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ABSTRACT. This paper contains new uniqueness results of the boundary blow-
up viscosity solutions of second order elliptic equations, generalizing a well
known result of Marcus-Veron for the Laplace operator.

1. Introduction and main results. This paper is concerned with the uniqueness
of positive solutions of fully nonlinear second order elliptic equations

F(2,u, Du, D*u) = f(x) (1)
in a domain ¢ satisfying the boundary blow-up condition
u(z) > o0 as dist(z,00Q) — 0. (2)

The solutions of this boundary blow-up value problem, or large solutions, are in-
tended in wiscosity sense; see Section 2 for definitions.

The fully nonlinear second order operator F' will satisfy the uniform ellipticity
structure condition

PiaX=Y)—=rln—¢| < F(a,t,n, X) = F(x,,£Y) <Py (X =Y)+7ln—¢] (3)
for all x,t,£,n, X,Y and the superlinear monotonicity assumption
F(z,u,§,X) — F(z,v,,X) < =d(u—wv)®° ifv<u, where s>1and d>0 (4)
for all z, &, X. Moreover
F(2,0,0,0) =0 forallzeQ (5)

including a non-zero additive term of this kind in f(x). In this case, setting
G(z,u,&,X) = F(z,u,& X)— F(x,0,0,0), (3) and (4) would be satisfied with G in
the place of F. In the sequel we will say that F satisfies the structure conditions
(SC) if (3) + (5) hold true.

In a previous paper [12] the first and the third author proved, together with
existence and uniqueness of entire solutions, the existence of boundary blow-up
solutions under various assumptions about the dependence of F' on z. Our paper was
a generalization of Esteban-Quaas-Felmer [11], based on interior estimates which
provide the local uniform convergence of approximating solutions.

The issue of uniqueness was considered by Dong-Kim-Safonov in [9], to which
we refer for a nice history of the problem. In that paper uniqueness of classical and
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LP-strong boundary blow-up solutions is proved for semilinear equations Lu = u?,
where L is a second order uniformly elliptic operator, in a domain €2 satisfying “the
uniform exterior ball condition”. The authors notice that a similar result can be
obtained when L is replaced by a fully nonlinear operator F' of Bellman type.

Here, we consider a different regularity condition on the boundary of domains §2,
called “local graph property”, see Definition 2.5 below, and introduced by Marcus-
Veron [15] to show the uniqueness of blow-up solutions of equation Au = u®. More-
over we investigate the problem in the larger class of viscosity solutions, although
our method, which does not use informations about the boundary behavior of so-
lutions, works for F' independent of x. In this respect, solutions of Bellman type
equations with constant coefficients are in fact classical solutions and therefore are
covered by [9], under the uniform exterior ball condition. This is not, generally, the
case of Isaacs type equations with constant coefficients, which are instead included
in the present paper, see Remark 1 and the examples just below. Let 1 < (k) — 1
as k — 17. In the sequel we need the following additional assumption on F':

lim inf (F(x,t,g,X) — (k) F(z, ¢ g,%) <0 (6)

k—1t k?

uniformly with respect to (z,¢,&, X) € Q@ x Ry x R™ x §™.

Theorem 1.1. Let Q be a domain of class Cy, and f € C(Q) N L (R"). If F =

F(u, Du, D?u) is an operator (independent of x) satisfying the structure conditions
(SC) and (6), then problem (1), (2) has at most one non-negative solution.

Remark 1. Condition (6) on F is satisfied with ¢(k) = k% in the case of operators
F=F(&X)— [t~

such that F} is positively homogeneous of degree « € (0, s], s > 0, i.e. Fy(k&, kX) =
k*Fy (&, X) for all k> 0 and all (§, X) € R™ x §™. Observe indeed that

F=F(&X) -t =kF(5 %) — o < kR (5, X)) — koL = ko F(L, £, 5.

when t > 0 and k& > 1. As one can see in Remark 2 below, f < 0 is a sufficient
condition to have non-negative solutions.

