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KOSTANT-SOURIAU-ODZIJEWICZ QUANTIZATION OF A
MECHANICAL SYSTEM WHOSE CLASSICAL PHASE SPACE
IS A SIEGEL DOMAIN

ELISABETTA BARLETTA, SORIN DRAGOMIR, AND FRANCESCO ESPOSITO

ABSTRACT. We adopt the Kostant-Souriau-Odzijewicz quantization scheme
for quantizing both the quantizable observables and the classical states of a
mechanical system whose classical phase space is the Siegel domain €, =
{¢ e €™ : Im(¢1) > |¢'|?}. We compute the transition probability ampli-
tude ay5(¢, z) from the state z € 2y, to the state ( € Qn. When the system
interacts with weak external fields e B, B € L>®°(Q2), 0 < € << 1, we show
that the corresponding transition probability amplitudes are ay5(¢, 2)+O(e).
We refute A. Odzijewicz’s assumption that the measure on phase space [as-
sociated to the reproducing kernel of L2 H (2, , v)] should coincide, up to a
multiplicative constant, with the Liouville measure.

1. Introduction and statement of main results

By aresult of A. Odzijewicz (cf. [13]) the classical states of a mechanical system
whose phase space is a complex manifold M may be quantized, provided that M
satisfies the topological requirements needed to support globally defined Kéahlerian
metrics. Quantization is an anti-holomorphic embedding K : M — (CIP’(M) built
from the data (E, H) where E — M is a complex line bundle which is both
holomorphic and equipped with a Hermitian bundle metric H. Here M is the
complex Hilbert space of all top degree E-valued holomorphic (n,0)-forms ¢ on
M such that [, H*(¢, ¢) < co. The transition probability amplitude agz (¢, 2)
from z € U, to ¢ € Up is assigned a precise mathematical meaning once the
classical states z, ( € M are identified with the corresponding coherent states
K(z), K(¢) € CP(M). Here {Us}acr is an open cover of the complex manifold
M, underlying a fixed trivialization atlas of E as a holomorphic vector bundle.
The construction of I and its use in the calculation of the transition probability
amplitudes relies on a number of structural assumptions such as

(i) M is sufficiently ample (cf. [13], p. 579),

(ii) the pullback by K of the Fubini-Study metric on CP(M) is a globally defined
Kéahlerian metric on M,
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(iii) (E, H) is a quantum bundle [the curvature form of the canonical Hermitian
connection on (E, H) is a symplectic structure on M],

(iv) the measure on the phase space got from the data (E, H)

_1 _
Kon(C, O)7a(Q)dGy A+ Ad NdCo A+ Ad,

(cf. e.g. [3], p. 21) coincides with the Liouville measure (up to a multiplicative

constant). When applied to the Siegel domain M = ,,, the trivial line bundle

E =Q, x C, and the family of Hermitian metrics

Ha(O'OaUO) :Pa7 a>717

2

p(Q) =Im(¢1) — |¢']7, ¢ €,
A. Odzijewicz’s quantization scheme turns out to be closely related to the theory
of weighted Bergman kernels (cf. e.g. [14]-[15]) and the quantization of classical
states is a map

Ka: Q= CP[LH (0, 7)]

determined by the weighted Bergman kernel K, (C , z) associated to the (admissi-
ble) weight v, € AW (2,,), 7o = p®. As such, the problem of computing the tran-
sition probability amplitudes is reduced to that of the calculation of the weighted
Bergman kernel, which is of course the novelty brought forth by A. Odzijewicz. Yet
the explicit expression of the reproducing kernels is available only for a handful of
particular domains (cf. [12], p. 47-51, [5], [9], for the unit ball and certain complex
ovals in the unweighted case, and [14], [8], for the unit ball in the weighted case)
while in general (e.g. for an arbitrary smoothly bounded strictly pseudoconvex
domain 2 C C") only asymptotic information near the boundary is available (cf.
[7] and [16] respectively for the unweighted and weighted cases). On the other
hand, the weighted Bergman kernel K, (¢, z) was explicitly computed in [2], by
combining a very general method discovered by S. Saitoh (cf. [18]) with the use
of an integral transform on the Siegel domain due to M.M. Djrbashian & A.H.
Karapetyan (cf. [6]), thus allowing for the calculation of the transition probability

amplitudes
n+a+1
) | 20(2) p(0)"
aOO(C, z)— — — .
i(z1—G) —2(¢, #)
When the given mechanical system interacts with the external fields B [that is,

by exploiting the classical approach by R. Penrose, [17], the Hermitian structure
on E is deformed as H — e® H] the coherent states change

K:Q, — (CIP[L2H(Qn , P va)}

and while the explicit weighted Bergman kernel K5, (C , z) isn’t available, we
may exploit a result by Z. Pasternak-Winiarski (cf. [15]) that the map

K:AW(Q,) = HA(Q,), ~v+— K,
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[associating to every admissible weight v the corresponding weighted Bergman ker-
nel K, regarded as an element of the complex Fréchet space HA((2,)] is analytic,
thus producing a series development

(o)
K(1+h)'7a = K’Ya + Z(_l)k K%{Cf)ya (h7 T h)7
k=1

h=e" —1€ B1(0) C L®().

