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A B S T R A C T

A finite element modelling of dilute elastomer composites based on a Neo-Hookean elastic matrix and rigid
spherical particles embedded within the matrix was performed. In particular, the deformation field in vicinity
of a sphere was simulated and numerical homogenization has been used to obtain the effective modulus of the
composite 𝜇eff for different applied extension and compression ratios. At small deformations the well-known
Smallwood result for the composite is reproduced: 𝜇eff = (1 + [𝜇]𝜑)𝜇0 with the intrinsic modulus [𝜇] = 2.500.
Here 𝜑 is the volume fraction of particles and 𝜇0 is the modulus of the matrix solid. However at larger
deformations higher values of the intrinsic modulus [𝜇] are obtained, which increase quadratically with the
applied true strain. The homogenization procedure allowed to extract the intrinsic strain coefficients which are
mirrored around the undeformed state for principle extension and compression axes. Utilizing the simulation
results, stress and strain modifications of the Neo-Hookean strain energy function for dilute composites are
proposed.
1. Introduction

Rubber composites based on an elastomeric matrix reinforced with
rigid fillers such as carbon black and silica are widely used in techni-
cal applications, for example in tyres, conveyor belts and automotive
mats. For a better product performance, it is essential to develop a
consistent theoretical description connecting effective material prop-
erties of the reinforced rubbers with the underlying chemistry and
microstructure (Ivaneiko et al., 2017a). Although about nearly 90
hyperelastic material models are already known at the present time (He
et al., 2021), of which only a small number have chemical and mi-
crostructural information on rubber materials, the understanding of
the characteristics of filled polymer networks with respect to finite
element modelling applications is still incomplete. This task becomes
extremely complicated in the presence of so-called active particles,
which interact with each other and/or with the surrounding polymer
chains. Such interactions lead on one hand to appearance of particulate
networks (Huber and Vilgis, 1999; Klüppel, 2003; Vilgis et al., 2009)
and on the other hand to localization of the flexible chains on the par-
ticle surface (Migliorini et al., 2003; Vilgis, 2005; Saphiannikova et al.,
2014; Ivaneiko et al., 2016, 2017b). To simplify the problem, we use
the simplest hyperelastic model of rubber elasticity (i.e. Neo-Hooke),
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whose statistical–mechanical derivation is sufficiently known in the
framework of a Gaussian network model, and whose applicability is
given for moderate strain ratios of the rubber material. Furthermore, we
neglect both the particle–particle and particle–matrix interactions, and
by doing this consider so-called inactive rigid particles. The influence
of the latter on the elastomeric matrix is reduced to the perturbation of
applied deformation field, which gives rise to the hydrodynamic ampli-
fication of the matrix moduli. Over the years a considerable progress
has been achieved in the description of the effective rubber properties
at small deformations (Torquato, 2002). However, the influence of the
hydrodynamic amplification on the material behaviour in the regime
of finite deformations is still far from full understanding.

So, the shear modulus 𝜇 of a dilute elastomer composite filled with
the rigid spherical particles has been predicted from the shear modulus
𝜇0 of the polymer matrix by Smallwood (1944)

𝜇 = 𝜇0(1 + 2.5𝜑), (1)

where 𝜑 is the volume fraction of particles. This result was obtained
in analogy to the seminal calculations of Einstein (1906, 1911), who
predicted the same change in viscosity of a dilute suspension of rigid
spheres in a Newtonian matrix fluid. While at small deformations the
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𝑭

validity of Smallwood’s equation is justified, there is a scarce knowl-
edge, how to modify hyperelastic constitutive equations in the regime
of finite deformations. It is a common practice in the industry and
science of filled rubbers to multiply the strain in non-linear hyperelastic
models with the hydrodynamic amplification factor 𝑋 = 𝜇∕𝜇0 (Klüppel,
2003; Kaliske and Heinrich, 1999; Westermann et al., 1999; Meier and
Klüppel, 2008; Lorenz et al., 2010; Plagge et al., 2020), which is much
higher than the strain amplification factor 𝑎d = 1∕(1 − 𝜑) predicted in
the literature (Einstein, 1906; Batchelor and Green, 1972; Smallwood,
1944; Castañeda and Tiberio, 2000; Govindjee and Simo, 1991).

