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Abstract

Additive manufacturing (AM) processes produce components by adding mate-
rial in a layer-by-layer fashion. This allows new types of geometries to be feasible,
particularly lattice structures. Although lattices are possible to additively man-
ufacture, the modelling capabilities and customisation is greatly limited by the
current conventional AM process flow due to their complex topologies. Within
the process flow, there are several stages that use mesh-based modelling posing
a costly trade-off between computational memory limits and geometric accuracy.

Meshless implicit-based modelling overcomes the bottlenecks arising from
mesh-based issues. This approach is ideal for a sub-class of lattices called triply-
periodic minimal surfaces (TPMS) that are defined by a single implicit function.
These lattices are gaining popularity in industries and the AM community due
to their high surface-area-to-volume ratio, infinitely smooth, and non-self inter-
secting properties. These properties highlight the challenges presented by conven-
tional mesh-based modelling, promoting a need for an alternative implicit-based
modelling approach.

The vision in this thesis is to expand design capabilities and customisation of
AM lattice structures, specifically focussing on TPMS, without using mesh-based
modelling. The approach taken in this thesis is to customise TPMS by altering
the implicit functions to design specification and then directly slicing the ma-
nipulated functions as infill. As is, TPMS implicit functions define infinitely thin
lattices that are not feasible to manufacture. The functions can be manipulated
to create lattice structures, however, the resulting geometry from the manipu-
lated functions was not intuitive. As such the first part of this research was to
characterise the resulting geometric properties from manipulating the implicit
functions.

Once characterised, such that the TPMS can be customised to a certain geo-
metric specification, this can be used in a direct slicing process flow to fabricate
customised TPMS structures. The next step was to create an algorithm to gener-
ate toolpaths for an AM machine using manipulated TPMS functions. From this,
printed TPMS structures could be related using experimental methods to link
engineering properties to the geometric properties. This link enables designers to
create lattices in a more purposeful way without the need to use CAD.

Resulting from this research, this thesis presents the following novel research
contributions. Firstly, a set of numerical methods were established to calculate
the volume fraction, surface area, and minimum thickness of manipulated TPMS
structures to a known accuracy tolerance. Next by using this set, empirical geo-
metric relationships between the manipulated implicit functions and the geomet-
ric properties were established. Finally, a method was developed to AM TPMS
structures with tunable geometric or mechanical properties without using mesh-
based methods. The developments achieved in this thesis promote the use of
implicit-based modelling and TPMS structures in AM.
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Chapter 1

Introduction

Additive manufacturing (AM) is one of the key elements of the fourth indus-
trial revolution, i.e. the recent movement towards intelligent automation and
production [1, 2]. This is due to its unique automated manufacturing process
that fabricates parts by adding material in a layer-by-layer fashion. This allows
for manufacturing highly customised parts using different types of AM technolo-
gies, feed material, and novel geometries. Thus, AM is rapidly expanding across
multiple industries including aerospace, electrical components, architecture, and
healthcare [3–7].

The conventional AM process flow is the same regardless of the AM technol-
ogy. The process flow starts from a virtual 3D model designed in either computer-
aided design (CAD) or reverse engineering techniques, e.g. laser scanning. The
model then is exported to a computer-aided manufacturing (CAM) software us-
ing an intermediary file. Within the CAM software, it is sliced into layers and
prepared for the AM machine. The slice instructions are exported as machine
code for the AM machine. The AM machine automatically fabricates the part by
adding material in layers. Finally, any post-processing is performed as needed.

Due to a conventional process flow, various AM technologies, and feed mate-
rials, AM offers several advantages as a manufacturing process. The three main
advantages AM offers are the novel feasible geometries, highly customised parts,
and a local manufacturing distribution model [3,5,6,8]. From this, AM has opened
up the possibility of manufacturing various customised lattice structures which
were previously difficult or impossible to manufacture [9]. Lattices and cellular
scaffolds are commonly found throughout nature, for example atomic bonding
in crystals, soap films, and inner bone matrices [10]. Lattices have high surface-
area-to-volume-ratio (SAVR), porous networks, and are lightweight. This is ap-
pealing to multiple industries as this enhances biomimicry for medical implants,
lightweights aircraft saving material cost, creates novel geometries for heat ex-
changers, electrical components, and more [3–7,9, 11, 12].

Modelling lattice structures in the conventional AM process flow occurs at
either the CAD stage or the CAM stage. However, there are modelling difficulties
associated with both of these stages. It is challenging to model lattices with
traditional CAD software. Traditional CAD software estimates surfaces using

1



parametric surface patches. As lattices have a high SAVR, this requires a large
number of patches to describe the shape accurately [16, 144–146]. This becomes
increasingly computationally expensive as the surface area and curvature of the
lattice increases. This also similarly suffers during the transfer from the CAD
software to the CAM software as most intermediary file formats estimate surfaces
with triangular meshes [13–17]. Alternatively, lattice structures modelled at the
CAM stage as infill, are computationally efficient. However, the infill types and
customisation options are usually limited or not present depending on the AM
technology and the software company. This is because infill is not traditionally
based on designed engineering requirements but the designs are loosely based
on the strength, production time, and material consumption. These modelling
difficulties limit AM lattice design capabilities.

There are newly emerging CAD software that specialise in modelling lattice
structures. They have implicitly-based kernels that model shapes using implicit
functions rather than parametric surface patches [18,19]. As such, this is an effi-
cient method to model any surface that can be described by implicit functions.
In particular, TPMS are a sub-class of lattices that can be modelled with a
single implicit function. These surfaces are infinitely smooth, minimal surfaces,
free of self-intersections, and are embedded in R3. These unique attributes have
gained a lot of attention in the AM community and industry. There is a consider-
able ongoing research effort across many industrial applications and the physical
properties, such as mechanical properties and fluidics [20]. Also, an additional
advantage of TPMS being defined as a single implicit function is the function
can be easily manipulated to alter the lattice structure. Currently, AM of TPMS
also faces the same modelling difficulties as other AM lattice structures as well as
the challenges with geometrical customisation due to the complex mathematics
of the TPMS implicit functions.

The goal of this thesis is expanding the capability of the AM of lattice struc-
tures, focussing on TPMS. The approach taken in this thesis is by using methods
that do not rely on mesh-based modelling, hence meshless AM. The developed
methods and algorithms attempt to reach audiences beyond those who have ac-
cess to expensive software licenses or advanced mathematical and programming
capabilities.

The outline of this thesis to accomplish this goal is as follows. This thesis
starts in Chapter 2 by reviewing the literature, focussing on the AM of lattice
structures, understanding the process flow bottlenecks, and identifying the re-
search gaps. From this, in Chapter 3 the aims, objectives, and scope are set
for this research. Then Chapter 4 objectively frames this research and discusses
the methodology to address each bottleneck. The next three chapters detail the
main research of this thesis. Chapter 5 addresses the geometrical customisation
difficulties of TPMS. This is done by establishing robust relationships between
the TPMS implicit function and the geometric properties. From this, Chapter 6
describes a novel method to AM geometrically customised TPMS. This chapter
goes into detail about the development of a direct slicing toolpath algorithm that
bypasses the need for mesh-based modelling. This is based on the geometric rela-
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tionships developed in the previous chapter. Then, in Chapter 7, an experimen-
tal campaign was conducted to test manufactured specimens based on methods
from the previous chapter. Volume measurements and compression testing related
compressive mechanical properties to the volume fractions and the results were
compared with the simulated calculations. This thesis closes in Chapter 8 with
an overarching discussion, conclusions, and future work ideas.
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Chapter 2

Review of Additively
Manufactured Lattices: Global
Trends and Computational
Challenges

2.1 Introduction

This chapter presents a review of the literature of AM lattices. The review begins
by highlighting the current status of AM development, the comparison of AM with
traditional manufacturing processes, and trending AM applications in industry.
This then sets the stage for the review of AM lattices, which covers the current
status, challenges, and research gaps.

2.2 Additive Manufacturing Current Status

2.2.1 Definition and Brief History

AM, also referred to as 3D printing, is a process that builds components by adding
feed material in layers to physically reproduce a digital 3D model of an object.
This differs from traditional subtractive manufacturing methods that start with
bulk material and remove material until the desired component remains, such as
milling from a solid block of metal. Developed in the 1980s, multiple AM tech-
nologies were developed and patented [21–24]. Then in 2005, Dr. Adrian Bowyer
from the University of Bath started the RepRap project [25]. The RepRap project
goal was to develop low-cost, open-source AM machines that could manufacture
most of their own components. The impact from this project is that AM has be-
come more attainable globally for a wider audience. Today, some AM machines
can cost as low as approximately £200, whereas in the 1980s, they would have
costed equivalent to almost £500,000 by today’s economy [26,27].
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The layer-wise manufacturing approach of AM affords numerous key benefits
[21]. Principally, novel geometries, such as enclosed complex architectures, are
not only possible but customisable. In addition, AM is capable of manufacturing
with a wide range of materials. These design capabilities offer a wide range of
customisation to designers.

2.2.2 Conventional Additive Manufacturing Process Flow

AM encompasses many technologies that differ with machinery and material [28].
However, the conventional process flow is the same for all technologies [21]. The
stages are as follows, and presented in Figure 2.1:

1. The desired 3D component is digitally modelled either using CAD software
or reverse engineering techniques, i.e. reproducing a 3D digital model from
laser scanning a physical object.

2. The 3D model is outputted to a file format that is compatible with the
CAM software, usually a stereolithography (STL) file. This intermediary
file typically estimates the 3D model geometry using a triangular mesh.

3. The intermediary file is imported into the CAM software, also known as the
toolpath planner software or slicer software. This software is either down-
loaded onto a personal computer or is on a computer directly connected to
the AM machine. The software is often of the same company as the AM
machine to create machine-specific machine code [29].

Once the intermediary file is imported, the model is edited, such as material
and infill, and the printer settings are applied, such as sizing, orientation,
support material, and positioning on the build platform. The edited model
is then sliced into layers along the vertical axis relative to the printer bed.
These layers describe the model in a 2D plane as toolpaths for the machine.
The editing and slicing phase can be repeated multiple times until finalised.
Finally, these instructions are exported as a machine code file format, e.g.
a GCode file, to the AM machine.

4. The machine automatically runs based on the printer settings and the ma-
chine code instructions. The AM machine fabrication process and the ma-
terial depend on the AM technology.

5. After the machine is finished, the component can be removed from the build
platform. The final product may need to undergo post processing, which
might include removal of unprocessed material, additional manufacturing
modifications, surface modification, removal of additional sacrificial support
material, etc.
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Figure 2.1: The conventional AM process flow. The process flow goes through
the stages starting from a 3D digital model to a final product. The numbered
stages correspond and are explained in detail Section 2.2.2. [Figure adapted from
Ref [21]]
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Figure 2.2: Two parts printed using FDM showing how the layers produce a
step-like surface finish. The part on the left was printed with a 0.4 mm nozzle
and the part on the right was printed with a 0.8 mm. The part on the left has
a higher resolution and therefore has a less step-like finish. [Figure adapted from
www.3dwithus.com/3d-printer-nozzle-sizes-02mm-08mm-settings.]

2.2.3 Additive Manufacturing Comparison with Traditional
Manufacturing

Traditional manufacturing starts with stock material then manufactures by sub-
tracting, dividing, joining, or transforming (casting) the material until it is in a
desired shape [30]. These are inherently different fabrication processes to AM.
From this, AM offers three main benefits: (1) novel manufacturable geometries,
(2) highly customised parts, and (3) local manufacturing business model.

Firstly, the AM process can manufacture novel geometries. These novel ge-
ometries are impossible to create without multiple separate components using tra-
ditional manufacturing methods [21]. In particular, complex architectures within
parts are feasible with AM. Complex architectures could have customisable at-
tributes such as lightweight and high SAVR properties.

The geometric limitations of AM are a subset of structural features such as
overhanging features relative to the print direction, print orientation, and the
build volume dimensions [31]. These challenges are unique to AM and need to be
addressed with any print. Otherwise, the print may be either impossible due to
dimensional constraints or cause the print to fail.

Secondly, the layer-by-layer fabrication allows considerable freedom for de-
signers to customise not only based on geometric design but colour, material
properties, mechanical properties, etc [32]. AM has the potential to only use
material as needed to create parts almost exactly like a digital 3D model using
supporting structures only as needed. Also, the different available materials can
be tailored to the engineering specifications of the final part, such as mechanical
properties.

The layered manufacturing approach also has disadvantages. The resolution
can vary between the AM technologies. For example, laser technology depends
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Figure 2.3: Examples of issues that can arise from AM: Figure a) shows sur-
face roughness before any post-processing, b) shows melt balls from inconsis-
tent melting, c) shows delamination between slice layers, and d) shows cracking
from excess thermal stress. [Figure adapted from www.engineering.com/story/

7-issues-to-look-out-for-in-metal-3d-printing.]

on the galvanometric mirror drives and laser beam width, and fused deposition
modelling (FDM), also known as fused filament fabrication (FFF), depends on
the nozzle width. This may produce a step-like finish and surface roughness [31]
as shown in Figure 2.2. Another issue is the material defects depending on the AM
technology. For example, powder bed fusion (PBF) can have issues with residual
thermal stress from the intense laser power and consistent melting issues [33,34].
Figure 2.3 shows examples of issues that can arise from AM including rough
surface finish, inconsistent melting, layer delamination, and cracking.

Finally, there is an increased demand for innovative, customised, high-quality
products at affordable competitive prices [8]. This promotes more of a localised
business model rather than a globalised business model. AM offers a manufac-
turing process that uses fewer materials and fabrication stages. Local production
using AM reduces the need for packaging, warehousing, and shipping [3]. This re-
sults in a leaner AM supply chain with simpler logistics, less overhead costs, and
lead time [35]. An example of this model is the OpenFlexure Microscope project
by Collins et al. [36]. The OpenFlexure microscope is a laboratory-grade micro-
scope where the custom mechanical components are produced using FDM. The
project focusses on decentralised production of microscopes as in vitro diagnostic
devices in the Global South where supply chain disruptions are frequent [37].
Decentralised production, enabled by FDM, is especially beneficial for medical
equipment in Sub-Saharan Africa as it provides not only local industry, but also
increases the availability of local service engineers in an area where an estimated
70% of all medical equipment is out of service [38].
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There are multiple prevailing challenges with integrating AM into industry.
These drawbacks can result in high costs, production limitations, final product
deficiencies, and design limitations. This makes AM more suitable for individual
or low-volume production [6, 8, 32]. Depending on the AM technology it can be
a costly investment to obtain the AM machine and feed materials, and it only
becomes more economic as the geometry complexity increases [8]. There is also a
need for AM-specific quality standardisation [39]. This ensures the final product
quality, repeatability, and consistency within rapidly growing AM capabilities
and competing financial interests from industries.

While AM has rapidly advanced with cutting-edge technology, the conven-
tional process flow still relies on file formats from the 1980’s, i.e. STL and GCode
files [40]. This causes a disjoint in the digital portion of the process flow, as
the original model needs to be re-approximated. The re-approximation can lead
to loss of data from the original model, and a unidirectional flow of data [15].
However, CAM software generally does not translate between different AM tech-
nologies or even different AM machine companies. The universal file formats are
to accommodate generalised CAD software and AM machine-specific CAM soft-
ware [41].

As AM can create parts with different materials, mechanical properties, and
geometries, this reaches a wider range of industries. Industries incorporating AM
include electrical components, aerospace, and medicine [4].

2.2.4 Trending Industrial Applications of AM

AM is a highly customisable manufacturing process that has impacted various
industries. This section discusses AM development and progression in several
major industries. See also Section 2.3.2 for industry specific applications of AM
lattices.

Electrical Components Industries

Current conventional manufacturing processes involve using photolithography for
producing electronic components. Photolithography is a very complicated, expen-
sive, and chemically hazardous process [4]. Originally, 2D inkjet manufacturing
was researched for single-layer electronic components, but now AM can fabri-
cate complex multi-layered, multi-functional components [42]. AM is relatively
low-cost, highly precise, and can use carbon-based feed materials such as ink
containing carbon nanotubes or graphene [43–46]. Currently, there are two main
routes of research for AM electrical components: carbon-based feed material and
developing AM microtechnology.

Carbon-based feed materials are good candidates for making electrical compo-
nents, such as batteries, solar panels, and supercapacitors, more powerful [47,48].
For instance, AM lithium-ion batteries, commonly used for electronics and electric
cars, initially had electrodes that lacked conducting additives, such as carbon-
based additives. This significantly reduced battery performance [49–51]. Parts
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with carbon-based feed materials are challenging to create since graphene and
carbon nanotube molecules need to be in the correct orientation and maintain
molecular structural integrity post manufacturing [52].

The AM technologies used to develop micro-scale electrical components are
capable of manufacturing patterns <10 µm thick [53,54]. The challenge is to man-
ufacture components with micro-scale tolerances in a reliable and timely fashion.
Current techniques have a trade-off between reproducibility, accuracy, and fabri-
cation speed. Additionally, the machine nozzles can get clogged or contaminated
from trace amounts of feed material sticking to the nozzle due to the high charge
to mass ratio of trace droplets [4, 55]. As micro-scale fabrication requires high
accuracy, mesh-based intermediary files can introduce geometric errors [56–60].

Mobility (Automotive and Aerospace) Industries

The automotive and aerospace industries are constantly under pressure to im-
prove performance and reduce weight [61]. AM allows these industries to move
beyond traditional manufacturing constraints to design novel products for a wide
variety of uses with intricate geometries and high strength materials [62]. The pri-
mary applications are manufacturing and repairing parts as well as the tools used
to mass produce parts [63, 64]. AM is now capable of manufacturing lithium-ion
batteries for electric cars, miniature engines for unmanned aerial vehicles (UAVs),
and even entire cars [61,65–69].

The materials for these industries must be lightweight and have high strength.
Complex shapes using these materials, such as titanium (Ti) and nickel (Ni) al-
loys, are difficult to manufacture using conventional methods [70]. Metallic com-
pounds, such as Ti and Ni, intermetallic compounds, such as Ti-Al, ceramics and
carbon fibre reinforced plastics (CFRP) have shown good mechanical properties
at high temperatures. This is due to their high strength, high stiffness and good
creep, corrosion, and oxidation resistance [71–74]. This makes them suitable for
a variety of parts, such as turbine blades in aeroplanes and car chassis [75–78].
Ceramics and composites are also researched to make parts, such as nozzles and
thrusters for spacecraft [79,80]. One major issue is that multiple process param-
eters cause residual porosity and inhomogeous microstructures, which greatly
affect the mechanical properties of the finished part [71,81–83]. Some parameters
include wire versus powder feed material, laser power, and the AM technology
used [7,70,84]. Many of the AM technologies used operate under high heat, which
can lead to thermal stresses, cracking, and distortion. Recently, cold metal trans-
fer additive manufacturing (CMTAM), a newer type of gas metal arc welding AM
process, is catching attention since it reduces thermal input, is spatter-free, and
has high welding speed compared to traditional metal inert gas welding [85–87].

Designing parts that go beyond previous limitations, e.g. operating at temper-
atures beyond previous limits, can require exploring using new complex geome-
tries. Many types of intricate geometries can only be manufactured using AM.
As such, AM can create parts with high SAVR with intricate internal lattice
structures. Some examples are compact heat exchangers to improve flow distri-
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bution [88]. While AM enables intricate geometries to be made there is a limit
to the complexity. An increase in sharp corners due to the low resolution mesh-
based modelling is challenging for AM laser technologies. This is because the laser
head must rotate tangential to the manufacturing path and cannot cover corners
continuously [89]. The geometric inaccuracies can significantly affect the cost of
the final component where seemingly insignificant amounts of material can make
a significant impact in overall cost, especially for spacecrafts where components
can cost over £10,000 per kilogram [90,91].

Medical Industries

Medical treatment is inherently challenging because every human body is unique,
complex, and delicate. AM is able to create personalised implants, prostheses, and
devices for direct use on the patient as well as for surgical planning and medical
training [92, 93]. A number of large hospital centres now have their own AM
laboratories to allow doctors to be directly involved [94]. This also forgoes the
need of buying medical devices from external companies and having to wait for
transportation. Regulations are still being formulated that can apply to individual
hospitals. Having qualified teams of medical staff and engineers are vital to design
and create medical components [94].

Because of AM, patients can have a range of personalised implants and pros-
theses. AM is able to create parts to fit the unique target area and mimic the
original biological structure. This requires AM parts to have high accuracy. To fit
these needs, different AM technologies can manufacture using various metal or
polymer materials for bone, joint, or cartilage replacements and prostheses [95].
The accuracy levels can vary between different AM technologies as well as accu-
racy issues resulting from laser scanned images and the mesh-based file [96–98].

Another area of AM research is potentially using biomaterials as feed mate-
rial. Biomaterials are synthetic or natural materials that interact with biological
systems. Particularly, hydrogels are of interest since they mimic the 3D microen-
vironment of cells and are suitable scaffolding for live cells for tissue repair or for
minimally invasive delivery of drugs, microelectric mechanical systems (MEMS),
or other sensors [99–101]. The idea is to manufacture these hydrogel scaffolds
with live cells either ex vivo or in situ to replicate grafts or biological structures,
such as skin tissue [102]. Skin tissue has a complex 3D architecture consisting of
different types of specialised proteins organised into different skin layers. Koch et
al. investigated different AM techniques for skin tissue generation [103]. However,
manufacturing tissue and organs is not a reality yet due to some challenging hur-
dles. Live cells are delicate and require stringent environmental conditions before
use and need to be able to self-assemble into functional biological constructs post
manufacturing [104].
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Figure 2.4: Primitive unit cell (simple cubic) and 3D lattice composed of multiple
unit cells. The lattice was created by translating the unit cell in 3D.

Figure 2.5: Simple cubic, body-centred cubic, and face-centred cubic lattice prim-
itive unit cells. The different colours and line types are for visual purposes.

2.3 Additively Manufactured Lattices

2.3.1 Lattice Geometries

Lattices are a regular repeating pattern of arranged set of points, also known as a
primitive lattice unit cell [105,106]. The unit cell is the smallest volume that can
reproduce the entire lattice. A 3D lattice is created by non-overlaping, translation
(tiling) of the unit cell in 3D. Figure 2.4 shows an example of a 3D lattice created
from translating a basis of a simple cubic lattice unit cell. There are many different
types of lattices and cellular structures where cellular structures may not strictly
adhere to the definition. Figure 2.5 show three different common lattice unit cells:
simple cubic, body centred cubic, and face centred cubic. 3D lattices and cellular
structures are ubiquitous throughout nature ranging from the atomic scale to
visible macroscale. A few examples include: crystalline structures with a basis of
atoms or molecules, soap films, inner bone matrices, butterfly wings, etc. [12].

