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Existence and reducibility of the Hilbert
scheme of smooth and linearly normal
curves in P of relatively high degrees

Changho Keem

Abstract. Let Hg, g4, be the Hilbert scheme parametrizing smooth irre-
ducible and non-degenerate curves of degree d and genus g in P". We de-
note by Hi g, the union of those components of Hg4,4,» whose general el-
ement is linearly normal. In this article we show that H5 , . (d > g+r—3)
is non-empty in a certain optimal range of triples (d, g,r) and is empty
outside the range. This settles the existence (or non-emptiness if one
prefers) of the Hilbert scheme Hdﬁ,gyr of linearly normal curves of degree
d and genus g in P" for g+r—3 <d < g+r, r > 3. We also determine
all the triples (d,g,7) with g+ —3 < d < g + r for which Hj,, is
reducible (or irreducible).
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1. An overview, preliminaries and basic set-up

Given non-negative integers d, g and r > 3, we denote by Hg 4, the Hilbert
scheme of smooth curves parametrizing smooth irreducible and non-degenerate
curves of degree d and genus g in P".

In two recent works [6, 23], the authors studied the Hilbert scheme of lin-
early normal curves in P", » > 3. As a preliminary attempt toward a
reasonable settlement of the Modified Assertion of Severi — which was
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first addressed in [8, p. 489] and later suggested by A. Lopez in the review
of [19] on MathSciNet; AMS Mathematical Reviews MR1221726(95a:14026)
— the main problem treated in [6, 23] was focused on the irreducibility of the
Hilbert scheme of linearly normal curves as follows.

L

Modified Assertion of Severi. A nonempty Hg , .

triple (d, g,r) in the Brill-Noether range
p(d,g,'f") =9 (T+1)(g_d+7ﬁ) > 07

where Hg oo is the union of those components of Hg 4 - whose general element
is linearly normal.

is irreducible for any

We briefly make a note of the results in [6] regarding this business as follows.

Theorem 1.1 (Ballico et al.). (1) H§+T797T 1s non-empty and irreducible.
(2) H§+T—1,g,r is non-empty and irreducible for g > r+ 1 and is empty for
g<sr.
(3) Every non-empty HE\ . o, .
(4) Ewvery non-empty H§+r73,g,r
empty for g > 3r + 3.

is irreducible.
is irreducible for g > 2r + 3 and is non-

By the Riemann-Roch formula, there is no complete linear series of degree d
and dimension r in case d > g + r + 1. Therefore in this range we have

HE =10

7g7r
and the Modified Assertion of Severi makes sense only if g —d +r > 0.

We remark that the results (1) and (2) in Theorem 1.1 are strong, i.e. the
range of the genus g with respect to the dimension r of the ambient projective
space P" for which H(ﬁgﬂ, (d > g+r—1) is non-empty is sharp. On the other
hand, even though the irreducibility of 'Hi g holds beyond the Brill-Noether
range for d = g + r — 2, the optimal range of g (with respect to r) for which
H§+r72, g, 18 non-empty has not been explicitly obtained in [6]. Instead, the
following scattered results have been shown; cf. [6, Remark 2.4].
(1) Heyy 9y =0forg<r+2,7r>3
(2) HEy, 5, # 0 inside the Brill-Noether range p(g + 1 —2,9,7) = g —
2(r+1) >0,
(3) H§+T_27g7r # () for some values of g > r + 3 outside the Brill-Noether
range.

However for most values of g outside the Brill-Noether range, the existence

of a component of HgLJrer,g,r has been left undetermined.

In this paper we determine the full range of the genus g for which H§ fr—2.gr 7
(). We also get the widest possible (and optimal) range of g for which

L
H9+T’—37977’ # 0.

As a by-product, we come up with the complete list of triples (g +r —3,¢,7)

for which 7—[54_,,_37%7, is reducible.
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The organization of this paper is as follows. After we briefly recall some
terminologies and preliminaries in the remainder of this section, we start the
next section by showing the existence of Hgﬁ tr_2,g,r fOT every g > r+3 outside
the Brill-Noether range.

In the subsequent section, we demonstrate the non-emptiness of 7—[54_7,_37 g
in the optimal range beyond the Brill-Noether range. We then proceed
to determine the irreducibility (or reducibility) of 7—[§+T,3’g’r for every g for
which H5\, 5, #0.

For notation and conventions, we almost always follow those in [3] and [4];
e.g. w(d,r) is the maximal possible arithmetic genus of an irreducible and
non-degenerate curve of degree d in P". Following classical terminology, a
linear series of degree d and dimension r on a smooth curve C' is usually
denoted by g¢7. A base-point-free linear series g, (r > 2) on a smooth curve C
is called birationally very ample when the morphism C' — P" induced by the
g} is generically one-to-one (or birational) onto its image. A base-point-free
linear series ¢ on C is said to be compounded of an involution (compounded
for short) if the morphism induced by the linear series gives rise to a non-
trivial covering map C — C’ of degree k > 2. Throughout we work over the
field of complex numbers.

We recall several fundamental results which are rather well-known; cf. [4] or
[2, §1 and §2]. Let M, be the moduli space of smooth curves of genus g.
Given an isomorphism class [C] € M, corresponding to a smooth irreducible
curve C, there exist a neighborhood U C M, of the class [C] and a smooth
connected variety M which is a finite ramified covering h : M — U, as well
as varieties C, W) and G, proper over M with the following properties:

(1) £€:C — M is a universal curve, i.e. for every p € M, £~1(p) is a smooth
curve of genus g whose isomorphism class is h(p),

(2) Wj parametrizes the pairs (p, L) where L is a line bundle of degree d
and h°(L) > r+1 on £ 1(p),

(3) G parametrizes the couples (p, D), where D is possibly an incomplete
linear series of degree d and dimension r on £~1(p).

Let G (G}, respectively) be the union of components of G) whose general
element (p, D) corresponds to a very ample (very ample and complete, re-
spectively) linear series D on the curve C = £~1(p). By recalling that an open
subset of Hg4 4, consisting of elements corresponding to smooth irreducible
and non-degenerate curves is a PGL(r + 1)-bundle over an open subset of g,

the irreducibility of G guarantees the irreducibility of Hgq 4 . Likewise, the

L

irreducibility of G ensures the irreducibility of dg.r

The following facts regarding the schemes G} and W) are also well known;
cf. [13, 2.a] and [4, Ch. 21, §3, 5, 6, 11, 12].

Proposition 1.2. For non-negative integers d, g and r, let

pld,g,r) =g~ (r+1)(g—d+r)
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be the Brill-Noether number.
(1) The dimension of any component of G is at least

A(d7g77ﬂ) = 39 -3+ p(d,g,?").

Moreover, if p(d,g,r) > 0, there exists a unique component Gy of G
which dominates M (or M,).

(2) G} is smooth and irreducible of dimension \(d,g,1) if g >1,d > 2 and
d<g+1.

Occasionally we will use the following upper bound of the dimension of an
irreducible component of W7; cf. [18].

