>0.

E[b(E°(X(1))]<ED( (x(0)))]— ['E [b (£:(x(s))) — 2|4
IX($)I + e

+Jt1~: b’(fe(X(s)))E[b(HX(s)HﬂLEZ[V] ds—&—HJtE b'(fE(X(s)))LEZW] ds
0 IX(s)[I” + € 0 [X(s)[I” + €

+ L E[b(X(s) ) EDb(F(U))]ds + L E[h(X(s))|EIb(£ (U))]ds
- [ E[brexnpiixe s | Elb(E ) Enx)s

Again we use Fatou’s lemma and monotone convergence theorem (indeed b(f(-)) converges
monotonically to b(|| - ||), thanks to the increasing property of b). Since b’ is positive, we disre-
gard the second term, we use properties of b’ to bound the remaining terms and we get

E[b(IX(0II)]<E[b(IX(0)])] + (HE[|[VI] + HED(| U]t + GE[IV]] - 1) [y B[b(IX(s)])]*ds
(cE[|V[I] + HyE[[[V[[] + EB(UID] + H) [ E[b(IX(s)])]ds

With Lemma B.2 we conclude the boundedness for E[b(||X(t)||)]. The same argument is used
to get a uniform bound for E[bP(||X(t)||)] when p = 2,3, 4.

While the uniform bounds for E[||X(t)||] and E[b(||X(t)||)] are needed for the well-posedness
of the nonlinear process itself, higher moments of 4 are needed only for the proof of propagation
of chaos. The same a priori bounds for the moments of 4 appear also in the case of the particle
system. Their proof is similar to the nonlinear case, relies on Lemmas B.2 and B.3, together with
an argument based on orthogonal martingales.

Proof of Lemma 5.4. We only prove it for 4y, then for 1§ the steps are basically the same. Of
course it is sufficient to prove the boundedness of supy- gv sup,- o E[(1¥ (1), b*(£°(-)))]. Let us
define for K>0 the stop;b)mg time tx := inf{t>0: (u§(t),b’(f°(-))) =K}. Obviously the random
variables (1Y (taty),bP(f°(-))) for 1<p<5 and (uY(tatk),f’(-)) are integrable. Recall that, for all
€>0, the process {MN(t )}t> 0,1 Where, for t € [0, T] we have
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ZIH

=1 s)|I* +e

_ %i 3 L J[O,I]N}' (X)) (f‘ (XN hg )) e (xﬁ(g)) v(dh)ds

i=1 j#i
1

- gg U AXN(s)) (F(U(hy)) — £(XN(s)))v(dh)ds,

(0,1]

is a martingale. Then, from the optional stopping theorem, we have
E[<u§(tmx),ff(-)>]<E[<u§(0),f‘(-)>]—E[ J”“(uQ(SLf‘('))dS}
+NE{ OGN O ( +W> *fc(')l’z(dh»ds}
e 0020 (- ) ]
FE[™ (O (6), 40 — (5 (6). A0 ()ds].

Again, we use the monotone convergence of f°(x) to ||x||, to get

E[1(t<r) (1 (1), || - H)]<1irﬁgnfE[1(t<rK)<u§(t),f‘(,)>} <lir?ﬁ)nfE[(,ug(t/\rK),f‘(-)ﬂ.

By arguments close to the one in the proof of Lemma 5.2, there exists A>0 and >0, such
that we get the following inequality

B[t 80, |- D] <[00, 1)
Sy s i), (v + By g - )20 s
<E[0).1-)] + [ (Emvm HIVIL s wjjo) + ]
A EBIG<m U0 - 1.

