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Summary

The main focus of this thesis is a branching particle system with selection, called the
N-particle branching random walk (N-BRW), which was first proposed by Brunet and
Derrida. The N-BRW is a discrete time stochastic process, which can be viewed as a toy
model of an evolving population affected by natural selection. In the N-BRW we have N
particles located on the real line at all times. At each time step, each of the N particles
has two offspring, which have a random displacement from the location of their parent
according to some fixed jump distribution. Then among the 2N offspring particles, only
the N rightmost particles survive to form the next generation.

The most interesting questions about the N-BRW concern the following properties.
First, the speed at which the particle cloud is moving to the right on the real line; second,
the shape of the particle cloud; and finally the genealogy or family tree structure of the
population.

The study of the N-BRW and related branching particle systems with selection has been
of great interest in recent years. Existing results and conjectures show that the long-term
behaviour of the N-BRW heavily depends on the jump distribution.

For the N-BRW with ‘light-tailed’ (roughly means exponentially decaying tails) jump
distribution, Brunet and Derrida made conjectures about the behaviours of the speed and
shape of the particle cloud, and about the genealogies of the population of particles. These
conjectures inspired several mathematical results in this area; for example, Bérard and
Gouéré proved the conjecture concerning the speed of the particle cloud.

For the N-BRW with ‘heavy-tailed’ (meaning polynomially decaying tails) jump dis-
tribution, Bérard and Maillard described the behaviour of the speed and made predictions
about the genealogies and spatial distribution of the population. These results and con-
jectures all showed substantially different behaviour from those in the case when the jump
distribution is ‘light-tailed’.

The first main result of this thesis proves the conjectures of Bérard and Maillard about
the ‘heavy-tailed’ case of the N-BRW. We prove that at a typical large time the genealogy
of the population is given by a star-shaped coalescent, and that almost the whole population
is near the leftmost particle on the relevant space scale.

Furthermore, motivated by the fact that in the ‘light-tailed’ and ‘heavy-tailed’ cases the
N-BRW shows very different behaviour, we studied an intermediate case, where the jump
distribution has stretched exponential tails. The second main result of this thesis describes
the behaviour of the speed of the particle cloud in the stretched exponential case, filling a
gap between the ‘light-tailed’ and ‘heavy-tailed’ regimes.

Our third result is on the genealogy of the N-BRW when the jump distribution has
stretched exponential tails. We give a summary on the proof of this result rather than a
full proof. We also mention some of the remaining open questions about the genealogies in

this case, which we intend to study in the future.
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Chapter 1

Introduction

Branching processes are classical models in probability theory. The study of this area dates
back to the 1840’s when Bienaymé investigated the extinction of noble family lines [7]. Since
then, an extensive literature has developed in this field, and applications range from popu-
lation modelling and population genetics, through epidemiology to nuclear chain reactions
(see several examples in [30]).

In classical branching processes, particles move around in space and branch into two or
more new particles, which continue moving independently of each other. In recent years, it
has been of great interest to include interaction between the particles to model phenomena
seen in real-world systems. In this thesis we focus on branching processes where the type
of interaction is modelling natural selection.

Questions investigated in the literature include the velocity and spatial distribution of
the cloud of particles, as well as the ancestral properties of a sample of particles. This
thesis contains new results concerning each of these problems.

In this introduction we describe the branching-selection particle system that we will
investigate, the NN-particle branching random walk; we also outline the main results and

cover background on branching processes with selection.

1.1 Branching processes

The basic setting of branching processes is called the Bienaymé (or more commonly Galton-
Watson) process. This is a discrete time stochastic process on Ng := NU{0}, which describes
the number of individuals in a population throughout a large number of generations. The
number of individuals in the (n + 1)th generation is given by the sum of the number of
children of every individual in the nth generation; each individual in the nth generation
has an independent and identically distributed (i.i.d.) number of children.

The important book of Athreya and Ney [1] explains several properties of Bienaymé
processes, starting from moments and survival probabilities to limit theorems in critical
and supercritical cases. The book also deals with other variants of branching processes,

such as continuous time and multitype branching processes.
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Furthermore, the book introduces branching processes with spatial components, for
example branching random walks, cascades and branching diffusions. In this thesis we will
focus on the spatial aspect, and the number of offspring of each individual will be fixed
to be 2. We now introduce the process that we will call branching random walk (BRW)
throughout thesis.

The BRW model

To introduce the process we let X be a non-negative real-valued random variable. We will
refer to the distribution of X as the jump distribution. Then we define the BRW as follows.

e Initially (at time 0) we have one particle at a position in R.

Then at each integer time step:
e Fach particle is replaced by two offspring.

e Each offspring particle performs a jump from its parents’ location, independently

from the other jumps, and with the same law as X.

Note that for each n, the nth generation consists of 2™ particles. One could give a
more general definition, where the number of offspring is random and follows a Bienaymé
process, and where the random variable X is not necessarily non-negative. However, in our
case the above definition will be more relevant.

In the area of branching random walks, questions about the limiting behaviour of the
rightmost position and of the rightmost trajectory have been studied in the literature. Zhan
Shi’s lecture notes [43] contain several results in this area and discuss the role of certain
important martingales related to branching random walks.

In Section 1.4.1 we will discuss some of the existing results by Kingman [31], Ham-
mersley [29], Biggins [8], Durrett [21], and Gantert 27| on the limiting behaviour of the
rightmost particle in cases of jump distributions with different tails. These results will be
interesting to compare with the behaviours we observe in the next model we introduce now,
the N-particle branching random walk (N-BRW).

The N-BRW is the main focus of this thesis. In this model we introduce the selection
rule, which keeps the population size constant, which is unlike the exponentially growing
population of the BRW model.

1.1.1 The N-BRW model

The N-BRW is a branching process with selection, with N particles located on the real line
at all times. Let us introduce the notation [N]:= {1,2,...,N}. Let Xj1(n) <--- < Xn(n)
denote the ordered positions of the N particles at time n € Ng. The positions X;(n) will be
referred to as leftmost and X' (n) as rightmost particles at time n. Similarly to the BRW,
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we let X be a non-negative real-valued random variable, whose probability distribution is

called the jump distribution.

In the process, the N particles start from some initial configuration &(0),..., Xn(0).
Then, at each time step a branching and a selection step is performed, which are defined
as follows:

Branching;:

e Each particle is replaced by two offspring.

e Each of the 2N offspring particles performs a jump from its parents’ location, inde-

pendently from the other jumps, and with the same law as X.
Selection:

e From the 2N offspring particles only the N rightmost particles survive to form the
next generation. (We say that the IV leftmost particles are ‘killed’.)

We give a formal definition of the N-BRW in Chapter 2.

The N-BRW model, together with other similar branching processes with selection,
was proposed by Brunet and Derrida in the physics literature [14, 15]. Based on their
further work with Mueller and Munier [11, 12] they conjecture that there is a class of
models which shows similar scaling properties in velocity, spatial distribution and genealogy,
independently of the details of the models.

Here, by genealogy we refer to the family tree structure of a uniform sample of particles
from the population. One of the reasons why Brunet and Derrida proposed this model is
that it is a toy model for an evolving population under natural selection. One can think of
the locations of the particles as representing the fitness levels of individuals in a population,
and the selection rule says that only the fittest half of the offspring individuals survive and
have descendants in future generations. Considering the toy model aspect of the N-BRW
it is particularly interesting to study the genealogies in this process.

The N-BRW with ‘light-tailed’ jump distribution is conjectured to be in the class of
models described by Brunet and Derrida, where by light-tailed we mean that the jump
distribution has some exponential moments. Bérard and Gouéré investigated the limiting
behaviour of the velocity of the particle cloud in the N-BRW, and proved one of the
conjectures of Brunet and Derrida rigorously in the light-tailed case [2].

Later on, Bérard and Maillard described the behaviour of the speed and the limiting
process of the N-BRW when the jump distribution has regularly varying tails (we call this
case ‘heavy-tailed’) [3|. Furthermore, they predicted the long-term behaviour of the spatial
distribution and the genealogy of the population in this regularly varying tails regime.

We give a detailed summary of the works [2| and [3] in Sections 1.4.2 and 1.4.3. The re-
sults of these two articles show that the N-BRW exhibits substantially different behaviours
under light-tailed and heavy-tailed conditions. Inspired by earlier works, in this thesis we

investigate the N-BRW with different jump distributions. We prove the conjectures that
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appeared in |3, and we study an intermediate case between light-tailed and heavy-tailed,

in which the jump distribution has stretched exponential tails.

1.2 Genealogy and spatial distribution for polynomial-tailed

jump distributions

In Chapter 2 we investigate the N-BRW with a jump distribution with regularly varying
tails. The precise statement of our result involves heavy notation which we are not going
to introduce in this section. Instead, we state the result informally, and for now, we also
assume a specific jump distribution instead of a general one with regularly varying tails.
We will introduce regularly varying functions in Chapter 2.

Assume that we have an N-BRW with jump distribution given by
P(X >z) =min(l,z™%) for all z >0, (1.2.1)
and for some « > 0.

1.2.1 Scaling

Before stating our main result, we mention a simple consequence of the selection rule, which
motivates the scaling in our result. As is illustrated in Figure 1-1, if a particle performs an
extremely large jump and ends up far ahead of every other particle, then its descendants
will have a large advantage compared to the other particles’ descendants, and they will have
a good chance of surviving in future generations. It is then possible that the number of
descendants of the particle which made the extremely large jump doubles at each time step
until [log, N'| time after the jump, when these descendants take over the whole population.

This simple idea is the reason for the choice of our time scale, which will be denoted by
Uy = [logy N . (1.2.2)

Then our relevant space scale will be
an = (2NIy)Ye, (1.2.3)

which is shown as the order of magnitude of the size of an extremely large jump in Figure 1-
1. With this choice of ay, for any positive constant ¢, the expected number of jumps which
are larger than cay during a time interval of length ¢y is of constant order, as N goes to
infinity. The reason for this is that at each time step there are 2N jumps in the N-BRW;
thus, by (1.2.1), in /x time we expect

2NINP (X > cany) =c @
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can = c(QNKN)l/a

Figure 1-1: Big jump effect and scaling of the N-BRW: The black and green dots represent
particles. Particles are ordered horizontally from left to right. Time increases from bottom
to top. Each particle is connected with a line with two other particles from the next
generation: these are its children, displayed at the horizontal locations where they jumped
to. Particles circled and crossed with red are killed in the selection step. This example
shows the particle configurations of the N-BRW between times T'—1 and T'+ 3 with N = 8.
The bottommost green particle performed a big jump of order ap. The descendants of the
green particle are also displayed in green. These descendants take over the population in
lx time steps.

jumps of size larger than cay. Jumps of order ay will be referred to as big jumps in the N-
BRW with polynomial tails. We note that Figure 1-1 illustrates the scaling and a possible
effect of a big jump, but it does not describe the typical behaviour of the process. Below

we give the informal statement of the theorem we prove in Chapter 2.

1.2.2 The main result (in words)

Consider the N-BRW with jump distribution given by (1.2.1). Recall that X}(n) denotes
the leftmost position at time n. When we say ‘with high probability’, we mean with

probability converging to 1 as N — oco. Our theorem says the following.

Foralln >0, M € Nandt € Ng witht > 40y, the N-BRW has the following properties
with high probability:

e Spatial distribution: At time t there are N — o(N) particles within distance nay
of the leftmost particle, i.e. in the interval [X1(t), X1(t) + nay].

10

IN
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e Genealogy: The genealogy of the population on an fn time scale is asymptotically

given by a star-shaped coalescent, and the time to coalescence is between £n and 20y .

That is, there exists a time T € [t —20n,t — L] such that with high probability, if we
choose M particles uniformly at random at time t, then every one of these particles
descends from the rightmost particle at time T'. Furthermore, with high probability no
two particles in the sample of size M have a common ancestor after time T + enfy,

where en s any sequence satisfying en — 0 and enly — 00, as N — oo.

The genealogy result is illustrated in Figure 1-2. We call the coalescent star-shaped,
because looking on an £y time scale all coalescences of the lineages of the particles appear

to happen at the same time.

B
|
N~
Mm
~
_T—|—€NfN ?
s
o(ln) —
— T

Figure 1-2: Coalescence of the ancestral lineages of M = 6 particles sampled at time ¢. To
each particle in the sample we associate a vertical line, representing its ancestral line. Two
lines coalesce into one when the particles they are associated with have a common ancestor
for the first time going backwards from time ¢. The three dots in each line indicate that
the picture is not proportional: the time between ¢ and T is of order £, whereas the time
between all coalescences and T is o({y).

1.2.3 Tribe heuristics

In our proof we built on the idea of ‘tribes’ which was described in the work of Bérard and
Maillard [3]. The message of the tribe heuristics is, that at a typical large time we should
think of the population as follows: On the ay space scale, N — o(N) particles are close to
the leftmost particle; we say that these particles belong to the big tribe. The rest of the
population is to the right of the big tribe in small tribes of size o(N). The number of small
tribes is of constant order, the distance between them is of order ay, and the distance
between particles within a tribe is o(ay). We think of particles in a tribe (big or small) as

descendants of a single particle that made a big jump (see Section 1.2.1).

11
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We will see that the positions of the tribes do not change too much in £y time, but the
number of particles changes in each tribe. In particular the original big tribe will eventually
die out and one of the small tribes will grow to become the new big tribe. In order to start
a new tribe, a particle needs to make a big jump of order ay. If a particle performs a
big jump and becomes the rightmost particle or ‘leader’, there is a good chance that its
descendants will take over the population (i.e. there will be N —o(N) of these descendants)

and become the new big tribe.

< nan
e @
T+ 0N+
),
B
t—fINn +
Tr

A

Figure 1-3: A particle that makes a big jump of order ay at time T is the common ancestor
of almost the whole population at time ¢. The vertical axis represents time, and the particles’
locations are depicted horizontally, increasing from left to right. The black dots represent particles.
Horizontal dotted lines in an ellipse show where the majority of the population (the big tribe) is.
The arrows represent jumps from the big tribe. At the top of the figure we indicate that the every
particle in the big tribe is within distance nay for some small > 0. The events labelled A and B
are described in the main text.

In Figure 1-3 we illustrate (with A) that a particle makes a big jump and becomes the
new leader at some time T" € [t — 20y, t —{y]. With B we show a particle that also starts a
new tribe, but since this big jump happens significantly after time ¢ — ¢y, the tribe created
with that jump will still be a small tribe at time ¢. In contrast, the tribe started at A has
enough time to grow to a big tribe of size N — o(N) by time ¢t. Once we have shown that
N —o(N) particles descend from a time-T particle with T € [t —2ly,t— (], we will be able
to see that with high probability a sample of M particles are all from the big tribe, and

so they indeed have a common ancestor at time ¢. We will give a more detailed heuristic

12
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picture in Chapter 2.

By a path we mean a sequence of jumps between a particle and one of its descendants. A
key ingredient of the proof of our result will be a large deviation result on jumps restricted
to being smaller than a multiplied by a small constant; the result says that paths without
big jumps move very little on the ay space scale. This will be the reason for tribes not
moving too much during a time interval of length roughly ¢y, in particular for the big tribe
staying close to the position of the original big jump it descends from.

The tribe heuristics will give us an idea of why the time to coalescence should be less
than 2/ in the genealogy, but to prove that the coalescent is in fact star shaped, we also
need to prove that there is no coalescence significantly after the common ancestor makes
its big jump at time T'. To do this, we will use concentration inequalities to prove that the
time-(T'+enfn) descendants of the common ancestor have fairly similar numbers of time-¢

descendants.

1.3 Stretched exponential case

1.3.1 Speed of the particle cloud

In Chapter 3 we describe the behaviour of the speed of the particle cloud in the case
when the jump distribution has stretched exponential tails. The motivation to investigate
this question comes from the fact that the behaviour of the speed is very different in a
light-tailed and in a heavy-tailed setting (see Sections 1.4.2 and 1.4.3). Therefore, we were
interested in filling the gap in between these two cases by looking at the intermediate jump
distribution with stretched exponential tails.

In order to state our theorem, we need a previous result of Bérard and Gouéré from
[2]. In that work the branching and selection steps of the process were the same as in the
N-BRW we defined earlier, but negative jumps were also allowed. It was shown that if
the jump distribution has some exponential moments, then for any fixed NV the particle
cloud has a finite deterministic asymptotic speed as time goes to infinity. In this thesis
we assume that jumps are non-negative, and in that case we can state this result for any
(non-negative) jump distribution with finite mean. We discuss the proof of this result in
Chapter 3.

Proposition 1.3.1. [2, Proposition 2] Consider an N-BRW with arbitrary initial configu-
ration and with o jump distribution given by the non-negative random variable X. Assume
that E[X] < co. Then for any fired N € N, there exists vy € R such that

lim () = lim An(n)

n—o00 n n—o00 n

= oy, (1.3.1)

almost surely and in L', where vy depends on the jump distribution.

Now we will state our result on the asymptotic behaviour of vy in the stretched expo-

13
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nential case of the N-BRW. We will assume the jump distribution
P(X>z)=e ™ foralz>0, (1.3.2)

for some fixed 5 € (0,1). In Chapter 3 we will consider a more general jump distribution,
where we replace 28 by a regularly varying function in the exponent. For any N € N, let
vy denote the asymptotic speed given by (1.3.1) for the jump distribution in (1.3.2). For
two positive sequences ay and by we say that ay ~ by as N — oo, if ay/by — 1 as
N — 0.

Theorem 1.3.2. Consider an N-BRW with arbitrary initial configuration and with a jump
distribution given by (1.3.2). Then

on ~ (log2)(log N)Y/P~1 as N — .

The intuition behind this behaviour is the following. First, Theorem 1.3.2 says that the
particle cloud moves a distance (log N)/#(1 + 0(1)) in logy N time. Now notice that with
the jump distribution in (1.3.2), we have

P (X > (1ogN)1/5) = 1/N.

Since the number of jumps at each time step is 2V, we will be able to prove that for any
e > 0, there will be a jump larger than (1 — £)(log N)'/# at time 0 with high probability.
Then we can also prove that the population catches up with the particle that made this
jump in log, N time (because the number of descendants of this particle will double at each
time step until the whole population is to the right of the position the particle jumped
to). With this argument we will be able to show that the particle cloud moves at least a

distance larger than (1 —¢)(log N)'/# in log, N time, and hence we have the lower bound
on > (1 —¢)(log2)(log N)/A1,

It is not hard to see that the largest jump in Alog N time is smaller than (1+¢)(log N)/#
for any constant (independent of N) A > 0 with the jump distribution in (1.3.2). We prove
this property in Chapter 3, and then we show the other key step, which says that smaller
jumps will not increase the speed of the cloud.

We see this by proving a large deviation result for random walks with stretched exponen-
tial tailed jump distribution, but with jumps restricted to being less than (14 &)(log N)/#.
For this large deviation result we use ideas from work of Gantert [27]. The large deviation
result will allow us to conclude that no particle can get further than (14-¢)(log 2) A(log N)'/#

in Alog N time. From there we will be able to conclude the upper bound

oy < (1+¢)(log N)P.
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1.3.2 Genealogy

Our motivation to study the genealogy of the N-BRW in the stretched exponential case
came again from the fact that the polynomial and light-tailed cases behave very differently.
In Section 1.2 we discussed our result which said that the time to coalescence in the N-
BRW with polynomial tails is of order log IV, and that the coalescent is star-shaped. In the
light-tailed case the conjecture is that the genealogy is given by the Bolthausen-Sznitman
coalescent and the time to coalescence is of order (log N)? (see Section 1.4.4). We are now
interested in what happens in between these two cases.

In Chapter 4 we investigate the genealogy with the jump distribution given by (1.3.2),
for 8 € (0,1/2). Recall the notation ¢ = [logy N]. Our result says that for any large time
t, with at least probability of order (log N)~/2, there exists a time k € [t — 20n,t — {n],
such that a positive proportion of the time-t population descends from a time-k particle.
Chapter 4 provides a summary of the proof, in several cases omitting the details. The
chapter also aims to give an explanation of why the result cannot be improved with our
current method.

Now we state the main result of Chapter 4. For k € Ny, n > k and i € [N], let N; x(n)
denote the set of time-n particles descended from the ith particle from the left at time k

(we introduce this notation formally in Chapter 2).

Theorem 1.3.3. Consider the N-BRW with a jump distribution given by (1.3.2) with
B € (0,1/2). There exist C > 0 and ¢ > 0 such that for N sufficiently large, for all
t> 20y,

P(3k € [t—20n,t—Cx], i € [N]: Nu(8)] = eN) > (log(]if)m

An initial guess for the behaviour in the stretched exponential case can be, that for
small values of 8 it is more similar to the behaviour in the heavy-tailed case, and for 3
closer to 1, it is more similar to the light-tailed case. In the future we aim to study the case
when 5 € [1/2,1) and see whether there is a change of behaviour as we change the value
of S.

For g € (0,1/2), the behaviour of the genealogies is a more difficult question than in
the polynomial tail case. One of the main reasons for this is the difference in the space
scaling. Recall that Xn(k) and Xn_1(k) denote the positions of the rightmost and second
rightmost particles at time k. In the polynomial case, for example in Figure 1-3, we have
a particle that takes the lead at some time 7', and position Xn(7"). We will prove in the
polynomial case that with high probability this particle will lead by a large distance, and
AN(T) — Xn_1(T) will be of order ay (see (1.2.3)). This means that Xn(T") — Xn_1(T)
will be of the same order as the size of the big jumps and the typical size of the diameter of
the particle cloud. Moreover, the number of jumps of this order in of order log N time can
be upper bounded by a constant with high probability. This means that not many particles
will overtake the descendants of the particle that has taken the lead.

15
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In contrast, in the stretched exponential case the size of the largest jump in of or-
der log N time is of size (1 4 o(1))(log N)'/?, but the expected number of jumps of size
c(log N)V/8 is 2N1=¢" even in a single time step, which is much larger than any constant
for ¢ € (0,1) and N sufficiently large. As a result, we will need a more precise analysis in
the stretched exponential case than in the polynomial one.

In our proof we will investigate a time interval of length 2¢y, so for simplicity, let us
fix t = 2¢y. We will also fix a position y depending on the (arbitrary) initial configuration
in such a way, that the expected number of time-2¢ particles to the right of position y is
less than ¢V for some small constant ¢ > 0.

By our speed result Theorem 1.3.2, we expect that the leftmost position of the cloud
moves a distance roughly 2(log N)Y/B in 20 time. We think of the typical diameter of the
particle cloud as roughly (log N )1/ . so we imagine that particles need to move a distance
between (log N)'/# and roughly 2(log N)'/# to survive at time 2¢y. Now note that the
largest jump in 20y time steps is of size about (log N)%/#. Using this, we can prove that
to reach position y at time 2y, most particles need to make two ‘fairly big jumps’ (we
will give a definition of these in Chapter 4), and at least one of the fairly big jumps should
be of order (log N)'/#. We then have to group the paths leading to the right of y by time
20, by their starting positions, and by the times and sizes of the fairly big jumps on the
path. Using this detailed analysis we give a lower bound on the probability that a single
particle, which makes a large first fairly big jump at a ‘good time’ and from a ‘good starting
position’, will have ¢/ N time-2¢y descendants for some constant ¢’ > 0. In Chapter 4 we
explain why we initially hoped that the above lower bound on the probability would be
a positive constant (independent of N), and why we eventually ended up with a factor of
(log N)~1/2.

1.4 Related literature

The works of Bérard and Maillard [3] and Bérard and Gouéré [2]| gave the main inspiration
for this thesis. In Sections 1.4.2 and 1.4.3 we summarise the ideas of these two essential

articles, but before that we give some background on branching random walks below.

1.4.1 Propagation of branching random walks

Consider a BRW as defined in Section 1.1. Let us denote the rightmost particle position
in the BRW at time n by M(n) and recall the notation Xn(n) in the N-BRW. Observe
that M(n) should typically be larger than X (n) for any fixed N and large n. Indeed, take
for example a particle that is killed in the very first selection step in the N-BRW. If we
kept that particle, then its descendants could potentially go beyond the descendants of the
first V surviving particles later on, and they could lead to a larger value of the rightmost
position.

This idea becomes more apparent when one considers a coupling between the N-BRW
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and N independent BRWs. We will construct this coupling rigorously in Chapter 2, in a
similar way to how it was described in [2]. For now we give an illustration of the coupling in
Figure 1-4 and an informal definition below. Recall that X denotes the jump distribution.

We construct a particle system consisting of blue and red particles.
e Initially we have N blue particles with locations in R.

Then at each time step:
e Each particle is replaced by two offspring.

e Each offspring particle performs a jump from its parents’ location, independently

from the other jumps, and with the same law as X.
e The N rightmost children of the blue particles are coloured blue.

e The other new offspring particles are coloured red.

Figure 1-4: Coupling between the N-BRW and N independent BRWs with N = 2. The
blue particles form an N-BRW.

Now the blue and red particles together form N independent BRWs (each BRW starting
from an initial blue particle), and the blue particles form an N-BRW. Furthermore, most
importantly, the construction shows that a path of jumps from a particle to a descendant
in the N-BRW is a path in one of the BRWs. We will utilise this idea several times in our
arguments, and it also shows that the rightmost position in N independent BRWs dominates
the rightmost position of the N-BRW. (When we investigate M(n), we only have a single
BRW, but when N is fixed and n is large, this does not really make a difference.)

We now mention results on the behaviour of the rightmost position M(n) of the BRW.
First, when the jump distribution is light-tailed, i.e. has some exponential moments, then
the results of Hammersley [29], Kingman [31], and Biggins [8] prove that lim,_,.c M(n)/n
exists and determine the limit, which is given by the logarithmic moment-generating func-
tion. We will discuss this case further in Section 1.4.3.

If the jump distribution has polynomial (or regularly varying) tails, then Durrett [21]
proved that M(n) grows exponentially fast in n: there exists an exponentially growing

sequence s, such that M(n)/s, converges in law to a non-degenerate random variable.
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Assuming that the jump distribution is given by P (X > z) = min(1,27%) for some
a > 0, one can give an easy lower bound on M(n) to see that the propagation should

indeed be exponentially fast. For a sequence s, and for large values of n we have
P (M(n + 1) < s,) <P (all jumps at time n are at most of size s,,) = (1 — s,%)?".

For the right-hand side to be a constant (independent of n) in (0,1), we need s, to grow
as 2/ which suggests an exponentially growing lower bound on M(n).

In the case when the jump distribution has stretched exponential tails, by results of
Gantert [27], we see a superlinear, but polynomial propagation. Assuming that the jump
distribution is given by P (X > z) = e~*" for some 8 € (0,1), Gantert’s result says that,
almost surely, lim,, oo M(n)/n'/? = (log2)'/#.

Similarly to the polynomial case, we can give a simple lower bound on M(n) to have

an intuition for this result. For a sequence r, and for large values of n we have

n

P(M(n+1) <) < (1— e ™)2",

which will be a constant in (0,1) if r,, is roughly (nlog2)'/?.

Since the above result was proved in [27], Dyszewski, Gantert and Hofelsauer have also
described the second order behaviour of the rightmost particle [25] and proved a large
deviation principle for M(n)/n'/? [24].

Recall the result giving existence of an asymptotic speed for the N-BRW in Proposi-
tion 1.3.1. This statement implies that in the N-BRW, the propagation of the cloud of
particles is linear in time for the stretched exponential case (where P (X > x) = e~ for
some 3 € (0,1)) and also for the polynomial case (where P (X > x) = min(1,27%)) for
a > 1. Furthermore, in [3] Bérard and Maillard also proved that when a € (0,1), the
propagation is superlinear but at most polynomial in time. We therefore see that with
these jump distributions the propagation of the N-BRW is much slower than that of the
BRW.

In the case of a light-tailed jump distribution we do not see such a huge difference. The
speed of the rightmost particle in the BRW converges to a finite limit in this case. By
Proposition 1.3.1, if the jump distribution has positive mean, for any fixed N, the N-BRW
also has a positive asymptotic speed as time goes to infinity. In fact, the asymptotic speed
vy of the particle cloud in the N-BRW converges (slowly) to the speed of the rightmost
particle in the BRW as N goes to infinity (See Section 1.4.3 for more details).
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1.4.2 The limiting process of N-particle branching random walk with
polynomial tails 3]

Consider the N-BRW with the initial condition that all particles start from the origin
(i.e. X;(0) =0 for all ¢ € [N]) and with jump distribution given by

P(X > z) =min(l,z~%) for all z >0, (1.4.1)

for some a > 1. We use this jump distribution to discuss the main ideas of the work of
Bérard and Maillard [3], but we remark that the results of the paper are more general: it
describes the limiting process and the behaviour of the speed of the N-BRW when the tail
of the jump distribution is regularly varying with index a for any a > 0. We will make the
same more general assumptions on the jump distribution in Chapter 2.

The tribe heuristics (see also Section 1.2.3) suggest that typically we will see the follow-
ing phenomenon. There will be a big jump which takes the lead, and ¢ time later its tribe
(consisting of its descendants) becomes the new big tribe, which is close to the leftmost
particle position. So we expect the leftmost position to follow the same trajectory as the
rightmost, with a lag of £5 generations. The rightmost position only changes significantly
when big jumps happen, and then stays the same for a while, until another big jump takes
the lead. Therefore, we expect the rightmost trajectory to look like a step function (and

therefore the leftmost as well).

Stairs process

The first main result in [3] describes the limiting trajectories of the rightmost and leftmost
particles by the so-called stairs process, (R(t))i>0. The second main result is about the
limiting behaviour of the speed of the particle cloud, which follows from the behaviour of
the stairs process.

In order to introduce R(t), we first explain what we mean by a space-time Poisson
point process on {(¢t,z) : ¢,z > 0}. Let u be a o-finite non-zero measure on R such that
w([a, +00)) < oo for all @ > 0. We will call p the stairs measure. Let v denote the product
measure dt @y on Ry x Ry ; that is, v is the unique measure such that v([0,¢] x B) = tu(B)
for all ¢ > 0 and Borel sets B C R;..

Let IT C Ry xRy be a random set of points and let M (A) := |ANII| denote the number
of points from II falling into A for any Borel set A C Ry x Ry. Then M is a space-time
Poisson point process with intensity measure v, if for any collection of disjoint Borel sets
(Ag, k> 1) in Ry x Ry with v(Ax) < oo for all k,

(1) the random variables M (Ay), k > 1 are independent, and
(2) M(Ag) has Poisson distribution with parameter v(Ay) for all k > 1.

Let us define the process (&)¢>0 by letting & = z if (z,t) € II and & = 0 otherwise.

Now we are ready to define the stairs process (R(t))¢cr with stairs measure . The process
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is constructed inductively. First, for ¢ <0, we let R(t) = 0. Now take n € Ny, and suppose
that R(t) is defined for all ¢ < n. Then for t € (n,n + 1] we define R(¢) by

R(t) = max (R(t —1—35) 4+ &—s).
s€[0,1]

Looking at Figure 1-5, this definition is equivalent to the following. Suppose R(t) is
defined for all ¢ < n. Note that the graph of R(t — 1) (the dashed line in Figure 1-5) is the
graph of R(t) shifted by 1 to the right, and the values of (R(t — 1)):e(n,nt1) are known if
R(t) is already defined for all ¢ < n.

Consider the points of IT whose time coordinates fall into the interval (n,n + 1]. The
x coordinate of each of these points is & for some ¢ € (n,n + 1]. Now shift these points
vertically by an amount given by the dashed line in Figure 1-5; that is, a point with time
coordinate ¢ will be shifted along the (vertical) x axis by R(t—1). This is how we construct
the points in Figure 1-5. Then the function (R(t))ic(nn+1) is given by the record process
of the shifted points.

— R(t)
-—-R(t—-1)

X record points
% other points

— X
X X st : :

X X : !
0.&2&&;@2@1{ ; : ;

Figure 1-5:  Graphical representation of the stairs process. This figure is Figure 1 from [3].
We have a record point at (z,t) if (x,t) is a point in II shifted by the dashed line (that is,
ifR(t)=2=R(t—1)+&) and if (x,t) is a record; that is, R(t) = =z > R(s) for all s < t.
The other points are points of II shifted by the dashed line which are not record points.

Results

Let R® denote a stairs process with stairs measure p = pq, where pq([z,00)) = z7°.

Recall the definition of ay from (1.2.3). In the first main result of [3]|, Bérard and Maillard
consider the N-BRW with the scaling where time is sped up by a factor of log, N, and
space is shrunk by a factor of ay. Theorem 1.4.1 below says that the scaling limit of the
rightmost particle’s trajectory is the process R (solid line in Figure 1-5) and that of the
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leftmost particle’s trajectory is given by the R® shifted by 1 to the right (dashed line in
Figure 1-5). The result is stated as a convergence in law in the J; and SM; topologies,

whose definitions can be found in Chapters 3 and 12 in [45].

Theorem 1.4.1. [3, Theorem 1.1] Consider the N-BRW with jump distribution given
by (1.4.1) and with initial configuration X;(0) =0 for all i € [N]. Then, as N — oo,

(a]_leN(Lt logy N |))i>0 = (R*(%))t>0, in the Jy-topology,
(anXn([tlogy N ), an X1 ([tlogy N|))iso == (RY(t), R*(t — 1))i>0  in the SM;-topology.

The second main result of [3] describes the limiting behaviour of the speed of the
rightmost and leftmost particles, when we let first time and then the number of particles

N go to infinity. This is considered to be the main result of the paper.

Theorem 1.4.2. [3, Theorem 1.2] Consider the N-BRW with jump distribution given
by (1.4.1) and with initial configuration X;(0) =0 for all i € [N]. Then the limit

X X
vy = lim 7N(n) = lim 71(71)
n—00 n n—00 n
exists almost surely and in L', and it satisfies
anN
UN ~ Pa—,
N ~ Pa log, N

where the limit po = limg oo RY(t)/t exists almost surely and in L.

For the proofs of both theorems the most important idea is to couple the N-BRW
with the stairs process, and investigate the limiting behaviour of the stairs process. Then
the theorem follows by putting together the coupling results and the results on the stairs
process. Below we summarise the heuristic ideas from [3] which describe how one should
think of the stairs process in terms of the N-BRW.

Tribes and the stairs process

The heuristic argument in [3] says (and in Chapter 2 we prove) that at a typical time, on
the an space scale, N — o(IN) particles are very close to the leftmost particle forming a
big tribe, and the other particles are in small tribes of size o(IN) further to the right of the
big tribe. Recall that new tribes are created when a particle makes a big jump of size at
least of order ay. The heuristics also suggest that the points of the Poisson point process
IT correspond to the big jumps of the N-BRW after rescaling. More precisely, the record
points (see Figure 1-5) correspond to particles which perform a big jump of order ay, and
whose descendants eventually take over the population. The other points correspond to big
jumps whose descendants die out before their tribe reaches size of order N. The dashed

line shows the leftmost trajectory and also the trajectory of the big tribe. We expect big
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jumps to come from the big tribe (since there are very few particles outside of the big
tribe), therefore the big jumps (i.e. points of the Poisson point process II) are shifted by
the location of the big tribe (i.e. the dashed line). The solid line shows the rightmost
trajectory.

Note that we should indeed expect that on the ay space scale the location of the big
tribe at some time ¢ is where the rightmost or ‘leader’ particle was at time ¢ — £}, since the
time-t leader has enough time to build a tribe of size roughly N by time ¢ — £, whereas
particles that break the record between times t — £y and ¢ do not. We have illustrated this
idea in Figure 1-3.

We also remark that Theorem 1.4.1 justifies the heuristics for the trajectories of the
leftmost and rightmost particles, but the other parts of the heuristic picture are not proven
in [3]. In Chapter 2 we prove that the descendants of a particle that takes the lead with a
big jump can indeed take over the population log, N time later, and that the location of the
big tribe at some time ¢ is indeed close to the leftmost particle at time ¢, and also close to
the rightmost particle at time ¢t — £y. We did not prove however, that the tribes of the big
jumps whose descendants take over the population correspond to the record points of the
Poisson point process introduced in [3]. One of the reasons is that, to prove our genealogy
result, we needed to precisely work out the details of the N-BRW in a time interval of

length 20, as opposed to comparing the whole process to the Poisson point process.

1.4.3 Brunet-Derrida behavior of branching-selection particle systems
on the line [2]

Bérard and Gouéré’s paper describes the limiting behaviour of the speed of the particle
cloud when the jump distribution is light-tailed in the N-BRW. In this section we will
specify what we mean by a light-tailed jump distribution. The main result of |2] says that
vn, the asymptotic speed given by (1.3.1), converges to a finite limit as N goes to infinity
with a very slow rate of (log N)~2. The title of the paper refers to this slow convergence
rate, which was predicted by Brunet and Derrida, and which has appeared in other models
as well, suggesting that this is a universal behaviour. We will expand on this topic in
Section 1.4.4.

Consider an N-BRW as described in Section 1.1.1 but with the modification that neg-
ative jumps are allowed, i.e. the jump distribution X is not necessarily non-negative. We
now describe the assumptions on the jump distribution in [2]|. Let p denote the probability

measure that describes the jump distribution:
P(X >a)=p((a,00)) foraecR.

Furthermore, let A(t) denote the logarithmic moment-generating function of p,

A(t) := log/Rexp(tx)dp(x).
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We make the following assumptions on p:
(A) The number o := sup{t > 0; A(—t) < 400} is positive.
(B) The number ¢ :=sup{t > 0; A(t) < +oo} is positive.
(C) There exists t* € (0,¢) such that t*A’'(t*) — A(¢*) = log 2.

It can be checked that under these assumptions, both

x(p) := 7;2t*A"(t*) and v(p) := N (t*) (1.4.2)
are well-defined and satisfy 0 < x(p) < oo and v(p) € R. Cases when the above assumptions
are satisfied include for example when p is the uniform distribution on [0,1], when p is
the standard Gaussian distribution, and when p is Bernoulli with ¢ € (0,1/2) and p =
qd1 + (1 — q)dp. Interestingly, for ¢ > 1/2, assumption (C) does not hold in the Bernoulli
case, and it is shown in [2] that the behaviour indeed changes for ¢ > 1/2: we see faster
convergence for vy than the Brunet-Derrida behaviour.

The first result in [2] says that a finite deterministic asymptotic speed vy (p) asin (1.3.1)
exists, if the assumptions (A)-(B)-(C) hold (and the jump distribution is not necessarily
non-negative). The main result states the limit and convergence rate of vy (p) to the limit
v(p) as defined in (1.4.2).

Theorem 1.4.3. [2, Theorem 1] Assume that (A)-(B)-(C) hold. Then,

v(p) —on(p) ~ x(p)(log N) > as N — oo.

The limiting speed v(p) coincides with the asymptotic speed of the rightmost particle of
a BRW without selection as time goes to infinity. The intuition for the speed of the BRW
without selection comes from Cramér’s large deviation theorem (see e.g. Theorem 2.2.3
in [18]). Let us use the informal notation ~ to indicate that the two sides are close to
each other in some sense. Let X; be i.i.d. random variables distributed as X, and let
Sy = Y=, X;. Then the message of Crameér’s theorem is that for fixed z > E[X], for
large n,

P (S, > zn) =~ exp(—nA*(x)),

where A*(z) = sup,ep (tr — A(t)).

If we choose x in such a way that the expected number of paths arriving to the right
of position nx is about 1 at time n in the BRW, then x should be roughly the speed of
the rightmost particle in the BRW, and so we gain an intuition for the definition of v(p)
in (1.4.2). Consider z such that

2"P (S, > nx) = 1. (1.4.3)
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Let t** := arg maxer (tx —A(t)). Then t** satisfies A'(**) = 2. Hence (1.4.3) and Cramér’s

theorem imply

That is, t** satisfies log2 = t**A’(t**) — A(¢t**), which is the equation in (C), and thus
t** = t*. Therefore, the speed should be indeed x = A’'(t**) = A/(t*), where ¢* satisfies (C),
i.e. the speed should be given by (1.4.2).

Ideas of the proof of Theorem 1.4.3

The coupling between the N-BRW and N independent BRWs is one of the most important
tools for proving that the speed of the rightmost particle in the N-BRW converges to the
same speed as the rightmost particle of a BRW. Furthermore, the proof focuses on paths
which move with a consistent speed rather than on single big jumps like in the previous
heavier tailed cases. The main concept in the proof of the (log N)~2 convergence rate is as
follows.

Assume we have a path which consists of i.i.d. jumps of size X1,...,X,,. We say that
the path is consistently above the line of slope v > 0 until time n € N if we have Si > kv
for all k € [n]. Let us call such a path an (n,v)-good path.

An essential result that is used in the proof of [2] is an estimate for the probability
p(n,e) of the existence of an (n,v(p) — €)-good path in a BRW between times 0 and n,
where v(p) is the speed defined in (1.4.2). The result in [28] says that for all large n,

pn,e) e VXWIE — o=V XFnt/? (1.4.4)

if £ := On~2/3 for some well-chosen @ > 0, and where x(p) is defined in (1.4.2). We remark
here that this is not exactly the message of the main result of [28]; this statement follows
from their proof, and was cited as a key theorem in [2| (where the theorem was stated
rigorously).

Let AY denote the event that there exists an (n,v(p) — €)-good path between times 0
and n in at least one of N independent BRWs. Then

P(A)) =1-(1-p(n.e)",

and using (1.4.4), this is of constant order in N if n = ny ~ (ﬁ)g/2 (log N)? and so
e =en ~ x(p)(log N)~2.

The idea to connect these heuristics to the speed of the N-BRW is the following. If we
take £y significantly larger than ey above, then we expect that the number of (ny,v(p) —
£n)-good paths in N independent BRWs will be large if N is large. Now using this fact and
the coupling from Section 1.4.1, it is shown in [2] that the trajectory of the leftmost position
(X1(n))n>0 in the N-BRW will never stay consistently below the line of slope v(p) — én,
which will imply that the average speed is larger than v(p) —£y. (The proofs of these steps

24



1.4. Related literature

are far from straightforward.)

On the other hand, if we take £y significantly smaller than ey above, then we expect
that the number of (ny, énx)-good paths in N independent BRWs will be small if NV is large.
Then making use of the coupling again, it can be shown that a speed of v(p) — én is not
sustainable in the N-BRW.

1.4.4 Further related models

We end this section by discussing some other models, results and conjectures that are
closely related to the N-BRW. Several results in the area of branching processes are stated
in continuous time, for the branching Brownian motion (BBM) rather than for branching
random walks. The (one-dimensional) BBM is defined as follows (using the definition e.g.
from [43]):

e At time ¢ = 0 there is a single particle at the origin, which starts to move as a

standard one-dimensional Brownian motion.

The lifetime of the particle is random, and has exponential distribution with mean 1.

When the particle dies, it produces two new particles (i.e. splits into two).

The new particles move as independent Brownian motions, each having an exponen-

tially distributed lifetime with mean 1.
e The same splitting rule applies for the new particles as for the original particle.

e The system goes on indefinitely.

The continuous time analogue of the N-BRW is called the N-particle branching Brow-
nian motion (N-BBM) proposed by Maillard [34]. The N-BBM is defined as a BBM, in
which each time the number of particles exceeds N, only the N rightmost particles survive
and the others are killed instantaneously.

In the following we review some of the conjectures and results on discrete and con-
tinuous time branching processes with selection. Brunet and Derrida [14, 15] introduced
a discrete time particle system with selection which is similar to the N-BRW but uses a
slightly different selection mechanism. We will discuss some of the authors’ solved and open
conjectures related to this and similar models. We also note that the behaviours described
below are conjectured to be universal and should not depend on the details of the specific

model.