Proposition 1.3 ([18, Proposition 2.1]). Let d,g and r > 2 be positive
integers such that d < g+ r — 2 and let W be an irreducible component
of Wj. For a general element (p,L) € W, let b be the degree of the base
locus of the line bundle L on C = £~ Y(p). Assume further that for a general
(p, L) € W the curve C = £~ 1(p) is not hyperelliptic. If the moving part of L
is

(a) very ample and r > 3, then dimW < 3d+ g+ 1 — 5r — 2b;

(b) birationally very ample, then dimW < 3d + g — 1 — 4r — 2b;

(¢) compounded, then dimW < 2g —1+d — 2r.

Remark 1.4. (i) In the Brill-Noether range p(d, g, ) > 0, the unique com-

ponent Gy of g (and the corresponding component Hg of Hgq g4, as well)
which dominates M or M, is called the “principal component”.

(ii) In the range d < g + r inside the Brill-Noether range p(d, g,r) > 0,
the principal component Gy which has the expected dimension \(d, g, )
is one of the components of G, (cf. [13, 2.1 page 70]) and hence Gr
and H%  are always non-empty in the Brill-Noether range with

d,g,r
g—d+r>0.

Inside the family of plane curves of degree d in P2 which is parametrized
naturally by the projective space PV with N = d(dT'H)’), let ¥4, C PV be the
Severi variety of plane curves of degree d and geometric genus g. Denoting
by G’ C G2 the union of components whose general element (p, D) is such
that D is birationally very ample on C = ¢~*(p), we remark that an open
subset of the Severi variety 344 is a PGL(3)-bundle over an open subset of
G'. Therefore the irreducibility of ¥4 , implies the irreducibility of the locus
G’ C G2 and vice versa. Indeed the following theorem of Harris is fundamental
for our study; cf. [4, Theorem 10.7 and 10.12] or [14, Lemma 1.1, 1.3 and 2.3].

Theorem 1.5. X4, is irreducible of dimension 3d+ g —1 = Xd,g,2) +
dimPGL(3). Equivalently, G' C G3 is irreducible of dimension \(d, g,2).

Our main approach will be to look at the residual linear series of a very ample
and complete linear series g); and leverage results on the irreducibility of the
Hurwitz spaces and Severi varieties. As a matter of fact, the cases accessible
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by this strategy are precisely the cases d > g+r — 3, which is why these cases
are the focus of the present paper.

As was pointed out by the referee, the irreducibility of Hurwitz spaces and
Severi varieties is the only essential point at which the characteristic zero
assumption enters the proof. In this regard, it is worthwhile to let the read-
ers know that there is a preprint by Christ, He and Tyomkin claiming the
irreducibility of Severi varieties in positive characteristic; cf. [9]. See also an
interesting related YouTube video at https://youtu.be/4HAOitIDeKw.

. c
2. Existence of H,, o,

In this section we prove the following theorem which provides the full range

of the genus ¢ for which H§+T72’gyr # () and irreducible.

Theorem 2.1. (i) 7—[§+T,2’g$ 1s non-empty, irreducible, generically smooth
of the expected dimension

3g—3+plg+r—2,9,7) +dimPGL(r + 1)
and has the expected number of moduli for every g > r + 3.
(11) H§+r72,g,r = (Z) ng S r+ 2.

Proof. (i) The irreducibility of a non-empty HgLJrer,g,r was shown already

in [6, Theorem 2.3] and the existence in the Brill-Noether range p(g + r —
2,9,7) =9 —2(r+1) > 0 is assured by Remark 1.4 (ii). Therefore we work
in the range g < 2r + 1 which is outside the Brill-Noether range.

We briefly recall the procedure in [6, Theorem 2.3] showing the irreducibility
of G, (and hence the irreducibility of ’H_f; +r—2,,) under the assumption that
there exists of a component G C G, C G C Ggtr—o- The dimension estimate

dimG=ANg+r—2,9,7r)=49g—2r—5
is carried out by the inequalities in Proposition 1.3 (a) and Proposition 1.2
(1). Let W C Wy, _, be the component containing the image of the natural
rational map G --» Wy i ,—o with ¢(D) = |D|. Denoting by W C W,_, the
locus consisting of the residual series (with respect to the canonical series on
the corresponding curve) of those elements in W, i.e.

WY ={(p,wc ®L™") : (p,L) € W},

we let WY C W;fr be the union of those components WV corresponding to

W arising from each component G C Q~L. By the above dimension estimate,
we have

dimWY =dimW =dimG =4g—2r —5=Ag—r,9,1) zdimg;_r.

It was shown eventually that WY is birationally equivalent to the irreducible
locus G} _,. (cf. Proposition 1.2(2)), hence WV is irreducible and so is G.
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In order to demonstrate the existence of a component G C ’g} C Qv C g;H_Q,
it is enough to show that for a general (p, géfr) € g;,r — which is non-empty
(cf. [4, Proposition 6.8, p.811]) — the residual series D = |K¢ — g, | is a very
ample (and complete) g;,, , on C' = £7!(p). Note that D = [K¢ — g, _,| is
very ample if and only if

dim |g;_r +u+tv| = dim|g£17_f,| =1
for every u + v € Cs. Since

plg+r—2.9,1)=plg—r9.1)=9g—20+1) <0,

g;_r dominates the proper irreducible closed sub-locus M; g—r C My gener-

ically consisting of general (g — r)-gonal curves with a unique base-point-
free and complete pencil g;_r. Recall that the Clifford index e of a general
(e +2)-gonal curve of genus g > 2e¢ + 2 is computed only by the unique pencil
computing the gonality as long as e # 0, i.e. there does not exist a g3, . with
2s+e < g—1, s > 2; cf. [5, Theorem] or [20, Corollary 1]. Taking e+2 = g—r,
deglg, , +u+v|=g—r+2=e+4 and hence dim|g) , +u+v| =1 for
any u + v € Cs.

Finally one may argue that 'Hg tr_2,g, 18 generically smooth as follows. Note

that a component H of the Hilbert scheme 'Hi g,r 15 generically smooth if and

only if the the corresponding component G C G, C G C G} is generically
smooth. Since we have a sequence of birational maps

G=Gr->W-->W -5gl |

G is birationally equivalent to g;_r which is generically smooth by Propo-
sition 1.2 (2); cf. [4, Proosition 6.8, p.811] or [2, Proposition 2.7]. Therefore

Hy o4 is generically smooth.

We recall that a component H C Hq,q.» is said to have the expected number

of moduli if the image of natural functorial map H -5 M, has dimension
mln(gg - 3) 39 -3+ p(d7 g, T))

L

gir—2.g, under the

In our current situation, the image of the irreducible H

functorial map 7 is Mé_ g—r Which has dimension

T

39—3+p(g—1,9,1)=39g—-3+p(g+r—2,9,7) =dimgG.

The statement (ii) is the just the repetition of the statement [6, Remark 2.4
(1)] which follows easily from Castelnuovo genus bound. O

Remark 2.2. (i) For some particular genus g such as g = 2r+1 or g = 2r
which is just below the Brill-Noether range, one may show the existence
of ”H§ tr_2g, utilizing the existence of a certain reducible and smooth-
able curve Cy C P of degree d = g + r — 2 and arithmetic genus g; cf.

