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Abstract

We consider a twisted action of a discrete group G on a unital C*-algebra A and give
conditions ensuring that there is a bijective correspondence between the maximal invariant
ideals of A and the maximal ideals in the associated reduced C*-crossed product.

———————————

1. Introduction

Let A be a unital C*-algebra and let M (A) denote the maximal ideal space of A, con-
sisting of the maximal ideals of A. As is well known, a proper ideal of A is maximal if and
only if the associated quotient C*-algebra is simple. Moreover, M(A) is a non-empty subset
of the primitive ideal space Prim(A) of A. In some cases, these spaces coincide (e.g. when
A is commutative or when A is simple), and this corresponds to the fact that Prim(A) is a
T,-space in the Jacobson topology. In general, computing Prim(A) for a given A is not an
easy task. Determining M (A) still gives some valuable information: besides providing an
invariant for A in itself, it also gives a way to list all the simple quotients of A, and this
might prospectively be useful if one aims to distinguish some given C*-algebras by taking
into account some of the invariants that have already been computed for several classes of
simple C*-algebras. Our main aim in this paper is to show how one can indeed determine
the maximal ideal space of the reduced twisted C*-crossed products associated with exact
twisted actions of certain discrete groups on unital C*-algebras. As all the groups in question
belong to the class of C*-simple groups, we first recall some relevant facts about the latter
class.

Let G denote a discrete group and let C}(G) denote its reduced group C*-algebra, i.e.,
the C*-algebra generated by the left regular representation of G on £%(G). The group G
is then called C*-simple [1] whenever C(G) is simple. The class of C*-simple groups is
vast. It includes for example all Powers groups as defined by P. de la Harpe [17] (e.g. free
nonabelian groups, as in Powers’ original work [29], and free products of groups, with the
exception of Z, * Z,); all weak Powers groups, as introduced by F. Boca and V. Nitica [6]
(e.g. direct products of Powers groups); the class of PH groups, as defined by S.D. Promislow
[31] (e.g. extensions of weak Powers groups); the class of groups with property (Peom), as
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defined by M. Bekka, M. Cowling and P. de la Harpe [5] (e.g. PSL(n, Z) for every n > 2).
We refer to [17] for a detailed overview of C*-simple groups and their properties. Some
related articles written afterwards are [7, 19, 22, 25, 27, 30, 34].

In the very recent work [7], E. Breuillard, M. Kalantar, M. Kennedy and N. Ozawa show
that if a C*-simple group G acts on a unital C*-algebra A in a minimal way (that is, the
only invariant ideals of A are {0} and A), then the associated reduced C*-crossed product
is simple. The case where G is a Powers group was first established by P. de la Harpe and
G. Skandalis [18]. Their result was later extended to cover weak Powers groups and twisted
actions (see [1, 6]), while the case where G has property (P.om) Was handled by Bekka,
Cowling and de la Harpe [5]. It is not clear to us that the result in [7] mentioned above holds
in general for a twisted action of a C*-simple group G. Anyhow, as we show in this paper
(cf. Corollary 3-10), this is certainly true when G belongs to the class P consisting of all PH
groups and all groups with the property (Peom)-

De la Harpe and Skandalis give in [18] an example of an action of a Powers group on a
unital C*-algebra A such that A has exactly one nontrivial invariant ideal while the associated
reduced C*-crossed product has infinitely many ideals. This could be taken as an indication
that it is not possible to say something of interest about the lattice of ideals in a reduced
C*-crossed product involving a non minimal action of a C*-simple group. Nevertheless, we
will show (see Corollary 3-9) that if G belongs to the class P introduced above, then one
may describe the maximal ideal space of the reduced twisted C*-crossed product associated
with an exact twisted action of G on a unital C*-algebra. In the case where G is a weak
Powers group, this result was briefly discussed in [4, example 6-6].

As an important part of our work, we introduce a certain property for a twisted unital
discrete C*-dynamical system ¥ = (A, G, «, o) that we call property (DP) (named after
Dixmier and Powers). This property, which is weaker than the Dixmier property for the
reduced crossed product C*(X), is always satisfied by the system X whenever G belongs to
the class P (see Theorem 3-8 and Section 5). Moreover, we prove that if ¥ is exact [4, 33]
and has property (DP), then there is a one-to-one correspondence between the maximal
ideal space of C’(X) and the set of maximal invariant ideals of A, and also a one-to-one
correspondence between the set of all tracial states of C(X) and the set of invariant tracial
states of A (see Theorem 3-7 and Proposition 3-4).

To illustrate the usefulness of our results, we describe in Section 4 the maximal ideal
space of some C*-algebras that may be written as C(X) for a suitably chosen system X.
These examples include the reduced group C*-algebra of any discrete group I' such that
the quotient of I' by its center is exact and belongs to P, the reduced group C*-algebra of
73 »x SL(3,7Z) and the “twisted” Roe algebra Cr(£>(G), G, 1t, 0) associated to an exact
group G belonging to P, the 2-cocycle o being then assumed to be scalar-valued.

We use standard notation. For instance, if A is a unital C*-algebra, then U/(A) denotes
the unitary group of A and Aut(A) denotes the group of all x-automorphisms of A. If H
is a Hilbert space, then B(H) denotes the bounded linear operators on H. By an ideal in a
C*-algebra, we always mean a closed two-sided ideal, unless otherwise specified.

2. Preliminaries
Throughout this paper, we let ¥ = (A, G, @, o) denote a twisted, unital, discrete C*-

dynamical system (see for instance [9, 36, 35, 26]). Thus, A is a C*-algebra with unit 1, G
is a discrete group with identity e and («, o) is a twisted action of G on A, that is, « is a
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map from G into Aut(A) and o is a map from G x G into U (A), satisfying

ag ooy = Ad(o(g, h)) o g
o(g, h)o(gh, k) = ag(o(h,k))o(g, hk)
o(g,e)=o0(e, g =1,

for all g, h, k € G. Of course, Ad(v) denotes here the (inner) automorphism of A imple-
mented by some v € U(A). One deduces easily that

o, =id, 0(g,g7") = a,(0(g7", 9)
and

;' = ap1 0 Ad0 (g, g7 = Ado (g™, 9)") o .

