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Abstract

Variational analysis, a relatively new area of research in mathematics, has become one of the most
powerful tools in nonsmooth optimisation and neighbouring areas. The extremal principle, a tool to
substitute the conventional separation theorem in the general nonconvex environment, is a fundamental
result in variational analysis. There have seen many attempts to generalise the conventional extremal
principle in order to tackle certain optimisation models.

Models involving collections of sets, initiated by the extremal principle, have proved their usefulness
in analysis and optimisation, with non-intersection properties (or their absence) being at the core of
many applications: recall the ubiquitous convex separation theorem, extremal principle, Dubovitskii
Milyutin formalism and various transversality /regularity properties. We study elementary nonintersec-
tion properties of collections of sets, making the core of the conventional definitions of extremality and
stationarity. In the setting of general Banach/Asplund spaces, we establish nonlinear primal (slope)
and linear /nonlinear dual (generalised separation) characterisations of these non-intersection properties.
We establish a series of consequences of our main results covering all known formulations of extremal-
ity /stationarity and generalised separability properties. This research develops a universal theory, unify-
ing all the current extensions of the extremal principle, providing new results and better understanding
for the exquisite theory of variational analysis.

This new study also results in direct solutions for many open questions and new future research direc-
tions in the fields of variational analysis and optimisation. Some new nonlinear characterisations of the
conventional extremality /stationarity properties are obtained. For the first time, the intrinsic transver-
sality property is characterised in primal space without involving normal cones. This characterisation
brings a new perspective on intrinsic transversality. In the process, we thoroughly expose and classify
all quantitative geometric and metric characterisations of transversality properties of collections of sets
and regularity properties of set-valued mappings.
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Chapter 1

Introduction

1.1 Goals of Research

The first goal of our research is to provide a universal tool that covers all the existing extensions of the
extremal principle. In order to do this, we study geometric non-intersection properties of finite collections
of sets, which are the building blocks of the conventional extremality/stationarity properties. This study
develops a new efficient tool to study extremality, stationarity and transversality /regularity properties
of collections of sets.

The second goal is to expand further the applications of the techniques of variational analysis to opti-
misation and neighbouring areas. Particularly, in our research, the techniques of variational analysis are
employed to study generalised convexity properties. We consider two different properties of generalised
convexity: robust quasiconvexity and abstract convexity. They represent two independent generalisa-
tions of convexity. The former property aims to preserve certain important optimisation properties of
convex functions such as: all the lower level sets are convex; local minimum is global minimum; and
stationary points are global minimisers. The latter reflects one of the fundamental concepts of convex
analysis, which is every lower semicontinuous convex function f is the upper envelope of affine functions.

The third goal of my study is to broaden the border of my research to other branches of mathematics.
I study polytopes, the fundamental objects in optimisation, via their graphs and face lattices. This
research potentially creates connections between many different fields in optimisation.

1.2 Motivation, Literature Review and Contributions

1.2.1 Arrangement of Collections of Sets

Models involving pairs, or more generally finite (and even infinite) collections of sets, are pretty common
in various fields of mathematics, especially variational analysis, optimisation and neighbouring areas. For
instance, the classical separation theorem [1304141}/168| for convex sets, one of the key results of functional
and nonlinear analysis, is instrumental when establishing multiplier rules or subdifferential calculus rules;
the ubiquitous feasibility problems [100] cover solving systems of (generalised) equations, while appro-
priate transversality (regular intersection) conditions produce constraint qualifications and convergence
estimates for alternating projections (von Neumann method) |16}/52,107,[128|, or more generally cyclic
projections, which in turn provide a convenient model for convergence analysis of computational algo-
rithms. On the other hand, (local) optimality in optimisation problems can naturally be interpreted



as ‘irregular’ (extremal) intersection of certain sets, and sufficient transversality conditions immediately
produce necessary optimality conditions.

In this major part of the thesis, we study a unified theory to thoroughly study metric, slope and
normal cone characterisations of certain types of arrangement of collections of sets.

Extremality, Stationarity Properties and Extremal Principle

In the framework of convex analysis, the property of two sets that one set does not meet the interior
of the other set (while both are nonempty), which is the key assumption of the conventional separation
theorem, provides an example of the absence of regular intersection. Thus, the separation theorem can
be interpreted as a characterisation of the absence of regular intersection of convex sets. On the other
hand, the opposite property, i.e., when the intersection of one set with the interior of the other set is
nonempty, is a typical qualification condition in various convex analysis statements [168].

There have been many successful applications of convex analysis, and particularly the separation
theorem in the nonconvex settings by considering appropriate local convex approximations of sets and
functions. The most prominent example in the optimisation area is probably given by the Dubovitskii—
Milyutin formalism [54]. The Clarke tangent cone is an important example of a local convex
approximation of a set. However, in many situations it is impossible to construct satisfactory local
convex approximations of nonconvex sets. For instance, if a set consists of two intersecting lines on the
plain, it is easy to check that its Clarke tangent cone at the point of intersection is trivial (contains only
the zero vector), and provides no meaningful information about the set. The powerful tools of convex
analysis generally fail outside of the comfortable convex setting.

A new tool with the potential to substitute the conventional separation theorem in the general
nonconvex environment — currently known as the Eztremal principle — was suggested in 1979-1980
in |1014103]. It was observed that the separation theorem actually characterises a kind of extremal
arrangement of sets. Building on this observation, the key assumption of the conventional separation
theorem, that one set does not meet the interior of the other set, was replaced by a more general geometric
(local) extremality (Definition [2.3.1f1) and (ii)). This property assumes neither convexity of the sets nor
that one of the sets has nonempty interior, while still embracing many conventional (and generalised)
optimality notions. Moreover, it is applicable to any finite (n > 2) collections of sets (cf. [1014103])
and, if the space is Banach and the sets are closed, the function measuring the distance between points
in different translated sets satisfies the assumptions of the Ekeland variational principle. Employing
an appropriate sum rule to the perturbation of the distance function arising from the application of
the Ekeland variational principle, one can formulate dual characterisations of extremality in terms of
appropriate normals to individual sets. Such dual conditions can be interpreted as a kind of generalised
separation; cf. conditions (ii) and (iii) in Theorem [2.7.3]

Since its inception 40 years ago, the extremal principle has indeed impacted strongly on the nonconvex
analysis and optimisation substituting the conventional separation theorem. Several examples of its
application to proving necessary optimality conditions (multiplier rules) can be found already in the very
first publications [102,/103]. Numerous applications of the extremal principle in multiple publications
on optimisation and analysis are exposed and commented on in the monograph [120]. The original
publications have been followed by several studies of the concept of extremality of collections of sets and
the extremal principle, resulting in its additional characterisations and several extensions.

It was established in [88,[89] that, similar to the classical Lagrange multiplier rule, the conclusion
of the extremal principle (the generalised separation), being a dual necessary condition of extremality,
actually characterises a property which is weaker than local extremality. This property can be interpreted
as a kind of stationarity of a collection of sets. The explicit primal space definition of this property was
introduced (cf. Definition M(iv)), and it was shown (by refining slightly the original proof of the
extremal principle) that for this property the conclusion of the extremal principle is not only necessary



(in the Asplund space setting), but also sufficient, thus producing the ultimate conventional version of
the extremal principle, known as the extended extremal principle; cf. Theorem This stationarity
property called approzimate stationarity [92] happens to be strongly connected to (in fact the negation
of) another important geometric property of a collection of sets called transversality (also known under
other names; cf. Deﬁnition, having its roots in the classical differential geometry and instrumental
for the convergence analysis of alternating projections; see a discussion of the role of the latter property
in [100], while a table illustrating the evolution of the terminology can be found in |99, Section 2]. The
connections of the approximate stationarity and (extended) extremal principle can be traced further
to the fundamental for variational analysis metric reqularity property of set-valued mappings and the
corresponding coderivative criterion; see [92].

The powerful (extended) extremal principle, despite its recognised universality and wide applicability,
has its limitations. The authors in [97] encountered a problem while attempting to extend the extremal
principle to infinite collections of sets. The initial idea to consider families of finite subcollections and
apply the conventional extremal principle to each of them failed, as well as the belief of the authors in [97]
in the unlimited universality of the conventional extremal principle. Uniform estimates were required,
holding for all finite subcollections, and the conventional extremal principle was unable to provide such
estimates. The solution was found within the conventional (extended) extremal principle, more precisely,
in its proof, providing another piece of evidence for the well-known fact that important mathematical
results are often deeper than their statements.

The conventional extended extremal principle asserts the equivalence of two properties of a collection
of sets: one in the primal space (approximate stationarity) and another one in the dual space (generalised
separability); see Theorem which for completeness gives two (equivalent) versions of the latter
property. Both (in the case of Theorem all three) properties are formulated “for any e there exist
...”7, and as such, the €’s and the other parameters in different properties seem completely independent.
However, this cannot be true. To prove that one property of this kind implies another one, there must
be a way, given any ¢ in the second property, to construct another one to be substituted into the first
property to produce the needed estimates, i.e., the parameters must be related. The relationship between
the parameters in the two parts of the conventional (extended) extremal principle is exactly what was
required to establish the uniform estimates needed in [97], and it indeed could be found in the proof of the
conventional result. This observation made the authors of [97] carve out the core part of (the proof of) the
conventional (extended) extremal principle with € and other parameters fixed (a kind of e-extremality),
and formulate it as a separate statement in [97, Theorem 3.1] (see Proposition [3.3.14J(iii) below), exposing
the relationship between the parameters hidden in the proof of the conventional statement. As a result,
both the conventional statement and its extension to infinite collections of sets are corollaries of [97,
Theorem 3.1].

There are many equivalent formulations of the primal space approximate stationarity property (as well
as other extremality and stationarity properties) and the dual space generalised separability properties,
all formulated in the form “for any e there exist ...”; see Section [2.3] The relationships between the
parameters involved in these formulations can also be established and are important for identifying and
analysing the core arguments in the conventional proofs of metric and dual characterisations of the
extremality and stationarity and their extensions. This analysis is performed in Sections and

Another successful ‘surgical operation’ on the proof of the conventional extremal principle was done
earlier by Zheng and Ng in [169], producing an e-separability characterisation of another kind of e-
extremality property with the explicit relationship between the ¢’s in both properties. Unlike the con-
ventional extremal principle and its extension in |97, Theorem 3.1] which assume the sets to have a
common point, [169, Lemmas 2.2 and 2.2°] assume, on the contrary, that the intersection of the sets is
empty. At the same time, their proofs follow the original ideas from [102}[103], utilizing the Ekeland
variational principle and either the Asplund space fuzzy or the general Banach space Clarke-Rockafellar
subdifferential sum rule; cf. Lemma [2:2.1] below. The statements have been further polished and anal-
ysed in a sequence of subsequent papers [112,[113}[170,/172]. In particular, it was proved by Guoyin Li et
al in [113] Theorem 3.1] that the conclusion of [169, Lemma 2.2] is actually equivalent to the Ekeland
variational principle, and as such implies (the Banach space with Clarke normal cones version of) the
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extremal principle. This fact confirms the need to move from the conventional “for any € ...” extremal-
ity statements to more subtle ones with € fixed. The most advanced version of the Zheng and Ng lemma
was given in [172, Theorems 3.1 and 3.4] (unified separation theorems; see Theorembelow), where,
besides other improvements, an additional condition was added to the concluding part, relating the dual
vectors involved in the e-separability characterisation with certain primal space vectors involved in the
original e-extremality property.

Refining again the original proof of the conventional extremal principle, a systematic study of the
non-intersection properties involved in all four parts of Definition 2:3.1] was conducted recently in our
research (cf. [29,/30]), producing a series of elementary generalised separation statements, clarifying the
relationships between them and, particularly, unifying the statements from [170}/172,/174] and [97].

Our research follows this scheme of research.

Contributions of Research

1- In our research, we expose, analyse and refine primal and dual characterisations of approximate
stationarity and transversality of collections of sets, leading to a unifying theory, encompassing all
existing approaches to obtaining ‘extremal’ statements. For that, we examine and clarify quanti-
tative relationships between the parameters involved in the respective definitions and statements

(cf. Chapters B [4).

2- We formulate in Theorem m (and prove) a new general e-extremality statement which exposes
the core arguments and the role of the parameters in the conventional proofs of dual characterisa-
tions of the extremality and stationarity and, in particular, implies [97, Theorem 3.1] and [172, The-
orems 3.1 and 3.4]. We also establish in Section [3.3|a series of other consequences of Theorem m
covering primal and dual space conditions involved in (hopefully) all known formulations of ex-
tremality /stationarity and generalised separability properties (cf. Chapter [3)).

3- In the setting of general Banach/Asplund spaces, we establish nonlinear primal (slope) and dual
(generalised separation) characterisations of these non-intersection properties (cf. Chapter [4]).

4. Some new (even in the linear setting) characterisations of the conventional extremality and station-
arity properties are obtained. Realisations of the obtained characterisations in the Holder setting
are formulated (cf. Chapter [5)).

5- Besides, we clarify the relations between various quantitative geometric and metric characterisations
of the transversality properties of collections of sets and the corresponding regularity properties
of set-valued mappings (cf. Chapter [2)). We expose all the parameters involved in the definitions
and characterisations and establish relationships between them. This allows us to classify all
quantitative geometric and metric characterisations of transversality and regularity, and subdivide
them into two groups with complete exact equivalencies between the parameters within each group
and clear relations between the values of the parameters in different groups (cf. Chapter [2)).

Intrinsic Transversality

Transversality and subtransversality are two important properties of collections of sets which reflect the
mutual arrangement of the sets around the reference point in normed vector spaces. These properties
are widely known as constraint qualification conditions in optimisation and variational analysis for for-
mulating optimality conditions [75}/120}125,/167] and calculus rules for subdifferentials, normal cones and
coderivatives [70}(72,/73}|751/97,98}|1201/125], and as key ingredients for establishing sufficient and/or neces-
sary conditions for linear convergence of computational algorithms [13}/53}(65}/100},/109}/110L{114}|135}/159].
A variety of their sufficient and/or necessary conditions in both primal and dual spaces are well-studied
in [90H92L{97H100L|104L106] by Kruger and his collaborators.



Transversality is strictly stronger than subtransversality. It is sufficient for many applications where
the latter is not, for example, in proving linear convergence of the alternating projection method for
solving nonconvex feasibility problems |1094110], or in establishing error bounds for the Douglas-Rachford
algorithm [65,|135] and its modified variants |[159]. However, transversality is too restrictive for many
applications, and there have been a number of attempts to identify weaker properties, still sufficient
for such applications. Of course, one cannot expect a universal transversality-type property that works
well for all applications. When formulating necessary optimality conditions for optimisation problems in
terms of abstract Lagrange multipliers and establishing intersection rules for tangent cones in Banach
spaces, Bivas et al. [20] recently introduced a property called tangential transversality, which is a primal
space property lying between transversality and subtransversality, but there is no evidence that this new
property is actually different from both.

When establishing linear convergence criteria of the alternating projection algorithm for solving non-
convex feasibility problems, a series of meaningful transversality-type properties have been introduced
and analysed in the literature: affine-hull transversality [135), inherent transversality |18|, separable in-
tersection property [128] and intrinsic transversality [52]. In contrast to tangential transversality, the
latter ones are dual space properties since they are defined in terms of normal vectors. Unlike the
transversality property, all the above transversality-type properties are independent on the underlying
space, that is, if a property is satisfied in an ambient space X, then so is it in any ambient space con-
taining X. Recall that in Euclidean spaces, a pair of two closed sets {A, B} is transversal at a common
point z if and only if

Na(@) 0 (~N5(@) = {0}, (1.1)

where N 4(Z) stands for the limiting normal cone to A at z. This characterisation reveals that transver-
sality is a property that involves all the limiting normals to the sets at the reference point. This
fundamentally explains why the property is not invariant with respect to the ambient space and becomes
too restrictive for many applications. Indeed, the hidden idea leading to the introduction of the above
dual space transversality-type properties in the context of nonconvex alternating projections is simply
based on the observation that not all such normal vectors are relevant for analysing convergence of the
algorithm. The affine-hull transversality is merely transversality but considered only in the affine hull L
of the two sets, that is, the pair of translated sets {A—Z, B—Z} is transversal at 0 in the subspace L —Z.
As a consequence, the analysis of this property is straightforwardly obtained from that of transversal-
ity |[135]. The key feature of the inherent tmnsversalitgﬂ |18] is the use of restricted normal cones in place
of the conventional limiting normal cones in characterisation of transversality in Euclidean spaces.
As a result, the analysis of this property is reduced to the calculus of the restricted normal vectors as
conducted in [18]. The separable intersection property [128, Definition 1] was motivated by nonconvex
alternating projections and ultimately designed for this algorithm. The intrinsic transversality was also
introduced in the context of nonconvex alternating projections in Euclidean spaces [52], it turns out to
be an important property itself in variational analysis as demonstrated by Ioffe |75, Section 9.2] and [74]
and Kruger [96]. On the one hand, a variety of characterisations of intrinsic transversality in various
settings (Euclidean, Hilbert, Asplund, Banach and normed linear spaces) have been established by a
number of researchers [52}74}75/96L{100L[107,[128]. On the other hand, there are still a number of impor-
tant open questions about this property, for example, the ones raised by Kruger [96, page 140] or the
challenge by Ioffe about primal counterparts of intrinsic transversality |74, page 358]. It is known that
for pairs of closed and convex sets, subtransversality admits an equivalent characterisation in terms of
normal vectors, and the latter is equivalent to intrinsic transversality in the Euclidean space setting [96].
Another interesting question is whether this equivalence is also valid in the nonconvex setting.

Contributions of Research
Motivated by a number of questions concerning transversality-type properties of pairs of sets recently

raised by Ioffe [74] and Kruger [96], this work reports several new characterisations of the intrinsic
transversality property in Hilbert spaces. New results in terms of normal vectors clarify the picture of

I The property originated in |18, Theorem 2.13] without a name, then was refined and termed as inherent transversality
in Definition 4.4 of the preprint “Drusvyatskiy, D., Ioffe, A.D., Lewis, A.S.: Alternating projections and coupling slope.
Preprint, arXiv:1401.7569, 1-17 (2014)”.



intrinsic transversality, its variants and sufficient conditions for subtransversality, and unify several of
them. For the first time, intrinsic transversality is characterised by an equivalent condition which does
not involve normal vectors. This characterisation offers another perspective on intrinsic transversality. As
a consequence, the obtained results allow us to answer a number of open questions about transversality-
type properties (cf. Chapter @

1.2.2 Generalised Convexity

The functions that are, close to, but not precisely, convex often possess some important properties of
convex functions. The idea of ‘almost’ convex functions, namely generalised convex functions, leads to
various generalisations of the concept of convexity. In fact, many real world models are more easily
formulated using mathematical models that involve generalised convex functions than using models with
conventional convex functions. The topic of generalised convex functions is relatively new, but since
getting its name, has received tremendous interests due to its wide range of applications in mechanics,
economics, engineering, finance etc. Generalised convexity is now considered as an independent field of
mathematics.

Generalised convexity is strongly related to variational analysis. They complement one another. The
technique of variational analysis plays a key role in the development of generalised convexity. In turn,
generalised convexity enriches the theory of variational analysis with numerous applications in nonconvex
optimisation, variational inequalities, and equilibrium problems.

Robustly Quasiconvex Functions

One way to generalise the notion of convexity is to drop the conventional convexity assumption, but still
preserve some desired properties. Here, we consider three prominent optimisation properties of convex
functions: (1) all the lower level sets are convex; (2) local minimum is global minimum; (3) stationary
points are global minimisers. Each of the properties reflects different classes of generalised convex
functions: quasiconvex functions, explicitly quasiconvex functions, pseudo convex functions respectively
(cf. 64,67,|115,[152]). However, unlike their forerunner, convexity, these three generalised convexity
properties are not at all stable under linear perturbations; counterexamples can be found in [67]. The
stability of these properties is significant of practical and computational aspects. The concept of a more
stable property was introduced in [10,/67], namely “robustly quasiconvexity”.

Robustly quasiconvex functions were first defined in [67] under the name “s-quasiconvex” or “stable
quasiconvex”, and then renamed “robustly quasiconvex” in [10]. This class of functions holds a notable
role, as many important optimisation properties of generalised convex functions are stable when per-
turbed by a linear functional with a sufficiently small norm (for instance, all lower level sets are convex,
each minimum is global minimum, each stationary point is a global minimiser). For interested readers,
we refer to [67] again, and further related works [10,/134].

The question of characterising convexity and generalised convexity properties in terms of subdiffer-
entials receives tremendous attention in optimisation theory and variational analysis. For decades, there
have been many significant contributions devoted to this question such as [37}/38,/120,[137,/141] for convex
functions, [3H5}/11}/47,/131] for quasiconvex functions and [11] for robustly quasiconvex functions.

Significant contributions concerning dual criteria for quasiconvex functions are in [3|/4]. These char-
acterisations are applicable for a wide range of subdifferentials, for instance Rockafellar-Clarke subdif-
ferentials in Banach spaces, and Fréchet subdifferentials in Asplund spaces.

A zero and first order characterisations of robust convexity were given in [11, Proposition 5.3] for
finite dimensional spaces. We remark that there is an oversight in the proof given there; although the



function f is only assumed to be lower semicontinuous, the existence of z in the second paragraph actually
requires continuity.

Contributions of Research

Two criteria for the robust quasiconvexity of lower semicontinuous functions are established in terms of
Fréchet subdifferentials in Asplund spaces. The first criterion extends to such spaces a result established
in [11]. The second criterion is totally new even if it is applied to lower semicontinuous functions on
finite-dimensional spaces (cf. Chapter [7)).

Abstract Convexity

The theory of abstract convezity, also called convexity without linearity, is a powerful tool that allows to
extend many facts from classical convex analysis to more general frameworks. It has been the focus of
active research for the last fifty years because of its many applications in functional analysis, approxima-
tion theory, and nonconvex analysis. Nevertheless, just like convex analysis, the development of abstract
convexity has been mainly motivated by applications to optimization.

The works [34},35, 144} |48, |55-57, 71} (78,119, 121} {122} 144, 146149}, 154, |166] use abstract convexity
for applications to nonconvex optimization. As a recent example, the tools of abstract convexity are
used in [19,[156L/157] to derive stronger versions of Lagrangian duality and minimax theorems that are
applicable to lower semicontinuous functions which are bounded below by a quadratic function. A deep
study on abstract convexity can be found in the seminal book of Alexander Rubinov [144], see also
the monograph by Ivan Singer [77]. Abstract convexity reflects one of the fundamental facts of convex
analysis: every lower semicontinuous convex function f is the upper envelope of affine functions. More
precisely, at every point x, we have

f(x) =sup{h(z) : his an affine function, h < f}. (1.2)

Most results in convex analysis are consequences of the two important aspects of : (i) the “supre-
mum” operation, and (ii) the set over which this supremum is taken. Results emanating from aspect
(ii) are likely to depend on specific properties of linear/affine functions. How to distinguish which facts
from convex analysis follow from the “upper envelope” operation, and which follow from the particular
structure of the set of linear/affine functions? Abstract convexity is the fundamental tool that addresses
this crucial question: it retains the “upper envelope” operation in aspect (i) of , but changes the
set of functions over which the supremum is taken. These functions are called abstract linear and they
naturally induce the abstract affine sets. Since aspect (i) of is retained, global properties of convex
analysis may be preserved even when dealing with nonconvex models. Thus, this approach is sometimes
called a “non-affine global support function technique” (see for example [34,(78L(144]).

Many tools from convex analysis, such as subgradients and e-subgradients, have their “abstract”
counterparts, obtained again by using abstract linear functions. For instance, the abstract subgradient
of an abstract convex function f at a point = collects all the supporting abstract linear functions which
are minorants of f (i.e., their graphs stay below the graph of f), and coincide with f at . This extends
the concept of the convex subgradient and provides a valuable tool for studying certain nonconvex
optimization problems (see [34}78}|144L|149]). Another example is the Fenchel-Moreau conjugate f* of a
function f. The definition of f* uses the set of linear functions, and abstract convexity allows to produce
“abstract” types of conjugates.

In [23], zero duality gap is shown to be equivalent to (a) certain properties involving e—subgradients
and (b) other facts involving conjugate functions. One of the aims of the present work is to extend
these results to the context of abstract convexity. Additionally, we supplement the sum rule for abstract
subdifferentials, improving the result in |78]. To the best of our knowledge, with the exception of [35], this
paper is the very first attempt to consider explicitly the weak™ topology (pointwise convergence topology)
on the space of abstract linear functions to deduce calculus rules for subdifferentials. We extend the
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fundamental Banach—Alaoglu-Bourbaki theorem on the weak™ closedness of the dual unit ball of dual
space X ™ to the general space L of abstract linear functions.

Contributions of Research

We extend conditions for zero duality gap to the context of nonconvex and nonsmooth optimisation.
By using tools provided by the theory of abstract convexity, we establish new characterisations of zero
duality gap under no assumptions on the topology of £. Moreover, under a mild assumption on the
set £ (namely, assuming that £ is equipped with the weak*-topology), we establish and extend several
fundamental results of convex analysis. In particular, we prove that the zero duality gap property can be
stated in terms of an inclusion involving e-subdifferentials. The weak™ topology C(L, X) is exploited to
obtain the sum rule for abstract e-subdifferential. The Banach—Alaoglu—Bourbaki theorem is extended
to the abstract linear functions space £. We extend a fact recently established by Borwein, Burachik
and Yao in the conventional convex case (cf. Chapter [g).

1.2.3 Convex Polytopes

Convex polytopes are fundamental geometric objects, especially in optimisation. There has seen a
growing interest in study their combinatorial properties.

The k-dimensional skeleton of a polytope P is the set of all its faces of dimension of at most k. The
1-skeleton of P is the graph G(P) of P. We denote by V(P) the vertex set of P.

This part of the thesis studies the (vertex) connectivity of a cubical polytope, the (vertex) connectivity
of the graph of the polytope. A cubical d-polytope is a polytope with all its facets being cubes. By a
cube we mean any polytope that is combinatorially equivalent to a cube; that is, one whose face lattice
is isomorphic to the face lattice of a cube.

Connectivity

In the three-dimensional world, Euler’s formula implies that the graph of a cubical 3-polytope P has
2|V(P)| — 4 edges, and hence its minimum degree is three; the degree of a vertex records the number
of edges incident with the vertex. Besides, every 3-polytope is 3-connected by Balinski’s theorem [9].
Hence the dimension, minimum degree and connectivity of a cubical 3-polytope all coincide.

Theorem 1.2.1 (Balinski [9]). The graph of a d-polytope is d-connected.

This equality between dimension, minimum degree and connectivity of a cubical polytope no longer
holds in higher dimensions. In Blind and Blind’s classification of cubical d-polytopes where every vertex
has degree d or d+ 1 |21], the authors exhibited cubical d-polytopes with the same graph as the (d+ 1)-
cube; for an explicit example, check |79, Section 4]. More generally, the paper |79, Section 6] exhibited
cubical d-polytopes with the same (|d/2]| — 1)-skeleton as the d’-cube for every d’ > d, the so-called
neighbourly cubical d-polytopes. And even more generally, Sanyal and Ziegler [151] page 422], and later
Adin, Kalmanovich and Nevo [1, Section 5], produced cubical d-polytopes with the same k-skeleton as
the d’-cube for every 1 < k < |d/2| — 1 and every d’ > d, the so-called k-neighbourly cubical d-polytopes.
Thus the minimum degree or connectivity of a cubical d-polytope for d > 4 does not necessarily coincide
with its dimension; this is what one would expect. However, somewhat surprisingly, we can prove a result
connecting the connectivity of a cubical polytope to its minimum degree, regardless of the dimension;
this is a vast generalisation of a similar, and well-known, result in the d-cube [138, Proposition 1]; see
also Section [T0.1]

Define a separator of a polytope as a set of vertices disconnecting the graph of the polytope. Let
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AN A

Figure 1.1: Cubical 3-polytopes with minimum separators not consisting of the neighbours of some vertex.
The vertices of the separator are coloured in gray. The removal of the vertices of a face F' does not leave
a 2-connected subgraph: the remaining vertex in gray disconnects the subgraph. Infinitely many more
examples can be generated by using well-known expansion operations such as those in |27, Fig. 3].

Figure 1.2: Connected sum of two cubical polytopes.

X be a set of vertices in a graph G. Denote by G[X] the subgraph of G induced by X, the subgraph
of G that contains all the edges of G with vertices in X. Write G — X for G[V(G) \ X]; that is, the
subgraph G — X is obtained by removing the vertices in X and their incident edges. Our main result is
the following.

Theorem (Connectivity Theorem). A cubical d-polytope P with minimum degree 0 is min{d,2d — 2}-
connected for every d > 3.

Furthermore, for any d > 4, every minimum separator X of cardinality at most 2d — 3 consists of all
the neighbours of some vertex, and the subgraph G(P)— X contains exactly two components, with one of
them being the vertex itself.

A simple vertex in a d-polytope is a vertex of degree d; otherwise we say that the vertex is nonsimple.
An immediate corollary of the theorem is the following.

Corollary. A cubical d-polytope with no simple vertices is (d + 1)-connected.

Remark 1.2.2. The connectivity theorem is best possible in the sense that there are infinitely many
cubical 3-polytopes with minimum separators not consisting of the neighbours of some vertex (Fig. [1.1]).

It is not hard to produce examples of polytopes with differing values of minimum degree and connec-
tivity. The connected sum Py# Ps of two d-polytopes P; and P, with two projectively isomorphic facets
Fy C P, and F» C P, is obtained by gluing P; and P, along F; and F» |175, Example 8.41]. Projective
transformations on the polytopes P; and P, such as those in [139} Def. 3.2.3], may be required for Py # P
to be convex. Figure depicts this operation. A connected sum of two copies of a cyclic d-polytope
with d > 4 and n > d+1 vertices ( [175, Theorem 0.7]), which is a polytope whose facets are all simplices,
results in a d-polytope of minimum degree n — 1 that is d-connected but not (d + 1)-connected.

On our way to prove the connectivity theorem we prove results of independent interest, for instance,
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the following (Corollary [10.2.5]in Section |10.2]).

Corollary. Let P be a cubical d-polytope and let F' be a proper face of P. Then the subgraph G(P)—V (F)
is (d — 2)-connected.

Remark 1.2.3. The examples of Fig. also establish that the previous corollary is best possible in the
sense that the removal of the vertices of a proper face F' of a cubical d-polytope does not always leave a
(d — 1)-connected subgraph of the graph of the polytope.

The corollary gives another unusual property of cubical polytopes. A tight result of Perles and
Prabhu [132, Theorem 1] implies that the removal of the vertices of any k-face (—1 < k < d —1) from a
d-polytope leaves a max{1l,d — k — 1}-connected subgraph of the graph of the polytope.

The connectivity theorem also gives rise to the following corollary and open problem.

Corollary. There are functions f : N — N and g : N — N such that, for every d > 4,

(i) the function f(d) gives the mazimum number such that every cubical d-polytope with minimum
degree § < f(d) is §-connected;

(ii) the function g(d) gives the mazimum number such that every minimum separator with cardinality
at most g(d) of every cubical d-polytope consists of the neighbourhood of some vertex; and

(iii) 2d — 3 < g(d) and g(d) < f(d).

An exponential bound in d for f(d) is readily available. The connected sum of two copies of a
neighbourly cubical d-polytope with minimum degree § > 297!, which exists by |79, Theorem 16], results
in a cubical d-polytope with minimum degree § and with a minimum separator of cardinality 2971, the
number of vertices of the facet along which we glued. The cardinality of this separator gives at once the
announced upper bound. This exponential bound in conjunction with the connectivity theorem gives
that

2d — 3 < g(d) < f(d) <247 (1.3)

The following problem naturally arises.

Problem 1.2.4. For d > 4 provide precise values for the functions f(d) and g(d) or improve the lower
and upper bounds in (1.3)).

We suspect that both functions are linear in d.
Contributions of Research

We first establish that, for any d > 3, the graph of a cubical d-polytope with minimum degree ¢ is
min{d, 2d — 2}-connected. Second, we show, for any d > 4, that every minimum separator of cardinality
at most 2d—3 in such a graph consists of all the neighbours of some vertex and that removing the vertices

of the separator from the graph leaves exactly two components, with one of them being the vertex itself
(cf. Chapter |10)).

Linkedness

A graph with at least 2k vertices is k-linked if, for every set of 2k distinct vertices organised in arbitrary
k unordered pairs of vertices, there are k vertex-disjoint paths joining the vertices in the pairs. If the
graph of a polytope is k-linked we say that the polytope is also k-linked.
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Larman and Mani in 1970 proved that simplicial d-polytopes, d-dimensional polytopes with all their
facets being combinatorially equivalent to simplices, are | (d+ 1)/2]-linked; this is the maximum possible
linkedness given the facts that a |(d + 1)/2]-linked graph is at least (2|(d + 1)/2| — 1)-connected and
that some of these graphs are d-vertex-connected but not (d 4 1)-vertex-connected.

Here we establish that d-dimensional cubical polytopes are also |(d + 1)/2]-linked for every d # 3;
this is again the maximum possible linkedness for such a class of polytopes.

Being k-linked imposes a stronger demand on a graph than just being k-vertex-connected, or d-
connected for short. A k-linked graph needs to be at least (2k — 1)-connected, and yet there are (2k —1)-
connected graphs that are not k-linked. The classification of 2-linked graphs |153}/161] contextualised for
3-polytopes readily gives examples of this phenomenon: with the exception of simplicial 3-polytopes, no
3-polytope, despite being 3-connected by Balinski’s theorem [9], is 2-linked. However, there is a linear
function f(k) such that every f(k)-connected graph is k-linked, which follows from works of Bollobés
and Thomason [22]; Kawarabayashi, Kostochka and Yu [80]; and Thomas and Wollan |162]. In the case
of polytopes, Larman and Mani [108, Theorem 2] proved that every d-polytope is |(d + 1)/3]-linked, a
result that was slightly improved to |[(d + 2)/3] in [164, Theorem 2.2].

The first edition of the Handbook of Discrete and Computational Geometry [61, Problem 17.2.6]
posed the question of whether or not every d-polytope is |d/2]-linked. This question had already been
answered in the negative by Gallivan in the 1970s with a construction of a d-polytope that is not
|2(d + 4)/5]-linked; see [116| p. 107] or |60]. A weak positive result however follows from [162]: every
d-polytope with minimum degree at least 5d is |d/2]-linked.

Restricting our attention to particular classes of polytopes gives stronger results. Simplicial d-
polytopes, polytopes in which every facet is a simplex, are |(d + 1)/2]-linked [108, Theorem 2]. Since
there are simplicial d-polytopes that are d-connected but not (d+ 1)-connected, the bound of |(d+1)/2]
is best possible for this class of polytopes. Polytopes with small number of vertices were considered
in [164], where it was shown that d-polytopes with d 4+ v + 1 vertices are |(d — v + 1)/2]-linked for
0<vy<(d+2)/5.

In his PhD thesis [165, Question 5.4.12] Wotzlaw asked whether every cubical d-polytope is |d/2]-
linked. Here we answer the question in the strongest possible way.

Theorem. For every d # 3, a cubical d-polytope is |(d + 1)/2]|-linked.

Our methodology relies on results on the connectivity of strongly connected subcomplexes of cubical
polytopes, whose proof ideas were first developed in [33], and a number of new insights into the structure
of d-cube (Section [11.1). One obstacle that forces some tedious analysis is the fact that the 3-cube is
not 2-linked.

In line with the main result of Chapter 10| (or in [33]), where it was proved that a cubical d-polytope
of minimum degree § is min{d, 2d — 2}-connected, we wonder if the following is true.

Question 1.2.5. For every 0 # 3, is a cubical polytope with minimum degree § necessarily | (6 + 1)/2]-
linked?

Contributions of Research

We establish that d-dimensional cubical polytopes are |(d+ 1)/2]-linked for every d # 3; this is again
the maximum possible linkedness for such a class of polytopes (cf. Chapter .
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1.3 Organisation of the Thesis

The organisation of the thesis is as follows:

In the first and major part of the thesis (chapter 2-6), following the works by Kruger, we examine
extremality and stationarity properties of collections of sets using techniques of variational analysis.
We thoroughly study metric, slope and normal cone characterisations of these properties. The core
arguments used in various proofs of the extremal principle and its extensions as well as in primal and
dual characterisations are fully exposed, analysed and refined, leading to a unifying theory, encompassing
all existing approaches to obtaining ‘extremal’ statements. This work contributes to the development of
nonsmooth analysis and optimisation.

In the second part (chapter 7-8), we study some generalised convexity notions using the techniques
of variational analysis. In particular, robustly quasiconvex functions, which retain many important
optimisation properties of convex functions, are characterised by means of Fréchet subdifferentials; and
generalisations of the convex subdifferentials are studied in the framework of abstract convexity, also
known as the theory of convexity without linearity. This work develops certain special global tools for
solving nonsmooth optimisation problems.

In the third part (chapter 9-11), we study convex polytopes via their graphs and face lattices. Many
continuous optimisation problems can be discretised into problems of finding the best solution from a
finite set of points, using powerful tools like simplex method. Here, we study properties of graphs of
some convex polytopes. In particular, the connectivity and the linkedness properties of graphs of cubical
polytopes are explored. This work contributes to the development of combinatorics optimisation.
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Part 1

Extremal Principle:
Characterisations of
Non-Intersection Properties
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Overview

This research studies a geometric non-intersection properties of finite collections of sets initiated 40 years
ago by the extremal principle [1011103]. Models involving collections of sets have proved their usefulness
in analysis and optimisation, with non-intersection properties (or their absence) being at the core of
many applications: recall the ubiquitous convex separation theorem, Dubovitskii—Milyutin formalism [54]
and various transversality/regularity properties [20,/52,(741(75,/90H92,96,/99.[100L[127].

In the setting of general Banach/Asplund spaces, we establish metric and linear dual (generalised
separation) characterisations (Chapter|3) and nonlinear primal (slope) and dual characterisations (Chap-
ter ) of these non-intersection properties. As an application, in Chapter |5 some new (even in the linear
setting) characterisations of the conventional extremality/stationarity properties are obtained. Realisa-
tions of the obtained characterisations in the Holder setting are formulated. In Chapter [f] some open
questions on the intrinsic transversality are answered thoroughly; and its primal space characterisation
is established.
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Chapter 2

Preliminaries

2.1 Basic Definitions and Notions

Our basic notation is standard; see e.g., [51}|75/120,129,|130L|143]. Throughout X is either a metric or
(more often) a normed vector space. In the latter case, we often require it to be Banach or Asplund.
The distance and the norm are denoted by d(-,-) and || - ||, respectively. We use the same symbols
to denote distances and norms in all spaces (primal and dual). When considering products of spaces,
we usually assume them equipped with the maximum distance or norm. Bs(x) and Bs(z) denote,
respectively, the open and closed balls with center z and radius § > 0. Given a point z and a set A in X,
d(z, A) := ggg d(x,a) denotes the distance from x to A; in particular d(z,0) := +oco. Given two subsets

A,BC X,d(A,B) = in1f4 d(a, B) denotes the distance between A and B. Given a set A, a point a € A
ae

and a number § > 0, we call the set AN Bs(a) a localisation of the set A near a. If X is a normed vector
space, its topological dual is denoted by X™* while (-,-) denotes the bilinear form defining the pairing
between the two spaces. The open unit balls in X and X™* are denoted by B and B*, respectively. N
stands for the set of all positive integers. We also use the notation R, := RU {+0c0}. Given a function
f: X = Ry, its domain is the set dom f :={x € X : f(z) < o0}.

A set-valued mapping F' : X =2 Y between two sets X and Y is a mapping, which assigns to every
x € X a subset (possibly empty) F(z) of Y. We use the notations

gph F:={(z,y) e X xY |y € F(z)}, domF :={xe X | F(x)# 0}

for the graph and the domain of F, respectively, and F~! : Y = X for the inverse of F. This inverse
(which always exists with possibly empty values) is defined by

Fl(y) :={reX|yeF(x)}, yev,

and satisfies
(z,y) €gph F <= (y,x) € gph F".

Obviously, dom F~! = F(X).

The distance from a point © € X to a set 2 C X is defined by dist (x, §2) := in£2 |z —w]||, and we use
we
the convention dist (x, 2) = +o0o when 2 = (. The set-valued mapping
Po: X=2zX:z—{we2, ||zr—w|=dst(z,2)}

is the projector on 2. An element w € Pg(x) is called a projection. Note that the projector is not, in
general, single-valued and can have empty values. The single-valuedness of Py, everywhere in fact defines
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the Chebyshev property of 2. Every nonempty closed convex set in a Hilbert space is Chebyshev. The
inverse of the projector, P§1, is defined by

Pol(w)={z € X|w € Po(z) VYwe Q}.
The proximal normal cone to {2 at a point € (2 is defined by
N?,(z) := cone (P;'(z) — ),

which is a convex cone. Here cone () denotes the smallest cone containing the set in the brackets.

2.2 Normal Cones and Subdifferentials

In the thesis, we use dual tools — normal cones and subdifferentials, usually in the Fréchet or Clarke
sense. Given a subset A of a normed vector space X and a point Z € A, the set (cf. [88])

Ni(@):=<{2* € X*: limsup w <0 (2.1)
z—z,zcA\{z} |z -z

is the Fréchet normal cone to A at Z. It is a nonempty closed convex cone, often trivial (i.e. Nk (z) =
{0}). The Clarke normal cone to A at z is defined as the set (cf. [37])

N{(z)={z* € X*: (z",2) <0 forall ze€ Tf(i)}, (2.2)
where TY (Z) is the Clarke tangent cone to A at Z:
7¥(z) = {ze X : Vay Az, Vi, 10, dz, — 2 (2.3)
such that xzp +tgzr € A forall ke N}.

The set (2.2) is a nonempty weak* closed convex cone, and N5 (z) ¢ N§(Z). If A is a convex set, then
(2.1) and (2.2]) reduce to the normal cone in the sense of convex analysis (cf. e.g. [88, Proposition 1.19], |37,
Proposition 2.4.4]):

Ny(@):={z" e X" : (2,0 —2) <0 forall ze A}.

We will often use the generic notation N for both Fréchet and Clarke normal cones, specifying wherever
necessary that either N := N¥ or N := N¢.

The following e-extension (e > 0) of (2.1)) is used in the sequel: the set of e-normal elements to A at
ac A

Nc(a|A):=<z* € X*| limsup e —a) <e,. (2.4)
z—a,z€A\{a} ||l‘ - a”

When e = 0, it reduces to (2.1). It is easy to check that N.(a | A) D Na(a) + B for any € > 0, and if A
is not convex, the inclusion can be strict (see [84]).

Several kinds of subdifferential sum rules are used throughout when deducing dual space results.
They are collected in the next lemma.

Lemma 2.2.1 (Subdifferential sum rules). Suppose X is a normed vector space, fi, fo : X = Ry, and
T € dom f; Ndom f5.

(i) Convex sum rule. Suppose f1 and fo are convex and fi is continuous at a point in dom fo. Then
O f1+ f2)(x) = 0f1() 4+ Of2(Z).
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(ii) Differentiable sum rule. Suppose f1 is Fréchet differentiable at T. Then,
O (fr+ f2)(®) = V f1(z) + 0" fa(%).

(iii) Fuzzy sum rule. Suppose X is Asplund, fi is Lipschitz continuous and fo is lower semicontinuous
in a neighbourhood of . Then, for any ¢ > 0, there exist x1,x9 € X with |z; — Z|| < e, |fi(x;) —
fi(z)] <e (i=1,2), such that

O (fr + f2)(@) € 0" fi(z1) + OF fa(wo) + B*.

(iv) Clarke—Rockafellar sum rule. Suppose fi is Lipschitz continuous and f2 is lower semicontin-
wous in a neighbourhood of . Then

O°(f1 + f2)(@) € 7 f1(@) + 0 fa(2).

The first sum rule in the lemma above is the conventional subdifferential sum rule of convex analysis;
see e.g. |76, Theorem 0.3.3] and |168], Theorem 2.8.7]. Together with the second one, theses are examples
of ezact sum rules. The third sum rule is known as the fuzzy or approrimate sum rule (Fabian [59])
for Fréchet subdifferentials in Asplund spaces; cf., e.g., |88, Rule 2.2] and [120, Theorem 2.33]. Note
that, unlike the sum rules in parts (i) and (ii) of the lemma, the subdifferentials in the right-hand side
of the inclusion are computed not at the reference point, but at some points nearby. This explains
the name. The fourth sum rule is formulated in terms of Clarke subdifferentials. It was established
in Rockafellar [142, Theorem 2]|. Similar to the previous one, it is valid generally only as inclusion.
Nevertheless, it is another example of exact sum rule.

Recall that a Banach space is Asplund if every continuous convex function on an open convex set is
Fréchet differentiable on a dense subset [136], or equivalently, if the dual of each its separable subspace
is separable. We refer the reader to [25[120L[136] for discussions about and characterisations of Asplund
spaces. All reflexive, particularly, all finite dimensional Banach spaces are Asplund.

The following facts are immediate consequences of the definition of the Fréchet subdifferential and
normal cone (cf. e.g. |88, Propositions 1.10 and 1.29]).

Lemma 2.2.2. Suppose X is a normed vector space and f: X — Ro. If x € dom f is a point of local
minimum of f, then 0 € 9% f(z).

Lemma 2.2.3. Suppose X1 and X5 are normed vector spaces, 1 € Ay C X1 and Ty € Ay C Xo. Then

N&, wa,(T1,72) = N§, (71) x N, (2).

We are going to use a representation of the subdifferential of a special convex function on X™ given
in the next lemma; cf. [41}99).

Lemma 2.2.4. Let X be a normed vector space and

YUty ..Uy = | Jnax lwi —a; —unl, wi,...,un € X, (2.5)
where a; € X (i=1,...,n—1). Let x1,...,x, € X and | Jnax 1||x7;fa¢—17n|| > 0. Then
<i<n—

oY(x1,...,2n) = {(33’1‘,796;) e (XM fo =0,
i=1

n—1 n—1
S il =1, 3w —as— ) = max ai—a -2l ). (26)
i=1 i=1

1<i<n—

Remark 2.2.5. (i) Tt is easy to notice that in the representation (2.6)), for any ¢ = 1,...,n — 1, either
(], x; —a; —xp) = 1§r;127§71 lz; —a; — x| or z; =0.
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(ii) The maximum norm on X" ' used in and is a composition of the given norm on X
and the maximum norm on R"™!. The corresponding dual norm produces the sum of the norms
in . Any other finite dimensional norm can replace the maximum norm in and as
long as the corresponding dual norm is used to replace the sum in .

2.3 Arrangement of Collections of sets

Here we consider n sets §21,...,§2, (2 <n < c0) and write {{21,...,(2,} to denote the collection of the
sets as a single object.

2.3.1 Extremality, Stationarity and Approximate Stationarity

The next definition collects several extremality and stationarity properties of collections of sets.

Definition 2.3.1. Suppose (21, ..., (2, are subsets of a normed vector space X and & € N;_; (2. The
collection {(2y,...,82,} is

(i) extremal if and only if for any ¢ > 0, there exist vectors a; € X (i =1,...,n) satisfying
n
Q(Ql —a;) =0 and Jnax. la:]| < e; (P1)
1=

(ii) locally extremal at = if and only if there exists a number p €]0,00] such that, for any € > 0,
there are vectors a; € X (i = 1,...,n) satisfying

(@i —a;)NB,(7) =0 and max ]| <e; (P2)

i=1

(iii) stationary at z if and only if for any € > 0, there exist a number p €0, [ and vectors a; € X
(i=1,...,n) satisfying

(2 —a)NBy(@) =0 and  max |lail| <ep; (P3)

i=1

(iv) approximately stationary at Z if and only if for any € > 0, there exist a number p €]0, [, points
w; € 2, N B.(z) and vectors a; € X (i = 1,...,n) satisfying

n
ﬂ(!?i —w; —a;)N(pB) =0 and max lai]| < ep. (P4)
i=1 ==

The condition (conditions , ) means that an appropriate arbitrarily small shift of the sets
makes them nonintersecting (in a neighborhood of z). This is a very general model that embraces many
optimality notions. In nonconvex analysis, the extremality properties replaces the crucial assumption
on the emptyness of the intersection of one of the sets with the interior of the other set in convex
separation theorem. It is easy to observe that if the collection of sets {{21,...,$2,} is extremal, it is
locally extremal at any points in N}, {2; with any positive parameter p > 0, when the sets are convex
the inverse also holds. On the other hand, the extremality condition can be considered as a special case
of the local extremality with p = 400. The other two conditions correspond to more subtle properties
of optimisation problems, closer to stationarity.
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Unlike the definition of local extremality (Definition [2.3.1(ii)), the definitions of stationarity and
approximate stationarity (Definition [2.3.1(iii)—(iv)) relate the size of the ‘shifts’ of the sets to that of the
neighborhood in which the sets become nonintersecting. That makes these stationarity properties have
strong connections with important regular /transversal properties of collections of sets (Section7 and
closed related to the fundamental property of metric regularity of set-valued mappings (see Section .
In condition 7 instead of the common point z, the sets 2; (i = 1,...,n) are considered near their
own points w; € f2;.

The formulas in Definition 2.3.1] and several their modifications discussed in Proposition [2.3.4] are
central for our analysis and are going to be extensively referred to throughout the thesis. We will use
special P tags: (P1), (P2), ...for such formulas as well as some other formulas in Chapter [2| involved in
primal space of extremality and stationarity. M tags: (M1), (M2),...are for the formulas involved in the
corresponding metric characterisations. D tags: (D1), (D2), ...are reserved for the formulas involved in
the corresponding dual space characterisations of extremality and stationarity.

For easy consultation by the reader, we present below a table to categorise each group of definitions
and characterisations of extremality and transversality properties in this preliminary section.

Extremality and Transversality

Definition/Geometric | Metric characterisation Dual characterisa-
characterisation & tion
reformulation

Extremality

Local extremality

Stationarity

Approximate stationarity

(M3)

Semitransversality P9 M9
Subtransversality P10)), (P12) M10
Transversality P11)). (P13) M11)), (M11.1), (M11.2) | Theorem[2.7.15((ii),

(iii)

Table 2.1: List of definitions and characterisations for extremality and transversality properties.

The properties in parts (i) and (ii) of Definition were introduced in [102] and , respectively;

see also . The properties in parts (iii) and (iv) first appeared in and , respectively;
see also [29,91]. Property (iv) was referred to in as extremality near T. The name approrimate
stationarity was suggested in [92].

Unlike condition (ii), in conditions (iii) and (iv) the magnitudes of the “shifts” of the sets are related to
that of the neighbourhood in which the sets become nonintersecting that is the condition max la:ll /p <
<i<n

. Compared to (iii), in condition (iv), instead of the common point Z, each set {2; is considered near its
own point w;.

The relationships between the properties in Definition [2.3.1] are straightforward. The equivalences in
part (ii) of the proposition below were proved in Proposition 14].

Proposition 2.3.2. Suppose §21,...,82, are subsets of a normed vector space X and T € N}, 2;.

(i) For the properties in Definition[2.3.1], the following implications hold true: (i) = (i) = (iii) = (iv).

(ii) If the sets are convex, then the implications in the previous item hold as equivalences: (i) < (ii)
& (iil) < (iv).

(iii) If the collection {{21,...,2,} is locally extremal at T with p = co, then it is extremal.
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(iv) If the collection {§21,...,82,} is locally extremal at T with some p €]0,00], then the collection of
n+1 sets (21,...,82,, B,(Z) is extremal.

It is easy to check that all the implications in Proposition i) can be strict; see examples in

and Example

Thanks to Proposition m(l), approximate stationarity is the weakest of the four properties in
Definition [2.3.1] It happens to be an important type of mutual arrangement of a collection of sets in
space.

A A

Figure 2.1: Extremality Figure 2.2: Not extremality & local extremality

The next example illustrates the difference between the extremality, the local extremality, the sta-
tionarity, and the approximate stationarity.
Ezample 2.3.3. 1. The sets A := {(z1,22) | 72 < 0} and B := {(x1,72) | 2] < 25} in R? (see Fig. [2.1)
are obviously extremal.

2. If the set A above is modified slightly: A := {(z1,22) | 22 <0 or z; < —1} (see Fig. [2.2)), then
{4, B} is not extremal any more. At the same time, it is still locally extremal at (0,0) € AN B (but not
at (—1,1)1).

(0,0)

A

Figure 2.3: Stationarity Figure 2.4: Stationarity

3. The set A is as in example 1. (figure , but the set B is the epigraph of the function z*,
B :={(z1,13) : x5 < 23} (see figure , then {A, B} is not locally extremal at (0, 0), but stationary at

(2

~

4. The sets A := {(z1,22) : xz2 > 0} and B := {(z1,22) : 22 < :z:f} in R? (see ﬁgure are also
stationary at (0,0).

5. The sets A := {(1,22) : 22 < |21|} and B := {(z1,22) : 12 > — |z1|} in R? (see ﬁgure are
not stationary at (0,0) but approximately stationary at (0,0).

6. The sets A := {(z1,22) : z2 < 0} and B := {(x1,22) : 22 > 21} in R? (see ﬁgure are not
approximately stationary at (0, 0).

In Definition [2.3.1] it is sufficient to consider translations of all but one sets allowing the remaining set
unchanged. Based on this observation, the following proposition provides asymmetric conditions which
are useful for our analysis in Chapters [3|and ().

Proposition 2.3.4. Let (,...,82, be subsets of a normed vector space X and T € Ni_,$2;. The
collection {$21,...,82,} is
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Figure 2.5: Approximate stationarity Figure 2.6: Not approximate stationarity
(i) extremal if and only if, for any € > 0, there exist vectors a; € X (i =1,...,n — 1) satisfying
n—1
Q(Qz‘ —a;) N2y =0, | uax llaill <& (P5)
i—

(ii) locally extremal at T if and only if there exists a number p €]0,+00] such that, for any € > 0, there

exist vectors a; € X (i =1,...,n— 1) satisfying
n—1
ﬂ (2, —a;) N2, N B,(z) =0, max |la;| < ¢; (P6)
il 1<i<n—1

moreover, if {{1,...,02,} is locally extremal at T with some p €]0, +00], then the above condition

holds with any p" €0, p| in place of p; if p = +0oo, one can take p’ := +o00;

(iii) stationary at T if and only if, for any € > 0, there exist a number p €]0,e[ and vectors a; € X
(i=1,...,n—1) satisfying

n—1
ﬂ (2 —a;)) N2, NB,(z) =0 and | Jmax la:|l < ep; (PT7)
i=1 ==

(iv) approzimately stationary at T if and only if, for any € > 0, there exist a number p €]0,¢[, points
w; € 2;,NBe(Z) (1 =1,...,n) and vectors a; € X (i=1,...,n— 1) satisfying

n—1
ﬂ (2; —w; —a;)) N (2, —wy) N (pB) =0  and Jnax la;|| < ep. (P8)
i=1 ==

Proof. The properties above imply the corresponding ones in Definition with a, = 0.

For the opposite implication, given vectors a; € X (i = 1,...,n), it is natural to consider vectors
a,:=a;—a, (i=1,...,n—1). Then
n—1 n
() (2 — al) N2 = ()2 — ;) + an. (2.7)
i=1 i=1

From condition (PI]), the set NI, (£2; — a;) is nonempty, so is N} (£2; — a). Hence, (PH) holds with
the collection of vectors a’s in place of a;’s. Given an € > 0, if one of the conditions  Jnax llai|| < €
<i<n—
or max lla;|| < pe is satisfied with some &’ €]0,£/2] in place of €, then the corresponding condition
<i<n—

max |la;|| < € or max |la;|| < pe is satisfied with the collection a;’s in place of a;’s. Given a
1<i<n—1 1<i<n—1

p €]0,+00] and a p’ €]0, p[, one can take a smaller ¢’ > 0 to ensure that p’ + ¢’ < p. Then, in view of
(2.7) and assuming | Jmax lla;|| < e with &' in place of €, we have
<i<n-—

=1 =1
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The above inclusion obviously holds also with p’ = p = 4+o00. Thus, condition (P2) implies condition
with a}’s and p’ in place of a;’s and p, respectively. Observe that conditions and are actually
conditions and (P6)), respectively, with the sets 2, —w; (i =1,...,n) in place of £2; (i =1,...,n).
Hence, condition (P4) implies condition (P8)) with a;’s and p" in place of a;’s and p, respectively. It
follows that the properties in Definition é imply the corresponding ones in the proposition with a,’s
in place of a;’s, as well as the ‘moreover’ part in item (ii). O

There exist several modifications of the properties discussed in Section[2.7] scattered in the literature.
Below we briefly discuss some of them which are going to be important for our subsequent study.

The properties in Definition involve translations of all the sets. It is easy to see that in all the
properties it is sufficient to consider translations of all but one sets leaving the remaining set unchanged.
This simple observation leads to asymmetric conditions in the next proposition which can be useful,
especially in the case n = 2.

Proposition 2.3.5 (Distance characterisations of extremality). Suppose X is a normed linear space,
A, B C X are closed and AN B # 0. The pair {A, B} is extremal if and only if for any € > 0 there exist
u,v € X such that max{||ul|,||v]|} < e and any one of the two following (equivalent) conditions hold:

(i) d(a —u,B—v) >0 for alla € A;
(i) d(b—v,A—u) >0 for allb € B.

Proof. 1t is sufficient to show that each of the conditions (i) or (ii) is equivalent to (A —u)N (B —v) = 0.
Each of these conditions obviously implies (A — u) N (B — v) = @. Conversely, if (A —u)N (B —v) =0,
then a —u ¢ B — v for any a € A, and consequently, since B is closed, d(a —u, B —v) > 0, i.e. condition
(i) is satisfied. Similarly, since A is closed, condition (A — u) N (B —v) = ) implies d(b — v, A —u) > 0
for all b € B, hence, condition (ii). O

The closedness assumption in Proposition [2:3.5] cannot be dropped.

Ezample 2.3.6. The pair of sets A := R*\ {(¢,0) | t > 0} and B := {(0,0)} in R? is obviously extremal
in the sense of Definition i). At the same time, d(a —u, B —v) =d(b—v,A—u) =0 for all a € A,
be B and u,v e R%

Remark 2.3.7. Condition (A — u) N (B — v) = @ which is crucial for the extremality property in Defi-
nition is obviously implied by the stronger condition d(A — u, B — v) > 0, which is also stronger
than each of the conditions (i) or (ii) in Proposition As the next example shows, condition
d(A —u, B —v) > 0 can be strictly stronger than (4 —u) N (B —v) = () even when both A and B are
closed.

Example 2.3.8. In this example, we use the superscript notation Kth term to indicate the order of an
element in a sequence in £°°.

Consider two sets in £°°:

1
A= {x(:z:k)|xK€[K,K+1]U {K+1+K,K+2] for some K € N;

z* € [~1,1] for all k;éK},
B::{x:(mk)|xK:K—|—1 for some K € N; zF =0 for all k#K}.
Observe that AN B = B # (.

We first show that A is closed. Let (x,) C A and z,, — ¢ € £°°. There exist numbers K, N € N
such that 2% € [K,K + 1JU[K + 1+ 1/K,K + 2] for all n > N. Indeed, assume on the contrary
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that for any N > 0 there exist m,n > N, m # n and K,,,K,, € N, K,, # K,, such that xﬁm €

(Ko Ko + U Ky +1+1/K,, Ky 4 2] and 257 € [K,, K, + 1|U[K,, + 1+ 1/K,,, K,, +2]. Then
[@n — &l > max {|z" — @], |y — |}

|zEm| — \xff”ﬂ} >max{K,, K,} —-1>1,

> max {|xffl — |x£t

which contradicts the assumption that (z,,) is convergent. Hence, zo = (x4, 22,...) with o2& € [K, K +
HU[K +1+1/K,K +2] and 2§ € [~1,1] for all k # K. Thus, A is closed.

A similar argument can be used to show that B is closed. Observe that for all z1,29 € B with
T 7§ To one has Hﬂjl — IQH = maX{Kl,KQ} + 1 for some Kl,KQ S N, K §£ K. Hence, ||$1 — 172” > 1.
It follows that any convergent sequence (x,) C B must be stationary when n is sufficiently large. This
immediately yields the closedness of B.

Now we show that {A, B} is extremal. Given an ¢ € (0,1), find and an n € N such that 1/n < e <
1/(n — 1) and define a u € £*° as follows: u' = 1/n if i < n, and «* = 1/(i + 1) if ¢ > n. We have

1
llul| < = < e. Let b= (b¥) € B, ie. there exists a K € N such that b* = K + 1 and v* = 0 for all
n

kE#K. Then 0 < (b4+u)* <1/n<1forallk# K. If K <n, then (b+u)X = K +1+1/n. If K >n,
then (b+u)® = K+1+1/(K +1). In both cases, K +1 < (b+u)® < K+1+1/K. Hence, b+u ¢ A,
and consequently, (A —wu) N B = 0.

Let u = (u¥),v = (v*) € £°° be such that max{|ju|[,|v||} < 1/2 and (A —u)N (B —v) = 0. We
are going to show that d(A — u, B — v) = 0. Obviously |ju — v|| < 1. Moreover, [u* — v*| < 1/k for
all k € N. Indeed, suppose on the contrary that 1/K < |u®* —o®| < 1 for some K € N and choose
ab = (b") € B such that b* = K + 1 and b* = 0 for k # K. Then for any k # K, we have
b+ u—v) = [|(u—2v)*| <1, and (b+u—v)X = K +1+uf — o and consequently, either
K<b+u—v)f <K+loo K+1+1/K < (b+u—v)X < K+2. Inany case, b+u—v € A, and
b—v € A — u, which is a contradiction. Thus, |u* —v*| < 1/k for all k € N. For any & > 0, we can find
abe Band a K € N such that b # 0, [u® —v®| < e. Set o := b5 and o := uF — " for all k # K.
Then a = (a*) € A and ||(a — u) — (b — v)|| = [a® — b¥| < &. Hence, d(A —u, B —v) = 0.

2.3.2 Semitransversality, Subtransversality and Transversality

The content of this subsection is mostly taken from [28, Section 2]. In this section, we study ‘good
arrangements’ of collections of sets in normed vector spaces near a point in their intersection, known
as transversality (regularity) properties and playing an important role in optimisation and variational
analysis, e.g., as constraint qualifications in optimality conditions, and qualification conditions in sub-
differential, normal cone and coderivative calculus, and convergence analysis of computational algo-
rithms [2,[8l[13H151[28,[39,/401[42| 43,52, [75.[90-921[96/-[100}[104-107,[109, 111, 123125/ [128,[129,[171.[173].

The next definition is a modification of [106, Definition 3.1].

Definition 2.3.9. Let (24,..., (2, be subsets of a normed vector space X, z € N;;{2; and a > 0.
(i) {,...,92,} is a—semitransversal at T if and only if there exists a number 6 > 0 such that
() (92 — a;)) N B,(z) # 0 (P9)
i=1
for all p €]0,0[ and a; € X (i =1,...,n) with jmax llai]| < ap.
(ii) {$21,...,92,} is a—subtransversal at & if and only if there exist numbers d; > 0 and do > 0 such
that .
(2N B,(x) #0 (P10)
i=1
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for all p €]0,61] and = € By, (%) with max d(z, 2;) < ap.

1<i<n
(iii) {$21,...,92,} is a—transversal at Z if and only if there exist numbers d; > 0 and d; > 0 such that
()92 — wi — a;) N (pB) # 0 (P11)
i=1

for all p €]0,01[, w; € ;N Bs,(Z) and a; € X (i =1,...,n) with max lla:|| < ap.

Three properties in Defintion 2:3.9|are known under various names. A table illustrating the evolution
of the terminology can be found in |99} Section 2].

Each of the properties in Definition is determined by a number a > 0, playing the role of a rate
of the respective property, and either a number ¢ > 0 in item (i) or two numbers §; > 0 and d, > 0 in
items (ii) and (iii). The exact upper bound of all & > 0 such that the property holds with some § > 0,
or §;1 > 0 and 02 > 0, is called the modulus of this property. We use notations setr [{21,..., 2,](Z),
str [{21,...,82,](z) and tr [21,...,92,](Z) for the moduli of the respective properties. If the property
does not hold, then by convention the respective modulus equals 0.

If {,...,02,} is a—semitransversal (respectively, c«—subtransversal or a—transversal) at z with
some o > 0 and § > 0 (respectively, 61 > 0 and dy > 0), we often simply say that {{21,...,2,} is
semitransversal (respectively, subtransversal or transversal) at .

The role of the ¢’s in the definitions is more technical: they control the size of the interval for the
values of p and, in the case of subtransversality and transversality in parts (ii) and (iii), the size of
the neighbourhoods of x involved in the respective definitions. Of course, if a property is satisfied with
some 91 > 0 and d2 > 0, it is satisfied also with the single § := min{dq,d2} in place of both d; and
d2. We use here two different parameters to emphasise their different roles in the definitions and the
corresponding characterisations. Moreover, we are going to provide quantitative estimates for the values
of these parameters, which can be important in applications.

The negation (or the absence) of the stationarity (see Definition 2-3.1f(iii)) implies that the value

Setr [f21,...,82,)(Z) > 0 that is {{,...,$2,} is a—semitransversal at T with some § > 0 and some
a > 0. The negation of the approximate stationarity (Definition [2.3.1)) means tr [{21, ..., 2,](Z) > 0, or
the collection {{21,...,2,} is a—transversal at Z with some d1,d2 > 0 and some a > 0 (cf. |29,[90H92]).

The representation of the subtransversality property in part (ii) of Definition differs from the
corresponding one in [106, Definition 3.1]. In view of the next proposition, the two representations are
equivalent.

Proposition 2.3.10. Let (21,...,(2, be subsets of a normed vector space X, T € Mj—,82;, and a > 0.
{21,...,02,} is a—subtransversal at T with some §; > 0 and d3 > 0 if and only if
()(%2 + (ap)B) N By, (z) C () £2; + pB (P12)
i=1 i=1

for all p €]0, 61].

Proof. Condition (P12)) is equivalent to the inclusion x € N7, £2; + pB holding for all z € Bs,(Z) with
max d(x,2;) < ap. In its turn, this inclusion is equivalent to (P10]). O

1<i<n

If all the sets coincide, the subtransversality property is satisfied trivially.

Proposition 2.3.11. Let 2 be a subset of a normed vector space X, & € £2, and « €]0,1]. The collection
{02,...,02} of n > 2 copies of §2 is a—subtransversal at T with any §; > 0 and d3 > 0.
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Proof. Condition (P10) in the current setting takes the form 2 N B,(z) # 0 and is trivially satisfied if
d(z, 2) < ap. O

The transversality property in part (iii) of Definition admits several alternative representations.
The three equivalent representations in the next proposition are of independent interest. They differ
from the one in Definition iii) by values of the parameters §; and d5. The relationship between the
values of the parameters in the two groups of representations can be estimated.

Proposition 2.3.12. Let (21,...,2, be subsets of a normed vector space X, T € N2, and o > 0.
Then, {{,...,2,} is a—transversal at T if and only if there exist numbers 61 > 0 and d2 > 0 such that
the following equivalent conditions hold:

(i) condition (P11)) is satisfied for all p €]0,61[, wi € £2; and a; € X with w; + a; € Bys,(T) and
||a‘1|| <ap (1 =1,... a’n’);
(i) condition is satisfied for all p €]0,01] and a; € 6oB with d(Z,$2; —a;) < ap (i=1,...,n);
(i) for all p €]0,01[, x € X and a; € X with v+ a; € Bs,(z) and d(x,$2; —a;) < ap (i=1,...,n), we

have .
ﬂ(Qz — CLi) N Bp(l‘) 7é 0. (P13)

i=1
Moreover, if {{21,...,82,} is a—transversal at T with some 61 > 0 and d2 > 0, then conditions (1)—(iii)

hold with any 67 €]0,81] and &5 > 0 satisfying 64 + ady < dy in place of 51 and 5s.

Conversely, if conditions (i)—(iil) hold with some §1 > 0 and §3 > 0, then {{X,. .., 2,} is a—transversal
at T with any 07 €]0,81] and 8, > 0 satisfying 65 + ad; < &2 in place of 61 and 53.

Proof. We first prove the equivalence of conditions (i)—(iii). Let numbers §; > 0 and J; > 0 be given.

(iii) = (ii). This implication is trivial.
(ii) = (i). Let p €]0,01[, wi € 2%, a; € X, w; + a; € Bs,(Z) and |la;]| < ap (i = 1,...,n). Set
a; == a; +w; — 7 (i = 1,...,n). We have a; € 6B and d(z,2; — a}) < ||Z —w; +d}|| = |la;]| < ap
(i=1,...,n). By (ii), is satisfied with @ in place of a; (i = 1,...,n). This is equivalent to (P11]).

(i) = (iii). Let p €]0,01[, z € X, a; € X, x + a; € Bs, (%) and d(z,02; —a;) < ap (i =1,...,n).
Choose w; € §2; such that ||z —w; +a;|| < ap and set a) :=  —w; +a; (i = 1,...,n). We have
wi+a,=x+a; € Bs,(T) and |la|| < ap (i =1,...,n). By (i), is satisfied with a} in place of a;
(i=1,...,n). This is equivalent to .

Suppose {§21,...,§2,} is a—transversal at T with some 6; > 0 and 3 > 0, and let ] €]0,6;] and
5 > 0 be such that 0 + adj < d5. Then, for all p €]0,01[, w; € £2; and a; € X with w; + a; € By, (7)
and |ja;|| < ap (i =1,...,n), we have ||w; — Z| < |lw; +a; — Z|| + |lail]| < d5+ ady <5y (i =1,...,n).

By Definition [2.3.9] (iii), (P1I)) is satisfied, and consequently condition (i) (as well as conditions (ii) and
(iii)) holds with &] and d5.

Conversely, suppose conditions (i)-(iii) hold with some d; > 0 and > > 0, and let &; €]0, ;] and
5 > 0 be such that 05 + ad} < dp. Then, for all p €]0,61[, wi € 2, N By (Z) and a; € X (i =1,...,n)
with max lla;|| < ap, we have ||w; + a; — Z|| < ||wi — Z|| + [Ja;|| < 65+ ad] < da, or w; +a; € Bs,(T). By

(i), 1 is satisfied, and consequently {2y, ..., $2,} is a—transversal at Z with §] and &5. O

Remark 2.3.13. (i) The inequality §5 + ad] < dy in the last part of Proposition [2.3.12] and some
statements below can be replaced by the equality d, + ad] = o providing in a sense the best
estimate for the values of the parameters §7 and &5.
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(ii) Each of the conditions (i)—(iii) in Proposition can serve as an equivalent definition of
a—transversality. For the estimates derived in the subsequent statements in this thesis, such equiv-
alent definitions can have some advantages compared to the original one in Definition [2.3.9] (iii).
In particular, they allow to reduce some conventional proofs to a few lines.

a—transversality is the strongest of the three properties in Definition

Proposition 2.3.14. Let (21,...,2, be subsets of a normed vector space X, T € Nj—1§2;, and a > 0.
If {821,...,802,} is a—transversal at T with some §; > 0 and do > 0, then it is a—semitransversal at T
with & := 61 and a—subtransversal at T with any &7 €]0,81] and &y > 0 such that 8y + ad] < §2. As a
consequence, Setr[$21, ..., 2,1(Z) > tr[(, ..., 2,)(Z) and str[, ..., 2,])(Z) > tr[24, ..., 2,](Z).

Proof. Let {f21,...,82,} be a—transversal at & with some d; > 0 and d2 > 0. Since condition
is a particular case of condition with w; = & (i = 1,...,n), we conclude that {§2;,...,82,} is
a—semitransversal at & with ¢ := d;. Since d(z, 2; — a;) < ||a;|| for any a; € X and any ¢ = 1,...,n,
{21,...,02,} is a—subtransversal at z with any 07 €]0, ;] and 05 > 0 such that §5 + ad] < d2 in view

of Proposition [2.3.12] (ii). O

Properties a—semtransversality and a—subtransversality are in general independent; cf. [106, Sec-
tion 3.2].

All three transversality properties in Definition are only meaningful when z € bd N, (2;.

Proposition 2.3.15. Let (,..., (2, be subsets of a normed vector space X. If T € int N, (2;, then,
for any a > 0, all three properties in Deﬁm’tz’on hold true (with some 6 > 0, or 61 > 0 and §3 > 0).

Proof. Let T € int N_; 2; and a > 0. In view of Proposition we only need to prove that
{,...,92,} is a—transversal at Z. Choose a number § > 0 such that Bs(Z) C Nj_42;. Then Z €
" (2; —a;) for all a; € 0B (i = 1,...,n), and consequently, condition is satisfied for all p > 0.
Hence, condition (ii) in Proposition holds with d2 := 0 and any d; > 0, and {{21,...,82,} is
O

a—transversal at .

In view of Proposition [2.3.15 the collection {{21,...,(2,} being approximately stationary at some
T € Nj—,{2; implies € bd N, (2;.

If z € bd N}, 2; and the sets are closed, then the a—subtransversality and a—transversality prop-
erties can only hold with o < 1.

Proposition 2.3.16. Let (21,...,(2, be closed subsets of a normed vector space X, T € bdN_,(2; and
a>0. If {{21,...,02,} is a—subtransversal (particularly, if it is a—transversal) at T, then o < 1.

Proof. Let {{,...,2,} be a—subtransversal at  with some d; > 0 and J > 0. Choose a point
x ¢ Ni—1$2; such that ||z — Z|| < min{da, ad1}. Then = € Bs,(Z), 0 < Jmax d(z, 2;) < d(z,Ni_,92;) <
TSN

|z —Z|| < ady, and by Definition [2.3.9] (ii), N, 2N B, (x) # 0 for all p €]0, 8| satisfying d(z, NP, 2;) <
ap, which is only possible when a < 1. If {{2, ..., £2,,} is a—transversal at Z, then by Proposition|2.3.14
it is a—subtransversal at z, and o < 1. O

In the convex case, the requirements that the relations in parts (i) and (iii) of Definition hold
for all small p > 0 can be relaxed.

Proposition 2.3.17. Let {21,...,§2, be convex subsets of a normed vector space X, T € Ni—1§2; and
a > 0.
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(i) {1,...,82,} is a—semitransversal at T with some § > 0 if and only if

n

() (92 — a;) N Bs(z) # 0 (2.8)

=1

for all a; € X with ||a;|| < ad (i=1,...,n).

