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KINETIC FORMULATION AND UNIQUENESS FOR SCALAR
CONSERVATION LAWS WITH DISCONTINUOUS FLUX

GRAZIANO CRASTA, VIRGINIA DE CICCO, AND GUIDO DE PHILIPPIS

ABSTRACT. We prove a uniqueness result for BV solutions of scalar conservation laws
with discontinuous flux in several space dimensions. The proof is based on the no-
tion of kinetic solution and on a careful analysis of the entropy dissipation along the
discontinuities of the flux.

1. INTRODUCTION

This paper is concerned with multidimensional scalar conservation laws with discon-
tinuous flux, namely

(1) ug + div A(z,u) = 0, (t,z) € (0,+00) x R",

where the flux function A: R" xR — R"™ is possibly discontinuous in the first variable and
satisfies some structural assumptions listed in Section [2] These type of equations have
attracted a lot of attention in the last years since they naturally arise in several models
(for instance models of traffic flow, flow in porous media, sedimentation processes, etc.),
see [5, (18, 25] and references therein for a more detailed account on the theory.

It is well known that, even for smooth fluxes, in general the Cauchy problem

@) up + div A(z,u) =0, (t,z) € (0,+00) x R™,
u(0,z) = ug(z), x e R"™

does not admit classical solutions. On the other hand, the notion of distributional
solution is too weak in order to achieve well-posedness, in particular it does not provide
uniqueness of the solution. In this context, the notion of entropy solution turns out to
be the right one, as it has been shown by Vol’pert [2§] in the BV setting and by Kruzkov
[20] in the L* framework.

The classical Kruzkov’s approach [20] completely solves the problem of well-posedness
in the case of smooth fluxes. Moreover, as it has been shown in recent years, using a
clever change of variables and the concept of adapted entropies, this approach also works
for a restricted class of discontinuous fluxes (see [7, 8, 1T}, 23] 25]).

The case of more general discontinuous fluxes in one space variable has been exten-
sively studied (see for example [2, 5] 6l [7, 9], [16], 18] 19, 23, 24] and references therein).
In particular, it has been pointed out ([2), 5, I8]) that many different admissibility cri-
teria generate continuous semigroups of solutions, and the choice of the right criterion
may depend on the physics of the problem under consideration. Indeed, in addition to

Date: September 12, 2014.

2010 Mathematics Subject Classification. Primary: 35L65; Secondary: 26A45.

Key words and phrases. Chain rule, BV functions, conservation laws with discontinuous flux.
1


https://core.ac.uk/display/54487137?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

2 G. CRASTA, V. DE CICCO, AND G. DE PHILIPPIS

the classical entropy criteria, one has to impose some conditions on the behavior of the
solutions on the discontinuities of the flux. Roughly speaking different conditions give
rise to different criteria. These different conditions are coded, for example, in the notion
of germ (see [0]) or of well-posed Riemann solver (see [18]). One of the most studied
admissibility criterion is based on the notion of vanishing viscosity solution. This will
actually be the criterion that we are going to use in this paper, see Remark below.

In spite of the intensive study concerning conservation laws with discontinuous fluxes,
in the multidimensional case there are very few results available in the literature. A
very general existence result has been obtained by Panov [25]. On the other hand, a
well-posedness result for a restricted class of fluxes (having only one regular hypersurface
of discontinuity) has been recently proved by Mitrovic [22].

In this paper we propose an entropy criterion, modeled on the ones introduced in
the one-dimensional case in [6] (16, 24], which allows to prove uniqueness of BV entropy
solutions of the Cauchy problem under mild assumptions on the flux A. More
precisely our main result is the following:

Theorem. Let A € L°(R™ x R;R"™) satisfies (H1)~(HT) in Section[] below and let uy
and us be two BV entropy solutions of (see Definition , then

/ (T, 2) — us(T, 2| da < / (0, 2) — (0, )| da.

Let us mention that our assumptions are satisfied in the particular case of Aﬂuxes of the
form A(z,u) = A(k(x),u) where k is in SBV (R™;RY) N L>®(R"; RY) and A is smooth,
see Remark [2.3]

On the other hand we do not investigate the issue of existence of BV entropy solutions.
Let us point out that, unlike the case of fluxes with smooth dependence on z, when A
is discontinuous there is no general known result concerning existence of BV solutions,
see however Remark [3.4]

Our method of proof is based on the notion of kinetic solution introduced by Lions,
Perthame and Tadmor (see [21] 26], 27]). This technique has been successfully applied by
Dalibard to the case of nonautonomous smooth fluxes (see [13] [14]). More precisely, we
show the equivalence between the entropic and the kinetic formulation of . Relying on
the nonautonomous chain rule for BV functions proved in [3] and on a careful analysis
of the entropy dissipation along the discontinuities of the flux, we are then able to prove
that the semigroup of solutions is contractive in the L' norm.

The plan of the paper is the following. In Section [2] we state the assumptions on the
flux (see (H1)—(H7) below) and we discuss some preliminary results. In Section (3 we
introduce our notions of entropy and kinetic solution, we prove their equivalence (see
Theorem , and we state our main uniqueness result (see Theorem . In Section
we prove some preliminary estimates for kinetic solutions, and, finally, in Section [5| we
prove the uniqueness of kinetic solutions (see Theorem [5.1)).

ACKNOWLEDGMENTS. The authors would like to thank Luigi Ambrosio and Gianluca
Crippa for some useful discussions, and two referees for having improved, with their com-
ments, the presentation of the paper. The authors have been supported by the Gruppo
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Nazionale per 1’Analisi Matematica, la Probabilita e le loro Applicazioni (GNAMPA) of
the Istituto Nazionale di Alta Matematica (INdAAM).

2. ASSUMPTIONS ON THE VECTOR FIELD AND THE CHAIN RULE

In this section we first survey some useful facts about BV function that we need in
the sequel, we state our main structural hypotheses on the vector field (assumptions
(H1)-(HT7) below) and prove some consequences of these assumptions.

2.1. BV functions. Let us start recalling our main notation and preliminary facts on
BV and SBV functions. A general reference is Chapter 3 of [4], and occasionally we
will give more precise references therein.

We denote by £" the Lebesgue measure in R™ and by H* the k-dimensional Hausdorff
measure. By Radon measure we mean a nonnegative Borel measure finite on compact
sets. If p is a Radon measure on X and v is a Radon measure on Y we denote by p x v
the the product measure on X x Y, sometimes we will also write p, x v,,. Given a Borel
set D we will denote by pL D the Radon measure given by pul D(B) = u(BN D). A set
¥ C R" is said to be countably H"~! rectifiable if 4"~ !-almost all of ¥ can be covered
by a sequence of C' hypersurfaces. Let us recall that if ¥ C R” is countably H"!
rectifiable, then (a,b) x ¥ C R x R™ is countably H" rectifiable and

H™ (a,b) x ¥ = LM (a,b) x H"'LY,
see [I7, Theorem 3.2.23].

A function u € L'(R") belongs to BV (R") if its derivative in the sense of distributions
is representable by a vector-valued measure Du = (Dju, ..., Dyu) whose total variation
| Du| is finite, i.e.

u 0¢
Rn 8551
and |Du|(R™) < oo.
Approximate continuity and jump points. We say that x € R” is an approximate
continuity point of u if, for some z € R, it holds

dx:—/ngiu Vo e CP(R"), i=1,...,n

lim lu(y) — z|dy = 0.
0 By(z)
The number z is uniquely determined at approximate continuity points and denoted by
u(x), the so-called approximate limit of u at z. The complement of the set of approximate
continuity points, the so-called singular set of u, will be denoted by S,.
Analogously, we say that x is a jump point of u, and we write x € J,, if there exists
a unit vector v € 8" ! and ut, u~ € R satisfying vt # v~ and

lim [u(y) — u*|dy =0,

0 BE(z,r)
where B*(z,7) := {y € B.(x) : £(y — x,v) > 0} are the two half balls determined by v.
At points x € J, the triplet (u™,u™,v) is uniquely determined up to a permutation of
(u™,u™) and a change of sign of v; for this reason, with a slight abuse of notation, we
do not emphasize the v dependence of u* and B¥(x,r). Since we impose u™ # u~, it
is clear that .J, C Sy, moreover, for every u € BV, H" (S, \ Ju.) = 0 and J,, is H* !
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countably rectifiable (see [4, Theorem 3.78]). Finally, we define the precise representative
as

u(z) x e R™\ S,
(3) u (z) = (ut(z) +u (2)/2 z€Jy
0 otherwise.