Connection with the FKPP equation

The FKPP (Fisher, Kolmogorov, Petrovsky and Piscounov) equation was first introduced

to model the spread of favourable genes in a population [26, 33], and is given by

ou  9%*u
9 a2 +u(l —u),
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where u = u(z,t), x € R and t > 0. This reaction-diffusion equation, which admits
travelling wave solutions, is closely related to branching particle systems. The connection
originates from the duality relation by Skorohod [44] and McKean [36] between the solution
of the FKPP equation and the position of the rightmost particle of a BBM. Several results
on the FKPP equation and the BBM can be found in [13].

One of the conjectures of Brunet and Derrida is that the large-scale behaviour of the
branching-selection system in [15] is given by an analogue of the FKPP equation. In
particular, the authors argue that the fraction of particles to the right of a position x at
time t should behave like the solution of an FKPP type equation.

Since then, several rigorous results have been proved on the relation of particle systems
with selection and free boundary problems with travelling wave solutions, such as [23] and
[17, 5]. The result in [17] is about the N-BBM: it says that the empirical measure of the
N-BBM converges to the solution of a free boundary problem of FKPP type; then the
global existence of solutions to this free boundary problem is shown in [5]. The work [23]
is similarly about the convergence of the empirical measure, in this case for a branching

random walk with selection (slightly different from the N-BRW that we are investigating).

Minimal velocity solution

Brunet and Derrida also had conjectures on the speed of the particle cloud in the branching-
selection system they examined in [14, 15|. They argue that the speed of the rightmost
particle should converge to an asymptotic speed vy as time increases, and then vy should
converge to a limit as N goes to infinity. This limit is given by the solution of an analogue
of the FKPP equation with minimal velocity, and the rate of convergence is very slow,
(log N)~2. These conjectures have been proved in [2] as we have discussed in Section 1.4.3.
A similar result has been proved by Pain on the continuous time model called the L-BBM,
in which particles are killed when they are at distance L from the rightmost particle [39].

The original heuristic reasoning for the convergence rate of (log N)~2 in [14, 15] involved

considering the FKPP equation with cut-off:

— = =5 +tu(l —u)lys1ny

The cut-off accounts for the fact that the number of particles is finite, and so a proportion
of particles cannot be in (0,1/N) if the number of particles is N. The authors give a
heuristic argument which shows that the travelling wave solutions of the FKPP equation
with cut-off are shifted from those of the FKPP equation by (log N)~2. A few years later,
this statement was proved rigorously [20]. Furthermore, there have been rigorous results
showing the (log N)~2 convergence rate for the FKPP equation with random noise as
well [38].
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Coalescent processes

The third type of conjecture made by Brunet and Derrida is about the genealogies of the
branching-selection system. The genealogies of a population can be described by coalescent
processes; stochastic processes whose state space is the set of partitions of N or [M] for
some M € N. The blocks of the partitions represent groups of particles with a common
ancestor. In a coalescent process, at a given time, a set of blocks merge into one block if
the particles in all the blocks have the same ancestor at that time.

For example, in Figure 1-2, if we label the ancestral lines by 1,2,...,6, then the state
of the coalescent process at time ¢ is {{1}, {2}, {3}, {4}, {5},{6}}, after the first merging
event it is {{1},{2, 3}, {4}, {5},{6}}, and by time T" it is {{1,2,3,4,5,6}}.

A classical example of a coalescent process is Kingman’s coalescent [32], which is a
continuous time Markov chain on the set of partitions, in which the only allowed transitions
are that two of the present blocks merge into one, and this occurs independently at rate
one for each pair of blocks. Kingman’s coalescent describes the genealogies of classical
models such as the Moran [37] and Wright-Fisher models (see e.g. [6]); and in general, for
models in which the population size is constant, particles typically have few offspring, and
no selection is involved, Kingman’s coalescent is expected to be a universal scaling limit
(see e.g. [6]).

A more general setting is necessary, if selection is included in the model. Kingman’s
coalescent only allows two blocks to merge at a time. However, we have seen in our
genealogy result in Section 1.2.2, that on a log N scale all coalescences of the lineages
occurred very close to each other in time, thus in the limit as N — oo we saw multiple
ancestral lines merging at the same time.

The more general setting is the so-called A-coalescent [41], which allows multiple merg-
ers. The canonical example of a A-coalescent is the Bolthausen-Sznitman coalescent [10],
which is conjectured to appear as a universal scaling limit of population models with se-
lection. For the genealogy of the N-BRW with light-tailed jump distribution (and for
other similar branching-selection systems), the papers of Brunet, Derrida, Mueller and Mu-
nier [11, 12] arrived at the following conjecture (see also [34] by Maillard). If we pick two
particles at random in a generation, then the number of generations we need to go back to
find a common ancestor of the two particles is of order (log N)3. Furthermore, if we take
a uniform sample of k particles in a generation and trace back their ancestral lines, the
coalescence of their lineages is described by the Bolthausen-Sznitman coalescent, if time is
scaled by (log N)3. For the N-BRW and its continuous time analogue, the N-BBM, this
conjecture is still open.

There are, however, rigorous results in the literature on convergence to the Bolthausen-
Sznitman coalescent for models with different branching or selection rules. The papers [11,
12] show this property for an exactly solvable model in which particles reproduce according
to a Poisson point process, and in the selection step the N rightmost offspring of all indi-

viduals are kept. Cortines and Mallein proved a generalisation of this result with random
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selection [16].

J. Berestycki, N. Berestycki and Schweinsberg proved an important result on conver-
gence to the Bolthausen-Sznitman coalescent for the model called BBM with absorption [4],
where particles are killed when hitting a deterministic moving boundary, which is defined
in such a way that the process has approximately N particles at large times.

Furthermore, Schweinsberg [42]| also proved convergence to the Bolthausen-Sznitman
coalescent for a model with fixed sized population, in which individuals gain beneficial
mutations at a certain rate, which increases their fitness, and individuals with larger fitness

are more likely to reproduce.

1.5 Outline

Chapter 2 is the article [40] about the result discussed in Section 1.2, which is joint work
with Sarah Penington and Matthew Roberts. Chapters 3 and 4 are based on joint work
with Sarah Penington; in Chapter 3 we prove the result from Section 1.3.1, in Chapter 4
we give a summary of the proof of the result stated in Section 1.3.2, and discuss some

questions for the future.
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Chapter 2

(Genealogy and spatial distribution of
the N-particle branching random

walk with polynomial tails

Inspired by work of J. Bérard and P. Maillard, we examine the long term behaviour of the
N-BRW in the case where the jump distribution has regularly varying tails and the number
of particles is large. We prove that at a typical large time the genealogy of the population
is given by a star-shaped coalescent, and that almost the whole population is near the
leftmost particle on the relevant space scale. This is joint work with Sarah Penington and
Matthew Roberts and appears in [40].

2.1 Introduction

2.1.1 The N-BRW model

We investigate a particle system called N-particle branching random walk (N-BRW). In
this discrete time stochastic process, at each time step, we have N particles located on
the real line. We say that the particles at the nth time step or at time n belong to the
nth generation. The locations of the particles change at every time step according to the
following rules. FEvery particle has two offspring. The offspring particles have random
independent displacements from their parents’ locations, according to some prescribed dis-
placement distribution supported on the non-negative real numbers. Then from the 2NV
offspring particles, only the N particles with the rightmost positions survive to form the
next generation. That is, at each time step we have a branching step in which the 2N off-
spring particles move, and we have a selection step, in which N out of the 2N offspring are
killed. Ties are decided arbitrarily. We describe the process more formally in Section 2.2.1.

We will use the notation [N] := {1,..., N} and Ny := NU{0} throughout. A pair (i,n)
with i € [N] and n € Ny will represent the ith particle from the left in generation n. We

also refer to the rightmost particle (IV,n) as the leader at time n. Furthermore, we will

29



2.1. Introduction

denote the locations of the N particles in the nth generation by the ordered set of N real
numbers

X(n) = {X(n) < --- < An(n)}, (2.1.1)

where X;(n) is the location of particle (i,n). We sometimes call X(n) the particle cloud.

The long term behaviour of the N-BRW heavily depends on the tail of the displacement
distribution. Motivated by the work of Bérard and Maillard [3], we investigate the N-BRW
in the case where the displacement distribution is regularly varying, and N is large.

We say that a function f is regularly varying with index a € R if for all y > 0,

flxy) o
— Yy~ as T — 00. 2.1.2
F(x) 242
Let X be a random variable and let the function h be defined by
P(X > z) . forz >0 (2.1.3)
T) = rx . 1.
h(x) -

We assume throughout that P(X > 0) = 1, that A is regularly varying with index o > 0,
and that the displacement distribution of the N-BRW is given by (2.1.3). These are the
same assumptions under which the results of [3] were proved. The reader may wish to think
of the particular regularly varying function given by h(z) = z® for x > 1 and h(x) = 1 for
x €1]0,1). We do not expect significant change in the behaviour of the N-BRW if jumps of
negative size are allowed, but we do not prove this; we use the assumption that the jumps

are non-negative several times in our argument.

2.1.2 Time and space scales

Before explaining our main result, we describe the time and space scales we will be working
with. We define
ln = [logy N, (2.1.4)

for N > 2: this is the time scale we will be using throughout. To avoid trivial cases we
always assume that N > 2. The time scale £ is the time it takes for the descendants of
one particle to take over the whole population, if none are killed in selection steps.

For the space scale we choose
an = h~Y(2Nly), (2.1.5)
where h is as in (2.1.3), and h~! denotes the generalised inverse of h defined by
h~l(z) :=inf{y > 0: h(y) > z}. (2.1.6)

It is worth thinking of the particular case h(x) = z® for x > 1, for which we have ay =
(2NLx)Y and h(an) = 2Nly.
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With the choice of ay in (2.1.5), for any positive constant ¢, the expected number of
jumps which are larger than cay in a time interval of length £y is of constant order, as
N goes to infinity. The heuristic picture in [3| says that jumps of order ay govern the
speed, the spatial distribution, and the genealogy of the population for N large. Besides
the main result of [3] on the asymptotic speed of the particle cloud, it is conjectured that at
a typical time the majority of the population is close to the leftmost particle, and that the
genealogy of the population is given by a star-shaped coalescent. In this paper we prove

these conjectures.

2.1.3 The main result (in words)

Stating our main result precisely involves introducing some more notation and defining
some rather intricate events. We will do this in Section 2.2. In this section we instead aim
to explain the main message of the theorem. When we say ‘with high probability’, we mean

with probability converging to 1 as N — oc.

For allm >0, M € N and t > 40y, the N-BRW has the following properties with high
probability:

e Spatial distribution: At time t there are N — o(N) particles within distance nay
of the leftmost particle, i.e. in the interval [X1(t), X1(t) + nay].

e Genealogy: The genealogy of the population on an fn time scale is asymptotically

given by a star-shaped coalescent, and the time to coalescence is between £y and 20y .

That is, there exists a time T € [t — 20y, t — {n]| such that with high probability, if we
choose M particles uniformly at random at time t, then every one of these particles
descends from the rightmost particle at time T. Furthermore, with high probability no
two particles in the sample of size M have a common ancestor after time T + enly,

where en s any sequence satisfying ey — 0 and enly — 00, as N — oo.

The star-shaped genealogy might seem counter-intuitive because every particle has only
two descendants. Indeed, if we take a sample of M > 2 particles at time ¢, and look at
the lineages of these particles, they certainly cannot coalesce in one time step. Our result
says that all coalescences of the lineages of the sample occur within o(¢y) time. Therefore,

looking on an £y time scale the coalescence appears instantaneous.

2.1.4 Heuristic picture

We construct our heuristic picture based on the tribe heuristics for the N-BRW with reg-
ularly varying tails described in [3]. The tribe heuristics say that at a typical large time
there are N —o(N) particles close to the leftmost particle if we look on the ay space scale.
We call this set of particles the big tribe. Furthermore, there are small tribes of size o(N)
to the right of the big tribe. The number of such small tribes is O(1). While the position
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of the big tribe moves very little on the ay space scale, the number of particles in the small
tribes doubles at each time step. As a result, the big tribe eventually dies out, and one of
the small tribes grows to become the new big tribe and takes over the population.

To escape the big tribe and create a new tribe that takes over the population, a particle
must make a big jump of order ay. As we explained in Section 2.1.2, jumps of this size
occur on an ¢y time scale, and £y is the time needed for a new tribe to grow to a big tribe
of size .

Take t > 4/n. DBuilding on the tribe heuristics, we describe the following picture.
Assume that a particle becomes the leader with a big jump of order ay. We claim that this
particle will have of order NV surviving descendants ¢/ time after the big jump. Moreover,
the particle that makes the last such jump before time t; := t — £y will be the common
ancestor of the majority of the population at time ¢. We denote the generation of this
ancestor particle by T', and assume that T' € [t; — {x,t1]. In Figure 2-1 we illustrate how a
new tribe is formed at time 7', and how it grows to a big tribe by time ¢. We will prove the
main result described in Section 2.1.3 by showing that the picture in Figure 2-1 develops
with high probability.

We introduce the notation

t; =1t —ily, (2.1.7)

for t,i € N. The message of Figure 2-1, which we will prove later, is that the following
occurs with high probability.

A: At time T € [to,t1], particle (N, T) has taken a big jump of order ay and escaped the
big tribe. It now leads by a large distance, and its descendants will be the leaders at least
until time ¢7.

There are two main reasons for this. First, we define T as the last time before time #;
when a big jump of order ay creates a new leader, so particles with big jumps in the time
interval [T, ¢1] cannot become leaders. Second, particles with smaller jumps not descending
from particle (N,T) are unlikely to catch up with the leading tribe, because paths with
small jumps move very little on the ay space scale. This is an important property of
random walks with regularly varying tails, which we will state and prove in Lemma 2.4.3

and apply in Corollary 2.4.5.

B: After time t;, there might be particles which do not descend from particle (N, T,
but which, by making a big jump of order ap, move beyond the tribe of particle (N, T).
However, these particles have substantially less than £y time to produce descendants by
time ¢, and so each of them can only have o(N) descendants at time ¢. Particles which do
not descend from (N, T) are unlikely to move beyond the tribe of particle (N,T') without
making a big jump.

There will only be O(1) big jumps of order ay between times ¢; and ¢, because jumps
of order ay happen with frequency of order 1/¢x. Therefore, until time ¢, the total number
of particles to the right of the tribe of particle (N, T') is at most o(IV).
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<nan

Figure 2-1: A particle that makes a big jump of order ay at time T is the common ancestor
of almost the whole population at time ¢. The vertical axis represents time, and the particles’
locations are depicted horizontally, increasing from left to right. The black dots represent particles.
Horizontal dotted lines in an ellipse or circle show where the majority of the population (the
big tribe) is. The arrows represent jumps from the big tribe. We use circles to zoom in on the
population. The particles circled in red are killed in the selection step. The events labelled A to D
are described in the main text.

C: The tribe of particle (N,T) doubles in size at each step up to (almost) time T + £y.
Selection does not affect these particles significantly, because the number of particles to the

right of this tribe is at most o(N) before time T + ¢, as we explained in part B.

D: At time T+ ¢y there are N particles to the right of the position of particle (N, T'). This
is an elementary property of the N-BRW, following from the non-negativity of the jump
sizes. The N particles are mainly in the tribe of particle (N,T), and there may be o(N)
particles ahead of the tribe. From this point on, the N leftmost offspring particles in the
tribe of particle (N, T) do not survive.

Then, between times T + £ and ¢, the number of particles in the tribe of particle (N, T)
will remain N — o(V), where the o(/V) part doubles at each time step but does not reach
order N by time t. Therefore, almost every particle at time ¢ descends from particle (N, T)).

Furthermore, as the number of descendants of particle (N, T') only reaches order N at
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(roughly) time T+ ¢, the descendants of particle (IV,T") are unlikely to make big jumps of
order ay before time T4¢. We will prove this property (and many others) in Lemma 2.4.6.
Ounly O(1) descendants of particle (N, T") make big jumps of order ay between times 7" and
t, and these big jumps are likely to happen after time T+ £, and so significantly after time
t1. Therefore, most time-t descendants of particle (N,T') will not have an ancestor which
made a big jump between times T and ¢, thus they will not move far from their ancestor’s
position Xn(T') on the ay space scale.

In order to prove our statements in Section 2.1.3 we also need to show that there is
at least one particle which becomes the new leader with a jump of order ay during the
time interval [to,t1]. The existence of such a particle will imply that indeed there exists
T € [t2,11] as in Figure 2-1. We give a heuristic argument for this in Section 2.2.3, where
we also explain the idea for proving that if we take a sample of M particles at time ¢ then

the coalescence of the ancestral lineages of these particles happens within a time window
of width o(¢n).

2.1.5 Optimality of our main result

In order to show that our main result is more or less optimal, we will prove two additional

results.

Spatial distribution: Our main theorem says that most particles in the population are
likely to be within distance nay of the leftmost at time ¢, for arbitrarily small 7 > 0 when
N and t are large. We will show that this is not true of all particles: the distance between
the leftmost and rightmost particles is typically of order ap, and is arbitrarily large on the
an space scale with positive probability. Therefore our result that most particles are close
to the leftmost particle on the ay space scale gives meaningful information on the shape of
the particle cloud at a typical time. We state this formally in Proposition 2.2.2 and then

prove it in Section 2.6.

Genealogy: Our main theorem says that the generation T’ of the most recent common
ancestor of a sample from the population at time ¢ is between times to and ¢; with high
probability. We will prove that this is the strongest possible result in the sense that for
any subinterval of [to,¢;] with length of order ¢y there is a positive probability that 7" is
in that subinterval. This will be the main message of Proposition 2.2.1, which we prove in
Section 2.6.

We also mention here that the precise statement of our main result, Theorem 2.2.1,
implies that the distribution of the rescaled time to coalescence, (t —T")/¢n, has no atom
at 1 or 2 in the limit N — oo.
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2.1.6 Related work

The N-BRW shows dramatically different behaviours with different jump distributions; this
includes the speed at which the particle cloud moves to the right, the spatial distribution
within the population, and the genealogy. Below we discuss existing results and conjectures
on these properties of the N-BRW. We start by summarising the results of Bérard and
Maillard, who studied the speed of the particle cloud when the displacement distribution
is heavy-tailed.

Heavy-tailed displacement distribution

Bérard and Maillard [3] introduced the stairs process, the record process of a shifted space-
time Poisson point process. They proved that it describes the scaling limit of the pair
of trajectories of the leftmost and rightmost particles’ positions (Xi(n), Xn(n))nen, when
the jump distribution has polynomial tails. The correct scaling is to speed up time by
logy N and to shrink the space scale by ay. Using the relation between the N-BRW and
the stairs process they prove their main result: the speed of the particle cloud grows as
an/logy N in N, and the propagation is linear or superlinear (but at most polynomial)
in time. The propagation is linear if the jump distribution has finite expectation, and
superlinear otherwise; the asymptotics follow from the behaviour of the stairs process. This
behaviour is different from that of the classical branching random walk without selection,
where the propagation is exponentially fast in time in a heavy-tailed setting [21].

The tribe heuristics in [3| predict—but do not prove—that the majority of the popu-
lation is located close to the leftmost particle, that the genealogy should be star-shaped,
and that the relevant time scale for coalescence of ancestral lineages is £. We will prove
the above properties in Theorem 2.2.1, and therefore the present paper and [3] together
provide a comprehensive picture of the N-BRW with regularly varying tails, including the

behaviour of the speed, spatial distribution and genealogy.

Light-tailed displacement distribution

Particle systems with selection have been studied with light-tailed displacement distribution
in the physics literature as a microscopic stochastic model for front propagation. First
Brunet and Derrida [14, 15], and later Brunet, Derrida, Mueller and Munier [12, 11] made
predictions on the behaviour of particle systems with branching and selection.

Speed: For the N-BRW, Bérard and Gouéré [2| proved the existence of the asymptotic
speed of the particle cloud as time goes to infinity, which in fact applies for any jump
distribution with finite expectation. They also proved that the asymptotic speed converges
to a finite limiting speed as the number of particles N goes to infinity, with a surprisingly
slow rate (log N)™2, which was predicted by Brunet and Derrida [14, 15]. The limiting
speed is the same as the speed of the rightmost particle in a classical branching random

walk without selection with exponentially decaying tails [29, 31, 8].
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Spatial distribution: The spatial distribution in the light-tailed case is also predicted
in [14, 15]. The authors argue that the fraction of particles to the right of a given position
at a given time should evolve according to an analogue of the FKPP equation. The FKPP
equation is a reaction-diffusion equation admitting travelling wave solutions. Rigorous
results on the relation between particle systems with selection and free boundary problems
with travelling wave solutions have been proved in [23] and [5, 17].

Genealogy: On the genealogy of the N-BRW with light-tailed displacement distribu-
tion, the papers [12, 11] arrived at the following conjecture (see also [34]). If we pick two
particles at random in a generation, then the number of generations we need to go back to
find a common ancestor of the two particles is of order (log N)3. Furthermore, if we take
a uniform sample of k particles in a generation and trace back their ancestral lines, the
coalescence of their lineages is described by the Bolthausen-Sznitman coalescent, if time is
scaled by (log N)3. This property has been shown for a continuous time model, a branch-
ing Brownian motion (BBM) with absorption [4], where particles are killed when hitting
a deterministic moving boundary. For the N-BRW and its continuous time analogue, the

N-BBM, no rigorous proof has yet been given.

Displacement distribution with stretched exponential tail

As we have seen, the behaviour of the N-BRW is significantly different in the light-tailed
and heavy-tailed cases. It is then a natural question to ask what happens in an intermediate
regime, where the jump distribution has stretched exponential tails. Random walks and
branching random walks with stretched exponential tails have been investigated in the
literature [19, 27|, but questions about the N-BRW with such a jump distribution, such
as asymptotic speed, spatial distribution, and genealogy, remain open. In the future we

intend to investigate the N-BRW in the stretched exponential case.

2.1.7 Organisation of the paper

In Section 2.2 we state Theorem 2.2.1 and Propositions 2.2.1 and 2.2.2, our main results,
which we have explained in Sections 2.1.3 and 2.1.5. Furthermore, we give a heuristic argu-
ment for the proof of Theorem 2.2.1, introduce the notation we will be using throughout,
and carry out the first step towards proving Theorem 2.2.1 in Lemma 2.2.4. As a result,
the proof of Theorem 2.2.1 will be reduced to proving Propositions 2.2.5 and 2.2.6. We
prove the former in Sections 2.3 and 2.4 and the latter in Section 2.5.

In Section 2.3 we give a deterministic argument for the existence of a common ancestor
between times ¢; and t2 of almost the whole population at time ¢. The argument will also
imply that almost every particle in the population at time t is near the leftmost particle.
Then in Section 2.4 we check that the events of the deterministic argument occur with high
probability. A key step in the proof is to see that paths cannot move a distance of order

ay in £y time without making at least one jump of order ay. We prove a large deviation
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result to show this, taking ideas from [21| and [27]. The other important tool, which we
will use to estimate probabilities, is Potter’s bound for regularly varying functions.

In Section 2.5 we prove that the genealogy is star-shaped. We will use concentration
results from [35] to see that a single particle at time T+ en¥y cannot have more than of
order N'17¢N surviving descendants at time ¢, which will be enough to conclude the result.

In Section 2.6 we prove Propositions 2.2.1 and 2.2.2 using some of our ideas from the
deterministic argument in Section 2.3.

Section 2.7 is a glossary of notation, where we collect the notation most frequently used
in this paper with a brief explanation, and with a reference to the section or equation where
the notation is defined. In Section 2.7 we also list the most important intermediate steps
of the proof of our main result.

We note here that sometimes we explain or justify an equation or inequality shortly
after the statement appears; we encourage any reader who is struggling to understand a

logical step to read a few lines ahead.

2.2 Genealogy and spatial distribution result

2.2.1 Formal definition of the N-BRW

Let Xipn, ¢ € [N], b € {1,2}, n € Ny be i.i.d. random variables with common law given
by (2.1.3). Each X, , stands for the jump size of the bth offspring of particle (i,n). Let
X(0) = {X1(0) <...< Xn(0)} be any ordered set of N real numbers, which represents the
initial locations of the IV particles. Now we describe inductively how X'(0) and the random
variables X5, @ € [N], b € {1,2}, n € Ny determine the N-BRW, that is, the sequence of
locations of the N particles, (X(n))nen,-

We start with the initial configuration of particles X(0). Once X(n) has been de-
termined for some n € Ng, then X'(n + 1) is defined as follows. Each particle has two
offspring, each of which performs a jump from the location of its parent. The 2N inde-
pendent jumps at time n are then given by the i.i.d. random variables X;;,, i € [IN],
b € {1,2} as above. After the jumps, only the N rightmost offspring particles survive; that
is, ¥(n+1) ={X1(n+1) <--- < Xy(n+1)}is given by the N largest numbers from the
collection (X;(n) + Xy p.n)ie|n]pef1,2)- Ties are decided arbitrarily.

Note that since the jumps are non-negative, the sequences Xj(n) are non-decreasing in
n for all i € [N]. Indeed, at time n there are at least N — ¢ + 1 particles to the right of or
at position X;(n), and so there are at least min(V, 2(N —i+ 1)) particles to the right of or
at Xj(n) at time n + 1, so we must have Xj(n + 1) > X;(n). We refer to this property as

monotonicilty throughout.
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2.2.2 Statement of our main result

We explained the message of our main result in Section 2.1.3. In this section we provide
the precise statement in Theorem 2.2.1. First we introduce the setup for the theorem.

For n, k € Ny and i € [N] we will denote the index of the time-n ancestor of the particle
(i,n + k) by

Cintk(n),

i.e. particle (;n+x(n),n) is the ancestor of (i, + k). Recall that the relevant space scale
for our process is ay, defined in (2.1.5). For r > 0 and n € Ny, let L, y(n) denote the

number of particles which are within distance ray of the leftmost particle at time n:
L, n(n) :=max{i € [N]: Xj(n) < Xi(n)+ran}. (2.2.1)
Define a sequence (en)nen such that ey is an integer for all N > 1, and which satisfies
enly —oo0and ey — 0as N — oo. (2.2.2)

We introduce two events which describe the spatial distribution and the genealogy of the
population at a given time t. Our main result, Theorem 2.2.1, says that these two events
occur with high probability. We define the events for all N > 2 and t > 4. For n > 0
and 7 € (0,1), the first event says that at least N — N1=7 particles (i.e. almost the whole

population if N is large) are within distance nay of the leftmost particle at time t. We let
Ay = Ai(t,N,n,7) == {Lyn(t) > N - N'"7}. (2.2.3)

Recall the notation ¢; from (2.1.7). We illustrate the second event in Figure 2-2. We
sample M € N particles uniformly at random from the population at time ¢t. Let P =
(P1,...,Par) be the index set of the sampled particles. The event says that there exists
a time T between to and t1 such that all of the particles in the sample have a common
ancestor at time 7', but no pair of particles in the sample have a common ancestor at
time T' 4 enfn. Moreover, the common ancestor at time 7" is the leader particle (N, T).
Additionally, the event says that the time T is not particularly close to t; or to, in that
T € [ta+ [0ln],t1 — [64n]] for some 6 > 0. We let

Ay = Ag(t, N 6) ::{ AT € [ty + [60n] . t1 — [60n]] : Cpo(T) = N Vi € [M] and }

Cpi,t(T+ ENEN) 7é ij,t(T_'_ ENBN) VZ?.] S [M]7 i %]
(2.2.4)

For convenience, we will often write A; and Ay for the two events above, omitting the

arguments. We will prove the following result.

Theorem 2.2.1. For alln > 0 and M € N there ezist v,0 € (0,1) such that for all N € N
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sufficiently large and t € Ng with t > 44y,
P(A NA) >1—mn,

where Uy is given by (2.1.4), and Ay = A1(t, N,n,v) and Az = Ax(t, N, M,) are defined
in (2.2.3) and (2.2.4) respectively.

B
|
N
m
'~
— T +enln 2
5
o({n) —
Yo7

Figure 2-2: Coalescence of the ancestral lineages of M = 6 particles. We go backwards
in time from top to bottom in the figure. To each particle in the sample we associate a
vertical line, representing its ancestral line. Two lines coalesce into one when the particles
they are associated with have a common ancestor for the first time going backwards from
time t. All coalescences of the lineages of the sample happen within a time window of size
o(¢n). Time T is the generation of the most recent common ancestor of the majority of
the whole population at time . The three dots in each line indicate that the picture is
not proportional: the time between ¢ and T is of order £y, whereas the time between all
coalescences and T is o({y).

We explained two additional results in Section 2.1.5 which show the optimality of The-
orem 2.2.1. We state these results precisely below.

We define the event A, as a modification of the event Ay. Whereas Ag said that the
coalescence time T is roughly in [t2, 1], the event Af says that T is in the smaller interval
[to+ [s1ln],ta+ [s2ln]] for 0 < s1 < so < 1; and whereas Ag occurs with high probability,
we will show that A} occurs with probability bounded away from 0. For M € N and
0 < s1 < s9 <1, we define

AIQ = AIQ(t? N7 M7$1782>

— T e [tz + [SlKN-| ,to + (SQEN—I] : Cint(T) =N Vie [M} and (2 9 5)
' Pit(T +entn) # Cp,t(T +entn) Vi,j € [M], i #j . o

Proposition 2.2.1 below says that for all 0 < s; < so < 1 and r > 0, with probability
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bounded below by a constant depending on r and s — s, the event A} occurs and the
diameter at time 1 is at least ray. The diameter of the particle cloud at time n will be
denoted by d(X(n)); that is,

d(X(n)) := Xn(n) — X1(n). (2.2.6)

Proposition 2.2.1. For all 0 < 51 < sy <1, M € N and r > 0, there exists T, g,—s, > 0
such that for N sufficiently large and t > 44y,

P (‘AIQ N {d(‘)((tl)) > TaN}) > T s9—s1)

where AL(t, N, M, s1, s2) is defined in (2.2.5).

Our second result about the diameter says that for all r, the probability that d(X (n)) >
ray is bounded away from zero, and it tends to 1 as » — 0, and tends to 0 as r — oo, if N
is sufficiently large and n > 3¢,y. This shows that the probability that after a long time the
diameter is not of order ay is small, and therefore the part of Theorem 2.2.1 that says most
of the population is within distance nay of the leftmost particle with high probability, for

arbitrarily small 1 > 0, is meaningful.

Proposition 2.2.2. There exist 0 < p,. < q, < 1 such that ¢ — 0 as r — o0 and p, — 1
asr — 0, and for all v > 0,

0<pr <P(X(n)) >ran) < g,
for N sufficiently large and n > 30y.

2.2.3 Heuristics for the proof of Theorem 2.2.1

We first prove a simple lemma which will be helpful in the course of the proof of The-
orem 2.2.1 and also helpful for understanding the heuristics. The lemma says that the
number of particles that are to the right of a given position at least doubles at every time
step until it reaches N. The statement follows deterministically from the definition of
the N-BRW. The proof serves as a warm-up for several more deterministic arguments to
come. For x € R and n € Ny, we write the set of particles to the right of position z at time
n as

Go(n) :={i € [N]: Xi(n)>x}. (2.2.7)

Lemma 2.2.3. Let x € R and n, k € Ng. Then
(Galn -+ k)] > min (N, 25(G(n)])

Proof. The statement is clearly true when G;(n) = (). Now assume that G,(n) # (. Let

us first consider the case in which every descendant of the particles in G;(n) survives until
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time n + k. Since there are 2¥|G,(n)| such descendants, each of which is to the right of =
since all jumps are non-negative, in this case we have |Gy (n + k)| > 2¥|G,(n)|.

Now let us consider the case in which not every descendant of the particles in G(n)
survives until time n + k. This means that there exist m € [n,n + k — 1], j € [N] and

b € {1,2} such that (j,m) is a descendant of a particle in G5(n) and
X](m) + X',b,m < Xl(m + 1)

Since particle (j,m) descends from G,(n), and all jumps are non-negative, we also have
x < Xj(m) + X pm, and therefore x < Xy(m + 1) < Xy (n + k), and the result follows. [

Now we turn to the heuristics for the proof of Theorem 2.2.1. The heuristic picture to
keep in mind when thinking about both the statement and the proof is Figure 2-1. As in
Section 2.1.4, we let T denote the last time at which a particle takes the lead with a big
jump of order ay before time ¢;. In Section 2.1.4, we argued that if T' € [to, t1] then with
high probability, particle (N,T) will be the common ancestor of almost every particle in
the population at time ¢, and almost the whole population at time ¢ is close to Xn(7T") on
the an space scale. We will use a rigorous version of this heuristic argument to show that
the event A1 occurs with high probability, and that the time T satisfies the first line in the
event Ao with high probability. That is, every particle from a uniform sample of fixed size
M at time ¢ descends from particle (IV,T") with high probability.

If T is as described above, then we can only have T' € [to, t1] if there is a particle which
takes the lead with a jump of order ay in the time interval [to,¢1]. It is not straightforward
to show that this happens with high probability. It could be the case that the diameter is
large on the an space scale during the time interval [to,t1], say greater than Cay, where
C > 0 is large. In this situation, if the jumps of order ay in the time interval [tg,¢;] come
from close to the leftmost particle, and they are all smaller than Capy, then these jumps
will not make a new leader, and time T will not be in the time interval [ty,?;]. We will
prove that this is unlikely. A key property which is helpful in seeing this is the following.
If no particle takes the lead with a big jump of order ay for £y time, e.g. between times
s € N and s + f, then the diameter of the particle cloud will be very small on the ay
space scale at time s + £x. Indeed, all the N particles, including the leftmost, are to the
right of position X (s) at time s+ ¢y by Lemma 2.2.3. But with high probability, particles
cannot move far to the right from this position without making big jumps of order ay. We
will prove this in Corollary 2.4.5. Therefore, provided that no unlikely event happens, if
no particle takes the lead with a big jump between times s and s+ £, then every particle
will be near the position X (s) at time s + £. We formally prove this in Lemma 2.3.9.

We will be able to use this property for s = to — fy with small ¢ > 0. We will
conclude that if no particle takes the lead with a jump of order ay in the time interval
[to — U, t1 —ly] then the diameter at time ¢t; — /£y is likely to be small on the ay space

scale, i.e. d(X(t1 — dln)) < cap, for some ¢ > 0 which we can choose to be much smaller
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than /. If the diameter is less than cay, then any particle performing a jump larger than
can becomes the new leader.

The expected number of jumps larger than cay in ¢/ time is ¢Ny2Nh(can) ™!, because
there are 2N jumps at each time step and the jump distribution is given by (2.1.3), which
is roughly ¢'/¢® for N sufficiently large. If ¢® is much smaller than ¢/, then with high
probability there will be a jump of size greater than cay in the time interval [t; — ly, t1],
and the particle performing it will become the new leader. Therefore the last time before
time t; when a particle becomes the leader with a jump of order ay will be after time to,
which gives us T' € [to, t1].

The above idea works for the case where no particle takes the lead with a big jump
of order ay in the time interval [ty — ¢/fy,to] for some small ¢ > 0. If instead there is
such a particle then we will argue that in a short interval of length ¢fy it is likely that
the jump made by this particle will not be too large on the ay scale and therefore the
particle’s descendants will be surpassed by larger jumps of order ay at some point in the
much longer time interval [ta,#;].

In order to show that the coalescence is star shaped, we also need the second line of
the event As, which says that all coalescences of the lineages of a sample of M particles at
time ¢ happen within a time window of size ey £y; that is, instantaneously on the ¢y time
scale (see Figure 2-2).

To prove that no pair of particles in the sample of M have a common ancestor at time
T + enly, it will be enough to prove that every particle at time T + enfn has a number
of time-t descendants which is at most a very small proportion of the total population size
N (we will check this in Lemma 2.2.4). With high probability, most of the population at
time t descends from the leading 2eNIN  NEN particles at time T+ en¢n (the descendants
of particle (N,T)). If these particles share their time-t descendants fairly evenly, then a
particle in this leading tribe will have roughly N17¢¥ = o(N) descendants. Indeed, we will
prove using concentration results from [35] that with high probability the number of time-¢
descendants of a particle from the leading tribe at time T+ enfn will not exceed the order
of N1=¢n,

2.2.4 Notation

We now introduce the notation we will be using throughout the proof of Theorem 2.2.1.
We recall from Section 2.2.1 that the jump of the ith particle’s bth offspring at time n will
be referred to using the random variable X ,, and that these contain all the randomness
in the system, with ties between two particles with the same position broken using some
arbitrary but deterministic rule. We define the filtration (F,)nen, by letting F,, be the o-
algebra generated by the random variables (X4, ¢ € [N],b € {1,2},m < n). Since X'(n)
is defined in such a way that it only depends on jumps performed before time n, the process
(X(n))nen, is adapted to the filtration (Fy, )nen,. Since (X pm, ¢ € [N],b € {1,2},m € Np)
are i.i.d., the jumps (X;pn,7 € [N],b € {1,2}) are independent of the o-algebra F,,. In
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Theorem 2.2.1 we assume that ¢ > 4y, as in the proof we will examine the process in
the time interval [t4,t], where t4 is given by (2.1.7). Since jumps at time ¢ are not F-
measurable, we will be interested in jumps performed in the time interval [t4,t — 1].

In order to study the genealogy of the N-BRW system, we will need notation which
says when two particles are related. We introduce the partial order < on the set of
pairs {(i,n),i € [N],n € Ng}. First, for ¢ € [N] and n € Ny we say that (i,n) < (i,n)
and, for j € [N], we write (i,n) < (j,n + 1) if and only if the jth particle at time n + 1 is
an offspring of the ith particle at time n. Then in general, for n,k € Ny and ig, i € [N]
we write (ig,n) < (ik,n + k) if and only if particle (ig,n + k) is a descendant of particle

(ig,m):
(ig,n) < (ik,n+k) <= Fir, ... 06-1: (ij_l,n+j—1) < (ij,n—i—j), vy € [k]. (2.2.8)

Then the particles ((ij,n + j), j € [k]) represent the ancestral line between (ip,n) and

(ig,m+k). Recall that for n,k € Ny and 7 € [N] we denote the index of the time-n ancestor

of the particle (i, + k) by (; ntx(n). Thus, using our partial order above, we can write for
j € [N,

Gnik(n) =Jj < (Gn) S (@n+k). (2.2.9)

We also introduce a slightly different (strict) partial order <, which will be convenient

later on. For ig, i € [N], n € Ny and k € N we write (ig,n) <p (ik,n + k) if and only if

the bth offspring of particle (i, n) is the time-(n + 1) ancestor of particle (ix,n + k). Note
that if (ig,n) <p (ig,n + k) then there exists i1 € [IN] such that

Nb
Xi(n+1) =X (n) + Xijgpn and (i1,n 4+ 1) S (ig,n + k).

Using the above partial order, we define the path between particles (ig,n) and (ix, n+k)
(and between positions Xj,(n) and X, (n + k)), as the sequence of jumps connecting the
two particles. For ig, i € [N] and n € Ny, if £ € N and (ig,n) < (ix,n + k), we let

Pt = L (i bn+ ) j€{0,...,k—1} and (ij,n+j) Sp, (in+k)}, (22.10)

10,M
and we let P;jy;?JFk := ) otherwise. Then if £ € N and (ip,n) < (ig,n + k),

Xypy(n+k)=X,m)+ D> Xjpm (2.2.11)

(jbm)epknh

iQ,n

For i € [N] and n,k € Ny with n < k, let N, (k) denote the set of descendants of

particle (i,n) at time k:
Nin(k) :={j € [N]: (i,n) S (4,k)}, (2.2.12)
and if n < k, for b € {1, 2}, let Mbn(k) be the set of time-k descendants of the bth offspring
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of particle (i,n):
NEn(k) = {j € [N]: (i,n) S (4, K)}- (2.2.13)

©,n

(Note that the sets N, (k) and ./\/;’z”(k;) may be empty.) We write [N, (k)| and |Mbn(k)|
for the number of descendants in each case.
Finally, as time is discrete, it will be useful to introduce a notation for the set of integers

in an interval; for 0 < s1 < s9, we let
[31, 82]] = [81, Sg] N Ng.

2.2.5 Big jumps and breaking the record

As discussed in Section 2.1.4, the common ancestor of the majority of the population at
time t is a particle which made an unusually big jump, of order ay, between times t5 and
t1. The set of unusually big jumps will play an essential role in the proof of Theorem 2.2.1.
We will be particularly interested in particles which become ‘leaders’ after performing such
jumps. These particles are the candidates to become the common ancestor of almost the
whole population at time ¢.

We now introduce the necessary notation for the above concepts. In the definitions
we will indicate the dependence on a new parameter p € (0,1), as the choice of p will be
important later on. Furthermore, everything we define will depend on N and ¢, which we
do not always indicate.

For p € (0,1) we introduce the term big jump for jumps of size greater than pay, and

we denote the set of big jumps on an interval [s1, so] C [t4,t — 1] by B][\S,I’Sﬂ:

Bl = B () o= {(k,b,5) € [N] x {1,2} x [s1,52] : Xps > pan},  (2.2.14)
where ay is given by (2.1.5). We also let
By := B+, (2.2.15)

We say a particle breaks the record if it takes the lead with a big jump. If one of the
current leader’s descendants makes a small jump (that is, a non-big jump) to become the
leader, then that does not count as breaking the record in our terminology. Let Sy denote

the set of times when the record is broken by a big jump between times ¢4 and ¢:

(2.2.16)

Sx = S (0) ::{ s € [ta,t —1]: 3(k,b) € [N] x {1,2} such that }

(k,s) <p (N,s+1) and Xy p 5 > pan

Next, we define T as the last time when the leader broke the record with a big jump

before time t1, if there is any such time. We let

T =T(p) :=1+max{Sn(p) N [ta, t1 — 1]}, (2.2.17)
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and let T = 0 if Sy(p) N [ta,t1 — 1] = 0. Note that the big jump which takes the lead
happens at time T'— 1, and T is the time right after the jump. In the proof it turns out
that with high probability, T € [ta + [0¢n],t1 — [6¢n]] for some § > 0, and particle (N, T)
is the common ancestor of almost the whole population at time t.

We will have a separate notation, SN, for the times when the leader is surpassed by a
particle which performs a big jump. Note that this is not exactly the same set of times as
Sn: it might happen that a particle (¢, s) has an offspring (j, s+ 1), which beats the current
leader (N, s) with a big jump, but it does not become the next leader at time s+ 1 because

it is beaten by another offspring particle which did not make a big jump. We define

s € [ta,t —1] = 3(k,b) € [N] x {1,2} such that } (2.2.18)

S = S =
" we) { Xips > pan and Xi(s) + Xpp s > Xn(s)

We will see in Corollary 2.3.8 below that with high probability, Sy and Sn coincide on
certain time intervals. Sometimes we will also need to refer to the set of times when big
jumps do not take the lead or beat the current leader. Therefore, with a slight abuse
of notation, we will write S and S§ to denote the sets of times [ts,t — 1] \ Sy and

[ta,t — 1] \ Sy respectively.