[7, Corollary 1.3, Remark 1.5].
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(ii) Forr=3 and d =g+ r —2 =g+ 1, it is known that

L
Hg+1,g,3 = Hg+1,g,3 #0

and is irreducible of the expected dimension 4(g+ 1) for g > 6, whereas
Hgt1,9,3 =0 for g < 5; cf. [25, Proposition 2.1] and references therein.
(ili) Forr=4and d=g+r —2 =g+ 2, it is also known that

L
Hg+2,g,4 =Mgt2,94 7 0

and is irreducible for g > 7 and is empty for g < 6; cf. [22, Corollary
2.2].

(iv) For r = 5, it is not clear at all if HZ, 5 , 5 (which we know its irreducibil-
ity for g > 8 by Theorem 2.1) is the only component of Hyy3 5. As far
as the author knows, the irreducibility of Hg 45 even for d > g + 5 has
not been completely settled yet.

(v) It is worthwhile to remark that a component H C Hi g, Which has the
expected dimension does not necessarily have the expected number of
moduli or vice versa; cf. Theorem 3.9, Table 2 and Remark 3.11.

3. Existence of ’H§+r_37gm and irreducibility

In this section we turn to the next case d = g+ —3 and extend the existence
of the Hilbert scheme Héﬂrr,&w of linearly normal curves beyond the Brill-
Noether range. We show that there exists an explicit range T C N®3 — which

will be specified later at the end of the section — such that

Hé:,g,r 7& (Z) if and Only if (d,g,’f’) = (g+7"—3,g,7") S T C NEBB.

L

g4r—3,g,r fOT every

We also determine the reducibility (or irreducibility) of H
(g+7—3,9,7) € T especially in the range

r4+5<g<2r+2

whereas every non-empty ’H_f; +r—3,9, 18 known to be irreducible for g > 2r+3;

cf. Theorem 1.1 or [6, Theorem 2.5]. In several places in the proofs - without
explicit mention - we use the basic fact that hyperelliptic curves do not carry
linear series which are both special and very ample. We now collect several
relevant known results regarding the Hilbert scheme of smooth curves in P3
and P4,

Remark 3.1. (i) Somewhat stronger results hold for curves in P3. For
r=3and d=g+r—3=g, by [21, Theorem 2.1]

Hgg,3 = 7—[5’973 is irreducible for g > 8

and is empty for g < 7. Even though the existence of H 4.3 for g > 8 was
not explicitly mentioned in [21], the existence of a smooth irreducible
curve in P3 of degree d = g for g > 9 is assured by a result due to
Gruson-Peskine [12]; note that g < m1(g,3) if g > 9, where 71(d,r) is
so-called the second Castelnuovo genus bound for curves of degree d in
P3; cf. [13, page 97] or [3, page 123]. For g = 8, there are smooth curves
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of type (3,5) on a smooth quadric surface which form an irreducible
family of the expected dimension.

(ii) For r =4 and d = g+ r — 3 = g + 1, the irreducibility of Hg41,4.4
has not been fully determined yet to the best knowledge of the author.
It is only known that a non-empty H§+17974 is irreducible unless g =
9 by [23, Theorem 2.1]. Regarding the existence of H§+17g74 and the
irreducibility of Hgy41,4,4 as well — especially outside the Brill-Noether
range p(g + 1,9,4) = g — 15 < 0 — the followings are known; cf. [23,
Theorem 2.2].

(a) Hgr1,9a =HE 1 40 =0for g <8.

(b) For g =9, Hi0,04 = H{p o4 # 0 and is reducible with two compo-
nents of dimensions 42 and 43.

(c) For g = 10, H11,10,4 = 7—[&1074 # () and is irreducible of the expected
dimension 46.

(d) For g = 12, Hi3,12.4 # 0 and is reducible with two components of
the same expected dimension 54, whereas Hf371274 is irreducible; note
that in this case 7—[1%71274 # Hi3,12,4.

(e) For the other low genus g = 11,13, 14 outside the Brill-Noether
range,

_ L
Hyt1,94 = Hg+1,g,4 #0

and is irreducible, generically smooth of the expected dimension by [24,
Theorem 2.7], whose existence is guaranteed by [27, Theorem 0.1].

Having collected all the relevant results concerning the existence and the
irreducibility of 7—[;:4_7,_37%7, for r = 3,4 in the above Remark 3.1, we now
shift our attention to curves in P with r > 5, which we always assume in
this section unless otherwise specified. By the Castelnuovo genus bound and

[6, Theorem 2.5 and Remark 2.6], we know the following:

i H§+r—3,g,r = H9+T—3797T = () for g<r+4
e Every non-empty H§+T_37g7r is irreducible for g > 2r + 3.

For low genus g = r + 5 which is just above the empty range g < r + 4,

c
Horr—,g,r = Hotr—3.9r 7 0

consisting of extremal curves (if r > 4) as one expects. On the other hand,
the irreducibility of the Hilbert scheme of extremal curves

c o _
Horr—s.gr = Mariorisr = Hart2risr

is known to be dependent on the dimension r of the ambient projective space
PP". Note that for a general D € G C G5, ,, the residual series £ = DV = g2
is compounded and £ = 2g3 if 7 > 6. For r = 5, either £ = 2¢} or £ is very
ample. We quote this as the following remark.



Existence, reducibility of Hilbert scheme of linearly normal curves 9

Remark 3.2. (i) For r > 6, H%, 5,15, = Horso,t5,r # 0 and is irre-
ducible.

(i) For r = 5, HE. 5,45, = Hort2ri5, # 0 and is reducible with two
components; one consisting of the images of smooth plane sextics un-
der the 2-tuple embedding onto a Veronese surface and the other one
consisting of trigonal curves on a rational normal scroll.

In the next case g = r + 6, we are confronted with the following seemingly
unexpected phenomenon. Indeed what we shall see next is that there exist
triples (g +r — 3, g,r) for which

Hytr—3,9, =0

beyond the obvious empty range g < r + 4. The following is the first such
kind the author knows of. However, there are further examples of this kind
(and even more) if the degree and genus of curves becomes relatively lower
with respect to the dimension of the ambient projective space.

Proposition 3.3. (i) Hgtr—3.4, =0 for g=r+6 and r > 10.
(ii) Forg=r+6 and 5 <r <9,
7_[é:Jrrf&g,r = HQJFT*?’;Q:T # (Z)
which is irreducible of the expected dimension with the expected number

of moduli.

Proof. (i) Let C C P" (r > 10) be a smooth, non-degenerate and irreducible

curve of genus g = r + 6 with very ample hyperplane series D = g3, 3. We

may assume that D is complete, otherwise we have
g=r+6<7m2r+3,r+1)=r+4

which is an absurdity. Consider the residual series £ = |[Kc — D| = g2. Note

that
(e—1)(e—2)

2
for any e < 7. Hence £ is compounded, with the non-empty base locus A =
{q} and C is either

(a) trigonal with €& = |2g3 + ¢| or

(b) bielliptic with £ = |¢*(g2) + q|, where C % Eis the double covering of

an elliptic curve F.

g=r+62z

If C is trigonal, let ¢ +t + s € g3 be the unique trigonal divisor containing
the base point ¢. We then have

dim|D —t — s| = dim |K — 2g3 —q —t — s| = dim |K — 3g3| > r — 1.
If C is bielliptic,
dim [€ + ¢" (u)| = dim [¢" (g3 +u) +q| > 3,
for any u € F, implying
dim D — ¢* (u)| = dim |K — € — 6" (u)| = dim |[Kc — 6" (g3 +u) — q] = 7 — 1,
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which is a contradiction since D is very ample.

