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Abstract

We prove that analytic Hamiltonian dynamics on tori, annuli, or Euclidean space can be
approximated by a composition of nonlinear shear maps where each of the shears depends only
on the position or only on the momentum.

1 Statement of the result.

Let T" := R"™/Z"™ denote the n-torus. We endow the 2n torus V := T" x T™ with the canonical
coordinates (¢,p) = (q1,--.,qn,DP1,---,Pn) and symplectic form w = >, dp; A dg;. For a function
H € C*(V,R), the system of differential equations defined by the Hamiltonian H is given by

(1.1) g=0,H, p=—0,H.
The corresponding vector field
Xy = 0pH,...,00,H,—0g,H,...,—04,H),

satisfies w(Xp,-) = dH; it is called the symplectic gradient of H. The symplectic gradient defines
the Hamiltonian flow denoted by ¢t;, the family of time-t maps along the trajectories of system(1.1).
Similarly, given a continuous family of functions Hy € C*°(V,R), t > 0, one defines the time-
dependent Hamiltonian system

(1.2) (¢,P) = Xy = (OpHy, —0OpHy).

The trajectories of this system define the family of maps (ﬁjﬁ 0 < s < t: the solution with the
initial condition (g,p) at time s arrives at the point (b?f(q,p) at time £. Such maps preserve the
symplectic form w. The family of these maps is called the non-autonomous Hamiltonian flow of
H = (Ht)tZO'

A symplectic map is called a Hamiltonian map if it is the map (;5(1]{’1 for a time-dependent Hamil-
tonian H. We consider the spaces Ham® (V') of Hamiltonian C*°-diffeomorphisms and Ham® (V')
of diffeomorphisms defined by real-analytic Hamiltonians H; which depend on ¢ continuously in
C¥(V,R).

Recall that the base of the C“-topology (the inductive limit topology) on space of real-analytic
functions is a collection, taken over all neighborhoods of V = R2?"/Z?" in its complexification
C2?" /7", of C%-open sets of holomorphic functions on such neighborhoods. Thus, a sequence
of real-analytic functions ¢; converges to a real-analytic function ¢ on V' in C% iff there exists a
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neighborhood V,, of V' in the complexification C?"/Z*" where ¢ and every ¢; for j large enough have
their analytic extensions well defined and supy, [|¢; — ¢|| — 0 as j — +o0o. The space Ham" (V') is
formed by analytic mappings; it is considered with the inductive limit topology as described above.
Both Ham* (V') and Ham* (V') are groups (this follows from the identity gbg:t o gb%’,t = qﬁ% where
Ky =Gy + Hio (¢?f;)_l)-
The simplest examples of Hamiltonian maps are given by wvertical and horizontal shear maps:

e a horizontal shear (¢,p) — (¢+ V7(p),p) is the time-1 map for the time-independent Hamil-
tonian H(q,p) = 7(p), where 7 € C¥(T", R);

e avertical shear (¢,p) — (q,p—Vv(q)) is the time-1 map for the time-independent Hamiltonian
H(q,p) = v(q), where v € C¥(T",R).

The system of differential equations defined by Hamiltonian H(q,p) = 7(p) is
¢=Vr(p), p=0;

its flow map ¢%; : (¢,p) — (¢ +tV7(p),p) is a horizontal shear for every ¢ € R. Similarly, the flow
map ¢4 ¢ (q,p) — (¢,p — tVu(q)) for H(g,p) = v(q) is a verticall shear for every ¢t € R. We see
that the vertical and horizontal shear maps form Abelian subgroups of Ham“(V'), which we denote
as V and, respectively, T .

Theorem. (Main) The group < V,T > generated by V and T is dense in Ham®“ (V). In other
words, every real-analytic Hamiltonian diffeomorphism of V' can be C¥-approximated by a compo-
sition Spro ... 081 where S; € TUV, j=1,..., M.

The proof is given in the next Section. Since Ham* (V') is C*°-dense in Ham*(V'), we obtain
Corollary 1.1. The group generated by V and T is dense in Ham™ (V).

Note that any real-analytic function on R™ can be arbitrarily well approximated, on any given
compact, by a periodic function with a sufficiently large period. Therefore, the lifts of Hamiltonian
maps of T" x T™ approximate (on any given compact) Hamiltonian maps of an annulus T" x R™
or a ball R™ x R™. This implies

Corollary 1.2. The theorem extends to the cases where V.="T" x R™ and V = R" x R": every
Hamiltonian map is approximated by a composition of vertical and horizontal shears.