By Theorem 1.1 and Remark 1 we have uniqueness of non-negative blow-up
solutions for the maximal equation

Py a(D?u) + 4| Dul — |u*~tu = f(x)
and more generally for Bellman and Isaacs type equations like
sup inf {T7r(A" D*u) + (b;j, Du)} — |u|*~u = f(=).
]‘ K3
with A% € 8™ such that A\I < AY < AT and |b;;| < € R;.
Following Marcus-Veron [16], we also consider more general operators, acting on

the convex cone of non-negative continuous functions, which are obtained adding a
“positive semilinearity”, namely

F=F(&X)+ct>—t (7)

where ¢ is a positive constant, 0 < a < s and F} is positively homogeneous of degree
B € |a, s], see Remark 1.
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Theorem 1.2. Let € be a bounded domain of R" of class Cy,. Let F' be an uni-
formly elliptic operator satisfying (3) and (5) of type (7), with ¢ € R and Fy posi-
tively homogeneous of degree B € [a, s]. Let also f € C(Q)NLP(Q). If f <0, then
problem

Fy(Du, D*u)+c|ul* tu—|ulf"tu = f(z) in Q, u(z) — oo as dist(z,dQ) — 0. (8)
has at most one positive solution.

Note that the case ¢ < 0 is already provided by Theorem 1.1.

2. Preliminaries. Let © be a domain (open connected set) of R™. By S™ we
denote the set of n X n real symmetric matrices equipped with the usual partial
order: X >Y means (X¢,&) > (Y&, &) for all £ € R™, where (-, ) is the Euclidean
inner product.

An operator F': QxR xR" xS8™ — R is degenerate elliptic if it is nondecreasing in
its matrix argument, namely F(z,u,&, X) > F(z,u,£,Y) for X > Y, and uniformly
elliptic if there exist two constants A > X\ > 0, called ellipticity constants, such that

PaalX =Y) < Flz,u,§ X) = Fz,u,§Y) < PA(X =Y) (9)
for all (z,u,&) € QA x R x R™ and X,Y € S™.

Here Pf A are the Pucci’s extremal operators, defined by

+ _ - .
Pya(X) = AISSB;FS)AITT(AX) and Py 4 (X) = MgnﬁngI Tr(AX), (10)

where T'r(-) is the trace of a matrix. From (10) it follows the subadditivity, resp.
superadditivity, of ’P:\")A, resp. Py, and the equality P;:A(X) = —Pya(—X).
A second order partial differential equation

F(z,u, Du, D*u) = f(x) (11)

is said to be fully nonlinear uniformly elliptic when the condition (9) holds. We
will assume the continuity of the real valued mappings F and f.

Definition 2.1. Given a function u : Q — R, the second order superjet J>Vu(x),
respectively subjet J>~u(x), of u at € Q is the convex set (possibly empty) of all
pairs (£, X) € R™ x 8" such that

uly) < ule) + €y — o)+ 3 (X —2)y—a) +olly o) asyra

resp. u(y) 2 u(@) + (6~ 2) + 5 (X(y — )y~ 2) + oy~ a) asy -

Note that J2Tu(z) = —J?~ (—u)(z). If u is twice differentiable at z € Q then
J*Tu(z) ={(Du(z),X): X > D*u(z)},
J>u(x) = {(Du(x),X) X < D2u(x)} .
Definition 2.2. An upper semicontinuous function u : Q — R is a wiscosity subso-
lution of (11), for short Flu] > f, if
F(x,u(z), & X) > f(z) VoreQand (&X) € J>Tu(z).

Similarly a lower semicontinuous function u : Q +— R is a wviscosity supersolution of
(11), for short Fv] < f, if

F(z,u(z),6X) < f(x) VoreQand (£, X) € J> u(z).



774 ANTONIO VITOLO, MARIA E. AMENDOLA AND GIULIO GALISE

Finally u € C(£2) is a wviscosity solution of (11), for short Flu] = f or also F' = f,
if it is simultaneously a viscosity sub and supersolution.

It is evident that a classical solution of (11), i.e. a C?(Q) function satisfying
pointwise the equation, is also a viscosity solution. Conversely a twice differentiable
viscosity solution is a classical one. We refer to [2], [5], [13], [14] for major details
on viscosity solutions of nonlinear equations.