2.2.6 Reformulation

In this section, we break down the event As of Theorem 2.2.1. Our ultimate goal is to show,
for a suitable choice of p, that T' = T'(p), as defined in (2.2.17), has the properties required
in Ay. To this end we introduce new events which imply As with high probability, and
only involve T" and the number of time-t descendants of particle (N, T) and of the particles

at time T + enfy. We will use the following notation:
TN =TN(p):=T(p) +entn, (2.2.19)
where ey is defined in (2.2.2). Recalling (2.2.12), for i € [N], we write
N == Niren (t) (2.2.20)
for the set of time-t descendants of the ith particle at time 7=V, and
D; = Digex (t) = [Nizen ()] (2.2.21)

for the size of this set.
For 7,0, p € (0,1), we introduce the event

Az = A3(t, N, 6,p,7) == {T(p) € [t2+ [6(nT] ,t1 — [6N]]} N { NNz (H)] = N = N7}
(2.2.22)
This event says that almost the whole population at time ¢ descends from particle (N, T),
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which will imply with high probability that each particle in the uniform sample of M
particles in the event As is a descendant of (N,T'). The final part of the definition of the
event Ay says that no two particles at time ¢ in the uniform sample of M particles share an
ancestor at time T°~. We now define an event which says that every time-T°V particle has
at most a very small proportion of the NV surviving descendants at time ¢, so that with high
probability none of them have two descendants in the sample of M particles. For v > 0
and p € (0,1), we let

Ay(v) = Ay(t, N, p,v) := { max  Djpen(t) < VN}. (2.2.23)
ieENN,(TN)

Note that in the definition of A4(r) we take the maximum only over the time-T°N descen-
dants of particle (N, T). It will be easy to deal with the remaining particles at time TV,
because the event As implies that for v > 0, if N is large, particles not descended from
(N, T) cannot have more than v N descendants at time ¢. In the following result, we reduce
the proof of Theorem 2.2.1 to showing that Ay, As and A4(v) occur with high probability.

As part of the proof we show that the probability that two particles in the sample of
M at time ¢t have a common ancestor at time T°N can be upper bounded by little more
than the sum of the probabilities of the events A§ and A4(v)¢ when v is small. We will use
this intermediate result in another argument later on in Section 2.6, so we state it as part

of Lemma 2.2.4 below.

Lemma 2.2.4. Take M € N and 7,6, p,n € (0,1), and let 0 < v < n/M?. Then for all N
sufficiently large and t > 44y,

PEj L€ [M], j#1: Cpa(T™) = (pa(T7V)) < P(A3) + P(As(v)%) +1/2,

and

P(A3) < 2P(A3) + P(As(v)%) + 1,

where As(t, N, M,d), As(t,N,d, p,7y) and A4(t, N, p,v) are defined in (2.2.4), (2.2.22) and
(2.2.23) respectively, P; is the index of a particle in the uniform sample of M particles
at time t, and (p; ((T°N) is the index of the time-T°N ancestor of particle (Pj,t), defined
in (2.2.9).

Proof. Fix M € N and ~,0d,p,n € (0,1). Note that by the definition of Ay in (2.2.4),

{T € [ta+ [6nT ,t1 — [00n]1]} N {¢p, 0 (T) = N Vj € [M]}
N{Cp, o (TN) # Cpa(TN) Vi, L € [M], j #1} C Ay, (2.2.24)

First we aim to show that for N sufficiently large,

P({T ¢ [t + [60n],t1 — [6081)} U {3j € [M] 1 Cp, o(T) # N}) < P(AS) +n/2. (2.2.25)
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Note that if A3 occurs then T € [ta + [0¢n],t1 — [64n]], and A3 is Fr-measurable, so

P{T ¢ [ta + [6¢n] . t1 — [6n11} U{Fj € [M]: Cp,u(T) # N})
< E[14,P(3j € [M]: ¢p,(T) # N | Fi)] +P(AS).

Now, on the event A3, at most N'~7 time-t particles are not descended from (N, T), and

therefore a union bound on the uniformly chosen sample (which is not F;-measurable) gives

that the above is at most M N'1=7/N +P (A5). This implies (2.2.25) for N sufficiently large.
Now fix v € (0,17/M?). Our second step is to prove that for N sufficiently large,

P(3j, 0 e [M], j#1: Cpu(T™) = (pa(T7V)) < P(A3) + P(As(v)%) +n/2,  (2.2.26)

which is the first part of the statement of the lemma. The event on the left-hand side means
that there is a particle at time TN which has at least two descendants in the sample of M

particles at time t. That is

P(3j,l € [M], j #1: ¢ o(TN) = (p a(T°N))
—P(@i e [N], 1€ [M], j A1 (PP} CN).
(2.2.27)

We will use that if all the N; sets have size smaller than vN then it is unlikely that
two particles of the uniformly chosen sample will fall in the same N; set. Since D; is

Fi-measurable for all ¢, a union bound gives
P(HZ € [N]v Jle [M]v J 7& L: {Pj77)l} g-/\/‘z)
N
<E ]l{maxiE[N] DigyN} Z Z P({Pjapl} - M ’ ft):| +P (?61[2}\}/% D; > VN> .

i=1 1<j<I<M
(2.2.28)

Since the sample is chosen uniformly at random, the first term on the right-hand side is

equal to
{maxie[N] DiguN} Zl 2 (];/') — {maxie[N] DiguN} ]Hel[a]’\}f(] J 9 N(N _ 1)
M\ vN
< —_— 2.2.2
(), )

where in the second inequality we exploit the indicator and use that Zf\; 1 Di = N. In order
to deal with the second term on the right-hand side of (2.2.28), note that the maximum is
taken over all particles at time 7%V (because of the definition of D; in (2.2.21)). Suppose N
is sufficiently large that N'=7 < vN. Then if the event A3 occurs, particles not descended
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2.2. Genealogy and spatial distribution result

from particle (N, T) (i.e. particles not in Ny (7)) have at most ¥ N descendants at time
t. Therefore, by the definition of A4(v),

. < c . < c c
P <znel[zjx\?<] D; > IJN> <P(AL(v)°) + P <z‘e[N]\%3};(TEN) D; > I/N> < P(A4(v)¢) + P(AS),
(2.2.30)

for N sufficiently large.
Putting (2.2.27)-(2.2.30) together, since we chose v < 1/M? we have that (2.2.26) holds
for N sufficiently large. By (2.2.24), (2.2.25) and (2.2.26), the result follows. O

We now state the two main intermediate results in the proof of Theorem 2.2.1, which say
that, for well-chosen =, d, and p, the events Ay, Az and A4(v) occur with high probability.
In Sections 2.3 and 2.4 we give the proof of Proposition 2.2.5, and in Section 2.5 we prove

Proposition 2.2.6.

Proposition 2.2.5. Forn € (0, 1] there ezist 0 < v < § < p < n such that for N sufficiently
large and t > 44y,
P(A1 N Az) > 1 -1,

where A1 (t, N,n,v) and As(t,N,d,p,v) are defined in (2.2.3) and (2.2.22) respectively.

Proposition 2.2.6. Let n € (0,1] and v > 0. Then for p € (0,n) as in Proposition 2.2.5,
for N sufficiently large and t > 44y,

]P)(A4(V)) >1- 2777

where A4(t, N, p,v) is defined in (2.2.23).

Proof of Theorem 2.2.1. Lemma 2.2.4, Proposition 2.2.5 and Proposition 2.2.6 immediately
imply Theorem 2.2.1. O
2.2.7 Strategies for the proofs of Propositions 2.2.5 and 2.2.6

Our strategy for the proof of Proposition 2.2.5 is based on the picture in Figure 2-1. For
t > 40y, we will show that the following happens between times to and t with probability

close to 1.

1. There will be particles which lead by a large distance at times in [to,t1]. The last
such particle will be at time T" € [ta + [0¢n] ,t1 — [0¢n]] with position Xn(T).

2. The descendants of this particle are close together and far away from the the rest of

the population at time ¢, forming a small (size o(IN)) leader tribe.

3. At time ¢, the descendants of the small leader tribe from time ¢; form a big tribe of
N — o(N) particles, which descend from particle (IV,T') and are close to the leftmost

particle.

48
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The first part of the proof is a deterministic argument given in Section 2.3, which shows
that if ‘all goes well’ between times t4 and ¢, then steps 1-2-3 above roughly describe what
happens, which will imply that the events A; and A3 in Proposition 2.2.5 occur. For the
deterministic argument we will introduce a number of events, which will describe sufficient
criteria for Ay and Ag to happen. Once we have shown that the intersection of these events
is contained in A; N Asg, it is enough to prove that the probability of this intersection is
close to 1. This part will be carried out in Section 2.4, and consists of checking that ‘all
goes well” with high probability.

We describe our strategy for showing Proposition 2.2.6 in detail in Section 2.5.1. The
main idea is to give a lower bound on the position of the leftmost particle at time ¢ with
high probability, and then use concentration inequalities from [35] to bound the number of
time-t descendants of each particle in Ny (7~ ) which can reach that lower bound by time
t. A key intermediate step will be to see that with high probability, particles can reach the

lower bound only if they have an ancestor which made a jump larger than a certain size.

2.3 Deterministic argument for the proof of Proposition 2.2.5

In this section we provide the main component of the proof of Proposition 2.2.5. We
follow the plan explained in the previous section; we define new events and show that
they imply A; and As. In Section 2.4, we will prove that the new events occur with high
probability. The events describe a strategy designed to make sure that the majority of the
population at time t has a common ancestor at some time between t9 and t; that is, to
ensure that Az occurs. The strategy will also show that most of the particles descended
from particle (N,T) cannot move too far from position X (7') by time ¢. Thus it will be
easy to see that these descendants are near the leftmost particle at time ¢, and so A; must
occur. So although the strategy is designed for the event Az, it will imply A; too.

In the course of the proof we will use several constants. We first give a guideline, which
shows how the constants should be thought of throughout the rest of the paper, then we
describe the specific assumptions we need for the rest of this section. Recall that we fixed
a > 0 as in (2.1.3) and that we have n € (0,1] from the statement of Proposition 2.2.5.

The other constants can be thought of as
0<7<iKp<KLaa<Kn<KgKuy<LgKggn<l and K>p * (23.1)

As everything is constant in (2.3.1), we only use < as an informal notation to say that the
left-hand side is much smaller than the right-hand side.
More specifically, for the rest of this section we fix the constants v, 9, p, c1,¢2,...,¢6,M

and K, and assume that they satisfy

0<y<d<p, (2.3.2)
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2.3. Deterministic argument for the proof of Proposition 2.2.5

10p < ¢y, (2.3.3)
1OC]' <cCji+1 <N < 1, 7=1,...,5, (2.3.4)
K> p® (2.3.5)

We will have additional conditions on these constants in Section 2.4, which will be consistent
with the assumptions (2.3.2)-(2.3.5).

Every event we introduce below will depend on N, ¢ (with ¢t > 4¢x) and on some of the
constants above. In the definitions we will not indicate this dependence explicitly. Note
furthermore that in the statement of Proposition 2.2.5, taking N sufficiently large may
depend on ~, J, or p.

2.3.1 Breaking down event Aj

We begin by breaking down the event As from Proposition 2.2.5 into two other events.
Then we will define a strategy for showing that these two events occur. The first event
describes the particle system at time t1; it says that there is a small leader tribe of size less
than 2N'79, and every other particle is at least cpay to the left of this tribe. Moreover,
each particle in the leading tribe descends from the same particle, (N,T). The common
ancestor (N, T) is the last particle which breaks the record with a big jump before time ¢;
(see (2.2.17) and also Figure 2-1). We also require T' € [ty + [0¢n],t1 — [0¢n]], which is
part of the event As.

To keep track of the size of the leader tribe we introduce notation for the number of

particles which are within distance eapy of the leader at time n:
R. n(n) :=max{i € [N]: Xn_ijt1(n) > XAn(n) —ean}, forn € Ngand € > 0. (2.3.6)

Note that if R, n(t1) < N then particle (N — R. n(t1) + 1,t1) is within distance eay of
the leader, but particle (N — R. y(t1),%1) is not. In the event we introduce below, we set
€ = ¢ and require the distance between these two particles to be at least caapn, showing

that there is a gap between the leader tribe and the other particles. The event is defined

as follows:
Re, N(t1) < min {N —1,2N'7%}
Byi=1{ Xy g,y (1) < Xnor., (1) — can, ’
T € [to+ [6ln],t1 — [64n]] and NN,T(tl) ={N - Rcl,N(tl) +1,...,N}
(2.3.7)

where T'= T'(p) and Ny r(t1) are given by (2.2.17) and (2.2.12) respectively.

In the description of Figure 2-1 in Section 2.1.4, we explained that the descendants
of particle (N, T) are likely to lead at time ¢;. The event B; requires more; it also says
that the leading tribe leads by a large distance, which is important to ensure that no other

tribes can interfere with our heuristic picture and will be useful in Section 2.3.2. The most
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2.3. Deterministic argument for the proof of Proposition 2.2.5

involved part of the deterministic argument in the remainder of Section 2.3 is to break up
the event B; into other events which happen with probability close to 1.

We now define another event which says that particles which are not in the leading tribe
at time ¢ have at most N'~7 (i.e. much less than N for N large) descendants in total at
time ¢t. This will imply that the leading tribe at time ¢; will dominate the population at

time t. We let
N_Rcl,N(tl)

el 3 Wawex= b 225
j=1

where N4, (t) is given by (2.2.12). The events which we will introduce to break down the

event By will easily imply Bo as well. Before defining the new events we check that By

and Bs indeed imply As.

Lemma 2.3.1. Let A3, By and Ba be the events given by (2.2.22), (2.3.7) and (2.3.8)
respectively. Then for all N > 2 and t > 40y,

BiNBy C As.

Proof. On the event By, the descendants of particle (N,T) are the R., n(t1) rightmost
particles at time ¢;. Thus Ny r(t) is a disjoint union of the sets Nj¢, (¢) for j € [N —
R, n(t1) + 1, N]. We deduce that on the event B; N Ba,

N
War®l= S N> NN

J=N—Rcy n(t1)+1

Since T € [ta + [0n] ,t1 — [0¢n]] on the event Bj, the result follows. O

2.3.2 Breaking down events 5; and B;

We now break down the events By and Bs into new events C; to C; whose probabilities
will be easier to estimate. The majority of the work in this section consists of showing
that the intersection of the new events implies By. We can then quickly conclude that the
intersection implies both By and A;. One of the new events will need to be further broken

down in Section 2.3.3.

New events C; to Cr

Recall that [s1, s2] denotes the set of integers in the interval [s1, so] and that the constants
v, 0, p, €1,¢2,...,c6, n and K satisfy (2.3.2)-(2.3.5). We first introduce 71 to denote the
first time after to when a gap of size 2csay appears between the leader and the second

rightmost particle:

T :=1inf{s > ta+1: Xn(s) > Xn_1(s) + 2c3an} . (2.3.9)
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2.3. Deterministic argument for the proof of Proposition 2.2.5

The first new event we define says that such a gap appears by time ¢;, that is
Ci = {Tl S [[tQ + l,tl]]} . (2.3.10)

The next event Co ensures that the current leading tribe keeps distance from the other
tribes during the time interval [ry,¢;]. This is important, since B; requires a gap behind
the leading tribe at time t1. The event Cy says that if a particle is far away (at least csan)
from the leader, then it cannot jump to within distance 2coan of the leader’s position with
a single big jump (recall from (2.3.1) that co < c¢3). That is, a particle far from the leader
either stays at least 2coan behind the leader, or it beats the leader by more than 2cean.
Jumping close to the leader would require a large jump, of size greater than csay, restricted
to an interval of size 4caay, which is much smaller than the size of the jump. We will see in
Section 2.4 that the probability that such a jump occurs between times t3 and t; is small.

Let Z;(s) denote the gap between the rightmost and the ith particle at time s:
Zi(s) == Xn(s) — Xi(s), forse€ Npandie [N]. (2.3.11)

Now we can define our next event

{ 3(i,b,s) € [N] x {1,2} x [t3,¢ — 1] such tha }
Co = :

2.3.12
Zi(s) > cgan and X;p 5 € (Zi(s) — 2can, Zi(s) + 2c2an] ( )

We need to introduce several more events to make sure that ‘all goes well’; that is,
particles which we do not expect to make big jumps indeed do not make big jumps, and
smaller jumps do not make too much difference on the ay space scale. The next event says
that if a particle makes a big jump, then it will not have a descendant which makes another

big jump within £y time:

ey { By NP2 = {(k1, by, 1)} }
V(k1,b1,51) € By, Vsp € [s1+ 1,min {s1 + £y + 1,t}], Vka € NJ' | (s2) |
(2.3.13)
where By, P,ff;f and N]gisl(Sz) are defined in (2.2.15), (2.2.10) and (2.2.13) respectively.
The next event says the following. Take any path between two particles in the time
interval [t4,t]. If we omit the big jumps from the path then it does not move more than
distance ciapy. In particular, if there are no big jumps at all then the path moves at most

ciay. The event is given by

, : <
Z(i,b,s)eP:f’:f Xibslx,, <pay} < C1ON

V(kl,sl) S [N] X [[t4,t— 1]], Vsg € [[81 + 1,t]], Vko 6./\/']@1751(82)

Cy = . (2.3.14)

where P,ff;f and N, s, (s2) are defined in (2.2.10) and (2.2.12) respectively.

The last three events are simple. On Cs, two big jumps cannot happen at the same
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2.3. Deterministic argument for the proof of Proposition 2.2.5

time:
Cs :={|Bny N{(k,b,s): (k,b) € [N] x {1,2}}| < 1Vs € [ta,t —1]}. (2.3.15)

Then Cg excludes big jumps which happen either right after time to or very close to time
tll
Co = {B][ffz,tg-l-]—(%]v-‘] U B][ffl—’—MN]atl"r[(wNH — @} (2.3.16)

where B][\S,“SQ} is defined in (2.2.14). Finally, C7 gives a bound on the number of big jumps:
Cr = {|Bx| < K} (23.17)

where we recall that we chose K to be a positive constant at the start of Section 2.3.
Now we can state the main result of this subsection. It says that on the events C; to Cr
the events By, By and Ay occur, and therefore A3z occurs as well. We have an additional
event in Proposition 2.3.2 below, which says that the diameter of the particle cloud at time
ty is larger than %c;;aN. As part of the proposition we also show that C; to C; imply this

event, because it will be useful in another argument later on in Section 2.6.

Proposition 2.3.2. Let n € (0,1], and assume that the constants 7,6, p,c1,c2,...,c6, K
satisfy (2.3.2)-(2.3.5). Then for N sufficiently large that 2KN—0 < N=7 < 1 and t > 4y,

7
ﬂ Cj CBiNBNAIN {d(X(tl)) > %CgCLN} CANA3N {d(X(tl)) > %CgCLN} ,
7j=1

where By, By, A1 and As are defined in (2.3.7), (2.3.8), (2.2.3) and (2.2.22) respectively,
and C1,Ca,...,Cr are gwen by (2.3.10) and (2.3.12)(2.3.17).

Note that the second inclusion in Proposition 2.3.2 follows directly from Lemma 2.3.1.

Cy to C; imply By, B2 and A;: proof of Proposition 2.3.2

We start by proving some easy lemmas which hold on the event ﬂ;zl Cj, and which will be
applied in the course of the proof of Proposition 2.3.2.

The first lemma gives another way of writing the event C4, which will be more convenient
to use in this section. (The definition of C4 will be easier to work with when we show, in
Section 2.4, that C4 occurs with high probability.) The lemma says that on the event Cy, if

a path moves more than cjay then it must contain a big jump.

Lemma 2.3.3. On the event Cy, for all (k1,s1) € [N] X [ta,t —1], s2 € [s1+1,t] and ks €
Nk1751 (32)z
X, (82) > X, (81) +ciay = By N P]fiff #* 0,

where By, Ni, s, (s2) and P,flz’ssf are defined in (2.2.15), (2.2.12) and (2.2.10) respectively.

23



2.3. Deterministic argument for the proof of Proposition 2.2.5

Proof. Let (ki,s1) € [N] x [ta,t — 1], s2 € [s1 + 1,¢], and ko € Ny, 5, (s2). Assume that
By N P = () and the event C4 occurs. Then by (2.2.11),

k1,s1

Xip(s2) = Xy (s1)+ Y Xips =X (s)+ D Xivslix, , <pan}

. ko,s . ko,s
(i,b,5)E P22 (i,b,s)EP,22

< X, (s1) + cran

by the definition of the event C4, which completes the proof. O

The next lemma says that on the event C3 N Cy, if a path of length at most ¢y starts

with a big jump then it moves distance at most cian after the big jump.

Lemma 2.3.4. On the event C3NCy, for all (ki,b1,81) € By, s2 € [s1+1,min{s; + {n,t}]
and ko € ./\/',311’81(32),

KXy (52) < Xy (1) + Xy by,50 + 10N,
where By and /\/’,i’l1 5, (52) are defined in (2.2.15) and (2.2.13) respectively.

Proof. Let | € [N] be such that (k1,s1) Sp, (I, 51+ 1), so that
'Xl(Sl + 1) = Xy, (Sl) + Xk b1,s1- (2.3.18)

If s9 = s1 + 1 then we are done; from now on assume s > s1 + 2. Since Xy, 4,5, IS a
big jump, on the event C3 there are no further big jumps on the path between particles
(I,s1 + 1) and (kg,s2), that is By N Plkjlsjl = (. Therefore, by Lemma 2.3.3 we have
Xy (s2) < Xj(s1 4+ 1) + cran, which, together with (2.3.18), completes the proof. O

In the next lemma, we describe how we can exploit the fact that on the event Cs there
are never two big jumps at the same time. First, the event Cs tells us that if a particle
makes a big jump, then the other particles move very little at the time of the jump. Second,
it also implies that if a particle significantly beats the current leader with a big jump, then
it becomes the new leader, and the gap behind this new leader will be roughly the distance
by which it beat the previous leader. Both statements follow immediately from the setup,
but will be useful for example in the proofs of Corollaries 2.3.7 and 2.3.8 below, and later

on in the proofs of Propositions 2.3.11 and 2.2.1 as well.
Lemma 2.3.5. On the event Cs, for all (k,b,s) € By,
(a) Xj(s+1) < Xn(s)+ pan for all j € [N] \./\/'138(5 +1), and

(b) if Xi(s) + Xipps > XAn(s) + cany for some ¢ > p, then (k,s) <p (N,s+ 1) and
XN(S + 1) — XN_l(S + 1) > (C — ,O)GN.

Proof. Assume that Cs occurs and fix k, b, s as in the statement. Let j € [V] \./\/',378(8 +1)
be arbitrary. Assume that ¢ € [N] and b; € {1,2} are such that (i,s) <p, (j,s + 1), and
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2.3. Deterministic argument for the proof of Proposition 2.2.5

so Xj(s+1) = Xi(s) + Xip,s, with (4,0;) € ([N] x {1,2}) \ {(k,b)}. By the definition of
the event C5, X s is the only big jump at time s. Thus we have X, ; < pan, and by

bounding the ¢th particle’s position at time s by the rightmost position at time s we get

Xj(s +1) = Xi(s) + Xip, s < An(s) + pan,

which completes the proof of part (a). Furthermore, if the condition in (b) holds, then we
also have
Xi(s+1) < Xn(s) + pan < Xi(s) + X ps — (c— pan. (2.3.19)

Since (2.3.19) holds for any j € [N] \./\/',fvs(s + 1) and we are assuming ¢ > p, we conclude
that (k,s) <p (IV,s + 1), and the result follows by taking j = N — 1 in (2.3.19). O

The next lemma says that if C3 N C4 occurs then all big jumps in the time interval
[ts,t — 1] come from close to the leftmost particle. Our heuristics suggest this should be
true, because we expect most particles to be close to the leftmost particle at a typical time.

However, the proof only relies on the assumption that the events Cs3 and C4 occur.

Lemma 2.3.6. On the event C3 N Cy,

Xi(s) < Xi(s) + crany  V(k,b,s) € B,
Proof. Take s € [t3,t — 1], k € [N] and b € {1,2}, and assume that we have Xy ;s > pan.
Let iy = (i s(s — €n) be the time-(s — £) ancestor of particle (k,s) (recall (2.2.9)). Since
(k,b,s) € By, by the definition of the event C3, we must have By N P;Z’;_KN = (). Then by
Lemma 2.3.3 we have

Xi(s) < X (s —€n) + cran. (2.3.20)

Furthermore, at time s every particle is to the right of Xj, (s — ¢x), by Lemma 2.2.3. This
means &, (s — {n) < Xi(s), and so Xi(s) < Xi(s) + cian by (2.3.20). O

We will use Lemma 2.3.6 to prove the next result, which says that on the event ﬂ?zz Cj,
if the diameter of the cloud of particles is large and a particle makes a big jump, then either
it takes the lead and will be significantly ahead of the second rightmost particle, or it stays
significantly behind the leader.

Corollary 2.3.7. On the event ﬂ?:Q Cj, if (k,b,s) € B][ff’t_l] and d(X(s)) > (cs + c1)an
then

(a) if Xips > Zi(s) then Xn(s+1) = Xp(s) + Xpps > An—1(s+ 1) + (2¢c2 — p)an, and
(b) if Xk,b,s < Zk(s) then Xk(s) + Xk,b,s < XN(S) — 2coan,

where Zy(s) and Co,...,Cs are given by (2.3.11)—(2.3.15).
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Proof. Since Xy s is a big jump, by Lemma 2.3.6 and the fact that d(X(s)) = Xn(s) —
Xi(s) = (3 + c1)an,
Xk(s) < Xl(s) +ciay < XN(S) — C3aN -

Hence the gap between the kth particle and the rightmost particle is bounded below by

C3a N
Zi(s) > czan. (2.3.21)

It follows that if X p s > Zi(s), by the definition of the event Co we have Xy p s > Zi(s) +

2coapy, which implies that
Xk:,b,s + Xk(S) > XN(S) + 2coapn.

Since 2co > p by (2.3.3) and (2.3.4), Lemma 2.3.5(b) implies the statement of part (a).
If instead Xjps < Zg(s), then by (2.3.21) and the definition of Cp, we have Xj ;¢ <
O

Zy(s) — 2coan, which completes the proof.

The next result says that on the event ﬂ?ZQ Cj, if the diameter of the cloud of particles
is big at some time s, then if at time s or s — 1 a particle makes a big jump which beats

the current leader, this particle becomes the new leader.

Corollary 2.3.8. On the event ﬂ?zg Cj, for all s € [tz +1,t—1], if d(X(s)) > 3csan then
SGSN<:>8€SN and S—lESN<:>S—1€SN,

where Sy and Sy are defined in (2.2.16) and (2.2.18).

Proof. Take s € [t + 1,t — 1] and suppose d(X(s)) > 3czan.

If s € Sy, then there exists (k, b, s) € By such that X (s)+Xgps = An(s+1) > Xn(s),
where we used monotonicity for the inequality. To show that s € Sy, we need to show
that in fact Ay(s) + Xpps > An(s), ie. the inequality is strict, but this follows from
Corollary 2.3.7(b), which applies since d(X(s)) > 3csan > (c1 + c3)an by (2.3.4).

Now suppose s € Sy. Since d(X(s)) > Scsan > (c1 + c3)an, and by the definition of
Sy, the conditions of Corollary 2.3.7(a) hold for (k,b,s), for some (k,b) € [N] x {1,2}.
Then Corollary 2.3.7(a) implies that s € Sy, and therefore the first equivalence in the
statement holds.

If d(X(s—1)) > (c3+ c1)an, then we can repeat the proof of the first equivalence to
show that s —1 € Sy < s —1 € Sy.

If instead d(X (s — 1)) < (e3 + c1)an we argue as follows. Suppose s —1 € Sy. Then
there exists (k,b,s — 1) € By such that

Xi(s — 1) + Xpps-1 = An(s) > An(s — 1),

which means X451 > Zi(s —1). Now Xy 51 = Z(s — 1) is impossible because, with
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the assumption that d(X (s — 1)) < (c3 + ¢1)an, it would imply
XN(S) = Xk(s — 1) + Zk(s — 1) = XN<S — 1) < Xl(s — 1) + (63 + cl)aN < Xl(s) + %CgCLN

by monotonicity and (2.3.4). This contradicts the assumption d(X(s)) > 3czan from the
statement of this corollary. Hence, we must have Xy 1 > Zp(s — 1), and so s — 1 € Sy.

Now suppose s — 1 € Sy, and take (k,b,s — 1) € By such that Xj(s — 1) + Xpp -1 >
Xn(s —1). Then by Lemma 2.3.5(a) and the assumption on d(X(s — 1)), for all j €
[N] \le,s—1(5) we have

Xi(s) < Xn(s—1)+pay < Xi(s — 1)+ (3 +c1 + p)an.

By monotonicity, (2.3.3) and (2.3.4) this is strictly smaller than X (s) + 3czan. Thus, at

time s, all particles not in ./\/,f s_1(s) are closer than distance %c;;aN to the leftmost particle.
Hence, since we assumed that d(X(s)) > 3czan, we must have (k, s — 1) <p (V, s), which
means that s — 1 € Sy. O

The last property we state before the proof of Proposition 2.3.2 says the following.
First, if no particle beats the leader with a big jump for a time interval of length at most
£, then the leader’s position does not change much during this time. We will use the extra
condition that the diameter is not too small to prove this easily; if the diameter is too small
then jumps that are “almost big” could complicate matters. Second, the lemma says that
if the diameter becomes small at some point, then it cannot become too large within ¢y
time, if there is no particle which beats the leader with a big jump. Recall the definition
of Sy from (2.2.18).

Lemma 2.3.9. On the event ﬂ?:g Cj, for all s € [ts,t1 — 1] and As € [{n], if s+ As < t;
and [s,5 + As — 1] € S% then the following statements hold:

(a) If d(X(r)) > 3csan for allr € [s,s+ As—1], then Xn(s+ As) < Xn(s) +cran. In
particular, if As =Ly then d(X (s +{n)) < cran.

b) If there exists r € [s,s + As — 1] such that d(X (1)) < 3csan, then d(X (s + As)) <
2

%C3CLN + 2(:1aN,

Proof. First we prove part (a). Let 4,5 € [N] with (¢, s) < (j, s+ As). Assume that there is
a big jump on the path between X;(s) and X;(s+ As) at time s’ € [[s, s+ As—1], i.e. there
exists (K',b,s') € By N PZ’;JFAS. Since we assume s’ € S5, we have X (s') + Xy p g0 <
Xn(s'). Then since we assume d(X(s')) > Scgan > (¢34 c1)an by (2.3.4), we can apply

Corollary 2.3.7(b) to obtain
Xk/(sl) + Xk/,b/,s’ < XN(SI) — 2coapN. (2.3.22)
Therefore, first by Lemma 2.3.4, second by (2.3.22), and third by monotonicity and (2.3.4)
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we get
Xj(s + AS) < Xk/(sl) + Xk’,b’,s’ +clany < XN(S/) — 2coanN + crany < XN(S + As).

Hence j # N, which means that the leader at time s + As must be a particle which does
not have an ancestor which made a big jump in the time interval [s, s + As — 1]. That is,
By N Pi]’i’sJ“As = () for all 7 € [N]. But then by Lemma 2.3.3 we must have

Xn(s+ As) < Xn(s) + cran,

which shows the first statement of part (a). By Lemma 2.2.3 we also have X (s + {n) >
Xn(s), and the second statement of part (a) follows.
Now we prove part (b). Let 74 denote the last time before s + As when the diameter is

at most %Cga]v, that is
tg=sup{r <s+As: d(X(r)) < 3czan}.

By our assumption in part (b) we have 74 > s.

If 7y = s+ As then we are done. Assume instead that 74 < s + As. Then we can
estimate the leftmost particle position at time s+ As using monotonicity and the definition
of 14:

Xl(s + AS) > Xl(Td) > XN(Td) — %Cga]v. (2.3.23)
To estimate the rightmost position, we first use the fact that 74 € [s,s + As — 1] C Sf\,
and d(X(t4 + 1)) > 3czan by the definition of 7,. Hence, the second equivalence of
Corollary 2.3.8 implies that 75 € S%;; that is, no big jump takes the lead at time 745 + 1.
Thus, for some (k,b) € [N] x {1,2} we have

XN(Td + 1) = Xk(Td) + kabﬂ'd < XN(TC[) + pay. (2.3.24)

Now (2.3.23), (2.3.24) and (2.3.3) show that if 7y = s + As — 1 then we are done. Assume
instead that 74 < s+As—1. Then we can apply part (a) for the time interval [r3+1, s+As],
because d(X(r)) > 3csan Vr € [74+ 1, s + As] by the definition of 74. So by part (a) and
then by (2.3.24) we have

/YN(S + AS) < XN(Td + 1) +clay < XN(Td) + (p + cl)aN. (2.3.25)

Now (2.3.25), (2.3.23) and (2.3.3) yield part (b). 0

Proof of Proposition 2.3.2. The main effort of this proof is in showing that the C; events
imply B1. So we want to see a leader tribe at time ¢; in which all the particles are descended
from particle (N, T), and are significantly to the right of all the particles not descended
from particle (N, T"). We begin by giving an outline of how this will be proved.
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Outline of proof that C; to C; imply B;
Assume the event mj.:lcj occurs. On the event Cy there will be a time 71 € [to+ 1,¢1] when
the leader, particle (N, 71), is a distance more than 2czay ahead of the second rightmost
(and every other) particle. Having this gap at time 7 will ensure that the back of the
population is further than %c;),a ~ away from the leader at all times up to ¢;. That is, the
diameter cannot be too small after time 71, and so we will be able to apply Corollary 2.3.7.
It is a possibility that on the time interval [r1,¢1], every particle not descended from
(N, 1) stays further than roughly 2coan to the left of the tribe descending from (N, 71).
Then we will have the desired leader tribe with a gap behind it at time t1. Alternatively,
the tribe of particle (IV,71) may be surpassed by other particles. But then, by Corol-
lary 2.3.7(a), the leader must be beaten by at least roughly 2cean. The new leader’s
descendants might be surpassed too, but again by at least 2coan. Then, after the last
time T when a tribe is surpassed before ¢; (i.e. the last time when a big jump takes the
lead, see (2.2.17)), no particle will make a big jump that gets closer to the leader tribe
than 2ceay, by Corollary 2.3.7(b). We will see that this implies that at time ¢;, the leader
tribe will be further away than caay from all the other particles. This argument works if
the particles of the tribes do not move far from the position of their ancestor which made
a big jump. We have this property due to Lemma 2.3.4.

Therefore, the proof will expand on the following steps:

(i) The record is broken by a big jump at time 71. Therefore time T, the last time when

the record is broken by a big jump before time 1, is either at time 71 or later.

(ii) The diameter is at least %c;;aN between times 71 and ¢;.

We will show that the back of the population stays far behind X (71), because of
the small number of big jumps compared to the number of particles. This is useful,
because most of the lemmas and corollaries above will apply if the diameter is not

too small.

(iii) At time T, the last time before t; when a particle takes the lead with a big jump,
there will be a gap of size at least %czaN between the leader (N, T) and the second
rightmost particle (N —1,7).

This step follows by Corollary 2.3.7(a), which we can apply because of step (ii). If
the diameter is big and the leader is beaten, then the new leader will lead by a large

distance.

(iv) Every other particle stays at least distance cpan behind the descendants of particle
(N, T) until time ¢;.

This is mainly due to steps (ii) and (iii) and Corollary 2.3.7(b): if the diameter is big
and the leader is not beaten by a big jump, then big jumps will arrive far behind the
leader. Therefore, the gap behind the leader tribe created in step (iii) will remain

until time ¢7.
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(v) The leading tribe has the size required by the event Bj, and thus the event B; occurs.

Proof that C; to C; imply B;
We now give a detailed proof, following steps (i)-(v) above, that

7
(¢ C B (2.3.26)
j=1

Assume that ﬂ;zl C; occurs. We first check that we have T' € [ty + [6¢n],t1 — [d¢n]] by

proving the following statement.

Step (i). We have to+ [0n] <11 <T <t1—[dlN], where 71 and T are defined in (2.3.9)
and (2.2.17).

In order to see this, we will use the following simple property:
Xj(s —1) < Xn_i(s) VseNandje[N] (2.3.27)

Indeed, since all jumps are non-negative, and particle (N, s — 1) has two offspring, there
are at least two particles to the right of (or at) position Xn(s — 1) at time s. Thus
Xn(s—1) < Xn_1(s), which shows (2.3.27).

By the definition of the event C;, we have 71 € [ty + 1,¢1]. Let (J,b) € [N] x {1,2} be
such that (J,7 — 1) Sy (N, 71), and so Xy(m1) = Xj(m — 1) + X5 . It also follows
from (2.3.27) that X'j(1; —1) < Anv_1(71). Hence the definition of 71 in (2.3.9) implies that
Xj757T1_1 > 2csapn, which means that Xj,i;,rl—l is a big jump, and so cannot happen on
the time interval [tg, 2 + [d¢n]] by the definition of Cg. This implies the first inequality in
Step (i). We also notice that Xj757T1_1 is a big jump which takes the lead at time 71, that
is 1 —1 € Sy (see (2.2.16)). Then we have T' > 1 by the definition of T in (2.2.17), which
shows the second inequality of Step (i). Furthermore, the definition of 7" also shows that
T > t1 — [d¢n] is not possible on Cg, which concludes the third inequality and the proof of
Step (i).

Since we now know that 7" # 0, particle (N, T) is the last particle which broke the record
with a big jump before time t;. Take (J,b*) € [N] x {1,2} such that (J, T —1) Sp« (N, T),
S0

XN (T) = Xy(T = 1) + Xy 11, (2.3.28)

with X 73+ 7—1 > pan. That is, at time 7" — 1 the Jth particle’s b*th offspring performed a
big jump X jp+ 71, with which it became the leader at time 7" at position Xn(7"). We will
show that at time t; there is a leader tribe in which every particle descends from particle
(N, T). Our next step towards this statement is to show that the diameter is large between

times 7 and t;.
Step (ii). We have d(X(s)) > 3czan for all s € [r1,t1].
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We prove Step (ii) by showing that the number of particles within distance %c;;aN of the
leader is strictly smaller than N at all times in [7,¢1].
Let s € [r1,t1]. Consider an arbitrary particle (4, s) in the population at time s. We
first claim that if
X;(s) > Xn(m1) — 3csan, (2.3.29)

then particle (4, s) has an ancestor which made a big jump at some time § € [r; —1,s —1].
That is, if (2.3.29) holds then

By N P;’s # (0, for some j € [N]. (2.3.30)

7Tl_l

To see this, we notice that
Xj(Tl — 1) < XNfl(Tl) < XN(Tl) — 203&]\7 Vj € [N], (2.3.31)

where the first inequality follows by (2.3.27), and the second from the definition of 7.
Therefore, by (2.3.29), (2.3.31) and (2.3.4), we have

XZ(S) > Xj(Tl — 1) +clay Vj € [N} (2332)

In particular, this holds for j € [N] such that (j,71 — 1) < (i, s). Therefore (2.3.30) must
hold by Lemma 2.3.3, showing that our claim is true.
Thus, every particle which is to the right of Xy (1) — %c;;aN at time s has an ancestor

which made a big jump between times 71 — 1 and s — 1. This gives us the following bound:

#1{i € [N]: Xi(s) > Xn(m) — Sezan} < > N ()], (2.3.33)

[T1—1,s—1]
(L,b,r)EBN

where j\/’llfr(s) and BE\?*LS*” are defined in (2.2.13) and (2.2.14) respectively. On the
right-hand side we sum the number of descendants of all particles which made a big jump
between times 7 — 1 and s — 1. We want to show that this is smaller than N, because that
means that there must be at least one particle to the left of (or at) Xn(7m1) — %03aN at time
s.

Since [ — 1, 8] C [ta + [0¢N] ,t1] by Step (i), any particle at a time in [r — 1,8 — 1]
has at most 201~ (2+[9N1) descendants at time s. Furthermore, the number of big jumps
in the time interval [1; — 1, s — 1] is at most K, by the definition of C;. Hence, by (2.3.33)

and then since t1 — to = I,
#{i € [N]: Xi(s) > An(m) — Sezan} < K2~ (2H1OD) <o N1 < N, (2.3.34)

by our assumption on N in the statement of Proposition 2.3.2. Therefore, by (2.3.34) and
monotonicity we must have Xj(s) < Xn(11) — %c;;aN < Xn(s) — %Cg&N, which concludes
the proof of Step (ii).
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Next we show that there is a gap between the two rightmost particles at time 7.
Step (iii). We have Xy_1(T) + Scaany < Xn(T).

Note that we have 71 < T by Step (i). If 7' = 71 then the statement of Step (iii) holds by
the definition of 71 and (2.3.4).

Suppose instead that 7" > 7. We now check the conditions of Corollary 2.3.7(a).
Recall from (2.3.28) that X jp+ 71 is a big jump. Since the particle performing the jump
X jp+ -1 becomes the leader at time 7', we have X jp- 71 > Z;(T — 1), where Z;(T —
1) is the gap between the Jth particle and the leader at time T'— 1. Also note that
(J,b*,T — 1) € B and that by Step (ii) and (2.3.4) we have d(X(T—1)) > (c3+c1)an.
Therefore Corollary 2.3.7 (using part (a) when X jp- 71 > Z;(T —1); part (b) shows that
we cannot have X jp« 1 = Z;(T — 1) since otherwise the particle performing the jump

X v+ 7—1 would not take the lead at time 7") implies
XN(T) = XJ(T — 1) + XJ7b*7T_1 > XN_l(T) + (202 — p)CLN,

which together with (2.3.3) and (2.3.4) shows the statement of Step (iii).

In Step (iv) we show that every particle which does not descend from particle (N, T') is to
the left of Xn(T') — coan at time ty.

Step (iv). Leti e [N —1] and j € [N]. If (i,T) < (j,t1) then X;(t1) < An(T') — coan.

First we will use Lemma 2.3.9(a) to bound Xx(¢1). Since T is the last time when a particle
took the lead with a big jump before time ¢;, we have [T, ¢; —1] C S%;, where Sy is defined
in (2.2.16). By Corollary 2.3.8 and Steps (i) and (ii), it follows that [T,t; — 1] C S%.
Therefore the conditions of Lemma 2.3.9(a) hold with s = 7" and As = t; — T. Then
Lemma 2.3.9(a) yields

Xn(t1) < Xn(T) + cran. (2.3.35)

Now we prove the upper bound on X)j(¢1) in the statement of Step (iv). Let us first con-
sider the case in which there is no big jump in the path between particles (i,7) and (j,t1),
ie. By N Pij’iﬁl = (). Then, by Lemma 2.3.3, Step (iii) and (2.3.4) we have

Xj(tl) < Xl(T) +crany < XN(T) — %CQCLN +clany < XN(T) — Cco2aN,

which shows that the statement of Step (iv) holds in this case.

Now suppose instead that there exists a big jump on the path between particles (i,T")
and (j,t1), so assume we have some (I,b,7) € By N Pf%l We will show that, even with the
big jump Xy, particle (j,t1) cannot arrive close to the leader particle (N,t;) at time ¢;.
This fact together with (2.3.35) will imply Step (iv).

We know that [Tt — 1] C S¢ , and so, in particular, the leader at time r is not beaten
by the big jump X;;,. Hence by the definition of Zj(r) in (2.3.11) we have Xj;, < Zj(r).
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Therefore, because of Steps (i) and (ii) and by (2.3.4), Corollary 2.3.7(b) applies, which
implies

Xi(r) + Xipr < Xn(r) — 2c20N. (2.3.36)

Now by Lemma 2.3.4 and since t; — T < ¢ by Step (i), then by (2.3.36), and finally by

monotonicity,

Xi(t1) < X(r) + Xipr + crany < Xn(r) —2c2any + cray < Xn(t1) — 2c0an + cran.
(2.3.37)

Putting (2.3.37) and (2.3.35) together and then using (2.3.4), we obtain
Xj(tl) < XN(T) — QCQCLN + 2610,]\[ < XN(T) — C2anN,
which finishes the proof of Step (iv).