(ii) For 5 < r <9, H2£r+3,r+6,r = Hari3.r46,r is irreducible of the expected
dimension
A2r+3,7+6,r) + dimPGL(r 4+ 1)

and the proof is rather similar to the proof of [6, Theorem 2.5], which asserts
the irreducibility of H§+r73,g,r for g > 2r+-3. However, we present a shortened
version of a proof for the convenience of readers. Let Q~L be the union of
irreducible components G of Gg.,_5 whose general element corresponds to
a pair (p, D) such that D is very ample and complete linear series on C :=
£~ 1(p) — as was defined in the paragraph preceding Proposition 1.2. Assuming
the existence of a component G C ’g} C Qv C gg+r_3, we note that the moving

part of a general element
2 2
Eew’c Wo_rp1 = W5

(where WV is defined as in the proof of Theorem 2.1) is birationally very
ample by the proof of (i) and is base-point-free since

g:7«+6211;u2(6_2).

Using Proposition 1.3(b), one has the exact dimension estimate
dimG = dimW =dimW" =49 —3r -6 =\g+7 —3,g,7). (1)

Let WY be the union of the components WV of Wg{T 41 corresponding to

each G C Q~L. We also let G’ be the union of irreducible components of QS_T_H
whose general element is a base-point-free and birationally very ample linear
series. We recall that, by Theorem 1.5, G’ is irreducible and

dimG' =3(g—r+1)+g—9=4g—3r —6.
By the equality (1),
dimWY =dimG =4g — 3r — 6 =dimG’. (2)

Then one may argue that there is a natural generically injective dominant
rational map WY -%» G/ with k(|€]) = € as well as another natural rational
map G' -%» WV with t(€) = |&|, which is an inverse to k (wherever it is
defined). It then follows that WV is birationally equivalent to the irreducible

locus G’, hence WV is irreducible and so is Gz. Since H§+T73’g’,r is a PGL(r+

1)-bundle over an open subset of G}, HE

g4r—3,g,r 18 irreducible of the expected
dimension.

As was suggested by the proof of the irreducibility which we outlined above,

we show the existence of H§+r73,gm =H5 5,46, (5 <7 <9) as follows.

(1) In particular for r = 9,

L _ L
H2r+3,r+6,r - 7_[21,15,9
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is the family of smooth plane septics embedded in P? by the 3-tuple
embedding; note that & = g2 is birationally very ample and g = 15 =
pa(Cg) where Ce C P? is the plane curve induced by &.

(2) The existence of H, 5 ., ¢, for the other 5 < r < 8 is assured by the
existence of appropriate nodal plane septics as follows.
We fix and use the following standard convention for the rest of the
paper. S, = P? is the rational surface P? blown up at n-points in
general position. Let (a;b1,--- ,by,) denote the linear system |7*(aL) —
Yo biE;| on S, — where {E;}!, are the exceptional divisors with
linear equivalence classes {e;}" ; and L is a line in P2. Let [ € Pic(S,)
be the class of 7*(L).

Here we consider the surface S := Sg_, — P? (5 < r < 8). We note
that (7;2,---,2) is very ample on S; cf. [17, V 4.12, Ex.4.8] and hence
contains an irreducible and non-singular member C, which is a curve of
genus

1 1
=-(7T-1)(7-2)— = i(bi—1)=15—(9—r) =
g= 5T~ DT=2) 33 bl —1)=15-(9—r) =r+6
and degree
d= (31, 1) (T:2,-,2) =21 =209 —r) = g+ 7 — 3
in P” under the embedding induced by the anti-canonical linear system
(3;1,---,1).
The functorial map M5, 5, 6, --» M, factors through G = Gr C G513
and the functorial map Y7 ,4¢ --» M, factors through G’ C G2. Since

bir bir

bir
G=w=w =g,

the two functorial maps have the same image in M,. By [28, Theorem 4.2],
Y7.r+6 has the expected number of moduli and since

p(2r+3,r+6,r)=p(7,r+6,2),

7—[§T+37T+67T also has the expected number of moduli. ([l

Almost all the components of H(i g, Which we have seen so far in this article

have the minimal possible dimension
X(d,g,7) = Xd,g,r) + dim PGL(r 4 1)
with the expected number of moduli.

For the next case g = r + 7, the following theorem asserts that 7—[;:4_7,_37%7, =
HE 43,747, 18 non-empty but reducible for every r > 5. Moreover if r > 15,
no component of H%, +3,r+6, has the expected number of moduli, unlike the

previous case g =1 + 6.
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Theorem 3.4. (i) Forg=r+7 and r > 15,

L _ L
Horr—s.g.0 = Horyarprr # 0

and is reducible without any component of the expected dimension. More-
over all the components have more than the expected number of moduli.
(ii) Forg=r+7 and 5 <r < 14,

L _ L
Horr—3.g0 = Horyarprr # 0

and is reducible with at least one component of the expected dimension
having the expected number of moduli, together with another component
having more than the expected number of moduli.

Proof. (i) We deal with the case r > 15 first. Let

D=g5 4 €GCGcCG5y
be a complete and very ample linear series on a smooth curve C of genus
g =1+ 7. The residual series £ = |Kc — D| = g2 is compounded since
8-1)(8—-2)

g=r+7221= 5

for r > 15.

Let 0 be the degree of the base locus A of the compounded £. We list up all
the possible cases as follows.

(1) § =0, & =2g} and C is 4-gonal. Recall that on a general 4-gonal curve
C, there is a unique g} and

|Kc — 294“ = 95r+4

is very ample by [19, Corollary 3.3]. Hence G dominates the irreducible
locus M, and dim G = dim M, ,. Since

Ad,g,7) =39 —3+p(d, g,7) =r+22§dim/\/1;4:2g+3:2r+17

the component G dominating M_f1174 as well as the corresponding com-
ponent of H§T+4J,+77T over G — which we denote! by H4 0~ have more
than the expected number of moduli, with the dimension strictly greater
than the expected dimension X(d, g, 7).

(2) 6 = 0, C is a double cover C = E of a non-hyperelliptic curve E of
genus h = 3 and £ = 7*(g3) = 7*(|Kg|).
Let X, 1, be the locus in M, corresponding to curves which are n-fold
coverings of smooth curves of genus h. In the current case, there exist
a sequence of natural rational maps

G- W -2 WY s Xy,

which are generically injective into a component of A5 3.

INotations of this kind shall be defined precisely in a more general context in the proof of
Theorem 3.9.
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Recall that for a covering C' = E and a line bundle M on the base curve
E of genus h, it is well known by projection formula that

HY(C,m*M) = HYE,m7n*M)=H(E,n.(t"M ®0, Oc))
= HO(EaM ®og W*Oc),

and that
det 7. O¢c =2 Og(—D)

for some divisor D on E such that 2D is linearly equivalent to the branch
divisor B of 7 consisting of those points on E over which 7 ramifies; cf.
[17, IV, Ex. 2.6]). In particular, the vector bundle 7,.O¢ on E of rank
equal to deg m has degree

1
—deg D = —§degB = (degm)-(h—1)—(g—1) <0.