Lemma 2.3. Let 7 € [0,1] and F be an operator satisfying (3) and (4). If u is a
supersolution of (11) and w > 0 is a solution of Py ,(D*w) + v|Dw| — 7éw® = 0,
then the function u 4+ w is in turn a supersolution of (11).

Proof. By regularity results for convex operators (see [1] and Sections 6.2, 8.1 in
[2]) we have w € C?%, with 0 < a < 1, so w is a classical solution.
Let (¢,X) € J>~(u+ w)(x), then (£ — Dw, X — D?w) € J> u(x) and

F(z,u(z) + w(z), &, X) < P;A(D%}(x)) + | Dw(z)]
+ F(x,u(x) + w(x),& — Dw(z), X — D*w(x))
< PYA(D?*w(z)) + | Dw(z)| - dw®
+ F(x,u(x),& — Dw(z), X — D*w(z)) < f(z). O

In the sequel py € (5,7n) will be the exponent of Escauriaza [10] (see also Crandall-
Swiech [7]) in order that the Alexandroff-Bakelman-Pucci Maximum Principle holds
true with p > pg in the form (GMP)

< 2—2) o 1
mﬁaxu < I%Sa)xu-l-Cd If HLP(Q) (12)

for solutions u € W2?(Q) N C(Q) of the maximal equation

loc
PiA(D*u) +~|Dul > f,

where d =diam(2) < +oo0 and C a positive constant depending on n, A, A, p, yd.
This result can be generalized to viscosity solutions, see Swiech [20], Lemma 1.4.

We will use the following Generalized Comparison Principle (GCP), which is
deduced by the Maximum Principle of [12], Lemma 3.2.

Lemma 2.4. Let Q be a domain of R™ and F be an uniformly elliptic operator
satifying (SC) and independent of x. Suppose that u and v are continuous solutions,
resp., of Flu] > f and F[v] < g in viscosity sense, where f,g € C(Q)NLY (R™) for

some p > pg. Then for any y € Q and any ball Br centered at y we have

1+~R
R2

(u—v)t(y) < limsup (u—v)"+Cy
z—0QNBgr

=
) +C1ll(f=9)" llzr@nBr)s (13)
where Cy = Cy(n, A, s,0) and C1 = C1(n,p, \, A,7y, R) are positive constants.Here,
if 00N Br =0, one reads limsup, ,g0np, (4 — v)T =0.

Proof. Since F' is independent of x, by means of the Jensen’s approximations, we
may use the structure conditions (SC) just as for smooth functions, see e.g. [4]-[8],
to deduce that w = (u — v)T is a viscosity subsolution of

Py a(D*w) +~|Dw| — sw® = —(f(z) — g(x))” in Q.
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From this, reasoning as in Lemma 3.2 of [12] and using GMP (12), for any ball B,
centered at y of radius r < R we get

2
. R(1+vR)z\ "' _
sup w < Timsup w+ Co (;_”) - G = 9) sansns (14
QNB, z—0QNBR r
from which (13) follows, letting » — 0. O

Remark 2. If f > g, letting R — oo, from Lemma 2.4 we obtain the Comparison
Principle (CP):
(u—v)T(y) < limsup (u—v)*. (15)

z— 00
Note also that €2 is possibly unbounded in Lemma 2.4. Nonetheless no assumption
is made on the growth of u and v at infinity.

Definition 2.5. (Marcus-Veron) A domain {2 satisfies the local graph property at
P € 09 if there exist a neighborhood Qp and a function ¢ € C(R"~!) such that

QrNY={zecQp:y, <)}

in a coordinate system y = (v, y,) obtained by rotation from z = (2/, z,,).
Remark 3. We may assume that QQp is a spherical cylinder

Qr={z eR", [y| <p, lyn| <0} (16)
centered at P, of radius p > 0 and finite height 20 > 0, as well as [(y')| < o in
Q@ p so that

QpNO={zeR", |y <p, —o <y <¥()} (17)
Here z = Ry + x(P) for an orthogonal matrix R (i.e. R™! = RT). As in [15],

the class of domains satisfying the local graph property at every P € 99 will be
denoted by Cl;.