2.3.2 Benefits of Manufacturing Lattices

Lattice structures have unique attributes such as high SAVR, lightweighting, and
distinct subvolumes [10, 107–109]. This results in customisable multifunctional,
highly specific properties (mechanical, thermal, acoustic, and electrical), as well
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Figure 2.6: Model of a heat exchanger with a lattice design with distinct subvol-
umes. [Figure directly reproduced from Ref [110]].

as other benefits such as saving material cost. Hence, these properties make lattice
structures attractive for engineering applications. AM has opened up the possi-
bility of fabricating and customising lattice structures, where it was previously
challenging or impossible to do so with traditional manufacturing processes.

Addressing Global Trends

AM lattices have enhanced technology and innovation across multiple industries.
Fluid transport and electrical component research has been augmented by incor-
porating AM lattices. The high surface area of lattice structures improves energy
transport in heat exchangers [111]. Also, as many lattice types have distinct sub-
volumes, these separated labyrinths can contain different fluids. Attarzadeh et al.
and Pelaconi et al. investigated the fluid and heat transport performance for heat
exchangers using different AM lattices types, as shown in Figure 2.6 [110, 112].
AM lattices have also been developed for microfluidics. For example, Dudukovic
et al. have created AM lattices using microstereolithography varying the outer
structure and surface area [113]. Microfluidics and microreactors have the benefit
of more controllability, safety, energy efficiency, and scalability [114]. Burns et
al. investigated using AM lattices for filtration, optimising pore size to reduce
pumping energy costs [115]. Lithium ion batteries with electrode lattices have
improved performance. By increasing the surface area and decreasing diffusion
path, this has improved the lithium ion transport [116]. There is also research
into the lattice material and type to improve ion transport performance [117,118].

Aerospace parts fabricated with AM lattice structures are lightweight whilst
maintaining mechanical strength due to the high SAVR of lattices [9,119]. Bühring
et al. quantified how sandwich panels with a pyramidal lattice interior reduced
weight and the mechanical limitations of AlSi10Mg [120]. Bici et al. designed
a novel wing leading edge component with outer walls and inner lattice struc-
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Figure 2.7: Shape boundaries defined by parametric functions. The left-side is
an ellipsoid defined by parametric equations in terms of u and v. The right-
side shows a quadrilateral parametric patch of a portion of a surface. [Fig-
ure adapted from www.cs.princeton.edu/courses/archive/fall00/cs426/

lectures/surfaces/sld006.htm].

ture [119]. This was optimised for multiple parameters including weight, aerody-
namic loads, and anti-ice properties. The other benefit to lightweighting is that it
reduces the cost of material which increases the feasibility of using AM lattices.
Khorasani et al. outlined the feasibility of fabricating parts via AM by modelling
the cost analysis and concluded that AM was cost-effective for complex aerospace
parts compared to CNC machining [121].

Biomedical research with AM lattices spans several areas, including medical
implants and tissue regeneration. Medical implant lattice structures can have
customised materials and lattice types based on the implant location in the body
and function [122]. Biocompatible materials range from titanium alloys to ther-
moplastic polymers [123, 124]. The designed lattice type is based on engineering
specifications such as mechanical properties. For example, Caiazzo et al. and Feng
et al. investigated multiple lattice types and the resulting mechanical properties
for biomedical use [125, 126]. Alternatively, the lattice structure could be cus-
tomised based on the contouring of a prosthesis or the remodelling of human
bone [127, 128]. Tissue regeneration also benefits from AM lattices as it can en-
hance healing by providing scaffolding for new tissue to grow between. Kovalcik
et al. investigated biocompatible lattices that can be manufactured with FDM
and its capabilities for tissue engineering by comparing the mechanical strength,
weight, and proliferation of cell growth with PLA scaffolds [129]. Eltaher et al.
created extrusion-based sacrificial sugar-protein lattices that naturally degrade
as new tissue is generated [130].

2.3.3 Current Process for Additively Manufacturing Lat-
tices

Currently, lattices can be designed in the CAM or CAD stage of the AM process
flow. Traditional CAD software can create lattices by creating shapes based on
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parametric modelling, as shown in Figure 2.7. This is done by defining boundaries
as parametric functions [131]. Therefore simple geometries such as ellipsoids,
polygons, etc. benefit from this type of modelling. When shapes are complex,
piecewise-parametric patches are needed. As the number of patches increases,
more computer resources are used [132–134].

Alternatively, in the CAM stage, lattices are designed as infill options present
in commercial FDM CAM software. Infill is a built-in “filler” pattern, generally
a type of lattice, that fills the “inside” volume of the imported 3D model. The
purpose is to lightweight the shape, save on material and print time, and help
prevent warping when the material shrinks after cooling. Infill usually comes with
two types of customisation, infill type and infill density [11]. The lattice options
are based on what is built into the software. Due to the limited customisation of
infill and availability across AM technologies, infill is not generally used for mod-
elling lattice structures engineered to a performance specification. Both process
flows for creating AM lattices are shown in Figure 2.8.

2.3.4 Current Difficulties of Manufacturing Lattices

Lattice Design as Infill

The challenge with designing lattices as infill is lack of customisability, i.e. right-
side of Figure 2.8. Whether infill is an option is dependent on the AM technology.
This is a feature generally present in FDM CAM software but is generally not for
other technologies, such as PBF or VAT photopolymerisation [135]. The infill type
options depend on the CAM software. For example, currently Cura has fourteen
infill patterns, PrusaSlicer has sixteen, and Simplify3D has six [136]. Not all infill
patterns are lattices, some are concentric circles or concentric lines based on the
exterior perimeter.

Customising infill lattices depends on options that the the commercial CAM
software provides, such as infill density [11, 137]. The options are generally very
limited. Although infill is an efficient and streamlined method for creating AM
lattices, it is currently limited by customisability [138]. Thus, this limits the capa-
bility of designing lattices to an engineering specification. Also, CAM software is
not typically integrated with design tools, such as finite element analysis (FEA).
As such, modelling AM lattices to a design specification is typically done in the
CAD stage.

Lattice Design in CAD

Lattices are difficult to model in traditional CAD software using parametric mod-
elling, i.e. left-side of Figure 2.8. As lattices can have high surface area, complex
topology, and high curvature, this requires a large number of parametric patches
to describe the surface. This causes issues with rendering and estimating complex
topology without self-intersection problems [139].

Another challenge with this process flow occurs when transferring the virtual
model into the CAM software. CAM software is often separate to the original
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Figure 2.8: Two possible AM process flows for creating lattices. The left-side
shows a flow where the lattice is created using the CAD software. The right-side
shows a flow where the outer structure is created in CAD and the lattice is created
later in the CAM software as infill.

CAD software and specific to the AM machine/technology. Therefore a gener-
alised mesh-based intermediary file is used to transfer the virtual model, typi-
cally a STL file format [41,140]. The 3D CAD model translation to a mesh-based
file can create tesselation problems such as missing facets, inconsistent facet ori-
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Figure 2.9: Planar triangular facet (a) versus a curved Bézier triangular facet
(b). [Figure adapted from [143].]

entation, presence of internal walls and structures, and non-manifold topology
conditions [17]. Because of these issues, correction algorithms or post processing
software, such as Autodesk Netfabb, may be needed to repair the intermediary
file before use [141,142].

The triangular mesh-based modelling of STL files is best suited for flat polyg-
onal models. Curved geometries are challenging to describe accurately without
increasing the number of triangles as shown in Figure 2.10. The costly trade-off
is as the number of triangles increases, the file size increases. Therefore, lattices
with complex curved topology and high surface area are challenging to model
with triangular meshes [16, 144–146]. There are methods to optimise the trian-
gular mesh-based modelling. For example, adaptive tessellation for regions with
high curvature or complexity helps reduce the file size [13,140]. Other mesh-based
file formats use non-planar facets, i.e. curved Bézier triangular facets [147]. Figure
2.9 shows the difference between a planar triangular facet and a curved triangu-
lar facet. There are other file formats created to resolve the STL file issues. A
couple of common alternative file formats are the AMF and 3MF files. AMF is
an XML-based format recognized by ASTM. It is similar to the STL file but it
contains more information about the model, such as colour, texture, material,
etc., and uses curved triangular facets [148,149]. However, its not an open format
and the non-planar facets are more complex which antagonises the simplicity of a
planar triangular mesh [14]. 3MF is an XML-based format created by Microsoft.
Although it is industry-led, it is still an open format. It typically uses a planar
triangle mesh like STL files and is more compact than AMF [150–152]. Like the
AMF, it encodes information such as colour, material, and textures and is de-
signed to be more compatible between CAD and CAM software [153]. However,
these file format alternatives are still mesh-based file formats.

The multitude of issues arising from using mesh-based intermediary files poses
the question of whether it is even necessary to use an intermediate file. The
idea of bypassing an intermediate file altogether and directly passing CAD slices
to the AM machine initially seems intuitive. Parts modelled with parametric
patches have issues with rendering and estimating complex topology without
self-intersection problems [139]. Thus, CAD model slicers are time consuming
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Figure 2.10: Shape (1) shows the surface to be estimated, then shapes (2), (3),
and (4) show a triangular mesh estimation of (1) with increasing resolution.
[Figure directly reproduced from www.solidsolutions.co.uk/blog/2015/04/

preparing-SOLIDWORKS-models-for-3d-printing.]

and computationally expensive as geometric complexity increases. There is re-
search into using direct parametrically-based CAD slicers, such as using image
processing for each slice, though it is still in early development and can only
handle simple geometries [154].

2.4 Emerging Methods

2.4.1 Current Emerging Methods

As the field of AM lattices is rapidly expanding, simultaneously there is ongoing
research to alleviate the challenges highlighted above. The following are current
emerging methods to address these challenges.

3MF File Format Lattice Extension

In 2015, the 3MF Consortium released a new lattice extension to their 3MF
file format [155]. The new lattice extension represents cellular structures as a
set of beam elements especially beneficial to parametric models [156, 157]. Then
in late 2021, the 3MF Consortium announced a Volumetric Design extension
where the 3MF file format describes shapes in the form of a mathematical, field-
based description, i.e. implicit functions, rather than a mesh-based or NURBS
estimation of the shape surface [158]. The mathematically defined volume can be
used to specify properties such as colour and material, as well as blend multiple
shapes together.

Implicit-Based Modelling

An implicit modelling environment, also known as functional-based representa-
tion (FRep), models surfaces based on implicit functions rather than parametric
functions or patches. This is advantageous for modelling surfaces that can easily
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Figure 2.11: The general method for the 2D marching squares algorithm starts
with an implicit function value matrix. This is calculated from a [x, y] grid and
the surface implicit function. Then, each value in the matrix is evaluated whether
it is above or below the desired isovalue. Each square is then assigned a number
based on a look-up table [159]. The contour line is then traced.

Figure 2.12: Implicit model showing slices at a particular z-height. The perimeter
lines are directly sliced from the implicit function contour. The right-hand side
diagram shows a slice with the perimeter toolpath based on the implicit function.
The adjacent toolpath lines are based on offsetting by a constant distance [163].
[Figure directly reproduced from Ref [163]].

be described with implicit functions. Implicit functions are defined as

f(x, y, z) = c, (2.1)

where f is a 3D function with coordinates in x, y, z and c is the constant isovalue.
The surface exists when the isovalue evaluates to 0. The most common method
to determine coordinates on the surface is to use a marching algorithm, such
as marching squares or marching cubes, and the steps are shown in Figure 2.11
[159–161]. The method starts with a mesh of coordinates that are evaluated for
the sign value using the implicit function. Then, based on a look-up table of each
square, cube, or tetrahedron the surface contour can be traced. There are also
variations to implementing marching algorithms, such as adaptive sampling [162].

Currently, there are developing methods using implicit modelling including
methods to directly convert the implicit function contours into toolpaths, an
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Figure 2.13: AM process flow where the designed model is directly sliced and
prepared for the AM machine without the need for a mesh-based intermediary
file.[Figure directly reproduced from Ref [19]].

example is shown in Figure 2.12. Using implicit functions to directly slice models
bypasses the need for mesh-based modelling as shown in Figure 2.13. Popov et
al. and Song et al. have developed adaptive methods to efficiently find implicit
contours on each slice to be translated into toolpaths [19,162]. Steuben et al. has
developed methods for creating multiple adjacent perimeter toolpaths based on
implicit functions using Delauney Triangulation [163]. These groups and Adams et
al. have also extensively investigated different infill patterns and lattices and their
mechanical properties [164]. Zhang et al. have investigated multiple lattice infill
types not present in commercial AM toolpath planner software. They developed
methods to create the infill using implicit functions that resemble FDM infill [165].

Commercial Software For Lattice Generation

There are multiple emerging commercial CAD software that focus on modelling
lattice structures. Autodesk NetFabb, PTC Creo, Materialise 3-matic, Carbon
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Figure 2.14: Examples of TPMS: Schwartz Primitive, Schoen Gyroid, Schwartz
Diamond, Neovius, Schoen iWP.

Design Engine, Ansys SpaceClaim, and Siemens NX focus on generating lattice
structures, mostly beam lattice types [142, 166–170]. These software offer meth-
ods to specify regions within a part to include lattices and have adjustable lattice
parameters including thickness and cell size. Some also offer simulation of the lat-
tice structure subjected to different mechanical loads [171]. Rhinoceros 3D esti-
mates lattice surfaces using NURBS [172]. These software have plug-ins including
General Lattice that can create many different types of lattice structures. Some
examples of commercial CAD software that operate based on implicitly-based
modelling are Gen3D and nTopology. Gen3D is capable of customised models
by type, volume gradients, and multiple other adjustable parameters [173]. They
also offer modelling specific to the design of hydraulic components. nTopology
also offers customisable lattice types with the design freedom for advanced cus-
tomisation including blending multiple lattice types. They also have topology
optimisation based on built-in FEA tools [174]. While many of these software
have advanced capabilities to model lattice structures, the issue is that most
still rely on mesh-based intermediary files to transfer the structure to the CAM
software.

2.4.2 Triply-Periodic Minimal Surfaces

The newly emerging methods have alleviated some issues with AM lattices, as
well as opening up more possibilities for implicitly-defined structures. Of the
implicitly-defined structures, there is a type of lattice called the triply-periodic
minimal surface (TPMS). TPMS have been rapidly gaining attention in the AM
community due to their unique properties.

Triply-Periodic Minimal Surface Definition

TPMS are a subclass of lattices. Figure 2.14 shows examples of five of these
lattices, specifically the Schwartz Primitive, Schoen Gyroid, Schwartz Diamond,
Neovius, Schoen iWP. These lattices have smooth continuous surfaces, high SAVR,
and are defined by a single implicit function. They are minimal surfaces as they
are mathematically defined as having zero mean curvature at each point on the
surface. The mean curvature is defined as

H =
k1 + k2

2
, (2.2)
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Figure 2.15: The fundamental patch (left-most diagram) for the TPMS
Primitive is shown compared with one unit cell of the lattice (right-
most diagram). The fundamental patch is a quadrilateral and a surface
patch (centre diagram) is comprised of four fundamental patches. [Figure
directly reproduced from www.wewanttolearn.wordpress.com/2019/02/03/

triply-periodic-minimal-surfaces.]

where H is the mean curvature and k1 and k2 are the orthogonal principal cur-
vatures. As almost all TPMS are free of self-intersections and are considered
embedded in R3 in the real coordinate space. As such, the volume is divided into
two disjoint subvolumes or labyrinths [175]. The TPMS implicit function values
of the coordinates contained within the subvolumes either all evaluate negatively
or positively. TPMS lattices are composed of fundamental patches, also referred
to as primitive patches, where a fundamental patch is the smallest portion of the
surface from which the entire surface can be constructed. Figure 2.15 shows the
fundamental patch for the TPMS Primitive and Figure 2.16 shows how the patch
constructs one lattice unit cell of the Primitive.

In the late 1800’s, Schwartz and his student Neovius discovered the first TPMS
Primitive and Neovius, respectively [176, 177]. Later in 1970, Schoen went on to
discover another 12 TPMS including the popular Gyroid [178]. These discoveries
were more “observational” via crystallographic structures without mathematical
proof until Karcher formally proved them in 1989 [179]. Many more TPMS were
then discovered via discrete differential geometry where most newer surfaces were
conjugate surfaces [175]. The TPMS function is generally defined as

φ(r) =
L∑
l=1

M∑
m=q

µml cos(2πκl(P
T
m · r)) = 0 (2.3)

where κl is a scale factor, µml is the periodic moment, Pm is a basis vector,
and r is a location vector [180–182]. Some of the more simple TPMS functions
can be expressed as the Enneper-Weierstrass representation, parameterising the
coordinates as

x = Reeıθ
∫ ω

ω0

(1− τ 2)R(τ)dτ (2.4)

y = Reeıθ
∫ ω

ω0

ı(1 + τ 2)R(τ)dτ (2.5)
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Figure 2.16: This shows how the Primitive lattice unit cell can
be constructed with eight tiled surface patches. [Figure directly re-
produced from www.wewanttolearn.wordpress.com/2019/02/03/

triply-periodic-minimal-surfaces.]

z = Reeıθ
∫ ω

ω0

2τR(τ)dτ (2.6)

where ı is the imaginary number, R(τ) is the Weierstrass function, and θ is
the Bonnet angle. The integrals are evaluated in τ = τa + ıb the complex plane
over a fixed point ω0 to a variable point ω. Although the Weierstrass function is
known only for several TPMS, the benefit of the parametrisation is the precise
coordinates of the surface and the fundamental patches may be solved analytically
[183,184]. This has been done for the Primitive, Gyroid, and Diamond by Gandy
et al. [185–187].

These intriguing surfaces and similar topology are ubiquitous throughout na-
ture. In ternary mixtures of water, oil, and surfactant, molecules self-assemble
into TPMS in either inorganic or organic polymerisation found in mesoporous
molecular sieves and contact lens materials [188, 189]. In biological systems, cer-
tain lipid bilayer membranes found in chloroplasts grown in light denied condi-
tions, mitochondria, and other organelle found in eukaryotic cells can have com-
plex structures that resemble TPMS [190–192]. This occurs with amphiphillic
molecules arranging themselves in a 3D orientation such that the interfacial en-
ergy is minimised by the TPMS-like surface architecture and the hydrophobic
and hydrophilic portions of the molecules are separated by the non-self intersect-
ing subvolumes of the TPMS. Another example is the monocrystal magnesium
calcite plates within the exoskeletons of echinoderms, i.e. sea urchins, sea stars,
and sea cucumber [185,193,194].

Triply-Periodic Minimal Surfaces in AM

TPMS are appealing to the AM community for multiple reasons due to their
unique properties and resulting physical properties. There is rapidly growing
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research to characterise the physical properties of TPMS structures, especially
for mechanical testing.

As the structures have less mechanically “weak points” (e.g. corners) and are
minimal surfaces, they are especially strong. Many research teams have performed
experimental mechanical testing, varying a range of parameters including TPMS
type, AM technology, and material [12]. Some examples include Al Ketan et al.,
who conducted compression testing on various lattice structures, TPMS and non-
TPMS [195]. They compared seven types of lattices of varying volume fractions
fabricated from Maraging steel with PBF. They found that the TPMS with a
sheet structure had overall superior mechanical properties. Liu et al., Maskery
et al., Li et al., Strömberg et al., Afshar et al., and Ma et al. all fabricated
the TPMS structures functionally-graded lattice structures [181, 196–200]. This
is where the lattice smoothly varied either in thickness, number of unit cells,
lattice type, or location on the part, possibly optimised to mechanical testing
characteristics. Other groups have performed experimental mechanical testing
and/or finite element analysis (FEA) on TPMS structures fabricated with PBF
as well as other AM technologies with various TPMS structures and volume
fractions [10,107,125,138,181,182,200–220]. From various research teams, TPMS
structures have been mechanically characterised for a broad spectrum of TPMS
types, materials, AM technologies, and types of mechanical testing.

There has also been research testing other physical properties. Sankineni et
al. fabricated several types of TPMS structures from PLA using FDM [208]. Each
printed specimen had varying degrees of volume fraction as well as varying levels
of structural manipulation in one axis. Each specimen was subjected to a fluid
permeability experiment. In the experiment, each specimen was positioned at the
bottom of a column filled with water. The sides of the specimens were wrapped
in rubber and the flow rate of the water exiting the bottom-side of the specimens
were measured. Other fluidic testing with TPMS structures with varying volume
fractions was done with computational fluid dynamics (CFD) [201,221,222]. Yang
et al. tested various TPMS structures fabricated by VAT photopolymerisation or
stereolithography (SLA) with resin for their acoustic absorption capabilities [223].
They varied the volume fraction and the structures outer dimensions. Then, using
the two-microphone impedance method, the sample is placed inside an impedance
tube, with a sound source on one side of the tube, and microphones measuring the
sound absorption on the other side [224]. Abueidda et al. and Dalaq et al. designed
AM carbon-reinforced thin TPMS structures [215,225–227]. The structures after
fabrication, were reinforced in epoxy. They performed various experimental and
simulation tests comparing different TPMS shape reinforcements. They tested
FEA, heat transfer, and electrical conductivity. As TPMS have unique properties
of high interest across many applications, these research teams have characterised
varied TPMS structures for fluidics, heat transfer, electrical conductivity, and
acoustics.

Alongside research on physical properties, there is also much interest in mod-
elling and structural capabilities. Yoo et al. created novel Gyroid structures where
the TPMS was altered to allow up to five different fluids to be separate [228].
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Feng et al. designed toolpaths that can be directly translated to machine code
for AM [229]. These use TPMS implicit functions and build toolpath lines sur-
rounding the TPMS surface with a uniform wall thickness. There has also been
research about creating hybrid TPMS structures. Hybrid structures are an amal-
gamation of a TPMS structure with another type of lattice structure, either
TPMS or non-TPMS. This is done by using Euclidean set operators on the two
functions to create a new shape. Ding et al. and Wang et al. have also created
methods to convert TPMS surfaces to toolpaths with solid hatching infill on the
“inside” of the structure [16, 230]. Both Chen et al. and Panesar et al. have var-
ious hybrid structures and performed finite element analysis (FEA) [107, 231].
Additionally, there has been other research on various algorithms for modelling
TPMS structures and even an available research-focussed design program, FLatt
Pack, from Maskery et al. [171,232,233]. FLatt Pack is a free, stand-alone lattice
CAD software with twenty-three customisable lattices that can export in formats
appropriate for AM, such as a STL file, and perform FEA. The lattice structures
can be adjusted using the implicit function isovalue and the volume fraction input
specification.

Due to their unique characteristics, TPMS are an attractive type of structure
for AM. As AM affords geometric freedom and customised materials, the AM
TPMS research that spans across modelling capabilities, novel optimised struc-
tures, AM technologies and materials, and experimental physical properties is
rapidly expanding.