Step (v). The event By, as defined in (2.3.7), occurs.

Let us simplify the notation by writing R = R, n(t1), where R., n(t1) is given by (2.3.6).

To prove that By occurs, we first show that
./V‘N7T(t1) = {] € [N} : Xj(tl) > XN(tl) — claN} = {N —R+1,... ,N}. (2338)

The second equality follows directly from the definition of R; we will prove the first equality.

Note that Step (iv) implies that every descendant of particle (N, T") survives until time
t1, that is [Ny 7(t1)| = 22=T > 1. Indeed, by Step (i) and our assumption on N we have
20T < 9N179 < N, thus at time t; there are at least 2/2~7 particles to the right of (or
at) position Xn(T) by Lemma 2.2.3. By Step (iv), particles not descended from particle
(N, T) are to the left of position Xn(7) at time t;. Therefore, particle (N,T) must have
2011 surviving descendants at time t¢;, since otherwise there would not be 281~ particles
to the right of (or at) position Xy (7).

The above argument also implies that the leader at time ¢; must be a descendant
of particle (N,T), i.e. N € Nyr(t1). Furthermore, as all jumps are non-negative, and
by (2.3.35), we have

Xk(tl) S [XN(T>,XN(T) + claN] Vk € NN,T(tl)- (2.3.39)

In particular, using the above and (2.3.35) again, we must have Xy (t1) > Xn(T) > Xn(t1)—
ciay for all k € NN,T(tl)-
By Step (iv) and then by monotonicity and (2.3.4),

Xj(tl) S XN(T) —coan < XN(tl) — CcClan VJ € [N] \NN,T(tl),
and (2.3.38) follows.
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Next we check that
XN_R(tl) < XN—R-i—l(tl) — Coa N - (2.3.40)

By (2.3.38) we see that N — R+1 € Ny r(t1) and N — R ¢ Nnr(t1). Therefore, Step (iv)
and (2.3.39) imply (2.3.40).

Finally, we need to show that
R < 2N'7°, (2.3.41)
We have that
R=|{N—R+1,...,N}| = [Nyr(t)| <2t~z < ogN1=3

where in the second equality we used (2.3.38), and the inequality follows since T' > to+[64x |
by Step (i). Therefore by Step (i), (2.3.38), (2.3.40) and (2.3.41), B occurs, which concludes

Step (v).
This completes the proof of (2.3.26).

Proof that C; to C; imply B,
Recall the definition of the event Bs in (2.3.8). We now prove that

BiNCysNCeNCr C By, (2.3.42)

which implies ﬂ;zl C; C By because of (2.3.26).

Assume that B; N Cy N Cs N Cr occurs. Again write R = R, n(t1), where R, n(t1) is
defined using (2.3.6). Take j € [N — R] and consider particle (j,¢;). Then, by the definition
of the event By in (2.3.7), and since the leader at time ¢; is to the right of every particle at
time t1, we have

Xj(t1) < XAn—pt1(t1) — coan < An(t1) — caan. (2.3.43)

Now suppose that the ith particle at time ¢ is a descendant of particle (j,t1),1.e. i € Nj4, (t).
Lemma 2.2.3 implies that every particle at time ¢ is to the right of (or at) Xn(¢1). Thus
we have X;(t) > Xn(t1), which together with (2.3.43) and (2.3.4) implies

Xi(t) > Xj(t1) + cran.
Thus, by Lemma 2.3.3, there must be a big jump in the path between particles (j, ) and
(i,t); that is, we must have By N p;; £ 0.

Therefore we can bound the number of time-t descendants of particles (1,t1), (2,t1),

..., (N = R,t1) by the number of descendants of particles which made a big jump between
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times ¢; and ¢t — 1:

N—R
> NG ()] < > NV ()] (2.3.44)
j=1

(k,b,s)eBi 1]

By the definition of the event Cg, no particle makes a big jump in the time interval [t; —
[00n],t1 + [0¢n]]. Hence, any particle which made a big jump between times ¢; and ¢ — 1
can have at most 2t~ (1 +[9N1) descendants at time ¢. Furthermore, by the definition of Cr,
\Bgffl’t_lu < K. Putting these observations together with (2.3.44) we obtain

N—R
> Nin (D] < 2KN'0 < N, (2.3.45)
j=1

by our assumption on N in the statement of the proposition. This completes the proof
of (2.3.42).

Proof that C; to C; imply A;
Recall the definition of A; in (2.2.3). We now complete the proof of Proposition 2.3.2 by
showing that

7
(¢ C A (2.3.46)
j=1

Assume ﬂ;zl C; occurs. Let i,57 € [N] be such that (j,t1) < (¢,¢). Assume first that

By N P;fl = (). Then, by Lemma 2.3.3 and using the leader’s position as an upper bound,

we obtain
Xi(t) < Xj(t1) + crany < Xn(t1) + criay < Xi(t) + cran,

where the last inequality follows by Lemma 2.2.3. Thus, recalling the definition of L, n(t)
in (2.2.1), we have i € [L¢, n(t)]. Therefore, if i > L., n(t) then we must have By ﬁPj”; #
0. It follows that

N-—Lon®< > M@ <N

[t1,6—1]
(k,b,s)EB !

by the same argument as for (2.3.45). Since we took ¢; < 7 in (2.3.4), we now have
Ly n(t) > N — N7, which finishes the proof of (2.3.46). The proof of Proposition 2.3.2
then follows from (2.3.26), (2.3.42), (2.3.46) and Step (ii). O

2.3.3 Breaking down event C;

We have now broken down the events B, Bs and A; into simpler events C; to C;. In
Section 2.4 we will be able to show directly that the events Cy to C; occur with high
probability. However, we will need to break C; down further, into simpler events that we
will show occur with high probability in Section 2.4. In this section we carry out the task

of breaking down Cj, which says that a gap of size 2czan appears behind the rightmost
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particle at some point during the time interval [t2 + 1, 1] (see (2.3.10)), into simpler events.
Recall that we assumed t > 4/, and that the constants n € (0,1], v, 0, p, ¢1,¢2,...,¢c6, K
satisfy (2.3.2)-(2.3.5).

The first event we introduce is the same as the event Co in (2.3.12), except with larger
gaps and jumps. That is, if a particle is more than cqany away from the leader, then it does
not jump to within distance 3csay of the leader’s position with a single big jump (recall
that c3 < ¢q). We let

Dy e A(i,b,5) € [N] x {1,2} x [t3,t — 1] such that
b Xibs € (Zi(s) — 3czan, Zi(s) + 3czan] and Z;(s) > caan

} , (2.3.47)

where Z;(s) is the gap between the ith and the rightmost particle. The reason behind the
definition of Dy is the following. Assume that a big jump beats the leader at a time when
the diameter is fairly big (> %C4CLN). Then the event Dy, together with the events Cs, Cy4
and Cs, implies that this particle must become the new leader and it will lead by at least
(3¢cs — p)an, which will be enough to show that C; occurs. We state this as a corollary

below, which we will use later on in this section.

Corollary 2.3.10. On the event D1 N C3 N Cy N Cs, if (k,b,s) € B][f,s’t_l], d(X(s)) >
(ca+cr1)an and Xips > Zy(s), then

XN(S + 1) = Xk(s) + Xk,b,s > XN_l(S + 1) + (363 — p)aN,

where Zy(s), D1 and C3,Cy,Cs are given by (2.3.11), (2.3.47) and (2.3.13)-(2.3.15) respec-
tively, and Bj[f,?”tfl] is defined in (2.2.14).

Proof. The statement follows by exactly the same argument as for Corollary 2.3.7(a), if we

replace Cy by D1, c3 by ¢4 and 2¢y by 3cs. O

The next two events will ensure that the record is broken in the time interval [t +1,1].
The first event says that there is a jump of size greater than 2cqan in every interval of
length 5l in [t3,t1] (recall ¢4 < ¢5). We define

Dy = {Vs € [t3,t1 — csln], 3(k,b,8) € [N] x {1,2} x [[s,5 4+ c5ln] : Xips > 2caan} .

(2.3.48)

The event Dy will be useful if at some point in the time interval [to,¢1] the diameter is not

too large (< %04611\7). If Dy occurs then shortly after this point a jump of size larger than

2c4an happens. We will show that this jump breaks the record, and the particle performing

this jump will lead by at least 2csan. The reason for this is that the jump size (> 2cqan)
is much greater than the preceding diameter (< %C4CLN), and that c3 < ¢4.

The next event says that there will be a jump of size greater than 2cgan between times

to and to + [{n/2] (recall ¢g > c5). Let
D3 = {H(i,b, S) S [N] X {1,2} X [[tg,tg + MN/QH] : Xi,b,s > QCGCI,N} . (2.3.49)
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The next event says that there is no jump of size greater than cgay shortly before time ¢5.
We let

Dy = {#(i,b,5) € [N] x {1,2} x [ta — [esln] ta] : Xips > coan’ (2.3.50)

(recall c5 < ¢g). Our last event excludes jumps of size in a certain small range in a certain
short time interval. The starting point of this time interval will be the first time after to

when the diameter is at most %ch:
Ty =inf {s >ty : d(X(s)) < 2caan'}, (2.3.51)

and we define the event

5 ._{ B(k,b, s) € [N] x {1,2} x [r2, 72 + c50n] : }
5 = .

(2.3.52)
Xk,b,s S (264CLN, 2cqan + 3C3aN]

We can now state the main result of this subsection.

Proposition 2.3.11. Let n € (0,1], and assume that the constants ~, 9, p,c1,ca,...,c6, K
satisfy (2.3.2)-(2.3.5). For all N > 2 sufficiently large that {n — [csln]| > [In/2] and
t> 451\7,

where D1,..., D5 are defined in (2.3.47)-(2.3.50) and (2.3.52) respectively, and Cy,...,Cr
are defined in (2.3.10) and (2.3.12)-(2.3.17) respectively.

Before giving a precise proof of Proposition 2.3.11, we give an outline of the argument,

which is divided into four separate cases. Suppose ﬂ;ﬂ C;iN ﬂg’zl D; occurs.

Case 1: Suppose there is a time 7 € [t2,t] — ¢5¢] when the diameter is not too large (at
most %C4aN). Then shortly after time 7o, there will be a jump of size larger than 2cqan, by
the definition of the event Dy. We will show that the particle making this jump breaks the
record and will lead by a distance larger than 2czan. The proof will also use the definition
of the event Ds.

Case 2(a): Suppose the diameter is larger than Sciay at all times in [ta, t — cs5ln],
but the record is broken by a big jump at some point in this time interval. Then Corol-

lary 2.3.10 tells us that there will be a gap of size greater than 2czany behind the new record.

Case 2(b): Suppose the diameter is larger than %C4(J,N at all times in [to,t; — c5ln]. If the

record is not broken on the time interval [to — [e5n], t1 — c5€n], then using Lemma 2.3.9,
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2.3. Deterministic argument for the proof of Proposition 2.2.5

we can show that the diameter is less than %C4CLN at time t; — [c5fN ], giving us a contra-

diction. Thus this case is impossible.

Case 2(c): Suppose the diameter is larger than %C4CLN at all times in [tg,t; — c5fn]. Now
consider the case that the record is not broken on the time interval [to,t; — c5fy], but is
broken shortly before to, during the time interval [to — [¢5fn] ,t2 — 1]. By the definition of
the event Dy, this jump cannot be very big. Therefore, we will see that the new leader will
be beaten by the first jump of size greater than 2cgay, if the record has not already been
broken before that. There will be a jump of size greater than 2cgan before time to+ [£x /2]
because of the event D3, so the record must be broken by a big jump before time t; — c5€y.

This again gives us a contradiction, meaning that Case 2(c) is also impossible.

We now prove Proposition 2.3.11, using cases 1, 2(a), 2(b) and 2(c) as described above.

Proof of Proposition 2.3.11. Fix n € (0,1] and take constants v, d, p,c1, 2, ..., ¢, K as in
(2.3.2)-(2.3.5). Let us assume that ﬂ;:2 C; NN>_, D; occurs.

Case 1: tQ S T S tl — C5€N.

In this case, by the definition of 75 we have
d(X(72)) < 3caan. (2.3.53)
Let us now consider the first jump of size greater than 2cqany after time 7; that is, let

s* =inf{s > m : 3(k,b) € [N] x {1,2} such that Xy > 2csan} € [12, 72 + c5{n]
(2.3.54)

by the definition of the event Dy in (2.3.48). Take (k*,b*) € [N]x{1,2} such that X« p« o >
2cqapn (there is a unique choice of the pair (k*,b*) by the definition of the event Cs). We
will show that the jump Xy« o« creates a gap of size larger than 2czan behind the leader.
We do this in two steps. First we show that the diameter is not too large right before the

jump Xp« p+ o+ occurs; then we show that a gap is created.

(i) We claim that
d(X(s*)) < 2cqan + coan. (2.3.55)

Now we prove the claim. By (2.3.53), the claim holds if s* = 75. Suppose on the
other hand that s* > 7. Let j € [N] be arbitrary, and then take ¢ € [N] such that
(i,72) < (4,8%). We will show that particle (7, s*) is within distance (2¢4 + c2)an of
the leftmost particle at time s*. We consider two cases, depending on whether there

is a big jump on the path between X;(72) and Xj(s*).

68



2.3. Deterministic argument for the proof of Proposition 2.2.5

o If By N P’¥ =0, then by Lemma 2.3.3, (2.3.53) and monotonicity,

1,72

Xj(s*) < Xi(Tg) +clany < Xl(TQ) + %C4aN + ciay < Xl(s*) + %C4aN + cian.
(2.3.56)

o If By NP’ £ (), then take (K, b, s') € ByNP"S . Then Xjy(s') is the position

1,72 1,72

of the parent of the particle that makes the jump Xy . Since (by (2.3.54))
Xp= p= s+ 18 the first jump of size greater than 2cjan after time 7, and since
s' < s*, we have Xy ¢ < 2csany. Then since s* — s < s* — 1 < csly, by

Lemma 2.3.4 we have
X;(s*) < X (s) + Xp p s + cran < X (s') + 2caan + cran.
Now Lemma 2.3.6 and monotonicity imply that this is at most
X1 (8) + 2csan + 2cray < X1 (s¥) + 2c4an + 2c1an. (2.3.57)

By (2.3.56), (2.3.57) and our choice of constants in (2.3.4), we conclude that for any
particle position X(s*) in the population at time s*, X;(s*) < X1(s*) +2csan +c2an,
which implies (2.3.55).

(ii) We claim that
XNfl(S* + 1) + 2cz3any < XN(S* + 1). (2358)

By the definition of (k*,b*,s*), we have Xy« p o« > 2csap, and we also know that
Xig e s+ & (2caan,2csan + 3csan] by the definition of the event Dy, because s* €
[2, 72 + c5fn]. Therefore we have

Xpr pe o+ > 2c4an + 3c3an. (2.3.59)
Then by (2.3.59) and (2.3.55),
X (8*) + Xk*,b*,s* > Xl(s*) + (204 + 363)@]\] > XN(S*) + (303 — Cg)aN. (2.3.60)

Note that 3c3—c2 > p by (2.3.3)-(2.3.4), which in particular shows that X« p o« must
be a big jump. Hence by (2.3.60) and Lemma 2.3.5(b), we have (k*, s*) Sp= (N, s*+1)
and

AN(s*+1) > Xn_1(s"+ 1)+ (3c3 — c2 — p)an,

which is larger than Xy_1(s* + 1) + 2csan by (2.3.3)-(2.3.4). This finishes the proof
of (2.3.58).

Recall from (2.3.54) that s* € [m2, 72 + csfn]. Furthermore, event Cg tells us that s* ¢
[t1 — [0¢n],t1]. Therefore, by the assumption of Case 1 that 7o € [t2,t1 — c5fn], we con-
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clude ta +1 < s* + 1 < t1, which together with (2.3.58) shows that C; occurs. We conclude
that Proposition 2.3.11 holds in Case 1.

Case 2(a): 1o > t; — csln and [to, t1 — csln]| N Sy # (), where Sy is defined in (2.2.18).
This means that there exists (k,b,8) € B][?’tl_%m] with X ;. > Z;(5) (recall (2.3.11)).
Since 75 > t; — csly, we have d(X(8)) > 3csan. Then by (2.3.4), we can apply Corol-

lary 2.3.10 to obtain
XN(§ + 1) = Xk(§) + Xl%,l;7§ > XN_1(§ + 1) + (363 - p)aN.

By our choice of constants in (2.3.3)-(2.3.4), and because § + 1 € [ta + 1,¢1], this shows
that C; occurs. Therefore we are done with the proof of Proposition 2.3.11 in Case 2(a).

Case 2(b): ™ >t —csfy and [tz — [0551\71,?51 — 6551\7} N SN = 0.
We will apply Lemma 2.3.9 with s = t2 — [¢5fn] and As = £. By assumption we have
[s,s + As — 1] € S%;, and therefore applying either part (a) or part (b) of Lemma 2.3.9 as

appropriate, we have
d(X(s+ As)) = d(X(t; — [esfn])) < max {cran, Sesan + 2c1an }

which is smaller than %C4(IN by (2.3.4), contradicting the assumption that 7o > ¢ — c5ln.

This shows that Case 2(b) cannot occur.

Case 2(0): To > 11 —csfy and [tz,tl —C5€N] ﬁSN = @, but [tQ — [C5€N—|,t2 — 1] ﬁSN #* 0.
Define
3 :=1inf {5 <to: [s,22] € SY} € (t2 — [esln], tal. (2.3.61)

Suppose, aiming for a contradiction, that there exists r € [73, t1 —c5¢ ] such that d(X (r)) <
%c;;aN. Then since [73,t2] C Sf\, and [ta,t1 — csln] C Sf\,, Lemma 2.3.9(b) applies with
s=rand As =t; — [csfn]| — r (which is smaller than ¢y since r > 73 > ta — [c5fn]), and
says that d(X (t1 — [es€n])) < 3esan 4+ 2c1an. By (2.3.4), this contradicts the assumption
that 79 > t1 — esfn. Thus we must have

d(X(r)) > 3csan  Vr € [m3,t1 — csln]. (2.3.62)

Now note that 73 — 1 € Sy. Then by (2.3.62), the second equivalence in Corollary 2.3.8
implies that in fact 73 — 1 € Sy. Hence, by the definition of Sy in (2.2.16), there exists
(k,b) € [N] x {1,2} such that

XN (73) = Xp(73 — 1) + Xy p,ry—15 (2.3.63)

where Xy -,—1 > pan. Now Lemma 2.3.6 provides a bound on &) (m3—1), and the definition
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of Dy together with the fact that 73 — 1 € [ta — [es5ln] , t2] gives us a bound on Xjp o1,
so that we obtain
Xn(73) < Xi(m3 — 1) + (1 + c6)an. (2.3.64)

Now, on the event D3, there exists (i,b,5) € [N] x {1,2} x [t2,t2 + [£x/2]] such that

X~',E7§ > 2cgan > pan (2365)

7

by (2.3.3)-(2.3.4). We show that the particle performing this big jump beats the leader at
time 5. By our assumption that £y —[¢csfn] > [£x/2] and by (2.3.61), we have [r3,5] C S

and § — 73 < {x. Therefore, by (2.3.62) we can apply Lemma 2.3.9(a) with s = 73 and
As = § — 73, and then by (2.3.64) we have

XN(g) < XN(Tg) +clay < Xl(Tg — 1) + (261 + C()’)CLN. (2366)
By (2.3.4), it follows that

XN(g) < Xl(T3 — 1) + 2cgan < Xl(g) + XE,B,g < X;(g) + Xf,l;,§7
where in the second inequality we use monotonicity and (2.3.65). Therefore, by the as-
sumptions that § € [to,ta + [¢n/2]] and In — [esln] > [€n/2], and by the definition of
Sy in (2.2.18), we have § € Sy N [ta,t1 — c5fn], which contradicts the assumption of Case
2(c).

We have now shown that if ﬂ;zQ C; N ﬂ?zl D; occurs then Cases 2(b) and 2(c) are
impossible, whereas Cases 1 and 2(a) imply that C; must occur. This concludes the proof
of Proposition 2.3.11. O

2.4 Probabilities of the events from the deterministic argu-

ment

In the deterministic argument in Section 2.3 we have provided a strategy which ensures
that the events Ay and Ajz occur. In this section we check that the events Cy to C7 and Dy
to D5 which make up this strategy all occur with high probability, and use this to finish
the proof of Proposition 2.2.5.

When bounding the probabilities of these events, it will be useful to consider branching
random walks (BRWs) without selection, where at each time step all particles have two
offspring, the offspring particles make i.i.d. jumps from their parents’ locations, and every
offspring particle survives. Below we describe a construction of the N-BRW from N in-
dependent BRWs, which will allow us to consider our events on the probability space on

which the BRWs are defined. (A similar construction was used in [2].)
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2.4.1 Construction of the N-BRW from N independent BRWs

Consider a binary tree with the following labelling. Let
oo
U= | J {1,2}",
n=0

and for convenience we write e.g. 121 instead of (1,2,1). Then the root of the binary tree
has label (), and for all u € Uy the two children of vertex u have labels ul and u2. We will
use the partial order < on the set Uy; we write u = v if either v = v or the vertex with
label w is an ancestor of the vertex with label v in the binary tree. We also write u < v if
u =2 v and u # v.

The particles of the N independent BRWs will have labels from the set [N] x Uy, and we
have a lexicographical order on the set of labels. We also let U := Uy \ {0}. The jumps of
the BRWs will be given by random variables (Y} u);e[n],ueu, Which are i.i.d. with common
law given by (2.1.3).

The N initial particles of the N independent BRWs are labelled with the pairs (7, 0)
with j € [N]. For each j € [N], we let Y;()) € R be the initial location of particle (j,0).
Then, at each time step n € Ny, each particle (j,u) with j € [N] and v € {1,2}" has two
offspring labelled (j,ul) and (j, u2), which make jumps Yj 1, Y} 42 from the location Y;(u).
The locations of the offspring particles (j,ul) and (j,u2) will be Y;(ul) = YV;(u) + Y u1
and Y;j(u2) = Yj(u) + Yju2. Note that for u < v, the path between particles (j,u) and
(j,v) is given by the jumps Y}, with u <w < v,ie. YV;j(v) = V;i(u) = >, <y Vi

Now we construct the N-BRW by defining the surviving set of particles for each time
n € Ny as the N-element set H,, C [N] x {1,2}", constructed iteratively as follows. Let
Hy :={(1,0),...,(N,0)}. Given H, for some n € Ny, we let H/, denote the set of offspring
of the particles in the set H,:

(Jw)eHy

Then H,+1 C H)], consists of the particles with the N largest values in the collection
(Vj(u))(ju)en: , where ties are broken based on the lexicographical order of the labels. In
this way an N-BRW is constructed from the initial configuration (;(0)) (v and the jumps
(Yiu)je(N]ueu-

For n € N, we let 7], denote the o-algebra generated by (Yju)je[n]ucun _, {1,2ym- Note
that H,, is F,-measurable for each n.

Returning to our original notation in Section 2.2.1, we can say the following. For
all n € Ny, let X'(n) denote the ordered set which contains the values (Vj(u))(ju)em, in

ascending order:

X(n)={Xi(n) < <Av(n)} = {Vj,(w) <--- < Ve (un)}, (2.4.1)
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where H, = {(ji,u;) : i € [N]}, and again ties are broken based on the lexicographical
order of the labels. Then we define the map o which associates the pair (i,n) € [N] x Ny
with particle (j;,u;) € Hy, where Y}, (u;) has the ith position in the ordered set X'(n). That
is, for (i,n) € [N] x Ny we let

o(i,n) = (Ji,w;) € H, C [N] x Uy, (2.4.2)
where (j;,u;) is as in (2.4.1). The jumps in our original notation are then given by
Xi71,n = invuil and Xi,Q,n = %huig, (2.4.3)

if o(i,n) = (Ji, us)-

Finally, recall that we introduced the partial order < in (2.2.8) in Section 2.2.4 to denote
that two particles are related in the N-BRW. This partial order corresponds to the partial
order < in the N independent BRWs as follows. For all n, k € Ny and g, iy, € [N], we have
(i0,mn) S (ig,n + k) if and only if for some j € [N] and u,v € Uy, we have o(ig,n) = (j, u),
o(ig,n + k) = (j,v), and v < v. Furthermore, for b € {1,2} we have (ig,n) <p (ix,n + k)
if and only if the above holds and additionally k& > 1 and ub < v.

Now we can consider the N-BRW constructed from N independent BRWs with the
notation introduced in Sections 2.2.1 and 2.2.4. It follows from our construction that for
any path in the N-BRW, there is a path in one of the N independent BRWs that consists
of the same sequence of jumps as the path in the N-BRW. We state and prove this simple
property below. Recall the notation P/>" from (2.2.10).

1,11

Lemma 2.4.1. For all k € N, ig,i, € [N] and n € Ny, if (io,n) S (ig,n + k) with
Pl-io’i;?+k = {(ir,bi,n+1) : L € {0,....k — 1}}, then there exists j € [N] and (w)F_, C Uy

such that

(1) (.77 ’LL[) S Hn+l; fOT’ all | € {07 R k};
(2) wb; < uy, for alll € {0,...,k—1}, and
(3) Xiz,bz,n-i-l = 1/j7ulbl? foralll € {0, R 1}.

Proof. Take (iy, by, n+1) € P+ (with 1 € {0,...,k — 1}). Then (it,n+1) Sp, (i, n+k).
Thus, there exist j € [N] and u;, ux, € U such that o(i;, n+1) = (j,w), o(ig, n+k) = (J, ug),
and wb; < uy. This implies X, p, nt1t = Yjup, (see (2.4.3)) and also (j,u;) € Hypqy and
(jyur) € Hyyp by the definition (2.4.2) of o. Since (i;,b;,n +1) € Pf:éwk was arbitrary,

the result follows. O

2.4.2 Paths with regularly varying jump distribution

One of the most important components of the deterministic argument in Section 2.3 is that

paths cannot move very far without big jumps; this is the meaning of the event C4 defined
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in (2.3.14). Corollary 2.4.5 is the main result of this section and will be used to bound from
below the probability that the event C4 occurs.

As in [3], we use Potter’s bounds to give useful estimates on the regularly varying func-
tion A (with index «) defined in (2.1.3). We will use the following elementary consequence
of Potter’s bounds.

Lemma 2.4.2. For e > 0, there exist B(e) > 1 and C1(¢),Ca(e) > 0 such that

1
m <Ciz™* and h(z) < Cyz®t® Vo > B.
Proof. Let € > 0 be arbitrary. By Potter’s bounds [9, Theorem 1.5.6(iii)|, there exists
o > 0 depending only on € such that

hly) < 2max ((y/z)*", (y/2)*™¢)  Va,y > . (2.4.4)

h(z)
Let x > ¢ be arbitrary and let y = xg in (2.4.4). Then we have y/x < 1 and so
(y/x)*te < (y/x)* ¢, and the first inequality in the statement of the lemma holds with
Cy =225 “h(xo)~! and B = o+ 1. Similarly, since we have z/y > 1, we have (z/y)* ¢ <
(x/y)*T¢, and hence by (2.4.4) (with z and y exchanged) the second inequality holds with
Cy = 2h(x0)ma(a+6) and B = xo + 1. O

In order to show that C4 occurs with high probability, we prove a lemma about a random
walk with the same jump distribution as our N-BRW, but in which jumps larger than a
certain size are discarded and count as a jump of size zero. The lemma gives an upper bound
on the probability that this random walk moves a large distance z in of order £y steps,
if the jumps larger than rzy are discarded (for some r € (0,1)). For an arbitrarily large
q > 0, the parameter r can be taken sufficiently small that the above probability is smaller
than N9 (for large N). Our lemma is similar to the lemma on page 168 of [21], where the
jump distribution is truncated; jumps greater than a threshold value are not allowed at all,
instead of being counted as zero. We use ideas from the proof of Theorem 3 in [27], which
is a large deviation result for sums of random variables with stretched exponential tails.

Recall that P(X > x) = h(z)~! for > 0, where h is regularly varying with index
a > 0.

Lemma 2.4.3. Let X1, Xo,... be i.i.d. random variables with X L X. For any m € N,

g>0,2>0,0<r<1A /\(éga), for N sufficiently large, if xy > N then

ml
(S X100 2o ) <00
j=1

Before proving Lemma 2.4.3, we now state and prove an elementary identity which will

be used in the proof. This identity was also used in the proof of Theorem 3 in [27].
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Lemma 2.4.4. Suppose Y is a non-negative random variable. For v > 0 and 0 < K1 <
Ky < o0,

Elexp(vY Ty <g,1) Ly >k}

Ko
— / ve" " P(Y > u)du + e"FIP(Y > K1) — (e*B2 — DP(Y > Kj). (2.4.5)
Ky

Proof. First note that the random variable in the expectation on the left-hand side of (2.4.5)
takes the value 1 if Y > K. The expectation can be written as

Elexp(vY Liy<ro)) Liysry] = E €7 L <y <] + PV > K»). (2.4.6)

Now we will work on the integral on the right-hand side of (2.4.5). First, by Fubini’s

theorem we have

K> Ko KoY
/ ve”"P(Y > u)du =E [/ ve”“]l{y>u}du} =E [/ vedullyy >k y| -
K Ky Ky B

By calculating the integral, it follows that

/1:1{2 ve""P(Y > u)du =E [(QU(KQAY) B evKl) ]l{YzKl}]

=E [ g <v<ioy] T E [ Lysigy] —E [ Lysig] .
The result follows by (2.4.6). O

Proof of Lemma 2.4.3. Let X := X1 {x<reyy and Xj i= Xjlix,<payy for all j € N. Take
N sufficiently large that {5 < 2logy N. Then by Markov’s inequality and since X1, Xo, ...
are 1.i.d. with X 4 X, for ¢ > 0,

mln mly
P ZXj >an | =P |exp CKNI';VIZX]' > el
j=1 j=1

< e—cENE [ecENas;\,lX} meN

1=
c 2m clbyx s X
g2+10 10gE[e N }

< N e loe2 , (2.4.7)

since logy N < f < 2logy N. We will show that with an appropriate choice of ¢ > 0, for
N sufficiently large, the right-hand side of (2.4.7) is smaller than N~9. First we require

¢ > 2qlog2. (2.4.8)

Second, we will have another condition on ¢ which ensures that E[eCENx;VlX] <14+O(N79)

as N — oo for some € > 0. We now estimate this expectation and determine the choice of
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Take 0 < € < 2((/1\161“;, and take B = B(e) > 1 and C1 = C1(€) > 0 as in Lemma 2.4.2.
Suppose N is sufficiently large that rey > B. We apply Lemma 2.4.4 with ¥ = X,

v=clyzy', K1 = B and Ky = rzy, and then use (2.1.3), to obtain

E [edwz_fﬂ <E [GCKNQEJ_VlXﬂ{XS""N}]l{XzB} + BTN P(X < B)

TN _
< / eV TN U (u) " du + eBeNTN (2.4.9)
B

We will choose ¢ such that the first term on the right-hand side of (2.4.9) is close to

zero. By Lemma 2.4.2, and then since r < 1, we have

N 1 ctyzst 1 N 1 ctyas!
/ clyxy e NN Uh(u) " du < / Cielyxyy e“NIN Uy~ ey,
B B

rxe

N -1
< C’lcﬁszﬁl/ eSINTy (mN)xﬁvu_o‘du.
B

Integrating the right-hand side, since we took N sufficiently large that £ < 2log, N, we

conclude
- CngNNIDgQ ( 1- —a. 6 « Bl Qe l)’ 1fa7§1,
of —1 cZN:z:Eluh —1
NTy € (u)"du <
B Ciclyxly Nlog? log xn, ifa=1,
(2.4.10)

where in the a = 1 case we use that B > 1 and that r < 1.
Now, since zy > N* and € < 1 A a, the right-hand side of (2.4.10) is at most of order
N—cif

2cr

log 2 +Ae—(1Na) < —e (2.4.11)

Since r <

’\(é/;a) by the assumptions of the lemma, we can find ¢ such that

A1 A a)log?2

2qlog?2 < c <
4r

Then since we chose € < 2((/\“;, c satisfies (2.4.8) and (2.4.11). Note furthermore that since

xy > N?, the second term on the right-hand side of (2.4.9) is close to 1 for N large; for N
sufficiently large we have

eBcZNx]_Vl < eBchN_’\ <1 +QBCENN_>\. (2.4.12)

Hence, (2.4.9), (2.4.10) and the choice of ¢, and (2.4.12) with the fact that ¢ < A\ show
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2.4. Probabilities of the events from the deterministic argument

that there exists a constant A > 0 such that
E [ec@w?&ﬂ <14+ AN

for N sufficiently large and x > N*. Therefore, by (2.4.7) and (2.4.8) we have

mln
P Z ij >an | < N—Qq-l—%log(l—&—AN%) < N_2q+13%AN76 <N,
j=1
for N sufficiently large, which concludes the proof. n

We now apply Lemma 2.4.3 to the N-BRW, to give us a convenient form of the result

which we will use later in this section and also in Section 2.5.

Corollary 2.4.5. Let A\ >0 and 0 <r < 1A )‘(17/8\60, Then there exists C > 0 such that for

N sufficiently large, if xy > N?,

3(1431,81) S [N] X [[t4,t — 1]], S € [[81 + 1,tﬂ and ko € Nkhsl(SQ) : .,
> Xipsl >z <CN™,
(ibs)epy 22 Cobs Xy <rayp = N

where P,ff’;f and Ny, s, (s2) are defined in (2.2.10) and (2.2.12) respectively.

Proof. Take (ki,s1), (k2,s2) € [N] x [ta,t—1] with (k1,s1) S (k2, s2), and let &' = (g, s, (t1)
be the index of the time-t4 ancestor of (k1,s1) (see (2.2.9) for the notation). If the path
between particles (ki, s1) and (k2, s2) moves at least zy even with discarding jumps greater
than rxy, then the path between (k’,¢4) and (ko, s2) does the same, because all jumps are
non-negative. Therefore we only need to cousider paths starting with the N particles of

the population at time 4:

3(]{71,81) € [N] X [t4,t— 1]], So € [31 + 1,t]] and ko € Nkl’sl(SQ) :

; >
Z(ivb,S)eP,ff’jf Xz’b’s]l{Xi,b,sg"'afN} = TN

Jk" € [N], sp € [ta+1,t] and ka € Ny 1,(s2) :

<P
; >
Z(i,b,s)eP:?;ZQ Xl’b7s]1{Xz‘,b,s§T‘:rN} = TN

(2.4.13)

Now consider the N-BRW constructed from N independent BRWs (see Section 2.4.1).
Assume that k' € [N], s € [ta +1,t] and ko € Ny 4, (s2) are such that

Z Xi’b’sﬂ{Xi,b,serN} Z TN

. ko,s
(Z7b7s)epkl%t42

Then by Lemma 2.4.1 there exists a path in one of the N independent BRWs that contains

k2,52
,7t4

the same jumps as the path P?;°>. Thus Lemma 2.4.1 implies that there exist (j,u) € Hy,
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2.4. Probabilities of the events from the deterministic argument

and (j,v) € Hy, such that u < v and

Z Yjuwliy, , <ray} = TN-

u<w=v

That is, there is a path in the N independent BRWs between times ¢4 and s which moves
at least )y even with discarding jumps of size greater than rx . This means that there
must be a path with the same property between times t4 and t as well, because all jumps

are non-negative. Therefore

Jk" € [N], sg € [ta+ 1,t] and ko € Ny 4,(s2) :

P
(i,b,s)EP:/2;22 i,b,s {X,L-,b’5<7‘:l?]\7} Z IN

< P<3(j,u) € Hy, andve{1,2}" withv-u: Y Viely,,<ron} = :CN>. (2.4.14)

u<w=v

Let X;,i=1,2,... bei.i.d. with distribution given by (2.1.3), and take A > 0, zy > N*,

and 0 < 7r < 1A ’\(11720‘). Note that the random variables Y, are all distributed as the

X, random variables, and that there are 4¢x terms in the sum on the right-hand side
of (2.4.14). We will give a union bound for the probability of the event on the right-hand
side of (2.4.14), using that Hy, is a set of N elements and that a particle in the set Hy, has
24N descendants in a BRW (without selection) at time ¢, which means 24~ possible labels
for v for each (j,u) € Hy,. Then by (2.4.13), (2.4.14) and by conditioning on F}, and using

a union bound,

3(]431,81) € [N} X [[t4,t — 1]], So € [[81 + 1,t]] and ko € N]fl,sl (82) :

Z(z’,b,s)eP,fi’jlz X@'vbvs]l{xi,b,sgmw} 2 TN
4N
< N24€NP<ZXj]l{XjSTJEN} > $N> . (2.4.15)
j=1
Then by Lemma 2.4.3 with m = 4 and ¢ = 6, we have that for IV sufficiently large,
4l
P(Z Xilix, <rany = xN) <N°°
j=1

The result follows by (2.4.15). O

2.4.3 Simple properties of the regularly varying function A

In order to bound the probabilities of the events Cy to C7 and D to D5, we will need to use
several properties of the function h from (2.1.3). Recall that h is regularly varying with
index « > 0, and that it determines the jump distribution of the N-BRW in the sense that
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2.4. Probabilities of the events from the deterministic argument

for each jump (7,0, s),
P(Xips > x) = h(z)™" Va>0. (2.4.16)

Recall that ay = h™'(2N/y), and note that ay — oo as N — co. Indeed, by the definition
of h~1in (2.1.6), ay is non-decreasing, and since h is non-decreasing by (2.1.3), ay cannot
converge to a finite limit @ € R, because this would imply h(a+1) > 2N/ VN. Moreover,
letting Cy = Ca(a) as in Lemma 2.4.2, for N sufficiently large that ay +1 > B = B(«a),

2Nly < h(ay + 1) < Cylay + 1), (2.4.17)

where in the first inequality we use the definition (2.1.6) of h~! and that h is non-decreasing,
and the second inequality follows by the second inequality of Lemma 2.4.2.

Since h is regularly varying with index «, we have

2N/l
h(an)

—1 as N — oc. (2.4.18)

Indeed, since h is non-decreasing, for any ¢ € (0,1), by (2.1.2) and by the definition of ay

we have

han(1—¢)) _ 2Nex _ hlan(1+2))

e e ) S hay) = hlay)

<(142)°+e,

for N sufficiently large. Often in our proofs it will be enough to use that (2.4.18) implies

2N/
< N

1
— 2 2.4.1
> < hian) =% (2.4.19)

~—

for N sufficiently large.
For convenience we state a few other simple properties of h, which we will apply several
times. Let r € (0,1) and n < 1/1000. First, we have
1 1

—a 4
h(ran) < h(aN)(r 1) <

h(aN)Qr_a, (2.4.20)

for N sufficiently large, by (2.1.2). Second, for N sufficiently large, we also have

2N/{ln 2Nty

raw) < BT ') < L+ +t) <207, (2.4.21)

by (2.4.20) and (2.4.18). Furthermore, by the same argument as for (2.4.21), for N suffi-

ciently large,

2N/ N =%
—_ > —. 2.4.22
h(ran) ~ 3 ( )
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2.4. Probabilities of the events from the deterministic argument

2.4.4 Probabilities and proof of Proposition 2.2.5

Next we will go through the events (Cj);-ZQ and (D;)5_;, which we defined in Section 2.3,
one by one. We will prove upper bounds on the probabilities of their complement events,
which will then allow us to prove Proposition 2.2.5. Recall that the events (Cj);ZQ and
(D;)3_; all depend on the constants 7, K, 7,6, p,c1 ..., cs introduced in (2.3.2)-(2.3.5), and
Propositions 2.3.2 and 2.3.11 hold when the constants satisfy the conditions (2.3.2)-(2.3.5).
In order to show that the events in question occur with high probability, the constants need
to satisfy some extra conditions which are consistent with (2.3.2)-(2.3.5). We now specify
these choices.

Recall that o > 0. First we assume that n € (0, 1] is very small; in particular, that it is

small enough to satisfy

1 —1/a
772 < min <<2a+2 log (07?0>> ;10007’.2a> . (2.4.23)

Then we choose the remaining constants as follows (we will see shortly that these choices
are consistent with (2.3.2)-(2.3.5)):

(a) 6=,
(0) 5 = g0V
(c) ¢4 := cg/(l/\a),

h) §:=ptt,
(i) v:=19/2,
(j) K= po!

Note that the constants with the choices above can be thought of as in (2.3.1). We state a
few simple consequences of these choices, which will be useful in proving upper bounds on
the probabilities of the complement events of Co to C7 and D; to Ds. First, by (2.4.23), we

have
1 1

< 100022 = 1000’

n (2.4.24)

and note that all constants 7,6, p,c1...,cs and 1/K are at most n°. Thus, from (a)-(f)
and (2.4.24), for j =1,...,5, we have

2 2 Gj+1
cj <cjp < cipnt < W, (2.4.25)
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2.4. Probabilities of the events from the deterministic argument

which also means )

n
— 2.4.26
< 106 (24.26)
for j =1,...,5. In particular we will need that
C2 1
=< 2.4.27
3 < 106(1 Vv ) ( )
and .
“ (2.4.28)

< T
4 105(1V «)
which both follow by (2.4.25) and by the fact that 22 > e > 1V a for a > 0. We will

also use that from (e) we have

2(lva)+4(lva) - 2 C4 Cq 774

< < ,
106 . 222 106~ 16a2%

3% lea < ey (2.4.29)

where we applied (2.4.25) and that 22® > o, and then that ¢; < n?. Then similarly, from
(d) we have

1 UM
e —_— 2.4.30
G < 5140 ( )
Finally, from (g) and (2.4.26) we have
p<ecl< . (2.4.31)
106

Considering the choices (a)-(j) together with the consequences (2.4.24) and (2.4.25), and
noticing that (g) implies p < ¢1/100, we conclude that the constants 7, K,~v,d,p,c1...,cq
satisfy (2.3.2)-(2.3.5), so we will be able to apply Propositions 2.3.2 and 2.3.11 with this
choice of constants.

We can now show that the events Cy to C7 and D; to Dy occur with high probability.

Lemma 2.4.6. Suppose the constants n, K, v, 6, p, c1,...,¢c6 > 0 satisfy (2.4.23) and
(a)-(j). Then for N sufficiently large and t > 40y,

. n . n
P(CS) < —1—  and P(D) < —1—
(G) <1000 "¢ PP < 1500

forallj€{2,...,7} and i € {1,...,5}, where the events (Cj);:2 and (D;)?_, are defined
n (2.3.12)-(2.3.17) and (2.3.47)-(2.3.52) respectively.

Proof. Assume that n > 0 satisfies (2.4.23). We consider the events (C; )] , and (D;)3_, with
the constants K, v, 0, p, ¢1,- .., cg, and we assume that these constants satisfy (a)-(j). Wi
will upper bound the probablhtles of the events (C‘") _, and (Df)2_, using (2.4.25)-(2.4. 31)

above, and the properties of the regularly varying function h described in Section 2.4.3.