As emphasized by A. Odzijewicz (cf. [13], p. 587) Z. Pasternak-Winiarski’s meth-
ods are effective for the case of weak external fields e B, 0 < € << 1, and we may
indeed show that the transition probability amplitude from z to ¢ (when identified
with coherent states in CP[L2H (2, , €5 7,)]) equals

1 1 n+a+1
2p(2)} p(¢)} Se o uien
|j(21 - Cl) - 2<</7 Z/>] - (cn,a)2 p( )

x /Q { [ K w, 2)[* 4+ p(Q) | K, (€ w)[P] K (€ 20+

5 K, (w, 2) K, (G w) | B(w) pw)” dpa(w) +O(e2).

As another main purpose of the present paper we discuss A. Odzijewicz’s struc-
tural assumptions (i)-(iv) above and find that, for H € {H,,e® H, : B €
L>*(Q,), € > 0, a > —1}, the assumptions (i)-(iii) are satisfied, while the as-
sumption (iv) is questionable and indeed only partially satisfied by the model
investigated by us. We end the present introduction with a brief explanation of
our finding. Let vy € AW(Qn) N Cc (Qn) be a smooth admissible weight. If

H (O‘o , 00) = v then (E, H) is a quantum bundle and hence there is yet another

Hermitian bundle metric H on E given by

; (=1)" Qy5(V)¢
H(og, 00), = ——F——5—, C(€Q,,
(o0 20)e = TR0t 0
(cf. e.g. (38) in [3], p. 21). Both H and H are sections in the complex line bundle
E* ® E* (with H # 0) so their quotient is well defined, providing the map

F: AW(2,) N 0% () — C%(Q,), F(7) = =

As it turns out, the assumption (iv) is equivalent to the requirement that F'(y)¢
is a constant, both with respect to v and ¢. Our result is that

F) =~ ()" a> -1,

Cn,a 2

SO F(’ya) is a constant function, whilst F' is not. This however suffices for recovering
Qo (C , z) by averaging aoﬁ(w, z) agy (( , w) [the transition probability amplitude
from z to ¢ with simultaneous transition through w| over w € Q,,.
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Let f € Crp be a quantizable observable on €2, i.e. f: €, — R is a C func-
tion such that [X;, Z] € T%(Q,) for any Z € T+°(,,), where X/ is the sym-
plectic gradient of f [with respect to the symplectic structure w, = curV(E, Ha)]
Together with [10] we consider

f= Hvxf +4mﬂ ®Lx, (1.1)

and show that (1.1) is a linear operator of M, ~ L2H (2, , 7,) into itself, satisfying

X )] = B (F(0) 0) — B (o0 F0) (1.2

for any ¢, ¥ € M,. Following the approach by A. Odzijewicz (cf. [13]) one may
of course integrate over ,, in (1.2) so that to obtain

[ alxp L 0] = ) v~ o F@)a,

n

yet no version of Stokes’ theorem is available in the case at hand.

2. Weighted Bergman kernels, Banach manifolds of weights,
Wainiarski’s theorem, Gawedzki’s lemma

Let Q, = {C € C™ : p({) > 0} be the Siegel domain i.e.
p(©) =m(¢) —|¢)? ¢=(¢,¢), GecC, ¢ec .

A measurable function v : Q, — [0,400) is a weight on ,. The set of all
weights on €, is denoted by W (Q,). For every v € W (Q,) let L*(Q,, ) consist
of all measurable functions f : Q, — C such that [, [f(¢ (O2y(¢)du(¢) < oo.
Here p is the Lebesgue measure on R?". Let L2H(Q,, ) denote the space of all
holomorphic functions f : Q,, — C [i.e. df = 0 in €,] such that f € L2(Qn, ). A
weight v € W (Q,,) is admissible if 1) L2H (€2, ) is a closed subspace of L*(Q,,, 7),
and 2) the evaluation functional

d¢ + L°H(Q, 7) = C, 6c(f) = Q)
is continuous for any ¢ € €,,. Let AW( n) be the set of all admissible weights on
Q. If y € AW(Q,,) then L2H(Q,, v) is a Hilbert space with the inner product

/ 10 900 AC) dpu(©).

By the Riesz representation theorem, for every ¢ € €2, there is a unique k¢ , €
L?H(Q,, ) such that é:(f) = (f, 194,7)7 for any f € L>H(Qy, 7). The function

K,:Q,xQ,—>C, Ky( 2)=kcy(2), ¢ z€Qy,,

is the v-Bergman kernel of Q,. By a result in [2] if 7,(() = p({)* with a > —1
then {v, : @ > —1} C AW (Q,,) and the corresponding v,-Bergman kernel is given

by
2n—1+a

K, (¢ 7)) = En.a poury Bl (2.1)
( ) [Z'(El . Cl) . 2<<.,7 Z/>] +14+

Cna=7 "(a+1)---(a+n).
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Note that C>°(Q,, R}) C AW (Q,) with Ry = (0,+00). Indeed v~ € L (2,)
for any continuous function v : Q,, — (0,400) (and one applies Corollary 3.1 in
[14], p. 6). By a result in [15] the set W (£2,) may be organized as an infinite
dimensional Banach manifold, modeled on L>(f2,,), the Banach algebra of all real
valued essentially bounded functions ¢ : £,, — R, such that AW(£,,) is an open
subset of W(£2,,). We briefly recall the construction in [15], as follows. Let us set
U(Q,) ={g € L>®(Qy,) : essinfccq, g({) > 0} [an open subset of L>°(£,)]. For
every v € W(£,,) we consider the map