If 7 is a double covering, the rank two vector bundle 7. O¢ splits into the
line bundles O and det 7, O¢ of degree 2(h—1) —(g—1) =2h—g—1;
cf. [26]. In our case, we have

H(C,7m*M) = H"(E,M)® H*(E,M ® Op(-D)),

and if deg M < deg D = g+ 1 — 2h, then

H(E,M ® Op(-D)) =0
and hence

H°(C,m*M) = H°(E, M). (3)
We first put M = O(Kg). Since degM =2-3 -2 < g—2-3 by our
genus assumption g = r 4+ 7 > 22, we have

RO (C,m*O(Kg)) = h°(E,O(Kg)) = h = 3.

We now show that the complete linear series | K¢ —7* K g| is very ample.
Take any T + S € C5 and put

s=m(9),t=7n(T),S+ 8" =7"(s), T +T = r*(t).
We have
T (Kg)+ S+ T|=|n"(Kg+s+t)— S5 =T
Substituting M = O(Kg + s +1t) in (3),
RO(C,O(* (Kg +s+1) =h°(E,OKg +s+1t) =h+1=4.

Note that |Kg + s + t| is base-point-free and hence |7*(Kg + s+ t)| is
also base-point-free. We finally have

K(C,0(r* (Kg) + 5 +T)) = K(C,O(* (K + 5 +1) — §' — ')
< W(C,0(* (K + 5 +1)) — 1 = h = W(C, O(x* )
and therefore |K¢ — 7* K| is very ample.

So far we have shown that G dominates a component of X5 3.
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By [4, Theorem 8.23, p.828], X, 5 has pure dimension
dim X, , =2g+ (2n —3)(1 — h) — 2,

and by noting that there is a generically one-to-one natural rational
map between G and a component of X3 3, we have

Since

r+22=XNg+r-3,9,r) SdimG =dimXp3 =29 —4=2r+10, (4)

there is a component H s 3) C 7-[5“,375” arising from and dominating

a component of X 3 C My, which has more than the expected number
of moduli by the strict inequality (4). We observe that a general element
of H (2 3) is 6-gonal whereas a general element of H, ¢ is 4-gonal and

dimHao = 2r+17+dimPCL(r+1) 2 dimH (s 3) = 2r+10+dim PGL(r+1).

By semi-continuity it follows that the locus #H (5 3) is not contained in
the boundary of H4o. This shows that Hjo and Hy3) are distinct
irreducible components.

Now we are only left with the following four possibilities.

(3) 6 = 0 and € induces a degree two morphism C' 5 E C P? onto a
singular quartic curve E of geometric genus h = 1. In this case, divisors
of degree four cut out by lines in P? move in a complete linear series
of dimension three on the normalization of E by Riemann-Roch hence
dim £ = dim |[n*Op2(1)| = 3, a contradiction.

(4) 0 =0 and € induces a double covering onto a curve of genus h = 2.

(5) § =2, & =293 + g+ s| and C is trigonal.

(6) § =2 and € = |¢*(g3) + q + 5| for a double covering C % E onto an
elliptic curve F.

However for the above three cases (4), (5) and (6), the residual series of the
compounded & is not very ample and we omit the easy verification, which is
similar to the proof of Proposition 3.3 (i).

(ii) For 5 < r < 14, there is a possibility that £ = g2 € WY C W2 — which is
the residual series of a complete very ample D € G C Gg,_ 5 — is birationally
very ample or very ample. In this case we may proceed in a similar way as we
did in the proof of Proposition 3.3(ii), to come up with an irreducible family?
Hse, C H§+T_37g7r of minimal possible dimension X(d, g,r). If Hs, , # 0,
the residual series of the hyperplane series corresponding to a general element
of Hsy, , is a birationally very ample, base-point-free net g2 inducing a plane
curve of degree 8 with only nodal singularities; by abuse of terminology, one

2The author apologizes for the complicated notation involved. For later use we make the
following definition. Let Hx, , be the irreducible family in the Hilbert scheme of smooth
curves 7-[5 | r_3,g,r CONsisting of curves such that the residual series of the very ample and
complete hyperplane series gg+T_3 is a net cut out by lines on the plane curve correspond-

ing to a general element of the Severi variety X¢ g, where e = g —r + 1.
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might describe this situation as “the family Hy, corresponds to the
Severi variety Y3 ,”.

We now show that the family #Hs, , is non-empty. The issue is whether the
residual series of the linear system cut out by lines on the plane nodal curve E

corresponding to a general member of the Severi variety ¥g 7 is a complete
and very ample g¢ ... For r = 14 — which is a trivial case — ¥g ;47 = P

is the family of smooth plane octics and the residual series of the linear

series £ = |L| cut out by lines on a smooth plane octic is the linear series
4&€ = [4L|, which is very ample. Hence Hy, , is the family of smooth plane
1(4+3)

octics embedded by the 4-tuple embedding into P* = P~ 2 ~ as curves of
genus g and degree d where
(8—-1)(8-2)

= 7:21: s
g=r+ 5

d=g+r—3=32=4-8.

For the existence of smooth curves in lower dimensional projective space P",
5 <r <13, we first fix two integers e =8 =g —r + 1 and
—1)(e—2
5:7(6 )2(6 )—g:21—(7”—|-7)=14—7”- (5)
Let
A ={pi,-- ,ps} € Sym’(P*)

be a general set of § points in P2. We note that
§d =14 —r < min{e(e + 3)/6,(e — 1)(e — 2)/2} and (e,0) # (6,9).  (6)

By a result due to Arbarello and Cornalba [1, Theorem 3.2] regarding the
configuration of nodes on plane nodal curves in ¥. 4, there exists a curve
E € ¥, 4 having nodes at A and no further singularities. With the same
choice of a general A, there also exists a curve E' € ¥._q, of genus h and

degree e — 1 having nodes at A where h = % —d=r+1.
Let S := Ss = P? be the blowing up of P2 at A. We consider the linear
system
s
[H| = |7"((e —4)L) = ) Eil
i=1
on S. Recall that by a result of d’Almeida and Hirschowitz [10, Theorem 0],
the linear system |7*(tL) — Zle E;| on S is very ample if

(t+3)t

§< 5. (7)

Taking t = (e — 4), one easily verifies that the inequality (7) is equivalent to
r > 5, whence |H| is very ample. The linear system

1
Cl = [n*(eL) = ) 2E;|
i=1
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contains the non-singular model C of the nodal plane curve E and
0 )
H-C= ((e—4)l—Zei)-(el—ZQei) =ele—4)—20=g+r—3.

i=1 i=1
Recall that A = {py,--- ,ps} € Sym’(P?) is general and there is a nodal
curve E' € ¥._1 5 with nodes at A. Therefore we may assume further that A
imposes independent conditions on the linear system of curves of any degree
m > e — 4; cf. [3, Exercise 11, p.54] or [15, (1.51, p.31)].