(i) {$21,...,2,} is a—transversal at T with some 61 > 0 and d2 > 0 if and only if
() (2 — wi — a;) N (51B) # 0 (2.9)
i=1

for all w; € ;N Bs,(Z) and a; € X with ||la;|| < ady (i=1,...,n).

Proof. (i) I {{,...,2,} is a—semitransversal at Z with some § > 0, then, by Definition i), for

all a; € X with ||a;|| < @b (i = 1,...,n), and any number p satisfying o ~* max lail] < p <6,
<i<n
condition holds. The latter condition obviously implies (2.8)).

Conversely, suppose that, for some § > 0, condition is satisfied for all a; € X with ||a;]] < ad
(i=1,...,n). Let p be an arbitrary number in ]0, §[ and let a; € X with [Ja;]| < ap (i =1,...,n).
Set t :=p/d and a} :=a;/t (i=1,...,n). Then 0 <t < 1 and ||a}|| = |la;]|/t < @b (i =1,...,n),
and consequently, there exists an 2’ € N}, (£2;,—a,)NBs(Z), i.e. ¥’ € Bs(z) and 2’ = w;—a,, for some
w; € §2;, or equivalently, a; = t(w; — ') (i =1,...,n). In view of the convexity of the sets, we have
twi+(1—t)z € 2; (i=1,...,n). Set x := T+t(z'—7). We have z = tw;+(1—t)T—t(w;—2') € 2;—a;
(i =1,...,n). Moreover, ||z — Z|| = t|z’ — Z|| < p. Hence, condition is satisfied. In view of
Definition [2.3.9(i), {£21,...,2,} is a—semitransversal at Z with .

If {&,...,02,} is a—transversal at Z with some §; > 0 and 3 > 0, then, by Definition ii),

for any w; € 2; N By, (Z), a; € X with ||a;|| < @by (¢ = 1,...,n), and any number p satisfying

a™t jmax lla;|| < p < &1, condition (P11]) holds. The latter condition obviously implies (2.9)).
<i<n

Conversely, suppose that, for some §; > 0 and d2 > 0, condition (2.9) is satisfied for all w; €
;N By, (z) and a; € X with ||a;|| < ady (i =1,...,n). Then the collection of convex sets £2; — w;

(¢ = 1,...,n), considered near their common point 0, satisfies the conditions in part (i) and is
consequently a—semitransversal at 0 with §; uniformly over w; € £2; N Bs,(Z) (i = 1,...,n). This
means that {£2,...,$2,} is a—transversal at & with d; and Js.

O

Employing the same arguments as in the proof of Proposition it is easy to show that in
the convex case the alternative representations of a—transversality in Proposition [2.3.12| can also be
simplified.

Proposition 2.3.18. Let {21, ..., {2, be convex subsets of a normed vector space X, T € Ni_,82;, a > 0,
91 > 0 and d2 > 0. Conditions (i)—(iii) in Proposition are satisfied if and only if the following
equivalent conditions hold:

(i) condition (2.9)) is satisfied for all w; € £2; and a; € X with w; + a; € Bs,(T) and ||a;|| < ad

1=1,...,n);
( ) 7)7

(ii) for all a; € 5B with d(z,§2; — a;) < ad (i=1,...,n), we have

n

ﬂ(gz — CL,L') M B(Sl (ZE) 7é @,

i=1
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(iii) for allz € X and a; € X with x + a; € Bs, (%) and d(x, 2; —a;) < ady (i =1,...,n), we have

n

ﬂ(Qz — ai) N B51 (.13) 7é @

i=1

When the sets are convex, the semitransversality and transversality properties are equivalent.

Proposition 2.3.19. Let (4,..., (2, be convex subsets of a normed vector space X, T € N}_1§2; and
a > 0. If {1,...,02,} is a—semitransversal at T with some § > 0, then, for any o €]0,al, it is
o' —transversal at T with §; :=§ and 2 := (o — o).

As a consequence, {(21,...,82,} is semitransversal at T if and only if it is transversal at T, and
Setr[$21, ..., 2,](x) = tr[$2, ..., 2,](Z).

Proof. Let {$21,...,82,} be a—semitransversal at T with some § > 0, and let o/ €]0,«[, §; := § and
82 = (@ — ’)d. Let w; € 2, N By, (Z) and a; € X with ||la;|| < o'§ (i =1,...,n), set a} = w; +a; — T
(i = 1,...,n). Then |la}| < ||wi —Z| + |lai]| < 62 + 6 = ad (i = 1,...,n), and by Proposi-

tion [2.3.18|(i), N1 (£2; —a})N Bs(T) # (), which is equivalent to condition (2.8)). By Proposition [2.3.18f(ii),

{1,...,92,} is o/ —transversal at T with §; and dy. Since o’ can be chosen arbitrarily close to «, we have
Setr[21, ..., 2,)(Z) < tr[¢2,...,62,](Z). In view of Proposition [2.3.14] this inequality actually holds as
equality. O

Remark 2.3.20. (i) Proposition [2.3.19| strengthens [90, Proposition 13(iv)].

(ii) In view of Propositions [2.3.19| and [2.3.14] in the convex case, a—semitransversality is in general
stronger than a—subtransversality.

2.4 Metric Characterisations

The transversality properties of collections of sets in Definition [2.3.9] admit equivalent characterisations
in metric terms.

Proposition 2.4.1. Let §21,..., 2, be subsets of a normed vector space X, T € Ni_,82; and a > 0.

(i) {21,...,82,} is a—semitransversal at T with some & > 0 if and only if
7 . < )
ad <x N a») < o ] (M)
foralla; e X (i=1,...,n) with max lai]] < ad.
(i5) {{n,...,82,} is a—subtransversal at T with some 01 > 0 and 02 > 0 if and only if

ad <x, ﬂ QZ> < max. d(x, $2;) (M10)
i=1 ==

for all x € By, (Z) with max d(x, §2;) < ady.

(iii) {§,...,82,} is a—transversal at T with some 61 > 0 and d2 > 0 if and only if

ad <o, () (92 —wi — ai)> < max |a| (M11)

. T 1<i<n
=1 - =

for allw; € £, N Bs, (%) and a; € X (i=1,...,n) with jmax la:]] < ady.
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Proof. (i) By Definition (i), {¢21,...,92,} is a—semitransversal at Z with some § > 0 if and only
if d(z,N_1(2;—a;)) < pforalla; € X (i =1,...,n) with max lai]] < «d and all numbers

p>a~! max |a;||. The conclusion follows.
1<i<n

(ii) By Definition (i), {£21,...,82,} is a—subtransversal at & with some §; > 0 and d2 > 0
if and only if d(z,Ni_,92;) < p for all x € Bs,(Z) with jmax d(x,§2;) < «d; and all numbers

p>oz_1

max d(x, §2;). The conclusion follows.
(iii) By the Definition (iii), {$21,...,2,} is a—transversal at T with some §; > 0 and d2 > 0 if
and only if d (0,N;(£2; —w; —a;)) < p for all w; € 2, N Bs,(Z) and a; € X (¢ = 1,...,n) with

max ||a;|| < ady, and all numbers p > o~ ' max |la;||. The conclusion follows.
1<i<n 1<i<n

O

The alternative metric characterisations of a—transversality in the next proposition correspond to
the respective properties in Proposition [2.3.12}

Proposition 2.4.2. Let (21,...,(2, be subsets of a normed vector space X, & € NI_1$2;, and a > 0.
Then, {{,...,2,} is a—transversal at T if and only if there exist numbers 61 > 0 and d2 > 0 such that
the following equivalent conditions hold:

(1) inequality (M11) is satisfied for all w; € £2; and a; € X (i =1,...,n) with w; + a; € Bs,(Z) and

202, leall < o

(i) for all a; € 6:B (i =1,...,n) with max d(z,$2; — a;) < ady, we have

ad (x, ﬁ(ﬂl - ai)> < max d(z,2; — a;); (M11.1)

! 1<i<n
i=1

(iii) for all x € X and a; € X with 4+ a; € Bs,(Z) and d(x,$2; — a;) < ady (i =1,...,n), we have

ad <x, ﬁ(!)i - ai)> < max d(x,2; — a;). (M11.2)

! 1<i<n
i=1

Moreover, if {{21,...,82,} is a—transversal at & with some 61 > 0 and d2 > 0, then conditions (1)—(iii)
hold with any 67 €]0,81] and 65 > 0 satisfying 64 + ady < dy in place of &1 and ds.

Conversely, if conditions (i)—(iii) hold with some §1 > 0 and d3 > 0, then {(21,...,2,} is a—transversal
at T with any 8 €]0,01] and 65 > 0 satisfying 65 + ady < d in place of 61 and ds.

Proof. The statement is a consequence of Proposition [2.3.12| It suffices to notice that inequality (M11])

i ivalent t diti tisfied fi - ], 1 lity (M11.1)) i ivalent

is equivalent to condition satisfied for any p > « max la;||, inequality is equivalen
oy . -1 _ . . . .

to condition (P5)) satisfied for any p > « 1I£z'agx d(z, 2; — a;), and inequality (M11.2)) is equivalent to

condition (PY)) satisfied for any positive number p with p > a™*

Jmax d(x, 2; — a;). O
Remark 2.4.3. Condition served as the main metric characterisation of transversality in
and subsequent publications. Condition has been picked up recently in . This condition
seems an important advancement as it replaces an arbitrary point x with the given reference point z.
Condition seems new. In accordance with Proposition[2.3.12] it is the most straightforward metric
counterpart of the original geometric property .
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In the convex case, the estimates in parts (i) and (iii) of Proposition as well as the alterna-
tive metric characterisations of a—transversality in Proposition [2.4.2| can be simplified. The next two
statements are direct consequences of Propositions [2.4.2] and respectively.

Proposition 2.4.4. Let {21,...,82, be conver subsets of a normed vector space X, T € N_,(2; and
a > 0.
(i) {,...,82,} is a—semitransversal at T with some § > 0 if and only if
n
d <x (%2 - ai)> <46 (2.10)
i=1

for all a; € X with ||a;|| < ad (i=1,...,n).
(ii) {§1,...,82,} is a—transversal at T with some 61 > 0 and d2 > 0 if and only if
n
d (0, ﬂ(Qz — W; — ai)> < 01 (2.11)
i=1
for all w; € £2; N Bs, (%) and a; € X with ||a;|| < ady (i =1,...,n).

Corollary 2.4.5. Let (},...,§2, be conver subsets of a normed vector space X, T € N;_,82;, a > 0,
91 > 0 and d2 > 0. Conditions (i)—(iii) in Proposition are satisfied if and only if the following
equivalent conditions hold:

(i) condition (2.11)) is satisfied for all w; € 2; and a; € X with w; + a; € Bs,(T) and |la;|| < ad;

(i=1,...,n);
(i) for alla; € 2B (i =1,...,n) with max d(z,$2; — a;) < ady, we have
ad (i ﬂ(Qi - ai)> < 0y (2.12)
i=1

(iii) for allx € X and a; € X with x + a; € Bs,(z) and d(z, §2; —a;) < ady (i =1,...,n), we have

ad (x,

Moreover, if {{21,...,82,} is a—transversal at T with some §; > 0 and d3 > 0 then conditions (1)—(iii)
hold with any &7 €]0,681] and 5, > 0 satisfying 05 + ad; < 82 in place of 51 and J.

@.
1-

(Ql — al)> < 1. (213)

Conversely, if conditions (i)—(iil) hold with some §1 > 0 and d3 > 0, then {{,. .., 2,} is a—transversal
at T with any &) €]0,61] and 6, > 0 satisfying 65 + ad) < 82 in place of &1 and ds.

As discussed in Section the absence of semitransversality (transversality) implies stationarity
(approximate stationarity). Based on this observation, Propositionm gives us metric characterisations
of stationarity and approximate stationarity.

Corollary 2.4.6. Let {21,..., 12, be subsets of a normed vector space X, T € N4 §2;.

(i) {$21,...,82,} is stationary at T if and only if for any € > 0, there is an p €]0,¢] and a; € X
(t=1,...,n) with max llai|| < ep such that
<i<n

ed <x7 ﬂ(Ql - a¢)> < max ||a;l| . (M3)
i=1

1<i<n
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(i) {1,...,02,} is approxzimately stationary at T if and only if for any € > 0, there are an p €]0,¢|,
w; €2;NB:(%) and a; € X (i=1,...,n) with max lla:|| <ep
<i<n

ed (Qﬂ(ﬁi—wi —ai)> < max ||a;]. (M4)

! T 1<i<n
=1

2.5 Regularity of Set-Valued Mappings

In this section, we clarify quantitative relationships between transversality properties of collections of
sets and the corresponding regularity properties of set-valued mappings.

The next definition is a modification of [106, Definition 5.1].

Definition 2.5.1. Let F': X = Y be a set-valued mapping between metric spaces, (Z,y) € gph F' and
a> 0.

(i) F is a—semiregular at (Z,y) if there exists a number § > 0 such that

ad(z, F~(y)) < d(y,9)
for all y € Bas(Y)-
(ii) F is ae—subregular at (Z, ) if there exist numbers d; > 0 and J; > 0 such that
ad(x, F~(y)) < d(y, F(x))
for all € By, (%) with d(y, F(z)) < ads.
(iii) F is a—regular at (z,y) if there exist numbers §; > 0 and d2 > 0 such that
ad(z, F~(y)) < d(y, F(x)) (2.14)

for all x € X and y € Y with d(x,Z) + d(y,y) < 02 with d(y, F(z)) < ad;.

The number a > 0 in each of the properties in Definition [2.5.1] plays the role of a rate of the respective
property. The exact upper bound of all & > 0 such that the property holds with some § > 0, or 4; > 0
and do > 0, is called the modulus of this property. We use notations s.rg[F|(Z, ), srg[F](Z,y) and
rg [F](z,y) for the moduli of the respective properties. If the property does not hold, then by convention
the respective modulus equals 0.

The last two regularity properties in Definition have been very well studied for decades due
to their numerous important applications; see, e.g., monographs [51}/75,|82,[120]. Note the notations
subreg (F';Z | y) and reg (F;Z | §) often used for the respective moduli (cf., e.g., [51]), as well as an
important difference in their definitions which is reflected in the relations:

1 1

srg [F](2,9) = @0 = o m T

subreg (F;Z | §)’
(In fact, rg [F](Z,y) coincides with the modulus of surjection |75].) Unlike its more famous siblings, the
first property in Definition has only recently started attracting attention of researchers; see [36,92].

As in the case of Definition of the transversality properties, the role of the §’s in the above
definitions is more technical: they control the size of the neighbourhoods involved in the respective
definitions. Of course, if a property in part (ii) or (iii) is satisfied with some §; > 0 and 5 > 0, it is
satisfied also with the single § := min{d1, d2} in place of both §; and d2. Moreover, in this case (or more
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generally, when d; > d2) the inequality d(g, F(z)) < ad; in part (ii) and the inequality d(y, F(x)) < ad;
in part (iii) can be dropped. We use here two different parameters to emphasise their different roles in
the definitions and the corresponding characterisations, and expose connections with the transversality
properties in Definition [2:3.9]

It is immediate from the definition that, if a mapping is a—regular at a point in its graph, it is also
a—semiregular and a—subregular at this point; hence, s.rg[F|(Z,y) > rg[F|(Z,y) and srg[F](Z,y) >
rg [F)(Z, 9)-

Note the combined inequality d(z,z) + d(y,y) < d2 employed in instead of the more tradi-
tional separate conditions x € By, (Z) and y € Bs,(y). This replacement does not affect the property of
metric a—regularity itself, but can have an effect on the value of d5 which ensures the property. Em-
ploying this inequality in is convenient for establishing the relationship between the regularity and
transversality properties.

Now we return to our main setting of a collection of n > 2 subsets (21,..., 2, of a normed vector
space X, having a common point & € N;_,(2;, and consider a set-valued mapping F : X = X" given by

Fl)=0—-z)x...x(2,—x2), ze€X. (2.15)

which is going to play the key role in establishing relationships between the regularity and transversality
properties. It was most likely first used by Toffe in |70]. Observe that ¢ := (0,...,0) € F(Z) and

F_l(.’L‘h...,,iCn):(Ql—.’El)ﬂ...ﬂ(Qn—!I)n), T1,...,T, € X.

Let the space Y := X™ be equipped with the maximum norm.

The next proposition is a reformulation of Proposition

Proposition 2.5.2. Let (21,...,82, be subsets of a normed vector space X, T € N_1§2;, o« > 0, F :
X = X" be defined by (2.15), and y := (0,...,0) € X".

(i) {21,...,82,} is a—semitransversal at T with some 6 > 0 if and only if F is a—semiregular at (Z,7)
with the same 9.

(i) {$21,...,02,} is a—subtransversal at T with some 61 > 0 and d2 > 0 if and only if F' is a—semireqular
at (z,y) with the same &1 and 02.
(ii5) {$21,..., 02} is a—transversal at T with some §1 > 0 and d3 > 0 if and only if
ad (0, FYwi + a1, ...,w, +an)) < ||yl (2.16)

forallw; € £,N Bs, () (i=1,...,n) and y = (a1,...,a,) € X" with ||ly|| < ad;.

Thanks to parts (i) and (ii) of Proposition we have the exact equivalences between the
a—semitransversality and a—subtransversality properties of {§2,...,(2,} on one hand, and the respec-
tive a—semiregularity and a—subregularity properties of F' on the other hand. However, we do not seem
to have the exact equivalence between the remaining two properties, at least quantitatively, as condition
is not exactly of the form . Fortunately, Proposition resolves the issue. Here is its
reformulation in terms of F'. Tt shows that the conventional a—regularity property in Definition iii)
is not a direct counterpart of the conventional a—transversality property in Definition iii), but
rather of its alternative representation in Proposition [2.3.12](iii).

Proposition 2.5.3. Let (21,...,82, be subsets of a normed vector space X, T € N_1§2;, « > 0, F :
X = X" be defined by (2.15)), and § := (0,...,0) € X™. Then, {{1,...,2,} is a—transversal at T if
and only if there exist numbers 1 > 0 and d2 > 0 such that the following equivalent conditions hold:

(i) inequality (2.16|) is satisfied for all w; € 2; (i = 1,...,n) and y := (a1,...,a,) € X" with
w;+a; € Bs, () (1 =1,...,n) and |ly|| < ady;
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(i7) for ally € §2B with d(y, F(Z)) < ad1, we have

ad (2, F~'(y)) < d(y, F(z));

(#ii) inequality (2.14) is satisfied for all x € X and y = (a1,...,a,) € X" with © + a; € Bs,(Z)
(t=1,...,n) and d(y, F(x)) < ady, i.e. F is a—regular at (T,y) with the same §1 and Js.

Moreover, if {{,...,2,} is a—transversal at T with some 61 > 0 and d2 > 0, then conditions (i)—(iii)
hold with any 67 €]0,81] and 65 > 0 satisfying 04 + ady < da in place of &1 and ds.

Conversely, if conditions (1)—(iii) hold with some §1 > 0 and d3 > 0, then {(21,...,2,} is a—transversal
at T with any 8 €]0,01] and &5 > 0 satisfying 65 + ady < d2 in place of 61 and Js.

Thanks to Proposition we have equivalence between the a—transversality property of {{21,...,2,}
and the a—regularity property of F', although not necessarily with the same §; and §>. The three con-
ditions in Proposition together with condition (iii) in Proposition provide a series of metric
characterisations of both equivalent properties in terms of the set-valued mapping F'. Observe also that,
thanks to Proposition the set-valued mapping F' given by provides an important case when
the point x in the inequality defining metric a—regularity can be replaced by the fixed reference
point .

The next corollary of Propositions and collects ‘0-free’ versions of the discussed equiva-
lences. It recaptures [106, Proposition 5.1].

Corollary 2.5.4. Let (21,...,(2, be subsets of a normed vector space X, T € My_182;, a >0, F : X =
X" be defined by (2.15)), and y := (0,...,0) € X™.

(1) {,...,2,} is a—semitransversal at T if and only if F is a—semireqular at (z,y). Hence,
Sotr [21, ..., 2,](Z) =scrg [F)(Z, 7).

(ii) {$21,...,92,} is a—subtransversal at T if and only if F is a—subregular at (Z,q).
Hence, str [{2,...,2,](Z) =stg [F|(Z, 7).

(iii) {$21,...,82,} is a—transversal at T if and only if F is a—regular at (z,y).  Hence,
tr [$21,...,02,](Z) =rg[F](Z, 7).

In view of Proposition it follows from the above corollary that, when the sets (2;,..., 2, are
convex, the semitransversality and transversality properties for the mapping F defined by (2.15) are
equivalent, and s.rg [F](z,y) =rg [F](Z, y).

In view of Propositions and the a—transversality properties of collections of sets can be
viewed as particular cases of the corresponding a—regularity properties of set-valued mappings. Now we
are going to show that the two popular models are in a sense equivalent.

Given an arbitrary set-valued mapping F : X = Y between metric spaces and a point (Z,y) € gph F,
we can construct the two sets:

91 = gph F, .QQ =X x {g} (217)

in the product space X x Y. To establish the relationship between the regularity properties of F' and
the transversality properties of the collection of sets (2.17)), we have to assume that X and Y are normed
vector spaces.

The next proposition translates the metric characterisations of the transversality properties of col-
lection of sets in Proposition [2.5.2] into certain metric properties of the set-valued mapping F.
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Proposition 2.5.5. Let X and Y be normed vector spaces, F : X =Y, (z,y) € gph F and o > 0. Let

21 and 25 be defined by (2.17)).
(i) If {1, 22} is a—semitransversal at (T,y) with some § > 0, then
1
ad (2 +u, F~1(§ + v)) < max {u|| 5 ||U||}

for all u € (ad)Bx and v € (206)By-.

Moreover, if « < 1, then both conditions are equivalent.

(i) If {€1, $22} is a—subtransversal at (z,y) with some §; > 0 and J3 > 0, then

ad (z, F~1(y)) < max {d((z,y),gph F), [ly — gl|}

for all x € Bs,(%) and y € Buin{as,,s5,}(¥) with d((z,y),gph F) < ady.

Moreover, if « < 1, then both conditions are equivalent.

(iii) If {§, 822} is a—transversal at (Z,y) with some §1 > 0 and Ja > 0, then
1 1
od (;c—l—u,F (y—i—v)) < max Hu||,§ [l

for all (z,y) € gph F'N By, (Z,Yy), u € (ad1)Bx and v € (2a01)By .

Moreover, if « < 1, then both conditions are equivalent.

Proof. First observe from (2.17)) that
N0y =F () < {g},

and consequently, (Z,y) € 21 N (2s.

(i) Given ay := (u1,v1) and ag := (ug,v2) € X X Y, we have

(Ql — al) N (QQ - 0,2) = (F_l(g-F v — ’02) — Ul) X {g — ’1)2},

d((ﬂj‘,zj), (91 — al) n (QQ — CLQ)) = Imax {d (i‘ + Ul,Fil(g + v, — 1}2)) y ||1}2H} .

Thus, inequality
ad ((Z,9), (1 — a1) N (£22 — az)) < max{||ay |, [laz||}
implies
ad ( +u1, F7H (g +v1 = v2)) < max{[luall, Juzl, o], [Jo2]]},

and the converse implication is true if a < 1.

We claim that the following conditions are equivalent:
(a) condition holds for all uy,us € (d)Bx and vy, vy € (@d)By;
(b)
ad (7 + u, 2§ + v1 — v2)) < max{[lul o] uzl]}

for all u € (ad)Bx and vy,ve € (@d)By;
(¢) condition (2.18) holds for all u € (ad)Bx and v € (20)By-.
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(a) = (b). Given a u € (ad)Bx and v1,v2 € (ad)By, condition (2.25) is a consequence of (2.24))
with u; := v and ug := 0.

(b) = (a). Given uy,us € (ad)Bx and vy, ve € (ad)By, condition (2.24) is a consequence of (2.25)
with v 1= uy:

ad (Z +uy, F7 (5 + v = v2)) < max{|Jua]], [Jos], [oal}

< max{us]l, fJuzll s [[oal s l[o2]]}-

(b) = (c). Given a u € (ad)Bx and a v € (2a0)By, condition (2.18) is a consequence of (2.25)
with v1 :=v/2 and vy := —v/2.

(¢c) = (b). Given a u € (ad)Bx and v1,v2 € (ad)Bx, condition (2.25) is a consequence of (2.18])

with v := v — va:
) L 1
ad (Z +u, F7H(y + v1 = v2)) < max 4 [lull, 5 [[or = e

< ma {Jull 5(lor ] + o)
< max{|[ul], [la][ , [[v2]}-
Hence, (a) < (c), which, in view of Proposition M(l)7 completes the proof.
(ii) Given an (z,y) € X x Y, thanks to and (2.21]), we have
d((2,9),22) = ly = gll, d((x,y), 21N Q) = max {d(z, F~()), [ly — 7ll} -
Thus, inequality
ad ((z,y), 1 N0 §2y) < max {d((z, y), 1), d((x, ), 22)}

implies condition (2.19) and the converse implication is true if « < 1. In view of Proposi-
tion ii), this proves the assertion.

(iii) Given a; = (u1,v1), az := (u2,v2), (x,y) € X xY and z3 € X, we have
(21 — (z,y) —a1) N (22 — (22,9) — az)
= (F_l(y + v —vg) —x —up) x {—va},
d((0,0), ({21 — (v,y) —a1) N (§22 — (z2,¥) — az))
= max {d (a: +u, F7 Ny + vy — vg)) , HUQ”} .

Thus, inequality
ad ((0,0), (21 = (z,y) — a1) N (22 = (22, 9) — a2)) < max{|lar||, [laz|} (2.26)
implies
ad (z +uy, F~H (y + o1 = v2)) < max{|lua]], Juz|, [Joi ] [lv2]1}, (2.27)

and the converse implication is true if & < 1. The same arguments as in the proof of (i) show that
the last inequality holds for all (z,y) € 21 N By, (Z,y), ui,us € (ad)Bx and vi,vs € (ady)By if

and only if inequality (2.20) holds for all (z,y) € gph FNB;,(Z,¥), u € (ad1)Bx and v € (2a61)By.
In view of Proposition iii), this proves the assertion.

O

Employing the estimates established in the proof of Proposition we can also translate the
metric characterisations of the a—transversality in Proposition [2.4.2]into corresponding properties of the
set-valued mapping F'.
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Proposition 2.5.6. Let X and Y be normed vector spaces, F : X =Y, (z,y) € gph F and o > 0. Let
21 and £ be defined by (2.17). If {§21, (22} is a—transversal at T, then there exist numbers 61 > 0 and
02 > 0 such that the following equivalent conditions hold:

(i) for all (z,y) € gph F, (u,v1) € (ad1)B and va € min{ady, 62 }B with x+u € Bs,(Z), y+v1 € Bs, (),
we have

ad (z +u, F~1 (y +v1 — v2)) < max{]|ul, Jor] [lv2}; (2.28)
(i) for all (u,v1) € 2B and vy € min{ady, 92 }B with d((Z,y) + (u,v1),gph F') < ady, condition ([2.25))
is satisfied;
(iii) for all (x,y), (w,v1) € X xY and vo € Y with (z,y) + (u,v1) € Bs,(Z,7),
d((z,y) + (u,v1),gph F) < ady and ||y + v2 — g|| < min{ady, d2}, we have

d (2 +u, F~H(y + v — ) < max {d((2,y) + (u,v1),gph F), |ly +v2 — g} - (2.29)

Moreover, if {f, (22} is a—transversal at T with some 61 > 0 and d2 > 0, then conditions (i)—(iii)
hold with any 87 €]0,81] and &5 > 0 satisfying 04 + ady < ds in place of &1 and ds.

Conversely, if a < 1 and conditions (1)—(iii) hold with some &1 > 0 and 53 > 0, then {2, 22} is
a—transversal at T with any 61 €]0,01] and 85 > 0 satisfying 65 + ady < b2 in place of 61 and .

Proof. Definitions (2.17) yield representation (2.21)), and consequently, (Z,y) € 21 N §25.

(i) Given a; := (u1,v1), ag := (u2,v2), (z,y) € X xY and x5 € X, condition (2.26)) implies (2.27)),
and the conditions are equivalent if @ < 1. Moreover, given x,u € X and y,v;,v2 € Y, condition

(2.27)) holds with uy := u for all us € X with |Juz|| < ad; if and only if condition (2.28) is satisfied.
Hence, condition (i) is equivalent to Proposition i).

(ii) Given a; := (u1,v1) and ag := (ug,v2), condition implies (2.24)), and the conditions are
equivalent if o < 1. Moreover, given a u € X and v1,vs € Y, condition holds with uy := u
for all ug € X with ||ug|| < ad; if and only if condition is satisfied. Hence, condition (ii) is
equivalent to Proposition [2.4.2((ii).

(iii) Given ay := (u1,v1), a2 := (u2,v2) and (z,y) € X x Y, we have representation (2.22]), and
consequently,
d((x7 y)7 (Ql - al) N (-Qz - az))
=max {d (z +u, F 'y +v1 —v2)), |y +v2— 7|}
Thus, inequality
d((z,y), (21 —a1) N (22 — a2)) < max {d ((z,y), 1 —a1),d((z,y), 22 —a2)}

implies condition ([2.29), and the converse implication is true if & < 1. Hence, condition (iii) is
equivalent to Proposition [2.4.2](iii).

The conclusions follow from Proposition [2.4.2] O

Next we apply the metric estimates in Proposition 2:4.1] to establish relations between regularity
properties of set-valued mappings in Definition [2.5.1] and the corresponding transversality properties of

the collection of sets (2.17)).

Theorem 2.5.7. Let X andY be normed vector spaces, F : X =Y, (Z,y) € gph F and « > 0. Let {4
and $25 be defined by R.17), a1 := (22~ +1)7! and ay := 2a.
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(i)

(ii)

(iii)

If F is a—semiregular at (Z,y) with some § > 0, then {21, 22} is an—semitransversal at (Z,7y)
with 6" :== (1 + a/2)4.

Conversely, if {{, 2} is a—semitransversal at (Z,y) with some § > 0, then F is ag—semiregular
at (z,y) with the same J.

If F is a—subregular at (Z,y) with some 61 > 0 and d3 > 0, then {21, (22} is an—subtransversal at
(Z,y) with any 67 > 0 and 65 > 0 such that 67 < (1 + «/2)d1 and 107 + 05 < ds.

Conversely, if {{,§22} is a—subtransversal at (Z,y) with some §; > 0 and d2 > 0, then F is
ag—subregular at (z, %) with 6] := min{d;,a 16} and Js.

If F is a—regular at (z,y) with some §; > 0 and 69 > 0, then {21, 2} is aq—transversal at (Z,7)
with any 87 > 0 and 6y > 0 such that §; < (1 + «/2)8; and a1 8] + 8 < §2/2.

Conversely, if {21, (22} is a—transversal at (Z,y) with some §; > 0 and da > 0, then F is ag—re-
gular at (Z,y) with any &7 €]0,81] and 8, > 0 such that azdy + 65 < 5.

Proof. Note that ay €]0,1].

(i)

Let F be a—semiregular at (z,y) with some § > 0. Set &' := (1 + «/2)d. Let u € (a16')Bx and
v € (2a18")By. Observe that

p_20+0/2) o
206" = P 0 = ad.

Thus, v € (6By). In view of Definition [2.5.1{i),
d(z +u, F~ (g +v)) < d(@, F7H (5 +v)) + [lull < a7 o] + [lu]

_ 1 _ 1
< 2o+ Dmax {ul 5 ol = oy e {5 o1}

By Proposition i), {021, 2} is oy —semitransversal at (z,7) with §'.

Conversely, let {21, 22} be a—semitransversal at (Z,y) with some § > 0. Let v € (a20)By.

Thus, v € (2a0)By. By Proposition [2.4.1i), ad (z, F~'(§+v)) < [jv||/2, and consequently,
aod (Z, F7'(§ +v)) < [jv|. Hence, by Definition i), F is a—semiregular at (Z,y) with the
same 0.

Let F be a—subregular at (z,y) with some d; > 0 and §; > 0. Choose numbers §; > 0 and &5 > 0
such that 6] < (1 + a/2)d; and d + 107 < d3. Observe that

2(1+a/2)

201167 <
N |

51 = 04(51. (230)

Let x € Bsy (%), y € Buin{a,4,.55}(y) and d((z,y),gph F) < a10y. Then, for any number ¢ with
d((z,y),gph F) < € < 101, there exists a point (2,y’) € gph F such that ||(z,y) — (z/,9)| < e.
Thus,
lo" = 2| < [lo — & + [|2" — || < d5 + 210} < 0a,
Ay, F(2") < Iy =gl < ly — 9l + Iy — yll <2016} < ady,
and, in view of Definition 2.5.1(i),

d(z, F7'(y)) <d(«/, F71()) + [|la" — 2|
<o td(g, F(2") + |2 — x|
<o Mly =gl + Iy —yl) + ll2" — =
<o My =yl + (@t +1)e
< (207" + D max{|ly — gl e} = a; ' max{[ly — y||,¢}.
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(iii)

Letting e | d((x,y), gph F), we arrive at (2.19)). By Proposition ii), {21, 22} is a; —subtransversal
at (z,y) with 87 and 6.

Conversely, let {21, 22} be a—subtransversal at (Z,y) with some d; > 0 and da > 0. Set 87 =
min{éy,a 10 }. Let « € Bs, (%) and d(i, F(z)) < apd;. Then, for any number & with d(y, F(z)) <

P
. . _ +
£ < apd}, there exists a point y' € F(z) such that ||y’ —y|| < e. Set y := % Observe that

Y =gl asdl
Hy—y’IIZIIy—yH=T<71=a ’

ly — 9l < ady <min{ady,d}, d((z,y),gph F) < |ly —¢|| < ady < ady.

By Proposition ii),

.
—1/— _ _ — 3
od (2, F~\(5)) < max {d((z, ). zph F). Jy ~ g1} = |y 7 = W0 < £

Thus, asd (z, F~'(y)) < e. Letting & | d((x,y), gph F'), we obtain
azd (z, F~'()) < d((,y), gph F).
By Definition ii), F' is ag—subregular at (Z, %) with 47 and d,.

Let F be a—regular at (z,y) with some d; > 0 and d; > 0. Choose numbers (51 > (0 and 55 > 0 such
that ) < (1+ «/2)d; and 5 + a16) < 2/2. Then we have (2.24). Let (z,y) € gph F N Bs, (Z,9),
u € (a10])Byx and v € (20167)By. Set 3’ :=y +v. Then

2=zl + Iy — gl < llz = Z| + [ly — gll + o] < 205 4 20167 < b2,
d(y', F(x))) < |ly' —yll = lv]| <2010] < ady,

and, in view of Definition [2.5.1(ii),

_ 1
— o max { Jul 5 Iol |

By Proposition iii), {§21, §22} is oy —transversal at (Z, %) with §7 and 5.

Conversely, let {{21, {25} be a—transversal at (z,y) with some §; > 0 and d2 > 0. Choose numbers
&1 €]0,61] and &% > 0 such that a7 +85 < d2. Let z € X and y € Y be such that ||z —Z||+|y—7| <
85 and d(y, F(z)) < a2d}. Then, for any number € with d(y, F'(z)) < € < aad}, there exists a point
y' € F(x) such that ||y — ¢'|| <. Then (x,y’) € gph F,

|z — || <6y <2, |y =3l <y —yll+ ly — 4l < 0] + 85 < b2,
ly — /'l < 26] < 26y = 2061,

By Proposition iii),
/
d(e. -t < =¥l _ e
ad (z, F~'(y)) < =5 — <3
Thus, asd (x, F_l(y)) < e. Letting ¢ | d(y, F(z)), we obtain
aod (2, F(y)) < d(y, F(z)).

By Definition iii), F is ag—regular at (z,y) with §7 and 5.
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The next corollary collects ‘d-free’ versions of the relations in Theorem m It recaptures [106,
Theorem 5.1].

Corollary 2.5.8. Let X and Y be normed vector spaces, F: X =Y, (Z,y) € gph F and « > 0. Let {4
and 25 be defined by (2.17)).

(i) F is semiregular at (Z,y) if and only if {{21, 22} is semitransversal at (z,y). Moreover,

< setr [21, 2)(7) < w

2serg [F](z,9) 1 +1

(ii) F is subregular at (Z,y) if and only if {21, 22} is subtransversal at (Z,y). Moreover,

1 T Srg [F](jag)
2srg [F)(Z,7) ' + 1 < str [2y, 2](z) < )

(i@i) F is regular at (Z,y) if and only if {{21, 22} is transversal at (z,y). Moreover,

. . rglFIE9)
o Pyt = [ @) = ==

2.6 Distances between n Sets

When studying mutual arrangement of collections of sets in space, particularly their extremality, sta-
tionarity and regularity /transversality properties, we need to be able to estimate the ‘distance’ between
the sets, i.e. how ‘far apart’ they are, or, at least, whether they have a common point. In the case of
two sets, the conventional distance

d(Ql,Qg) = d(wl,(,Ug) (2.31)

in
W1ENR, waESs

does the job. The general case of n > 2 sets is not that straightforward. In this section we discuss several
candidates for the role of ‘distance’.

We start with discussing distances between n > 2 points.

2.6.1 Distances between n Points

Our aim in this subsection is to consider ways of defining n-point distances estimating quantitatively the
overall ‘closeness’ of a collection of n > 2 points in a metric space (X, d).

Given n > 2 points w1, ...,w, in X, one can use one of the following two quantities:
dq (wlv cee 7wn) = 15%3';(_1 d(wia Wn)a (232)
d e := inf d(w;, x). 2.33
2(Wi, .- -5 wn) == inf max (wi, @) (2.33)

When n = 2, reduces to the conventional distance d(w;,ws). However, when n > 2 this distance
is not symmetric: the last point in the list plays a special role, and the quantity itself depends on the
choice of the last point. In contrast to , in definition all points play the same role, and it
involves minimization over an additional parameter x. Formulas and produce in general
different numbers, whatever the choice of the last point in is.
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In the setting of a normed vector space, the following symmetric distance can be of interest:

1 n
ds(wi,...,wy) = max |jw; — waj . (2.34)
j=1

1<i<n n 4

Ezample 2.6.1. Consider three points in R: 0, 1 and 5. By (2.32)), we have d;(0,5,1) = max{|0—1],]5 —

1]} = 4, while d1(0,1,5) = d1(1,5,0) = 5. The infimum in definition (2.33)) is achieved at x = 2.5 and
1

equals d2(0,1,5) = max{|0 — 2.5|,]1 — 2.5|,|5 — 2.5|} = 2.5. The average 5(0 + 1+ 5) equals 2, and

formula (2.34) gives d3(0,1,5) = max{|0 — 2|,|1 — 2|,|5 — 2|} = 3. Thus, for these three points all three
definitions (2.32), (2.33]) and (2.34)) give different numbers.

Note the obvious connection between the distances d; and ds:

d2(w17 s 7wn) = xlgg‘( dl(wh s ,wn,x).
Observe also that dy (w, . . ., wy,) is actually the maximum distance between the points (w1, ..., w,—1) and
(Wny+ ooy wp) in X" while do(wy, . . . ,wy,) represents the distance from the points (wy, ..., w,) € X" to

the ‘diagonal’ subspace {(w,...,w) € X" : w € X}. If the points wy,...,w, do not all coincide, then
the quantity computed in accordance with formula (2.33)) will remain strictly positive if the infimum
there is taken not over the whole space, but over any its subset. This can be a way of defining ‘localised
distances’.

Some properties of the quantities (2.32]) and (2.33)) are collected in the next proposition.

Proposition 2.6.2. Suppose wy,...,w, (n > 2) are points in a metric space X.

(Z) dg(bdl,.-.,wn) < dl(&)l,--.,wn) < 2d2(w17"'7wn)‘

(it) If X is a normed vector space with the distance induced by the norm and n =2, then dy(w1,w2) =
2da (w1, wa), i.e. the last inequality in (i) holds as equality.

Suppose additionally that X is a normed vector space.

(’LZZ) dg(wl,...,wn) S dg(wl,...,wn) S 2d2(w1,...,wn).

(iv) If n =2, then da(w1,ws) = d3(wi,ws), i.e. the first inequality in (iii) holds as equality.

Proof. (i) The first inequality follows immediately from the definitions:

do(wr, ... ,wpy) = Ilg)f( lrglagxn d(w;, z) < 121%)(” d(wi,wn) = 15?12(71 d(wi,wn) = di (w1, ... ,wp).

To prove the second inequality, first fix an z € X.

.. = ; < ; < ; .
dy(wr,- .., wn) 1§r1n§az<_ld(wz,wn) < 1§r§1§a7>1<_1(d(w,,x) + d(wn,x)) <2 11;1%)(n d(w;, )

Taking the infimum over x € X in the right-hand side of the above inequality, we arrive at the
second inequality in (i).

(ii) Let X be a normed vector space with the distance induced by the norm and n = 2. Then

| |

> 2 fuf max{lz — il 2 — wall} = 231, w2).

w1 + we w1 + w2

dy (w1, we) = ||w1 —ws| = Qmax{ —wy — Wy

Combining this with the second inequality in (i) proves (ii).
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(iii) Suppose that X is a normed vector space. The first inequality follows immediately from the
definitions. To prove the second inequality, first fix an € X. Then

1 1O
dg(wl,...,wn)zlrgakx w; — — g Y Slrg_a<x lwi — ||+ ||— g wj —x
<i<n n = <i<n n =1
1 n
< max [lwi — 2 + = Y Jlw; — 2] <2 max Jlw; — 2.
1<i<n n 1<i<n

Jj=1

Taking the infimum over x € X in the right-hand side of the second inequality, we arrive at the
last inequality in (iii).

(iv) Let n = 2. Using definitions (2.34) and ([2.32)), and the equality in (ii), we obtain:

o | }

1H [
= —|lwg —w
5 llen 2

w1 + wo
2

_wl —+ wo
2

d3 (w1, w2) w1 — W

b

1
= §d1(w1,w2) = dy(w1,w2).
O

Tt follows from part (ii) of Proposition that quantity (2.33]) does not reduce to the conventional
distance when n = 2: in the setting of a normed vector space it equals id(wl,wg). In part (ii) of
Proposition the infimum in formula (2.33)) is computed explicitly. Unfortunately, when n > 2

this seems impossible in general even in the setting of a normed vector space; see the discussion in [31}
Section 6].

Remark 2.6.3. In the setting of a normed vector space, if n = 2 and w; # ws, then, in view of Proposi-
tion [2.6.2((ii) and (iv), the first inequality in Proposition i) and the second inequality in Proposi-
tion [2.6.2(iii) are strict. If n > 2, then all the inequalities in Proposition [2.6.2)(i) and (iii) can be strict.
This fact is illustrated by Example

2.6.2 Distances between n Sets

Now we employ the distances between collections of points discussed in the previous subsection to

quantify ‘closeness’ of collections of sets. Given n > 2 subsets (21,..., 2, of a metric space X and an
n-point distance d, the distance between (2, ..., {2, is defined in the usual way:
d(21,...,82,) = inf d(wy, ... ,wn). (2.35)

W1€EN1,...,wn €82,

Applying construction (2.35)) to the n-point distances (2.32)), (2.33) and (2.34)), we obtain the following
definitions of particular distances between n sets, respectively:

dl(Qla AR -Qn) = wleﬂl,l.l.lfwneﬂn 1;?22(71 d(wiawn)a (236)

do(21,...,82,) = wle(h,...,luIzlnfeQn,weX Jmax d(w;, x), (2.37)
1 n

ds(f21,...,82,) = o, l,r.l..,fwneﬁn Jax |wi — ;wj . (2.38)
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When n = 2, definition (2.36)) reduces to the conventional distance (2.31]). Definition (2.38)) is meaningful
in the setting of a normed vector space only.

Proposition [2:6.2] leads to similar relations for the distances between n sets.

Proposition 2.6.4. Suppose §21,..., 2, are subsets of a metric space X.

(i) do(21, ..., 20) < di(Q,..., 20) < 2do(21,.. ., 2).
(ZZ) Ifn = 2, then dl(Qh 92) = QdQ(Ql, .QQ)
(’LZZ) dl(Ql,...,Qn)>O < dQ(_Ql,...,_Qn)>O.

Suppose additionally that X is a normed vector space.

(ZU) dg(Ql, .. ,Qn) S dg(.Ql,. . ~7~Qn) S ng(ﬂl, . 7.(2”)
(’U) Ifn:2, then dQ(QhQQ) :dg(Ql,Qg).
(UZ) dl(Ql,...,Qn)>O <~ dQ(Ql,...,Qn)>O <~ dg(Ql,...,.Qn)>0.

Proof. Conditions (i), (ii) and (iv), (v) are consequences of the corresponding conditions in Proposition
Condition (iii) is a consequence of condition (i). Condition (vi) is a consequence of conditions (iii)
and (iv). O

Another distance can be of interest and is going to be used in the sequel. Given a subset §2,, 1 of X,
define

do . (21,...,02,) =

max d(w;, x).

n+1( inf ¢
W1 €1, ,wn €2y, x€2n 41 1<i<n

Now observe that dg, , as well as the symmetric distance dp (2.37) are particular cases of the asymmetric
distance d; (2.36]) applied to n + 1 sets:
d_Q (Qla-~-7gn):dl(Qlyn-;Qnan—i—l) and dQ(Ql,...,Qn)Zdl(Ql,...,Qn,X). (239)

n+1

This observation makes the asymmetric distance d; a rather general quantitative measure of closeness
of collections of sets. Apart from the most straightforward case (2,41 := X used in the above example,
another useful particular case is given by (2,41 := B,(Z) where 2 € X is a fixed point (related to the
sets 21,...,(2,) and p > 0. This allows one to examine closeness of sets in a neighbourhood of the given
point.

Remark 2.6.5. (i) As it was observed earlier, the distance d; (2.36) depends in general on the order
of the sets. However, thanks to Proposition iii), if it is strictly positive for some permutation
of the sets, it remains strictly positive for any other permutation.

(ii) The maximum operation in all the above definitions of distances between n points and n sets
corresponds to the maximum norm in either R"~1 or R”. It can be replaced in all these definitions
and subsequent statements by any other finite dimensional norm producing different but in a
sense equivalent ‘distances’. The p-norm version of the quantity was considered in [172]
under the name (p-weighted) nonintersect index. In the current thesis, for the sake of simplicity of
presentation only the maximum norm is considered.

The next proposition and its corollary characterise a set of points in the given collection of sets, which
are almost closest (up to €) points of these sets with respect to the chosen n-point distance. (When n = 2
such points play a key role in the geometric versions of the Ekeland variational principle considered in
Section ) It also introduces a two-step procedure, which is going to be used in the sequel. Given a
collection of sets {21, ..., {2, with empty intersection and a collection of points w; € £2; (i =1,...,n), we
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1) consider another collection of sets {1 —wy, ..., 2, — wy,, whose intersection is obviously nonempty,

and
2) construct ‘small’ (up to €) translation vectors aq,...,a, such that the translated sets £2; —wy —
ai, ..., 2, —wy — a, have empty intersection again.

Thus, the proposition translates e-closeness of a collection of points, which served as the key assumption
when proving unified separation theorems in [172], into the language of e-translations of the sets employed
in Definition of extremality/stationarity properties, the corresponding Proposition m

For simplicity and in view of the observed above universality of the distance dy (2.36), we first consider
this distance.

Proposition 2.6.6. Suppose §21,...,2, are subsets of a normed vector space X, N}, 2; =0, w; €
(i=1,...,n) ande > 0. If
dl(wl,...,wn)<d1(91,...,9n)+s, (240)

/

then M = dy(w1,...,ws) > 0 and condition is satisfied, where a; = 6M(wn —w)) (i=1,...,n—-1)

and €' is either any number in [0, satisfying M — dy($21,...,52,) <& < M if dy($4,...,92,) >0, or
6’ =M ’Lfdl(gh,gn) =0.

Proof. In view of NI 2; = 0, we have M > 0. Let condition (2.40)) be satisfied.

Suppose first that di(£21,...,£2,) > 0. Choose a positive number ¢ < ¢ such that
M—dl(Ql,...,Qn) <€,§M.
Then  Jmax la;|| = ¢’ < e. Suppose that the first condition in (P8)) does not hold. Then there exists
Sn—

a point = € ﬁ?_:ll(()i —w; —a;) N (2, —wy), and consequently, @; :=w; +a;+x € 2; (i=1,...,n—1)
and @, = w, +x € §2,. Thus,

8’
Wi — Wy, — —(w; — wy)

M

E/
= (1—M> lwi —wnl (GE=1,...,n—1),

&5 — @l =
and consequently,
di(21,...,02,) <diy(©1,...,00) = (1 — ;/;) di(wy,...,wp) =M —¢.
This contradicts the choice of ¢/. Hence, conditions hold true.

In the case di(§21,...,92,) =0, set a; :=w, —w; (i =1,...,n—1). Then, by (2.40)), | Jnax llai|| =

dy(wi,...,wy) < e and
n—1 n n
() (2 —wi—a) N (20 —wn) = [ (2 —wn) =[] 25 —wn =,
i=1 i=1 i=1
i.e., conditions hold true. O

Applying Proposition to the collection of n + 1 sets {2q,...,§2,, X, we arrive at the following
statement in terms of the distance dy (2.37).

Corollary 2.6.7. Suppose §21,...,82, are subsets of a normed vector space X, NI 182; = 0, w; € £
(i=1,...,n),z€ X ande > 0. If

max d(w;,x) < da(f21,...,802,) + &, (2.41)

1<i<n
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then M = max lwi — x|| > 0 and conditions (P1)) hold true with 2. := 2; —w; in place of £2; and a; :=
<i<n

5/

M(x—wi) (i=1,...,n), where &’ is either any number in |0, €[ satisfying M —da(£21,...,02,) <& <M
ifdg(.Ql,...,.Qn) >0, ore' =M ifdg(Ql,. 7971) =0.

2.7 Extended Extremal Principle

The next well-known theorem (see Remark below) gives approximate dual necessary conditions of
local extremality in terms of Fréchet normals. It can be considered as a generalisation of the classical
convex separation theorem to pairs of nonconvex sets.

Theorem 2.7.1. Suppose (21,...,§2, are closed subsets of an Asplund space X and T € N}, $2;. If
the collection {§21,...,2,} is local extremal at T then the following equivalent conditions hold with N
standing for the Fréchet normal cone (N := N¥):

(i) for any e > 0, there exist points w; € 2; N\ B.(&) and vectors x; € X* (i =1,...,n) such that

n
*
2

=1

<e, @ €Ng(w)(i=1,....,n) and > |z} =1; (D1)
=1

(ii) for any e > 0, there exist points w; € £2; N\ Be(Z) and vectors x; € X* (i =1,...,n) such that

n n n

D ap=0, > d(z},No(w)) <e and Y |aj]=1. (D2)

i=1 i=1 i=1
Remark 2.7.2. The inequalities in and are only meaningful when ¢ < 1, because otherwise
they are direct consequences of the corresponding equalities. Indeed, when ¢ > 1, condition (i) in
Theorem is satisfied automatically while condition (ii) guarantees only the existence of nontrivial
normals in the e-neighbourhood of Z to at least one of the sets £2; (i = 1,...,n), which is trivial as long
as z is a boundary point of one of the sets (which is the case when {(2y,...,£2,} is locally extremal at
z). If conditions and hold with € = 1, they also hold with some ¢ < 1. Thanks to these
observations, when applying Theorem [2.7.1| or its extensions, one can always assume that ¢ < 1.

Both conclusions in the above theorem are pretty common dual space properties used in many con-
temporary formulations of the extremal principle and its extensions. Properties (i) and (ii) can be found
e.g. in, respectively, |[120, Definition 2.5] (the approzimate extremal principle) and |88 Definition 2.3]
(the generalised Euler equation); cf. |92, property (SP)s]. Condition (i) guarantees the existence of a pair

of vectors =] (i =1,...,n) in the dual space, which are ‘almost normal’ (up to ¢) to the corresponding
n n

sets at certain points with Z x; =0 and Z lz7]] = 1, while condition (ii) guarantees the existence of
i=1 i=1

a set of vectors x} which are exactly normal (in the Fréchet sense) to the corresponding sets at certain

n n
points with their sum Z x} being small (up to €) and Z llzf|| = 1.

i=1 i=1

The extremal principle in Theoremm gives necessary conditions of (local) extremality which are in
general not sufficient. Just like in the classical analysis and optimisation theory, it actually characterises
a weaker than extremality property which can be interpreted as a kind of stationarity. The properties
in the next proposition came to life as a result of a search for the weakest assumptions on the sets
{£21,...,2,} (approximate stationarity) which still ensure the conclusions of the extremal principle.

Theorem 2.7.3 (Extended extremal principle). Suppose £21,...,82, are closed subsets of an Asplund
space X and & € N1 82;. Then, {§21,...,82,} is approximately stationary at T if and only if (D1) and
(D2)) holds with N standing for the Fréchet normal cone (N := N¥').
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The fact that the generalised separation actually characterises a weaker than (local) extremality prop-
erty of approximate stationarity, and this characterisation is necessary and sufficient was first established
(in a slightly different form) in [85] in the setting of a Fréchet smooth Banach space and extended to
Asplund spaces in [86]. The full proof of the extended extremal principle appeared in [87], while the name
Ezxtended extremal principle was introduced in [88]. It is worth noting that the proof of the necessity (of
either condition (ii) or condition (iii)) in the extended extremal principle follows that of the conventional
extremal principle and only refines some estimates, while the sufficiency is almost straightforward and is
valid in arbitrary normed vector spaces.

Remark 2.7.4. (i) Conditions (D1)) and (D2]) in Theorem represent two kinds of widely used

generalised (approzimate) separation of a collection of sets: they claim the existence of n vectors
n

x; € X* (i = 1,...,n), satisfying the normalisation condition Z lzf]] = 1, and being either
i=1

normal to the respective sets at some points close (up to €) to & with their sum being almost (up

to €) 0 (condition (ii)), or almost (up to €) normal with their sum equal exactly 0 (condition (iii)).

The equivalence of the conditions and in Theorem is not difficult to check directly
(even in the setting of an arbitrary normed vector space and without assuming the closedness of
the sets) using elementary arguments which involve small perturbations of the vectors and then
scaling the perturbed vectors to ensure the normalisation condition. Such arguments have been
used in many proofs and are scattered across a number of publications. They were made explicit
(in the case of two sets) in [29, Lemma 1]. In the next subsection, we formulate a more general
statement, which will be used also in Section [3.3]

(ii) The inequality in (D2]) is only meaningful when e < 1, because otherwise it is a direct consequence
of the equalities. If condition (D2) holds with € = 1, it also holds with some e < 1. Thanks to these
observations, when applying Theorem [2.7.3] or its extensions, one can always assume that ¢ < 1.

(iii) Theorem [2.7.3] (as well as the conventional extremal principle) with conditions (ii) and (iii) in their
current form cannot be extended beyond Asplund spaces. However, replacing in these conditions
Fréchet normal cones with normal cones corresponding to other subdifferentials possessing reason-
able (approximate or exact) sum rules in the respective trustworthy [69] spaces, one can employ
basically the same routine to show the necessity of the amended conditions in these spaces; see
e.g. [24,[69,[07,[120] and the discussion in the Introduction. Thanks to Lemma [2.2.1]iv) and (i), in
general Banach spaces one can use Clarke normal cones or even conventional normal cones in the
sense of convex analysis if the sets are convex. Note that the sufficiency of the conditions and
in Theorem is only valid for the Fréchet normal cones, though in general normed vector
spaces. Thus, with such extensions, we only have (i) = (ii) < (iii), unless the sets are convex.

2.7.1 Perturbations and Scaling of Vectors

Below we present several assertions containing elementary arguments which are used in proving the
equivalence of the conditions(D1]) and (D2]) in Theorem and similar facts. We start with a general
statement, which will be used also in Section [3.3]

Lemma 2.7.5. Suppose Ki,...,K, are cones in a normed vector space, € > 0, p > 0 and A > 0.
Suppose also that vectors z1, ..., z, satisfy

A d(z, Kq) + p

i=1

n
PO
i=1

<e Y llall=1 (2.42)
i=1

(i) Ife < p and A < p—eg, then there exist vectors 2; (i = 1,...,n) satisfying the following conditions:

i 2;i =0, i d(fi, Kl) <, zn: ||21|| =1. (243)
i=1 i=1 i=1

> ™
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(ii) If p < X and e < X\ — p then there exist vectors 2; (i = 1,...,n) satisfying the following conditions:

n
3
< LEK (i=1,...,n), > |al=1 (2.44)

(iii) Moreover, if the underlying space is dual to a normed vector space X, and

n
Z Zi,Ti) > T max. [l:]| (2.45)
i=1 sis
for some vectors x; € X (i = 1,...,n), not all zero, and a number T €)0,1], then the vectors 2;
(i=1,...,n) in parts (i) or (i )satzsfy
n
> (g ) > 7 max [EA (2.46)
i=1
N S . .. TA-—¢ .
where T := under the assumptions in part (i), and 7 := under the assumptions in
part (ii).
n 1 n
Proof. (i) Lete < pand A < p—e. Set z:= Zzi and v; := z; — Ez (i=1,...,n). Then Zvi =0

=1

and, by [242), |2l| < = < 1,
p

Z loil] < Z Izl + M2l < 1+ ; and Z [oill = Z Izill = Izl = 1 = []z[| > 0.

i=1 =1

Set 2 :=w;/ Y _|[vill. Then Y % =0, > ||z =1 and
=1 i=1 =1

2 [lvill AL=zl) =A@l A

i.e., all conditions in ([2.43) are satisfied.

S e Ky < Sim A E) + o] e= (o= Nlal _ e—ell] _ e

(ii) Let p < A and € < X — p. By (2.42), there exist vectors v; € K; (i =1,...,n) such that

MY llz =il + 0Dz
=1 i=1

In particular, z lz: — vl < — )\ < 1. Hence,
=1

n n n n

Solwll <Mzl + )Mz —wvill =14+ > lz —will,

i=1 =1 i=1 i=1

n n n n

S il =D Mzl =D lla —will = 1= [lai — vl > 0,

i=1 i=1 i=1 i=1
n 1 n

N EDSIEERTRY ) 9ot BT CREEP) o i)
1=1 =1

=1

46



Set 2; := vi/z [lv;l|. Then 2, € K; (i=1,...,n), Z IZ:l =1 and
i=1 1=1

znji‘ | _e=(=p) Yimallzi—wll o e—eX i llzi—ull e
3 - n n f— n - )
P > iy llvill p(1 =320 [z —will) p(L=23" Nz —wil)  p

i.e., all conditions in (2.44]) are satisfied.

(iii) Suppose that the underlying space is dual to a normed vector space X and condition ([2.45) is
satisfied for some vectors x; € X (i = 1,...,n), not all zero, and a number 7 €]0,1]. Then, using
the notations introduced above, we have:

En: Giya) > Do (zi i) = (i N1z — will) maxy <icn ||
19 (2 -
— i il

ST iy Iz — il

B Z?:l ||’U1|| 1<i<n

Employing the estimates in part (i), we obtain

T2zl r ==l To5 _Tp-c
> i il Y llull T 1+E T pte’
while the estimates in part (ii) give
T Yimlzi—ull T = il el T % tA-e
Yicallvill T I el T T+ e

Thus, in both cases we arrive at (2.46]).

O
The next two corollaries present two important special cases of Lemma [2.7.5]

Corollary 2.7.6. Suppose K1, ..., K,, are cones in a normed vector space, € €]0, 1] and vectors z1, ..., z,
satisfy

n n

dall<e, meKi(i=1,...,n), > |ul=1

i=1 i=1
Then there exist vectors 2; (i =1,...,n) satisfying the following conditions:

n n € n

;Zi =0, ;d(zi,K,») <o Z; 12| = 1.

Moreover, if the underlying space is dual to a normed vector space X, and condition (2.45)) is satisfied for
some vectors x; € X (i =1,...,n), not all zero, and a number T €]0, 1], then the vectors 2; (i =1,...,n)

—€
satisfy condition (2.46) with 7 := T

1+¢
Proof. Apply Lemma ywithp=1land A=1-—¢. O
Corollary 2.7.7. Suppose K1, ..., K, are cones in a normed vector space, £ €]0,1[ and vectors z1, ..., zy

satisfy
zn:zi:(), zn:d(zz,Kl) <eg, zn:Hle =1.
=1 =1 =1
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Then there exist vectors 2; (i = 1,...,n) satisfying the following conditions:

n
€ A . A
<t mEKi(i=1..n) ;1: 12| = 1. (2.47)

Moreover, if the underlying space is dual to a normed vector space X, and condition (2.45)) is satisfied for

some vectors x; € X (i=1,...,n), not all zero, and a number T €]0, 1], then the vectors 2; (i =1,...,n)
satisfy condition (2.46) with 7 := 71—_1__6

€
Proof. Apply Lemma ii) with p=1—¢eand A = 1. O

As an immediate consequence of Corollaries [2.7.6 and [2.7.7] we obtain the following important asser-
tion.

Corollary 2.7.8. Suppose (21,...,§2, are subsets of a normed vector space X and x € N_,£2;. Condi-
tions (D1) and (D2) in Theorem are equivalent.
When n = 2, the main estimate in Corollary can be improved.

Proposition 2.7.9. Suppose K1 and Ko are cones in a normed vector space, € > 0, and vectors z; and
zo satisfy

||21+ZQH <e, 2z €Ky, z29€ Ky, ||21H+||22H =1.
Then, there exist vectors 21 and Zo satisfying the following conditions:

214+ 2,=0, 2 € Ky, d(éQ,KQ) <eg, ||21||—|—H22|| =1.

1
Proof. Without loss of generality, we can assume that ||z < 3 < |lz1]]- Set 2 := ﬁ and 25 1= —2;.
Z1
1
Then z21 + 2, =0, ||21H = Hfg” = 5, Z1 € Ky and
. . 22 |21 + 22| €
d(ZQ,KQ) < ||Z9 — H = < <e.
2|zl 2zl 21zl
This completes the proof. O

Next we formulate an asymmetric modification of Corollary which will be used in Section [3.3

Proposition 2.7.10. Suppose Ki,..., K, are cones in a normed vector space, ¢ €]0,1[ and vectors
21, ..., 2n Satisfy conditions
n n n—1
> a=0, Y dzK)<e, Y |aull=1
i=1 i=1 i=1
Then, there exist vectors 2; (1 =1,...,n) satisfying the following conditions:
n n—1
A A . A € A
Zzz:o, ZieK;(i=1,...,n—1), d(2,K,) <—— and ZHZZHzl (2.48)
i=1 1-¢ i=1

48



n—1

zn:yi <cand Y [yl >1-e.

Proof. Take y; € K; (i =1,...,n) such that Z llz: — yil| < e. Then

i=1 i=1 i=1
n—1 n—1 n—1
It follow that d(— Zyl,Kn) <d(— Zyz,yn) < e. Hence, vectors 2; := y;/ Z lysll G =1,...,n—1)
i=1 i=1 i=1
n—1
and 2, = — Z 2;. satisfy all the conditions in (2.48)). O
i=1
n
Observe that, by scaling the vectors, the normalisation condition Z ||lz7]] = 1 in the dual generalised

i=1
separation properties (D1)) and (D2) can be dropped if the inequalities there are amended to

n
<ed Nl
i=1

n

Y d(@, Noy(w)) <ed_lzf| and

i=1 i=1

n

*
2l

i=1

n
respectively. Note that each of the amended inequalities still implies that Z |lz7|| > 0. Moreover, the

i=1
n
normalisation condition E lzF]] = 1 involving n vectors can be replaced by the similar asymmetric
i=1
n—1
condition involving n — 1 vectors: E |lz7]] = 1. This observation can be especially useful in the case
i=1

n=2.

Observe further that parameter ¢ in the Definition iv) of approximate stationarity and its refor-
mulation in Proposition M(w) as well as the metric and dual characterisations in Proposition ii)
and (iii) and (ii) and (iii) plays multiple roles. To get a deeper insight into the approximate sta-
tionarity property, it makes sense to split the parameter ¢ into two components. From now on, we will
use the letter o to denote the component controlling the size of the shifts of the sets. This parameter
is going to be crucial for quantifying the corresponding transversality property, playing the role of the
rate/modulus of the property.

Based on the above observations, we now formulate a list of primal and dual equivalent characteri-
sations of approximate stationarity, complementing Definition m(iv), Proposition M(iv), Proposi-
tion ii) and (iii) and Theorem which will be used in the sequel.

Proposition 2.7.11. Suppose §21,..., 2, are subsets of a normed vector space X and T € N}_,$2;. The
following conditions are equivalent:

(i) the collection {{21,...,2,} is approximately stationary at T;
(ii) for anye >0 and a > 0, there exist a number p €]0,¢[, points w; € 2, N B:(z) and vectors a; € X
(i=1,...,n) satisfying

ﬂ(ﬁi —wi—a;)N(pB) =0 and Jmax lai]| < ap;

i=1

(iii) for any e > 0 and oo > 0, there exist a number p €]0, [, points w; € 2, N B.(Z) (1 =1,...,n) and
vectors a; € X (i=1,...,n — 1) satisfying
n—1

ﬂ (2 —w; —a;)) N (2 —wp)N(pB) =0 and  max ) lla:l] < ap;

! 1<i<n—
i=1 -
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(iv) for any e > 0 and o > 0, there exist vectors a; € X (i =1,...,n) such that

ad (x, Q((ZZ — al-)) > lréliagxnd(x, 2, —a;) and max llai|| < e; (M4.1)
(v) for any e >0 and o > 0, there exist a point © € B:(Z) and vectors a; € X (i =1,...,n) such that
ad <a:, Q(QZ — ai)> > max d(x,$2; —a;) and Jmax lai]| < e. (M4.2)

With N standing for either Clarke (N := N€) or Fréchet (N := NT') normal cone, the following
conditions are equivalent to conditions (D1|) and (D2)) in Theorem :

(vi) for any € > 0 and a > 0, there exist points w; € §2; N B.(Z) and vectors z; € X* (i = 1,...,n)
such that
n n
doai <o, af€Ng(w)(i=1,...,n) and Y |a}]|=1; (D3)
i=1 i=1
(vii) for any e > 0 and a > 0, there exist points w; € £2; N Bc(z) and vectors z}f € X* (i =1,...,n)

such that

n

Yoai=0, Y d@,No(w)) <a and Y |zf]| =1 (D4)
=1

=1 =1

(viii) for any e > 0 and a > 0, there exist points w; € £2; N B.(Z) and vectors x; € X* (i =1,...,n)

such that
n n—1
Y ail<a, 2} €Ng(w)(@i=1...,n) and Y |a}[|=1; (D5)
i=1 i=1
(ix) for any € > 0 and a > 0, there exist points w; € 2; N B.(Z) and vectors i € X* (i = 1,...,n)
such that

n n—1
D oap=0, > d@,No(w)) <a and Y || =1. (D6)
=1 1=1

=1

If X is Asplund and N = N, then all conditions (1)-(ix) are equivalent.

Remark 2.7.12. The maximum in each of the conditions in Definition [2.3.1] Proposition [2.4:2] Proposi-
tion and the first (primal space) part of Proposition can be replaced by the sum. Moreover,
any norm on R™ (or R" ! in the case of Propositionand Proposition iii)) can be used instead.
The sum of the norms in the normalisation conditions in and and the second (dual space) part
of Proposition [2.7.11] stands for the corresponding dual norm and can be replaced by the maximum, or
any other norm on R™ or R,

The “a-version” of the approximate stationarity based on its equivalent representation in Proposi-
tion [2.7.11i) is going to be used in the subsequent study.

Definition 2.7.13 (Approximate a-stationarity). Suppose {2y, ..., {2, are subsets of a normed vector
space X, & € N_,62; and a > 0. The collection {§2,...,(2,} is approximately a-stationary at z if
and only if for any € > 0, there exist a number p €]0,¢], points w; € £2; N B.(Z) and vectors a; € X
(i=1,...,n) satisfying conditions with « in place of €.
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In view of the above discussion, the next assertion is straightforward.

Proposition 2.7.14. Suppose (21,..., (2, are subsets of a normed vector space X and z € N;_,§2;. The
collection {£21,...,82,} is approximately stationary at T if and only if it is approzimately a-stationary
at x for all a > 0.

In our deeper analysis of the core arguments in proofs of metric and dual characterisations of the
extremality and stationarity in Sections[3.2and we will study properties which correspond to fixing,
besides «, also other parameters involved in the primal and dual properties discussed above.

Theorems [2.4.2] and [2.7.3] as well as the equivalent characterisations in Proposition 2.7.11] can be
‘reversed’ into statements providing primal and dual space criteria for the absence of the approximate
stationarity, which turns out to be an important regularity/transversality property of collections of sets
(Definition 7 which plays an important role in constraint qualifications, qualification conditions in
subdifferential /coderivative calculus and convergence analysis of computational algorithms [1752}/65}75|
90+92,/100},/104}/106},/109].

Adding condition (ii) to the list of equivalent conditions sheds additional light on the transversality
property.

Theorem 2.7.15 (Transversality: dual criteria). Suppose §21,..., 2, are closed subsets of an Asplund
space X and T € N1 82;. With N standing for the Fréchet normal cone (N := NE), the following
conditions are equivalent:

(i) the collection {{21,...,2,} is transversal at T;

n

.
P

i=1

(ii) there exist numbers o > 0 and € > 0 such that > « for all points w; € 2; N B.(Z) and

n
vectors x} € Ng,(w;) (i =1,...,n) satisfying Z lzf ] = 1;
i=1

(iii) there exist numbers a > 0 and e > 0 such that Z d(x}, Ng,(w;)) > a for all points w; € 2;NB.(Z)
i=1

n n
and vectors x; € X* (i =1,...,n) satisfying Zx:‘ =0 and Z |7 ]| = 1.
=1 i=1

In view of Theorem [2.7.15] transversality of a collection of sets is equivalent to the absence of the
generalised separation.

Remark 2.7.16. (i) In view of Corollaries and conditions (ii) and (iii) in Theorem [2.7.15

are equivalent.

(ii) The supremum of all numbers « in part (ii) of Theorem equal the constant tr[§2y, ..., 2,](Z);
see [90, Theorem 1], [92, Theorem 4(vi)] and Corollary below. The supremum of all numbers
« in part (iii) of Theorem can be different from the constant tr[{2y,...,2,](Z), but its
relationship with tr[£2y, ..., $2,](Z) can be easily established using elementary arguments discussed
in the next subsection.
Ezample 2.7.17. In the space R? equipped with the maximum norm (hence, the dual norm is the sum
norm), consider the two perpendicular lines: £2; := {(¢,0) : t € R} and 25 := {(0,¢) : t € R}. Then we
have Z := (0,0) € 2, N 2, N5 (z) = {(0,t) : t € R} for any z € £; and Nj (z) = {(¢,0) : ¢t € R} for
any x € (2.

If 27 = (0,¢1) and x5 = (¢2,0) are normal vectors to 21 and 25, respectively, then ||| + ||z5]] =
||z + 23] = |t1] + |t2|- Hence, the supremum of all « in part (ii) of Theorem [2.7.15]is 1 (and is equal to
tI‘[Ql, QQ])
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If 27,25 € (Rg)*, i + x5 =0 and ||z]]| + ||z3]| = 1, then z] = —23 = ({1,12) for some numbers #;

and to satisfying |t1] + [t2] = 3 and the distances from z] and x5 to the corresponding normal cones

1
equal |t;| and |¢2], respectively. Hence, the supremum of all « in part (iii) of Theorem [2.7.15|is 7

Remark 2.7.18. Since the approximate stationarity and transversality properties are complementary to
each other, it would be natural to refer to the negation of the approximate a-stationarity property, i.e.,
the existence of a number € > 0 such that condition for all p €]0,¢[, points w; € 2; N B.(Z) and
vectors a; € X (i =1,...,n) satisfying max. lla;|| < ap, as a-transversality at .

2.7.2 More Extensions

As it was pointed out in the overview, the key tool used in the proof of Theorem [2.7.3] is the Ekeland
variational principle. The next natural step in the extremal principle refinement process is to single out
the core part of the conventional proof of the extremal principle around the application of the Ekeland
variational principle, identify the minimal assumptions on the sets and the immediate conclusions and
formulate it as a separate statement. Such a result (results) would expose the core arguments behind the
extremal principle and could serve as a key building block when constructing other generalised separation
statements, applicable in situations where the conventional (extended) extremal principle fails.

We are aware of two recent attempts of this kind: [97, Theorem 3.1] which served as a tool when
extending Theorems [2.7.3]to infinite collections of sets, and [170, Lemmas 2.1 and 2.2] used when proving
fuzzy multiplier rules in set-valued optimisation problems. The last couple of lemmas have been further
refined and strengthened in [172, Theorems 3.1 and 3.4] and [174, Theorem 1.1].

The next two theorems are reformulations for the setting adopted in the current paper of [97, Theo-
rem 3.1] and [172, Theorem 3.4], respectively.

Theorem 2.7.19 (Kruger and Loépez, 2012). Suppose (21,...,2, are closed sets of an Asplund space,
and T € Nj—42;, a > 0.

(i) If the numbers € > 0,e1,e9 > 0,61 + 9 < g; p €]0,e2/(a + 1)], and points w; € 2; and a; € X
(i=1,...,n) are given such that £2; N B:(Z) and max lla:|| < ap, and (P4)) holds, then there exist

points w; € 2, N B, (Z) and x} € Ng,(w}) satisfying (D3).

(ii) If w; € 2; and ] € Ng,(w;) (i = 1,...,n) satisfy conditions (D3)), then, for any 6 > 0, there
exists a p €)0,8[ and points a; € X (i =1,...,n) satisfying conditions (P4]).

Theorem 2.7.20 (Zheng and Ng, 2011). Suppose (21,..., 82, are closed sets of an Asplund space, and
NP2, =0, e >0. If points w; € 2; (i =1,...,n) satisfy condition ([2.40), then, for any A > 0 and
€ (0,1), there exist points w; € 2, N\By(w;) (i=1,...,n) and z; € X* (i=1,...,n) such that

n—1 n n

Dollefli=1, Y @i =0, Y d(a}, Ne, (@) <e/A, (2.49)
i=1 i=1 i=1

n—1 n—1

7Y llw) —wnll < 3 (e, wf — w). (2.50)
i=1 1

i—
First observe that the extremal principle in Theorem [2.7.3]is a direct corollary of Theorem [2.7.19]

Theorem from Theorem [2.7.19] Let the collection {2y, ..., (2,} be approximately stationary at z.