B, UQ,) = W(Q), B(g) = g7,
and set U(Qy, 7) = @, [U(2y)]. One endows W (£2,,) with a topology 7 for which
B={®,(X) : vyeW({Q,), X CU(), X open} is a base of open sets, and
then {®-' : U(Q, 7) = U(Qn) |7 € W(,)} is an analytic atlas on (W(Q,), 7)
organizing it as a Banach manifold. Here analyticity means that transition func-
tions

F, o= <I>;1 0@, :UQ) = U(Q), v, ¢€W(Qy),
are analytic i.e. for any g € U(,) there is a ball B C L*(,) such that g +

B C U(f,) and there is a sequence {a,}men of continuous multi-linear maps
G, 2 L2 (Q,)™ — L*(Qy,) such that

Frolg+h) = Fyo(9)+ Y an(h - ), heB,

m=1

and the series 07, am(h, -+, h) converges uniformly on B. Let HA((,) be
the space of all functions f : 2, x €, — C which are holomorphic in the first n
variables, and anti-holomorphic in the last n variables. HA((,) is organized as
a Fréchet space, whose underlying locally convex topology is determined by the
following separating family of semi-norms

[flla= sup |f(<a Z)|, ACQ,, Acompact.
A

(¢, 2)eAx

By a result in [15] the map v € AW (Q,,) — K, € HA(L,,) is analytic i.e. its local
expression [with respect to the local chart ®2 4

geU(Q,)— Ky, € HA(Q,)
is analytic, for any v € AW (£,,).

Let E = Q,, x C™ be the trivial complex line bundle over §2,, and let Ty = 1g [so
that {Tp} is a fixed trivialization atlas]. Let o9 € O(Qy, , E) be the holomorphic
section defined by ao(¢) = Ty (¢, 1) = (¢, 1). If H is a Hermitian bundle metric
on F we set vy = H (0’0 , 00). To every pair of E-valued holomorphic (n,0)-forms
©, ¥ on ), we associate a scalar (n,n)-form H*(p, 1) given by

H*(p,9) = UaBoradC A AdC" NC A~ AT,
0=Uoog@dC*N---ANdC", v=Dog@dCA--- AdC™,
U, &ecOQy).
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Let M consist of all p € O(A™%(Q,) ® E) such that [, H*(¢,¢) < oo. By a
result of K. Gawedzki (cf. [10]) 1) M is a complex Hilbert space with the inner
product

(o, V)M :i"Q/Q H*(¢, ¢),

and 2) ‘62(4,0)‘ < C'|¢||m for some constant C' > 0, where

8 M—=C, 02p) =a(Q), lelm=1/(¢,9) > wEM.
Consequently there is a unique k.o € M such that
52(90) = (o, kc,G)M
for every ¢ € M. For the representation of k. 5 we adopt the notation
keo=Kp(C, - )oo®dCh A AdC"
thus producing the kernel K5(¢, 2).
Lemma 2.1. i) M ~ L2H(%,,, v) (an isomorphism of Hilbert spaces).

i) Ky5(¢,2) =27"K4(C, 2).
Proof. (i)-(ii) follow from Example 5 in [3], p. 35. O
Lemma 2.2. Ify € {7, : a > —1} then k; 5 # 0 for any ¢ € Q,. Consequently
the map
Ko:Qy = CP(M,), Ku(¢) = [kc,ﬁ]’ Ce,,
is well defined.

Here [p] = {A¢ : A € C*} is the projective ray represented by ¢ € M\ {0}.
Let us set )
0% log K5(¢, ¢ L
g= % d¢? © d¢y, -
0¢I O¢
Then g is a symmetric (0,2)-tensor field on €,,. When v € {v, : a > —1} the
notation is specialized to ¢ = g,. According to the terminology in [13], M is
sufficiently ample if
y(z')  Wy(2?)
V2l 22 e, Fpr, s €M : det #£0.
Uy(21) Wy(22)
Lemma 2.3. M, is sufficiently ample.

Proof. Let z, ¢ € Q,, such that IC,(2) = K, (() i.e. keg=Ak: = for some X\ € C*.
Then [by (ii) in Lemma 2.1]

K, (¢, w)=AK, (2, w), weQ,. (2.2)

-= n+1l+a
¢ —un _ 1
Z1 — wq A

In particular for w’ =0
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on the halfplane Im(w;) > 0. Yet w; — (Zl — wl)(§1 — wl)_l is a constant
function if and only if (; = z;. Consequently (2.2) reads

i@ - G1) =2, w')

!