2.4.3 Unresolved Challenges

Although there are exciting emerging methods and research for AM lattice struc-
tures, particularly for TPMS, there are unresolved challenges. These challenges
are gaps in the literature and occur at certain stages within the AM process flow
that create bottlenecks hindering AM capability.

The first unresolved challenge is modelling TPMS structures to a geometric
design specification. As TPMS are infinitely thin surfaces, volume needs to be
added so that they create feasibly manufacturable structures. There are different
methods used by various research groups to add volume to TPMS structures as
this is not a straightforward process. One method is to set the implicit function
to different isovalues and then designate a subvolume as solid material. The other
method is to start with the TPMS contour lines and uniformly thicken the struc-
ture or only change the number of lattice unit cells similar to infill density. Of the
papers reviewed for experimental mechanical testing, approximately 60% used the
isovalue method [10, 181, 182, 195–198, 200, 202, 203, 205, 208–210, 212, 214], 30%
used uniform thickness method [125,138,201,204,206,215,216], and 10% did not
explicitly state which method they used [207,211,213].

As there are two different methods, there are discrepancies in the structures
they create. TPMS implicit functions set to varying isovalues does not change the
local position on the surface isotropically [10]. Thus, when isovalues are used for
modelling structures, these structures do not have a uniform thickness. Therefore,
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Figure 2.17: Two methods for adding volume to TPMS structures for a single
lattice unit cell. The left-side shows the isovalue method where two implicit func-
tions are set to two different isovalues and the subvolume between is considered
the solid structure. The right-side shows the uniform thickness method where the
TPMS is uniformly thickened from the TPMS implicit function. [Figure directly
reproduced from Refs [233,234]].

Figure 2.18: TPMS structures created from multiple isovalues. Increasing the
number of isovalues, increases the number of distinct pore networks or subvol-
umes. [Figure modified from Ref [228]]
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Figure 2.19: Feng et al. method for obtaining the implicit function contours.
The contours are used to outwardly calculate adjacent toolpath lines that are
uniformly thick [229]. [Figure directly reproduced from [229]].

Figure 2.20: Ding et al. method for creating the solid hatching toolpath for slices
at a particular z-height from an implicit model. The contour of the TPMS is
calculated then using boolean operations with solid hatching lines the hatched
lines are cut out into the TPMS shape [16]. [Figure directly reproduced from [16]].

the different methods create different structures even when the structures have
the same volume fraction, as shown in Figure 2.17.

The method using isovalues to model TPMS structures is a controlled method
for adding volume when using implicit-based modelling. This is also a controlled
method for creating TPMS structures with multiple layers and distinct pore net-
works, i.e. subvolumes, as shown in Figure 2.18 [228]. Even though the majority
of the reviewed papers use this method, the issue is that the link between isoval-
ues and the geometrical properties is not intuitive. Some research groups resort
to using multiple modelling software just to create a TPMS structure to a geo-
metric specification [207,223,225,228]. There are a few regression models relating
isovalues to geometric properties [196, 198, 203, 219, 220]. However, there is lim-
ited information regarding the calculation and the associated residuals, as well
as discrepancies between each other. These discrepancies also show the difficulty
in modelling TPMS structures as it is an unresolved challenge.

The second unresolved challenge is that there are limited alternatives to com-
pletely avoid mesh-based modelling in the AM process flow. This is especially
true for modelling TPMS structures for a design specification. While there are
emerging research and commercial software that specialise in modelling lattice
structures, many still primarily export models in a mesh-based intermediary file
format to the CAM software [142,169,170,172]. Some companies such as nTopol-
ogy and Gen3D, can export lattices using the 3mf lattice extensions [173, 174].
However, currently only a few CAM software, such as Materialise Magics, are
compatible with the new lattice extensions [235].

27



2.4. Emerging Methods

Direct slicing of implicit-based models bypasses the need for intermediary
file formats. As implicit functions form contour lines at different isovalues, these
lines can be directly used to create toolpath lines as shown in the literature
[19, 162–165]. This method is beneficial for creating toolpaths for TPMS struc-
tures. Feng et al. has created toolpaths for TPMS structures using contour lines.
From a contour line, equidistant adjacent toolpaths are then calculated, as shown
in Figure 2.19 [229]. This creates a TPMS structure with uniform thickness. How-
ever, there are limited possibilities for creating structures with multiple isovalues
or to a geometric design specification. With this method, if there are multiple
isovalues present, this may cause issues when equidistant adjacent toolpaths in-
terface seeding from different contour lines. Ding et al. and Wang et al. also have
methods to create toolpaths from TPMS contour lines [16, 230]. They use iso-
values to specify the outer structure of the TPMS lattice, then, using Euclidean
set operators create solid hatching toolpaths “inside” of the TPMS structure as
shown in Figure 2.20. Feng et al. and Ding et al. manufactured their work by
exporting the slices as common line interface (CLI) files. CLI files describe mod-
els in 2D slices rather than a 3D solid structure [236]. Some companies, such
as nTopology and PTC Creo, are also capable of exporting CLI files [166, 174].
Selective CAM software are able to import this format and translate the slices
into machine code for a AM machine.

While there are direct slicing capabilities, this area of research can be ex-
panded. Currently there is limited capability to input any geometrical specifica-
tion to tailor TPMS structure and their toolpaths. Also, there are limited toolpath
options beyond solid hatching using the isovalue method.

These unresolved challenges are gaps within the literature. These challenges
limit the capabilities of AM lattices, specifically TPMS structures. Addressing
the challenges of TPMS modelling and mesh-based modelling formulates the aim,
objectives, and scope of this thesis.
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Research Aim, Objectives, and
Scope

3.1 Introduction

Surveys of the literature resulted in the formulation of the vision for this thesis.
From the literature, current AM process flows limit the capability of creating
AM lattices, particularly for TPMS shapes. From this, the vision of this thesis is
to create an alternative method for fabricating customised AM lattices. Though
there are countless ways to approach this problem, this thesis will focus on us-
ing implicitly-defined geometries, thereby reworking the AM process flow. This
chapter outlines the aim and objectives of this thesis and the resulting research
contributions. Additionally, this chapter defines the scope of this research by es-
tablishing a set of guidelines. The scope of this research sets clear boundaries with
respect to the representative geometries tested, CAM program development, feed
material, and AM technologies used.

3.2 Aim, Objectives, and Contributions

3.2.1 Research Aim

The aim of this research is to create methods in an alternative AM process flow
for customised TPMS structures that address the gaps identified in the literature.
From this, individual methods within the process flow will be developed such that
they can be adapted into different types of process flows and software packages.
As such, this process flow and methods will reach a wide range of designers. As
the literature review from the previous chapter has highlighted, there is a need
for a streamlined, efficient process.

There are two major gaps noted: (1) difficulties in creating AM TPMS struc-
tures with customised geometric properties and (2) limited alternative meth-
ods to produce customised TPMS structures that avoid mesh-based modelling.
Currently, specialised CAD software or considerable mathematical and program-
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ming skills are required to model TPMS structures. Even so, the process is not
straightforward leading to diverging methods and structures. By establishing em-
pirical geometric relationships, this consolidates methods for modelling TPMS
structures and promotes the wider incorporation of TPMS into CAD products.
From this, creating a CAM program with direct slicing methods to translate
implicitly-defined geometry into toolpaths for an AM machine avoids the need
for mesh-based modelling. As such, the methods employed by this program could
be adapted into commercial CAM platforms as infill to be utilised beyond its
current scope. Furthermore, this process flow and methods can aid in predicting
desirable specific properties, such as mechanical properties, of the final part from
the initial mathematical implicit functions.

3.2.2 Research Objectives

The envisaged benefits of this process flow are to consolidate, streamline, and
greatly reduce the dependency on mesh-based modelling. This thereby improves
accuracy and efficiency when when modelling TPMS structures. To be clear, while
the aim is to create a fully operable alternative process flow, it is an equally im-
portant that the individual methods are easily adaptable into different platforms
and technologies. To achieve this aim, the following research objectives have been
outlined:

1. A set of numerical methods for calculating geometric properties to a clear
accuracy tolerance will be established. This generalised set of numerical
methods will be used across multiple TPMS structures with varying im-
plicit function isovalues. The calculated geometric properties are volume
fraction, surface area, and minimum thickness. The set will be formulated
by investigating and comparing different numerical methods with the cri-
teria of reproducibility, accuracy, and computational efficiency.

2. Empirical relationships between the TPMS isovalues and the geometric
properties based on (1) will be established. To do this, datasets will be
calculated for each case of TPMS structure type and geometric property
using the set of numerical methods with a clear accuracy tolerance. Then
polynomial fitting models for the datasets will be generated. These models
are the empirical relationships designers can use to model TPMS structures
to geometrical specification.

3. Once the empirical relationships from (2) are calculated, the TPMS can be
customised for a geometric specification. A CAM program will be developed
to directly slice shapes defined by implicit functions. Within each slice, the
toolpath algorithm will calculate toolpath lines based on implicit function
contour lines to generate machine code for the AM machine.

4. The direct slicing method will be expanded for geometrically customise
TPMS structures by using the relationships from (2). Additionally, the
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relationships will also be used to calculate adjacent toolpath lines based on
the TPMS implicit functions.

5. Geometrically customised TPMS structures will be related to engineering
properties, such as mechanical properties, using the previous objects. This
will be done by experimentally testing the volume measurements and com-
pressive properties of printed TPMS structures with varying volume frac-
tions. While this shows how to establish further relationships with other
engineering properties, it also assesses the current status of the toolpath
algorithm and application predictability.

3.2.3 Research Contributions

The research in this thesis was performed following these objectives. The research
successfully fulfilled the research aim. This resulted in the following research
contributions:

• A set of numerical methods were established to reliably calculate the volume
fraction, surface area, and minimum thickness for TPMS structures created
with varying isovalues. Multiple numerical techniques were trialled before
a set was established based on criteria of reproducibility, accuracy, and
computational efficiency.

• Empirical relationships between the isovalue and geometric properties were
established for five TPMS structures. Datasets created using the numerical
methods were fit using robust Chebyshev polynomials to a clear accuracy
tolerance. The coefficients in a standard polynomial format are available
for five TPMS structures for the single and double surface cases. These
polynomial relationships are useful as they allow designers to controllably
model TPMS structures to design specification by adjusting the TPMS
isovalue. While other research teams have calculated geometric properties,
this research contributes robust relationships with known tolerances that
can be used as is or integrated into the back-end of CAD packages.

• A direct slicing toolpath algorithm was developed that creates GCode for
customised TPMS structures based on input geometric property specifica-
tion. The algorithm adaptively calculates toolpaths based on the contour
lines using on the geometric relationships. While other direct slicing meth-
ods have been developed by other research groups to create machine code for
TPMS, this research can create GCode for geometrically customised TPMS
structures. This not only provides developers a deterministic method for
manufacturing customised TPMS but also provides a method to relate and
tune TPMS structures for an engineering application. Compressive test-
ing was performed on printed Gyroid specimens showed Young’s modulus
relating to the volume fraction using the Gibson-Ashby relationship. The
experiments showed strong preliminary results, with future work identified
to close discrepancies.
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3.3 Research Scope and Boundaries

The research framework will be conducted in three phases: the geometric property
calculation phase in Chapter 5, the toolpath algorithm development phase in
Chapter 6, and the experimental phase in Chapter 7.

3.3.1 Geometric Property Calculation Phase

During the geometric property calculation phase, the geometric relationships be-
tween TPMS isovalues and geometric properties will be established. This will
be done for five TPMS: Primitive, Gyroid, Diamond, Neovius, and iWP. These
five were chosen as they are commonly researched throughout the literature for
AM. For each TPMS the single surface and double surface structures will be
considered, where single surface structure are created using one isovalue and
double surface structures with two different isovalues. The geometric properties
that will be calculated are volume fraction, surface area, and minimum thickness.
These properties are the basis to many advanced engineering properties. Mini-
mum thickness will also help designers assess if the model is feasible based on
the AM technology resolution. To calculate these geometric properties, a formu-
lated set of numerical methods will be established. From this set, datasets will be
calculated for each case of TPMS structure type and geometric property. Then
polynomial models will be fit to the datasets, establishing geometric relation-
ships. These relationships will allow designers to controllably customise TPMS
to design specification.

3.3.2 Toolpath Algorithm Development Phase

During this phase, a direct slicing toolpath algorithm will be developed to fab-
ricate geometrically customised TPMS structures where the toolpaths are adap-
tively calculated using the TPMS function. Based on this algorithm, a CAM pro-
gram will be created to generate machine code, i.e. GCode, from TPMS implicit
functions. Prior to the development of the program, preliminary investigations
of open-source CAM software will establish the current status of existing algo-
rithms, capabilities, and limitations of TPMS infill. Then a direct slicing CAM
program will be developed to generate toolpaths from TPMS implicit contours.
From this, the algorithm will be expanded to create geometrically customised
TPMS structures using the geometric relationships. This CAM program will al-
low users to input geometric specifications, TPMS structure type, and other print
setting and output machine code ready for an AM machine. This will result in
the alternative flow to create geometrically customised TPMS lattices without
mesh-based modelling.
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3.3.3 Experimental Phase

During the experimental phase, testing will build relationships to create TPMS
structures tunable for further engineering properties, specifically focussing on
compressive mechanical properties. This builds on the previous phase by extend-
ing the customisation capabilities of TPMS structures that are directly applicable
to designers. The experiments will be carried out as volume measurement tests
and compressive mechanical tests. These tests will be performed on TPMS struc-
tures with varying volume fractions. Thereby showing how volume fraction and
compressive mechanical properties relate. Also, these tests will quantify the ef-
fect of imperfections of the toolpath calculation by comparing with theoretical
mechanical properties. Therefore, this not only builds further relationships but
also quantifies the current status of the alternative process flow and identifies
possibilities for future optimisation beyond this thesis.

3.3.4 Research Boundaries

This thesis has set clear boundaries for each of the three phases. In the geometric
property calculation phase, it is important to consider geometries that push the
limits of conventional methods. As TPMS push these limits due to their unique
characteristics, the following five TPMS will be the only geometries considered in
this thesis: Primitive, Gyroid, Diamond, Neovius, and iWP. The only structure
types that will be considered are single and double surface structures. The only
geometric properties that will be considered are volume fraction, surface area,
and minimum thickness. As the set of numerical methods for calculating geomet-
ric properties will be generalised for multiple TPMS, future work beyond this
research can use these methods to characterise other TPMS.

In the toolpath algorithm phase, as the breadth of AM spans many different
technologies and materials, clear boundaries need to be established. In this thesis,
only FDM using plastic feed materials will be considered. Specifically, the Prusa
i3 MK3+ AM machine with PLA filament. The direct slicing toolpath algorithm
and CAM program development will focus only on developing novel methods
and algorithms. The program will focus only on the TPMS structure types and
geometric customisation from the previous phase. As the program will only be a
pre-alpha prototype, the lattice will be kept to a basic outer structure of a cube
and the only adjustable scaling parameters are the cube dimensions and number
of lattice unit cells.

In the experimental phase, there are various plausible use cases for experi-
mental testing. Only compression mechanical testing will be performed as there
are already established relationships between cellular volume fraction and com-
pressive mechanical properties. As the established relationships are proportional
to volume fraction, that will be the only variable for the test specimens. This
then limits the only needed geometric testing to volume measurements. Thus,
the TPMS type, number of lattice unit cells, feed material, AM technology and

33



3.3. Research Scope and Boundaries

brand, and program version will remain constant. By limiting the number of vari-
ables, unwanted variable dependencies in the test data will be kept to a minimum.
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Chapter 4

Research Methodology and
Framework

4.1 Research Context

This PhD research will create an AM process flow based on functional-based mod-
elling whose accuracy is not simply a function of the mesh resolution, specifically
focussing on TPMS. This is outlined in Chapter 3 to address the gaps in literature
identified in Section 2.4.3. This alternative process flow will address the identified
gaps. The first gap is the inconsistencies in modelling geometrically customised
TPMS structures. As surface equations define infinitely thin surfaces, the surfaces
need to be volumised to become feasible for AM. Volumising TPMS to geometric
specification is not straightforward, thus leading to diverging methods and struc-
tures. The second gap is the limited alternative methods to produce customised
TPMS structures that avoid mesh-based modelling. As lattice structures can have
high SAVR, complex topology, and high curvature, using mesh-based modelling
has a costly trade-off of resolution accuracy and computational efficiency, as well
as other mesh-based issues. Therefore, mesh-based modelling creates bottlenecks
in the AM process flow for AM lattices. In the conventional AM process flow,
these bottlenecks occur at the CAD stage with parametric modelling and at the
intermediary file stage with triangular mesh modelling, as shown by Figure 4.1.

Figure 4.1: Diagram highlighting where the identified mesh-based modelling bot-
tlenecks in the conventional AM process flow for AM lattices (numbered red text).
These bottlenecks occur at the CAD stage with parametric modelling (1) and at
the intermediary file stage with triangular mesh modelling (2).
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4.2 Research Framework

The research framework of this thesis is based on an implicit-modelling approach.
The framework is conducted in the three phases defined in Chapter 3, shown in
Figure 4.2. The phases are the geometric property calculation phase, the toolpath
algorithm development phase, and the experimental phase. During the geometric
property calculation phase, geometric relationships between TPMS isovalues and
geometric properties will be established. Next in the toolpath algorithm develop-
ment phase, direct slicing toolpath algorithms are developed using the geometric
relationships from the prior phase. Then the experimental phase uses the devel-
opments from the previous two phases to print geometrically customised TPMS
structures and experimentally test for volume measurements and compressive
mechanical properties.

Figure 4.2: Diagram showing the research framework for this thesis. The frame-
work is conducted in three phases essentially following the progression of the AM
process flow. Each phase in the diagram shows the process flow progression, the
corresponding thesis chapter, and the mesh-based modelling bottleneck addressed
from Figure 4.1.

4.3 Research Methodology

The gaps in the literature highlight the difficulties in creating customised AM
TPMS structures. By creating an alternative process flow, this will query whether
implicit-based meshless methods increase the feasibility of AM TPMS structures.
Within this process flow, implicit modelling methods will be employed to address
each gap. The order of developing this process flow will follow the progression of
the AM process flow. Thus, as this flow is developed, from establishing relation-
ships for modelling through experimental testing of printed specimens, subsequent
developments will validate prior developments.

4.3.1 Implicit Modelling Methods

Implicit modelling is becoming increasingly prevalent due to modern computing.
The GPU processing of modern computing makes rendering implicit models more
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Figure 4.3: Diagram depicting how the volume of TPMS Gyroid single and double
surface structures change with varying isovalues.

efficient [18,139,237]. As such, this is becoming an increasingly popular framework
for modelling lattice geometries. As lattices can have high SAVR, complex topol-
ogy, and high curvature properties, they become computationally challenging to
model accurately using mesh-based modelling. Therefore, modelling lattices using
implicit functions is computationally efficient compared to mesh-based modelling.

One benefit of using implicit modelling is lattice structures can be spatially
varied, smoothly, via manipulation of the underlying implicit function. This is
an important feature of implicit modelling as implicit functions define infinitely
thin surfaces. As such, the implicit functions can be manipulated, such as via the
isovalue, to add volume into a lattice structure to make them feasible for AM.

Particularly, TPMS are a type of lattice that are mathematically defined with
by a single implicit function. Their unique properties make them attractive for
engineering applications. Using implicit modelling, the structure volume can be
customised by setting the implicit function to different isovalues. Also, different
types of structures can be created by setting the implicit function to a different
number of isovalues. Figure 4.3 shows two different types of Gyroid structures:
set to one isovalue, i.e. “single surface structure” or also referred to as “solid
structure”, and set to two isovalues, i.e. “double surface structure” also referred
to “sheet structure”. The figure also shows how the structure volume can be
controlled by varying the isovalue.

Another benefit of implicit modelling is easily identifying the distinct subvol-
umes by evaluating the TPMS implicit function for Euclidean coordinates within
the system volume. Coordinates on the surface will evaluate to zero and distinct
subvolumes will evaluate to values with opposite signs. Designers can use the sub-
volumes to designate the solid printed material and free space or even a second
material. Figures 4.4 and 4.5 show the subvolumes of a TPMS Primitive structure
from a 2D and 3D perspective respectively.

Additionally, in a 2D slice, implicit functions set at different isovalues create
contour lines, also known as isolines. As AM machines need printing instructions
in the form of lines, the contour lines can be directly translated into toolpaths.
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Figure 4.4: 2D slice of a single unit cell of Primitive at z = L
2

(red lines), where
L is the length of the unit cell. This shows how coordinates within the unit cell
volume can be categorised into subvolume depending on what sign the function
evaluates to. A particular subvolume can be considered the solid printed material
based on the designers choice.

Commercial FDM CAM software use contour lines from explicit functions to cre-
ate infill structures. Thus, once the TPMS implicit functions have been manipu-
lated to achieve a geometric specification, the implicit functions can be directly
translated into toolpaths for the AM machine.

As recent advancements in computing power has made implicit rendering more
efficient, it is now possible for AM to reap the benefit of implicit modelling [18,139,
237]. Using implicit modelling methods throughout the AM process flow avoids
the mesh-based modelling bottlenecks. From this, the implicit functions can be
used to controllably geometrically customise TPMS structures. The following is
the methodology of this thesis for implementing implicit modelling methods into
an AM process flow.

4.3.2 Geometric Property Calculation Phase

During the geometric property calculation phase, relationships between the TPMS
implicit function isovalues and geometric properties will be established. As many
physical properties are based on elementary geometric properties, the geometric
properties need to be controllable to design structures to an engineering speci-
fication. While manipulating the isovalue is a controllable method for adjusting
the structure volume, the relationship between the isovalue and geometric prop-
erties of the structure is not intuitive. This limits their use to highly specialised
communities. This phase addresses the first gap from the literature review and
helps avoid the mesh-based modelling bottleneck arising from traditional CAD
software. The work of this phase is covered in Chapter 5.
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Figure 4.5: Single unit cell of Primitive showing how a particular subvolume can
be considered solid material based on the designers choice.

To establish the relationships, the geometric properties of TPMS structures
need to be calculated. The calculated geometric properties will be volume frac-
tion, surface area, and minimum thickness. These geometric properties were cho-
sen as many advanced physical properties are based on the volume and surface
area. The minimum thickness is useful for manufacturing feasibility to account
for printed toolpath resolution, such as an FDM nozzle size. Analytically solving
for the geometric properties is not feasible with currently known methods. For a
pure TPMS, i.e. when the isovalue evaluates to zero, the volume and surface area
can be analytically solved for if the Weierstrauss equation is known [185–187].
The analytical method assumes the surface is minimal. However, once a TPMS
structure is manipulated using isovalues, the surface is no longer minimal, hence
the analytical method cannot be used. As such, there are numerous numerical
techniques for calculating geometric properties. Based on the aim of this thesis,
the preferred numerical techniques will be chosen based on three criteria: compu-
tational efficiency, reliability, and accuracy. Five popular TPMS were selected to
broaden and generalise formulating the set of numerical techniques. Additionally,
both the single and double surface structures will be analysed.