Hence by the projection formula, we obtain

o
h°(S, Os(H)) = h°(P?, 7. (Os(H))) = h°(P?, m. (7" ((e — 4)L) — ZEi))
— (P2, Opa (e — A)L — A)) = 1 + %(e —)(e—1)—6

=r+1.

In all, we deduce that the non-singular model C' C S of a nodal plane curve
E of degree e = g —r+ 1 = 8 in the linear system |C| = |7*(eL) — Ele 2F;]|
is embedded into P" as a curve of degree d = g + r — 3 by the very ample
linear system |H| = |7*((e —4)L) — 320_, E)|.

Furthermore, by our choice of general § points A C P2, which imposes in-
dependent conditions on curves of any degree m > e — 4, the linear system
g2 = |7*(L)|c| cut out on C by lines in P? is complete [3, Exercise 24, p.57].
Hence it follows that the residual series of |7*(L)|c|, which is

[(Ks +C —7"(L))c|
=|(=7*(3L) + > _Ei+7*(eL) —2) Ei—7*(L))c|
=|(m*((e = 4)L) = Y _ Ei)c| = [Hc|

is a complete very ample gg ., 5 on C. Therefore we may deduce that the
family Hs, , contains linearly normal smooth curves of degree d = g+ — 3
and genus g =7 + 7 in P".

We remark that the family Hy, , is not in the closure of H4, or H(2,3) since
a compounded linear series cannot be specialized to a birationally very ample
linear series. Therefore the irreducible family Hs, , constitutes a component
of /Hg o3

By a simple dimension count, the locus H4,¢ sitting over the family consisting
of the linear series which is residual to 2g; (and dominating M, ,) remains
a component for every r > 5 by looking at the inequality;

Ad,g,r) =49 —3r—6=r+22<dimM, , =29+ 3 =2r +17.

2T

We further note that the family of curves H s, 3) sitting over a component of
&> 3 has dimension

dim X 3 + dimPGL(r + 1) S X(d, g,7)
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for 5 < r < 11 since
dimXo3=29—4=2r+10Sr+22=Xg+r—3,9,7),

and hence the family H; 3) is in the boundary of the component Hgy .
Hence, for 5 < r < 11, we have only two components H, 0, Hs;, , C 'H§+T_37g7r.
For 12 < r < 14, H(2,3) becomes a separate component different from H,4 o
or Hy,, and there are at least three distinct components H4, H2,3) and
Hss,,- The component Hyx, , corresponding to the Severi variety (which ex-
ists only for 7 < 14) has the expected number of moduli since ¥g 4 has the

expected number of moduli by [28, Theorem 4.2]. O

Remark 3.5. As was mentioned in Remark 3.1 (i) and (ii), the irreducibility
of Hég;j = Hg4,¢,3 holds for every g > 8, in particular for g = r + 7 = 10. For
r=4and g=r+7=11, H§+1,g,4 = Hg+1,,4 is also irreducible. In fact, one

checks easily that
IH10110,3 = HEB,IO and H12,11,4 = st.u'

The argument which we used in the proof of Theorem 3.4 (ii) also works for
r = 3,4. Hence both H4 4,3 and Hg41,4,4 have the expected number of moduli
for g = r+ 7 and r = 3,4. We summarize our discussion together with the
results we obtained in Theorem 3.4 in the following table.

TABLE 1. Components of H§+r73,g,r forg=r+7

Dimension # of # of compts  # of compts  # of compts # of compts

of P compts  of expected  with expected < expected = expected
dimension # of moduli  # of moduli  # of moduli
r=3 1 1 1 0 0
r=4 1 1 1 0 0
r=>5 2 2 2 0 0
6<r<11 2 1 1 0 1
r=12 >3 >2 >2 0 1
13<r<14 >3 1 1 0 >2
r>15 >2 0 0 0 >2

Recall once again that the existence and the irreducibility of 7—[54_7,_37 gr 18

completely known for r = 3,4 as we have seen in Remark 3.1. Therefore we
continue to assume r > 5.

The following Theorem 3.7 asserts that 7—[5“_37%7, # () for all g >r+5 and
every 7 > 5 except for the case g = r 4+ 6, r > 10; recall that there is no
smooth curve with the prescribed genus ¢ = r+ 6 and degree d = g+r —3 in
P" for any r > 10 as we showed in Proposition 3.3 (i). The proof Theorem 3.7
is based on the following lemma concerning linear series on general k-gonal
curves.
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Lemma 3.6. [11, Proposition 1.1] Assume 2k —g—2 < 0. Let C be a general
k-gonal curve of genus g, k > 2, 0 < m, n € Z such that

g>2m+nk—1) (8)
and let D € C,,. Assume that there is no E € g,i with £ < D. Then
dim |ng} + D| = n.
Theorem 3.7. Given r > 5, we set

T= {(g+r-3,9,7) g=r+59#r+6,r=5}
U{(2r + 3,7 +6,7)| 5 <r <9} C N®3,

Then
’H§+T_37g7r #0 if and only if (9+r—3,9,7) €Y.
In other words, given r > 5 and for any g > r+5 there exists a smooth, non-

degenerate and linearly normal curve of genus g and of degree d =g+ 1 — 3
in P" unless g =1+ 6 and r > 10.

Proof. Since the existence (non-existence, respectively) was shown for g =
r+6and 5 < r <9 (r > 10, respectively) we may assume g # r + 6. We
only need to exhibit a very ample and complete linear series D = gg,, 5 on
a certain smooth curve of genus g. Since g # r + 6, we have either

(1) g —r+ 1 =2k for some k > 3 or

(2) g—r+1=2k+1 for some k > 4.

(1) Suppose g —r + 1 = 2k for some k > 3: Note that
plk,g,1)=2k—g—2=—-1r—-150

and we consider a general k-gonal curve C. Taking n = 2,m = 2 in
Lemma 3.6, the numerical condition (8) is satisfied. Furthermore, there
isno F € g,i with E < D since k > 3. Hence we have dim |2g,i +D|=2
for any D € Cy by Lemma 3.6 and therefore

Ko =29k = 9413
is very ample.
(2) Suppose g —r + 1 = 2k + 1 for some k > 4: Since
plk,g,1)=2k—g—2=-r—-250,

we again may consider a general k-gonal curve C'. For a general ¢ € C
and for any r +s € Cy, we take D = g+ 7+ s, m = 3 and n = 2
in Lemma 3.6. Again the numerical condition (8) holds and there is no
E € g; with E < D just because k > 4. Hence dim |2g; + D| = 2 which
implies that

1
|Kc —2g;, —ql = 95972721@71 = 9;+r73

is very ample.
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Remark 3.8. (i) If k =3 and g —r + 1 = 2k in the proof (1) of Theorem
3.7, i.e. ¢ = r + 5, we remark that curves detected by our proof are
trigonal (and extremal) curves lying on a rational normal scroll S C P".
Such trigonal curves are in the linear system [3H — (r — 5)L| where
H is a hyperplane section and L is one of the rulings of S whereas
the trigonal pencil is cut out by the rulings of the scroll S. Through
elementary dimension count, one may verify easily that this family of
trigonal curves is indeed dense in the corresponding component of the
Hilbert scheme.