Note that if ¢ is trivial, that is, o (g, h) = 1 for all g,h € G, then X is an ordinary
C*-dynamical system.

The reduced crossed product C(X) associated with 3 may (up to isomorphism) be char-
acterised as follows [3, 36]:

(1) CX(X) is generated (as a C*-algebra) by (a copy of) A and a family {A(g) | g € G} of
unitaries satisfying

ag(a) =A(g)aA(g)" and A(g) A(h) = o (g, h) A(gh);

forall g,h e Ganda € A,

(ii) there exists a faithful conditional expectation E : C’(X) — A such that E(A(g)) =0
forallg € G, g Fe.

One easily cheks that the expectation E is equivariant, that is, we have
E((8) x 1(8)") = ap(E(x)),

forall g € G, x € C}(X). As is well known, it follows that if ¢ is a tracial state on A which
is invariant (i.e. p(a,(a)) = ¢(a) forall g € G, a € A), then ¢ o E is a tracial state on
C*(X) extending ¢.

Let J denote an invariant ideal of A andset ¥ /J = (A/J, G, &, 6), where (&, ¢) denotes
the twisted action of G on A/J naturally associated with («, o).

We will let (J) denote the ideal of C(X) generated by J. Any ideal of this form is
called an induced ideal of C}(X). Moreover, we will let J denote the kernel of the canon-
ical *-homomorphism from C’(X) onto C}(X/J). It is elementary to check that we have
E({(J)) = J and (J) C J. Another useful fact is that

J={xeCD)|x(g) € J forall g € G},

where X (g) = E(x A(g)*) for each x € C*(X), g € G. This may for instance be de-
duced from the proof of [13, theorem 5-1] by considering C’(X) as topologically graded
C*-algebra over G:

I-l
e =PAa .

geG

where A, = {a A(g)|a € A} foreach g € G.
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Following [4, 33], we will say that the system X is exact whenever we have (J) = J for
every invariant ideal J of A. It is known [12] that ¥ is exact whenever G is exact. It is also
known [4] that ¥ is exact whenever there exists a Fourier summing net for ¥ preserving
the invariant ideals of A. This latter condition is for instance satisfied when X has Exel’s
approximation property [11], e.g. when the associated action of G on the center Z(A) of A,
obtained by restricting « to Z(A), is amenable (as being defined in [8]).

We include here two lemmas illustrating the impact of the exactness of X on the lattice of
ideals of C/(X).

LEMMA 2.1. Let J be an ideal of C(X) and set J = E(J). Then J is an invariant
ideal of A such that J C J. Hence, if X is exact, we have J C (J).

Proof. As E is a conditional expectation, it follows readily that J is an ideal of A. The
invariance of J is an immediate consequence of the equivariance of E. Let now x € J.
Then, for each g € G, we have x A(g)* € 7, so

T(e) = E(xMg)) € E(J) C J.

Hence, x € J. This shows that J C J. The last assertion follows then from the definition
of exactness.

Anideal J of C}(X) is called E-invariant if E(J) C J. Equivalently, J is E-invariant
whenever E(J) = J N A (so E(J) is necessarily closed in this case). Any induced ideal of
C>(X) is easily seen to be E-invariant. The converse is true if ¥ is exact, as shown below.
(When G is exact, this is shown in [13]; see [4] for the case where there exists a Fourier
summing net for ¥ preserving the invariant ideals of A.)

LEMMA 2-2. Let J be an E-invariant ideal of C}(X). If ¥ is exact, then J is an induced
ideal. Indeed, we have J = (E(J)) in this case.

Proof. Note that since E(J) = J [ A is closed, it is an invariant ideal of A (cf. Lemma
2-1). Assume that X is exact. Then Lemma 2-1 gives that J C (E(J)). On the other hand,
since E(J) C J, we have (E(J)) C J. Hence, J = (E(J)), as asserted.

3. On maximal ideals and reduced twisted C*-crossed products

We set Uy = U(C}(X)). When S is a subset of a (complex) vector space, we let co(S)
denote the convex hull of S.

Definition 3-1. The system X is said to have property (D P) whenever we have
-1

0 € co{lvyv*|v els} (3-1)
for every y € C}(X) satisfying y* = y and E(y) =0.

Remark 3-2. Let Ug be the subgroup of Uy, generated by the A(g)’s. The above definition
might be strengthened by replacing Uy with U, that is, by requiring that

0 € cofvyv*|v € Ug) (3-2)

for every y € C}(X) satisfying y* = y and E(y) = 0. All the examples of systems we are
going to describe satisfy this strong form of property (DP). It can be shown (see Proposition
5-9) that if X has this strong property (DP), then (3-2) holds for every y € C(X) satisfying
E(y) = 0. It is not clear to us that if ¥ has property (DP), then (3-1) holds for every such y.
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Remark 3-3. We recall that a unital C*-algebra B is said to have the Dixmier property if

NC-1+d,

forevery b € B. As shown by L. Zsido and U. Haagerup in [16], B is simple with at most one
tracial state if and only if B has the Dixmier property. Using [16, corollaire, p. 175], it fol-
lows that if C (%) has the Dixmier property, then X has the property (DP) introduced above.
Property (DP) may be seen as a kind of relative Dixmier property for the pair (A, C}(X)),
generalizing the property considered by R. Powers [29] in the case where ¥ = (C, [F», id, 1).
It should not be confused with the notion of relative Dixmier property for inclusions of C*-
algebras considered by S. Popa in [28].

colubu* [u cUB)] "

A first consequence of property (D P) is the following:

PROPOSITION 3-4. Assume X has property (D P). Then the map ¢ — ¢ o E is a bijec-
tion between the set of invariant tracial states of A and the set of tracial states of C}(X).
Especially, C*(X) has a unique tracial state if and only if A has a unique invariant tracial
state.