Note that H" 1({# # w*} \ J,) = 0, in particular, since |Du| << H" L, |Du|({a #
u*}) =0.

Decomposition of the distributional derivative. For any oriented and countably
H"L-rectifiable set ¥ C R™ we have

(4) Dul Y = (ut —u” )usH" LY.

For any u € BV (R"), we can decompose Du as the sum of a diffuse part, that we
shall denote 5u, and a jump part, that we shall denote by Du. The diffuse part is
characterized by the property that |Du|(B) = 0 whenever H"~*(B) is finite, while the
jump part is concentrated on a set o-finite with respect to H"~!. The diffuse part can

be then split as
Du = D% + D
where D%u is the absolutely continuous part with respect to the Lebesgue measure,

while D is the so-called Cantor part. The density of Du with respect to L™ can be
represented as follows

D% = VudL",

where Vu is the approximate gradient of u, see [4, Proposition 3.71 and Theorem 3.83].

Note also that |Du|({i # u*}) = 0. The jump part can be easily computed by taking
¥ = J, (or, equivalently, S;,) in , namely

Diu = Dul J, = (ut —u" v, H" L J,.
We will say that w € SBV(R") if Dy = 0, i.e. if
Du = (u" —u vy, H" L Jy 4+ VuLl™.

All these concepts and results extend, mostly arguing component by component, to
vector-valued BV functions, see [4] for details.

Sets of finite perimeter and coarea formula. We will say that a measurable set F
is of finite perimeter if its characteristic function yg belongs to BV (R™). In this case
we denote by

OE = J,,
its reduced boundary (note that this is slightly larger than what it is usually called reduced

boundary, however it coincides with it up to a #"~! negligible set, see [4, Chapter 3]).
Then,

Dxg = D'xg = —vo:gH" 'LO*E,
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in particular yz € SBV. We also recall the coarea formula: if u € BV (R"), then for £}
almost every v € R, the characteristic function of the set {u > v} belongs to BV and
we have the following equalities between measures:

Du—/DXu>Udv
R

Dyl :/ ]Dx{u>v}|dv:/7{"_1(8*{u>v})dv.
R R

The following lemma relates the pointwise behavior of x(,~,) to the pointwise behavior
of u, see [I5, Lemma 2.2] for the proof.

Lemma 2.1. For any function u: R" — R and any v € R, let oy 4(7) = X{usv} (7). If
u € BV(R™), then for L'-a.e. v € R there exists a Borel set N, C R, with H" (N, =
0, such that the following relation holds:

Spui,v($) :wiv(l‘)? Va ER”\NU.
2.2. Structural assumptions on the vector field. Let A € L (R"™ x R; R") be such

that:

(H1) There exists a set Ca with £%(C4) = 0 such that A(z,-) € CY(R) for every
x € R"\ Ca and A(-,v) € SBV(R") for every v € R™.
(H2) There exists a constant M such that

|0y A(x,v)] <M VeeR"\Ca, veER.
(H3) There exists a modulus of continuity w such that
|0pA(z,u) — 0y Az, w)| < w(ju — wl) Ve eR"\Ca, wu,welR.
(H4) There exists a function g; € L'(R™) such that
Vo A(z,u) — V  A(z,w)| < g1(z)|u — w| Ve e R"\Ca, u,weR,

where V,A(z,v) denotes the approximate gradient of the map x — A(x,u).
(H5) The measure

o= \/ |D:A( u)|
u€R

satisfies 0(R™) < oco. Here D, A(-,u) is the distributional gradient of the map
x — A(z,u) (which is a measure since A(-,u) € BV) and \/ denotes the least
upper bound in the space of nonnegative Borel measures, see [4, Definition 1.68].

2.3. Chain rule and fine properties of A. Assumptions (H1)-(H5) imply that A
satisfies the hypothesis of [3]. Let us summarize some consequence of this fact. If we
define

N={zer": lim inf ZBr@) o},

r—0 rn—1
then N is a H™ ! rectifiable set. In the sequel we shall assume that:
(H6) H" L (N) < +o0.
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In our context, Theorem 2.2 in [3] reads as follows: For every u € BV (R";R) the
composite function w(z) = A(x,u(x)) belongs to BV (R™;R™) with

(5) |Dw| < o + M|Dul|

and

(6) Dw = V, A(x,u(z))L" + 8,A(x, u(z)) ® Du

(7) Dlw = [AT(z,u"(z)) — A (z,u™ (2))] @ vy,un H" ' L(Ju UN).

Here the functions A¥(z,v) are defined for %"~ almost every z € N U J, and every
v ER as

(8) Ai(x,v) = lim A(y,v)dy,

r—0 BT‘i(:B)
in particular
At (z,v) = A (z,v) H" lae xz € J, \ N and every v € R.

Note that by interchanging the derivative with the integral, applying Ascoli-Arzela
Theorem and taking into account (H2) and (H3), we can deduce as in [3, Section 3]
that the map v — A*(z,v) is C' for almost every z € N with derivative given by
Dy AE(2,v) = (0, A(x,v))* (it is part of the statement the fact that this last quantity is
well defined). In particular for H" !-a.e. x € N and all u,w € R we have

(9) (86 A)* (2, u) — (B A)* (2, w)| < w(lu—wl).

In the same way, see [3, Section 3], for H"~! almost every point of R” \ A/ and every
v € R there exists the limit

A(z,v) = lim Ay, u) dy,
r—0 B, (x)

and the map v — A(z,v) is continuously differentiable with 8, A(z,v) = 8,A(z,v).
Moreover for L™-a.e. x and all u,w € R
(10) 10,A(z, ) — 0, A(z,w)| < w(|u—wl]).

We conclude this section with the following simple remark. Thanks to (H4) and the

previous discussion, the functions

A(z,v+h)— A(z,v)
h

By (z,v) =
satisfy
(11) |Bp(x,v)|] < M, |DxBp(-,v)| < g1(x)L" + MH" LN,

where the first inequality follows from (H2). Using (H3) one can show that By (z,v) —
OpA(z,v) for almost every x and every v € R, see [3, Section 3] for similar arguments.
From we deduce that 0, A(-,v) € SBV. Let us now consider the decomposition

Dr0yA(v) = Vb A(,0)L" + ((94) " (0) = (0A)™ (1 0) @ iy ML,
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According to the discussion below equation (8) we have (8,4)* = 9,(AF) for H* LN
almost every x and every v. Moreover, by (H4) for every v the family

= ViA(z,v+ h})L — V,zA(z,v) ’ B0,

is weakly compact in L' and every one of its cluster points has to coincide with V.9, A(z, v),
ie.

h

:rA ) - CEA )
V0 A(z,v) = wp — lim Ve A, v+h) = VoAl v)‘
h—0 h

Let us now define for every Borel and bounded function ¢ the maps

hi(v) ::/cp(x)VxA(x,v) dz, ha(v) ::/ng(:c)(A+(:c,v)—A(x,v))@uNdHnl(x).

By the previous discussion we then see that hi, ho are Lipschitz continuous and every-
where differentiable with derivatives given by

dhl(v): z)V,0,A(z,v)dx
" o [ @v.0.46.0
ha) /N o) (0,4 (2,0) — 0,4 (2,0)) @ vpe aH" .