We are going to show that condition (D1]) in Theorem holds true. Given an ¢ > 0, find an & > 0
such that ¢’(¢' +2) < e. By Definition iv), there exist p €]0,¢'[, w; € 2, NB.(Z) and a; € X
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(i =1,...,n) such that conditions (P4]) are satisfied with " in place of . Then Jmax lwi—Z||4+p(e"+1) <

e +¢(+1) <e, and it follows from Theorem [2.7.19(i) that there exist points w] € £2; N B.(Z) and
xf € Ng,(w}) (1 =1,...,n), satisfying (D1].

Conversely, let condition in Theorem holds true and an € > 0 be given. Then there exist
points w; € 2, NB.(Z), 2] € Ng,(w;) (i = 1,...,n) satisfying conditions (DI)). By Theorem [2.7.19(ii),
there exists a p €]0,&[ and points a; € X (i = 1,...,n) satisfying conditions (P4), i.e. the collection
{f,...,02,} is approximately stationary at Z. O

Next we compare the statements of Theorem [2.7.19|i) and Theorem There are important
similarities between them: both establish a kind of generalised separation of the two sets, related somehow
to the given pair of points a € A and b € B possessing a certain approximate ‘extremality’ property.
There are also essential differences.

We start with comparing the assumptions in the two statements. On the first glance, they look
mutually exclusive: the first one assumes the existence of a point z € NI ;(2;, while in the second
theorem, it is assumed on the contrary that N} (2; = (. However, this distinction is easy to overcome.
Given points w; € 2; (i = 1,...,n) in Theorem [2.7.20] one can set 2} := 2; —w; (i = 1,...,n); then
Z:=0 € N1 (£2;—w]) (this trick is used in the proof of Theorem [2.7.20] below). This observation exposes
also the different roles played by the pairs a € A and b € B in Theorem [2.7.19(i) and Theorem
In the first one, these are actually additional parameters having no analogues in Theorem [2.7.20] which
corresponds to wi = ... = w, = T in Theorem i).

The second distinction is related to the main approximate ‘extremality’ assumptions on the pair of
sets: conditions (P4)) in Theorem [2.7.19(i) and condition (2.40)) in Theorem [2.7.20} The Proposition
shows that condition (2.40]) implies a stronger version of conditions (P4]).

Proposition is not reversible: condition (P4]) being satisfied with some smalla; € X (i =1,...,n)
does not imply that dy (w1, ...,w,) is close to the distance dy(£21,. .., {2,) between the n sets.

Ezample 2.7.21. Let A := {(z1,22) € R* | 23 < 0} and B := {(x1,72) € R? | 25 > 1}. Then, assuming
that R? is equipped with e.g. the sum norm, d(A, B) = 1. If a := (a,0) € A and b := (3,1) € B with
some a, 8 € R, then condition

(A—a—u)N(B—-b—v)N(pB) =0

is satisfied with w := (0,¢), v := (0, —¢) and any € > 0. At the same time, ||a — b|| = |o — 5] + 1 can be
arbitrarily large when the numbers a and 3 are far apart.

Thus, condition (P4) with small a; is less restrictive than condition (2.40). Moreover, the first
condition in (2.3.1) with p < oo is weaker than (P4]) and allows for local versions of the corresponding
properties.

The next assertion is immediate from Proposition [2.6.6]
Corollary 2.7.22. Suppose X is a normed linear space, £; C X (i=1,...,n), Ni—102; = 0. If sequences
{wir} C 92 (i=1,...,n) are such that ||w; k. —wn k|| = d(£2;,2,,), then there exist sequences {a; .} C X
(i=1,...,n) converging to 0, such that

n

ﬂ(Qz —wik—a k) = 0.

i=1

With the sets in Example one can easily see that the statement of Corollary is not
reversible.

Now we are going to compare the conclusions of the two theorems. Similarly to the two conditions in
Theorem they represent two different ways of formulating dual extremality /separation conditions:
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in terms of normal (in Theorem 1)) or ‘almost normal’ (in Theorem vectors, with the
connection between the two formulations provided by Lemma [2.7.5] However, unlike the two equivalent
conditions in Theorem formulated ‘for any £ > 0’, in both Theorem [2.7.19(i) and Theorem
the number € > 0 is a given quantitative parameter. Corollary and (2.7.7) used in the proof of
the equivalence of the two conditions in Theorem [2.7.3] cannot provide one-to-one translation between
the two settings with the given € > 0; it only gives estimates, and its application leads to some ‘loss
of accuracy’. Note that the proof of Theorem 3.1], where Theorem is taken from, contains
estimates in terms of ‘almost normal’ vectors and then employs the arguments used in the proof of
Corollary to ensure that the vectors belong to the normal cones. To make a fair comparison, one
needs to either reformulate Theorem [2.7.20] in terms of normal vectors using Corollary 2.7.7] or extract
the pre-Corollary statement from the proof of Theorem 3.1]. Below for simplicity we follow the
first approach. The next statement is a consequence of Theorem and Corollary

Theorem [2.7.20( Suppose X is an Asplund space, 21,...,2, C X (i=1,...,n) are closed, N}_12; = 0.
If points w; € £2; (i = 1,...,n) satisfy condition (2.40) with some € €]0,1[, then, for any A > 0, there
exist points wj € £2; NBy1_s)(wi) and ] € No,(w;) (i =1,...,n) such that

n n
>l >oai
i=1 =1

1 and

<e/A (2.51)

Proof. Given € > 0 and A > 0, set \' := A(1 —¢). Thanks to Theorem [2.7.20] there exist points
w; € 2, NBy(w;) and z7 € X* (i = 1,...,n) satisfying conditions (2.49) with A" in place of A\. Then,
(2.51) follows thanks to Corollary O

Now the comparison is straightforward.

Proposition 2.7.23. Theorem [2.7.19(i) implies Theorem |2.7.20[.

Proof. Under the conditions of Theorem [2.7.20[, set (2 := 2, —w; (i = 1,...,n). Then 0 € N, 2.
By Proposition [2.6.6] there exist a; € X (i = 1,...,n — 1) such that Jmax la;]] < (1 — &) and
1SnN—

i=1(2; —a;) = 0. Choose an &" € (2(|u,¢) and set p := (¢ = 1)\, € :=¢'/X and § := (¢ + A\)/2. Then
é<e/Nand § > p(é+1). By Theorem‘2.7.19|(i) applied to the sets 2] (i = 1,...,n) at 0, there exist
points w; € 2; NBs(w;), xf € Ng, (w}) (i =1,...,n) satisfying conditions (2.51)). O

Thus, Theorem [2.7.20[ is a special case of Theorem [2.7.19(i). On the other hand, as demonstrated
in [170}/172], Theorem [2.7.20| (as well as its version formulated above as Theorem [2.7.20() is sufficient for

many important applications. Next we show that Theorem |2.7.20] implies the nonlocal version of the
extremal principle.

Corollary 2.7.24 (Nonlocal extremal principle). Suppose X is an Asplund space, (2y,...,02, C X
(n > 2) are closed and x € N;_182;. If the collection {§21,...,82,} is extremal at T, then the two
equivalent conditions in Theorem [2.7.3 hold true.

Proof. Let the collection {{21,...,2,} be extremal and a number ¢ > 0 be given. Choose an ¢’ €
2 ! 2¢!

]O, % [ Then = < ¢ — ¢ and we can choose a A such that — < X\ < 2(e — ¢’). There exist
€ € €

vectors a; € X (i = 1,...,n) satisfying conditions (P1]) with ¢’ in place of e. Define (2] := (2; — a; and

wi =% —a; (i =1,...,n). Then NI, 02/ = 0 and dy(w1,...,w,) < 2¢'. Applying Theorem [2.7.20),

we find points w; € ; (i = 1,...,n) and 2] € Ng/(w; —a;) = Ne,(w;) (i = 1,...,n) such that

(2
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n

n
max ||w — 7| < & +A\/2 < g, ZH:EZ‘H =1 and fo
i=1

1<i<n ;
i=1

Theorem 2.7.3] is satisfied. O

< 2¢'/X\ < e. Thus, condition (D2) in

Remark 2.7.25. 1. It is not difficult to modify the proof of Corollary to cater for the relaxed
version of nonlocal extremality without the assumption N}, $2; # 0.

2. Theorem [2.7.20| does not seem to be able to recapture the full local extremal principle (as in
Theorem [2.7.1)), not to say the extended extremal principle (as in Theorem [2.7.3)).

3. Condition in Theorem determining the ‘direction’ of the vector x; does not have a
direct analogue in the statement of Theorem (1) Together with the first condition in , it comes
from subdifferentiating a norm at a nonzero point in the proof of Theorem 3.4]. Subdifferentiating
a norm is an essential component also in the proofs of the conventional extremal principle and all its
modifications, including the one in Theorem 3.1]; so analogues of are implicitly present in
all such proofs. Zheng and Ng seem to be the first to notice the importance of conditions like
(2.50) for recapturing the classical convex separation theorem, and make (2.50|) explicit in the statement
Theorem 3.4]. In the current paper, keeping in line with the conventional formulations and for
the sake of simplicity of the presentation, we will not formulate analogues of the condition in the
subsequent statements.
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Chapter 3

Linear Characterisations

The proof of the conventional extremal principle and all its subsequent extensions is based on the two
fundamental results of variational analysis:

e Ekeland variational principle,

e a sum rule for the appropriate subdifferential.

The definitions of all four extremality /stationarity properties involve non-intersection of certain col-
lections of sets being small (in some sense) translations of the original sets (see Definition , and the
Ekeland variational principle and the subdifferential sum rule in the proof of each version of the extremal
principle are applied to certain functions constructed on these non-intersecting sets.

In this chapter, we refine again the original proof of the conventional extremal principle, and conduct a
systematic study of the non-intersection properties involved in all four parts of Definition producing
a series of elementary generalised separation statements, clarifying the relationships between them and,
particularly, unifying the statements from [170}/172,/174] and [97].

3.1 Geometric Ekeland Variational Principle

In this section, we are going to use the next two geometric versions of the Ekeland variational principle.
They characterise the mutual arrangement of a pair of sets in a complete metric space with respect to
a pair of points, being almost (up to €) closest points of these sets and, similarly to the conventional
Ekeland variational principle, establish the existence of another pair of points arbitrarily close (up to
an additional parameter or a pair of parameters) to the given one and minimising a certain perturbed
function. The perturbed functions in both assertions involve the distance between localisations of the
sets near these points, i.e. intersections of the sets with neighbourhoods of the points.

The following classical result due to Ekeland [58] (see also |51}[75/120,/129,[130]) plays the key role in
the subsequent studies.

Lemma 3.1.1 (Ekeland Variational Principle (EVP)). Suppose X is a complete metric space, f : X —
Ry s lower semicontinuous, * € X and € > 0. If

fl@) < i&ff—ka,
then, for any A > 0, there exists an & € X such that
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(iii) f(z) + (e/Nd(z, &) > f(&) for all z € X \ {Z}.

Theorem 3.1.2 (Geometric Ekeland Variational Principle (GEVP)). Suppose X is a complete metric
space, A and B are closed subsets of X, a € A, b€ B, ande > 0. If

d(a,b) < d(A, B) + ¢, (3.1)

then, for any X > 0, there exist a € AN By(a) and b € BN By(b) such that

~

(1) d(a,b) < d(a,b);

(ii) d(AN Be(a), BN Be(b)) + %5 > d(a,b) for all € > 0.

Theorem 3.1.3 (Asymmetric Geometric Ekeland Variational Principle (AGEVP)). Suppose X is a
complete metric space, A and B are closed subsets of X, a € A, b € B, and € > 0. If condition (3.1)) is
satisfied, then, for any X, p > 0, there exist & € AN By(a) and b € BN B,(b) such that

~

(i) d(a,) < d(a,b);
(ii) d(AN Bex(a), BN Be (b)) + € > d(a, b) for all € > 0.
Unlike GEVP, its asymmetric version AGEVP allows for balls with different radii to be used in the
localisations of the sets. This feature is going to play an important role in our subsequent analysis. It is
easy to see that GEVP is a particular case of AGEVP with p = A\. We now show that the two geometric

versions of the Ekeland variational principle formulated above are both equivalent to the conventional
one.

Proposition 3.1.4. EVP < GEVP < AGEVP.

Proof. We first show that EVP = AGEVP. Let the assumptions of AGEVP be satisfied. Given numbers
A, p > 0, we consider the space X x X with a metric defined as follows:

dx,p((z,y), (u,v)) == max {}\d(:v,u), %d(y, v)} (x,y,u,v € X). (3.2)

Since X is complete, (4 x B,d,,,) is a complete space. Choose an &’ €]0,¢[ such that (3.1]) is satisfied
with &’ in place of e. EVP applied to the function d on (4 x B,d, ,) gives the existence of points a € A

and b € B such that

dx,((a,b), (a,b)) <1, d(a,b) < d(a,b), (3.3)
d(z,y) — d(a,b) + 'dx ,((x,y), (a,0)) >0 forall (z,y) € A x B. (3.4)

In view of the definition (3.2)), the first inequality in (3.3]) is equivalent to the following two: d(a,a) < A
and d(b,b) < p. Given any € > 0, z € AN Ber(a) and y € B N Be,(b), by B.2) and [B4), we have,
respectively, dx ,((z,y), (&, b)) < € and

d(z,y) > d(a,b) — 'dx ,((x,9), (a,b)) > d(a,b) — &'
It follows that d(A N Bex(a), B N Be,(b)) > d(a,b) — &€’ > d(a, b) — Ee. This proves AGEVP.

The implication AGEVP = GEVP is straightforward.
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To complete the proof, we next show that GEVP = EVP. Let the assumptions of EVP be satisfied.
Choose a positive number ¢’ < & such that f(z) < igl(ff + ¢’ and another number « such that 0 < a <

A’ ™t —e71). We are going to consider the space X x R with the metric d := dx + «| - |, which makes
X x R a complete metric space, two closed subsets of X x R: A := {(z,y) : z € X, y > f(z)} and
B := X x {M}, where M := i?(ff, and two points a := (Z, f(Z)) € A and b := (Z, M) € B. We have
d(A, B) = 0 and

d(a,b) = a(f(z) — M) < ae’ = d(A, B) + ag’.

GEVP gives the existence of points a = (&,9) € AN Bx(a) and b = (&', M) € B N By(b) satisfying

d(a,b) < d(a,b), (3.5)
Eag’

d(AN Be(a), BN Be(b)) + 3

>d(a,b) forall £>0. (3.6)

Observe that d(#,Z) < A, and consequently, (£, M) € BN By(b). Moreover, ' = 2. Indeed, if & # &',
then we can take & := d(%,2’). Then (2,§) € AN Be(a), (£, M) € BN Be(b) and

/

/
$9° _a(g— M)+ (1 - ‘Z) d(2,2) < a(§ — M) + d(2,2') = d(a, b),

(@, 9), (&, 2) + =5

which contradicts (3.6]); hence 2’ = & and b= (2, M). Consequently, condition (3.5) reduces to a(g§ —
M) < a(f(xz) — M), which implies that f(2) < § < f(x).

It remains to prove condition (iii) in EVP. Let « # &. If f(z) > f(Z), the condition holds trivially.
Let f(x) < f(&), and take £ := d(z,2) + a(§ — f(z)). Then (z, f(z)) € AN Be(a), (x, M) € BN Be(b),

and by (3.6),
o/ () = M) + % (d(r, 2) + 0~ 1)) = di(ar, F(@)), (0, M) + 507 > (@, ) = (g — M),
Thus, ,
F(@) + 5 (d(a, 3) + aj - f(@)) > 3,
or equivalently,
flz)+ A%g,d(x,@) > g,

By the definition of a, we have A — ae’ > Ae’e 1. Hence,

@)+ Sd(z.8) > fla) + ——

The proof is complete. O

Condition (ii) in GEVP and AGEVP corresponds to condition (iii) in the conventional EVP, while
condition (i) corresponds to the pair of conditions (i) and (ii). The e-closeness condition (3.1]) is going
to play an important role in our analysis. It is discussed in Sections [2.7.2] and further in [3.3.3]

3.2 Localisations and Translations of the Sets

In this section, we continue studying mutual arrangement of n sets in space started in Section [3.1
The next lemma extends the Asymmetric Geometric Ekeland Variational Principle (AGEVP) from

Section [3.I]to the case of n > 2 sets, and as such it is also equivalent to the Ekeland Variational Principle.
Just like in AGEVP, balls of two different radii are used in the concluding part of the lemma, one of
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them employed in the localisations of the first n — 1 sets and the other one for the remaining single set.
The latter set is going to play a special role in the subsequent analysis.

The lemma translates e-closeness of a given collection of points into £e-closeness (with an additional
parameter £) of another collection of points with respect to a collection of certain localisations of the
sets (depending on £).

Lemma 3.2.1. Suppose (21,...,(2, are closed subsets of a complete metric space X, w; € §2; (i =
1,...,n), and € > 0. If condition (2.40) is satisfied, then, for all numbers A\,p > 0, there exist ©; €
2, NBx(w;) (i=1,...,n—1) and &, € 2, N By(wy) such that

(Z) dl(a)l,...,@n) S dl(wl,...,wn);

(ZZ) dl(.Ql N Bg)\((f}l), e 82,1 N Bg)\(d}nfl), 2, N ng(d)n)) + &g > dl(djl, L. 7[,2}”) for all £ > 0.

Proof. The product space X" ! considered with the maximum metric is complete. Set A := §2; X ... X
Qn_1,and B:={(z,...,2): 2 € 2,} C X" ', a:=(w1,...,wn 1) €A, b:= (wWp,...,w,) € B. Then
di(£21,...,82,) =d(A, B) and dy(ws,...,w,) = d(a,b).

Applying AGEVP, we find points
a=(&1,..., 00 1) € ANBy(a), and b= (Dn,...,0n) € BN B,(b)

satisfying conditions (i) and (ii) in AGEVP. Recalling that the maximum metric is used in X™ !, it
follows that @; € £, N Bx(w;) (i =1,...,n—1), ©, € BN B,(wy,) and conditions (i) and (ii) above are
satisfied. ]

In view of the equalities in (2.39)), the following corollary involving the symmetric distance do is
immediate.

Corollary 3.2.2. Suppose (2q,...,82, are closed subsets of a complete metric space X, w; € £2; (i =
1,...,n), x € X and € > 0. If condition (2.40) is satisfied, then, for all A\,p > 0, there exist &; €
2, NBx(w;) (i=1,...,n) and & € B,(x) such that

. N A < N,
(i) max d(@;, &) < max d(wi, );

(i) dp,, (@) (21 N Bea(@1), -+, 20 0 Bea(@n)) + & > max. d(&;, &) for all € > 0.

The next proposition is a consequence of Lemma [3.2.1] in the Banach space setting. It characterises
e-closest points of a collection of sets with empty intersection and involves localisations of the sets and
small (up to &e) translations of the first n — 1 localisations. The proposition transforms the nonlocal
non-intersection condition N{_; £2; = () into a non-intersection condition of translated localisations of the
sets. It also exposes the special role played by the last set in the list.

Proposition 3.2.3. Suppose (21, ..., 2, are closed subsets of a Banach space X, w; € £2; (i=1,...,n),
and € > 0. If N?_182; = @ and condition is satisfied, then, for any A\, p > 0, there are points
W € 2:NBy(w;) (1 =1,....,n—1), @y € 2, N By(wy) such that, for any & > 0, there exist vectors
a; € X (i=1,...,n—1) satisfying

n—1
N (((!21- — &) N (ENB) — ai) N (20 =) N(EIB=0 and  max [laf| <. (3.7)
=1

1<i<n—

Proof. Applying Lemma we find points &; € 2, N Bx(w;) (i=1,...,n—1) and &, € 2,, N B,(wy)
satisfying condition (ii) in that lemma. Given any number £ > 0, we can now apply Proposition m
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with the function d; and sets 21 N Bex(@1),- .., 201N Bex(@n—1), 2, N Bep(p), points @; (1 =1,...,n)
and number e in place of sets (21,..., 2, points w; (i = 1,...,n) and number &, respectively, to find
vectors a; € X (i =1,...,n — 1) such that condition (3.7) is satisfied. O

Remark 3.2.4. (i) Under the conditions of Proposition[3.2.3} 0 € N, (£2; —w;), 0 € N, (§2; —&;), and
the expressions involved in the first condition in (3.7)) correspond to localisations of the sets 2, —@;
(i=1,...,n) near 0, or equivalently, localisations of the original sets {2; near @; (i =1,...,n).

(ii) There are certain similarities between Propositions and in terms of both assumptions
and conclusions. There are also important differences. The assumptions of Propositions [2.6.6] are
weaker: the space is not assumed to be complete and the sets are not assumed to be closed. The
concluding non-intersection condition in (Propositions is formulated for the given sets
and in terms of the given collection of points, while Proposition[3.2.3]establishes existence of another
collection of points, and the corresponding condition in is formulated for localisations of the
sets near these points. The translations of the sets are constructed in Propositions [2.6.6] explicitly
and are entirely determined by the given collection of points. At the same time, in Proposition [3.2.3]
the size of the translations and localisations of the sets as well as the distance of the new points
from the given ones are controlled by additional parameters. These parameters, which appear in
Proposition [3:2.3] represent the major feature of this statement compared to Propositions [2.6.6}
They provide an additional degree (degrees) of freedom for the applications of the result.

Applying Proposition [3:2:3] to the collection of n + 1 sets §21,...,2,, X, we arrive at the following
statement.

Corollary 3.2.5. Suppose {21,...,82, are closed subsets of a Banach space X, w; € £2; (i=1,...,n),
x € X ande > 0. If N_102; = 0 and condition is satisfied, then, for any numbers A, p > 0,
there are points @; € £2; N By(w;) (i = 1,...,n) such that, for any & > 0, there exist vectors a; € X
(i=1,...,n) satisfying

n

N (((Qi — &) N (EN)B) — ai) NEYB=0 and max || < Ee. (3.8)

. 1<i<n
i=1

Observe that conditions (3.7) and (3.8]) are exactly conditions and (P2]), respectively, applied
to the localisations of the sets (21 — &1,..., 82, — @, with = := 0, and & and £p in place of € and p,

respectively.

Proposition [3.2.3] assumes that the sets have empty intersection. Next we demonstrate that it can
be also applied to collections of sets having a common point. Specifically, we consider the special case
in the Definition [2.3.1f(ii) of local extremality, where the last set in the list (of n + 1 sets) is a ball
centered at this point. Since the radius of the ball is allowed to be infinite, the global setting is covered
too.

Proposition 3.2.6. Suppose {21, ..., {2, are closed subsets of a Banach space X, T € Nj—,§2;, € > 0 and
p €]0,00]. If conditions (P2)) are satisfied for some vectors a; € X (i =1,...,n), then, for any A > 0,
there are points w; € 2, N Bx(z) (i =1,...,n) and a number 6 €]0,1[ such that, for all £ €]0, 9],

Q (2 @) N (ENB) ~af) N(€B=0 and  max |laf| < e (3.9)
for some vectors a, € X (i =1,...,n).
Moreover, if A > p+¢€, then
() (2 —wi = a)) N (Ep)B = 0; (3.10)
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if \+¢e <p, then
N (((Qi — wi) N (EN)B) —a;) —0. (3.11)

Proof. Let p' €]0,p[. By (P2), N/%' 2, = 0, where 2, := 2, —a; (i=1,...,n) and (2, := B(), and

di(Z—ai,...,T—an,T) = Jmax lai]| < e.
Applying Proposition we can find points w; € 2; N BA(Z) (i=1,...,n) and x € X with ||z| < p
such that, for any & > 0, there exist vectors a, € X (i =1,...,n) satisfying

n

M (2 =) N (ENB) — af) 1 By(a) N (Ep)B=0 and  max faf| < ¢e.

i=1

Set 6 := (p' — ||z||)/p. Then, & €]0,1[ and, for any & €0, d[, we have ({p)B C B,/ (z), and consequently,
holds true. If A > p+ ¢, then ({p)B C (EA)B — @] for all i = 1,...,n, and consequently, (3.9)
implies . Similarly, if A +¢& < p, then (EA)B —a; C (¢p)B for all i = 1,...,n, and consequently,
implies . O

Remark 3.2.7. Conditions in Proposition are formulated for a fixed point z € N;_;(2; and
fixed € > 0 and p €]0,00]. It presumes a certain balance between the values of € and p: the larger the
value of p is, the larger value of ¢ is needed to ensure the existence of vectors a; € X (i = 1,...,n)
satisfying . In contrast, condition involves two additional parameters: an arbitrary A > 0 and
a sufficiently small £ €]0, 1[. Fixed € and p are replaced by e and £p, respectively, preserving their ratio,
while the sets are replaced by their localisations controlled by &A. This advancement comes at a price:
instead of a single common fixed point , we now have to deal with a collection of individual points
w; € £2; (i=1,...,n), whose distance from Zz is controlled by A\. Now the balance between this distance
and the size of the localisations of the sets becomes important: choosing a smaller A ensures that the
individual points w; are closer to  while at the same time reducing the size of the localisations of the
sets and, thus, weakening condition .

Given a collection of sets £21,..., (2, (n > 2), a point & € NI, £2; and a p €]0, co], define (cf. [89,/90]):

0,[821,...,02,](Z) =sup {r >0: ﬂ(ﬂl —a;)NB,(Z) #0 forall a; € TIB%} .
i=1

This nonnegative quantity tells us how far the sets can be pushed apart until their intersection becomes

empty with respect to the fixed p-neighbourhood of z.

Corollary 3.2.8. Suppose {21,...,82, are closed subsets of a Banach space X and x € N_182;. If p >0
and € > 0,[821,...,02,](Z), then
inf limsup a0, [21 — w1, .., 2n — wn](0) < p 10,121, .., 2,](Z).

Wi€Q2NByy(®) o0
(i=1,...,n)

Moreover, if T € bd N}, §2;, then

liminf limsupa™'0,[02 —wi,..., 2, — w,](0) < liminf p=10,[2y, ..., 2,](z).
YT ado Pio

Proof. The first assertion is a direct consequence of Proposition [3.2.6] The second assertion is a conse-
quence of the first one since £ € bd N, (2; implies that 6,[¢21,...,2,](Z) — 0 as p | 0; cf. [90, Propo-
sition 3]. O

The next proposition presents a metric counterpart of the conditions (P2)). It contains the key
ingredients of the metric criteria of approximate stationarity and transversality in Theorems [2.4.1] and

[2:42] respectively.
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Proposition 3.2.9. Suppose (21, ..., {2, are subsets of a normed vector space X, T € N;—,§2;, a; € X
. €
(i=1,...,n),e>0, p>0and o := —. Then
P

(i) conditions (P2)) imply condition (M4.1)).

(ii) if conditions (M4.1)) is satisfied, then there exist a number p' €]0, p[, points w; € §2; N B(Z) and
vectors a, € X (i = 1,...,n) such that conditions (P4)) are satisfied with p’' and a in place of p
and a;.

Proof. (i) If conditions (P2)) are satisfied, then max la;|]| < e and
<i<n

n

7 . — Il > .0 —a).

ad <x, Q(Ql az)> >ap=¢c> max. lla;|| > lrgmgxnd(x, 02; —a;)
1=

(ii) Let conditions (M4.1) be satisfied. Then

max d(z,(2; —a;) < max |la;|| < e = ap,
1<i<n 1<i<n

and there exists a number p’ €]0, p[ such that
ad (;U,A 1((2z al)> >ap > 1r£fl§Ld(x7 2, —a;).

It follows from the first inequality above that Nj_, (£2; — a;) N B, (Z) = 0, while due to the second
inequality, there exist w; € £2; (i = 1,...,n) such that max llai|| < ap’, where a} == a; + T — w;
<i<n

(t=1,...,n).
O

Corollary 3.2.10. Suppose 21,...,82, are subsets of a normed vector space X, T € N;—,§2; and o > 0.
The following conditions are equivalent:

(i) the collection {£21,...,82,} is approzimately a—stationary at T;
(ii) for any e > 0, there exist vectors a; € X (i =1,...,n) such that conditions (M4.1)) are satisfied;

(iii) for any e > 0, there exist vectors © € B.(Z) and a; € X (i=1,...,n) such that conditions (M4.2)
are satisfied.

Proof. (i) = (ii). Let condition (i) be satisfied and a number ¢ > 0 be given. Set ¢’ := ¢/(a + 1).
Then conditions (P4) hold with some p €]0,¢'[, w; € £; N Bo/(Z), and a; € X (i = 1,...,n). By
Proposition i), applied to the sets £2; —w; (¢ = 1,...,n) having the common point 0, we have

ad (0, ﬂ(ﬁi —w; — ai)> > Jmax d(0, £2; — w; — a;).

. <i<n
=1

It follows that the first inequality in (M4.1)) is satisfied with a/ := a; +w; — 7 in place of a; (i = 1,...,n),

and max lla]| < ap+¢€" < (a+ 1)’ =e. Hence, condition (ii) is satisfied.
<i<n

(ii) = (i). Let condition (ii) be satisfied and a number € > 0 be given. Set ¢ := min{«,1}e, and
find vectors a; € X (i = 1,...,n) such that conditions (M4.1]) are satisfied with ¢’ in place of . By
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Proposition ii), there are p €]0,&"/al, w; € ;N\ Bo/(Z), a, € X (i =1,...,n) such that conditions
([P4) hold with a} in place of a;. Since &’ < e and ¢’ /a < ¢, condition (i) is satisfied.

(if) = (iii) is obvious.

(iii) = (ii). Let condition (iii) be satisfied and a number ¢ > 0 be given. Set ¢’ := /2. Then
conditions (M4.2)) hold with some = € B./(Z), a; € X (i = 1,...,n) and &' in place of e. Set a;
a;+x— (i=1,...,n). Then conditions (M4.2) hold true with a, in place of a;. Hence, condition (ii
is satisfied.

RS

In view of Proposition 2.7.14] Corollary [3.2.10 immediately yields Proposition [2.4.2]

3.3 Dual Characterisations

This section presents a series of ‘generalised separation’ statements, providing dual characterisations of
certain typical ‘extremal’ arrangements of collections of sets, discussed in the preceding sections, and
traces the relationships between them. These statements contain core arguments, which can be found in
various existing versions of the (extended) extremal principle, as well as some new extensions.

The definition of the approximate stationarity (Definition iv)) and its conventional dual char-
acterisations in the extended extremal principle (Theorem all formulated “for any € > 0 there
exist ...”7 At the same time, the proofs of the extremal principle and its extensions establish connections
between the values of ¢ and other parameters involved in the assumptions and the conclusions. These
connections, usually hidden in the proofs, are of importance for more subtle extremality statements. We
expose them in the statements below.

All the separation statements in this section are consequences of the next general theorem, providing
dual characterisations of the slightly weakened version of the asymmetric extremality property contained
in Proposition i). It involves the d; distance between n sets defined in and actually combines
two statements: for closed sets in general Banach spaces and specifically in Asplund spaces. So far it
has been common to formulate (and prove!) such statements separately; cf. |[120}172].

Theorem 3.3.1. Suppose §21,...,82, are closed subsets of a Banach space X, x € N}_182;, a; € X
(i=1,...,n—1), and € > 0. Suppose also that

n—1
(2 —a:) N 02, =0, (3.12)
i=1

max |a;|| <di(£21 — a1, ..., 2n1 — an_1,82,) +¢ (3.13)

1<i<n—1

(or simply | Jnax lla;|| <e). Then,

(i) for any A > 0 and p > 0, there exist points w; € 2; N BA(Z) (1t =1,...,n—1), wy, € 2, N B,(Z),
and vectors x7 € X* (i=1,...,n) such that

n n—1
doar=0, Y il =1, (3.14)
i=1 1=1

n—1
AY_d(x}, Noy(wi) + pd (2}, N, (wn)) < &, (3.15)
i=1
n—1
;(:ci,wn—kai —w;) = 1§I?£f,1||w”+ai_wi|" (3.16)
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where N in ([3.15)) stands for the Clarke normal cone (N := N©);

(i) of X is Asplund, then, for any X > 0, p > 0 and 7 €]0,1[, there exist points w; € §2; N Bx(Z)
(t=1,...,n—1), w, € 2, N B,(Z), and vectors z; € X* (i = 1,...,n) satisfying conditions
(3-14), (3.15), where N in (3.15)) stands for the Fréchet normal cone (N := N¥'), and

n—1
Z;(xf,wn—i—ai —w;) > Tlgrzngaf_lﬂwn—&—ai — wil- (3.17)
1=

Proof. Let A > 0 and p > 0. In view of (3.13]), we can choose positive numbers ¢; and &5 satisfying

1<m<ax . HCLZ” — dl(Ql — A1y, Qn,1 — ap—1, Qn) <gr<ea<e (318)

Note that  Jnax llai]| = di(Z —a1,...,& — an—1,%). We can apply Lemma [3.2.1| to find points &; €
TSN —

2, NB\(z) (i=1,...,n—1) and &, € £2, N B,(Z) such that

1<ithe1 los = i = onll <

dl(Ql N Ba)\((f)l) —a1,..., 82,1 N Ba/\(@n—l) —Qp_1,82, N Bap(obn)) + aeq (319)

for all & > 0. Consider the three functions fi, fa, f3 : X™ — Ry U {4o00}:

fiua, ... up) :zlgrlngfag(_l lw; — a; — unl|, (3.20)
._ —1 ST | A
falur, ... up) =€ max{)\ 13%35(71 lw; — @ill, p~ " ||tn wn||} , (3.21)

fg(ul, e

ifu; € 2 (i=1,...
R o

oo otherwise.

Observe that, in view of (3.12), f1(&1,...,&,) = max . | — a; — @y|| > 0. Moreover,

1<i<n—
filur, ... un) — fi(@1,. .., 0n) + fa(ur,...,u,) >0 forall w, €82, (i=1,...,n).

Indeed, assume that there are u; € 2; (i = 1,...,n) such that the inequality does not hold. Then
(u1,...,up) # (Oi,..., %), and consequently, fo(ui,...,u,) > 0. Set a:= fo(us,...,u,)/e1. We have

lu; — ;| < Tar< aXi=1,...,n=1), |up,— &, < 8—104/) < ap
£92 €2
max |u; —a; —upl| — max ||&; —a; — @p]| + a1 <0,
1<i<n—1 1<i<n—1

which contradicts (3.19). Thus, (&1,...,0,) is a point of minimum of the sum f; + fo + f3, and
consequently (Lemma [2.2.2))

0€d(fi+ fot fa)(@1,...,0n).

Functions f; and f2 are convex and Lipschitz continuous. It is easy to check that the subdifferentials
of f1, fo and f3 possess the following properties:

1) The function f; (3.20) is a composition function: fi(u1,...,u,) = g(A(uh...,un) —
(a1,...,an—1)), where A is the linear operator from X" to Xt Alug, . u,) =
(U1 = Up, ... Up_1 — Up), and g is the maximum norm on X"~ ': g(uy,..., uy_ 1) :=  Jmax [l |l The

_— sStsn—
corresponding dual norm has the form (v],...,v}:_;) — Z [lvF|l. It is easy to check that the ad-
=1 .
joint operator A* : (X*)"™' — (X*)" is of the form A*(v},...,v}_ ;) = |v},..., v} |, — Zv;
j=1
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) > 0, the subdifferential dg (u; — a3 — upn,...,Up—1 — Gp—1 — Uy,) is the set of
(Vi1s-- 50}, 1) € (X*)"7! satisfying (see e.g. [168, Corollary 2.4.16])

n—1 n—1
Z; [Tl =1 and z_; (visui — ai — up) = 1;?25(_1 lui — a; —uyl| . (3.23)
Thus, in view of the convex chain rule (see e.g. [168, Theorem 2.8.3]), if fi(u1,...,u,) > 0, then

n—1
the subdifferential 0f(u1,...,u,) is the set of all vectors | v7y,...,v7, 1, — Z vi; | € (X7)", where
j=1

vectors vy, € X* (i =1,...,n— 1) satisfy (3.23).

2) The function fy (3.21)) is a positive multiple of the norm on X" (translated by (&1,...,0,)). Its
subgradients (v3;,...,v5,) at any point satisfy

n—1

A lwsill + pllos,ll < e (3.24)

=1

3) The function f3 (3.22) is the indicator function of the set £2; X ... x §2,. Its subdifferential has a

simple representation: 0fs(u,...,u,) = H Ng, (u;) for all u; € 2, (i=1,...,n) (Lemma [2.2.3].
i=1

From this point the proof splits into two cases.

(i) We apply the Clarke-Rockafellar subdifferential sum rule (Lemma iv)) to find elements of
the three subdifferentials: (viy,...,v], 1) € 09(@1 — a1 — @n, ..., On—1 — @p — On), (V31,...,03,) €
Ofa(&1,...,0n) and (v3y,...,v5,) € Ofs(®1,...,%,) such that

n—1
v, vy vy, =036G=1,....,n—1) and - ZUL‘ + 03, +v5, =0.
j=1

Then v3;, € N, (@;) (i =1,...,n) and conditions (3.23]) and (3.24) are satisfied. The conclusion of part
(i) of the theorem holds true with @; in place of w; (i = 1,...,n), a} == —v}; (i =1,...,n — 1) and
n—1

* L, *
T, = g VY-
j=1

(ii) Let X be Asplund and 7 €]0, 1[. We can apply the fuzzy sum rule (Lemma [2.2.1](iii)) to the sum
(f1+ f2) + f3 followed by the conventional convex sum rule (Lemma i)) applied to fi + f2. Choose
a & > 0 satisfying the following conditions:

§<e—ey §<A— max & —af, &<p—llon -zl (3.25)
(10-27)¢ < (1—71) | Jnax lo: — a; — @n |- (3.26)

Since 7 €]0, 1], the last inequality implies in particular that

2 < | Jnax & — a; — @, (3.27)

Applying the fuzzy sum rule, we find two points (x1,...,2,), (w1,...,w,) € X" such that w; €
(i=1,...,n) and

max g — @il <§, - max flw; — @il <, (3.28)
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and elements of the three subdifferentials: (v7y,..., v, 1) € dg9(x1 — a1 — T, ..., Tn_1 — an — Tp),

(V31,...,05,) € Ofa(x1,...,2,) and (vi,...,v5,) € Ofs(wi,...,wy,) such that
n—1 n—1 E

’0*4 * ’U*» . 'U*v * * < )

; || 1z +v21 + 31” + ]; 1 +v2n +v3n maX{)\,p}

The last condition implies

n—1 n—1
A vt oz sl + ol = | Do vl | s, o] <& (3.29)
i=1 j=1

In view of (3.25)), (3.26)), (3.27) and (3.28)), we have the following estimates:

lwi = [ < @ = 2l + lwi — @il <A (E=1,...,n = 1), lwn = Z[| < [ldn = 2| + lwn — @nll < p,

(hence, w; € ;N Bx(Z) (i=1,...,n—1) and w, € 2, N B,(Z))

lwi = @4l| < Jlwi — @] + llas — @il <26 (E=1,...,n), (3.30)
(Jnax wi —ai — a2 max ([0 — ai = @ull — llzi = @ill = Jlon — dnl)
> | Jnax | — a; — @nl] — 26 >0,
max  [jwi —a; —wnll 2 max ([l&; —a; — &l = [los = &il] — llwn — @nll)
1<i<n—1 1<i<n
> max ||&; —a; —@nl| —2€ >0,
1<i<n—1
(1—-7) | Jnax llwi —a; —wy|| > (1 —7) (1<rln<ar>fl loi — a; — @n || — 25) (3.31)

> (10 —27)§ —2(1 — 7)€ = 8¢,
conditions and (| are satlsﬁed and v3; € N_Q (wi) (¢ = 1,...,n). Denote z; := —vj; (i =

1,...,n—1) and z; := Zvlﬂ Thean —OandZHx*H—l Using (3.23) and (3.30)), we obtain

the following 1nequahtles

n—1 n—1

n—1
Dot wntai—wi) 2 Y (i@ —ai —an) = 3 ol (lwi — @il + lwn — zal)
i=1

i=1 i=1

> max |l —a; — x| — 4
1<i<n—1

> max (i = o = wnl = i = il = o — 2al) = 4¢

> | Jnax | lwi — a; — wy| — 8. (3.32)

Adding (3.31)) and (3.32), we arrive at (3.17). Making use of (3.24)), (3.29) and (3.25), we obtain the

following estimates:

n—1

MY llwp =gl 4l = viall <A osill +pllosl +€ <2+ € <e.
i= i=1
The last inequality yields (3.15)). O

Remark 3.3.2. (i) Conditions (3.12)) and (3.13) are implied by conditions (P5)). Hence, in view of

Proposition [2.3.4{(i), Theorem provides dual necessary characterisations of extremality.

(ii) Conditions and ([3.17) relate the dual vectors z} and the primal space vectors w,, + a; — w;
(t=1,....,n— 1) Such conditions, though not common in the conventional formulations of the
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extremal /generalised separation statements, seem to provide important additional characterisations
of the properties. Conditions of this kind first appeared explicitly in the generalised separation
theorems in , where the authors also provided motivations for employing such conditions. As
one can see from the proof above, conditions and (3.16) originate in computing the convex
subdifferential of the norm in X™~! at a nonzero point; . Subdifferentiating a norm (in
either X"~ or X™) at a nonzero point is a necessary step in the proofs of all existing versions of
the extremal principle and its extensions, starting with the very first one in Theorem 6.1],
with conditions like hidden in the proofs. In several statements in the rest of this section,
following [172], we make such conditions exposed.

(iii) Lemma substitutes in the proof of Theorem the conventional Ekeland variational prin-
ciple.

(iv) If condition (3.13]) in Theorem is replaced by a stronger one:

(Jmax laill = di (1 — s, ooy = Aoy, ),
which means that the infimum of Jnax lwi — a; —wpl| over w; € 2; (i =1,...,n) is attained at
<i<n-—
w) = ... = wy = T, then the application of Lemma [3.2.1]in the proof can be dropped, leading to an
improvement in part (i): conditions (3.15) and (3.16)) can be replaced by z} € NS () (i = 1,...,n)
n—1
and Z (x},a;) = max [a||, respectively. A similar fact was observed in [172, Theorem 3.1'].
— 1<i<n—1

The assumption N}—;2; # 0 in Theorem is not restrictive. The common point € N}, §2; of
the collection of sets can be replaced by a collection of individual points w; € §2; (i =1,...,n). The next
statement provides dual characterisations of the slightly weakened version of the asymmetric extremality
property contained in Proposition [2.3:4]

Corollary 3.3.3. Suppose {21,...,82, are closed subsets of a Banach space X, w; € £2; (i=1,...,n),
a; € X (i=1,...,n—1), and e > 0. Suppose also that

n—1
() (2 — wi — a;) N (2, — wp) =0, (3.33)
i=1

 Jmax llail| < di(4 —w1 — a1y .o, 2po1 —wpo1 — An—1, 2, —wy) +¢€ (3.34)

(or simply | Jnax lla;|| <e). Then,

(i) for any A > 0 and p > 0, there exist points wj € 2, N By(w;) (i=1,...,n—1), w), € 2, N B,(w,),

and vectors x} € X* (i = 1,...,n) satisfying conditions (3.14), (3.15) and (B.16) with N := N¢
and w; in place of w; (i=1,...,n);

(ii) if X is Asplund, then, for any X\ > 0, p > 0 and 7 €]0,1], there exist points w, € 2; N By(w;)
(i=1,...,n—1), w, € 2, N B,y(wy), and vectors 7 € X* (i = 1,...,n) satisfying conditions
B-14), B.15) and (B.17) with N := N¥ and | in place of w; (i =1,...,n).

Proof. The sets 2] := (2; —w; (i = 1,...,n) satisfy 0 € NI, 2. and conditions (3.12)) and (3.13). The
conclusion follows from Theorem after noticing that N/ (w; —w;) = No,(wj) (i =1,...,n). O

Theorem is a particular case of Corollary withw; =2z (i=1,...,n).

The following theorem is an immediate consequence of Theorem [3.3.1] It combines two unified
separation theorems due to Zheng and Ng [172, Theorems 3.1 and 3.4].
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Theorem 3.3.4. Suppose 21,...,2, are closed subsets of a Banach space X, N 182; = 0, w; €
(i=1,...,n), e >0 and condition (2.40) is satisfied. Then,

(i) for any X\ > 0, there exist points w; € §2; N Bx(w;) and vectors 7 € X* (i = 1,...,n) satisfying
conditions

n . 6
Zd(xzaNQz(w;) < Xa (ZNI)
=1

with N standing for the Clarke normal cone (N := N€), and

n—1
Sy —wi) = max [l — (zN2)
=1 -

(ii) if X is Asplund, then, for any numbers X > 0 and T €0, 1], there exist points w} € 2; N\ Bx(w;) and
vectors x} € X* (i =1,...,n) satisfying conditions (ZN1|) with N standing for the Fréchet normal
cone (N := N¥), and

n—1
St - > max el -] (N2Z3)
i=1 -

Proof. Observe that the sets (2 := 2, —w; (i = 1,...,n) and vectors a; := w, —w; (i =1,...,n—1)

satisfy 0 € ﬂ 2! and
i=1

n—1 n

n
m(Ql{—ai)ﬂ.Q;l = ﬂ(ﬁi_wn) = ﬂQi_wn:®7
i=1 i=1 i=1

| Jmax llai|| = di(wi,...,wn) < di(21,...,02,) +e=di (2] —ar,..., 02 1 —an_1,52,) +e.
Applying Theorem with p = A\, we arrive at the conclusions. O

Remark 3.3.5. (i) In [172], instead of the dy distance in condition (2.40)), a slightly more general p-
weighted nonintersect index was used with the corresponding ¢g-weighted sums replacing the usual

ones in (ZN1), (ZN2) and (NZ3). This corresponds to considering ¢, norms on product spaces
and the corresponding ¢, dual norms. In the thesis, for simplicity only the maximum norm on

product spaces is considered together with the corresponding sum norm in the dual space; (cf.

Remark ii).)

(ii) Theorem is a consequence of Theorem which in turn is a consequence of the Ekeland
variational principle. Thanks to [113, Theorem 3.1], part (i) of Theorem is equivalent to the
Ekeland variational principle. Hence, the conclusion of Theorem [3:31] is also equivalent to the
Ekeland variational principle (and to completeness of the space X).

The next theorem is a ‘symmetric’ version of Theorem [3.3.1
Theorem 3.3.6. Suppose (1,...,82, are closed subsets of a Banach space X, T € N_192;, a; € X
(i=1,...,n), p>0 and e > 0. Suppose also that

n

(92 — a;) N B,(z) =0, (3.35)
=1
max a;]| < dp, o) (21 — a1, 2o —ay) +¢ (3.36)

ax
1<i<n

(or simply Jnax. lla;|| <e). Then,
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(i) for any X > 0, there exist points w; € 2;NBx(Z) (i =1,...,n) and x € B,(Z), and vectors x; € X*
(t=1,...,n) such that

n

A (s, No, (@) +p

i=1

n

PIL

i=1

<e Y lapll=1, (3.37)
i=1

Z(mf,x—}—ai—wi) = max ||z + a; —w;l|, (3.38)
pot 1<i<n

where N in (3.37) stands for the Clarke normal cone (N := N©);

(i) iof X s Asplund, then, for any A > 0 and T €]0, 1], there exist points w; € 2, N Bx(Z) (i=1,...,n)
and z € B,(z), and vectors x; € X* (i = 1,...,n) satisfying conditions (3.37), where N stands
for the Fréchet normal cone (N := N¥'), and

n
Z(mf,x—i—ai—wi} > 7 max ||z + a; — w;l|. (3.39)
P 1<i<n

Proof. Choose an ¢’ €]0,¢[ such that condition holds true with &’ in place of €, and then choose
a p’ €]0, p[ such that p — p’ < ¢ —&’. Tt is sufficient to apply Theorem to the collection of n + 1
closed sets (21,...,82, and (2,41 := Ep/(:i) with £ and p’ in place of € and p, respectively. Notice that
2,11N By (%) = By(z) and Ny, (z) () = 0 for any € B,/(z). One only needs to check the inequality
in , which is straightforward:

n

AY d(@}, No,(w:) +p
i=1

n

*
PE

i=1

<e+(p-r) <e+(p—p)<e

n
*
2

=1

The proof is complete. O
Remark 3.3.7. (i) Conditions (3.3F) and (3.36) are implied by conditions (P2)). Hence, Theorem [3.3.6]

provides dual necessary characterisations of the local extremality.

(ii) The inequality in (3.37)) combines two constraints on the vectors x} € X* (i = 1,...,n): they must
be close to the respective normal cones and their sum must be small. This inequality obviously
implies two separate inequalities:

n

*
2

i=1

3
<7a

3 d(a}, No,(wi) < % and
=1

while the converse implication is not true in general. Both these constraints are involved in each
of the two generalised separation conditions in the (extended) extremal principle discussed in
Section m (conditions and of Theorem m ). However, each of the generalised
separation conditions in Theorem 2.7.3|requires actually a stronger version of one of the constraints:
either the vectors must belong to the respective normal cones (condition of Theorem
or their sum must be exactly zero (condition (D2)) of Theorem [2.7.3). Fortunately, as the next two
corollaries show, the required stronger versions of (one of) the constraints are consequences of the

combined condition (3.37)) and Lemma

Corollary 3.3.8. Suppose §21,...,82, are closed subsets of a Banach space X, T € N[, $2;, a; € X
(i=1,...,n), 0 < e < p, 0< X< p—e, and conditions (3.35) and (3.36) are satisfied (the latter
condition can be replaced by the simpler and stronger one: max lla;|| <e). Then,

<i<n

(i) there exist points w; € ;N B\(z) (i=1,...,n) and x € B,(z), and vectorsx; € X* (i=1,...,n
satisfying conditions (D4) with N standing for the Clarke normal cone (N := N€) and a =

and condition (3.39) with 7 := i _T_ E"
p+e

~

)

€
A?
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(i) if X is Asplund, then, for any T €]0, m[ there exist points w; € £2; N B)\( )(t=1,...,n) and

x € B,(T), and vectors x; € X* (i =1,...,n) satisfying condition with N standing for the
€
Fréchet normal cone (N := N¥') and o := X and condition .

Proof. Set 7/ :== 7(1 + E) + E, and observe that 7/ = 1 in part (i), and 7' €]0, 1] in part (ii). Applying
Theorem we find points w; 6 _Qi NBx(z) (i =1,...,n) and € B,(Z), and vectors z; € X~

(i=1,. ) such that condition with the respective normal cone is satisfied and
n
Z(xf,x—i—ai—wi) > 7’ max |z +a; — w;. (3.40)
, 1<i<n
i=1
T'p—¢
The assertion follows from Lemma [2.7.5(i) and (iii) after noticing that Pk O
p+e

Corollary 3.3.9. Suppose {21,...,82, are closed subsets of a Banach space X, T € N}_142;, a; € X
(i=1,...,n), 0 < p < A 0<e < X\—p, and conditions (3.35) and (3.36) are satisfied (the latter
condition can be replaced by the simpler and stronger one: max lla:|| <e). Then,

<in

(i) there exist points w; € 2;NBx(Z) (i=1,...,n) andx € B,(Z), and vectorsz; € X* (i=1,...,n),
satisfying conditions (D3)) with N standing for the Clarke normal cone (N := N€) and o = E,
p
and condition (3.39) with T := 3 _T_ E;
€

A\ —
(i) if X is Asplund, then, for any T €]0, )\7—&—6[ there exist points w; € 2, N Bx\(z) (i=1,...,n) and
n) satisfying conditions (D3)) with N standing for the

x € B,(Z), and vectors x; € X* (i=1,...
Fréchet normal cone (N := N¥) and o := =, and condition (3.39).

)
€
p

Proof. Set 7" :=71(1+ ;) + ;, and observe that 7 = 1 in part (i), and 7’ €]0,1[ in part (ii). Applying

Theorem we find points w; € 2, N Bx(z) (i = 1,...,n) and x € B (’), and vectors 7 € X*

(i=1,. ) such that conditions (3.37) (with the respectlve normal cone) and (3.40) are satlsﬁed The
'\ —

assertion follows from Lemma [2.7.5(ii) and (iii) after noticing that T)\ m . O
€

The versions of Theorem and Corollaries and with a common point £ € N}, (2; of
a collection of sets replaced by a collection of individual points w; € £2; (i = 1,...,n), presented in the
next three corollaries, follow immediately.

Corollary 3.3.10. Suppose (21,...,82, are closed subsets of a Banach space X, w; € (2, a; € X
(i=1,...,n), p>0 and e > 0. Suppose also that

n

(52 — wi — a;) N (pB) = 0, (3.41)
i=1
max llai|| < dpp($21 —wi —ai,..., 2y —wy, —an) +¢€ (3.42)
(or simply max lla:|| <e). Then,
(i) for any A\ > 0, there exist points w; 6 Q N BA(wz) (z =1,...,n) and x € pB, and vectors z] € X*
(i=1,. o n) satzsfyzng condztwns and wzth N standing for the Clarke normal cone
(N = N ), and W in place of w; (z = 1 ),
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(ii) if X is Asplund, then, for any X > 0 and T €0, 1[, there exist points w; € ;N By(w;) (i =1,...,n)
and © € pB, and vectors x; € X* (i = 1,...,n) satisfying conditions (3.37) and (3.39) with N
standing for the Fréchet normal cone (N := N¥'), and w} in place of w; (i =1,...,n).

Corollary 3.3.11. Suppose (21,...,82, are closed subsets of a Banach space X, w; € (2, a; € X

(t=1,....n), 0 < e < p, 0 <X < p—e¢g, and conditions (3.41) and (3.42) are satisfied (the latter
condition can be replaced by the simpler and stronger one: max lla:|| <e). Then,
<i<n

(i) there exist points w, € 2; N Bx(w;) (1 =1,...,n) and x € pB, and vectors z; € X* (i=1,...,n)
such that conditions (D4) and (3.39) are satisfied with N standing for the Clarke normal cone

(N:=N%), a:= %, T = L_T_i, and W} in place of w; (i=1,...,n);
)

0,2—5

(ii) if X is Asplund, then, for any T €] 2L there exist points w, € 2; N Bx(w;) (i=1,...,n) and

x € pB, and vectors x7 € X* (i =1,...,n) such that conditions (D4)) and (3.39)) are satisfied with

N standing for the Fréchet normal cone (N :== N¥'), a := it and w; in place of w; (i=1,...,n).

Corollary 3.3.12. Suppose (21,...,82, are closed subsets of a Banach space X, w; € §2;, a; € X
(i=1,...,n), 0 < p <A 0<e<X—p, and conditions (3.41) and (3.42) are satisfied (the latter

condition can be replaced by the simpler and stronger one: max lla;|| <e). Then,
<i<n

(i) there emwist points w, € 2; N Bx(w;) (1 =1,...,n) and x € pB, and vectors z; € X* (i=1,...,n)
such that conditions (D3|) and (3.39)) are satisfied with N standing for the Clarke normal cone

€ A—¢

N:=N9),a:==,7:="—" and | in pl s (i=1,...,n);
( ), @ p,T N3 o ondw; in place ofw; (i=1,...,n)

A —
(i) if X is Asplund, then, for any T €]0, )\7+E[
€
x € pB, and vectors x7 € X* (i =1,...,n) such that conditions (D3)) and (3.39)) are satisfied with
N standing for the Fréchet normal cone (N := N¥'), a:= =, and W, in place of w; (i =1,...,n).
p

, there exist points w; € ; N Bx(w;) (i=1,...,n) and

Remark 3.3.13. In the above three corollaries, the assumption of the existence of a common point
T € NI, 82 of a collection of sets, used in Theorem and Corollaries [3.3.8] and is relaxed to
that of a collection of individual points w; € ; (i = 1,...,n) (which always exist as long as all the
sets are nonempty). On the other hand, if such a point £ € N}, {2; exists, it can be used along with
the collection w; € §2; (i = 1,...,n) to provide additional useful estimates. Indeed, if ||w; — Z|| < &

i =1,...,n) for some & > 0 (one can take, e.g., £ := max ||w; — Z||), then each of the above three
1<i<
<i<n

corollaries immediately gives |lw; —Z|| < £+ (i = 1,...,n). This simple observation plays an important
role in the proof of the extended extremal principle. It is used also in the next statement, which is a

consequence of Corollaries [3.9.11] and [3.3.12}

Proposition 3.3.14. Suppose {21, ..., 82, are closed subsets of a Banach space X, T € N}_1§2;, £ > 0,
wi €2;NBe(Z), a; € X (i =1,....n), a €0,1], p > 0, £+ p(1 — a) < §, and conditions are
satisfied. Then,

(i) there exist points w; € Bs(Z) and vectors xf € X* (i = 1,...,n) such that conditions (D3) and
(3.39) are satisfied with N standing for the Clarke normal cone (N := Nc), T =

in place of w;;

, and w,
142« !
(ii) there exist points w; € Bs(z) and vectors x; € X* (i = 1,...,n) such that conditions (D4) and

1=
(3:39) are satisfied with N standing for the Clarke normal cone (N := N€), 1 := © . and

1+a’

«
o = T and W} in place of a and w;, respectively.
-«
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Suppose X is Asplund and N stands for the Fréchet normal cone (N := N¥'). Then,

1
i) for any T €|0, ———|, there exist points w; € Bs(x) and vectors x; € 1=1,...,n) such that
014_2 h } ) i€ B d reX*(i=1 h th
o]
conditions (D3) and (3.39)) are satisfied with w, in place of w;;
1—
iv) for any T € ,7& , there exist points w, € Bs(Z) and vectors x; € X* (i = 1,...,n) such that
0 1+ (2 K3
Q@

and w; in place of a and w;, respectively.

conditions (D4) and (3.39) are satisfied with o/ = T a

Proof. In view of Remark|3.3.13] assertions (i) and (iii) are consequences of Corollary(3.3.11| with € := ap
3.3.12

and A := (1 — a)p, while assertions (ii) and (iv) are consequences of Corollary with € := ap and
A= (1+a)p. O

Remark 3.3.15. The assertion in Proposition [3.3.14(iii) improves Theorem 3.1], which was used
in as the main tool when extending the extremal principle to infinite collections of sets.

The above proposition yields dual characterisations of approximate a—stationarity defined in Defini-

tion 27713

Corollary 3.3.16. Suppose §21,...,(2, are closed subsets of a Banach space X, T € N[—§2; and a > 0.
Suppose also that the collection {§21,...,82,} is approzimately a-stationary at T. Then,

(i) for any € > 0, there exist points w; € £2; N B.(Z) and vectors x} € X* (i = 1,...,n) such that
conditions (D3) and ([3.39) are satisfied with N standing for the Clarke normal cone (N := N¢)

(i) if additionally a €]0, 1], then, for any e > 0, there exist points w; € ;N B:(Z) and vectors z} € X*
(¢t = 1,...,n) such that conditions (D4) and (3.39) are satisfied with N standing for the Clarke

in place of a.

-«
,and o =

l N = Nc = —
normal cone ( ), T Ta

1—

Suppose X is Asplund and N stands for the Fréchet normal cone (N := NF). Then,

1
(iii) for any e > 0 and T €]0, ﬁ[, there exist points w; € £2; N B.(Z) and vectors x} € X* (i =
Q
1,...,n) such that conditions (D3|) and (3.39)) are satisfied;
1—
(iv) if additionally o €]0, 1], then, for anye > 0 and T €]0, 1—#704[
et

vectors xf € X* (i =1,...,n) such that conditions (D4) and (3.39) are satisfied with o/ := IL
—

, there exist points w; € 2;NB.(Z) and

in place of a.

Proof. In each of the assertions, let numbers € > 0 and 7, satisfying the respective conditions, be

given. For parts (i) and (iii), choose a number £ €]0, [, while for parts (ii) and (iv), choose a

2+«
number £ €]0, %[ By Definition [2.7.13] there exist a number p €]0,&[, points w; € £2; N B¢(Z) and
-«

vectors a; € X (i = 1,...,n) such that conditions (P4)) are satisfied. In parts (i) and (iii), we have
E+p(14+a) < &2+ a) < e, and in parts (ii) and (iv), we have £ + p(1 —a) < £(2 — a) < e. The
conclusions follow from Proposition O

Remark 3.3.17. The infinitesimal statements in Corollary are crucial for the extended extremal
principle and its extensions to infinite collections of sets. For instance, in view of Proposition
Corollary [3.3.16{(iii) and (iv) immediately yield the implications, respectively, (i) = (ii) and (i) = (iii)
in Theorem R2.7.3
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The dual characterisations of the ‘extremal’ arrangements of collections of sets given in the statements
in the first part of this section are themselves in a sense extremal properties of collections of sets. They
can be partially reversed in the setting of a general normed vector space. We start with an ‘asymmetric’
statement where the last set on the list plays a special role.

Proposition 3.3.18. Suppose §21,..., (2, are subsets of a normed vector space X, w; € £2; (i=1,...,n)
and € > 0. If vectors x} € X* (i=1,...,n) satisfy

2} € NG (wi) (i=1,...,n—1), d(z},, NG (wy)) <e (3.43)

and conditions (3.14), then there exists a 6 > 0 such that, for any p €]0,d] and T €]0,1[, there exist
vectors a; € X (i =1,...,n — 1) satisfying conditions and

n—1

> (ag,ai) > Tep. (3.44)
i=1
Proof. By (3.43)), we can choose a vector z* € N, gn (wn) and a positive number &’ < & such that
|z —z*|| < €. (3.45)
Choose also numbers €1 > 0 and 5 > 0 such that
net+(n—1)gg<e—¢ and (n—1)ex <e(l—7). (3.46)

By the definition of the Fréchet normal cone, there exists a number § > 0 such that

(7, w—w;) < 53_711 |w—w;il|  forall we 2N Begs(w) (i=1,...,n—1), (3.47)
(", w—wy) <e1ljlw—wy|| forall we 2,NBs(w,). (3.48)

Let p €]0,d[. Choose vectors a; € X (i =1,...,n — 1) such that
la;]| <ep and (xf,a;) >eplz}]| —e2p (i=1,...,m—1). (3.49)
Then, by (3.14) and (340),

n—1

> (afai) >ep—(n—1)ep > Tep.
=1

Hence, the inequality in and condition (3.44)) are satisfied. Suppose that the equality in does
not hold. Then there exist w} € 2; (i =1,...,n) and an = € pB such that

1 _ _
Wy —W1 —ap = ... =W,

By (3.49), |lwi —will = [l + aill < ||zll + [lail < (e +1)p <(e+1)d (i=1,...,n—1) and [l —wn|| =
|z]] < p <. Hence, by (3.47)), (3.48) and (3.49),

/
—Wpo] — Qp—1 = Wy, — Wy, = T.

(@7, 2) = (o, 0] —wi) = (27, 0i) < —epllai| + (€1 + 2)p,

(&%, z) = (27,0, — wn) <e1p,

and consequently, using (3.14)) and (3.46]),

n—1
(" =z, x) = Z(x?,m} + (%, x) < —ep+neip+ (n—1)eap < —€'p.
i=1
On the other hand, by (3.45)), (z* — z,,z) > —&’p. A contradiction. O

The corresponding ‘symmetric’ statement follows immediately after applying Proposition [3:3:1§] to
the collection of n + 1 sets {2,...,(2, and X.
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Corollary 3.3.19. Suppose (21,...,(2, are subsets of a normed vector space X, w; € £2; (i=1,...,n)
and e > 0. If vectors x} € X* (i =1,...,n) satisfy conditions (D1)), then there is a § > 0 such that, for
any p €]0,0[ and T €]0, 1[, there exist vectors a; € X (i =1,...,n) satisfying condition (P4) and

(x},a;) > Tep. (3.50)

n
=1

In view of Proposition [2.7.11[iv), the above two statements produce dual sufficient characterisations
for approximate stationarity.

Corollary 3.3.20. Suppose (21,...,§2, are subsets of a normed vector space X and & € N;_,$2;. If for
any € > 0 there exist points w; € 2, N B(z) (i =1,...,n) and vectors x} € X* (i =1,...,n) satisfying
either conditions (3.43|) or conditions (D1)), then the collection {{21,...,2,} is approrimately stationary
at .

Remark 3.3.21. Similar to the dual necessary characterisations of extremality /stationarity properties dis-
cussed in the first part of this section, the sufficient conditions in Proposition [3.3.18 and Corollary
contain conditions and , respectively, relating the given dual vectors = (i = 1,...,n) and
the primal space translation vectors a; (i = 1,...,n) guaranteed by the statements. In view of Re-
mark (ii), such conditions seem to be an intrinsic feature of the extremality/stationarity properties,
independently on whether one goes from primal space conditions to dual space ones or the other way
round.

Combining Corollaries[3.3.16|and [3.3.19] we can formulate a full dual characterisation of approximate
a-stationarity when either the space is Asplund or the sets are convex.

Corollary 3.3.22. Suppose (21,...,82, are closed subsets of a Banach space X, T € N_1(2; and o >
0. Suppose also that either X is Asplund or (21,...,82, are convex. The collection {{21,...,82,} is
approzimately a-stationary at T if and only if, for any € > 0, there exist points w; € B.(Z) and vectors
xf € X* (i =1,...,n) such that conditions are satisfied with N standing for the Fréchet normal
cone (N := N¥).

Moreover, under the above conditions, if X is Asplund and T €]0, [, or £1,...,82, are convex

1
14 20
and T := ﬁ, then, for any e > 0, points w; € B:(Z) and vectors x; € X* (i =1,...,n) can be chosen
to satisfy also condition (3.39)), while, for any ¥ €]0,1[, vectors a; € X (i =1,...,n) in Definition[2.7.15

n
of the approximate a-stationarity can be chosen to satisfy additionally Z (xf,a;) > Tap.

i=1

Proof. The ‘only if’ part together with the condition in the ‘moreover’ part follow from parts (i)

and (iii) of Corollary taking into account that for convex sets the Clarke and Fréchet normal cones

coincide. Conversely, given any ¢ > 0, 7 €]0, 1], points w; € B.(Z) and vectors =} € X* (i = 1,...,n)

satisfying conditions , Corollary with a and 7 in place of € and 7, respectively, yields the
n

approximate a-stationarity and condition Z (xf,a;) > Tap. O
i=1

Remark 3.3.23. In view of Corollary 2.7.8 and Remark the first part of Corollary [3.3:22] yields
the statements of Theorems 2.7.3] and R7.15)

The assumption 2} € N (w;) (i = 1,...,n—1) in Proposition|3.3.18|can be relaxed (at the expense of
weakening the estimates in and (3.44])). The next statement is a consequence of Propositions|3.3.18
and 2.7.100

Corollary 3.3.24. Suppose (21,...,(2, are subsets of a normed vector space X, w; € £2; (i=1,...,n)
and € €]0,1[. If vectors zf € X* (i =1,...,n) satisfy conditions with N standing for the Fréchet
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normal cone (N := N¥), then there is a § > 0 such that, for any p €]0,0] and 7 €]0,1[, there eist
vectors a; € X (i =1,...,n—1) satisfying conditions and (3.44) with ¢ :=¢/(1 —¢€) in place of €.

Since €/(1 — €) < €, the conclusions of Corollary [3.3.24] are weaker than those of Proposition |3.3.18
Observe that conditions (P5) involve a localisation of the n-th set (near w, € 2,). The estimates can
be improved by considering localisations of all the sets.

Proposition 3.3.25. Suppose (21,..., (2, are subsets of a normed vector space X, w; € £2; (i=1,...,n)
and € > 0. If vectors zf € X* (i = 1,...,n) satisfy conditions with N standing for the Fréchet
normal cone (N := N¥'), then there is a § > 0 such that, for any p €]0,6[ and T €]0, 1[, there are vectors
a; € X (i=1,...,n—1) satisfying

"ﬁl ((QZ —w;) N (pB) — ai) N2, —wn)N(pB) =0 and | Jnax llai|| < ep, (3.51)
i=1 <i<
and condition .
The proof below is a modification of that of Proposition [3.3.1§
Proof. Choose vectors yf € Nj (w;) (i =1,...,n) and a positive number ¢’ < ¢ such that
i 27 —yil <€ (3.52)
i=1

Then choose numbers £; > 0 and €5 > 0 such that ¢; +e3 < e —¢’ and g5 < (1 — 7)e. By the definition
of the Fréchet normal cone, there is a § > 0 such that

(yf,w—w;) < % lw—w;|| forall we;NBs(w;) (i=1,...,n). (3.53)

Let p €]0,d]. Choose vectors a; € X (i =1,...,n) satisfying

* * € -
lal <ep and (af,a) > eplleil - = (i=1,...,n-1).
By , we have
n—1
Z(zf,aﬁ > ep — Eap. (3.54)
i=1

The inequality in (3.51]) and condition (3.44) follow. Suppose that the equality in (3.51) is not satisfied.
Then there exist points w; € 2, N B,(w;) (1 =1,...,n) and an = € pB such that

Wi—wi—a1=...=W,_ | —Wnp1—Ap_1 =W, — Wy = . (3.55)
Hence, making use of (3.55]), , (3.54), (3.53) and (3.52]), we have
n—1 n—1
0= Z@fa (W;L _wn) - (w; — Wi — az)> == Z<1’f7w£ — Wi — ai> - <{E;,w; _wn>
i=1 i=1
n—1 n—1 n

n n
= Z(xfﬂﬁ - Z(ﬁwg —w;) = Z(xi,a» - Z(yf,wg —w;) + Z@f -z}, Wi — w;)

i=1 =1 i=1 =1 i=1

n
€
>ep—eap — ZIZ |lwi —wi|| — ¢ 1rga<xn\|w; —wi|| > (e—& —e1 —e2)p>0.
i=1 ==

This contradiction proves the proposition. O
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Chapter 4

Nonlinear Characterisations

The conventional extremal principle and all its subsequent extensions, including the recent dual gener-
alised separation characterisations of the elementary non-intersection properties in [29,(30%/97,170L|172}
174], use only ‘linear’ estimates. Motivated partially by the very recent developments in [4042//43], where
nonlinear transversality properties are studied, in Chapter [d] we target linear and nonlinear primal and
dual characterisations of the elementary non-intersection properties involved in Definition 2:3:1} Note
that, unlike the corresponding transversality properties, the properties in Definition [2.3.1do not contain
explicitly any nonlinearity. Nevertheless, nonlinear estimates can be added naturally to their charac-
terisations. As discussed above, when proving dual generalised separation statements, non-intersection
properties of sets are first reformulated in terms of functions, which admit application of the Ekeland
variational principle. Starting from [101H103], distance-type functions are normally used for that pur-
pose. It is elementary to observe that more general nonlinear functions can be used as well. The functions
do not even have to be continuous (the Ekeland variational principle only requires the function to be
lower semicontinuous), but we do not go that far in this context.

In this chapter, we establish nonlinear primal (slope) and dual (normal cone) characterisations of the
key non-intersection properties and , with fixed vectors a;’s. These ubiquitous properties
are present in one form or another in all four parts of Definition 2.3.1] and Proposition 2:3.4] as well as in
all known extensions of the extremality/stationarity properties. Thus, any necessary characterisations of
these properties translate into the corresponding characterisations of the properties in Definition [2.3.1
In particular, their dual characterisations lie at the heart of the conventional extremal principle. Be-
sides, examining the elementary non-intersection properties independently of the containing them four
conventional properties in Definition [2:3.1] opens a way for studying other related properties, e.g., in the
important for applications setting when all the sets lie in a subspace of X.

(Linear) metric and dual characterisations of and have been studied in [30]. Here we
aim at establishing more general nonlinear characterisations (also in the slope form). The nonlinearity in
our model is determined by a continuous strictly increasing function ¢ : Ry — R, satisfying ¢(0) = 0.
The family of all such functions is denoted by C. We denote by C' the subfamily of functions ¢ € C
which are continuously differentiable on ]0, oo with ¢’(t) > 0 for all ¢ > 0. Obviously, if p € C (¢ € C1),
then o' €C (ot e Ch).

Along with the conventional maximum norm, we are going to consider on the product X™ of n > 1
copies of the space X the following parametric norm depending on a number v > 0:

H(u17~-~7un)H,y = max{||u1||7'-'7||un—1||a’yHu”H}’ Ul,...,unEX, (41)

where the parameter is always associated with the last component.
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4.1 Slope Characterisations

4.1.1 Slopes

Let ¢ : X — RU{+0c0} be an extended-real-valued function on a metric space. The slope [45] (cf. [6l/75])
of ¥ at x € dom v is defined by

Vo|(z) = limsup L&) =YW+

b
U—T, UFET (ZL’, u

where ay := max{0,a} for any a € R. If ¢)(z) > 0, one can define the nonlocal slope [94] (cf. |126]) of
P at x:

oy o o [0 = ()]

When z ¢ dom v, we set |Vo|(z) := |V|°(z) := +oo. Obviously, 0 < |Vi|(z) < |[V¢|°(z) for all z € X
(with ¥ (z) > 0), and both quantities can be infinite.

The next lemma from [42] provides a chain rule for slopes. It slightly improves [7, Lemma 4.1],
where 1 and ¢ were assumed lower semicontinuous and continuously differentiable, respectively. The
composition @ o1 of a function ¢ : X — RU {400} on a metric space and a function ¢ : R — RU{+o0}
is understood in the usual sense with the natural convention that (¢ o ¢)(x) = o0 if ¢¥(z) = +o0.

Lemma 4.1.1 (Slope chain rule). Let X be a metric space, ¥ : X — RU {400}, ¢ : R = RU {400},
x € dom and ¥(x) € dom . Suppose p is nondecreasing on R and differentiable at ¥ (z), and either
o' (Y(x)) >0 or |Vi|(z) < +00. Then

IV(poy)l(x) = ¢ ($(x))|V)|(x).

Remark 4.1.2. The chain rule in Lemma [{.1.1] is a local result. Instead of assuming that ¢ is defined
on the whole real line, one can assume that ¢ is defined and finite on a closed interval [a, 5] around the
point ¥(x): a < ¢¥(z) < B. It is sufficient to redefine the composition ¢ o ¢ for x with ¢ (z) ¢ [a, ] as
follows: (po))(z) := () if Y(z) < «, and (porp)(x) := ¢(B) if ¥(x) > B. This does not affect the
conclusion of the lemma.

4.1.2 Slope Characterisations

The next statement gives slope characterisations for the non-intersection property (3.12)), where the
vectors as,...,an—1 € X are fixed. If N7_,02; # 0, then condition (3.12) implies  Jmax lla;|| > 0.
i<n—

Note that condition (3.12)) is not symmetric: the role of the set (2, differs from that of the other sets
24,...,82,_1. This difference is exploited in the subsequent statements.