Along the proof of the main theorem, we will check that the “parametric version” of the results
also holds. Namely, we have the following

Corollary 1.3. Given a compact real-analytic manifold &, every analytic family fo» = (fu)ue of
Hamiltonian diffeomorphisms of T™ x T™, T™ x R™ or R™ x R™ can be arbitrarily well approximated
by analytic families of compositions of vertical and horizontal shears. For any compact set &, every
continuous family fo = (fu)uew of analytic Hamiltonian diffeomorphisms of T x T", T™ x R™ or
R™ x R™ can be arbitrarily well approximated by continuous families of compositions of vertical and
horizontal shears.

To be precise, we recall that a sequence of continuous families (f; ,).c2 of analytic diffeomor-
phisms on V' converges to (f,)ucz if there exists a complex neighborhood V), of V' such that for
every § > 0, for every j large enough, sup(, »yeoxv, [[fu(z) — fju(z)| < é. Also, we call a family
(fu)puew analytic if f,(x) is a real-analytic function of 4 and z; the convergence in Corollary 1.3 is
then in C¥(Z x V, V). These two settings (of continuous and analytic families) seem to be most



natural. In order to consider them in a unified way, we adopt from now on a more general setting
where &2 denotes allways a product:

P =P X Py

of a compact set &7, and a compact analytic manifold &?,. Also from now on, the considered
family fo» = (fu)uez:=2, x», will be analytic in pp and continuous with respect to p1. Each map
fu(x) is the time-1 map of a time-dependent Hamiltonian H,, ;(x); we assume that H is an analytic
function of (ue, ) and a continuous (in the topology of C¥ (%5 x V,R)) function of (u1,t), and say
that the family f» is generated by the family (H,, ;).

Remark 1.4. For the ease of presentation, the main theorem is given for T"™ x T™ endowed with the
standard symplectic form w = ), dp; A dg;, but the proof, with obvious modifications, works also
for any symplectic form of the form ). a; dp; A dg;, with constant a; > 0. A natural question is
how to extend the results to other symplectic forms on the torus or to other product symplectic
manifolds.

The main Theorem implies’ the work | ] where symplectic maps of V = R?" were consid-
ered in the smooth case. While we found a way to extend the method of | | to the annulus
case, we prefer to present here a more powerful approach, inspired by a technology developed
in | , §2.4-3.2 and app. A] for the non-symplectic case. Similar results for holomorphic
automorphisms of C", including the volume-preserving case, were obtained in | , ]
and have played an important role in solving several problems of complex analysis, see review

in [ ]. The symplectic result of [ | for V.= R?" was key for the proof of the gener-
icity of the “ultimately rich” (universal) dynamics for certain classes of symplectic and non-
symplectic maps | , , , | and for the proof of Herman’s metric entropy
conjecture [ |. It has also been used in algorithms for physics-informed machine learning

[ , , ]. The current result and its short constructive proof for the annulus
V =T x R enabled to disprove the Birkhoff conjecture in [ ]

2 Proof of the main theorem

We use the Poisson algebra structure on C*(V,R), which is the Hamiltonian counterpart of the Lie
algebra structure on the space of vector fields on V. Namely, given two functions f,g € C¥(V,R)
the Poisson bracket {f, g} is the function defined by

{f7g} = Zaqu ’ 8101'9 - 8‘11'9 ’ apz‘f :

It is easy to check that the Lie bracket of the Hamiltonian vector fields Xy and X is the Hamiltonian
vector field Xy 1.

Cartan’s Theorem establishes a correspondence between closed subgroups and Lie sub-algebras
for finite-dimensional Lie groups. Certain aspects of this correspondence have been generalized in
[ , Prop. B.1] for the group of compactly supported smooth diffeomorphisms. Below is the
counterpart for the group of analytic Hamiltonian diffeomorphisms:

Proposition 2.1. Let a set G be a closed subgroup of Ham®(V'). Let P(G) be the set of all
time-independent Hamiltonians H € C*(V,R) such that their flow maps ¢Yy belong to G for all
teR:

P(G) :={H € C*(V,R) : ¢%; € G, Vt} .

LA shear map of R2" is the composition of two Hénon maps. So the main result implies that compositions of
Hénon maps form a dense set in Ham®™ (R?").