However in the sequel we will also need the following assumption, ensuring the continuity
of the map v — dhy/dv:

(H7) There exist a L! function g2 and a modulus of continuity w (which we can assume
without loss of generality to be equal to the one appearing in (H3)) such that

V20s Az, u) — VoOy Az, w)| < go(z)w(ju — wl) Vu,w e R.
With this assumption we have
Lemma 2.2. Let A satisfy (H1)-(H?7), then there exists a set Ca with L*(Ca) = 0 such
that every x € R™\ C4 is a Lebesgue point for x — V,A(x,v), x — V,0,A(z,v) and
for any such x the map v — V,A(x,v) is C with derivative given by V0, A(z,v)

Proof. Let U C R be a countable dense set and let
Ca=[JR"\ SagUR"\ Sy) U(R"\ Sy,),

uelU

which clearly satisfies £(C4) = 0. By arguing as in [3, Section 3] and using (H4) and
(H7) we see that for every x € R™\ C4 the limits

ﬂ(w,v) = lim V:A(y,v)dy m(x,v) = lim V0, A(y, v)dy
r—0 B, (x) r—0 Br(z)

exist for every v € R. By the first equality in the map
v = he(v) = ][ ViA(y,v)dy
By (x)

are differentiable with derivative given by hl.(v) = fBT(@ V0, A(y,v)dy. Since z is a
Lebesgue point for g, thanks to (H7) this is a family of equi-continuous functions in
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v converging to V;0A(x,v). It is now a standard argument to see that 6;1/4(37,1)) =
lim, h,(v) is C* with derivative given by lim, h.(v) = V.0, A(z,v). O
Remark 2.3. Let us point out that our hypotheses include (and actually are modeled on)
the case A(x,u) = A(k(x),u) where k € SBV (R RN)NL® (R RYN), H*1(J}) < +o00
and A € C1(RY x R,R") N Lip(RY x R,R").

3. FORMULATION OF THE PROBLEM

3.1. Entropic formulation. We consider the following scalar conservation law
(13) ur + div A(z,u) =0,
where A: R" x R — R” satisfies the structural assumption (H1)-(H7).

Definition 3.1 (Convex entropy pair). We say that (S,n) is a convex entropy pair if
S € C?(R) is a convex function, and n = (11,...,n,) is defined by

(14) ni(x,v) = / Oy Ai(z,w)S (w)dw, i=1,...,n.
0

In the above definition and in the sequel,
A=A e,

are the components of A.
Note that according to the discussion in Section n(-,v) € SBV(R™;R") for every
v € R and its distributional derivative is given by

Dantecr) = ( [ Va0,4. 008 i) £

+ </O (9, AT (2, w) — B, A (x, w))S’(w)dw> RundH" LN

Definition 3.2 (Entropy solutions). A function
we C([0,T]; L' (R™) N L=((0,T) x R") N L'((0,T); BV (R™))
is an entropy solution of if u is a solution to in the sense of distributions, and
there exists a (everywhere defined) Borel representative 4 of u with |a(t, )| < [|ul/co
such that, for every convex entropy pair (S,n), one has
9 S(u) + div (n(z, u))

15

(15) + S’ (@) div A(z,v)

v==4(t,x)

<0

v=a(t,x)

—divny(x,v)

in the distributional sense. Here, by div A(az,v)’ ) We mean the measure whose

v=u(t,x
action on a bounded and Borel function ¢ = ¢(t,z) is given by

n T
(16) z; /0 dt / Cp(t2)Vidi(w,a(t, x)) do

n T N ) . A | .
—i—;/o dt/NSO(t,x)(Ai (x,a(t,x)) — A; (x,u(t,:c)))yN dH" 1 (z),
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and the same for divn(z, U)‘v:ﬁ(t )

Remark 3.3. Some comments about our definition of entropy solution are in order. We
shall see in Section that, if x € N, then our entropy condition characterizes the
(closure of the) so-called vanishing viscosity germ defined in equation (5.4) of [5] (see
below). This characterization has also been used by Diehl (see Condition I in [16]),
Mitrovic [24] and Andreianov & Mitrovic [6]. In this sense, despite the appearance of
a somewhat arbitrary Borel representative u, this definition seems to be the natural
extension to our general framework of the conditions cited above. We also note that,
although in Definition we require 4 to be defined everywhere, it will be clear by our
arguments below, that it is enough to define @ £! x (L™ + o)-a.e.

Remark 3.4. By definition, if u is an entropy solution to (L3)), then u(t,-) € BV (R") for
every t. For regular fluxes with respect to the space variables, it is well known that the
entropy solution to the Cauchy problem with initial data uy € BV (R") remains in BV
for all times (see [20} [10]). On the other hand, it is not clear when such regularity has to
be expected for entropy solutions when the flux is discontinuous in the space variables.
A relevant situation for which we can expect BV -regularity of solutions is the case n = 1,
at least for a class of fluxes widely studied in the literature (see for example [11 [I8] and
references therein). For instance, if we assume that the flux is piecewise constant and
that, at every point of discontinuity, it satisfies an appropriate version of the crossing
condition, one can show the existence of a BV solution of the Cauchy problem (see [T,
Theorem 2.13] and [I8, Lemma 9]).

With these definitions at hand we can now restate our main result:

Theorem 3.5. Let A € L®(R"™ x R;R"™) satisfies (H1)—(HT) and let uy and ug be two
entropy solutions of , then

(17) / lu1 (T, x) — ua(T,x)| dx < / |u1 (0, 2) — u2(0, z)| dz.

Remark 3.6. Since we are dealing with bounded solutions, one can suitably localize
assumptions (H1)—(H7) in the “vertical” variable v, see for instance [3]. Furthermore
one can also localize in the space variable = by just requiring for instance that A(-,v)
belongs to S BVjs. and similarly for u. Since this will not add any new ideas to the proof
below, we leave this generalization to the interested reader. Moreover by exploiting
standard techniques in the context of hyperbolic equation the following localized version
of can be easily obtained from the proof of Theorem (3.5

/ s (T, ) — up(T, 7)) da < / s (0,) — up(0,2)|dz YR >0,
Br(0) Bryvr(0)
where V := || Al -
Since u € L*((0,T); BV(R™)), by the discussion in Section see in particular,
we have that
A(z,u(t,z)) € L'((0,T); BV(R™;R™)).

By arguing for instance as in [I2) Theorem 4.3.1] we then deduce the following:
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Lemma 3.7. Let u be an entropy solution of , then
u e BV((0,T) x R"™).

Obviously we can think of A(-,v) as a function in SBV((0,7') x R";R™) constant in
time, hence equations and give the following Rankine-Hugoniot conditions

(ut —u )+ (AT (z,u") — A (z,u7)) v =0
for H"-a.e. (t,z) € ((0,T) x N)U Jy,

where v = (14, v,) is the normal to the H" rectifiable set ((0,7) x N)UJ,, C (0,T) x R™.
In particular, since for H" almost every (¢,z) in ((0,7) x N') N J, we have v = (0, vy),
we obtain

(18) At (z,ut) = A (z,u") for H"-a.e. (t,x) € ((0,T) x N) N Jy,
where we have introduced the notation
(19) At (z,0) = AT (z,0) - vy v eR.

3.2. Analysis of the entropy condition on discontinuities. Let u be an entropy
solution of . Thanks to and , on (0,7) x N the entropy inequality reads

(20) 0" (@, u") =" (2, 0) + AT (2, 0)S" (@) <0~ (v,u7) =0~ (2,0) + A7 (2, 0) 5 (@),

H"™ almost everywhere on (0,7T) x N and we have dropped the dependence on (¢, ) from
u® and @ in order to simplify the notations. Here we understand that u* = % if = ¢ J,
and we are using the short hand notations and

7 (w,0) 1=t (2,0) - v (@)

Thanks to the definition of 7, , and , condition can be rewritten as

(21) AT (z,u")S (u") — /u+ At (z,v)8" (v) dv

<A_(:c,u_)S'(u_)—/u A= (2,0)S" (v) dv .