The strain amplification approach used by the elastomer commu-
nity (Klüppel, 2003; Kaliske and Heinrich, 1999; Westermann et al.,
1999; Meier and Klüppel, 2008; Lorenz et al., 2010) is based on the
old recommendation of Mullins and Tobin (1965), who wrote in 1965:
A priory it appears more reasonable to consider that the local strains are
on average 𝑋 times greater than the overall strain. More precisely, the
assumption of Mullins and Tobin (1965) requires that instead of the
macroscopic extension ratio 𝜆 one should use the microscopic extension
ratio 𝛬 in the constitutive equation. The microscopic extension ratio is
calculated from the external engineering strain 𝜀 = 𝜆 − 1 as

𝛬 = 1 +𝑋𝜀. (2)

Applying relation (2) to the Hooke’s law, it has been shown by us (Do-
murath et al., 2014, 2017) that the concept of Mullins and Tobin vio-
lates the energy balance condition, which should be satisfied when per-
forming the homogenization procedure (Torquato, 2002). This means, a
great care should be taken, even when the strain amplification factor is
used to modify the linear constitutive equations. Performing numerical
simulations of polymer melts, filled with rigid spheroidal particles,
we understood that the effect of hydrodynamic amplification in these
systems can be decomposed into the stress and strain amplification
factors (Domurath et al., 2015, 2019, 2020). The emerging concept of
stress and strain amplification has been verified in a recent study of
stress–strain behaviour of filled rubbers (Plagge and Klüppel, 2017). Ac-
cording to the authors, the stress amplification is of minor importance,
especially for large volume fractions of particles.

It is important to point on another drawback of the strain ampli-
fication approach proposed by Mullins and Tobin (1965). Eq. (2) is
only valid at small deformations and thus, strictly speaking, cannot be
applied in the case of finite deformations, where instead of engineering
strain 𝜀 one should use appropriate finite deformation measures. To
clarify this issue, we decided to perform numerical simulations of dilute
elastomer composites up to very high deformation ratios along the
extension and compression branches. The first question on which we
wanted to obtain an answer to was whether the intrinsic modulus
increases or decreases at finite deformations and how strongly. The
second question was how the applied strain changes along the principle
directions and is it possible to relate these changes with those of the
intrinsic modulus. The last but not the least, it was desirable to check
the consequences of the hydrodynamic amplification on the practically
relevant behaviour of the stress–strain curves. Here the evaluation has
been done in the terms of true and engineering stresses by comparing
the results at constant and strain-dependent intrinsic moduli.

2. Modelling and simulation

We consider a spherical particle of radius 𝑎, embedded within a
cubic sample of an elastomeric matrix. The filler particle is assumed
to be rigid with the shear modulus 𝜇𝑝 = ∞. The elastic matrix is a soft
incompressible body with the shear modulus 𝜇0. For the description
of elastic behaviour of matrix let us use the Neo-Hookean law as a
constitutive equation.

In the simulations we minimize the stored energy density functional
in the computational domain 𝛺

𝛱(𝒖, 𝑝) = 𝜓 d𝛺 + 𝑝(𝐽 − 1) d𝛺. (3)
2

∫𝛺 ∫𝛺
Table 1
Volume of particle 𝑉p and its radius 𝑎 in units of 𝐿 and the corresponding volume
fraction 𝜑.
𝑉p 𝑎 𝜑

10−2 0.134 1.25 × 10−3

10−4 0.029 1.25 × 10−5

10−6 0.006 1.25 × 10−7

10−8 0.001 1.25 × 10−9

The first term in (3) is the isochoric part of the stored strain energy
density of the material model. In our case, this is the Neo-Hookean
model

𝜓 =
𝜇0
2
(𝐼 − 3). (4)

with the first isochoric invariant of the Cauchy–Green deformation
tensors

𝐼 = 𝐽−2∕3𝐼 (5)

and 𝐼 = tr(𝑪) and 𝐽 = det(𝑭 ). The deformation gradient is given as

= 𝜕𝒙
𝜕𝑿

(6)

with 𝒙 and 𝑿 being the position vectors in current and reference con-
figurations, respectively. The right Cauchy–Green deformation tensor
is defined as

𝑪 = 𝑭 ⊤𝑭 . (7)

The second term in (3) enforces the incompressibility constraint, where
𝑝 is the hydrostatic pressure. To solve the minimization problem (3),
we use a standard finite element method (FEM), namely Galerkin
method (Großmann and Roos, 2005; Larson and Bengzon, 2013). We
use the FEniCS Package for FEM solution of non-linear variational
problem.

The task investigated in this study is in analogy to the original prob-
lem by Einstein (1906) and Smallwood (1944): uniaxial deformation in
the dilute regime. The geometry of the representative volume element
(RVE) is a cube with the edge length 𝐿 and a spherical hole at its
centre defined by 𝒓 = (0, 0, 0). To reduce the computational effort, the
symmetry of the problem is taken into account and Eq. (3) is only
resolved on one eighth of the geometry, see Fig. 1a. The considered
volume element of the model is 𝑉 , volume of the particle 𝑉p and
volume of the matrix, divided into FEM mesh cells of tetrahedrons,
𝑉mesh. The volume fraction of the particles 𝜑 is introduced as a ratio
of 𝑉p and 𝑉

𝜑 =
𝑉p

𝑉
=

𝑉p

𝑉p + 𝑉mesh
, (8)

being one of the parameter varied in this study (see Table 1).
Fig. 1b shows a sketch of the geometry and the boundary conditions

used in this study. On the particle surface a no-slip condition, 𝒖 = 𝟎, is
applied. The extension and compression of dilute composites is imposed
by applying the displacement 𝒖0 at the outer surface defined by 𝑥 =
𝐿∕2. At the symmetry planes, i.e. 𝑥 = 0, 𝑦 = 0 and 𝑧 = 0, symmetry
boundary conditions are applied. The two surfaces at 𝑦 = 𝐿∕2 and
𝑧 = 𝐿∕2 are traction free.