This, together with Lemma B.2, gives the boundedness of sup, o E[1(t<tx) (1} (1), | - [|)]. Since
this bound does not depend on K, letting K go to infinity gives the bound on
sup, E[(#X (1), || - [[)]. Now we apply the same argument to the martingale {M (O} =01 BY
deleting some of the negative terms, applying Lemma B.3 and repeating the previous steps, we
obtain the following bound

E[ﬂ(f&t)(/&(t) b (Il D) <E[GX (), 6% - 1)]
+v1E[HVIHJ E[1(s<mi) (1 (5), b (I - D) 4 (5), b(II - [1))] ds

H E[|V]] [ E[l $),b4(] - )] ds

0

=S

t

+61E[HVH]£E[(<T ) (), (! - ||)>]dS+CIHEHIVIHJ E[l(s<)]ds

e SR gltse o001 1)as-+ e U [ Bficosnaio, ol - las

oty FR T s )51 - s+ e B [ o
SRl (UID] [ im0 bll - )]s + B (Ul

- LE[ﬂ<s<rK><u¥<s>,b5<|| )]ds +HLE[ﬂ(s<rK><u§<s),b‘*<|| )]s,
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By Holder and Jensen inequalities, we get the following expression

t BI{1(<)¥ (0,61 1)) <ELG ), - 1))
+mwvn1joﬁ[ (s<u) (¥ (8), B (] - 1)) *ds + Hy B[ V] jOE[ﬂ<s<fK><u§<s>,b4<|| )]ds

+e B[ VI] OE[ (s<zic) (¥ (), b* ([ - )] *ds + e HE[[ V][]t

s A gm0 - 1] as v EREL ity 0,0 3]s
(eI i) )+ wls o] | Eficssee o) b0 1 as

t

H tE[H(S@K)(#x(S%bLI(H'||))]ds+ o EIVIE ) [ B sy (), B2 - )]s,
0 N

0

where we have exploited the fact that (y, E[HVH]

ite —1)<0, for N large enough, and that
(15 (s),b%) = (1l (s), b*) /4 Reordering, we get

E[1(zie<t) (1 (¢ ) b (]| -

//\

(E[1x(0),b"(II - )]

)
ciE(Vi+e VD g HWD)LE (s<m) 6B )]s
+(HhEWVM+Hh. L) [ Blitssm 0,01 )]s

OﬂWWﬁHW )Jm uwWWHNW®

Since, by hypothesis, there exists Ny such that, for all N>Nj it holds

(v V0 1) <o,

we use Proposition B.2 and this gives a bound on E[l(t<tk) (il (t),b*(]| - ||))] independent of N
and K; therefore letting K go to infinity proves the thesis.

As mentioned before, Lemma 5.4 plays a crucial role in the proof of Lemma 5.5, where we
bound the number of jumps of a single particle for the particle system (14) and the contribution
of the collateral drift term for the particle system (19).

Proof of Lemma 5.5. We develop the computations for the proof just in the case of (14), since
for the system (19) they are almost the same. Let us start by describing the quantity Cx(T), that
is

N (T 00
LD ] R R
N ; o Joap o [0,4(XN(s)) (u)Ni(ds,du,dh).

We can rewrite this quantity as the sum of orthogonal martingales, that we will indicate as
MN(t), plus a term depending on the empirical measure, as follows:

(o]

o 15[ [
N N Jo Jio.ap Jo [O,A(Xi"’)(s)(u)ﬁl(dsAdu,dh)+LT(y)’f(s),i(-))dsiMN(T)+J(‘)T</1];(’(S)J.(-)>ds<
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Let us consider a positive constant Hy>0, then

T
p(CN(T)>HT><P supMY()> o) 4 p J(u?!(swl>ds>E :
N t<T 2 0 2

Of course, since {MN(t)}tE[QT] is a martingale, by Chebychev and Doob inequalities we have
that

P( sup MN(t) > T) < ;%E[ sup (MN(t))Z] < Hi%E[(MN(T))].

te[0,T] te[0,T]

By the orthogonality of the martingales, however, we have that

oy B s(s), s
)y e X

This, together with Lemma 5.4, implies that, for all N sufficiently large, there exists a constant

Cr such that
Hr Cr
PlsupMN(t) > — | <—.