Once the set of numerical techniques are established, the geometric properties
for each TPMS structure type will be calculated. Each structure type will be
calculated with varying isovalues. To ensure stability, each calculated property
undergoes a convergence test until a tolerance is achieved. This will produce a
total of thirty datasets. The datasets are then used to calculate polynomial fitting
models. These models are the relationships between the geometric properties and
the isovalues.

There will be several outcomes of this phase. Firstly, geometric relationships
will be established between the isovalue and the geometric properties for the five
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TPMS structures. The relationships promote freely generated tailored surfaces
without the need of expensive CAD software or advanced mathematical ability.
Secondly, the datasets can be used as look-up databases as well as for combining
multiple geometric properties, such as calculating SAVR. Finally, the set of nu-
merical techniques and the MATLAB program used to calculate the geometric
properties and relationships are openly available on a GitLab repository [238].
These can be used for further expansion for calculating the geometric properties
of other TPMS structures.

4.3.3 Toolpath Algorithm Development Phase

The next step is to be able to manufacture customised TPMS structures without
using intermediary mesh-based file formats. To do this a direct slicing toolpath
algorithm will be developed. The direct slicing toolpath algorithm converts con-
tour lines into toolpaths on a slice-by-slice basis. From the previous phase, TPMS
structures can be geometrically customised with the relationships. Using the iso-
value for a specified geometric property and TPMS structure, the corresponding
contour can be translated into toolpaths. This method creates the TPMS struc-
ture at the CAM stage as infill that can be customised to geometric specification.
The work of this phase is covered in Chapter 6.

A CAM program needs to be created to develop the toolpath algorithm. As
such, the program needs to generate machine code for an AM machine to fabricate
TPMS structures based on input geometric specifications. This algorithm will not
only calculate toolpath lines from contours based on geometric specification but
also for solid infill. As such, all types of TPMS structures investigated in the
previous phase can be manufactured. The impact is the toolpath algorithm could
be adapted as an infill option into commercial CAM software as well as a method
to accept implicit-based modelling from either implicitly-based CAD software or
intermediary file formats.

The CAM program will produce machine code for Prusa Mk3 i3 FDM ma-
chines using PLA filament. FDM machines are ideal for prototyping and develop-
ing geometries as they print quickly, are easily accessible, and are cost efficient.
Also, PLA is inexpensive, non-toxic, and environmentally safe [206]. Additionally,
as PrusaSlicer is an open-source commercial CAM software, the output GCode
files and the built-in Gyroid infill algorithm can be utilised to help develop the
CAM program and toolpath algorithm.

The steps for calculating the toolpaths from the TPMS implicit functions are
as follows. First, the isovalues that correspond to the specified geometry will be
calculated based on the relationships from the previous phase adjusting for the
nozzle size, overall part size dimensions, and number of lattice unit cells. Then
the contours of the isovalues will be calculated using numerical techniques and
translated into toolpaths on a slice-by-slice basis. After all slices have calculated
toolpaths, the program will output a GCode file.

In the previous phase, the volume of single and double surface structures
were controlled by varying the isovalues. Thus, the isovalues will be calculated
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Figure 4.6: Diagram depicting a 2D slice of a double surface Gyroid described
with two different contour lines, i.e. Gyroid function set to two different isovalues.
To fill the subvolume between the contour lines there are two approaches: contour
lines and solid infill. In this example, the contour line method only requires one
toolpath line between the perimeter isovalue lines whereas the solid infill method
requires multiple short segments.

using the relationships to form the perimeter of the TPMS structure. However,
filling the entire “solid material” subvolume requires additional toolpaths, hereby
referred to as filler toolpaths. There are different toolpath techniques to fill in
the solid region. For example, Ding et al. with their direct slicing algorithm
used solid hatching inside TPMS structures [16]. The developed program will
calculate the inset filler toolpaths from adjacent contour lines. This method will
use the minimum thickness relationship for the corresponding TPMS type from
the previous phase as well as input specifications and printer settings, such as the
nozzle size and number of lattice unit cells. As the minimum thickness relationship
will be established this method is will be possible. This creates geometrically
customised TPMS structures that are made with nested TPMS based on the
inset contour lines. Also, as TPMS contour lines are curved, using contour filler
lines reduces the number of toolpath lines as opposed to solid hatching as shown
in Figure 4.6.

The outcomes of this phase are a developed toolpath algorithm and a CAM
program that uses this algorithm to create GCode for customised TPMS struc-
tures. Compared with other research groups that have produced implicit-based di-
rect slicing CAM programs, this will have the novel capability to create a geomet-
rically customised TPMS. As the toolpaths will be adaptively calculated based on
the user inputs, designers are able to create geometrically tunable TPMS struc-
tures. This is possible with the geometric polynomials from the previous phase.
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The algorithm could be implemented into commercial CAM software as customis-
able infill options. Also, as the algorithm directly uses implicit functions to cal-
culate toolpaths, this could be adapted to accept models from implicitly-defined
CAD software and intermediary files. The CAM program is openly-available on
GitLab [239].

4.3.4 Experimental Phase

The final phase of this thesis is to experimentally test printed customised TPMS
structures. The tests will demonstrate how to relate the geometric relationships
to extended engineering properties. As such, this extends the novel research con-
tributions from the prior phase to create tunable TPMS structures for an engi-
neering application. Also, the tests will assess the accuracy of the print compared
to the virtual model. The work of this phase is covered in Chapter 7.

When designing a part for an engineering application, i.e. mechanical, fluid
dynamics, etc., the desired geometric specification may not necessarily be known.
However, by using the developed toolpath algorithm and CAM program to print
TPMS structures with varying geometric properties, further relationships can
be established. As such, this phase will demonstrate how to relate geometric
properties to an engineering requirement. Also, this will test the accuracy of the
print which affects the predictability of the further relationship.

To demonstrate establishing further relationships, compressive mechanical
testing will be conducted. Compressive mechanical testing has an established rela-
tionship between the compressive mechanical properties and the volume fraction
of lattices. This relationship is a power law called the Gibson-Ashby relationship
given by

M = C(Vf )
n (4.1)

where M is the relative mechanical property, i.e. Young’s modulus (E) or Yield
Strength (Y ), Vf is the volume fraction between the lattice and a solid object,
and C and n are constants [240].

The experimental design will follow the ISO-604:2003 Plastics – Determina-
tion of compressive properties [241]. The experiments will vary one parameter,
the volume fraction, for one type of TPMS structure, the double surface Gyroid.
Care will be taken to ensure other potential variables will be kept constant, i.e.
same feed material, material brand/colour, TPMS structure type, AM machine
type, testing equipment, and CAM program version. Also, the uncertainty will
be captured by sample and measurement repetitions.

The geometric accuracy of the printed TPMS structures will be quantified by
volume measurements before compression testing. The volume will be measured
by first weighing the mass of each specimen and measuring the dimensions of the
outer structure. The density of the PLA will be calculated from a section of fila-
ment from the same batch as the printed Gyroid specimens. The volume fraction
of the Gyroid specimens will be calculated from these measurements. The error
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and uncertainties between the volume and compressive property measurements
will quantify the accuracy of the printed specimens.

The outcomes of this phase will be the compression testing and compari-
son analysis results. The compression testing will demonstrate calculating the
relationship between volume fraction and compressive mechanical properties for
Gyroid specimens. Additionally, this will also tests the compressive properties of
printed TPMS structures fabricated using the novel toolpath algorithm from the
previous phase. The comparison analysis quantifies the accuracy of the printed
TPMS specimens. This can be used for future projects to optimise the toolpath
calculations to improve the accuracy and some ideas are outlined in Chapter 8.

4.4 Summary

This chapter has discussed the approach and methods developed in this thesis to
create an alternative AM process flow and experimentally test printed specimens,
focussing on TPMS structures. The methods discussed using implicit modelling
and direct slicing to avoid mesh-based bottlenecks from the conventional AM
process flow. The work done in this thesis follows the direction of the process
flow. As the thesis progresses, the outputs of each phase build on one another to
ultimately create a working AM process flow.
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Chapter 5

Calculation of TPMS Geometric
Properties

5.1 Introduction

This chapter will cover establishing the relationships between TPMS function iso-
values and geometric properties, discussed in Chapter 4 as the geometric property
calculation phase of this thesis. This chapter will specifically focus on which ge-
ometric properties were calculated, formulating the set of numerical techniques
used to calculate the geometric properties, calculation of the geometric property
datasets, and establishing the relationships between the TPMS structures and
the geometric properties. Although geometric properties are the basis for many
advanced physical properties, such as mechanical strength, energy transfer coef-
ficients, etc., there is currently no straightforward method for calculating them.
Thus, this shows a clear need for an empirical relationship between the TPMS
function isovalues and their resulting geometric properties.

Five TPMS were considered in this chapter: Primitive, Gyroid, Diamond,
Neovius, and iWP. These five TPMS were specifically chosen as they are popular
amongst the AM community when reviewing the literature in Chapter 2. Es-
tablishing methods for calculating the geometric properties for multiple TPMS
helps ensure generality. As implicit functions define an infinitely thin surface,
the TPMS implicit functions were set to varying isovalues to create structures
feasible for AM. The geometric properties calculated for each structure were the
volume fraction, surface area, and minimum thickness. These are all relative to
one unit cell of the lattice making for ease of scalability for designers.

5.2 Background of TPMS structures

Implicit functions are defined as

f(x, y, z) = c (5.1)
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Figure 5.1: Single unit cells of the Primitive set to isovalues of −0.8, 0, and 0.8.
This shows how the surface moves as the isovalue changes, thereby changing the
volume fraction of each subvolume.

where f is a 3D function with coordinates in x, y, z and c is the constant isovalue
where the pure surface exists when the isovalue evaluates to zero. As TPMS are
embedded surfaces, varying the isovalue controllably adjusts the volume fraction
of the two subvolumes. Visually, this gives the appearance of either ‘inflating’ or
‘deflating’ the surface as shown in Figure 5.1.

The implicit functions of TPMS are an approximation of the Enneper-Weierstrauss
representations [175]. The five considered TPMS implicit functions are expressed
using the widely adopted trigonometric approximations as follows [201,214,220],

Primitive:

f(x, y, z) = cos(ωx) + cos(ωy) + cos(ωz) (5.2)

Gyroid:

f(x, y, z) = sin(ωx) cos(ωy) + sin(ωy) cos(ωz) + sin(ωz) cos(ωx) (5.3)

Diamond:

f(x, y, z) = sin(ωx) sin(ωy) sin(ωz) + sin(ωx) cos(ωy) cos(ωz)

+ cos(ωx) sin(ωy) cos(ωz) + cos(ωx) cos(ωy) sin(ωz) (5.4)

Neovius:

f(x, y, z) =3 [cos(ωx) + cos(ωy) + cos(ωz)] + 4 cos(ωx) cos(ωy) cos(ωz) (5.5)

iWP:

f(x, y, z) =2 [cos(ωx) cos(ωy) + cos(ωy) cos(ωz) + cos(ωz) cos(ωx)]

− [cos(2ωx) + cos(2ωy) + cos(2ωz)] , (5.6)
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Table 5.1: Isovalue range for each TPMS where the surface is considered a valid
lattice surface. The lattice ranges can be normalised to the range [−1, 1] with the
normalisation factor.

TPMS Min. isovalue Max. isovalue Normalisation factor
Primitive −0.99 0.99 1.01
Gyroid −1.35 1.35 0.74
Diamond −0.87 0.87 1.15
Neovius −0.63 0.63 1.59
iWP −2.98(−2.60) 2.60 0.38

in which ω = 2π
L

where L is the side length of the lattice unit cell. The unit
cell length L can easily be scaled to any length dimensions prior to the lattice
structure being manufactured.

As the TPMS implicit functions are combinations of trigonometric functions,
there are isovalues at which the surface ceases to exist. Furthermore, at the ex-
treme limits of existence, the surface is no longer a continuous lattice. Therefore,
the isovalues in which a valid lattice exists needs to be defined for each TPMS.
Currently, there is no known method for defining a lattice range, so a visual in-
spection was conducted and the ranges for each of the five TPMS were generously
chosen, such that the all structures within the lattice range were valid lattices.
The isovalue range is different for each TPMS as isovalues are essentially arbi-
trary constant values. Therefore, for the purpose of comparing different TPMS
geometric properties, the lattice ranges were normalised to the range [−1, 1]. The
data for iWP was created for the range [−2.98, 2.60], however, the range was trun-
cated to [−2.60, 2.60] for the fitting and plotting. This ensures that all normalised
ranges were centred on an isovalue of zero, which promotes ease of comparison.
The lattice isovalue ranges and the normalisation factors are summarised in Table
5.1.

There were two types of surface structures considered, the single and double
surface structures. The single surface structure is defined as the TPMS implicit
function set to one isovalue and one subvolume was considered “solid material” or
“inside” and the other subvolume is free space or “outside”. The double surface
structure is defined as two TPMS implicit functions (of the same TPMS) set to
different isovalues where the space between the surfaces was considered “solid
material” or “inside”. The five TPMS single and double surface structures are
depicted in Figure 5.2.

5.2.1 Definition of the Geometric Properties

The three geometric properties investigated in this chapter were the volume frac-
tion, surface area, and minimum thickness. Volume and surface area are elemen-
tary geometric properties that relate to many different types of physical proper-
ties. The calculated properties can also be combined to other useful properties
such as SAVR. The minimum thickness is useful for manufacturing feasibility.
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Figure 5.2: Single unit cells of the Primitive, Gyroid, Diamond, Neovius, and iWP
for single and double surface structures.

For example, if the model structure is too thin for an FDM nozzle diameter, this
should be flagged to the designer.

5.2.2 Convergence Testing

All geometric calculations used convergence testing to ensure resulting values
were consistent and accurate. As the accuracy of numerical techniques improve
with iteration of increasing resolution to an extent, it was necessary to identify
when the value asymptotes. In this thesis, a convergence tolerance was generously
set to 1%. While in many cases this was generous, this was to maintain generality
of the calculation to encompass multiple types of TPMS as well as isovalue ranges
at the extrema. During the convergence test, the current iteration was compared
with the previous two iterations to check they were within 1% of each other.
This was to help prevent selecting an oscillating value. As such, all values in the
finalised datasets have passed the convergence test.

5.3 Numerical Techniques for Geometric Calcu-

lations

5.3.1 Assessment of Various Numerical Techniques

There are various numerical techniques that are relevant to estimating the geo-
metric properties of interest. Some operate on the underlying surface equations
and others require an approximated surface mesh. The following sections de-
scribe the techniques that were implemented and trialled but ultimately rejected
in pursuit of a preferred suite of numerical techniques.
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Figure 5.3: The gradient descent method for correcting vertices onto a surface.
The vertices are iteratively corrected by minimising the gradient value using a
specified step-size.

Vertex Correction

Often, implicit surfaces are visualised by approximating the surface using a tri-
angular mesh approximation. The de facto method for this is to use a marching
algorithm and, more often than not, the marching cubes algorithm. The result is a
triangle mesh approximation of the surface, where vertices may not lie exactly on
the underlying implicit surface. As such, it was necessary to correct the positions
of these vertices prior to estimating the geometric properties of the surface.

The first method assessed was the gradient descent method. This method
iteratively corrects a coordinate’s location by minimising the gradient value as
shown in Figure 5.3. The governing equation is

xn+1 = xn − α∇f(x) (5.7)

where x is the vertex coordinate, α is a specified step-size, ∇f(x) is the gradient
of the implicit function, and n is the iteration. This is repeated until a specified
convergence tolerance is met.

The difficulty with using this method was that it was difficult to specify a step-
size that was suitable for all five TPMS structures. Furthermore, this technique
was susceptible to finding unwanted local minima if the specified step-size was
too large or the initial vertex was far from the surface [242].

Another method assessed was a 1D vertex correction method. This method
corrects vertices in 1D, in either x, y, or z, using the TPMS explicit functions. For
example, if a coordinate is to be corrected in the x-direction, x will be solved for
using the explicit function for x holding y and z constant. Before proceeding with
this method, each of the TPMS functions needed to be converted into an explicit
form. In solving for the explicit functions, the following two general explicit forms
arose for the different TPMS. The form for Primitive and Neovius is

ψ =
arccosA

2π
(5.8)

and for Gyroid, Diamond, and iWP is

ψ =
arccos 0.5(−A±

√
A2 − 4B)

2π
(5.9)
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Figure 5.4: Correcting initial vertices in 1D using the explicit forms of the TPMS
functions. The correction would be along the x, y, or z dimension depending
on which explicit form was used. The right-hand side depicts how this can lead
to mesh issues when adjacent vertices are corrected in different dimensions by
inverting triangles.

where ψ represents either x, y, or z, and A and B are unique coefficients that
depended on the TPMS functions and the isovalue.

Though the explicit forms were established for each surface, some significant
challenges remained. As the TPMS functions are comprised of trigonometric func-
tions, the explicit forms evaluate to multiple roots (possible surface locations).
However, this issue was surmountable, and methods for identifying the correct
roots were formulated. The correct root for certain domains was determined ar-
duously by visual inspection for each TPMS. Furthermore, vertices could con-
ceivably be corrected in either the x−, y−, or z−direction. The sensible choice
was to trial all three directions and establish the shortest distance to the sur-
face. Nevertheless, issues still remained, as the triangulation of the mesh could
be corrupted (inverted triangles) during correction, as shown in Figure 5.4. As
such, despite this being an efficient method to correct vertices precisely onto the
surface, there were sufficient pitfalls in terms of mesh integrity for this method
to be rejected. Furthermore, the difficulties of this method antagonises the aim
of this thesis.

Volume Fraction Calculation

Deterministic methods for calculating the volume of n-sided polygon structures
require closed (manifold) meshes [243]. The TPMS structures contained within
a lattice unit cell are open at the unit cell boundaries. Thus, the deterministic
methods are invalid unless an additional meshing step is added to close the mesh
at the boundaries. Figure 5.5 shows the mesh estimating the surface, the mesh
at the unit cell wall “inside” the structure, and where the meshes need to be
stitched. While it is possible to create a closed mesh between the TPMS structures
and the unit cell wall boundaries, there are often issues with stitching the edges
of dissimilar meshes. This leads to an open surface issue. Ultimately, this was
deemed a sufficient barrier to reject this method, despite the initial appeal of
estimating the volume fraction this way.
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Figure 5.5: Two different meshes on a Primitive single surface structure. First in
blue showing the mesh estimating the surface and the second in red estimating
the unit cell wall “inside” the structure. These two meshes would require an
additional step to seamlessly stitch the two together to use the deterministic
volume fraction calculation.

Figure 5.6: Quasi-Monte Carlo integration method for surface area calculation.
Randomised uniformly distributed lines are created such that they intersect the
reference object. The surface area is based on the ratio of intersection points with
the reference object to the object of interest.

Surface Area Calculation

A quasi-Monte Carlo integration method proposed by Li et al. [244] to calculate
surface area of a surface was trialled. To calculate the surface area, the TPMS were
bounded in full by a reference object with a known surface area, i.e. a sphere, as
shown in Figure 5.6. Then, a set of uniformly distributed lines was generated such
that all lines intersect the reference object. The lines are generated relative to the
centroid of the reference object. A quasi-Monte Carlo of affine transformations
were performed on the lines based on four parameters, r, θ, φ, and ψ as shown
in Figure 5.7. The distance along the sphere radius R was defined by r existed in
the domain of rε[0, R). The latitude and longitude, θ, φ, respectively existed in
the domain of θε[0, π] and φε[0, 2π). The angle between each line and a defined
reference line, ψ, tilted the generated line in the domain ψε[0, π).
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Figure 5.7: The four randomised parameters used to generate the uniformly dis-
tributed lines for a Quasi-Monte Carlo integration method.

The ’quasi-Monte Carlo’ sampling technique arose due to low discrepancy
pseudo-randomised points seeding issues prior to 2007 [245,246]. This ensures the
generated points are more uniformly distributed but not perfectly uniform whilst
keeping properties of some randomised numbers. Specifically, scrambled Sobol se-
quences were implemented as they are more stable than Hatton sequences. Also,
when applied they have a lower absolute error when generating numbers for di-
mensions greater than one [247]. However, since the method from the Li et al.
publication, modern pseudorandom number generators use the Mersenne Twister
algorithm with robust seeding such that this method was obsolete for this pur-
pose [246]. Currently, the Mersenne Twister is the most widely used pseudoran-
dom number generators across different platforms. This is the default generator
algorithm since R2007a and previous generators were considered ‘flawed’ [248].
As such, using modern generators was deemed a better method to generating the
parameters for the Monte Carlo integration calculation.

The appeal of the quasi-Monte Carlo approach was that it is a mesh-free
method. It therefore did not require an accurate mesh approximation of the un-
derlying implicit surface. However, the reality of this approach was that it is far
less efficient than using a refined triangle mesh approximation of the surface. The
triangular mesh can be used to calculate the surface area by calculating the sum-
mation of the areas of all triangle facets. The quasi-Monte Carlo method required
considerable additional computation in order to converge to the same extent as
the triangle mesh method. A comparison test of the two methods for calculat-
ing the surface area of a sphere was performed. The triangle mesh method used
the MATLAB isosurface function to build a series of increasingly refined mesh
approximations of the sphere. A comparison of the two methods’ convergence,
given in Figure 5.8, clearly shows that the triangular mesh method leads to more
accurate results at a lower computational expense.
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Figure 5.8: Comparison of calculated surface area values for a sphere between
the quasi-Monte Carlo integration method and the triangular mesh method. The
plot compares the absolute error, i.e. the absolute value of the difference between
the estimated surface area and the true surface area, normalised by the true
surface area value. Both methods are subject to an increasing number of points
to show the difference in the convergence. The number of points refers to the net
size for the quasi-Monte Carlo method and number of vertices of the triangular
mesh method. It is clear that beyond 103 points the triangular mesh method has
converged to a more accurate value whilst the quasi-Monte Carlo is behaving
asymptotically.

Minimum Thickness Calculation

The Fast Marching Method (FMM) is a method to search for the shortest distance
from a starting location [249]. FMM starts at a vertex and expands outwards iter-
atively with larger and larger spheres until a target is reached. In this application,
the starting vertex was on the first surface. These vertices were defined from a tri-
angular mesh. An iterative outward search was conducted until the target surface
was reached, as shown by Figure 5.9.