Proof. 1tis clear that this map is injective, so let us prove that it is surjective. Let therefore
T be a tracial state on C(X) and let ¢ denote the tracial state of A obtained by restricting t
to A. It follows from the covariance relation that ¢ is invariant. We will show that t = ¢ o E.

Letx* =x e C/(¥)ande > 0.Sety =x—E(x). Asy* =yand E(y) = E(x—E(x)) =
E(x) — E(x) = 0, property (D P) enables us to pick vy, ..., v, € Us and 1y, ..., ¢, € [0, 1]
satisfying X! #; = 1 such that

< €.

n
H Zli vi y v
i=1

As 1 is a tracial, we have

T <Zti Uiyvfk> = Zfi T(y) = 1(y),
im1 im1

so we get

< €&.

O (Ztl- wyv?) <[ Xavve
i=1 i=1
Hence, we can conclude that 7(y) = 0. This gives that

T(x) = T(E(x)) = (¢ 0 E)(x).

So T agrees with ¢ o E on the self-adjoint part of C’(X), and therefore on the whole of
C(X) by linearity.

Next, we have:

PROPOSITION 3-5. Assume that ¥ has property (D P) and let J be a proper ideal of
Ci(X). Set J = E(J). Then J is a proper invariant ideal of A.

Proof. We know from Lemma 2-1 that J is an invariant ideal of A. Assume that J is not
proper, i.e., E(J) = A. Since A is unital, we have E(J) = A. So we may pick x € J such
that E(x) = 1.
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Set z = x*x € J*. Using the Schwarz inequality for complete positive maps [8], we get
E(z) = E(x*x) > E(x)*E(x) = 1.

Now,sety =z — E(z),s0y* =y € C}(X) and E(y) = 0. Since X has property (D P), we
canfind vy,...,v, €Uy and ty, ..., 1, € [0, 1] satisfying X1, = 1 such that

" n n
() HZGU;‘ZU?_ZEUI'E(Z)U;‘ =Hzt"viyvi*
= i=1 i=1

Setting 7/ = X/'_,#; v; z v/, we have 7’ € J*. Since E(z) > 1, we also have

| 1
< —.
2

Zli v E(z) v > 1.
i=1

Hence, it follows from (x) that 7’ is invertible. So we must have J = C}(X), which contra-
dicts the properness of 7. This shows that J is proper.

COROLLARY 3-6. Assume X has property (D P) and is minimal (that is, {0} is the only
proper invariant ideal of A). Then C}(X) is simple.

Proof. Since E is faithful, this follows immediately from Proposition 3-5.

If ¥ is exact and has property (DP), we can in fact characterize the maximal ideals of
C>(X). We therefore set

MI(A) = {J C A | J is a maximal invariant ideal of A},
M(Cx(®)) ={J C C}(2) | J is a maximal ideal of C(X)}.

It follows from Zorn’s lemma that both these sets are non-empty.

THEOREM 3-7. Assume X is exact and has property (D P).
Then the map J — (J) is a bijection between M1 (A) and M(C}(%)).
Thus, the family of all simple quotients of C}(X) is given by

[c:(z0)]

Proof. Let J € MI(A). We have to show that (J) € M(C(X)). We first note that (J)
is a proper ideal of C’(X); otherwise, we would have J = E({J)) = A, contradicting that
J is a proper ideal of A.

Next, let K be a proper ideal of C*(X) containing (J), and set K = E(K). Since T has
property (D P), Proposition 3-5 gives that K is a proper invariant ideal of A. Moreover, we
have J = E({(J)) C E(K) C K. By maximality of J, we get / = K, which gives

EK)y=K=JcC{J)CKk.

JeMI(A)

Thus, K is E-invariant. Since X is exact, we get from Lemma 2-2 that L = (K). As J = K,
we conclude that L = (J). Thus, we have shown that (J) is maximal among the proper
ideals of C* (%), as desired.

This means that the map J — (J) maps MI(A) into M(C(XZ)). This map is clearly
injective (since E({J)) = J for every invariant ideal J of A).

To show that it is surjective, let 7 € M(C}(X)) and set J = E(J). We will show that
J e MI(A)and J = (J).
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Since X has property (D P) and J is a proper ideal of C(X), Proposition 3.5 gives that
J is a proper invariant ideal of A. Further, since X is exact, Lemma 2-1 gives that 7 C (J).
As J is maximal, we get J = (J).

Finally, J is maximal among the proper invariant ideals of A. Indeed, let K be a proper
invariant ideal of A containing J. Then we have J = (J) C (K). By maximality of 7, we
get (J) = (K). This implies that J/ = E((J)) = E({(K)) = K. Hence, we have shown that
J e MI(A).

To give examples of systems satisfying property (D P), we let P denote the class of dis-
crete groups consisting of PH groups [31] and of groups satisfying the property (Peom) in-
troduced in [5]. The class P, which is a subclass of the class of discrete C*-simple groups,
contains a huge variety of groups, including for instance many amalgamated free products,
HNN-extensions, hyperbolic groups, Coxeter groups, and lattices in semisimple Lie groups.
For a more precise description, we refer to [17] (see also [19]). The following result may be
seen as a generalization of results in [1, 5, 6, 18, 31]. For the convenience of the reader, we
will give a proof in Section 5.

THEOREM 3-8. Let G € P. Then X has property (D P).
Thus, we get:

COROLLARY 3:9. Let G € P. Then the map ¢ — ¢ o E is a bijection between the set of
invariant tracial states of A and the set of tracial states of C*(Z).