The event C§ (see (2.3.12)) says that there is a time s € [t3,t — 1] when a particle at

distance at least csany behind the leader jumps to within distance 2coan of the leader’s
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2.4. Probabilities of the events from the deterministic argument

position. We use Markov’s inequality, and sum over all the jumps happening between

times t3 and t — 1 to bound the probability of this event. We have

P(CS) <E
Zi(s) > csany and X;p 5 € (Z;(s) — 2c2an, Zi(s) + 2c2an]

#{ (i,b,s) € [N] x {1,2} x [ts,t — 1] such that }]

- Z E |:11{Z’i(s)203aN}]l{Xiyb,sE(Zi(S)-QCQQN,Zi(S)‘i‘QCQaN]}] .
(3,b,s)€[N]x{1,2} x[t3,t—1]
Recall from Section 2.2.4 that for s € N and i € [N], the distance Z;(s) of the ith particle

from the leader is Fy-measurable, but the jumps performed at time s, X; 1 ; and X; 2, are
independent of F,. Hence by (2.4.16),

P(C3)
S Z E [E |:]l{Zi(s)ZcBGN}]l{Xi’b,sE(Zi(8)72620,N,Z¢(8)+262a]\]}}’ f5:|:|
(3,b,8)E[N]x{1,2} x [t3,t—1]
— Z E []I{Zi(S)ZC:;CLN} (h(ZZ<8) — QCQGN)_l — h(ZZ‘(S) + 202@]\[)_1)] .
(3,b,8)€[N]x{1,2} x [t3,t—1]
(2.4.32)
Since h is monotone non-decreasing, for any z > csay we have
h(z — 2coa
h(z — 2coan) ™ — h(z + 2coan) ™" < h((c3 — 2c2)an) ™! <1 — M) . (24.33)

Take € > 0. For the fraction on the right-hand side of (2.4.33) we have that for N sufficiently

large, for z > czap,

(c3—2c2)
L h(z — 2coan) S h ((Z + 2c2an) - (Z§+222)3x> - (1 4cy @ > 1822 .
= h(z + 2c2an) — h(z + 2coan) = c3 + 2co = cg
(2.4.34)

where we first use the monotonicity of h, and in the second inequality we use that z >
csapy, that the function y — (y — 2caan)/(y + 2c2ay) is increasing in y, and we again
use the monotonicity of h. The third inequality follows by (2.1.2), and the fourth holds
by the definition of ¢z in (e). Then, by (2.4.20) and the lower bound in (2.4.34) with
€ = n(cz — 2¢2)®, we see from (2.4.33) that for N sufficiently large, for z > cza,

h(z — 2coan) ™ — h(z + 2coan) ™! < 2(c3 — 2¢2) *h(an) ™ <8a02 +nt(cz — 202)“)
c3
< hlan) H(1602%5 % ey + 21h), (2.4.35)
where for the first term of the second inequality we used the fact that (c3 — 2¢9)™® <

(c3/2)™%, because 2¢2 < c3/2 by (2.4.25).
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Now let us return to (2.4.32) and notice that we sum over 6 N{y jumps. Therefore,
by (2.4.35) we conclude that for N sufficiently large,

6Ny
h(aN

(1602%c; % Loy + 25%) < 6(16a2%¢; Leg + 20%) < 187" < —L—

P(CS) <
(C5) < 1000’

~—

where we used (2.4.19) in the second inequality, (2.4.29) in the third, and (2.4.24) in the
fourth.

The event C§ (see (2.3.13)) says that there exists a big jump in the time interval [t4,t — 1]
such that a descendant also performs a big jump during the time interval [t4, ¢ — 1], within
time ¢ of the first big jump.

Consider the N-BRW constructed from N independent BRWs (see Section 2.4.1). If
C§ occurs then there must be two big jumps in the N-BRW as above; that is, we must
have (i1,$1) Sp, (i2,82) with s1 € [ts,t — 2] and s2 € [s1 + 1,min{s; + {n,t — 1}],
and (i1,b1,$1), (i2,b2,82) € By, where By is the set of big jumps defined in (2.2.15).
Then by Lemma 2.4.1 there are two big jumps with the same properties in the N in-
dependent BRWs; that is, there exist j € [N], uj,us € Up such that (j,u;) € Hs,,
(Jyu2) € Hsy, uiby =X u2, Xijpy s, = Yjun, and Xipp, s,
sg € [s14+ 1,min{s1 +fn,t —1}] C [s1 + 1,s1 + €n] and H,, C [N] x {1,2}"2, we have

= Y} usp,- Therefore, since

351 S IItZl;t - 2]], (j,’l,l,l) € HS1ub1 (= {172} and
P(CS) <P | sye sy +1,s1 +On] up € {1,2)2 ug = up, by € {1,2}: |.  (2.4.36)
Yjuby > pan and Yj e, > pan

Recall the definition of F, in Section 2.4.1. By a union bound over the possible values of

S1, S2, by and be, and then conditioning on ]:gl and applying another union bound over the

possible values of (j,u1) and ug,

P(C3)

< > E > P (Yjarby > pan, Yjugby > pan|Fi,)
s1€[ta,t—2], (Ju1)€Hs; ,u2e{1,2}°2 ug>u

826[[81+1,S1+€N]],
bi,b2e{1,2}

Then since (Yju)je[N],u€ums., {1,2ym are independent of F!

4, for (j,u1) € Hg and ug €
{1,2}°* we have

P (}/jvulbl > panl/},qug > paN}}—;l) = h(,OCLN)_Q.

Hence by summing over the 4¢5 — 1 possible values for s1, and the two possible values for

by and by, and since |Hg, | = N, and for u; € {1,2}°! there are 2%27°! possible values of

83



2.4. Probabilities of the events from the deterministic argument

ug € {1,2}%2 with ug > wuy, for N sufficiently large we have

P(C3) <4ly -4 > N2%2"*h(pay)
826[[81+1,81+£Nﬂ

INCy 2 n
< 16Ny -2 - 282 N+1p =2 (2N ) g6t < 4p20 160t <«
(2.4.37)

where in the third inequality we used (2.4.21).

The event Cj (see (2.3.14)) can be bounded using Corollary 2.4.5. We apply the corollary
with oy = ciany, 7 = p/c1 and A = 1/(2a). We can make this choice for A, because we

have

cray > N/ (2.4.38)

for all N sufficiently large by (2.4.17). By our choice of p in (g), we have r < 1 A ’\(iga),

and so Corollary 2.4.5 tells us that for some constant C' > 0, for N sufficiently large,

P(CS) < ON~! < ﬁ. (2.4.39)

The event CS (see (2.3.15)) says that two big jumps occur at the same time, that is

Cg = {38 S [[t4,t — 1]], (kl,bl) 75 (k’g,bg) S [N] X {1,2}

: thbhs > pay and Xk2,b275 > paN}.

By a union bound over the 4¢x time steps and the possible pairs of jumps at each time

step,

2N/
h(pan)

2
20t < 4p2 o0t < —L 2.4.4

2N
P(CE) < 4eN< : )h<paN>—2 < (
for N sufficiently large, where the third inequality follows by (2.4.21).
The event C§ (see (2.3.16)) says that a big jump happens in (at least) one of two very short

time intervals, [to, ta+[d0n]] and [t1—[dlN ], t1+[0¢n]]. In total there are 2N (3 [64n | +2)

jumps performed during these two time intervals. By a union bound over these jumps, we

get

P(Cs)

=P(3(i,b,8) € [N] x {1,2} x ([ta, ta + [05]] U [t1 — [0¢N] ,t1 + [68]]) : Xips > pan)
< 2N(360 + 5)h(pan) ™ < 66p (1 + 25 13}) < —L (2.4.41)

1000’
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for N sufficiently large, where in the second inequality we used (2.4.21), and the last in-
equality follows by the choice of § in (h) and by (2.4.31).

The event C; gives an upper bound on the number of big jumps (see (2.3.17)). There
are 8N/ jumps performed in the time interval [t4, ¢ — 1]; by Markov’s inequality and then
by (2.4.21), we have

P(C7) = P(#{(i,b,5) € [N] x {1,2} x [ta, t = 1] : Xips > pan} > K)

-1
< 8N{nh(pan) <8 o
K K 1000

(2.4.42)

for N sufficiently large, where the last inequality follows by the choice of K in (j) and
by (2.4.31).

The event D; (see (2.3.47)) has the same definition as that of Cy (see (2.3.12)), except
with different constants. By the same argument as for (2.4.35), using the definition of c3

in (d), for N sufficiently large we have

h(z — 3czan) ™ — h(z + 3czay) ™' < h(ay) ' (24a - 2%, * ez +20t) V2 > chan.
(2.4.43)

Then continuing in the same way as after (2.4.35) we obtain

Ui

P(DS) < 6(24a2%; 1 on?) < 18n*
(D]) <6(2402%;* ez +2n°) < "< To00°

(2.4.44)

for N sufficiently large, by (2.4.30) and (2.4.24).

The event D; in (2.3.48) says that in every interval of length csfy in [t3, 1] there is
a particle which performs a jump of size greater than 2cqay. We introduce a slightly
different event to show that D happens with high probability. Let us divide the interval
[ts,1] into subintervals of length Jesly, to get [4c;!] subintervals (the last subinterval
may end after time t1; we also note that %C5f N~ 18 not necessarily an integer, but we will
intersect the intervals with N). If a jump of size greater than 2csan happens in each of

these subintervals then Dy occurs. We describe this formally by the following event:

vme {1,2,..., [4e5']},
Dy =1 3(k,b,s) € [N] x {1,2} x [ts + (m — D) iesln, ts +micstn] : ¢
Xips > 2c4an

as mentioned above, if Dy occurs then Dy occurs. The complement event of D, is that there
is a subinterval in which every jump made by a particle has size at most 2cqan. Note that

in each subinterval [t3 + (m — 1)%65&\/, t3 + m%C5€N]], there are at least 2.V - %C5£N jumps.
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Therefore, by a union bound, we have

C NC -1 1 ot -1 C5N€N
P(D§) < P(DS) < [dey '] Y < (es” +Dexp | =30 a0

2 —
< 5e; lexp (05(24)) . (2.4.45)

where in the third inequality we use that 1 —z < e™* for z > 0, and the fourth inequality
follows by (2.4.22) for N sufficiently large and since ¢5 < 1. Now note that by (c),

_ . 5000
cse,* = cé da/(1ne) cs?® > 22T og ( >,

CsM

where the last inequality holds because 05_1 > 22+ by (2.4.25), 0 < logx < z for x > 1,
and ¢3! > 0% by (2.4.26). Substituting this into (2.4.45) shows that P(D5) < 1/1000.

The event D§ defined in (2.3.49) says that every jump in the time interval [to, to+ [{n/2]]
has size at most 2cgay. There are at least Ny jumps in this time interval, and so for N
sufficiently large, since e™* > 1 — z for z > 0, and then by (2.4.22),

P(DS) < (1 _ W;@))”N < exp (-&) < exp (_(2%4)—a> . (2.4.46)

Now (a) and (2.4.23) tell us that cg® = n=2* > 20‘+210g(%), and substituting this
into (2.4.46) shows that P(D§) < 7/1000.

The event DJ (see (2.3.50)) says that in the time interval [t — [e5fn ], t2], a particle
performs a jump of size greater than cgay (recall from (a) and (b) that ¢5 < ¢g). Since
there are at most 2N ([csln |+1) < 2N(esfn+2) jumps in the time interval [ta—[csfn ]| , ta],

by a union bound,

P('Di) = ]P(H(i,b, S) & [N] X {1,2} X IItQ — [C5£N~|,t2]] : Xi,b,s > CGCLN)
2N (csly + 2)

n
<
- h(C(;CLN)

— —1/)—1 6(1 -2
§26566a(1+265 EN)SZITI (\/01)77 a<m,

(2.4.47)
for N sufficiently large, where in the second inequality we use (2.4.21), the third inequality
holds by the choices in (b) and (a) for NV sufficiently large, and the fourth follows by (2.4.24).

The event Df (see (2.3.52)) says that in a short time interval after time 7o (defined
in (2.3.51)) a jump is performed whose size falls into a small interval, (2csan, (2c4+3c3)an].
We can see from the definition of 7 as the first time after ¢to when the diameter is at most

%cm N, that 7 is a stopping time. Therefore we can condition on F,,, and apply the strong
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2.4. Probabilities of the events from the deterministic argument

Markov property. By Markov’s inequality we have

P(Ds)
= ]P’(El(k,b, 8) € [N] X {1,2} X [[7—2,7—2 +C5€N]] : Xk,b,s € (204&]\], (204 + 303)0,]\[])
< E[E[#{(k,b,s) € [N] x {1,2} x [12,72 + c5¢n] : Xpp,s € (2csan, (2¢4 + 3e3)an]} |[Fry]] -

Note that if 7o < oo then during the time interval [12, To+c50n] there are at most 2N (¢3¢ +
1) jumps; it follows that

P(D5) <E > P (Xpps € (2c1an, (2¢1 + 3c3)an]| Fry) Liry<oo)
(k,b,S)E[N]><{1,2}><[[T2,72+C5KN}]
< 2N(csln +1) (h(264aN)_1 — h((2¢4 + 303)aN)_1) (2.4.48)

by the strong Markov property. Now we can use the monotonicity of h and then the upper
bound (2.4.43) to get

h(204aN)_1 — h((2¢4 + 303)@1\/)_1 < h((2¢4 — 303)aN)_1 — h((2¢4 + 303)aN)_1
< hlan) " (24a - 2% eg + 2nh) (2.4.49)

for N sufficiently large. Therefore, by (2.4.48), (2.4.49), and (2.4.18), we have that for N
sufficiently large,

P(DE) < (14 c5 0yt )es(1+nh)(24a2%;* ey + 2nt) < des - 3t < ﬁ, (2.4.50)
where in the second inequality we use (2.4.30) and that (1 + c5 05" )(1 +n?) < 4 for N
sufficiently large, and the last inequality follows by (2.4.26) and (2.4.24). This concludes

the proof of Lemma 2.4.6. 0l

We have seen in Lemma 2.4.6 above that with an appropriate choice of constants, the
probabilities of the events Cy to C7 and Dy to Ds which imply A; and Ajg are close to 1.

We can now use this to prove Proposition 2.2.5.

Proof of Proposition 2.2.5. Take n € (0,1]. Without loss of generality, we can assume
that 7 is sufficiently small that it satisfies (2.4.23). Then choose K, v, 9§, p, c1,...,cq as
in (a)-(j) (at the beginning of Section 2.4.4). Note that before stating Lemma 2.4.6 we
checked that these constants also satisfy (2.3.2)-(2.3.5). Therefore by Proposition 2.3.2 and
Proposition 2.3.11, for N sufficiently large and t > 4/,

7 5
ﬂCjﬂﬂDig.Alﬁ.Ag.

=2 i=1
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2.5. Proof of Proposition 2.2.6: star-shaped coalescence

Therefore, for N sufficiently large and ¢t > 4¢5, by a union bound,

C

7 5 7 5
P((A N A)) <P | [ (Cn D <Y OPC) + > (D) <
j=2 i=1 j=2 i=1
by Lemma 2.4.6, which completes the proof. O

2.5 Proof of Proposition 2.2.6: star-shaped coalescence

We will prove Proposition 2.2.6 in this section. So far we have proved Proposition 2.2.5,
which says that with high probability the common ancestor of the majority of the population
at time t is particle (N, T'), where T is given by (2.2.17); in particular, T is between times
to and ¢1. Now recall the notation introduced in (2.2.19)-(2.2.23). Proposition 2.2.6 says
that for v > 0, with high probability, every particle in the set Ny 7(T +enfn) has at most
vN surviving descendants at time ¢, where we may assume that (ey)nen, satisfies

1logy {n

entny € Ng VN > 1, enly — o0 as N — oo and €N§Z VN > 1.

N
(2.5.1)

The first two of these assumptions on ey are from (2.2.2). The third can be made without
loss of generality, because if E’N > ey, and every particle in Ny (T + enfy) has at most
vN surviving descendants at time ¢, then certainly every particle in Ny (T + €y ¢n) has
at most v N surviving descendants at time ¢.

Fixn € (0, 1] sufficiently small that it satisfies (2.4.23). Then choose K, v, §, p, c1, ..., Cs
as in (a)-(j). Then take N sufficiently large that Proposition 2.2.5 and Lemma 2.4.6 hold
for our chosen constants, and take ¢t > 4¢y. Let v > 0 be fixed and let us write As := A4(v)

from now on.

2.5.1 Strategy

Our strategy for showing Proposition 2.2.6 is to give a lower bound on the position of
the leftmost particle at time ¢ with high probability, and then bound the number of time-t
descendants of each particle in Ny 7(T*V) which can reach that lower bound by time ¢. We
will be able to control the number of such descendants because of Corollary 2.4.5. Assume
that we know X (t) > Xn(T') + ar N, where arn > N? for some X\ > 0, but ar N < an.
Then Corollary 2.4.5 implies that with high probability all surviving particles at time ¢
must have an ancestor which made a jump of size greater than rar y for an appropriate
choice of € (0,1). So given a particle i € Ny (7Y ), we can find an upper bound for the
number of its time-t descendants with high probability, by considering the number of its
descendants which made a jump of size greater than rar x before time ¢. Thus, we should

choose a7 n such that we have X;(t) > Xn(T) + ar n with high probability, and also such
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2.5. Proof of Proposition 2.2.6: star-shaped coalescence

that we can get a good enough upper bound for each D; (see (2.2.21)) from Corollary 2.4.5
to conclude Proposition 2.2.6.

We now give a sketch argument to motivate our choice of lower bound on X (t). Assume
that T € [ta + [0fn],t1 — [0€n]]. We also assume that the record set at time 7' is not
broken by a big jump before time t; 4+ 64y, and so almost all the descendants of particle
(N, T) survive between times T and T+ ¢. This all happens with high probability, as we
saw in Section 2.4; in particular recall the event C¢ from (2.3.16). Set 07 n = (t1 —T')/¢n.

Note that if a descendant of particle (N,T) makes a jump of size greater than ar n
at time T 4 k for some k € [(1 — 6)ly, £y], then it can have 20+07.8)EN—k descendants
at time ¢, and all of these descendants are to the right of Xn(T) + arn. Also, there
are approximately 2* particles in the leading tribe descending from (N, T) at time T + k.
Therefore, we expect that jumps of size greater than ar n, performed by the descendants
of (N,T) in the time interval [T+ (1 —0){n,T + {x], contribute to the number of particles
to the right of Xn(T") + ar n at time ¢ by roughly

Z 2k . 2(1+9TvN)ZN_kA; ~ (%NQ(H-@T,N)EN _ .
ke[(1-6)Ln EN] h(ar,n) h(arn)

If we want to make sure that all the N particles are to the right of Xn(T") + ar n at time ¢,
then the above should be approximately IV, and so a7,y should be roughly hil((%NNeT’N).

There are several potential inaccuracies in this argument. For example, the descendants
of a particle making a jump of size greater than a7 y do not necessarily all survive until time
t. We will use a reasoning similar to Lemma 2.2.3 to clarify this issue. Another problem
might occur if a particle (4,7 + k) makes a jump of size greater than ar y, and then at
time T'+ k4 1, its offspring does the same. In this case our sketch argument double counts
the time-t descendants of particle (i, 4+ k). We will therefore make some adjustments in
the rigorous proof to avoid double counting.

In Sections 2.5.2 to 2.5.5 below, we will make the sketch argument precise, then use
Corollary 2.4.5 to see that with high probability, particles must have at least one jump
greater than a certain size (roughly but not exactly h~1(60,N?7.¥)) in their ancestry to
survive until time ¢. Finally, for each particle (i,7°V), we upper bound the number of
particles at time ¢ which descend from particle (¢, T7°V) and have a jump greater than this

certain size in their ancestry between times T¢V and t.

2.5.2 Sequence of stopping times

In the strategy above we suggested that A~ (6¢y N?7.¥) should be a good lower bound for
X1 (t) — XN (T). A problem with this lower bound is that it depends on 7', and conditioning
on T would change the distribution of the process, as T is not a stopping time; see the
definition in (2.2.17).

Note however, that the first, second, ...,nth times after time to at which a jump of

size greater than pay breaks the record between times to and t;, are stopping times, and
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2.5. Proof of Proposition 2.2.6: star-shaped coalescence

T is equal to one of these times with high probability. Furthermore, the number of such
times is at most K with high probability, by Lemma 2.4.6 and the definition of the event
C7. Therefore, we can define a finite set of stopping times in such a way that T is in the set
with high probability. Then we can prove a similar statement to Proposition 2.2.6 for each
stopping time in the finite set with the strategy described in the previous section. This will
be enough to prove Proposition 2.2.6.

Recall the definition of Sy in (2.2.16). Define a sequence of stopping times by setting
To:=ta+ [6fn] — 1, and

T, =1 +inf {Sn(p) N [Th1,t1 — [60n] — 1]}, (2.5.2)

for n € N; let T}, := t; if the intersection above is empty.
For all n € N, we introduce some new notation which will be frequently used in the

course of the proof. First we let
T;N =T, +enln. (2.5.3)

The set and number of time-¢ descendants of the ith particle at time T~ will be denoted
by
Nin = A[LTfLN (t) and Dy, = [Ninl (2.5.4)

We also introduce
> 0. (2.5.5)

Take 0 < 41 < 0/8 and set
an.N = h Y S NN ), (2.5.6)

where h™1, defined in (2.1.6), is the generalised inverse of h from (2.1.3). We explained the
motivation for this definition of a,, y in Section 2.5.1. By the same argument as for (2.4.18),
for any € > 0 we can choose Ny sufficiently large (and deterministic, since all quantities

involved are deterministic) such that

X

m6[1—6,1+6] forallNZNoande(slﬁN,

and then since 6; N~ ¢y > 6,4y, we also have for each n € N,

(51N6"vaN

1—¢1 for all N > Nj. 2.5.7
) €ll—¢l+4¢ fora > No ( )

We note that G, y is roughly N~/ in particular, if h(z) = x for z > 1 then a, x =
(51N‘9n,N€N)1/0‘_
Take 0 < 8y < 62. Throughout Section 2.5 we will use the term ‘medium jump’ for

jumps of size greater than d2dn n, as the relevant space scale in this section is a, n. We
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2.5. Proof of Proposition 2.2.6: star-shaped coalescence

denote the set of medium jumps on a time interval [s1, so] C [ta,t — 1] by
MER2L = {(k,b, ) € [N] % {1,2) x [s1,82] : Xips > Sotnn)} (2.5.8)

and we let
Moy = MU, (2.5.9)

The stopping times (73, )nen allow us to give an upper bound on the probability of Aj.
Suppose \ka’tl]\ < Kand T € [ty + [0N],t1 — [6n]]. Then [Sy(p) N [t2,t1]] < K by
the definition of Sy in (2.2.16), and so by the definition of 7" in (2.2.17) and the definition
of T,, in (2.5.2), it follows that T' = T,, for some n € [K|. Hence, by the definition of Ay
in (2.2.23) and then by a union bound,

P(A7) = P( max D; > VN>
1NN, (T°N)

< P(Eln €[K]: T, <ty —[dn] and max D; > VN)
Z'GNN,TH(TZN)

+P(|BEM) > K) 4 P(T ¢ [ta + [60x7], 11 — [60x]]).
(2.5.10)

By the definition of the event C7 in (2.3.17) and by Lemma 2.4.6,

[t2,t1] ce Ui

Then by the definition of the event A3 in (2.2.22) and by Proposition 2.2.5,
P(T ¢ [ta + [6NT] 1 — [00n]]) < P(A3) <.

Therefore, applying a union bound for the first term on the right-hand side of (2.5.10), we

obtain

1001
4 oo (2.5.11)

¢ <
P(A}) <E 1000

K

n=1

From now on we aim to show that each term of the sum inside the expectation is small.
For all n € N, we let P1;, denote the law of the N-BRW conditioned on Fr,,:

Pz, (:) :=P(-| Fr,) and Eg,[]:=E[-| Fr,]. (2.5.12)

2.5.3 Proof of Proposition 2.2.6

We now state the most important intermediate results in the proof of Proposition 2.2.6, and
show that they imply the result. We then prove these intermediate results in Sections 2.5.4
and 2.5.5.
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2.5. Proof of Proposition 2.2.6: star-shaped coalescence

Our first main intermediate result says the probability that a particle in Ny p, (T5V)
has a descendant at time ¢ such that there is no medium jump on the path between the

particle and the descendant is small. We prove this result in Section 2.5.4.

Lemma 2.5.1. For all N sufficiently large, t > 4¢n, and n € N with T,, < t;,

. - . phkt _ i/
Pr, (32 € Nivr, (TS, k € Nip: PEL 0 My = @) < o

where T,,, TSN and P, are given by (2.5.2), (2.5.3) and (2.5.12), Ny 1, (T5N) and N; ,, are
defined in (2.2.12) and (2.5.4), Pf;;N in (2.2.10), and My, in (2.5.9).

Our second main intermediate result says that with high probability, for each i €
Nn1, (TEV), there cannot be more than vN time-t descendants of particle (¢, T;V) if each

descendant has a medium jump on their path. We prove this result in Section 2.5.5.

Lemma 2.5.2. For all N sufficiently large, t > 40y, and n € N with T,, < tq,

Py, (31’ € N, (TEN) = Dy > vN and Phfey 00 My x 0 VE € Nn) < ﬁ,

where T,,, TSN and Pr, are given by (2.5.2), (2.5.3) and (2.5.12), Ny 1, (TEN), Nin and
D; p, are defined in (2.2.12) and (2.5.4), P,@%N in (2.2.10), and M,, N in (2.5.9).

i,
Proof of Proposition 2.2.6. Suppose N is sufficiently large that Lemmas 2.5.1 and 2.5.2
hold. Take n € N and suppose T, < t1 (which also implies T,, < t; — [0¢n] by the
definition (2.5.2) of T},). Suppose a particle in Ny 7, (T5;¥) has more than vN surviving
descendants at time t. Then either all the descendants have an ancestor which performed
a medium jump between times 17~ and ¢, or there is at least one particle which survives

without a medium jump in its ancestry. Therefore we have
]P’Tn< max  D;, >vN )
iE./\/—N7T" (TZN)
< Py, (Eli € N, (T5), K € Nip: PRLy 1 My = @)

+Pr, (30 € N, (T5Y) 5 Dy > wN and Plifey 0 Moy # 0 Vk € N )
U

< 2.5.13
50K ( )
by Lemmas 2.5.1 and 2.5.2. Then by (2.5.11), it follows that
n 1001
P(A§ K —+4+— 2
(D < K- 50k 1000”7 < 27
which completes the proof. O

2.5.4 Leaders must take medium jumps to survive: proof of Lemma 2.5.1

There are two key ideas in the proof. First we show that for a fixed n € N with T, < t1, the
whole population is to the right of position Xn(71},) + a,, n at time ¢, with high probability.
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2.5. Proof of Proposition 2.2.6: star-shaped coalescence

Second, we prove that with high probability paths cannot reach position Xn(7},) + an N

without having a medium jump on the path.

Lemma 2.5.3. For all N sufficiently large, t > 40n, and n € N with T,, < t1,
Py, (X1(t) < Xn(Ty) + Gnn) < ﬁ

where Ty, and a, N are given by (2.5.2) and (2.5.6) respectively.

Proof. Recall the definition of G;(n) in (2.2.7). Let G := Gxy(1,)+a, y (t); then, to prove

the statement of the lemma, we aim to show that for NV sufficiently large and ¢ > 4y,

U
iz N) < ——. 2.5.14

Recall the definition of §; > 0 in (2.5.6); fix ¢’ € (81,0) and then take d3 € (8d1,0")
such that 3¢y is an integer (this is possible for N sufficiently large). Let Sy := T, +{n — k
for k € [1,03¢n]. Then for each k € [1,d3¢x], at time Sy there are at least 2°¥ =% particles
to the right of (or at) position Xn(7},), by Lemma 2.2.3. These particles are either in the
interval [Xn (1), Xn(T3) + an ) or to the right of this interval. Let us denote the set of
particles in [Xn(T},), Xn (1) + Gn,n) at time Sy by Ay, i.e. for k € [1,30n] let

A = {Z € [N] : XZ(Sk) S [XN(Tn),XN(Tn) + (AlnyN)}.

We will handle the following two cases separately:
(a) the event € := {|Ay| > 22~k vk € [1,03¢n]} occurs,
(b) the event £¢ = {Elk € [1,03¢n] ¢ |G ay (1) +an x (Sk)| > %QZN*’“} occurs.

First we deal with case (a). We give a lower bound on |G| using a similar argument to
the proof of Lemma 2.2.3. First note that jumps of size greater than a, y from particles
in Ay, arrive to the right of position Xn(T},) + a,,n for all k& € [1,93¢n]. Thus all time-t
descendants of a particle that makes such a jump will be in the set G. For k € [1,3¢n],
let M) denote the set of such jumps:

2 = {(i,b, Sk) : Xi,b,Sk > CAanN and i € Ak} .

Suppose for all k € [1,83¢n], all particles descending from the set M), survive until time

t. Then the total number of such descendants will be

03lN
b k+60, nin—1
U U /\[z',Sk ()| = Z 27 FOn.NEN Z ]l{Xi,b,Sk>an,N}' (2.5.15)
ke[1,63¢n] (4,b,Sk)EM], k=1 i€ Ag,be{1,2}

The first term in the sum is the number of time-t descendants of a particle at time Sy +1 =
T, +¢n — k+1, and the second sum gives the number of jumps of size greater than a,, x

from particles in Ay.
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If instead there exists k € [1,d3¢n] such that not every particle descending from a
jump in M) survives until time ¢, then there must be N particles to the right of (or at)
XN (Ty,)+ an, N at some time s < t (and therefore at time ¢, by monotonicity). We conclude

the following lower bound:

53@]\]
. k+0, nin—1
|G| > min <N, PP AR > n{Xi’b}Sp&mN}). (2.5.16)
k=1 1€A,be{1,2}

Let &; 5 ~ Ber(h(an n)~') be i.i.d. random variables, by which we mean that

1 .
Pr, (§r=1)= ) = 1—-Pr,(§r=0) foralk,jeN.

The indicator random variables in (2.5.16) all have this distribution. Thus by (2.5.16),

03N
pritor< 3 ne) rn ({Bamns S g <o)
k=1 i€Ag,be{1,2}

L EYAN oflN—Fk
<Pr, ( D ok HONEN Tl N < N>, (2.5.17)
k=1 j=1

since on the event &£ there are at least 2~ % jumps from the set Ay, for each k € [1,d3¢x].

We will use the concentration inequality from [35, Theorem 2.3(c)] to estimate the right-
hand side of (2.5.17). As the inequality applies for independent random variables taking
values in [0,1], we consider the random variables 279~ +k¢, e [0,1] for k € [1,03¢n]
and j € [2°¥7]. Let u denote the expectation of the sum of these random variables over k

and j:

830 2N~k 03N
p = Egp, ]

In—k 1-6:
Z 9—83tn+k Z Ein| = Z 0—03ln+k QAN > (MNAN 3 > AN1=88=0n,n
k=1 j=1 k—1 h(anJV) h(an,N)

(2.5.18)

for N sufficiently large, where the last inequality holds because h(a, y) < 28; NN ly by
(2.5.7) for N sufficiently large, and because we chose d3/d; > 8. Thus

03l N 2¢N —Fk 53l oln—k
k+0,, nIn—1 —d3/ k 1—63—0,
PTn<Zz+n,NN Z fj,k<N>§PTn<ZQ 3lN+ Z fj,k<2N 3 rL,N)
k=1 j=1 k=1 j=1
63lN 2tN—F 1
<P 9—03tn+k o< =
<o (3 S i< b

k=1 j=1

for N sufficiently large, where in the first inequality we multiply by 2!~ (5s+0n.NIN 6 get

terms in [0, 1] in the sum and notice that 27 < N~! and the second inequality holds
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by (2.5.18). We now apply the concentration inequality from [35, Theorem 2.3(c)| to the
independent random variables 2793V +k£j7k € [0,1] on the right-hand side above, giving
that

53[}\] QZN*IC )
56
P, ( Z 2 +bn, NN Z §ik < N> < e M8 < eV (2.5.19)
k=1 j=1

where in the second inequality we use (2.5.18) again and that 6, y < 1 —§ by (2.5.5)
and since T, > to + dfx by (2.5.2). Now putting (2.5.17) and (2.5.19) together, since
§ — 03 > — 0" >0 we conclude that

_n
Pr, ({|G] < N}N€) < oo (2.5.20)

for N sufficiently large.

In case (b), £ deterministically implies that |G| = N. Indeed, if £° occurs then it
follows that there exists ko € [1,03¢n] such that [Gry(1,)ra, x (Sko)| > 32fn=ko - Recall
that Sy, = T, + {n — ko. Then by Lemma 2.2.3 we have

G| > min <N, %QZN—%QRO”MN) - N (2.5.21)

for N sufficiently large, because 6, y > 6 by (2.5.5) and (2.5.2), and since we are assuming
T, < t1. Thus for N sufficiently large,

Pr, ({|IG] < N} N&S) =0,

which together with (2.5.20) and (2.5.14) concludes the proof. O

Now we are ready to prove Lemma 2.5.1. Corollary 2.4.5 tells us that paths cannot move
a large distance without having jumps which have size at least the order of magnitude of
that large distance. So Lemma 2.5.3 and Corollary 2.4.5 together will show that paths

without medium jumps cannot survive until time ¢ with high probability.

Proof of Lemma 2.5.1. We partition the event in Lemma 2.5.1 based on the position of the

leftmost particle:

PT,L <3i € NN7Tn (Tgl\’)7 k e Afi,n : Pf;sN n Mn,N = @)
=Py, ({30 € Mg, (T5¥), b € Nigw s Pty 0 Moy = 0} 0 {20 (8) < X (To) + ann})
+Pr, ({30 € Mg (T5M), b € Ni s Pty 0 Moy = 0} 0 {20(8) = X (To) + inn})
(2.5.22)

This will be useful, because from Lemma 2.5.3 we know that the leftmost particle at time
t is to the right of (or at) Xn(7},) + apn n with high probability. Hence it is enough to focus
on the second term on the right-hand side of (2.5.22), and show that with high probability,
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paths cannot move beyond Xn(73,) + Gy v without medium jumps.

Assume that the event in the second term on the right-hand side of (2.5.22) occurs with
i € N1, (TEN) and k € N, and so we have PktEN N M, n = 0 and Xy(t) > Xi(t) >
XN(T,) + an,n. Note that particle (k,t) is a descendant of particle (N, T,) as well. The
path between these two particles has to move distance at least G, . Thus one of the
following must happen. Either the path between particles (N,T;,) and (k,t) moves a, n
even without medium jumps, or there must be a medium jump on this path. In the latter
case the medium jump must be in the time interval [T),,T5N — 1], because we assumed
Pf%]\, N M, n = 0. This leads to the following upper bound:

Pr, ({30 € N (T3), b € Nt Pty 0 Moy = 0} 0 {0 (1) > Xn(T) + v}

<Pr, <3k e NNz (t): Y Xivslix,, <orinn) = dn,N>

(i.b,5)EPN Y
+Pr, 3s € [Tn, TN — 1], i € Ny, (s) and b€ {1,2} : X35 > 2hn,N)

<CN ' 4+ Pp, 3s € [T, TN — 1], i € Ny, (s) and b € {1,2} : X, > d2in N)
(2.5.23)

for N sufficiently large, where the second inequality holds for some constant C' > 0 because
of Corollary 2.4.5 applied with xnx = @, n, 7 = d2 and A = 6/(2a). To check the conditions
of Corollary 2.4.5 we first notice that we chose dy < §2, and claim that 62 < 1 A (Mo‘).

Indeed, at the beginning of Section 2.5 we chose § together with the other constants n, K,
Y, Py €1, - - ., Cg satisfying (a)-(j). From (h) and (g) we have § < p < 611%6\;), and since ¢; is
certainly smaller than 1 (for example by (2.4.26) and (2.4.24)) the claim follows. Regarding
the condition that zny > N?, we have ap,N > NOn.N/200 > NO/2a for N sufficiently large,
where the first inequality follows by (2.5.7) and Lemma 2.4.2 by the same argument as
for (2.4.17) and (2.4.38), and the second inequality holds because 6, y > ¢ by (2.5.5),

(2.5.2) and since we are assuming T}, < .

Next we use a union bound to control the second term on the right-hand side of (2.5.23),
using that there are at most 2 - 2¥ jumps descending from particle (N, T},) at time T}, + k.
We have

Pr, (3s € [Tn, T,;¥ — 1], i € Nn1,(s) and b € {1,2} : X5 > 02dn,n)

ENZN 1

2.2k 2l+entn 8NN 8
<
Z h (SQCLn N h(denJ\[) 5a51N0" NKN (52 (51

NENTO (2.5.24)

for N sufficiently large, where in the third inequality we use that 25NN < 2N°eN for N
sufficiently large, and that h(daa, n) > 5‘2151]\[%1\76]\,/2 for N sufficiently large because
of (2.1.2) and (2.5.7), and in the fourth inequality we use that 6, x > ¢ by (2.5.5), (2.5.2)

and since we are assuming T;, < t1.

96



2.5. Proof of Proposition 2.2.6: star-shaped coalescence

Note that we have ey < §/2 for N sufficiently large by our assumptions in (2.5.1).
Therefore, by (2.5.22), Lemma 2.5.3, (2.5.23), and (2.5.24) we conclude that

. k, Tl
Br, (30 € Nov, (T). K € Now t Phy 0 My =0) <

for N sufficiently large. O

2.5.5 The number of descendants of medium jumps: proof of Lemma 2.5.2

Proof of Lemma 2.5.2. We partition the time interval [T5V ¢t —1] into two subintervals, and
look at the number of medium jumps and the number of time-t descendants of the medium

jumps. Let
I := [TsN,tl-l-QENEN—l] and Iy := [tl—i-QENfN,t—l]

be the two intervals, and let A;'» denote the set of particles in N;, which have a medium
jump in their ancestral lines which happened in the time interval I;:

A= {k € Nint Plley O M\ # @}, i€ Nyr, (T5Y), je{l1,2).  (2.5.25)

2y

If there is a medium jump in 7, then there may be many, possibly of order N, particles at
time t descending from this medium jump. However, we will see that with high probability
there are no medium jumps at all in I;: particle (N, T},) does not have enough descendants
by the end of I} for any to have made a medium jump. In contrast, in the second interval
there are many particles to make medium jumps (although not more than N at any one
time), but there is less time to produce many descendants by time ¢. Indeed, for each
i € Ny, (T5N) the expected number of time-t descendants of (i, T5~) whose path has a
medium jump in I is of order N'7¢~¥. Using a concentration result from [35], we will see
that the number of descendants itself (rather than the expected number) is of order N1=¢N
with high probability, and therefore for each 4, the total contribution of A% and Aj is o(IN)
with high probability. With the above strategy in mind, we give the following upper bound
on the probability in the statement of Lemma 2.5.2, using (2.5.4):

Py, (3@ € N, (T;N) : Digy > vN and Phfey 0 Moy # 0 VE € N, )
< Pr, (3 € Nwr (T) : # {k € Ni+ Pty 0 My £ 0} > uN)
=Pr, (3i € Ny7,(TEN) : |AL U AL > vN)

< Pr,(3i € Ny, (T5V) + AL # 0) +Pr,, (3i € Ny, (TN) = |Ab| > CN'eV)
(2.5.26)

for N sufficiently large and any constant C, since exfy — 00 as N — oo by our choice of
ey in (2.5.1).
We let I; = [Th,t1 + 2enln — 1] D I1. Tt is enough to bound the first term on the
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2.5. Proof of Proposition 2.2.6: star-shaped coalescence

right-hand side of (2.5.26) by the probability that any of the descendants of particle (N, T,)
makes a medium jump by time ¢t; + 2enfy — 1:

Pz, (3i € N, (TEN) : Al # 0) < Pr, (El(j, bs) e MIy: (N,T) S (G 5)) . (2.5.27)

This probability will be very small, as the total number of descendants of (N,T),) in the
time interval I; is not large enough to see jumps of order a, y. Indeed, applying a union
bound over the jumps made by descendants of (N,T),) at times 7T, + k shows that the
right-hand side of (2.5.27) is at most

(0n,N+2en)in—1 k
2-2 < 9. 90n N+2N)ly 2 < 8 2 (2.5.28)

2 ) S o N S mh

for N sufficiently large, where in the first inequality we use the fact that h(d2a, n) >
6501 NN /2 for N sufficiently large by (2.1.2) and (2.5.7), and in the second inequality
we use the assumption on ey in (2.5.1), and that 20NN < 2N~

For the second term on the right-hand side of (2.5.26) we will give an upper bound
using the concentration inequality from [35, Theorem 2.3(b)]. First we bound |A%| for any
i€ Ny, (TEN):

(140, N)IN—1

i b
A< D D Lo NIk (D], (25.29)

k=(0n,N+2eN)IN  JEN, pen (Tntk),be{1,2}
tn

where we sum up the number of time-t descendants of every particle descended from (¢, TN )
which made a jump of size greater than d2a, ny at a time 75, + k in the time interval Io.

Now let {;k ~ Ber(h(d2a, n)7') be i.i.d. random variables, by which we mean that
Pr, (& = 1) = h(02an,n) " =1 =P, (&, = 0),

for all 7,5,k € N. The indicator random variables in (2.5.29) all have this distribu-
tion. Considering that we have [N e (T + k)| < min(N, 2k=entN) and |/\/;)7Tn+k(t)| <
2(1+0n NN —k=1 < 9(I+0n N)IN—F for all k € [(On.N + 2en)ln, (1 4 0, n)¢n — 1], and since
N, (TEN) < 288N we obtain the following upper bound from (2.5.29):

Pr, (3i € Ny, (TEN) « |Ay| > CN17eN)

(140, N )N 2min(N,2F~sN‘N)
<Pr, (Elz' IS [QENZN} . Z (146, )N —Fk Z 5;k - CN15N>
k=0, N+2en)IN =1
(1460, N )N 2min(N,2F~eN*N)
< 2VNPy, ( > 2(+0n )=k > 1> CN'Tey ) (2.5.30)
k=(05, n+2en )N j=1
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2.6. Proofs of Propositions 2.2.1 and 2.2.2

by a union bound.
Now [35, Theorem 2.3(b)| applies for independent random variables taking values in
[0,1], so we consider the random variables 2(25N+9"vN)4N_k§}k € [0,1] for each k and j in

the sum. Let p denote the expectation of the sum of these random variables over k and j:

B (1 gn,N)eN 2 mir (N,Qk ENZN)
§1
Jik

w:=Er, Z 9(2eN+6n,N)EN—k Z

—k:(en,N‘i’QEN)gN 7=1

[ (I+en)in—1 k—entn+1
= Ep Z 2(2€N+9n,N)ZN—k2 NI
" h(52dn,N)

L k:(6n7N+25N)€N
(1460, N )N ]

+Er| Y alewtlumivk 2N

i) (2.5.31)

k=(1+en)lN

Now considering that for N sufficiently large, 6§81 NN 0y /2 < h(Saan n) < 26501 NN Ly
by (2.1.2) and (2.5.7), that N2ev+0nn < 9Qen+0n NN < ANZ2ENFOnN  that § < 0, 5 < 10
and that ey < 0/4 for N sufficiently large, it can be seen that we have

KN~ < i < KoN°ev (2.5.32)

for some constants K, Ko > 0. Then, if we multiply both sides of the sum in (2.5.30) by
2(2en—1EN and use that 2(2en—Din > N2N=1/2 we get

Pr, (3i € Ny, (TEN) : |Ab| > CN'=V)

(146, N )EN 2 min(N,2F—¢N¢N) 1
S 2EN€NPTn< Z 2(25N+9n,N)£N*k Z jl}k > 2CN€N> .
k=(0n,n+2en)N Jj=1

By (2.5.32) we have p > K1 N°V, and we can choose C' > 3Kj so that LCN°N > 3, for N
sufficiently large. Then by [35, Theorem 2.3(b)| we have for N sufficiently large,

1K1 N°eN

Pr, (3i € Ny, (TEN) : |AY| > CN'ToV) <2NNexp | -4 ———
2(1+5)

) : (2.5.33)

which is small if N is large, by our choice of ey in (2.5.1). Then by (2.5.26), (2.5.27),
(2.5.28) and (2.5.33) we conclude Lemma 2.5.2. O

2.6 Proofs of Propositions 2.2.1 and 2.2.2

In Proposition 2.2.1 we need to prove that for any interval of the form [to + [s1¢n],t2 +
[s2ln]] with 0 < s1 < so < 1, the probability that the time of the common ancestor T is
in this interval is bounded away from 0 for large N. The main idea of the proof is that if

there is a big jump in the time interval [t2 + [s10n] , t2 + [s2€n|] which is much larger than
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2.6. Proofs of Propositions 2.2.1 and 2.2.2

any other jump in the time interval [t3,¢1], then that big jump will break the record, and
we will have T € [to + [s14n] ,t2 + [s20n]].