Then P(G) is a closed Lie sub-algebra of C¥(V'). In other words, it is a closed vector subspace of
C¥ (V) and the Poisson bracket of any two functions from P(G) also belongs to P(G).

Proof. First note that P(G) is closed by continuity of H — ¢!, for every ¢ € R. Then the
proposition follows from the two lemmas below. O

Lemma 2.2. The set P(G) is a vector space.
Lemma 2.3. The vector space P(G) is a Lie algebra.

Proof of Lemma 2.2. Let H € P(G) and X € R. For every t € R, the map (b g belongs to G
and so AH € P(G). Hence, it suffices to show that Hy + Hs € P(G), for every Hl,Hg € P(G). As
vm, = <;5tH1+tH2, and tHy,tHs € P(G) whenever Hy, Hy € P(G) as we just showed, it suffices
to check that qu 11, € G for every Hy, Hy € P(G).
On a complex extension Vj of V| the following holds uniformly as ¢ — 0:

Pl 0 Py, = id+t- 0y, 0 Py im0 + O(?) =id +t - (Xm, + Xp,) + O(t?)
=id+1t- 5t(¢3{1+H2)t=0 +0(t*) = ¢tHl+H2 .

In particular, there exists C' > 0 such that for every N > 1

1/N 1/N 1/N
(2.1) sgp\m!% S o b | <C-N72.
0

Taking sufficiently small complex neighborhoods Vo € Vi C V3 of V' and applying Discretization
Lemma 3.1, we infer from (2.1) that

U |, .17, — (@ 0 o YN || < Cexp(L)N~' YN > Ny
2

for some constants L and Ny (in the Discretization Lemma, put ey := C/N, ¢t := ¢’ H1 ' 11,» and
qSl/N gbl/N for all 7).

Thus ¢} H,+H, 18 arbitrarily close to the element (Dy 1/ N <;51/ N) of the group G. As G is closed,
it follows that ¢! Hy+ 1, € G, as required. O

Proof of Lemma 2.3. It suffices to show that for any Hy, Hy € P(G), the function Hy = {Hy, Hy}
belongs to P(G). Since ¢, = q%tHl i,y and tHy € P(G) whenever Hy € P(G), we only need to

show that ¢}, belongs to G. On a complex extension Vj of V, we have, uniformly as t — 0:
H; g y

. t? .
(2.2) Oy, = id + tX g, + 5 DX - Xy + o), j=1,2,3.

So,
t/N t/N 3
of, o df =id+ & (Xu, + Xu,) + 2N2(DXH1 Xo, + DXy, - Xu, +2D Xy, - Xn,) + O(t7)

o/ 09N = id — £(Xu, + Xpg,) + o5 (DXpy, - Xpr, — DXy - Xpgy +2DXpg, - Xpg, ) + O(8).

Hy 2N2

Thus, uniformly on Vj as t — 0,

(2.3) by 0 ¢y o ¢y, 0 By, = id+t*(DXp, - X, — DXpr, - Xp1,) + O(t7).



One can check that DX g, (Xg,) — DX, (X, ) is the symplectic gradient of Hs = {H;, Ha}. Thus
Eq. (2.2) at j = 3 and Eq. (2.3) imply the existence of C' > 0 such that for N = t~2 sufficiently
large,

- - 1

N3/2

From this, taking sufficiently small complex neighborhoods Vo € Vi C Vp, one finds that the

assumptions of the Discretization Lemma 3.1 are satisfied with ey = C/V/ N, ¢! := ’};35, and

=¢ Hl/ VN ‘b;li/ VN (bl/ VN (b}q/z\/ﬁ for all j. This implies that for some L and Ny

sup 6}, — (0, 0 03 0 631 0 61 M)V < Cexp(L)NTV YN 2 No
2

Thus ¢} 5 18 arbitrarily close to the element ((b VN qSI_{i/ VN, (b}q/l\/ﬁ o ¢}LI/2\/N)N of the group G.
As G is closed, it follows that ¢k i, € G, as requlred O

The space of families of analytic Hamiltonian maps endowed with the composition rule (f,),cz°
(9u)pez = (fuogu)uc is a group. One can check that the proof of the above proposition does not
alter as long as &2 is compact, by using the parametric counterpart Corollary 3.2 of Lemma 3.1.
Namely, we have

Corollary 2.4. If G» is a closed subgroup of the space of families of analytic Hamiltonian maps
then the following is a closed sub-algebra of the space of families of functions on V:

P(Gw) = A{(Hu)pe : (¥, ez € G, Vt} .