To quantify non-intersection properties, we are going to use the the asymmetric distance-like quantity
(2.32) (nonintersect index [172]):

dl(Ql,...7Qn) =

inf o
u; €92 1<?=1,-..,n)1gr?§af_1 |t — ]

Theorem 4.1.3. Let §21,...,82, be closed subsets of a Banach space X, T € N2, a; € X (i =
1,...,n—=1),e>0 and ¢ € C. Suppose that condition (3.12) is satisfied, and
1<i<n—1

® < max ||az||> <pldi(1—ar,..., 201 —an_1,2,) +¢ (4.2)
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1<i<n—
(t=1,...,n—1) and w, € 2, N By (&) such that

(or simply ¢ ( max llail| | <e). Then, for any X > 0 and n > 0, there exist points w; € £2; N Bx(Z)

<p(  Jmax lwn + a; — wil| ) - np( (Jmax lun + a;i — ul| )

€
sup < = (4.3)
u; €823 (1=1,...,n) ||(u1 Wi, Up —wn)||7 A
(U1, un)# (W15 wn)
il < ) .
0< | Jnax llwn + a; — w;i]| < | Jnax lla:ll (4.4)
A
where v := —. As a consequence,
n
| ol e o+ —l) o, moe oo+ —uil)
lim sup < <. (4.5)
2;3u;—w; (i=1,...,n) ||<U1 —Wi,...,Un _wn>||,y A
(u17""’un)¢(wl7"'iwﬂ)
Moreover, if ¢ is differentiable at max ||w, + a; — w;l|, then
1<i<n—1
! — .
(e o+ 0 =)
| Js llon o el =, g lon b il
X lim sup <=, (4.6)
2;5u;—w,; (1=1,...,n) ||(U1 —Wi,y...,Un _wn>||,y A
(w1, un ) # (W15 wn)
with the convention 0 - (+00) = 0.
A ;L
Proof. Let A > 0,7 >0, v:= —, and a number & satisfy
n
7 < max ||a1||> —o(di(1 —ar, ..., 2pq1 —an_1,2,) <& <e. (4.7)
1<i<n—1
Consider a continuous function f: X" — R
flug, ... uy) = gp( max ||un, + a; — u4] ), Up, ... Uy € X (4.8)
1<i<n—1

It follows from (3.12)) and (4.7 that

flug, ... uy) >0 forall w;, €8 (i=1,...,n),

f(CE, ey CE) = <1<I}l<a£(1 ||a1,||) < @(dl(gl — A1y, Qn—l — an-1, Qn) + e

Applying the Ekeland Variational Principle (Lemma [3.1.1]) to the restriction of the function f to the
complete metric space {21 X ... x {2, with the metric induced by the norm (4.1, we find points w; €
2,NBx\(z) (i=1,...,n—1) and w, € 2, N B, () such that

0< flwry.-. wn) < f(z,y...,2),

!

€
Flug,ooun) + < ll(ur —wryeyun —wn) |, 2 flon, . wn)
forall u; € £2; (i =1,...,n). In view of the monotonicity of ¢, the last two inequalities imply conditions
(4.3) and (4.4). Condition (4.3 obviously yields (4.5)). If ¢ is differentiable at x| lewn + a; — wil],
then condition (4.5 implies (4.6) thanks to Lemma [{.1.1] O
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Remark 4.1.4. (i) The expressions in the left-hand sides of the inequalities and are the
main ingredients of the, respectively, global and local slopes of the restriction of the function f
given by to the complete metric space £2; x ... x §2,, with the metric induced by the norm
(4.1) (y-slopes ), and can be equivalently replaced in these inequalities by the respective slopes.
This observation justifies the name ‘slope characterisations’ adopted in the thesis for this type of
estimates as well as the reference to Lemma in the proof of Theorem [4.1.3]

(ii) The functions in the left-hand sides of the inequalities (£.3)), and are computed at
some points w; € 2; (i = 1,...,n) in a neighbourhood of the reference point Z. The size of the
neighbourhoods is controlled by the parameters A and 7, which can be chosen arbitrarily small.
Note that both the left and the right-hand sides of (4.3), and also depend on A and 7,
and decreasing their values weakens these conditions. Note also that the neighbourhoods for w;

(i=1,...,n—1) on one hand, and w,, on the other hand are controlled by different parameters.
This reflects the fact that condition (3.12) is not symmetric.

(iii) It is easy to see that the conditions under sup in (4.3)) and under limsup in (4.5) and (4.6)) can be
complimented by the inequality

max ||lu, +a; —w|| < max |w, + a; —wil|
1<i<n—1 1<i<n—1

with the convention that supremum over the empty set equals O.

(iv) Condition relates points wj,...,w, to the given vectors aq,...,a, and complements the
other conditions in Theorem on the choice of these points. The smaller the norms of these
vectors are, the more binding condition is; for instance, it follows from conditions w; € By (Z)
(t=1,...,n—1) and w, € B,(Z) that, foreach ¢ =1,...,n—1, |jw, —w;|| < A+n, while condition
(4.4) gives an alternative estimate: |lwy, —w;| < 2  Jnax |la;||, which obviously ‘outperforms’ the

fi h i 2.
rst one when Jnax lai]l < (A+mn)/

(v) Condition (4.2) in Theorem can obviously be replaced by a simpler (though stronger!) condi-

tion ¢ | max ||| ] < e. This weakened version of Theorem [4.1.3|is sufficient for characterising
1<i<n—1

the conventional extremality /stationarity properties in Definition [2.3.1} One can go even further
and require simply that Jmax lai]] < e. Of course, in this case e in the inequalities (4.3]), (4.5
StsSn—

and (4.6) must be replaced by ¢(g). This creates an interesting phenomenon: ¢ disappears com-
pletely from the assumptions of Theorem and remains only in its conclusions (which must
hold true for any ¢ € C!)

The importance of the full version of a condition of the type (4.2) for some applications was

demonstrated in [1704/172].

>

(vi) The conclusions of Theorem [4.1.3|are true with any positive number v < —.

3

Theorem gives nonlinear primal (slope) characterisations of the asymmetric non-intersection
property hich is a special case of the key non-intersection property (3.35)) in the definition of
extremality. Now observe that characterisations of even more general than (3.35) symmetric ‘local’ non-
intersection property can be straightforwardly deduced from Theorem It is sufficient to add
to the given collection of n sets a closed ball B, (Z) C B,(z) and apply Theorem

Theorem 4.1.5. Let §21,...,82, be closed subsets of a Banach space X, T € Ni—142, a; € X (i =
1,...,n), e >0 and ¢ € C. Suppose that condition (P2)) is satisfied with some p €]0, 0], and

® < max ||az|> <o(di(1 —ar,..., 02, —an,By(T))) +¢ (4.9)

1<i<n
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(or simply ¢ (max al||) < ¢). Then, for any A > 0 and n €]0, p[, there exist points w; € §2; N B\(Z)
(t=1,...,n) and z € B,(Z) such that

go( max |z +a; — w1||) —go( max |lu+a; — u1||)

sup I=1s == < E, (4.10)
u; €82; (i=1,...,n), u€ By () ||(U1 — Wiy Un _wnau_x)H'y A
(ul7'-'yun)u)i(")h“-vwvuw)
0 < max |lo+a; —wil] < max flail], (4.11)
A
where v := —. As a consequence,
n
| o max llo+a; el ) o max futa—wl)
lim sup < <. (4.12)
2;5u;—w,; (i=1,...,n), u—z H(U’l — Wiy Un _wnvu_x)H'y A
(U1, s un, u)# (W1, wn @)
Moreover, if ¢ is differentiable at max |z + a; — w;||, then
sStsn
/ . — .
o' (max o +a; — wi])
max ||z + a; — w;l| — max. ||u + a; — ug|
. 1<i<n &
X lim sup —, (4.13)
2;5u;—w; (1=1,...,n), u—zx H(ul —Wiyeeey Un — Wh, U — )H'y )‘

(ul:~~~7un7u)7£(w17"~)wn)1)
with the convention 0 - (+00) = 0.

Remark 4.1.6. The comments concerning Theorem [£.1.3] made in Remark [f.1.4) are, with obvious modi-
fications, applicable to Theorem and the subsequent statements in this thesis.

All the properties in Definition [2.3.1] as well as the nonlinear primal characterisations of the non-
intersection properties in Theorems and presume that the sets have a common point. Fortu-
nately Theorem is rich enough to characterise a non-intersection property without this assumption.

Indeed, if N{— 1!? = @ then, for any points w; € £2; (i = 1,...,n), one can consider the sets 2 := 2, —w;
(i =1,...,n), which obviously satisfy 0 € N}"_, {2} Moreover, after setting a; := wp—w; (i =1,...,n—1),
one has

n—1 n—1

ﬂ(()g—ai)ﬂh@;:ﬂ(ﬂi—wn)ﬁ( n — Wn) ﬂﬁ—wn—@ (4.14)

i=1 i=1

Thus, Theorem is applicable and we immediately arrive at the next statement. Note that d(£2] —
o e S e .

n—1

Proposition 4.1.7. Let (2, ..., (2, be closed subsets of a Banach space X, w; € £2; (i=1,...,n),e >0
and @ € C. Suppose that N}_12; =0 and

<p( max Hwn—wiH)<g0(d1((21,...,(2n))+5

1<i<n—1

(or simply g0< Jnax l|wn wz”) < ). Then, for any X > 0 and n > 0, there exist points w, €
2,0 By(w;) (i=1,....,n—1) and v, € 2, N B,(wy) such that

o max e —wlll) = o, maxfun - wll)

sup 1<i<n 1<i<n < E
u; €02; (i=1,...,n) ||(U1 7w/17"'7un 7"‘);7,)”7 A’
(ul,..wun)#(wi,..ww/n)
/ /
—J < — Wi )
0< max Jw, —will < max fun—wil, (4.15)
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A
where v := —. As a consequence,
n

o max ey —wlll) = o, max fun - wll)

lim sup 1sizn Lsi=n < £
2;2u;—w) (i=1,...,n) ||(U1 7w/17"'7un 7("};7,)”7 A
(ulv“vun)i(‘*"iv'ww;)
Moreover, if ¢ is differentiable at max ||w., — wi||, then
1<i<n—1

I o
80/( max |lw;, — w/”) lim sup lgr%af_l e~ 1;%&5(_1 e = el =
1isn—1 " T g s (i=1,.0m) [(ur — @i un — @), A

(ul7---;”71)#(“17---7"‘-’@)

with the convention 0 - (+00) = 0.

4.2 Dual Characterisations

In this subsection, we require the function ¢ to be continuously differentiable.

The dual norm on (X*)"*! corresponding to (#.1)) has the following form:

1
I, ai)lly = Y et + Sl 2t € X5

The next theorem is a dual counterpart of Theorem providing dual characterisations of the
non-intersection property (3.12)). It generalises and improves |30, Theorem 6.1].

Theorem 4.2.1. Let (2,...,§2, be closed subsets of a Banach space X, T € Ni—182, a; € X (

(i
1,...,n—1),e >0 and ¢ € C'. Suppose that conditions and . 4.2) (or simply ¢ ( max ||al>
e) are satisfied. Then, for any X >0 and n > 0,

(i) there exist points w; € £2; N Bx(Z) (i = 1,...,n — 1) and w, € 2, N B, (Z) satisfying condition
(4.4), and vectors xf € X* (i =1,...,n) such that

n n—1
Yoai=0, Y llzfll =1, (4.16)
i=1 i=1

n—1
/ L . * . *
4 (mX o + i — wil) (A;dmmm)) +nd (a3, Na, <wn>>> <e, (4.17)
1=
n—1
> (@, wn 0 —wi) = max wn + a; — wil], (4.18)
= 1<i<n—1

where N stands for the Clarke normal cone (N = N¢);

(ii) if X is Asplund, then, for any T €]0, 1], there exist points w; € 2, N Bx(Z) (i=1,...,n—1) and
wn € 2, N By(Z) satisfying

0< | Jnax. ||wn +a; —wi <e, (4.19)
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and vectors x; € X* (i = 1,...,n) satisfying conditions (4.16]), , with N standing for the

Fréchet normal cone (N = N, and
n—1
Z; (] ywn +a; —w;) > T 1§r§127§71 lwn + a; — wi]]. (4.20)
1=

Proof. Choose a number ¢’ satisfying condition (4.7). By Theorem [4.1.3] there exist points w; € £2; N
B\(z) (i=1,...,n—1) and w, € 2, N B,(Z) satisfying condition (4.4)) such that condition (4.6) holds

with v := X and ¢’ in place of €. The last condition yields

0e 6F(g +91 +gz)(o.}1, N ,wn), (421)
where, for all uy,...,u, € X,
glur, ... up) == | Jnax lun + a;i — us , (4.22)
E/
Uy ooy lUy) i= UL — W1, ..., Uy — Wy ,
gl( 1 ) >\<,0’(g(OJ1,-~-,wn)) ||( 1 1 )H—y
0 ifu e (Gi=1,...,n),
g?(u17"'7un) ::{ . ( )
oo otherwise.

Functions ¢ and g; are convex and Lipschitz continuous, and g- is lower semicontinuous.
From this point we split the proof into two cases.

(i) X is a general Banach space. Condition (4.21]) obviously implies 0 € 9 (g 4 g1 + g2) (w1, - - - wn).
By the Clarke-Rockafellar subdifferential sum rule (Lemma ii)), there exist three subgradients:

(W}, ...,0%) € g(wi,... wn), (V1,...,05,) € Ogi(wi,...,wy) and (v3y,...,v5,) € 0%ga(wi, ... wn)
such that

v 4ol vy, =0 (i=1,...,n).

Observe that g(w1, . ..,w,) > 0 (thanks to (4.4])), and g is the indicator function of the set 21 X ... x §2,,.

Hence, by Lemmas [2.2.3 and [2:24]

n

n—1
=0 Y |vill=1, (4.23)
=1

i=1
n—1
D o = s =) = gl = 05 = ] (4.24)
n—1
¢'(g(wr, ... wn)) </\ D ldill +m IIUTnH) <é, (4.25)
i=1

and v3; € N (w;) (i=1,...,n). Setting ] := —v} (i = 1,...,n), we immediately get conditions (4.16)
and (4.18). Moreover,

n—1 n—1
AD o d (e, NG (@) +nd (5, NG, (@n)) < A Hlof + 3]l +nlloy, + 03,
=1 i=1

n—1
=2 i+ vt
i=1
and condition ([4.17)) is a consequence of (4.25)).
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(ii) Let X be Asplund, and 7 €]0,1[. In view of ({.2I)), we can apply the fuzzy sum rule
(Lemma [2.2.1](iii)) to the sum of g+ g1 and g followed by the convex sum rule (Lemma[2.2.1fi)) applied
to the sum of g and g;: for any £ > 0, there are points z; € X and w, € ; (i = 1,...,n) and subgradi-
ents (v},...,v5) € Ag(x1,...,xn), (Vi1 ..., v},) €0g1(x1,...,x,) and (viy,...,v5,) € 0 ga(w],... W)
such that

n
max oy —will <& max | —will <& 3 lof + i+ vnl <&

i=1
The number £ can be chosen small enough so that w; € Bx(z) (i = 1,...,n — 1), w), € B,(z),
g(z1,...,xy) > 0, g(wi,...,w)) > 0, conditions (4.19) and (4.20) are satisfied with w; in place of
w; (i=1,...,n), and, taking into account the continuity of g and ¢,

e €

P (g, ) e < T ey

By Lemmas and [2.2.4] vectors (v],...,v}) and (viy,...,v],) satisfy conditions (4.23), (4.24) and
(£:25) with @; in place of w; (i = 1,...,n), and v3; € N (w}) (i =1,...,n). Set z} := —v} (i =1,...,n).
Conditions (4.16) follow immediately. Moreover,

n—1 n—1
MY d (f, N5 @) +nd (25, N5 (wh)) <A Jlof + o3l + nllv; + v,
i=1 =1
n—1 n
<A ol ot + max{d,n} S lvr + ol + v
=1 =1
g 5

+ max{\, n} <

' (g(wr, .- wn))’
i.e. condition ([4.17) is satisfied with w, in place of w; (i = 1,...,n). O

= @ (9(z1,...,2n))

Remark 4.2.2. (i) Inequality together with the first equality in play the key role in asym-
metric dual characterisations of extremality/stationarity properties. The inequality ensures that
the dual vectors z7,...,z,, whose sum is zero, are close to the corresponding normal cones. The
second equality in is the normalisation condition for the collection of dual vectors; it ensures
that the conditions are nontrivial.

(ii) Note that, when ¢ is linear, the left-hand side of (4.17) is independent of the vectors ay, ..., a,_1.
(iii) Conditions (4.18)) and (4.20) first appeared explicitly in [170] and were explored further in [30,/172].

Conditions of this type relate dual vectors z; and primal space vectors wy+a; —w; (i =1,...,n—1),
and allow to reduce the number of dual vectors involved in checking dual characterisations of ex-
tremality /stationarity properties. Such conditions also play an important role in characterisations
of intrinsic transversality .

(iv) Primal space conditions (4.4) and (4.19) provide additional characterisations of non-intersection
properties (cf. Remark iv)). They have not been used in this context before.

(v) Condition (4.17) with Fréchet normal cones is obviously stronger than its version with Clarke

normal cones. On the other hand, conditions (£.19) and (4.20) in the second part of Theorem [£.2.1]
8E

are weaker than the corresponding conditions (4.4) and ) in its first part. This is because of
the fuzzy sum rule used in its proof.

(vi) Clarke normal cones in part (i) of Theorem and the other dual space characterisations in
this thesis can be replaced by the G-normal cones by Ioffe , corresponding to the approximate

G-subdifferentials, which, similar to the Clarke ones, possess an exact sum rule in general Banach
spaces; cf. Theorem 4.69).
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As before, characterisations of the more general than (3.12)) symmetric local non-intersection property
can be straightforwardly deduced from Theorem [4.2.1 by using the same simple trick: adding
to the given collection of n sets a closed ball B, (Z) C B,(Z). The next statement generalises and
improves [30, Theorem 6.3].

Theorem 4.2.3. Let (21,...,82, be closed subsets of a Banach space X, T € N_82, a; € X
(it =1,...,n), p €0,00], € > 0 and ¢ € C. Suppose that conditions (3.35) and (4.9) (or simply

7 <1I£1ax |a1||) < &) are satisfied. Then, for any X\ > 0 and n €]0, p|,

(i) there exist points w; € 2, N BA(z) (i =1,...,n) and x € B,(Z) satisfying condition (4.11)), and
vectors x7 € X* (i=1,...,n) such that

Z il =1, (4.26)

n

>

=1

¢ (max o+ a - wz-n) (Azd zl, Ny (i) +1

1<i<
i=1

at ) <e, (4.27)

n
Z;<x;‘,m+ai —w;) = 11;1?§Xon+ai — will, (4.28)

where N stands for the Clarke normal cone (N = N¢);

(ii) if X is Asplund, then, for any 7 €]0,1[, there exist points w; € 2; N Bx(z) (i = 1,...,n) and
x € By () satisfying

0 < max ||z +a; —w;| <e, (4.29)
1<i<n
and vectors xf € X* (i = 1,...,n) satisfying conditions (4.26]), , with N standing for the

Fréchet normal cone (N = NF), and

Z xl,r+a; —w;) >7 max ||z +a; — w;i. (4.30)
— 1<i<n

Proof. The statement is a direct consequence of Theorem applied to the collection of n + 1 closed
sets 21,...,82,, B, (_) It is sufficient to notice that, once » € B, (), we have Np, (z(v) = {0}, and

consequently, d < le,N B >

O

Remark 4.2.4. The comments concerning Theorem [4.2.1) made in Remark [£.2.2] are with obvious modi-
fications applicable to Theorem [1.2.3 and the subsequent statements in this thesis.

The single common point z € N;—; (2; in Theorems and can be replaced by a collection of
individual points w; € £2; (i =1,...,n) (Which always exist as long as the sets are nonempty). The next
statement is a consequence of Theorem [4.2.1|applied to the collection of sets 2] := 2, —w; (i =1,...,n),
which obviously have a common point 0 € ﬁ ' 2. Tt generalises and improves |30, Corollary 6. 1]

Proposition 4.2.5. Let (21,...,82, be closed subsets of a Banach space X, w; € ; (i=1,...,n),
a;€X (i=1,...,n—1), >0 and ¢ € C*. Suppose that

m(Qi_wi_ai)ﬂ(Qn_wn):®7

© ( max ||a2|> <o(d(fh —w;—ar, ..., 21 —wpo1 — Ap-1,82n —wy) + €

1<i<n—1

84



(or simply ¢ <1<m<ax . ||a1||> <e) Seta,:=a;+w;—w, (i=1,...,n—1). Then, for any A\ >0, n >0,
StSsSn—

(i) there exist points w; € £2; N Bxy(w;) (i =1,...,n—1) and w;, € 2, N By (wy,) satisfying

’ / / )
0< max Jun+a—wl < max flal, (4.31)

and vectors x; € X* (i =1,...,n) satisfying conditions (4.16)) and

1<i<n—1

¢ (L ot + - o))

x (A S d(af, No, (o)) + 1d (25, No, <w;>>> <& (432)

n—1

> (ot ol =) = s ol -]

where N stands for the Clarke normal cone (N = N¢);

(ii) if X is Asplund, then, for any T €]0,1], there exist points w} € 2; N Bx(w;) (i=1,...,n—1) and
wy, € 2, N By (wy,) satisfying
/ / /
0< | Jnax llwy, + a; — w;|| <&,

and vectors x} € X* (i = 1,...,n) satisfying conditions (4.16)), (4.32)), with N standing for the
Fréchet normal cone (N = N, and

n—1

(wF o+ af ) > 7 max [l +af - o]

‘ 1<i<n—
1=1

Remark 4.2.6. (i) In the particular case when all the points w; € 2; (i = 1,...,n) coincide, i.e. w; =
.. =wp =T € Nj,§2;, Proposition reduces to Theorem

(ii) Proposition does not assume the sets (2q,...,2, to have a common point and, given some
individual points w; € ; (i =1,...,n), establishes the existence of another collection of points
w; € 2; (i=1,...,n) with certain properties, each point in a neighbourhood of the corresponding
given one. If the sets do have a common point z € Nj_;§2;, then, with & := max. |lw; — Z||, the
estimates in Proposition m vield w) € Bae(Z) (i=1,...,n—1) and w,, € By¢(Z). In this
form, Proposition can be considered as a nonlinear extension of |97, Theorem 3.1], which
served as the main tool when extending the extremal principle to infinite collections of sets. Note
that in the linear case, the conclusions of Proposition admit significant simplifications (see
Section especially item 3) which make the reduction of Proposition to (the improved
version of) [97, Theorem 3.1] straightforward; cf. [30, Proposition 6.1].

Another consequence of Theorem provides dual characterisations for a collection of sets with
empty intersection. It generalises and improves |30, Theorem 6.2].

Proposition 4.2.7. Let (2, ..., (2, be closed subsets of a Banach space X, w; € £2; (i=1,...,n),e >0
and ¢ € C. Suppose that N}_,$2; =0 and

1<i<n—

® < max 1wnw¢||) < p(d(f,...,2,)) +e. (4.33)

Then, for any A > 0 and n > 0,
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(i) there exist points w; € £2; N Bx(w;) (i =1,...,n—1) and w,, € 2, N By(w,) satisfying condition
(4.15), and vectors zf € X* (i =1,...,n) satisfying conditions (4.16)) and

4 ( max l|w?, —w;|) <)\z_:d(x;‘,NQi(wi)) +nd (xZ,NQn(wn))> <e, (4.34)

1<i<n—
i=1
n—1
S (e -y = max e, — o],
i=1 -

where N stands for the Clarke normal cone (N = N¢);

(ii) if X is Asplund, then, for any T €]0,1][, there exist points w} € 2; N Bx(w;) (i=1,...,n—1) and
wy, € 2, N By(wy) satisfying

i /
0< max Jlw,—will <e,

and vectors xf € X* (i = 1,...,n) satisfying conditions (4.16), (2.49), with N standing for the

Fréchet normal cone (N = N, and
n—1
Yty — ) > 7 o [, el
i=1
Proof. Tt is sufficient to notice that the sets 2] := 2, —w; (i = 1,...,n) and vectors a; := w, — w;
n
(i=1,...,n—1) satisfy 0 € (] £ and (&14), and apply Theorem {4.2.1 O
i=1

Remark 4.2.8. Proposition [£.2.7) can be considered as a nonlinear extension of the two unified separation
theorems due to Zheng and Ng [172, Theorems 3.1 and 3.4], which correspond to ¢ being the identity
function, and A = n; cf. Theorem 6.2].

In [172], instead of the distance-like quantity (2.35) in condition (4.33), a slightly more general p-
weighted nonintersect index was used with the corresponding ¢g-weighted sums replacing the usual ones

in (4.16]) and (4.34). This corresponds to considering ¢, norms on product spaces and the corresponding
¢, dual norms; cf. Remark ii). In the current thesis, for simplicity only the maximum norm on
product spaces is considered together with the corresponding sum norm in the dual space.
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Chapter 5

Nonlinear Characterisations of
Extremality /Stationarity Properties

In this Chapter, we illustrate the general necessary slope and dual characterisations of non-intersection
properties established in Subsection by applying them to characterising each of the properties in
Definition 2.3.1]

Below we formulate a series of necessary conditions for each of the properties. They all follow
straightforwardly from the definitions and corresponding statements in Subsection

Let §21,...,82, be closed subsets of a Banach space X and € N}, (2;.

5.1 Nonlinear Characterisations

5.1.1 Extremality

Suppose that the collection {{21,...,(2,} is extremal at . Then the conditions below hold true.

We start with primal space (slope) necessary extremality conditions.
EC 5.1.1. For any € > 0, there exist vectors a; € X (i =1,...,n) satisfying condition

max laif| <e, (5.1)

and such that, for any A > 0, n > 0 and ¢ € C, there exist points w; € 2, N Bx(Z) (i=1,...,n) and
x € B, () satisfying condition (4.11)) and

90(121?5‘” 2+ a; = wi ) B W(félf‘gxn lu+a; = ui ) (e)
sup < ) (5.2)
ui€2; (i=1,...,n), u€ B, (T) [ (u1 —W1a~~~7un—wmu—$)||w A
(w1y..ey Uy, ) Z (W1 4eeey W, T)

A
where v := —. As a consequence,
n

| o max fla+ai —will ) — o max ffuta;—w))
lim sup <
2;3u;—w; (i=1,...,n), u—zx ||(U1 — Wiy, Un _wnau_x)”y A

(U1 U) A (W1 ey wWn ,T)
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Moreover, if ¢ is differentiable at max |z + a; — w;||, then
<i<n

go’( max |z + a; —wiH)

1<i<n
joax ot ai —wif| = max flutai =l
X lim sup == ==r < , (5.4)
2;3u;—w; (i=1,...,n), u—z H(ul 7w1,...,un*wn,U7$)H,y A
(ul7---7“71»“)#(“117~--7(’J7L7£)
with the convention 0 - (+00) = 0.
Proof. The necessity follows from Definition i) and Theorem [1.1.5] (with p = +00).
O

EC 5.1.2. For any € > 0, there exist vectors a; € X (i = 1,...,n — 1) satisfying condition (5.1) and
such that, for any A > 0, n > 0 and ¢ € C, there exist points w; € 2, N B\(Z) (i=1,...,n—1) and
wn € 2, N By () satisfying condition (4.4)) and

Py on ol ) — o, mane B ]

©(e)
sup < , (5.5)
w; €82; (1=1,...,n) ||(’LL1 Wiy Un _wn)ny A
(ul ,,,,, un)?f(wl-,uwwn)

A
where v : = —. As a consequence,
n

. <p(1§r?§a7¥—1 len +a: _wiH> _w(lgringa;(—l lun +ai _UZ”) w(e)
lim sup < . (5.6)
2;3u;—w; (i=1,...,n) ||(U1 —W1,...,Un _wn)H,y A
(U1 eyt ) (W ey win)
Moreover, if ¢ is differentiable at max ||w, + a; — w;l|, then
1<i<n—1
/ P— .
N )
. 1<ithe1 loon +a; = will = 1<itho1 lwn +a; = wi o(e)
X lim sup < , (5.7)
2;3u;—w; (i=1,...,n) ||(’LL1 — Wiy, Un _wn)”'y A

(u1yeeey Up ) F (W15, W)

with the convention 0 - (+00) = 0.

Proof. The necessity follows from Proposition i) and Theorem

O

Remark 5.1.3. (i) Condition is symmetric. It corresponds to the original Definition [2.3.1fi) of
extremality; all the sets 21, ..., {2, play the same role; apart from the points w; € 2; (i =1,...,n),
the condition involves an additional point « not belonging to any set. On the other hand, Condition
corresponds to the amended asymmetric characterisation of extremality in Proposition (1)
with the last set (it can be any set) playing a special role; the condition does not involve additional
points.

(ii) The necessity of Condition can also be deduced from Condition applied to the extremal
collection of n + 1 sets {{21,...,$2,, X}.

Now we formulate dual space (normal cone) necessary extremality conditions. The next two conditions
are for the case of a general Banach space. They employ Clarke normal cones.
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EC 5.1.4. For any € > 0, there exist vectors a; € X (i = 1,...,n) satisfying condition (5.1) and such
that, for any X > 0, n > 0 and ¢ € C*, there exist points w; € §; N Bx(z) (i =1,...,n) and x € B, (z)
satisfying condition (4.11)), and vectors x} € X™* (i =1,...,n) satisfying conditions (4.26]), (4.28) and

n

*
2=l

i=1

/ o * )
¢ (o o + i - i) (Azdm,Nni(wz))m

i=1

) < p(e). (5.8)

Proof. The necessity follows from Definition i) and Theorem i) (with p = +00).

EC 5.1.5. For any e > 0, there exist vectors a; € X (i =1,...,n — 1) satisfying condition

| Jnax ol <e, (5.9)

and such that, for any X > 0, n > 0 and ¢ € C*, there exist points w; € £, N Bx(Z) (i=1,...,n—1)
and wy, € 2, N B, (Z) satisfying condition (4.4)), and vectors x; € X* (i =1,...,n) satisfying conditions

[CT0). (T8 and

n—1
o (| maxJlwon+as —wil]) (Azd(xfa]vni(wi))+77d($Z»NQn(wn))> < 9(e). (5.10)

1<i<n-—1 4
i=1

Proof. The necessity follows from Proposition i) and Theorem i).

O

The next two conditions are versions of, respectively, Conditions and for the case when X
is an Asplund space. They employ Fréchet normal cones.

EA 5.1.6. For any & > 0, there exist vectors a; € X (i = 1,...,n) satisfying condition and such
that, for any A > 0, n > 0, 7 €]0,1[ and o € C*, there exist points w; € 2; N Bx(z) (i =1,...,n) and
x € B,(Z) satisfying condition , and vectors x7 € X* (i = 1,...,n) satisfying conditions ,
nd G

Proof. The necessity follows from Definition i) and Theorem ii) (with p = +00).

O

EA 5.1.7. For any € > 0, there exist vectors a; € X (i=1,...,n— 1) satisfying condition and
such that, for any A > 0, > 0, 7 €]0,1[ and ¢ € C*, there exist points w; € ;NB\(Z) (i=1,...,n—1)
and wy, € 2, N B, (Z) satisfying condition , and vectors x} € X* (i =1,...,n) satisfying conditions
(@16), (@20 and (5.10).

Proof. The necessity follows from Proposition i) and Theorem ii).

O

Remark 5.1.8. (i) Conditions and are symmetric. They correspond to the original Defi-
nition i) of extremality. On the other hand, Conditions [5.1.5| and [5.1.7| correspond to the
amended asymmetric definition of extremality in Proposition [2.3.4(i). Cf. Remark |5.1.3(i).

(ii) The necessity of Conditions and can also be deduced from Conditions [5.1.5| and |5.1.7]
applied to the extremal collection of n 4 1 sets {£21,...,42,, X}; cf. Remark [5.1.3(ii).
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(iii) Inequalities (4.17) and (4.27) play the key role in dual characterisations of extremality properties.

(iv) The derivative ¢ involved in the left-hand sides of inequalities (4.17) and (4.27) plays no role when
@ is linear. Otherwise, in view of conditions , , nd he behaviour of ¢’
near 0 becomes important, e.g., when ¢ is a power function, i.e. p(t) = t7, the cases 0 < ¢ < 1 and
q > 1 are strongly different.

(v) Conditions (4.18), (4.20]), (4.28) and (4.30) relate the corresponding primal and dual vectors in-
volved in the dual characterisations of extremality; cf. Remark [4.2.2(iii). Conditions of this type

have been used in [30,[170,[172].
(vi) Primal space conditions (4.4)), (4.11)), (4.19) and (4.29), provide additional characterisations of

non-intersection properties. They have not been used in this context before.

The comments concerning the necessary extremality conditions made in Remark [5.1.8] are with ob-
vious modifications applicable to the formulated below necessary conditions for the other extremal-
ity /stationarity properties.

5.1.2 Local Extremality

Suppose that the collection {2,...,2,} is locally extremal at z with some p €]0,+o00]. Then the
conditions below hold true.

We start with primal space (slope) necessary local extremality conditions.

LEC 5.1.9. For any € > 0, there exist vectors a; € X (i = 1,...,n) satisfying condition (5.1) and
such that, for any A > 0, n €]0,p[ and ¢ € C, there exist points w; € 2, N Bx\(Z) (i=1,...,n) and

A
x € By(z) satisfying conditions (4.11)) and (5.2), where v := —. As a consequence, condition (.3)) is
n
satisfied. Moreover, if ¢ is differentiable at max |z + a; — w;||, then condition (5.4) is satisfied, with
StSn

the convention 0 - (+00) = 0.

Proof. The necessity follows from Definition ii) and Theorem applied to the collection of n+1

closed sets {{21,...,2,, B,(Z)}.

O

LEC 5.1.10. For any ¢ > 0, there exist vectors a; € X (i =1,...,n— 1) satisfying condition (5.9) and
such that, for any A > 0, n €]0, p[ and ¢ € C, there exist points w; € 2, N Bx(z) (i=1,...,n—1) and

A
wn € 2, N B, () satisfying conditions (4.4) and (5.5), where v := —. As a consequence, condition (5.6
n
is satisfied. Moreover, if ¢ is differentiable at Jnax llwn + a; — w;||, then condition (5.7)) is satisfied,
<i<n—

with the convention 0 - (+00) = 0.

Proof. The necessity follows from Proposition [2.3.4(ii) and Theorem applied to the collection of n
closed sets {{21,...,02,1,92, N B,(Z)}.

O

Now we formulate dual space (normal cone) necessary local extremality conditions. The next two
conditions are for the case of a general Banach space. They employ Clarke normal cones.
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LEC 5.1.11. For anye > 0, there exist vectors a; € X (i = 1,...,n) satisfying condition (5.1)) and such
that, for any A > 0, n €]0, p[ and ¢ € C*, there exist points w; € 2;NBx(z) (i =1,...,n) and x € B, (z)
satisfying condition (4.11), and vectors x} € X (i = 1,...,n) satisfying conditions (4.26), (4.28)) and
[©-8)-

Proof. The necessity follows from Definition ii) and Theorem i).

O

LEC 5.1.12. For any € > 0, there exist vectors a; € X (i = 1,...,n — 1) satisfying condition
and such that, for any X\ > 0, n €]0, p[ and ¢ € C*, there exist points w; € ;N Bx(z) (i=1,...,n—1)
and wy, € (2, N By (Z) satisfying condition [{A.4), and vectors z; € X* (i =1,...,n) satisfying conditions
(@16), (E18) and (5.10).

Proof. The necessity follows from Proposition ii) and Theorem i).

O

The next two conditions are versions of, respectively, Conditions [5.1.11] and [5.1.12] for the case when
X is an Asplund space. They employ Fréchet normal cones.

LEA 5.1.13. For any e > 0, there exist vectors a; € X (i = 1,...,n) satisfying condition and such
that, for any A > 0, 1 €]0, p[, 7 €]0,1[ and ¢ € C*, there exist points w; € 2; N Bx(Z) (i=1,...,n) and
x € By(Z) satisfying condition , and vectors x; € X* (i = 1,...,n) satisfying conditions ,
ond 63,

Proof. The necessity follows from Definition ii) and Theorem ii).

O

LEA 5.1.14. For any € > 0, there exist vectors a; € X (i=1,...,n— 1) satisfying condition
and such that, for any X > 0, n €]0,p[, 7 €]0,1] and ¢ € C', there exist points w; € £2; N By(x)
(i=1,...,n—1) and w, € 2, N B, (z) satisfying condition [A.19), and vectors z} € X* (i =1,...,n)
satisfying conditions , and .

Proof. The necessity follows from Proposition ii) and Theorem ii).

O
Remark 5.1.15. Conditions are weaker than the corresponding Conditions for the

extremality because of the additional requirement n < p. Note that 1 not only controls the choice of z

and w,, but is also involved in conditions (4.3)), (4.10]), (4.17) and (4.27).

5.1.3 Stationarity

Suppose that the collection {{24,...,(2,} is stationary at . Then the conditions below hold true.

We start with primal space (slope) necessary stationarity conditions.

SC 5.1.16. For any ¢ > 0, there exist a number p €]0,¢[ and vectors a; € X (i =1,...,n) satisfying
condition

max lai]| < pe, (5.11)
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and such that, for any X\ > 0, n €]0, p] and ¢ € C, there exist points w; € 2, N Bx(Z) (i =1,...,n) and
A
x € B, (Z) satisfying conditions (4.11) and (5.2)), where v := —. As a consequence, condition (5.3) is
satisfied. Moreover, if ¢ is differentiable at jmax |l + a; — w;||, then condition (5.4) is satisfied, with
<i<n

the convention 0 - (+o00) = 0.

Proof. The necessity follows from Definition iii) and Theorem [4.1.5]

O

SC 5.1.17. For anye > 0, there exist a number p €]0,e[ and vectorsa; € X (i =1,...,n—1), satisfying
condition

(Jnax il < pe, (5.12)
and such that, for any A > 0, n €]0, p] and ¢ € C, there exist points w; € 2;,NB\(Z) (i=1,...,n—1) and
wn € 2, N By (Z) satisfying conditions and , where 7y 1= é As a consequence, condition
is satisfied. Moreover, if ¢ is differentiable at | Jmax lwn + a; — w;l|, then condition is satisfied,

with the convention 0 - (+00) = 0.

Proof. The necessity follows from Proposition iii) and Theorem

O

Now we formulate dual space (normal cone) necessary stationary conditions. The next two conditions
are for the case of a general Banach space. They employ Clarke normal cones.

SC 5.1.18. For any € > 0, there exist a number p €]0,e[ and vectors a; € X (i=1,...,n) satisfying
condition (5.11)) and such that, for any X > 0,  €]0, p] and ¢ € C', there exist points w; € £2; N By (%)
(t=1,...,n) and x € B,(Z) satisfying condition :4.11 , and vectors xzf € X* (i = 1,...,n) satisfying

conditions (4.26)), (4.28) and (5.8).

Proof. The necessity follows from Definition iii) and Theorem i).

O

SC 5.1.19. For anye > 0, there exist a number p €]0, e[ and vectors a; € X (i =1,...,n — 1) satisfying
condition and such that, for any X\ > 0, 1 €]0, p| and ¢ € C*, there exist points w; € £2; N Bx(%)
(i=1,....,n—1) and w, € 2, N B,(z) satisfying condition [4.4), and vectors z; € X* (i =1,...,n)
satisfying conditions , and .

Proof. The necessity follows from Proposition iii) and Theorem i).

O

The next two conditions are versions of, respectively, Conditions [5.1.18 and [5.1.19] for the case when
X is an Asplund space. They employ Fréchet normal cones.

SA 5.1.20. For any € > 0, there exist a number p €]0,¢[ and vectors a; € X (i=1,...,n) satisfying
condition (5.11)) and such that, for any X\ >0, n €]0,p], 7 €]0,1[ and p € C', there exist points w; €
2; NB\(z) (i =1,...,n) and x € B,(Z) satisfying

0< max. |z + a; —w;|| < ep, (5.13)
and vectors x; € X* (i =1,...,n) satisfying conditions (4.26), (4.30) and (5.8).
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Proof. The necessity follows from Definition iii) and Theorem [4.2.3](ii).

O

SA 5.1.21. For anye > 0, there exist a number p €]0,¢[ and vectorsa; € X (i =1,...,n — 1) satisfying
condition (5.12)) and such that, for any X > 0, n €]0,p], 7 €]0,1[ and ¢ € C*, there exist points w; €
2,NB\(z) (1 =1,...,n—1) and w, € £2,, N B, (Z) satisfying

1<i<n

0 < max . lwn, + a; — wi|| < ep, (5.14)

and vectors x; € X* (i =1,...,n) satisfying conditions (4.16]), (4.20) and (5.10).

Proof. The necessity follows from Proposition iii) and Theorem ii).

O
Remark 5.1.22. Conditions [5.1.16H5.1.21| are weaker than the corresponding Conditions for

the local extremality because of the additional requirement p < €.

5.1.4 Approximate Stationarity

Suppose that the collection {{2y,...,2,} is approximately stationary at . Then the conditions below
hold true.

We start with primal space (slope) necessary approximate stationarity conditions.

ASC 5.1.23. For any € > 0, there exist a number p €]0, e[, points w; € 2; N B(Z) and vectors a; € X
(i =1,...,n) satisfying condition (5.11)) and such that, for any A > 0, n €]0, p] and ¢ € C, there exist
points w; € 2; N By(w;) (i =1,...,n) and z € nB such that

Lp( max ||z + a} —w;H) —<p( max |lu+ a) —uiH)

1<i<n 1<i<n v(e)
~sup — — — < N
u; €82; (i=1,...,n), uenB ||(U1 WiseeosUn Wy U .CL')”,Y
(U1, un WA (W] w0y, ,2)
0 < max ||z +a, — wi|| < max |a;, (5.15)
1<i<n 1<i<n
A , ‘
where v:= — and a; == a; +w; (i=1,...,n). As a consequence
n
A — Ay
| o( o llo +af ol ) = o max futaf—ull)
lim sup T = — < o
2;3u;—w) (i=1,...,n), u—0 UL — Wi,y Un — Wy, U .T)HV
(st W) A (W50, )
Moreover, if  is differentiable at max |z + ai — ||, then
<i<n
o poax ||z +a; — wi )
LWl — Ay
. poax o+ a; —wgll = max fluta; —uill
X lim sup (01— o — < h
2;2u;—w) (i=1,...,n), u—0 UL =Wy ooy Up — Wy, U $)||,Y

(U1 see ey U, w) (W] eyl T)

Proof. The necessity follows from Definition iv) and Theorem applied to the collection of
closed sets {21 — w1, ..., §2, — w,} and their common point 0.

O
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ASC 5.1.24. For any € > 0, there exist a number p €]0,¢[, points w; € 2, N Be(Z) (i =1,...,n) and
vectors a; € X (i =1,...,n— 1) satisfying condition (5.12)) and such that, for any A > 0, n €]0, p] and
@ € C, there exist points w; € 2; N Bx(w;) (i=1,...,n—1) and w, € 2,, N By (wy,) satisfying condition

(4.31) and

o max e +al—will) = o max Jun+af —wll)

sup 1<i<n— 1<i<n— - o(e)
W€ (i=1,00,n), un € By (wn) (w1 —wi, . un — W)L, A
(Ut et ) (@ ey
A
where 7y := E and ag =a;tw; —w, (1=1,...,n—1). As a consequence,
/ ! / _ / _ .
| o max fop +af —wfll) = o, max flun 0t~ el )
o [T T—a ST
2;35u;—w) (i=1,...,n) Uy — Wy .-, Un — Wy ~
(Ut et ) 2@ o))
Moreover, if  is differentiable at max ||w!, + a; — ||, then
1<i<n—1
’ ’ o
o (| max o, + af — o] )
! I / _ / _ )
) — 1;}13371”%#% wi | Jnax [un + af — wil _ #le)
2;3u;—w) (i=1,...,n) ||(U1 _wia"'aun_w;z)ny A

(Ut ) (@] o)

Proof. The necessity follows from Proposition v) and Theorem applied to the collection of

iv)
closed sets {21 —w1,..., 21 —wp_1, (2, —wp) N (pB)} and their common point 0.

O

Now we formulate dual space (normal cone) necessary approximate stationary conditions. The next
two conditions are for the case of a general Banach space. They employ Clarke normal cones.

ASC 5.1.25. For any € > 0, there exist a number p €]0, ¢, points w; € £2; N B.(Z) and vectors a; € X
(i =1,...,n) satisfying condition and such that, for any A > 0, n €]0,p] and ¢ € C, there exist
points wi € 2; N By(w;) (i=1,...,n) and x € nB satisfying condition (5.15)), and vectors z; € X*
(i =1,...,n) satisfying condition and

n

*
2=l

i=1

o' <max |z + a; —wg) </\Zd(9§f’NQ¢(W;)) +n
i=1

1<i<n

) < p(e), (5.16)
* W = (A
— <xi y L + a; wz> 1§za§Xn ||JT + a; wz||7 (517)

7
where a, :=a; +w; (1=1,...,n).
Proof. The necessity follows from Definition iv) and Theorem i) applied to the collection of

closed sets {1 — w1, ..., 2, — w,} and their common point 0.

O

ASC 5.1.26. For any € > 0, there exist a number p €]0,¢[, points w; € 2, N Be(Z) (i =1,...,n) and
vectors a; € X (i =1,...,n — 1) satisfying condition (5.12)) and such that, for any X\ > 0, n €]0, p] and
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¢ € C*, there exist points w] € 2; N By(w;) (i=1,...,n— 1) and w], € 2, N B, (w,) satisfying condition
(4.31), and vectors x; € X* (i =1,...,n) satisfying condition (4.16)) and

n—1
¢ (| o+ -l (A S d(af. Noy (@) + nd (5. Vo, (wm) <ol (19)
== i=1
n—1
Sl af - wl) = max [, + ] - ], (5.19)
Py 1<i<n—1
where a; == a; +w; —w, (i=1,...,n—1).

Proof. The necessity follows from Proposition iv) and Theorem i).

O

The next two conditions are versions of, respectively, Conditions [5.1.25| and [5.1.26| for the case when
X is an Asplund space. They employ Fréchet normal cones.

ASA 5.1.27. For any € > 0, there exist a number p €]0,€|, points w; € £2; N B.(z) and vectors a; € X
(i =1,...,n) satisfying condition (5.11) and such that, for any A > 0, n €]0,p|, 7 €]0,1[ and ¢ € C,
there exist points w; € 2; N Bx(w;) (i=1,...,n) and z € nB satisfying

!/ /
0< max |z + a; —w;|| < ep, (5.20)
where a}; := a; +w; (i=1,...,n), and vectors x; € X* (i =1,...,n) satisfying conditions ([.26)), (5.16)

and

n

Z (xf,z+a, —w,) > T max ||z + a, — wi]|. (5.21)

1<i<n

i=1 ==
Proof. The necessity follows from Definition iv) and Theorem [4.2.3(ii) applied to the collection of
closed sets {21 — w1, ..., 2, — w,} and their common point 0.

O]
ASA 5.1.28. For any € > 0, there exist a number p €]0,¢], points w; € £, N B(Z) (i =1,...,n) and

vectors a; € X (i = 1,...,n — 1) satisfying condition (5.12)) and such that, for any X > 0, n €]0, p|,
7 €]0,1[ and ¢ € C', there exist points W, € 2; N Ba(w;) (i=1,...,n—1) and w), € 2, N B,(wn)
satisfying
/ li /
0< x| |lws, + a; — wi|| < ep, (5.22)
and vectors x; € X* (i =1,...,n) satisfying conditions (4.16)), (5.18) and
n—1
(xf,wl, +a; — W)y >7 max ||w, +a; — i, (5.23)
— 1<i<n—1
where a; == a; +w; —w, (i=1,...,n—1).
Proof. The necessity follows from Proposition iv) and Theorem ii).
O
Remark 5.1.29. Conditions[5.1.23H5.1.28| are weaker than the corresponding Conditions [5.1.16H5.1.21] for
the stationarity because of the additional collection of points w; € §2; (i =1,...,n) present in all of

them. Conditions [5.1.16H5.1.21] correspond to setting w; := Z (i = 1,...,n) in Conditions|5.1.23H5.1.28
Note that the other collection w; € £2; (i = 1,...,n) in Conditions [5.1.23}{5.1.28 corresponds to w; € §2;

(¢=1,...,n) in Conditions [5.1.16H5.1.21
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5.2 Holder Characterisations

In this section, we formulate realisations of the necessary conditions of the extremality/stationarity
properties from Section [5.1]in the Holder setting.

Let §21,..., 2, be closed subsets of a Banach space X, € N}_;§2; and g > 0.

The conditions below correspond to setting ¢(t) := at? (¢t > 0) with some a > 0 in the corresponding
conditions from Section Bl ‘H’ in the labels of the conditions stands for ‘Holder”

5.2.1 Extremality

Suppose that the collection {{21,...,(2,} is extremal at . Then the conditions below hold true.
HE 5.2.1. For any € > 0, there exist vectors a; € X (i = 1,...,n) satisfying condition (5.1) and such
that, for any X > 0 and n > 0, there exist points w; € 2; N B\(z) (i =1,...,n) and x € B, () satisfying

condition (4.11) and

max ||z + a; — w;||? — max ||u+ a; —u|?
1<i<n

1<i<n g4

sup = <= (5.24)
u;€92; (i=1,...,n), u€ B, (Z) H(ul 7w17---7un7wn7u*I)H7 A
(U1, W) # (W15, Wn ,T)
A
where v := —. As a consequence,
n
Ly lla—1
q 11;11_22(” |z + a; — w;]
. g, et el — g et o —uall
X lim sup == == < —. (5.25)
2;3u;—w,; (i=1,...,n), u—z ||(U1 — Wi, Un _wn7u_x)||y A

(U1seeeyUn ) A (W5, Wn , T)
HE 5.2.2. For anye > 0, there exist vectorsa; € X (i =1,...,n—1) satisfying condition (5.9) and such
that, for any X > 0 and n > 0, there exist points w; € ;N Bx(Z) (1t =1,...,n—1) and w, € 2, N B, (Z)
satisfying condition (4.4) and

e — o lle
1<4i%n1 loon + a; = i 1<ign 1 ln +a; = wi el
sup < =, (5.26)
u; €82; (1=1,...,n) H(ul — Wiy Un —wn)||v A
(ulynwun)#(‘k)l;nwwn)
A
where v := —. As a consequence,
. la—1
q, max | lwn + a; — w;]
max |wp + a; —wi|| — max |u, + a; — ugl| q
. 1<i<n-—1 1<i<n-—1 3
X lim sup < —. (5.27)
2;5u;—w,; (i=1,...,n) ”(ul — Wi, ..., Up _wn)ny A

(ula-“vun)?ﬁ(wlyw-vwn)

The next two conditions are for the case of a general Banach space. They employ Clarke normal
cones.

HE 5.2.3. For any € > 0, there exist vectors a; € X (i = 1,...,n) satisfying condition (5.1) and such
that, for any X > 0 and n > 0, there exist points w; € ;N Bx(Z) (i =1,...,n) and x € B,(Z) satisfying
condition (4.11), and vectors x7 € X* (i =1,...,n) satisfying conditions (4.26)), (4.28) and

) <&l (5.28)

n

*
PIE

;— w771 * :
qlrggg}(n||x+az wi (Azd(‘rwNQi(Wz))"’n -

=1
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HE 5.2.4. For anye > 0, there exist vectors a; € X (i = 1,...,n—1) satisfying condition (5.9) and such
that, for any X > 0 and n > 0, there exist points w; € ;N Bx(Z) (1 =1,...,n—1) and w, € £2, N B, (Z)
satisfying condition (4.4)), and vectors x} € X* (i =1,...,n) satisfying conditions (4.16]), (4.18) and

n—1
g, max |lwn +a; — w7 </\ > d(@}, No,(w)) +nd (z}, No, (wn))> <e?. (5.29)

1<i<n— ‘
=1

The next two conditions are versions of, respectively, Conditions and for the case when X
is an Asplund space. They employ Fréchet normal cones.

HEA 5.2.5. For any ¢ > 0, there exist vectors a; € X (i =1,...,n) satisfying condition (5.1) and such
that, for any A >0, n > 0 and 7 €]0, 1], there exist points w; € 2; N BA(Z) (i =1,...,n) and x € B, (Z)

satisfying condition (4.29), and vectors x} € X™* (i = 1,...,n) satisfying conditions (4.26]), (4.30) and
G29).

HEA 5.2.6. For any e > 0, there exist vectors a; € X (i =1,...,n— 1) satisfying condition and
such that, for any X > 0, n >0 and 7 €]0,1[, there exist points w; € 2, N Bx(Z) (i=1,...,n—1) and
wy, € £2, N By (Z) satisfying condition [£.19), and vectors z € X* (i = 1,...,n) satisfying conditions
[@.16), ([E20) and (5.29).

5.2.2 Local Extremality

Suppose that the collection {2y,...,82,} is locally extremal at Z with some p €]0,+00]. Then the
conditions below hold true.

HLE 5.2.7. For any € > 0, there exist vectors a; € X (i = 1,...,n) satisfying condition (5.1) and
such that, for any A > 0 and n €]0, p[, there exist points w; € £, N BA(z) (i=1,...,n) and x € B,(Z)

satisfying conditions (4.11)) and (5.24). As a consequence, condition (5.25) is satisfied.

HLE 5.2.8. For any € > 0, there exist vectors a; € X (i = 1,...,n — 1) satisfying condition (5.9)
and such that, for any A > 0 and n €]0, p|, there exist points w; € 2, N Bx(Z) (i=1,...,n—1) and
wn € 2, N By (&) satisfying condition (4.4)) and

il — e
| ax llwn + a; — wil| | ax lun + a; — w| e
sup < =
u; €82; (1=1,...,n), un €By(T) ||(U1 — Wi, Un _Wn)HA/ A

(ulv--wun)#(wlauwwn)

As a consequence, condition (5.27) is satisfied.

The next two conditions are for the case of a general Banach space. They employ Clarke normal
cones.

HLE 5.2.9. For any ¢ > 0, there exist vectors a; € X (i = 1,...,n) satisfying condition (5.1) and
such that, for any X\ > 0 and n €]0, p|, there exist points w; € £2; " Bx\(z) (i=1,...,n) and v € B, (Z)

satisfying condition (4.11)), and vectors x; € X* (i = 1,...,n) satisfying conditions (4.26), (4.28]) and
(5.23).

HLE 5.2.10. For any ¢ > 0, there exist vectors a; € X (i = 1,...,n — 1) satisfying condition (5.9)
and such that, for any X > 0 and n €]0, p[, there exist points w; € ;N Bx(Z) (i=1,...,n—1) and
wn € 2, N By(Z) satisfying condition (4.4)), and vectors x; € X* (i = 1,...,n) satisfying conditions

(4.16), (4.18) and (5.29).

The next two conditions are versions of, respectively, Conditions [5.2.9) and [5.2.10] for the case when
X is an Asplund space. They employ Fréchet normal cones.
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HLEA 5.2.11. For any ¢ > 0, there exist vectors a; € X (i =1,...,n) satisfying condition and
such that, for any A > 0, n €]0, p[ and 7 €]0, 1], there exist points w; € £2; N Bx(Z) (i=1,...,n) and
z € B, (Z) satisfying condition [4.29)), and vectors x] € X* (i = 1,...,n) satisfying conditions (4.26)),
wnd GZ9)

HLEA 5.2.12. For any ¢ > 0, there exist vectors a; € X (i =1,...,n—1) satisfying condition
and such that, for any A > 0, n €]0, p| and T €]0, 1] , there exist points w; € ; N Bx(z) (i=1,...,n—1)
and wy, € 2, N B, (Z) satisfying condition , and vectors x} € X* (i =1,...,n) satisfying conditions

(4.16), (4.20) and (5.29).

5.2.3 Stationarity

Suppose that the collection {2y,...,2,} is stationary at Z. Then the conditions below hold true.

HS 5.2.13. For any € > 0, there exist a number p €]0,¢[ and vectors a; € X (i=1,...,n) satisfy-
ing condition (5.11)) and such that, for any X > 0 and n €|0, p|, there exist points w; € §2; N By(T)

A
(t=1,...,n) and x € B,(Z) satisfying conditions (4.11) and (5.24), where v := —. As a consequence,
n

condition (5.25)) is satisfied.

HS 5.2.14. For any ¢ > 0, there exist a number p €]0,¢[ and vectors a; € X (i=1,...,n—1),
satisfying condition (5.12)) and such that, for any A > 0 and n €]0, p|, there exist points w; € 2; N B (Z)

A
(t=1,...,n—1) and w, € 2, N B, (&) satisfying conditions (4.4) and (5.26)), where v := —. As a

n
consequence, condition (5.27)) is satisfied.

The next two conditions are for the case of a general Banach space. They employ Clarke normal
cones.

HS 5.2.15. For any € > 0, there exist a number p €]0,e and vectors a; € X (i=1,...,n) satisfy-
ing condition and such that, for any X\ > 0 and n €]0,p|, there exist points w; € 2; N Bx(Z)
(t=1,...,n) and x € B,(Z) satisfying condition , and vectors x; € X* (i = 1,...,n) satisfying
conditions (4.26)), (4.28) and (5.28)).

HS 5.2.16. For any £ > 0, there exist a number p €]0,e] and vectors a; € X (i=1,...,n—1) satis-
fying condition and such that, for any X > 0 and n €]0, p|, there exist points w; € 2; N Bx(Z)
(i=1,....,n—1) and w, € 2, N B,(z) satisfying condition [A4), and vectors z; € X* (i =1,...,n)
satisfying conditions , and .

The next two conditions are versions of, respectively, Conditions [5.2.15] and [5.2.16] for the case when
X is an Asplund space. They employ Fréchet normal cones.

HSA 5.2.17. For any ¢ > 0, there exist a number p €]0,¢[ and vectors a; € X (i =1,...,n) satisfying
condition and such that, for any A > 0, n €]0, p] and T €]0, 1], there exist points w; € 2; N B (Z)
(i=1,...,n) and x € B,(Z) satisfying condition (5.13)), and vectors x; € X* (i = 1,...,n) satisfying
conditions (4.26)), (4.30) and (5.28).

HSA 5.2.18. For any € > 0, there exist a number p €]0,e[ and vectors a; € X (i=1,...,n—1)
satisfying condition and such that, for any A > 0, n €]0, p] and T €]0, 1], there exist points w; €
2, NBx(z) (i=1,...,n—1) and w, € 2, N B, (&) satisfying condition (5.14), and vectors =} € X*
(i =1,...,n) satisfying conditions (4.16]), (4.20) and (5.29).

5.2.4 Approximate Stationarity

Suppose that the collection {{2y,...,2,} is approximately stationary at . Then the conditions below
hold true.
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HAS 5.2.19. For any € > 0, there exist a number p €]0,¢[, points w; € 2; N B.(Z) and vectors a; € X
(i =1,...,n) satisfying condition (5.11)) and such that, for any A > 0 and n €]0, p|, there exist points
wi € ;N Bx(w;) (i =1,...,n) and x € nB satisfying condition (5.15) and

max ||z + a; — w}||? — max |lu+ a} — u;|?
1<i<n 1<i<n

8q
sup — < —
u; €02; (i1=1,...,n), u€ B, (T) H(ul _wia'”vun_w;mu_x)H,Y A
(U1 5eey U, U) AW e, Wie ,T)
A , .
where v := E, and a; = a; +w; (i=1,...,n). As a consequence,
AL
¢ e o + ]~ ]
L — W — [—yp
' max o+ a; —wi] — max flu+ai —ul
X lim sup S ; <
2;2u;—w) (i=1,...,n),u—0 ||(U1 7w17"'aun7wnau71’)”7 A

(ul,‘,,’un’u);é(w’l’m’w;’z)

HAS 5.2.20. For any € > 0, there exist a number p €]0,¢[, points w; € ; N B(z) (i =1,...,n) and
vectors a; € X (i=1,...,n—1) satisfying (5.12) and such that, for any A > 0 and n €]0, p|, there exist
points w; € £; N Bx(w;) (i =1,...,n—1) and w), € 2, N B,(wy,) satisfying [4.31) and

sup 1oy llowp, + @ — wil|? — | Jnax lwn + al — u;]|@ ) .

u; €82; (i:17»..,n)7 unEBT,(UJn) H(ul — w/17 Uy — w;L)”’Y )\ s

(w1yeeyun ) (W1 5eeewn)
A
where vy := = and a; == a; + w; —w, (i=1,...,n—1). As a consequence,
o s o
ntai —wil - '

x  limsup (Jmax o, +a; —will = max e o+ af - g L
23w oW (i=1,....m) [(ur =iy — @)l A

(ulw“vun)#(wlguwwn)

The next two conditions are for the case of a general Banach space. They employ Clarke normal
cones.

HAS 5.2.21. For any € > 0, there exist a number p €]0,¢][, points w; € §2; N B.(Z) and vectors a; € X
(i =1,...,n) satisfying condition and such that, for any A > 0 and n €0, p], there exist points
w] € 2;NBy(w;) (i =1,...,n) and x € nB satisfying condition (5.15), and vectors z; € X* (i =1,...,n)
satisfying conditions , and

n

.
D ol

i=1

L et * ’
¢ fax ||z + a; — wi (’\Zd(%Noi(wz)Hn

i=1

) < e, (5.30)

! .
where a; == a; +w; (i=1,...,n).

HAS 5.2.22. For any € > 0, there exist a number p €]0,¢[, points w; € ; N B(z) (i =1,...,n) and
vectors a; € X (i =1,...,n — 1) satisfying condition and such that, for any X > 0 and n €]0, p],
there exist points w; € £2; N Bx(w;) (i =1,...,n—1) and w, € 2, N By (wy,) satisfying condition (4.31)),
and vectors x; € X* (i =1,...,n) satisfying conditions , and

n—1
0, [y +f — ] (A > 07, Ny () + 137, N, <w;>>> <t (53
where a; == a; +w; —w, (i=1,...,n—1).
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The next two conditions are versions of, respectively, Conditions [5.2.21] and [5.2.22] for the case when
X is an Asplund space. They employ Fréchet normal cones.

HASA 5.2.23. For any e > 0, there exist a number p €]0,¢[, points w; € £2;N B:(Z) and vectors a; € X
(i = 1,...,n) satisfying condition and such that, for any A > 0, n €]0,p| and T €]0,1], there
exist points wj € 2; N Bx(w;) (i =1,...,n) and x € nB satisfying condition (5.20), and vectors z} € X*
(i =1,...,n) satisfying conditions ([£.26)), (5.21)) and (5.30), where a;; :=a; +w; (i=1,...,n).

HASA 5.2.24. For any ¢ > 0, there exist a number p €]0,¢[, points w; € £2; N B(Z) (i = 1,...,n)
and vectors a; € X (i =1,...,n — 1) satisfying condition and such that, for any X\ > 0, n €]0, p]
and T €]0,1][, there exist points w; € 2, N Bx(w;) (i=1,...,n—1) and v, € 2, N B,(w,) satisfying
condition (5.22)), and vectors z} € X* (i = 1,...,n) satisfying conditions [#.16), (5-23) and (5.31),

where a; == a; +w; —w, (i=1,...,n—1).

5.2.5 Linear Dual Characterisations

In this subsection, we briefly discuss simplifications in the above necessary characterisations of the
extremality /stationarity properties in the linear case, i.e. when ¢ = 1. We limit ourselves to the dual
necessary characterisations, where the most important simplifications appear.

1. In each of the dual necessary characterisations of extremality/stationarity properties, the Holder
parameter q is only involved in a single condition: see the key normal cone conditions 7. In
the linear case, all these conditions get much simpler as the terms containing expressions to the power
g — 1 in the left-hand sides of the inequalities disappear. As a result, four different expressions reduce to
just two forms. Specifically, inequalities ((5.28)) and take the form

A d (@}, Ne,(wi) + 0> _xf|| <, (5.32)
i=1 i=1
while inequalities (5.29) and (5.31) take the form
n—1
A d(x}, No,(wi) +nd (5, No, (wn)) <&, (5.33)
i=1

with IV in both cases standing for either the Clarke or the Fréchet normal cone. Thus, inequalities

(5.28)—(5.31)) become independent on the vectors a;’s.

The other simplifications in the necessary characterisations of extremality/stationarity properties
discussed below come at the expense of weakening the conditions.

2. The vectors a;’s (coming from the original definitions of the respective properties) remain in two
conditions in each of the dual necessary characterisations: conditions (4.4), ({£.11)), (£.19), (£.29), (£.31),
5.13), (5.14)) or (5.15) on the choice of points w; € £2; (or w; € ;) (i =1,...,n), and conditions (4.18]),
4.20), (4.28)), (4.30), (5.17), (5.19), (5.21)) or (5-23)) coupling the primal and dual vectors involved in the
characterisations. Both groups of conditions are important for detecting the respective properties. At the
same time, finding the vectors a;’s is not easy in general, which makes checking these conditions difficult.
Removing the conditions listed above (together with the number 7 involved in the characterisations
employing Fréchet normal cones) from the corresponding necessary characterisations makes them simpler
and more practical, though weaker in general. For instance, the dual necessary characterisations of
extremality and and their Asplund space versions and reduce to the following two
conditions, where N stands for either the Clarke normal cone (N = N) in the case of a general Banach
space, or the Fréchet normal cone (N = N F ) if the space is Asplund.

EL 5.2.25. For anye > 0, A\ > 0 and n > 0, there exist points w; € 2, N Bx(z) (i=1,...,n) and
x € By (Z), and vectors x; € X* (i =1,...,n) satisfying conditions (4.26) and (5.32).
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EL 5.2.26. For anye >0, A > 0 and n > 0, there exist points w; € 2, N Bx\(z) (i=1,...,n—1) and
wn € 2, N By(Z), and vectors x; € X* (i =1,...,n) satisfying conditions (4.16) and (5.33).

The corresponding simplified versions of the necessary characterisations of local extremality, station-
arity and approximate stationarity contain the same dual conditions (5.32)) and (5.33).

3. Unlike condition , which basically requires the dual vectors z € X* (i=1,...,n) to be
close to the respective normal cones, condition combines two different types of constraints on
theses vectors: they must be close to the respective normal cones and their sum must be small. Within
Condition the second constraint is taken care of by condition (4.16]), which requires even more:
the sum of the vectors must equal 0.

Fortunately, the two types of constraints combined in condition can be easily separated and,
using elementary arguments hidden in multiple proofs of ‘generalised separation’ statements and formu-
lated explicitly in Lemma 1], the collection of dual vectors z} € X* (i = 1,...,n) satisfying
can be replaced in Condition [5.2:25 and its analogues by another collection of vectors belonging to the

n
respective normal cones: z!’ € Ng, (w;) (i = 1,...,n), satisfying (4.26) and with Zw’:’ arbitrarily
i=1

small.

4. Finally, it is not difficult to observe that the parameters A and n in Conditions[5.2.25[and [5.2.26|are
redundant. They both can be replaced in conditions w; € Bx(Z) (i =1,...,n), z € B,(Z) in}5.2.25[and
w; € BA(Z) (i=1,...,n—1),w, € By(Z) in|5.2.26(by €. Moreover, taking into account the observations

n
*
P
i=1

condition ([5.33]) can be replaced by Z d(z}, Np,(w;)) < e. Thus, Conditions |5.2.25 and |5.2.26| reduce,
i=1
respectively, to the well known conditions (ii) and (iii) in Theorem [2.7.3

in item 3, condition (5.32) can be replaced by x; € Ng,(w;) (i = 1,...,n) and < ¢, while

Similar observations apply to the necessary characterisations of local extremality, stationarity and
approximate stationarity. The auxiliary points w; € £2; (i = 1,...,n) in the characterisations of approx-
imate stationarity can be disregarded. As a result, the respective analogues of Conditions [5.2.25] and
reduce to the same conventional conditions (ii) and (iii) in Theorem

Thus, the equivalent conditions (ii) and (iii) in Theorem represent universal dual necessary
characterisations of all four properties: extremality, local extremality, stationarity and approximate
stationarity in the linear setting. In fact, as it follows from Theorem [2.7.3] these conditions are indeed
good for characterising approximate stationarity. For the other three properties, which are stronger, in
some cases these characterisations can be too weak. In such cases, one has an option of employing the
original (not simplified) characterisations, involving the vectors a;’s.
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Chapter 6

Some New Characterisations of
Intrinsic Transversality in Hilbert
Spaces

Motivated mainly by the above open questions, this part of the thesis is devoted to investigating further
characterisations of intrinsic transversality in connection with other transversality-type properties. Apart
from the appeal to address the aforementioned questions in Chapter [1} this work was also motivated by
the potential for meaningful applications of these properties, for example, in establishing convergence
criteria for more involved projection algorithms (rather than alternating projections) and in formulating
calculus rules for relative limiting normal cones (see Definition .

New results in terms of elements of normal cones are presented in Section with the key quan-
titative estimate formulated in Lemma [6.1.11] Theorem establishes the equivalence of intrinsic
transversality, weak intrinsic transversality [96] and the sufficient condition for subtransversality formu-
lated in |99, Theorem 2]. This result significantly clarifies the picture of transversality-type properties
and unifies several of them. As by-products, we address several important questions concerning these
properties in the Hilbert space setting, see Questions In Section for the first time, intrinsic
transversality is characterised by an equivalent property which does not involve normal vectors, see The-
orem This result, which was motivated by a question (see Question [4]) raised by Ioffe |74 page
358], opens a new perspective on intrinsic transversality. Intrinsic transversality in Euclidean spaces
is studied in Section Lemma [6.3.5] establishes a geometric counterpart of the analytic condition
under which the complete quantitative results of Theorem ii) are obtained. Theorem @ gives
a new characterisation of intrinsic transversality, which refines the corresponding result of [96, Corol-
lary 3]. Theorem yields further insight on the quantitative results established in Section when
specialised to the Euclidean space setting. As by-products, we address a couple of interesting questions
concerning intrinsic transversality in Euclidean spaces raised by Kruger [96, page 140], see Questions
and [l

6.1 Subtransversality, Transversality and Intrinsic Transversal-
ity

The following definition simplifies Definition [2.3.9((ii), (iii) for a pair of sets.

Definition 6.1.1 (subtransversality & transversality). Let {4, B} be a pair of sets and Z € AN B.
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(i)

(i)

{4, B} is subtransversal at Z if there exist numbers « €]0,1[ and § > 0 such that
adist (z, AN B) < max {dist (z, A),dist (z, B)} Vx € B;s(). (6.1)
{A, B} is transversal at T if there exist numbers o €]0,1[ and § > 0 such that

adist (z, (A —x1) N (B — z2)) < max {dist (z, A — 1), dist (z, B — z2)} (6.2)
Va € Bs(Z), Va1, z2 € 0B.

The exact upper bound of all « €]0,1[ such that condition (6.1)) or condition (6.2)) is satisfied for some
d > 0 is denoted by str[A, B](z) or tr[A, B](Z), respectively, with the convention that the supremum over
the empty set equals 0.

Remark 6.1.2. (i) (subtransversality) The subtransversality property can be traced back to at least

(i)

the early 80’s thanks to Dolecki under the name decisive separation [49/50], where it was known
as a sufficient (and also necessary in the convex setting) condition for the tangent cone of the
intersection of a pair of sets at a reference point being equal to the intersection of the two tangent
cones of the sets at that point [49, Propositions 5.3 and 5.4]. In the surveys [68.[70], Toffe used the
property (without a name) as a qualification condition for establishing calculus rules for normal
cones and subdifferentials. Subtransversality was studied by Bauschke and Borwein [12] under the
name linear reqularity as a sufficient condition for linear convergence of the alternating projection
algorithm for solving convex feasibility problems in Hilbert spaces, and became widely known
thanks to this important application. Their results were extended to the cyclic projection algorithm
for solving feasibility problems involving a finite number of convex sets [13]. The term linear
reqularity was widely adapted in the community of variational analysis and optimisation for several
decades, for example, Bakan et al. [8], Bauschke et al. [14,[15], Li et al. [111], Ng and Zang [124],
Zheng and Ng [171], Kruger and his collaborators [90-92,/104-106,(158]. Ngai and Théra [125]
referred to this property as metric inequality and used it to establish calculus rules for the limiting
Fréchet subdifferential. Penot [129] referred to the property as linear coherence and applied it
to calculus rules for the wiscosity Fréchet and wviscosity Hadamard subdifferentials. The name
(sub)transversality was coined by Ioffe in the 2016 survey |72, Definition 6.14]. In his 2017 book [74,
page 301] he explained that “Regularity is a property of a single object while transversality relates
to the interaction of two or more independent objects”. In spite of the relatively long history
with many important features of subtransversality, for example, those in connection with metric
subregqularity, error bounds, weak sharp minima, growth conditions and conditions involving primal
and dual slopes, useful applications of the property keep being discovered. For example, Luke et
al. [114, Theorem 8] have very recently proved that subtransversality is not only sufficient but
also necessary for linear convergence of convex alternating projections. This complements the
aforementioned result by Bauschke and Borwein [12] obtained 25 years earlier. Luke et al. [114]
Section 4] also reveal that the property has been imposed either explicitly or implicitly in all
existing linear convergence criteria for nonconvex alternating projections, and hence conjecture
that subtransversality is a necessary condition for linear convergence of the algorithm also in the
nonconvex setting.

(transversality) The origin of the concept of transversality can be traced back to at least the 19th
century (cf. [63,/66]) in differential geometry which deals of course with smooth manifolds, where
transversality of a pair of smooth manifolds {A, B} at a common point  can also be characterised
by condition E|

Na(@) 0 (-N5(@) = {0}. (6.3)

The property is known as a sufficient condition for the intersection AN B to be also a smooth man-
ifold around Z. To the best of our awareness, transversality of pairs (collections) of general sets in
normed linear spaces was first investigated by Kruger in a systematic picture of mutual arrangement
properties of sets. The property has been known under quite a number of other names including reg-
ularity, strong regqularity, property (UR)g, uniform regularity, strong metric inequality [90H92}[104]

tangent spaces) to the manifolds at Z. The minus sign in (6.3]) can be omitted.