The spheres were discretely estimated by sphere nodes, i.e. points that lie on
the sphere. To determine if the target surface was reached, the sphere nodes were
evaluated using the target surface implicit function. The target was reached if
sign of a sphere node function value was different to the starting vertex function
value. As the searching method needs to occur in the correct subvolume, portions
of the sphere in the other subvolume were considered “frozen” and were not stored
or expanded.
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Figure 5.9: The FMM for minimum thickness calculation. This method measures
the minimum distance between two surface starting from the first surface and
expanding outwards until the second surface is reached. As shown in the left-
hand side, if part of the search sphere is within a forbidden region (grey nodes),
the search is terminated for that portion of the sphere.

FMM was rejected as there were computational resource limitations and the
minimum thickness definition was ambiguous for this application. Calculating
the minimum thickness using FMM used considerable computational resources.
A large number of vertices on the surface is required to ensure a local minima
is not obtained. Also, each vertex search requires discretely-described spheres re-
quiring extensive computational memory. As each vertex search was independent
from one another and parallel computing was employed, the calculation still re-
quired the use of high performance computing (HPC). This was computationally
inefficient, used resources not widely available, and convergence testing could not
be conducted due to memory limitations. The computational memory limits and
lack of convergence testing resulted in unreliable data.

Additionally, as FMM detects the target with a sign change, this becomes am-
biguous when defining thickness for a single surface structure. With structures
defined by two different isovalues the end goal was determined by the target
implicit function value sign change. Whereas, with a single surface, by the im-
plementation of FMM, a distance could technically be defined anywhere on the
surface adjacent to the starting vertex, as shown in Figure 5.10. Therefore, a
different definitive method for calculating minimum thickness was required.

5.3.2 Formulated Set of Numerical Techniques

After assessing multiple methods, a set of numerical techniques was chosen to
generate the datasets for the geometrical properties of the TPMS structures. As
such, the next section details the process and calculation of the finalised datasets.

5.4 Generating Datasets

A MATLAB program was created to generate the datasets for the geometric
properties. The version of MATLAB used was R2019a and the program is openly
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Figure 5.10: FMM thickness ambiguity issues for single surface structures. The
diagram shows three points, red x’s, on the FMM searching sphere that could
potentially be defined as an endpoint if thickness were based on a sign change.

available in the GitLab repository [238]. The developed MATLAB program cal-
culates the geometric properties for the five TPMS for each single and double
surface structures with varying isovalues. In total, thirty unique datasets were
produced for each type of lattice structure and geometric property. As most of
the code was generalised in the program, from input parameters to tolerances,
additional TPMS could theoretically be added.

5.4.1 MATLAB Program

The flowchart for how the MATLAB program operates is shown in Figure 5.11.
There are two main phases in the program within the top-level function (TPMS Analysis.m):
(1) calculating the geometric property datasets for each TPMS structure and (2)
polynomial fitting and plotting the structures. The inputs for the program are
strings indicating which TPMS to evaluate and by default all five are calculated
if none are specified. The program first initialises structures, output directories,
coarse mesh surface estimations, etc. During this initialisation the program checks
whether text files of the datasets are present in the designated output directory.
During phase 1, each geometric property is calculated to convergence for each
TPMS structure type. The results are exported as a text file in the output di-
rectory. The program will only calculate datasets if they are not present in the
output directory. Phase 1 is bypassed if all dataset text files are present.

Phase 2 reads in the dataset text files. For double surface structures, volume
fraction and surface area raw data values are combined by subtraction and ad-
dition respectively. The Chebyshev polynomial fitting models are then fit and
created for all geometric properties and structure type for a total of thirty poly-
nomial models. The polynomial coefficients are exported in text files. Along with
the coefficients, residual plots and tolerance logs providing details on the fitting
are output as well. Plots for each TPMS structure, geometric property, and struc-
ture type are then created and output as MATLAB fig and pdf files. Customised
plots where multiple plots are created on one figure is a separate provided MAT-
LAB top-level function called generateCustomPlots.m. This function can create
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plots based on the user inputs of TPMS, type of geometric property, and a com-
bination of properties, such as SAVR. The separate plots are created and output
with normalised and non-normalised isovalues as MATLAB fig and pdf files.

5.4.2 Mesh-free Monte Carlo Estimation of Volume Frac-
tion

A Monte Carlo integration method was used to estimate the volume fraction
(Figure 5.13). Samples of random points were generated uniformly within the
bounding box of a lattice unit cell, ranging from [−0.5, 0.5] in the x-, y-, z-
directions. The volume fraction was calculated as the ratio of points that were
“inside” the structure (points evaluating to a negative number using the TPMS
implicit equation) to the total number of points generated [250]. The number of
randomised points was increased until the volume fraction converges to within
1% of the previous two calculated values.

The convergence testing starts with 107 randomised points. With each conver-
gence iteration, the number of randomised points was increased by log10(n+ 0.1)
with a new set of generated randomised points. At least three iterations were per-
formed to ensure the volume fraction value fits within the convergence criteria.
Figure 5.12 shows an example of a convergence plot for the iWP with an offset
of −2.98 starting with 102 points until 107 points. This shows that at 105 points
the value comfortably converges below the 1% tolerance.

The drawback of Monte Carlo integration was that the calculation asymp-
totically approaches the true value [251]. To better understand the uncertainty
arising from Monte Carlo integration, each volume fraction calculation performed
to convergence for the Primitive surface was repeated 20 times for each isovalue.
From these results the largest of these standard deviations was 0.016%, well be-
low the convergence tolerance of 1%, with each value calculated with 107.2 points.
While the convergence tolerance may appear highly generous, some of the other
TPMS require considerably larger sample sizes to achieve convergence and this
can lead to memory shortage issues.

The algorithm used to generate uniformly distributed random points was the
Mersenne Twister algorithm, as implemented by the MATLAB version R2019a
rand function [252]. Concerns over the randomness of previous iterations of the
rand function have been raised [244], but the Mersenne Twister algorithm was
implemented to mitigate these concerns.

5.4.3 Coarse Sampling of the TPMS Unit Cells for Mesh-
Based Estimations

Estimation of the surface area and minimum thickness properties start by ap-
proximating the surface as a triangular mesh. Any meshing algorithm such as
Marching Cubes can be used to generate an initial triangular mesh. However,
care must be taken to ensure that the vertices are ordered to produce consistent
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Figure 5.11: Flowchart for MATLAB program used to calculate the TPMS
structure geometric properties that is available on the GitLab repository
[238]. The program is conducted in two phases within the top-level function
(TPMS Analysis.m): (1) calculating the geometric property datasets for each
TPMS structure and (2) fitting and plotting the structures. The inputs and out-
puts of the program are listed as they are needed and produced. The boolean
flags indicate whether to calculate and create dataset files based on if they exist
in the output directory.
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Figure 5.12: Example of volume fraction convergence for iWP with an isovalue
of −2.98. The plot depicts an increasing number of randomised points used to
calculate the volume fraction starting ranging from 102 to 107 points. The y-
axis, the absolute difference in volume fraction, shows that beyond 105 points
comfortably falls below the 1% convergence criteria.

face normals, vertices are not duplicated, a watertight mesh is created, and no
degenerate triangles are present in the final mesh.

The MATLAB isosurface function used to generate an initial coarse mesh,
was seeded by a uniformly spaced 15×15×15 grid. As this produces an estimate of
the surface, these initial vertices were then corrected to machine precision (double
precision floating point) on the surface using the Newton-Raphson method [253].
The gradient of the TPMS surface is the normal vector

∇f(x, y, z) =

[
∂f

∂x
,
∂f

∂y
,
∂f

∂z

]T
. (5.10)

The vertex correction is performed along the surface normal, ensuring that the
integrity of the mesh is preserved. The MATLAB isosurface creates a mesh
that meets the edge of the unit cell such that the surface is not jagged.
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Figure 5.13: Monte Carlo method for calculating volume fraction. Uniformly dis-
tributed randomised points spread throughout the unit cell. These evaluated for
whether they fall “inside” (red) or “outside” (blue). The volume fraction is cal-
culated as the ratio between these points.

5.4.4 Convergence for Mesh-Based Estimations

After the initial coarse sampling of the surface, additional vertices were added
via subdivision of each triangular face. In this method, each triangular face is
subdivided by placing a midpoint along each triangle edge. Connecting these
points to form a new central triangle results in three smaller triangles arranged
around it, as shown in (Figure 5.14). Each new vertex is then corrected with the
Newton-Raphson method. This midpoint method could further be improved by
creating the triangles adaptively so that triangles tend away from extreme aspect
ratios.

This subdivision is used to iteratively produce finer meshes to check the con-
vergence lies within 1% of the previous two calculated values. Any further tol-
erance refinement would have been likely to exceed memory limitations on the
computer hardware.

5.4.5 Mesh-Based Estimation of the Surface Area

Once an accurate triangular mesh has been established for a given TPMS surface,
the summation of all triangle areas gives an approximation of the surface area
within the unit cell [254]. As previously mentioned, this calculation is improved
by mesh subdivision until a tolerance is met. The area of each triangle is efficiently
calculated as half the magnitude of the cross product of two vectors that define
sides of the triangle shown by

A =
1

2

N∑
i

~ai × ~bi (5.11)
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Figure 5.14: The method for iteratively subdividing the mesh. First midpoints
are added along each edge of each triangle face, subdividing each triangular face
into four triangular faces. Then the new midpoints are corrected onto the surface
using the Newton-Raphson method

where A is the total surface area, i is each triangle, N is the total number of
triangles, and a and b are the vectors that define the sides of each triangle.

5.4.6 Mesh-Based Estimation of the Minimum Thickness

For the double surface structure, the minimum thickness is defined as the mini-
mum distance between the two surfaces that define the volume (Figure 5.15a). As
mentioned earlier, the vector defining the absolute minimum distance lies along
the normal of both surfaces [255]. The minimum thickness for the single surface
structure is open to interpretation and requires a clear definition (Figure 5.15b).
As such, for consistency with the double surface structure, the minimum thick-
ness for the single surface structure is defined as the minimum distance along an
inward facing normal vector before intersecting the same TPMS surface again.

The minimum thickness calculation is performed by searching along the sur-
face normal of all vertices on the meshed surface. In the case of the double surface
structure, the thickness calculation is always performed from the ‘outer’ surface
(i.e. the surface with the highest isovalue). The searching is performed by stepping
inwardly along the normal vector by a distance much smaller than the conceiv-
able minimum thickness value. At each step, the TPMS isovalue is calculated for
the current x, y, z position until this isovalue is greater than the isovalue of the
surface being searched for. The precise position of the surface crossing is then
located via the Newton-Raphson method as before. As previously mentioned,
this process is repeated with increasingly subdivided meshes until the value has
converged.
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Figure 5.15: Definition minimum thickness used in this work. For double surface
structures (a) the minimum thickness is well defined as the minimum distance
from one surface to the other surface. The vector representing this displacement
is mathematically constrained to be normal to both surfaces. For single surface
structures (b) minimum thickness is less well defined as the displacement vector
is between two points on the same surface. This could be minimised by a small
displacement perpendicular to the surface (red arrow). Hence, for consistency
with the double surface structure, the minimum distance for the single surface
structure is defined such that the displacement vector is constrained to be normal
to the surface.

5.4.7 Robust Chebyshev Fitting

To enable integration of the data generated in the above methods into the design
process, polynomial functions were fitted to the data points. The fitting model
provides the designer with a relationship between the geometric properties and
the TPMS isovalue. The resulting polynomial coefficients are easy to incorporate
into various modelling platforms to enhance modelling capabilities.

Polynomial fitting was preferred over piecewise interpolation of all data points,
as interpolation will over-fit to the uncertainties in the underlying data set. How-
ever, simple polynomial fitting is vulnerable to Runge’s phenomenon, resulting in
unwanted oscillations at the periphery of the fitted region [256]. To avoid Runge’s
phenomenon, Chebyshev polynomials were fitted to the data. Additionally, the
bounded Chebyshev polynomials mirrors the isovalue limits where the TPMS
lattice is valid.

The recurrence relationship for determining the Chebyshev polynomials of the
first kind for second order and higher are

Tn(x) = 2xTn−1 − Tn−2 (5.12)
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where Tn is the nth Chebyshev polynomial of the first kind and x is the isovalue.
The zeroth and first order polynomials are defined as 1 and x respectively.

The Chebyshev fitting was performed as a linear regression via matrix inver-
sion [257]. Prior to fitting, the isovalue range was scaled to the interval [−1, 1]
over which the Chebyshev polynomials are normalised. The Vandermonde matrix
is determined using the normalised isovalues. The Vandermonde matrix, defined
by

V =


T0(x1) T1(x1) T2(x1) · · · Tn(x1)
T0(x2) T1(x2) T2(x2) · · · Tn(x2)
T0(x3) T1(x3) T2(x3) · · · Tn(x3)

...
...

...
. . .

...
T0(xm) T1(xm) T2(xm) · · · Tn(xm)


where V is the Vandermonde matrix, T (x) are Chebyshev polynomials of the

first kind, x are the isovalues, m is the total number of isovalues evaluated, and
n is the highest order of Chebyshev polynomials used. The coefficients are then
determined using linear least squares as defined

c = R(QTy)−1 (5.13)

where c is the Chebyshev coefficient, Q and R are the QR decomposition of the
Vandermonde matrix, and y is the corresponding geometric property value. After
fitting, the final function is scaled back to the correct range.

For single surface structures, having a single varying isovalue, the fitted func-
tions are of the general form

Gss(x) =
∑
n

cnTn(x) , (5.14)

where Tn is the nth Chebyshev polynomial of the first kind [258], cn is the nth
coefficient, and x is the isovalue. For double surface structures with two isovalues
the fitted functions are of the general form

Gds(x, y) =
∑
n,m

cnmTn(x)Tm(y) , (5.15)

where x and y are the isovalues of the two surfaces.
Fitting Chebyshev polynomials comes with numerous advantages. Due to the

lack of an appropriate weighting function, the polynomials are not truly orthog-
onal. However, each antinode of each polynomial has a magnitude of unity. As
such, the magnitude of each coefficient is directly comparable. This allows the
coefficients to be compared to provide an objective criterion for the order of the
final fit. Insignificant higher order terms can then be truncated from the fit.

For single surface structures, the order of the final fit, nf , was set such that
cnf+1 < 10−4 and cnf+2 < 10−4. For double surface structures, the order of the
final fit, Nf (where N = n+m), was set such that cnm ≤ 0.05 for all n,m where
n + m = Nf + 1 or n + m = Nf + 2. Plots in Appendix A show the polynomial
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fitting model plotting with the raw data and the residual plots. The residual plots
for some TPMS structures have patterning but as the residuals are very low this
does not affect any confidence in the fitting model. Some caution needs to be
taken when using the model for certain TPMS double surface structures at the
isovalue extrema beyond the centre 95% of the isovalue range as the fitted model
does not fall within 1% error of the raw data but still falls within 7%.

Having the Chebyshev polynomial coefficients requires users to have a working
knowledge of implementing Chebyshev polynomials. As this may present chal-
lenges, the output polynomial coefficients were reformatted into the standard
polynomial form. For single surface structures, the output coefficients have the
form

y =
N∑
n=0

bnx
n (5.16)

where bn is the output coefficient value, x is the isovalue, y is the polynomial fit
value, and n is the polynomial order, and N is the maximum polynomial order
that matches the tolerance criteria and are considered significant. For double
surface structures, the output coefficients have the form

z =
N∑
n=0

M∑
m=0

bm,nx
myn (5.17)

where bm,n is the output coefficient value, x and y are the isovalues of the two
surfaces where y > x, the sum of m and n is the polynomial order, and the sum of
M and N is the maximum polynomial order that matches the tolerance criteria
and are considered significant. The ease of implementing standard polynomial
coefficient aligns with the aim of this thesis of reaching a wider audience.

5.5 Results

Each TPMS lattice structure has different trends in the geometric properties
making some lattices more suitable for certain applications. To directly compare
the geometric properties for the five computed TPMS lattice structures, the iso-
value range (see Table 5.1) was normalised into the range [−1, 1], thus comparing
each lattice over the full ranges defined in Table 5.1. Due to the asymmetric range
of the iWP lattice, the unscaled range has been truncated to [−2.60, 2.60] before
normalising to ensure that a normalised isovalue of zero still corresponds to the
pure iWP surface.

To analyse trends for the double surface structures, the geometric properties
for symmetric structures are plotted where the isovalue for the two surfaces are of
equal magnitude and opposite sign. Contour plots that show the full parameter
range investigated are included in the data repository and are not reported here.
All datasets, the final polynomial coefficients in standard polynomial form, and
supplemental figures (data plots, convergence plots, polynomial residual plots)
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Figure 5.16: Comparison of the volume fraction as a function of normalised iso-
value for all single surface TPMS structures, showing almost linear dependence.
Normalised isovalues can be converted to isovalues by dividing by the normalisa-
tion factor given in Table 5.1.

are available from the University of Bath data archive [259] and the code used to
generate this data is hosted on GitLab [238].

5.5.1 Volume Fraction

The volume fraction for all single surface TPMS structures monotonically in-
creases with the isovalue, see Figure 5.16. The volume fraction is an almost linear
function of isovalue, but each function is slightly sigmoidal for all single sur-
face structures except the iWP structure, which has a monotonically increasing
gradient. The volume fraction for all single surface structures, except the iWP
structure, intersect at 0 when the isovalue is zero. The Gyroid structure has the
largest range of volume fractions ranging from 4% to 96%, whereas the Neovius
structure only ranges between 36% and 64%. Thus, the Gyroid single surface
structure provides the maximum tunability for internal lightweighting, when com-
pared to the other single surface structures. The data is consistent with the work
of [10], which investigated the volume fraction of the single surface structures of
Primitive, Gyroid, and Diamond lattices.

The volume fraction for double surface TPMS structures is presented in Figure
5.17 and 5.18. As expected, for the double surface structures there is no minimum
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Figure 5.17: Contour plot showing volume fractions for all possible isovalue
combinations for Primitive. This plot is presented as an example of a look-up chart
to facilitate obtaining a volume fraction value for a specific isovalue pair. The
contour plots for the other TPMS and other geometric properties are provided
in the data archive [259].

volume fraction as the inner and outer surfaces can be set to the same isovalue.
Just as for the single surface structures, the Gyroid has the largest possible range
of volume fractions, and the Neovius has the smallest range.

5.5.2 Surface Area

The surface area for all single surface TPMS structures has a single maximum at
or near an isovalue of 0 (Figure 5.19). Conversely, for symmetric double surface
structures, the surface area decreases monotonically as the magnitude of the
isovalues increase (Figure 5.20). For both double and single surface structures
at low absolute isovalues, the Diamond structure has the highest surface area
and the Primitive the lowest. For the highest magnitude isovalues, the Neovius
has the highest surface area and Gyroid the lowest. For applications, such as heat
transfer, maximising surface area is highly desirable. Considering this in isolation,
the Diamond, Neovius and iWP structures are best suited.
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Figure 5.18: Comparison of the volume fraction as a function of normalised iso-
value for all double surface TPMS structures, showing almost linear dependence.
This plot shows the normalised subset of isovalue combinations for f(x, y, z) = ±c
to compare the TPMS. Normalised isovalues can be converted to isovalues by di-
viding by the normalisation factor given in Table 5.1.

5.5.3 Minimum Thickness

The minimum thickness for both the single surface and symmetric double surface
TPMS structures monotonically increase as the isovalue increases (Figures 5.21
and 5.22). Contour plots for the minimum thickness for all double surface struc-
tures are provided in the data archive [259]. The non-linearity of the minimum
thickness as a function of isovalue demonstrates that the TPMS structures do
not isotropically expand as the isovalue increases.

Just as with the volume, the Gyroid structure has the largest range of thick-
nesses and the Neovius structure has the lowest. In the case of the single surface
structure, the Primitive structure has a similar range to the Gyroid structure. All
minimum thickness functions almost converge at the lowest isovalue. For small
lattices, the Neovius structure will be hardest to manufacture due to the consis-
tently low minimum thickness for the entire isovalue range.
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Figure 5.19: Comparison of the surface area as a function of normalised isovalue
for all single surface TPMS structures, showing parabolic dependence. Normalised
isovalues can be converted to isovalues by dividing by the normalisation factor
given in Table 5.1.

5.6 Discussion

The full value of the presented work is in the ability to further manipulate the
results. By combining the above geometric properties it is possible to calculate
other physically meaningful properties. As an illustrative example, consider the
SAVR. There are numerous engineering disciplines that require high SAVR ge-
ometries, such as heat exchanger design, filtration, etc. For a single surface TPMS
structures, Figure 5.23 clearly shows that the SAVR is maximised by selecting
the Gyroid at lower isovalues. However, these low isovalues may lead to exces-
sively thin structures. At high isovalues, the Neovius structure has the highest
SAVR, but, as previously mentioned, the Neovius has low minimum thicknesses
for all isovalues. This example further demonstrates the counter-intuitive nature
of the isovalue. With the provided datasets, it is possible to program more com-
plex constraints such as maximising the SAVR while ensuring that the minimum
thickness stays above a given limit.

To illustrate the way in which these geometric properties feed into engineering
and physical properties, the heat exchanger example is continued. The work of
Cowell et al. [260] proposes a means of comparing different surfaces in terms
of performance in a heat transfer application. Key parameters in this method
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Figure 5.20: Comparison of the surface area as a function of normalised isovalue
for all double surface TPMS structures, showing surface area monotonically de-
creasing with the normalised isovalue. This plot shows the normalised subset of
isovalue combinations for f(x, y, z) = ±c to compare the TPMS. Normalised iso-
values can be converted to isovalues by dividing by the normalisation factor given
in Table 5.1.

include the hydraulic diameter, d, and the ratio of minimum free-flow to frontal
area, σ. These are defined as per

d =
4σV

As
, (5.18)

σ =
Ac
A
, (5.19)

respectively. Here, V is the volume of the heat exchanger core, As is the area
available for heat transfer, Ac is the minimum free-flow area and A is the frontal
area of the heat exchanger core. Taking, as others have, multiple TPMS unit cells
as a two-fluid heat exchanger core, all of the above parameters are either specified
or can be derived from the dataset. As requires the surface area of the chosen
unit cell to be scaled to the correct size and then multiplied by the number of
unit cells in the core. Ac can be calculated by multiplying A, which is known, by
the porosity, σ, of the core, which is directly related to the volume fraction.