]n+1+a - %{Z(ml N gl) o 2(2/, wl>} ”+1+a7 weEQ,.

In particular for w’ = ¢

|: Wy — Cl +21|<,‘2 :|n+1+a B 1
w1 — G+ 20, () D)
yielding [¢'|? = (2/, /). By interchanging 2 and ¢ in the previous argument one
also obtains

|2 = (¢, 2'). (2.3)
Multiplication of the last two identities gives |(z", ¢')|? = |2/|?|¢’|? which holds
if and only if 2’ and ¢’ are collinear i.e. (' = w2’ for some y € C*. Finally
substitution into (2.3) yields p = 1 i.e. ¢ =2’. Summing up, K, is injective. By
Proposition 2 in [13], p. 582, injectivity of K, and sufficient ampleness of M,, are
equivalent. Q.e.d. O

Lemma 2.4. i) (E, H,) is a quantum bundle.
ii) g, is a Kahlerian metric on §,.

Proof. i) Let V be the canonical Hermitian connection of (E, H,) i.e. 1) VH, =0
and 2) V%! = 9. Let w = curv(V) be the curvature 2-form of (E, V). Then (cf.
e.g. [11])
W= —i 00 log v,
2ms

[hence dw = 0] or
1 a
[“’jEng,kgn = T om ()2 X

1
_Z ECB

L 1p(Q)bap + T ]

21 2<a,8<n
Fre | Loar
det — | = ,
L%j ¢y, 4p(¢)ntt

so that w is nondegenerate. Q.e.d.

ii) Let K(¢, z) and

_ 9*log K(¢, ¢)
o 9¢0C,

be respectively the ordinary (unweighted) Bergman kernel and metric of 2,,. Then
on—1 Cn,0

[i(z1 — C1) — 2(¢, Z’)]nﬂ 7

9o d¢; © dg,

n

K((, z): Cpo=m "nl,
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T " n! 0%p —
KC?C:77 g:_n+1 *dg@dg,
( ) 4p(<)n+1 0 ( )84] ack J k
and (ii) follows by observing that
2-(n+2) ¢ n+l+a
K(C Q) = ey Ya=——=90;

G n+1

i.e. g, is the ordinary Bergman metric, in another guise. Q.e.d. But then w is (up
to a multiplicative constant) the Kéhler 2-form of g, [providing yet another proof
to statement (i)]. O

Theorem 2.5. K, : Q,, — CP [LQH(Q,L, ’ya)] 18 an anti-holomorphic embedding
and g 1s the pullback by ICo of the Fubini-Study metric on CP [LQH(Q,L , 'ya)], for
any a > —1.

Proof. By Lemma 2.3, the complex Hilbert space M, is sufficiently ample, while
by Lemma 2.4 the (0,2)-tensor field g, is a Kédhlerian metric. Then, by a result
of A. Odzijewicz (cf. Proposition 3 in [13], p. 583) K, : @, — CP(M,) is an
anti-holomorphic embedding. Q.e.d. [l

3. Transition probability amplitudes

The transition probability amplitude aqg(¢, 2) [from the state z € Q, to the
state ¢ € Q] is

ko koo Ko5(¢s 2
a6 )= ([ )~ e o e
cf. (2.20) in [13], p. 584, or [3], p. 9. Substitution from (2.1) yields
20(2)!/2p(Q)!™ r“”
(1 = Q) —2(¢", 2) .
4p(2) p(C)
|i(31 - G) —2(¢, Z/>‘2

then 0 < d < 1 and d"17¢ is the transition probability density. A comparison

of the quantizations {ICa Ta > 71} shows that, for two fixed classical states
z, ¢ € Q,, the transition probability density decreases indefinitely as a function of

agg(C,2) = L

If we set

the parameter a > —1 [i.e. limg_ 4o |a06(§, ,z)|2 =0].

The transition probability amplitude from z to ¢ with simultaneous transition
though w is ayg(w, 2) ag5(C, w) (cf. [13], p. 584). We wish to show that averaging
over w € §2 with respect to the Liouville measure

dprp = (—)" Qg (Ya) dC* A+ AdC" AdE A+ A dT"

gives ay5(¢, ). Here Qoﬁ(*ya) = det [wjﬂ and w = curv(E, Ha). The precise
statement is Theorem 3.1 below.

We need some preparation on the Liouville form associated to the Hermitian
bundle (E, H) with H(oo, 0'0) = =, for an arbitrary C* weight v € W({,,). Let
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w = curv(E, H) and let us set Q5(7) = det [w,z]. Let us consider the field H of
sesquilinear forms on F given by

A n Qo5(7)
Aion, o) = (0" e €<
Note that
ne 1 0?log~y

If v € {7, : a> —1} then [by the proof of statement (ii) in Lemma 2.4]
o *(’y )C 1 a\"
—94)n 2001 fa/s - a
G = e () 2O

hence H, is definite and then [by eventually replacing H, by fﬁa] a Hermitian
bundle metric on E. For any ¢ = Wog @ d(t A --- Ad(™ € M,

(0, ke glma = ¥(Q).