By a standard approximation argument, we can plug in the Kruzkov—type entropies
S(v) :==|v—¢, ni(v) = /Ov OpAi(z,w)sign(w — ¢) dw,
where ¢ € R is a constant. We then obtain H™ almost everywhere on (0,7) x N
(22) AT (2,u")sign(u” —¢) — 2sign(u™ — ) AT (2, ¢)1(5,4+)(c)
< A7 (w,u” ) sign(u” — ¢) = 2sign(u” — @) A7 (2, ¢) (54 (c)-

Here and in the sequel, for a,b € R the symbol 1(,;) will denote the characteristic
function of the open interval I(a,b) with endpoints a and b, i.e. I(a,b) = (a,b) if a < b
or I(a,b) = (b,a) if b < a.

We shall now derive as a consequence of some inequalities which will be useful
in the last part of the proof of Theorem [3.5| To this end, let us now fix a point (¢,z) €
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(0,T) x N for which and are valid and let I(u~,u") be the open interval with
endpoints u~ (¢,x) and u™ (¢,x). Let us consider the following two cases:

(a) @€ I(u,u™)
(b) 4 ¢ I(u=,u™).
In the case (a), taking into account the Rankine-Hugoniot condition , by we
get
(23)  [sign(u® —¢) —sign(u” —¢)] AT (u™)
< 2sign(u” — u”) [AT(O) L) (©) + A()1 (g (€)]
where we have dropped the dependence on x from A. This condition gives information
only for ¢ € I(u™,ut):
(24) sign(ut —u)AT(u™)
<sign(u® —u”) [AT(e)1(gu+)(c) + AT ()1 (g0 (0)] cel(u,u").
As particular cases, taking ¢ 4 and ¢ \, @ we get
sign(ut —u") AT (ut) <sign(ut —u”)AT(a).
Similarly, in the case (b), taking again into account the Rankine-Hugoniot condition
, by we get
(25) [sign(ut —¢) —sign(u” —¢)] AT(u™)
< 2sign(u” — @) [AT (1) (0) = A~ (1) (©)] e ¢ Iw™,ub).

We will now analyze conditions and in all the possible cases of different posi-
tions of u™, u™, @ and ¢ (see [24] for a similar analysis). We list all the cases for reader’s
convenience. First of all we remark that if ¢ > max{u*,u™, 4} or ¢ < min{u™,u", 4},
then, by the Rankine-Hugoniot condition , condition does not give any infor-
mation. Therefore we list all other possible cases:

Case 1: um <u~.

Subcase la: ut <u™ <4
(26) (i) vm<u <ec<a = AT(c) <A (o)
(27) (i) vt <e<u <a = Af(c)<AT(uh)
Subcase 1b: ut <4 < u™
(28) (iii) vt <a<c<u = A (¢)<A (u7)
(29) (iv) ut <c<a<u = Af(c)<AT(u').
Subcase lc: @ < ut <wu™
(30) (v) a<ut<e<u = Af(c)<AT(u")
(31) (vi) a<c<ut<u” = A (c)<AT(c).
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Case 2: v~ <ut.
Subcase 2a: v~ <ut <4

(32) (i) u <ut <c<a

=
(33) (i) v <c<ut<a = A (u)<A ().

Subcase 2b: u~ <4 < ut

(34) (iii) uw <a<c<ut = At(@uh) <AT(c)

(35) (iv) u <c<a<ut = A (u)<A ()
Subcase 2¢: 4 < u” <uh

(36) () 4<u <c<ut = AT <AT(c)

(37) (vi) a<c<u <ut = A (c)<AT(c).

3.3. Kinetic formulation. Let us define the function y: R? — R,
1 if v <,

(38) x(v,u) :=4¢1/2 ifv=u,
0 if u <w.

Note that if u € BV((0,T) x R™) then for almost every v € R the function (t,z) —
X(v,u(t, z)) belongs to SBVi.
Let A satisfy conditions (H1)-(H7), and let us define

ai(z,v) := yA;(x,v) Vi=1,...,n
tny1(0) == GiAi(-,v).
i=1

We remark that, for every v € R, a;(-,v) is a BV function, while a,,4+1(+,v) is a Radon
measure, moreover according to (H5)

(39) sup lan+1(-,0)|(R") < o(R") < 400.

Let us denote by
a’(': ’U) = (al('a U) ﬁga SRR an('v ’U) E;Lv an+1('v ’U))
Note that a is a Radon measure and that div,, a = 0.

Definition 3.8 (Kinetic solutions). A function
we C([0,T); T{R™) 1 I((0,T) x R") 1 L1((0, T); BV (R™))

is a kinetic solution of if u is a solution to in the sense of distributions, and
there exists a (everywhere defined) Borel representative 4 of u with |a(t,z)| < ||ullco
and a positive measure m(t,x,v) with m((0,7) x R"*1) < +o00 such that the function
(t,z,v) — x(v,u(t,z)) satisfies

(40) Ox(v,a(t, z)) + divy la(z, v)x (v, 4(t, z))] = Op(m(t, x,v))
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in the sense of distributions.
Our first results establishes the equivalence between Definitions and
Theorem 3.9. Let
u € C([0,T); LY(R™) N L>=((0,T) x R") N L*((0, T); BV (R™)).
Then u is an entropy solution to if and only if it is a kinetic solution to .
Proof. We divide the proof in two steps.

Step 1. Let u be a kinetic solution and let S € CZ°(R). By testing with ¢(t)p(x)S’ (v),
we then obtain

/ &' (t)p(x)S" (v)x (v, d(t, z))dtdzdv
(0,7)xR" xR

+Z/ () S (v)a;(z, v)x (v, 4(t, z))dtdzdo

0,7 XR”XR

+ 6(1) ()" (0)X (v, (L, 2)) dan 1 (z, v)dvdt
(0,T) xR xR

= / S"(v)p(z)p(t)dm(t,z,v).
(0,T)xR"» xR

Now, since S is compactly supported,

a(t,x)
(42) / S (w)x (v, it, ))dv = /_ S'(v)dv = S(a(t, 7))

[e.9]

and, for : =1,.

a(t,x)
(43) /RS’(v)ai(x,U)X(v,ﬂ(t,a:))dv = / S'(v)0p Ai(x,v)dv = 1;(x, 0(t, 1)),

— 00

where
v 0
7n(z,v) :—/ S ()0, A(z, w)dw = n(z,v) +/ S (w)0y A(z, w)dw
by the definition of 7 in . Moreover

[ @S @, i(t,2)) oo, ) do
R™ xR
(44) = — Z/Ran 2)S" (v)x (v, 4(t, z))V;Ai(x,v) dv dz

— / o(2)S" (v)x (v, u(t, x))(AJr(x, v) — A (z, v)) dv d?-["fl(x) ,
NxR

where we have used the short hand notation . Now by the discussion in Section
the map v — A¥(z,v) is C* for H*! almost every x € N with derivative given by
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v = 0, A*(x,v), hence for any such x

[ 8" @ it 2)) (4" (@,0) = A~ (2, 0))do
. u(t,x
= /U( " S"(v) (AT (z,v) — A™ (z,v))dv

—0o0

W) = s'(at, w)) (A (@, a(t, 2)) — A~ (x, alt, 2))

a(t,x)
- / S (v) (0pAt (z,0) — O, A™ (z,v)) dv

= Sl(’&(tv x))(A+($7ﬁ(t7 x)) - A_('%ﬁ(tam))) - (ﬁ+<$vﬁ(t7 x)) - ﬁ_(x7’a(t7x)))

where we are using for 77 the same convention used for A and n. In the same way
by Lemma for almost every z € R" the map v + V;A;(z,v) is C! with derivative
given by V,;0,A;(x,v), hence for any such x

/ywummmmwmwww
R
a(t,x)

= S'(a(t,z))V;A(x, a(t, z)) —/ S'(v)V;0p Ai(x,v)dv

—0o0

(46)

= S'(a(t,x))V; Az, a(t,z)) — Vim;(z, a(t, z)).

