E: B Federation

«Il University

Federation University ResearchOnline

https:/Iresearchonline.federation.edu.au
Copyright Notice

This is the author’s preprint version of the following publication:

Abbasi, Kruger, A. Y., & Théra, M. (2021). Gateaux Differentiability Revisited. Applied
Mathematics & Optimization, 84(3), 3499-3516.

The version displayed here may differ from the final published version.
The final publication is available at Springer via:

https://doi.org/10.1007/s00245-021-09754-y

Copyright © The Author(s), under exclusive licence to Springer Science+Business
Media, LLC part of Springer Nature 2021

See this record in Federation ResearchOnline at:
http://researchonline.federation.edu.au/vital/access/HandleResolver/1959.17/179557

CRICOS 00103D RTO 4909 Page 1 of 1


https://researchonline.federation.edu.au/
https://doi.org/10.1007/s00245-021-09754-y
https://researchonline.federation.edu.au/vital/access/manager/Index

Noname manuscript No.
(will be inserted by the editor)

Gateaux differentiability revisited

Malek Abbasi - Alexander Y. Kruger - Michel
Théra

Received: date / Accepted: date

Abstract We revisit some basic concepts and ideas of the classical differential calculus and
convex analysis extending them to a broader frame. We reformulate and generalize the notion
of Gateaux differentiability and propose new notions of generalized derivative and general-
ized subdifferential in an arbitrary topological vector space. Meaningful examples preserving
the key properties of the original notion of derivative are provided.
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1 Introduction

Gateaux derivatives are widely used in the calculus of variations, optimization and physics.
According to Laurent Mazliak [7, 8], Gateaux differentiability first appeared in Gateaux’s
notes [3,4] under the name variation premiére. Paul Lévy [6] was probably the first to use
the name différentielle au sens de Gateaux.
Recall that a mapping f : X — Y between Banach spaces is Gateaux differentiable at X € X
if, for each d € X, the limit

f(Ed) = 1}$w

(1.1)

exists, and f’(; ) is a linear continuous functional on X. This functional is called the Gateaux
derivative of f at x. If the limit (1.1) is uniform over d on the unit sphere of X, then f is
Fréchet differentiable at x.

Gateaux and Fréchet differentiability coincide for real-valued locally Lipschitz functions
on a space in which bounded subsets are relatively compact, in particular, for convex con-
tinuous functions in finite dimensions (see, for instance, [12]). Without convexity, the two
concepts are different even in finite dimensions.
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Gateaux differentiability is easier to check computationally. Being a weaker concept, Ga-
teaux derivative is more universal. For instance, the conventional norm in ¢! (N) is nowhere
Fréchet differentiable, but there exists an equivalent norm, which is Gateaux differentiable at
all non-zero points (see Phelps [10, Example 1.14(c)]. Note that the conventional norms in
¢Y(I") (with T uncountable) and [0, 1] are nowhere Gateaux differentiable.

As observed by Moreau [9, Corollary 10.g], if a real-valued convex function is Gateaux
differentiable, its Moreau—Rockafellar subdifferential is a singleton. Conversely if a function
is finite and continuous at a point and its subdifferential is a singleton, then it is necessarily
Gateaux differentiable at this point. The vanishing of the Gateaux derivative is a necessary
condition for an extremum.

Throughout the paper, X is a real topological vector space. Its topological dual is denoted
by X*. Given an extended-real-valued function f : X — R := RU {+4oo}, the directional
derivative of f at ¥ € dom f := {x € X : f(x) < +oo} in direction d € X is defined by the
(possibly infinite) limit (1.1). We say that f is directionally differentiable at X if the limit
exists and is finite for all d € X. The mapping d — f’(¥;d) is positively homogeneous. If it
is linear and continuous, f is Gateaux differentiable at x. If f is convex, the limit exists and
is finite at every point ¥ € core (dom f), i.e. when Uj oA (dom f — %) = X,! and satisfies

fl(xd) < f(x+d) — f(%). (1.2)

Furthermore, the function d — f’(%;d) is convex. The subdifferential of f at ¥ € X is the set
(cf. [5D)
Af(®) :={x" e X" : (", d) < fl(x;d) forall deX}. (1.3)

If f is convex, then the set (1.3) coincides with the Moreau—Rockafellar subdifferential of f
atx:
df(x) ={x"eX*: (x",x) < f(x+x)— f(X) VxeX}.

In this paper, we revisit some basic concepts and ideas of the classical differential calcu-
lus and convex analysis, extending them to a broader frame. Building partially on the tools
developed in [1], we reformulate and generalize the notion of Gateaux differentiability and
propose new notions of generalized derivative and generalized subdifferential in an arbitrary
topological vector space.