In particular for ¢ =k, 5

or
z"/Q H*(k, 5. kc.5) = Kog(C. 2)

yielding
g-nin /Q Ky, (w,2) Ko, () Yo (w) dw'™ ™7 = K (G 2)
or [dividing by K., (z,2)"/2K,, ((,¢)?]
agy(G,2) = 27" x (3:1)

X/ agg(w, 2) agg (¢, w) Ky, (w, w) Yo (w) dw'™ " 1T

Q’!‘L

Here dw! ™17 is short for dw! A -+ A dw™ A dw: A --- A dw™.

Theorem 3.1. Let E = Q,, x C be the trivial complex line bundle, endowed with
the Hermitian bundle metric H, [i.e. Hy (oo, 09) = p®] with a € (=1, +00) \ {0},
and let IC, : Q,, — CP [L2H(Qn , 'ya)] be the corresponding quantization of classical
states. Then
'TL2 ~
aonl. ) =" [ agglu. =) agn(C. w) diis o)

i.e. the transition probability amplitude ay5(C, ) [relying upon the identification
27 Ko(2) and ¢ = K, (C)] is the average over w € Q,, of the transition probability
amplitude from z to ¢ with simultaneous transition through w, with respect to the

measure "
- 2m
dfir, = Cna (_CL) dpr -
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Proof. Follows from

4. External fields

By following the ideas of R. Penrose (cf. [17]) the external fields interacting
(at the quantum level) with the given mechanical system are mathematically de-
scribed by a deformation of the holomorphic and metric structures of the given
complex line bundle F. To keep matters simple, we only consider external fields
B producing a deformation of the metric tensor H, i.e. we endow E with the
Hermitian metric e® H, while keeping the holomorphic structure of E fixed. We
seek to compute the transition probability amplitudes after each classical state
¢ € Q, is identified with the coherent state K(() € CP[L*H (Q,, e®~,)]. This
amounts to the calculation of the weighted Bergman kernel K5, (C , z)

We need a preparation on the bilinear forms H and H, associated to the (ad-
missible) weight e” v with v € C>°(Q,,, R} ) and B € C*(£,,, R), touching upon
the field equations proposed by A. Odzijewicz (cf. equation (3.3) in [13], p. 587)
which we implicitly refute [as Odzijewicz’s structural assumption (iv) as stated in
Section § 1 of the present paper, isn’t realized in general]. Starting from

2 B
det [3 log (¢%7)

= (2m)"™ B B(¢) B
8<jazk ‘|C (2 ) F(e ’Y)Ce ’Y(C)Ke A/(C? C)a

2]
et | 920

9 acJ = " FO(€) a6, 0,

one obtains

0% log 0’B
det = —
9¢;0¢; 9 0Cy,

F(e") Lo [021087] 5ia
= d = 4.
F(y) et[agagj ‘ *1)

where we have set

A _ Bern (G Q)
K’Y(C7 C) ’

i.e. the function A : Q,, — R describes the deformation of the weighted Bergman
kernel produced by the deformation B : €, — R of the metric structure. The
dependence of A on B appears to play a fundamental role in the application of the
theory to scalar massive conformal particles (cf. [13], p. 590-596). A. Odzijewicz’s
suggestion is that (4.1) be looked as a field equation for B and that, once a solution
B is known, the potential A should be computed from (4.1) as a function of B.

CeQ,, (4.2)
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When v € {7, : a > —1} equations (4.1)-(4.2) read

0°B a 0°B a
= 13 —(= t 550
960C, A 960C,  2ip
det =
0°B a - 0°B

a _
T o Ml R

_ Cn,a (_27T)n F(eB’Ya) p—(n-l-l) €B+A7

4
4
e = — p(O)" "I Kop, (¢, Q).

As to the calculation of the kernel K, 5., we build on the results in [15] i.e. for
any g € U(Q2y,) and any h € B;(4)/2(0)

K(g+h)7a = Kg'Ya + Z (_]‘)m K;T?}y)a (h’) R h/)a (43)
m=1
Kg(i?:by)a (hlv ) hm)(<7 z) =

_ /2 Koy, (w1, 2) by (w1) a (1) dpa(uwn):

/ Ky, (wg, w1) ha (wz) Ya (w2) dp(ws)-

n

/ Koy (W15 Win—2) him—1(Wm-1) Ya(Wm-1) dp(wm-1)-
Qn

S K 1) B (10) B (6 ) 3 () dis),

n

for any hy, --+, hym € L(Qy,). Here i(g) = essinf,cq_ ¢(z) and B,.(0) is the ball
of radius » > 0 and center 0 in L*°(£2,,). In particular

K;P%(h)(c, z) = /Q Kg, (w, 2) h(w) Kg, (C, w) ~v(w) dp(w).

We shall only study the case of weak external fields eB with 0 < ¢ << 1. The

corresponding weight function is e?+, and we ought to apply (4.3) for g = 1 [so
that i(g) = 1] and 1 + h = B ie. [by h = € B + O(e?)]

K™ (hy -, B) = O(em),

1,7a

Ken,, =K, —ck{") (B)+0(&),

or

KefB’ya (Ca C) = K’Ya (Ca <)+ (44)
—e [ 1K (6w Bw) plw)” dutw) + O(E).