(ii) Let

F = {|Kc—2g;CeMy,} if g—r+1=2k or
= {|Kc—2gi—q|;C€M;’k} if g—r+1=2k+1

be the family of very ample linear series in Gr C Ggtr_3 oOver M;’k
which we constructed in the proof of Theorem 3.7. For g < 2r + 2 and
g # r + 6, this family F has dimension equal to

dimM,, = 29+2k—-5=3g—4—r if g—r+1=2k or
dimM} +1 = 29+2k—4=3g—4—r if g—r+1=2k+1.
In both cases, we have

Mg+r—3,9,7)=49—3r—6<dmF=3g—4—r

by g < 2r 4+ 2.
(iii) We also remark that

dim F =dimFY =39 — 4 —r

is same as the maximal possible dimension of an irreducible component
of Wg_r 41 whose general element is compounded; cf. Proposition 1.3
(c). Here we use the notation F" for the family {EV|E € F}, where £
is the residual series of £.

(iv) Hence this family F is not contained in any other irreducible family
F' CcGrC Ggtr—g of strictly bigger dimension such that the residual
series of a general element of 7 is compounded. We will see in the next
theorem that the family F as well as some other families of similar kind
give rise to several distinct components of 'H§+T_37g7r.

Motivated by Theorem 3.7, we show the reducibility of 7—[5“,375” for every
genus ¢ in the range r+7 < g < 2r+2. This generalizes the reducible example
in [6, Example 2.7] and shows that the bound g > 27+ 3 for the irreducibility

of H§+T_37g7r is sharp for every r > 5; ¢f. Theorem 1.1 (4).

Theorem 3.9. Forr > 5, H§+T_37g7r is reducible for every g in the range
r+7 < g < 2r+2 having component(s) dominating the loci M;’k for every
4< k<[5,
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Proof. We retain all the notations used in the proof of Theorem 2.1. Since
g>71+7,wehave e : = g—r+12>8. We first fix an integer k > 4 such that
e=g—r+12>2kandset §d :=g—r+1—2k > 0. On a general k-gonal
curve C with a unique g,

—2k+1
Ko — 291“ = ggg—Q—Qk

is very ample by [19, Corollary 3.3]. Furthermore, we claim that for a general
choice of A € Cs = Cy_ry1-25, the complete linear series

—2k+1-6
Ko —2g;, — Al = 93g-2-2k-5 = Jgir—3
is very ample as long as k > 4. We take
A=ri+---+rs€Cs

such that no pair {r;,r;} lies on the same fiber of the k-sheeted covering
over P!, Upon making a choice of such A, for an arbitrary choice s+t € Cs,
we take D = A+ s+t n=2and m = § 4+ 2 in Lemma 3.6. By the
assumption g < 2r+2, we see that the numerical assumption (8) in Lemma 3.6
(g > 2m+n(k—1)) is satisfied. By our choice of A, we have deg gcd(D, E) < 3
for any F € g; and hence there is no F € g; with £ < D as long as k > 4.
Therefore it follows that

dim [2g4 + A + s+t = 2,
for any s + ¢ € Cy implying |[K¢ — 2g; — A is indeed very ample. Let
Fr.s = (2G4 +Ws)" C Goirs
be the locus consisting of residual series of nets £ € W7_, ., of the form
E=1291 +A|, A€Cs

on a general k-gonal curve C' € M;’ w- The following inequality holds by the
assumption g < 2r + 2;
Mg +7—3,9,7) =49 — 3r — 6 < dim Fy s = dim(2G;, + W)
= dim g,i >§ Ws
g,k
= dim g,i +9 (9)
=39g—3+p(k,g,1)+6
=39g-3+R2k—g—2)+(9g—r+1-2k)
=39g—4-—r.
It is a priori possible that these loci Fj, 5 (corresponding to each k > 4 and
0 such that 2k +§ = g — r + 1) might be in the boundary of some other
component of bigger dimension. However this would be impossible for which

we argue as follows. Let G C Gy, 5 be a component properly containing
the locus Fj, 5. If the base-point-free part of the residual series £ of a general
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D € G is birationally very ample, by an elementary dimension count using
Proposition 1.3 (b)

Mg+r—3,g,r) <dimWY =dimG<3(g—7r+1)+9g—9—-2b

implying b = 0 and dimG = A(g + r — 3,g,r) where b is the degree of the
base locus of £. Hence we have

dim F. s = dim(2G} + Ws)¥ =39 —4 —r S dimG = 49 — 3r — 6,
which is not compatible with above inequality (9) or the genus assumption
g <2r+2.

The remaining possibility is that the residual series £ of a general D € G is
compounded and induces an n-sheeted covering C' = E onto an irrational
curve E of genus h > 1. However this is not possible by Remark 3.8 (iv).
Therefore we may deduce that the irreducible locus Fj 5 = (2g,§ + W)Y is

indeed dense in a component G C G}, which gives rise to a component of
7—[54_,,_37%7, of dimension,

dim M ;. + 6 4+ dimPGL(r + 1) = 3g — 4 — r + dim PGL(r + 1)
as a PGL(r + 1)-bundle over the irreducible locus Fy_s.
In all, we conclude that there is a component Hy, s C H§+T,3 sitting over the
component Fi s C G, dominating M;’k of equal dimension 3g — 4 — r for
each k’s in the range 4 < k < [g_—g"’l];

His > Frs ——> My, C M.

(i) Forg=r+7, H§+T73,g,r is reducible by Theorem 3.4.

(ii) For r + 9 < g < 2r + 2, there are at least I(r,g) := [g;;rl] -3>2
components Hy, s’s for each k in the range 8 <2k < g—r+1.

(iii) We assume g = r + 8 and r > 6. Since we are working in the range
r+5<g<2r+2 wehaver >6ifg=r+8 < 2r+2.

(a) If the residgal series £ = ggfrﬂ = g3 € WV of a general element
D € G C G, is compounded and induces a 4-sheeted covering onto
P!, we have already seen that there is a component Hy 1 C 7-[54_7,_37”,
sitting over the irreducible family Fy; = (2G;+W)" dominating M. ,.

(b) We may add another specific irreducible family F3 31 C G C Gr by
claiming that for a double cover C' 5 E onto a non-hyperelliptic curve
E genus h = 3, the linear series

|Ke — " (Kg) — 4|
is very ample for a general ¢ € C'if g =7+ 8 > 21, i.e. 7 > 13. We let
€ = |m*(KE) + q| = g2 and assume the existence of D € Cy such that

dim | + D| = dim |7*(Kg)+ ¢+ D| > dim€& +1 = 3.
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Recall that |K¢c — 7*(Kg)| is very ample as we have seen in the course
of the proof of Theorem 3.4 and hence |7*(Kg) + D| = g3,. Therefore

|7 (Kg) +q+ D| = g3,

is base-point-free and birationally very ample (but not very ample) in-
ducing a birational morphism onto a space curve C' C P3. Note that

g=r+38 Spa(é) < 7T(11a3) =20
contrary to the assumption g = r + 8 > 21. Therefore it follows that
|Kc —7*(Kg)—q| is very ample finishing the proof of the claim. By the
usual dimension count, the family F3 3y, C G C Gr consisting of very
ample linear series of the form |K¢ — 7*(Kg) — ¢| over a component of
Xs 3 C M, has dimension

dim Fo3),1 =dim Ay 3 +1=29—-3>49—3r—6=X\d,g,7);

where the inequality holds by the assumption ¢ = r + 8 > 21. We see
that F(z 3),1 is not in the boundary of 74 1 by (lower) semi-continuity of
gonality. Hence for ¢ = r + 8 > 21 there are at least two components of
Gr C Ggtr—3; Fa,1 dominating ./\/l; 4, another one containing the family
F(2,3),1- We denote® by H(2,3),1, the irreducible family in H§T+57r+87r
corresponding to the family F; 3) 1 and by 7,:2(273)1, the component con-
taining H (2 3),1-