The directional derivative (1.1) is replaced by the following limit:

Sy e S(A(RX)) — f(F)
Dz f(%)(A) = lim ; :

where A: [0,1] x X = X is a set-valued mapping satisfying A(0,x) = {x} forall x € X, and & is
an extended-real-valued function defined on the product space of the families of all functions
f X = R and all nonempty subsets of X, satisfying & (f,{x}) = f(x) forall f: X — R., and
x € X. Different choices of A and & lead to different derivative and subdifferential concepts.
Some meaningful examples preserving the key properties of the original notion of derivative
are provided in the paper. They include the sup-, average and measure derivatives.

In the next section, we give the main notation, terminology and definitions, as well as some
examples. Section 3 is devoted to generalized derivatives and subdifferentials.

2 Definitions and Examples

In the rest of the paper, .# and & stand for the collections of all extended-real-valued func-
tions f : X — R, on a real topological vector space X and all nonempty subsets of X, re-
spectively. Unless explicitly stated otherwise, linear operations on sets are understood in the
Minkowski sense, i.e., if A,BC X and A € R, then AA:={Aa:a€A},andA+B:={a+b:
a € A, b € B}. The constructions defined in this paper employ the following tools:

1 If £ is convex and lower semicontinuous, core(dom f) coincides with the interior of dom f; see, for instance, [2].
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— the family &7 of all set-valued mappings A : [0, 1] x X = X satisfying A(h,x) # 0 for all
he[0,1] and x € X, and

A(0,x) ={x} forall xeX;
— the family Z of all functions & : % x & — R.. satisfying
E(f, {x})=f(x) forall fe.% and x€X.

Observe that X is a convex set.
Convexity of mappings from &7 is defined in the usual sense.

Definition 2.1 A mapping A € </ is convex if
AAR+(1=2A)t,Ax+ (1= A)y) € AA(h,x) + (1 = L)A(z,y)
forall A,h,t €[0,1] and x,y € X.
Concavity is defined similarly with the opposite inclusion in the above definition.

Definition 2.2 Let %' C % and 22’ C 2. A function £ € E is increasing (respectively,
decreasing) on F' x 2’ if

E(f,U)<&(f,V) (respectively, &(f,U)=&(f,V))
for all functions f € .#' and all nonempty subsets U,V € &' with U C V.

Definition 2.3 Let A € o/ and £ € E. A function f € Z is

(i) &-convex if
S(HLAU+(1=A)V) <AS(F,U)+(1=2)E(f,V)
for all nonempty U,V C X and 4 € [0, 1];
(ii) (&,A)-convex if
E(fLAAR+ (1=2A)t, Ax+ (1= 4)y)) < AE(f,A(h,x)) + (1= 2A)E(f,A(t,y))
for all x,y € X and A,h,t € [0,1].

&-concavity and (£,A)-concavity are defined similarly with the opposite inequalities in
the above definition.

Proposition 2.1 Let f € F, A€ o/ and & € E.

() If f is (§,A)-convex, then it is convex;
(ii) Suppose A is convex and & is increasing. If f is &-convex, then it is (€,A)-convex.

Proof (i) Suppose f is (&,A)-convex. Let x,y € X and A € [0,1]. Then
fAx+(1=A)y) = E(f {Ax+ (1-2)y})
=&(f,A0,Ax+ (1 -21)y))
< AE(f,A(0,x)) +(1-2)E(f,A(0,y))
=As(fi {ixh)+(1=2)e(f . {x})
=Af(x)+(1=2)f().

(ii) Suppose f is E-convex. Let x,y € X and A,h,t € [0,1]. Then

S(HLARRA(1=2)1, Ax+ (1=4)y)) < E(f,AA(R,x) + (1 = A)A(t,y))
SAS(f AR X))+ (1=2)G(f,A(1,y))-

The proof is completed. O



4 Malek Abbasi et al.

Example 2.1 Given a function f € .% and a subset U C X, set

5sup(f7U) = supf(u).

uclU

Then

() ésup €ex;
(i) &yp is increasing on .F x &,
(iii) if f is convex, then it is &y, ,-convex.

The first two assertions are obvious. Let U,V be nonempty subsets of X and A € [0,1]. Then

Sup([LAU+(1=2)V) = sup f(Aut(1=A)v)

uclU,veV
< sup {Af(u)+(1—=2)f(v)}
uel,veV
< Asup f(u)+ (1 —A)sup f(v)
uclU veV

— lémp(f,U) + (1 —A)ésup(fvv)'

This proves the third assertion.
Similarly, the function (f,U) — &ins(f,U) :=inf,cy f(u) belongs to =, and is decreasing.
If f is concave, then it is &;, fF-concave. O

Let 0 : & — X denote a selection mapping: ¢ maps each subset A € & to some point
a € A. In particular, for any x € X, we have 6({x}) = x. The Lebesgue measure on R" (par-

ticularly, on R) is denoted by A*.