Introducing macroscopic elongation ratios 𝜆𝑖,0, that characterize the
deformation of macroscopic model in three principal directions 𝑥, 𝑦 and
𝑧, the deformation gradient tensor 𝑭 0 takes a diagonal form

𝑭 0 =
⎛

⎜

⎜

⎝

𝜆𝑥,0 0 0
0 𝜆𝑦,0 0
0 0 𝜆𝑧,0

⎞

⎟

⎟

⎠

. (9)

Then the energy stored in elastic composite due to macroscopic defor-
mation is

𝑊macro =
𝜇eff

3
∑

(

𝜆2𝑖,0 − 1
)

, (10)

2 𝑖=1
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Fig. 1. Elastic matrix with embedded rigid spherical particle at its centre, here the volume fraction 𝜑 = 1.25 × 10−3 (a) and sketch of the computational domain 𝛺 with boundary
conditions (b).
where 𝜇eff is the effective modulus of undeformable hole and soft elastic
matrix.

Then the local deformation can be described via a local deformation
gradient tensor transformed into the main axis system 𝑭 (𝒓), consisting
of its eigenvalues 𝜆𝑖(𝒓)

𝑭 (𝒓) =
⎛

⎜

⎜

⎝

𝜆𝑥(𝒓) 0 0
0 𝜆𝑦(𝒓) 0
0 0 𝜆𝑧(𝒓)

⎞

⎟

⎟

⎠

. (11)

The microscopic energy stored in the elastomer composite can be
computed as an average of the local energies 𝑤(𝒓) over the volume 𝑉

𝑊micro = 1
𝑉 ∫𝑉

𝑤(𝒓) d𝑉 =
𝜇0
2𝑉 ∫𝑉 −𝑉p

3
∑

𝑖=1

(

𝜆2𝑖 (𝒓) − 1
)

d𝑉 . (12)

The r.h.s. of this equation takes into account that the elastic energy is
zero inside the volume 𝑉p of rigid (undeformable) particle. The micro-
scopic energy is then set to be exactly equal to its macroscopic equiva-
lent. This homogenization procedure provides the effective modulus in
the form

𝜇eff = 𝜇0

1
𝑉 ∫𝑉 −𝑉p

∑3
𝑖=1

(

𝜆2𝑖 (𝒓) − 1
)

d𝑉
∑3
𝑖=1

(

𝜆2𝑖,0 − 1
) . (13)

The homogenization procedure is carried out for different volume frac-
tions and multiple applied extension and compression ratios, ranging
between 𝜆𝑥,0 = 0.16…4.34. The extension branch is calculated starting
from 𝜆𝑥,0 = 1.01 with a step of 0.01 using at each step the results
obtained at the previous extension ratio. The compression branch is
calculated in a similar manner starting from 𝜆𝑥,0 = 0.99. We checked
that the incompressibility condition 𝐽 = 1 is fulfilled with a very high
precision for all applied deformation ratios, as the deviations of 𝐽 from
1 do not exceed 10−4. The matrix modulus in the Neo-Hookean model
is set to be 𝜇0 = 10 Pa.

3. Intrinsic modulus

It is convenient to analyse the simulation results in terms of the
extension dependent intrinsic modulus [𝜇](𝜆), defined as the ratio of
the specific modulus

𝜇sp(𝜆) =
𝜇eff(𝜆)
𝜇0

− 1 (14)

to the volume fraction 𝜑 in the limit of vanishingly small values of
𝜑 (Larson, 1999)

[𝜇] = lim
𝜑→0

𝜇sp(𝜆)
𝜑

. (15)

Here 𝜇0 is the matrix modulus and 𝜇eff(𝜆) is the modulus of the
composite computed according to (13).
3

Fig. 2a shows the value of 𝜇sp∕𝜑 versus the macroscopic extension
ratio 𝜆𝑥,0 for seven different volume fractions: 𝜑 = 1.25 × 10−3 …
1.25×10−9. We noticed if the same results are presented in dependence
of the true strain 𝜖𝑥 = ln 𝜆𝑥,0 they receive a beautiful symmetrical
appearance, as shown on Fig. 2b. The value of 𝜇sp∕𝜑 has been calcu-
lated at different values of parameter 𝑁circ that defines the number of
elements along a circle arc on the particle surface. With the increase of
𝑁circ the mesh becomes finer. We found that the meshes with 𝑁circ = 80
provide a quite accurate estimate of the intrinsic moduli [𝜇] = 2.50 ±
0.005 at the dilution exponents 4 ≤ 𝑠 ≤ 7. An increase of 𝑁circ to 100
results in extremely precise values of [𝜇], as shown in Table 2. Further
increase of 𝑁circ at 4 ≤ 𝑠 ≤ 7 does not affect the results but lets the
required computational resources explode. At very high dilutions only
the reduced number of elements along a circle arc on the surface of tiny
particle could be used: 𝑁circ = 80 and 40 at 𝑠 = 8 and 9, respectively.