3. Uniqueness of blow-up solutions. Let Qp be a spherical cylinder centered
at P as in (16). We start recalling that a non-negative viscosity solution wp = w €
C(Qp) of the boundary blow-up problem

P;A(Dzw) + v/ Dw| —ow®* =0in Qp, w(x)— +oo as dist(z,0Qp) — 0 (18)

is provided by Theorem 1.6 of [12] and by [1], Cor. 1.3, w € C**(Qp) for a € (0,1).
The main tool to show the uniqueness will be the comparison principle (13).

Proposition 1. Let  be a domain of R™ satisfying the local graph property at
xp € 0, and Qp the cylinder of Remark 3. Assume that F : QX RxXR" xS"™ — R
satisfies the structure conditions (SC) and the comparison principle (15) holds true
with Qp N in place of Q. If there exists a viscosity subsolution u € C(Qp N Q) of
(1) such that

u(z) = +oo locally uniformly as x —T1 =Qp N O, (19)
then the problem
F(x,v,Dv,D%*v) = f(z) in QpNQ, (20)
v(z) = oo locally uniformly as x — Qp N LY, (21)
v=0 only=0QpNAQ, (22)

has a viscosity solution v € C(Qp N Q) for every f € C(Q)N LY

loc

().
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Remark 4. Following [15], by condition (21) we mean v(z) — +oo as dist(z, A) —
0 for every A CC I'y in the relative topology.

Proof. Following [15], with the notations of (16) consider an approximation from
below of

O=QpNQ={xeR":|[y|<p, -0 <y, <)},
where z = Ry+z(P) and R~ = RT | assuming ¢ > 0, as we may, using a monotone
increasing sequence of smooth positive functions 1; — ¢ as 7 — oo.
Correspondingly, let

O;={zeR":|y|<p, —0 <y, <;(y)}
Ty =A{z €R": Y[ <p, yn =15(y)}
Dyj={z eR": |y|=p, —0 <y <¥;(¥)}
U{zeR": Y| <p, yn = —0}
Let also T'y; = T'y; UTY,; where
Ty ={z €Ty | =p, ¥5(y) — % <wn <¥5(¥)}
F’z'j ={zely: [Y|=p —0 <y, <y;y)— %
U {z €Ty |y| <p,yn=—0}
By Theorem 4.1 of [5] we can find a continuous viscosity solution of the problem
F(2,v;1(x), Dvj p(x), D?vj 1 (x) = f(z) in O

vir(z) =k onTy
vjk(z) = j (yn —Y;(y) + %) kE on Ty,
vir(z) =0 on Y.

Here we are using the same boundary conditions of [15], Theorem 2.2. Then by
construction for any fixed j € N the sequence (vj i )ren is increasing, with respect
to k € N, on 90, and so, by the comparison principle, is also increasing in ;.
On the other side, from Proposition 3.3 in [12] we have uniform boundedness in
compact sets K of O, say

sup |vjk| < C

K

for a positive constant C' = C(n, A\, A, p, d, K). Moreover by (SC)
F(.’E, vj,kvfa X) < P;\:A(X) + IY|£| + F(xvvj,ka 070)
< PUAX) +91¢] + max |F(z,¢,0,0)],
[t|<C
F(xavj,kvgaX) Z P}:A(X) - 7|£| + F(Ivvjyka(LO)
> ,P)T,A(X) - ’Y|§| — max |F($,t70,0)|
rzeK
[t|<C

By using Hoélder estimates (see Caffarelli-Cabré [2] and Sirakov [19]), Ascoli-Arzeld
theorem and stability results for viscosity solutions (see Proposition 4.11 in [2],
Theorem 3.8 in [3]), we deduce that

Vioo = lIm v,k
Joo = ML U,

is a solution of (20) in ©;.
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Next consider the sequence (vj.o0)jen. Since vjy1x < v, on 00;, we have
Vjtl,oco < Vj 4o ON 0O; so that, again by the comparison principle, the sequence
(vj,00)jen is monotone decreasing in ©; and, by reasoning as before to show that
Vj oo are solutions, in turn converges locally uniformly to a solution v of (20) in ©.