Example 2.2 Given a function f € .%, a subset A € & and a selection mapping ¢ : & — X,
define

*(f(A))+ f(o(A)) if f(A)is Lebesque measurable,
(o(A)) otherwise.

* .- 2’
So(frA) = { 7

Since the Lebesgue measure of a singleton is zero, we have &5 € E. a
Example 2.3 Let %' denote the subfamily of all functions f € .% such that f(X) is Lebesque
measurable. Given a function f € #’, a subset A € & and a selection mapping 6 : &2 — X,
define

EX(f,A) :==inf{A*(f(B)): AC B, f(B)isLebesque measurable}+ f(c(A)).
&L is well-defined on .F' x 2, and €% € E. If f(A) is Lebesque measurable, then £ (f,A) =
A*(f(A))+ f(o(A)). Furthermore, if A C B implies that f(c(A)) < f(o(B)) forall f € F/,

then &£ is increasing on .F' x . O

Example 2.4 Given a Lebesque integrable function f € .%, a measurable subset A C R", and
a selection mapping ¢ : & — X, define

E5(£,4)i= [ fa’ +£(o(a)).

Then &Z,(f,{x}) = f(x) for all integrable functions f € .# and all x € X. a
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Example 2.5 Let %' C % and &' C 2 be the collections of all nonnegative bounded func-
tions f : X — R and all finite or countable subsets of X, respectively. Let 7, denote the set
of all permutations on {0,1,2,...,n}. Given a function f € .#’ and an infinite countable set
U := {x0,x1,%2,...} € &', define

E(f,U )—hmsupmaxzz " f(xo)-

n—soo OET

For a finite set U := {x,x1,X2,...,%,}, we consider its infinite countable extension U’ :=

{x0,x1,%2,...} with arbitrary x,1,X,42,... € X, and set Es (f,U) := Ex(xu f,U’), where xy
denotes the indicator function: xy (x) = 1 ifx € U, and xy(x) =0 if x ¢ U. Then

() Ex(f,{x}) = f(x)forall f € .# andx € X;
(i) &y is increasing on F' x &’;
(iii) if f is convex, then it is Ex-convex.

The first two assertions are obvious. Let U := {x¢,x1,x2,...}, V := {y0,¥1,¥2,...} € X and
A €[0,1]. Then AU+ (1 —A)V = {u;j := Ax;+ (1 —A)y; : i, j € {0,1,2,...}}. Without any
loss of generality we can suppose that

f(Moo)Zf(Mm)ZZf(uofz)Zf(Mlo)ZZf(blln)ZZf(uno)ZZf(unn),

for all n € N. Let v := u;; (ordered in the same way as in the above chain of inequalities),
where k := i+ j+ ni. Note that the number of f(u;;) with i, j varying from zero to n equals
(n+1)?, and therefore when i and j run over {0,1,...n}, the index k varies from zero to
(n+1)2 —1 = n?+2n. Thus,

Se(f,AU+(1=-2)V)

n242n
= limsup ) 2~ Kl +2”)f( Vk)
n—roo k=0

— limsup Z Z o~ (i+j+ni)(n*+2n) Fuij)

n—ee =0 j=0

limsup Y" 3" 2020 (1) + (1= 2)£(y,)

n—ee =0 j=0

A lim sup Z Z 2—(i+j+ni)(n2+2n)f(xi) +

n—=ee =0 j=0

(l _ )‘) limsup Z Z 27(i+j+ni)(n2+2n)f(yj)

n—ee =0 =0

— ﬂ,llmsupZZ i(n+1)(n +2n 22 ]n+2n

n—yoo

IN

IA

i=0

(1 _ A) limsup Z zfj(n2+2n)f(yj) Z Zfi(n+l)(n2+2n)
i=0

n—o0 j=0

" o i(n+1)(2+2n) 12 e
_ . —i(n n n . 1 e —
= Mlgf:})éf S fim ——

1 — 2~ (n+1)*(n*+2n)

D " (2 +2n)
(1 ;L)h;rf::p];)z Iy )Jg{}ol 2 —(n+1)(n2+2n)

< )LhmsupZZ nf(x;)+ (1 l)limsupi 2_jnf(yj)

=i noe 50



6 Malek Abbasi et al.

<7Lhmsupmax22 "f(x@) + (1—7L)11msupmax22 n g Fs(j)

n—so0 GE’L’n n—soo GETn

= A& (f,U)+(1=2)8x (£, V).
This proves the third assertion. a

We now explore some important subfamilies of .o7.