One can see that there is no difference between the simulation
results obtained for four intermediate volume fractions of particles at
𝑁circ = 100: 𝜑 = 1.25 × 10−4 …1.25 × 10−7. Only the compression zone
is gradually enlarged with an increase of the dilution exponent 𝑠. In
particular, we could reach 𝜆𝑥,0 = 0.43 at 𝑠 = 4 and 𝜆𝑥,0 = 0.36 at 𝑠 = 6.
These results for 𝜆𝑥,0 < 0.5 are presented in Fig. 2, but they are hidden
behind the curves for 𝑠 ≥ 7 being very close to the corresponding
results. At very high dilutions with 𝑠 ≥ 7, we could model extremely low
compression values down to 𝜆𝑥,0 ≈ 0.16. The code cannot find a solution
for the non-linear boundary problem at lower compression ratios.

Some discrepancy is observed for 𝜑 = 1.25 × 10−3 at 𝑁circ = 100,
for 𝜑 = 1.25 × 10−8 at 𝑁circ = 80 and 𝜑 = 1.25 × 10−9 at 𝑁circ = 40.
On one side, the composite is not yet dilute for the largest 𝜑 = 1.25 ×
10−3. On the other side, for very diluted cases the reduced number of
elements along a circle arc on particle surface affects the accuracy of
numerical simulations. The results for intermediate volume fractions
are very close, which proves that the simulations are done in the dilute
regime, when [𝜇](𝜆) is simply equal to 𝜇sp(𝜆)∕𝜑. As the zone of deep
compression 𝜆𝑥,0 < 0.35 can be only explored at high dilution, we chose
𝜑 = 1.25 × 10−7 for a further analysis.

For small values of the extension ratios, i.e. in the linear regime,
Smallwood’s result for the intrinsic modulus of spherical particles [𝜇] =
2.500 is reproduced with a high accuracy. This value for the unde-
formed state at 𝜆𝑥,0 = 1.00 is obtained as an average between the
intrinsic moduli calculated at 𝜆𝑥,0 = 0.99 and 𝜆𝑥,0 = 1.01. For details
see Table 2.

At higher extension ratios the intrinsic modulus is found to increase
quadratically with the true strain, 𝜖𝑥 = ln 𝜆𝑥,0. However, the minimum
value of [𝜇] lies not at 𝜆𝑥,0 = 1.00 but is shifted into the compression
region to 𝜆min = 0.78. To verify this rather unexpected result, we
performed additional simulations. First, as can be seen on Fig. 3a,
exactly the same numerical results were obtained when the sample was
deformed either along the axis 𝑦 or the axis 𝑧, keeping two other outer
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Fig. 2. (a) Dependence of 𝜇sp∕𝜑 on the macroscopic extension ratio 𝜆𝑥,0 along the 𝑥-axis for the volume fractions 𝜑 = 1.25 × 10−𝑠 with the dilution exponent 𝑠 = 3…9. (b) The
same results are plotted in dependence of the true strain 𝜖𝑥 = ln 𝜆𝑥,0.
Fig. 3. Dependence of [𝜇] on the macroscopic extension ratio 𝜆𝑖,0 (a) for principal deformation directions along 𝑥-, 𝑦- and 𝑧-axes; (b) for different boundary conditions: the outer
surfaces 𝑦 = 𝐿∕2 and 𝑧 = 𝐿∕2 are free (blue line) while the deformation is applied along 𝑥-axis, the outer surface 𝑥 = 𝐿∕2 is free (orange dotted line) while equal deformations
are applied along 𝑦- and 𝑧-axes. The volume fraction 𝜑 = 1.25 × 10−7.
Table 2
Intrinsic modulus [𝜇] in vicinity of the undeformed state. Simulations are performed
for different values of the volume fraction 𝜑.
𝜑 𝜆𝑥,0 = 0.99 𝜆𝑥,0 = 1.01 𝜆𝑥,0 = 1.00

1.25 × 10−4 2.500051 2.501209 2.5006 ± 0.0006
1.25 × 10−5 2.499891 2.501076 2.5005 ± 0.0006
1.25 × 10−6 2.499922 2.501108 2.5005 ± 0.0006
1.25 × 10−7 2.499885 2.501064 2.5005 ± 0.0006
1.25 × 10−8 2.499619 2.500717 2.5002 ± 0.0005

surfaces free. Second, the equal deformations 𝜆𝑦,0 = 𝜆𝑧,0 have been
applied simultaneously to two outer surfaces of the sample, keeping
the outer surface at 𝑥 = 𝐿∕2 free. Again, exactly the same numerical
results were obtained, see Fig. 3b. This demonstrates a high accuracy of
the meshes used in the numerical simulations and an overall correctness
of the FEM implemented in the FEniCS Package.