Mn this special setting, the normal cones appearing in (6.3) are the normal spaces (i.e., orthogonal complements to the
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and linear regular intersection [109]. Plenty of primal and dual space characterisations of transver-
sality as well as its close connections to important concepts in optimisation and variational analysis
such as metric reqularity, (extended) extremal principles, open mapping theorems and other types
of mutual arrangement properties of collections of sets have been established and extended to more
general nonlinear settings in a series of papers by Kruger and his collaborators [81,90H95L{105L{106].
Apart from classical applications of the property, for example, as constraint qualification conditions
for establishing calculus rules for the limiting normal cones [120, page 265] and coderivatives (in
connection with metric regularity, the counterpart of transversality in terms of set-valued map-
pings) [51|143], important applications have also emerged in the field of numerical analysis. Lewis
et al. [109,/110] applied the property to establish the first linear convergence criteria for nonconvex
alternating and averaged projections. Transversality was also used to prove linear convergence of
the Douglas-Rachford algorithm [65}[135] and its relaxations [159]. A practical application of these
results is the phase retrieval problem where transversality is sufficient for linear convergence of
alternating projections, the Douglas-Rachford algorithm and actually any convex combinations of
the two algorithms [160].

We refer the reader to the recent surveys by Kruger et al. [99,/100] for a more comprehensive
discussion about the two properties.

A number of characterisations of transversality in terms of normal vectors, especially in the Euclidean
space setting, have been established [90-92]/100,{1041/106}109] and applied, for example, [109,120L135}/159].
The situation is very much different for subtransversality. For collections of closed and convex sets, the
following characterisation of subtransversality is due to Kruger.

Proposition 6.1.3 (normal-vector-based characterisation of subtransversality with convexity). (96,
Theorem S’E A pair of closed and conver sets {A, B} is subtransversal at a point T € AN B if and
only if there exist numbers a €]0,1[ and 6 > 0 such that ||vy + va|| > « for all a € (A\ B) NBs(z),
be (B\A)NBs(z), x € Bs(x) with |z — a|| = ||x — b|| and vi,ve € X satisfying

dist (v1, Na(a)) < 0, dist (v2, Ng(b)) < 4,

[orl] + vzl = 1, (v1, 2 = a) = [lur]| [l — all, (vz2, 2 = b) = [Jva]| |z = b].

Let itr.[A, B](Z) denote the exact upper bound of all & €0, 1] such that the conditions in Proposition
6.1.3| (equivalent to subtransversality in the convex setting) are satisfied for some § > 0, with the
convention that the supremum over the empty set equals 0. This quantity is well defined regardless of
the convexity of the sets, and the strict inequality itr.[A4, B](Z) > 0 characterises a certain transversality-
type property in not necessarily convex setting. The constant itr.[A, B](Z) is going to play a central role
in the analysis in this part of thesis.

In the nonconvex setting, the first sufficient condition for subtransversality in terms of normal vectors
was formulated in [105, Theorem 4.1] following the routine of deducing metric subregularity character-
isations for set-valued mappings in [94]. The result was then refined successively in [100, Theorem
4(ii)], [99, Theorem 2] and finally in |96] in the following form.

Proposition 6.1.4 (sufficient condition for subtransversality). (96, combination of Definition 2 and
Corollary Qﬂ A pair of closed sets {A, B} is subtransversal at a point £ € AN B if there exist numbers
a €]0,1] and § > 0 such that, for all a € (A\ B) NBs(Z), b € (B\ A) NBs(Z) and x € Bs(T) with
|z —al = ||z —0b|, one has ||v1 + va| > a for some € > 0 and all a’ € ANB.(a), b € BN B(b),
7y € B.(a), 5 € B.(b) with ||z — 2} || = ||z — 24|, and v1,v2 € X satisfying

dist (v1, Na(a')) < 6, dist (v2, Np(b')) < 6,

[l + vzl = 1, (w1, @ = 27) = [loalllle = 23], (v2, 2 = 25) = [lvz]lllz — 25

Let itr,,[A, B](Z) denote the exact upper bound of all a € ]0, 1] such that the above sufficient condition

2The result is valid in Banach spaces.
3The result is valid in Asplund spaces.
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for subtransversality is satisfied for some d > 0, with the convention that the supremum over the empty
set equals 0.

To this end, the following question about the above result is of importance. Our subsequent analysis
will give the negative answer to it (see Remark [6.1.17)).

Question 1. Is the sufficient condition formulated in Proposition i.e. itry,[A, B](Z) > 0, also
necessary for subtransversality?

We next recall the central concept of this chapter, i.e., the intrinsic transversality property of pairs of
sets. Compared to its better known siblings: transversality and subtransversality, intrinsic transversality
came to life much later.

Definition 6.1.5 (intrinsic transversality in Euclidean spaces). [52, Definition 3.1] A pair of closed sets
{A, B} in a Euclidean space is intrinsically transversal at a point & € AN B if there exists an angle o > 0
together with a number § > 0 such that any two points a € (A \ B) NBs(Z) and b € (B\ A) NB;s(z)
cannot have difference a — b simultaneously making an angle strictly less than a with the two proximal
normal cones N1 (b) and —N%(a).

The above property was originally introduced in 2015 by Drusvyatskiy et al. [52] as a sufficient
condition for local linear convergence of the alternating projection algorithm for solving nonconvex
feasibility problems in Euclidean spaces. As demonstrated by Ioffe [75], Kruger et al. [96/99] and will
also be confirmed in this chapter, intrinsic transversality turns out to be an important qualification
property in the framework of variational analysis. Kruger [96] recently extended and investigated intrinsic
transversality in more general underlying space

Definition 6.1.6 (intrinsic transversality). [99, Definition 4(ii)] & [96, Definition 2(ii)]E|A pair of closed
sets {A, B} is intrinsically transversal at a point £ € AN B if there exist numbers o €]0,1[ and § > 0
such that |1 +ve| > a for all a € (A\ B)NBs(z), b € (B\ A) NBs(Z), z € Bs(Z) with = # a,  # b,

1-0< M <144, and v1 € Ng(a)\ {0}, v2 € Np(b) \ {0} satisfying
(v1,2 — a) (v, @ — b)
vl + ||ve] =1, ———-—=>1—-0, ————>1—0.
Foll el =1, 5 e = Tealllz bl

The exact upper bound of all a €]0, 1] that together with some d > 0 satisfies the above description
of intrinsic transversality is denoted by itr[A, B](Z), with the convention that the supremum over the
empty set equals 0.

Remark 6.1.7. In Definition it can be assumed without loss of generality that ¢ €]0,1[. In this

case, the three conditions a € A\ B,b€ B\ Aand 1-46 < H < 1+ ¢ imply conditions x # a and
T _

x # b. In similar contexts in the sequel, the latter two conditions will be omitted for the sake of brevity,

for example, in the proofs of Lemmas [6.1.11| & 6.2.8] representation (6.70) and Definition [6.3.1(i).

Making use of the quantities str[A, B](z), tr[A, B](Z), itr.[4, B](Z), itr,[4, B](Z) and itr[A, B](z),
we can concisely summarize the facts recalled so far in this section. The definitions of subtransversality,
transversality and intrinsic transversality and Propositions [6.1.3] & [6.1.4] respectively admit more concise
descriptions.

Proposition 6.1.8 (summary). Let {A, B} be a pair of closed sets and T € AN B.

(i) {4, B} is subtransversal at T if and only if str[A, B](Z) > 0.

41t is worth noting that the extension from Definition to Definition of intrinsic transversality is not trivial,
and the coincidence of the two definitions in the Euclidean space setting was shown in |96} Proposition 8(iii)].
5The property was defined and investigated in general normed linear spaces.

105



(ii) {A, B} is transversal at T if and only if tr[A, B](Z) > 0.

(iii) {A, B} is intrinsically transversal at T if and only if itr[A, B](Z) > 0.

(iv) If the sets A, B are convez, then {A, B} is subtransversal at T if and only if itr.[A, B](Z) > 0.
(v) {A, B} is subtransversal at Z if itr,,[A, B](Z) > 0.

In this section, we are particularly interested in the result established by Kruger [96, Theorem 4]
that intrinsic transversality implies the sufficient condition of subtransversality stated in Proposition
[6-:14] which in turn implies the one stated in Proposition [6.1.3] These implications are captured by
Proposition i) via the relationships between the corresponding quantities. For completeness, more
comprehensive relationships between the transversality-type properties are also presented here.

Proposition 6.1.9 (relationships between quantitative constants). [96, Proposition 1] Let {A, B} be a
pair of closed sets and x € AN B.

(i) 0 < tr[A, B)(z) < itr[A, B)(z) < itr,[A, B)(z) < itr.[4, B](z) < 1[]
(ii) itry[A4, B](Z) < str[A,B](a?)E]

(iii) If A and B are convez, then itr.[A, B](Z) = str[A, B](Z).

(iv)

Remark 6.1.10 (notation & terminology). In view of Proposition [6.1.9(i)&(ii), the strict inequality
itr,, [A, B](Z) > 0 corresponds to a property, which is weaker than intrinsic transversality and stronger
than subtransversality. That property is called weak intrinsic transversality in [96},99]. This in partic-
ular explains why the letter “w” is used in the notation itr,[A, B](Z). Similarly, the strict inequality
itr.[A, B](Z) > 0 corresponds to a weaker property than weak intrinsic transversality. Such a property
has not been named yet, but it has played an important role in the analysis of transversality-type prop-
erties mainly in the convex setting [96]. This particularly explains why the letter “c” is used in the
notation itr.[A, B](Z).

If dim X < oo and A, B are convez, then itr,[A4, B](Z) = itr.[A, B](Z) = str[A, B](Z).

Proposition iv) in particular claims the equivalence between weak intrinsic transversality and
intrinsic transversality in the convex and finite dimensional setting. The following question about their
relationship in more general settings is of interest. Subsequent analysis will give the answer to this
question in the Hilbert space setting (see Remark .

Question 2. [96, question 3, page 140] What is the relationship between weak intrinsic transversality
and intrinsic transversality in the general nonconvez setting?

The next result establishes the main quantitative estimate of this section. Though the statement and
its proof are rather technical, its meaningful consequences will follow shortly.

Lemma 6.1.11 (quantitative estimate). Let {A, B} be a pair of closed sets and & € AN B. It holds

min {itrC[A, B(@), 1/@} < itr[A, B(z). (6.4)

Proof. To proceed with the proof, let us suppose that itr.[A, B](Z) > 0 since there is nothing to prove
in the case itr.[4, B](Z) = 0. Let us fix an arbitrary number

Be ]O,min {itrc[A,B](i), 1/\@}[ (6.5)

6The statement is valid in Banach spaces.
"The statement is valid in Asplund spaces.
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and prove that itr[A, B](Z) > . By the definition of itr.[A, B](Z), there exist numbers
ac ]ﬁ,min {itrc[A, B|(7), 1/\/5} [

and 0 > 0 such that, for all a € (A\ B)NBs(z), b € (B\ A)NBs(Z) and x € Bs(z) with ||z —al| = ||z —b],
one has

lv1 + vl > « (6.6)
for all vi,v2 € X satisfying

dist (v1, Na(a)) < 0, dist (va, Np(b)) < 4, (6.7)
[or] + [Jv2ll = 1, (v, 2 = a) = [oallllz = all, (v2,2 = b) = [Jva]|| — . (6.8)

Choose a number &’ €0, /3] and satisfying
2 (\/57+ 6’) <1/2 - 82 (6.9)

20" — 62

V26" 42 T 65 tap < min{da-p}. (6.10)

Such a number ¢’ exists since 1/2 — 82 > 0, min {5, — 3} > 0 and

hm2(\/{f—|—t) =0, hm V2t +2 & =0
4 — 6t + 3t2
We are going to prove itr[A, B](z)

> 3 with the technical constant ' > 0. To begin, let us take any
a € (A\B)NBsy(z), be (B\ A) NBs(T)

and x € By (z) with « # a, z # b,

1oy lrzal s (6.11)
[l — bl
and v; € Ny(a) \ {0}, vo € Np(b) \ {0} satisfying
(v, —a) , (v2,z =) /
llo]] + [Jvz] = 1, 7>1—(5 > 1 -4 (6.12)
[or[[llz = all l[o2lll2 — bl
All we need is to show that
[[v1 4 w2l > B. (6.13)
We first observe from (6.12]) that
vy z—a |? (v1,2 — a)
‘ - ‘ =22 L2 9 9(1-g)=25,
[odll [l = a [or[lllz — all
(6.14)
U9 z—b | (vg, z — b)
2 ABETO 9 91— ) =20
ool |z =Dl [[oa ][]l — o]
We take care of two possibilities concerning the value of (x — a,x — b) as follows.
Case 1. (x —a,x —b) > 0. Then
2
‘ r—a  x-b :2_2<x—a,x—b> <9
[z —al  [lz— b [ = alll|= =0
Equivalently,
T—a
— < (6.15)
’ e —al [l bl H
By the triangle inequality and estimates (6.15)), (6.14]), we get that
‘ v Vg ‘ T —a bu ‘ T —a ‘ bu
- < - - +
[oall ozl lz —all |z -0l [oal -z =« ||U2H [l = b

<x/§+2\/ﬁ:\/§(1+2\@).
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This implies that

Using ||v1]| + ||v2|| = 1 which implies ||vy|| |Jve|| < 1/4 and (6.16]), respectively, we obtain that

2
U1 V2

[oall - [loz

_g_p ) (1 v 2\@)2 & (vg,v9) > —4 (\/67+ 6’) lvs]l ool . (6.16)

- [[oa]] vzl

o1+ val|? = lJoz |2 + [[oa]® +2 (vr, v2) = 1 — 2[Joa | ozl + 2 v, va)
1
> 1= 2oilllleall =8 (VE +3") fonll floall = 5 =2 (V& +9).

This combining with yields that

1
v + v2| >\/22(ﬁ+5') > .

Case 2.
(x —a,z—b) <0. (6.17)
b
Let us define m = % and
(b—a,z —m)
We first check that
2" — al| = [jz" —b]|. (6.19)
Indeed,
(b—a,x—m)
2" —all> = ||lz" = b]|* = [l — a]® — [Jo — b]|* — QW (x—a,b—a)
(b—a,z—m)
+2W <x—b,b—a>
h— _
o —al? — o — b2 -2 g

[b—all?
= |z —a|* — |z = b|* = 2(b — a,z — m)
=z —a|* = |z = b|* = {(z —a) = (x = b), (x — a) + (z = b)) = 0.
We next check that
(. —a',2" —m) =0. (6.20)
Indeed, by , it holds that

(b—a,z—m)

e (b—a,z’ —m),

(x —a' 2" —m) =
from which ([6.20)) follows since

<b—a,x'—m>:<b—a,x—m—W(b—a)>

(b—a,x—m)
= <b—a,x—m>—W(b—a,b—a> =0.
Let us define also o] o]
/ U1 / / U2 /
_ (! _ = —b). 6.21
Uy ||x/—a||(x a)’ Vo ||(E/—bH(x ) ( )
It is clear that , , , ,
[vall = flvalls [oall = llvalls [lo11] + [loa = 1,
(v, 2" —a) = [Juilll2” = all = [Jvi[lllz" - all, (6.22)
(v, 2" = b) = [Jval[|z" —b]| = [[va|[|=" — b]|.
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We next check that
dist (v}, Na(a)) < 6, dist (v, Ng(b)) < 4. (6.23)

Let us prove dist (v}, Na(a)) < d. Indeed, since v; € Na(a), it holds by (6.21) that

dist(0f, Na(a) < of -l = | 120 - ) <oy
—a
U1
- 6.24
-l (024
<||v|(‘ T —a vy ‘+‘ ' —a T —a D
< |l - - .
e —all (o] 2" —all  lz—al
An upper bound of ;a” ” ” H has been given by (6.14):
—a V1
N X (6.25)
lz —all  [lod]
' —a T —
We now establish an upper bound of s T — T T via three steps as follows.
' —a T —a
Step 1. We show that
/ 2 .
o — /|2 < 2=8% min { e - all?, - — b} (6.26)

If | — al| > ||z — b]|, then

|z —al* = [l = b]* > 0
& |lz—m|*+||m—a|*+2 (& —m,m —a) — ||z —m|® = |m = b||> —=2(x —m,m —b) >0  (6.27)
< (b—a,z—m) > 0.

Note from (6.17) that
(b—a,z—b)=0b—z,2—b+(x—az—b) =—|z—b|"+(x—az—0b) <0. (6.28)

Taking (6.18)), (6.27)) and (6.28]) into account, we have that

2" = blI* = [l = bl|* = lla" = 2|* + 2 (2’ — 2,2~ b)
(b—a,z—m)

Tb—al? (b—a,z —b) (6.29)

= I’ —=||* -
> [l — x|,
By (6.19) and (6.20) we get that
lz — all® + |z = b]]* = 2|l — 2"||* + |2’ — a|]* + [la" = b]]* + 2z — 2', 22" — (a + b))
=2z —2/||* +2||z" —b|]? +4(x — 2/, 2" —m)
= 2l|lz — 2'||* + 2]|2" - b]]*.
This together with (6.11)) and (6.29) yields that

2z — 2'|* = |lo — al|* + [l — bl|* — 2[}" — b||?
< (14 8)?)|lz = bf* + [z = b]]* - 2l|2" - b]]?
< (L4 8)? |l = b + llz = 01" — 2 (e — bl* + [|2" — =[]*) .
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Equivalently,
4|z —2'||> < (28" + 6”) ||z — b]|* = (26" + 6") min{||z — a®, ||z — b]|*} (6.30)
since || — a| > ||z — b|| in this case.

By a similar argument, if ||z — a|| < ||z — b, then
(b—a,x—m) <0, (b—a,xr—a)>0.

Thus

/

(b—a,x—a) (6.31)

By and we get that
lz — al® + [l — b = 2l|z — 2’| + 2}’ — a|%,
which together with and yields that
2z — oI <l — all? + e Il — a2 = 2 (Jlz — al* + [l2' — 2l]?).
Equivalently,
Az — /|2 < B8 2 — af]? = 2525 min{ o — af/%, |1z — b]]%} (6.32)

since ||z — a|| < ||z — b|| in this case.

25" — 6/2
Combining (6.30) and (6.32) and noting that 20’ + 6" < m, we obtain (6.26]) as claimed.

Step 2. We show that

2
2 = al|* > 4530 |z — 2|1, (6.33)

Indeed, if ||z — al| < ||z — b, then the use of (6.31) and (6.32) yields (6.33]):

2" = al* > llz — a® + ||z — 2||?

AR 2
prlle = o/ + e — o |F = A5PERE la — a |,

v

Otherwise, i.e., ||z —a|| > ||z — b||, then the use of (6.19), (6.29)) and (6.30) successively implies that

2" —al* = [l = 0|* = [l= — b]|* + [l — &||?

2
> segmlle — /|7 + o — 2'|* = S |lo - o),

4420 +6%  4—68 436"
20+ + . Hence ([6.33)) has been proved.

which also yields (6.33]) since

25/ + 5/2 25/ _ 5/2
Step 3. We show that
' —a xT—a ‘ |l — 2’| (6.34)
|2 —al  |lz—al 2" —all
Indeed,
' —a T —a ' —a r—a T —a T —a
/ < / / + / -
2" —al [z —al 2" —al |2’ —a 2" —al |z —ad
el el
|2 —al ||z’ — all
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If ||z — al| > ||#" — al|, then (6.34) holds true since

_ _ ! I )
R I )
" — all 2" — all |2 —all [|#" —all
Otherwise, i.e., ||z — a|| < ||z’ — a|, then (6.34)) also holds true since
|z —al ‘ oy z=all _ 2 —al e -2 _ flz—
2" — al 2" —al — 2" — al 2" —all

Hence (/6.34]) has been proved.

A combination of (6.33)) and (6.34]) yields that

25/76/2

Substitute (6.25)) and (6.35)) into (6.24) and using (6.10|), we obtain that

' —a T —a

l" =al [l —af

. 28" — §2
dist ('Ull,NA(a)) S H'Ull - 'UlH S H'Ul” <V 25/ + 2 4—66/—"—35/2> (636)

<,/25/+2 ﬂ <5
4 — 65" + 302 '

The proof of dist (vy, Ng(b)) < § is analogous, and we also obtain that

. 26" — 5/2
dist (v3, Np (b)) < [lvg — vz < [|oz (v%’ +2 46(;/+3(;/2> (6.37)

25/_5/2
/
< V2§ +2 1-65 1357 < 6.

Hence (/6.23]) has been proved.

Conditions ([6.23) and ([6.22)) ensure that the pair of vectors {v},v5} satisfies conditions (6.7)) and (6.8),
respectively. It is trivial from the choice of ¢’ in (6.10) that a € (A\ B) NBs(z), b € (B\ A) N Bs().
We also have 2’ € Bs(7) since

(b—a,x—m) _
x—+—"——"(b—a)—ZT
16— all?

<&+ ||z — 7| + max{|la — z||, ||b — Z||} <38 < 6.

[l — 2| = < o= 2[ + [lz = ml| < 0" + max{||z — al|, [|= - b][}

Hence, the estimate is applicable to {v},v5}. That is,
[v] 4+ vh]| > a. (6.38)

Now using the triangle inequality, (6.36), (6.37), (6.38)), (6.10) and (6.5) successively, we obtain the
desired estimate:

o1 + w2l = [[v] 4+ v +v1 —v) + v2 — vy |

> flor +vall = [log — vall = [|vh — w2

26" + 0"
> = i+ (V572 )

25/_6/2
=a— | V20 +24//—
“ < o 466’+36’2>

>a—(a=p)=p
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This completes Case 2 and (6.13]) has been proved.

Hence, we have proved that {A, B} is intrinsically transversal at z with itr[A, B](Z) > 5. Since 3
can be arbitrarily close to min {itlrc[A7 B](z),1/ \/5}, we also obtain the estimate (6.4) and the proof is
complete. O

Remark 6.1.12. The idea behind Lemmal6.1.11] comes from two observations. First, when pairs of vectors
(v1, v2) appearing in the definitions of itr[A, B](Z) and itr.[A, B](Z) are further restricted to the constraint
(v1,v2) < 0, the two groups of conditions defining the two constants become equivalent. Second, this
additional constraint, which also gives rise to the number 1/ V2 in Lemma does not qualitatively
affect the properties characterised by these constants. See also Lemma for a geometric counterpart
of this constraint in the Euclidean space setting.

Combining Lemma [6.1.11| with Proposition we obtain the main result of this section.

Theorem 6.1.13 (complete quantitative relationships). Let {A, B} be a pair of closed sets and T € ANB.
Then the following statements hold true.

(i) Ifitr,[A, B)(Z) > 1/V/2, then
min {itr[4, B](Z), itr, [A, B)(Z), itr.[A, B(z)} > 1/V/2. (6.39)
(ii) If itr.[A, B)(Z) < 1/V2, then

itro[A, B)(z) = itr[A, B)(Z) = itr,|A, B)(%). (6.40)

As a consequence, the three transversality-type properties characterised by the above constants are equiv-
alent. In particular, itr.[A, B](Z) is a refined equivalent characterisation of intrinsic transversality.

Proof. (f) In this case, it holds min {itr.[4, B)(7),1/v3} = 1/V2. Lemma [6.1.11| then yiclds

itr[A, B](Z) > 1/v/2, which in turn implies (6.39) because the left-hand-side of (6.39) equals itr[A, B](Z)
in view of Proposition [6.1.9(i).

In this case, it holds min {itrc[A, B](:E)J/\/i} = itr.[A, B](Z). Lemma [6.1.11] then implies
itr.[A, B](z) < itr[A, B](z), which together with Proposition i) yields the equalities in (6.40]).

O

In view of Theorem the following result covers both Propositions & in the Hilbert
space setting. More importantly, it refines Proposition [6.1.4] which establishes the weakest sufficient
condition in terms of normal vectors for subtransversality in the nonconvex setting.

Corollary 6.1.14 (refined sufficient condition for subtransversality). A pair of closed sets {A, B} is
subtransversal at T € AN B if itr.[A, B|(Z) > 0. The inverse implication is also true when the sets are
CONVEL.

Proof. Let us suppose itr.[4, B](Z) > 0. In both cases of either itr.[4, B](Z) > 1/v/2 or itr.[A, B](Z) <
i i

1/ v/2, Theorem [6.1.13| ensures that itr, [A, B](Z) > 0. In view of Proposition (ii), the latter implies
subtransversal of {A, B} at . The statement about the inverse implication in the convex setting follows
from Proposition [6.1.3]

O
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Corollary gives rise to the following question, which will be addressed in Remark [6.1.1§

Question 3. Is the sufficient condition itr.[A, B](Z) > 0 also necessary for subtransversality in the
nonconver setting?

The following result is of importance.

Corollary 6.1.15 (intrinsic transversality is subtransversality in the convex setting). For pairs of closed
and convex sets, subtransversality and intrinsic transversality are equivalent.

Proof. By Corollary a pair of closed and convex sets { A, B} is intrinsically transversal at = € ANB
if and only if itr.[A, B](Z) > 0. In view of Theorem the latter is equivalent to itr,[A, B](Z) > 0,
which in turns amounts to str[A, B](Z) > 0 thanks to Proposition [6.1.9(iii). This is equivalent to
subtransversality of {4, B} at & due to Proposition [6.1.8(i).

O

As by-products, we address Questions [[] and [2] in the remainder of this section.

Remark 6.1.16 (answer to Question . Theorem [6.1.13| clearly shows that weak intrinsic transversality
(i.e., itr,[A, B](Z) > 0) and intrinsic transversality (i.e., itr[A, B](Z) > 0) are equivalent in the Hilbert
space setting. Note that it can happen that itr,[A, B](Z) # itr[A, B](z) if itr.[A, B](Z) > 1/V2.

It is worth keeping in mind that the question remains open in more general underlying spaces.

Remark 6.1.17 (answer to Question [I). In view of Remark the condition itr,[A, B](Z) > 0 (i.e,
weak intrinsic transversality) is equivalent to intrinsic transversality of {A, B} at Z. But it is widely
known that the latter is not necessary for subtransversality in the nonconvex setting [53,/100,/128]. This
establishes the negative answer to Question [I]

Remark 6.1.18 (answer to Question [3). Thanks to Theorem the two conditions itr.[A, B](Z) > 0
and itr,,[A, B](Z) > 0 are equivalent. The latter is not necessary for subtransversality as explained in
Remark As a consequence, the condition itr.[A, B](Z) > 0 is not necessary for subtransversality
in the nonconvex setting.

In conclusion, Theorem [6.1.13|allows us to unify and refine a number of transversality-type properties
in Hilbert spaces including intrinsic transversality [52], weak intrinsic transversality [96], the sufficient
conditions for subtransversality [991/100,{106] and the characterisation of subtransversality with convexity
[96]. This result significantly clarifies the picture of transversality-type properties.

6.2 Intrinsic Transversality in Primal Space Terms

In view of Corollary for pairs of closed and convex sets in Hilbert spaces, intrinsic transversality
is equivalent to subtransversality which is defined in primal spaceﬂ terms. The situation for pairs of
nonconvex sets has not been known and requires clarification; see, for example, the following question
raised by Ioffe |75].

Question 4. [75, page 358] What are primal space counterparts of intrinsic transversality?

The analysis in this section is devoted to addressing the above question. The main goal is to charac-
terise intrinsic transversality by conditions which do not involve normal vectors.

8In the framework of this section, the term primal space is occasionally used to indicate that the mentioned ob-
ject/condition/property/representation does not explicitly involve normals.
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For convenience, let us recall the notation of distance defined in (2.32)) for three sets as followsﬂ

di (A, B, 2) := o ;Ielil ver max{||z —a|,||z —b||}, VA,B,2CX,

with the convention that the infimum over the empty set equals infinity.

Definition 6.2.1 (property (P)lfl} A pair of closed sets {A, B} is said to satisfy property (P) at a
point £ € AN B if there are numbers a €]0,1[ and ¢ > 0 such that for any a € (A\ B) N B.(z),
be (B\A)NB.(z) and z € B.(Z) with ||z — a| = ||z — b|| and number § > 0, there exists p €]0,9]
satisfying

di (ANBx(a), BNBA(b),B,(z)) + ap < ||z — al|, where X := (a+ 1//¢) p. (6.41)

The exact upper bound of all « €]0, 1] such that {A, B} satisfies property (P) at Z for « and some € > 0
is denoted by itr,[A, B](Z).

The following statement is straightforward from the definition.

Proposition 6.2.2. A pair of closed sets { A, B} satisfies property (P) at a point T € AN B if and only
if itrp[A, B](z) > 0.

We next reformulate several technical results which are essential for proving the equivalence between
property (P) and intrinsic transversality. We first recall Corollary

Proposition 6.2.3. [30, Corollary 6'3]|E| Let {A, B} be a pair of closed sets in X, x € ANB, u,v € X
and numbers p,e > 0. Suppose that

(A—u)N(B—v)NB,(z) =10, (6.42)
max{|[ull, [[v]} < di(A—u,B—0v,B,(7)) +e. (6.43)

Then for any numbers A\ > € + p and 7 € |0, i—lz [, there exist points a € A NBA(Z), b e BNB(Z),

2 € B,(Z) and vectors v1 € Na(a), va € Ng(b) such that
[oall + flvzll = 1, flor +vall < €/p, (6.44)
(vl,i—&+u>+<vg,£78+v> > Tm&x{”i:—&JruH,||:f:—l;+v||}. (6.45)

Remark 6.2.4. Condition (6.45)) plays an important role in searching for primal space counterparts of
intrinsic transversality because it relates normal vectors to the primal space elements.

Our subsequent analysis requires the following modified version of Proposition [6.2.3] where the ref-
erence point £ € AN B is replaced by a triple of points (a,b,2) € A x B x X.

Proposition 6.2.5. Let {A, B} be a pair of closed sets in X, a € A, b€ B, x € X and numbers p,e > 0.
Suppose that

0<di (A B,B,(z)), (6.46)

mac{ 2 = all e = b} < di (4, B,B, () +=. (6.47)

Then for any numbers X\ > €+ p and T € [0, i;z [, there exist points a € AN By (a), b e BNBy(b),

Z € B,(z) and vectors vi € N4(a), v € Np(b) satisfying (6.44) and

(v1,% — @) + (vg, & — b) > 7 max {||§; —all, |z - E||} . (6.48)

9This is the distance between the two sets A x B and {(z,2) € X x X | € 2} in X x X endowed with the maximum
norm.

10The definition is valid in normed linear spaces.

" The result is valid in Asplund spaces.
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Proof. The idea is to apply Proposition to
A=A—aq B =B-bz:=0cANB,u=0x—a and v:=2—10b (6.49)
by verifying and . Indeed, condition implies that
ANBNB,(z) =0, or equivalently, (A —z) N (B —x) N (pB) = 0.
The latter is exactly since by
(A'—u)n(B"—v)NB,(z) = (A—z) N (B —z)N (pB).
Note also from that
di (A" —u,B" —v,B,(%)) =di (A—x,B—x,pB) =d (4, B,B,(x)).
This together with yields condition (6.43).
In view of Proposition [6.2.3] there exist points

a e An(AB), v e BBn(AB), 2’ € pB (6.50)
and vectors v; € Na/(a'), va € Np/ (V') satisfying conditions and . Let us define

a:=d +a, b:=b+b and & := 2z +z.

This together with (6-49) and (6.50) ensures that @ € ANBy(a), b € BNBy(b) and & € B,(z). Note also
that
Na(a) = Nas(a'), Np(b) = Np: (b)), (6.51)

t—a=a—d+r—a=2'—d +u, d—b=a' - +zx—b=a —b +v. (6.52)

The combination of (6.45) and (6.52)) yields (6.48) while condition (6.51)) ensures that vy € Ny(a),

~

Vo € NB(b)

Therefore, the points a, ZA), Z and vectors vy, v satisfy all the required conditions of the proposition.
The proof is complete.

Another technical result is needed for our analysis.

Proposition 6.2.6. |E| Let {A, B} be a pair of closed sets in X, a € A, b€ B, x € X with ||z —a] =
|z —b]] >0, a,e > 0 and vectors v1,v2 € X with ||v1]| + |Jv2|| = 1. Suppose that the following conditions
are satisfied:

v + va| 4 26 (a + 1/VE) < a, (6.53)
dist (v1, Na(a)) < e, dist (v2, Ng(D)) < ¢, (6.54)
(v1,2 —a) = [Jor|l lz = all, (v2, 2 —b) = [Jvz] Iz - bl (6.55)

Then there exists a number § > 0 such that
di (ANBx(a), BNBA(b),B,(z)) + ap > ||z —all, where X := (a+1//%) p, (6.56)

holds true for all p €]0,4].

I2The result is valid in normed linear spaces.
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Proof. By (6.54)), there exist vectors u; € Na(a) and us € Np(b) such that
lvg —ur]] < g, ||va —us| < e. (6.57)
Since a — [lvg + v2|| > 2e(a + 1/+/2) due to (6.53)), there are positive numbers oy and s such that
a>a;>ay > |lvp+ s, ap —as > 2e(a+ 1/ye). (6.58)

Choose a number § > 0 such that

Q1 — Q2

B < m — 2¢, equivalently, a; — ag — (2 + 8)(a + 1/y/€) > 0. (6.59)
By the definition (2.1)) of the Fréchet normal cone, there is a number ¢’ > 0 such that
(u,d —a) < Zlla’ —al, (uz,b' —b) < Z |0/ —b||, Va' € ANBs (a), ' € BN B (b). (6.60)
Let us define
- 5

and show that ¢ fulfills the requirement of the proposition. Indeed, let us suppose to the contrary that
condition ((6.56)) is not satisfied for some p €]0,§[. That is,

di (ANBx(a), BNBA(b),B,(2)) + pa < ||z — al| , where X := (o + 1/V/) p.

Since oy < o, the above inequality ensures the existence of & € ANBy(a), b€ BNB,(b) and & € B,(x)
such that .
max{[[& —a|, |2 - bl|} < [z — all = paa. (6.62)

Note that A = (a+ 1/v/2) p < (a +1/1/€)§ = &' thanks to (6.61). Then in view of (6.60), we have
(ursa—a) < 21—l (uz,b—b) < 21— bl

This implies that

(u1,0—a) + (uz, b= b) < 5 la—al + §b—b] < §A+ 51 =2B. (6.63)
By (6.55), [lv1ll + llv2]l = 1 and ||z — al| = ||z — b]|, it holds
(vi,2 — a) + (v2, @ = b) = [|vi]l[l — al| + [[v2|l] — bl = [z — al|. (6.64)
By (6.62)) and ||vy]|| + |Jvz]| = 1, it holds
(01,8 — a) + (v2,& — b) < max{||2 —al|, |2 — Bl|} < ||z — al| — pau. (6.65)

By the Cauchy-Schwarz inequality and as > ||v1 + vl in view of (6.58]), it holds
(v1 +ve,x — &) < lvg +v2 ||z — 2| < paa. (6.66)

By the Cauchy-Schwarz inequality and (6.57)), it holds

(vy —up,a—a) + (va —ug,b—b) <ella—all +¢|b—b|| < 2Xe. (6.67)
Adding and (6.63)) yields that
(01,6 — a) + (va, b —b) < 2Xe + AB. (6.68)

Making use of (6.64), (6.65)), (6.66), (6.68), A = (o + 1/v/€) p and (6.59) successively, we come up with

lx —a| = (vi,2—a)+ (vo,x —b)

= (v1,& —a) + (v2, & — b) + (v1 +vg, 2 — &) + (v1,8 — a) + (v2,b—b)
|l — al| — pas + paz +2Xe + A3
= |l —all —p(o1— a2z — (2 + B)(a+1/VE)) < |lz —all,

which is a contradiction and hence the proof is complete.

N
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Remark 6.2.7. Condition (6.56) holding true for all p €]0, §[ is the negation of condition (6.41]) holding
true for some p €10, .

The next lemma establishes the key quantitative estimates of this section.

Lemma 6.2.8 (quantitative estimateﬂ. Let {A, B} be a pair of closed sets and T € AN B. Then

itr[A, B)(z) < itr,[A, B](%) < itr.[A, B)(Z). (6.69)

Proof. We first prove itr[A, B](z) < itrp[A,B](z). Since the inequality becomes trivial when
itrp[A, B](Z) = 1, we only need to prove the inequality for the case itr,[A4, B](Z) < 1. We take an
arbitrary number « satisfying itr,[A, B](Z) < o < 1 and show that itr[A, B](Z) < a. To do this, let us
first recall the following representation of itr[A4, B](Z) |99, Equation (72)]:

itr[A4, B](Z) = lim inf [lvr + w2, (6.70)
a—T, b=, x—T, ac A\B, be B\A
v1EN4(a)\{0}, v2€Np (B)\{0}, |lv1 ||+ |lva||=1

llz—all (v1,z—a) (vg,z—b)
—1 —1 —1
llz—bll e > lozlllz—bll

with the convention that the infimum over the empty set equals 1. In view of (6.70]), all we need is to
show that for any (arbitrarily small) number € > 0, there exists a pair of vectors (vy,vs) satisfying the
constraints under the liminf in (6.70) and ||v; + v2| < .

By the definition of itry[A, B](Z) and the inequality itr,[A, B](Z) < «, we have that for any number
e > 0, there exist points a € (A\ B) NB.(Z), b € (B\ A) NB.(Z) and = € B.(z) with ||z — a| = ||z — b]|
and a number ¢ > 0 such that the inequality (6.56]) holds true for all p €]0,4].

Since AN B is a closed set and a,b ¢ AN B, there is a number v €10, ¢[ such that

B,(a)N(ANB) =0, B,(b)n(ANB) = 0. (6.71)

Let us take an arbitrary number e €]0, 1] and choose a number p > 0 satisfying

: llz—all
p<m1n{5, a+17/\/g, €, 1-ia+1/ﬁ}' (6.72)

Define a number ¢’ := ap > 0 and note from ([6.72) that

g=ap<(a+1+1/Ve)p<el|z—al<|z—al =max{||z—al,z—b|}. (6.73)

We are going to apply Proposition to the sets A’ := ANBy(a), B’ := BN By(b), the points

ac A',be B,z € X and numbers p, ¢/, A and 7 := ’\)\_4_20?‘;. Let us verify all the conditions of the

proposition. First, the inequality (6.56) reduces to (6.47). It also implies (6.46)) since d; (4’, B',B,(z)) >
|z — al| — ap > 0 thanks to (6.73)). It is clear that &' +p = (a+1)p < (a+1//€) p= A as e €]0,1[ and
T= ﬁ\fspp < i;g = i;g: We have checked all the conditions of Proposition Therefore, in view
of Proposition there exist points & € A'NBy(a), b € B'NBx(b), & € B,(x) and vectors v, € Na(a)

and vy € Np/(b) satisfying (6.48)) and

loall + [[va]] = 1, or + vaf| < & = (6.74)

The following observations verify that the vectors (v1,v2) in conjunction with the points (a, b, 2) fulfill
the constraints under the liminf in (6.70]).

3 The first inequality in holds true in Asplund spaces while the second one holds true in normed linear spaces.
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By the triangle inequality and p < & due to (6.72)), it holds that
[z = 2| < ||z — =l + o - 2| <e+p < 2,
|z —al <z —a +la—a| <e+A=e+ (a+1/Ve)p< (1+a)+ Ve,
|2 =bl| <||Z—b|+[b—b] <e+A=c+(a+1/ve)p < (14 a)e+ Ve
This implies that £ — z, ¢ — z, b—Zase 4 0.

Since A < 7 by the choice of p in (6.72), we have & € AN By (a) which together with (6.71) implies
that @ ¢ B. That is & € A\ B. Similarly, we also have b € B\ A.

It holds v1 # 0 and vy # 0. Indeed, if otherwise, (6.74) implies ||v; + v2]| = 1 < «, which is a
contradiction to the inequality a < 1.

Since a € A’ NBy(a) = ANBy(a) and b € B'NB,(b) = BNB(b) by the definitions of A" and B, we
have

v € Nar(@) = Ny, (0)(@) = Na(@), v2 € Nar(a) = Nz, (b) = N (b),

By the triangle inequality and (a+1+1/v€) p < €|z — al| in view of (6.72)), it holds that

12 —all < [z —al + |12 — 2|l + la — al] < [z —af +&" + A
=z —all+ (a+1+1/Ve)p<(1+e)|z—al,
12 —all > [z —al = |12 — 2|l = la—all > |z —af =& = A

—r—al = (a+1+1/v3) p> (1 =) [z —a].

Hence, we have
(I-g)llz—al<lz—al <1+e)lz—al.

Using similar estimates, we also have
(1 —e)flz b <[lZ = b < (1 +e)lz—b].
The above estimates together with ||z — a|| = ||z — b|| # 0 imply

1—¢ < Hx_?H < 1+€,
T+e T e T 1-¢

which in turn implies that ||||af — Z: —lasel0.
5

e By (6.74), the Cauchy-Schwarz inequality, (6.48]) and the definition of 7, we have

~

<’U1,.f3—€l> <U2,i‘—b>

R B i
(v1,2& — @) . (vg, & — b) A
max{uge_a||,||ge_b||} max{uaz«_a\|,||ge_b||}
- A=2ap (a+1/\/e)p—2ap 1/\/e—«
T = — —

Aap — (a+1/\E)p+ap  1/\/e+2a’
which tends to 1 as € | 0. Thus,

~

<’U2,.f3 - b>

<U1:xta>+ ——— =1 as ¢]0.
|2 —all |2 — b
Due to the Cauchy-Schwarz inequality and ||v1|| + ||v2]] = 1, the above convergence happens if and
only if
- -
M—)l and M—)l as el 0.
[oa]l |2 — all [o2] 1|2 — b
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By (6.74) and the above observations, letting € | 0 implies itr[A, B](Z) < « in view of (6.70)).

We now prove itry[A, B](z) < itr.[A, B](Z). Since the inequality becomes trivial when itr.[A, B](Z) =
1, we only need a proof for the case itr.[A, B](Z) < 1. We take an arbitrary number « satisfying
itrc[A, B](Z) < a < 1 and prove that itr,[A4, B](Z) < «. From Definition to obtain this inequality,
it suffices to show that {A, B} does not satisfy property (P) at  with a (and any number ¢ > 0).

Fix a number oy satisfying itr.[A, B](Z) < a1 < a. Since 2¢(a+1/v/€) | 0ase [0 and a — oy > 0,
there exists a number £y > 0 such that ¢ €]0, o[ is equivalent to € > 0 satisfying

2¢ (a+1/Ve) <a—a. (6.75)

We claim that for any e €]0, gg], there exist a € (A\ B)NB.(Z), b € (B\ A) NB.(Z), = € B.(Z) with
|z — al| = ||z — ]| and a number § > 0 such that (6.56)) holds true for all p €]0, 4.

To prove the above claim, we first recall the following representation of itr.[A, B](Z) |96, Equation

(15)]:

itrc[A, B](z) = lim inf [lvr + v, (6.76)
a—Z, b=, z—T
a€A\B, be B\A, ||lz—a||=|z—b]
dist (v, N 4 (a))0, dist (2N (6))—s0, [[on [ +]|vz | =1
(vi,z—a)=[lv1|| |[z—all, (vo,x—b)=[lvz]| |z —b]|

with the convention that the infimum over the empty set equals 1.

In view of (6.76) and itr.[A, B](Z) < a1, there exist a € (A\ B)NB.(Z), b € (B\A)NB.(Z), x € B.(Z)
with ||z — a|| = ||z — b]| and vy, vs € X satisfying

dist (v1, Na(a)) < g, dist (ve, Np(b)) < e, ||v1]| + |lv2|l = 1, ||v1 + v2]] < a1, (6.77)

(vi,2 —a) = [lor|l |z — all; (v, 2 = b) = [Jva| ||z — 0]

The last inequality in (6.77) and (6.75) imply [vy + va|| + 2¢ (a + 1/v/2) < a, which is (6.53).

Thus, the points a,b,x together with the numbers «,e > 0 and the vectors vy, vy satisfy all the
assumptions of Proposition In view of this proposition, there exists a number § > 0 such that

(6.56) holds true for all p €]0,4].

Hence, we have proven the above claim, which in turn implies that {4, B} does not satisfy property
(P) at & with the number a. This is because in view of Remark the statement that (6.56) holds
true for all p €]0, 4] is the negation of the statement that there exists p €]0,0[ such that (6.41]) holds
true. Then from Definition we have itr,[A4, B](z) < a.

The proof is complete.

O

The first estimate in shows that property (P) is a necessary condition for intrinsic transversality
while the second one shows that it is a sufficient condition for the property characterised by itr.[A, B|(Z).
A combination of Lemma and Theorem [6.1.13| eliminates the gap between these properties in the
Hilbert space setting.

Theorem 6.2.9 (equivalences). Let {A, B} be a pair of closed sets and & € AN B. Then the following
statements hold true.
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(i) Ifitre[A, B)(Z) > 1/V2, then
min {itr[4, B](Z), itr,[A, B)(Z), itr,[A, B](Z), itr.[A, B|(Z)} > 1/V2.

(ii) If itr.[A, B|(Z) < 1/v/2, then
itr[A, B](Z) = itry,[A, B)(Z) = itr,[A, B](z) = itr[A, B]().

Proof. Ttem ({ij) follows from Theorem [6.1.13(i) and while item (ii}) follows from Theorem [6.1.13((ii)
and .

O

The following observation is obvious in view of Theorem [6.2.9

Remark 6.2.10 (answer to Question. In Hilbert spaces, intrinsic transversality is equivalent to property
(P). Note that the latter does not involve elements of normal cones. Note also that it can happen that
itr,[A, B](Z) # itr[A, B](Z) if itr.[A, B](Z) > 1/V/2.

6.3 Intrinsic Transversality in Euclidean Spaces

We first recall definitions of the relative limiting normals which are motivated by the compactness of the
unit sphere in finite dimensional spaces as well as the fact that not all normal vectors are always involved
in characterising transversality-type properties. These notions were shown to be useful for analysing
intrinsic transversality and its variants, see [96] page 123] for a more thorough discussion.

In this section, X is a Euclidean space.

Definition 6.3.1 (relative limiting normal). [96] Definition 2] Let A, B be closed sets and z € AN B.

(i) A pair (v1,v2) € X x X is called a pair of relative limiting normals to {A, B} at & if there exist
sequences (ar) C A\ B, (by) C B\ A4, (zx) C X and (vig), (var) C X such that ap — z, by — 7,
Ty —> T, Vg — U1, U2k — V2, and
V1 € NA(ak), Vo, € NB(bk> (k=1,2,...),

lzk — axll (Vik, Tk — ak) (vok, Tk — i)
9 b % 1’
lzr — brll lvirll |2 — ax |l [kl |ox — bl

0
with the convention that 0= 1. The set of all pairs of relative limiting normals to {A, B} at Z is
denoted by N 4 p(Z).

(ii) A pair (vi,v2) € X x X is called a pair of restricted relative limiting normals to {A, B} at T
if there exist sequences (ax) C A\ B, (bx) C B\ A, (x;) C X and (vig), (ve) C X such that
||{,Ck — ak|| = ||{,Ck — bk” (k =1,2,.. .), ar — T, b — x, xp — T, V1§ — V1, Vo — Va2, and

dist (v1g, Na(ag)) — 0, dist (vog, Np(bg)) — 0,

(Ui, ok — ag) = vkl lzx — akll, (vak, o6 — bk) = [Jvor| lox — bxll (B =1,2,...).

The set of all pairs of restricted relative limiting normals to {4, B} at Z is denoted by Nix, (7).

The following statement recalls a basic property of N4 5(Z) and Nix, 5(Z). In particular, they are
coned]

Here, the empty set is viewed as a cone by convention.
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Proposition 6.3.2. /96, Proposition 2(i)] Let A, B be closed sets and T € AN B. The sets N 4 p(T)
and NZ,B(i') are closed cones in X x X. Moreover, if (vi,vs) € N 4 p(Z) (respectively, N‘:’B(f)), then
(t1v1,tav2) € N o p(Z) (respectively, NZ’B(Q?)) for all ti,ts > 0.

The following equalities show the important role of the cones N 4 5(Z) and Nil, 5(Z) in characterising
intrinsic transversality [96, Equations (19)&(20)]:

itr[A, B](Z) = min lor + vall, (6.78)
(v1,v2)EN 4, B(T)
lvrll+]lvall=1
itr.[A, B](Z) = min [lvr 4+ val, (6.79)
(vlaUQ)eNZ,B(a_;)
llorll+]lvall=1

with the convention that the minimum over the empty set equals 1. Note that the minima in (6.78]) and
(6.79) are attainable thanks to the compactness of the constraint sets under the minima.

Remark 6.3.3. One can formulate a similar representation for itr,,[A4, B](Z) using another cone NXB(;E)
of ‘weak’ relative limiting normals satisfying

N4 5(#) C Nap(@) C Nap(@). (6.80)

The objective of this section consists in 1) giving a geometric counterpart of the analytic condition
under which Theorem [6.1.13](ii) is valid - see Lemma 2) deducing new characterisations of intrinsic
transversality in terms of relative limiting normals - see Theorem and 3) giving further insight into
the quantitative results established in Section when specialized to the Euclidean space setting - see
Theorem As by-products, we address the following questions raised by Kruger [96] regarding the

cone objects appearing in (6.80)) - see Remarks and

Question 5. [96, question 4, page 140] What is the relationship between the two cones N A p(Z) and
—=C —

NA7B(x) 7

Question 6. [96, question 5, page 140] How can NXB () be used in characterising intrinsic transver-

sality?

Recall from Theorem [6.1.13|that if itr.[A, B](Z) > 1/v/2, then the intrinsic transversality property is
satisfied with a quantitative constant at least 1/ V2. This indicates that the other case, i.e.,

itr.[A, B](Z) < 1/V2, (6.81)

is of the main interest in studying the property.

The analysis in this section is tuned to the scenario of (6.81). To begin, let us define the set:
C:={(v1,v2) € X x X | (v1,v2) < 0}. (6.82)

Proposition 6.3.4. The set C' defined above is a cone in X x X. Moreover, if (vi,v2) € C, then
(tl’l}l,tQ’UQ) ceC fO’f’ all ti1,to > 0.

Proof. The proof is straightforward from the definition of C.

O

The following result explains the role of C' in the analysis of intrinsic transversality in this chapter.

For convenience, we also define the set
Si={(v1,02) € X x X [ [|va|[ + [Jo]| = 1},
and note that NZ, 5(Z) N S is the feasible set under the minimization in (6.79).
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Lemma 6.3.5. Let A, B be closed sets and x € AN B. Then
CNNLz@)NS#D & itr[A B|(@) < 1/V2.

Proof. (=) We suppose C N NZ,B(a?) NS # 0 and prove that itr.[4, B](Z) < 1/v2. Take a pair

(v1,v2) € CﬂNiLB(:i) N S. We note that v; # 0 and vy # 0 as (v1,v2) € C, and set v] 1= % and
vy = ﬁ It holds (v, vy) € S since ||v] || + ||v4]] = 1/2 4+ 1/2 = 1. Thanks to Propositions [6.3.2 and
it also holds (v}, v}) € C NN (%). Then we have in view of that

A B@? = min okl < o7 = 172420 0) < 172,

(v1,02)EN g (T)NS
where the last inequality holds true due to (6.82) as (v}, v}) € C. Hence itr.[A, B](Z) < 1/V2.

(«=) We suppose C’ON;B(@) NS = () and prove that itr.[A, B](Z) > 1/v/2. If NZ,B@) NS =0, then
(6.79) yields itr.[A, B](Z) = 1 > 1/v/2. We consider the case N;B(a_:) NS # . Take an arbitrary pair
(v1,v2) € W;B(i‘) N .S. Then by the assumption, it holds (v, vs2) ¢ C, i.e., (v1,ve) > 0. This implies

(loll + floz]))* = 1/2.

N | =

lvr + 2l = lr ] + lloall* + 2 (w1, v2) > [Jor]|* + oa]* >
We have just proved that
vy + o > 1/V/2  for all (vy,v5) € W;)B(f) ns.
This together with the equality implies that itr.[A, B](Z) > 1/V/2.

O

Lemma [6.3.5] provides an intuitive geometric counterpart of the quite mysterious analytic condition
(6.81). It also gives rise to the following characterisations of intrinsic transversality.

Theorem 6.3.6 (refined characterisations of intrinsic transversality). Let A, B be closed sets and T €
AN B. Then the following statements are equivalent.

(i) {A, B} is intrinsically transversal at .
(ii) There exists a number o €0, 1] such that

lor +ve|| > forall (vi,v2) € C HNZ’B(Q?) ns. (6.83)

(ii) {1} € X | (v,—v) € CHNZ,B(E)} c {0}.

Proof. (i) = (ii). We suppose that {4, B} is intrinsically transversal at z. This is equivalent to
itr.[A, B](Z) > 0 in view of Theorem [6.1.13} If itr.[A, B](Z) > 1/v2, then by Lemma the

intersection C' N Ni&, g(Z) NS is empty, and hence the conclusion is trivial. We analyse the case

itr.[A, B](Z) < 1/v2. Take any a satisfying 0 < « < itr.[A, B](Z). Then in view of (6.79) we have
that
[lvr + ve| > itrc[A, B](Z) > a for all (vi,vs) € WZ,B(Q’:) ns,

which obviously implies ((6.83]).
(ii) = (ili). Suppose that (iii) is violated, i.e., there exists v # 0 such that (v, —v) € C QNICLLB(@).

. U U
Then the pair (v, v2) := <2||v 20|

) € CHWZ,B(JE)OS, but ||v; +v2|| = 0. That is, (ii) is violated.
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(iii) = (i). Suppose that (i) is violated, i.e., itr.[4, B](Z) = 0. By [96, Corollary 3, (i)«<(ii)], there
exists a pair of vectors (vy,vs) € NZ7B(§:) N S satisfying ||v; + v2|| = 0. The latter conditions trivially
imply v1 = —v2 # 0 and (vy,v2) < 0. Then the vector v # 0 satisfies (v, —v) := (v1,v2) € C ﬂN;)B(f).
That is, (iii) is violated.

O

An implication of Theorem is that only pairs of relative limiting normals in C are relevant for
characterising intrinsic transversality. This observation guides us to the following concrete relationship
=7 — —=C —
between the two cones N 4 p(Z) and N4 5(7).

Theorem 6.3.7. Let A, B be closed sets and & € AN B. Then

Nop(@)NC=Nap@)nC. (6.84)

Proof. 1t is known by |96, Proposition 2(ii)] that NZ’B(Q’:) C N p(Z). Thus, it is sufficient to show that
Nap(@)NCCNyz(@)NC.

Let us take any (vi,v3) € Nap(Z) N C. Then by the definition of N4 5(Z), there exist sequences
(ag) C A\ B, (by) C B\ A, () C X and (v1), (var) C X such that ax — &, by — T, v — T, V1 — V1,
Vg, — U and

vk € NA(ak), Vo) € NB(bk) (ki =1,2,.. .),

- —b
— 1, (Vi 2 — ak) — 1, —<v2k’$k k) — 1. (6.85)
2k — bl [vikll lzk — axll lvikll lzk — bkl

lzr — a||

Note that v # 0 and vy # 0 as (v1,v2) € C. Then thanks to v1y — v1 and va, — vg, we can assume
that vy # 0 and vor # 0 for all £ € N. In view of Remark we can also assume that zj # a; and
x) # by for all k € N.

Since (v1,v2) € C, it holds that {v1,v9) < 0, equivalently,

To complete the proof, it suffices to prove that (v1,vs) € N;B(i). For each k = 1,2, ..., let us define:

U1 V2

loall - Nlozll

’ > V2. (6.86)

S ar + by
k -— 2 )
' (b, — ag, x — mg)
=g — b — 6.87
T = Tk 5% — ax|? (bx — ax), ( )
o ol , ) S L 6.88
e g T O g (0 (055
All we need is to verify the following four conditions:
(i) , ,

2}, — anll = |z, — 0cll  (k=1,2,...); (6.89)

(i)

/ = !/ !
T — T, vy = V1, Vg, — 2 (K=1,2,...);

(iif)
dist (v}, Na(ar)) — 0, dist (vhy, Np(bg)) — 0;
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(iv)

(Ui, 2k — ak) = [[Viglllleg, — arll, (Wor, 25 — br) = llvagllllzy, — bxll-

Condition . This follows from ([6.87)) since for each k = 1,2,..., we have that
I (R L L e

TEE T — ak, b, — a)

27, — akll® = |a% — bell® = llzn — arll® = llze — by

+2

(b, — a, 1, —my) (

ox — ax2 xp — by, b — ak)

2 - (br, — a, T, —my) (
bk — ak|?

= |lzk — arll® = [|ox — bil|* = 2 (bp — ag, 2k — my)

= |z — arll® = ok — bell® — (2 — ar) — (z1 — br), (xk — ax) + (zx — by)) = 0.

= ||k — akl® = [Jok — be b — ak, by — ay)

Condition . We first infer from and ay # by, that o} # ax and z), # bg. This ensures that the
definitions of (v];) and (vj) by (6.88)) are well defined. Then thanks to (6.88)), we have that

[kl = Tkl lvaell = llvakll,
(Ui, 2% — ak) = [lviellllzy, — anll = orll ek — axll,
(v, Ty — bk) = [lvakllleg, — bill = llvallllzy, — bl

Condition (). Since vy € Na(ax) and vor € Na(bg) (k = 1,2,...), whenever condition has
been verified, we have that

dist (v, Na(ar)) < [Jvy, — vakll < lJor, — o1l + [lvre — 1] = 0,
dist (v9, Np(be)) < [l — varll < llviy — vall + [z — vall = 0.

Condition . Since xx — %, ar, — T and by, — T, it holds by (6.87) that

ay + by
2

bk A, Tl — Mg
I — ael] = H ’ (b — a)|| < 1w — ol = | —

llbr — ax|?

Then
[z}, — || < ||z}, — x| + ok — 2] = 0.

In the remainder of the proof, we show that v}, — v; while the condition vj, — vo is obtained in a
similar manner. Since v1x — v1, all we need is to show that ||v}, — vix]| — 0. Note that by (6.88) it
holds

U1k Uik
Hvik — vl = ’ 7” U el (93' —ag) — vik|| = ||kl ‘ ! H

7 — ol o=l T 690,

Tp — U1k x) — ay T — ak

l|zx — akH vkl I} —akll  llox — axl

Note also that due to (6.85)),
‘ Tk Ok Uk ' S PP CTIL Sl RN (6.91)
ok —akll  lloikll vkl [|zx — ax|

In view of and (6.91)), in order to obtain ||v], — vix|| — 0, it suffices to prove that

z) — ay T — G

o} —axll llex —ax]

‘%0.
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To proceed, let us take any number € > 0 which can be arbitrarily small and show the existence of a

natural N € N such that
xh, — ag T — af

— <e, Vk>N. 6.92
o= =l (0:22)
Choose a number &’ > 0 to satisfy
el — g2
_ . 6.93
1-6e +32 (6.93)

2t — 2
Such a number €’ exists since € > 0 and hm 24/ T—6ir32 =0

By the convergence conditions in there exists a natural number N € N such that Vk > N,

|z — axl|

11— <« 52— <1+¢, 6.94
e = bl (699
— -b
(e, o6 — ak) e (o, 2 = bk) (6.95)
vkl lze — all vkl lze — brll
The estimates in (6.95) amount to
_ -
Utk Tk T Ok H Tk Ok ' < V2. (6.96)
ikl Tk — axll ||v2k|| lze — bl
In order to prove ([6.92)), we first note that
(), — x), ), — my) = 0. (6.97)

Indeed, by (6.87)), it holds that

(br — a, xp — my)
bk — a2

<xk7x;cax;€7mk>: <bk7ak>x;cfmk>v

from which (6.97)) follows since

by — _
(b — ak, T}, — mi) = ( by — ag, Tk — My, — (b — ar, 2 mk>(bk*ak)
16 — a2

(br — ak, xp — my) ®

= (b — ag, xp — my) — k — Qk, b — ag) = 0.

[br — axl|?
Second, we show that Vk > N,
s — 412 < 2527 min { e — an]? e — b2} (6.98)
If ||z — axll = [[zx — bkl|; then
(bp — ag,xp — mg) > 0. (6.99)
Note from ((6.86] - ) and - ) that
i — Ak T — by H ‘ Vig  Ugk H‘ Vig T —ak H’ Vo ap — b ‘
ok — akll — flow — bk ikl [lvasl] lviell ok — axll lvarll [l — bll

> V2 - 2v2¢.
This combining with (6.94]) yields that

(en — ag, 2% — by) < 4 (\E— g') e — alll|zk — bi]l < 4 (\@— s’) (1+ )|z — il
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Then
(br, — a,xx — by = (b — xp, xp — bi) + (xp — ar, xp — bi)

— |lxx — kaz + (xf — ag, xp — by)

< = llan = bal? + 4 (VE =) (L&) lfog — by (6.100)
=—(1-4(VE =) (1 +&)) Jax — brll* < 0.
From (6.87), (6.99) and (6.100) we have that
% = Okll® = llzx = b l|* = ll2f, — xxll® + 2 (2}, — @p, 2h — by)
— lah -l — 28O TG T ) ) (6.101)

168 — axl|?

> ||, — ]|,

By (6.89) and (6.97)) we get that
ok = ar|® + lloe = bill? = 2|z, — 2|1 + 2 — arll® + |25, — bell® + 2 (wx — 2}, 225, — (ar + by))
= 2llex — 2|1 + 202, — b l|? + 4 oy — o, 7, — )

= 2l|zk — | + 2|z, — bell*.

This together with (6.94) and (6.101)) yields

20la — ail® = llow — anl® + llox — bell* = 2llz), — i1
< (1€ lor = ol® + llow — bxl* = 2|, — bel|?
< (L4 ok — bil® + ok — bell®> — 2 (lzn — bil] + |2 — 2x]|?) -
Hence
Az — 2 ||> < (26" + ) |z — bi||* = (26" + &) min{ ||z — ak|?, [|zx — bk*} (6.102)
since ||zx — ag|| > [|zx — bi|| in this case.
By a similar argument, if ||z, — ag|| < ||z — bgl|, then
(br, — ag,xp —my) <0, (b — ag, xp — ag) > 0.
Thus

2}, — akll® = ok — axll® = llzf, — z&|® + 2 (), — 2%, 20 — ar)
(br, — g,z —m
168, — ax||?

= ||} — ap]> = 2 k) (b — ax, xr, — az,) (6.103)

> [l — @il

By (6.89) and (6.97)) we get that

= arll® + |z — bell* = 2[lax — 21 + 2/}, — axll?,

which together with (6.94) and (6.103)) yields that

2z — 23 )1 < o — anll + =y llor — arll? = 2 (lox — axl® + ll2f, — z]1?) -
Equivalently,
A [ QE;EQka —ai))® = ?1'*:)2 min{||zy, — ax||?, [|zn — b |*} (6.104)

since ||z — ag|| < ||k — bg|| in this case.
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Combining (6.102) and (6.104) and noting that 2&’ + & < ?15/_;?;, we obtain (6.98) as claimed.
Third, we show that Vk > N
2, — ax? > 4523 | — 21> (6.105)

Indeed, if ||z — ak|| < ||k — bk, then the use of (6.103)) and (6.104)) yields (6.105):

g, — akll® > o — arll* + o — 23]

2 _ 2
> A ok — il + llaw — 2l = S5EEE o — o .

Otherwise, i.e., if ||xx — ax|| > ||zx — bk, then the use of (6.89), (6.101) and (6.98) successively implies
that

I — ail® = lh — Bill® > Il — bell? + g — ]
2
> gl — 2|+ llaf, — ail? = 42" e — |
442" +e? 46 437
2e! +¢'? 2 — /2

which also yields (6.105)) since . Hence (|6.105]) has been proved.

Fourth, we show that Vk > N

’ Ty —ax T —ag ‘ ||xk—x§€H (6.106)
o —arll Mo —arll]l = [z}, — all
Indeed,
xh — ak _ Tp—ak H ‘ x), — ag _ mp—ak ’+‘ Tp—ak Tk —a ‘
2}, —aell llzx — al 2}, —arll @), — a 2}, —akll ok — a
ok — il | [loe —akll 1’
~ g —akll (g — axl

If ||z — ak|| > ||z} — ax||, then (6.106) holds true since

i —arll o _ Nk —akll o llze =l 4+ ek —anll ) llee =2l

[}, — ax|| o} —aell — — [}, — ax| [z}, — ax|
Otherwise, i.e., if ||zx — ax| < ||z}, — ax||, (6.106]) also holds true since

lew —anll | lze—akll o ok —akll = ok =2l flee — 2l

[}, — axll [}, — axl — 7, — axll [}, — axll
Hence (6.106) has been proved.

Finally, a combination of (6.105)), (6.106]) and (6.93)) yields that
/o _ _ N

‘ If ar Tk —ay HS2||aci€ J:k||_ 2’ —¢ e VESN,

2}, —akll llzx — a [}, — ax| 4 —6e’ + 3¢
which is (6.92)) and hence the proof is complete.

O

To this end, we have sufficient information for addressing Questions [f] and [6]

Remark 6.3.8 (answer to Question . In view of Theorem [6.3.7 the two cones WZ’B<§7) and N 4 5(7)
are equal when restricted to the cone C given by (6.82)). Recall that elements of C' are sufficient for
characterising intrinsic transversality in view of Theorem [6.3.6] Their equality outside of C' remains an
open question.
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Remark 6.3.9 (answer to Question [6). The combination of (6.80) and (6.84) yields that
Nup(@)NC =N, 5@)NC=NapE)NC. (6.107)

In view of Theorem [6.3.6] this particularly implies that the three cones have equivalent roles in charac-
terising intrinsic transversality.

Remark 6.3.10. Corresponding to itr,,[A, B](Z), the cone NZ’B(,%) would not be essential for the analysis
in this section due to and . This explains why we chose not to introduce its definition for
the sake of brevity in terms of terminology. It occasionally comes up in the discussion only for the
purpose of addressing Question [6]

Remark 6.3.11. Thanks to (6.78) and (6.79), Theorem [6.1.13[ii) in the Euclidean space setting can be
deduced from Theorem[6.3.7] But the inverse implication is not trivial since the minimal objective values
in and being equal does not tell much about the relationship between the corresponding
feasible sets. Instead, Theorem complements Theorem ii) and further clarifies the character-
isations of intrinsic transversality in terms of relative limiting normals. It is worth noting that the result
of Theorem is also inspired by the importance of the cones themselves, see [96, page 123].

We conclude this chapter with a list of characterisations of intrinsic transversality in the Euclidean
space setting.

Proposition 6.3.12 (characterisations of intrinsic transversality in Euclidean spaces). Let A, B be closed
sets and & € AN B. The following conditions are equivalent:

(i) {A, B} is intrinsically transversal at %;
(ii) itr.[4, B)(z) > 0;
(iii) there exists a number o €]0, 1] such that ||vy + va|| > « for all (v1,ve) € C QN:7B(5) ns;
(iv) {v eX|(v,—v)eC ﬂWi,’B(:E)} c {0};
(v) there exists a number o €10, 1[ such that ||v1 + va| > « for all (vi,v2) € N;)B(f) ns;
(vi) {ve X | (v,~v) € Ny (@)} C {0}
itr[A, B](z) > 0;
there exists a number o €10, 1[ such that ||v1 + va|| > a for all (vi,v2) € CN N4 p(Z)NS;

{veX|(v,~v) e CNNApE)} C{0};

{veX|(v,—v) € Nap(@)} C{0};

)
)
)
(x) there exists a number a €0, 1[ such that ||v1 + v2|| > « for all (v1,v2) € Na p(Z) N S;
)
) itry, [A, B](Z) > 0;

)

there exists a number « €10, 1[ such that ||vy + ve|| > a for all (v1,v2) € C HNIAU’B(Q?") ns;
(xiv) {v €X|(v,—v)eC mN}B@)} c {0};

(xv) there exists a number o €0, 1] such that ||vy + va|| > a for all (vy,v9) € N:B(f) ns;
(xvi) {v e X | (v,—v) € Wi’i,g(:ﬁ)} c {0};

(xvii) itr,[A, B](Z) > 0;

(xviii) {A, B} satisfies property (P) at Z.
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If, in addition, the sets A, B are convex, then the following item can be added to the above list:

(xix) {A, B} is subtransversal at Z.

Proof. (i) < (ii) follows from Theorem [6.1.13] (i) < (iii) < (iv) follow from Theorem [6.3.6] (i) < (v)
& (vi) follow from Corollary 3 of [96]. (i) < (vii) follows from Proposition [6.1.8iii). (i) < (viii) <
(ix) follow from Theorem and Theorem [6.3.7 (i) & (x) < (xi) follow from Theorem 5 of [96].
(i) & (xii) & (xill) & (xiv) © (xv) < (xvi) are consequences of the previous equivalences in view of

Proposition
Proposition

6.1.9

6.2.2)

i) and the inclusions in (6.80). (i) < (xvii) < (xviii) follow from Theorem and
).

respectively. (i) < (xix) in the convex setting follows from Proposition

O

129



Part 11

Generalised Convexity
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Chapter 7

Robustly Quasiconvex Functions

Our aim in the chapter is to establish the first—order characterisations for the robust quasiconvexity of
lower semicontinuous functions using means of Fréchet subdifferential in Asplund spaces. First, some
existing results regarding to the properties of subdifferential operators of convex, quasiconvex functions
are recalled in Section where the definitions and some basic results are given as well. Besides,
necessary and sufficient first-order conditions for a lower semicontinuous function to be quasiconvex are
reconsidered. Those characterisations moreover could be used to characterise the Asplund property of
the given space. Second, two criteria for the robust quasiconvexity of lower semicontinuous functions in
Asplund spaces are obtained by using Fréchet subdifferentials in Section 3. Each criterion corresponds
to each type of analogous conditions for quasiconvexity. The first one is based on the zero and first order
condition for quasiconvexity (see Theorem [7.1.5(b) in Section 2). It extends [L1, Proposition 5.3] from
finite dimensional spaces to Asplund spaces. Moreover, its proof also overcomes a glitch in the proof of
the sufficient condition of |11, Proposition 5.3]. The second criterion is totally new. It is settled from the
equivalence of the quasiconvexity of lower semicontinuous functions and the quasimonotonicity of their
subdifferential operators (see Theorem [7.1.5{c) in Section 2).

7.1 Basic results

An operator A is monotone if for all 2,y € domA, one has (z* —y*,x —y) > 0 with 2* € A(x),y" € A(y).
It is well-known that when ¢ is convex, the operator 9* ¢ is monotone [140]. The inverse implication
also holds in Asplund space [120, Theorem 3.56]; but it is not true in general Banach spaces. The reader
is referred to the proof of the reverse implication in [163, Theorem 2.4] for a counter-example.

Let us recall some notions of generalised convex functions.

Definition 7.1.1. A function ¢ : X — R is

(i) quasiconvex if

Ve,y € X, A €]0,1[, f(hz+ (1 - Ny) <max{f(x), f(y)}. (7.1)

(ii) a-robustly quasiconvex with a > 0 if, for every v* € aB*, the function @, :  — ¢(x) + (v, x)
is quasiconvex.

Clearly, ¢ is a-robustly quasiconvex if and only if the function ¢, is quasiconvex for all v* € X*
such that ||[v*| < a.
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Definition 7.1.2. An operator A : X = X is quasimonotone if for all z,y € X and z* € A(z),y* €
Aly) we have min{(z*,y — ), (5", & — )} < 0.

Below, we give a short proof to clarify the dual characterisation in terms of Fréchet subdifferentials
in Asplund spaces. Our proof relies on the proof scheme of [4] and the following approximate mean value
theorem [120, Theorem 3.49].

Theorem 7.1.3. Let X be an Asplund space and ¢ : X — R be a proper lower semicontinuous function
finite at two given points a #b. Consider any point ¢ € [a,b) at which the function

|

attains its minimum on [a,b]; such a point always exists. Then, there are sequences xy, % ¢ and xy €
oF p(xy) satisfying

NP p(b) — ¢(a)
—ap) >y }
hkn_lif.}f(xk’b $k> = ||a—b|| Hb C||7 (7 2)
likm inf(ay,b—a) > p(b) — ¢(a). (7.3)
—00
Moreover, when ¢ # a one has
i (27,6 —a) = ¢(b) — ¢(a). (7.4)

Theorem allows us to deduce the following three-points lemma which is similar to [5, Lemma
3.1]. The proof for Lemma is identical to the proof for |5, Lemma 3.1].

Lemma 7.1.4. Let ¢ : X — R be a proper, lower semicontinuous function on an Asplund space X . Let
u,v,w € X such that v € [u,w], p(v) > p(u) and X > 0. Then, there are T € dom g and z* € 0¥ p(Z)
such that

z € Ba([u,v]) and (z*,w—1z) >0,

where
Ba([u,v]) :={z € X : Ty € [u,v] such that ||z — y|| < A}.

We are in position to establish characterisations of quasiconvexity in terms of Fréchet subdifferentials
in Asplund spaces.

Theorem 7.1.5. Let ¢ : X — R be a proper lower semicontinuous function on an Asplund space X.
The following statements are equivalent

(a) ¢ is quasiconver;

(b) If there are x,y € X such that o(y) < o(x), then (x*,y —x) <0 for all x* € 5(,0(35)

(c) dF ¢ is quasimonotone.
Proof. (a)=(b) Assume that z,y € X, ¢(x) > ¢(y), and z* € 07 p(z). Consider S, := {u € X : p(u) <
w(x)}. Since ¢ is quasiconvex, then S, is a convex set. Thus, we have the function f := dg, + () is
convex, where dg, is equal to 0 for u € S, and to co otherwise. On the other hand, f(z) = ¢(z) and

f(u) > @(u) for all u € X, thus () C dF f(z). By the definition of convex subdifferential, since
x* € dp(x) C OF f(x), we have (z*,y —z) < 0.

(b)=(c) Assume that there are z,y € X and z* € 0" p(z), y* € 9" p(y) such that (z*,z —y) < 0 and
(y*,x —y) > 0. Then, by (b), ¢(x) < ¢(y) and ¢(y) < ¢(x), which is a contradiction.

(¢)=(a) By using Lemma the proof of this assertion is similar to one in |4, Theorem 4.1]. O
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Remark 7.1.6. Observe that the implications (a) = (b) and (b) = (¢) hold in Banach spaces while
(¢) = (a) only holds in Asplund spaces. In fact, the equivalence of these statements actually can
characterise the Asplund property in the sense that if X is not an Asplund space, then there is a
function ¢ whose Fréchet subdiferential satisfies (b) and (c) but is not quasiconvex. Such a function ¢
can be found in [163, Theorem 2.4].

7.2 Characterisations of Robustly Quasiconvex Functions

Here we show that this conclusion in |11, Proposition 5.3] is still correct not only when f is assumed
just to be lower semicontinuous, but also when X is only assumed to be an Asplund space. To derive
this generalisation, we need the following lemmas, revealing that quasiconvex functions have certain nice
properties which resemble those of convex functions.