Example 2.6 Let {U), : h €]0,1]} be a family of neighborhoods of the origin in X, and let
Up :={0}. Forall h € [0,1] and x € X, set Ay (h,x) := {x} + Uj. Obviously Ay (0,x) = {x}.
Denote by <7 the family of all mappings Ay : [0, 1] x X = X corresponding to the given
family {Uj, : h € [0, 1]}. Thus, oy C <.

If X is a normed space, and B its closed unit ball, we take Uj, := hB, and write Ag and <7
instead of Ay and <%y, respectively. Thus, Ag(h,x) = {x} + B for all ~ € [0,1] and x € X.
The mapping Ap € o7 is both convex and concave in the sense of Definition 2.1. Indeed, let
x,y €X and A,h,t € [0,1]. Then

Ap(Ah+ (1 =A)t,Ax+(1—=A)y) = {Ax+ (1 =A)y}+ (Ah+ (1 —=21)1)B
— A({x} +HB) + (1= A)({3} +B)
— Mz (h,x) + (1 - A)Ag(1,y).
This proves the assertion. O

Example 2.7 Let Q be a vector space of all continuous functions k : [0,1] — X satisfying
k(0) = 0. Given a k €  and a continuous function 71 : [0, 1] x X — [0, 1] satisfying

0<n(h,x)<h forall hel0,1]andx€X, 2.1

set
Ac(hyx):={x+x(t): r€[n(hx),h} forall (hx)e][0,1]xX. (2.2)
Denote by <7, the family of all mappings A, : [0,1] x X = X (x € Q), corresponding to the
given function 7. Thus, .27, C &/ O

Proposition 2.2 In Example 2.7, suppose that (X, || -||) is a normed space, and 1 satisfies
the following condition:

Vh,e >0 Ixe€X  such that h—n(hx)<Ee. (2.3)

Set
(i) Ax+Ar:=A cforall Ag,Ar € oy,
(i) oAy :=Agx forall Ay € oy and a € R;
(i) [[Ax|lor, = supo< <y [|K ()| for all A € o7y
Then oy is a vector space, and the mapping Ax v ||Ax| o, defines a norm on <y.

Proof Let k,7 € Q and A = A;. To prove that .27, is a vector space, it suffices to show that
k =1.Let 6 € [0,1]. Then

{k(t):t€[n(0,x),0]} ={7(t) : r € [n(H,x),0]} forall xeX. 2.4)

In view of (2.3), there exists a sequence (x,) C X such that 11(0,x,) — 6 as n — . Without
loss of generality, we can assume that 11(0,x,) 1 0. It follows from (2.4) that

ﬂ{x n(6,x,), }—ﬂ{r n(6,x,),0]}.

Obviously ({K(t) 11 €[n(0,x,),0]}) is a decreasing sequence of sets whose diameters con-
verge to zero. The continuity of x implies that {k(¢) : t € [n(6,x,),0]} is compact for all n €
N. By Cantor’s theorem, (;_; {x(¢) : € [n(6,x,), 0]} contains exactly one element which,
thanks to the continuity of x, must equal k(). Similarly (,_,;{t(¢) : t € [n(0,x,),0]} =
7(0). It follows that k(0) = 7(0) and, since 6 € [0,1] is arbitrary, k¥ = 7. Checking that the
mapping Ax — [|Ax|.o, defines a norm is trivial. a
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Remark 2.1 (i) The linear operations defined in Proposition 2.2 differ from the conventional
ones in the Minkowski sense.

(ii) The function 7 : [0, 1] x X — [0, 1] defined for all 4 € [0,1] and x € X by n(h,x) := 4,
satisfies conditions (2.1) and (2.3).

Example 2.8 (Corresponds to € in Example 2.7 being the family of all functions [0, 1] > ¢ —
tu determined by vectors u € X). Given an € € [0, 1], the continuous function ¢ : [0,1] X X —
[0,1], defined by n¢(h,x) ;== (1 —¢€)h forall h € [0, 1] and x € X, satisfies condition (2.1), but
not (2.3). Definition (2.2) in this case reduces to

A (h,x) :={x+tu: t€[(1—¢€)h,h]} forall (h,x)e€(0,1]xX. (2.5)
We denote by 7% = {Af: u € X}. Thus, &% C &
It follows from (2.5) that A%(h, x) is single-valued: A%(h,x) = {x+ hu}. O

Proposition 2.3 Let € € [0, 1]. In Example 2.8, set
(i) AL +AS =A% forall A5 AL € o,
(i) aAf =A%, forall AL € o and o0 € R.
Then < is a vector space. If (X, || - ||) is @ normed space, then the norm on < can be defined
as follows:
(i) [|AZ . := l[ull for all Ay € e.
The linear operations defined above are particular cases of those in Proposition 3.1. How-

ever, since 1 does not satisfy condition (2.3), Proposition 3.1 is not applicable even if X is
assumed to be a normed space.