Therefore, we want to get a bound for the probability P(joT (¥ (s), 2)ds=Hr). Let 6>0 be
fixed, the first step consists in proving that there exists Cy>0 such that exists Cr>0 such that

C
E[ sup Mgé(t)z} <E {(MED(T»} < ET,
te[0,T]

where {Mb s }tég\lT] is the martingale arising from the compensated Poisson measure in the
computation of {u °(-))) with Ito rule, that is

M5O =[] e B0 b E)

i=1

b (5 (6) ) (1N (5)) IV (s, du, )

and (My,(t)) is its quadratic variation. We use the fact that {f\vfi}izlvzm is a family of orthogonal
martingales, therefore

a3 00 =2 [ ] A0 B0t — oY)
3 b (s >+%>>—b<f‘5<x)N (5))I"v(dh)ds
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Let us write <M{i5(t)> = ﬁZil Mg{é’i(t), we fix i and we compute My, 5;(t) as follows.

Miaat)<2 [; [ o (£ () )62 (£ (0) 4102 (£ (0))+b° (£ (xN(5)) ) +Hb7 (£ (1)) ) (dh)ds
+ J; J[O.I]Nb<f5 (X)) N-1) (@ (b(f° (xﬁ’(s)))m))zu(dh)ds

7
t POV (oo e :
+J0 J[OJ]NH(N_U; (TV (y1b<f (Xj (5)>)+C1)> v(dh)ds

+2 J; J{O,I]Nb (£ (<) (b (W) -b(F (X)) )) %: (f”l(\l_v) (10 (£ (X)) +c1>) v(dh)ds
2 J; J[O‘I]N (W) -b(F () )) ; (@ (no(# (Xj“‘(s)>)+c1))u(dh)ds

< (ZHE b2 (f°(U))] + HSE[(V)?] % +2¢,E[b(f2(U)) |E[f(U)] H)t
+<2E[b2(f5(U))]+cfE[f‘5(V)2]%+ZCIE[b(f‘$(U))]E[f5( V)] +2¢,E[ (V)] H )Kb(f"‘(x}“(s)))ds
+(2H + 20,E[f (v })Jbz(fo(xN ))ds+Jb3(f5(xN 5)) )ds
+(2y1E[b(f‘5(U))} (V)] +27,E J f‘) (XN(s )b<f5()))d
el )N [ (fé X6 (s bz<fo )

[b(f

+H~y1E[f‘5<>]NN1[<uX<> 2(£()) s + 2, E Lo (£ () JELF( }[t<ux<>b(f‘5<->)>ds

+27,E[f(V [bz(f" (XN(s ) ( )

Summing over all i = 1,...,N and dividing by N?, we can find four positive constants K;, Ky,
K; and Ky such that (MY (t)) is bounded by the expression

N2 [ p () s [ 00 (£0) s+ 1 . (1)

Using the result of Lemma 5.4, we know that there exists a certain Ny, such that the expect-
ation of all the terms involved is bounded uniformly in N>Nj. Therefore, for such N we have

C
E| sup M}(t) <=L,
te[0,T] ' N
By Chebychev and Doob inequalities this leads to
2 C
P s M0 ><E[sup (m3,00) ]<E[<M§5<T>>} &
t

te[0,T] €[0,T]

Now, we compute (1§ (t),b(f°(-))) with Ito’s rule that gives the following bound:
W0.6(F0) <0510 )y + M0+ (BIEWn (1) 1) B 0.82(F ) s
JF(HE[fLs(V)]“/l 1 +%> +HA+E[P(V)]q (1 + ;) +E[b*(f(U )}) [RIEIONS (fo( )))1/2ds

+H(E[P(v)]e + E[p (P (0)] ).
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Since, by hypothesis, b(f°(-)) is integrable with respect to the law of X(0), from the law of
large numbers we know that

P((0).5(£'())) 21+ Elb((x(0)))]) < LX),

Let us consider the event

{(80),6(F())) < 1+ Eb(F(x(00)] } U { sup MY, (1) < 1},

te[0,T]

that has a probsability greater than 1—2 <. Under this event, we apply Lemma B.2 to get a bound
for (Y(T), b(F'(-)- |

Since, for all >0, A()<b(f’(:))+H as., this is equivalent to a bound for
SUP¢fo.1] (¥ (), A(+)), that leads to the existence of a positive constant Kt such that

P (JT@(S),MS;HT) =3

0

CNI\(ID >Hr). O

and therefore to the desired bound for P(
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