Lemma 7.2.1. If ¢ : X — R is a quasiconvex and lowersemicontinuous function, and u,v € X are such
that p(v) > @(u) then
lim (v + t(u — v)) = ¢(v). (7.5)

Proof. Suppose that u,v € X and that p(v) > p(u). Since ¢ is quasiconvex, for all ¢ €]0, 1], we have
p(v+tlu—v)) <max{e(),o(u)} = p(v). It follows that limsup ¢(v +t(u —v)) < ¢(v). Combining the
10

latter with the lower semicontinuity of ¢ we get (7.5). O

Lemma 7.2.2. Let ¢ : X — R be a quasiconvex function and u,v,w € X such that v €|u,w|, p(u) <
p(w). Suppose that there exist v* € X* and z €]u, v[ such that p,«(z) > max{p,~(u), u~(w)}. Then

p(u) < ¢(2) < @(v) < p(w). (7.6)

Proof. Since z €]u,v[Clu, w], p(u) < p(w) and ¢ is quasiconvex we have ¢p(z) < max{p(u),p(w)} =
p(w). Hence, the latter and the inequality @,~(z) > @u=(w) implies that (v*,z) > (v*,w). As
(*,z—w) > 0and z = Au+ (1 — MNw, we have (v*, 2z —w) = A (v*,u —w) > 0 with A €]0, 1], hence
(v*,u —w) > 0. Then, (v*',z —u) = (1-X) (v*,w —u) < 0so (v*,z) < (v*,u). Therefore, the inequality
O+ (1) < @y=(2) yields p(u) < p(z). Since z €]u,v[ and v €]z, w|, we deduce ¢(z) < ¢(v) < p(w) from
the latter inequality and the quasiconvexity of ¢. Hence, holds. O

Lemma 7.2.3. Let ¢ : X — R be a quasiconver, proper, and lower semicontinuous function, and
v* € X*. If p,+ is not quasiconvex then there exist u,v,w € X such that v €Ju, w[ and

p(w) = p(v) > p(u), (7.7)
Pu=(v) > max{py- (1), o+ (w)}, (7.8)
Yy > 0,3v, € By (v)N]v, w] : @+ (V) > @ux(vy). (7.9)

Proof. Since ¢,+ is not quasiconvex, there exist u, w € X such that u # w, p(u) < p(w) and vy €Ju, w|
such that @« (vg) > max{p,~(u), gy~ (w)}. Applying Lemma [7.2.1] we get ltiﬁ)l olw+t(u—w)) = p(w),

and so 13&1)1 O (W + t(u — w)) = @y+ (w). Since py= (W) < wy=(vg), there exists ¢y €]0, 1 such that

G (W + t(u — w)) < @ (v0), V€0, Lo]. (7.10)

Consider the set
L ={z €lu,w[: vy (2) > @u(v0)}.
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Since we already have vy € .Z, then .Z # 0. For each z € .Z we have ||z — w]|| > to|lu — w] by (7.10). It
follows that
ro=inf{]lz —w|:z e 2L} € [toflu —wl, [Jlu—wl[[ <10, lu —w],

vi=w+r Ju, wl.

€
[l —wl|

We will show that v € .Z and so (7.8)) holds. Suppose on the contrary that v ¢ .. Then vy €u,v[ and
we get p(u) < p(vg) < p(v) < p(w) by Lemma|7.2.2l Applying Lemma|7.2.1] we get ltig)l pv+t(u—v)) =

»(v), and so lig)l Yux (U + t(u — v)) = Yy=(v). By the definition of r, there exists a sequence (z,) C &
t

such that ||z, — w| — r and ||z, — w|| > r for all n € N. Therefore,

* = i N _
Pu- (V) im - (v + t(u —v))
~ limoy. (U vl =r U))
[lu =]l
= lim @y~ (v ——(u—v)+ ——(u—v)
lu— vl [l — vl
. ' 20 = ul
= lim @~ (v ———(u—w)+ —— (u— w))
llu —wll llu —wll
= lim (w + w(u _ w))
[l = wl|

= lim p,- (Zn)

> Po* (UO)7
which is a contradiction. Now we show that v satisfies (7.9). Let v be any positive real number and

Uy = w ﬁ(u — w) with 7y := min{r/2,~v/2} > 0.
u—w

Since 0 < r —r, <r < ||lu— w|, it implies that v, €]v,w[\ £. Therefore, Y,«(vy) < Qo= (Vo) < Pu= (V).
Furthermore,

lvy —v]| = Hw—l—_m(u—w)—w—ru_wH:r <7
! lu —w]| l[u—wl| !
Hence, v satisfies (|7.9)). O

Theorem 7.2.4. Let ¢ : X — R be a proper lower semicontinuous function on a Banach space X, and
a > 0. Consider the following statements

(a) ¢ is a—robustly quasiconvex;

(b) For every x,y € X

p(y) < plz) = (2" y—2) < —min{aly — 2l p(x) — oY)}, V2" € 0" p(). (7.11)
Then (a)=-(b). Additionally, if X is an Asplund space, then (b)=-(a).

Proof. Suppose that ¢ is a—robustly quasiconvex, and z,y € X satisfy ¢(y) < (). Assume that
z* € 0F p(x). We will prove

(%, y —z) < —min{ally — z|[,p(z) — v(y)} .

If x = y, the above inequality is trivial. Otherwise, we consider two cases:
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Case 1. «a|y—z| < p(z) — o(y)

We then need to prove that
(@",y —2) < —ally — x| (7.12)

By the Hahn-Banach theorem, there exists v* € X*, ||v*[| = 1 such that (v*,y —z) = |ly — z||. Consider
the function f: X — R given by

fz)=v(z) + a(v*,z—z) VzeX.
Then f(z) = p(z), and
)=o) + o,y —2) = oy) + ally — 2| < o) = f(2),

ie., max{f(x), f(y)} = f(z). Since @ is a—robustly quasiconvex, f is quasiconvex. Therefore for each
t € 10, 1], we always have

o(r) = f(r) =max{f(z), fly)} = flz+t(y—x))
= oz+tly—1z))+talv®,y —x)
= (@ +ty—2)+tally —z,

which implies that
o(x) —tolly —z| = oz +t(y — 2)). (7.13)
Since z* € dF p(z), for any v > 0, there exists a number 7 > 0 such that

o(2) > 9() + (&%, 5~ 2) —allz 2| V2 € Byla). (7.14)
Let ¢ €]0, 1] such that z + ¢(y — z) € B,.(x). It follows from (7.13]) and (7.14) that
p(z) —tally —zl| = p(2) + Ha",y — ) = tylly — ],

and so
(@ y —z) < —aly =zl +7lly — =z (7.15)

On taking limit on both sides of the above inequality as v — 07, we get (7.12)).
Case 2. aly —z| > ¢(x) —¢(y)
We have ally — z|| = ¢(x) — ¢(y), where

_ o) —o(y)

€10, .
e

Since ¢ is a—robustly quasiconvex, we derive from Case 1 that

IN

—ally — x| = ¢(y) — ()
= —min{ally —z|, p(z) — ©(y)}.

(z%,y —x)

Conversely, assume that X is Asplund, and (b) holds. It follows from Theorem that ¢ is
quasiconvex. Suppose that ¢ is not a—robustly quasiconvex, i.e., there exists v* € X* \ {0}, |[v*] < «

such that ¢,« is not quasiconvex. By Lemma there are u, w € X and v €]u, w| satisfying ,,
and (7.9). Since ¢+ (v) > @+ (u), there exists 6 > 0 such that v* := (1 + 0)v* satisfies ||o*|| < a and
g« (V) > @« (u). Thus, we have p(v) > @(u), Yu-(V) > @u=(u), pz+(v) > pz+(u) and the lower
semicontinuity of ¢, ., and pgz~. This implies the existence of v > 0 satisfying

p(2) > ¢(u),  @ue(2) > @u(u), @o-(2) > po-(u) V2 € By (v). (7.16)
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By the assertion (7.9), there is vy, € B, (v)N]v, w[ such that @« (v) > @y« (vy). Then, v, can be written
as

’U»y ;:@+)\(w—v) Wlth>\€:|07mln{]-7’y}|:
[lw — vl

Since = (v) > @+ (w) and (v) < (w), we have (v*,w —v) < 0 and so
Po* (Uv) — P (U) = Pox (U“/) — Py (U) + 5<U*a Uy — v)
= e (03) — P (0) AT w0 — 1) < 0.

Observe that ||v, —v|| = A|Jw —v|| < . We can take r €] |[vy — v||,7[. Applying Lemma for g+,
v € [vy,u] with @z« (v) > @g=(v,), there exist x € dompy- and z* € 9 gy« (2) such that

x € [vy,v]+ (r—|lvy —v|)B and (z*,u—z)>0. (7.17)

Then = € B,(v) and so ¢(z) > ¢(u) by (7.16). By the assumption (b) and the second inequality of
717,

-0 u—z) < (" =", u—z) < —min{a|lu—z||, p(z) — o(u)}.
Since (v*,u —z) < [|[v¥||||lu — z|| < afjlu — z||, the above inequality implies that (v*,u —z) > ¢(z) — ¢(u),
i.e., pp=(x) < @z~ (u) and this contradicts (7.16)). O

We next construct a completely new characterisation for the robust quasiconvexity. It is based on
the equivalence of the quasiconvexity of a lower semicontinuous function and the quasimonotonicity of
its subdifferential operator.

Theorem 7.2.5. Let ¢ : X — R be proper, lower semicontinuous on an Asplund space X and a > 0.
Then, ¢ is a—robustly quasiconvex if and only if for any (z,x*), (y,y*) € graph 0" ¢, we have

min{(z*,y —2),(y",x —y)} > —ally — x| = (" —y", 2 —y) > 0. (7.18)

Proof. Suppose that ¢ is a—robustly quasiconvex and that there exist (z,z*), (y,3*) € graph 0% ¢ such
that

min{(z*,y — z), (y", 2 —y)} > —ally —z|. (7.19)
Since ¢ is quasiconvex, 9F'¢ is quasimonotone by Theorem It follows that

min{(z*,y — z), (y", 2 —y)} <O0. (7.20)
Combining (7.19) and (7.20), we have

0§—min{<m*, y— < >7<y*, Ty >}<a.
ly — |l |z —yll

Without loss of generality, we may assume

e A = RG]
¥, ) =minq (2", — ) (Y, —— .
ly — | ly — | [l =yl

Let r > 0 be such that
—<x*, A ><T§a. (7.21)
ly — |l

By the Hahn-Banach theorem, there exists v* € X* satisfying (v*,y —z) = r|ly — || and |[v*]| =7 < a.
It follows that

@y —a) + (v y —a) > —rlly — | +rlly —z]| = 0. (7.22)

Consider ¢, : X — R given by ¢, (u) = ¢(u) + (v*,u) for any u € X. Then, we have 0 p,-(u) =
oF o(u) + v* for u € domep. Hence, by the quasiconvexity of ¢,« and by Theorem we have

min{<$*7y - ;L‘> + <v*,y - ’I>, <y*,x - y> + <U*,$ - y>} < 0.
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Combining with (7.22)), it implies

(Y, z—y)+ vz —y) <0, ie., (y,z—y) < vy —x)=r|z—1y|.

Letting r — — <x*, ”z : i” >, we obtain (y*,x —y) < (z*,x — y) and thus (7.18]) holds.

Conversely, assume that (7.18) holds for all z,y € X and z* € 0¥ p(z),y* € dF p(y). Taking any v* in
aB*, we next prove that ¢« : X — R, defined by @,«(u) = p(u) + (v*,u) for any u € X, is quasiconvex
by showing the quasimonotonicity of dp,-. Taking any 2,y € X and z* € 0 - (), y* € 0" v, (y),
then z* — v* € 0¥ p(z), y* — v* € 0¥ p(y). We then consider two cases.

Case 1.  min{(z" —v",y —z),(y" — 0",z —y)} < —aly — 2
Without loss of generality, assume that
<I* - U*vy - ‘T> = Hlln{<.fC* - U*7y - IE>, <y* - ’U*,ZE - y>}
Since |[v*]| < a, we have

<.’E*,y—$> = <‘rE* —’()*7y—517> + <v*,y—x>
—aly =zl + [[v*[llly — [l < 0.

min{(z*,y — x), (y", 2 —y)} <
<

*

Case 2. min{(z* —v*,y —z),(y* — v,z —y)} > —ally — 7|
Since is satisfied, we have
(" =v) = (y" —v')z—y) 20,
ie, (" —y*,z —y) > 0. It implies that
2min{(z",y —2), (y", 2 —y)} < (@%y —a2) + (¥ 2 —y) <0

Hence, 8% ¢, is quasimonotone and thus ¢, is quasiconvex for any v* € aB* by Theorem This
yields the a-robust quasiconvexity of ¢. O
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Chapter 8

Abstract Convexity

Section [8:I] recalls some preliminary definitions and facts used throughout the chapter. We briefly intro-
duce and study the space of abstract linear functions, and abstract convexity notions; some results are
new in the context of abstract convexity. In Section [8.2] we provide some properties that are tantamount
to the equality between the conjugate of the sum of some functions and the infimal convolution of the
conjugates of those functions, which ensures the zero duality gap. We impose no topological assumptions
on the primal space nor on the space of linear functions. A comparison with its forerunner, |23 Theorem
3.2] for convex programming, is established. The necessary and sufficient characterisation of the zero
duality gap is provided, which is new even in the standard convex analysis. In Section [8.3] we equip the
space of abstract linear functions with the weak™ topology to extend some classical convex subdifferential
calculus in the framework of abstract convexity. Some of the facts in convex analysis cannot be extended
to abstract convexity without imposing additional assumptions. Here, we assume that the epigraphs of
the conjugate functions admit the weak™ additive property (see (8.38)). This condition holds for lower
semicontinuous convex functions in classical convex analysis. Then, the zero duality conditions are ex-
posed fully. In the last section of this chapter, we construct a nontrivial example for which our analysis
applies.

In this chapter, when talking about a convex function, or convex set we normally mean conventional
convex analysis. Throughout, X is a nonempty set, which can be thought of as a primal space. Note that
we do not assume any algebraic or topological structure on X. Let F := {f : X — R : f is a function} =
XB ie., Fis the set of all functions acting from X to R. The addition operator in F is the conventional
one, i.e., (f1 + fo)(z) := fi(x) + fo(x) for all z € X. As mentioned above, the linear functions and their
vertical shifts (which are the affine functions) are at the core of convex analysis. They have a crucial role
in the definitions of conjugate functions and e—subdifferentials. In the next section, we define the set
L of abstract linear functions. We make minimal assumptions on £ which trivially hold in the classical
convex case. In Proposition below, we show that some classical features of the conjugate functions
and e—subdifferentials, are still true for this general set £ of linear functions.

8.1 Preliminaries Results on Abstract Convexity

8.1.1 Abstract Linear Space

Definition 8.1.1. A space of abstract linear functions, denoted by L, is a subset of F that satisfies the
following properties:

(a) L is closed with respect to the addition operator i.e. fi, fo € L= f1 + f2 € L;
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(b) For every [ € £ and m € N, there exist l1,...,[, € £ such that
l=lL4+...4Ln. (81)

Remark 8.1.2. If 0 € £ and L verifies Definition a), then £ automatically verifies property (b) in
Definition [R.1.1]

Throughout, we assume that £ possesses properties (a) and (b).

Using the set £, we state next the abstract counterparts of infimal convolution, Fenchel conjugate
function, and e—subdifferential.

Definition 8.1.3. (i) Given m functions ¥1,...,%, : X — Ry, the infimal convolution of the
functions 1, . .., %y, is the function 0. ..y, : X — R4, defined by
1/11551/%(33) = o 132 :x{¢1($1)+-~-+¢m($m)}v Ve e X (82)

with the convention that infimum over an empty set is +oo.

(ii) Given L as in Definition [8.1.1} and a function f : X — Ry, the Fenchel conjugate of f is the
function f* : L — Ry, defined as

fr() = sup{i(z) — f(z)}. (8.3)

rzeX

(iii) Given £ as in Definition a number ¢ > 0, and a function f : X — Ry, we define the
e—subdifferential point—to—set mapping O.f : X = L at a point & € dom f as

O.f(x):={leLl:fly)— flz)— {(y)—I(z))+e>0forall y e X}. (8.4)
If z ¢ dom f, then 0. f(z) = 0.

We prove next some properties of the concepts defined in (i)—(iii).

Proposition 8.1.4. Let L be a space of abstract linear functions. Then, the following statements hold:

(i) For allx € X and e > 0, we have
Ledef(x) = (1) + f(x) <l(x) + & (8.5)

(ii) Let f : X = Ryw. Then, | € dom f* if and only if for any € > 0, there is an x € X such that
l € 0:f(z). In other words,

dom f* = (1) 0-£(X);

e>0

(iii) For any e > 0, we always have

m 8€+77f(x) = 3af(l‘)

n>0

Suppose now that f1,..., fm : X = Rin (m >2) are any functions such that ﬂ dom f; # 0.
i=1

(iv) The following inequality holds

(iﬁ) < f£0...0f  in L (8.6)



(v)

Proof.

(if)

(i)

(iv)

(v)

For any x € X, and any € > 0, we have the following inclusion

=1

n>0 e14...+em=e+n =1
81‘_0
(i) See [145 Proposition 7.10].
Let | € dom f*. Due to the definition of f*, f*(I) = sup {I(x) — f(z)}, then for all € > 0 we can
b's

S
find an © € X such that I(x) — f(x) > f*(I) — &, or l(z) + & > f*(I) + f(x). By (i), the converse
implication is equivalent to having [ € 0. f(x).

Fix e > 0. It is clear from the definition that 0. f(«) C Oeqn f(2) for every n > 0. Hence we deduce

that 0. f(x ﬂ O:-1nf(x). For the opposite inclusion, fix n > 0 and take [ € ﬂ Ocyn f(2).
n>0 n>0
By (i), the latter is equivalent to having —I(z) + f(z) + f*(1) < n+¢ for all n > 0. Thus,

—l(x)+ f(z)+ f*(I) <e. Using (i) again, we deduce that [ € asf( ).

Take | € L. We consider two cases.
Case 1. Assume that | ¢ dom <Z fi ] - We have sup Z fi(x) p = 4o00. Take any

i=1

additive decomposition of [, i.e., take any finite collectlon l1, Y . such that 1 +...+1,, =1. We

have

> fi(l) = sup {Z(ux) - fi(:v»} = +o0.

i=1 zeX =1
Taking infimum over all possible additive decompositions of I, we deduce that f{O...0Of (1) =
+00.

*

m
Case 2. Assume that [ € dom (Z fi | - Take an arbitrary additive decomposition of [, i.e., take

=1
any finite collection [y, ...,[,, such that Iy + ...+ [,, = [. By definition of conjugate function, we
have that for every € > 0, there is an x € X such that

(Zfz) () < l(x)—Zfi($)+€
= Z(li(x) — filz)) te
i=1

IN
™
=
=
J(T)

where we used the definition of Iy,...,l,, as additive decomposition of [ in the equality and the
definition of conjugate function in the last inequality. Since the additive decomposition is arbitrary,
the expression above yields

L4 +ln=l

(Zﬂ) O < b {ff) 4+ fulm)}+e= 0. 0f0) +¢

Since the inequality holds for all [ € £ and € > 0, we obtain .

Take 7 > 0. We claim that (v) is true if the inclusion

Zafifi(x) C 66+77 (Z f1> (:U), (8.8)
=1 i=1
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is true for every 1 > 0 and every additive decomposition €1, ...,&,, of € +n. Indeed, consider m
non-negative numbers €1, . .., &, such that €1 +...+¢&,, = e+ 7 and assume that (8.8 holds. Since
the right hand side of (8.8]) does not depend on the choice of €1, ... ,&,,, we have that

U Zaﬁfi(z) C ety <Z fz‘) (z).

e14tem=c+n i=1
67‘,20
Now (v) will follow by taking intersection for all 7 > 0 in both sides of the expression above and
then using (iii). Therefore, our claim is true and we proceed to establish (8.8)) for every n > 0 and
every additive decomposition €1,...,&, of € + 7.

m m
If Zafi fi(x) = 0, then inclusion (R8.8) trivially holds. Take | € Z@Ei fi(x). Then there are
i=1 i=1
l; € 0, fi(x) i =1,...,m) such that | =1; + ...+ l,. Using (ii) we can write f(I;) + fi(z) <
li(x)+e; foralli=1,...,m. Add up the inequalities above, and use the fact that 1 +...4+ &, =
€ + 1, to obtain

SR+ file) <D k) +e+n=1(x)+e+m, (8.9)
i=1 i=1 i=1
where we used the definition of Iy, ..., [, in the rightmost equality. Using (iv), we have
m m *
D)= <Z fi) (0,
i=1 i=1

which combined with the previous inequality yields
m
[8.9) 1€ 88-1-71 <Z f1> (),
i=1
where we used (i) in the equivalence. This establishes (8.8]), and the proof of (v) is complete.
O

Remark 8.1.5. In the conventional convex setting, the assertions in Proposition are well-known.

8.1.2 Abstract Convex Functions and Abstract Convex Sets

We start this subsection by defining the abstract affine functions, which are, as in the standard convex
analysis, the vertical shifts of the abstract linear functions.

Definition 8.1.6. Let X and £ be as in Definition[8.1.1] The space of abstract affine functions is defined
as H:={l+c:le L, ceR}

Remark 8.1.7. The space of affine function H can be defined independently of the space of abstract linear
functions £ as an arbitrary set of functions which is closed with respect to the vertical shifts.

Equipped with the set H, we can now extend the classical notions of convex function and convex set
to our abstract framework.

Definition 8.1.8. [145, Definition 7.2] Let X, £ and H be as in Definitions and

(i) Given any function f: X — Ry, the set
suppf :={h e H : h(z) < f(z),Vx € X} C H, (8.10)

is called the support set of f.

141



(if) A function f: X — Ry is said to be L—convex if there is a subset L C £ such that

f(z) =supl(z), VrelX.
leL

(iii) A set C' C L is called L—convex if for every element [y ¢ C, there is an x € X such that

lo(x) > supl(z).
leC

The L—convex hull of a set A C L is the smallest £L—convex set that contains A.

Remark 8.1.9. (a) The definition of £L—convex set in Definition (iii) is different from that in [145,
Definition 1.4] and in [7§] (we formulate [145, Definition 1.4] in Proposition (i) below).
Each definition reflects different ideas of convexity. Definition (iii) is based on the separation
property, whereas the rationale in Proposition (i) below is based on the notion of convex
combination.

(b) From Definition (ii), we also have the definition for H—convex functions, that is, a function
[+ X — Ry is said to be H—convez if there is a non-empty subset H C H such that

f(z) = sup h(z), VrelX. (8.11)
heH

(¢) From Definition [8.1.8(iii), we also can obtain the definition for H—convex sets, that is, a set C C H
is H—convex if for any hg ¢ C there is an « € X such that

ho(x) > sup h(z).
heC

(d) If f is H—convex, and C := suppf, then C is H—convex. Similarly, if C'is H—convex and f = sup/,
leC

then C' = suppf.

Our next proposition collects some properties of H—convex functions.

Proposition 8.1.10. Let X, L and H be as in Definitions and and f: X = Rio. The
following assertions hold.

(i) For all x € X, we have
sup h(z) < f(x). (8.12)
hesuppf

Equality holds in (8.12) for all x € X if and only if [ is H—convez.
(ii) The following equality holds

epi f*={(l,r) € LXR:1l—r €suppf}. (8.13)

(iii) If the function f is H—convez, then for all x € dom f and & > 0, we have 0. f(x) # 0. Conversely,
if for all x € X, and € > 0, we always have 0. f(x) # 0, then the function f is H—conver.

(iv) If (I,r) € epi f*, then | € Opy f(z)—i(z)f(x) for all x € dom f.
(v) (Fenchel-Moreau) For all x € X, we have
£ (@) < f(@) (5.14)
Equality holds in for all x € X if and only if f is H—convex.
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Proof. (i) Inequality (8.12]) holds trivially by the definition of suppf. When the equality holds in
(8.12)) for all z € X, then f is H—convex by Definition (ii). Conversely, assume that f is

H—convex. By definition, there exists a set H C H such that f(z) = sup h(z). It is easy to see
heH
from the definitions that H C suppf. Since

f(z) =sup h(z) < sup h(z)< fla),
heH hesuppf

then sup h(x)= f(z), for all z € X. This proves that equality holds in (8.12).
hesupp f

(i) See |78, Equation (1), page 444].

(iii) Assuming the function f is H—convex, by (i), we have sup h(z) = f(x). Then for all z € dom f
hesupp f
and € > 0, there is an affine function [ + ¢ € suppf with [ € L, ¢ € R such that

l(z)+c+e>f(z), and f(y)>1(y)+c Yy X.

Consequently, f(y) — f(z) > l(y) — l(x) — €, Yy € X, which implies [ € 0. f(z).

Conversely, assume that for all € X and & > 0, we always have 0. f(z) # (). We will prove that
f(z) = sup h(z). By (i), we always have
héesuppf

f(xz) > sup h(x). (8.15)
h€suppf

Take £ > 0. By our assumption, there is a linear function [ € 9. f(z), or, equivalently,
fy) = 1y) —l(z) —e+ f(z), VyeX

Then the affine function I(.) := I(-) — I(z) — € + f(z) belongs to the set suppf and I(z) = I(z) —
e+ f(z) —l(z) = f(x) — . Hence,
flx)—e= i(x) < sup h(z),

héesuppf

where the inequality holds because [ € suppf. Since the above inequality holds for all € > 0,
inequality (8.15) now implies that f(x) = sup h(z). Using now the last statement in (i), we
hesuppf
conclude f is a H—convex function.
(iv) Assume (I,7) € epif*, then f*(I) < r. Take z € dom f. By definition of f* (see Defini-
tion (ii)), r + f(z) — l(z) > 0. We have f*(I) + f(z) <7+ f(x) = l(z) + (r + f(z) = I(x)).
By Proposition (i), 1 € Org p(a)—i(a) [ ().

(v) See [145, Theorem 7.1].

O

Remark 8.1.11.  (a) Inequality (8.12) holds for f : X — R, even when suppf = 0. Indeed, in this

case we have sup h(z) = —oo < f(x). In this situation, however, f is not an H-convex function.
hesuppf
Consequently, if f is H-convex, we must have suppf # 0.

(b) Proposition [8.1.10] (iii) is not an “if and only if ” statement. The first implication holds for all
‘H—convex function, whereas the converse implication needs dom f = X.

The next proposition provides some properties of L—convex sets and H—convex sets used in the
subsequent sections.

Proposition 8.1.12. Let X, L and H be as in Definition [8.1.8, and C' C L. The following assertions
hold.
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(i) The set C is L—convex if and only if there is an L—convex function f : X — R such that
C = suppf.
In this case, suppf C L, i.e. suppf:={l € L:1l(x) < f(z),Vx € X}.

(ii) The nonempty set C' C L is L—convez if and only if there is a L—convex function f: X — Ry
such that
< *
C=57(0):={leLl:f () <0} (8.16)

(iii) Suppose in this part that L has linear structure (i.e. closed with respect to addition and multipli-
cation by a scalar). If the set C C L is L—convex, then C is closed for convex combinations of its
elements. Namely, for allli,ls € C and a € [0, 1], we have aly + (1 — a)ly € C.

Proof. (i) See [145 Lemma 1.1, Page 6].
(ii) Assume that C C £ is a nonempty L£—convex set. Let f :=supl. Then, f is L-convex and C' =

leC
suppf. By Proposition|8.1.10(i), we obtain (8.16]). For the opposite inclusion, Proposition|8.1.10| (i)

implies C' = SJ;* (0) = suppf is an L—convex set.
(iii) Suppose C'is a L—convex set. Take l1,lo € C and « € [0,1]. We will show that aly + (1 —a)ly € C
Let f := supl which is L—convex by construction. By (i), we have C' C suppf. Hence, for all
leC
x € X we have [1(x) < f(z), and lo(x) < f(z). Then, it is clear that aly(z) + (1 — a)la(z) < f(x).
This implies aly 4+ (1 — a)ls € suppf = C.

O

Remark 8.1.13. The converse of Proposition|8.1.12|(iii) is not true. In the example provided in Section
the characterisations of £L—convex sets and H—convex sets respectively in Propositions and
show that not all sets which are closed for convex combinations are £—convex or H—convex.

8.2 Conditions for Zero Duality Gap

Let X and £ be as in Definition Given m functions fi,..., fm : X = Ris (m > 2), consider the
minimization problem

p :=inf <Z fi(x)> , (P)

st. zeX.

The dual problem of (P) is given as follows:

d :=sup (Z —fr (l,»)) , (D)
i=1

st ...,y € L,
L4 41, =0



We refer the readers to [23] for comments and further explanation on the zero duality gap. Problem
(P) is a very general minimization problem in which X is a general nonempty set, and there is no
assumption on the convexity of the functions fi,..., fi.

Denote by v(P), v(D), the optimal values of (]ED and @, respectively. We say that a zero duality
gap holds for problems (P) and (D) if v(P) = v(D). In general, we have the inequality v(P) > v(D).

The following characterises the zero duality gap property for (]E) and @, using the infimal convolu-
tion of the conjugate functions f;".

p=inf (Z fz-(w)) == (Z fi) (0); (P1)
i=1 i=1
I14... 4+, =0

d= s (Z—f;‘(h)):—(ffD---Df;})(O)- (D1)

Thus, the zero duality gap is equivalent to

(Z ﬁ) (0) = (f10...0Of73)(0). (8.17)
i=1
Theorem below extends |23 Theorem 3.2] to our general framework. It characterises the con-

dition .
<Z ﬁ) = fi0...0f,, L
=1

which clearly guarantees (8.17)).
Theorem 8.2.1. Let X and L be as in Definition|8.1.1 Fiz m € N such that m > 2. Let f1,..., fm,:

X — Ry be such that m dom f; # (0. The following statements are equivalent.
i=1

(i) There is a K > 0 such that, for any x € X and any € > 0,

0. (Z fi> () C > Oxefil2). (8.18)
i=1 =1

(ii) (Zfi> = frO...4Of in L.
=1

m
(iii) For every x € ﬂ dom f; and any ¢ > 0,
i=1

0. (Zﬁ) @ =1 U D oemfi@]. (8.19)

n>0 |e1+...+em=c+n i=1
67‘,20

Proof. (i) = (ii) Let € £. By Proposition [8.1.4] (iv), we have
<Z fi> (1) < f70...0f,0).
i=1
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m *
Let us show the opposite inequality. It is enough to consider the case in which [ € dom <Z f¢> .
i=1

=1

By (ii) in Proposition |8.1.4} for any £ > 0, there is a € X that | € O (Z fl> . Using now

- le Z@stl , and there are l; € Ok, fi(z) (i=1,...,m) such that { =11 +...+1,,. The
following 1nequaht1eb hold by Proposition [8.1.4 (i)
fz*(lz)—i—fz(x)glz(x)—FKa, Vi=1,...,m

Adding up the inequalities above and using the definition of infimal convolution, we can write

m

(frO...0f%) }: E:ﬂ }: z) +mKe

= =1

:fol +mK€<<Zfl> (1) + mKe.

=1

Since the inequality above holds for all € > 0, we deduce that (f;0...0f) (Z fl> ).

Using (8.18)), we obtain (ii). The proof of (i) = (ii) is complete.
(ii) = (iii). Let € be a non-negative number, x € ﬂ dom f;. The inclusion
i=1

o (zfi) @-N U s

120 1e;>0,% " ej=etn =1

is shown in Proposition (v). Let us show the opposite inclusion.

Take [ € 0. (Z f1> . By Proposition |8.1.4 (i), we have that

i=1

<§;ﬁ> <§:ﬁ> (1) <ifz) +e. (8.20)

Combine assumption (ii) with (8.20) to obtain, for all n > 0,

m

(ffO...0f) ) +n<l(x) = > filw) +e+n. (8.21)

i=1

Inequality (8:21)) shows that (f;0...0f)(l) < +oo. Using the definition of infimal convolution
(Definition [8.1.3] (i), there exist l1,...,l, € L such that I =13 + ...+, and

i) + o+ () < (70 OF5)(1) + 0.

Combine the above inequality with (8.21)) to deduce f7(l1)+. ..+ [ (Ln) < I(z)— Z fi(x)+e+n.
i=1
Equivalently,
D (fila) + S () = i) < e + . (8.22)

i=1
Set v, = fi(x) + f7(l;) — li(x) (i = 1,...,m). We have that 7; > 0 by definition of conjugate
function. Moreover, from Proposition (i) we have that [; € 0,, fi(z) for all i = 1,...,m. Due
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to ,weobtamZ%—Z z)+ £ (l;)—=1li(z)) < e+n. Choose ¢; 1=7i+1/m(5+77_27j)
i=1 j=1
(i=1,...,m). From the inequality above, we have that ¢; > ;. Hence, |; € 0., fi(z) C 0O, fi(x)

m
foralli=1,...,m, and Zai = e+ n. Altogether,

i=1

le 0. file), >0,
U X

e1t...tem=e+n i=1

6120
which yields (iii). The proof of (ii) = (iii) is complete.

(iii) = (i) We will show that (i) holds for K = 2. By (8.19), for all z € m dom f;(x) and € > 0 we

i=1
have

5. (if) @ =Nl U Yo

i=1 n>0 |eit...+em=e+n i=1
6120
C ﬂ Zae-&-nfz C Zakfz

n>0 i=1

where we used the fact that 0., f;(x) C Ocynfi(z) forall i = 1,...,m in the first inclusion. The last

m m
inclusion is obtained by choosing 7 = €. In the case = ¢ ﬂ dom f;(z), we have 0. <Z fi> (x) =0.
i=1

Therefore, we have shown that (8.19) holds for all = € X The proof of (iii) = (i) is complete.

O

As mentioned above, Theorem [8:2.1] is an extension from the classical convex case to the framework
of abstract convexity of the main result in [23, Theorem 3.2]. More precisely, the authors of [23] consider
the case L = X7, the classical dual space of all continuous linear functions, and derive constraint
qualifications for zero duality gap of a convex optimization problem. We quote their main result for the
convenience of comparison.

Theorem 8.2.2. 25, Theorem 3.2] Let X be a normed vector space, X™* its conjugate space with
weak* topology, m € N, and f; : X — Ry be proper lower semicontinuous convex functions where
1€ {1,...,m}. Then the following four conditions are equivalent:

m
(i) There exists K > 0 such that for every x € m dom f;, and every e > 0,
i=1

cl [Z 0. fi(a;)] C > Okefilx). (8.23)
i=1 i=1

ii) (Zf) = frO...0f in X*.
=1

(iii) f7O...0Of is weak® lower semicontinuous.
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(iv) For everyx € X and e > 0,

Oc(fr+ .. 4 fm)(@) =) U (O, f1(@) + oo+ 0oy frn(2)) | (8.24)
n>0 61+“':;EZ”6:€+7’

Remark 8.2.3. Note that has the same right hand side as , but in the left hand side of
8.23) a topological closure expression is involved. Therefore in general is more restrictive than
8.18)). We will show in the next proposition that <= (8.18]) holds in any space of abstract linear
functions £ as long as the topology in £ possesses property (8.25) stated below.

Recall the following known result for the conventional linear function space X™* equipped with the
weak® topology (see Corollary 2.6.7]): for all lower semiconinuous convex functions fi,..., fm
(m>2),z € X and € > 0, we have

0. <Z fi> (z) =) U > 0 fil=) |- (8.25)

n>0 e14...+em=e+n i=1

EiZO

This calculus rule is the key ingredient in the proof of the implication (i) = (ii) in Theorem 3.2].

Proposition 8.2.4. Given a set X, a space of abstract linear functions L, m functions f1,..., fm :
X > Rio (m>2), and x € X, for any topology defined on L, if the equality (8.25)) holds, then the

conditions (8.18]) and (8.23) are equivalent.
Proof. Observe that for any positive numbers n, e with 0 < 1 < €, we have

U Y o.fi@) > 0nfile) 0o filw). (8.26)
i=1 =1

eit...+em=ce+n, i=1
61’20

Assume (8.23)) holds with K > 0. Using ({8.25)), (8.26]), and (8.23]), we obtain (8.18) as follows:

(S80S Nal U Sosw

n>0 e1t...tem=e+n i=1
6,’20
u u
C ﬂ cl Z Oocfi(x) | C Z Darce fi().
n>0 i=1 i=1

Conversely, assume that condition (8.18)) holds with K > 0. Take in (8.26)) the intersection of all n > 0
in the left hand side. Use also (8.25|) and (8.18]), to deduce the following inclusions

cl <Z 5'5fi(x)> - ﬂ cl U Zasifi(f)
i1

n>0 e1+...+em=me+n, i=1
EiZO
B2 - -
D, (z fi> @0 T S 0 i)
i=1 i=1
which gives (8.23) for K := mK in place of K. O

Remark 8.2.5. (a) From the proof above we see that, if (8.23)) holds with K > 0, then (8.18) holds
with 2K. On the other hand, if (8.18) holds with K > 0, then (8.23)) holds with mK.
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(b) When 0 € £, part (ii) in Theorem [8.2.1] (or in Theorem 2| above) ensures the zero duality
gap. In our Theorem [8.2.1] we drop the assumption that all the functions fi,..., f;, are lower
semicontinuous convex as in Theorem [8.2.2f and refine the core argument in the proof in [23].
However, without convexity, condition I@ might not be easily satisfied. When the functions
fi (i = 1,...,m) are not convex, there exist an z € X and ¢ > 0 such that 9.fi(z) = 0 (see

Proposition [8.1.10(iii)). In this situation, condition (8.18) fails.

The zero duality gap property is equivalent to equality , which is clearly less restrictive than
condition (ii) in Theorem In the next theorem, we relax condition as well as item (ii) in
Theorem [8:2.7] to obtain a necessary and sufficient condition for the zero duality gap property. This
characterisation is new even in the classical convex case.

Theorem 8.2.6. Suppose X is a set, L is a space of abstract linear functions with 0 € L, and f; :
m

X —=>Ryw (i=1,...,m) (m > 2) are functions with ﬂ dom f; # (0. Then, the following conditions are

i=1
equivalent.
(i) For all € > 0, there exists an x € X such that
O fr(x)+ ...+ 0 fm(z) 0. (8.27)
(ii) (Z fi> (0) = f30...0Of(0) < +o0.
i=1
Proof. (i) = (ii). Assume that assertion (i) holds. Then, for all £ > 0 there exists € X such that
0€ 0. ymf1(x)+ ...+ 0 ymfm(2). (8.28)

By Proposition (v), we have
& m
0eas/mfl(x)+"'+as/mfm(x)C ﬂ U Za fz 85 (Z )

n>0 e1+...+em=e+ni=1
6120

This allows us to use Proposition [8.1.4] (ii) and deduce that 0 € dom (Z f1-> , or, equivalently,
i=1

that Zf, (0) < 400. Due to Proposition [8.1.4(iv), we only need to show that Z fi> (0) >
i=1

fO.. Df (0). By (8.28) and Proposition [8.1.4 (1)7 there are l; € 0./ fi(x) (i = 1,...,m)

such that 0 = Iy + ... 4+ L, and f7(I;) + fi(z) < li(z) + e/m for all ¢ = 1,...,m. This implies

Z i)+ Z fi(z) < e. We then have the following inequalities

FO.Of( sz <eZﬁ(z)ga+(Zﬁ> (0),

=1

where we used the definition of conjugate function in the rightmost inequality. Letting ¢ | 0, we
obtain (ii).

(ii) = (i). Using the inequality in (ii), we have that 0 € dom (Z f2> . Take € > 0. By
i=1

Proposition [8.1.4] (ii) we can find an @ € X such that 0 € 0. (Z fz> . Using the equality in
=1
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(ii) and Proposition [8.1.4] (i), we have

£0..Of (Zﬁ) 02 (i ) (8.29)

By Definition (i), there are ly,...,l, € L such that I; + ...+ {,, =0 and
)+ o+ fr ) <frO...0f5(0) — /2. (8.30)
Thus, we have the following estimation

(8.30)) (18.29

fil) +. A+ fn(m) < f0...0f,0)—¢/2 < 5/2_<Zfi> (z)

Lt flm =0 /2 + ilz(x) — (f: fi) ()
i=1 =1

We derive .
2> Z i)+ fix) = li(x)). (8.31)
And we also have f;(z) + f7(l;) — l;(z) > 0 for all : = 1,...,m, then
U+ 1)~ i)+ 22 ? > () 4@ L) 20, V=1 m
J=1,j#i

Using the inequality above, we can write f(I;) + fi(z) < l;(z)+¢/2 for all i = 1,..., m, which by

Proposition (i) yields I; € 0. 2 fi(x) for all i = 1,...,m. Since 0.5 fi(x) C 0. fi(x) we deduce
that 0=1 + ...+l € ¥ 0:fi(x)

O

We will show in the next theorem that if the inclusion (8.27)) holds for a fixed x € X for all € > 0, or
equivalently

() O-fr(@) + ...+ Ocfm()) 30, (8.32)

>0
then it characterises a stronger property.
Theorem 8.2.7. Suppose X is a set, L is a space (#f abstract linear functions with 0 € L, and f; :
X —>Ryw (i=1,...,m) (m > 2) are functions with ﬂ dom f; # 0 . Then the following conditions are

i=1
equivalent.

(i) There exists an x € X such that (8.32)) holds.

(Z fl> = f70...0f%(0) < +00, and the x for which condition (8.32)) holds is a solution of
problem (]E[)

Proof. (i) = (ii). Suppose there is an x € X such that (8.32)) holds. By Theorem we deduce

the first statement in part (ii). Let us show the second statement in (ii). By (8.32)), for all € > 0,
there are ly,...,l, € L such that [y +... 4+, =0, and [; € 9. fi(z) for all i = 1,...,m. We have

fz*(lz)+fz(x)§lz(x)+53 for alli:l,"'ama
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which implies Z i)+ Z fi(z) < me. Then, we have
i=1 j

li+.. +l‘n7 =0

FO...Of( Zf <—<Zfl) +me<<2fz>*0—l—ma.

Let € | 0, we have equalities in the expression above. Hence,

A0 Of( <Zfz> (0), and —(if) <x>=<iﬁ> (0),

i=1

this implies that the supremum in the expression of the conjugate function is attained at x. This
establishes the second statement in (ii).

(ii) = (i). Suppose there is an © € X such that

[0 Ofn( (Zf) (0) (Zf) < 400. (8.33)

For every € > 0, there are ly,...,l,,, € L such that [y +...+1[,, =0 and

)+ .o+ ) < f0O...0f5(0) + &. (8.34)
Combining (8.33)) and ( -7 we obtain
fil) + .4 f(lm) < — (Z fi) (z) +e. (8.35)
i=1

Since f; (1) + fi(z) —lj(x) > 0 for all j = 1,...,m, we have

F) + filz) = L) < f7 ) + filz) — z<x>+'2 5 (1) + fi(2) = ()]

J=1,j#1
<SS FG) D fix) = ()
J=1 Jj=1 j=1
li+...+1,,=0, and m m
<_ny(m)+5 +ij($)—€, Vi=1,...,m
j=1 j=1

m
Thus, I; € 0. fi(z) for all i = 1,...,m. We deduce that 0 =1; +...+ 1, € Z@Efi(m). Since € > 0

is arbitrary, we conclude that 0 € ﬂ Z 0c fi(z), which is (i).

e>01i=1

8.3 Abstract Convexity with Weak* Topology

In this section, we consider specifically the weak™ topology o (L, X) (see |26, Section 3.3]) on the abstract
linear function space £. We expand some fundamental results of standard convex analysis to the frame-
work of abstract convexity. Condition is fully extended into the abstract convexity framework
using weak™ topology.
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8.3.1 Weak* Topology

Recall from section that F is the set of all real functions defined on X. On F, the weak* topology
o(F,X) is the weakest topology that makes all the functions = : F — R, f — f(z) continuous. It follows
that, for any sequence (f,) C F, f, — f € F if and only if f,(x) — f(z) for all x € X (pointwise
convergence topology) (see [26, Proposition 3.1]). Recall that 7(F,o(F, X)) is a Hausdorff topological
space (the proof of this fact is similar to the one in [26, Proposition 3.11]).

In the context of [26], the weak™ topology is studied for the dual space X* of a normed linear
vector space X. In order to study general abstract linear function spaces L, here, we generalize several
fundamental results in [26] to the set of function £ which satisfy certain conditions below. Note that in
our analysis, no topology is assumed on X.

We define the multiplication by a scalar on £ as usual: (al)(z) = a(l(z)) for all x € X and o € R.
We will assume that £ satisfies the following conditions:

A- L is an R—vector space.

B- £ is weak® closed in F.

Observe that the evaluation functions z : £ — R,l — [(z), x € X are linear in the conventional
sense. Thus, the functions |z| : £ — R, |z|(I) = |i(x)| are seminorms (see [168, Page 4]). The next two
propositions show that the space £ is a locally convex topological vector space.

Proposition 8.3.1. Let X be a set, L a space of abstract linear functions equipped with the weak*
topology, lo € L, € > 0, and a set of vectors {x1,...,x,} in X. Then the set

Vzy,...,xnle) ={l € L:|l(z;) — lo(x;)] <e, Vi=1,...,n}

is a neighbourhood of ly in L. Moreover, the collection of all V(x1,...,x,le), n €N, z1,...,z, € X and
€ > 0 forms a basis of neighbourhoods of lg in L.

Proposition 8.3.2. Suppose X is a set, and L is a space of abstract linear functions equipped with
the weak* topology. Assume further that conditions (A), (B) hold, then L is a locally convex topological
vector space.

Remark 8.3.3. Proofs of propositions and are natural modifications of ones in [26].
Ezample 8.3.4. |78, Example 2.1] Let £ be a set of functions defined on the Euclidean space R",

n
comprising all the functions [ := Zaihi € L wherea; e R,i=1,...,nand ¢ = (x1,...,2,) € R"
i=0

ho(z) = =), hi(x) =21, ., ho(x) = T
The set £ possesses the following properties.
Proposition 8.3.5. (1) L is closed in F with respect to weak™ topology.
(ii) The sequence (or net) (I;)ier, li := aSho+...+alth, — 1 = a’ho+...+a"h,, if and only ifag —a’
forall7=0,1,...,n.

(iii) The space L equipped with weak* topology is homeomorphic to R™* L with the standard Euclidean
norm.

Proof. (i) We show that £ is closed in F. Let (I;)icr be a net in £ such that I; — | € F with [; := aho+
oo+ alh,. We have 1;(1,0,...,0) +1;(—1,0,...,0) = 2a? — 1(1,0,...,0) +1(—1,0,...,0) =: 2a°,
or a¥ — a®. At the same time, I;(z) — a ||lz||> — (z) — a® ||z||® for all z € X and I; — a¥ ||| is
an usual linear function in R” (for all i € I). Thus, [ — a® ||| is also an linear function in R
(because it is a pointwise limit of standard linear functions). Hence, [ — a® ||||* can be represented
as a linear combination of hy,..., h,. Therefore, [ € L.
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(i) It is shown in (i) that if [; — I, then a? — a° and (I; —a? ||-||*) — (I—a®||-|*). This means a;» — a;
forall j =0,...,n.
(iii) Consider the bijective mapping ¢ : £ — R"* with (1) := (ao, a1, ..., a,), where | = Z azh;. In
i=0

the view of part (ii), ¢ is continuous.

n n
0 1 n 0 n —1/,,0 1 n _ J j _
If (a;,a;,...,a)ic; — (a,...,a"™), then (o~ (a;j,a;,...,a"))icsr = g alh; — E a’h; =
§=0 §=0
0 1(a® a',...,a"). Hence, o~ is continuous.

O

In view of Proposition we can treat the space of abstract linear functions £ (in Example [8.3.4)
as the vector space R"*! with the basis hg, k1, ..., hn. Moreover, Proposition m (iii) implies that the
weak™ topology is equivalent to the Euclidean norm topology in R™*1.

When X is a normed vector space, and £ = X* its conventional dual space, the compactness of the
unit ball B* is of utmost importance. Here we establish a generalization of the Banach—Alaoglu—Bourbaki
theorem (see [26], Theorem 3.16]) to real functions space F.

Theorem 8.3.6. Suppose that X is a nonempty set (possibly linear vector space), F is the set of all
real functions acting from X to R, and F,G : X — R are any real functions defined on X with G < F
over X. Let K :=={f € F:G(z) < f(z) < F(z), Yoz € X}. Then, K is a weak™ compact set in F.

Proof. Consider the product space Y := R and Y is equipped with the product topology. Let ¢ : F —
Y be defined as ¢(f) := (f(x))zex. It is well known that ¢ is a homeomorphism from F to Y (w.r.t.
the product topology). We will show that the set H := ¢(K) ={y €Y : G(z) < y(z) < F(x), Vo € X}
is a compact set in Y. Indeed, we have

H= [][G(), F(x)], (8.36)

zeX

a product of compact sets. By Tychonoff’s Theorem, H is compact, and so K is weak™ compact.

O

Corollary 8.3.7. Let X be a linear vector space, F be equipped with the weak™ topology. Assume that A

is a weak”™ closed subset of F. Then A is weak™ compact if the functions F := sup f and G := sup(—f)
fEA feA
are finite everywhere i.e. F(x),G(z) €R for allz € X.

Proof. Observe that G = — iI€1£ f. The inclusion A C {f € F: —G(z) < f(z) < F(x),Vz € X} is
g

trivial. Then we have A = {f € F: —G(z) < f(z) < F(x),Vz € X} N A. Theorem together with
the weak™ closedness of A yields the weak™ compactness of A. O

Remark 8.3.8. By taking £ = X and G(z) = —1,F(z) = 1, and A = {a* : ||z”|| < 1}, we recover the
Banach—Alaoglu—Bourbaki Theorem.

8.3.2 Sum Rule for Subdifferentials

In this subsection, we improve one of the main results of |78, Theorem 3.2]. In [78], the authors studied
the extended sum rule for abstract convex functions using the additivity property of the epigraph of the
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conjugate functions. The additivity condition on the sets epi f* and epig” is stated as follows
epi f* 4+ epig” =epi(f +g)". (8.37)

However, this additivity condition may not be valid even for convex functions in the classical sense,
because it entails weak™ closedness of the set epi f* +epig*. It is well known that the sum of closed sets is
not closed in general. Condition (8.37) is even stronger than condition (f+g¢)* = f*Og™ (cf. |78, Corollary
5.1]).

Our aim is to sharpen condition (8.37) by the following condition:

cl*(epi f* +epig”) = epi(f +g)", (8.38)

where cl * A denotes the weak™ closure of the set A. The weak™ topology on £ xR is the product topology
of the topology 7(L£,0(L, X)) on £ and the standard topology on R. Since the set on the right-hand

side of (8.37) is always weak™ closed, the additivity condition readily implies (8.38[). Moreover,
conditio is more convenient because (as shown in [155] and [78, Corollary 3.1]) it holds for
standard convex functions. We will use the less restrictive condition in the next section. Namely,
it will allow us to apply Theorem for establishing new zero duality gap characterisations.

We first recall the sum rule in [78].

Theorem 8.3.9. |78, Theorem 3.2] Let X be a set and let L be a set of abstract linear functions on X.
Let f,g: X — Ry be H—convex functions such that dom f Ndom g # 0. Then, equality (8.37) holds if
and only if for any e > 0,

O(f+9)(x) = U Oe, f(x) + 0cp9(x), x € dom fNdomyg. (8.39)

e1+e2=¢,61,622>0

We next recover some classic properties.

Proposition 8.3.10. Suppose that X is a vector space and that L is a space of abstract functions. Then,

(i) for any x € X, the function x(-) : L = Ry, L — () is weak™ continuous;

(ii) for every function f: X — R, its conjugate function f* is weak™ lower semicontinuous.

Proof. (i) Take ! € L. For all (I;);e; C £ (I is a directed set) such that I; — [ w.r.t weak™ topology,
we have
limz(l;) = lim{;(z) = I(x) = z(1).

Thus, x(-) is weak™ continuous.

(ii) Take f: X — R, and consider f*(I) = sup{i(z) — f(x)} for all | € L. Then, the epigraph of f*
reX

epi f* = {(LA) : O <A} = (VLA ) — f@) <A} = () epile() — f()):

reX zeX

is
Since the function [z(-) — f(z)] : £ = Ry is weak™ continuous, the set epi[z(-) — f(x)] is weak™

closed in £ x R, and so is epi f*. This implies the weak™ lower semicontinuity of the function f*.

O

Proposition 8.3.11. Let X be a set, L be a space of abstract linear functions equipped with the weak”
topology. Assume further that condition (B) holds. Then, the following statements hold.

(i) The L—convex sets are weak™® closed in L.
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(ii) The subdifferential set O.f(x) is weak™ closed for any function f : X — Rio, x € dom f and
e>0.

(iii) For any functions f1,...,fm (m>2)x € m dom f; and € > 0, we have the following inclusion
i=1

aES U Yo.nw]|co (Z fi> (). (8.40)

n>0 e1+...tem=e+n i=1
E,‘,ZO

Proof. (i) Let f : X — Ry, be a L—convex function such that suppf = A. Consider the set
B :=cl*A C L and the function g(z) := sup h(x). We claim that it is sufficient to show that
heB

g = f. Indeed, if this holds, then for all I € B we have | < g = f, and thus [l € A, or A = cl*A.
Observe that ¢ is also an L—convex function and by construction g > f. Thus, we proceed to
prove the claim that g = f. Take x € X, we need to show that f(z) > g(x). Indeed, for all I € B,
there exists a net (I;);e; C A, with I being a directed set, such that I;—! w.r.t weak™ convergence
and f(x) > l;(x) — l(x). Taking the supremum in the right hand side for all | € B, we conclude
that f(x) > g(z). Since this holds for any z, the proof is complete.

(ii) By Proposition (i), for all € dom f and € > 0, we have
Ocf(w) = {l: f*(1) = U(w) < —f(x) + e} = ST, (—f(x) +2).

From Proposition [8.3.10] the function f* — z(-) is weak™ lower semicontinuous. Thus, its lower

level set S?*fz(.)(—f(x) + ¢) is weak™ closed. Hence, O, f(x) is weak™ closed.

(iii) Proposition (v) provides inclusion (8.7). This inclusion and (ii) yield

n>0 |\ e1+...+em=c+n i=1 n>0 e14...+em=e+n =1
€;>0 €; >0

cl” ﬂ U Z@Ei fi(x) C ﬂ cl* U Z@Elfl(x))
cl* (ag (zm: fi> (3;)) W 5. < Y

fi) (z)

This proves (8.40)).

We present in the next theorem our main result of this subsection.

Theorem 8.3.12. Let X be a nonempty set, and L an abstract linear function space which is weak*
closed in F and f1,...,fm: X = Ro (m > 2) be functions defined on X with N[ ,dom f; # (). Assume

that .
cl” (Z epi ff) = epi <Z f1> . (8.41)
i=1 i=1

Then, for any number € > 0, for all x € ﬂ dom f;, (8.25) holds for all x € N dom f;.

=1

155



Proof. Assume that (8.41) holds. Take ¢ > 0. For all z € ﬂ dom f;, due to Proposition |8.3.11|iii), we
i=1

have

0 [ > fi | @) > () U Do.rw
j=1

n>0 g1+...+tem=e+n j=1
Ej 20

Now we prove the converse inclusion. Let [ € 0, Z fj | (z). Then, by Proposition |8.1.4] (i), we have
j=1

*

Sof| O <U@) 4= f(@), thus
Jj=1 j=1

*

- R D . [~ e
Lil(x)+¢e— ij(:c) € epi Z fi = cl Zepl f;
Jj=1 j=1 Jj=1

There are nets ({1, A1,i)iers - -« (bnis Am,i)ier with I is a directed set such that
(Lj,isAji) €epiff, j=1,....m, i€l (8.42)
S Bl S ANl e = > fie). (8.43)
Jj=1 Jj=1 j=1

Set v = Aji + fi(x) —li(z) for all j = 1,...,m, ¢ € I. By Proposition [8.1.10| (iv), (8.42) implies
Yji > 0and l;; € 0y, fj(x) for all j =1,...,m and i € I. Take n > 0. By (8.43), there is 39 € I such

that for all ¢ > ig we have
DN <Y i) + (e +m) =Y filx)
j=1 Jj=1 j=1

m

m m
The above inequality yields Z'm <e+mn. Thus, Z l;: € U Z O, fi(x).

Jj=1 Jj=1 e1+...+tem=e+n i=1
Eizo
m
Thus, [ € cl* U Z O, fi(z) | for all n > 0. Hence, we proved (8.25]). O
e1t...tem=e+n i=1
EiZO

Remark 8.3.13.  (a) If condition (8.38)) holds, and additionally Z epi f; is weak™ closed, then condition

i=1
(8.37) holds.
(b) Thank to (8.40) and Proposition (ii), we always have

U Zﬁglfl(l‘) C ﬂ cl* U Zafzfl(x) C 35 (Z f1> (1‘)

e1+...4em=c i=1 n>0 e1+...+em=e+n i=1

€i>0 €20

Therefore, if the exact sum rule (8.39) holds, the sum rule (8.25) also holds.

8.3.3 Zero Duality Gap with Weak* Topology

We next present our main theorem of this section.
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Theorem 8.3.14. Let X be a normed vector space, L a space of abstract linear functions with weak*
topology, and f; : X 5 Rine (i=1,...,m) (m >2). Consider the following five conditions:

(i) There exists K > 0 such that for every x € ﬂ dom f;, and every e > 0, (8.18) holds;

i=1
(ii) There exists K > 0 such that for every x € ﬂ dom f;, and every e > 0, (8.23)) holds with respect

i=1
to weak™ topology;

(iif) (Z fz-> = fO...0Of in L;
i=1
(iv) fO...0Of is weak™ lower semicontinuous;

(v) For every x € X and e > 0, (8.24) holds.

We have (i) & (iii) < (v) = () = (i) .

Additionally, if the sum rule (8.25|) (or condition (8.41)) ) holds, then all five statements are equivalent.

Proof. All the implications (except (ii) < (iii)) are clear due to Theorems and [8.2.2) Propositions
R2.4 and R310

(i) & (iii) < (v) is proved in Theorem

*

n
(iii) = (iv) is trivial due to the fact that (Z f2> is weak™ lower semicontinuous (see Proposition(8.3.10)).
i=1

(iv) = (ii). The proof proceeds exactly the same way as the proof of (iii) = (i) in [23| Theorem 3.2].

If the sum rule (8.25) holds, then by Proposition (i) & (ii).
O

Remark 8.3.15. A similar series of intriguing corollaries as in [23] can be deduced with more or less
identical proofs to those in [23].

8.4 Zero Duality Gap for a Family of Noncovex Problems

In this section, we consider a nontrivial example in which the weak® closed additivity condition (8.38)
holds for any H—convex function. Thus, we show that the important sum rule (8.25) holds in a more
general framework. To improve readability, we use here notation different to the one used in previous
sections.

Definition 8.4.1. Let X := R, and set ¢, () := at® for some a € R, ¥, ;(t) := at* +b for some a,b € R.
We define

(i) the set £ :={¢, : a € R} the space of abstract linear functions;
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(ii) the setH := {W, : a,b € R} the space of abstract affine functions.

Remark 8.4.2. A proof similar to that of Proposition [8.3.5| shows that the weak™ topologies on £ and
H are isomorphic to the usual topologies of R and R?, respectively. Indeed, the mappings I : £ — R,
I (¢a) ;== a and Iy : H — R?, I4(¥, ) = (a,b) are homeomorphism with R, R? being equipped with the
usual topologies.

We next characterise £—convex sets, and H—convex sets for this example.

Proposition 8.4.3 (Characterisation of L—convex sets). A set C C L is L—convex if and only if there
exists A € R such that
C={¢s:a< A}

Proof. The set of the form C := {¢, : « < A} (A € R) is the support set of the function ¢4 in £. Hence,
C is L—convex.

Conversely, suppose C' is an L—convex set and let A := sup{a : ¢, € C'}. We have C' C {¢, : a < A},
by the definition of A. On the other hand, for every a < A, ¢, (t) < ¢a(t) for all t € R, then C D {¢, :
a < A} O

To characterise H—convex sets, we need to use a standard strict convex separation theorem, which
we recall next.

Theorem 8.4.4. 20, Theorem 1.7] Let X be a normed vector space, A C X and B C X be two
nonempty convexr subsets such that AN B = 0. Assume that A is closed and B is compact. Then there
exists a closed hyperplane that strictly separates A and B i.e. there is x* € X* \ {0} such that

sup(z*, x) < inf (z*,y).
zEA yeB
We are now in conditions of characterising H—convex sets.

Proposition 8.4.5 (Characterisation of H—convex sets). A set C is H—convex, C £ H if and only if
the following properties hold

(i) C is weak™ closed, convex, and upper bounded (i.e. there exist A, B € R such that for all g € C
we have a < A and b < B);

(ii) if Wap € C, then Wy py € C for all a’ < a, b’ <b.

Proof. Suppose C' is a H—convex set and f := sup h. In view of Proposition [8.1.12(iii) and Proposi-

heC
tion [8.3.11] C is weak* closed and convex. Let

A :=sup{a: ¥, € C, for some b € R}, (8.44)
B :=sup{b: ¥, € C, for some a € R}. (8.45)

We must have A, B € R, otherwise if A = 400 or B = 400, then f = 400, which implies C = H by
Remark (¢), a contradiction to our assumption. Hence, (i) holds.

For all ¥, ;, € C, and any numbers a’ < a, b’ < b, we have ¢ p(t) < W, ,(t) < f(t) for all ¢ € R.
Thus, ¥, iy € suppf = C. Altogether, (i) and (ii) hold when C' is H—convex.

Conversely, suppose the set C satisfies conditions (i) and (ii). We will use Remark [8.1.9| (c) to show
that C is H—convex. Suppose ¥, ; & C and let A, B be defined as in (8.44)), (8.45). Due to (i), A, B € R.
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Case 1. a > A.

Observe that W4 p(t) > sup h(t) for all t € R. Since a > A, then for some ¢ with the absolute value
heC
|t| sufficiently large, we always have (a— A)t> > B —b. Thus, v, 5(t) > }Slug h(t). By Definition|8.1.8](iii),
€

C is H—convex.
Case 2. a < A. Then b > B (otherwise by (ii) v, €0).

Consider the set C? := {(a,b) : ¥, € C} in R?. By (i), C is weak* closed and convex and V5 ¢ C.
By Remark C? is a closed convex set in R?. Since V.5 ¢ C, we have (a, b) ¢ C?. By the strict
convex separation theorem (Theorem [8.4.4), there is (z*,y*) € R?*\ {(0,0)} such that

az* +by* > sup ax* +by*. (8.46)
(a,b)eC?

We consider three subcases.

1. If y* < 0, then due to property (ii), for every ¥, ;, € C we can fix parameter a and let b — —oc.

Then, sup az* + by* brgee +00, which is a contradiction to (8.46]).
(a,b)eC?

2. If y* =0, then ™ # 0.
If * > 0, then due to our assumption we have Az™ > az™, which contradicts to (8.46|) (az™ >

sup (az™) = Az™).
(a,b)eC?

If 2* < 0, then due to property (ii) and with an argument similar to case (i), we have

e
sup azx* 5% +o0.
(a,b)eC?

Altogether, it yields a contradiction.
3. If y* > 0, then we can divide both sides of (8.46) by y* to obtain

A x*
a— +b> sup a— +b
Yy (a,b)ec? Y

Arguing as in (ii), we claim that x—* >0. Let t:= 4/ x—* we have
) Y

at> +b> sup at’+b, or W g(t) > sup ¥(t).
(a,b)eC? ’ veC
Combining case 1 and case 2, we conclude that C' is an H—convex set by Remark (c). O

Remark 8.4.6. (i) Any set of the form {¥,; : a« < A,b < B} with A,B € R is a H—convex set.

1
However, not every H—convex set is of this form. Indeed, the set C := {¥,; : b < —, a < 0} (the
d

support set of the function —2|z|) satisfies the conditions (i), (ii) in Proposition and cannot
be written under the form {¥,; : a < A,b < B} for some A, B € R.

(ii) All the H—convex functions are even functions and minored by #, but the converse is not true.
Take the function sin(t + 7/2) as an example, it is even and minored by H but not H—convex.

We are now in a position to characterise the set H as in Definition and verify condition (8.41)).
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Figure 8.1: Function —2 |x|. Figure 8.2: Support set of —2 |x|.

Theorem 8.4.7. Let H be as in Definition and f,g be H—convex functions, we have cl*(suppf +
suppyg) is H—convex. Consequently,

cl™(epi f* 4 epig”) = epi (f +g)".

Proof. By Remark (c), the set suppf and suppg are H—convex. By Proposition m (i) and
Remark @, these support sets can be uniquely identified with two closed and convex sets C'y and Cj
in R%. The proposition also yields the existence of upper bounds A ¢, By € Rand Ay, B, € R such that
for every (a,b) € Cy we have a < Ay and b € By and similarly for every (a,b) € Cy we have a < A,
b < By.

By Proposition [8.4.5] (i) and the convexity of each set Cy, Cy, we conclude that the set S := Cf +Cj
is convex. Moreover, by Remark 8.4.2] the set ¢l *(epi f* + epig*) is homeomorphic to the set ¢l S, where
the closure in the latter is taken in the usual sense. Since cl(S) is closed and convex in R?, the set

cl*(epi f* +epig”) is weak™ closed and convex in H. By Remark [8.4.2] the boundedness property holds
for ¢l (S) as well. This implies that condition (i) in Proposition holds for the set cl *(suppf +suppg).

We proceed now to show that condition (ii) holds for this set.

Take any ¥, € cl*(suppf + suppg) with a,b € R, and any numbers @’ < a and b’ < b. We must
show that W,/ € cl*(suppf + suppg), equivalently, by Remark (a',b") € cl(S). Indeed, there
are sequences (af.n,bfn) C Cf, (agn,bgn) C Cq such that (af,,bf.) + (ag.n,bgn)—>(a,b), equivalently
(afn + agmn,bfn+bgn) — (a,b). By Proposition (ii), we have

(afn—(a—a')/2,bsn, — (b—V)/2) € Cy, and
(agn — (@ —=a')/2,b5n — (b—=¥')/2) € Cy,
for all n € N. Then, (afn + agn — (@ —a'),bpn +bgpn — (b—=0)) = (a’,b') € cl(S). Hence, if the set

cl*(suppf + suppg) satisfies the two conditions (i), (ii) as in Proposition [8.4.5 then it is an H—convex
set.

Since f = sup Wand g= sup ¥ (by Proposition[8.1.10(i)), and taking into account that the

@esuppf ¥esuppg
set ¢l *(suppf + suppg) is H—convex, then f+g = sup ¥ is H—convex with supp(f +9) =
wecl * (supp f+suppg)
cl*(suppf + suppg).

By Proposition BLT0] (i), epi (f + )" = {(6as) : ¥ay € supp(f + 9)} = {(6a,b) © Wa_p €
cl*(suppf + suppg)}, then for all (¢q,b) € epi(f + g), there are two nets (W, )icr and (Yor v/ )ier
(with I being a directed set) such that
Wai,bq‘, € supp/f, Wa;,b,'i €suppy, Vi€l
%i,bi =+ Wag”b; 11*) Wa,—lr (847)

By Remark condition (8.47) is equivalent to (a; + a}, b; + b}) — (a,—b) in the standard Euclidean
8.1.10

space R2. Also by Proposition (ii), (Pa;, —bi) € epi f* and (¢ar, —b;) € epig* for all i € I. Then,
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Ga; + Ga; — ¢q and —b; — b; — —b. This implies (dq,b) € cl*(epi f* + epig*). Thus,

cl™(epi f* 4 epig”) = epi (f +g)".

O
Example 8.4.8. Consider the following functions defined in R.
file) = a" — 2 (8.48)
fo(x) :=1—=2]z|; (8.49)
1-2]z] —0.5<z<0.5,
) = -~ 8.50
f3(@) {0 otherwise. ( )
The functions f1, f2, f3 have their Fenchel conjugate functions respectively
2
" (a+1) a>—1,
f1(¢a) = sup {da(z) — fi(2)} = 1 - (8.51)
v€R 0 a<—1;
+oo a >0,
f3(¢a) = sup {da(z) — fo(2)} = 1 (8.52)
z€R —1—- a<0;
a
400 a >0,
a
5360 = sup{a(@) = )} =43 €20 (8.53)
TE
—1—- a<-2.
a
3 —
1) "
,‘1 7‘_5 ()\’\l/ i:
:
—2 ”
Figure 8.3: Sum function f; + fo + f3. Figure 8.4: The sum of infimal functions —(f; + f5 +
/%) in the subspace ¢q, + ¢a, + oz = 0.
Following Section 3, the minimization problem
p=min(fi + fo+ f3), ((p))
has the dual problem
d:= sup (=/f1(¢a)) = f3(¢as) = f5(¢as)) - ((d))

¢a1 +¢a2 +¢a3 =0

Note that (d) is a convex problem. Indeed, it is the maximization of a concave function over a
subspace. This is always the case because the conjugate functions are suprema of functions which are
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linear in £. From Figure we see that = £1 are the global solutions of (p), with optimal value
-1. We will obtain these facts as a consequence of Theorem below.

We will show next that f1, fa, f3 are H—convex and that the zero duality gap holds for problems (p)
and (d).

Proposition 8.4.9. The functions fi1, f2, f3 given in Ezample[8.].8 are H—convex. The support sets of
f1, fas f3 are

suppf1 = {!Pa’b b < _W}U{Wa’b ca < —-1,b<0}, (8.54)

suppfa = {me :a<0,b< rtxéiﬂg{l —2|t| — at2}} , (8.55)

suppfs = {Lpa,b 1a<0,b< te[E%.iEr)l,o.5]{1 —2/t] — atQ}} . (8.56)

Proof. See Section [8.5 O

3r 3r

25 25

o4 \ 1 = / o1
7 TN

Figure 8.5: Support set of f;. Figure 8.6: Support set of fo. Figure 8.7: Support set of fs.

Proposition 8.4.10. The subdifferential operators of the functions fi, f2, f3 as in Ezample[8].8 are as
follows

(i)
) {para< -1} z =0,
Oh) = {{¢a ta=21 -1}  otherwise (8.57)
(ii)
0 z =0,
0hAe) = {¢a ra= _|;z:1|} otherwise; (8.58)
(iii)
@ xr = O7
Ofs(z) = {qﬁ_ﬁ} z € (—0.5,0.5) \ {0}, (5.59)
{¢g:a €[-2,0]} x==+0.5,
{0} otherwise.
Proof. See Section [8.5
O
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-1 45 0.'\1/
1t

Figure 8.8: Sum function f; + fo + f3. Figure 8.9: Support set of f1 + fo + f3.

Theorem 8.4.11. Consider problems (p) and (q) as in Ezample[8.4.8 The zero duality gap of (p) :
fi+ fa+ fz and (d) : = f7 — f5 — f5 holds. Moreover, x = %1 are the solutions of (p).

Proof. To prove the claim, we will use Theorem Namely, we will show that there exists an z € R
such that (8.32)) holds. From Proposition [8.4.10] we observe that

0€9f1(1) +0f2(1) + 0f3(1).

So (8.32) holds for z = 1. The same expression can analogously be obtained for x = —1. By Theo-
rem we have zero duality gap for (p) and (d). By the last statement in Theorem x = =+1 are
the solutions of (p). O

8.5 Apendices

In this section, we provide the proofs for Propositions and [8.4.10)

(1+a)?
4

Proof of Proposition[84.9 (i) Take ¥, € H with b < — . Then, for all t € R

2 2
1 1
ht)=tt -1 = <t2 — —;a) — <(+4a) + b) + (at® +b) > at® + b = W, 4(t).
This implies ¥, , € suppfi. Take ¥, , € H with a < —1,b <0, we also have

Al >t (—a—1D)t2 >b, VEER,

which implies {@,; : a < —1,b < 0} C suppfi.
Altogether, it yields the inclusion

{Wa,b:bg_ U{Wa,b:ag_lybgo}csuppfb

Take ¥, 1 € suppfi (a’,b" € R) and assume that

1 2
Wa/,b’ ¢ {Wa,b b < (tla)}U{Lpa,b a<—-1,b< 0}

1 2
This implies b’ + A+a)y >0and (a'+1>0o0rd >0).
If ¥’ > 0, then set ¢ := 0. We have t* — (a’ + 1)t> — ' < 0. So, Wy ¢ supp fi.
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(a +1)

-V .
1 <0

If ) <0, then a’ +1>0. Set t := /(1 +a’)/2. We have t* — (o’ +1)t* = b = —
SO7 Wa’,b’ ¢ Suppf1~

In either case, there is a t € R such that t* — t* < a’t®> + b/, contradicting the assumption Uy €
supp.fi1. Hence,

1 2
suppfi = {%,bib<—( —Za) }U{%,bla< -1,b < 0}.

It remains to show that fi = sup . For any fixed ¢t € R, define a := 2t — 1, b := —t*. Then,

) Yesuppfi
1
(az S By (854), W, € suppfi, and fi(t) = t* — 7 = at® + b = W, ().

(ii) The proof of (8.55) for fo can proceed in a similar way as the one in part (iii) below.

b=—

(iii) We prove here that f3 is an H—convex function, and that (8.56|) holds. For all ¥, ;, € H with a <0,

and b<  min {1 —2|t| — at®}, we have
te[—0.5,0.5]

b<1—2|t| —at? Vtec[-0.5,0.5].

This implies W, ,(t) = at® +b < 1 — 2|t| = f3(t) for all t € [-0.5,0.5].

On the other hand, we also have
W, 5(0.5) = ¥, 4(—0,5) < f3(0.5) = f3(—0,5) = 0.
Since a < 0, the function ¥, ; increases on (—oo,0), and decreases on (0, +00). Hence,

Lpa,b(t) < %,b(—o.t’)) <0= fg(t), Vt € (700, 70.5),
!pa,b(t) < lI/a,b(O.S) <0= fg(t), Vit € (05, +OO)

Altogether, it yields the inclusion

suppfs D {Wa,b 1a<0,b< te[iré.igl,o.:a]{l —2|t| — atQ}} .
Conversely, take ¥, ; € suppfs.
We must have a < 0, since otherwise tlirgo W, 5(t) = +o0, which contradicts ¥, ;(t) < f3(¢) for all
teR.
Ifb> min {1 —2|t| —at?}, then there is a to € [~0.5,0.5] such that
te[—0.5,0.5]

b>1-2ty| — atd > i 1 -2t — at?}.
tol —aty = _ min {1=2[t] —at’}
Thus, ¥, 4(to) = atg +b > 1 —2tg| = f3(t), a contradiction.
Hence, b< min {1 —2|t| — at*}. Thus,
t

€[—0.5,0.5]

suppf3 C {%,b :a<0,b<  min ]{1 —2|t| — atQ}} )
t .