We apply Proposition 2.1 to the group G obtained by taking the C“-closure of the group
< V,T > generated by V and T:
G=c(<V,T>).

Recall that the groups V and 7T of vertical and horizontal shears consist of the time-1 maps for
the time-independent Hamiltonian functions which depend only on p or, respectively, only on g¢.
For such functions, the time-t map belongs to V or, respectively, T for all ¢ € R. Thus, the C¥
Hamiltonians of the form H(q,p) = 7(p) or H(q,p) = v(q) belong to the Lie algebra P(G). This
implies, by Proposition 2.1, that every Hamiltonian of the form

(2.5) H(g,p) =vo(g) + Y {we(q), {vr(0), 7(p)}}

1<r<R

lies in P(G); here R > 0 and 7., v, w, € C¥(T",R).
We denote the set comprised by C¥-functions T™ x T™ — R which can be represented in the
form (2.5) as P. In short one can denote:

P=V+{V,{V,T}}.

As we said, P C P(G), i.e., for every H € P its flow maps ¢, can be arbitrarily well approxi-
mated by compositions of vertical and horizontal shears.

Proposition 2.5. The set P is dense in CY(V,R).



Proof. By Fourier’s Theorem, any C* function on the torus V can be approximated by a trigono-
metric polynomial, i.e., a function of the form

2mi(<m,g>+<k,p>
E Re(cpm e (<m,q P ))7
max;{|m;|,|k;|} <K

where m and k are integer-valued n-vectors, and < -,- > denotes the inner product. Therefore, it
is enough to show that every trigonometric polynomial belongs to P, i.e., it has the form (2.5) for
some choice of the functions v, w, and 7. Thus, we choose vy(q) = zmaxj iy | <K Re(Cp, 0e?™<m4>),

and it remains to show that for every k and m such that k # 0 the term Re(cy, ye?m(<ma>+<kp>))
is a linear combination of terms which can be represented as {w,(q), {v.(q), 7(p)}.

This is done as follows. Since £ # 0, there exists an index j such that k; # 0. Hence there is
o € {—1,1} such that A = (3°"_, msks) — ok; is not zero.

We denote m' = (mj,...,m;,), where m}; = m; — o and m = mj if s # j. Then

. -, . .
e27rz(<m,q>+<k,p>) — e27r2<m ,q>e27rz<k,p>e27rzcrq]7

s0 Re(cy, pe2mi(<ma>+<kp>)) g a linear combination of products of cosines or sines of 27 < m/,q >,
21 < k,p >, and 2moq;. Hence, it suffices to show that for every (o, 3,7) there exist functions w,

v, and 7 such that
(2.6) sin(2r < m’,q > 4a) sin(27 < k,p > +8) sin(2rog; +7) = {w(q), {v(q), 7(p)}.
For that, we choose

cos(2m <m’,q > +a) _sin(2r < k,p > +8)

v(q) = o A , TP = ;o w(g) =

cos(2moq; + )
2 ’

Amkjo

Now, we have:

n /ks
{v(q),7(p)} =< Vv, V,7 >= Z % sin(2r < m/,q > +a)cos(2r < k,p > +53)

s=1

and as A = >0 | mlks,
{v(q),7(p)} = sin(2r < m/,q¢ > +a)cos(2w < k,p > +7).

As w is a function of only one variable, g;, we have:

{w(q),{v(9), 7(p)}} = w'(g;)0p,{v(q),7(p)},

which gives Eq. (2.6) since 9,,{v(q), 7(p)} = =27 - k;j - sin(2mr < m',q > +a)sin(2r < k,p > +0)

__sin(2mog;+) H

and w/(qj) = 2mk; :

Proposition 2.5 implies that the flow maps ¢}, of any time-independent Hamiltonian H €

c¥(V, R) can be arbitrarily well approximated by the flow maps of some Hamiltonians from P.
Since P C P(G) and P(G) is closed subset of C*(V,R), this gives P(G) = C*(V,R) and so:

Proposition 2.6. For every time-independent Hamiltonian H its time-t maps can, for everyt, be
arbitrarily well approrimated by compositions of vertical and horizontal shears.



Using Corollary 2.4 and the fact that the approximation given by the proof of Proposition 2.5
is based on the Fourier’s decomposition which depends analytically on the function considered, we
obtain

Corollary 2.7. Every family of time-independent Hamiltonian functions (H,).c», the family of
its time-t maps can, for every t, be arbitrarily well approximated by families of compositions of
vertical and horizontal shears.