This is of course legitimate provided that |e¢® — 1|, < 1/2 for € sufficiently small.
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Proposition 4.1. Let B : Q,, — R. The following statements are equivalent
i) B € L*>®(Q,).
ii) There is eg > 0 such that ||eP — 1]|oo < 1/2 for any 0 < € < €.
To prove Proposition 4.1 we first characterize such ¢y > 0 i.e.

Lemma 4.2. Let B : Q, — R and ¢y > 0. The following statements are equivalent

1
a) VOo<e<e : ||eEB—1||OO<§,
1 3
b) 3 M € I(e) := (07 — 10g> CR:
€0 2
1
—log (2—e“M) <B(() <M ae (€9Q,. (4.5)
€0

Proof. (a) = (b). Let us consider the set

56:{K>0:

e BO) 1’ <K ae (¢ Qn}

If 1/2 > inf & then 1/2 is not a lower bound of & i.e. there is 0 < Ky < 1/2 such
that

log (1 — Ko) <eB(¢) <log(1+ Ko) ae. (€Q,. (4.6)
1

Let us set M = — log (1 + KO) so that Ko = e — 1 and (4.6) may be written
€0

log (2 — e*M) < eB(¢) < eoM. (4.7)

Note that 0 < K < 1/2 is equivalent to M € I(ep). Finally (4.7) for € = ¢ yields
(4.5). Q.e.d.

(b) = (a). Let 0 < e < ¢ and let M € I(eg) such that (4.5) is fulfilled. Next,
let us set Ko := e — 1 so that [by the very choice of M] 0 < Ky < 1/2 and
(4.5) may be written

1 1
— log(1 — Ko) < B(() < — log(1 + Ko) ae. (€Q,.
€0 €0
Consequently, for any such ¢
log(1 — Ko) < = log(1 — Ko) < e B(C) < — log(1 + Ko) < log(1 + Ko)
€0 €0

so that ’eEB(C) — 1’ < Kp ie. Ky € é&.. Finally

1
HGGB — 1||oo =inf& < Ky < 5 .

Q.e.d. O

Next we prove Proposition 4.1.
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Proof. (i) = (ii). For B = 0 the statement is obvious. Let B € L*>(9,,), B # 0,
and let us consider the planar domain

log 2 1 3
D= {(m,y) € (O, 2) XR:||Blloo <y < — log}.
1Bl x T2

Clearly D # (). Let then (&, M) € D so that
1 3
. 1og§ > M > ||B|los = esssup,cq_|B(z)| = inf &g,
0

Ep:={K>0:|B{)| <K ae. (€},

i.e. M isnot alower bound of £5. Hence thereis 0 < K < M such that ’B(()’ <K
a.e. ( € Q,. It follows that |B(C)| < M a.e. ( € Q,. Note that

el log (2 — e*M) < —M. (4.8)
0

Indeed (4.8) is equivalent to t2 — 2t + 1 > 0 with t = e > 1. Then
1 eoM
— log (2—e°™) <B(() <M ae. (€Q,
€0
i.e. e obeys to (b) in Lemma 4.1. Q.e.d.
(ii) = (i). Let ¢y > 0 as in (ii) of Proposition 4.1. Then [by Lemma 4.2] €
1
satisfies (b), as well, and —— log |2 — e“™| > M implies
€0
1
{B(C)| < —— log (2 — eEOM) a.e. (€Q,
€0
so that B € L*™(Q,). Q.e.d. O

Theorem 4.3. Let B € C*(Q,) N L*(Qy,) and let ey > 0 as in Proposition 4.1.
Let E — Q,, be the trivial complex line bundle equipped with the Hermitian inner
product Hp . given by HB’C(J(), 00) =e By, with0 < e < ey and a > —1. Let
Kp,e: 8y —CP [L2H(Qn, eEB%)] be the quantization of classical states, spring-
ing from the data (E, Hp,.). Then the transition probability amplitude ayg5(, 2)
from z = Kp,(2) to ( = Kp,(() is

2p(2)"/2p(¢)/? }"“*“
i(z1—G) —2(¢, &)
where the O(e) term is given by

%p(c)(n+1+a)/2 p(z)(nJrlJra)/? « (410)

(Cn,a)

ag(¢ 2) = | +eGC2)TO(E)  (49)

G(¢ 2) =

» /Q { {p(z)n+1+a

,Cr;a K’yn, ('UJ, Z) K%’ (C, w)} B(w) p(w)a d,u(w).

2
Ko (o, )+ 4

Ko Of | Kol 90+
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Proof. One starts from
KSEB,YG (C, Z)
172
KeeB,ya (Z, Z) KeeB,ya (C7 C)
together with (4.4). The truncated Taylor development [i.e. vVa+eb = a +
eb/[2y/a] + O(€?)] gives

1/2 \ Cn,a —(n a
Ke‘B"/a (C? C) / = Tp(C) (n+1+ )/2+

ags(¢, 2) = (4.11)

€

p(¢) 1) /2 /2 K, (¢ w)]? B(w) p(w)® dpu(w) + O(e2).