€[-0.5,0.5

,0.

Thus, equality (8.56|) holds.
Now, we prove that f3 is H—convex by showing that

fa(x)= sup V¥(x), xR (8.60)
Yesupp f3

Obviously, f3(z) > sup ¥(z), Vx € R.
Vesuppfs

We aim to show now that f3(z) < sup ¥(z), Vo € R.
Wesupp f3
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1.1 For x ¢ (—0.5,0.5), consider ¥ = 0 € suppfs. We have f3(x) = ¥(x) = 0.
-1
1.2 For z € (—0.5,0.5) \ {0}, consider ¥, ;, € suppfs with a := — < 0 and

lz| —
. 2 . L
b:= min {l-2t|—at’} = min {1—2|t|+t}:1—|x|.
te[~0.5,0.5] te[—0.5,0.5] ||
Then, ¥, 4(z) = ax? +b=1—2|z| = f3(2).
1
1.3 For z = 0, f3(0) = 1. Take the sequence of affine functions (¥,, s, ) C suppfs, with a,, := -
1
and b, :=1— —, n > 2. Observe that a,, < 0 and
n
. 1,
b, = min 1=2t|——=t=;, Vn>2.
te[—0.5,0.5] n
Furthermore, we also have
1
f3(0)=1> sup ¥(0)> lim ¥, ;, (0)= lim <1 - ) =1= f3(0).
UEsuppfa n—00 n—o00 n
Altogether, (8.60) holds, hence, f3 is H—convex.
O

proof of Proposition[8].10, (i) Take x € R. By Proposition and the definition of suppfi, the
linear function ¢, € df1(x) if and only if
o + (fi(z) — az®) € suppfy. (8.61)

(1+a)?

4

(1+a)?
4

(ii) The argument for (8.56) is similar to the argument for (8.59) as below.

ora < —1and fi(z) —ax® <0. If z = 0, then a < —1. If

By (8.54), fi(z) —az® < -

1
x # 0, then 2 — (a + 1)2% < — 2 ta

, equivalently (gc —

2
) <0, hence a = 222 — 1.

(iii) Consider the Fenchel conjugate function

+0o0 a >0,
a
13(8a) = 50 {0u(z) ~ fs(@)} = | 3 a€[=2.0]

1
—1—-- a< -2
a

Then,
¢a € 0fs(x) <= [5(da) + f3(2) = da(x).

‘We consider three cases.

1. 2 =0, fs(x) = 1. Then, ¢, € 0f3(0) <= fi(da) +1 = 0. There does not exist a € R such
that f3(¢a) +1 =0, thus 9f3(0) = 0.

2. z € (—0.5,0.5) \ {0}, f3(x) =1 —2|z|. Then, ¢, € df3(x) < fi(da) +1—2|z| = ¢o(x).
Observe that we must have a < 0.
If a € [-2,0], then % +1—2|z| = ¢a(z) = ax?, or a(1/4 — 2?) = 2|z| — 1. This implies
o 20al-1 4

o 1/4—22 142

If a < —2, then

Since |z| < 0.5, then a < —2, a contradiction.

1
—1— = +41-2z| = az?, equivalently (az)?+ 2a|z|+ 1= 0.
a
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3. x ¢ (—0.5,0.5), fs(x) = 0. Then, ¢, € 0f3(x) <= f;(¢a) = az’.

1

If a < —2, then —1 — = = az?, or —a — 1 = (ax)? > (0.5a)?, which yields (0.5a + 1)? <0, a
a

contradiction.

If a € [-2,0], then % = az?, which only holds true when a = 0 or x = £0.5.
Hence, a € [—2,0] if x = £0.5, and a = 0 otherwise.

This establishes (8.59).
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Convex Polytopes
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Chapter 9

Preliminary Results on Cubical
Polytopes

This Preliminary groups a number of results that will be used in later chapters of the thesis.

Unless otherwise stated, the graph theoretical notation and terminology follow from [46] and the
polytope theoretical notation and terminology from [175]. Moreover, when referring to graph-theoretical
properties of a polytope such as minimum degree, linkedness and connectivity, we mean properties of its
graph.

A cubical d-polytope is a polytope with all its facets being cubes. By a cube we mean any polytope
that is combinatorially equivalent to a cube; that is, one whose face lattice is isomorphic to the face
lattice of a cube.

The definitions of polytopal complex and strongly connected complex play an important role in the
context. A polytopal complex C is a finite nonempty collection of polytopes in R? where the faces of each
polytope in C all belong to C and where polytopes intersect only at faces (if P, € C and P € C then
P, N P is a face of both P; and P5). The empty polytope is always in C. The dimension of a complex
C is the largest dimension of a polytope in C; if C has dimension d we say that C is a d-complex. Faces
of a complex of largest and second largest dimension are called facets and ridges, respectively. If each of
the faces of a complex C is contained in some facet we say that C is pure.

Given a polytopal complex C with vertex set V and a subset X of V', the subcomplex of C formed by
all the faces of C containing only vertices from X is called induced and is denoted by C[X]. Removing
from C all the vertices in a subset X C V(C) results in the subcomplex C[V(C) \ X], which we write
as C — X. We say that a subcomplex C’ is a spanning subcomplex of C if V(C") = V(C). The graph of
a complex is the undirected graph formed by the vertices and edges of the complex. As in the case of
polytopes, we denote the graph of a complex C by G(C). A pure polytopal complex C is strongly connected
if every pair of facets F' and F’ is connected by a path F ... F, of facets in C such that F; N F;,; is a
ridge of C, F; = F, and F,, = F'; we say that such a path is a (d — 1,d — 2)-path or a facet-ridge path if
the dimensions of the faces can be deduced from the context. From the definition, it follows that every
0-complex is trivially strongly connected and that every complex contains a spanning 0-subcomplex.

The relevance of strongly connected complexes stems from the ensuing result of Sallee.

Proposition 9.0.1 ( |150, Section 2]). The graph of a strongly connected d-complex is d-connected.

Strongly connected complexes can be defined from a d-polytope P. Two basic examples are given
by the complex of all faces of P, called the complex of P and denoted by C(P), and the complex of all
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proper faces of P, called the boundary complex of P and denoted by B(P). For a polytopal complex C,
the star of a face F' of C, denoted star(F,C), is the subcomplex of C formed by all the faces containing
F, and their faces; the antistar of a face F of C, denoted astar(F,C), is the subcomplex of C formed by
all the faces disjoint from F'. That is, astar(F,C) = C — V(F'). Unless otherwise stated, when defining
stars and antistars in a polytope, we always assume the underlying complex is the boundary complex of
the polytope.

Some complexes defined from a d-polytope are strongly connected (d — 1)-complexes, as the next
proposition attests; the parts about the boundary complex and the antistar of a vertex already appeared
in [150].

Proposition 9.0.2 ( [150, Cor. 2.11, Theorem 3.5]). Let P be a d-polytope. Then, the boundary complex
B(P) of P, and the star and antistar of a vertex in B(P), are all strongly connected (d — 1)-complezes
of P.

Proof. Let v define the natural anti-isomorphism from the face lattice of P to the face lattice of its dual
P

The three complexes are pure. The complex B(P) is clearly pure, and so is the star of a vertex.
Perhaps a sentence may be appropriate for the antistar of a vertex: a face of P that does not contain the
vertex must lie in a facet that does not contain the vertex. We proceed to prove the strong connectivity
of the complexes.

The statement about B(P) was already proved in [150, Cor. 2.11]. The facets in B(P) correspond
to vertices in P*. The existence of a facet-ridge path in B(P) between any two facets Fy and F» of
B(P) amounts to the existence of a vertex-edge path in P* between the vertices ¢¥(F}) and ¢(F3) of P*.
That B(P) is a strongly connected (d — 1)-complex now follows from the connectivity of the graph of P*
(Balinski’s theorem).

The assertion about the star of a vertex does not seem to explicitly appear in [150]. The facets in the
star S of a vertex v in B(P) correspond to the vertices in the facet ¢(v) in P*. The existence of a facet-
ridge path in S between any two facets F; and Fy of S amounts to the existence of a vertex-edge path
in ¥ (v) between the vertices 1(F1) and 1 (F») of ¢(v). That S is a strongly connected (d — 1)-complex
follows from the connectivity of the graph of ¥ (v) (Balinski’s theorem).

The assertion about the antistar of a vertex v was first shown in [150, Theorem 3.5]. The facets in
astar(v) correspond to the vertices of P* that are not in ¢ (v). That is, if F} and F, are any two facets
of astar(v), then ¢¥(Fy),¢(Fz) € V(P*)\ V(¢ (v)). The existence of a facet-ridge path between F; and
F; in astar(v) amounts to the existence of a vertex-edge path between ¢ (F}) and 1(F») in the subgraph
G(P*) — V(¢(v)) of G(P*). The removal of the vertices of a facet does not disconnect the graph of a
polytope [150, Theorem 3.1], wherefrom it follows that G(P*) — V(¢ (v)) is connected, as desired. [

The next two propositions follow from the characterisation of 2-linked graphs carried out in [153|/161].
Both propositions also have proofs stemming from arguments in the form of Lemma [9.0.3] a lemma
used implicitly in the original proof of Balinski’s theorem (Theorem and made explicit in [150,
Theorem 3.1]; for the sake of completeness we give such proofs.

Lemma 9.0.3 ( [150, Theorem 3.1]). Let P be a d-polytope, and let f be a linear function on RY
satisfying f(x) > 0 for some x € P. If u and v are vertices of P with f(u) > 0 and f(v) > 0, then there
exists a uw — v path xoxy ...x, with xo = u and x, = v such that f(x;) >0 fori e [1,n—1].

Theorem 9.0.4 (Balinski [9]). For every d > 1, the graph of a d-polytope is d-connected.
Let X be a set of vertices in a graph G. A path in the graph is called X -valid if no inner vertex of

the path is in X. A sequence ag,...,a, of vertices in a cycle is in cyclic order if, while traversing the
cycle, the sequence appears in clockwise or counterclockwise order.
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Proposition 9.0.5. Let G be the graph of a 3-polytope and let X be a set of four vertices of G. The set
X is linked in G if and only if there is no facet of the polytope containing all the vertices of X.

Proof. Let P be a 3-polytope embedded in R? and let X be an arbitrary set of four vertices in G. We
first establish the necessary condition by proving the contrapositive. Let F' be a 2-face containing the
vertices of X and consider a planar embedding of GG in which F' is the outer face. Label the vertices of
X so that they appear in the cyclic order sysat1to. Then s; —t1 and s — ¢y paths in G must inevitably
intersect, implying that X is not linked.

Assume there is no 2-face of P containing all the vertices of X. Let H be a (linear) hyperplane that
contains s, sp and ¢1, and let f be a linear function that vanishes on H (this may require a translation
of the polytope). Without loss of generality, assume that f(x) > 0 for some x € P and that f(t2) > 0.

First consider the case that H is a supporting hyperplane of a 2-face F'. The subgraph G(F) — {s2}
is connected, and so there is an X-valid Ly := s; — ¢; path on G(F). Then, use Lemma to find
an Lo := s9 — to path in which each inner vertex has positive f-value. The paths L; and L, are clearly
disjoint.

Now consider the case that H intersects the interior of P. Then there is a vertex in P with f-value
greater than zero and a vertex with f-value less than zero. Use Lemma to find an s; — ¢; path in
which each inner vertex has negative f-value and an s —t3 path in which each inner vertex has positive
f-value. O

The subsequent corollary follows at once from Proposition [0.0.5
Corollary 9.0.6. No nonsimplicial 3-polytope is 2-linked.

Proposition [9.0.5 motivates the ensuing definition.

Definition 9.0.7 (Configuration F). Let Y := {{s1,%1},{s2,t2}} be a labelling and pairing of four
vertices in a 3-cube. Configuration F is a configuration in the cube where the vertices of Y appear in
cyclic order s1satity in a 2-face.

Configuration F is the only configuration in a 3-cube that prevents the linkedness of a pairing Y of
four vertices.

The same reasoning employed in the proof of the sufficient condition of Proposition [9.0.5] settles
Proposition [9.0.§]

Proposition 9.0.8 (2-linkedness of 4-polytopes). Every 4-polytope is 2-linked.

Proof. Let G be the graph of a 4-polytope embedded in R*. Let X be a given set of four vertices in G
and let Y := {{s1, s2}, {t1,t2}} a labelling and pairing of the vertices in X.

Consider a linear function f that vanishes on a linear hyperplane H passing through X. Consider
the two cases in which either H is a supporting hyperplane of a facet F' of P or H intersects the interior
of P.

Suppose H is a supporting hyperplane of a facet F. First, find an s; — t; path in the subgraph
G(F) — {s2,t2}, which is connected by Balinski’s theorem. Second, use Lemma to find an sg — to
path that touches F only at {sg,t2}.

If instead H intersects the interior of P then there is a vertex in P with f-value greater than zero

and a vertex with f-value less than zero. Use Lemma [9.0.3] to find an s; — ¢; path in which each inner
vertex has negative f-value and an sy — t5 path in which each inner vertex has positive f-value. O
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Figure 9.1: Complexes in the 4-cube. (a) The 4-cube with a vertex v highlighted. (b) The star of the
vertex v. (c¢) The link of the vertex v.

The distance between two vertices s and ¢ in a graph G, denoted dist ¢(s, t), is the length of a shortest
path between the vertices. Let v be a vertex in a d-cube ()4 and let v° denote the vertex at distance d
from v, called the vertex opposite to v. The star of a vertex v in the boundary complex of a d-cube Q4
is the subcomplex Q4 — v°, the subcomplex induced by V(Qq) \ {v°}.

Remark 9.0.9. The antistar of v coincides with the star of v°. Consequently, the link of v in a d-cube
Qg is the subcomplex Q4 — {v,v°}.

Figure depicts the star and link of a vertex in the 4-cube.

By considering a point v’ in R? beyond a vertex v of a d-polytope P and using [62, Theorem 5.2.1],
we get a statement similar to Proposition for the link of a vertex in B(P): Proposition [9.0.11] We
provide all the details, for the sake of completeness.

Following [175, pp. 78, 241], we say that a facet F is wvisible from a point v’ in R% \ P if v’ belongs
to the open halfspace that is determined by aff F', the affine hull of the facet, and is disjoint from P; if
instead v belongs to the open halfspace that contains the interior of P, we say that the facet is nonvisible
from v’. Further we say that a point v’ in R? is beyond a face K of P if the facets containing K are
precisely those visible from v'.

Theorem 9.0.10 ( [62, Theorem 5.2.1]). Let P and P’ be two d-polytopes in R?, and let v' be a vertex
of P’ such that v' ¢ P and P = conv (P U {v'}). Then

(i) a face F of P is a face of P' if and only if there exists a facet of P containing F that is nonvisible
from v;

(ii) if F is a face of P then F' := conv (F U{v'}) is a face of P’ if

(a) either v’ € aff F';

(b) or among the facets of P containing F there is at least one that is visible from v' and at least
one that is nonvisible.

Moreover, each face of P’ is of exactly one of the above three types.

Proposition 9.0.11 ( [175, Ex. 8.6]). Let P be a d-polytope. Then the link of a vertex in B(P) is
combinatorially equivalent to the boundary complex of a (d — 1)-polytope.

Proof. Let v be a vertex of P and let v’ be a point in R? \ P beyond v so that v is not on the affine hull
of any face of P. Suppose P’ := conv (P U {v'}).

The facets in the star of v in B(P) are precisely those that are visible from v, and every other
facet of P, including the facets in the antistar of v in B(P), is nonvisible from v’. The link of v is, by
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(a)

Figure 9.2: The link of a vertex in the 4-cube. (a) The 4-cube with a vertex v highlighted. (b) The
link of the vertex v in the 4-cube. (c¢) The link of the vertex v as the boundary complex of the rhombic

dodecahedron (Proposition [9.0.11]).

definition, the subcomplex of B(P) induced by the ridges of P that are contained in a facet of the star
of v, a facet visible from v, and a facet of the antistar of v, a facet nonvisible from v’. Consequently,
according to Theorem i), the ridges in link(v, B(P)) are faces of P’. Furthermore, for every ridge
R € link(v,B(P)), R’ := conv (RU {v'}) is a facet of P’ (Theorem [9.0.10|ii-b)), a pyramid over R with
apex v'; and every facet in the star of v" in B(P’) is one of these pyramids. Hence, the vertex figure of
P’ at v, which is a (d — 1)-polytope [175, Section 2.1], is combinatorially equivalent to the link of v in
P, as desired. O

Proposition [9.0.11] is exemplified in Fig. 9.2}
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Chapter 10

Connectivity of Cubical Polytopes

Define a separator of a polytope as a set of vertices disconnecting the graph of the polytope. Let X be
a set of vertices in a graph G. Denote by G[X] the subgraph of G induced by X, the subgraph of G
that contains all the edges of G with vertices in X. Write G — X for G[V(G) \ X]; that is, the subgraph
G — X is obtained by removing the vertices in X and their incident edges. The graph G is k—connected
if and only if the minimum separator is of cardinality k.

10.1 Connectivity of the d-Cube

We unveil some further properties of the cube, whose proofs exploit the realisation of a d-cube asa 0—1
d-polytope [176]. A 0 — 1 d-polytope is a d-polytope whose vertices have coordinates in {0,1}%. Here
{0,1}% denotes the set of all d-clement sequences from {0,1}.

We next give some basic properties of the d-cube, including some specific to its realisation as a 0 — 1
polytope.
Remark 10.1.1 (Basic properties of the d-cube). Let & = (z1,...,2q) with ; € {0,1} be a vertex of the
0 — 1 d-cube Qq.

(i) Every two facets of Qg either intersect at a ridge or are disjoint.
(ii) Each of the 2d facets of @4 is the convex hull of a set of the form
FY :=conv {# € V(Qq) : i = 0} or F}' := conv {7 € V(Qq) : ; = 1},
for ¢ in [1,d], the interval 1,...,d.
(iii) A (d — k)-face is the intersection of exactly k facets, and thus, its vertices have the form
{#eV(Qa) 2, =0,...,05, =0,z ., =1,...,2;, =1}
for k € [1,d] and r € [0, k].

While it is true that the antistar of a vertex in a d-polytope is always a strongly connected (d — 1)-
complex (Proposition , it is far from true that this extends to higher dimensional faces. Consider
any d-polytope P with a simplex facet J that contains at least one vertex v of degree d in P. Let F
be any face in J that does not contain v. Then the vertex v has degree d — |V (F)| in the subcomplex
P — V(F). Since every vertex in a pure (d — 1)-complex has degree at least d — 1, the antistar of F' in
B(P), which contains v, cannot be a pure (d — 1)-complex for dim F' > 1. This extension is however
possible for the d-cube.
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Lemma 10.1.2. Let F be a proper face in the d-cube Qq. Then the antistar of F is a strongly connected
(d — 1)-complez.

Proof. Without loss of generality, assume that @4 is given as a 0—1 polytope, and for the sake of concrete-

ness, that our proper face F is defined as conv{Z € V(Qq) : 1 = 0,...,zx = 0} (Remark [10.1.1{(iii)).
That is, F = FY N ---N Fy; refer to Remark [10.1.1(ii).

We claim that the antistar of F' is the pure (d — 1)-complex
C:=C(FHu---UC(F});
refer to Remark [10.1.1{(ii)-(iii).

We proceed by proving that astar(F, Q4) C C. Take any (d—1)-face K ¢ C. Then K = J;N---NJ; for
some facets J; of Q4. A facet J; is defined by either conv {Z : V(Qq) : ; = 1 for some j € [k + 1,d]} or
conv{Z : V(Qq) : ©; = 0 for some j € [1,d]}. According to Remark [10.1.1fiii), for I € [1,d] and r € [0, 1],
we get that

K =conv{Z € V(Qq):2sy =0,...,2 =0,25,, =1,...,2 = 1}.
From the form of the facets J; it follows that i; > k + 1 for all j € [r + 1,]. Hence there is a vertex
Z = (21,...,24) in K satisfying 1 = --- = x, = 0, which implies that {Z} € K N F. That is,
K ¢ astar(F, Qq).

To prove that C C astar(F, Q4) holds, observe that, if K € C then it is in a facet F}! for some i € [1, k],
and therefore, it belongs to astar(F, Q4). Hence C = astar(F, Qq).

That C is strongly connected follows from noting that the facets F', ..., F{ are pairwise nondisjoint,
and therefore, pairwise intersect at (d — 2)-faces (Remark [10.1.1f1)). O

Proposition [10.1.3]is well known [138, Proposition 1], but we are not aware of a reference for Propo-
sition [0.T.4]

Proposition 10.1.3 ( [138, Proposition 1]). Any separator X of cardinality d in Qq consists of the d
neighbours of some vertex in the cube, and the subgraph G(Q4) — X has ezactly two components, with
one of them being the vertex itself.

Proof. A proof can be found in [138| Proposition 1]: essentially, one proceeds by induction on d, consid-
ering the effect of the separator on a pair of disjoint facets. O

Proposition 10.1.4. Let y be a vertex of the d-cube Qg4 and let Y be a subset of the neighbours of y in
Q4. Then the subcomplex of Qq induced by V(Qq) \ ({y} UY) contains a spanning strongly connected
(d — 2)-subcomplezx.

Proof. Without loss of generality, assume that @y is given as a 0 — 1 polytope, and for the sake of
concreteness, that y = (0,...,0) and Y = {€é1,...,€,} where €; denotes the standard unit vector with
the i-entry equal to one.

Let C := Qg4 — {y} UY), the subcomplex of Qg induced by V(Qq) \ {y} UY). Consider the d — k
ridges
R;:=conv{Z € V(Qq): 71 =0,z; =1} fori € [k + 1,d]
and the (g) ridges

R; ;= conv{Z € V(Qq) : z; = 1,x; = 1}for some 4,5 € [1,d]| with i # j.
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Let ¢ :=C(Ry41) U -UC(Rg) UC(Ry2) U+ UC(Rg—1.4). Then C' is a pure (d — 2)-subcomplex of C.

We show that C’ is a spanning subcomplex of C. Let ¥ = (x1,...,x4) be a vertex in V(Qq) \ ({y}UY).
Then either & = ¢€; for some ¢ = k+1,...,d or z; = x; = 1 for some ¢,j € [1,d] with ¢ # j; see
Remark iii). In the former case, the vertex & lies in the (d — 2)-face R;, and in the latter case, the
vertex 7 lies in the (d — 2)-face R; ;. Therefore Z € C’. We next show that C’ is strongly connected.

Take any two distinct ridges R and R’ from C’. We consider three cases based on the form of R and
R.

Suppose that R = R; and R’ = R, fori,j € [k+1,d] and i # j. Then there is a (d — 2, d — 3)-path L
of length one from R to R’ through their common (d — 3)-face conv{Z € V(Qq) : #1 = 0,2; = 1,z; = 1}.
That is, L := RR/.

Next suppose that R = R; and R’ = R; for j, 1 € [1,d] with j # [. If i = j there is a (d—2, d—3)-path
of length one from R to R’ through the common (d — 3)-face conv {Z € V(Qq) : z1 = 0,2, = 1,2, = 1}.
If i # j, and consequently i # [, then there is a (d — 2,d — 3)-path L of length two from R to R’ through
the (d —2) face R;,;, which shares the (d — 3)-face conv {Z € V(Qq) : 1 = 0,2; = 1,2, = 1} with R and
the (d — 3)-face conv {Z € V(Qq) : z; = 1,x; = 1,2y = 1} with R". That is, L := RR; R’

Finally suppose that R = R; ; with i # j and R’ = Ry ,,, with [ # m. If i = [ there is a (d —2,d — 3)-
path from R to R’ through the common (d — 3)-face conv{Z € V(Qq) : x; = 1,z; = 1,2,, = 1}. If
{i,7}N{l,m} = 0 then there is a (d—2,d — 3)-path L of length two from R to R’ through the (d —2)-face
R; 1, which shares the (d — 3)-face conv {Z € V(Qq) : x; = 1,z; = 1,x; = 1} with R and the (d — 3)-face
conv{Z € V(Qq) : z; = 1,2y = 1,2, = 1} with R'. That is, L := RR; ;R'. O

Remark 10.1.5. In Proposition the subcomplex of Qg induced by V(Qg4) \ ({y} UY), in the
proof of Proposition [10.1.4] denoted by C, is pure if and only if Y is the set of all neighbours of y. Let
Y ={é,...,e}and y = (0,...,0). If k£ < d then the facets conv {Z € V(Qq) : ¢ = 1} for £ € [k + 1,d]
are in C and the ridge conv{Z € V(Qq) : z; = 1,z; = 1} for i,j € [1,k] and i # j is in C but the facets
conv{Z € V(Qq) : z; = 1} and conv{Z € V(Qq) : ; = 1} are not in C. Thus C is nonpure. If instead
k = d then no facet is in C, and the vector coordinates of every vertex in C has at least two entries with
ones, and thus, it is contained in some ridge conv{Z € V(Qq) : x; = 1,2; = 1} for 4, j € [1,d] and @ # j,
which is in C. Thus C is a pure (d — 2)-subcomplex of @, and it coincides with the complex C’. Figure

illustrates Proposition [10.1.4

10.2 Connectivity of Cubical Polytopes

The aim of this section is to prove Theorem [I0.2.8] a result that relates the connectivity of a cubical
polytope to its minimum degree.

Two vertex-edge paths are independent if they share no inner vertex. Similarly, two facet-ridge paths
are independent if they do not share an inner facet.

Given sets A, B of vertices in a graph, a path from A to B, called an A — B path, is a (vertex-edge)
path L := ug...u, in the graph such that V(L)NA = {up} and V(L)N B = {u,}. We write a — B path
instead of {a} — B path, and likewise, write A — b path instead of A — {b}.

Our exploration of the connectivity of cubical polytopes starts with a statement about the connectivity
of the star of a vertex. But first we need a lemma that holds for all d-polytopes.

Lemma 10.2.1. Let P be a d-polytope with d > 2. Then, for any two distinct facets Fy and Fy of P,
the following hold.
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13 U15

vi4 V16 v =(0,0,0,0) w9 =(0,0,0,1)
vl vy = (1,0,0,0) wp=(1,0,0,1)
v9 | v3 = (0,1,0,0) vy = (0,1,0,1)
V10 V12 v = (1,1,0,0) w2 =(1,1,0,1)
U5 = (070,1,0) V13 = (070,1,1)
\ 38 8 V7 v = (1,0,1,0) w4 =(1,0,1,1)
U5 vy =(0,1,1,0) wv5=1(0,1,1,1)
) U4 vg =(1,1,1,0) we=(1,1,1,1)
Y= (a) K (b)
P us U3 5
V14 V16 V14 V16
V11 v V11
9 !
v10 | Y12 vl0 | V12
U6 Ug vy U6 U8 .
V4 Ug
(c) (d) v3

Figure 10.1: Complexes in the 4-cube. (a) The 4-cube with the vertex y = (0,0,0,0) singled out.
The vertex labelling corresponds to a realisation of the 4-cube as a 0 — 1 polytope. (b) Vertex coordi-
nates as elements of {0,1}*. (c) The strongly connected 2-complex C induced by V(Q4) \ ({y} UY)
where Y = {wy,v3,v5,v9}. Every face of C is contained in a 2-face of the cube. (d) The non-
pure complex C induced by V(Q4) \ ({y} UY) where ¥ = {vy = ¢&,v5 = é3}. The 2-face
conv {vg, vs, V14, V16 = conv{Z € V(Q4) : 1 = 1,23 = 1} of C is not contained in any 3-face, and
there are two 3-faces in C, namely conv {v3, vy, v7, Vs, V11, V12, V15, V16 } = conv{Z € V(Q4) : o = 1} and
conv {Ug,vlo,’ull,1)12,’1}13,1]1471)15,1)16} = conv {LZ" S V(Q4) Xy = 1}
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(i) There are d independent facet-ridge paths between Fy and Fy in P.

(i) Let S be the star of a vertex and let F be a facet of S. If Fy and F» are in S and are both different
from F| then there exists a (d — 1,d — 2)-path between Fy and Fy in S that does not contain F.

(iii) Let F be a facet of P other than Fy and Fy. Then there exists a (d — 1,d — 2)-path between Fy and
Fy in P that does not contain F'.

(iv) Let R be an arbitrary ridge of P. Then there exists a facet-ridge path Jy ... Jy, with J; = Fy and
Jm = Fy in P such that Jy N Jpy1 # R for each £ € [1,m — 1].

Proof. The proof of the lemma essentially follows from dualising Balinski’s theorem.
Let ¢ define the natural anti-isomorphism from the face lattice of P to the face lattice of its dual P*.

(i). Any two independent vertex-edge paths in P* between the vertices ¥(Fy) and ¢ (F») correspond
to two independent facet-ridge paths in P between the facets F; and F5. By Balinski’s theorem there
are d independent ¢ (F}) — 1(F») paths in P*, and so the assertion follows.

(ii). The facets in the star S of a vertex s in B(P) correspond to the vertices in the facet ¥ (s) in
P* corresponding to s. The existence of a facet-ridge path in S between any two facets F; and Fj of S
amounts to the existence of a vertex-edge path in ¥(s) between the vertices ¢(Fy1) and (Fy) of ¥(s).
Since the graph of the facet ¥(s) is (d — 1)-connected (Balinski’s theorem), by Menger’s theorem ( [117];
see also |46, Section 3.3]) there are d—1 independent paths between (F;) and ¢ (F»). Hence we can pick
one such path L* that avoids the vertex t(F) of ¢(s). Dualising this path L* gives a (d — 1,d — 2)-path
L between F; and F5 in the star S that does not contain the facet F' of P.

(iii). By (i) there are d independent facet-ridge paths between F; and F» in P, and since d > 2, we
can pick one such path that does not contain F'.

(iv). Again by (i), there are d independent facet-ridge paths between F; and F» in P, and since d > 2
and the ridge R can be present in at most one such path, there must exist a facet-ridge path that does
not contain R. The assertion now follows. O

For a path L :=ug ... u, we write u;Lu; for 0 <4 < j < n to denote the subpath u; ... u;.

Proposition 10.2.2. Let F be a facet in the star S of a vertex in a cubical d-polytope. Then the antistar
of F in S is a strongly connected (d — 2)-complex.

Proof. Let s be a vertex of a facet F' in a cubical d-polytope P and let Fi,..., F, be the facets in the
star S of the vertex s. Let F; = F. The result is true for d = 2: the antistar of F' is just a vertex, a
strongly connected O-complex. So assume d > 3.

According to Lemma [10.1.2] the antistar of F; N Fy in F;, the subcomplex of F; induced by V(F;) \
V(F; N Fy), is a strongly connected (d — 2)-complex for each i € [2,n]. Since

astar(Fy,S) = U astar(F; N Fy, Fy),
=2

it follows that astar(Fy, S) is a pure (d — 2)-complex. It remains to prove that there exists a (d —2,d — 3)-
path L between any two ridges R; and R; in astar(Fi,S).

By virtue of Lemma we can assume that R; € astar(F; N Fy, F;) and R; € astar(Fj N Fi, Fy)
for i # j and i,j € [2,n]. Since S is a strongly connected (d — 1)-complex (Proposition [0.0.2)), there
exists a (d—1,d —2)-path M := J; ... J,, in S, where J; N Jpy1 is a ridge for £ € [1,m — 1], J; = F; and
Jm = Fj. Let EO = R1 and Em = Rj.
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We can assume the path M doesn’t contain F} (Lemma [10.2.1[ii)). Let us show that the path L
exists, by proving the following statement by induction.

¢
Claim 1. If¢ <m, there exists a (d—2,d—3) path in U astar(J;NFy, J;) between Ey € astar(J;NFYy, Jy)
i=1
and any ridge Ey € astar(Jy N Fy, Jp).

Proof. The statement is true for £ = 1. The complex astar(Jy N Fy, Jp) is a strongly connected (d — 2)-
complex and contains Ey. So an induction on ¢ can start.

Suppose that the statement is true for some ¢ < m. We show the existence of a (d — 2,d — 3)-path
between Fy and any ridge of astar(Jy41 N Fy, Jot1)-

Let E; be a ridge in astar(J; N Fy, J;) such that Fy contains a (d — 3)-face Iy of astar(J, N Fy, Jp) N
¢

astar(Joy1 N Fy, Jey1). By the induction hypothesis there exists a (d — 2,d — 3) path L, in U astar(J; N
i=1

Fy, J;) between Ey and Ej.

Consider a ridge Fy, € astar(Jy11 N Fy, Jey1) such that E) ; contains the aforementioned (d — 3)-
face I,. There is a (d — 2,d — 3)-path Ly, in astar(Je41 N Fi, Jegq) from Ej, to any ridge Eyqq in
astar(Jey1 N F1, Jey1), thanks to astar(Jerq N Fy, Jog1) being a strongly connected (d — 2)-complex.

Since E, and E2+1 share Iy, a path Ly from Ej to the arbitrary ridge Eyy; is obtained as Ly =
E0L€E€E2+1L2+1E€+1~

For this concatenation to work it remains to prove that the complex astar(J, N Fy, Jy) Nastar(Je 1 N
Fy, Jyy1) contains the aforementioned (d — 3)-face I;. Let Ky := J; N Jpp1 N Fy. Because Jy N Jpqq is a
ridge but not of F; and because {s} C V(J,) NV (Jpr1) NV (F1), we find that 0 < dim K, < d — 3. From
JeNJey1 being a (d — 2)-cube and dim K, < d — 3 follows the existence of a (d — 3)-face in Jy N Jy41 that
is disjoint from Fj, our I,. As a consequence, this face I, € astar(J, N Fy, Jp) Nastar(Jer1 N F1, Jo1), as
desired. O

Applying the claim to £ = m gives the existence of a path in U], astar(J; N F1, J;) between Fy = R;
and E,, = R; ; this is the desired path L. O

The proof method used in Proposition [10.2.2] also proves the following.

Theorem 10.2.3. Let F be a proper face of a cubical d-polytope P. Then the antistar of F' in P contains
a spanning strongly connected (d — 2)-subcomplez.

Proof. Let Fy,...,F, be the facets of P and let F' be a proper face of P. The result is true for d = 2:
the antistar of F' is a strongly connected 1-complex, and thus, contains a spanning 0-complex. So assume
d> 3.

Let
C.:=B(F,) —V(F).

If F. = F then C, = 0, and if F,. N F' = () then C, is the boundary complex of F}., a strongly connected
(d—2)-subcomplex of F,. (Proposition[9.0.2]). Otherwise, C, is the antistar of F,.NF in F,, also a strongly
connected (d — 2)-subcomplex of F,. (Lemma [10.1.2)).
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We show that C is the required spanning strongly connected (d —2)-subcomplex of P—V (F'), the antistar
of F in P. It follows that C is a spanning pure (d — 2)-subcomplex of P — V(F). It remains to prove
that there exists a (d — 2,d — 3)-path L in C between any two ridges R; and R; of C with ¢ # j.

If R,,R; € C, for some r € [l,n], then, since C, is a strongly connected (d — 2)-complex
(Lemma [10.1.2)), there exists a (d — 2,d — 3)-path in C, between the two ridges R; and R;. There-
fore, we can assume that R; is in C; and R; is in C; for ¢ # j. Observe that F; # F' and F; # F.
Hereafter we let Fy := R; and E,, := R;.

Since B(P) is a strongly connected (d — 1)-subcomplex of P, there exists a (d — 1,d — 2)-path M :=
Ji...Jy in P where Jy N Jyyq is a ridge for £ € [1,m —1], J; = F; and J,,, = F;. Each facet J, coincides
with a facet F;, for some i, € [1,n]; we henceforth let D, :=C;, .

By Lemma [10.2.1](iii)-(iv) we can assume that J, # F for r € [1,m] in the case of F being a
facet and that J, N Jyyp1 # F for £ € [1,m — 1] in the case of F being a ridge. As a consequence,
dim(Jy N Jpp1 N F) < d — 3; this in turn implies that, for each ¢ € [1,m — 1], Jy N Jp41 contains a
(d — 3)-face I, that is disjoint from F. Hence I, € Dy N Dyq for each £ € [1,m — 1].

As in the proof or Proposition we show that the path L exists by proving the following claim
by induction.
¢
Claim 2. If ¢ < m, there exists a (d —2,d — 3) path in U D; between Ey € Dy and any ridge Ey € Dy.

i=1

Proof. The statement is true for £ = 1. The complex D; is a strongly connected (d — 2)-complex and
EyeD.

Suppose that the statement is true for some ¢ < m. We show the existence of a (d — 2,d — 3)-path
between Ey € D; and any ridge of Dy 1.

Let E; be a ridge in Dy, containing a (d — 3) face Iy of Dy N Dy4q; this (d — 3)-face I, exists by our
¢

previous discussion. By the induction hypothesis, there exists a (d — 2,d — 3) path L, in U D; between

i=1
Ey and the ridge Fy.

Consider a ridge Ej, | € D41 containing the face I,. Thereis a (d—2,d —3)-path Ly, ; in Dy from
Eéﬂ to any ridge Fy11 € Dy11, thanks to Dy being a strongly connected (d — 2)-complex.

The desired path Lyy; between Ey and the arbitrary ridge FEy,i11 is obtained as Lyy; =
EoLyEyEy,  Loj1Eoyq. O

The claim for £ = m gives the desired (d — 2,d — 3)-path L in U;2;D; C C between Ey = R; and
E,, = R;, which concludes the proof. O

Remark 10.2.4. Theorem [10.2.3]is best possible in the sense that the antistar of a face does not always
contain a spanning strongly connected (d — 1)-subcomplex. The removal of the vertices of the face F in
Fig. leaves a pure (d — 1)-subcomplex that is not strongly connected.

The ideas presented in Proposition and Theorem play a key role in the proof of the main
result of [33].

Before proving the main result of the section, we state a useful corollary that follows from Proposi-

tion [0.0.1] and Theorem [10.2.3]

Corollary 10.2.5. Let P be a cubical d-polytope and let F' be a proper face of P. Then the subgraph
G(P) — V(F) is (d — 2)-connected.

179



For d > 4 we define the two functions f(d) and g(d) that we mentioned in the introduction.

(i) The function f(d) gives the maximum number such that every cubical d-polytope with minimum
degree 0 < f(d) is d-connected.

(ii) the function g(d) gives the maximum number such that every minimum separator with cardinality
at most g(d) of every cubical d-polytope consists of the neighbourhood of some vertex.

The functions f(3) and g(3) are not defined. No cubical 3-polytope has minimum degree 6§ > 4,
and so for every positive integer dg > 3 it follows that every cubical 3-polytope with minimum degree
0 < dg is d-connected. Figure shows cubical 3-polytopes with minimum separators that are not the
neighbourhood of a vertex.

The function f(d) is well defined for d > 4. There is a cubical d-polytope with minimum degree § for
every 0 > d > 4, for instance, a neighbourly cubical d-polytope [79]. Every d-polytope is d-connected by
Balinski’s theorem. Furthermore, there exists a cubical d-polytope with minimum degree § > 29! that
is not d-connected: the connected sum of two copies of a neighbourly cubical d-polytope with minimum
degree §. Thus d < f(d) < 2971

At this moment, we don’t claim that g(d) exists; this will become evident in the proof of Theo-
rem [0.2.8

Proposition 10.2.6. Let P be a cubical d-polytope with d > 4. If the function g(d) exists and P has
minimum degree at least g(d) + 1, then G(P) is (g(d) + 1)-connected.

Proof. Suppose that G(P) is not (g(d) + 1)-connected. Then there is a minimum separator X with
cardinality at most g(d). By the definition of g(d), X consists of all the neighbours of some vertex w.
This contradicts the degree of u, which is at least g(d) +1 > | X|. O

Corollary 10.2.7. If the function g(d) exists for d > 4, then f(d) > g(d).

Theorem 10.2.8 (Connectivity Theorem). A cubical d-polytope P with minimum degree § is min{d, 2d—
2}-connected for every d > 3.

Furthermore, for any d > 4, every minimum separator X of cardinality at most 2d — 3 consists of all
the neighbours of some vertex, and the subgraph G(P)— X contains exactly two components, with one of
them being the vertex itself.

Proof. Let 0 < a < d— 3 and let P be a cubical d-polytope with minimum degree at least d + a. Let
G := G(P).

We first prove that P is (d + «)-connected. The case of d = 3 follows from Balinski’s theorem. So
assume d > 4. Let X be a minimum separator of P. Throughout the proof, let u and v be two distinct
vertices that belong to G — X and are disconnected by X. The theorem follows from a number of claims
that we prove next.

Claim 3. If | X| < d+ « then, for any facet F, the cardinality of X NV (F) is at most d — 1.

Proof. Suppose otherwise and let F be a facet with | X NV (F)| > d. Let
G :=G-V(F).

According to Corollary [10.2.5 the subgraph G’ is (d — 2)-connected. Since there are at most @ < d — 3
vertices in V(G') N X, removing from G’ the vertices in V(G’) N X doesn’t disconnect G'.
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We show there is a u — v path in G — X, which would be a contradiction and prove the claim. If
u,v € V(G')\ X then there is a u — v path in G’ — X, as G’ — X is connected. So assume u € V(F)\ X.
Since u has degree at least d+ « and since every vertex in F has at least d+a— (d—1) = a+1 neighbours
outside F (in G'), at least one of them, say ug, is in V(G') \ X. Likewise either v € V(F) \ X and
there is a neighbour v of v in V(G') \ X or v € G' — X. Therefore, if v € V(F) \ X then there is a
u—wv path L in G — X that contains a subpath L’ in G’ between the vertices ug' and vgs in V(G') \ X;
that is, L = uug L'vgv. If instead v € G’ — X then there is a v — v path L in G — X passing through
the vertex ug and containing a subpath L' := ug: — v in G’ — X; that is, L = uugL'v. Hence there is
always a u — v path in G — X, and thus, G is not disconnected by X, a contradiction. (|

Claim 4. If | X| < d+ «, then there exist facets Fy, ..., Fy of P such that G(F;) is disconnected by X
for each i € [1,d].

Proof. Suppose by way of contradiction that X disconnects the graphs of at most k facets Fy,..., Fj of
P with k <d—1. We find a u — v path in G — X, which would contradict X being a separator of G.

There are at least d facets containing u and there are at least d facets containing v. As a result,
we can pick facets K,, and K, with v € K, and v € K, whose graphs are not disconnected by X;
that is K, K, € {F1,...,F,}. If K, = K, then we can find a v — v path in G(K,) — X. So assume
K, # K,. Since B(P) is a strongly connected (d — 1)-complex and since there are at least d independent
(d—1,d —2)-paths from K, to K, in B(P) (Lemma[10.2.1{1)), there exists a (d —1,d — 2)-path J; ... J,
in B(P) with J; = K, and J, = K,, such that {Jy,...,Jo} N {F1,...,Fx} = 0. As a consequence, the
subgraphs G(J;) are not disconnected by X.

Construct a u — v path L by traversing the facets Jy, ..., J, as follows: find a path L; in J; from u
to a vertex in Ji N Jy, then a path Lo in Js from J; N Js to Jo N J3 and so on up to a path L,, 1 in J,_1
from J,—oNJp—1 to J,—1 N Jy; here use the connectivity of the subgraphs G(J;) — X, ..., G(J,-1) — X.
Finally, find a path L, in J, = K, from J,_1 N J, to the vertex v using the connectivity of G(J,,) — X.
The path L is the concatenation of the paths Ly, ..., L.

The aforementioned concatenation works as long as there is at least one vertex in V(J; N Jpp1) \ X
for each ¢ € [I,n —1]. For d > 4, it follows that [V (J, N Je11)| = 2972 > d, which is greater that
[V(J)) N X| <d—1 by Claim 3| Hence V(J; N Jgy1) \ X is nonempty, and consequently, the u — v path
L always exists and completes the proof of the claim. O

Claim 5. If |X| < d+ « then | X| =d+ a.

with Balinski’s theorem ensures that |V (F)NX|=d— 1. Let G’ := G — V(F). By Corollary 5 G
is a (d — 2)-connected subgraph of G.

Proof. Let F be a facet of P whose graph is disconnected by X, which by Claim []exists. Claim [3|together
h

Suppose that a minimum separator X has size at most d — 1+ «; we show that X does not disconnect
G by finding a u — v path L between the vertices u and v of G — X, which would be a contradiction.

There are at most o < d — 3 vertices in V(G’') N X, and so removing V(G') N X from G’ doesn’t
disconnect G'.

If u and v are both in G’ then there is a u — v path in G’ that is disjoint from X. So assume that
u € V(F)\ X. Let X; denote the set of neighbours of u in G’; then |X;| > o + 1, since u has at least
d + a neighbours in P, with exactly d — 1 of them in F. As a consequence, there is a neighbour ug
of uw in V(G') \ X. Likewise either v € V(F)\ X and there is a neighbour vg: of v in V(G') \ X or
veG —X. IfveV(F)\ X, there is a u — v path in G — X that passes through the vertices ug and
ver of V(G')\ X. If instead v € G’ — X, there is a u — v path L in G — X that includes a subpath L’
in G’ — X between ug and v so that L = uug L'v. Hence we always have a u — v path in G — X. This
contradiction shows that a minimum separator has size ezactly d + «. (]
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From Claim [5|it follows that P is (d+ a)-connected. The structure of a minimum separator is
settled in @, . For every d > 4, Claim |§| settles the case o < d — 4 and Claim |7| the case o« = d — 3.

Claim 6. If o« < d—4, then the set X consists of the neighbours of some vertex and the minimum degree
of P is exactly d + a.

Proof. As in Claim |5} let F' be a facet of P whose graph is disconnected by X and let G’ := G — V(F).
Then G’ is a (d — 2)-connected subgraph of G (Corollary [10.2.5)). Besides, |V(F)NX| =d—1 by a
combination of Claim [3] and Balinski’s theorem.

Since there are ezactly o +1 < d — 3 vertices in V(G') N X, removing V(G') N X from G’ doesn’t
disconnect G'. We may therefore assume that u € V(F) \ X.

If there is a path L, in G — X from u to a vertex ug € G' — X and a path L, in G — X from v
to a vertex vg: in G’ — X so that L, and L, are both disjoint from X, then we get a u — v path L in
G — X defined as L = uL,uc'L'vg Lyv where L' is a path in G/ — X between ug: and ve. Recall the
minimum degree of u is at least d + a.

We may therefore assume that u is in V(F) \ X and that there is no such path L, in G — X from u
to G’ — X. The set X; of neighbours of v in G’ must then be a subset of X, and since |X1| > a + 1, it
follows that X; = V(G') N X, and thus, that |X;| = a + 1. In addition, every path of length two from u
to G’ passing through a neighbour of u in F contains some vertex from X; otherwise the aforementioned
path L, would exist. Let X5 denote the vertices in X that are present in a u — V(G’) path of length
two passing through a neighbour of u in F. Every vertex of F has a neighbour in G’, and so there is a
u — V(G') path through each neighbour of u in F', d — 1 such neighbours in total. Since there are no
triangles in P, we get X1 N Xy = @), which in turn implies that X, C V(F). Hence | X3| = d — 1, and
every neighbour of u in F' is in X. Consequently, the degree of u, | X1| 4+ | X2|, is precisely d + «, and the
set X consists of the d + « neighbours of u in P, as desired. (I

Claim 7. If o« = d—3, then the set X consists of the neighbours of some vertex and the minimum degree
of P is exactly d + a.

Proof. Proceed by contradiction: every vertex in P has at least one neighbour outside X.

By Claim [3|there are at most d—1 vertices from X in any facet F of P. If the removal of X disconnects
the graph of a facet F', then there would be exactly d — 1 vertices in V(F') N X, which constitute the
neighbours in F' of some vertex of F' (Proposition . Consequently, the subgraph G(F') — X would
have exactly two components: one being a singleton z(F') and another Z(F') being (d — 3)-connected
by Proposition if X doesn’t disconnect F', we let z(F) = () and let Z(F) := G(F) — X. Hence,
for every facet F' of P, the subgraph Z(F) is connected, and V(F) = z(F) UV (Z(F)) U (V(F)n X).
Abusing terminology, if z(F') # 0 we make no distinction between the set and its unique element.

Since u and v are separated by X, every u — v path in G contains a vertex from X. Because the
vertex u has a neighbour w not in X, there must exist a facet F, in which u € Z(F,): a facet containing
the edge ww. Similarly, there exists a facet F, containing v in which v € Z(F,).

Consider an arbitrary (d — 1,d — 2)-path Jy...J, in P with J; = F,, and J, = F,. If, for each
i € [1,n—1], there is a vertex y; € V(J; N J;11) with y; € V(Z(J;)) NV (Z(Ji41)), then there would be a
u—v path L in G — X and the claim would hold. Indeed, let yo := u and y,, :=v. For all i € [0,n — 1],
there would be a path L;11 in Z(J;41) from y; to y;+1. Concatenating all these paths Ly,..., L,, we
would then have a w — v path L in G — X, giving a contradiction and settling the claim. We would say
that a facet-ridge path Jy ... J, from F, to F, is valid if the aforementioned vertex y; exists for each
i € [1,n — 1]; otherwise it is invalid.

Hence it remains to show that, for some facet-ridge path J; ... J, from J;, = F, to J, = F,,
there exists a vertex in V(Z(J;)) NV (Z(J;41)) for each i € [1,n — 1] when d > 4. In other words,
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it remains to show there exists a valid fact-ridge path from F, to F,.

Take a facet-ridge path Jy...J, from F, to F, and suppose it is invalid; that is, V(Z(J;)) N
V(Z(Ji+1)) =0 for some i € [1,n — 1]. Then V(Z(J;)) NV (Jiy1) C 2(Jix1). Therefore,

V(Ji N Jip1) = V() OV (Jis1) = [2(J:) UV(Z(J) U V() N X)] NV (i)

C 2(Ji) Uz(Jig1) U(X NV (J; N Jig1)). (10.1)

If neither G(J;) nor G(J;41) is disconnected by X, then z(J;) = 2(J;+1) = 0, and by Eq. (10.1) and
Claim 3]
o= |‘/Y(Jz n Ji+1)| < |X n V(JZ)| <d-1. (102)

If instead G(J;) is disconnected by X, then X NV (J;) consists of all the d — 1 neighbours of z(J;) in J;
(Proposition [10.1.3), and thus, |[X NV (J; N Jix1)| < d — 2. In this case, by Eq. (10.1]),

2= |V(inJg)| <24+d—-2=d. (10.3)

Equation ((10.2)) does not hold for d > 4, while Eq. (10.3)) only holds for d = 4, in which case it holds
with equality. As a consequence, if d > 5, every facet-ridge path from F,, to F, is valid. As a result, the
aforementioned v — v path L in G — X always exists for d > 5, a contradiction. This completes the
case d > 5.

The case d = 4 requires more work. Let
X = {$1, ce 71’5}.

Suppose by way of contradiction that every facet-ridge path from F, to F, is invalid. Consider a
particular such path M := Jy...J,. Then V(Z(J;)) NV (Z(Ji+1)) = O for some i € [1,n — 1], and
for that index ¢, Eq. must hold with equality, which implies that Eq. must also hold with
equality. Consequently, the following setting ensues

(1) [2(Ji) U z(Jip1)| = 2; that is, 2(J;) # 2(Jiy1);

(ii) the graphs of the facets J; and J;11 are both disconnected by X;

(iii) the neighbours of z(J;) in J; and of z(J;41) in J;41 are all from X;
)

(iv) the ridge R; := J; N J;41 consists of four vertices—namely, z(J;), z(J;+1) and two vertices from X,
say x1 and xo;

(v) each vertex z(J;) and z(J;+1) has a neighbour in J; \ J;41 and J;41 \ J;, respectively; and

(vi) there is a vertex from X, say x5, lying outside J; U J;11.

Any pair of facets in this setting are said to be in Configuration A and the ridge in which they intersect
is said to be problematic. For instance, the pair (J;, J;+1) is in Configuration A and the ridge R; is
problematic; see Fig. a).

For a facet-ridge path from F, to F, to be invalid, it must have a pair of facets in Configuration A.

We want to be more careful when selecting the facets F,, and F, and when selecting the facet-ridge
path M from F, to F,. We require the following.

The facets F,, and F, can be picked so that their graphs are not disconnected by
X; that is, G(F,) — X and G(F,) — X are both connected subgraphs of G(F,) and *)
G(F,), respectively.
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Figure 10.2: Auxiliary figure for Claim [7] of Theorem (a) Configuration A: two facets J; and J; 41
whose graphs are disconnected by X = {x1,x2,x3, x4, x5} and a problematic ridge R; := J; N J;11. (b)—
(d) The facets F,, and F,, are both disconnected by X and intersects at an edge. The ridge R, := FuOF{[
that defines a new facet F./ is highlighted.

Proof of @ Suppose that the facet F}, cannot be picked as desired. Then the graph of F, is disconnected
by X, and by Proposition [10.1.3| there is a vertex z(F,) € G(F,) whose neighbours in F, are all from
X. Say X NV(F,) = {xi,, i, Tiy ;- Recall that u € Z(F,,).

Since u has degree at least five (it is nonsimple), it follows that there is a facet F, in P containing u
and intersecting F,, at a vertex or an edge. Since F, contains u, its graph must be disconnected by X
(otherwise it is the desired facet). Therefore |[X NV (F)| = 3, and thus, X NV (F,) NV (F.) # 0. As
a consequence, we find that F, N F, is an edge between a vertex of X, say z;,, and u. It follows that
X NV(F)) = {xi,, 2,7, }. Three configurations are possible: Fig. [10.2(b)—(d).

The argument remains unchanged in all the three configurations. Refer to Fig. [10.2](b) for concrete-
ness. Consider the ridge R, of F, that contains the edge uz;, but does not contain the vertex wx;,;
the ridge R, is highlighted in Fig. [10.2(b). Let F. be the facet of P that intersects F,, at R,. Then
XNV(F)) C{xiy, 24, }, since F, N F,/ and F,, N F. are faces that contain u. Therefore, the graph of F”
is not disconnected by X and F/ could have been chosen as F,. As a consequence of this contradiction,
the facet F,, can be picked as desired.

Similar analysis shows that the facet F, can also be picked so that G(F,) is not disconnected by X.
This completes the proof of (ED O

We are now ready to complete the proof of the claim by showing that we can always find a valid
facet-ridge F,, — F, path. The existence of such a path would complete the proof of the claim.

There are at least four independent facet-ridge paths from F, to F, (Lemma [10.2.1fi))—say

My, My, M. and Mg—and at least four pairs of facets exhibiting Configuration A—one per path. Each
pair of facets in Configuration A gives rise to a problematic ridge. We may assume that M = M,. The
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ensuing four points are key.

(i) The facet F, or F, does not appear in any Configuration A (by Statement (ED)

(ii) Any facet of P other than F, and F, may appear in at most one facet-ridge F,, — F, path; in
particular, it appears in at most one pair exhibiting Configuration A.

(iii) The problematic ridges are pairwise distinct, as the paths M,, My, M., M, as independent.
(iv) Each problematic ridge appears in precisely one of the paths M,, My, M., M.

(v) Each nonproblematic ridge R of P present in a Configuration A appears in at most two paths in
{M,, My, M., My}. This is so because R is the intersection of two facets F' and F’, and the facet
F or F’ appears in at most one such path.

With a counting argument we show that Configuration A cannot occur in all the four paths. We
count the ridges that contain two vertices from X and are present in a Configuration A.

For every pair of facets (J,J') exhibiting Configuration A, there are five ridges in J U J’ containing
two vertices from X. For instance, for the pair (J;, J;11) of Fig. [10.2(a), the pairs (z1,z2), (z1,23),
(x2,23), (z1,24) and (x2,z4) induce the five ridges. So, considering the four aforementioned F, — F,
paths, we have a total of twenty ridges that are present in a Configuration A and contain two vertices
from X. Besides, there are ten ways of pairing two vertices from X, and thereby there are at most ten
distinct ridges containing two vertices from X.

Each problematic ridge appears in precisely one Configuration A; there are at least four problematic
ridges, and therefore, there are at most six nonproblematic ridges. Each nonproblematic ridge that
contains two vertices from X appears in two facets, and consequently in at most two pairs of facets
exhibiting Configuration A (that is, in at most two Configurations A). We account for the ten ridges
containing two vertices from X in the four Configurations A: at least four problematic ridges and at
most six nonproblematic ones. This means that we can have at most 4 + 6 x 2 = 16 ridges that contain
two vertices from X and appear in the four Configurations A. Since the four Configurations A require
twenty ridges containing two vertices from X, we can choose a (d — 1,d — 2)-path F, — F, in which
Configuration A doesn’t occur. This completes the case d = 4, and with it the proof of the claim. [J

We now complete the proof of the theorem. @, ensure that, for d > 4, a minimum separator X
with cardinality at most 2d — 3 in a cubical d-polytope consists of the neighbours of a vertex. Thus the

function g(d) exists and satisfies 2d — 3 < g(d).

From Corollary [10.2.7|it then follows that f(d) > 2d — 2; in other words, a cubical d-polytope with
minimum degree § is min{d, 2d — 2}-connected. This completes the proof of the theorem. O

A simple corollary of Theorem [10.2.8is the following.

Corollary 10.2.9. A cubical d-polytope with no simple vertices is (d + 1)-connected.

As we mentioned in the introduction an open problem that nicely arises from Theorem [10.2.§] is
Problem [[.2.41
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Chapter 11

Linkedness

A graph with at least 2k vertices is k-linked if, for every set of 2k distinct vertices organised in arbitrary
k unordered pairs of vertices, there are k vertex-disjoint paths joining the vertices in the pairs.

Denote by V(X) the vertex set of a graph or a polytope X. Given sets A, B of vertices in a graph,
a path from A to B, called an A — B path, is a (vertex-edge) path L :=ug ... u, in the graph such that
V(L)NA = {up} and V(L) N B = {u,}. We write a — B path instead of {a} — B path, and likewise,
write A — b path instead of A — {b}.

Let G be a graph and X a subset of 2k distinct vertices of G. The elements of X are called terminals.
Let YV := {{s1,t1},...,{sk, tx}} be an arbitrary labelling and (unordered) pairing of all the vertices in
X. We say that Y is linked in G if we can find disjoint s; — t; paths for i € [1, k], the interval 1,... k.
The set X is linked in G if every such pairing of its vertices is linked in G. Throughout this part of the
thesis, by a set of disjoint paths, we mean a set of vertex-disjoint paths. If G has at least 2k vertices
and every set of exactly 2k vertices is linked in G, we say that G is k-linked. If the graph of a polytope
is k-linked we say that the polytope is also k-linked.

This part of the thesis studies the linkedness of cubical d-polytopes (see [32]).

11.1 d-Cube

In the d-cube Qq, the facet disjoint from a facet F' is denoted by F°, and we say that F' and F° is a pair
of opposite facets.

Definition 11.1.1 (Projection 7). For a pair of opposite facets {F, F°} of Qg, define a projection ng

from Q4 to F° by sending a vertex € F to the unique neighbour z%., of z in F°, and a vertex x € F*
to itself (that is, wgg (z) = x); write 7716;23 (z) = 2%, to be precise, or write m(z) or z? if the cube Qg and

the facet F'° are understood from the context.

We extend this projection to sets of vertices: given a pair {F, F°} of opposite facets and a set
X C V(F), the projection X, or wgﬁf (X) of X onto F° is the set of the projections of the vertices in X
onto F°. For an i-face J C F, the projection J5, or W?S’(J) of J onto F? is the i-face consisting of the
projections of all the vertices of J onto F°. For a pair {F, F°} of opposite facets in Q?, the restrictions
of the projection o to F' and the projection mr to F° are bijections.

Let Z be a set of vertices in the graph of a d-cube Q4. If, for some pair of opposite facets {F, F°},
the set Z contains both a vertex z € V(F) N Z and its projection 2%, € V(F°) N Z, we say that the
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pair {F, F°} is associated with the set Z in Qg and that {z,2”} is an associating pair. Note that an
associating pair can associate only one pair of opposite facets.

In conjunction with connectivity results around strongly connected complexes in cubical polytopes,
the next lemma lies at the core of our methodology.

Lemma 11.1.2. Let Z be a nonempty subset of V(Qq). Then the number of pairs {F, F°} of opposite
facets associated with Z is at most |Z| — 1.

Proof. Let G := G(Qq) and let Z C V(Qg) with |Z| > 1 be given. Consider a pair {F, F°} of opposite
facets. Define a direction in the cube as the set of the 2971 edges between F' and F°; each direction
corresponds to a pair of opposite facets. The d directions partition the edges of the cube into sets of
cardinality 2271, (The notion of direction stems from thinking of the cube as a zonotope [175, Section 7.3])

A pair of facets is associated with the set Z if and only if the subgraph G[Z] of G induced by Z
contains an edge from the corresponding direction.

If a direction is present in a cycle C of @4, then the cycle contains at least two edges from this
direction. Indeed, take an edge e = uv on C that belongs to a direction between a pair {F, F°} of
opposite facets. After traversing the edge e from u € V(F) to v € V(F°), for the cycle to come back
to the facet F', it must contain another edge from the same direction. Hence, by repeatedly removing
edges from cycles in G[Z] we obtain a spanning forest of G[Z] that contains an edge for every direction
present in G[Z]. As a consequence, the number of such directions is at most the number of edges in the
forest, which is upper bounded by |Z| — 1. (A forest is a graph with no cycles.) O

The relevance of the lemma stems from the fact that a pair of opposite facets {F, F°} not associated
with a given set of vertices Z allows each vertex z in Z to have “free projection”; that is, for every
z € ZNV(F) the projection mpo(z) is not in Z, and for z € ZNV(F°) the projection wp(z) is not in Z.

11.1.1 Strong Connectivity of the d-Cube

We next unveil some further properties of the cube that will be used in subsequent sections.

While it is true that the antistar of a vertex in a d-polytope is always a strongly connected (d — 1)-
complex (Proposition , it is far from true that this extends to higher dimensional faces. Refer
to [33, Section 3] for examples of d-polytopes in which this extension is not possible. This extension is
however possible for the d-cube, as shown in Lemma (|33, Lemma 8]).

Given sets A, B, X of vertices in a graph G, the set X separates A from B if every A — B path in the
graph contains a vertex from X. A set X separates two vertices a,b not in X if it separates {a} from
{b}. We call the set X a separator of the graph.

We will also require the following three assertions.

Proposition 11.1.3 ( [138, Proposition 1]). Any separator X of cardinality d in Qg consists of the d
neighbours of some vertez in the cube and the subgraph G(Q4) — X has ezactly two components, with one
of them being the vertex itself.

A set of vertices in a graph is independent if no two of its elements are adjacent. Since there are no

triangles in a d-cube, Proposition [[1.1.3] gives at once the following corollary.

Corollary 11.1.4. A separator of cardinality d in a d-cube is an independent set.

187



Remark 11.1.5. If  and y are vertices of a cube, then they share at most two neighbours. In other
words, the complete bipartite graph K53 is not a subgraph of the cube; in fact, it is not an induced
subgraph of any simple polytope [133], Cor. 1.12(iii)].

11.1.2 Linkedness of the d-Cube

The linkedness of a d-cube was first established in [118, Proposition 4.4] as part of a study of linked-
ness in Cartesian products of graphs. We give an alternative proof of the result. As discussed before
(Proposition [9.0.8)), the linkedness of @4 is easily shown to be two.

Since we make heavy use of Menger’s theorem [46, Theorem 3.3.1] henceforth, we next remind the
reader of one of its consequences.

Theorem 11.1.6 (Menger [46, Section 3.3]). Let G be a k-connected graph, and let A and B be two
subsets of its vertices, each of cardinality at least k. Then there are k disjoint A — B paths in G.

Two vertex-edge paths are independent if they share no inner vertex.

Lemma 11.1.7. Let P be a cubical d-polytope with d > 4. Let X be a set of d + 1 vertices in P, all
contained in a facet F. Let k := |[(d + 1)/2]. Arbitrarily label and pair 2k wvertices in X to obtain
Y = {{s1,t1},. .., {sk,tk}}. Then, for at least k — 1 of these pairs {s;,t;}, there is an X-valid s; — t;
path in F.

Proof. If, for each pair in Y there is an X-valid path in F' connecting the pair, we are done. So assume
there is a pair in Y, say {s1,t1}, for which an X-valid s; — ¢; path does not exist in F. Since F is
(d — 1)-connected, there are d — 1 independent s; — ¢; paths (by Menger’s theorem), each containing a
vertex from X \ {s1,%1}; that is, the set X \ {s1,¢1}, with cardinality d — 1, separates s; from t; in F.
By Proposition the vertices in X \ {s1,%1} are the neighbours of s; or ¢; in F, say of s;.

Take any pair in Y \ {{s1,t1}}, say {so,t2}. If there was no X-valid ss — to path in F, then, by
Proposition the set X \ {s2,t2} would separate so from t5 and would consist of the neighbours
of sy or tg in F, say of so. But in this case, a vertex x in X \ {s1, s2,t1, 2}, which exists since | X| > 5,
would form a triangle with s; and s3, a contradiction. See also Corollary Since our choice of
{s2,t2} was arbitrary, we must have an X-valid path in F between any pair {s;,t;} for i € [2,k]. O

For a set Y := {{s1,t1},...,{sk,tr}} of pairs of vertices in a graph, a Y-linkage {L1,...,Lx} is a
set of disjoint paths with the path L; joining the pair {s;,t;} for ¢ € [1,k]. For a path L := ug...u,
we often write u;Lu; for 0 < 7 < j < n to denote the subpath u;...u;. We are now ready to prove
Theorem [11.1.8]

Theorem 11.1.8 (Linkedness of the cube). For every d # 3, a d-cube is |(d + 1)/2]-linked.

Proof. The cases of d = 1,2 are trivially true. For the remaining values of d, we proceed by induction,
with d = 4 given by Proposition [9.0.8

Let k := [(d+1)/2], then 2k — 1 < d. Let X := {s1,...,8k,t1,...,tr} be any set of 2k vertices,
called terminals, in the graph of the d-cube. Also let Y := {{s1,t1},...,{sk,tx}}. We aim to find a
Y-linkage {L1,..., Ly} with L; joining the pair {s;,¢;} fori=1,... k.

We consider three scenarios: (1) all the pairs in Y lie in some facet of Qq, (2) a pair of Y lies in
some facet F' of Q4 but not every vertex of X is in F, and (3) no pair of Y lies in a facet of Q4, which
amounts to saying that every pair in Y is at distance d in Q4. For the sake of readability, each scenario
is highlighted in bold.
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In the first scenario every vertex in X lies in some facet F of Q;. Hence Lemma [11.1.7]
gives an X-valid path Ly in F joining a pair in Y, say {s1,t1}. The projection in Qg of every vertex
in (X \ {s1,t1}) N V(F) onto F° is not in X. Recall F° denotes the facet opposite to F. Define
YP = {{sh,th}, ..., {sh,th}} as the set of k — 1 pairs of projections of the corresponding vertices in
X \ {s1,t1} onto F°. By the induction hypothesis on F°, there is a Y?-linkage {L%,..., LY} with
LY := s — ! for i € [2,k]. Since V(F°) is disjoint from V(L1) U X, each path L? can be extended with
s; and t; to obtain a path L; := s; — t; for ¢ € [2,k]. And together, all the paths {Li,..., Ly} give the
desired Y-linkage in the cube.

In the second scenario a pair of Y, say {s1,t1}, lies in some facet F' of ; but not every
vertex in X is in F. Let N (x) denote the set of neighbours of a vertex z in a face K of the cube and
let N(z) denote the set of all the neighbours of z in the cube.

In what follows, whenever x € X we let {z,y} € Y. Let Xp := (X \ {s1,t1}) N V(F'), and partition
X as follows.

Xo:={r e Xp:{z,y} €Y and y € Np(z)}

X1 ={reXp\Xo:{z,2h.} €Y}

Xo:i={r e Xp\(XoUXy):ah, & X}

X3:={z € Xp\ (XoUX;UX>):zh, € X and there is a unique X-valid path zyhy
with {z,y} € Y and y € V(F°)}

Xy = Xp\ (XoUX; UX3UXj3)

Claim 8. For every vertex x in X3 U Xo U X3 U Xy, there is an X-valid path M, of length at most two
from x to F° such that (V(M;)NX) C {x,y} and the | X1UX2UX3UXy| paths M, are pairwise disjoint.

Proof. For x € X1 U Xo, let M, = xat,,. For z € X3, let M, be the unique X-valid path xyhy with
{z,y} € Y and y € V(F?). To find the paths M, for x € X4 we run the following algoriTheorem

1: Arbitrarily order the vertices in Xy. Let ¢ := 1 and let O; := 7p(X).

2: while i < |X4| do

3: Take the ith element z in the ordering of Xy.

4 Choose w, € Np(z) \ O;.

5 Let M, := zw,mpo (w,) and let O;41 := O; U {w,}.

6: =1+ 1.

7: end while

We now show that the algorithm is correct: it produces the |X4| pairwise disjoint paths M, for
x € X4. The algorithm correctly terminates provided we can always find a suitable vertex w, in Step 4;
we next show this is the case.

Let x € X4 be the vertex in the ith position of the ordering. Let
O, :=0;N NF({E)

Since the path M, is of length at most two, the set O, represents the set of vertices in Ng(z) that cannot
be chosen as w, € Np(z) in the particular path M,.

Excluding the path zz%.,, there are exactly d—1 disjoint paths of length two in Q4 between z and F'°,
each going through an element of Ng(x). Thus, to show that there is a suitable vertex w, € Ng(z) in
Step 4, it suffices to show an injection between O, and X \ {z, z%..,y}, which would imply |O,| < d — 2.
Observe that y, 2%, € X \ O, and y # 2%.,.

For every vertex z € O, N X, map z to z. For every v € O, \ X with v}, € X, map v to vi.,;

note that vh., # y, since ¢ X5. For a vertex w, € O, \ X with 7p, (w,) ¢ X there exists a unique
vertex u € X4 \ O, such that w, is the unique vertex in Np(x) on the path M,. Since u € Xy, it
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O, — X\{x,:z:lga,y}

z z

v vP

Wy wif u#y
— uwP ifu=y

Figure 11.1: Auxiliary figure for the second scenario Theorem [11.1.8] (a) Types of neighbours of a vertex
x € X4 for finding the path M,. (b) An injective function from O, to X \ {z,z%..y}. (c) A forbidden
configuration where no path L; := s; — t; exists in F.

follows that u}., € X. In this case, map w, to u if u # y, otherwise map w, to u%.,. Note that u & O,;
otherwise the vertices u, x and w, would all be pairwise neighbours but there are no triangles in @ .
See Fig. [[1.1[(a)-(b) for a depiction of the different types of neighbours of the vertex z € X4 and the
injection from O, to X \ {z, 2%, y}.

The existence of an injection from O, to X \ {z, z%..,y} for x € X4 shows the existence of the vertex
w, in Step 4 of the algorithm and the termination of the algorithm. Thus the algorithm terminates with
the required |X4| pairwise disjoint paths for vertices in Xjy.

It remains to show that the | X; U X5 U X3 U Xy| paths M, are pairwise disjoint. Let z; € X; and
xz; € X; with 4,5 € [1,4]. For i = 1,2 a path M,, is of length one, and necessarily disjoint from any
other path. If i = j and 4,7 > 3 then the corresponding M,, and M, paths are disjoint by construction;
if instead i # j, this is also clear. O

We now finalise this second scenario. So far the paths M, have only been defined for terminals in
(XNV(F))\ (XoU{s1,t1}). For every vertex x € XNV (F°), let M, := x; in this way, the paths M, have
been defined for every vertex x in X \ (Xo U {s1,t1}). Denote by X’ the set of vertices in M, NV (F°)
over all paths M, with x € X \ (XU {s1,t1}). Hence | X’| < d—1. Let Y’ be the corresponding pairing
of the vertices in X': if {x,y} € Y with z,y € X \ (Xo U {s1,%1}), then the corresponding pair in Y is
{M, NV (F°),M,NV(F°)}. Note that, for a vertex z € X1, since y = z%.,, the corresponding pair in
V' is {aho, a0}, as My N V(F?) = {2}, } and My = af..

The induction hypothesis on F° gives that Y’ is linked in F°, and therefore, the existence of paths
L? in F° between M, NV (F°) and My, NV (F°) for s;,t; € X \ (Xo U {s1,t1}). Each path L? is then
extended with the paths M, and My, to obtain a path L; :=s; —¢; for s;,t; € X \ (Xo U {s1,t1}). For
a vertex s; € Xo, let L; := s;t;.

It only remains to show the existence of a path L; := s; — t; in F' pairwise disjoint from the paths
L; for i € [2,k]. Assume that we cannot find a path L; pairwise disjoint from the other paths L; with
i € [2,k]. Then there would be a set S in V(F) separating s; from t;. The set S would consist of
terminal vertices in Xr and nonterminal vertices on some path M, for x € X3 U X4. The existence of
each nonterminal vertex in S amounts to the existence of a terminal vertex in F°, namely z¥%.., since
mpo(Xs U Xy) C X. Hence, the cardinality of S would equal | Xp|+ | X3 U X4|, and thus, it would be
at most | Xp|+ | X NV(F%)| =X\ {s1,t1}|] =d — 1. By the (d — 1)-connectivity of F, the set S would
have cardinality d — 1, which would imply that every terminal in Xz and every nonterminal in F' that
lies on a path M, for x € X3 U X, are in S. Again, by Proposition the set S would consist of
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the neighbours of s; or ¢1, say of s1. In this configuration all the vertices of X would be in F', which
is a contradiction. Indeed, since there is no edge between any two vertices in S (Corollary , no
nonterminal on a path M, is in S, and therefore, S = Xg, or equivalently, X C V(F), as desired. The
existence of the path L finally settles the second scenario. See Fig. c).

It is instructive for the reader to convince himself/herself that the proof of the second scenario works
well by verifying the existence of the paths M, and the existence of the path Ly for the cubes Q4 and

Qs.