A rather good fit of the simulation data for the intrinsic modulus is
provided by the following quadratic dependence as shown on Fig. 4:

[𝜇] = [𝜇]min + 𝑘(log 𝜆𝑥,0 − log 𝜆min)2. (16)

Here [𝜇]min = 2.492 is the minimum value of [𝜇], log 𝜆min = −0.2848
which gives 𝜆min = 0.752 and the prefactor 𝑘 = 0.1164. The intrinsic
modulus increases up to about 2.81 at 𝜆𝑥,0 = 4.00, that is on about 12%.
Though this dependence is rather weak, it can affect the behaviour
4

of the stress–strain curves in practical applications, as we will discuss
when considering the regime of high volume fractions. The increase of
intrinsic modulus found here is defined by the specific functional form
of the Neo-Hookean model. If we would use the strain energy functions
with two and more material parameters for description of elastomeric
matrix, the homogenization procedure should be performed for mul-
tiple deformation modes to enable the extraction of effective material
parameters and corresponding intrinsic moduli. Due to the hyperelastic
nature of constitutive equations, we expect that all intrinsic moduli
shall increase with the deformation. The extent of increase should be at
least similar to the Neo-Hookean model or could be even stronger for
some intrinsic moduli in the comprehensive material laws (He et al.,
2021).

4. Intrinsic strain coefficients

Knowing the intrinsic modulus it is possible to predict the increase
of elastic energy upon addition of rigid filler particles in the dilute elas-
tic composites. Another characteristic which attracts a special attention
of the research community is the degree of strain amplification. It is
believed that knowledge of this characteristic can help to modify the
hyperelastic constitutive equations. The strain amplification factor can
be introduced in different ways (Domurath et al., 2014, 2017; Plagge
and Klüppel, 2017). In numerical simulations it is natural to introduce
this factor as an average measure of the elastic field perturbation in
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Fig. 4. Fit of the intrinsic modulus [𝜇] (red circles) with the quadratic function (16)
black line). Small green circles represent the values of [𝜇] extracted with the help
f intrinsic strain coefficients according to the relation (20). The volume fraction
= 1.25 × 10−7.

icinity of the rigid particle. In the case of uniaxial deformation a care
hould be taken that the amplification factors may differ for principal
irections: along the symmetry axis 𝑥 and the radial directions 𝑦 and 𝑧.
n our previous work (Domurath et al., 2015) about the stress and strain
mplification in dilute suspensions, we noticed that introduction of the
erturbation term 𝛥(𝛾̇2) = 𝛾̇2(𝒓)− 𝛾̇20 , where 𝛾̇(𝒓) and 𝛾̇0 are the local and
pplied deformation rates, helps to receive a meaningful amplification
actor. Similarly to dilute suspensions, the intrinsic modulus of dilute
lastomer composites can be expressed using appropriate perturbation
erms

𝜇] = 1
𝑉p ∫𝑉

∑3
𝑖=1(𝜆

2
𝑖 (𝒓) − 𝜆

2
𝑖,0)

∑3
𝑖=1(𝜆

2
𝑖,0 − 1)

d𝑉 . (17)

he derivation of this expression follows directly from the comparison
f 𝜇eff defined by Eq. (13) with its value in the dilute regime 𝜇eff =
0(1+[𝜇]𝜑). Besides, it is taken into account that 𝜆2𝑖 (𝒓)−1 = 0 inside 𝑉p,
he volume of rigid particle. Note that [𝜇] = 0 in the limiting case when
here is no embedded particles 𝑉p = 0 and the elastic field becomes
nperturbed, i.e. 𝜆𝑖(𝒓) = 𝜆𝑖,0 for any 𝒓.

In analogy to the expression (17) for intrinsic modulus, the ampli-
fication coefficients for the extension ratios along three principal axes
𝑖 = 𝑥, 𝑦, 𝑧 shall be defined as follows

𝐶𝑖 =
1
𝑉p ∫𝑉

𝜆2𝑖 (𝒓) − 𝜆
2
𝑖,0

𝜆2𝑖,0 − 1
d𝑉 , (18)

here 𝜆2𝑖 (𝒓) are the eigenvalues of the local right Cauchy–Green defor-
ation tensor 𝑪(𝒓). As the FEniCS Package provides only the principal

nvariants of the tensors, the characteristic polynomial (eq. (1.169)
rom Holzapfel (2000)) has been solved for the tensor 𝑪(𝒓) to extract its
igenvalues 𝜆2𝑖 (𝒓). Initially, we found relatively large fluctuations of the
mplification coefficients in the radial direction, these can be attributed
o uncertainty in the assignment of the local principle axes. Due to the
niaxial symmetry around the axis 𝑥, the amplification coefficients 𝐶𝑦
nd 𝐶𝑧 should be equal. Therefore, we averaged simulation results in
he radial direction to improve the reliability