Moreover, assume % is exact. Then the map J — (J) is a bijection between MI(A) and
M(CH(X)). Thus, the family of all simple quotients of C(X) is given by

lci(z/0)]

Proof. Since G € P, we know from Theorem 3-8 that ¥ has property (D P). The result
follows therefore from Proposition 3-4 and Theorem 3-7.

JeMI(A)

COROLLARY 3:10. Assume G € P. If A has a unique invariant tracial state, then C’ (%)
has a unique tracial state. If 3 is minimal, then C(X) is simple.

Proof. This follows from Proposition 3-4, Corollary 3-6 and Theorem 3-8.

COROLLARY 3-11. Let G € P and let v € Z*(G,T). Then C}(G, w) is simple with a
unique tracial state.

In fact, proceeding as in the proof of [1, corollary 4-10] and [2, corollary 4], one sees that
Corollary 3-11 holds whenever G is a ultra-P group, meaning that G has a normal subgroup
belonging to P with trivial centralizer in G. Moreover, in the same way, one easily deduces
that [1, corollaries 4-8 — 4-12] and [2, corollaries 5 and 6] still hold if one replaces weak
Powers group by group in the class ‘P, and ultraweak Powers group by ultra-P group in the
statement of these results.

It may also be worth mentioning explicitely the following result:

COROLLARY 3-12. Let G € P and assume A is abelian, so A = C(X) for some compact
Hausdorff space X. Then there is a one-to-one correspondence between the set of Borel
probability measures on X and the set of tracial states of C}(X) given by . — fx E()du.
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Moreover, assume X is exact. Then there is a one-to-one correspondence between the set
Y of minimal closed invariant subsets of X and M(C'(X)) given by Y — (Co(X \ V)).
Moreover; the family of all simple quotients of C¥(X) is given by

{C,*(C(Y), G, ay, oy)}m

where (ay, oy) denotes the twisted quotient action of G on C(Y) associated with (o, o).
Proof. This follows immediately from Theorem 3-9 and Gelfand theory.

When « is trivial, o is just some 2-cocycle on G with values in U(Z(A)), so C}(X) is a
kind of “twisted” tensor product of A with C?(G). In this case, we don’t have to restrict our
attention to maximal ideals of C}(X):

PROPOSITION 3-13. Assume « is trivial, ¥ is exact and G € P. Then the map J — (J)
is a bijection between the set of ideals of A and the set of ideals of C}(X).

Proof. Since « is trivial and X is exact, it follows immediately from Lemma 2-2 that the
map J — (J) is a bijection between the set of ideals of A and the set of E-invariant ideals
of B = C}(X). Hence, it suffices to show that any ideal of B is E-invariant.

Let 7 beanidealof B, y* =y € Jande > 0. Setx = y — E(y). Then x* = x € B and
E(x) = 0. Since G € P, it follows from the proof of Theorem 3-8 given in Section 5 that
there exists a G-averaging process ¥ on B (as defined in Section 5) such that ||[{ (x)| < e.
Now, since « is trivial, any G-averaging process on B restricts to the identity map on A.

Thus, we get ¥ (x) = ¥ (y) — Y (E(y)) = ¥ (y) — E(y), so
v () —EWI <e.

As any G-averaging process on B preserves ideals, we have {(y) € J. Hence, we get
E(y) € J = J. It clearly follows that 7 is E-invariant, as desired.

4. Examples

This section is devoted to the discussion of some concrete examples.

4-1. As a warm-up, we consider the simple, but instructive case of an action of a group G
on a non-empty finite (discrete) set X with n elements. Let o denote the associated action of
GonA=C(X)~C"'and o € Z*(G, T).

We may then pick xi, ..., x,, € X such that X is the disjoint union of the orbits O; =
{g-x; 1 g€ G}lforj=1,...,m. Clearly, the O;’s are the minimal (closed) invariant
subsets of X. Hence, if G is an exact group in the class P, we get from Corollary 3-12 that
the simple quotients of B = C(C(X), G, a, o) are given by

BjZC:(C(Oj),G,Olj,G), j=1,...,m,

where «; is the action on C(0O;) obtained by restricting o for each ;.

The assumption above that G is exact is in fact not necessary. Indeed, one easily sees that
B is the direct sum of the B;’s. So if G belongs to P, then Corollary 3-10 gives that all the
B;’s are simple, and the same assertion as above follows readily.

Finally, assume that 0 = 1. Then this characterisation of the simple quotients of B still
holds whenever G is a C*-simple group. Indeed, letting G, denotes the isotropy group of
x; in G and identifying O; with G/G,,, one gets from [9, example 6-6] (see also [23, 32])
that each B; is Morita equivalent to C;(G,,). Now, if G is C*-simple, then each C}(G,,) is
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simple (i.e. G,, is C*-simple) because G,; has finite index in G (cf. [17] and [28]), so the
B;’s are the simple quotients of B.

4.2. Consider the canonical action It of a group G by left translation on £*°(G), in other
words, the action associated with the natural left action of G on its Stone-Cech compactific-
ation BG [10, 21], and let ¢ € Z*(G, T).

It is known that SG has 22 ‘minimal closed invariant subsets (see for instance [20,
theorem 1-4] and [21, lemma 19-6]). Moreover, all these subsets are G-equivariantly homeo-
morphic to each other (this follows from [21, theorem 19-8]). Hence, letting X denote one
of these minimal closed invariant subsets, we get from Corollary 3-12 that if G is exact and
belongs to P, then the simple quotients of the “twisted” Roe algebra C}(£*°(G), G, It, o)
are all isomorphic to C}(C(X¢), G, It, o).

In general, if G is exact and we assume that ¢ = 1, one may in fact deduce that there is a
one-to-correspondence between the set of all invariant closed subsets of BG and the ideals
of the Roe algebra C(£*°(G), G, It); indeed, since the action of G on BG is known to be
free [10, proposition 8-14], this follows from [33, theorem 1-20].