Cn.,a

Thus [by dropping the terms of order O(e?) and higher]

KeeB’Ya (C7 (:)1/2[(665'7(1 (Z7 2)1/2 =

1 —(n a —(n a
= 5 PQ) TR )=

X {c”a —€ / {p(z)"“‘*‘a
2 o8

2
K, (z, w) ‘ +

2
04 (0] B plw)® )}
The truncated Taylor development [i.e. (a+eb)/(c+ed) = a/c—c? Z 2 e+
O(€?)] of (4.11) leads to (4.9)-(4.10). Q.e.d. O

We end the section with a comment on Andreotti- Vesentini external fields. Let
C be the set of all nondecreasing convex functions A(t), 0 < ¢t < +o0o. The results
in [1] rely on a Carleman type inequality for the operator 9. With respect to the
ordinary Carleman inequality (cf. e.g. [4]) the parameter is A € C and the weight
of integration is e*®) for some C* function ® : Q,, — [0, +00) chosen such that
E be W-elliptic with respect to the data (e*®) H, g) (for some Hermitian bundle
metric H on E, some complete Hermitian metric g on €, ad any A € C, cf. [1], p.
95). Central to the discussion in [1] is thus the deformation e*(®) H of the metric
structure, so that B = A(®) may be physically interpreted as an external field.
Our calculation of the transition probability amplitudes of the given mechanical
system, interacting at the quantum level with the weak external fields ¢ B, required
that B € L*°(Q,,). As to Andreotti-Vesentini external fields A(®) we may prove

Proposition 4.4. Let @ : ,, — [0,400) be a C* function. The following state-
ments are equivalent

i) @ € L™(,).
i) A(®) € L*™(Qy,) for any A € C.

iii) There is a nonconstant A € C such that \(®) € L>®(Qy,).
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Proof. (i) = (ii). Let ® € L*>°(Q,) and let us consider the closed interval J =
[0, [[®|] € R. Let A € C and let us set A = sup,c;[A(t)]. We claim that
[IA(®)]lcoc < A. The proof is by contradiction i.e. we assume that A < [|A(®)]|c =
inf Ep(g). In particular

A <K forany K € Eya)- (4.12)

Yet A > |A(t)| for any t € J and ®(z) € J for a.e. z € Q, so that A € Eya),
contradicting (4.12).

(iii) = (i). Let A € C be a nonconstant function such that A\(®) € L>°(,). We
set as customary £ = {K >0 : |®(z)| < K ae. z € Q,} so that |®| e = inf .
Let K € £ and let us set Sk = {2 € Q,, : |®(2)| > K}, so that u(Sk) =0. It is
an elementary matter that S = 0. Indeed, if S # 0 then let zg € Sk. As @ is
continuous, the property |®(zp)| > K will persist over a whole neighborhood U of
2o in ©,,. Thus U C Sk and consequently p(Sk) > 0, a contradiction. Therefore
|®]|oo is the least upper bound of {|®(2)| : z € Q,} and |||/ < co. Indeed, it
were || ®||o = 400 then lim, o |®(2,)| = +o0 for some sequence {z,},>1 C Q.
As ) is convex and nonconstant one would have lim, s A(®(2,)) = +0oo, hence
A(®) & L>=(Q,,), a contradiction. Q.e.d. O

5. Quantizable observables

We recall a few notions of symplectic geometry, needed through this section.
For every f € C>(Q,, R) let X; € X(2,) be the symplectic gradient of f i.e.
we(Xy, -) = df where w, = curv(E, H,). Let H(,) [respectively Hioc(2y)] be
the space of all Hamiltonian (respectively locally Hamiltonian) vector fields on €2,,.
If (X) = [wa(X, )] 4 then 0 = H(Q) = Hioe(n) — H' (2, R) — 0is a
short exact sequence of vector spaces and linear maps. Given s > 0 the parabolic

dilation & : Q, — Q, is 6:(¢) = (s2¢1, s¢’). The map H : Q, x [0,1] = Q,,
H({,t) = 51-¢(¢), is a homotopy H : 1g, ~ 0 ie. £, is contractible. Hence
HY(Q,, R) = 0 and H(Q) = Hioc(Qr) (an isomorphism of vector spaces). The
Poisson bracket of f, g € C*(Q,, R) is {f, g} = wa(Xy, Xy). By X{s g1 =
—[Xy, X4] the Poisson algebra (C*°(€,, R), {-, -}) and X(£,) are isomorphic
Lie algebras. Let F := T%!(Q,) be the canonical Kihler polarization of Q,,. The
space of F-stable sections in F is then O(FE). Let Cpp be the Lie algebra of all
quantizable observables i.e.

Cpp — {f €C®(, R) : [Xf,Z] € TONQ), VZ € TLO(Qn)}.
For every E-valued (n,0)-form ¢ = ¥ o ® dz*"" on (2, we set
1
flo) = g{ [vxf (Woo) + 4mi f U ao} d2 "+ Uo® Ly, dz " (5.1)

where V is the canonical Hermitian connection of (E, H,) and L is the Lie deriv-
ative.