𝑦 = 𝐶𝑧 =
1

2𝑉p ∫𝑉

[

𝜆2𝑦(𝒓) − 𝜆
2
𝑦,0

𝜆2𝑦,0 − 1
+
𝜆2𝑧(𝒓) − 𝜆

2
𝑧,0

𝜆2𝑧,0 − 1

]

d𝑉 . (19)

Fig. 5 shows the values of 𝐶𝑥 and 𝐶𝑦 = 𝐶𝑧 for two volume fractions
𝜑 = 1.25 × 10−7 and 1.25 × 10−3. Similar to the intrinsic modulus, 𝐶𝑖
do not depend on the volume fraction 𝜑 and therefore can be named
intrinsic strain coefficients. 𝐶 is an increasing function of the true
5

𝑥

Fig. 5. Intrinsic strain coefficients along the symmetry axis 𝑥 (blue circles) and in the
adial directions 𝑦 and 𝑧 (red circles) for the volume fraction 𝜑 = 1.25 × 10−7. They
end to have the same value 0.25 in the vicinity of 𝜆𝑥,0 = 1.0, which is clearly seen for
he volume fraction 𝜑 = 1.25 × 10−3 (small green circles).

train 𝜖𝑥 = ln 𝜆𝑥,0, whereas 𝐶𝑦 and 𝐶𝑧 decrease with 𝜖𝑥. Two curves
cross exactly in the vicinity of 𝜆𝑥,0 = 1.0, where 𝐶𝑥 = 𝐶𝑦 = 𝐶𝑧 ≈ 0.25.
Due to numerical uncertainties at very low volume fractions, there
are some runaway values close to 𝜆𝑥,0 = 1.0 but at higher volume
fractions like 𝜑 = 1.25 × 10−3 (small green circles) the cross-point is
well-defined. At large elongational strains 𝐶𝑥 tends to 2.5, while the
radial intrinsic coefficients seem to approach −1.0. The situation is
mirrored at large compressive strains: 𝐶𝑦 = 𝐶𝑧 tend to 2.5, while 𝐶𝑥
radually approaches −1.0. Though a negative value of the intrinsic

strain coefficient looks somewhat unusual, it is not unprecedented. For
example, negative values of the intrinsic viscosity can be found at high
shear rates for strongly shearing fluids (Domurath et al., 2015).

The intrinsic strain coefficients can be related to the intrinsic mod-
ulus

[𝜇]
3
∑

𝑖=1
(𝜆2𝑖,0 − 1) =

3
∑

𝑖=1
𝐶𝑖(𝜆2𝑖,0 − 1), (20)

as follows from comparison of Eqs. (17) and (18). We used the above
relation to estimate the values of [𝜇] by yet another approach. They are
plotted as small green circles on Fig. 4 and appear to be quite close to
the values extracted from the effective modulus (13).

Also we tried to find a relation behind the mirror-symmetry of 𝐶𝑖.
It follows from the incompressibility condition that

(𝐶𝑥 − 1)(𝜆𝑥,0 + 1) = 2(𝐶𝑦 − 1)𝜆2𝑥,0. (21)

However, this condition fails totally to describe the simulation results,
which is rather expected, because to obtain the intrinsic coefficients
not the local extension ratios are averaged but their squares. The best
relation which was found after some trials is as follows

(𝐶𝑥 + 2)(𝜆𝑥,0 + 1) = 2(𝐶𝑦 + 2)𝜆2𝑥,0. (22)

Applying this relation to Eq. (20) allows to separate the strain coeffi-
cients

𝐶𝑥 =
([𝜇] + 2)(𝜆𝑥,0 + 1 − 2𝜆−1𝑥,0)

(𝜆𝑥,0 + 1)(1 − 𝜆−3𝑥,0)
− 2. (23)

𝐶𝑦 =
([𝜇] + 2)(𝜆𝑥,0 + 1 − 2𝜆−1𝑥,0)

2(𝜆2𝑥,0 − 𝜆
−1
𝑥,0)

− 2. (24)

These two expressions predict larger negative values of 𝐶𝑥/𝐶𝑦 in the
compression/elongation region, as can be seen from Fig. 6. What is
clear, it is not possible to predict the relation between 𝐶𝑖 from the
incompressibility condition (21) for a macroscopic sample.
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Fig. 6. Intrinsic strain coefficients along the symmetry axis 𝑥 (blue circles) and in the
adial directions 𝑦 and 𝑧 (red circles) for the volume fraction 𝜑 = 1.25 × 10−7. The
train coefficients extracted with the help of relation (22) are presented by the lines
f corresponding colours.