All data presented have a generously estimated uncertainty of 1% given the
convergence tolerances. The accuracy of the dataset as a whole is on average much
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Figure 5.21: Comparison of the minimum thickness as a function of normalised
isovalue for all single surface TPMS structures, showing the minimum thickness
monotonically increasing with the isovalue. Normalised isovalues can be converted
to isovalues by dividing by the normalisation factor given in Table 5.1.

greater than this as two further iterations are calculated after initial convergence.
However, it is not possible to guarantee this higher accuracy for all values. The
technical limitation preventing tighter convergence tolerances were the memory
limitations in MATLAB 2019a, limiting maximum array sizes to 6550 MB. This
hinders further convergence for the surface area and minimum thickness calcula-
tions as the matrices become exponentially larger with each iteration.

Further uncertainty is introduced by the discrete nature of the numerical
sampling. However, due to the dense sampling, low residuals, and the robust
nature of the Chebyshev fitting method, this has not increased the estimate of
the uncertainty. The data are sufficiently accurate for most practical applications.
If cases arise where greater accuracy is paramount, the methods are described,
and the original MATLAB code is provided in such a way that the work can be
replicated and extended by others.

This work in this chapter addresses the first research gap identified in Section
2.4.3. As there was no straightforward method for creating TPMS structures to a
certain geometric specification, this led to divergent methods to add volume to the
TPMS mathematical surfaces therefore leading to discrepancies in the structures
created. The approach of this work complements the majority of the reviewed
work that used isovalues to manipulate the TPMS functions to model TPMS
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Chapter 5. Calculation of TPMS Geometric Properties

Figure 5.22: Comparison of the minimum thickness as a function of normalised
isovalue for all double surface TPMS structures, showing the minimum thickness
monotonically increasing with the isovalue. This plot shows the normalised subset
of isovalue combinations for f(x, y, z) = ±c to compare the TPMS. Normalised
isovalues can be converted to isovalues by dividing by the normalisation factor
given in Table 5.1.

structures as this is a controlled method when using implicit-based modelling. The
research contributions of the set of numerical methods, the MATLAB program,
raw datasets, and the empirical geometric relationships provide the link between
the isovalues and the resulting geometric properties.

As mentioned in Section 2.4.3 there are other groups that have also related
calculated geometric properties of TPMS structures with varying isovalues graph-
ically with some also providing regression models [10, 12, 196, 198, 203, 219, 220].
In comparison, some other research groups have produced visually similar plots
for the same TPMS structures for volume fraction and surface area calcula-
tions [10,12]. This work, however, provides a method for calculating the geometric
properties that quantify the accuracy of the datasets. Much of the literature has
limited information of calculation methods and the respective uncertainties. Ad-
ditionally, any calculation of minimum thickness property has not been found
in the reviewed literature. Furthermore, these datasets have resulted in the for-
mulation of robust empirical models that can be readily implemented into CAD
packages. Due to the orthogonality of the Chebyshev polynomials the coefficients
can be compared to truncate insignificant higher order terms. This benefit is ab-
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Figure 5.23: Comparison of SAVR as a function of normalised isovalue for all sin-
gle surface TPMS structures, showing the SAVR monotonically increasing with
the isovalue. This is an example of how the geometric properties can be com-
bined. Normalised isovalues can be converted to isovalues by dividing by the
normalisation factor given in Table 5.1.

sent when using standard polynomial fitting. The regression models found in the
literature provide limited information regarding the fitting and associated residu-
als as well as discrepancies between each other. While the research contributions
can be readily used as is, the methods can be expanded to other TPMS structures
or accuracy tolerances.

5.7 Conclusion

This research has produced empirical relationships for the geometric properties of
prevalent TPMS structures, numerical methods to expand to other implicitly de-
fined TPMS structures, and an openly-available dataset for geometric properties
of prevalent TPMS geometries. It therefore represents the first meaningful step
towards enabling designers to confidently control the shapes they are creating and
will help prevent unforeseen failure during the additive manufacture of compo-
nents. Furthermore, by providing an empirical relationship between mathematical
parameters and the resulting geometric properties, this increases the accessibility
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of designing with these geometries, the importance of which is evident in the
increasing body of related research.

It should be noted that geometric properties are a fundamental consideration
when designing. These further feed into engineering and physical properties, such
as compressive strength, permeability, overall heat transfer coefficient, and many
more. These geometric properties to further enable the work of those researching
engineering and physical properties.

The relationships established serve as the keystone in the next phase of this
thesis to develop methods to print geometrically customised TPMS structures.
The development of toolpath algorithms are elaborated in the next chapter.
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Chapter 6

Adaptive Direct Slicing of TPMS
Structures

6.1 Introduction

CAM software, also commonly referred to as toolpath planner software or slicer
software, converts a digital 3D model into machine code for an AM machine.
The machine code controls the machine’s motion, such as material extrusion,
and other auxiliary functions. This is typically done by importing the 3D model
surface in a mesh-based file format, such as a STL file. The imported model is
edited by the user by adjusting the size dimensions, infill, number of printed
parts, location on the printer bed, part orientation, and other printing options,
such as support structures. The printing options generally depend on the type of
3D printing and software product. When the editing phase is finished, the part is
“sliced”, where the 3D model is segmented into layers (parallel to the printer bed)
along the vertical, z axis, where the layer thickness is based on the resolution of
the deposition or consolidation of feedstock material. The slices are then ready to
be translated and exported as machine code. The 3D printer used in this study
is programmed using GCode, the universal machine code for 3D computer-aided
manufacturing. This process flow is shown in Figure 6.1.

Although it is not necessarily visible to the user, the CAM software will be de-
ploying a range of algorithms and decision making logic to create the final GCode
output. This is not only calculating the toolpath but also the speed, acceleration,
extrusion/laser power, and other functionality such as the fan, printing sacrificial
supports, etc. In addition to controlling the auxiliary functions of the machine,
the GCode program communicates a sequence of destination points that that
extrusion head must move to. In the vast majority of cases, the extrusion head
moves between destination points using straight line interpolations. It is typi-
cal for these destination points to firstly describe the outer shell or perimeter
of the printed object. After this, the destination points describe the infill that
sits within the boundary. This infill can either be completely solid, or some in-
fill pattern that forms a lighter scaffold within the outer shell. There are other
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destination points that are used to describe various forms of support for the
print. These include sacrificial supports, rafts and brims to anchor the object to
the build plate, or support overhanging faces. It is worth noting that different
print settings may be applied to different regions of the print. For example, sac-
rificial support and infill often adopt different settings to the outer shell of the
object. These toolpaths are calculated depending on the type of CAM software.
Most calculate based on Euclidean set operations and explicit functions, how-
ever, recently there is newer research that calculate toolpaths based on implicit
functions [16,19,162,163,165,229].

There are multiple inherent differences to how traditional commercial and im-
plicit CAM softwares work. Traditional software workflows typically begin with
the 3D model as a triangulated mesh with built-in infill options described by ex-
plicit functions. Conversely, implicitly-based software describes 3D models using
implicit functions of shapes and describe surfaces based on the function isovalue
contours. This opens up the possibility of using shapes based on mathematical
functions that would otherwise be challenging to produce in traditional CAD soft-
ware using parametric surfaces. TPMS are an example of this type of challenging
shape. Directly slicing the surface structures from implicit functions streamlines
the process flow. This eliminates the incompatibility of parametric kernels for cre-

Figure 6.1: General process flow for the CAM stage for FDM. A 3D model is im-
ported into the CAM software. The model is then edited, print settings adjusted,
and sliced. The slices are exported as a GCode file to the AM machine which
then manufactures the part.

Figure 6.2: A toolpath needs instruction in the form of a line such that it is not
ambiguous how to connect coordinates.
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ating boundary representations (BRep) as well as the intermediary mesh-based
file formats, such as STL files.

To manufacture geometrically customised TPMS structures based on the re-
lationships from Chapter 5, ideally an implicit-based CAM software would be
used. Using the TPMS implicit functions is optimal as solving each of the TPMS
function into explicit functions is often non trivial. The explicit forms have mul-
tiple solutions as the TPMS functions are a combination of trigonometric func-
tions. The challenge is that of the available software either commercially or from
research does not have the functionality needed for the aim of this research. A
CAM program was then developed in MATLAB to print geometrically customised
TPMS structures based on implicit functions. The software creates GCode using
input geometric specifications based on a direct slicing method. The novelty of
this method is that it not only can controllably create TPMS structures to design
specification but also the internal toolpaths are adaptively calculated based on the
user’s input of the TPMS type, structure type, and outer shape dimensions using
the geometric relationships from Chapter 5. Rather than using a solid hatching
infill for thickened lattice structure, this software creates toolpaths based on the
same TPMS implicit function evaluated at intermediary isovalues, also known as
isolines or contour lines. This program is a means to not only print geometrically
customised TPMS structures but also as something that could easily be adapted
as an infill option into a traditional commercial or implicit CAM software.

6.2 Investigating Current Infill Techniques

Before developing the CAM program, the PrusaSlicer Gyroid infill option was
investigated. PrusaSlicer is an open source CAM software from the Prusa com-
pany [261,262]. This was to understand the Gyroid infill toolpath algorithm and
what information the machine needs to print. The goal is to be able to describe
customised TPMS surfaces using toolpath lines rather than a point cloud as 3D
printers need toolpath instructions to print. Without any instruction as to where
the surface is within a point cloud, connecting the points could be ambiguous as
shown in Figure 6.2.

Currently, the Gyroid infill is default infill option in the PrusaSlicer software
user interface. The infill is a Gyroid structure with one filament thickness. It can
be only customised by a volume percentage that changes the number of lattice
unit cells, increasing the infill volume as the number of lattice unit cells increase.
As of now, there is no way to thicken the Gyroid infill more than one filament
thickness. The C++ source code was translated into a MATLAB environment.
In the source code, the Gyroid infill is calculated using the explicit form, shown
below

y = − arcsin
sin(2πz) cos(2πx)√

cos(2πz)2 + sin(2πx)2
± arcsin

sin(2πx)√
cos(2πz)2 + sin(2πx)2

(6.1)
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Figure 6.3: The process for creating Gyroid infill toolpaths for a slice in
PrusaSlicer. A bounding box is created around the 3D modelled part, then the
box is filled with Gyroid infill. The periodicity of the Gyroid lines are based on
the input volume fraction from the user. The infill is then trimmed to fit within
the inner perimeter of the part. While the diagram depicts only two periods of
each Gyroid line, in the program the periodicity, i.e. the number of lattice unit
cells, is based on the designer input volume fraction.

where x, y, z are the Euclidean coordinates relative to the printer bed. The
equation is for the pure Gyroid TPMS function where the isovalue is equal to
zero. The explicit form containing an isovalue would separately need to be solved.
The y values are calculated by inputting a range of x values at the slice height,
i.e. the z value, into the Equation 6.1. As the explicit function elicits multiple
solutions, the correct solutions are dependent on the parity and the z height.

The infill algorithm first calculates a bounding box, a scale factor, and the
number of lattice periods. The bounding box that encompasses the entire volume
of the 3D model of interest. The scale factor is the scalar relationship between the
length dimensions of the print bed, in mm, to the dimensionless mathematical
scaling of the lattice from [0, 2π]. After scaling to the lattice dimensions, the
algorithm then creates Gyroid lines per slice. First, by calculating one period of a
single Gyroid wave line for each of the even and odd solutions. The even Gyroid
line is then offset by π. The two lines are repeated until the bounding box is filled
and the parts of the lines that equate to outside of the box are “clamped” such
that they are forced to equal the sides of the box. The lines are then unscaled and
fitted to the 3D model to become the toolpath for the 3D printer. A schematic
showing this toolpath creation method for a slice is shown in Figure 6.3.

While the explicit function equates to exact solutions and is computationally
efficient, for this research this is an unrealistic approach. As mentioned previously,
each TPMS implicit function with an isovalue needs to be converted into the
explicit form. As discussed in Chapter 5, it is non-trivial solving for the explicit
form and the correct roots. As such, a toolpath algorithm was developed that
uses TPMS implicit functions to create toolpaths.
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Figure 6.4: The direct slicing toolpath algorithm follows four steps. The algo-
rithm starts by calculating the isovalues for the desired TPMS shape using the
relationships from Chapter 5. Then adjacent contour isovalues are calculated.
After all isovalues are obtained, the contour lines are calculated per slice. The
contour lines are then converted into GCode for the AM machine.

6.3 Direct Slicing Toolpath Algorithm

The developed direct slicing toolpath algorithm uses input specifications for a
TPMS structure and outputs a GCode file. The algorithm has four steps outlined
in Figure 6.4. Based on the inputs, the algorithm calculates the isovalues for the
desired TPMS structure using the relationships from Chapter 5. From there, the
inset filler isovalues of adjacent contour lines are calculated using the double
surface structure minimum thickness polynomial coefficients. After all isovalues
are calculated, the algorithm then calculates the toolpaths on a slice-by-slice
basis. For each slice, the contour lines and points are calculated from the isovalue
using the marching squares algorithm. The lines are then prepared and translated
into GCode for the machine.

6.3.1 Customised TPMS Structure Inputs

The algorithm calculates contour line toolpaths using isovalues. Before this, all
necessary isovalues need to be calculated. The two types of isovalues are perime-
ter isovalues and filler isovalues. The perimeter isovalues define the perimeter
contour of the TPMS structure and the filler isovalues are the inset contours.
The perimeter isovalue calculation is based on the work from Chapter 5. The
algorithm always requires the inputs of a TPMS type, structure type (isoline,
single surface structure, or double surface structure), number of lattice unit cells,
and the outer box length dimension (mm).

For customising the TPMS shape, the are two types of input options imple-
mented into the CAM program. The first option is to input isovalue(s) to be
directly translated into contour line toolpaths. The other option is to input a
geometric specification (volume fraction, surface area, or minimum thickness).
The algorithm will automatically calculate all needed isovalues using the geomet-
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ric relationships from Chapter 5. This algorithm is an efficient method to create
geometrically customised TPMS structures to help designer develop parts. This
algorithm can be expanded to calculate isovalues for compound geometric speci-
fications, i.e. SAVR, for design applications, such as the heat exchanger example
discussed in Section 5.6.

Before calculating the perimeter isovalues, the shape inputs are transformed
from the printer dimensions to one unit cell of a unitless TPMS. This is to be
able to use the geometric relationships from Chapter 5 which were established
for unitless TPMS. The scaling factor is defined by

s =
n

L
(6.2)

where s is the scale factor, n is the number of lattice unit cells, and L outer
box length is in mm. Then, the perimeter isovalues needed to give the desired
geometric properties to the output lattice are calculated using the relationship co-
efficients. As the relationships from Chapter 5 are polynomial equations, defined
by Equations 5.16 and 5.17, the isovalues are determined by finding the roots of
the equation. In the program, the isovalues are calculated using the MATLAB
built-in function roots which calculates the eigenvalues of the companion ma-
trix. As there will be multiple solutions, only the real solution within the lattice
isovalue range, defined in Table 5.1, is valid for this purpose. For double surface
structures, this can result in infinite solutions. Therefore, the program was con-
strained to a subset of isovalue combinations for f(x, y, z) = ±c, where c is the
isovalue.

As the polynomial models from Chapter 5 are based on isovalues that are
infinitely thin, if the perimeter isovalue(s) are printed as is, the part will be
thicker than expected. Therefore, the perimeter isovalue(s) are brought inwards
by the nozzle diameter as illustrated in Figure 6.5. The adjustment calculation
uses the double surface structure minimum thickness relationship. The adjusted
isovalue is calculated by setting an adjusted minimum thickness as the theoretical
minimum thickness minus the nozzle diameter.

6.3.2 Calculate Adjacent Contour Isovalues

The inset filler isovalues are calculated with the double surface structure mini-
mum thickness relationship from Chapter 5. This ensures that the closest distance
between adjacent contour lines is the nozzle diameter. This method is a control-
lable way of calculating adjacent toolpath lines such that they are not too close
causing the print to fail. As this uses the nozzle diameter as the minimum thick-
ness and a known isovalue, the double surface structure coefficients are needed
to calculate the next adjacent isovalue.

Before calculating the filler isovalues, the number of filler isovalues are calcu-
lated as there will need to be an integer number of toolpath lines. This is based
on the nozzle size and the minimum thickness of the TPMS structure defined by
the perimeter isovalue(s). For double surface structures, this is between the two
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Figure 6.5: Adjusting the perimeter isovalues inwards to account for the nozzle
size.

perimeter isovalues. For single surface structures, this is between the perimeter
isovalue and the maximum isovalue of the lattice isovalue range from Table 5.1.
The number of filler isovalues is calculated using

N =

⌊
T

d

⌋
, (6.3)

where N is the number of filler isovalues, T is the unitless minimum thickness, and
d is the unitless nozzle diameter (scaled using scaling factor from Equation 6.2).
This equation uses the floor function to ensure an integer number of isovalues.

The adjacent isovalues are then iteratively calculated using the relationship
coefficients. Each adjacent isovalue is calculated by setting the minimum thickness
as d

N
and one isovalue as the known isovalue. The known isovalue starts with the

smallest perimeter isovalue, then with each iteration becomes the solved isovalue
from the previous iteration. This is done until N filler isovalues are obtained.
The calculated adjacent isovalues are verified by checked they are within the
isovalue range of the perimeter isovalues as well as the initial calculation of the
integer number of filler isovalues ensures the correct number of filler isovalues.
This was further validated with test printing different TPMS structures with
varying TPMS type and structure types.

The minimum thickness relationship from Chapter 5 is used to calculate ad-
jacent toolpath lines based on the nozzle diameter. However, in the program,
they are set closer than the nozzle diameter to help compensate for the thickness
distribution of TPMS structures. If adjacent toolpath lines are set too close this
can cause unwanted build-up leading to print failure, as shown in Figure 6.6. The
minimum thickness was set to 0.35 mm instead of the nozzle size 0.4 mm as this
visually did not create build up.
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Figure 6.6: Cross-section view of different spacing between adjacent filament rang-
ing from adjacent filament with space between (top) to adjacent filament too close
with build-up (bottom).

Figure 6.7: Example of a Gyroid single surface structure set to different isovalues.
(a) shows the Gyroid set to an isovalue of 0, (b) shows the Gyroid set to an isovalue
of 1.35 (maximum lattice isovalue range), and (c) shows the Gyroid set to 1.42.
The Gyroid surface beyond the lattice isovalue range until f(x, y, z) = ±1.5 is
not considered a lattice. Beyond f(x, y, z) = ±1.5, the Gyroid surface does not
exist.

For single surface structures, the adjacent filler lines are calculated from the
input isovalue to the maximum limit of the lattice isovalue range. Beyond the lat-
tice isovalue range, as the isovalue increases, TPMS become disconnected smaller
surfaces before ceasing to exist altogether as shown by Figure 6.7. Hatched solid
infill lines are calculated for the region where the surface exists but is beyond
the lattice isovalue range. Figure 6.8 shows double and single surface structure
Gyroid printed parts with the perimeter, filler, and solid infill lines labelled.

Finally, when both the perimeter and filler isovalues are calculated they are
sorted into the order they will be printed. To help stabilise the print, the sorted
isovalues start with the isovalue closest to the pure TPMS, then followed by each
subsequent adjacent isovalue.
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Figure 6.8: Labelled photograph of line types on a Gyroid double surface structure
and single surface structure. The perimeter isovalue lines and filler isovalue lines
are labelled on both and the solid infill lines where the lattices ceases to exist are
labelled on the single surface structure.

6.3.3 Calculate Contour Lines Per Slice

After obtaining all isovalues, the program then calculates the contour lines and
translates them into GCode on a slice-by-slice basis. The number of slices is
based on the input box length and the nozzle size. To calculate the contour lines,
the algorithm needs the isovalues, the TPMS implicit function, and the TPMS
gradient function.

The 2D marching squares algorithm was used to extract the contour lines
per slice. The marching squares algorithm is a robust algorithm for extracting
contour lines from implicit functions as previously explained in Section 2.4.1.
The program uses the MATLAB built-in function contourc, which requires the
inputs of an [x, y] grid, the corresponding function value matrix, and the isoval-
ues. The function value matrix is calculated from the [x, y] grid at the z-height,
i.e. slice height, using the TPMS implicit function. The program uses uniformly
spaced 100×100 [x, y] grids. The MATLAB marching cubes algorithm has a grid
resolution limit as shown by the asymptotic curve in Figure 6.9. The plot shows
[x, y] grids resolutions beyond 100 × 100 do not change the order of magnitude
of the maximum function value error.

Once the contours have been estimated, the contour points are corrected for
the marching squares resolution limit, using the Newton-Raphson method out-
lined in Chapter 5. The Newton-Raphson method corrects the points onto the
contour to machine precision. This is done with a fixed z to ensure all points
stay on the same slice. Without this correction, the error is visibly noticeable on
printed parts, as shown in Figure 6.10.

Once the contour lines have been calculated, the points are transformed back
to the printer coordinates. The lines are then checked for invalid values, such as
negative z or NaN values, as they will cause the machine to crash if included in the
GCode file. Certain programming languages, such as MATLAB, when performing
calculations that result in invalid values, do not error and continue running by
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Figure 6.9: Maximum function value of contour points created by MATLAB
contourc for a Gyroid isovalue of zero vs. the [x, y] grid resolution. The maximum
function value denotes the maximum error as contour points should evaluate to
zero.

including NaNs values. Also, a check is needed for negative z values as the printer
can travel in the negative regions of the print area. The lines are then translated
to the starting coordinates on the printer bed.

The contour lines are reorganised such that as one line finishes printing it
will start at the nearest endpoint of the nearest contour lines that has not been
printed. This optimises the path for print time as this removes unnecessary time
where the printer is moving between printing lines. This means flipping the con-
tour line coordinate order if the endpoint is nearest, an example is shown in Figure
6.11. After the contour lines are reorganised, they are converted into GCode.

6.3.4 Convert To GCode

After the contour lines are created, they are translated into GCode strings on
a slice-by-slice basis. After all slices are translated, the GCode file is prepared
and exported. An example Prusa GCode file was parsed to establish the machine
codes for print commands and auxiliary functions.

Brim and wiping features were added to the GCode as they help improve
accuracy and help prevent print failure. The brim is extra filament lines that
surrounds the perimeter of the part on the first layer, as shown in Figure 6.12.
The first layer is susceptible to peeling, especially in the vicinity of corners. This
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Before Newton-Raphson correction After Newton-Raphson correction

Figure 6.10: Photograph of printed Gyroid parts showing before and after the
Newton-Raphson correction was implemented. As the marching squares algo-
rithm is only an estimate of the surface, Newton-Raphson corrects the estimated
coordinates onto the surface for each slice. The “after” picture on the right side
shows the Gyroid is visibly smoother.