More precisely, let » > 0 be as in Proposition 2.2.1. We will ask that a particle performs
a jump larger than (r+3)ay at some time s* € [ta+ [s14n]|,t2+ [s2€n]), and all the other
jumps in the time interval [t3, 1] are smaller than ay. We will show that this happens with
a probability bounded below by a positive constant (independent of N).

Suppose the above event occurs, and also the events C3 and C4 occur. Then we will also
see that d(X(s*)) < (1 + c¢1)an. This will imply that the particle which makes the jump
larger than (r 4+ 3)ay at time s* breaks the record, and it will lead by more than roughly
(r+2)ay at time s*+ 1. As a result, the tribe of this particle will lead between times s*+ 1
and t1, because we assumed that all jumps in [s* 4+ 1,¢;) are smaller than ay. Moreover,
particles not in the leading tribe cannot get closer than ray to the leading tribe by time
t1; therefore, we will conclude d(X(t1)) > ray as well.

The following lemma will be useful for proving the above statements.

Lemma 2.6.1. Take p,c; > 0. Then for N > 2 and t > 4Ly, for all sy € [tg,t1] and
ro > 0, on the event C3 N Cy,

{Xips <roan Y(i,b,s) € [N] x {1,2} x [so, 50+ ¢n — 1]}
C{d(X(so+¢n)) < (ro+ci1)an},
where the events C3 and Cy are defined in (2.3.13) and (2.3.14) respectively.
Proof. Let G1 denote the event on the left-hand side in the statement of the lemma:
G1 = {Xips <roan V(i,b,s) € [N] x {1,2} x [so,s0 +{n — 1]} .

Let j € [N] be arbitrary, and let i = (j so+¢x (S0). Then, on the event C3, we have |By N

J,s0+LN
Z'750

have been removed from its path. Thus, on the event C3 N Cy N Gy,

| <1, and on the event C4, no particle moves further than cjay once big jumps

Xj(so +€n) < Xi(so) + cran + > Xiy s < XN(s0) + (10 + c1)an.

(i/7b/,s/)eBNﬂPiJ;*:'(;)+@N
But by Lemma 2.2.3, we have Xn(sg) < X1(so + ¢n), and the result follows. O

Proof of Proposition 2.2.1. Recall the definition of A}, from (2.2.5), and consider a uniform
sample of M particles at time ¢ with indices Py,...,Py. Also recall the definitions of T'(p)
in (2.2.17) and T°¥(p) in (2.2.19). For any p > 0 we have

{T(p) € [ta+ [s1Un] b2+ [s20n 1]} N {¢p, o(T(p)) = N Vj € [M]}
N {Cp, (TN () # Cpt (TN (p)) Vg, L € [M], j #1} C Ay (2.6.1)
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2.6. Proofs of Propositions 2.2.1 and 2.2.2

For r > 0, we define A} as a modification of the event A3 from (2.2.22):

Aé == .Ag(t, N, P,7,T, 81,82) = {T(p) < [tQ + [slﬁN} ,tg + (SQ@N-H}
N{[Nnz(p®)] =N =N} 0 {d(X(t1)) > ran}-
(2.6.2)

We also define the set of jumps in the time interval [to + [s1fn],t2 + [s2fn]) which are
larger than (r + 3)ay:

BN (t,r,s1,82) = {

(1,b,5) € [N] x {1,2} x [t2 + [s1ln] 2 + [s2fn] — 1] : }’ (2.6.3)
Xi,b,s > (7" + 3)CLN

and the event G, which says that there is only one jump in the set B}, and every other

jump is smaller than ax during the time interval [t3, ¢ — 1]:

Byl =1 and X, < an,
G=G(t,N,r, s1,52) ;:{ Byl g Sibe = ON } (2.6.4)

Y(i,b, s) € ([N] x {1,2} x [ts,t1 — 1]) \ Bl

Fix 0 < s1 <s3 <1, M € Nand r > 0. Choose 7, ,—s, > 0 such that

S2 — 81 —
Tr,59—51 8(7’ + 3>a e 87 (265)
and then n > 0 sufficiently small that it satisfies (2.4.23) and
By < 2L -8 (2.6.6)

Seign ¢ e

Then choose the constants v, d, p, c1, ¢z, ..., ¢cg, K such that they satisfy (a)-(j). Recall from
Section 2.4.4 that this implies the properties in (2.3.2)-(2.3.5) and (2.4.24)-(2.4.31) also hold
for n and v, 4, p, c1, ca, ..., ce, K. Let 0 < v < n/M?.

In the course of the proof we will use the events A3 and A4 from (2.2.22) and (2.2.23),
and we will show the following for N sufliciently large and ¢ > 4/

P((A9)° U{d(X(t1)) <ran}) < P((A3)°) + P(AS) + P(As(v)) + 1
2. ﬂ]7'22 Cj N n?:l D;NGC .Ag
3. P(9) > 5(753)= re®

P((A9)° U{d(X(t1)) <ran}) <1 —Tpeps-

We start by proving step 1. Notice that with our choices of constants, the conditions of

Lemma 2.2.4 hold. Therefore, we know

PEj,0e[M], j#1: Cpu(T™) = (pa(T7V)) < P(A3) + P(As(v)%) +0/2,  (2.6.7)
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2.6. Proofs of Propositions 2.2.1 and 2.2.2

for N sufficiently large. Hence, because of (2.6.1), in order to prove step 1 it remains to
show that

B ({T(p) & [t2 + [s10n7 2 + [s2lw T} U{3j € [M] : Cpyo(T) # N} U{d(X (1)) < ran?)
< B((A5)°) + /2, (2.6.8)

for N sufficiently large. This follows similarly to the proof of (2.2.25). Partitioning the
event on the left-hand side of (2.6.8) using the event A%, and then conditioning on F;, we

obtain

P ({T(p) ¢ [tQ + {SlgN-l sto + [SQENH} U {3] € [M] : ij7t(T) #* N} U {d(X(tl)) < T’CLN})
< E[14PEj € [M]: GpyalT) # N| Fo)| +P((45)°) (2.6.9)

where we use that if A5 occurs then T'(p) € [ta+ [s1n],t2 + [s2fn]] and d(X(t1)) > ran,
and that Aj is Fi-measurable. Now, on the event A5, at most N 1=7 time-t particles
are not descended from (N,T), and therefore a union bound on the uniformly chosen
sample (which is not Fi;-measurable) shows that the right-hand side of (2.6.9) is at most
MNY™Y/N + P ((A5)¢). This implies (2.6.8) for N sufficiently large, and by (2.6.7) and
(2.6.8) we are done with step 1.

We next prove step 2. Assume the event ﬂ;:2 C; NG occurs. Then there exists
(i*,b%,s*) € By with s* € [ta + [s14n],t2 + [s2fn] — 1]. We notice that every jump
in the time interval [t3,s* — 1] has size at most ay on the event G. Thus, we can apply
Lemma 2.6.1 with sg = s* — € > t3, p and ¢; as chosen at the beginning of the proof, and
with 79 = 1. We then obtain

d(X(s*) < (1+c1)an. (2.6.10)

This means that a particle that makes a jump larger than (r + 3)ay at time s* must take
the lead at time s* 4 1. Indeed,

Xiw (8) + X pr g+ > X1(87) + (r +3)any > XAn(s") + (r+2 —c1)an, (2.6.11)

where in the first inequality we use that Xj-(s*) > X;(s*) and that (i*,b*,s*) € B}y, and
the second inequality follows by (2.6.10). Note that our choice of constants means that
p<r+2—c <r+ 3 holds (it is enough that p < 1 and ¢; € (0,1), which certainly
follow from (2.4.24) and (2.4.31)); thus we have Bj C By, and Lemma 2.3.5(b) applies.
Therefore, by Lemma 2.3.5(b), we have (i*, s*) <p« (IV,s* 4+ 1) and

Xi* (S*) + Xi*,b*,s* = XN(S* -+ 1) > XN_l(s* + 1) + (7“ + 2 — Cc1 — p)aN, (2.6.12)

which also shows that s* € Sy(p), where Sy(p) is the set of times when the record is
broken by a big jump (see (2.2.16)).
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Now we prove that s* +1 = T(p) and d(X(t1)) > ray. Let § € [s* + 1,t; — 1] be
arbitrary (and note that [s* 4+ 1,¢; — 1] is not empty for NV sufficiently large). We will see
that § ¢ Sy(p), and therefore T'(p) ¢ [s* +2,11], i.e. T(p) = s* + 1.

Take k € [N — 1], and assume that j € Nj ¢«41(5 + 1). Note that [By N P,g::;jﬁ <1
by the definition of the event Cs, and that every jump in the time interval [s* + 1,¢; — 1]
is at most of size ay by the definition of the event G. Hence, by the definition of the event

C4 we have

X](§ + 1) < Xk(s* + 1) + cian + Z Xi,b,s

) j,a+1
(z,b,s)eBNﬂP]z’:“rl

< Xn-i(s*+ 1)+ (e + Dan
<AN(s*+1)—(r+1—2¢ —plan
SXN(§+1)—(7’+1—261 —p)aN, (2.6.13)

where in the second inequality we also use that £ < N — 1, the third inequality follows by
(2.6.12), and the fourth by monotonicity.

Then (2.6.13) has two consequences. First, it shows that X;(s + 1) < An(5+ 1)
(see e.g. (2.4.24) and (2.4.31)); thus the leader at time § 4+ 1 must descend from particle
(N,s* +1); that is, (ys+1(s* +1) = N. Note that we also have X;;; < pay for all
i € Nys+1(8) and b € {1,2} by the definition of the event C3. We conclude that the
record is not broken by a big jump at time § + 1, which means that § ¢ Sx(p). Since
§ € [s* + 1,t1 — 1] was arbitrary, and s* € Sy(p), we must have T(p) = s* + 1, by the
definition (2.2.17) of T'(p). Hence,

7

[1CiNG C{T(p) € [ta + [s16nT ta + [s20n]]} - (2.6.14)

=2
The second consequence of (2.6.13) is that d(X'(5+ 1)) > ray, since 2¢; + p < 1. Indeed,
we notice that since s* +1 > t9 and § + 1 < ¢1, the number of descendants of particle
(N, s* 4+ 1) is strictly less than N at time § + 1. Thus, there exists k € [N — 1] such that
Ni,s»+1(5+ 1) # 0, and for such a k and for some j € N ¢+41(5+ 1) the bound in (2.6.13)
holds, and shows that d(X (s + 1)) > rayn. Since § € [s* + 1,¢t; — 1] was arbitrary we

conclude

7
(CinG C{d(X(t)) > ran}. (2.6.15)
=2

Propositions 2.3.11 and 2.3.2 (and the definition of A3 in (2.2.22)) imply for N suffi-
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ciently large that

7 5
N cn(D:
j=2 i=1

N

7
(N Ci € As € {|Nwrp ()] > N =N}
=1

The same statement obviously remains true if we also intersect with G on the left-hand
side, and therefore step 2 follows by (2.6.14) and (2.6.15) and the definition of A} from
(2.6.2).

For step 3, the event G says that out of the 4N{y jumps occurring in the time interval
[ts,t1 — 1], there are 4AN{y — 1 jumps of size at most ay, and there is one larger than
(r +3)an, which can happen any time during the time interval [ta + [s1n], t2 + [s2fn]).
Using that [seln] — 1 — [sifn]| > (s2 — s1)fn/2 for large N, we have for N sufficiently

large,

P(0) > 2V 25 + B)ay) ! (1= h(ay) )V
o (s2—s1)  hlaw) 2Ny —agpix
B 2 h((r+3)any) h(an)
2751 -8
~ 8(r+3)” ’

where the second inequality holds if N is sufficiently large that 1 — h(ay)~! > e_Qh(aN)il,
which is possible because h(ay) — co as N — oo by (2.4.18). In the third inequality we
use that h(an)/h((r+3)an) > (r+3)~%/2 for N large enough by (2.1.2) and (2.4.17), and
that 1/2 < 2N/ly/h(ay) < 2 for N large enough by (2.4.19). This completes step 3.

For step 4, we note that we chose the constants n, v, 6, p, ¢1,¢2,...,¢6, K and v in
such a way that the probability bounds in Propositions 2.2.5 and 2.2.6 and Lemma 2.4.6
hold for N sufficiently large and ¢ > 4¢5. Hence, putting steps 1 to 3 together we conclude

7 5
P ((A5)°U{d(X(t)) <ran}) <D PCE) + > P(DS) +P(G7) + P(ASF) + P(As(v)) + 1
=2 =1
SS9 — 81

—8
_ 2 °l 5
Srra)e ¢ T

<1- Tr,s9—819

<.

IN
—_

where in the last inequality we used (2.6.6). This finishes the proof of Proposition 2.2.1. [

The proof of Proposition 2.2.2 involves some of our previous results. We will use the
statement of Proposition 2.2.1 about the diameter to prove that for any fixed » > 0,
P(d(X(n)) > ran) can be lower bounded by a positive constant. Then the statement of
Proposition 2.3.2 about the diameter shows that on the events C; to C; the diameter at
time t; is greater than csay, so, considering Lemma 2.4.6, we will see that the diameter

is at least of order ay at a typical time with high probability. Finally, we will conclude
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that the diameter is at most of order ax with high probability using Lemma 2.6.1, and also

using that jumps of size ray are unlikely to happen in £y time if r is very large.

Proof of Proposition 2.2.2. Take n,v,0,p,c1,c2,...,c6, K such that they satisfy (2.4.23),
(a)-(j), and therefore also (2.3.2)-(2.3.5) and (2.4.24)-(2.4.31) (and n may be arbitrarily
small). Let r > 0 be arbitrary. Let s; = 1/4, s =1/2, M = 3. Then we take 1, 4,5, > 0
and N € N sufficiently large that the bounds in Proposition 2.2.1 and Lemma 2.4.6 and
the inclusions in Propositions 2.3.2 and 2.3.11 and in Lemma 2.6.1 hold with the above

constants and for all ¢ > 4¢x. Furthermore, we assume that N is sufficiently large that

e~ 2hran /27 1 p(ray/2)7, (2.6.16)
h(an)
Wraa s < 2007 (2.6.17)
and .
N
o) % (2.6.18)

We can take N sufficiently large that (2.6.16), (2.6.17) and (2.6.18) hold because of (2.4.18),
(2.4.17) (i.e. ay — o0 as N — o0), (2.1.2) and (2.4.19). Having fixed N with these
properties, take n > 3¢y.

First we apply Proposition 2.2.1 in the above setting with ¢ = n + fy (and t; = n).
The proposition implies that

0 < Trsp—s; <P (d(X(n)) = ran). (2.6.19)
Now we prove that if r is sufficiently small then we have
P (d(X(n)) <ran) <mn. (2.6.20)

Assume that r < c3, where c3 was specified at the beginning of this proof.
Consider the events (Cj);:2 and (D;)3_; with the constants v, 6, p, c1,ca, ..., c6, K and
with t = n + {x. By Propositions 2.3.11 and 2.3.2 we have

7
ﬂ Cj N le - ﬂ Cj - {d(X(TL)) > %Cg&]\[}.

j=2 i=1 j=1

Therefore, since r < ¢3, and then by Lemma 2.4.6, we have

P(d(X(n)) < ray) < P(d(X(n)) < 3csay)

&M*
fa
M
7
=

which establishes (2.6.20).
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2.7. Glossary of notation

Next we prove that if r is sufficiently large then
P (d(X(n)) > ray) <. (2.6.21)

Assume r > 1. We apply Lemma 2.6.1 with ¢t = n + {y, so = n — {y and ro = r/2. Note
that by (2.4.24) and (2.4.26) we have rg + ¢; < r. Then Lemma 2.6.1 implies

P(d(X(n)) > ran) < P(3(i,b,5) € [N] x {1,2} x [n —n,n—1] : X35> San)
=1—(1—h(ray/2)~ 12Nt~
2Nl
=l (‘2h<mN/2>>
—1—ex _ QNEN ]’L((J,N)
Sl ( “han) h(raN/2>)
<1—exp(—8(r/2)77), (2.6.22)

where in the equality we use the tail distribution (2.1.3) for the 2N/¢x jumps in the time in-
terval [n—¢x,n—1], the second inequality holds by (2.6.16), and in the third we use (2.6.17)
and (2.6.18). Then (2.6.22) shows that (2.6.21) holds for r sufficiently large.

Since n > 0 was arbitrarily small, (2.6.19) and (2.6.20) show the existence of p,
and (2.6.21) proves the existence of ¢, as in the statement of Proposition 2.2.2, and therefore

we have finished the proof of this result. O

2.7 Glossary of notation

Below we list the most frequently used notation of this paper. In the second column of the
table we give a brief description, and in the third column we refer to the section or equation

where the notation is defined or first appears.

Notation Meaning Def. /Sect.

N number of particles Sect. 2.1.1

(i,n) refers to the ith particle from the left at time Sect. 2.1.1
n

Xi(n) location of the ith particle from the left at Sect. 2.1.1
time n

h the function 1/h defines the tail of the jump (2.1.3)
distribution

« h is regularly varying with index a > 0 (2.1.2), (2.1.3)

55 time scale: ¢y = [logy V] (2.1.4)

an space scale: ay = h™1(2Nly), h(an) ~ (2.1.5)
2N/lN

t t € Nis an arbitrary time, we assume ¢t > 44y Sect. 2.1.3
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i,b,n

(i,b,n)

(X (n))
(i,n) S (G,n+ k)

(t,n) Sp (J,n+ k)

Cz‘,n+k:(n)

zk,n—l—k
20,1

N, (n+ k)

pan

By
SN

2.7. Glossary of notation

t; =t —ily, we use ty,1t2,13,14

jump size of the bth offspring of particle (i,n)
refers to the jump X;;,, of the bth offspring
of particle (i,n)

diameter of the particle cloud at time n
particle (i,n) is the time-n ancestor of parti-
cle (j,n+k)

the bth offspring of particle (i,n) is the time-
(n+ 1) ancestor of particle (j,n + k)
Gimtk(n) € [N] is the index of the time-n
ancestor of the particle (i,n + k)

path (sequence of jumps) between particles
(ig,n) and (ig,n + k), if (ig,n) < (ig,n + k)
Nin(n+ k) C [N] is the set of time-(n + k)
descendants of particle (i,n)

Mbn(n + k) C [N] is the set of time-(n + k)
descendants of the bth offspring of particle
(i, )

jumps of size greater than pay are called big
jumps

set of big jumps

set of times when the record is broken by a
big jump

times when the leader is surpassed by a big
jump

time of the common ancestor of almost every
particle at time ¢

the last time before ¢; when a particle breaks
the record with a big jump

the leader (rightmost) particle at time T
distance between the ith and the rightmost

particle

(2.1.7)
Sect. 2.2.1
Sect. 2.2.4

Sect. 2.2.4

(2.2.9)

(2.2.10)

(2.2.12)

(2.2.13)

Sect. 2.2.5

(2.2.14), (2.2.15)
(2.2.16)

(2.2.18)

Sect. 2.1.3

(2.2.17)

Sect. 2.1.4
(2.3.11)

Next, we list the events which appear throughout our main argument. We give a brief
explanation of each event and refer to the equation where the event is defined. We also
include short descriptions of the main results involving these events to give a summary of

the major steps of the proof of Theorem 2.2.1. We write “whp” as shorthand for “with high

probability”.

Event Meaning

Def. /Sect.
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2.7. Glossary of notation

Ay Almost the whole population is close to the leftmost particle (2.2.3)
at time .
Ao The genealogy of the population at time ¢ is given by a (2.24)
star-shaped coalescent; there is a common ancestor at time
T e [tQ, tl].
A;j and Ay occur whp (Theorem 2.2.1)
As Almost every particle at time t descends from the leader at (2.2.22)
time T € [tg,tl].
Ay Shortly after time T no particle has a positive proportion of (2.2.23)
the population as descendants at time t.
If A3 and A4 occur whp then As occurs whp
(Lemma 2.2.4)
The event A4 occurs whp (Proposition 2.2.6)
The event A; N A3 occurs whp (Proposition 2.2.5). This is
shown using the events below.
B There is a leading tribe, descended from the leader at time (2.3.7)
T € [to,t1], which is a significant distance from the other
particles at time ;.
Bo Particles which are not in the leading tribe at time ¢; have (2.3.8)
o(N) descendants in total at time t.
Bi N By C A3 (Lemma 2.3.1)
Ci A particle leads by a large distance compared to the second (2.3.10)
rightmost particle at some point in [to + 1, ].
Ca Particles far from the leader stay far behind or beat the (2.3.12)
leader by a lot.
Cs There is at most one big jump on a path of length £y. (2.3.13)
Cy Paths without big jumps move very little on the ay space (2.3.14)
scale.
Cs Two big jumps cannot happen at the same time. (2.3.15)
Cs No big jumps happen at times very close to tg or ¢1. (2.3.16)
Cr The number of big jumps performed in [t4,t] is bounded (2.3.17)
above by a constant independent of V.
037'21 C; CBiNByN A C A N A3 (Proposition 2.3.2)
Dy Same as Cy with different constants. (2.3.47)
Dy In every short interval on the ¢ time scale, at least one big (2.3.48)

jump larger than a certain size occurs.
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Dy

Dy

2.7. Glossary of notation

In the first half of [t2,¢1] a big jump larger than a certain
size occurs.
Shortly before time to, only jumps smaller than a certain
size occur.
During a short time interval, jumps of size in a certain small

range do not happen.

(2.3.49)

(2.3.50)

(2.3.52)

M=, C; NN, D; C C1 (Proposition 2.3.11)

The events Co — C7, D1 — Dj all occur whp (Lemma 2.4.6)
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Chapter 3

Speed of the particle cloud in the
N-BRW with stretched exponential

jump distribution

In this chapter we study the speed of the particle cloud in the N-BRW when the jump
distribution has stretched exponential tails. First we state and recall the proof of the result
of Bérard and Gouéré about the existence of an asymptotic speed vy for any fixed N as
time goes to infinity. Then we state and prove our theorem about the behaviour of vy
as N — oo, in the stretched exponential case. This chapter is based on joint work with

Sarah Penington.

3.1 Reminder of notation

Consider the N-BRW (as defined in Chapter 2 in Section 2.2.1, but note that we will work
with a different jump distribution) and recall the following notation from Chapter 2. We
refer to the glossary of notation in Section 2.7 for references to the section or equation

where the notation is defined or first appears.
e [n]={1,2,...,n} for n € N, and [a,b] = [a,b)) "Ny for 0 <a <b
e X(n)={X1(n) <--- < Xn(n)}: ordered positions of the N particles at time n

e X;pn: jump size of the ith particle’s bth offspring at time n

{y = [logy N

(i,n): ith particle from the left at time n

e (i,n) < (4,n+ k): particle (i,n) is the time-n ancestor of particle (j,n + k)

(i,n) <p (j,n + k): the bth offspring of particle (i,n) is the time-(n 4 1) ancestor of
particle (j,n + k)
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3.2. The main result

o P,Z;?Jrk: path (sequence of jumps) between particles (i,n) and (j,n + k) if (i,n) <

(J,n+k)
e GG;(n): set of particles to the right of position = at time n (see (2.2.7))
We will also use the following lemmas which were already stated and proved in Chapter 2.

Lemma 3.1.1. Let x € R and n,k € Ng. Then
(Galn -+ 1) > min (N, 25(G(n)])

This statement is Lemma 2.2.3 in Chapter 2, where we prove this lemma.

Lemma 3.1.2. Suppose Y is a non-negative random variable. For v > 0 and 0 < K; <
Ko < o0,

Elexp(vY 1y <g,)) Liy >k}

K>
— / ve P(Y > u)du + e"FTP(Y > K1) — (52 — DP(Y > Ky). (3.1.1)
K,

We proved this identity as Lemma 2.4.4.
We say that a function f is regularly varying with index g € R if for all y > 0,

f(zy) Jé]

— 1y~ as x — 00, 3.1.2
F@) 342
and slowly varying if for all y > 0,
f(wy) — 1lasz — oo. (3.1.3)
f(x)

Lemma 3.1.3. Let f be a regularly varying function with index 8 > 0. For ¢ > 0, there
exist B(e) > 1 and C1(¢€),Ca(e) > 0 such that

1
< «h < e > B.
@) S Chz and  f(z) < Chx Ve > B

We proved this lemma as Lemma 2.4.2.

3.2 The main result

First we state a result of Bérard and Gouéré, which says that if the jump distribution of
the N-BRW has finite mean, then for any fixed N the particle cloud has a deterministic

asymptotic speed as time goes to infinity, which depends on NV and on the jump distribution.

Proposition 3.2.1. [2, Proposition 2] Consider an N-BRW with arbitrary initial configu-

ration and with a jump distribution given by the non-negative random variable X. Assume
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3.2. The main result

that E[X] < co. Then for any fired N € N, there exists vy € R such that

X1 (n)

X
lim = lim n(n)
n—o0 n n—o0 n

= vy, (3.2.1)

almost surely and in L', where vy depends on the jump distribution.

We will discuss the proof of this result in Section 3.3 following the steps in [2]. Now we
turn to the main result of this chapter, which describes the behaviour of the asymptotic
speed vy as N — oo, when the jump distribution of the N-BRW has stretched exponential
tails.

Let X be a random variable, and let us define the function g by letting
P(X > z) = e 9% for z > 0. (3.2.2)

We assume throughout that P(X > 0) = 1 and that g is regularly varying with index
B € (0,1). We assume furthermore that the function x — g¢(z)/x is non-increasing for x

sufficiently large; that is, there exists K > 0 such that

g(a1) o g(z2)
xr1 X9

for all z9 > 21 > K. (3.2.3)

One of our arguments will be similar to the proof of Theorem 3 in [27], where the same
(fairly weak) assumption is made.
Let us also define
Ly =g '(logN), (3.2.4)

for all N € N, where g~! denotes the generalised inverse of g defined by

g Hz) :=inf{y >0: g(y) > z}. (3.2.5)

It is worth keeping in mind the particular case when g(x) = z for £ > 0, and Ly =
(log N)'/8,

We remark here that the function g is non-decreasing because of (3.2.2), and the function
g~ ! is non-decreasing as well. To see this, take 0 < 1 < @9, and let y; := ¢ ! (2;), i = 1,2.

Then by the definition of g~! and since g is non-decreasing, for all £ > 0,
g(y2 +¢€) > x9 > 1.

By the definition of ¢!, this implies that y; < y» + ¢, and since ¢ > 0 was arbitrary, we
conclude that g~ 1(z1) < g7 1(x2).

Now we state our main result. Let vy denote the asymptotic speed defined by (3.2.1).
For two positive sequences ay and by we say that ay ~ by as N — oo, if ay/by — 1 as

N — oo.
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3.2. The main result

Theorem 3.2.2. Consider an N-BRW with arbitrary initial configuration and with a jump
distribution given by the random wvariable X. Assume that the jump distribution satis-
fies (3.2.2) and (3.2.3) with a function g which is regularly varying with index B € (0,1).

Then
Lylog?2

———— as N —
log N as 00,

UN
where Ly is defined in (3.2.4).

Note that in the case when g(z) = 2? for > 0, the theorem says that vy ~
(log 2)(log N)*/A=1 as N — o0, as stated in Theorem 1.3.2 in Chapter 1.

3.2.1 Strategy and intuition for the proof of Theorem 3.2.2

In Section 3.3 we will prove a simple monotonicity property of the N-BRW (Lemma 3.3.2
and Lemma 1 in [2]), which has some helpful consequences also used in [2]. In our case

these consequences will be that in the proof of Theorem 3.2.2

e it will be enough to consider the initial condition when all particles start from position

Z€ero;

e to prove a good lower bound on vy it will be enough to give a lower bound on
X1(€n + 1) with high probability;

e to prove a good upper bound on vy it will be enough to show an upper bound on
Xn([Alog N|) with high probability for some large constant A > 0.

We now discuss the intuition behind the lower and upper bounds on vy that we will
establish to prove Theorem 3.2.2. In order to get an idea of how the speed should behave,

let us assume in this section that for x > 0,

and that therefore
Ly =g '(log N) = (log N)*/*.

Then we also have
P(X > Ly) =e 9N = N~L,

Thus, the probability that at time O there is at least one jump of size larger than Ly is
1 — (1 —1/N)?N_ which can be bounded below by a positive constant (close to 1 — e~?2)
for large values of N. If there is such a jump at time 0, then by Lemma 3.1.1, at time
¢n 41 there must be N particles to the right of position Ly, that is, X3 (¢x +1) > Ly with
probability bounded away from zero if we assume that all particles have initial position 0.

If we instead fix € € (0,1) and consider jumps larger than (1 —¢)Ly, we can show that

at time 0, with high probability at least one such jump occurs, and therefore we will have
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Xi({y +1) > (1 —e)Ly for any € € (0,1) with high probability. This suggests that the
speed should be at least

XU +1) < (1-¢)Ly (1 —¢)Lylog2

~ 3.2.6
Iy+1 T loggN]+1 log N ( )

for large values of IV, where we use ~ as an informal notation to indicate that the two sides
are close to each other in some sense. The details of this argument will be discussed in
Section 3.4.

The more difficult part of our proof is to give an upper bound on vy. One of the
key ideas to do this is to use the strategy of the proof of Theorem 3 in 27|, which is a
large deviation result of Gantert. Assume we have a random walk (S),),en with stretched
exponential jump distribution given by (3.2.2), assuming g(x) = 2°. The main message of
Gantert’s result is that for fixed = > 0 and large n € N,

P <Sn > xn1/6> ~ ne®m,

That is, the probability that the random walk goes further than azn!/? is roughly the
expected number of jumps greater than zn'/? by time n; and the proof in [27] also shows
that the most likely way for a random walk path to reach zn'/? is to have a single big jump
of this size on the path.

If we apply this result directly to our problem, we will get an upper bound for vy, but
it will be weaker than what we are aiming for. The following short calculation shows this.
We consider a [log N| time scale similarly to the lower bound. Recall the construction
of the N-BRW from N independent branching random walks (BRWs) in Section 2.4.1 in
Chapter 2 (see also Figure 1-4). The total number of paths in the N independent BRWs
without selection up to time [log Nis N2M°e N1 Fix 2 > 0. If in the N-BRW the rightmost
particle at time [log N is to the right of position x [log N| B ~ x Ly, then there must be
a path in at least one of the N independent BRWs which moves more than x [log N VB in
[log N time (again assuming that all particles started initially from position 0). Therefore,

fixing € > 0,

i (XN(ﬂogm) > (1ogN11//3) < NoMlsNTp (S“Ogm >z [1ogN11/5>
< N2Mog N - [log N(z —<)

< 2]\71+10g2796/j+s7 (3.2.7)

where the second inequality holds for N sufficiently large by Theorem 3 in [27]. Now in order
for the right-hand side to tend to zero as N — oo, we need z > (1 4 log2)'/#. Using the
upper bound in (3.2.7), it is possible (but not immediate) to show that for z > (1+log2)'/?,
we have vy < xLy/log N for N sufficiently large. Hence, this argument leads to an upper
bound which already shows the order of vy but the constant (1 + log 2)1/5 does not match
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3.3. Asymptotic speed and proof of Theorem 3.2.2

with the constant log2 in the lower bound in (3.2.6).

The idea to improve this upper bound is the following. Fix A > 0 a large constant. We
claim that in the N-BRW in Alog N time (let us assume Alog N € N for now), jumps of
size significantly larger than Ly do not occur with high probability for large N. Indeed,
since the number of jumps up to time Alog N is 2N Alog N, for any & > 0, the probability
that there exists a jump larger than (1 +¢)Ly in Alog N time is at most

2N Alog Ne~(1+e)7los N _ 3

as N — oo.

The key statement to show in our proof for the upper bound on vy will be that, for
any € > 0, there exists A > 0 such that Xny(AlogN) < (1 + ¢)A(log2)Ly with high
probability for large N. To do this, we again use the construction of the N-BRW from N
independent BRWs, and it will be enough to count paths in the BRWs up to time Alog N
with jumps of size at most (14 &/100)Ly, since larger jumps do not occur in the N-BRW
with high probability. Then the minimal number of jumps needed to cover the distance
(1 +¢e)A(log2)Ly is roughly (1 + €)A(log2) with jumps of size roughly Ly. The idea of
‘one big jump does the job’ in [27| suggests that this should be the optimal (most likely)
way for a path to cover the above distance, if the jumps are restricted to being at most
roughly Ly.

The probability that on a given path of length Alog N in a BRW there are (1+¢)A(log 2)

jumps of size Ly is less than

Alog N N (1+e)(log2)A
(14+¢)(log2)A ’

The number of paths in N independent BRWs up to time Alog N is N24lgN — yl+Alog2
So for any € > 0 we can choose A large enough that the probability that we see a path with
(1+¢e)A(log2) jumps of size Ly in at least one of N independent BRWs by time Alog N
goes to zero as N — oo.

In our rigorous proof we will give an upper bound for the probability that a random
walk path of length Alog N goes further than (1 + ¢)A(log2) Ly without making any big
jumps of size larger than (1 +¢/100)Ly. In our argument we will consider an exponential
moment of the jump distribution restricted to jumps of size at most (1 + &/100)Ly, and
we will follow similar steps to the ones in the proof of Theorem 3 in [27].

We will see that the upper bound on this probability implies that Xny(Alog N) <
(1+¢)A(log2) Ly with high probability, which then gives the desired upper bound on vy.

3.3 Asymptotic speed and proof of Theorem 3.2.2

In this section we discuss the proof of Proposition 3.2.1 following the steps in [2], then state

the lower and upper bounds on vy which lead to the proof of Theorem 3.2.2. The proofs
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of the lower and upper bounds are in Section 3.4 and 3.5 respectively.
Up to Section 3.3.4 we only assume a general jump distribution given by a non-negative
random variable X and with E [X] < cc.

3.3.1 Diameter

Proposition 3.2.1 states that the leftmost and rightmost particles have the same asymptotic
speed as time goes to infinity. Proposition 3.3.1 below is a step towards proving this result:
it says that the distance between the rightmost and leftmost particles at time n is o(n) as
n — oo; hence, if (say) the rightmost particle has an asymptotic speed then the leftmost
particle has an asymptotic speed as well, and both will have the same value. For n € Ny,
let

d(X(n)) := Xy(n) — Xi(n)

denote the diameter of the particle cloud at time n.

Proposition 3.3.1. [2, Corollary 1] For all N € N,

EID)

=0 almost surely and in L'.
n—o0 n

Proof. We follow the proof given in [2], and start with an estimate for the diameter at
any fixed time greater than log, N, which is stated in Proposition 1 in [2]. Let n € Ny be
arbitrary. Assume that the rightmost particle is at position y := X5 (n) at time n. Consider
the process at time n + £.

Note that there are 2N/ jumps between time n and n + fn in the N-BRW. Let us
denote the maximum of these jumps by My (n). Then the position of the rightmost particle
increases at most by My(n) at each step between times n and n + £y, giving the upper
bound

An(n+4n) <y—+LIyMy(n).

Furthermore, since we have a particle at position y at time n, Lemma 3.1.1 implies
Xi(n+4n) > y.

Therefore, using the above upper and lower bounds, we conclude that for any n € N, we
have
d(X(n—i—EN)) < KNMN(TL). (331)

Let Xi,..., XNy, beiid. jumps distributed as X, and let My := max;—1 . an¢y Xj-
Then we have
My (3.3.2)

for all n € Ny. Since the jumps are non-negative, we can bound My, the maximum of
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2N/{x jumps, by the sum of these jumps. Therefore, for any fixed N € N|

2N{L N
E[My(n)] =E[My] <E | ) X;| =2N{yE[X]=:Cy < oc. (3.3.3)
j=1

Now (3.3.1) immediately implies the L! convergence; indeed, for all fixed N € N there
exists C > 0 such that
E[d(X(n+ lx))] (nCN

Eld(X E[d(X
0 < liminf M < lim sup M = lim sup < lim sup
n—00 n n—00 n n—00 n+ EN n—oo N+ EN

To see the almost sure convergence, we observe that for any fixed N € N and € > 0 we

have
5 p(4X) L ) s (1R )
n—tx " n>0 nEN
> M
S (I )
n=0 €
< P <€NMN > n>
n=0 €
_ (NE [My] < 00,

where in the first inequality we use (3.3.1), the second inequality follows by (3.3.2), and
the third by (3.3.3). Therefore, the Borel-Cantelli lemma implies that for all N € N and
e > 0, almost surely there exists a random number ng € Ny such that d(X(n))/n < ¢ for

all n > ng. Since € can be taken arbitrarily small, the result follows. O

3.3.2 Monotonicity properties

In [2] it is shown that due to a monotonicity property, to prove Proposition 3.2.1, it is
enough to consider the N-BRW with the initial configuration in which all particles are at
zero. We now recall this property (in a slightly less general form than is written in [2]),
and we include its proof as well for completeness.

The monotonicity property says the following. Assume that we have a pair of N-BRWs,
determined by the same sequence of jumps but starting from different initial configurations.
Assume furthermore that at some time k, the positions of the first N-BRW are pairwise
smaller than those of the second N-BRW. Then we claim that the first N-BRW will have
pairwise smaller positions than the second at all times after time k.

Recall the notation Xy ,, from Section 3.1.

Lemma 3.3.2. /2, Lemma 1] Consider a pair of N-BRWs (X(n), X*(n))nen,, where
(X(n))nen, is determined by the jumps (Xipn)ic[N)pe{1,2},neN, and the initial configuration
X(0), and (X*(n))nen, is determined by the same jumps (X;pn)ic|N]pef1,2},nen, and the
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3.3. Asymptotic speed and proof of Theorem 3.2.2

initial configuration X*(0). Suppose that there exists a time k € No such that X;(k) < X[ (k)
for all i € [N]. Then
Aj(n) < &(n),

for alln >k and i € [N].

Proof. Assume that we have
Xi(k) < X7 (k) (3.3.4)

for all i € [N] and for some k € Ny. We will show that
Xi(k+1) < XF(k+1) (3.3.5)

for all ¢ € [N]; by induction on k, this implies the result.

For i € [N] and n € Ny, let (i,n) denote the ith particle from the left at time n in
X(n), at position Xj(n). Recall the notation (i,n) Sp (4,n + k) from Section 3.1. Let also
(7, b, k) refer to the jump of the bth offspring of the jth particle at time k& (in both X and
X*). The size of the jump (4,b,k) is X (in both X and X™).

Take i’ € [N]. Let Ay denote the set of jumps at time k for which the particles
performing these jumps are in the set (¢, k+ 1), (i + 1,k+1),...,(N,k+1) in X(k+ 1):

N
Ay = U{(]’ b, k) : (]’ k) 51) (Z’k+ 1)}

Then [Ay| = N — 4’ + 1, and we claim that all positions in the collection (X7 (k) +
Xjbk)(ibkyea, are to the right of or at position Xi(k + 1). The reason for this is that
for each (j,b,k) € Ay there exists ¢ > i’ such that (j,k) < (i,k + 1), and thus, by the

assumption in (3.3.4) and since i > 4, we have
X7 (R) + Xy = X (K) + Xy = (k1) = Kok + 1),

This establishes the claim. It follows that if all the N —4’+ 1 particles that performed a
jump from the set A; survive the selection step in X*(k+1), then there are at least N —i'+1
particles to the right of or at position Xy (k + 1) in X*(k + 1), and therefore (3.3.5) holds
for i = /. If instead there is a particle which performed a jump from the set A;, but it
does not survive the selection step in X*(k + 1), then we must have some j and b with
(7, b, k) € Ay such that

Xy (k+1) <Xf(k) + Xjon <A (k+1) <AD(E+1),

which again implies that (3.3.5) holds for ¢ = 7. Since ¢’ was arbitrary the result follows. [

The next corollary makes sure that in the proof of Proposition 3.2.1 and later in the

proof of Theorem 3.2.2 we can assume that the initial configuration is X;(0) = 0 for all

118



3.3. Asymptotic speed and proof of Theorem 3.2.2

i € [N]. In [2], the authors argue that we can make this assumption because of Lemma 3.3.2
and by translation invariance (the dynamics does not change if we shift each particle by a

translation on R). In Corollary 3.3.3 we expand on this argument.

Corollary 3.3.3. Consider a pair of N-BRWs (X(n), X*(n))nen,, where (X (n))nen, s
determined by the initial configuration X(0) and the jumps (X;pn)ic|N]be{1,2},neNy, and
(X*(n))nen, is determined by the same jumps (X;pn)ie[N]pef1,2}neN, and by the initial
configuration X;(0) =0 for all i € [N]. Assume that

Ay (n)

vy = lim —4———
n—00 n

exists almost surely and in L'. Then

X
lim ()

n—00 n

:’UN

almost surely and in L'.

Proof. Consider the process (X*(n) + &1(0))nen,, by which we mean that the particle
positions of this process at time n € Ny are given by X*(n) + &1(0) for all i € [N]. Then
the process (X*(n) + X1(0))nen, is an N-BRW given by the same jumps as (X(n))nen,,
started with all particles at X7(0). For this process it certainly holds that X7*(0) + X;1(0) =
X1(0) < X;(0) for all i € [N]. Therefore, applying Lemma 3.3.2 with & = 0, we have

Ax(n) + A1(0) < Xn(n) (3.3.6)

for all n € Ny. Similarly, we can also consider the process (XY*(n) + Xn(0))nen,. For this
process it holds that X (0)+Xn(0) = Xn(0) > &;(0) for all ¢ € [N]. Thus, by Lemma 3.3.2
we have

X5 (n) + A (0) > X (n) (3:3.7)

for all n € Ng. We then conclude by (3.3.6) and (3.3.7) that

X5y (n) + 4(0) _ X(n) _ Xy(n) + X(0)

n n n

which implies the result. O

3.3.3 Proof of Proposition 3.2.1 — existence of asymptotic speed

In this section, we are following the steps of [2] to complete the proof of Proposition 3.2.1.
Let (X(n))nen, be an N-BRW given by the jumps (X pn)ic[n]pe{1,2} neN, and by the initial
condition

X;(0) = 0 for all i € [N]. (3.3.8)

By Corollary 3.3.3 it is enough to prove the statement of Proposition 3.2.1 for (X (n))nen,-
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3.3. Asymptotic speed and proof of Theorem 3.2.2

The proof of Proposition 3.2.1 relies on Kingman’s subadditive ergodic theorem which

we now state.