. Stress and strain amplification approaches

In the dilute regime 𝜇eff = 𝜇0(1 + [𝜇]𝜑) and the macroscopic strain
nergy function (10) can be represented as

macro =
𝜇0
2
(1 + [𝜇]𝜑)

3
∑

𝑖=1
(𝜆2𝑖,0 − 1). (25)

Alternatively, using Eq. (20), it can be shown that

𝑊macro =
𝜇0
2

3
∑

𝑖=1
(1 + 𝐶𝑖𝜑)(𝜆2𝑖,0 − 1). (26)

ence, the macroscopic strain energy function of the dilute elastomer
omposites can be represented either using a pure stress amplifica-
ion approach or a pure strain amplification approach. Studying filled
olymer melts, we developed the mixed stress and strain amplification
pproach (SSAA) (Domurath et al., 2012, 2015), which will also be
nteresting to apply to the elastomer composites. For that let us in-
roduce the stress amplification factor 𝑋, defined as the ratio of the
omposite modulus to the matrix modulus, in the linear regime of small
eformations

=
𝜇eff
𝜇0

= 1 + 2.5𝜑. (27)

nserting this factor in (26), we arrive to

macro = 𝑋
𝜇0
2

3
∑

𝑖=1
(1 + (𝐶𝑖 − 2.5)𝜑)(𝜆2𝑖,0 − 1). (28)

n the previous section, we have shown that the largest value of 𝐶𝑖
s bounded to 2.5 and thus 𝐶𝑖 − 2.5 is always negative. This poses a
uestion, whether the mixed stress–strain representation makes sense
n the case of hyperelastic matrix.

The findings of Eq. (25) are based on the simulation results for
niaxial tension and compression. They can be extended to a planar
ension geometry, also called a pure shear, characterized by the diag-
nal deformation gradient tensor 𝐹 = 𝑑𝑖𝑎𝑔[𝜆, 1∕𝜆, 1]. The macroscopic
train energy for this particular deformation is described by Eq. (25)
ith 𝜆𝑥,0 = 𝜆, 𝜆𝑦,0 = 1∕𝜆 and 𝜆𝑧,0 = 1, whereby the intrinsic modulus is
gain given by Eq. (16). Note, as there is no deformation along the 𝑧
irection, the intrinsic strain coefficient 𝐶𝑧 = 0 at all 𝜆𝑥,0, whereas two
ther coefficients 𝐶𝑥 and 𝐶𝑦 should be mirrored around 𝜆𝑥,0 = 1, similar
s it is shown on Fig. 5. The macroscopic strain energy given by Eq. (25)
hould be also valid in case of simple shear or biaxial deformations.
owever, care needs to be taken in defining, which eigenvalue will play

he role of 𝜆 in Eq. (16) for these complex deformations.
6

𝑥,0
Fig. 7. Dependence of the true stress 𝜎𝑥𝑥 (thick red lines) and engineering stress 𝑃𝑥𝑥
(thick blue lines) on the extension ratio 𝜆𝑥,0. The corresponding stresses 𝜎𝑥𝑥,0 and 𝑃𝑥𝑥,0
for the reference system with constant [𝜇] = 2.50 are represented by thin red and blue
lines. The volume fraction 𝜑 = 0.3.

6. High volume fractions

Numerical simulations in the present study have been carried for
rather low volume fractions to ensure the dilute regime. This allowed
to extract the dependence of the intrinsic modulus on the true strain
with a very high accuracy. There are a plenty of reinforcement formulas
which allow the extension to higher volume fractions relevant to the
practical applications (Torquato, 2002; Vilgis et al., 2009). In the limit
of vanishing volume fractions, a good formula should reduce to the
Einstein/Smallwood result. As we showed in our previous work (Do-
murath et al., 2015), a mean-field approach in the style of Krieger and
Dougherty will lead to the following extension to the higher volume
fractions
𝜇eff
𝜇0

=
(

1 −
𝜑

𝜑max

)−[𝜇]𝜑max
. (29)

Expansion of r.h.s. of this equation into the Taylor series results in
𝜇eff
𝜇0

= 1 + [𝜇]𝜑 +
[𝜇]
2

(

[𝜇] + 𝜑−1
max

)

𝜑2 + 𝑂(𝜑3). (30)

Taking the maximum-packing volume fraction of particles equal to its
value for the rigid uniform spheres, 𝜑max ≈ 0.64 (Larson, 1999), not
only the formula of Smallwood (1944) up to 𝑂(𝜑2) but also the exact
expression of Chen and Acrivos (1978) up to 𝑂(𝜑3) is reproduced
𝜇eff
𝜇0

= 1 + 2.5𝜑 + 5.0𝜑2. (31)