Finally, let us move onto the third and final scenario: every pair in Y is at distance
d. From Lemma it follows that there exists a pair {F, F°} of opposite facets of Q4 that is not
associated with X, := X'\{s1}, since | X' \{s1}| < d and there are d pairs of the form {F, F°}. This means
that for every x € X, NV(F), wgﬁ () & Xs, and that for every x € X, NV (F°), ’R'gd'((t) ¢ X;,. Without
loss of generality, assume that s1,...,s, € F° and t1,...,tx € F. We again apply Lemma [11.1.2] now
to the set W := {ng<82), . .,ﬁlgd(sk),t27 ...,tx} on the facet F. So there are at most [W| —1<d —2
pairs of opposite ridges of F associated with W in F. That is, there exists a pair {R, R°} that is not
associated with W in F. We now consider the projection 7" in F of W onto the ridge opposite to the
one containing t1, say t; € R. Let WP := wh, (W). Let s} := mho (7%(s;)) and t} := wh, (t;) for i # 1.
Then WP = {sh, ..., sk, th,...,t,} for i € [2,k]; notice that dist z(7%%(s;), ;) = d — 1 for i € [2,k], and
therefore, dist ro(s;,t;) =d — 2 for i € [2,k].

We find k — 1 disjoint paths L} in R® between s, and ¢ using the induction hypothesis on R° for
d > 6. For the case of d = 5, use Proposition since dist go (s}, t;) = 3 for i = 2,3 in the 3-cube R°;
in other words, the vertices sh,s5, t, and t4 are not in a 2-face of R°. Notice we must use the projections
7 of W onto R°, since t; ¢ W, which may cause that ﬂg(w) = t1 for some w € W. Thus we have
disjoint s; — t; paths L; equal to s;we%(s;)s;Litit; for i € [2,k]. Observe that, for i € [2,k], t; & L; and

that the subpath ng(si)Liti of L; is contained in F. By Menger’s theorem we can find a path L] from

wgg (t1) to s; in F° that is disjoint from {sa,..., sk}, since F° is (2k — 2)-connected. Also note that
ngf (t1) is not in X as a result of {F, F°} being not associated with X, and dist g,(s1,t1) = d. The
path Ly := le'lwggl (t1)t1 is our final required path. O

11.1.3 Linkedness Inside the Cube

equivalent to a (cubical) d-polytope, is |(d + 1)/2]-linked for d # 3 (Proposition . In another
abuse of terminology, we often think of the link as the corresponding (cubical) d-polytope.

We verify that the link of a vertex in a (d 4 1)-cube, which by Proposition [9.0.11] is combinatorially
11.1.9)

Proposition 11.1.9. For every d # 3, the link of a vertex in a (d+ 1)-cube Qa41 is | (d+1)/2]-linked.

Proof. The proposition trivially holds for the cases of d = 1,2, so assume d > 4.

Let k := [(d+1)/2]. Let v and v° be opposite vertices of G(Qq1); that is, dist ¢, , (v,v°) = d+1. Let
X be a given set of 2k vertices in link(v, Qq+1) and let Y := {{s1,¢1}, ..., {sk, tx} } be an arbitrary pairing
of the vertices in X. From Remark it follows that link(v, Qgy1) is the subcomplex Qg 1 — {v,v°}
of Qg41. We show that Y is linked in link(v, Qg41).

Since |X| — 1 < d and there are d + 1 pairs of opposite facets in Qg41, from Lemma there
exists a pair {F, F°} of opposite facets of Q441 that is not associated with X. This means that, for
every x € X NV (F), its projection ng“(x) ¢ X, and that, for every x € X N V(F?), its projection
ng“ (x) ¢ X. Henceforth we write mp rather than ng“. Assume that v € F and v° € F°. We consider
two cases based on the number of terminals in the facet F'; for the sake of readability, the second case is
in turn decomposed into two subcases highlighted in bold.
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In what follows we implicitly use the d-connectivity of F' or F°. Without loss of generality assume
X NV(F)| > |XNV(F°)].

Case 1. | XNV (F)|=d+1.

Since F' is a d-cube, it is [(d + 1)/2]-linked by Theorem and hence, we can find k pairwise
disjoint paths Ly,...,L; in F between s; and ¢; for ¢ € [1,k]. If no path L; passes through v, we are
done. So suppose one of those paths, say Lp, passes through v; there can be only one such path. If
neither the projection of s; onto F'° nor the projection of ¢; onto F is v°, then find a 7o (s1) — Tpo(t1)
path L; in F° that avoids v°. So L; would then become s;7po(s1)L17po(t1)t1. If the projection of either
s or t; onto F'? is v°, say that of s1, then, since dist ga+1(v,v?) = d +1 > 5 and dist (s1,v) = d > 4,
there must be a neighbour w of s; on L; that is different from v. Find a wpo(w) — wpo(t1) path Ly in
F° that avoids v°. So L; would then become s;wpo(w)Lympo (t1)t;.

Case 2. | XNV (F)| <d.

Let X? := wp(X). The set XP comprises the terminals in X NV (F') together with the projections
onto F' of vertices in X NV (F°). Then | X?| <d+ 1.

First suppose that some vertex in X NV (F?), say t1, is adjacent to v: 7wp(t;) = v. We must
have that either s; € F° or s1 € F.

Suppose s1 € F°. Find an X-valid path L; := s; — t; in F'° using the d-connectivity of F'° as there
are at most d terminals in F°. Thanks to Theorem F' is k-linked, and thus we can find k£ — 1
disjoint paths Lo, ..., Ly between 7p(s;) and mp(t;) for i € [2,k], all avoiding v. Each such path L;
extends to a path L; := s; —t;, if necessary. So we are done in this scenario and ready to assume s; € F.

Assume s; € F. Observe that now s; € X?. The k-linkedness of F' ensures that in F' there are k
disjoint paths My := s; — v and L; := mp(s;) — np(t;) for i € [2,k]. As before, each path L; (i € [2, k])
extends to a path L; := s; — t;, if necessary. If v° is not the projection of s; onto F°, then find an X-
valid 7po(s1) — t; path L; in F° using the d-connectivity of F°. Then L; would become sy7po(s1)L1t1,
and so we are also home in this scenario. Otherwise v° is the projection of s; onto F°, in which case
dist p(s1,v) = d > 4. There is a neighbour w € V(F) of s; on the path M;, which is different from v;
observe that mp.(w) ¢ X since w ¢ X?. Find an X-valid path 7po(w) — ¢, path L; in F° (here use
again the d-connectivity of F°). So Ly would then become s;wmpo (w)iltl. This settles the subcase of
some vertex in X NV (F?) being adjacent to v.

Finally, assume no vertex in X NV (F’) is adjacent to v. This subcase then reduces to Case
1 with the set X? C V(F) playing the role of X, and so we obtain paths L; := mx(s;) — mp(t;) in F
for i € [1, k], thanks to the k-linkedness of F'. Observe that, following the reasoning in Case 1, if one of
the paths L;, say L;, passes through v, then the projections mpo(s;) or mpo(t;) onto F° may need to
be considered. Each path L; (i € 1,k) extends to a path L; := s; — t;, if necessary. This completes the
proof of the case and of the proposition. O

Proposition|11.1.9|fails for d = 3 because of the possible presence of Configuration F (Definition[9.0.7))
in the link of a vertex of the 4-cube. For specific examples of Configuration F, consider Fig.[9.2] (b)-(c)
and let s1, s2,t1,ta be the vertices labelled as 1,2, 3,4, respectively.

11.1.4 Strong Linkedness of the Cube

With Proposition Lemma [11.1.7] and Theorem [11.1.8]at hand, it can be verified that 4-polytopes
and d-cubes for d # 3 enjoy a property marginally stronger than linkedness: strong linkedness. A d-
polytope P is strongly |(d + 1)/2]-linked if its graph has at least d + 1 vertices and, for every set X of
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exactly d + 1 vertices and every pairing Y with |(d 4+ 1)/2] pairs from X, the set Y is linked in G(P)
and each path joining a pair in Y avoids the vertices in X not being paired in Y. For odd d = 2k — 1
the properties of strongly k-linkedness and k-linkedness coincide, since every vertex in X is paired in
Y; but they differ for even d = 2k. Theorem [IT.1.10] shows that 4-polytopes are strongly 2-linked while
Theorem shows that d-cubes for d # 3 are strongly |(d + 1)/2]-linked.

Theorem 11.1.10 (Strong 2-linkedness of 4-polytopes). FEvery cubical 4-polytope is strongly 2-linked.

Proof. Let G denote the graph of a 4-polytope P embedded in R*. Let X be a set of five vertices in G.
Arbitrarily pair four vertices of X to obtain Y := {{s1,%1}, {s2,%2}}. Let x be the vertex of X not being
paired in Y. We aim to find two disjoint paths Ly := s; — t; and Lo := s — t5 such that each path L;
avoids the vertex z. The proof is very similar to that of Propositions and [0.0.8

Consider a linear function f that vanishes on a linear hyperplane H passing through {s1, so,t1,2}.
Assume that f(y) > 0 for some y € P and that f(¢2) > 0.

Suppose first that H is a supporting hyperplane of a facet F of P. If t5 ¢ V(F), then find an
X-valid Ly := s; —t; path in F' using the 3-connectivity of F. Then use Lemma[0.0.3] to find an X-valid
s9 — to path in which each inner vertex has positive f-value. If instead t2 € F, then X C V(F) and
Lemma ensures the existence of an X-valid s; —t; path in F' for some ¢ = 1,2, say for ¢ = 1. Then
use Lemma to find an X-valid sy — t5 path in which each inner vertex has positive f-value. So
assume H intersects the interior of P. Then there is a vertex in P with f-value greater than zero and
a vertex with f-value less than zero. In this case, use Lemma [9.0.3 to find an X-valid s; — ¢; path in
which each inner vertex has negative f-value and an X-valid s5 — t2 path in which each inner vertex has
positive f-value. O

Not every 4-polytope is strongly 2-linked. Take a two-fold pyramid P over a quadrangle Q. Then P
is a 4-polytope on six vertices. Let V(P) := {s1, s2,t1,t2,2} so that the sequence 1, s2,t1,t2 appears
in cyclic order in @ and the vertex x is in V/(P) \ V(Q). To see that P is not strongly 2-linked, observe
that, for every two paths s; — t; and sy — to in P, either they intersect or one of them contains z.

Theorem 11.1.11 (Strong linkedness of the cube). For every d # 3, a d-cube is strongly |(d+ 1)/2]-
linked.

Proof. 1t suffices to prove the result for d = 2k. Let X be a set of d + 1 vertices in the d-cube for d # 3.
Arbitrarily pair 2k vertices in X to obtain Y := {{s1,t1},...,{sk,tx}}. Let = be the vertex of X not
being paired in Y. We aim to find a Y-linkage {L1,..., Ly} where each path L; joins the pair {s;,t;}
and avoids the vertex x.

The result for d = 4 is given by Theorem [11.1.10} So assume d > 6.

From Lemma it follows that there exists a pair {F, F°} of opposite facets of Q4 that is not
associated with X, := X\ {«}, since | X \ {z}| = d and there are d pairs {F, F°} of opposite facets in Qq4.
Assume z € V(F?). Let X? := 7p(X;); that is, the set X? comprises the vertices in X, NV (F) plus the
projections of X, NV (F°) onto F. Denote by Y? the corresponding pairing of the vertices in X?; that
is, Y? := {{mp(s1),7r(t1)}, ..., {7r(sk), 7r(tx)}}. Then |XP| = d and |[Y?| = k. Find a YP-linkage
{LY,...,LY} in F with L? := 7p(s;) — mp(t;) by resorting to the k-linkedness of F' (Theorem .
Adding s; € V(F°) or t; € V(F°) to the path L?, if necessary, we extend the linkage {LY,..., LY} to the
required Y-linkage. O
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11.2 Connectivity of Cubical Polytopes

The aim of this section is to present a couple of results related to the connectivity of strongly connected
complexes in cubical polytopes, whose proof ideas originated in Proposition [10.2.2)

The proof idea in Proposition [10.2.2| can be pushed a bit further to obtain a rather technical result
that we prove next. But first we state two simple but useful remarks.

Remark 11.2.1. Let P be a cubical d-polytope. Let v and F' be a vertex and a face containing the vertex
in P, respectively. Let v° be the vertex of F' opposite to v. The smallest face in the polytope containing
both v and v is precisely F.

Remark 11.2.2. For any two faces F', J of a polytope, with F' not contained in J, there is a facet containing

J but not F. In particular, for any two distinct vertices of a polytope, there is a facet containing one
but not the other.

Two facet-ridge paths are independent if they do not share an inner facet.

Lemma 11.2.3. Let P be a cubical d-polytope with d > 4. Let s1 be any vertex in P and let S; be the
star of s1 in the boundary complex of P. Let so be any vertex in S, other than s1. Define the following
sets.

e Fi in 81, a facet containing s, but not so.
e Fi5 in 81, a facet containing s1 and so.

e Si9, the star of sy in S1; that is, the subcomplex of S1 formed by the facets of P in Sy containing
S9.

o Ay, the antistar of Fy in Sy.
o Aja, the subcomplex of S12 induced by V(S12) \ (V(F1) UV (Fi2)).

Then the following assertions hold.

(i) The complex S12 is a strongly connected (d — 1)-subcomplex of S;.

(i) If there are more than two facets in S12, then, between any two facets of S12 that are different from
Fyo, there exists a (d — 1,d — 2)-path in S12 that does not contain the facet Fis.

(iii) If S12 contains more than one facet, then the subcomplex A1o of Si2 contains a spanning strongly
connected (d — 3)-subcomplex.

Proof. Let us prove (i). Let 1 define the natural anti-isomorphism from the face lattice of P to the face
lattice of its dual P*. The facets in S; correspond to the vertices in the facet ¥(s1) in P* corresponding
to s1; likewise for the facets in star(sq, B(P)) and the vertices in 9(s2). The facets in Sy2 correspond to
the vertices in the nonempty face 1(s1) N (s2) of P*. The existence a facet-ridge path in S12 between
any two facets J; and Jz of S12 amounts to the existence of a vertex-edge path in 1 (s1) N1(s2) between
¥(J1) and ¥ (J2). That S;o is a strongly connected (d — 1)-complex now follows from the connectivity of
the graph of ¥(s1) N4 (s2) (Balinski’s theorem), as desired.

We proceed with the proof of (ii). If there are more than two facets in Sy, then the face 1(s1) N(s2)
is at least bidimensional. As a result, the graph of 1(s1) N ¥ (s2) is at least 2-connected by Balinski’s
theorem. By Menger’s theorem, there are at least two independent vertex-edge paths in 1(s1) N (s2)
between 1(.J1) and 9(Jz2). Pick one such path L* that avoids the vertex 1 (Fi2) of ¢(s1)N(s2). Dualising
this path L* gives a (d — 1,d — 2)-path between J; and Js in S12 that does not contain the facet Fio.
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We now prove (iii). Assume that Sjo contains more than one facet. Consider now a facet F € Sy
other than Fj; it exists by our assumption on S15. We need some additional notation.

o Let AF denote the subcomplex F — V(F}); that is, AY is the antistar of F N F} in F.

o Let AL, denote the subcomplex F' — (V(Fy) UV (Fi2)), the subcomplex of F induced by V(F)\
(V(Fy) UV (F12)).

We require the following claim.

Claim 9. AL, contains a spanning strongly connected (d — 3)-subcomplex C*.

Proof. We first show that Af; (). Denoting by s the vertex in F opposite to s1, we have that s{ is
not in Fy or in Fio by Remark|11.2.1] So s is in AfQ.

Notice that s; ¢ A}j. From Lemma it follows that A is a strongly connected (d — 2)-
subcomplex of F'. Write
A =C(R)U---UC(Rm),
where R; is a (d — 2)-face of F for ¢ € [1,m]. No ridge R; is contained in Fjo; otherwise R; = F' N Fig,
which implies that s; € R;, and therefore that s; € AL, a contradiction. Moreover, s¢ € R; for every
i € [1,m], since every ridge of F' contains either s; or s{ and s; € R;.

Let C; := B(R;) — V(Fi2). As R; ¢ Fi2, we have dim R; N F12 < d — 3. Hence C; is nonempty. If
R; N Fi5 # 0, then C; denotes the antistar of R; N Fi» in R;, a spanning strongly connected (d — 3)-
subcomplex of R; by Lemma If R; N F13 = 0, then C; denotes the boundary complex of R;, again
a spanning strongly connected (d — 3)-subcomplex of R;.

Let CF = U C;. Then the complex C" is a spanning (d —3)-subcomplex of AL,; we show it is strongly
connected.

Take any two (d — 3)-faces W and W’ in C*. We find a (d — 3,d — 4)-path L in C*' between W and
W’. There exist ridges R and R’ in Af" with W Cc R and W’ C R’. Since A is a strongly connected
(d — 2)-complex, there is a (d — 2,d — 3)-path R;, ... R;, in A{ between R;, = R and R;, = R, with
R;; € AL for j € [1,p].

We already established that s{ € R;; for every j € [1,p] and that s7 ¢ F15. Consequently, we get that
Ri, N R;,,, ¢ Fi2, and therefore, that dim R;, N R;,, N F1o < d — 4 for every £ € [1,p — 1]. Hence the
subcomplex B;, := B(R;, " R;,,,) — V(F12) of B(R;, " R;,.,) is a nonempty, strongly connected (d — 4)-
complex by Lemma in particular, it contains a (d — 4)-face U;,. Furthermore, B;, C C;, NC;,.,, .

Resorting to the strong (d — 3)-connectivity of C;; for j € [1,p], we build the path L by concatenating
(d—3,d—4)-paths L;,,..., L;, where L;, lies in C;;.

o The path L;, is a (d—3,d—4)-path in C;, between W and some (d—3)-face W}, in C;, that contains
the (d — 4)—face Ui1 S Ci1 N Ci2~

e The path L;, is a (d — 3,d — 4)-path in C;, between a (d — 3)-face W;, € C;, that contains U;, and
some (d — 3)-face W}, in C;, that contains the (d — 4)-face U, € C;, NCj,.

e The path L;, U L;, is a (d — 3,d — 4)-path in C;; UC;, between W and W, .

 Continuing this process process, we get a path L;, in C;, between a (d — 3)-face W;, € C;, that
contains U;,_, and the (d — 3)-face W' in Ci,-

1

« Concatenating all the paths L;,, ..., L;,, we obtain the path L, a (d—3, d—4)-path in C;, U- - -UC;, C
cr.
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The existence of the path L between W and W’ completes the proof of Claim @ O

We are now ready to complete the proof of (iii). The proof goes along the lines of the proof of Claim@

m

We let S15 = U C(J;), where the facets Ji, ..., J,, are all the facets in P containing s; and ss.
i=1

For every i € [1,m] we let C’" be the spanning strongly connected (d — 3)-subcomplex in A{é given
by Claim@ And we let C := UCJi. Then C is a spanning (d — 3)-subcomplex of A;o; we show it is
strongly connected.

If there are exactly two facets in Syo, namely Fio and some other facet F', then the complex A;2
coincides with the complex .A%,. The strong (d — 3)-connectivity of AL, is then settled by Claim[9} Hence
assume that there are more than two facets in Sis; this implies that the smallest face containing s; and
s9 in 812 is at most (d — 3)-dimensional.

Take any two (d — 3)-faces W and W' in C. If W and W' belong to the same facet F' in Sia, which
is different from Fjo, then W and W' are both in AL, and consequently, Claim |§| gives the desired
(d — 3,d — 4)-path between W and W’ in AF, C C. So assume there are distinct facets J and J' in Sio
such that W C J and W’ C J’. Then J # Fi5 and J' # Fi5. By (ii), we can find a (d — 1,d — 2)-path
Ji e Jiq in 812 between Jil = J and Jiq = J’ SuCh that Jij 7é F12 fOI‘ ] S [1,(]]

We next show that, for each ¢ € [1,q — 1], there exists a (d — 4)-face U;, in C7ie 0 Clier1, As
Jigs Jigyy 7# Fi2, we obtain that B(J;, N J;,,,) — V(Fi2) is a nonempty, strongly connected (d — 3)-
subcomplex (Lemma ; in particular, it contains a (d — 3)-face K;,. We pick U;, in K;,. On one
hand, Ji(m‘]iprl ¢ Fl, since Jiu Jitz+1 # Fl. On the other hand, Kig ¢ Fl; otherwise Kig = ‘]ilﬁ‘]iwrl ﬂFl,
a contradiction because s; ¢ K;, but s; € J;, NJ;,,, N F1. As a consequence, B(K;,) — V(Fy) is a
nonempty, strongly connected (d — 4)-subcomplex (Lemma again); in particular, it contains a
desired (d — 4)-face U;,.

Let us get back to the (d —3)-faces W € C” and W’ € C”ia and the path J;, ... J;, in S1o. For every
¢ € [1,q — 1] consider a (d — 4)-face U;, in C”ie N C”ie+1. Using the strong (d — 3)-connectivity of C”i
and CJiHl, we build the path L between W and W’ by concatenating (d — 3,d — 4)-paths L;,,..., L

o The path L;, is a (d — 3,d — 4)-path in C’"1 between W and some (d — 3)-face W/ in C’ that
contains the (d — 4)-face U;, € C'1 NC7iz.

o+ The path L;, is a (d — 3,d — 4)-path in C”2 between a (d — 3)-face W;, € C’iz that contains U;,
and some (d — 3)-face W, in C”i2 that contains the (d — 4)-face U;, € C’iz N C7is.

3
o The path L;, U L;, is a (d — 3,d — 4)-path in C” UC”*2 between W and W/,.

 Continuing this process process we get a path L;_ in C”’ia between a (d — 3)-face W;, € C”7ia that
and the (d — 3)-face W’ in C7ia.

contains Uiq,l

 Concatenating all the paths L;,, ..., L; , we obtain the path L, a (d — 3,d — 4)-path in clny.--U
Clia CCC Aps.

The path L between W and W’ completes the proof of the lemma. O
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11.3 Linkedness of Cubical Polytopes

The aim of this section is to prove that, for every d # 3, a cubical d-polytope is |(d 4+ 1)/2]-linked

(Theorem [11.3.5)).

We proceed with a simple lemma proved in [164, Sect. 3].

Lemma 11.3.1 ( [164) Sect. 3]). Let G be a 2k-connected graph and let G' be a k-linked subgraph of G.
Then G is k-linked.

Theorem [11.1.8] in conjunction with Lemma [11.3.1| answers the question posed in [165, Question
5.4.12].

Proposition 11.3.2. For every d > 1, a cubical d-polytope is |d/2|-linked.

Proof. Let P be a cubical d-polytope. The results for d = 1,2 are trivial. The case of d = 3 follows from
the connectivity of the graph of P, while the case of d = 4 follows from Proposition [9.0.8] For d > 5,
since a facet of P is a (d—1)-cube with d—1 > 4, by Theorem [I[1.1.8]it is |d/2]-linked. So Lemma[I1.37]
together with the d-connectivity of the graph of P gives the desired result. O

The remaining part of the section is devoted to proving Theorem [11.3.5| for odd d > 5. Since
|d/2] = |(d+ 1)/2] for even d, Proposition [11.3.2] trivially establishes Theorem [11.3.5[in this case.

Proposition 11.3.3. Let F' be a facet in the star S of a vertex in a cubical d-polytope. Then, for every
d > 2, the antistar of F in S is | (d — 2)/2]-linked.

Proof. Let S be the star of a vertex s in a cubical d-polytope and let F' be a facet in the star S. Let
A denote the antistar of F' in S. The case of d < 5 follows from the strong (d — 2)-connectivity of A
(Proposition [10.2.2)), which implies the (d — 2)-connectivity of the graph of A; refer to Proposition m
So assume d > 6.

There is a (d —2)-face R in A. Indeed, take a (d —2)-face R" in F containing s and consider the other
facet F’ in S containing R'; the (d — 2)-face of F” disjoint from R’ is the desired R. By Theorem [11.1.8
the ridge R is [(d — 1)/2]-linked but we only require it to be |(d — 2)/2]-linked. By Proposition [10.2.2
the graph of A is (d — 2)-connected. Combining the linkedness of R and the connectivity of the graph of
A settles the proposition by virtue of Lemma O

For a pair of opposite facets {F, F°} in a cube, the restriction of the projection 7po : Q4 — F°
(Definition to F is a bijection from V(F) to V(F°). With the help of 7, given the star S of
a vertex s in a cubical polytope and a facet F' in S, we can define an injection from the vertices in
F, except the vertex opposite to s, to the antistar of F' in §. Defining this injection is the purpose of

Lemma [1.3.4

Lemma 11.3.4. Let F be a facet in the star S of a vertex s in a cubical d-polytope. Then there is an
injective function, defined on the vertices of F' except the vertex s° opposite to s, that maps each such
vertex in F to a neighbour in V(S) \ V(F).

Proof. We construct the aforementioned injection f between V(F)\{s°} and V(S)\V(F) as follows. Let
Ry, ..., R4_1 be the (d—2)-faces of F containing s, and let Jy, ..., J4—1 be the other facets of S containing
Ry,...,R4_1, respectively. Every vertex in F other than s° lies in Ry U---URg_1. Let R{ be the (d—2)-
face in J; that is opposite to R; for i € [1,d — 1]. For every vertex v in V(R;) \ (V(R1)U---UV(R;j_1))
define f(v) as the projection m in J; of v onto V(RY]), namely f(v) := mge(v); observe that mre(v) €
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V(R \ (V(R{)U---UV(R]_;)). Here R_; and R?, are empty sets. The function f is well defined as
R; and R} are opposite (d — 2)-cubes in the (d — 1)-cube J;.

To see that f is an injection, take distinct vertices vy,vy € V(F)\ {s°}, where v; € V(R;) \ (V(R1)U
RN V(szl)) and vy € V(RJ) \ (V(Rl) y---u V(ijl)) for i < j. If i = j then f('l)l) = WR;J(’Ul) #
mre(v2) = f(v2). 1If instead ¢ < j then f(vi) € V(R7) C V(R])U -~ UV(R]_y), while f(v2) &
V(RY)U---UV(R]_,). O

We are now ready to prove our main result.

Theorem 11.3.5 (Linkedness of cubical polytopes). For every d # 3, a cubical d-polytope is | (d+1)/2]-
linked.

Proof. Proposition [11.3.2] settled the case of even d, so we assume d is odd. In this section, we give a
complete proof for d > 7 and proofs of several cases when d = 5. The case of d = 5 will be finalised in

Section [1.3.1]

Let d be odd and d > 5. Let k := (d 4+ 1)/2. Let X be any set of 2k vertices in the graph G of a
cubical d-polytope P. Recall the vertices in X are called terminals. Also let Y := {{s1,t1},...,{sk,tx}}
be an arbitrary labelling and pairing of the vertices of X. We aim to find a Y-linkage {Lq,..., Ly} in
G where L; joins the pair {s;,t;} for i = 1,..., k. Recall we say that a path is X-valid if it contains no
inner vertex from X.

Further recall that, given a pair {F, F°} of opposite facets in a cube @, for every vertex z € V(F)

we denote by 2., or Wg(,(Z) the unique neighbour of z in F°.

The initial idea of the proof is to reduce the analysis space from the whole polytope to a more
manageable space, the star S of a terminal vertex in the boundary complex of P, say that of s;. We
do so by considering 2k — 1 disjoint paths S; := s; — S1 (i € [2,k]) and T} :=t; — S (j € [1,k]) from
the terminals into S;. Here we resort to the d-connectivity of G. In addition let S; := s;. We then
denote by §; and ¢; the intersection of the paths S; and T} with S;. Using the vertices s1, §; and ¢; for
i € [2,k], define sets X and Y in S;, counterparts to the sets X and Y of G. In an abuse of terminology,
we also call terminals the vertices 5; and #;. In this way, the existence of a Y-linkage {L1,..., Ly} with
Li:=35 —1t; in G(81) implies the existence of a Y-linkage {L1,..., L} in G(P), since each path L;
(i € [1,k]) can be extended with the paths S; and T; to obtain the corresponding path L; = s; — ¢;.

The proof of Theorem is long, so we outline the main ideas. We consider a facet F; of &;
containing ¢; and having the largest possible number of terminals. In addition, we let A; be the antistar
of F} in &7 and let £ be the link of sy in F;. We decompose the proof into four cases based on the
number of terminals in Fj.

Case 1. | XNV(F)|=d+1ford>"1.
Case 2. [X NV (F,)| =d for d > 5.

Case 3. 3< | XNV(F)| <d—1ford>5.
Case 4. | X NV (F,)| =2 for d > 5.

Using the (k —1)-linkedness of F} (Theorem, we link as many pairs of terminals in F; as possible
through disjoint X-valid paths L; := 5; — t;. Each path L;, which is fully contained in F;, can be
extended with the paths S; and T; to obtain paths L; := s; — t;. For those terminals that cannot be
linked in F}, if possible we use the injection from V' (F}) to V(A;) granted by Lemma to find
a set N4, of pairwise distinct neighbours in A; not in X. Then, using the (k — 2)-linkedness of A,

(Proposition [11.3.3), we link the corresponding pairs of terminals in A; and vertices in N4, accordingly.
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Each such path L; =5 — t;, now with a subpath in A;, can then be extended with the paths S; and
T, to obtain paths L; := s; — t;. This general scheme does not always work, as the vertex sj opposite
to 1 in F} may not have an image in .4; under the aforementioned injection or the image of a vertex
in F} under the injection may be a terminal. In those scenarios we resort to ad hoc methods, including
linking corresponding pairs in the link of s; in F3, which is (k — 1)-linked by Proposition and does
not contain s; or s7, or in ridges disjoint from Fj, which are (k — 1)-linked by Theorem

To aid the reader, each case is broken down into subcases highlighted in bold. With the exception of
a portion of Case[l] all the cases work also for d = 5. The difficulty with d = 5 in Case [I] stems from the
(d — 2)-faces of P not being 2-linked (Corollary [9.0.6).

Case 1. [ XNV(F)|=d+1 ford>T.

Here we have that V(A;) N X = (. This case is decomposed into three main subcases A, B and C,
based on the nature of the vertex s{ opposite to s; in F}, which is the only vertex in Fj that does not
have an image under the injection from Fj to A; defined in Lemma [TT.3.4] We find it convenient to
label the subcases with letters as we will return to these subcases in Section where we deal with
d=5.

Subcase A. The vertex s{ opposite to s; in F; does not belong to X. Let X' := X \ {£;} and
let Y/ := Y \ {{s1,t1}}. Since |X'| = d, the strong (k — 1) linkedness of F; (Theorem [11.1.11)) gives a
Y'-linkage {Lo, ..., Ly} in the facet Fy with each path L; := 5; —; (i € [2, k]) avoiding s;. With the help
of Lemma we find pairwise distinct neighbours s} and t] in Ay of 51 and #;, respectively. If none
of the paths L; touches 1, we find a path L; := s; —#; in S; that contains a subpath in A; between s}
and ¢} (here use the connectivity of A;, Proposition [10.2.2)), and we are home. Otherwise, assume that
the path L; contains ¢;. With the help of Lemma find pairwise distinct neighbours &} and ¢ in
A of 55 and t;, respectively, such that the vertices s}, ¢}, 5; and t; are pairwise distinct. According to
Proposition the complex A; is 2-linked for d > 7. Hence we can find disjoint paths L1 =8 — 1)
and L’ = s — t in Aj, respectively; these paths naturally give rise to paths L; := s; — t; in S; with

L’ C L1 and L =3§; —t; in 8y with L C L The desired Y-linkage is given by the following paths.

L. — lelt_lTlth for ¢ = 1;
e SiSigiL/iEiTiti, otherwise.

Subcase B. The vertex s opposite to s; in F; belongs to X but is different from ti1, say
s = §3. First ﬁnd a neighbour s} of s; and a neighbour ¢} of #; in A; using Lemma There
is a neighbour 52 of 5, in Fy that is either £, or a vertex not in X: {s1,5} N NF1(52) = ) and
|Ng, (52)| = d — 1. Note that the link £; of s1 in F} contains all the vertices in F; except s; and Ss.

Suppose 551 = ty. Let Lo := 5252, and using the (k — 1)-linkedness of £; (see Proposition [11.1.9),
find disjoint paths #; —t, and L; := 3; —t; for i € [3,k] in £;. Then define a path L; := s; —#; in S; that
contains a subpath in A; between s} and #}; here we use the connectivity of A; (see Proposition [10.2.2]).
Combining the paths L; with the paths S; and T; for ¢ € [1, k| gives the desired Y-linkage.

Assume 55" is not in X. Observe that | X \ {s1,52} U {s2l}| = d. Using the (k: — 1)-linkedness of £;
ford > 7 (Proposmon , find in £, disjoint paths L} := 55 — {5 and L} := 5; — t; for i € [3,k].
Since t; is also in £y it may happen that it lies in one of the paths L. If does not belong to any of
the paths L} for i € [2, k], then find a path L; := s; — #; in S; that contains a subpath in A; between
s} and t] using the connectivity of A; (see Proposition . The desired Y-linkage is then given by

81[_/11?1T1t1, for i = 1;
L; = §2§§1L/27?2T2t2, for i = 2;
SiSiEiLz;EiTiti, otherwise.
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If £; belongs to one of the paths L with i € [2, k], say E} then consider in A; a neighbour #; of ¢; and,
either a neighbour §; of §; if j # 2 or a neighbour &, of 55 !, From Lemma it follows that the vertices
51, t1, 55 and t; can be taken pairwise distinct. Since A; is 2-linked for d > 7 (see Proposition ,
find in A; a path L} between s} and #} and a path L between 8} and ¢. As a consequence, we obtain in
Sy a path L; := s;s) L} #1#; and, either a path L, := 3, JL”t 4 if j # 2 or a path Lo := 5,55 55 Ly thts.
The desired Y-linkage is then as follows.

L. — Slf/lf?lTlth for i = 1,
e siSiEiEifiTiti, otherwise.

Subcase C. The vertex opposite to s; in F| coincides with ¢;. Then ¢; has no neighbour in A;.
In fact, F is the only facet in S; containing ;.

If ¢; has a neighbour t1 in F; that is not in X then reason as in the scenario in which 32 = 57 and 59
has a neighbour not in X. Indeed, using the (k — 1)-linkedness of £; (see Proposition [11.1.9), first find
disjoint paths L; := §1 —t;in £q for i € [2 k]. Second, using Lemma [11.3.4] m consider nelghbours s} and
tl in Ay of 57 and tl , respectlvely If tl doesn’t belong to any path L;, then find a path L; := s; — #;
that contains the edge tlt1 and a subpath in A; between s} and t}. The desired Y-linkage is then given
by

L. — 81E1{1T1t17 for i = 1;
v SiSigiiifiTiti, otherwise.

It t_fl belongs to one of the paths L; with i € [2, k], say Ej, then consider in 4; a neighbour §;- of 5;
and a neighbour #; of £;. From Lemma it follows that the vertices s’l, t}, 55 and t} can lE)e taken
pairwise distinct. Flnd a path L1 =81 — t1 in &7 that contains the edge tltl and a subpath L1 in Ay
between s] and t;, and a path LJ := §; —t; in S; that contains a subpath L in A; between sj and t

the 2-linkedness of A; for d > 7 ensures that the paths L1 and Lj can be taken disjoint, and so can the

paths L, and Ej. The desired Y-linkage is as before:

L 81E1{1T1t17 for ¢ = 1,
L slSlélLt_lTltl, otherwise.

Finally, assume that all the d — 1 neighbours of ¢; in Fy, and thus in S;, belong to X. We find it
convenient to create a subcase for this configuration since the strategy we employ to deal with it also
applies to the case of d =5 (up to this point we have required d > 7).

Let d > 5 and | X NV(Fy)| = d+ 1. Assume dist , (s1,£1) = d — 1 and all the d — 1 (C.2)
neighbours of ¢; in F;, and thus in S;, belong to X. '

This is a complex configuration since every neighbour of ¢; in F; belongs to X and 59 (= t1) has no
neighbour in A;. So let us appropriately call it Configuration C.2. As a consequence, whenever we can,
we reduce Configuration C.2 to one of the previous configurations of Case 1 or to Cases 2-4. Let R be
a (d — 2)-face of Fy containing s{ = t1, then s; € R. Denote by Rp, the (d — 2)-face of Fy disjoint from
R. Let J be the other facet of P containing R and let R; denote the (d — 2)-face of J disjoint from R.
Then R is disjoint from Fj.

Consider again the paths S; and T; that bring the vertices s; (¢ € [2,k]) and ¢; (j € [1,k]) into ;.
Also recall that the paths S; and T} intersect S at §; and ¢;, respectively. Suppose at least one path S;
or T; touches R;. Observe that, since every s; (i € [2,k]) and ¢; (j € [1,k]) is in F}, the intersection of
Ry with a path S; or T} is not in &;. Pick one such path, say Se. Denote the intersection of Sy and R
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by 5,. If there are several paths Sy, choose one with the distance in R between 5, and 73(f1) as large as
possible. From the definition of 5y, it follows that 5 is not in S;.

We first find an X-valid path M, on J from s; to & that is disjoint from the other paths S; and
Tj; we do so in order to replace the subpath 5,55, of S with Mj, thereby obtaining a new terminal
{SZ} =V (M,)NV(S1) that replaces the old s,. Partition the graph G(R ) into two subgraphs Gpaq and
Glgooa such that Gpaq contains the neighbours of the terminals in R, namely V(Gpaa) = 7r1‘§1 (XNV(R))
and V(Ggood) = V(RJ) \ V(Gpaa)- See Fig. -(a If 5, € Ggood, then M, consists of 5)m%(5)).
Otherwise, dist (5}, WR(tl)) <1, and the path M, traverses R; from §, € Gpaq towards Ggood, reaching
a vertex 57 that is either in V(Ggooa) \ V(S1), in which case its projection 77 (5)) onto R is not in X
and My := s,5,7(5}), or in V(S1), in which case M, := s,5,. Observe that the path M, cannot meet
another path S; or T in Gpaq UG good, Say Sm, because in that case dist (s, 7rR(t1)) > dist g (5}, 771‘{{(7?1))
and we should have chosen Sy instead of Sy. Let 5; be the intersection of M, with Sy; this is the new
S¢, and so the previous 5y is disregarded as a terminal. Then this new 5, is either in A; or in R but at
distance at least two from the vertex s{ opposite to s; in Fj.

If Sy coincides with T3, then there is a reduction either to a different configuration of Case 1 or to
Cases 2-4, depending on whether the new vertex #; is in F} or in A;. If the new ¢; is in Ay, we need to
choose a new facet F} in S, one containing the new ¢; and a largest number of terminals. This new facet
Fy cannot contain the d — 1 neighbours of the old ¢; in the old F}, thereby implying that the number of
terminals in this new F} would be at most d and giving a reduction to Cases 2-4. Indeed, the intersection
between the new and the old Fy is at most (d — 2)-dimensional and no (d — 2)-dimensional face of the
old F} contains all the d — 1 neighbours of the old #;. Refer to Fig. a) for a depiction of this case. If
the aforementioned path Sy is different from 73 then there is a reduction to Case 1 or Case 2, depending
on whether the new vertex sy is in F} or in A;.

Consequently, we can assume that, for any ridge R of F; that contains ¢, the aforementioned ridge
R in the facet J is disjoint from all the paths S; and T}.

Consider the vertex t; in Fy, an aforementioned ridge R, and the corresponding facet J and ridge
Rj. There is a unique neighbour of t; in Rp,, say 5k, while every other neighbour of #; in Fy is in

R. There is a path L} := 3, — Wﬁ; (tx) in Rp, that avoids s, since Rp, is (d — 2)-connected. Let
XP =7} (X \{s1, 5k x}). See Fig.[11.2b). Let s}* := 1%, (ng( 1)). The d — 1 vertices in X? U {s*"}
can be linked in R (see Theorem |11.1.8) by a linkage {L),...,L; ,}. Observe that, for the special
case of d = 5 where R; is a 3-cube, we do not get the configuration preventing the 2-linkedness of
R; (Configuration F; see Definition [9.0.7) since dist g, (s5¥, 7% (t1)) = 3. The linkage {L},...,Lj_;}

together with the two-path Ly := Ekﬂ'g; (tx)tr can be extended to a linkage {L1,..., L} given by

sl7rR (s1)s ple’]TR]( t1, fori=1,;
L= stJ(E )L, 7TRJ(7 )i, for i € [2,k —1];
Skﬂ'RF (tr)te for i = k.

Concatenating the paths S; (i € [2,k]) and T} (j € [1,k]) with the linkage {L1,..., Ly} gives the
desired Y-linkage.

Case 2. | XNV (F)|=d ford>5.

Without loss of generality, assume that to & V(F}).

Suppose first that dist g, (52,51) < d — 1. According to Lemma [11.3.4] there exists a neighbour 5
of 55 in A;. With the use of the strong (k — 1)-linkedness of F; (Theorem [11.1.11)), find disjoint paths

Ly :=s —t; and L; := 5; — t; (i € [3,k]) in Fy, each avoiding 55. Find a path L, in S; between #;
and 35 that consists of the edge 523, and a subpath in A; between t» and 35, using the connectivity of
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Figure 11.2: Auxiliary figure for Case|l|of Theorem [11.3.5] where the facet F} is highlighted in bold. (a)
A configuration where a path S; or T touches R;. (b) A configuration where no path S; or T touches
Ry.

A; (see Proposition [10.2.2). Combining the paths L; (i € [1,k]) with the paths S; (i € [2,k]) and T
(j € [1,k]) gives the desired Y-linkage.

Now assume dist F1 (S2,51) = d—1. Since 2k—1 = d and there are d—1 pairs of opposite (d—2)-faces
in F1, by Lemma 2| there exists a pair {R, R°} of opposite ridges of F; that is not associated with
the set X, := (X N V (F1)) \ {82}, whose cardinality is d — 1. Assume 35 € R.

Suppose all the neighbours of 55 in R are in X; that is, Ng(52) = X \ {s1,32,%2}. The projection
WRO(SQ) of 55 onto RO is not in X since s is the only terminal in R’ and dist g, (S2,51) = d—1 > 2. Next
find disjoint paths L; := 5; —1; for i € [3, k] in R that do not touch 55 or #;, using the (d—1)/2-linkedness
of Rif d > 7 or the 3 connectivity of R if d = 5. With the help of Lemma [T find a neighbour
uof RO(SQ) in Aj, and with the connectivity of A;, a path L, between 55 and tz that consists of the
length-two path s Somh o (52)u and a subpath in A4; between u and to. Finally, find a path L; in F; between
51 and #; that consists of the edge #;75, (f1) and a subpath in R® disjoint from 75} (52) (here use the
2-connectivity of R°). Combining the paths L; (i € [1, k]) with the paths S; (i € [2,k]) and T} (j € [1,k])
we obtain the desired Y-linkage.

Thus assume there exists a neighbour s, of 3 in V( )\ X. Let Xpo := mph(X \ {32,t2}). Find a
path L2 between t, and 55 that c0n51sts of the edge 8282 and a subpath in .4; between ¢; and a neighbour

5 of 8 in A; (see Lemma In the case of d > 7, find disjoint paths L; := 75 (5;) — 7k (£;)
(z € [1,k] and i # 2) in R’ hnkmg the d — 1 vertices in Xgo using the (k — 1) hnkedness of R%; add
the edge mhb (1)t to L; if &; € R or the edge 755 (5;)5; to L; if 5, € R. Extend the disjoint paths L;
(i € [1,k]) to a Y-linkage.

The case of d = 5 requires a bit more care. If the four vertices in X go—namely, s, ng,(s;g), ﬂgi (t3)
and wgl, (t1)—do not form a Configuration F (Definition , then the same reasoning as in the case
of d = 7 applies. Thus assume otherwise that is, they are in cyclic order s17pb (83)T s (t1)Ths (3) in a
2-face of R°. This in turn implies that 75" (s3) & {52, 55} and 75! (t3) & {52, 55}, since dist x, (s1,352) = 4.

Find a path L3 in R between 75 (s3) and 75" (t3) such that Lj is disjoint from both 55 and 55 and
disjoint from #; if ¢; € R; here use Corollary which ensures that the vertices 5o, 55 and #1, if they
are all in R, cannot separate ng(S;;) from 7TR1 (t3) in R, since a separator of size three in R must be
an independent set. Extend the path ig in R to a path Ly =53 — 13 in Fy, if necessary. Find a path
Ly :=s; — ki (1) in R° disjoint from mg (s3) and 755 (t3), using the 3-connectivity of R°, and extend
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Figure 11.3: Auxiliary figure for Case (3| of Theorem [11.3.5, (a) A configuration where t1 € R and the
subset X go of R? is highlighted in bold. (b) A configuration where ¢; € R° and the facet J is highlighted
in bold.

it to a path fil =81 — t1 in Fy, if necessary. Using the paths S; (i = 2,3) and T} (j = 1,2,3) extend
the linkage {L1, L2, L3} to a Y-linkage. This completes the proof of Case 2.

Case 3. 3< | XNV ()| <d—1 ford>5.

Since 2k — 1 = d and there are d — 1 pairs of opposite facets in Fi, by Lemma [I1.1.2] there exists
a pair {R, R°} of opposite ridges of F} that is not associated with X N V(F}). Assume s; € R. We
consider two subcases according to whether ¢; € R or t; € R°.

Suppose first that t; € R. The (d — 2)-connectivity of R ensures the existence of an X-valid path
Ly == s —t in R. Let Xpo := b (X \ {s1,f1}). Then 1 < [Xpo| < d — 3. Let s be the vertex
opposite to s; in Fy; recall that s¢ has no neighbour in A;. Let Z be a set of [V (A;) N X| pairwise
distinct vertices in .A; adjacent to vertices in V(R°)\ (Xgo U{s$}); use Lemma to obtain Z. Then
|Z| = |[V(A)) N X| < d—2. To see that we can accommodate the set Z in V(R?) \ (Xgo U {59}) observe
that, for d > 5 and |Xpo| < d — 3, we get

[V(R)\ (Xpe U{s5})]| =292~ (d—3)—1>d—2.

Using the (d — 2)-connectivity of A; (Proposition and Menger’s theorem, find disjoint paths
S; and Tj (i,j # 1) between R° and terminals 3; and ¢; in A;, respectively, which pass through Z.
Essentially, each path S; = 5; — R° with 5; € A; consists of a path between 5; and a vertex z; in Z
plus an edge z;z; with z; € V(R) \ (Xgo U {57}); the same applies to each path T; = ¢; — R® with
t; € Ay. If 5; or t; is already in R°, let S; := 5; or T} := t;, accordingly. If instead 5; or ¢; is in R, let

S; be the edge 5imhL(3:) or let Tj be the edge t;mps(f;). Let X5, be the intersections of R° and the

paths S; and Tj (4,7 # 1). Consequently, the paths S; and T; for i € [2,k] are pairwise disjoint. The
set Xj., with cardinality d — 1, can be linked through paths L; (i € [2,k]) by the (k — 1)-linkedness
of R° (Theorem [11.1.8). See Fig. [11.3[a) for a depiction of this configuration. In this case, the desired

Y-linkage is given by the following paths.

Lt Tht for i = 1;
LZ_::{S1 1t1dL1ty, or 1 )

S; S,‘ §i Siiififiﬂti, otherwise.

Some comments for d = 5 are in order. By virtue of Proposition [9.0.5] we need to make sure that the
four vertices in X EO do not lie in the forbidden configuration described in Proposition Configuration
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F (Definition [9.0.7). To ensure this, we need to be a bit more careful when selecting the vertices in Z.
Indeed, if there are already two vertices in X o at distance three in R°, no care is needed when selecting
Z, so proceed as in the case of d > 7. Otherwise, pick a vertex u € V(R°) \ (Xgo U {s¢}) such that
u is the unique vertex in R° with dist go(u,z) = 3 for a vertex x € Xpo; this vertex x exists because
| X NV (Fy)| > 3. Then u & Xpo. Selecting such a u # s9 is always possible because s{ is not at distance
three in R° from any vertex in Xpgo: the unique vertex in R° at distance three from s9 is wgi(sl), and
mhb (1) & X because the pair {R, R°} is not associated with X NV (F;). Once u is selected, let Z contain
a neighbour z of u. In this way, some path S; or T} bringing terminals 5; or #; in A; into R° through
7 would use the vertex z, thereby ensuring that x and u would be both in X’go, avoiding the forbidden
configuration of Proposition [0.0.5

Suppose now that #; € R°. Let Xg := n5' (X \ {£1}) NV (F1)). There are at most d — 2 terminal
vertices in R°. Therefore, the (d — 2)-connectivity of R° ensures the existence of a X-valid 7} (s1) — 1
path L} in R°. Then let L; := slﬂgi(sl)l_/lfl. Let J be the other facet in S; containing R and let
R; be the (d — 2)-face of J disjoint from R. Then R; C A;. Since there are at most d — 2 terminals
in A; and since A; is (d — 2)-connected (Proposition m, we can find corresponding disjoint paths
S; and T bringing the terminals in A; to R;. For terminals 5; and ¢; in X N V(R), let S; := 3Z and
Tj :=t; for i,j # 1, while for terminals 5; and #; in X N V(R°), let S; := &;n5" (5;) and T} := ;75" (t;)
for i,] 75 1. Let XJ be the set of the mtereectlons of the paths S; and T with J plus the vertex $1.
Then X; C V(J) and |X;| = d (since t; € R°). Let {4;} := V(S;) N V(J) and {{; } =V(T;) NV (J)
for i # 1. Resortlng to the strong (k — 1)-linkedness of the facet J (Theorem , we obtain k — 1
disjoint paths L; := §; — #; for i # 1 that correspondingly link X; in J, with all the paths avoiding s;.
See Fig. (b) for a depiction of this configuration. In this case, the desired Y-linkage is given by the
following paths.

. slilleltla for ¢ = ].,
L Slslgzgliziglﬂt“ otherwise.

Case 4. | X NV(F)| =2 ford > 5.

In this case, we have that [V (A;) N X| = d — 1. Denote by Sio the star of 55 in Si; that is, the
complex formed by the facets of P containing s; and 52. Denote by G(S;2) the graph of Sj2 and by I'o
the subgraph of G(S12) and G(A;) that is induced by V(S12) \ V(F}).

The initial strategy for this case is to bring the terminals in X \ V(F}) into I'js. Excluding 52, there
are exactly d — 2 terminals in V(A;). Denote by S; an X-valid path in A; from the terminal 5; € A;
to I that is disjoint from X \ {5;}, and denote by §; the intersection of S; and I "12. Similarly, define
T and t The existence of these d — 2 pairwise disjoint X-valid paths S; and T is ensured by the
(d 2)- connect1v1ty of the graph G(A;) of Ay, which in turn is guaranteed by Proposmon It is
important to note that each path S; or T touches S5 at a vertex other than s5. Every termlnal vertex
z already in I, is also denoted by z, and the corresponding path S; or T consists only of the vertex
#. We also let 35 denote 55. The set of vertices # is accordingly denoted by X. Then |X| = d — 1.
Continuing with our abuse of terminology, since there is no potential for confusion, we call the vertices
in X terminals as well. Figure (a) depicts this configuration.

Pick a facet Fis in Syo that contains f5. An important point is that ¢; is not in Fjo; otherwise Fis
would contain s1,52 and t; and it should have been chosen instead of F;. The second part of the strategy
is to bring the d — 1 terminal vertices & € I3 into the facet Fis so that they can be linked there.

Suppose S12 only consists of F5. Then
X = {§2, RN 7§k7£27 .. ,tAk} C V(Flg)

As a consequence, with the help of the strong (k—1)- linkedness of F12 (Theorem , we can link the
pairs {3;,1;} for i € [2,k] in Fy5 through disjoint paths L;, all avoiding s;. The paths L concatenated
with the paths S;, S;, T; and T; for i € [2,k] give a (Y \ {s1,t1})-linkage {Ls,...,Lr}. To see the
existence of a path L; between s; and #; that is disjoint from all the paths in {Ls,..., Ly}, note that
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Figure 11.4: Auxiliary figure for Case [4] of Theorem A representation of S; where the complex
S12 is highlighted in bold, the facet F} is tiled in a falling pattern and the complex A; is coloured in
grey. (a) A configuration where the subgraph I's is tiled in a falling pattern. (b) A depiction of Sio
with more than one facet; the facet F}5 is highlighted in bold and the complex A;5 is highlighted in a
falling pattern. (c) A depiction of S;2 with more than one facet; the facets Fio and Jyo are highlighted
in bold and their intersection U is highlighted in a falling pattern. The set W in Jys is coloured in grey.

the intersection of Fj5 and Fj is at most a (d — 2)-face containing s; (but not t;), which is contained
in a (d — 2)-face R of Fy containing s; but not ¢; (Remark . Find a path L) in R°, the ridge of
F disjoint from R and containing t1, between 7} (s1) and #; and let Ly := s;mhs(s1)L4t;. Hence the
desired Y-linkage is as follows.

- 81E1£1T1t1, for i = 1;
v Slsz§l§Z§1£1ﬂ 1‘@’1}&, otherwise.

Assume S;5 has more than one facet. Recall that
X = {§2,'~~;§k,£2>-~-,£k} C V(Flg)

We denote by Aj2 the complex of S1o induced by V(Si2) \ (V(F1) UV (Fi2)). Then the graph G(A;2)
of Ajz coincides with the subgraph of I'is induced by V(I'2) \ V(Fi2). Figure b) depicts this
configuration.

Our strategy is first to bring the d — 3 terminal vertices & in I'j» other than 8, and 5 into Fio \ Fy
through disjoint paths S, and Tj, without touching 8, and #5. Second, denoting by §; and t; the
intersection of S; and Tj with V (F12) \ V(F}), respectively, we link the pairs {§;,#;} for i = [2,k] in Fio
through disjoint paths L;, without touching s;; here we resort to the strong (k — 1)-linkedness of Fi.
And finally, we find a path L := s; — ¢; in F}, which is disjoint from the paths L; with i € [2,k]. We
develop these ideas below.

From Lemma [11.2.3[(iii), it follows that A5 is nonempty and contains a spanning strongly connected
(d — 3)-subcomplex, thereby implying, by Proposition that
G(A12) is (d — 3)-connected.

Since Si2 contains more than one facet, there is a (d — 2)-face U in Fjo that contains s; and 83 (= 82);
see Remark[11.2.1] Denote by Ji2 the other facet in S1o containing U and by U the (d — 2)-face in Jyo
disjoint from U, and as a consequence, disjoint from Fjs.

Denote by Cy the subcomplex of U induced by V(U) \ V(F1), namely the antistar of U N Fy in U.
Since §; € V(U) \ V(F}), it follows that Cy is nonempty, and thus, thanks to Lemma |10.1.2] that it is a
strongly connected (d — 3)-complex. Then, from Cy containing a (d — 3)-face it follows that

V(Cv)| = [V(U)\ V(F))| > 293 >d—1ford>5. (11.1)
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Moreover, denote by Cy, the subcomplex of U induced by V(U,)\V (F1). f U;NFy = 0 then Cy, = U;.
Otherwise Cy, is the antistar of U; N Fy in Uy, and since U N Fy # @ (s; is in both), it follows that
Uj € Fi, and thus, that Cy, is nonempty. Put differently, the vertex in Ji2 opposite to s; is not in U,
since s; € U, nor is it in F1, and so it must be in Cy,. Therefore, according to Lemma [10.1.2] Cy, is a
strongly connected (d — 3)-complex. Hence, in both instances,

V(Cu,)| = VUN\V(F))| >293>d—1ford>5. (11.2)

Recall that we want to bring every vertex in the set f( , which is contained in I, into Fio \ Fy. We
construct | X NV (Ao)| pairwise disjoint paths S; and 7} from 3; € Ajp and #; € A2, respectively, to
V(Fi2) \ V(F1) as follows. Pick a set

W C V(Cu,) \ m ((X U{si})n U)

of |X NV (A12)| vertices in Cy,. In other words, the vertices in W are in Cy, and are not projections of
the vertices in (X U{s1}) N U onto U;. We show that the set W exists, which amounts to showing that
Cy, has enough vertices to accommodate W.

First note that R N R
XNV (Aw)|+ (X U{s1}) NV (Fi2)| = [X U {s1}| = d,
(X U{s:H)NV(U) C(XU{s1}) NV (Fya).

If Uy N F; = 0 then Cy, = Uy, and Eq. (11.3), together with [V (U)| = 2972 > d for d > 5, give the
following chain of inequalities

(11.3)

V(Cu)\ g (Ru{shnv))|zd- (X uishnvo)
> ‘X U {51}‘ - ‘(X U{s})n V(Fm)\ = \X n V(Au)\ =W,
as desired.

Suppose now Uy N Fy # . Since s € U N Fy and Jio = conv{U U Uy}, the cube Jj2 N F} has

opposite facets Uy N Fy and U N Fy. From s; € U N F; it follows that Wé%}"’ (s1) € Uy N Fy, and thus, that
7T'L],;2 (s1) & Cu,; here we use the following remark.

Remark 11.3.6. Let (K, K°) be opposite facets in a cube @ and let B be a proper face of @) such that
BNK # 0 and BNK® # 0. Then 7%, (BNK) = BN K°.

Since ﬂ(‘g"'(sl) ¢ Cy,, using Eqgs. 1D and || we get

V(Cu)\ 7 (X ufsih) nv)| = |vicu) \ =z (X nv)]

>d-1- ‘XﬂV(U)‘ > ‘X) - ‘XHV(FH)‘ - ‘XnV(AIQ) = |w].
In this way we have shown that Cyy, can accommodate the set W.

There are at most d — 3 vertices 2 in X N V(Am) since §, and {5 are already in V(Flg) \ V(FAl) Since
G(Ai2) is (d — 3)-connected, we can find |[W| = |X NV (A2)| pairwise disjoint paths S and 77 in Aj»
from the terminals §; and tAj in XN V(Aj12) to W. The path 5’1 then consists of the subpath S; = §; —w;
with w; € W plus the edge w;mj!? (w;); from the choice of W it follows that 772 (w;) € X U {s1}. The
paths TJ/ and Tj are defined analogously. Figure ¢) depicts this configuration.

Denote by 3; the intersection of S; and V(Fia) \ V(F}); similarly, define #;. Every terminal vertex &
already in Fio is also denoted by Z, and in this case we let S; or T] be the vertex .
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Now Fjp contains the pairs (3;,%;) for i € [2,k] and the terminal s, as desired. Link these pairs
in F}5 through disjoint paths L;, each avoiding s1, with the use of the strong (k — 1)-linkedness of F5
(see Theorem . The paths L; concatenated with the paths S;, S;, S;, Ty, T; and T} for i € [2, K]
give a (Y'\ {s1,t1})-linkage {Lo,..., Li}.

We now show how to find the path Ly in F; between s; and ;. The paths S; and T; (i € [2,K]) lie
in A;, while the paths S; and T} (i € [2,k]) lie in T2, thus, in Ay as well. As a consequence, the only
paths that could possibly touch F; are the paths L; (i € [2,k]), and they all lie within Fip. As in the
case of 812 having exactly one facet, the intersection of Fjo and F} is at most a (d — 2)-face containing
s1 but not ¢;, which is contained in a (d — 2)-face R of Fy containing s; but not ¢;. Find a path f/l in
R° between Wgz (s1) and t; and let L, := slwgé(sl)l_/lt_l. Hence the desired Y-linkage is as follows.

L. — Sll_/lt_lTltl, for i = ].;
v 8251§ZSZ§1;§Z§Zz/lglﬁfziizﬂtl7 otherwise.
This completes the proof of the case and of the theorem for d > 7. O

The missing case of d =5 is settled in the next subsection.

11.3.1 Proof of Theorem [11.3.5l for d =5

We keep the same notation as in the first part of the proof in Theorem Let X :=
{s1, s2, $3,t1,12,t3} be any set of six vertices in the graph G of a cubical 5-polytope P. We call the ver-
tices in X terminals. Also let Y := {{s1,%1}, {s2,%2},{s3,%3}}. We aim to find a Y-linkage {L1, L2, L3}
in G where L; joins the pair {s;,t;} for ¢« = 1,2,3. We say that a path is X-valid if it contains no inner
vertex from X.

As in the proof of Theorem [11.3.5] denote by S; the star of s; in B(P). From the 5-connectivity of G
follows the existence of five disjoint paths S; :=s; —S1 (i € [2,3]) and T} :=t; — S1 (j € [1,3]). Further
denote by s; and fj the intersection of the paths S; and T with S;. Using the vertices s1, 5; and t; for
i = 2,3, define sets X and Y, counterparts to the sets X and Y of G. In an abuse of terminology, we call
terminals the vertices 5; and ¢;. Let F} be a facet of S; containing ¢; and a largest number of terminals.
Let A; denote the antistar of F; in S; and let £; denote the link of s; in F}.

From Proposition [0.0.5] it follows that, if a 3-cube contains exactly four terminals, then the only
configuration in which the two pairs {s;,,t;, } and {s;,,t;,} cannot be linked in the 3-cube occurs when
the terminals appear in cyclic order s;,s;,t;,t;, in a 2-face of the 3-cube. We called this forbidden
configuration Configuration F (Definition . If a 3-cube contains more than four terminals, then we
also call Configuration F any configuration in which four terminals, say s;,, ti;, 1 and x2, lie in a 2-face
and are arranged in cyclic order s;, x1t;, x2; here {z1,z2} may or may not belong to Y. The reason for
calling this configuration forbidden is that the terminals {s;,,?;, } cannot be linked via an X-valid path
in the 3-cube.

Proposition 11.3.7. A cubical 5-polytope is 3-linked.

Proof. We consider three cases based on the number of terminals in Fy. The cases of |X N V(F)| =
5,4,3,2 were settled in Cases 2-4 of Theorem [11.3.5l Consequently, here we focus on the case of | X N
V(F1)| = 6 and its subcases A, B and C. We find it advantageous to settle the subcases A and B at the
same time.

Throughout the section we denote by s the vertex of Fy opposite to s;.
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Subcases A and B. The vertex s] opposite to s; in F; either does not belong to X or belongs
to X but is different from ;.

There is a 3-face R of F; containing both s; and #;. Let J; be the other facet in S; containing R.
Denote by R; and Rp the ridges in J; and Fi, respectively, that are disjoint from R. Then s§ € Rp.
We need the following claim.

Claim 10. If a 3-cube R contains three pairs of terminals, there must exist two pairs of terminals in R
that are not arranged in Configuration F; that is, two pairs, say {s1,t1} and {32,t2}, are not arranged
in cyclic order s15at1ts in a 2-face.

Proof. If the cube does not contain any Configuration F, we are done. So suppose it does, namely
siz1t T with y, 20 € X. Without loss of generality assume that 5o & {x1,22}. Then 53 cannot be
adjacent to both §; and ¢, since the bipartite graph K» 3 is not a subgraph of G(Q3) (Remark [11.1.5)).
Thus the pairs {51,%1} and {32,%2} do not exemplify a Configuration F. O

Suppose all the six terminals are in the 3-face R. By virtue of Claim [I0] we may assume
{s1,t1} and {5a,2} are not arranged in Configuration F in R. Proposition ensures that the pairs
{W}‘{zlJ(sl), 71'1‘% (t1)} and {7r}%(§2) 7TR (t2)} in Ry can be linked in R, through dlbjOlnt paths L) and L},
since they do not lie in Conﬁguratlon F in R;: if two pairs do not lie in Configuration F within a facet,
then neither do their projections onto the opposite facet. Moreover, by the connectivity of Rr, there is a
path _Lg in Rp linking the pair {nf;. (53),75. (#5)}. The linkage {L{, L}, L4} can naturally be extended
to a Y-linkage, which combined with the paths S; (i = 2,3) and T} (j = 1,2,3) can be extended to the
required Y-linkage.

Suppose that R contains a pair {5;,¢;} for i = 2,3, say {52,¢2}. There are at most five terminals
in R, and consequently, applying Lemma to the polytope Fy and its facet R, we obtain an X-valid
path L := s, —t; in R or an X-valid path L2 ‘= 53 — 13 in R. For the sake of concreteness, say an
X-valid path Lo exists in R From the connectivity of Rr and R; follows the existence of a path L3 in
RF between ng (s3) and 7rR (t3), and of a path L) in R between ﬂ'}‘QJ (s1) and ﬂ'}% (t1). The linkage
{L},L}, L5} can be naturally extended to a linkage {s; — t1,52 — ¢2,53 — {3} in 81, which, in turn,
combined with the paths S; (¢ = 2,3) and T} (j = 1,2, 3), gives rise to a Y-linkage, as desired.

Suppose that the ridge R contains no other pair from Y and that the ridge Ry contains
a pair (5;,t;) (i = 2,3). Without loss of generality assume 5, and t5 are in Rp.

First suppose that s3 € R, which implies that t3 € Rp. Further suppose that there is a path M3
of length at most two from t3 to R that is disjoint from X \ {33,¢3}. Let {t3} == V(M3) N V(R) Use
the 2-linkedness of J; (Proposition [9. to find disjoint paths L; := s; — #; and L3 1= 53 — t3 in Jj.
Let L3 := 53L4t5Msts. Use the 3- connect1v1ty of Rp to find an X-valid path Ly := 55 — ty in Rp;
note that |V (M3z) N V(Rg)| < 2. The linkage {L1, Lo, L3} can be naturally extended to a Y-linkage.
Now suppose there is no such path Mj from 3 to R. Then, both 55 and ¢ must be neighbours of ¢3
in Rp; the projection 7TR (t3) is in {s1,t1}, say 7rR (t3) = t1; and the projection ﬂgF(Sl) is a neighbour
of t3 in Rp. This configuration implies that s; and ¢, are adjacent in R. Let L; := sit;. Find a path
Ly := 59—ty in Rp that is disjoint from wglF (s1) and t3, using the 3-connectivity of Rp. Then, with the
help of Lemma 4 find a neighbour 55 in Aj of 53, and a neighbour ty # 54 in A; of t3; note that,
since dist pl (81, tg,) < 2, ts # s{. Find a path L; in S; between 55 and t3 that contains a subpath in A1
between 55 and t4; here use the connectivity of A; (Proposition . The linkage {L1, Lo, L3} can
be naturally extended to a Y-linkage.

Assume that 53 € Rp; by symmetry we can further assume that t3 € Rp. The connectivity of R
ensures the existence of a path L; := 5; — #; therein. In the case of s{ € X, without loss of generality,
assume s = §o. The 3-connectivity of Rp ensures the existence of an X-valid path 55 — to therein. Use
Lemma to find pairwise distinct neighbours 55 of 53 and t3 of 3 in Aj;; these exist since 53 # s¢
and t3 # sJ. Using the connectivity of A; (Proposition , find a path L3 := 53 — t3 in Sy that
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contains a subpath 55 — t in A;. Extend the linkage {L;, L2, L3} to a Y-linkage.

Assume neither R nor Rp contains a pair {5;,¢;} (i =2,3). Without loss of generality assume
that 55,53 € R, that to,t3 € Rr and that to # s9.

First suppose that there exists a path M3 in F} from 83 to Rp that is of length at most two and is
disjoint from X \ {33, tg} Find pairwise distinct nelghbours 32 and t5 of 55 and ¢, respectively, in Aj,
and a path Lo := 55 — t5 in S; that contains a subpath 82 — t2 in A; (using the connectivity of A;). Let
{43} := V(M3) NV (Rp). Using the 3-connectivity of Rr link the pair {43,%3} in Rp through a path Ls.
Since Corollary [T.1.4) ensures that any separator of size three in a 3-cube must be independent, we can
find an Ly := s, — t; in R that is disjoint from sy and V(M3z) NV (R); the set V(M3) N V(R) has either

cardinality one or contains an edge. Extend the linkage {L17 Lo, L3} to a required Y-linkage.

Assume that there is no such path Ms3. In this case, the neighbours of 55 in Fy are s;,t;1, 35, from
R and ty from Rp. Use Lemma | to find a neighbour 55 of 53 in A; and a neighbour #; either
of t3, if t3 # 59, or of a neighbour u of ts in Rp (dlﬁerent from to), if t3 = sl Let B3 be the path of
length at most two from t3 to Aj: Bs := t3th if t3 # s and Bz = tgutd if t3 = s7. Find a path L
in S; between 53 and t3 that contains a subpath in A; between 55 and t5; here use the connectivity of
A; (Proposition . We next find a path Ms in F; from s5 to Rp that is of length at most two
and is disjoint from V(Bs) U {s1,1,t3}. There are exactly four disjoint such so — Rp paths of length
at most two, one through each of the neighbours of 5, in F;. One such path is 5553t,. Among the
remaining three 55 — Rp paths, since none of them contains s; or ¢; and since |V(B3) NV(Rr)| < 2,
the existence of a path My is ensured. Let 5, := V(Mz) N V(Rp). Find a path L2 ‘= §9 —ty in Rp
that is disjoint from V' (Bjs), using the 3-connectivity of Rp. Let Ly = = 59 M58 Lyts. Since the vertices
in V(M2) N V(R)U {83} cannot separate s; from ¢; in R (Corollary 11.1.4), find a path L; := s; —{; in
R disjoint from V(Mz) N V(R) U {83}; the set V(M) has cardinality one or contains one edge. Extend
the linkage {L1, Lo, L3} to a required Y-linkage.

Subcase C. The vertex opposite to s; in F; coincides with %;.

If all the four neighbours of #; in F} belong to X, we have what we dubbed Configuration C.2 in
Case 1 of Theorem [I1.3.5] We deal with Configuration C.2 here as we did then. For the details please

refer to the proof of (C.2) in Theorem |11.3.5

Hence we may suppose that the vertex opposite to s; in F} coincides with #; and that #; has a
neighbour #] not in X. We reason as in Subcases A and B. We give the details for the sake of completeness.

Let R denote the 3-face in Fy containing both s; and ¢}; dist g(s1,#;) = 3. Let R be the 3-face of
Fy disjoint from R. Let J; be the other facet in &7 containing R and let R; be the 3-face of J; disjoint
from R.

Suppose R contains a pair {3;,t;} (i = 2,3), say (52,f2). There are at most five terminals
in R. Since the smallest face in R containing s; and ] is 3-dimensional, the pairs {7TR (s1), 7T}£1] (t)}
and {TFR](SQ) FR](tg)} do not lie in Configuration F in Ry, and so they can be hnked therein through
disjoint paths L} and L) thanks to Proposition W Let L, = 3171'1{2 (sl)L’l (f )thty and Lo :=
52771‘% (SQ)E/’QF]‘QJ (t2)t2. From the 3-connectivity of Rr follows the existence of a path L3 in Rr between
7TR (53) and Tg ! (t3) that avoids #;; note that 53 may coincide with 71'5; (33), and so may #3 with ﬂ'ﬁ} (t3).
Let L3 := 537TRF<§3)D37T}§} (t3)t3. The linkage {L1, Lo, L3} can be naturally extended to a Y-linkage,
which in turn can be extended to a Y-linkage.

Suppose that the ridge R contains no pair {5;,%;} (i = 2,3) and that the ridge Ry contains
a pair {5;,t;} (i =2,3), say {52,%2}. Then, there are at most five terminals in Rp. If there are at most
four terminals in Rp, the 3-connectivity of Rr ensures the existence of an X-valid path Lo := 35— 15 in
Rp; if there are exactly five terminals in Rp, applying Lemmamto the polytope F; and its facet Rp
gives either an X-valid path Lo := 55 — 5 or an X-valid path L3 := 53 — t3 in Rp. As a result, without
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loss of generality, we can assume there is an X-valid path Ly := 55 = ¢ in Rp. Then, with the help of
Lemma find pairwise distinct neighbours 55 and #; in A; of 53 and 3, respectively, and a path L
in S between 53 and t3 that contains a subpath in A; between 55 and t5; here use the connectivity of
A1 (Proposition [10.2.2). In addition, let L; be a path in F| between s; and #; that uses a subpath in R
between s; and #; here use the 3-connectivity of R to avoid any terminal in R. The linkage {I_/l, Lo, Eg}
can be naturally extended to a Y-linkage.

Assume neither R nor Ry, contains a pair {5;,%;} (i = 2,3). Without loss of generality, we can
assume 53,383 € R and to,t3 € Rp.

For some i = 2,3, there exists a path M; in F; from 5; to Rr that is of length at most two and
is disjoint from # and X \ {5;,#;}. Suppose there is no such 53 — Rp path. Then the neighbours of
53 in Fy would be s1,t],52 from R and ts from Rp. But, since there are exactly four 5o — Rp paths
of length at most two in F; and since the vertex 5o could not be adjacent to {si,}}, the existence of
such an 5o — Rp path would be guaranteed. Hence assume the existence of such a path M5 := 53 — Rp.
Let 33 := V(M3) N V(Rp). Find an X-valid path L} := 33 — 3 in Ry using its 3-connectivity. Let
L3 := 53M383L5t3. Then find pairwise distinct neighbours 5, and ), of 55 and fs, respectively, in Aj,
and a path Ly := 55 — 5 in S; that contains a subpath 5, — t, in A; (using the connectivity of A;).
Since Corollary ensures that any separator of size three in a 3-cube must be independent, we can
find an L] := s; —t} in R that is disjoint from 55 and V(M3) NV (R); the set V(M3) NV (R) has either
cardinality one or contains an edge. Let L; := s;L#}#;. Extend the linkage {L, Lo, L3} to a required
Y-linkage.

And finally, the proof of the proposition is complete and so is the proof of Theorem [11.3.5 O

11.4 Strong Linkedness of Cubical Polytopes

The property of strong linkedness, see Theorems [L1.1.10|and [11.1.11] also holds for cubical polytopes.

Theorem 11.4.1 (Strong linkedness of cubical polytopes). For every d # 3, a cubical d-polytope is
strongly | (d + 1)/2]-linked.

Proof. Let P be a cubical d-polytope. For odd d Theorems [11.3.5] and [[1.4.1] are equivalent. So assume
d = 2k. Let X be a set of d + 1 vertices in P. Arbitrarily pair 2k vertices in X to obtain Y :=
{{s1,t1},-..,{sk,tx}}. Let x be the vertex of X not paired in Y. We find a Y-linkage {L1,..., Ls}
where each path L; joins the pair {s;,t;} and avoids the vertex x.

Using the d-connectivity of G(P) and Menger’s theorem, bring the d = 2k terminals in X \ {z} to
the link of z in the boundary complex of P through 2k disjoint paths L, and Ly, for i € [1,k]. Let
s; == V(Ls,) Nlink(z) and ¢; := V(Ly,) N link(z) for ¢ € [1,k]. Thanks to Proposition the link
of z is combinatorially equivalent to a cubical (d — 1)-polytope, which is d/2-linked by Theorem
Using the d/2-linkedness of link(z), find disjoint paths L} := s; — ¢, in link(x). Observe that all these
k paths {L},...,L}.} avoid z. Extend each path L} with L,, and L;, to form a path L; := s; — t; for
i € [1,k]. The paths {L1,..., Ly} forms the desired Y-linkage. O
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