Theorem 3.3.4. (Kingman’s subadditive ergodic theorem — Ligget’s version [22, Theorem
7.4.1])

Suppose that the process (Y n)o<m<n satisfies the following conditions:

(i) Yom + Yimn > Yo (subadditivity).
(i1) {Ynk,(nJrl)ka n > 1} is a stationary sequence for all k.
(iii) The distribution of {Y,, mik, k > 1} does not depend on m.

(i) E[max(Ypn,0)] < oo for all n, and there exists vo > —oo such that E[Yy ] > von for

all n.
Then

(a) lim, o E [%} = inf,, LD;O@’”J =y

(b) Y :=1lim, % exists almost surely and in L', and hence E[Y] = .
(c) If {Ynk,(n+1)k7 n > 1} is ergodic for all k, then Y =~y almost surely.

We will apply Kingman’s theorem for the so-called shifted processes of the N-BRW.
Before introducing these, we will consider a modified N-BRW, which will be related to
the shifted processes. Take m,n € Ny. Let X* be an identical copy of X up to time m,
ie. X(I) = X*(1) for all I < m. At time m we make a change in X*(m): we push every
particle in X*(m) to the rightmost position, so that X*(m) = Xn(m) for all ¢ € [N]. Then
after time m, we let X'* evolve as an N-BRW with the same sequence of jumps as A'. Now

by Lemma 3.3.2, X* will dominate X at all times after time m; in particular,
Xy(m+n) > Xn(m+n). (3.3.9)

Similarly, we also let X** be an identical copy of X up to time m, and the change we
make at time m is that we pull back every particle in X**(m) to the leftmost position, so
that X*(m) = X1(m) for all ¢ € [N]. Then after time m, we let X** evolve as an N-BRW
with the same sequence of jumps as X'. Then X will dominate X** at all times after time
m; in particular

X (m+n) < Xi(m+n). (3.3.10)

In order to use the above properties conveniently, we introduce the process (X™(m +
k))ken,, which will be the shifted process of the N-BRW (X(k))ken, shifted by m. We
define this shifted process as follows: (X™(m + k))ren, is an N-BRW which starts at time
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3.3. Asymptotic speed and proof of Theorem 3.2.2

m, and it is given by the initial configuration X" (m) = X;(0) = 0 for all i € [N], and by
the jumps (X;pk)ic(N]bef1,2},k>m- Since the jumps are i.i.d. and X" (m) = X(0), we have

X" (m+n) £ X;(n), (3.3.11)

for all i € [N].

Furthermore, because of the construction of X*, the rightmost position in X* can be

written as

Xy(m+n)=Xy(m) + Xy (m+n). (3.3.12)
Similarly, we also have

X (m+n) = Xi(m) + X" (m +n). (3.3.13)

A useful consequence of the above construction and the inequalities (3.3.9) and (3.3.10),

which we will use in our main proofs later on, is stated in the following lemma.

Lemma 3.3.5. For all m € N and n € Ny, we have
E[Xn(m +n)] <E[Xy(m)] + E[Xn(n)]

and
E [ (m +n)] > E [ (m)] + E [X(n)]

Proof. The first inequality of the lemma follows from (3.3.9), (3.3.11) and (3.3.12); and we
see the second inequality by (3.3.10), (3.3.11) and (3.3.13). O

Now we can prove Proposition 3.2.1 by applying Kingman’s subadditive ergodic theorem

to the shifted process we introduced earlier.

Proof of Proposition 3.2.1. Proposition 3.3.1 implies that if either of the two limits in
Proposition 3.2.1 exists, the other exists as well and has the same value. We will prove
the result by considering the evolution of the rightmost position Xy (n). We will apply
Kingman’s subadditive ergodic theorem to the shifted process (X3'(n)),, eng n>m-

Now we check the conditions of Theorem 3.3.4. Let Y, ,, := X (n) for all 0 <m < n,

and then fix m and n. Condition (i) requires
A (m) + X (n) > Xy (n).

Notice that XY (k) = Xn (k) for all k € Ny by the definition of the shifted process. There-
fore, (3.3.9) and (3.3.12) imply condition (i).

Regarding condition (i), notice that by (3.3.11) we have X% ((n + 1)k) 4 Xn(k) for
all n € No. Thus, (XR¥((n + 1)k))nen, is an ii.d. sequence and therefore it is station-
ary and ergodic, which shows both condition (ii) and the condition in statement (c) of
Theorem 3.3.4.
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For condition (iii) we have X' (m + k) 4 Xn(k), and therefore the distribution of
(XN (m + k))k>1 indeed does not depend on m. For the first condition in (iv), note that
because of (3.3.8) and since the jumps are non-negative, we have X\ (n) > 0 for all n € Ny,
and we can bound X% (n) above by the sum of all jumps that occurred in X before time n.

Hence, for all n € Ny we have
E [Xy(n)] <E 3 Xipn| = 2NnE[X] < .
1€[N],be{1,2},k€[0,n—1]

The second condition in (iv) also holds, since E [X}(n)] > 0 for all n € Ny.
Therefore Theorem 3.3.4 applies, and since XY (n) = Xy(n), it says that

X E[X E[Xn(k
Lo Anm) L Eldy(m)] . E[X(h)
n—00 n n—o0o n k k
almost surely and in L', which concludes the proof of Proposition 3.2.1. O

3.3.4 Proof of Theorem 3.2.2

We now move on to proving the main result of this chapter, Theorem 3.2.2. Consider an
N-BRW (X (n))nen, with arbitrary initial configuration X'(0) and with a jump distribution
given by the random variable X in (3.2.2). Recall that X is non-negative and that g
in (3.2.2) is regularly varying with index 3 € (0, 1).

Since X has finite moments (for example by applying Lemma 3.1.3 to f = g), Proposi-
tion 3.2.1 applies, and the L' convergence implies
lim Elt ()] = lim Eln(n)] = uN. (3.3.14)

n—00 n n—00 n

Our main argument will consist of proving the lower and upper bounds stated below.

Proposition 3.3.6. Assume X;(0) = 0 for all i € [N]. Then for all ¢; < log2, for N

sufficiently large,
L E[X:
cl N < lim M = vpN.
log N = n—oo n

Proposition 3.3.7. Assume X;(0) = 0 for all i € [N]. Then for all ca > log2, for N
sufficiently large,

. E[Xn(n)] Ly
= <
UN nh—>nolo n =@ log N’

Proof of Theorem 3.2.2. Corollary 3.3.3, Propositions 3.3.6 and 3.3.7, together with (3.3.14)
immediately imply the theorem. O

We will prove Proposition 3.3.6 in Section 3.4 and the proof of Proposition 3.3.7 is in
Section 3.5.
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3.3. Asymptotic speed and proof of Theorem 3.2.2

3.3.5 Simple properties of the regularly varying function g¢

Recall the definitions of g and g=! from (3.2.2) and (3.2.5). In the proofs of Proposi-
tions 3.3.6 and 3.3.7, the following properties will be helpful.

Lemma 3.3.8. Forallr > 0,
(a) g(g7 (rlog N)) ~ rlog N as N — oo; in particular g(Lx) ~log N as N — oo
(b) g(rLy) ~r%log N as N — oo
(¢c) g (rlog N) ~ r'/BLy as N — cc.

Proof. Take € € (0,1).

(a) By the definition of a regularly varying function in (3.1.2), the definition of g~! in

(3.2.5), and since g is non-decreasing, for N sufficiently large,

< 9((L=e)g  (rlog N)) rlog N
4= = g(g~*(rlog N)) = 9(g~*(rlog N))
g(14¢)g H(rlog N))
g(g~(rlog N))

< <(14¢e)’ +e,

which shows (a), since € € (0,1) was arbitrary.

(b) Recall the definition of Ly in (3.2.4). By part (a) (with » = 1) and by (3.1.2), for N

sufficiently large we have
(1—e)2rPlogN < (1 —e)rPg(Ln) < g(rLy) < (1+&)rPg(Ly) < (1 +¢)*rPlog N,

which shows (b), since € € (0,1) was arbitrary.
(¢) For N sufficiently large,

1

T 6(1 —¢e)’rlog N < g(g~ ' (rlog N))

g((l—s)wﬁrl/ﬂLN) <
—(1 2r1
< 1+€( +¢)“rlog N
§g<(1+e)2/5r1/5LN),

where in the first inequality we use part (b) with (1 — &)2/#71/# in the role of r, the
second follows by part (a), and the third and fourth again by (a) and (b) respectively.

Since the function ¢ is non-decreasing because of (3.2.2), the above implies
(1—e)8r 8Ly < g7 M (rlog N) < (14 )50 /8Ly,

and since we can take ¢ arbitrarily small, we conclude (c).

123



3.4. Lower bound: proof of Proposition 3.3.6

We will also need a lower bound on Ly, which we state in the corollary below. This

lower bound follows from Lemma 3.1.3 and Lemma 3.3.8.

Corollary 3.3.9. For all € > 0, for N sufficiently large,
Ly > (log N)'/0~<.

Proof. Without loss of generality, assume ¢ € (0,1). Let ¢ € (0,68%), and Ca(e1) as
in Lemma 3.1.3 with f = ¢g. Since ¢ < 1/8, we can take N sufficiently large that
(log N)¥/B=¢ > B(e;) from Lemma 3.1.3. Now first by Lemma 3.1.3, then by the choice of
€1, and finally by Lemma 3.3.8(a) we have

g ((10g N)“‘”) < Cy(er)(log N)/B=9)BTa) < (1 — ¢)log N < g(Lw),

for N sufficiently large. Since the function ¢ is non-decreasing, the result follows. O

3.4 Lower bound: proof of Proposition 3.3.6

Proof of Proposition 3.53.6. Take a € (0,1) and assume that ¢; < alog2. Also, choose
n > 0 such that a®(1+n) < 1. Recall the definition of Ly from (3.2.4). First we claim that
for large N, the leftmost particle is to the right of position aLy at time £ + 1 with high
probability. Indeed, for the probability that a single jump is greater than alL we have
IP)(X > aLN) _ 67g(aLN) > e*(lJrn)a[3 logN _ N*(lJrT])aﬁ’

where the inequality follows for N sufficiently large by Lemma 3.3.8(b).

The probability that at time one there is at least one particle to the right of aLy (i.e.
Xn(1) > aLp) is equal to the probability that we see a jump of size greater than aLy
among the 2N jumps happening at time 0 (since we assume that all particles start from 0

at time 0). Since the jumps are i.i.d., we have for N sufficiently large,
P(Xn(1) > aLy) =1— (1 -P(X > aLy))?N >1— (1 — N-Utma’y2N
By Lemma 3.1.1 it follows that for N sufficiently large,
P(X,((y +1) > aLy) > P(Xy(1) > aly) > 1 — (1 — N~ (Hma? 2N, (3.4.1)

which tends to 1 as N goes to infinity, because (1+n)a” € (0,1) by our assumption at the
beginning of the proof. This establishes the claim above.

In order to establish a lower bound on E [X)(n)] for any large n, we will split the time
interval [0, n] into subintervals of length ¢, + 1, and use Lemma 3.3.5 to gain a lower bound
on E[X;(n)] in terms of E [X;({xy 4+ 1)]. Let us fix N € N and n € Np, and introduce the
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notation

n
M = .
{EN + 1J

Then by the definition of M and because X;(s) is a non-decreasing function of s, and then

writing X1 (M (¢n + 1)) as a telescoping sum, we have

M-1
CE ()] > CERG (M(y + 1) = - S BLA((k+ 1) (Ey + 1) — X(k(y + 1)
k=0
> %ME[%(EN +1)]
> % <€N1 - - 1) E[X, (6 + 1), (3.4.2)

where in the second inequality we use Lemma 3.3.5, and the third follows since M + 1 >
n/({y +1). Now letting n go to infinity and applying Proposition 3.2.1, we conclude that

for any fixed N, we have

oy = lim EA)] S E[d(ly +1)]
n—00 n In +1

This implies that for N sufficiently large,

E[X1(€N+1)] al aln
> >P(X (4 1 L
UN = alLpn €N+1_ ( 1(N+ )>aN)€N+1
_ of aLn
>(1—(1— N0 )QN)W,
log 2 + 2

where the second inequality comes from Markov’s inequality, and the third holds for N
sufficiently large by (3.4.1) and because {y < log N/log2 + 1. Now the right-hand side
converges to a(log2)Ly/log N as N — oo, and note that we assumed ¢; < alog?2 at the
start of the proof. Therefore, for N sufficiently large, the right-hand side is greater than
c1Ln/log N, which shows the result. O]

3.5 Upper bound: proof of Proposition 3.3.7

In this section, we first prove Proposition 3.3.7 using the lemma below, then we prove the

lemma. For all A > 0 and N € N we introduce the notation
ty =tn(A) :=[Alog N . (3.5.1)

Recall the definition of Ly from (3.2.4). The first lemma below says that for a suitable
constant A, the probability that there is a particle to the right of position (log2)(1+¢)ALy
at time ¢ty is very small for large N. We will see in Section 3.5.1 that this lemma implies

Proposition 3.3.7.

125



3.5. Upper bound: proof of Proposition 3.3.7

Lemma 3.5.1. Assume X;(0) = 0 for all i € [N]. Then for all ¢ > 0, there exist § > 0
and A > 0 such that for N sufficiently large,

P(Xn(tn(A)) > (log2)(1 +e)ALy) < N7,

Before showing how Lemma 3.5.1 can be used to prove Proposition 3.3.7, we now state
a second lemma. Our second lemma is about a path in which jumps of size significantly
larger than Ly are discarded and count as a jump of size zero. The lemma says that the
probability that such a path of length ¢ goes further than (log2)(1+¢)ALy is very small
for large N. The result is strong enough to say that if we consider all paths of length ¢ty
in N independent branching random walks without selection, then it is still very unlikely
that one of them makes it further than (log2)(1 4 )ALy if jumps much larger than Ly
are discarded. We can also check that jumps of size much greater than Ly are unlikely to
occur during a time interval of length ¢5. Hence, using the lemma below, we will be able

to prove Lemma 3.5.1 in Section 3.5.2.

Lemma 3.5.2. For all ¢ > 0 and 6, > 0, there exist A > 0 and € > 0 such that for N
sufficiently large,

P <‘§tN > (log2)(1 —i—g)ALN) < ]\/'—Alogz_l_(s17

where Sy, = Z?zl Yj]l{ng(lJrg)LN} forn >1, and Y;, j = 1,...,n are non-negative and
i.i.d. and distributed as (3.2.2), where g is regularly varying with index 5 € (0,1) and
satisfies (3.2.3).

We will prove Lemma 3.5.2 in Section 3.5.3.

3.5.1 Proof of the upper bound

Proof of Proposition 8.3.7. Similarly to the proof of the lower bound in Proposition 3.3.6,
we can show that it is enough to consider the first ¢ steps, using Lemma 3.3.5. Indeed, let
us fix N € N, n e Ny, A >0, set ty =1tn(A) and introduce M := [n/ty]. Now similarly
to (3.4.2), we use the definition of M and that X'x(s) is non-decreasing in s, and then use

a telescoping sum to write

Bl (n)] o ElRw(Min)] iM_llE[XN«k 1)) — X (kty)]
k=0
< T ME[Xx (tx)
< % <;V + 1) E[Xy (tx)] (3.5.2)

where in the second inequality we use Lemma 3.3.5, and the third follows since M <

n/ty + 1. Now letting n go to infinity and applying Proposition 3.2.1, we conclude that
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for any fixed N and A,
E[Xn(tn(A))]
tn(A)
We will now use Lemma 3.5.1 to establish an upper bound on the right-hand side. Take
ca > log?2 and let € > 0 be such that ca > (14 ¢)log2. For this €, choose § > 0 and A >0
as in Lemma 3.5.1, and take v € (0,0). Let us also define

oy < (3.5.3)

Ky = (log 2)(1 + €)ALN.

Then partitioning the expectation on the right-hand side of (3.5.3), we get

E[Xn(tn)] _ 1 1
= EE [N (EN) L vy (1) <iony] + EE [N ()T g (e Ny

1
+ aE [XN(tN)]l{XN(tN)>N“/}] . (354)

Recall from (3.5.1) that t;y = [Alog N'|. For the first term on the right-hand side of (3.5.4)

we have

1 K _
E [N (EN) L ey (i) <in}] < ?;V < (log2)(1 4 &)Ly (log N) ™. (3.5.5)
For the second term,
1 1 N0
?E [XN(tN)]l{XN(tN)E(KN,NV]}] < ?P (XN(ZL,N) > KN) N7 < ; <eg, (356)
N N N

for N sufficiently large, where the second inequality follows by Lemma 3.5.1, and the third
since y < 4.
For the third term on the right-hand side of (3.5.4), we will use the identity that for

any non-negative random variable Y with E[Y] < oo, and for any fixed = > 0,

e}

E[Y1{ysa :/ P(Y >vy)dy + 2P (Y > z).

xT

To prove the identity, we write the first probability on the right-hand side as the expectation

of an indicator, and apply Fubini’s theorem to obtain

o] 00 Y
/ PY >y)dy=E [/ 11{Y>y}dy] =E [/ dy]l{Y>w}:| =E[(Y —2)lysa)

=E [Yl{ysyy] —aP (Y > ),

which shows the identity. Using the identity for the third term on the right-hand side
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of (3.5.4) we get

o0
;VE [N (EN) Ty () >N} < tjv /M P(Xn(tn) > y)dy + ;VNVIP’(XN@N) >N7).

(3.5.7)

Now notice that the event {Xn(tx) > y} implies that at least one jump of size larger than

y/tny occurred in the N-BRW process before time ¢y. Thus, since the total number of

jumps before time ty is 2Nty, we have

P (Xn(tn) > y) < 2Ntye W/ < aNtye /i)™,

for y sufficiently large, where the second inequality comes from Lemma 3.1.3 with ¢ < 1/2.
Substituting into (3.5.7) we get

%E [XN(tN)]l{XN(tN)>NV}] < tiQNtN (/ e_(y/tN)ﬁ/Qdy _i_N’Ye—(N’Y/tN)B/z) e
N N~

N
(3.5.8)
for N sufficiently large. Now (3.5.3)-(3.5.8) show that

vy < E[XZ\W < (log2)(1 + )Ly (log N) ™! + 2¢,

for N sufficiently large, and by Corollary 3.3.9 and since we chose € such that co > (1 +

e)log 2, we are done with the proof of Proposition 3.3.7. O

3.5.2 Lemma 3.5.2 implies Lemma 3.5.1 — bounding the rightmost posi-
tion

We now prove Lemma 3.5.1 using Lemma 3.5.2, and then prove Lemma 3.5.2 in the next

section.

Proof of Lemma 3.5.1. Take € > 0 and d; > 0. Let A and € be as in Lemma 3.5.2. Let By
denote the set of big jumps before time ¢ty = ty(A) which are larger than (1 + &)Ly

By = BN(A,&:) = {(Z,b, ]{Z) S [N] X {1,2} X [[O,tN(A) — 1]] : Xi,b,k > (1 +§)LN}

Now we split the event in Lemma 3.5.1 based on whether a big jump occurred before

time tp:

P(Xn(tn) > (log2)(1+e)ALn) = P({Xn(tn) > (log2)(1 +e)ALN} N {By # 0})
+P{Xn(tn) > (log2)(1 +€)ALn} N{By = 0}).
(3.5.9)

Recall that we assume X;(0) = 0 for all ¢ € [N]. The event in the second term on the
right-hand side implies that there is a path between time 0 and ¢y such that no big jumps
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happen on the path, and the sum of the jumps on the path is more than (log2)(1+¢)ALy.
(Recall the notation for paths from (2.2.10)) Hence, (3.5.9) implies

P(Xn(tn) > (log2)(1+e)ALN)

< ]P(BN 75 @) + P | Jiq,i0 € [N] : Z Xi,b,k]l{Xi,b,kS(1+§)LN} > (log 2)(1 + €)ALN
(i.bk)EP; 2N

(3.5.10)

Indeed, a particular case of the event in the second term in the right-hand side of (3.5.10)
is when all the indicators in the sum are 1; that is, there is a path which goes further than
(log2)(14+¢e)ALp, and every jump on the path is smaller than (1+¢£)Ly. Thus, this event
indeed contains the second event on the right-hand side of (3.5.9).

Recall the construction of the N-BRW from N independent BRWs from Section 2.4.1.
Also recall Lemma 2.4.1, which allows us to bound the second probability on the right-
hand side of (3.5.10) by the probability that there exists a path in at least one of the N
independent BRWs which moves more than (log 2)(1 + €) ALy without big jumps. We will
use the notation of Section 2.4.1 to formalise this. Furthermore, for the first probability
on the right-hand side of (3.5.10) we use a union bound and that in the N-BRW there are
altogether 2Nty jumps before time ¢y. Therefore, we continue (3.5.10) as follows:

P(Xn(tn) > (log2)(1+e)ALN)
< 2NtN€fg((1+é)LN)

+P (35 e N oe{l,2l" : > Yiuliy, <aseryy > (log2)(1+e)ALy |,
w=w
where on the right-hand side, j is the index of one of the N independent BRWs, (j,v) is
the label of a time-t, particle, and (Y}, w < v) are the i.i.d. jumps of all the ancestors of
particle (j,v).

The total number of paths in N independent BRWs from time 0 up to ty is N2V,
Indeed, there are N possible values of j and 2!N possible values of v in the event above.
Furthermore, the sum of i.i.d. jumps in that event is distributed as S*tN from Lemma 3.5.2.
To bound the first term on the right-hand side above, we pick n; > 0 such that (1—n)(1+
€)% > 1, and we apply Lemma 3.3.8(b). Then we obtain that for N sufficiently large,

P(Xn(ty) > (log2)(1 +)ALy) < 2Ntye (1-m)(1+ log N
+ N2IVP (S*tN > (log2)(1 + s)ALN>
< 275]\[]\71—(1—171)(1+5)ﬁ 4+ gN1+Alog2—Alog2-1-4,

— QtNNl—(l—m)(l%l")ﬁ + 2]\7—517
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where in the second inequality we used Lemma 3.5.2 and that ty < Alog N + 1. Now
any 0 < § < min((1 — n1)(1 + €)# — 1,6;) satisfies the statement of Lemma 3.5.1 for N
sufficiently large, thus we are done with the proof of this result. O

3.5.3 Proof of Lemma 3.5.2 — large deviation for paths without big jumps

Proof of Lemma 3.5.2. Without loss of generality we can assume that we have ¢ € (0,1)
and it is small enough that for all &’ € (0,¢),

(1+e&)t>1-3¢, (3.5.11)

and that
1-1/8+¢e<0. (3.5.12)

Let 61 > 0. Let &€ = £/100, and define fg = Yiliy,<areyLyy for j > 1, and Y =
Y1{y<@+e)ry), Where Y has the same distribution as 7. We will need some constants in

the course of the proof, which we choose as follows:
(a) Let dg := 2¢.
(b) Set A > 0 such that Alog2(5 —d2 — 5d2) > 14 41.
(c) Set ¢ > 0 such that cA'=Y/F =1 —§,.
(d) Set g1 > 0 such that (1 +¢1)(1 —d2) < (1+&)7L
(e) Set eo € (0,1) such that (1 +&2)(1+e1)(1 —6d2) < (1 —e2)(1+ &)L

The choice in (b) is possible because £/2 = 506 = 2502 > (1 + £/2)d2, where in the first
inequality we use (a) and in the second the assumption that ¢ < 1. The choice in (d) is

possible because, by the assumption in (3.5.11), and since € < ¢, we have
(1+8) "t >1-36>1-0,

where the second inequality follows by (a). The choice in (e) is possible because of (d).
Finally, we set
z=(1+¢/2)A"Plog2. (3.5.13)

Now we start to bound the probability in Lemma 3.5.2. First we claim that for N
sufficiently large,
zg 1 (ty) < (log2)(1+¢)ALy. (3.5.14)

To see this, let 79 > 0 be sufficiently small that

(1+ ) (A+2m) /P < (14¢)AY5.
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Then, by the definition of 2, and since ¢ty < (A + 12)log N for N large enough and g~ is

non-decreasing (see the paragraph after (3.2.5)), we have

zg ' (tn) < (log2) AP (1+ §)g7 (A +m2) log N)
< (log 2)A1_1/5(1 + 5)(A+ 27)2)1/5LN
< (log2)A(1+¢)Ln,

for N sufficiently large, where the second inequality follows by Lemma 3.3.8(c) and the
third by the choice of 1. This finishes the proof of our claim in (3.5.14), which implies
that for N sufficiently large,

P (StN > (log 2)(1 + E)ALN) <P (StN > xg*l(tN)) . (3.5.15)

We will now use an argument similar to Gantert’s proof of Theorem 3 in [27] to establish
an upper bound on the right-hand side of (3.5.15). Recall that we chose ¢ > 0 in (c¢). We

start by applying Markov’s inequality and using independence to obtain

tn
~ B cty - ctn -1
P (S >z Yty ) =P|exp| ——— Y; | >exp <xg tn >
i (tn) . Z ) PRI ANCY

ctn ¥, v —ctyT
<E |exp 97)1/ e N, (3.5.16)

_l(tN

From now on we will be focussing on the exponential moment of ¥ on the right-hand
side. The following two facts will be helpful in our calculations. First, for any y > 0 we
have

logy <y-—1; (3.5.17)

and second, for any z > 0
e —1< ze®. (3.5.18)

To check (3.5.17), we first note that the two sides are equal for y = 1. For y € (0,1) we

have
11
logl—logy:/ —dxr>1—y,
y T

which shows (3.5.17); and for y > 1, we have
Y1
logy — log 1 :/ —dr <y -1,
1 X

which again shows (3.5.17). To see (3.5.18) we can say that we have equality at z = 0, and
the derivative of the right-hand side is greater than the derivative of the left-hand side for
all z > 0.

Applying (3.5.17) to the expectation in (3.5.16), and then using (3.5.18) for the exponent
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in the expectation, we obtain

o 557) | o (s 5)] = o )]
(3.5.19)

Next we apply Holder’s inequality, which says that for real numbers p,q > 1 with

;1) + % = 1 and for random variables Z1, Zs, we have

E(|Z1Z2|] < E[|Z1[P)V/PE]| Z| ] /1.

We apply Holder’s inequality with Z; =Y, Zo = exp (g_clt(sz)?>, p= 1;‘51, and ¢ = 1+¢q,

where 1 was chosen in (d). Then we obtain

o[ e (10 y)}gE{<y>trﬁE{exp<My>]@ (3.5.20)

g tN) g tN)

Note that the first factor on the right-hand side can be bounded above by a constant
independent of N, since Y > Y has finite moments (by applying Lemma 3.1.3 to g).
Therefore, (3.5.19) and (3.5.20) show that there exists a constant C; > 0 such that for all

N,
ctN o Citn [ <(1+51)ctN ~>]
logE [exp| ————Y || < ————E |exp| ——————~Y ) |, 3.5.21
o8 low (5057 )] < 5E oo (e (3521
where we also used that the expectation above is at least 1.

We now claim that there exists a constant Cy such that for all large enough N,

E [exp (Wi/ﬂ < Cy. (3.5.22)

After proving this claim, we will be able to conclude the proof of Lemma 3.5.2 very quickly.
It will be useful in the proof of (3.5.22) to handle the left-hand side with an indicator

on Y, so we will use the upper bound below:

E |exp ((UE 0N 5
[ p< g(iiﬁ)dﬁ ) (L+e)etn o),
o (Lm0 T g ()

g Htn) g H(tw)
<E [exp <WY) ]1{Y>1}] + e(tten)etn /g7 (En) (3.5.23)
~ >

where in the inequality we used that {ff > 1} C{Y >1}.

Now we give an upper bound on ty/g~!(t5) which we will use in our further calcula-
tions. Let ' € (0,1) be sufficiently small that (1 +7)/(1 —n') < 1 + 2, where e was
chosen in (e). Then Alog N <ty < (1+n')Alog N for N sufficiently large. Using that
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g~ ! is non-decreasing, and then applying Lemma 3.3.8(c), we get for N sufficiently large,

/ /
tN < (1—1—77)Alog]\7S (147 )Alog N §(1+€2)A1_1/BlogN'
g~ tn) — g7H(AlogN) = (1 —1)AYPLy Ly

(3.5.24)
Then it follows that the second term on the right-hand side of (3.5.23) is bounded by

_ log N
e(l+er)ctn/g Ltn) < exp ((1 +e1)e(1+ 62)A1_1/60§> <2, (3.5.25)
N
for N sufficiently large, where the second inequality follows by Corollary 3.3.9.
For the first term on the right-hand side of (3.5.23), we apply Lemma 3.1.2 with the
random variable Y, and with K1 = 1, Ky = (1 + &)Ly, v = (1 + &1)ctn/g  (tn). We

obtain

E o (L) )

g (tn)
(1+é)Ln (1 +€1)Ct]\[ (tepety (14e1)etn
< / W@ 9= 1tN) P(Y > S)dS +e 9= 1) ]P)(Y > 1)
1 g N

Now using (3.5.24) and (3.5.25), it follows that for N sufficiently large,

(1+é)Ln loo N
< / (14 e1)e(1 + 20)AL1/B28
1 Ly

X exp <(1 +ep)e(1+ 52)A1_1/510§7N8 - g(s)) ds + 2.
N

Finally, we make the change of variables u = s/Ly to arrive at a form which will be

convenient to estimate:
(1 + 81)CtN ~ >
E [exp (Y Tiy>q
[ g (tw) =y

1+¢
< / (14¢e1)e(l+e) AP log N
1/Ly

X exp <(1 +e1)e(1 4 e2) AP (log N)u — g(uLN)) du + 2 (3.5.26)

for N sufficiently large.
To handle the integral on the right-hand side of (3.5.26), we split the domain into three
subintervals. Let K be as in (3.2.3) (we assume without loss of generality that K > 1),
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and consider the integral on the interval [1/Ly, K/Ly]. Then we have

K/Ly
/ (1+e1)e(1 4 e9) AP log N exp ((1 +e1)e(l + e2) A YB (log N)u — g(uLN)) du
1/Ly

K K
< L—(l +e1)e(1 +e2) AP log N exp <(1 +e1)e(1 + £2) A8 (log N)L>
N N

<eg, (3.5.27)

for N sufficiently large, by Corollary 3.3.9.

Next, we assume N is sufficiently large that Ly > K, and consider the interval
(K/Ln,1). By the assumption in (3.2.3) and then by Lemma 3.3.8(b), for N sufficiently
large, for all uw € (K/Ly,1) we have

guLn)
ulLy — Ly

Then for the integral in (3.5.26) on this subinterval for N sufficiently large we get

1
/ / (14 e1)e(l +e2) AP log N exp ((1 +e1)e(1 + e2) AV (log N)u — g(uLN)> du
K/Ly

1
g/ (14 e1)c(l +e9) AP log N
K/Ly

X exp (((1 +e1)e(l +eg) ATV — (1 52)> ulogN) du

< Cs, (3.5.28)

for some constant C3 > 0, where the last inequality can be seen as follows. By the choices

in (c) and (e) we have
1—eg—(14e1)e(l+ 52)14171/5 =:¢1 > 0.

Then calculating the integral in the second line, there exists a constant C3 > 0 such that

the integral is at most

1
CS [_6701u10gN:| S Cg.
K/Ln

This establishes (3.5.28).
Finally, we bound the integral in (3.5.26) on the interval [1,1+ £]. On this subinterval,

for N sufficiently large, for all u € [1,1 + £], since g is non-decreasing we have
g(uLy) > g(Ln) > (1 —e2)log N > (1 —e2)(1 4+ &) tulog N,

where we applied Lemma 3.3.8(b) in the second inequality. Then for N sufficiently large,
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we can write
1+€
/ (1+e1)e(1 4 e9) AP log N exp ((1 +e1)e(1 + ) A8 (log N)u — g(uLN)) du
1

1+€
< / (14¢e1)e(l+e) A" YPlog N
1

X exp (((1 +e1)e(l +e9) ATV (1 —e)(1 + 5)_1) ulog N) du

<e, (3.5.29)

where the last inequality follows in a similar way to (3.5.28). Indeed, by the choices in (c)

and (e) we have
(1—e)1+8) ' = (1 +e)e(l4e)A VP = ¢y > 0.
Then there exists a constant C4 > 0 such that the integral in the second line is at most

<e

04 [_e—cgu log N:| I+e

1
for N sufficiently large. Hence, by (3.5.26)-(3.5.29) we conclude that for N sufficiently
large,

(1 + 81)Ct]\[ ~
E ———Y |1 < 2 2 9.
[exp < g_1<tN) {y>1}| = 03 + 2 + 2, (3 5 30)

which together with (3.5.23) and (3.5.25) shows (3.5.22).
Now we put (3.5.16), (3.5.21) and (3.5.22) together to obtain that for N sufficiently

large

- B Cht
P (StN > xg 1(tN)) < exp <tNgl1(t]V]V)CQ — cxtN)

log N
1-1/p_ 108NN
< exp <tNC1C2(1 +e9)A (log N)1/5—= CxtN) ;

where in the second inequality we used (3.5.24) and Corollary 3.3.9. Since ty > Alog N,
by the definition of z in (3.5.13) and by (c) we have

cxty > c(log2) A'VP(1+¢/2)Alog N = (1 — 85)(1 +¢/2)(log2) Alog N.
We therefore conclude

C1Co(14e9) A1/ N (1_5,)(1+¢/2)(log2) A

]P) <ng > $gil(tN)> S N (logN)l/ﬁ_Ei S N*A10g271761

for N sufficiently large, where the second inequality follows by (3.5.12) and (b). By (3.5.15),
this finishes the proof of Lemma 3.5.2. O
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Chapter 4

(Genealogy of the N-particle
branching random walk with

stretched exponential tails

In this chapter we state a result on the genealogies of the N-BRW when the jump distribu-
tion X has stretched exponential tails given by P (X > z) = e~2" with 8 € (0,1/2). The
result says that for any large time ¢, with at least probability of order (log N)~1/2, there
exists a time k € [t —2 [logy N|,t — [logy N], such that a positive proportion of the time-t
population descends from a single time-k particle. We then give a summary of the proof of
this result. For some of the intermediate statements we will include the proof, but in many
cases we will omit the details. Altogether we aim to give an idea of why the result is true
and why we could not prove a stronger result with our method. This chapter is based on

joint work with Sarah Penington.

4.1 Reminder of notation

Consider the N-BRW (as defined in Chapter 2 in Section 2.2.1, but note that we will work
with a different jump distribution) and recall the following notation from Chapter 2. We
refer to the glossary of notation in Section 2.7 for references to the section or equation

where the notation is defined or first appears.
e [n]={1,2,...,n} forn € N, and [a,b] = [a,b)) "Ng for 0 <a <b
e X(n)={X1(n) <--- < Xn(n)}: ordered positions of the N particles at time n

e X;un: jump size of the ith particle’s bth offspring at time n

Iy = [logy N

(i,n): ith particle from the left at time n
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e (i,n) < (4,m+ k): particle (¢,n) is the time-n ancestor of particle (j,n + k)

° P.J;;;”k: path (sequence of jumps) between particles (i,n) and (j,n + k) if (i,n) <

)

(J,n+ k)
e G;(n): set of particles to the right of or at position x at time n (see (2.2.7))
o Nin(n+k): set of time-(n + k) descendants of the ith particle at time n (for k > 0)

e N? (n+k): set of time-(n + k) descendants of the ith particle’s bth offspring at time

in

n (for k > 1)

e F,: o-algebra generated by the jumps (X;pm, @ € [IV],b € {1,2},m < n) (Recall

that jumps made at time n are independent of F,,; also see Section 2.2.4.)

We will also use the following two lemmas which were already stated and proved in
Chapters 2 and 3.

Lemma 4.1.1. Let x € R and n, k € Ng. Then
(Galn -+ k)] > min (N, 25(G(n)])

This statement is Lemma 2.2.3 in Chapter 2, where we prove this lemma.

Lemma 4.1.2. [2, Lemma 1] Consider a pair of N-BRWs (X(n), X*(n))nen,, where
(X(n))nen, is determined by the jumps (X;pn)ic[N]bef1,2},neN, and the initial configuration
X(0), and (X*(n))nen, s determined by the same jumps (X;pn)ic[N]pe{1,2},neN, ond the
initial configuration X*(0). Suppose that there exists a time k € No such that X;(k) < X (k)
for all i € [N]. Then

Xi(n) < X7 (n),

— (2

for alln >k and i € [N].

This statement is Lemma 3.3.2 in Chapter 3, where we include the proof.

4.2 The main result
Let X be a random variable with stretched exponential tails given by
]

PX>z)=e", (4.2.1)

for x > 0 and for some 8 € (0,1/2). That is, in this section we also assume that the jump

distribution has a density given by

f(z) = BaP e’ (4.2.2)
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for all x > 0. We also define
Ly := (log N)Y/5. (4.2.3)

This is a special case of the definition of Ly in Chapter 3 (see (3.2.4)).

Consider the N-BRW with stretched exponential jump distribution, given by the ran-
dom variable X. The decay of the tail of this jump distribution is faster than polynomial
and slower than exponential. As the genealogies show completely different behaviours in
the exponentially decaying case from the polynomially decaying one, we aim to investigate
whether there is a change of behaviour in the stretched exponential case as we change the
value of B. In the result we state below we study the genealogies of the N-BRW when
B € (0,1/2). In the future we are planning to study the case when § € [1/2,1) (see
Section 4.7).

To study the genealogies of the N-BRW with a stretched exponential jump distribution
requires a more precise analysis than in the polynomial case. This can be seen for example
by considering that the largest jump in a single time step of the N-BRW (i.e. the maximum
of 2N jumps) is close to the size of the largest jump in of order log N steps (and both are
close to Ly). Indeed, one can check that the largest jump in a single time step is greater
than of size (log N — C/log N)'/# with high probability, and the largest jump in of order
log N time steps is less than (log N 4 C'loglog N/log N)'/# with high probability for some
large enough constant C' > 1. Thus, there will be a large number of jumps close to the size
of the largest in 2¢x steps, which is a problem we did not have in the polynomial case.

In this chapter we will assume that N is a power of 2, so
N =2V,
Let us also introduce the notation
zj = Xn_2i4+1(0), (4.2.4)

that is, x; denotes the position of the 2J-th particle from the right at time zero. We can

now state the main result of this chapter.

Theorem 4.2.1. There exist C' > 0 and ¢ > 0 such that for N sufficiently large, for any
t> 20y,

P(Eik € [[t — 2€N,t —EN]], 1€ [N] : ‘./\f“g(t)‘ > CN) >

In the proof it will be practical to show a stronger statement, where the event also
includes that all particles at time t are to the right of a well-chosen position y*, which
we will specify later on. Furthermore, to prove Theorem 4.2.1 we will condition on the

configuration at time ¢t — 20y, but without loss of generality, we will assume ¢ = 20 and
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prove results for any initial configuration, so the notation is slightly simpler. We define
Pn(y,c) :=P 3k € [t —2n,t —IN], i € [N] : [Nig(t)] > cN and X1(20n) > y) (4.2.5)

and we will prove

C

Py :=Pny{y',¢) > ———=
N N(y 7C) - <logN)1/27

(4.2.6)

for a well-chosen y*.

Including the event {X1(2¢x) > y} is helpful because of the following idea. We aim to
say that for a well-chosen y = y*, in order for N particles to reach position y*, an unusually
big jump must happen during the time interval [0,y — 1], and we aim to show that the
probability that such a big jump occurs and at least ¢V time-t particles descend from that
big jump is at least of order (log N)~1/2.

We remark that the largest jump at time ¢x is not necessarily the one with the most
descendants. If the largest jump is of size M and the particle performing this jump starts
from position x at time £y, then other particles starting from to the right of position x
might end up to the right of position x + M even with smaller jumps than M.

We made an attempt to show that starting from an arbitrary configuration at time zero,
by time £y the configuration should be such that the largest jump takes the lead with high
probability. Our idea was the following. Let X;(¢y) := x. The largest jump at any time
step is likely to be of size close to L. We were aiming to show G451, (Un) = O(N(l_‘s)ﬁ),
no matter what the initial configuration is. If this were true, then the diameter of the
particle cloud at time ¢ would be about Ly, and the largest jump from position = + §
would likely to be of size less than (1 — )Ly, and so it would end up to the left of position
x4+ L. Since the number of particles very close to x is close to N in this case, there would
be jumps of size roughly Ly starting from close to x, ending up roughly at position Ly +x.
Then the largest of these jumps could take the lead, and studying the gap between this
leader particle and the rest of the population, we could try to prove that the leader particle
will have at least ¢V descendants at time 2£5. However, for certain choices of initial particle
configuration we could not show that G1s(¢n) will decay faster than N1=97 “in which
case the above argument fails. In the following we will discuss a different approach which
leads to the proof of Theorem 4.2.1

4.2.1 Outline of the proof of Theorem 4.2.1

Now we turn to the ideas of the proof of Theorem 4.2.1. In Section 4.4.1, we will define
r(k) for k € [1,4x], such that, for any y € R, on the event {Xn(k) >y —r(k)},

P(Xl(QfN) >y ’ fk> > 1/2.

Note that on the event in the definition of Py(y,c) in (4.2.5), we have X1(2(y) > y. A
particular way for N particles to end up to the right of position y by time 2/, is to have
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a particle which makes a jump at some time k € [0,¢y — 1] which arrives to the right of
position y — r(k 4+ 1). Provided this happens, there is a positive constant probability that
{X1(2¢n) > y} occurs. In our proof we show that the probability that such jump happens,
and the particle performing the jump has at least ¢V time-2¢y descendants is at least of
order (log N)~1/2. Let A(y) denote the following event:

Aly) == U {X(R) + Xipp >y —r(k+1)}
(i,b,k)E[N] > {1,2} x[0,0n —1]

Let ¢ > 0 a small constant. In our proof, for some position y*, we will find a lower
bound on Py (y*, c) and an upper bound on the expected number of particles to the right
of y* (divided by N), both given roughly by P (A(y*)). Comparing the two bounds leads
to the proof of Theorem 4.2.1.

We will define a function h(y) roughly as

h(y) ~ C1N (log N)/*P (A(y)) ,

for some C7 > 0, and set y* such that

(The precise definition of h(y) can be found in Section 4.4.2.) One of the main steps to

prove Theorem 4.2.1 is to show
E[|Gy-(2(n)]] < h(y®) = eN.

We discuss this step in Section 4.6. The other main step of the proof of Theorem 4.2.1 is
to show (using that E[|Gy«|] < ¢N) that for some Cy > 0,

Pn(y*,c) > CoP (A(y")) . (4.2.7)

We give a sketch proof of this in Section 4.5. Now the definitions of h(y) and y* give

h(y™) c
P(A(y")) = =
(AwY) C1N(log N)Y/2  Cy(log N)/2’

which together with (4.2.7) shows (4.2.6), from which we can conclude Theorem 4.2.1.

The motivation for this argument comes from the fact that
E[|Gy(1)]] = E [|Gy(t)[Law] +E [|Gy()[Lagye] < NP(A®Y)) +E [|Gy(6)[Lag))e] -

If we had shown E [|Gy- (t)|]l(A(y*))c:| <E[|Gy- (t)|]lA(y*)], it would have meant that there
is a jump at some time k which arrives to the right of y* — r(k + 1) on most paths which

end up to the right of y* at time ¢t. This would have implied that Py is of constant order
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4.3. Fairly big jumps and large deviation result

rather than of order (log N)~'/? (because we could have defined h(y) without the (log N')'/2
term). Our proof however does not show this; in the following we explain the main steps

1/2

of the above argument and give an idea of where the (log N)'/“ term comes from.