Combining , , , , and we deduce that if u is a kinetic solution
of (13)), then for every function S € C2°(R) we have

9S(u) + div (7(z, uw))

4 5'(4) div A(x, v)

v=u

— divij(z,v) = [ S w)

in the sense of distribution. We now note that 7 — 7 is a function of the = variable only,
hence the above equation implies that

9S(u) + div (n(z, w))
7) + S5'(4) div A(z,v)

REST)

—divn(z,v)

— [ $"@)dm(,-.w

for every S € C°(R). Using the very same approximation argument of the second step
of the proof of Theorem 3 in [I3], we conclude that holds for every convex function
S of class C?. Since m > 0, this fact implies that u is an entropy solution of .

Step 2. Let u be an entropy solution of , let us define the distribution

m(t,z,v) = O /Ov x(w, u(t, z))dw

V=1

(48) ) U
+ ; 0; {/o ai(z, w)x(w, u(t, sc))dw} + a1 (z,v)x(v, 4, ).

Clearly is satisfied in the sense of distributions, hence to conclude that w is a kinetic
solution we only have to show that m is a positive measure with m((0,7') xR" xR) < oc.
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First note that by testing with ¢(t, )y (v) with spty N [—||uec, [|[4]|ec] = @ and
recalling that |4| < ||u||~ we obtain that, as a distribution,
m(t, z,v) = u+ div A(z,u) =0 outside [0,7] x R" X [—||]/c0, ||tloc],

that is sptm C [0,7] x R™ X [—||¢/|cos ||lcc]- We want to show that m is a positive
measure, to this end note that by the same computations of Step 1, u satisfies for
every S € CX(R). If ¢(v) > 0 is a positive test function, since m vanishes outside
[0,7] x R™ X [—||tt/|ccs ||t]|cc] We can construct a function S € C2° which is convex on
the range of & and for which

/ b(v)dm(t, z,v) = / S (v)dm(t, z,v).

By and since u is an entropy solution we then deduce that

[o@im(ta0) =0 vz

hence m is a positive measure. Moreover choosing ¢ = 1 on [—||ul|cc, ||#]|s] so that
S(v) = v%/2 on the range of @ and integrating we get

1
/ dm(t,,v) < / |u(0,:v)|2dx+/ dlan| dt
(0,7)xR™xR 2 Jrn (0,T)xR™xR

By we finally conclude. [l

4. PRELIMINARY ESTIMATES

In this section we shall prove some preliminary estimates for approximate solutions
that will be used in Section [l

Given an entropy solution 1, let us define the function f(¢,z,v) := x(v,4(t, z)) and
let us consider a regularization of f with respect to the v variable. More precisely, let
€ CX([-1/2,1/2]) be such that p(w) = p(—w), ¢ > 0and [¢ =1. Let

1 v
Pe(v) = ESO (;)
denote the standard family of mollifiers. If we define

fe(tvxa U) = (f(t,.l‘, ) * 906)(1}) = (X('>u) * (PE) (U)

then we have the following

u:ﬁ(t,x)7

Proposition 4.1. The function f. satisfies the following equation:
(49) atfe(tv Z, U) + divx,v[a(x7 U)fe(t, Z, U)] = 0Oy (mﬁ(tv xz, U)) + Te,
where
me(t, z,v) := (m(t,x,) * @) (v),
and the commutator
re = —divy, ((af) * 905) + divy, (afﬁ)
is a measure on (0,7) x R™ x R such that

(50) lim Irel((0,T) x R™ x (¢,d)) =0
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for every ¢,d € R.

Proof. The fact that f. satisfies is evident, hence we only have to verify the last
part of the statement. To this end note let us write, with obvious notations, r. as

re = divy (OpAfe) — divy ((0pAf)e)
+ Oy(any1fe) — Ov((any1f)e) == Tle+ T2
and let us show that both r; . and r2 . are measure satisfying .

e Computation of 11 :
If we test the distribution 71 . with functions ¢(t, z,v) = ¢1(t)d2(z)¢p3(v) and we apply
Fubini Theorem we obtain

(F1en ) = // dudt 61 (1) b3(v )/dW(w)

X / dz Dyda(x) - (0 A(z,v) — Oy Az, v — ew)) f(t, 2, v — ew)

// dvdt ¢y (t)ds(v )/dww(w)

X dx ¢2(z) divy [((%A(m, v) — Oy A(z,v — ew)) f(t, v — ew)]
R7

Recall that, by the coarea formula, for £2 almost every (v, w) the set {(¢,z) € (0, T)xR" :
u(t,z) > v — ew} is of finite perimeter in (0,7) x R™ and that denoting by J,., =
o*{(t,z) € (0,T) x R" : u(t,z) > v — ew} we have

Dy f(t,z,v — ew) = DLf(t,z,v — ew) = VwaH”_ll_Jv,w.

Exploiting the Leibniz rule in BV, [4, Exercise 3.97], we then find that for £? almost
every (v, w)

div {(&,A(:E, v) — O A(z, v — ew)) f(t,z,v — ew)}

= Z (Vi0yAi(x,v) — Vi0p Ai(z,v — ew)) f(t,z,v — ew) L} x L2

1=1
(52) + (0pAT (2,0) — AT (m,0 — ew)) fT(t, 2,0 — ew) L) x H' LN
— (0 A™ (2,0) — OvA™ (z,v —ew)) [~ (t, 2,0 — cw) L} x H' LN
+ ((%A — Oy A(:c v—cw)) vy,

(f+(t x v—sw) —f (t,z,v —ew))H" L Jyw \ ((0,T) XN)

where we are usmg the notation . According to (H3), (H7) and @D, we then
obtain from and (| . that r17€ is a measure and that

((0,T) x R" x (c,d))
< Tw(ﬁ)(d - C)HQQHLl(Rn) —+ 2Tw(€)(d _ C)Hn_l(N)

) [ etw)dw [ (1,0

’rl,e

(53)
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Clearly the first two terms on the right hand side of go to zero as € goes to zero.
For what concerns the last one we notice that by the coarea formula

/cp(w)dw/ H (Jyw)dv < /cp(w)dw/ H™ (0 {u(t,z) > v})dv
R R

< |Du|((0,T) x R™).
Hence also the third term in right hand side of goes to zero.

e Computation of ro:
A computation similar to the previous one shows that ry. is given by the following
measure:

(54)

roe = { i/viavfli(m,v)f(t,x,v — ew)p(w)dw

n /
- Z/ (ViAi(m,v) —ViAi(z,v— sw))f(t,x, v — ew)gp (w)dw} Ei X L7 X E,Ll,
=1

+ [/ (0wAT (z,v) — DyA™ (z,v)) f(t, 2,0 — ew)p(w)dw
¢ (w

€

~—

dw

_ / (A+(x,v) —A+(x,v—ew))f(t,:v,v—ew)

/w)

+ / (A™ (z,v) — A (z,v — ew)) f(t,z, v — ew)w dw} LixHIN x L]

€
where we are again using the convention . Note that by (H2) and the discussion
in Section | A% (z,v) — A*(z,v — ew)| < Mew| for H" '-a.e. € N and that, by
(H4), |Vidi(z,v) — ViAi(z,v —ew)| < g1(x)e|w|. Hence if we can show that the term in
curly brackets (respectively in square bracket) in goes to zero as € goes to zero for
L} x L x LI almost every (¢, z,v) (respectively for £} x H* 'L N x L1 almost every
(t,z,v)), an application of the Lebesgue dominated convergence theorem applied with
respect to the measure £} x L7 x L} (respectively £} x H* 1L N x L£}) will imply that
ro.. satisfies . To this end let us write

/Vl-aUVAi(x, v)f(t,z,v — ew)p(w)dw

¢ (w)

— / (ViAi(x, v) = V;Ai(z,v — 6w))f(t, T, — ew)

(55) ,
= / {Vi0uA;i(z,v)p(w) — V0 Ai(z, v)we’ (w) } f(t, 2,0 — ew)dw

— / {viAi(x’ v) = Vidi(@,v —ew) _ w V;0,A(z, U)}f(t, z,v — ew)p' (w)dw.