It is easy to check that v = 0 on I'g, which is regular enough in order that the
boundary condition is satisfied with continuity, see [6]. In order to prove (21), let
us observe that for all k € N

Vjoo > Vi =k on T'ij.

Since v is bounded on 00, then u < v; o, on I'y;, as well as u < w on I'y;, by (18).
Moreover from Lemma (2.3) the function v;  + w is a supersolution of (20) in ©;
and hence by the comparison principle

U< Vj oo +w in O;.
Passing to the limit as 7 — oo we obtain
u<v+w (23)
in ©, from which condition (21) follows. O
Corollary 1. Suppose that the assumptions of Proposition 1 are satisfied for posi-
tive functions u =u; € C(QpNQ), i=1,2. Let Q% CC Qp be a spherical cylinder

centered at P. If F' is independent of x, then there exists a positive constant C' such
that

lug —u1| < C in Qp N Q. (24)
Proof. Since F is independent of x, the comparison principle holds true by Remark
2. Therefore, from (23) we have us < v+ w in Qp N, where, up to a rotation,

we may suppose the axis of the cylinder @Qp parallel to ,, see (17). Since w is
bounded in @}, we get then

uz <v+C in QpNQ (25)
with C = SUpg: Ww. On the other side, consider vy, (z',z,) = v(z',z, — h) for

sufficiently small h > 0: vy, is continuous in Q% NQ and v;, = 0 on I'}. Here Q%
and I‘?, i = 1,2, result from the corresponding sets Q p and I'; moved up by h along
the axis of Qp. Then

v, <u; on Q% NQ) (26)
Since F' is independent of x, the function v, satisfies the equation
Flop] = fn in QB NQ. (27)

where fr(2',x,) = f(2',z, — h).
Therefore, fixing y € @p N €, choosing A > 0 small enough in order that y €
Q"% N Q and applying Lemma 2.4 in Q% N, for any R > 0 we get
(vp —uy) T (y) < lim sup (vp, —ug)™
z—=8(QLNQ)NBR

=1
)T GG = 5 ar@prans

) Ol = P llransm-
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Letting h — 0T, we have

1
p-wrw < (TEt) "
and as R — o0, since y € Qp N Q is arbitrary,
v<u; in QpNA. (28
From (25) and (28) the result follows. O

Proof of Theorem 1.1 Let uy,us be non-negative blow-up solutions of Flu] = f(x)
in Q. Let € > 0 small enough. Setting k. = 1+ ¢, u1. = (1 + £)uy and using (6),
we have
Fluie] < (ko) Flui] + o(e)=p(ke) f(x) + o(e), (29)
where o(e) — 0 as e — 0T,
Take, for every P € 011, a spherical cylinder Q% centered at P of radius p*
and height 20*, as in Corollary 1. By (24) we have constructed an open covering
{Q% }peaq of 0 such that

T e I ot a e) (30)
U1l (V51 U1

Since u; — 400 as dist(z, 9Q) — 0, then
ug(z) < (14 e)ur(x) = ure(z), (31)
in N, an open neighborhood of Q% N o<.
Collecting all N} we obtain a neighborhood N, of 9 where (31) holds true.
Let Q. = {uz > (1 +¢)uy = u1.}. We claim that there is a sequence ¢ — 07
such that Q. = 0.

By contradiction, suppose Q. # () for infinitely many ¢ — 0. Since Q. C Q and
therefore ug = uj. on 08, using (29) and recalling that Flus] > f, we have by (13)

1+~R
2

(ua—uk)*(y)soo( )le ((0(k2) = DI or@mpni + o)) (32)

for all y € Q. and R > 0. Thus, letting ¢ — 07 and then R — oo, we get us < uy
in Q, which contradicts Q. # 0 and proves the claim.

Hence up < (14 ¢)uy in Q for a sequence € — 07 and taking this limit we have
ug < up in . Interchanging uw, and us we finish the proof. O

4. A generalization. In this Section, we consider an uniformly elliptic operator
F satisfying (3) and (5) of form
F = F(x,t,&6,X) 4 c|t|“ ' — |t]5~ 't (33)
where ¢ > 0, « € (0, s) and Fis positively homogeneous of degree S € [« s]:
Fy(x, kt k€, kX) = KPF(2,t,6,X) VE>0, V(z,t,6X) € Q xRy x R® x S™.