To finish the proof of the theorem, we now show that the same is true for time-dependent
Hamiltonians. First, we prove

Lemma 2.8. Fvery diffeomorphism f € Ham* (V') can be approximated by a composition of flow
maps defined by time-independent Hamiltonians. More precisely, if f is the flow map gb%’,l of a
time-dependent Hamiltonian H = (Hy;)i>o, then there is a complex neighborhood W of V' such
that for every n > 0, the holomorphz’c extension f|w is n-close, for all sufficiently large N, to the

composition of time-1/N maps ¢H for the time-independent Hamiltonians H; N

1/N 1/N
W Hf = Pty e Pty 09

Proof. We have:

f= ¢ _¢ ~1)/N1 ¢(N 2)/N,(N—1)/N ¢};N,2/NO¢%{1/N'

©...0

Using the compactness of the time interval [0, 1], there exists a complex neighborhood Vj of V' and
a sequence €y — 0 such that the flow maps for time-independent Hamiltonians satisfy

1/N_ L < EN
op id XHt _2N

<t<1LVN2>1
N Vo<t <1,VN >1,

sup
Vo

and the non-autonomous flow maps satisfy

EN
< - <t<1-1/N.
~ 2N’ Wsis /

1
tt-‘rl/N i — X

sup ¥

Vo

= sup

Vo

t+1/N ‘s 1
/ X 0 6ds — Xy
t

By Eq. (1.2), the vector fields Xp; and Xp, are equal. Thus, summing these two estimates taken
at t = j/N, we obtain:

sup
Vo

’¢)/N (G+1)/N ngH_ N’ WO<j<1-—1/N.

From this, it easy to find complex neighborhoods W = V5 € V; C Vj which satisfy the assumptions

of Lemma 3.1 with ¢%! := (b  and g; := (b}ij. This implies the sought bound: there exists L > 0
J

such that for all NV large enough

W —gn_10... OQOH <exp(L)-en .

O

If, in the above proof, we consider parametric families and employ Corollary 3.3 instead of
Lemma 3.1, we obtain



Corollary 2.9. Every family of analytic Hamiltonian diffeomorphisms (f,)uc2 can be approwi-
mated by compositions of families of flow maps defined by time-independent Hamiltonians taken
from the family of Hamiltonians that generates (fu)ucz-

Now, let f be the time-1 map for a time-dependent Hamiltonian (H;)o<¢<i. For every frozen
value of s € [0, 1], consider the function Hy : V — R as a time-independent Hamiltonian and take
its time-t flow map. This defines a family of maps

(2.7) (O Jo<st<1-

It is a continuous 2-parameter family of time-independent Hamiltonian flow maps; hence by Corol-
lary 2.7, there exists a complex neighborhood Wy of V' such that for every n > 0 there is a continuous
family (g )o< s,t<1 of compositions of vertical and horizontal shears, such that:

sup ||y, — gt <n, VO<st<1.
Wo

Thus, for any complex neighborhood W7 € Wy, if n is small enough, then the differences

1/N 1/N 1/N 1/N 1/N 1/N 1/N
(¢H(N—1)/N L N (bH(Nfl)/N : ¢H(]+1)/N gJ/N) °9G-1yNn -9
are uniformly small (for all N and all j =1,...,N — 1) on Wj.
Summing this over 1 < j < N — 1, we obtain that (b}f(]]\fvil)m 0...0 (b}flj\/fN qSl/N and g(l/N 1)/N ©

.. gé/ N are uniformly close on Wi. Now, we invoke Lemma 2.8, which gives the existence of a
complex neighborhood Wy C Wy such that for every § > 0, if N is sufficiently large, then f is §/2
/N o...oqﬁl/N O(bl/N

Hon- 1y Hy/x on Wy. Thus, for N large enough, we have

-close to ¢

I/N )/No...gé/NHSd

Since W5 does not depend on §, it follows that <;5H can be approximated arbitrarily well by a
composition of vertical and horizontal shears. This proves the theorem. Corollary 1.3 is proved
exactly in the same way, just the family (2.7) now also depends on the additional parameters p € &
and, instead of Lemma 2.8 we employ its prametric version Corollary 2.7.

3 Bounds on compositions

The following lemma was used several times in the proof above. It works actually on any analytic
manifold and the dynamics does not need to be Hamiltonian nor real. Let Vj be a complex manifold
and V] a neighborhood of a compact subset V5 of Vy: Vo € V; C V.