€

Since by Lemma the map v — V;A;(z,v) is differentiable for almost every z with
derivative given by V;0,4;(z,v), by the fundamental theorem of calculus and (H7) for
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every such x we can estimate the second integral in the right hand side of by

w(e) ga(z) / ) ()| doo,

which goes to zero as € — 0. For what concerns the first term we notice that f(¢,z,v —
ew) — f(t,x,w) for almost every (¢, x,v) since

£l % E"({(t,x) LAt ) = v}> =0

for all but countably many v. Hence the first term in the right hand side of goes to

V0, Ai(z,v) f(t,z,v) /[cp(w) —w' (w)]dw = 0.

The term in square bracket in can be treated in the same way this time using that
v+ A*(z,v) is differentiable for "~ almost every # € N with derivative given by
Oy AT (x,v) and that

L£hx Ht LN({(t,m) ca(t,x) = v}) =0

for all but countably many v. O

The next step concerns the derivation of the evolution equation satisfied by f2 := (f.)2.
In order to simplify the notation, we define the differential operator L by

Lg(t,z,v) := 0rg(t, x,v) + divy y[a(z,v)g(t, z,v)].
Lemma 4.2. The function f2 satisfies the following equation
LfZ =2f!Lfe+RIf]
that is
(56)  Ouf2(t, z,v) + divgola(z,v) f2(t, z,v)]
= 2(fe(t, 2,v))"[Ou(me(t, x,v)) + re] + R[f]
where f* is defined as in () and
RIf = {10,4)" = @A) VFF = F) (= 1)
+(fF = fo+ £ = £)AT — A7)0, f. }Etl X H LN x L1

Here we are using the convention ((19)).

(57)

Proof. Note that f.(t,z,v) is a BV}, function with respect to all its variables. By the
chain rule

Bef2(t,x,v) = 2f2(t,2,0)0 fe(t,x,v),  Dof2(t,x,v) = 2f(t,2,0) Dy fe(t, z,v)

for H" ! almost every (¢,z,v) € R™2\ Jy. Since v — f.(t,z,v) is C' we also have
(recall that 4(t,z) is everywhere defined)

8vf3(t7xav) = 2fe(t7$77})8vfe(t7xvv) )
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for every (t,x,v). Moreover

X (-, 1) * pe = 1/u @(U_ew>dw

—0o0

is a smooth function of u. According to this Jy2 = Jy, = J, x R. Hence, recalling that

is in force,
(58)
Lfé=2(f) Lfe
= {(aUA+(f3)+ — 0y AT (f2)7) — 27 (8, AT — &,A*fg)}ﬁi X H'ILN X L,
+ A v, L (U2 = UD7) = 202 (= ) P LG\ [(0,T) x N < R])
+{(A% = A7) (2f = 2£)0uf £ X HYTILN x £}
+ {((8UA)+ — (B A) ) (f - 2f€*)f€}L§ X H LN x L1,
where we have used that 0y(AT) = (8,A)* for H"~! almost every x in A/ and that
1= fe, for L™ + |Dy , fe| almost every z, see Section Since (f2)* = (f*)? we have
(f3)+ - (feQ)_ - 2fe*(fj - fe_) = 07

hence the second line in the right hand side of vanishes. A simple algebraic com-
putation now shows that reduces to (57)). O

Let us now consider, for R > 0, the following test function g € C°(R"*1), yr > 0
defined by

(59) Yr(z,v) =0 (%) or(v),

with 8 € C*(R"™), ¢r € C®[R), ¢r(v) = 1if |v]| < R, ¢r(v) =01if [v] > R+ 1,
f(x) =1if |z| <1 and |¢f] < 2.

Lemma 4.3. If u is a kinetic solution of , then

T
li li d
R:)IEOO Egr(l)/o /Rn-H (V * SOE) wR e

T
(60) = = lim tim [ ] pna)arisy

R—+o00e—0

T
:/ /Q(u)d?—l”_ldt,
0 JN
where (recall )

(61)
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and

V(ta T,v) = 6u+(t,x) (U) + 5u*(t,:v) (v) = =20, f".

Proof. Let ns € C1(0,T) with n = 1 on [§,T — 6]. Since u € C([0,T]; L'(R")), we have
that f. € C([0,T); L*(R™1)), hence by testing and with n5(t)Yr(x,v) and
letting 6 — 0 we obtain by standard computations

(62) / 2T, 2,0) — (T, 0)|on(a, v) d dv
Rn+1
(63) - / £2(0,2,0) — £u(0, 2, 0)[om e, v) dodv
Rn+1
T
(64) —i—/o /Rn+1(f62 — f)Va¥r -da(z,v)dt
T
(65) [0 [ 2o n dm
T
(60) [ [ n=2n00m dn
T
(67) e[ e =1 an
T
(68) —i—/o - YrdR[f](z,v)dt.

As € goes to 0, the integral tends to
[, [P0 = f(T00)] vrlae) dedo =0,
Rn+1

since f2 = f. In the same way the integral tends to 0. Moreover, recalling the
definition of @ we obtain that

T
/ / (fe2 - fe)vx,vd}R(CEa 'U) . da(CC, ’U) dt
0 Jro+t
T
:/ / (ff — fO)Vabg - Oy Adz dvdt
0 Jret

T
+/(; /]R”‘H (fe2 - fe)auwR dan1 dt.

We now note that, arguing as the end of the proof of Lemma f2 = f2 = f, for
L} x (L™ + o), x L) almost every point. This and the fact that |a, 1] << L™ + o, see
, imply that the integral tends to 0, as € — 0.
Let us now we consider integral . We remark that
.1 1
avfe = 757/ * e = *5[5u,(t,z)(v) + 5u+(t,x)(v)] * QPe.

Therefore the integral is equal to

/OT /RnH (v * de) Yrdme.
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Let us now estimate the integral . Recalling the choice of the test function made in

, we have that
/ / me(t, z,v)[1 —2fF] Oy¥r(z,v) dt dxdv
Rn+1

where Ir = {v: R < |v]| < R+ 1}. Hence, by letting ¢ — 0 and R — +o0, the integral
tends to 0 since m([0, 7] x R™ x R) < +o0.

By , the integral in tends to 0 as € — 0. Gathering all the information above,
the first equality in is proved.

It remains to compute

<2m([0,T] x R" x IR),

T
— lim lim Yr(z,v)dR[f]

R—+00€e—0 0 Rn+1

and to show that the second equality in holds. We recall that the explicit form of
R|[f] is given in Lemma We have that

T
- / br(z, v)dRf]
Rn+1

/ /HW — J)(AT — A7)0ytpg dv dH" ! (z) dt

_/0 /R"“ [(fj_fe)av(fei_f5)+(f;_fg)8v(f:_fe)

+ (fj - fe + fe_ - fe)avfe] (A+ - A_)d}R dv d/Hn_l(x) dt
=:1i(e, R) + Is(¢, R) .

Again, the first integral I; (e, R) tends to 0 as € — 0 and R — 400 thanks to the choice
of the test function ¥g. In order to compute the Is(e, R), let us recall that

0u(f& = f) = [a(v) = 0y (V)] ¥ @e(v),  Bofe = —8a(v) * e(v).

A straightforward computation based on Lemma [4.4] below, now gives that

(69) lim lim Ir(e, R) = //Q YdH () dt

R—+o00e—0

where
Q) 1= [~xlut, i) + (o)) [4° @) — A=)
o # |5~ @)+ g = x(au)| 144@) - 4G

+ [—x(u™, @) + x(u™,u™)] [AT(u) — A7 (u7)]
+ [-1+ x(@,u™) + x(@,u™)] [AT(2) — A= (a)],

which, after some computations is easily seen to coincide with . The second equality
in now follows form this together with and . O

We conclude this section with the following technical lemma that we have used in the
proof of , for later use we state the lemma in a slightly more general setting.
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Lemma 4.4. Let . : R — R be a family of symmetric mollifiers and let h1 ho : R — R
be two bounded and uniformly continuous functions, then for every u,u € R

(71) m- [ hy(0) (0u * ) (V) [ha()x (5 @] * @e(v) dv = ha(u) ho(u) x(u, @) -

g
Here x(u,0) is defined according to (38).
Proof. We start noticing that
Fim [ 1a0) Gt 00 0) (ol x(e )] oe(0) o
~ [[ m@edw - whaw)x(w, o - w) dwds
— [[ m@edw ~ wlhaw) - k) x(w. g0 - w) dwdo

+ ha(u) // h1(v)pe(v — u)x(w, ) pe(v — w) dw dv
=11 + ho(u) I .