Proof Let u,v € X and AZ = AZ. To prove that <7 is a vector space, it suffices to show that
u =v. It follows from (2.5) with h =1 that {tru: te€ [l —¢, 1]} ={rv: r €[l —¢,1]}. In
particular, there exist #1,#, € [l — &, 1] such that tju = v and #,v = u. If v = 0, then the second
equality yields u = 0. If v # 0, then the above equalities yield 7;/,v = v; hence t; =t; = 1 and
u = v. Checking that the mapping A% — ||A% ||, defines a norm is trivial. a

Remark 2.2 The proof of Proposition 2.3 shows that, for any € € [0, 1], the mapping u — A%
defines an isomorphism between <7 and X.

Proposition 2.4 Ler € € [0,1] and A € <7 (as defined in Example 2.8). Then A is convex.

Proof By definition, A = A¢ for some u € X. Let x,y € X, A,h,s € [0,1], and w € A5(Ah +
(1—=A)s,Ax+(1—2)y). By (2.5),w=Ax+ (1 —A)y+tu for somer € [(Ah+ (1 —A)s)(1 —
€),Ah+ (1 — A)s]. Choose numbers t; € [h(1 —€),h] and 1, € [s(1 — €),s] such that t =
Ati 4+ (1= A)tp. Thus, w = A(x+tju) + (1 — A)(y + tou) € AAE(h,x) + (1 — A)A%(s,y). By
Definition 2.1, A is convex. O

Proposition 2.5 Let f € .7, & € E and A € o) (as defined in Example 2.8 with € = 0). Then
fis (§,A)-convex if and only if it is convex.

Proof 1f fis (§,A)-convex, then it is convex by Proposition 2.1(i). Suppose that f is convex.
Letx,y € X and A,h,t € [0,1]. Then
E(fL AAR+ (1 =)t Ax+ (1—A)y))

=E(f,{Ax+(1=A)y+ (Ah+(1=A)t)v})
=f(Alx+m)+ (1 =2)(y+1))
SAf(xe+ )+ (1=2)f(y+1v)
=AS(f{x+hmv})+ (1 =2)8(f {y+1v})
=A8(f,A(h,x)) + (1= A)5(f,A(1,)).

The proof is completed. O
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3 Generalized Derivative and Subdifferential

In this section, we propose new notions of generalized derivative and generalized subdiffer-
ential in an arbitrary topological vector space.

3.1 Generalized Derivative

Definition 3.1 Let f € #,x € dom f,A € & and £ € E. If the limit

L EFANR) — F)
Def(5)(4) = lim .

3.1)

exists (in Rio), it is called the &-derivative of f at X along A, and we say that f is &-dif-
ferentiable at x along A.

If &/' C &/ is a linear topological space and the mapping A — D f(%)(A) is linear and
continuous on .’, then we say that f is £-differentiable at X with respect to <7’

Example 3.1 Let (X, || -||) be a normed space. For all u,x € X and h € [0,1], set A, (h,x) :=
{x+4tu:0 <1t <h?}. Observe that A,(0,x) = {x}; hence, A, € <7. For the function x
|[x[[, using & € E defined in Example 2.1, we have (|| - [|,Au(h,0)) = sup,cpg 2 t[[ull =
?||u||. Hence, by Definition 3.1, D¢, II-11(0)(A,) = 0. Moreover, if &' := {A, : u € X} is
endowed with a linear structure and norm as in Proposition 2.3, then || - | is &, ,-differentiable
at 0 with respect to .7’ (with the derivative equal 0). a

Example 3.2 Let (X,]| - ||) be a normed space and, as defined in Example 2.6, Ag(h,x) =
{x} + 1B for all &2 € [0,1] and x € X. For a function f € .# and a point ¥ € dom X, using
Eup € E defined in Example 2.1, we have &y, (f,Ap(h,%)) = sup,;p f(¥+ u). Hence, by
Definition 3.1, if the limit exists, it has the form

fO+u) — f(5) f@E+hu) — f(x)

D X)(Ap) =lim su = limsu 32
g (%) (AB) =i m sup ’ limsup - (3.2)
As a consequence, D¢ f(¥)(Ag) > 0. 0