4.3. Let I' = Z* x SL(3,7Z) be the semidirect product of Z* by the canonical action of
SL(3,7). Since Z? is a normal nontrivial amenable subgroup of T, it is well known that I"
is not C*-simple. In aim to describe the maximal ideals of C(I"), we decompose

CHI) ~ C(CX(Z), SL(3,Z), a) =~ C*(C(T%), SL(3, Z), &),

where « (resp. @) denotes the associated action of SL(3, Z) on C*(Z?) (resp. C(T°)). Now,
SL(3, Z) is exact [8] and belongs to P (since it has property (P.om) [S]). Hence, appealing
to Corollary 3-12, the maximal ideals of C(I") are in a one-to-one correspondence with the
minimal closed invariant subsets of T3. The orbits of the action of SL(3, Z) on T? are either
finite or dense (see for instance [15, 24]), hence the minimal closed invariant subsets of T>
are the orbits of rational points in T = R3/Z3.

Let x € Q*/Z* C T? and let G, denote the isotropy group of x in G = SL(3, Z). Then
identifying the (finite) orbit O, of x in T® with G/ G, we get that the simple quotient B, of
Cx(I") corresponding to O, is given by the reduced crossed product

B, = C(C(0x), G,a") = CI(C(G/Gy), G, BY)

where o is implemented by the action of G on O, and B* is implemented by the canonical
left action of G on G/G,. We note that B, has a unique tracial state since G belongs to
‘P and there is obviously only one invariant state on C(QO,). Moreover, it follows from [9,
example 6-6] (see also [23, 32]) that B, is Morita equivalent to C}(G,). This implies that G,
is C*-simple, a fact that may also be deduced from [17] (see also [28]) since G, has finite
index in G.

4.4. Let I' be an exact discrete group such that G = I'/Z belongs to the class P, where
Z = Z(I') denotes the center of I". We can then easily deduce that the ideals of C*(I") are
in a one-to-one correspondence with the open (resp. closed) subsets of the dual group Z.
Indeed, using [1, theorem 2-1], we can decompose

CHIT) = C*(C}(2), G, id, w) =~ C(C(Z), G, id, )
where w : G x G — U(C}(2Z)) is given by
w(g, h) = rz(n(@nngh)™"), (g.h € G),
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for some section n : G — I of the canonical homomorphism ¢ : I' — G such that
n(eg) = er, while the second isomorphism is implemented by Fourier transform. So the
assertion follows from Gelfand theory and Proposition 3-13.

Some specific examples are as follows:

(i) consider I' = SL(2n,7Z) forsome n € N. Then Z = Z(I') >~ Z,. Also, G = T'/Z =
PSL(2n, 7Z) is exact (cf. [8, Section 5.4]) and belongs to P (cf. [5]). Hence, we get that
C*(SL(2n, Z)) has two nontrivial ideals;

(i1) consider the pure braid group I' = P, on n strands for some n > 3. Then Z, :=
Z(P,) ~Zand G = P,/Z, is a weak Powers group (cf. [14] and [6]). Moreover P, is
exact; this follows by induction on n, using the exact sequence

1 —F,,—P,/Z,— P, /Z, .1 — 1

(cf. [14, proposition 6], where P, = Z, = 27Z) and the fact that extension of exact
groups are exact (cf. [8, proposition 5-11]). Hence, we obtain that the ideals of C(P,)
are in a one-to-one correspondence with the open (resp. closed) subsets of T;

(iii) consider the braid group I' = Bj (i.e. the trefoil knot group). Then, Z = Z(I") =~ Z,
and G =T1/Z ~ 7, xZ3 ~ PSL(2,7Z) belongs to P. As, by definition of P5, we have
an exact sequence 1 - P; — B; — S; — 1, where S; denotes the symmetric group
on three symbols, it follows that Bj is exact. (This also follows from the fact that braid
groups are known to be linear groups.) Hence, we get that the ideals of C(B3) are in a
one-to-one correspondence with the open (resp. closed) subsets of T.

If one considers the braid group B, on n strands for n > 4, then we believe that one should
arrive at the same result as the one for Bs, but we don’t know for the moment whether B,/ Z,
belongs to the class P. The group B, /Z, is known to be a ultraweak Powers group (cf. [1,
p. 536]), and Promislow has a result indicating that ultraweak Powers groups might be PH
groups (see [31, theorem 8-1]), but this is open in general.

5. Proof of Theorem 3-8
We start by representing B = C;(X) faithfully on a Hilbert space. Without loss of gen-
erality, we may assume that A acts faithfully on a Hilbert space H, and let (;, 1) be any
regular covariant representation of X on the Hilbert space £>(G, H); as in [1], we will work
with the one defined by

(7(@)§)(h) = ap-1(a) £(h),

(Mg ) =ah™, &g h),

fora e A, £ € 0*(G, H), h,g €G.

We may then identify B with C*(w(A), A(G)). The canonical conditional expectation
from B onto m(A) will still be denoted by E. When x € B, we set supp(x) = {g € G |
x(g) + 0}, where x(g) = E(x A(g)*). We will let By denote the dense *-subalgebra of B
generated by w(A) and A(G). So if x € By, we have

x = ) X(HA(g) (finite sum).
g €supp (x)

If D C G, we let Py, denote the orthogonal projection from £2(G, H) to £2(D, H) (identified
as a closed subspace of £2(G, H)).
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Moreover, if F € £°(G, B(H)), thatis, F : G — B(H) is a map satisfying || F || :=
sup,.; | F(h)| < oo, welet My € B(¢*(G, H)) be defined by

(Mp§)(h) = F(&(h), &€ l*(G,H), heg,

noting that | Mg| = || Flle < 00.

We remark that if a € A and we let 7, : G — B(H) be defined by n,(h) = a-1(a) for
each h € H, then , € £*°(G, B(H)) and M, = m(a).