By exploiting the uniform continuity of ho we obtain for some modulus of continuity w,
that

1< [ @)oo - wwe - wl) oo — w) dudo
(72) <l | (qum@) / @6(3+w_u>dw> it
< o / w(|s])ge(s) ds

and the last integral tends to 0 as € — 0. On the other hand
(73) 51—1>I(])[1+ Iy = hy(u)x(u, @) .

Indeed, from the estimate

[ = ha(u)x(u, )] < cmax |1 (v) = ha(u)]

+ [ha(u)|

J[ oo = wxtw dyeo - w) dwde - xtu, 0

and the uniform continuity of hy it is enough to show that

(74) lim // Ye(v —u)x(w, 1) pe(v —w) dwdv = x(u, ).

e—0+

If u # 4, then for € small enough we have that x(w,4) = x(u, ) for w € (u— 2¢, u+ 2€),
so that y is constant in the integral. Then

J[ oo = wxtw, oo — w) dwdv = xtu ) [ [ o= wouto = w) dwdv = xw, )
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and follows. If u = 4, then the integral in , for € > 0 small enough, becomes

J[ oo = wntw o~ wy dudo = | " o —u) [ eto-wawa

+oo 1 u 1
= we(v—u) |z + Ye(v —w)dw| dv ==,
_Oo 2"/, 2
where we have exploited that ¢ (s) = @c(—s). Equation now follows form the
definition of y, (38]). Hence follows from and . O

5. UNIQUENESS

In this Section we prove Theorem to this end let us fix some notation. For wuq, us
two entropy solutions of , with corresponding everywhere defined Borel representa-
tives 11, U2, we will set f;(t,z,v) := x(v,4;(t,x)) and m;, i = 1,2, for the corresponding
functions and measures appearing in the kinetic formulation. We will also set

fle(t7xav) = (fl(taxf) * 306)(’0)’ fge(t,fli,v) = (fQ(t7$v ) * 906)(1]) :

and

mic(t, x,v) := (my(t,x,-) * pc)(v), mace(t, x,v) = (ma(t,z,-) * @) (v),

where . denotes the standard family of mollifiers.
The following theorem is the main result of this section and, by Cavalieri’s principle,
it immediately implies Theorem

Theorem 5.1. Let uy, us be two entropy solution of , with corresponding everywhere
defined Borel representatives Uy, Us. Setting fi(t,z,v) == x(v,4;(t,z)), i = 1,2, we have
that

/ |f1 — fol(T,z,v) dedv §/ |f1 — f2](0,z,v) dxdv.
Rn+1

Rn+1

In order to prove Theorem we need some preliminary results concerning the inter-
action of two kinetic solutions:

Proposition 5.2. With the notation above, for every test function 1(x,v) we have that

/]R"+1 |f1 — fol(T, z,v)¢Y(x,v) dxdv §/ 1 |f1 — f2l(0,2,v) Y(x,v) dxdv

Rn+

e—0

T
—timsup [ [ 200l = R vld(me — mad)(ta.0)
T

(75) + lim sup/0 - Y dR[fie — fo](t, z,v)

e—0

T
_/ / |f1 = fo| Voo - Oy A(x,v) do dv dt
0 Jrntl

T
+/ / |f1 = fa| Ovtp dan 41 (,v) dt
0 Rn+1
where R fic — fae] is defined according to (57).
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Proof. We recall that
Lfie = Oymie + 71e, Lfae = Oymae + 12c -
Since fic — fo is a solution of , by Lemma we see that
Oy(fre — f2e)2 +divg [a(fie — f2e)2]
= 2(f1e = f2e)"L(f1e — f2e) + Rl f1e — foe]-
Hence, by arguing as in Lemma for every test function ¢ (x,v) we have that

/Rn+1(fle - f26)2(T7x’ U)T/J(ﬂf,v)dx dv — / (fle - f26)2(07xav)/¢)($7v)dx dv

Rn+1

T
= - / / (fie = fo)? Va0 (2,0) - da(z,v) dt
0o Jrett

T
" w2 [ (= £ Ll = o) va.) dadv

Noticing that (fic — foc)? — (f1 — f2)?, that the equality (fi — f2)? = |fi1 — f2| holds
for £} x (L™ 4+ o) x L} almost every point, and that |a| << (L™ + o) x L}, we can pass
to the limit in I; obtaining the last two integrals in the right hand side of . In the
same way, the left hand side of tends, as € — 0, to

/ |f1 = fo| (T, z,v)¢(x,v) dx dv —/ |f1— f2](0,2,v)Y(z,v) dzdv.
Rrt+1 Rn+1
Let us now consider I» and I3. Since, by Proposition 4.1
Lfie = OvMie + T1e Lfse = OpMae + T2¢
we infer that inequality holds. U

Proposition 5.3. Let ui,us be two entropy solution of , with corresponding repre-
sentatives U1, Ug. Setting fi(t,z,v) = x(v,4;(t,z)), 1 = 1,2, we have that

/Rn+1 |f1 = fo|(T, z,v) dxdv</

R+

) |f1 — f2/(0,z,v) dxdv

(77) T
—|—/0 /NW(ul,uQ)dHnldt,
where
78) W (u1,ug) == A% (uf) [ = 2x(ui, ug) + 2x(uy, uz)]
+AT (uz ) [ = 2x(uy, uy) + 2x(uy  uy)] -
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Proof. Let us start from inequality using the test function v = ¢ defined in .
It is easy to show that, as R — +oo, the last two integrals in goes to 0. Hence, we
only need to estimate the contribution of the two terms

/ /}Rn+1 [(f1e = fa)¥r] d(mac — mac)(t, , v)
and
aer= [ [ ond®inc- pdee
for ¢ - 0 and R — +o0. We start noticing that
/ [ 201 = o omdtm, = ma) (1., 0)
(79) Rt
- / /R 2(f16 - fQE)*avad(mle - mZe)(ta x, U) )
0 n+1

and, reasoning as in the final part of the proof of Lemma [£.3] the last integral goes to 0
as € — 0 and R — 4o00. Let us compute the first term in ([79):

/ /Rn+1 fle f2e)*]¢3d(m1€ — mze)
= / Rn+1 ui ,(U) - 5u1+(v) B 5u; (V)] * pe(v) YR d(mie — mac)

Ug

- / / [6UIL (U) + 5u; (U)] * QOE(’U) ¢R dmle
0 Rn+1
T
+ 5u2_ (U)] * QDE(U) ¢R dm26

) o
- /T/]R + 0z (V)] @e(v) YR dimae

nt1 42

/ /]Rn-}—l 5“? v +5 ( )] *SOE(U) wR deE
=:11(e, R) + I2(e, R) + I3(€e, R) + I4(€e, R) .

