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Abstract

This paper presents a mathematical problem related to the equilibrium analysis of
a membrane with rigid and cable boundary for the so called prestressing phase. The
membrane and its boundary are respectively identified with a regular surface and a
set of regular curves. The equilibrium is directly expressed by means of a boundary
(differential) problem, in terms of the shape of the membrane and its stress tensor. The
membrane-cable interface equilibrium leads to take into account a singular condition;
as a consequence, an unusual elliptic problem will appear.

Key words: membrane, footbridge, equilibrium, rigid boundary, cable boundary, el-
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1 Introduction

This work studies the bi-dimensional and continuous equilibrium of a membrane for the
prestressing phase, when the prestressed membrane is ready to the serviceability phase.

More exactly, a new membrane technology for footbridges has been developed in Spain
and a membrane footbridge prototype has been built near Barcelona (see [2] for the main
technological aspects and the Figure for a real picture). The prestressing is introduced
and obtained by means of the membrane’s boundaries, that are one-dimensional elements
defined by spatial curves, that may or may not have curvature (straight elements).

In the paper the membrane tensions are identified with a positive second order tensor and
its shape with a surface with negative gaussian curvature. So, the equilibrium is directly
defined by partial differential equations, one of them involving the product between the
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variables associated to the membrane and to its stress tensor. Hence, we will discuss the
following problem: once the stress tensor is given find the shape of the membrane that
achieves the equilibrium.

Along with the equilibrium equations the boundary conditions must be defined; these
conditions depend on the used boundary elements; herein both rigid and cable boundary will
be considered. Contrary to what happens with the rigid elements, the shapes of a cable and
the corresponding membrane are linked by a compatibility relation (see [3] and [4]), making
that the form of the membrane (i.e. the unknown) has to verify a not ad hoc boundary
condition for a second order problem.

2 Equilibrium equations of a membrane

Let us identify the membrane with a surface S with a negative gaussian curvature (Figure

1(c)); S is parameterized by
S = o(z,y) = (z,y,2(z,y)) ¥ (z,y) € D,

where z = z(z,y) is a regular function defined in a domain D C RZ.

If 0 := Nog = Nog(x,y) (o, B =1,2) is the projected stress tensor of the membrane (in
fact, force per unit length), the membrane equilibrium equations in terms of N,g, neglecting
its weight and considering no external load, are expressed by (see [5] for the details):

Nygz + Nuyyy =0 in D,
Nyyz+Nyyy =0 in D, (1)
Nizzge +2Ngyz gy + Nyyzyy =0 in D.

The system () shows that if a positive tensor o is fixed the function z has to solve an

elliptic equation; then, the problem we will consider consists of fizing the stress tensor of the
membrane and finding its shape.

3 Boundary equilibrium equations

Once the membrane equilibrium equations are given (system ([IJ)), the problem has to be
completed by defining the corresponding boundary conditions on I' = dD. We will put I'*
the subset of I' corresponding to the rigid boundary and I'° the one corresponding to the
cable boundary; of course I' = I'" U T'° (see Figure .

3.1 The rigid boundary: equilibrium equations

Let us consider the equilibrium on I''; as you can check in [5], I'" can assume any shape
and moreover it is not necessary to impose any kind of restriction between its own shape
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Figure 1: Characterization of a membrane footbridge.

and the shape of the membrane (the unknown z). In this case, the corresponding boundary
condition is the usual Dirichel condition

z=gon I,
being g the value of z on the same I'", i.e. the 3—D shape of the rigid boundary of membrane.

3.2 The cable boundary: equilibrium equations

Let us consider the equilibrium on I'®; the cable tensions are tangent to the cable and they
belong to the osculator plan of the curve C, that represents the 3—D shape of the cable. On
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the other hand, the stress tensor of the membrane belong to the tangent plan of the surface
S; of course, in order to reach the equilibrium these two plans have to coincide.

As a consequence (you can find the proof in [5]), the boundaries equilibrium returns the
following cable-membrane compatibility equation:

Zaw + 2229y + z7yyy/2 =0 onI® (2)

4 Definition and properties of the mathematical problem

4.1 Mathematical problem

With reference to the equilibrium expressed by the system (1) and the above notation, let
Nag be a positive and symmetric second order tensor such that Z%:l Napp =0 (=1,2),
in a bounded domain D of the plan xOy.

Find the surface z, defined in D, such that

2 22Nz + 22 2y Ney + 2,4y Nyy = div (o - V2z) =0 in D,

z=g on I', (3)

2w+ 2209y + 247 =0 on TC.
Due to the second boundary condition, the previous is not a typical elliptic problem with
usual Dirichlet or Dirichlet-Neumann boundary conditions (see [1]). By means of Hopf’s
Lemma, one can prove the uniqueness of the solution of the system (B]); on the other hand

we have to underline that the corresponding existence problem is still an open question.
In the next section, we will propose a numerical method to solve the system (B3]).

4.2 Solving the problem by a numerical method

In [5] is shown that the problem (3] is equivalent to the following one, that is more direct.
With the same notations of the previous problem (system ([B))), find z and h, such that

div(e-Vz)=0 in D,

z=gonI",

z=nh on I (4)
14

zy=—, on TI°

Let us consider the following system

—div(e-Vz) =0 in D,
z=g¢g on I, (5)

z=~h on T
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and the equation
h" = z,y" on T°. (6)

By means of the Finite Element Method (see [0]), let us fix a mesh for D; if n is the total
number of nodes of D, n, those of I'" and n. those of I'°, putting z ~ Z;‘;l zjN; and
h >~ Z?;l h;N; and replacing them into the system (), we obtain

z=Hh+ Gg, (7)

being z = (21,...,2t), 9 = (91,---,¢g:) and h = (hq,..., hc) the nodal values vectors of z in
D,gonTI" and honI'°, and H € M, xn. (R) and G € My, xn, (R).

With reference to the equation (@), let us define the n.—dimensional residual vector
R, whose components are

(R)z = Rz(h) = / (Z7yy// — h//)NZ' dFC, 7= 1, ey Ne,y
and let us make it zero:
Ri(h) = / (gt — W)N;ATE =0, i=1,... nc. (8)

Putting z ~ Z;“:l zjNj and h =~ Z;'L; h;Nj, replacing them into the relation () and
integrating by parts, we obtain

ng Ne
sz/ y”Nj,yNidFC"i‘Zhj/ N/N/dT® =0, i=1,...,nc
j=1 JI¢ =1 Ie

Defining
Mij ;:/F y//N%yNZ'dFC and m]:A N]’Nz/dfc,

we conclude

Mz+ Wh =0, (9)

with M € M,_,,(R) and W € M,_(R).
Comparing the systems (@) and (7)) we have the solutions h and z given by

h=—-(MH+W) 'MGg and z= Hh+ Gg,
that are the nodal vector corresponding to the shape of the surface z on I'° (i.e., the shape

of the cable) and, the nodal vector corresponding to the shape of the surface z all over the
domain D (i.e., the shape of the total membrane).
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5 Conclusion and future work

In this paper we have analyzed the membrane equilibrium equations, for the prestressing
phase. The mathematical formulation has been written down and the corresponding problem
leads one to consider an elliptic problem with a singular boundary condition for the unknown
(the shape of the membrane). More exactly, it is possible to prove the uniqueness of the
solution but it is not known if the problem has or not always a solution; moreover the
numerical method herein proposed is generally not stable (see [4]).

Finally, the authors are working on another resolution strategy for the same problem
based on a fix point procedure, being the final goal the proof that the corresponding bound-
ary equilibrium problem is well posed, in terms of existence, uniqueness and continuous
dependence on data.
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