Straightforward computations give that for F' € £*°(G, B(H)), D C G and g € G, we
have

MFPD:PDMF, )"(g)PD:PgD)\'(g) (51)
In passing, we remark that we also have A(g) M A(g)* = Mf,, where
Fe(hy =o', ) F(g"'hya (™", g)".

As a sample, we check that the second equation in (5-1) holds. Let & € *(G,H)and h € G.
Then we have
o(h™', )& 'h) ifg~'h e D,
[(A(g) Pp)EI(h) = o (h™", ) (Ppé)(g~'h) =

0 ifg-'heéD
o(h™', g)&(g " h)if h € gD, (AMg)E)(h)ifh € gD,
- 0 ifhé¢ gD - 0 ifhdgD

[(Pgp A(g))&]1(h), as desired.

Let H be a subgroup of G. By a simple H-averaging process on B, we will mean a linear
map ¢ : B — B such that there existn € Nand hy, ..., h, € H satisfying

P (x) = %;A(h,-)xk(hi)* forall x € B.

Moreover, an H-averaging process on B is a linear map ¥ : B — B such that there exist
m € Nand ¢4, ..., ¢, simple H-averaging processes on B with ¢y = ¢,, o ¢,,_1 0 --- 0 ¢;.

Let Ug denote the subgroup of U/ (B) generated by the A(g)’s and let ¥ be a G-averaging
process on B. Clearly, for all x € B, we then have

Y(x) € co{vx vi|v e Z/{G}.

Hence, to show that ¥ has (the strong) property (DP), it suffices to show that for every
x* = x € B satisfying E(x) = 0 and every ¢ > 0, there exists a G-averaging process ¥/ on
B such that ||y (x)]| < e.

In fact, it suffices to show the last claim for every x* = x € B, satisfying E(x) = 0
and every ¢ > 0. Indeed, assume that this holds and consider some b* = b € B satisfying
E() =0and e > 0. Then pick y* =y € Bysuchthat |b—y| < e&/3,andsetx = y—E(y).
Then x* = x € By and E(x) = 0, so we can find a G-averaging process on B such that
v (o)l < €/3. Since [EW = [[E(y =Dl < ly —bll < ¢&/3, we get

v O < b=+ 1Y —EO)I+ IVEW)I
<o =yl + 1IN+ TEWI < &,
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as desired.

5-1. In this subsection we will prove that Theorem 3-8 holds when G is a PH group, as
defined in [31]. We first recall the definition of a PH group.
If g € Gand A C G, then set

<g>a=laga™" | a € A).
Now,if T C Gand J = M C G \ {e}, then T is said to be M-large (in G) if
m(G\T)CT forallme M.

Further, let & = F C G \ {e} and H C G. Then H is said to be a Powers set for F if, for
any N € N, there exist iy, ..., hy € H and pairwise disjoint subsets 71, ..., Ty of G such
that 7; is thh;I—large for j =1,..., N. Moreover, if g € G \ {e}, then H is said to be a
c-Powers set for g if H is a Powers set for < g >, for all finite, non-empty subsets M of H.

If G is a weak Powers group (see [1, 6, 17]), then G is a c-Powers set for any g € G \ {e}.
More generally, G is said to be a PH group if, given any finite non-empty subset F of G\ {e},
one can write F = {f1, f2, ..., fu} and find a chain of subgroups Gy C G, C --- C G, C
G such that G is a c-Powers setfor f;, j=1,...,n.

Note that in his definition of a PH group, Promislow just requires that one can find a
chain of subsets e € G; C G, C --- C G, of G such that G; is a c-Powers set for
fi» J =1,...,n. Requiring these subsets to be subgroups of G (or at least subsemigroups)
seems necessary to us for the proof of his main result, [31, theorem 5-3], to go through. We
will use the subsemigroup property in the proof of Lemma 5-3.

The class of PH groups has the interesting property that it closed under extensions [31,
theorem 4-6]! For example, an extension of a weak Powers group by a weak Powers group
is a PH group (but not necessarily a weak Powers group).

We will need a lemma of de la Harpe and Skandalis ([18, lemma 1]; see also [1, lemma
4-3]) in a slightly generalised form. For completeness, we include the proof, which is close
to the one given in [18].

LEMMA 5-1. Let ‘H be a Hilbert space and x* = x € B(H). Assume that there exist
orthogonal projections pi, p,, p3 and unitary operators uy, u, uz on 'H such that

pixpr=prxpy=p3xp3=0

and u (1 — ppui, u(1 — po)uj, us(1 — p3)uj are pairwise orthogonal. Then we have

3

1 . 5 V2

3 E ujxuy| < <8+7) x| < 0.991 ||x]||.
Jj=1

Proof. Without loss of generality, we may clearly assume that || x| = 1.
Sety = (1/3)2_?:1ujxu;f andg; = u;(1 —pyui, j=1723.
Let& € H, ||&]| = 1. Since the g;’s are pairwise orthogonal, there exists an index j such

that ||qrj§-‘||2 < 1/3. We may assume that j = 1, and set §; = uj §.
As (1 = p) &> = llg: &> < 1/3, one has

Ip&l>>2/3 and  [prx (1= p)&l® <1/3.

I One easily checks that all the results in [31] are still true under our slightly more restrictive definition.
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Now, since p; x p; = 0 by assumption, we get
Ix& =&l = lpré& — prx&ill = llpr& — prx (1 = pé — pirx pi&ill
\/_

> [lpi &l = llprx (1= po&ll| =

As |x& — &7 < 2(1 — (x &, &)), it follows that

(& &) < 1 slxd — &P < (JE 3+%F

V3

So, using the Cauchy—Schwarz inequality, we get

1 2 1 (3+2V2 5 V2
,E) < = , - <= |——+2)==-+— < 0.991.
(v&.6) < Flé8)+3 <3 ( —+ ) st o <
The same argument with —x gives
5 V2
, < -+ — < 0.991.
reg) < 2+ <
Since y is self-adjoint, taking the supremum over all £ € H such that ||£|| = 1, we obtain
V2

\— 0.991,
Iyl &+ 5 <099

as desired.