By Lemma [4.3]
lim sup lim sup I3 (e, R) + I2(e, R)

R—o0 e—0

§/T/ [Q(u1) 4+ Q(ug)] dH" dt

where Q(u) is defined in (61)). In order to estimate I3, we note that

/ /Rnﬂ us uy ()] % 0e(v) brdmic(t, @, v)
/ /Rnﬂ uf uy ()] % 9 (V) YR dmi(t,z,0),
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where mf$_(t,-,v) is the restriction to N of the singular part of the measure my(¢,-,v),
namely m$_(t,-,v) = mji(t,-,v) * pe(v), with
mit2,0) = [ (0,4 @), (0:2)) = 0uA) o w) (w7 ()] 4

- (A+(:E, U) - Ai(m7 U)) X(vv 7:Ll (tv x))dHnil'
Hence, the contribution given by I3 to can be estimated by

T
— lim sup lim sup/ / [0,+ (V) + 0, (V)] * @e(v) Yg dm, .
R—+o0o0 €0 0 Jrnt1 2 2

By the explicit expression of m3, and by also taking into account Lemma @, we get

T
B [0 [t @) - x(ad ) A
0 JN
+x(ug s up ) A” (ug) + x(uyyug ) A (uy)
— X ) A () + x(uf @) AT ()|

T
[0 [ A ) = x4 )
+ x(ug ,uy )JA™ (uy) + x(uy,ug )A™ (uy)
— Xz ) A” () + x(ug, i) AT (ug) | 4R
In the same way we can estimate the contribution of I4. The contribution of H can
then be estimated with the aid of Lemma [£.4] by arguing as in the final part of the proof
of Lemma Therefore, by summing up all the estimates we obtain that holds

with the following choice of W (u1,u2) where, for the reader convenience, the terms are
grouped according to their provenience:

W(ul,uQ)
= (D) AT )+ X ) A ) = X ) A () = xla ) A () } .
— X(u?,ﬂl)fﬁ(uf) + X(uf,ﬁl)A*( - x(uy, ﬁl)fﬁ(ul_) + x(uy, w1)A™ (uy)

+x(ug,ug )AT (ug) + x(ug , ug ) AT (uz) — x(ug, up)A™ (ug) — x(ug , uz )A™ (uy) } L
— X(u;, QQ)A+(U§F) + X(u;, ﬂg)A_(u;) — x(uy, ag)A+(u5) + x(uy , 42)A™ (uy)
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— x(uz, u) AT (uf) — x(uz, uf )AY (ug) — x(uf,ud ) AT (uf) — x(uf,uz ) AT (uf)
+x(ug,uy ) AT (ug) 4+ x(uy,up ) A (ug) + x(uy,ug )A™ (up) + x(uy uy )A (u))  p I
+x(ug, @) AT (ug) — x(ug, 41) A~ (ug ) + x(ug, 01) AT (ug ) — x(uy , 1) A~ (uy)

— Ix(ufuy) = x(uy s i) = x(ui,ug) + x(uf, @) [AT (uf ) = A7 (uy)]

+ [x(uy,uy) = x(ug, in) = x(ug , uy ) + x(uy s @2)] [AT (uz) — A7 (ug)] I
— [x(uy s uf) = x(uy s ) = x(uyug ) + x(uy, G2)] [AT (ug) — A7 (uy)]

+ [x(ug , uf) = x(uy , in) = x(ug , ug) + x(uy , @2)] [AT (uy) — A7 (ug)] -

We now note that all terms in A+( ;) and A™(u j) j = 1,2, cancel out. Using the
Rankine-Hugoniot conditions (18), we can sum up the terms A (u] *) with A~ (u;),
obtaining . D

We are now ready to prove Theorem
Proof of Theorem [5.1] By Proposition it remains to prove that
(80) A+(u1+)[ x(uf,ug) + x(uy, uy )] + A+(U2+)[ x(ug, uf) + x(ug, ug )] <0.
Since u1, ug are entropy solutions, recalling that

x(a,b) + x(b,a) =1 Va,beR,

in order to prove , we have to show that

(81) W(ur,up) = (X" —x7) [AT(uf) — AT (u)] <0,
where we have set x* = x(uli, u2i)
If sign(ug —uj) = sign(uy —uy ), then x* ~, and (81) is satisfied. Hence we shall
restrict our attention to the case 1 = &gn(uéIr - uf) - 81gn(u2 uy ), ie.
(82) uj <ug, Uy <up,
so that y* =1, x~ = 0, since the case —1 = sign(uj — u]) = —sign(u; — u]) can be

handled in a similar way.
Since ([82) is in force in order to prove we need to show that

(83) At(uf) — At (uf) <0 or, equivalently, A (uy)— A (u]) <0

in each one of the following six possibilities:

(84) ul <uf <uy; <up,
(85) ul <wuy <uj <up,
(86) uy <uf <uj <up,
(87) uy <uj <uy <uj,
(88) uy <wuy <uj <ug,
(89) uf <uy <uy <uj.

Here, for simplicity, we have considered only strict inequalities but the equality cases

can be handled as well. Namely, if u; = uy or uf = u2 , then (83) trivially holds, while
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the other equality cases can be proved using a continuity argument, since the quantities
x* do not change.

The analysis will be the same as the one performed in [24]. For the reader’s conve-
nience, we briefly report here how to use the inequalities 1) in order to prove
(83) in each of the six cases listed above. When not explicitly stated, the inequalities
1' are supposed to be used with u = uy.

e Case (84). We have the following possibilities:

e ul <uj <uy <uj <y choose ¢ =uj in (27).

e ul < wuf < iy < uj: choose ¢ = uj in (29). (We remark that the relative
position of i and u; is not relevant, so that this case includes the two subcases
uf < uz+ < <u, <wu; and uf < u; < u, < U1 < wuj;similar considerations
will apply also in some of the following cases without further reference.)

e ul <y <uy <uj: choose c=u; in (28).

e Uy <uf <ui <wu; <wuj:choose c=uy in (30).

e Case (85). We have the following possibilities:
ul <wuy; <wuj <uy <y choose c=uj in (27).
ul <wuy <wud < a1 <uj: choose c=uj in (29).
uf < <uy < u; < uy : choose ¢ = u; in (28).
G < uf <uy; <wuj <wuj:choose c=ug in (30).
ul < wuy <1 <wug < up: this case is slightly more involved because we need
to consider also the position of @a. We have the following subcases:
(1) uf <wuy < @1 <uf < g apply [33) to ug with ¢ = 1 and then (28) to
u1 again with ¢ = 4, obtaining
A () < A (1) < A (7).
(2) uf <wuy <y <z <uj <wuj:apply (35) to ug with ¢ = 4; and then (28)
to u1 again with ¢ = 41 obtaining
A (1) £ A7 (@) € A7 (u).
(3) uf <uy < g <l < u; < uj: apply to ug with ¢ = 41 and then ([29))
to w1 again with ¢ = 4 obtaining
AT (ug) < AT () < AT (uf).
(4) G2 < uy <@y < uf < wup: apply (36) to ug with ¢ = 41 and then (29) to

u1 again with ¢ = 4, obtaining

At (ug) < A* () < AT (uf).

e Case . We have the following possibilities:

Uy < uf < u; < wuj < 1p: choose c:uéIr in .

uy <uf <uj <y <uj: choose c =uj in (29).

@1 < uf <wuj <wuj: choose c=uj in (30).

U, < uf <y < u; < wy : this case is slightly more involved because we need
to consider also the position of @y. We have the following subcases:
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(1) uy <uj <y <uj < g apply to ug with ¢ = 4y and then (28) to
u1 again with ¢ = 4, obtaining

A (u7) < A (i) < A™ (up).

(2) uy < uf < < Uy < u; < uj: apply to ug with ¢ = 47 and then
to w1 again with ¢ = ; obtaining

A7 (uy) < A7 (i) <A™ (uy).

(3) uy <t <y < u; < uj: apply to ug with ¢ = 47 and then (29) to
u1 again with ¢ = 4, obtaining

At (uy) < AF () < AT (uy).

(4) G2 < uj <@y < uj < wup: apply to ug with ¢ = 47 and then (29) to
u1 again with ¢ = 4, obtaining

AT (ug) < AT () < AT (uf).

e Case 1.} This case is symmetric to . It is enough to replace @1 with s and to
apply (32} instead of . . or Conversely
e Case 1} ThlS case is symmetric to . It is enough to replace @ with 4y and to

apply (32 instead of (| . .

e Case 1@ ThlS case is symmetrlc to . It is enough to replace @ with 4z and to
apply (32| instead of (26 . or conversely O
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