(¢) For 6 < r < 12 (in fact for 6 < r < 20) one may come up with
another component Hs, , C 'H§+T_37g7r corresponding to the Severi
variety Xg 4. Indeed we may copy the proof Theorem 3.4 (ii) with only
trivial modifications as follows. In the current situation, we have

e=degf =deg|Kc—D|=9
hence the equality (5) in the proof (ii) of Theorem 3.4 becomes
(e—1)(e—2)
f=r—"——-—
2
Then for a general A = {py, -+ ,ps} € Sym?® (P?), the inequality
§ =20 —r <min{e(e + 3)/6,(e — 1)(e — 2)/2} and (e, d) # (6,9)

— which is virtually the inequality (6) — continues to hold for e = 9 and
6 < r < 20. Then one invokes a result by Arbarello and Cornalba [1,
Theorem 3.2] to see eventually that the non-singular model C' C S —
where S := So_, is the blowing up of P2 at A — of a nodal plane curve
E of degree e = g — r + 1 =9 in the linear system

=28—(r+8)=20—r (10)

o
Cl =[x (eL) = Y 25|
i=1

3The notation H(2,3),1 is used in order to avoid confusion with H 3 3) which were used in
the proof of Theorem 3.4.
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is embedded into P" as a linearly normal curve of degree d = g +r — 3
by the very ample linear system

0
[H| = [7"((e = 4)L) = > E)l.
i=1
To sum up, for g = r+8 and r > 6 we located the following components,
which may not be all the components of H% : cf. Remark 3.11.

g+r—3,9,7°
'H471 and HEQ,H—S ife<r<12.
Ha, Hiasya and Hsy, .y if 13 <7 < 20.

Ha,1 and 7‘7(273)71 if r > 21.
O

Theorem 3.9 together with Remark 3.2 (ii) yield the following immediate
corollary which identifies all the triples (g + r — 3.g.r) with r > 5 such that

7-[5“,3’5” is reducible.

Corollary 3.10. Let T C N®3 be same as in Theorem 3.7 and we set
T={(g+r—3,g9nr|r+7<g<2r+2r>5}U{(12,10,5)} C T.
Forr >5,

H[,

gir—3.gr 18 Teducible if and only if (g +1—3,9,7) € T.

Remark 3.11. (i) When we were dealing with the case g = r + 8 in the
proof of Theorem 3.9 (iii), we ignored the possibility that & = g2 may
induce a triple covering C = FE onto an elliptic curve E and £ =
7*(g3). Indeed, whenever g = r +8 > 16, one may verify easily that the
residual series of £ = 7*(g2) is very ample by using Castelnuovo-Severi
inequality, etc. However for 6 < r < 10, the family of linear series of the
form

S={E=7"(g3)|C B E,CcX;,)} CW3

has dimension

dimXs; + dimW3(E) = dim X3 + dim J(E)
= dimAs1 +1< ANg+r—3,9,7) =49 — 3r — 6,

where E is an elliptic curve, hence the family S V' is not a component of
Gc. When r > 11 at least one extra component H 3 1) corresponding to
triple coverings of elliptic curves arises.

(ii) We remark that when g = r+8 and r > 13, 7—~[(273)71 # H(3,1)- Otherwise,
H2,3),1 & H(z,1) by simple dimension counting. By Castelnuovo-Severi
inequality, a smooth double cover of a curve of genus three cannot be
a of triple cover of elliptic curve. Hence a smooth double cover of a
curve of genus three is a limit of triple covers of elliptic curves which is



24

(iii)

(v)

Changho Keem

impossible by the theory of admissible covers for a compactification of
Hurwitz spaces of branched coverings.* N

It is also worthwhile to mention that the component H(, 3y coincide
with the irreducible locus #H s 3y,1. Note that given a very ample (and
general) element D € G C Gz C Gy.,._5 = G35, the following four
cases are all the possibilities for the residual series & = DV = g2:

(a) & is base-point-free and birationally very ample; in this case, G¥ =
g c g92 which the Severi variety Xg g as well as the component
Hs,,,s Of expected dimension sits over.

(b) & is base-point-free and compounded inducing a triple cover of an
elliptic curve; in this case we have the component H s 1).

(¢) & isnot base-point-free and compounded inducing a double cover of
a smooth plane quartic; the irreducible locus H 3 3,1 corresponding
to the family F(53y,1 C G (introduced in the proof of Theorem 3.9)
arises.

(d) € is not base-point-free and compounded inducing a 4-sheeted
cover of a rational curve; the corresponding component is #Ha 1
dominating M} ;.

Since 771(273)71 # H(s,1), the locus F(3 3 1 is indeed dense in G and there-
fore 'H(gyg)’l = H(Zg)’l.

If g=2r+2, ris odd and r > 7 in Theorem 3.9, by taking k = T‘53,
0=¢g—r+1—2k=0 we have

dim 7(Hp0) = dim My, =29+ 2k —5=Ag+7r—3,9,7),

where Hp 0 M g is the functorial map. For every other integer k with
4<ks T—42'3, the component Hy, s has less than the expected number of
moduli even though all the components Hj, s’s have the same expected
dimension.

If g =2r+ 2, r is even and r > 8, every component #j, s has less than
the expected number of moduli.

For the convenience of readers we add the following table which is a summary
of rather complicated situation for the case g = 48 in Theorem 3.9 by taking
our discussion in Remark 3.11 into account.

4The author has been informed by the referee that any smooth limit of ki-fold covers
of genus h; curves must be a ka-fold cover of a genus ha curve for some k2 < k1 and
ha < hi; from the theory of admissible covers, when branched covers degenerate one can
keep the branch points separated and allow the domain/target curves to become nodal. In
this process the (arithmetic) genus remains the same, but the domain/target curves may
become reducible whereas each irreducible component may have smaller genus and the
degree of the cover restricted to a component may possibly become smaller; cf. [15, 3G]
and [16].
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TABLE 2. Components of H§+r73,g,r forg=r+8

Dimension # of # of compts  # of compts  # of compts # of compts

of P compts  of expected  with expected < expected = expected
dimension # of moduli  # of moduli  # of moduli
r==6 2 2 1 0
r=7 2 1 2 0 0
8<r<10 2 1 1 0 1
r=11 >3 >2 1 >1 1
r=12 >3 1 >2 0 1
=13 >4 >2 1 >1 >2
r=14 >4 1 >2 0 >2
15 <r <20 >4 1 0 >3
r>21 >3 0 0 0 >3
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