4.3 Fairly big jumps and large deviation result

One of the main tasks in proving Theorem 4.2.1 is to upper bound E [|G(2¢y)]], i.e. the
expected number of particles to the right of some position y at time 2¢y. The first useful
property which we will need for this upper bound is stated in Lemma 4.3.1 below. Recall
that we assume § € (0,1/2) in (4.2.1). Let

On := (log N)™7, for some v € (1/(1 —f),1/5), (4.3.1)

and let
pn = 1008y "Ly, (4.3.2)

From now on, jumps of size larger than dy Ly will be called fairly big jumps.
Lemma 4.3.1 says that the probability that a path without fairly big jumps moves more

than py in 2¢y time is very small.

Lemma 4.3.1. Let X;, i = 1,2,... be i.i.d. random wvariables with the same distribution
as X in (4.2.1). Then for N sufficiently large,

=1

2N
P (Z Xilyx;<snLny > PN) <NTH.

The proof of this lemma is very similar to the proof of Lemma 3.5.2 in the proof of the
asymptotic speed result. A consequence of Lemma 4.3.1 is, that we will be able to assume
that the sum of jumps which are smaller than § Ly is less than py on every path between
time 0 and 2¢y. Let Hy denote the event that we have just described. Recall the notation
for paths from (2.2.10). We let

Hy := > Xipklx,,,<onin} < o Vit iz € [N] ¢ (4.3.3)
(ibk)EP25N

Next, we state a consequence of Lemma 4.3.1 in terms of E [|G,(2¢x)]], because this is how

we will use it.

Corollary 4.3.2. For all € > 0, for N sufficiently large,
E[|Gy(2n)[] <E[IGy(26n) 1 hy] + &
Proof. Consider the paths in N independent BRWs coupled with the N-BRW (see Sec-
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4.3. Fairly big jumps and large deviation result

tion 2.4.1). The total number of such paths is N2%~ by time 2¢;. By Lemma 2.4.1, the
event HY, implies that there must be at least one among the N 226N paths which moves

more than py without fairly big jumps. Therefore, by Lemma 4.3.1,
E [|Gy(20n)[1pe ] < N2XNVN~% < ¢ (4.3.4)

for N sufficiently large. O

The next lemma gives an upper bound on the probability that a path moves a distance
more than x with the restriction that every jump on the path is between sizes d and M
(the lemma will be useful for us with setting d = dy Ly and M = Ly, in which case d is
much smaller than M).

Assume that there are m jumps on such a path. Note that if M is close z then a single
jump can still cover roughly the whole distance x, so in this case the restriction that jumps
are smaller than M is less significant.

The first part of the lemma below says that if M is not a significant restriction, then
the upper bound is given by roughly the probability that a jump is of size greater than
x — (m — 1)d and the remaining m — 1 jumps are greater than d. Then it can be checked
that this upper bound is largest when m = 1, that is, when the distance is covered by a
single jump.

The second part says that if M is a more significant restriction, then the upper bound
is given by roughly the probability that a jump is of size greater than M, another jump is
of size greater than = — M — (m — 2)d, and the remaining m — 2 jumps are of size greater
than d. If M is much larger than d then it can be seen that this probability is largest when

m = 2.

Lemma 4.3.3. Let X;, 1 = 1,2,... be i.i.d. random variables with the same distribution
as X in (4.2.1). Let m > 2 be an integer, let x,d,M € R with 0 < d < M and x > md.
Let Sy, := Y"1 Xi. Then

o Ifx— M —(m—1)d <0 then
PSp>z, d< X, <M, i=1,....m)<(1+ xﬁ)m_16_(m_1)dﬁ_(x_(m_1)d)ﬁ.
o Ifr—M—(m—1)d >0 then
P(Sp >z d<Xi<M, i=1,...,m)< (1+a2f)" 2P (m=Dd =M~ (z-M~(m-2)d)"
Lemma 4.3.3 is needed to show that the most likely way for paths to arrive to the right

of position y* at time 2¢y is to have only two fairly big jumps of size larger than éy Ly on
the path. We do not include the proof of this lemma.
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4.4 Proof of Theorem 4.2.1

4.4.1 Choice of r(k)

For k € [1,4{n — 1], we define r(k) by
(k +1)22V=FP (X > r(k)) = 32N, (4.4.1)

and for kK = £ we let
r(fn) = 0. (4.4.2)

With the next lemma we show that r(k) is as we described in Section 4.2.1; that is,
given that there is at leasts one particle to the right of position y — r(k) at time k, we will

have X1(2¢y) > y with a positive constant probability.

Lemma 4.4.1. For all k € [0,¢n] and for all y € R, on the event {Xn(k) >y —r(k)},
P(X1(20n) >y | Fr) >1—eC.

Sketch proof. For k = {, on the event {Xn(fn) > y}, we deterministically have &} (2¢y) >
y by Lemma 4.1.1.

Now we deal with the case when k € [1,¢y —1]. Let X, ;,s,j =1,2... beii.d. random
variables with the same distribution as X. For k € [1,¢x — 1], on the event {Xn(k) >
y —r(k)} we can lower bound |G(2¢x)| by roughly

20N —12(25"FAN)

1 —s—
5 Z Z H{Xs,j>r(k)} (22£N LA N) | AN. (4.4.3)
s=k+1 j=1

The reason for this is the following. On the event {Xn(k) > y — r(k)}, by Lemma 4.1.1,
there must be at least 2% A N particles to the right of position y — r(k) at any time
s € [k+ 1,205 — 1]. Then the children of these particles make at least 2(257k A N) jumps,
which arrive to the right of position y at time s + 1 if the jump is larger than r(k). A

time-(s + 1) particle to the right of y will have 22~ —s—1

surviving descendants unless some
of the descendants are killed in the selection steps by time 2¢y, but that is only possible if
there are N particles to the right of position y by time 2¢y.

There is an issue about double counting particles that are already to the right of y
and make a jump of size r(k). It is possible (but not straightforward) to show that the
inequality holds with a factor of 1/2 in front of the sum.

Now,
k’+fN

Z 28—]{: . 22ZN—S—1 — (k + 1)22€N—k}—1;

s=ln

thus, since the random variables X ; are i.i.d. and by the definition of r(k) in (4.4.1), we
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have

2N —12(257FAN)

1 s
Ely > D Lpsmy@@7IAN)
s=k+1 j=1

> 1k§fv 2(2°°% A NYB (X > r(k)) (229~ A N)
=9 T

s=fn

> 16N.

From here one can use Theorem 2.3(c) in [35] from McDiarmid to conclude the lemma. We

omit the further details of this argument. O

Observe that by (4.4.1), we have
r(k) = (log N — (log 2)k + log(k + 1) — log 32)"/# (4.4.4)

for k € [0,¢y — 1]. Thus, we think of 7(k) as a monotone decreasing function in k& which
is roughly given by (log N — (log 2)k)'/#.

Consider paths starting from the right of position z; (see (4.2.4)). Then (by Lemma 4.1.1)
at time £y — j we will have |Gy, (fy —j)| = N, and it is likely that at least one of the par-
ticles in Gy, ({n — j) will perform a jump of size roughly Ly. Then again by Lemma 4.1.1
there will be at least 2/ particles to the right of position roughly xj + Ly at time /, and
it is likely that one of the 27 particles will make a jump of size roughly (jlog2)*/? in the
next step. As a result (by Lemma 4.1.1) there will be N particles to the right of roughly
zj+ Ly + (jlog2)"/? at time 2¢y. Note that by (4.4.4), we have

(jlog2)VP = r(ty — j). (4.4.5)

Also recall that we will want to choose y* such that E [Gy«(2¢n)] < ¢N for some ¢ € (0, 1).

Therefore, we will think of y* — x; as a slightly larger distance than
Ly + (jlog2)"/? = Ly + r(ty — j)

for all j € [0,¢n].

In the proof of Theorem 4.2.1 we need another function, R(k,y) as well. For k €
[0,¢n — 1], we choose R(k,y) such that all particles are to the right of y — R(k,y) at time
k with probability greater than 1/2; that is, we choose R(k,y) such that

P(X1(k) >y — R(k,y)) > 1/2. (4.4.6)

We note here that we will not present every step of the proof of Theorem 4.2.1, in particular,
we will not deal with most steps involving the function R(k,y). We therefore do not give a

precise definition of this function; instead we will refer to the property in (4.4.6) when we
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talk about R(k,y).

4.4.2 Proof of Theorem 4.2.1

Let K1, K5 > 1 be some large constants, and define

In—1LlN—Fk
hi(y) == Ki(log N)'2N Y~ " 27 P (X >y —az; —r(k+ 1) — p), (4.4.7)
k=0 j=0
In—1
ha(y) = Ka(log N)'2N? > P(X > R(k,y) — r(k + 1) — pw) (4.4.8)
k=0

and
h(y) == hi(y) V ha(y),

where x;, pn, (k) are defined in (4.2.4), (4.3.2), (4.4.1)-(4.4.2) respectively and R(k,y) is
as in (4.4.6).
We define y* by
h(y*) = ¢N, (4.4.9)

for some ¢ € (0,1/100). This is possible because both h;i(y) and ha(y) are continuous
functions of y (assuming (4.2.1)), and for a very small y both functions are larger than N,
and for a very large y they are o(IN). Now we state the two main intermediate results that

we need to prove Theorem 4.2.1.

Proposition 4.4.2. For N sufficiently large,
E[[[Gy-(2¢n)]] < h(y®) = cN.

We describe the ideas of the proof of Proposition 4.4.2 in Section 4.6.

Proposition 4.4.3. There exists C1 > 0 such that for N sufficiently large,

In—1ln—k
Py >Ch Z Z VP (X >y~ —r(k) - pN),
k=0 j=0
and
In—1
Py Y NP(X > R(k,y) — (k) — py).
k=0

where Py is given by (4.2.6), y* by (4.4.9), x;, pn, r(k) are defined in (4.2.4), (4.3.2),
(4.4.1)-(4.4.2) respectively, and R(k,y) is as in (4.4.6).

We give a sketch proof of the first inequality in Proposition 4.4.3 in Section 4.5. The
proof of the second inequality is very similar to the first, but we will not give any detail on

this part.
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Proof of Theorem 4.2.1. By Proposition 4.4.3 and by the definitions of the functions hq, ha
and h, and by the choice of y*,

Cl CQ Cg CgC
Pv>—— )V —————h ()= ——h(y) = ———,
N 2 toe VN Y)Y g NN 20D = ognizn M) = Gog n)ir2
which shows the inequality in (4.2.6), from which we can conclude Theorem 4.2.1. O

Remark. We use Proposition 4.4.2 in the proof of Proposition 4.4.3.

Remark. The function hi(y) is more convenient for showing our calculations than the
function ha(y). In the rest of this argument we will prove the first lower bound in Proposi-
tion 4.4.3, and we will outline the ideas for proving that the size of a subset of Gy« (2(n) can
be bounded above by chi(y*) for any constant ¢ > 0. For other subsets we need a slightly
different argument which gives the upper bound he(y*). We will not go into detail on that
part of the proof.

4.5 Sketch proof of Proposition 4.4.3 — lower bound on Py

In this section we discuss the main steps of the proof of the first inequality of Proposi-
tion 4.4.3. Including the term py (defined in (4.3.2)) in that inequality makes the proof
slightly longer but does not change the key ideas, partly because py = o(Ly/(log N)) as
N — oo. Thus, we will go over the proof that

IN—14Nn—F

Py>C1 Y Y 2MP(X >yt —ay—r(k+1)), (4.5.1)
k=0 j=0

noting that the precise argument would need some adjustment.

4.5.1 Good events

Let us define the function f(i, k) for i € [N] and k € [0,y — 1] as

f(i, k) := [logo(N —i+1)] — k, (4.5.2)
that is, we have f(i,k) = j if

N -2k L1 <ij< N =20tk (4.5.3)
Then by the definition of x; and by Lemma 4.1.1, we have

Xi(k) =2 (i k), (4.5.4)
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for all i € [N] and k € [0,£x — 1], and it is possible that we have Xj(k) < @ p)—1-
Then (4.5.4) implies that

{Xipp >y" —r(k+1) —2p60) ) SH{AGK) + Xipp >y —r(k+1)}
= (X(k+1) > y" —r(k+ 1)), (4.5.5)

if | € NP(k+1).
Next, for i € [N], b € {1,2} and k € [0, £y — 1] we first define then explain the following

events:
° Ai,b,k = {Xi’ng > y* — T(k + 1) — acf(ivk)},
* Bipk = kefoanlineN\WE, (k) 1¥ (B1) < y7 —r(k)},

o Cipr = {|Gy(20nN) \/\fffk(%Nﬂ < N}, for some constant ¢ € (100¢, 1), with ¢ as
in (4.4.9),

o D ={|G,-(20y)| = N}.

The event A;py says that the jump X;px is larger than y* —r(k+1) — 24 ), and thus
by (4.5.5) it implies that there is at least one particle to the right of position y* —r(k +1)
at time k + 1; that is, on the event A, we have

An(k+1)>y" —r(k+1). (4.5.6)

(Note that if the particle performing the jump X;;, does not survive the selection step,
then there is not one, but N particles to the right of y* — r(k + 1) at time k& + 1.) This
property will be important because of Lemma 4.4.1.

The event B, means that every single particle which is not descended from the jump
Xi bk 1s to the left of position y* —r(k1) at all times in the interval [0, £x] (thus, on the event
A; bk N Bip e the particle that performed the jump X;p  survives the selection step). The
event Cjp 1, says that the number of time-2/y particles, which are to the right of position
y* and are not descended from the jump X, is less than ¢ N. The event D says that all
particles are to the right of y* at time 2¢y.

We also define the event

E = U CiprND,
(3,b,k)E[N]x{1,2} x[0,6 5 —1]

and notice that the event E is equivalent to the event in the definition of Py (see (4.2.5)-
(4.2.6)); that is,
Py =P(E). (4.5.7)
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Hence, to prove (4.5.1), it will be enough to lower bound the probability of the event

U Aip kN BipprNCiprND CE. (4.5.8)
(Z>b’k)€[N]X{172}X|IO7€N71]]

First we claim that for &' < k we have
Bipk NV Ay g =0, (4.5.9)

if (i,b,k) # (i',V/,k"). Now we prove this claim.
On the event B; 1 we have

XK +1) <y*—r(k +1) (4.5.10)

for all j ¢ Mbk(k' +1). Let j* € ./\/'Zl?/k,( "+1). If K < k then j* ¢ /\/;.lfk(k' + 1), because
in this case N7 (K + 1) = 0. If K = k then j* ¢ NP, (K + 1) still holds, since in this case
Jjt e ./\/;-l?ik,(k’ +1) = J\/;Iilk(k + 1), and /\/Z?lk(k: +1)N Mbk(k + 1) = 0. We conclude that
(4.5.10) applies for j = j*, thus

On the other hand, on the event Ay we have Xy y g > y* —r(K' +1) — Ty (i gy, Which
implies Xj« (k' + 1) > y* — r(k’) because of (4.5.5). This concludes the proof of (4.5.9) for

k' <k, and as a consequence we have
Aipk N Bipr N Aiy iy N By iy =10
for all (4,b,k) # (¢/,b', k). We then conclude that the set of events
{Aipk N Bipp N Cipr N D, (i,b,k) x {1,2} x [0, — 1]}
consists of pairwise disjoint events. Therefore, by (4.5.8),

P(E) > Z P(Aipr N Bipr NCiprND). (4.5.11)
(i,bk)E[N]x {L,2} x[0,65 1]

4.5.2 Coupling with modified N-BRWs

At the moment the event A;;; is not independent of B,y 1 or Cjp 1, because it affects for
example the number of particles in ./\/;bk(kzl) in the definition of B;j 1, and also the number
of surviving particles not in ./\/;.I?k(% ~) in the definition of C; ;. To overcome this problem,
we define the modified processes X**F for (i,b, k) € [N] x {1, 2} x [0, £x — 1] as follows. Fix
(i*,b*, k*) € [N] x {1,2} x [0, £ — 1]. Let (X" *"* (n)),c[o 1+ be the N-BRW determined
by the original initial configuration X'(0) and by the jumps (Xipx)(pk)e[N]x{1,2} x[0,k*—1]>
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so that we have
(X () e = (X (7)) nefop]

Then, in the selection step at time k* + 1 we first kill the particle that made the jump
X« p= o, and then keep the N rightmost particles. That is, X**"*" (k*+1) = {Xf*’b*’k* (k*+
1)<--- < X;\:’b*’k* (k* 4+ 1)} is given by the N largest numbers from the collection

(Xii*’b*’k* (k’*) + Xi,b,k*)(i,b)e([N]X{l,Q})\(i*ﬂb*)'

After time k* + 1 the process (X7 0K (1)) nefr=+2,25] is determined by the jumps
(Xi,b,k>(i,b,k)€[N]><{1,2}><[[k*+1,2£N71]] as follows. For all k € [[0, 2€N]] let N(]C) denote the set
of time-k descendants of the particle that made the jump X« 4= 1+, and let Dy denote the

number of these descendants:

N (k) == N e (K), (4.5.12)

and

Dy, := |N(k)|.

(Note that for k& < k* we have N (k) = (.) Furthermore, the ordered indices in N(k) will
be denoted by
ni(k) < ng(k) <--- <np,(k),

and the ordered indices in [N]\ NV (k) by
nf(k) <ng(k) <--- <ny_p, (k).

We now re-index the jumps X p 1, in such a way that the children of the N — D}, rightmost
particles in X% ?"*" perform the same jumps as the children of the N — Dj, particles in X
which are not descended from the jump X« p+ g+. The remaining Dy, (leftmost) particles’
children in X**"*" will perform the jumps of the D, particles’ children which descend
from the jump X p .

Formally, for all k£ € [0, 2¢y] we define the bijection o : [N] — [N] (from the indices of
XVOR (k) to the indices of X' (k)) by

R L L D n;i(k), if i < Dy
or(i) = oy, (1) := { n_p (k) ifi > Dy, (4.5.13)
and then we have
o1 — ) IR AL, if j € N(k)
w0 { (INJ\N(R)) O [1,4]] + Dy, if j & N (k). (45.14)

Now let (X707 (1)) nefkr+2,2e5] be the N-BRW determined by the jumps
(X (1) b,k ) (i,b, k) E[N] x {1,2} x [k*+1,2¢5 —1] the usual way: for all & € [k* +1,2¢x], the ordered
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positions {Xf*’b*’k*(k +1)<..- < X]i\;’b*’k* (k+1)} = X* (k + 1) are given by the N

largest numbers from the collection

(X7 () + X (i).0) (6.0) €[N x {1,2)

Note that with this definition, X*"*"*" is independent of the jump X+ p= . Also note that
for all £ < k*, we have Dy, = 0 and hence oy (i) = ¢ for all i € [N] in this case.

We also define another process

(X (k) keo.0en1

as the N-BRW determined by the jumps (Xak(i),b,k)(i,b,k)e[N]><{1,2}><[[0,2£N71]] and by the
initial configuration X(0). That is, (z’\?i*’b*’k*(k))ke[[o’%vﬂ is distributed as an N-BRW,
and, at all times k, the ¢th particle’s children make exactly the same jumps as the ith
particle’s children at time k in the process (X 0" (k))kefo,2¢n]- The difference between
the two processes is that in (X7 0" (K))kefo,2¢5] the selection step is not modified at time
E* 4+ 1.

With the lemmas below we compare the processes X, X7 *"F and X0k First,
Lemma 4.5.1 says that X' ?"*" (k) dominates X7 "+ (k) for all k € [0,2¢x], and that the
positions of particles not descended from the jump X p« 1+ in X are dominated by the

. .o, . . ;% * *
corresponding positions in X* bR

Lemma 4.5.1. For all (i*,b*,k*) € [N] x {1,2} x [0,¢x5 — 1] and (i, k) € [N] x [0,2¢N],
we have

X:L'*,b*,k)* (k) S i‘i’i*7b*7k* (k)’

(2

and if i > Dy then
i* b* k*
Xop (i) (k) < &, (k).

The main point of the proof of this lemma is to check that the statements hold at time
k* 4+ 1 (where we have the modified selection step in X% *"*") and then use Lemma 4.1.2
and a similar argument to the proof of Lemma 4.1.2 to conclude the result. We will not
include the details of this proof.

Forall z € R, n € [0,2¢x] and (i,b,k) € [N] x {1,2} x [0, £ — 1], let us write GE>*(n)
and éébk(n) for the sets of particles to the right of or at position z at time n in the
processes X%PF and X%bF respectively. The next lemma is about Gi’b’k(n) and it is a very

similar statement to Lemma 4.1.1.

Lemma 4.5.2. Let k1 € [0,20n], k2 € [k1,2(n] and z € R. Then for all (i,b,k) €
[N] x {1,2} x [0,€n — 1],

G- (k)| = (257 R G () ) A N,
We do not have exactly the same statement as in Lemma 4.1.1 for Gi’b’k(kg), because
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the modified selection step might make a small difference if it happens during the time
interval [k1, ko). Then it is possible that the particle that makes the jump X, 1 descends
from the set Gi’b’k(kl), and since this particle is killed, there will be fewer particles in the
set G4""(ky). Taking this into account, the lower bound from Lemma 4.1.1 still works if
we subtract 1 from the exponent of 2 on the right-hand side. We will not write out the
precise proof of this statement.

Now we introduce the events B£7b7k and Cz{,b,k which are similar to the events B, ; and
Cipk, but they depend on the process X**F. For all (i,b, k) € [N] x {1,2} x [0, ¢y — 1], let

= () LA (R <yt (k) (4.5.15)
k1€[0,6N]

and
Clyi = {IGI2*(20y)] < N}, (4.5.16)

where ¢’ is as in the definition of C; 5 ;. The event Bz/',b,k means that for all times k1 € [0, {x],
in X%%F(ky), every particle is to the left of position y* — (k1) at time k1. The event Clok
says that the number of time-2¢y particles in X*** to the right of position y* is at most
¢ N. The messages of both events are the same as those of the events By and Cjp
considering that in X»»* we remove the particle that performs the jump Xipr and hence
that particle has no descendants. In Lemma 4.5.3 we claim that in fact the events Bab’k

and C!, . imply the events B;pj and Cjp ), respectively.

Lemma 4.5.3. For all (i,b,k) € [N] x {1,2} x [0,{n — 1], n € [0,2(N] and z € R, we
have

Bz{,b,k C Bk, C(,b,k CCipk, and ’ng’k(”” < \Glzbk(nﬂ

(2

Proof. Fix (i,b, k) € [N]x{1,2} x[0,£x —1] and assume that B}, , occurs. We will use the
notation introduced in (4.5.12). Take ki € [0,¢n], i1 € [N]\ N (k1), and let ig := ak_ll(il).
Then ip > Dy, by the definition of O‘k_ll in (4.5.14). Hence, by Lemma 4.5.1, on the event
B, x» we have

Xy (k1) < X2VF () < X300 (k) <y — k),

which shows that the event B, must occur.

In order to prove C;b,k C Cipk, we check that
|Gy (268) \ N (20n)] < |GL2F(26n)). (4.5.17)

Take i1 € Gy (20n) \ N'(20y), and let iy = 0'2_2\7 (¢1). Then similarly as before, i > Day, .
Thus, by Lemma 4.5.1,
y* < X (20y) < X5 (2e),

that is, ig € G;’f’k(%]v). Therefore, since o9, : [IN] — [IN] is a bijection, 02}; defines an

injection from Gy« (20n5)\N(2¢n) to G;’f’k(%]v), which shows (4.5.17), and so Cj ;. C Cjpk
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as well.
Finally, the first statement of Lemma 4.5.1 immediately implies |GE"* (n)| < |G (n)),
so we are done with the proof of Lemma 4.5.3. 0l

4.5.3 Conclusion of proof of Proposition 4.4.3

Since X** is independent of the jump Xi vk, we also have that the events B], , and C/, .
are independent of the event A; . Therefore, by Lemma 4.5.3 and then by independence,

we have

P(AzbkmszkmCzbkmD)ZP(Ai,b,kmBz{bkmC( )—P(A“,JCQDC)
=P (Aip) P (B NCipy) —P(Aips N D),

for all (4,b,k) € [N] x {1,2} x [0,¢x — 1]. Then continuing (4.5.11), we obtain

P(E) > > (P (Aip) P (B N Clyx) — P(Aip N D). (4.5.18)
(3,b,k)€[N]x{1,2} x[0,6n—1]

Fix (i,b,k) € [N] x {1,2} x [0,fx — 1]. We have
P(Aipr N D) =E[P(Ajpp N D | Fp1)] =E [P(D| Fiqr) ]1Ai’b’k] )

Recall that on the event A;} 5 we have Xy (k+1) > y* —r(k+1) as we explained in (4.5.6).

Hence, by Lemma 4.4.1 we have on the event A;; 1,
P(D°| Fiy1) < e,
and therefore we conclude
P(Aipr N D) < e P (Aipr)- (4.5.19)
We deal with the first term in the sum in (4.5.18) as follows. We have
P (B NCipr) =P (Cipp) =P ((Bipw) NCipr)- (4.5.20)
By the definition of le,b,k and by the third statement of Lemma 4.5.3,

E[1Gy- (26n)]]

P((Chp)) P (IG2F20n)] > IN) = P(1Gye (2)] > V) < =220

C
S VR
C/

where the equality holds because X*?* is distributed as X, then we apply Markov’s in-
equality, and the third inequality follows by Proposition 4.4.2. Therefore, we have

P(Clyp) >1— 5 (4.5.21)

152



4.5. Sketch proof of Proposition 4.4.3 — lower bound on Py

Let 7 denote the first time k1 before time ¢x when the rightmost particle in %% is to

the right of y — r(k1), if there is any such time:
7= inf{k € [0,6n5] : X2F (k1) >y — r(k1)},

and let 7 = ¢n + 1 if there is no such time up to time fn. Then we have B;bk e Fr,
since for any s € [0,¢n], we have {7 < s} N B;,, = 0, and for any s > ¢y + 1 we have
{r <stNBj,, =B, €Fs Thus

P((Bipp)NCipp) =E [P (Clow | Fr) ]]-(B;,b,k)c:| : (4.5.22)
On the event (B;; ;)¢ we have 7 € [0, £x] and X]i\’,b’k(T) > y* —r(7). Also note that
P(Clpx| Fr) SB (|G @) < N | Fr), (45.23)

by the definition of the event Cj, ;.

Now Lemma 4.4.1 does not exactly apply, because we are considering the process X%b:*
rather than X. However, the idea for giving an upper bound on this conditional probability
on the event {X]i\}b’k(T) > y* — r(7)} remains the same: we count the number of time-2¢
descendants of particles which made a jump of size r(7) and which are descended from to
the right of position y* — r(7). To lower bound the number of particles to the right of
y* — r(7) at some time s, one can use Lemma 4.5.2 instead of Lemma 4.1.1. Apart from
that, one can repeat the proof of Lemma 4.4.1 to arrive at the following upper bound: on
the event (B]; )¢,

PQG%%%NN<N¢EJ<64B. (4.5.24)

(We will not give more details on this calculation.) Therefore, by (4.5.22) and (4.5.23),
P ((Bipx)NCipp) < e /8,
and then by (4.5.20) and (4.5.21),

P(BipxNClpp) 21— 5 —e /"

Now from (4.5.18) and (4.5.19) we have

P(E) > Z P(Aip) (1— 5 —e 28— e0)
(6.0, k) E[N]x (1,2} X [0,0x —1]
> > P(X >y" —r(k+1) —zs68) /2,

(3,b,k)€[N]x{1,2} x [0,y —1]

by the definition of A;j and because 1 — 5 — e 9/8 _ 6 > 1/2 by the choices of ¢ and ¢
in the definition of Cj ;. Then, considering that if f(i,k) = j then j < /{n — k by (4.5.2),
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and then using (4.5.3), we have

In—1En—k
P(FE) > P (X >y —rk+1)—x;)/2
k=0 j=0 i: f(ik)=j
|k
> VHP(X >yt —r(k+1) —ay),
k=0 j5=0

which together with (4.5.7) shows (4.5.1). This is what we wanted to prove; we do not
include the adjustments we have to make for a precise proof of the first inequality of
Proposition 4.4.3. To prove the second inequality, one can give a very similar argument to
the one in the present subsection. In order to write R(k) —r(k) instead of y* —x; —r(k+1)
one can use the property in (4.4.6)

4.6 Ideas for the proof of Proposition 4.4.2 — upper bound on
E |Gy (t)]]

Recall that for j € [0,£n], we defined the positions z; as
zj = Xy_i41(0).
Now let us define the sets S; as follows. For j € [{x — 1] let
S; == {(N -2 +1,0),..., (N —27,0)},

and let
So :={(N —1,0),(N,0)}.

Then there are 27 particles in each set S; for j € [(y — 1], and 27+ for j = 0. Furthermore,
a path starting from the set S; needs to move at least distance y* — x; to arrive in the set
Gy (20N).

Recall the definition of the event Hy from (4.3.3). When bounding E [|Gy«(t)|], by
Corollary 4.3.2, we only need to consider the scenario when on every path between time 0
and 2/, the sum of jumps which are smaller than dy Ly is at most py. Then, if a path
starts from S;, then the fairly big jumps (jumps larger than 0y Ly) on the path must add
up to at least y* — x; — py in order for the path to arrive in the set Gy (2¢xn). Let Bs,
denote the set of fairly big jumps during the time interval [0, 2¢y]:

Bg = {(i,b, k) S [N] X {1,2} X [[0,261\[ — 1]] : X@(,’k > 5NLN}-

N

We need to handle different paths in different ways depending on the number of fairly
big jumps on each path. Let G}, denote the subset of G« (2¢y) for which there are exactly
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k fairly big jumps on the path leading to each particle in Gy, from time zero:

G = Gy (205) N {j S

Pij;b%zv N Bsy | =k, if (,0) < (4, 2EN)} (4.6.1)

It is easy to check that by the definitions of y* and the function hy in (4.4.9) and (4.4.7),
that we must have
y* —Zj > Ly (4.6.2)

for all j € [0, ¢n]. Therefore, the number of paths leading to Gy« (2¢x) without any fairly
big jump on the path is zero on the event Hy, and thus

E[|Go|Ls,] = 0. (4.6.3)

4.6.1 Paths with exactly one fairly big jump

Next, we count the expected number of particles in G;. We claim that

N N
E[|Gi[lgy] <5 Z Z 2P (X > y* —r(k+1) —x; — pn) N. (4.6.4)
k=0 j=0

We prove this claim as follows. Let k; denote the time of the single fairly big jump which
happens on a path between time zero and the set G1.

At time ky € [0,y — 1] and for all j € [0,(¢n — k1) A (€n — 1)], there are at most
27+tki+1 (surviving) particles descended from S; which have not made a fairly big jump
yet (we have the ‘4+17 in the exponent because there are two particles in Sp). The at most
2Jk1+2 children of these particles need to make a fairly big jump of size at least y* —Tj—pN
to get to the right of y* by time 2¢y, and a particle making such a jump at time k; will
have at most NV descendants at time 2¢.

At time ki, for j = ¢x — ki there are at most N = 2/7%1 particles descended from
the set UJ,_J
these particles have to make a fairly big jump of size at least y* — x; — pn to get to the

j+ which have not made a fairly big jump yet. The at most 2N children of

right of y* by time 2/, and a particle making such a jump at time k; will have at most N
descendants at time 2/ .

At time ky € [€n, 2¢N], particles that have not made a fairly big jump yet have to make
a fairly big jump of size at least y* — Xn(0) — pn to get to the right of y* by time 2¢y.
A particle performing such a jump at time k; can have at most 22¥—F1=1 descendants at

time 20p.
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Therefore,

E[|Gi[1ay]
In—1(In—k1)A(UN—1)
Z Z oI tki+2p (X >y — T —pN)N

k1=0
2ZN71
+ > 2NP(X >y — Xy(0) — py) 228 Pt
ki=IN
In—10Nn—Fk1 In—1
<D PRTP(X >y —a;—py) N+ D 2NP(X >y —z0— py) 2, (46.5)
k1=0 j=0 k; =0

where we took k} = 205 — k1 — 1, and the second sum on the right-hand side can be upper
bounded by the first sum (even by the j = 0 term of the first sum). Since (k1) > 0 for all
k1 € [€n], we conclude (4.6.4).

4.6.2 Paths with exactly two fairly big jumps

In this section we discuss the ideas to bound E[|G2|1x,]. We distinguish several cases
within the set G2 based on when the two fairly big jumps occur and whether the first or
the second jump is larger. We will explain one particular case, and we note that the other
cases work similarly.

We say that a particle is in the set Ga 1, if all of the following hold:
e the particle is in Go

e the first fairly big jump is larger than the second on the path from time zero to the

particle
e the first fairly big jump occurs before time £p.

Other subsets of G include the cases when the first fairly big jump occurs after time £y
and when the second fairly big jump is larger than the first. These cases can be handled
using a similar method to the proof we give for the set G'2;1. In Proposition 4.6.1 we bound
the size of the set G 1.

Proposition 4.6.1. For all € > 0, for N sufficiently large,

E [|G2,1|]1HN} S €h1(y*).

The lemma below is a key step of the proof of Proposition 4.6.1. The lemma gives an
upper bound for the probability that the sum of two jumps is larger than y* — x; — pn,
assuming that the first (larger) jump is at most of size y* — z; — r(k1 + 1) — py. The
upper bound is expressed in terms of the probability that the first jump is larger than
y* —x; —r(k1 + 1) — py and the second is larger than r(k + 1).
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Lemma 4.6.2. Take ky € [0,{n5 — 1] and j € [0,{n — k1], and suppose that (k1 +1) <
(y* —x; —pn)/2. Then for all e > 0 and for Ky as in (4.4.7), for N sufficiently large,

y*—zj—r(k1+1)
/y* . JRP(X >y" —z; —py — 2)dz

—Tj—PN
2

< 6K1(10g N) 1/26_T(k1+1)5_(y*—ﬂ7j —pn—r(k1+1))?

)

where the function f(z) is the density given by (4.2.2).

We now prove Proposition 4.6.1 using Lemma 4.6.2, then discuss the lemma. In partic-

ular we will comment on the factor of (log N)'/2.

Proof of Proposition 4.6.1. Let G5, C G21 denote the set of particles in Gg 1 for which the
first fairly big jump is larger than y* — x; — (k1 + 1) — pn, if it occurs at time ki. Then,

by the same argument as the one we gave for (4.6.5), we have

In—10lNn—k1
E[1GS1my] < D > 2R FP(X > y* —aj —r(ky +1) — py) N. (4.6.6)
k1=0 j=0

Next, let G%l C Go,1 denote the set of particles in Ga1 for which the first fairly big
jump is at most of size y* — x; — (k1 + 1) — pn, if it occurs at time k;. Then we claim

that we can give the following upper bound on the expected number of particles in G%l

In—1(EN=RDAEN=L)  r (k1) —py

AIEHIPNED'S Z / o P2 ()

k1=0
2n—1
Z 2(2R2 ML A NP (X > y* — 2 — py — 2) (228271 A N)dz.
ka=k1 +1
(4.6.7)

We explain this formula as follows:

e We integrate over the size z of the first fairly big jump. The integral domain follows
by the definition of G 1, by the fact that the sum of the two fairly big jumps has to
be at least y* — x; — pn, and by the definition of Gg’l.

e The first fairly big jump can occur at any time k; € [0, ¢y — 1].

e At time k; € [0,¢ny — 1] and for all j € [0, ({ny — k1) A ({x — 1)], there are at most
2k1+7+2 particles descended from the set S; which can attempt to make a jump of

size z.

e At time ky € [1,4y — 1] for j = £x — k1, there are at most 2N = 2F+7+1 particles
descended from the set Uﬁﬁ:f S/ which can attempt to make a jump of size z, with
density f(z).
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e The second fairly big jump can happen at any time ko € [k + 1,205 — 1].

e At any time ko there are at most 2- (2¥27¥1=1 A N) jumps descended from any particle
that performed a first fairly big jump at time k.

e On the event Hy, the size of the second fairly big jump has to be larger than y* —
— pN — %, because the two fairly big jumps need to add up to at least y* —x; — pn
in order for the path to end up in the set Gs.

e Any particle that performed a second jump at time ko can have at most (22v—F2=1 A

N) descendants at time 2.

Now considering only the terms in (4.6.7) which depend on k3, we have

20N —1
Z (ngfklfl /\N)(22€N7k271 /\N)
ko=ki1+1
In—1 ki1+eNn 20n—1
= 3 eRtIN gy g Y 2Rkl S g2k
ko=ki1+1 ko=lN ko=ki+fn+1

< 22£N—k1—1 + (kl + 1)22@]\]—]61—2 + 22£N—k’1—1.
Therefore, by (4.6.7) and then by Lemma 4.6.2, we have

b
E [|G2 1|]1HN:|
IN—TUN—k1  gx —zj—r(k1+1)—

Z 2 / SO T2k + 222V H B (X >y — @y - py - 2)d=.

=0 =1
stKl(logN)l/2
On—10N5—Fk

SN 20k + 222X > r(k+1)P(X >yt — 2 — py — (k1 + 1))
kl 0 ] 1

(4.6.8)

Now by the definition of r(k) we have (k + 1)2%¥ %P (X > r(k + 1)) = 32N, and using
that k1 +2 < 2(k; + 1) for all ky € [0,¢x — 1], we obtain

In—10Nn—kK1
E [|Gg71\]lHN} < 128¢K,(log N)'/2N Z Z WPHRP (X > " —a; — py — (k1 + 1)),
k1=0 j=1
which, by the definition of hy in (4.4.7), concludes the proof of Proposition 4.6.1. O]

Discussion about Lemma 4.6.2: Take k1 € [0,{y — 1] and j € [0,{n — k1] and suppose
that (k1 +1) < (y* —z; — pn)/2. Consider the integral in Lemma 4.6.2. Substituting the
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density from (4.2.2) and the tail probability from (4.2.1), we get

y*—zj—r(k1+1)—pnN
/. FB(X >y — 2 — py — 2)da

Yy —Tj—pN
2
y*—z;—r(ki+1)—p
Y —zi—pN
2
y*—z;—r(k1+1)—pn N
< ﬁ/*_ﬁj—PN K'(log N):=V/Be=# " ~zj=pn=2)" g, (4.6.9)
2
* R /571
for some constant K’ > 1, where in the inequality we used that z8~1 < (W) <

K'(log N)/8=1 by (4.6.2), (4.3.2) and (4.2.3). Now we claim that for any ¢ > 0, for N

sufficiently large, we have

y*—z;—r(k1+1)—pn .
/ o= —zj—pn—2)7 4,

Yy —xi—pN
2

K : .
< 5?1(1%; N)l/ﬂ—1/26—7(k1+1)ﬁ—(y —zj—pn—r(k1+1))? (4.6.10)

Then (4.6.9) and the claim imply Lemma 4.6.2.

To prove the claim one needs to give a first order estimate on 2° — (y* —x; — (k1 +1) —
pn)? and on (y* —zj — pv — 2)? —r(k1 +1)°, and then bound the difference between these
estimates. Then it is possible to prove that the integral of the exponential of this bound is
at most of order (log N)'/#~1/2_ We will not write out this calculation.

Our original idea was, that if the largest fairly big jump is restricted to be at most
y* —xj — py —r(k + 1), then the number of paths with this restriction will contribute to
E[|G2,1|1my] by roughly the same order as the number of paths with jumps larger than
this size; i.e. we wanted to see E [|G§,[1y] =~ E UGZZ’J]]IHN]. This has not turned out to
be the case because of the (log N)'/? factor in Lemma 4.6.2. To get rid of this factor, we
would have needed a (log N)'/#~1 factor on the right-hand side of (4.6.10) rather than a
(log N)'/B=1/2 factor. With the calculation below we would like to show that we cannot
give a better upper bound on the integral in question: it is possible that there exist j and
k1 such that the left-hand side of (4.6.10) is larger than a constant times the right-hand
side of (4.6.10).

Let 7 :==r(k1 +1) and A := (y* — z; — pn)/2. We assume that

(a) A—r = ci(log N)/#=1/2 for some constant ¢; > 0, and
(b) A = oLy for some constant ca > 0.

We will show that with these assumptions, there exists a > 0 such that

2A—r
/ e~ A4z > a(log N)Y/O71/2e 7"~ (24", (4.6.11)
A
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Note that for any z € [r, A], we have
P <P 4 Bz — )Pt

and
(24 — 2)7 < (24— )P + B(r — 2)(24 — r)P71.

Therefore, with a change of variables, we have

2A—r s s A s s
/ e~ —(2A-2) dz — / e~ —(2A-2) dz
A T

A
2e‘“5‘<2“—”5/ e PP =2A=Th g (4.6.12)

Now in the exponent of the integrand we have
2A—r
P (24 — )Pt = / (B—1)a"2dz < (1 — B)(24 — 2r)rP2 < c3(log N)/2~1/8,
-

for some ¢3 > 0, where the second inequality follows by the assumptions in (a) and (b).
Thus,

/A e BE) (I =2A-)T g /A e Peallog N)V2H/0(z=r) g > ) (1og N)H/A=1/2,
for some ¢4 > 0, by the assumption in (a). Therefore, with the assumptions in (a) and
(b), (4.6.11) holds by (4.6.12), which means that under these assumptions we cannot im-
prove (4.6.10).

The assumptions in (a) and (b) are possibilities that can indeed occur. For example,
if y* —2; =~ Ly +7({xy — j) for j = (1 — )?4y with some small & > 0, then we have
y*—ax;~ (2—¢e)Ly (see (4.4.5)). Now it can be checked that there exists k < ¢ — j such
that (1 —/2)Ly — 7(k) is of order (log N)Y/A=1/2,

4.6.3 Paths with at least three fairly big jumps
We would like to show that for any € > 0,

20n—1
> E[Gillny] < eh(y). (4.6.13)
i=3
Intuitively, one can think of the following. Consider Lemma 4.3.3 with x = y* — x; for
some j € [0,¢y — 1], M = L}; = (log N + C loglog N)'/# for some C; > 1, d = Sy Ly (see
(4.3.1)), and m = 3; and assume x — M > CLy for some C € (0,1). Now it is not hard
to see that the probability we get from the second part of Lemma 4.3.3 is much smaller

than in the case when we have the same assumptions except that we change m to m = 2.
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Hence, we expect that ‘it is not worth’ making three fairly big jumps.

Indeed, with the assumptions above, it is enough to apply Lemma 4.3.3 for all the
274268 paths in N independent BRWs without selection, to conclude that the number of
paths satisfying these assumptions is less than eh(y*) for any ¢ > 0.

However, for small values of j, it is not necessarily true that % >C >0. It
turns out that when j < efy for some £ > 0, we need to include selection in our argument
similarly as we did in the case with two fairly big jumps in (4.6.7). This idea leads to
several different cases based on when and how many big jumps happen on the paths. Thus

the proof becomes pretty long, but eventually it shows that (4.6.13) holds.

4.7 Conclusion

In the previous section we showed how we go about proving Proposition 4.4.2. Using that
result we showed Proposition 4.4.3 in Section 4.5 from which we conclude Theorem 4.2.1
as we described in Section 4.4.2.

In the future we would like to finish the full write-up of this proof, and we would also like
to prove an upper bound for the probability of a similar event as the one in Theorem 4.2.1

~1/2 would show that

but with g close to 1. An upper bound of smaller order than (log N)
there is a change of behaviour in the genealogy of the N-BRW in the stretched exponential

case as we change the value of 5.
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