Proposition 3.1 In Example 3.2,

(i) if f is Fréchet differentiable at X, then D¢, f (®)(Ap) = ||VSf(x)
(i) if f is convex, then the limits in (3.2) exist, and

D¢, f(¥)(Ap) > sup{|x"|| : x* € I f(%)}. (3.3)
If, additionally, dimX < +eo and d f(x) # 0, then (3.3) holds as equality.

s

Proof (i) If f is Fréchet differentiable at X, then

o £ 0~ £

im SR = (V)

and the limit is uniform in u on the unit sphere of X; hence the conclusion.
(i) Let f be convex. The existence of the limits in (3.2) follows from the monotonicity of the
difference quotients involved. If x* € d f (%), then, by (3.2),

De,,, f(X)(Ap) > sup(x",u) = ||x",
ucB
which yields (3.3).
Let dimX < +oco and df(¥) # 0. If D¢ f(¥)(Ag) = 0, the equality holds true trivially.
If % is a boundary point of dom f, then df(x) is unbounded (cf. [11, Theorem 23.4]),
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sup{||x*|| : x* € df(X)} = +oo, and the equality holds true trivially too. Otherwise, f
is Lipschitz continuous near X and there exist sequences 7 | 0 and u; — O such that
0 < |lugll < hy, f(E+ux) > f(x) (k € N) and

limsup sup w — lim w

mO  uchB h koo hy

Without loss of generality, u /||ux|| — u € X. Set ty := ||ux|| and u;, := fru (k € N). Then

llux — u ]| =t H HZﬁ —ul|, and consequently,

f(E+uy) — f(%) f(E+uy) — f(X)

lim < lim
k—r+o0 /’lk k—r o0 17
Pt e
— lim f(x+ ku) f(x) :f/(.f,u) _ <x*,u>
k—r+o0 1y

for some x* € d f(x). Hence,

lim sup sup
hl0  uchB

TEXOZTE) < upfe 5" € 013

This proves the claimed equality. O

Example 3.3 Let f € .%, x € dom f and A € &/. Let A* be the Lebesgue measure on R,
0 : # — X be a selection mapping and £ € E be defined as in Example 2.2. Then

Dy, f(%)(4) = lim 2o/ AUT) = /(5

110 h
i X AR +£(o(AhD) - /(@
hl0 h '

If the mapping A(+,X) satisfies certain continuity property at 0, then 6(A(h,X)) — Xas h ] 0.
O

Example 3.4 Let (X,.”, 1) be a measure space. Given a point ¥ € X, let
Wi:={Aec. ¥ :X€A, f(A)is Lebesgue measurable}.

Similarly to Example 3.3, we propose the following derivative formula (D} -derivative):

Cey g A*(f(A) + f(o(A)) - f(%)
Do) = AeW?,EI(A)w 1(A) ’

where #{ C #; and 6 : & — X is a selection mapping. By letting 6(A) = x for A € #{, we
get
: A*(f(A))
D f(R):=DLf(®) = lim =
®)=Daf () Aewu(ano  p(A)

For a function f whose range is a null set, one has D* f(X) = 0 at every ¥ € X. In particular,
the D*-derivative of the Dirichlet function exists at every X € R and equals zero. ]

Example 3.5 In the framework of Example 3.4, we consider the D*-derivative of a function
f:la,b] = R at a point X €]a, b[ with #4 denoting the collection of all open intervals in [a, b].

— If f is nondecreasing and continuous, then

D f() = lim 22—~
f(%) Ty
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— If f is nondecreasing and differentiable and #4 denotes the collection of all open intervals
centered at X, then D* f(x) = f’(¥). If f is continuously differentiable, then the equality
holds with %4 denoting the collection of all open intervals (not necessarily centered at ).
Indeed, if |x,y[ is an open interval containing %, then by the Mean Value Theorem, there

exists f(x,y) €]x,y[ such that f(y) — f(x) = f'(B(x,y))(y — x). Note that B(x,y) ap-
proaches ¥ as y | X and x 1 . Thanks to the continuity of f and f” it follows that

R = 1 f()’)_f(x)_ i (B (x — f(z
Dy = gim LI i () = 10

Observe that in general f does not have to be continuous at x. For example, consider the
function f : R — R defined as
2
x* x#1,
flx) = {

0 x=1.

The D*-derivative of f at ¥ = 1 exists and equals 2. Indeed, if ]x,y[ is an open interval con-
taining 1, then £(]x,y[) =]x%,y*[\{1} U{0}. Thus, *(f(Jx,y[)) = y* — x? and therefore

2 2

D f(1) = i —
Uy WLt y—x

=2.

In this example, the discontinuity of f at ¥ is a removable one. A function can have a D*-de-
rivative at a point at which it has a jump discontinuity. Define f : R — R as

f(x)::{x x> 1,

x—1 x<1.