Figure 6.11: Reorganisation of contour line coordinate print order. The numbered
coordinates indicated the order they will be printed. The second line coordinate
order is flipped as the original endpoint is closest to the endpoint of the first line.

is because the hot filament shrinks as it cools. Wiping is also necessary to improve
accuracy and prevent print failure. When the printer finishes printing a line there
is residue filament at the tip of the nozzle. Wiping retraces the line backwards
for a short distance while negatively extruding. Without wiping, the print quality
is visibly reduced and can cause failure. Figure 6.13 shows the same print of a
Gyroid before and after the wiping feature was incorporated.

After the GCode file is outputted, there is an optional program to simulate
the print. This is to help visualise and troubleshoot before printing to save time,
material, and help prevent failures. After the CAM program generates an output
GCode file, the simulation program imports the GCode file, parses it, and plots
each slice layer. Each slice is plotted one at a time with each line printing in
order as it would on the 3D printer in reality, pausing between each line. Each
“printed” layer is superimposed on all the preceding layers. The toolpath lines
are plotted in green and the movements without extruding filament are plotted
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Figure 6.12: Photograph of a printed brim surrounding the perimeter of a Gyroid
part on the first layer.

Figure 6.13: Photograph of before and after the wiping feature was incorporated.

in red. This is a top-down perspective of the x, y print bed, as shown in Figure
6.14.

6.4 Discussion

6.4.1 Streamlined AM Process Flow

Designing geometrically customised TPMS structures using conventional process
flows requires either using CAM infill options or modelling the lattice in CAD.
Infill is an efficient method for creating lattices for AM, however, the customi-
sation options are very limited. Alternatively, CAD has many customisation op-
tions, however, modelling lattices is computationally limited due to mesh-based
modelling. This direct slicing toolpath algorithm is a streamlined method for effi-
ciently creating geometrically customised TPMS structures as infill. As such, this
algorithm uses the best features of the two types of conventional process flows for
AM lattices addressing the second gap found in the literature in Section 2.4.3.
The research contribution is a toolpath algorithm for creating geometrically cus-
tomised TPMS structures that can be adapted as an infill option in commercial
CAM software.
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Figure 6.14: Plot showing an example display of the simulation print produced
from a GCode file. This is a top-down perspective of the first layer of a Gyroid
with 4×4×4 lattices unit cells. The green lines are the toolpath lines the printer
is extruding and the red lines are where the printer is moving but not extruding.
The green box lines around the perimeter are the brim.

Direct slicing methods are also seen in the literature by Ding et al. and Feng
et al.. Both used TPMS implicit functions to direct create GCode for AM ma-
chines. Ding et al. uses the TPMS function to calculate the contour of TPMS
on a slice-by-slice basis for particular isovalues [16]. The contour is then used to
essentially cut out solid infill lines into the TPMS shape. They adapt the TPMS
structures for the number of unit cells, hybrid TPMS structures, wall thickness
gradients, and TPMS structures within TPMS structures. Feng et al. use the
TPMS functions to create toolpaths then generate equidistant adjacent toolpath
lines [229].

Rather than using solid infill lines or equidistant adjacent lines to create uni-
formly thick structures, this algorithm uses adjacent TPMS contour lines. As
TPMS have been shown to have strong mechanical properties [12], this algo-
rithm creates TPMS structures made of nested TPMS structures. The adjacent
contour lines are controllably calculated using the minimum thickness relation-
ships from Chapter 5. This ensures that adjacent contour lines are not too close
to cause print failure. Also by using contour lines as toolpaths, this reduces the
print time as there are less lines to print compared to solid infill, as shown in
Figure 4.6.
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Figure 6.15: Comparison of the mathematical function for Primitive with three
varying isovalues using the graphing tool Desmos and a printed Primitive struc-
ture. The gaps between the adjacent contour lines match between the mathemat-
ical function and the printed specimen.

The algorithm can create TPMS structures based on a geometric specification,
i.e. volume fraction, surface area, or minimum thickness. This is done by calcu-
lating toolpaths using the the relationships from Chapter 5. Using the work from
this chapter built on the work from the previous chapter results in a meshless
alternative process flow. This process flow allows designers to create customised
TPMS structures without the need for inefficient mesh-based modelling or ardu-
ous mathematical calculations.

6.4.2 Opportunities for Continued Development

Removing Gaps Between Toolpath Lines

Toolpaths based on TPMS contour lines have gaps between adjacent toolpaths.
This is because TPMS structures defined by isovalues do not have uniform thick-
ness. The gaps can be categorised into two different types. Firstly, calculating
adjacent contour lines based on the minimum thickness produces gaps in regions
where the distance is larger than the minimum thickness value, as shown in Figure
6.15. The diagram shows the Primitive mathematical functions using the visual
graphing tool Desmos with three varying isovalues compared with a printed Prim-
itive part showing the matching gaps where there is a greater distance between
adjacent lines.

Secondly, TPMS are composed of primitive patches, where the primitive patch
is the most elementary patch that can create an entire lattice surface by affine
transformations [185] as discussed in Section 2.4.2. When the vertex of the prim-
itive patch has a tangent plane perpendicular to the print direction, this has a
high susceptibility of forming a gap as shown in Figure 6.16. The contour lines
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Figure 6.16: Gap between filament occurs at the primitive patch vertex when
perpendicular to print direction, i.e. z-direction. Left-hand diagram shows the
TPMS Primitive composed of primitive patches denoted by grey triangles. The
vertex that is susceptible to gaps is in blue. The next two diagrams are pictures
of a printed Primitive specimen rotated by 90◦, as the Primitive is symmet-
ric, showing that the gap only happens when the vertex is perpendicular to the
print direction. [Left-hand diagram modified from commons. wikimedia. org/ wiki/

File: Lines_ of_ curvature_ make_ a_ quadrangulation_ of_ the_ domain. jpg , Li-

censed under CC-BY-SA, copyright Whitegreen Hua.]

on a slice near the vertices change rapidly as z changes. The z height is only
increased incrementally by the nozzle size and is therefore difficult to adjust for.
When the exact coordinate is not part of the toolpath line there is a high chance
for a gap to form as shown by Figure 6.17. This type of gap is also visible in the
PrusaSlicer Gyroid infill, which uses the Gyroid explicit function.

Implementing Further TPMS Types

This algorithm calculates isovalues using the geometric relationships from the
previous chapter. As the previous chapter created relationships for five TPMS,
other TPMS would not be able to use this algorithm in full. To create other
TPMS single and double surface structures, new relationships would have to be
established using the methods outlined in the previous chapter. However, the
‘isoline’ structure type would be able to create other TPMS structures if the
implicit function and gradient function are implemented into the CAM program.

6.5 Conclusion

Geometrically customised TPMS structures can be printed based on an input ge-
ometric specification using the developed direct slicing toolpath algorithm. Cus-
tomised TPMS structures are challenging to create using conventional process
flows. This algorithm harnesses the efficiency of infill while offering the customis-
ability of CAD. The geometric properties of TPMS structures can be used to
relate to other advanced engineering properties, such as mechanical strength.
Once the geometric properties of printed TPMS structures have been related to
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Toolpath gaps
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Figure 6.17: Comparison of the mathematical function for a Gyroid double surface
structure (a) and single surface structure (b) with varying isovalues. The gaps
at the primitive patch vertex match between the mathematical function and the
printed specimen.

other properties, these properties can be used directly to create tunable TPMS
structures. As such, the final phase of this thesis is to experimentally test cus-
tomised TPMS in an application, namely compressive mechanical testing. This
demonstrates building the relationships between volume fraction with compres-
sive properties of TPMS structures. The experimental testing evaluates the per-
formance of the printed TPMS parts using the direct slicing toolpath algorithm.
Also, the testing quantifies the accuracy of the print compared to the calculated
geometric properties.
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Chapter 7

Experimental Application in
Additive Manufacturing

7.1 Introduction

Many properties of interest to engineers and designers, such as compressive me-
chanical properties and heat transfer properties, are based on equations that
relate to elementary geometric properties. Thus, to design parts with tunable
engineering properties, relationships can be established through experimentally
testing geometrically customised TPMS structures. These relationships can take
advantage of the geometric relationships established in Chapter 5, and then use
the toolpath algorithm developed in Chapter 6 to realise the desired geometries.

This chapter focusses on calculating the relationship for creating physical Gy-
roid structures with tunable compressive strength. The Gyroid was chosen as it is
one of the most popular TPMS in the AM community and integrated in commer-
cial toolpath planner software as Gyroid infill. Compressive testing was chosen
as there is a generalised relationship between the bulk compressive mechanical
properties and the volume fraction of the cellular materials. The relationship is
a power law called the Gibson-Ashby relationship

E = C(Vf )
n , (7.1)

where E is the Young’s modulus, Vf is the volume fraction between the lattice and
a solid object, and C and n are constants [240]. The Gibson-Ashby relationship
also holds for other properties such as yield strength. The existence and maturity
of this empirical model, and the fact that compressive testing can be executed in
a controlled manner, makes this a useful mechanism through which to prove the
underlying methodology proposed in this research.

7.2 Test Specimen Information

Experimental testing was performed on printed Gyroid specimens with a double
surface structure. Test specimens were printed using a Prusa Mk3 i3 3D printer
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Table 7.1: Test specimen information summary.

Parameter Data

3D Printer Type FDM
Material PLA

Nozzle Diameter 0.4 mm
TPMS Type Gyroid

Outer Geometry Cubic
Dimensions 38× 38× 38 mm

Number of Cells 4× 4× 4
Thickness Levels 8

Samples Per Thickness Level 5

with silver PLA “Prusament” filament and a 0.4 mm nozzle. Specimens were
printed with varying volume fractions with the number of lattice unit cells and
outer shape held constant. Thus, varying the volume fraction changed the thick-
ness of the specimens, i.e. the number of adjacent toolpath lines. Specimens with
different volume fractions will hereafter be referred to as “thickness levels”.

The outer lattice shape is a cube designed with 38 mm side lengths as the
circular compression instrument plates have a diameter of 56.57 mm. The lattices
were comprised of 4× 4× 4 lattice unit cells. Maskery et al. determined Gyroid
structures with at least 4×4×4 lattice unit cells behave as a bulk lattice structure
[10].

For the given geometry and print settings, the maximum possible thickness is
eight adjacent filament toolpath lines. Therefore, there were eight thickness levels
tested with each thickness level corresponding to the number of integer filament
toolpath lines, as shown in Figure 7.1. The thickness level and corresponding
isovalues are tabulated in Table 7.2.

The experimental testing followed ISO-604:2003 Plastics - Determination of
compressive properties [241]. Each thickness level had five printed specimens lead-
ing to a total of forty printed test specimens. Table 7.1 provides the overall in-
formation for this set of experiments.

7.3 PLA Density Measurement

The density measurement of PLA will be necessary later in this chapter to cal-
culate the volume fraction of the test specimens. The density of Prusament PLA
was measured by cutting a piece of filament and measuring the mass mPLA, the
length L, and the diameter d. This can be written out as

ρPLA =
mPLA

π(d/2)2L
. (7.2)

The volume was measured by measuring the length with a metal straight edge
and the diameter with calipers. The diameter and mass measurements were mea-
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Figure 7.1: Picture of the eight thickness levels of printed Gyroid structures ar-
ranged in order of increasing volume fraction.

Table 7.2: Corresponding isovalues to test specimen thickness level. Both perime-
ter and filler isovalues were calculated with the relationships produced in Chap-
ter 5

Level Perimeter Isovalues Filler Isovalues

1 0
2 -0.2, 0.2
3 -0.4, 0.4 0
4 -0.59, 0.59 -0.2, 0.2
5 -0.77, 0.77 -0.4, 0, 0.4
6 -0.93, 0.93 -0.59, -0.2, 0.2, 0.59
7 -1.08, 1.08 -0.77, -0.4, 0, 0.4, 0.77
8 -1.21, 1.21 -0.93, -0.59, -0.2, 0.2, 0.59, 0.93

sured with calipers and a weighing scale, respectively, and the measurement was
repeated five times. The uncertainties were the standard deviations of the mea-
surements. However, as the section of filament was curved and pliable, the length
could not be measured with calipers. Thus the length uncertainty from using
the metal straight edge was estimated to be 0.5 mm. The calculated density was
1.302± 0.032 g·cm−3.

7.4 Volume Fraction Measurements

The geometric accuracy of the print can be captured by comparing volume frac-
tion measurements to the calculated values from Chapter 5. As such, the volume
fractions of the test specimens need to be measured before the compression test-
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Figure 7.2: Photograph of specimen on printer bed with labelled x, y, z directions.
Print direction is parallel to z axis.

ing. The volume fraction can be re-written as follows

Vf =
ρlatt
ρPLA

(7.3)

where ρ is the density. Thus, the three physical quantities to be measured exper-
imentally in the volume fraction can be written as

Vf =
mlatt

VlattρPLA
(7.4)

where mlatt is the mass and Vlatt is the overall volume of the specimens.
The mass of each specimen were measured using a Balance Technology AB304-

S weighing scale. The volume of the specimens was calculated from measuring
each side length. Each specimen side length was measured in the x−, y−, and
z−direction using Mitutoyo calipers. The x−, y−, and z−direction are relative to
the print direction and print bed as shown in Figure 7.2. The length measurements
were measured in different locations on the lattice face. This is to capture that
the faces may not be uniform. Table 7.3 summarises the mean and uncertainties
of each measured physical property for each thickness level. The measurements
were repeated five times to calculate the uncertainty.

The calculated volume fraction using the relationships from Chapter 5 and
the experimental volume fraction measurements can now be compared. The dis-
crepancy can be compared to the isovalue that were originally used to calculate
the relationships in Chapter 5. Figure 7.3 shows that the discrepancy increases
as the thickness increases, i.e. as the volume fraction increases. This shows that
as the specimen got thicker and had more toolpath lines, the less accurate the
printed specimen became. This is due to the toolpath gaps discussed in Section
6.4.2 and the FDM resolution.
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7.4. Volume Fraction Measurements

Table 7.3: Mass and length measurements with uncertainties calculated from the
standard deviation of five repeats.

Thickness level mlatt ± u(mlatt) g x± u(x) mm y ± u(y) mm z ± u(z) mm
1 7.9640± 0.0073 38.05± 0.24 38.16± 0.15 37.86± 0.16
2 15.8673± 0.0052 38.28± 0.32 38.34± 0.20 37.828± 0.067
3 23.569± 0.010 38.50± 0.10 38.455± 0.060 37.87± 0.10
4 30.675± 0.013 38.594± 0.052 38.490± 0.061 37.839± 0.044
5 36.964± 0.015 38.51± 0.12 38.438± 0.068 38.051± 0.045
6 41.188± 0.035 38.536± 0.086 38.48± 0.21 38.028± 0.065
7 46.445± 0.087 38.548± 0.063 38.445± 0.091 38.095± 0.078
8 50.570± 0.064 38.522± 0.083 38.37± 0.14 38.098± 0.082
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Figure 7.3: The discrepancy between the measured volume fraction and the cal-
culated volume fraction from Chapter 5. As the thickess increase the accuracy
decreases due to the toolpath gaps discussed in Chapter 6 and the FDM resolu-
tion. The red line is the ideal case of zero discrepancy.

To calculate the combined measurement uncertainty, the general formula [263,
264] for combining uncorrelated measurement is used, specifically

∆F =

√√√√∑
i

(
∂F

∂xi
∆xi

)2

(7.5)

where ∆F represents the combined uncertainty of the estimate F and xi are the
input estimates.

92



Chapter 7. Experimental Application in Additive Manufacturing

Figure 7.4: Example of the progression of compressive testing.

7.5 Compression Testing

The compression testing was conducted on the Instron 3369 using the ISO-
604:2003 Plastics — Determination of compressive properties [241]. Each spec-
imen was compressed at a speed of 0.76 mm/min. Each test was run until it
was either past the densification point or at the 50 kN limit of the Instron load
cell. Figure 7.4 shows an example of the progression of compressive testing. The
exported data files contained the distance travelled (mm), force measured (kN),
and time (s).

From the raw data, the stress and strain values were calculated and plotted.
All raw stress-strain plots of the experimental data are in Appendix B, where
there are eight plots for each level and the five curves per sample on each. The
stress-strain curves follow three general phases for lattice deformation [265]. At
low strains, the lattice elastically deforms, followed by a plastic region, then finally
densification.

There were two types of stress-strain plastic behaviour depending on the thick-
ness of the specimen, as shown in Figure 7.5. For thinner specimens, thickness
levels one through four, the plastic region had a distinct yield strength, i.e. max-
imum of the first peak past the elastic region as shown by Figure 7.5(a). These
specimens during the compression testing would exhibit a small audible cracking
sound at this point. This was especially true for the thickness level one specimens
as the plastic region had multiple consistent small peaks for all five repeat spec-
imens. The cracking sounds occurred as there were multiple points of buckling
and fracturing as seen in Figure B.1. This is likely because these specimens had
no adjacent toolpath lines for support. The consistent buckling behaviour in the
plastic region shows that the developed CAM program was able to make consis-
tent structures. As the thickness increased, the plastic region gradually resembled
the plastic region of thicker specimens seen in Figure 7.5(b). The thicker spec-
imens did not have a distinct peak where the yield strength occurred. Instead,
the peak was more of a “shoulder” where the following plastic region exhibits
a shallower gradient on the curve immediately after the elastic region, as plas-
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tic deformation sets in. As the specimens become thicker they become stronger
as they become more like a solid object. This is a design trade-off between the
lightweighting lattice benefit and a solid object.

Using the stress-strain curves, the Young’s modulus was calculated from the
linear elastic region. All points within this region were then used to create a linear
regression model in which the slope is the Young’s modulus. The residuals were
checked to ensure that the window did not capture nonlinear regions and the
largest residual was 0.0032% of the Young’s modulus.

7.6 Calculate Gibson-Ashby Relationship

The Gibson-Ashby relationship, Equation 7.1, shows that the compressive me-
chanical properties are directly proportional to the volume fraction of the cellular
solid. To solve for Young’s modulus, 7.4 was inserted into 7.1

E = C

(
mlatt

VlattρPLA

)n
, (7.6)

where all terms except the constants are experimentally measured. Using non-
linear least squares fitting, the Gibson-Ashby relationship for the Young’s mod-
ulus of the specimens is calculated. The uncertainties of the Gibson-Ashby rela-
tionship constants are obtained first by calculating the covariance matrix using
the output Jacobian matrix from the MATLAB built-in function lsqnonlin with

Σ = (JTJ)−1 (7.7)

where Σ is the covariance matrix and J is the Jacobian matrix. The uncertainties
are the square root of the variance terms, i.e. the main diagonal terms, of the
covariance matrix. These were used to give the uncertainties of the calculated
Young’s modulus. The Gibson-Ashby relationship constants were calculated to
be C = 1274.0± 2.5 MPa and n = 1.4343± 0.0034.

The calculated volume fraction using the relationships from Chapter 5 can
be substituted into equation 7.6 to obtain the calculated Young’s modulus, Ecalc.
The volume fraction and Young’s modulus values were fitted using non-linear
least squares regression to obtain the Gibson-Ashby relationship power law con-
stants. The absolute normalised residuals ranged from approximately 1% to 19%
as shown in Figure 7.6. All discrepancies are under 10% for volume fractions
greater than 20%.

The discrepancy between the measured and calculated Young’s modulus was
obtained and plotted in Figure 7.7. This assessed how well the physical properties
can be predicted from geometric relationships. This shows that the discrepancy
increases as the thickness increases. This reflects the volume fraction discrepancy
that also increased with increasing thickness.
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Figure 7.5: Representative results from compression testing for samples of varying
thickness. (a) thickness level one. (b) thickness level seven.

7.7 Discussion

This chapter relates printed geometrically customised Gyroid double surface
structures to compressive mechanical properties. The relationship is calculated
between the volume fraction and the Young’s modulus based on the Gibson-Ashby
relationships. As the measured volume fraction and Young’s modulus data are fit
to the Gibson-Ashby with low residuals, this successfully shows that the compres-
sive mechanical properties relate to volume fraction as a cellular material. This
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Figure 7.6: Plots depicting the nonlinear fitting of the measured volume fraction
and Young’s modulus data values. The Gibson-Ashby relationship power law
constants were obtained from the fitting. (a) shows the raw data as points and the
fitting model as a line plot. (b) shows the absolute normalised residuals showing
the magnitude of the relative discrepancy from the fitted power law.

shows that by measuring the volume fraction of Gyroid double structures printed
using the CAM program developed in Chapter 6, the Young’s modulus can be
calculated using the model without having to perform additional compressive
testing. From this chapter, the research contribution is this expands on the work
of the previous chapter by extending the TPMS structure customisation capabil-
ities to further engineering properties. This further addresses the second research
gap identified in Section 2.4.3 by providing a method to customise TPMS using
direct slicing methods. Additionally, the accuracy of the toolpath algorithm is
quantified and the causes of the toolpath gaps have been identified.

In comparison, there are other research teams who have studied compressive
testing on TPMS structures fabricated with FDM using PLA [138,206–208,210,
212]. While direct comparisons cannot be made since all but Higuera et al. tested
different types of TPMS structure. Higuera et al. tested double surface Gyroid
specimens with varying isovalues and number of lattice unit cells along with
different types of FDM filament materials including PLA. The Young’s modulus
data was not provided and so a direct comparison between this work and the
work of Higuera et al. was not possible.
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Figure 7.7: The discrepancy between the measured and calculated Young’s mod-
ulus tended to increases as the thickness increases. This result follows similar
increasing trend to the volume fraction discrepancy. The red line is the ideal case
of zero discrepancy.

The volume fraction measurements of the printed specimens are also used to
quantify the discrepancy between the measured values and the calculated values
using the relationships from Chapter 5. The measured volume fractions are lower
than the calculated volume fractions with at least 15% discrepancy as shown in
Figure 7.3. The discrepancy increases to almost 30% as the lattice volume fraction
is increased. The measurement discrepancies, u(vf ), are below 1% and are much
smaller in comparison. This indicates that volume fraction discrepancies are due
to the toolpath imperfections discussed in Chapter 6 and the FDM filament
resolution.

This quantifies the volume fraction discrepancy for a double surface Gyroid.
This discrepancy would change for different types of TPMS and structure types.
Printed TPMS structures with higher surface area require more filament. If the
surface area changes rapidly as the isovalue changes this may indicate more re-
gions where the contour experiences non-isotropic expansion, i.e. more gaps be-
tween toolpath lines. As the surface areas for different TPMS types were calcu-
lated in Chapter 5, Figures 5.19 and 5.20, this would indicate structures, such as
the Diamond, that may have larger volume fraction discrepancies. The different
primitive patches of TPMS types will also impact the number of gaps. This is also
discussed in Chapter 6, as vertices of primitive patches where the tangent plane
is perpendicular to the print direction are susceptible to producing gaps between
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toolpath lines. The toolpath algorithm can be optimised to identify regions prone
to gaps to reduce the volume fraction discrepancy.