Theorem 5.1. Let E — Q,, be the trivial complex line bundle with the Hermitian
metric Hy. Then for any quantizable observables f, g € Cpp
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i) f(Mo) C Mo, i{f g} =[f a],

o (. 0 98z o
ii) f((p)z;{[ngﬁ-g-l-g}‘P}Go@le where
1 . ;0
7=5(X;~iTXs) =20 57 € O(TH ().
Zt = &:Tp{% Im(z') fz1 — ij fgj}, (5.2)
j=2
. 4 . i X
2= ZL{2 futifs}, 2<j<nm, (5.3)

g:= Z(log’ya) +4mi f € O(Q,).
iii) For any ¢, ¥ € M,

Sd[Xp ) (e, 0)] = (), 6) — 1 (o, ().

Given an arbitrary holomorphic line bundle 7 : E — §2,, together with a fixed
trivialization atlas {T, : 771 (Us) = Us X Claer, let gap : Uy N Ug — C* be the
corresponding transition functions, so that E is identified (up to an isomorphism)
by the cohomology class [ga/ﬂ € H! (Q, O*). Let us consider

7:0(TY(Q,)) = H' (2, 0), 7(2) = [Z(log gas)]-
Let Hpp consist of all X € H(€2,) such that X = Z + Z for some Z € Ker(7).

Then 0 — R < Cpp — Hpp — 0 is exact [here I'(f) = X]. If E is the trivial
complex line bundle over €,, and I = {0}, Ty = 1g, then 7 is constant [equals the
identity in H'(€2,, O)] so that Hpp consists of all Hamiltonian vector fields X on
Q,, such that X = Z + Z for some Z € O(Tl*O(Qn)). If f € Cpp then Xt € Hpp.
Also I‘(CFF) = Hpp. Starting from

1 _
wa(Xfa'):dfv wa:_%aalog7a7

one has
1(85 log%) (Z, W) = 27r(5f)W
for any W € T19(Q,,). In particular for W = 9/9z*

i 827(1 i of
- 77 =21 — 5.4
2 921 07 "oz, (5.4)
yielding 0g/0Zz); = 0 where we have set
g = Z(log,) + 4mi f. (5.5)
Note that (5.4) reads
1 . of
— w7 = — .
5 Wik Z A (5.6)

where [wjﬂ is given by (2.4). Equations (5.6) may be solved for Z [the (1,0)-
component of the symplectic gradient X¢] without explicitly inverting the n x n
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matrix [w,z] (by a trick in tensor calculus). Indeed [by taking into account (2.4)]
(5.6) may be written

2 < _ 16mi
1 = « 2
o aZ = Z1 57
% - 6.1
1 _ _ 8w
282" = 2i(pap +Za28) 2% = —p Jz5, 2<B<n. (5.8)

Let us contract (5.8) by Z° so that to obtain
. e BT 5
121228 =2i(p+||?) Za 2% = 7/)2 z fz, . (5.9)

At this point we may solve (5.7) and (5.9) for the unknowns Z! and V = z,2°.
We obtain

A 87;p {22 Im(z) fz, —2° fgﬁj|
[thus proving (5.2)] and
L [2|z 2 s +i7 ] (5.10)
Next [by (5.2) and (5.10)]
7t iy = 10 2y (5.11)

Finally equation (5.8) may be written as
. 87 .
(2" =2iV) 2z — ;pQ fz, =2ip Z°
and substitution from (5.11) yields (5.3). Q.e.d. Let
fo> (A”’O(Qn) ® E) BNIGES (A”’O(Qn) ® E)
be defined by (5.1). By a result of A. Odzijewicz (cf. [13]) f maps M, =~
LH(Q,, v,) into itself. Note that
Vx, (Vo) = [Z(\If) + U Z(logva)] 00,

077

dz 1--n
-~
Jj=1

Lx,dz"" =

yielding (ii) in Theorem 5.1. Starting from the identity
X (al/\---/\ap) =

P
Z DIt la;(X)al A~ Aad A--- AP

[for any X € X(Q,) and any a; € Q'(Q,)] a calculation shows that

n

J=1

H(=1)"ZF dz A dzlﬂn}
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hence [by taking the exterior derivative]

Yet

d[X; [ H" (¢, )] =

hence

d[Xy | H (¢, ¥)] = {Z(\I/)$+ VZ(D)+

+\I@[g—§ +g+ (gfj +g>_ }}ya dztnlm

= i1 (f(o). v) — (g, )}

Q.e.d. By Cartan’s formula doix, +ix, od = Lx, [as H*(p, ¢) is a top degree
form on )

d[XfJ H*(p, 1#)} =Lx, H* (¢, ¥) =dive(Y) 74 gyl Tem

where div, : X(2,) — C°°(£,,) is (up to a constant) the divergence operator with
respect to the v, du(¢) and Y = U & X;. We expect that [, dive(Y)vyadu =0

provided that div,(Y) € L*(Qy,, 74) and Y = O([¢|'72") as [(| — +oo [these
conditions would provide the domain of f]. If the conjecture is true then [by (iii)

in Theorem 5.1] f is a symmetric operator.
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