Lemma 3.1. (Discretization lemma) For any L > 0 and any positive sequence e — 0, there
1s Ny such that the following property holds true for every N > Ny.

(i) Let X := (Xi)iepo,1) be any time-dependent vector field, holomorphic on Vo and continuously
dependent on time, such that its flow (¢>")o<s<t<1 is defined on Vi and its derivative is
bounded by L:

Vi=¢% (V1) c Vo and sup |0, X <L Vtelo,1].
zeV}



(t7) Let any sequence of analytic maps g;, 0 < j < N — 1, be defined on Vlj/N and satisfying

(3.1) sup HqSNM(jHVN —ng <N , VO<j<N.
Vi N

Then the composition gny_1 0 ...0 go is well-defined on Vo and satisfies
(3.2) sgp”qﬁo’l —gn-10...090| <exp(L)-en.
2

Proof. We show, by induction in k, that for every k = 1,..., N the composition g;_1 0...0¢g is
well-defined on V5 and satisfies

14... kL/N
(3.3) sup ‘qbo’k/N—gk_lO---OgoH < ...+ exp(kL/N) “EN
Vo N
for all N > Ny. Obviously, this gives (3.2) at k = N.
Note that by Grénwall’s inequality
(3.4) sup [0:0%"|| < exp(L(t — s)), 0<s<t<Ll

zeVy

In particular, the maps ¢*¢ are uniformly continuous, hence there is 7 > 0 (depending only on L)
such that V{ contains the n-neighborhood of Vi := ¢%(V%) for every 0 <t < 1.
Now, assume (3.3) is true for some k < N (it is true at k£ = 1 by assumption). This implies

SEP ‘¢0’k/N —gk—10...0 gOH < exp(L)en,
2

hence for all sufficiently large N:

Sgp ‘¢O’k/N — Gk—1 O---OQOH <
2

/ N This is a subset of

Vlk/ N Where gr. is defined by assumption, so the composition g o ... o gy is well-defined on V5, as
required. Since

Therefore, the image gx_1 o ... 0 go(V2) lies in the n-neighborhood of Vzk

GOGAD/N  gh/N(ED/N  (0k/N
it follows from (3.4) and (3.3) that

1+...+exp(kL/N
‘¢0,(k+1)/1v _ NN o O---OgoH < exp(L/N) p(kL/N) en.

sup

Va N

By (3.1) at j = k, we have

sup

1
‘(QSWN’(Hl)/N — gk)Ogg—10...0 goH < —=-EN-
Va N

Summing up these two inequalities, we obtain inequality (Eq. (3.3)) at k + 1, i.e., we complete the
induction step. O

Let us emphasis that the bound on the above lemma depends only on L and Vo € V7 C V;. So it
implies immediately the following for family parametrized by a set E (not necessarily topological).



Corollary 3.2. For any L > 0 and any positive sequence ey — 0, there is Ny such that the
following property holds true for any N > Ny.

Let (X,)ucr be any families of time dependent vector fields X, and let (gj)uce, 0 < j <
N —1, be any families of maps such that X,, and (gj,)o<i<N—1 satisfy assumptions (i) and (ii) of
Lemma 5.1 for every p € E. Then each of the composition gn—1,,© ... go, 15 well defined on Vo
and satisfies the following estimate with the flow gb?jl of X,:

SEP H¢g’1 —YgN-1,u©--- OgoMH <exp(L)-en.
2

Now assume that Vo C V; C Vj are complex extension of a compact reNal analytic manifold V'
and that F is of the form F = $; x &5 where &; is a compact set and &5 a complex extension
of an analytic compact manifold &;. We obtain immediately

Corollary 3.3. For any L > 0 and any positive sequence e — 0, there is No such that the
following property holds true for any N > No. Let (X,)ue be any families of time dependent
C¥-vector fields on V' and let (g u)uezr, 0 < j < N —1, be any continuous families of C* maps of
V' which all extend to &1 x 972 and such that X,, and (gj,u)ogigN—l satisfy assumptions (i) and
(i1) of Lemma 3.1 for every p € P x Py. Then each of the composition GN—1,4© ... 0go, is well

defined on Vy and satisfies the following estimate with the flow gb?jl of Xu:

sgp Hqﬁg’l — gN—1u©-.- ogoqu <exp(L)-en.
2
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