LEMMA 5-2. Let x* = x € By satisfy E(x) = 0. Assume that supp (x) C F U F~! for
some finite non-empty subset F of G \ {e} and that there exists a subgroup H of G which is
a Powers set for F.

Then there exists a simple H-averaging process ¢ on B such that

¢l < 0.991 [|x].

Proof. One easily sees that H is also a Powers set for S = FU F~! (cf. [31, lemma 2-2]).
We may therefore pick i1, h,, h; € H and pairwise disjoint subsets T, T», T5 of G such that
T;is hjSh;I—large for j =1,2,3.

For each j = 1,2,3, set E; = h;'Tj, D; = G\ Ej and let p; be the orthogonal
projection from €*(G, H) onto £*(D;, H). Then we have p; x p; = 0 for each ;. Indeed, as
is easily checked, Sh;l—largeness of T; means that

sD;ND; = forevery s € S.

Thus, for a € A and s € S, using the identities in (5-1), we get p;m(a)A(s)p;, =
w(a)pjr(s)p; = m(a)Pp,Psp,A(s) = 0. Since supp(x) C S, the above assertion read-
ily follows. '

Moreover, for each j = 1,2,3,set g; = A(h;)(1 — p;)A(h;)*. Then g; is the ortho-
gonal projection from ¢*(G, H) onto ¢*(h;E;, H) = ¢*(T;, H). Since the T;’s are pairwise
disjoint, the g;’s are pairwise orthogonal. Thus, we can apply Lemma 5-1 and conclude that

< 0.991 [|x||

H3

which shows the assertion.
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LEMMA 5-3. Let 6 > 0, g € G\ {e} and assume that there exists a subgroup H of G
which is a c-Powers set for g. Let x* = x € By satisfy

supp (x) C <g>y U <g >y

for some finite non-empty subset M of H.
Then there exists an H-averaging process ¥ on B such that ||y (x)] < 4.

Proof. By assumption, H is a Powers set for < g >,,. Applying Lemma 5-2 (with F =
< g >u), we get that there exists a simple H-averaging process ¢»; on B such that ||¢;(x)|| <
d || x||, where d = 0.991. Now, one easily checks (cf. [1, lemma 4-4]) that

supp (¢1(x)) C <g>um, U <g™ ">y,

where M, is a finite non-empty subset of H (since H is closed under multiplication, being a
subgroup). Moreover, ¢, (x) is a selfadjoint element of B satisfying E (¢;(x)) = 0. Hence
we can apply Lemma 5-2 (with F' =< g >, ) and get that there exists a simple H-averaging
process ¢, on B such that

ga2($1 NN < dlIgr ()l < d* |x]l.

Iterating this process, we get that for each k € N, there exist simple H-averaging processes
b1, ..., ¢ on B such that

(g o---0p)X) < d* x|

Choosing k such that d* < § gives the result.
THEOREM 5-4. Assume G is a PH group. Then ¥ has property (DP).

Proof. Letx* = x € By satisfy E(x) = 0, and let ¢ > 0. Write S = supp (x) as a disjoint
union S = RUFUF~"where R={s € S | s> =e}.

Consider RU F C G\ {e}. Since G is a PH group, we can write RU F = {51, 5, ..., 5,}
and find a chain of subgroups G; C G, C --- C G, C G such that G, is a c-Powers set for
sj, j=1,...,n.Thus, each G, is a Powers set for <s; >, for all finite subsets M of G;.

Write x = Z;’:l x;j, where x}‘ = x; € By and supp (x;) = {s;} U {sj_'} for each j. (Note
thatif s; € R, we have sj_l = s;, so supp (x;) = {s;} in this case.)

Since supp (x;) =<5 >y U < Sf1>M’ with M = {e} C G, and G, is a c-Powers set
for s;, Lemma 5-3 applies and gives that there exists a G-averaging process ¥, on B such
that [y (x|l < &/n.

Now, consider X, = ¥;(x;). Then supp (x;) C <s3 >y U < sy 1> ,, for some finite subset
M of G,. Since G is contained in G,, and G, is a c-Powers set for s,, Lemma 5-3 applies
again and gives that there exists a G,-averaging process 1, on B such that ||y, (X)) || < &/n,

that is, |[( o Y1) (x2)|| < g/n.

Proceeding inductively, let 1 < k < n — 1 and assume that for each j = 1,...,k, we
have constructed a G ;-averaging process v/; on B, such that || (¥; 0 - o9 (x;)|| < &/n for
j =1,...,k. Then consider X;.; = (¥ o -+ 0 ¥)(xgy1). Then supp (Xpr1) C < Sky1 >um

U < s,;ll >, for some finite subset M of Gy. Since Gy is contained in Gy, and G
is a c-Powers set for s;,1, Lemma 5-3 applies and gives that there exists a G -averaging
process Y1 on B such that |41 (Xes1) || < &/n, thatis, [[(Yi41 0+ oY) () | < &/n.
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Repeating this until k = n — 1, we obtain, for each 1 < j < n, a G ;-averaging process ¥;
on B such that [|(¢;0-- oY) (x;)|| < &/n.Setyy =, 0---0yy. Then ¢ is a G-averaging
process on B and, for each 1 < j < n, we have

[l =1Wno---o¥jpojo---odh)x)Il < [(Yjo---od)xpl <e/n,

so we get

Iyl < Y Iyl <e.

j=1

This shows that ¥ satisfies (the strong) property DP.