. Implications for engineering and true stresses

Using the Krieger and Dougherty equation (29) with the strain-
ependent intrinsic modulus (16), we shall study in this section the
nfluence of the latter on the Cauchy 𝝈 and first Piola–Kirchhoff 𝑷 stress
ensors. For incompressible composites, these tensors can be obtained
rom the macroscopic strain energy function as follows (Holzapfel,
000)

= −𝑝𝑰 +
𝜕𝑊macro
𝜕𝑭

𝑭 𝑇 , 𝑷 = −𝑝𝑭 −𝑇 +
𝜕𝑊macro
𝜕𝑭

. (32)

In this study the extension and compression of dilute composite samples
is imposed by applying the displacement along the axis 𝑥 and leaving
two other outer surfaces free. This means that only the stress compo-
nents 𝜎𝑥𝑥 and 𝑃𝑥𝑥 = 𝜎𝑥𝑥∕𝜆𝑥,0 have a non-zero value, and the pressure
𝑝 = 𝜇 ∕𝜆 can be calculated from the condition 𝜎 = 𝜎 = 0. Due to
eff 𝑥,0 𝑦𝑦 𝑧𝑧
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the strain dependence of the intrinsic modulus (16), the true stress 𝜎𝑥𝑥
ontains two contributions

𝑥𝑥 = 𝜇eff(𝜆2𝑥,0 − 𝜆
−1
𝑥,0) +

𝜕𝜇eff
𝜕𝜆𝑥,0

(𝜆2𝑥,0 − 2∕𝜆𝑥,0 − 3). (33)

he second contribution is considerably smaller than the first one,
specially at small volume fractions. Fig. 7 shows strain dependences
f the true 𝜎𝑥𝑥 (red lines) and engineering stresses 𝑃𝑥𝑥 (blue lines)
or the volume fraction 𝜑 = 0.3. As the reference system we chose
he dilute elastomer composite with the constant intrinsic modulus
𝜇] = 2.50. Note that the second term in r.h.s. of the Eq. (33) is equal to
ero for the reference system. Comparison of the results obtained with
he strain-dependent and constant intrinsic moduli makes clear, that
lthough the strain dependence appears to be rather weak, it affects
onsiderably the behaviour of the stress–strain curves in the regions of
trong elongation, 𝜆𝑥,0 > 2 and compression 𝜆𝑥,0 < 0.5. Especially, the
rue stress becomes strongly underestimated, when the increase of 𝜇eff
ith strain is neglected. Hence, it is better to take the strain-dependent
ydrodynamic reinforcement into account in the practical applications,
here the filled elastomers undergo large deformations.

. Conclusions

In this contribution a numerical study of dilute elastomer compos-
tes was performed with the aim to understand, whether the intrinsic
odulus deviates at large deformations from the Smallwood’s result
𝜇] = 2.5. For that we first reproduced the Smallwood’s result itself
sing the homogenization procedure which has been applied to a Neo-
ookean elastic solid with embedded rigid spherical particles. In FE

imulations the particle is placed in the centre of a cubic simulation
ell, which undergoes either uniaxial extension or compression along
ne of the principle axes. The difficulty here was that the intrinsic
odulus does not have a minimum value at vanishingly small strains,

.e. for the undeformed solid. Contrary, the minimum is shifted into the
ompression region to 𝜆min = 0.78, at which [𝜇] = 2.492. Averaging the
alues of intrinsic modulus in the vicinity of undeformed state, we were
ble to reproduce the Smallwood’s result with a very high accuracy:
𝜇] = 2.500 for the volume fractions 𝜑 < 1 × 10−3. After proving the
orrectness of the used homogenization approach, the dependence of
ntrinsic modulus on the true strain has been extracted up to high
xtension and compression ratios. Interestingly, this dependence can
e fitted by a quadratic function of the true stress. This opens a
ay for modification of the stored energy density in incompressible
eo-Hookean solid filled with rigid spherical particles.

Besides a pure academic interest, the knowledge of strain-dependent
ntrinsic modulus can be used in practical applications, when the
olume fraction of filler reaches the values of 0.3−0.4. For that it
hould be feeded into one of the formulas describing the hydrodynamic
einforcement at high volume fractions. In the present study we ex-
lored the implications of the strain-dependent intrinsic modulus on
and the Krieger–Dougherty equation. Comparison with the reference
ystem, characterized by a constant intrinsic modulus, clearly showed
hat the true stress becomes largely underestimated in the regions of
igh deformation if the strain dependence is neglected.

Finally, we applied the homogenization procedure to extract the
egree of strain amplification along principle axes. Here it become pos-
ible to introduce the intrinsic strain coefficients, which received their
ames due to independence on the volume fraction. The coefficients
ttain the same value of 0.25 in the undeformed state but otherwise
hey are nearly mirrored around this value. Contrary to the intrinsic
odulus, which is always positive, the intrinsic strain coefficients
ay take negative values down to −1.0. Using these coefficients, we

proposed yet one more modification of the strain energy function for
elastic composites.
7
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