7.8 Conclusion

The experiments in this chapter measured the compressive strength for Gyroid
structures created using a novel toolpath algorithm, calculated the Gibson-Ashby
relationship relating the volume fraction and Young’s modulus, and quantified
the discrepancies between the measure volume fraction and calculated volume
fraction from Chapter 5. From calculating the Gibson-Ashby relationship, this
showed the Gyroid structures had compressive mechanical properties of cellular
material. The discrepancies between the measure and calculated volume fraction
were high, however, this is due to the previously identified issues in Chapter 6.
These could be modelled to be accounted for or corrected in the toolpath algo-
rithm as discussed in Chapter 8.
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Chapter 8

Discussions and Conclusions

8.1 Introduction

This thesis details the creation of an alternative process flow for designing and
fabricating AM TPMS lattices using meshless methods. Driven by the bottlenecks
in the conventional AM process flow, the developed meshless methods allow de-
signers to create customised AM TPMS for a variety of engineering applications.
The overarching discussion, conclusion, and future works are detailed in the sub-
sequent sections.

8.2 Overarching Discussion

AM is a unique manufacturing method that fabricates parts by adding material in
a layer-by-layer fashion. This manufacturing method allows parts to be fabricated
with highly customised geometries. In particular, customised lattice structures are
feasible with AM. AM lattice structures are attractive across various industries,
such as medicine, aerospace, and electrical components, due to their unique high
SAVR, porous networks, and lightweight properties.

The challenge with AM lattices is they are difficult to model with the conven-
tional AM process flow. There are two methods for modelling lattices within the
conventional AM process flow. AM lattices can be efficiently designed in CAM
software as infill. However, there are generally very limited options for lattice type
and geometric customisation as discussed in Section 2.3.4. The other method is
to design lattices in CAD software for more modelling capability. However, as
lattices can have high SAVR, complex topologies, and regions of high curvature,
they are difficult to approximate with mesh-based modelling in traditional CAD
software and the intermediary file formats as discussed in Section 2.3.4.

This thesis has concentrated on the creation of an alternative AM process flow
for lattices, focussing on TPMS, by developing meshless methods, i.e. by using
implicit functions. The alternative process flow creates customised TPMS struc-
tures as infill in a newly-developed prototype CAM program. This harnesses the
efficiency of creating infill whilst having the customisability of CAD modelling.
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Figure 8.1: The work flow of this research. This shows how the work from each
chapter was needed for the next development steps.

The research presented in Chapter 5, Chapter 6, and Chapter 7 follows the pro-
gression of an AM process flow. The work from each chapter was needed for the
next development steps as shown in Figure 8.1.

This research provides designers with an alternative AM process flow for cre-
ating TPMS structures with tunable mechanical properties. As compressive me-
chanical properties, i.e. Young’s modulus, relates to the volume fraction of cellular
structures, the compressive testing in this thesis established the Gibson-Ashby
relationship. While there are volume fraction discrepancies, the causes of these
issues were identified in Section 6.4.2. From this, the volume fraction for a spec-
ified Young’s modulus can be determined. Then, using the determined volume
fraction, the direct slicing toolpath algorithm can calculate the exact TPMS im-
plicit function isovalues using the established geometric relationships. Then, with
the calculated isovalues and outer shape specifications, the direct slicing toolpath
algorithm can output a GCode file to fabricate the customised TPMS structure.

The developed methods addressed the two gaps identified in the literature in
Section 2.4.3. The difficulties in creating AM TPMS structures with customised
geometric properties was addressed by establishing geometric relationships in
Chapter 5. The limited alternative methods to produce customised TPMS struc-
tures that avoid mesh-based modelling was addressed in Chapter 6 with the
development of the toolpath algorithm. Similar research for creating direct slic-
ing methods for TPMS included the work of Feng et al., Ding et al., and Wang
et al.. Their work also developed toolpath algorithms to fabricate AM TPMS
structures. However, this thesis not only developed a different toolpath algo-
rithm based on contour lines but also the TPMS structures are customisable by
a geometric specification input by using geometric relationships from Chapter 5.
Also, by using contour lines this produces fewer toolpath lines such that the print
runs quickly and smoothly, whilst preserving the TPMS geometry integrity by
creating TPMS structures with nested TPMS. Additionally, similar developments
for modelling TPMS with implicit functions include the lattice CAD software,
such as FLatt Pack, Gen3D, and nTopology [171, 173, 174], and the volumetric
extension for 3MF [158]. While they model TPMS using implicit functions, this
research models customised TPMS structures as infill in the CAM stage.

There are some known limitations to this research that are worth acknowledg-
ing. None of these detract from the originality and, instead, form sensible avenues
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for future research. The first limitation is the fact that the developed algorithms
and methods have only been developed or applied to a five TPMS geometries.
Despite this, the techniques and methods can be extended to new TPMS geome-
tries. The second limitation is that the methods have only been developed and
proven for the FDM AM process. However, there are no obviously insurmountable
technical barriers that would prevent this research from being modified to suit
a different process, such as PBF. These are only current limitations and provide
avenues for the methods to be expanded on.

8.3 Conclusions

This thesis has fulfilled its aim to develop an alternative AM process flow for
creating customised TPMS structures. The work focussed on developing meth-
ods to address the identified gaps in literature. As such, the methods resolve
difficulties in geometrically customising TPMS structures and provide alterna-
tives approaches that avoid the mesh-based bottlenecks in the conventional AM
process flow. The research outputs are as follows:

Numerical methods to calculate geometric properties for TPMS
structures

A set of numerical methods were established to reliably calculate volume frac-
tion, surface area, and minimum thickness for TPMS structures created with
varying isovalues. Multiple numerical techniques were trialled before a set
was established based on criteria of reproducibility, accuracy, and computa-
tional efficiency. This addresses the discrepancy in creating TPMS structures
to a geometric design criteria discussed in Chapter 2. This set of numerical
methods and openly available MATLAB program provides designers with a
dependable method for generating custom TPMS structures.

Relationships between the implicit function isovalue and geometric
properties for five TPMS structures

Empirical relationships between the isovalue and geometric properties were
established for Primitive, Gyroid, Diamond, Neovius, and iWP structures.
Datasets created using the numerical methods were fit using robust Cheby-
shev polynomials to a clear accuracy tolerance. The coefficients in a standard
polynomial format are available for five TPMS structures for the single and
double surface cases. These polynomial relationships are useful as they allow
designers to controllably model TPMS structures to design specification by
adjusting the TPMS isovalue. While other research teams have calculated ge-
ometric properties, this research contributes robust relationships with known
tolerances that can be used as is or integrated into the back-end of CAD
packages.
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Method to AM TPMS with tunable geometric/mechanical properties
without mesh-based CAD or intermediary file formats

A direct slicing toolpath algorithm was developed that creates GCode for
customised TPMS structures based on input geometric property specification.
The algorithm adaptively calculates toolpaths based on the contour lines using
on the geometric relationships. While other direct slicing methods have been
developed by other research groups to create machine code for TPMS, this
research can create GCode for geometrically customised TPMS structures.
This not only provides developers a deterministic method for manufactur-
ing customised TPMS but also provides a method to relate and tune TPMS
structures for an engineering application. Compressive testing was performed
on printed Gyroid specimens showed Young’s modulus relating to the volume
fraction using the Gibson-Ashby relationship. The experiments showed strong
preliminary results, with future work identified to close discrepancies.

These research outputs allow designers to model and create geometrically
customised TPMS structures and can be implemented into commercial software.
From this work, ideas to optimise the methods and augment design capabilities
are elaborated below. By fully exploiting the design freedoms permitted by AM,
the developed alternative process flow for specially tailored AM TPMS structures
can be continually expanded, allowing for more customisability across a range of
design specifications in engineering applications.

8.4 Future Works

Chapter 2 shows that there is a growing interest of meshless, functional-based
modelling and AM TPMS structures within the research communities and indus-
try. There is a continuous need for a standard alternative to mesh-based modelling
for structures like lattices. As such, there are a growing number of CAD programs
that are based on implicit-based kernels that directly cater to modelling TPMS
structures for AM. Alongside, 3MF is releasing a new volumetric intermediary file
that can transport functionally-based models to CAM software. These develop-
ments compounded with many research groups characterising TPMS structures
and their engineering applications in AM indicate a positive future. The contri-
butions from this research support this positive trend.

The following future ideas are a continuation of the work in this thesis. This
section starts with ideas for immediate next steps for optimising the developed
CAM program. As discussed in Section 6.4.2, the calculated toolpaths for TPMS
structures have identified gaps between toolpaths. The toolpath algorithm can
be further optimised to mitigate these gaps. Next, this section goes into further
developments in the future regarding designing TPMS structures with tunable
properties for engineering applications, such as heat exchangers.
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8.4.1 Optimisation of Toolpath Algorithm

As discussed in Section 6.4.2, there are two identified types of toolpath gaps.
The toolpaths are calculated from adjacent contour lines based on the minimum
thickness relationships from Chapter 5. As there is a distance distribution between
adjacent contour lines, this is where the first type of gap occurs. To mitigate this
type of gap, the filament extrusion printer setting could be adaptively adjusted
based on distance distribution between adjacent contour lines. As such, the nu-
merical techniques for calculating minimum thickness from Chapter 5 could be
adjusted.

Currently, the minimum thickness is calculated as the minimum of the dis-
tance travelled of inward facing normals between two surface faces. This algorithm
could be altered such that it obtains a representative set of the distance distri-
bution across the structure for the lattice unit cell volume. Then volume regions
of the unit cell cube could be categorised based on the thickness distribution.
The categorised volume regions could be used in the toolpath algorithm when
translating contour lines into GCode. The extrusion value would adaptively be
set based on the volume regions.

The other gap occurs at TPMS primitive patch vertices that have a tangential
plane perpendicular to the print direction. This region has a high susceptibility
of forming a gap as the contour lines change rapidly as z changes. To potentially
mitigate this gap, an extra calculation step could be added to flag this region.
TPMS are minimal surfaces defined as having zero mean curvature at every point
on the surface. The primitive patch vertices also evaluate to zero Gaussian cur-
vature as they are inflection points [266]. As such, when the contour lines are
calculated in the toolpath algorithm, the Gaussian curvature could be calculated
for the contour points. This would require the additional calculation step when
running the CAM program as well as the Gaussian curvature function to be
implemented for each TPMS type.

8.4.2 Tunable Properties for Wide Range of Engineering
Applications

The alternative process flow can be further developed to enhance the customi-
sation of TPMS structures. As it is further optimised and augmented for new
customisation capabilities, this increases the breadth of designing for new engi-
neering applications. Once the toolpath algorithm is optimised such that it can
create fully closed structures, the toolpath algorithm can be expanded from only
creating GCode for FDM. The algorithm could be generalised to adaptively cal-
culate contours based on different toolpath widths, e.g. laser beam width for
PBF, and other technology-specific parameters, such as laser power. The trans-
lation of the generalised contour toolpaths could also be expanded to translate
into machine code based on the AM technology and machine brand.

Additionally, as the algorithm customises TPMS structures for one geometric
specification input at a time, it could be adjusted so it could optimise TPMS
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structures for compound geometric properties, such as SAVR. The algorithm can
select multiple possible structures that fulfil the compound geometric specifica-
tion, and then choose a final structure based on other factors such as the AM
technology, application properties, etc. For example, a novel heat exchanger with
a TPMS structure, such as the example from Chapter 5 in Section 5.6, could be
customised with tunable heat transfer properties. Building from the optimisation
ideas to print closed structures and implementing other machine code syntax to
print on other AM technologies, the toolpath algorithm could implement different
types of geometric inputs, such as SAVR or hydraulic diameters. Heat exchang-
ers could then be manufactured with varying specifications and tested for heat
transfer properties. This concept could also be applied to other engineering appli-
cations, such as lightweighting aerospace structural components. These are a few
ideas for expanding the alternative process flow, however, as one of the key benefit
of AM is the customisability through a wide range of available AM technologies
and materials, there are many more possible avenues for future projects.
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[153] R. Bonnard, J. Y. Hascoët, P. Mognol, and I. Stroud, “STEP-NC digital
thread for additive manufacturing: data model, implementation and valida-
tion,” International Journal of Computer Integrated Manufacturing, vol. 31,
no. 11, pp. 1141–1160, 2018.

[154] R. Vaidya and S. Anand, “Image Processing Assisted Tools for Pre- and
Post-processing Operations in Additive Manufacturing,” Procedia Manu-
facturing, vol. 5, pp. 958–973, 2016.

[155] “3MF Beam Lattice Extension About this Specification Part I : 3MF Doc-
uments Chapter 1 . Overview of Additions,” 2018.

[156] E. Maltsev, D. Popov, S. Chugunov, A. Pasko, and I. Akhatov, “An Accel-
erated Slicing Algorithm for Frep Models,” Applied Sciences, vol. 11, no. 15,
2021.

[157] K. M. Nsiempba, M. Wang, and M. Vlasea, “Geometrical degrees of freedom
for cellular structures generation: A new classification paradigm,” Applied
Sciences, vol. 11, no. 9, 2021.

[158] “3MF Consortium Announces Volumetric Design Support, Grows Adoption
of 3D Printing Specification,” 2021.

[159] W. E. Lorensen and H. E. Cline, “Marching cubes: A high resolution 3D
surface construction algorithm,” Computer Graphics, vol. 21, no. 4, pp. 163–
169, 1987.

[160] C. Maple, “Geometric design and space planning using the marching
squares and marching cube algorithms,” in Proceedings - 2003 Interna-
tional Conference on Geometric Modeling and Graphics, GMAG, IEEE,
pp. 90–95, 2003.

118



References

[161] T. S. Newman and H. Yi, “A survey of the marching cubes algorithm,”
Computers & Graphics, vol. 30, pp. 854–879, oct 2006.

[162] Y. Song, Z. Yang, Y. Liu, and J. Deng, “Function representation based slicer
for 3D printing,” Computer Aided Geometric Design, vol. 62, pp. 276–293,
2018.

[163] J. C. Steuben, A. P. Iliopoulos, and J. G. Michopoulos, “Implicit slicing
for functionally tailored additive manufacturing,” CAD Computer Aided
Design, vol. 77, pp. 107–119, 2016.

[164] D. Adams and C. J. Turner, “An implicit slicing method for additive man-
ufacturing processes,” Virtual and Physical Prototyping, jan 2017.

[165] Y. Zhang, S. Tan, L. Ding, and A. Bernard, “A toolpath-based layer con-
struction method for designing and printing porous structure,” CIRP An-
nals - Manufacturing Technology, vol. 70, no. 1, pp. 123–126, 2021.

[166] “Creo: Design,” 2022. https://www.ptc.com/en/products/creo.

[167] “Materialise 3-matic,” 2022. https://www.materialise.com/en/software/3-
matic.

[168] “Carbon Design Engine,” 2022. https://www.carbon3d.com/products/carbon-
design-engine.

[169] “Ansys SpaceClaim,” 2022. https://www.ansys.com/en-gb/products/3d-
design/ansys-spaceclaim.

[170] “NX,” 2022. https://www.plm.automation.siemens.com.

[171] I. Maskery, L. Parry, D. Padrão, R. Hague, and I. Ashcroft, “FLatt Pack: A
research-focussed lattice design program,” Additive Manufacturing, vol. 49,
2022.

[172] “Rhinocerous,” 2022. https://www.rhino3d.com.

[173] “Gen3D,” 2022. https://gen3d.com/.

[174] “nTopology,” 2022. https://ntopology.com.

[175] H. Karcher and K. Polthier, “Construction of Triply Periodic Minimal Sur-
faces,” The Royal Society, pp. 2077–2104, 1996.

[176] H. A. Schwarz, Gesammelte Mathematische Abhandlungen. American
Mathematical Soc., 260 ed., 1972.

[177] E. R. Neovius, Bestimmung zweier speciellen periodischen Minimalflächen,
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Appendix A

Appendix: Polynomial Fitting
and Residual Plots

Modelling TPMS structures for AM to a design specification was challenging as
the relationship between underlying implicit function and the geometric proper-
ties was not intuitive. In Chapter 5, the geometric properties (volume fraction,
surface area, and minimum thickness) were calculated for five TPMS structures.
This was done by varying the implicit function isovalues for single and double
surface structures. For each case, Chebyshev polynomial fitting models were pro-
duced to establish empirical relationships between the isovalue and the geometric
properties.

To show confidence of the fits this Appendix shows how well the polynomial
fitting models fit the raw geometric datasets. There are two types of plots for each
case. First is a plot showing the polynomial fitting with the raw data. Second is
the residual plot also displaying the maximum error. These plots are discussed in
Section 5.4.7.
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Figure A.1: Primitive single surface structure volume fraction: polynomial fitting
with the raw data (top) and residual plot with the maximum error (bottom).
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Figure A.2: Primitive double surface structure volume fraction: polynomial fitting
with the raw data (top) and residual plot with the maximum error (bottom).
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Figure A.3: Primitive single surface structure surface area: polynomial fitting
with the raw data (top) and residual plot with the maximum error (bottom).
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Figure A.4: Primitive double surface structure surface area: polynomial fitting
with the raw data (top) and residual plot with the maximum error (bottom).
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Figure A.5: Primitive single surface structure minimum thickness: polynomial fit-
ting with the raw data (top) and residual plot with the maximum error (bottom).
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Figure A.6: Primitive double surface structure minimum thickness: polynomial
fitting with the raw data (top) and residual plot with the maximum error (bot-
tom).
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Figure A.7: Gyroid single surface structure volume fraction: polynomial fitting
with the raw data (top) and residual plot with the maximum error (bottom).
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Figure A.8: Gyroid double surface structure volume fraction: polynomial fitting
with the raw data (top) and residual plot with the maximum error (bottom).
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Figure A.9: Gyroid single surface structure surface area: polynomial fitting with
the raw data (top) and residual plot with the maximum error (bottom).
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Figure A.10: Gyroid double surface structure surface area: polynomial fitting with
the raw data (top) and residual plot with the maximum error (bottom).
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Figure A.11: Gyroid single surface structure minimum thickness: polynomial fit-
ting with the raw data (top) and residual plot with the maximum error (bottom).
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Figure A.12: Gyroid double surface structure minimum thickness: polynomial fit-
ting with the raw data (top) and residual plot with the maximum error (bottom).
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Figure A.13: Diamond single surface structure volume fraction: polynomial fitting
with the raw data (top) and residual plot with the maximum error (bottom).
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Figure A.14: Diamond double surface structure volume fraction: polynomial fit-
ting with the raw data (top) and residual plot with the maximum error (bottom).
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Figure A.15: Diamond single surface structure surface area: polynomial fitting
with the raw data (top) and residual plot with the maximum error (bottom).
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Figure A.16: Diamond double surface structure surface area: polynomial fitting
with the raw data (top) and residual plot with the maximum error (bottom).
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Figure A.17: Diamond single surface structure minimum thickness: polynomial
fitting with the raw data (top) and residual plot with the maximum error (bot-
tom).
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Figure A.18: Diamond double surface structure minimum thickness: polynomial
fitting with the raw data (top) and residual plot with the maximum error (bot-
tom).
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Figure A.19: Neovius single surface structure volume fraction: polynomial fitting
with the raw data (top) and residual plot with the maximum error (bottom).
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Figure A.20: Neovius double surface structure volume fraction: polynomial fitting
with the raw data (top) and residual plot with the maximum error (bottom).
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Figure A.21: Neovius single surface structure surface area: polynomial fitting with
the raw data (top) and residual plot with the maximum error (bottom).
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Figure A.22: Neovius double surface structure surface area: polynomial fitting
with the raw data (top) and residual plot with the maximum error (bottom).
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Figure A.23: Neovius single surface structure minimum thickness: polynomial fit-
ting with the raw data (top) and residual plot with the maximum error (bottom).
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Figure A.24: Neovius double surface structure minimum thickness: polynomial
fitting with the raw data (top) and residual plot with the maximum error (bot-
tom).
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Figure A.25: iWP single surface structure volume fraction: polynomial fitting
with the raw data (top) and residual plot with the maximum error (bottom).
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Figure A.26: iWP double surface structure volume fraction: polynomial fitting
with the raw data (top) and residual plot with the maximum error (bottom).
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Appendix A. Appendix: Polynomial Fitting and Residual Plots
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Figure A.27: iWP single surface structure surface area: polynomial fitting with
the raw data (top) and residual plot with the maximum error (bottom).
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Figure A.28: iWP double surface structure surface area: polynomial fitting with
the raw data (top) and residual plot with the maximum error (bottom).
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Figure A.29: iWP single surface structure minimum thickness: polynomial fitting
with the raw data (top) and residual plot with the maximum error (bottom).
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Figure A.30: iWP double surface structure minimum thickness: polynomial fitting
with the raw data (top) and residual plot with the maximum error (bottom).
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Appendix B

Appendix: Experimental
Compressive Testing Plots

To establish the relationships to create Gyroid structures with tunable mechanical
properties an experimental campaign was conducted in Chapter 7. Compressive
testing related Gyroid structures with varying volume fractions with the Young’s
modulus based on the Gibson-Ashby relationship. The Gyroid specimens were
printed using the direct slicing toolpath algorithm from Chapter 6 based on the
geometric relationships from Chapter 5. was developed to create toolpath lines
from TPMS implicit functions in Chapter 5.

The compressive testing on Gyroid double surface structures followed the
ISO-604:2003 using the Instron 3369. There were eight thickness levels of varying
volume fractions and each level had five repeat specimens for a total of 40 spec-
imens. Below are the stress-strain plots where there are eight plots for each the
thickness levels in order of increasing volume fraction. The five repeat specimen
compression tests for each thickness level are plotted on the same graph. These
plots are discussed in Section 7.5.
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Figure B.1: Stress-strain plot for Gyroid double surface structure specimens,
thickness level 1.

Figure B.2: Stress-strain plot for Gyroid double surface structure specimens,
thickness level 2.
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Appendix B. Appendix: Experimental Compressive Testing Plots

Figure B.3: Stress-strain plot for Gyroid double surface structure specimens,
thickness level 3.

Figure B.4: Stress-strain plot for Gyroid double surface structure specimens,
thickness level 4.
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Figure B.5: Stress-strain plot for Gyroid double surface structure specimens,
thickness level 5.

Figure B.6: Stress-strain plot for Gyroid double surface structure specimens,
thickness level 6.
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Appendix B. Appendix: Experimental Compressive Testing Plots

Figure B.7: Stress-strain plot for Gyroid double surface structure specimens,
thickness level 7.

Figure B.8: Stress-strain plot for Gyroid double surface structure specimens,
thickness level 8.
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