If Jx, y[ is an open interval containing 1, then f(]x,y[) =]1,y[U]Jx—1,0]. Thus, A*(f(Jx,y[)) =
y—1+1—x=y—x. Therefore,

* : y—Xx
D*f(l1)= lim — =1.
us WLty —x

Example 3.6 Let £°, be defined as in Example 2.4. Then

int

Sim (/> A (1, %)) — [ ()

Deg, f(%)(4) = lim h
i Jagnz) fAA"+ f(0(A(h,X))) — f(%)
o h '

We aim to calculate Dgo f((X,7))(A) for the function f : R? — R defined as f(x,y) := x,
where

Vh Vh _ Vh \/ﬁ}
0

X,y)) = X———<u<i+—,y——<v<y+—
Alh.(7.9)) {<u,v> f- S Suss - <v<ye

Suppose that o (A (%, (¥,5))) = (¥,9). One can easily check that [y, ;) fdA" = %h. Thus,
Deo f((£,3))(A) = %= f(%,9). I A(h, (%) := {(u,v) : = h <u<K+h,y—h<v<y+h},
then one can verify that Do f((%,5))(A) = 0. O
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Remark 3.1 Suppose that 1*(A(h,x)) # 0 for all & > 0. Similarly to Example 3.6, we propose
the following derivative formula:

DS (()(A) = lim Janz) fAA +*f(6(A_(h,X))) f(¥) . 3.4)

hl0 A*(A(h,%))
For f : R? — R given by f(x,y) :=x, A(h, (%,3)) := {(u,v) : ¥F—h<u<x+hy—h<v<
y+h}, and 6(A(h,(%,5))) = (X,5), one can check that DJ f((%,7))(A) = X = f(X,y). Note
that the same representation holds if A(h, (%, 7)) is a ball centered at (¥, y) with radius 4. These
examples make us hope that in general DY, f(X)(A) does not depend on A, and the derivative
(defined by (3.4)) of the integral of a function f equals f, mimicking the first part of the
Fundamental Theorem of Calculus. This conjecture is currently an open problem. O

Example 3.7 Let X =R, and a mapping A : [0,1] x R = R be defined as follows:

A(h,x) = CO okt <
(h,x) :=<x+ 2 0< <hg.
Observe that A(0,x) = {x}; hence A € o. Next, we consider the function f := |- | and apply

to it the mapping A defined above and the function &y defined in Example 2.5. For all n € N,
we have

(_ 1)n+k
(n+k)?

Ex(f,A(n™',0)) = limsup i 2 mk

m—eo =0 72 m—soo n2’

1 . & 1
< — lim Z 2 = —
k=0

Given a number z > 0, let n;, be the smallest integer such that n;, > h~!. Then

0 < EfAR0) -~ f(0) _ Ex(fA(r,0))

= = -1
h n,

§n;1—>0

as h | 0. By Definition 3.1, De, f(0)(A) = 0. O

Proposition 3.2 Let A2 be defined for all d € X as in Example 2.8, and let & € E. Given a
vector d € X, a function f : X — R is &-differentiable at x € dom f along Ag if and only
if it is differentiable at X in the direction d. In this case, D¢ f(X)(A)) = f'(X:d). Moreover,
f X = Ra, is E-differentiable at X with respect to @/° := {AY : d € X} if and only if it is
Gateaux differentiable at x.

Proof Observe that &(f,AY(h,%)) = &(f,{x+ hd}) = f(¥+ hd). The conclusion follows
from Definition 3.1. O

Proposition 3.3 LetA€ o and E € E. If f € F is (E,A)-convex then, for any ¥ € dom f,
the function

é(f7A(/’l,)f)) —f()f)
h

h— (h>0) (3.5)

is nondecreasing, and consequently, f is &-differentiable at X along A, and

>0 h

Proof Let0 <t < h. Then

é(va(t’i)) =
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- %g(f,A(h,f)) + (1 — %) f),

and consequently,

§(/,AWT) — () _ S(fA(T)) — f(x)

<

t h
Thus, the function (3.5) is nondecreasing, and therefore the limit (3.1) exists in Ry.. The
remaining assertions follow immediately. O

In view of Proposition 2.1(ii), we have the following corollary.

Corollary 3.1 Suppose A € & is convex and & € E is increasing. If f € F is &-convex then
it is &-differentiable along A at any % € dom f.

The monotonicity of the function (3.5) established in Proposition 3.3 yields the following
result which extends (1.2).

Corollary 3.2 LetAc o/ and E € E. If f € F is (§,A)-convex and % € dom f, then
D¢ f(x)(A) < &(f,A(L,%)) — £ (%).