In the spite of Marcus-Veron [16] we have in mind for instance fully non linear
second order operators like

F = supinf {Tr(A9X) + (bij, &) + cijt}
i J
which is positively homogeneous of degree f =1=a <.

Note that, if F' is non-increasing in ¢ and ¢ < 0, then (4) is also satisfied, but this
fails to hold, in general. However, we can state a comparison principle in all cases.
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For references about maximum principles and related methods see [17] and [18].

Lemma 4.1. Let Q be a bounded domain of R™ and F be an uniformly elliptic
operator satisfying (3) and (5) of form (33) with F positively homogeneous of degree
B € la,s] fort >0 and ¢ > 0. Suppose that u and v are continuous subsolutions
and supersolutions, respectively, of F = f in viscosity sense, where f € C(Q)) and
f <0. In addition we assume u,v € C1(Q) and F independent of z. Suppose v > 0
in Q, then
limsup(u—v) <0 = wu<wv in Q. (34)
z—00
Remark 5. If we assume at least one of u and v to be C?(€2), then we do not need
to assume F' independent of x.
Proof of Lemma 4.1. By contradiction, suppose Q1 = {z € Q |u(z) > v(z)} # 0.
Setting v = eV and v = €Y, by straightforward computation, we obtain, in
viscosity sense,

F(x,1,DU, D*U + DU @ DU) + cel®™ U _ o=V > =AU () (35)
F(x,1,DV,D*V + DV @ DV) + ce@™PV _ om0V < o=V () (36)

where we have used the positive homogeneity of F.
Let w = U — V. Subtracting (36) from (35), as we may in viscosity setting when
F is independent of x, using (3) we have

PiA(D*w + (DU ® Dw + Dw @ DV)) + ~|Duw|
> — C(e(a*ﬂ)U _ e(a*ﬁ)V) + (e(sfﬂ)U _ e(S*B)V) + (efﬂU _ e*ﬂv)f(x)

from which, since ¢ > 0, a < 3, f <0, letting b(z) = A(|]DU(z)| + |DV (2)]) + 7,
Pia(D*w) + b(x)|Dw| > 0 in OF,

But w is positive in QT and limsup,_, 5o+ w < 0, and this contradicts the maximum
principle. Therefore U < V' and consequently u < v in Q. g

We are ready to develop the program of the previous Section to establish an
uniqueness result for the blow-up problem (1) & (2) with fully nonlinear uniformly
elliptic operators of type (7), i.e. F = Fy(£,X) in (33).

Proof of Theorem 1.2. Consider two positive solutions wuj, ug of problem (8). By
standard viscosity results, see [2] and [20], u1,us have Holder first derivatives.

Let € € (0,1). By the local graph property and the boundary blow-up condition,
for every P € 092 we can find a spherical cylinder @p as (16) such that (17) holds
true and u; > (g)ﬁ in @Qp NQ, i =1,2, so that by Lemma 4.1 the comparison
principle (15) holds true with @p N in place of 2. Then

Fy(Du;, D*u;) — (1 — e)uf > f(x).

Taking § = %, say, in the definition (18) of w, we conclude as in Corollary 1 that
for Q% CC Qp there exists C' such that (24) holds true.
As in the proof of Theorem 1.1 we find a neighborhood N,/ of 9Q where (31)
holds true and set Qo = {z € Q, us > (1 4+ &’)u; = uyes }. We infer that Q. = 0.
By contradiction, suppose Q. # (). Setting k.. = 1 + &', using the positive
homogeneity of F' and the fact that f <0, from F[u;] + cu§ — u$ < f we have

F1 [ulﬁ/} + C’U,?S/ - uis’ S kf,f(l') S f(SL’)
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that, being Fy[us] + cu§ — u§ > f, Lemma 4.1 yields ug < ujer in Q/, against
+ # (). From this ug < (1 4 ¢’)u; and, letting ¢’ — 0%, ug < ug in Q.
Interchanging u; and us, we also have u; < us, as claimed. O
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