5-2. We now turn to the proof that ¥ has property (DP) when G satisfies property (Peom).
We will adapt the arguments given in [S] to cover the twisted case. We recall from [S] that G
is said to have property (P.,m) when the following holds given any non-empty finite subset
F C G\ {e}, thereexistn € N, gy € G and subsets U, Dy, ..., D, of G such that:

(i) G\U c DyU---UD,;
() gUNU = forallg € F;
(ili) g/ DN Dy = Fforall j e Nandk =1,...,n.

LEMMA 5-5. (cf. [5]). Let g € G \ {e} and assume there exist n € N and subsets
U, Dy, ..., D, of G such that

G\UcD/U.-.UD, and gUNU = .
Let F € ZOO(G, B('H)) and &, 1 € £2(G, H). Then we have

n

[(Mra(2)&, n)1 <Y (IMrAE I Ponll + I P&l IMinll) . (5-2)

Jj=1

Proof. We set V. = G \ U, and note that Py P,y = Pyngy = 0. Thus, making use of
(5-1), we get

(Mpr(®)E, n)= (MpA()PyE, n)+(Mpi(g)PvE, 1)
(PyuMpr(g) &, (Py+ Py)n)+(A(g)PvE, M;n)

(PeuMrpr(2)§, Pyn)+ (Mg P&, Min).

Thus, the triangle inequality and the Cauchy—Schwarz inequality give

[(Mpr(9) &, n)| < |(PouMpi(9)&, Pyn)| + |{A(g)PvE, Min)|
<IMeA@ ENNPy nll + 1Py EN 1Ml

n

< Z (1M p2() €Il | Pp,nll + | P, &1l 1M inll)
j=1

since [|Py¢|| < Ei_, | Pp;¢|l forany ¢ € 0?(G,'H), as is easily checked, using that V C
D/U.-..UD,.
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LEMMA 5:6. LetD C G, ¢ € £%(G, H) and assume there exist N € Nand gy, ...,gn €
G such that g\ D, ..., gy D are pairwise disjoint. Then we have

N
D Pyl < VNI
j=1

Proof. The Cauchy—Schwarz inequality and the assumption give

N N 12
S 1Pyl S VN[ 1Py ncl]
j=1 j=1

W[ X ewr]”

hEngU"-UgND
< VN IZ]

LEMMA 5-7. Assume that G has property (Peop)-
Let F be a finite non-empty subset of G \ {e}, a, € A for each g € F, and set
Yo = Xger w(ay) A(g) € B. Then we have

0 € colvyyv*|v € Ug} ”'”.

Proof. Since G has property (Peom), Wwe may pick n € N, go € G and subsets
U, Dy, ..., D, of G so that (i), (ii) and (iii) in the definition of property (Peom) hold with
respect to the given F. ‘

For each j € N, we set g; = g, ’. Moreover, for each N € N, we set

N

1
= D Mg yor(g)® € cofuyov”|v € Ug).

j=1
We will show that
2n
lynll € —= llagll. (5-3)
YN \/N gEZF g

Thus, we will get that ||yy|| — 0 as N — oo, from which the assertion to be proven will
clearly follow.
To prove (5-3), fix N € N. Since

1 N
W= D0 D ME) ) M) M),

geF j=1
we have
1
Iyl < 5 D2 gl (54)
geF

where z, = 2 A(g;) m(a,) A(g) A(g;)* foreach g € F.
Letg € Fand &, n € £*(G, H). As condition (iii) implies that for each k € {1,2, ..., n},

the sets g Dy, ..., gn Dy are pairwise disjoint, Lemma 5-6 gives that
N N
D Pl < VNinll and Y [Py &l < VN £l (5-5)
j=1 j=1
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Using Lemma 5-5 N times (with My = 7 (a,)) at the second step, we get

=z

[ze & )| <Y [(m(a)r(e) A(g))" & Ag))" 1)

J=1

=z

<) Z I (ag)A (&) A(g))" €Il 1| Po,A(g)* 7l

j=1 k=1
+ 1Pp, (g €Nl I (ag)* A(g,)* nll)

=z

< (I @I IEN | Py, nll + 1Py, € I ()| Il

j=1 k=1

n N
= llagh Y {1EI(D_ I1Pe,n,ll) + lin] Zn 06 1)
k=1 j=1

< llagll2n /N €]l Inll,

where we have used (5-5) to get the final inequality.

This implies that
lzell < 21N |lagl.

Using (5-4), we therefore get

ywll < — 2n VN Y llagll = f ©5 gl
gel geF
that is, the inequality (5-3) holds, as desired.
THEOREM 5-8. Assume that G has property (Peon). Then X has property (D P).

Proof. Lemma 5-7 shows that if x € By satisfies E(x) = 0, and € > 0, then there exists a
G-averaging process on B such that |4 (x)|| < e. Hence, it follows that ¥ has (the strong)
property (DP).

Note that the proof of Theorem 5-8 in fact implies that when G has property (Peom), then
% satisfies that

0 € co{lvyv*|v els) (5-6)

for every y € B satisfying E(y) = 0. As mentioned in Remark 3-2, this is true whenever X
satisfies the strong form of property (DP) (hence also when G is a PH group):

PROPOSITION 5-9. Assume that X satisfies the strong form of property (D P). Then (5-6)
holds for every y € B satisfying E(y) = 0.

Proof. Lety € B satisfy E(y) = 0and ¢ > 0. Write y = x; + i x,, where x; = Re(y),

= Im(y). Note that E(x;) = (E(y) + E(y)*)/2 = 0, and, similarly, E(x;) = 0. Using
the assumption, we can find a G-averaging process i; on B such that ||{(x;)| < &/2.
Now, set X, = ¥, (x3). Then X, is self-adjoint, and, using the equivariance property of E,
one deduces that E(x;) = 0. Hence, we can find a G-averaging process i, on B such that
(X)) || < /2. Set = Y, o ;. Then we get

IO < Iy Goll + 1Y )l < 1o ll + 1)l < e,
and it follows that (5-6) holds.
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