3.2 Generalized Subdifferential

Let &/’ C «f be a linear topological space such that, for any A € &7/,
A(h,x) =hA(1,x) forall he€]0,1]andx € X, (3.6)

where hA is determined by the linear structure of the space <7’ and does not necessarily agree
with the conventional scalar multiplication operation in the Minkowski sense. Let a function
& € E be given.

The &-subdifferential of a function f € % at X € dom f with respect to <7 is defined by

Oe ('] f(%) :={A% € (&')" : (A",A) <Def(%)(A) forall Ae'}. (3.7

Proposition 3.4 Let f € .F and x € dom f. If f is (§,A)-convex for all A € o', then the
following properties are equivalent:

(i) A* € Je '] f(%);

(i) (A*,A) <&E(f,A(1,%)) — f(X) forall A € o',

Proof The equivalence is a consequence of definition (3.7) in view of Corollary 3.2 and
condition (3.6). O

Proposition 3.5 Let f € % and ¥ € dom f. If f is (§,A)-convex for all A € &', then the
following assertions hold true:

(i) Jg[#'|f(X) is convex and weak” closed.
(ii) Ifthere exist a neighborhood of the origin A C &/’ and an o, € R such that E(f,A(1,%)) <
a forall A € N, then dg[o/"| f(X) is weak™ compact.
(iii) Suppose F' C F and @' C P. If x € A(1,%) for all A € &', and & is increasing on
F'x P then O(,p{’)* € 85 [,Q{/]f(f)

Proof (1) is a consequence of definition (3.7).
(ii) By the hypothesis there exist a neighborhood of the origin .4#” C &’ and an & € R such
that £ (f,A(1,%)) — f(%) < o for all A € 4. Hence, in view of Proposition 3.4,

el | f(%) C {A" € (/') (A%, A) <o forall A A}

The right-hand side of the last inclusion is weak* compact by Alaoglu—Bourbaki theorem.
de[/'] f(%) is weak™ closed by (i), and consequently, weak* compact.
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(iii) By the assumption, we have & (f,A(1,%)) > &(f, {x}) = f(X). Now apply Proposition 3.4.
O

We now have a closer look at the space <7 C &7 (& € [0,1]) and the function &, € &
defined in Example 2.8 and Example 2.1, respectively.

Proposition 3.6 Let [ : X — Ro. be a convex function, X € dom f, and € € [0, 1]. Then

9, [Fe) f (%) = {x* eX®: (x",u) < sup f(x+tu)— f(x) forall u GX}. (3.8)

1—e<t<1

Proof Recall that, by Proposition 2.3, o7 is a linear topological space. Each AS € o7 (see
Example 2.8 for the definition) is convex by Proposition 2.4 and satisfies condition (3.6).
Indeed, let u,x € X and h €]0, 1]. Then

A (h,x) = {x+tu:h(1—¢) <t <h}
={x+rthu:1—e <t <1} =A;, (1,x)=hA5(1,x).

Since f is convex, it is J;mp-convex; cf. Example 2.1. Moreover, émp is increasing. In view of
Proposition 2.1(i1), f is ({up,Af)-convex for all u € X. Given any u € X, we can compute:

Eoup(f,AL(1,%)) = Eap(f AT+ tu: 1—e <t <1})= sup f(X+tu)— f(%).

1—e<t<1
Furthermore, X and .27 are isomorphic. Hence, using Proposition 3.4, we arrive at (3.8). 0O

Remark 3.2 (1) When € = 0, the right-hand side of (3.8) reduces to the conventional defini-
tion of the Moreau-Rockafellar subdifferential, i.e. d¢, [%]f(¥) = d f(¥). When € =1,
we obtain from (3.8):

I, [A]f(X) = {x* €X*: (x",uy < sup f(X+1x)— f(X) forall u GX}7

0<r<1

ie. dg, [#]f(X) coincides with the sup-subdifferential Jypf(X) defined in [1], while
definition (3.1) gives (the limit exists by Proposition 3.3)

; ' x+td)— f(x
Démpf(x)(Aé):Eﬂ)lsupog ghf(xh td) — f(%)

(d €X).

(ii) Givenan € € [0,1] and a u € X, one can consider a symmetric version of (2.5):
Al (h,x) :={x+tu: |t| € [(1—¢€)h,h]} forall (h,x)€0,1]xX.

In particular, when € = 0, definition (3.1) would give (if f is directionally differentiable
at x)
D, f(®)(A) = max {f'(%d), f (£, —d)} (d € X).

The last expression coincides with the symmetric derivative f;,,, (¥;d) defined in [1].
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