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Abstract

We construct minimal Eisenstein integrals for a reductiysnmmetric space
G/H as matrix coefficients of the minimal principal series®fThe Eisenstein
integrals thus obtained include those from theminimal principal series. In
addition, we obtain related Eisenstein integrals, but ditlerent normalizations.
Specialized to the case of the group, this wider class irdudarish-Chandra’s
minimal Eisenstein integrals.
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Introduction

Eisenstein integrals play a fundamental role in harmonalyess on reductive sym-
metric spaces of the forlrd = G/H; hereG is assumed to be a real reductive group
of the Harish-Chandra class, akldan (essentially connected) open subgroup of the
group G? of an involutiong of G. The notion of Eisenstein integral goes back to
Harish-Chandra, who used it to describe the contributiogewsferalized principal se-
ries to the Plancherel decomposition of a real reductiveigi@. In this setting an
Eisenstein integral is essentially a matrix coefficient mfirduced representation of
the form IndS(‘oo), with ‘P a proper parabolic subgroup @ and'w a suitable repre-
sentation ofP.

For general symmetric spac€'H, the notion of Eisenstein integral was intro-
duced in [6] for minimalo-parabolic subgroups d&, i.e., minimal parabolic sub-
groups ofG with the property thaio(P) = P. The notion was later generalized to
arbitrary o-parabolic subgroups in [14], [15] and found applicatioriiie Plancherel
theorem forG/H, see [16] and [12]. In this setting of reductive symmetriccgza the
Eisenstein integrals appear essentially as matrix coeffisiofK -finite matrix coeffi-
cients withH-fixed distribution vectors.

A group'G of the Harish-Chandra class may be viewed as a homogeneacs sp
for the left times right action o6 ='G x ‘G on ‘G, and is thus realized as the sym-
metric spacés/H with H the diagonal infG. The definition of Eisenstein integral for
the symmetric spac&/H yields a matrix coefficient ohG which is closely related
to Harish-Chandra’s Eisenstein integral, but not equat.td’he two obtained types
of Eisenstein integrals differ by a normalization which d¢endescribed in terms of
intertwining operators, seel[8] for details. In the preseagper we develop a notion
of minimal Eisenstein integrals for reductive symmetriasgs, which cover both the
existing notion for symmetric spaces and Harish-Chandhaton for the group.

An even stronger motivation for the present article liesha application of its
results to a theory of cusp forms for symmetric spacesaieiti by M. Flensted-Jensen.
In [[Z] we use our results on Eisenstein integrals to germrdlie results of [2] and[1]
to reductive symmetric spaces@fsplit rank one (i.e., dimg = 1).

We will now explain our results in more detail. L8tbe a Cartan involution o&
commuting witho and letK be the associated maximal compact subgroup.dfet

g=tdp=>hdq

be the eigenspace decompositions intottieeigenspaces for the infinitesimal invo-
lutions 6 and g, respectively. Furthermore, lat be a maximal abelian subspace of



pNg anda a maximal abelian subspaceotontainingag. We putAq := expaq and
A= expa.

For the description of the minimai-principal series one needs the (finite) set of

minimal o-parabolic subgroups d& containingAg; this set is denoted by?s(Aq).
In the case of the grous one may taked = ‘A x ‘A, with ‘a maximal abelian inp.
ThenZ2,(A) consists of all parabolic subgroups of the foi ‘P, with ‘P a minimal
parabolic subgroup fronG containing'A. To obtain Harish-Chandra’s Eisenstein ite-
gral one would need to also consider minimal parabolic sulggs of the formP x ‘P.

Our goal is then to define Eisenstein integrals by means tdideH -fixed distri-
bution vectors for all minimal parabolics &f containingA. The (finite) set of these is
denoted by’ (A). For the case of the group one h&&;(Aq) € & (A), but for general
symmetric space§/H, the parabolic subgroups from?,(Aq) will in general not be
minimal.

A parabolic subgroup € Z(A) is calledg-extreme if it is contained in a parabolic
subgroupP from 24 (Aq), see Sectionl1 for details. For such a parabolic, each repre-
sentation In&b(f ® A ® 1) of the o-principal series can be embedded in the represen-

tation Ind5(&m ® (A — ppn) ® 1) of the minimal principal series, through induction in
stages. Heré is a finite dimensional unitary representation of the Landgtacompo-
nentMg := Mp,, andéy denotes the restriction gfto M := Mp. Furthermorej e Age
andppn := pp — PR, This is discussed in Sectidh 4.

In Sectiorl b theH-fixed generalized vectors of the first of these induced s=pre
tations are shown to allow a natural realization in the tafle describe it, one needs to
parametrize the opeH-orbits onG/Py. We will avoid this complication in the intro-
duction, and work under the simplifying assumption tH& is the single open orbit.
This condition is always fulfilled in the case of the groupgeneral the open orbits
are given byPvH, for vin a finite set?” ~ W (aq) /MknH (ag)).

LetC *(Py: & : A) denote the space of generalized vectors for the induced-epr
sentations In%(f ®A ®1). TheH-fixed elements in this space needed for the defini-

tion of the Eisenstein integral are parametrized/9y ) = %”EMO”H. Givenn € V(¢),
one has a family

jPi&:An)eC™(R:&: M), (A eay),

defined in[[5]. In a suitable sense it depends meromorpkioalh € ag.. This family
has imagejn(P: & : A :n)inC(P: &y : A — ppn). By definition the latter de-
fines a continuous conjugate linear functional on the sE&¢® : v : —A + ppp). In
(5.5) we show that foA in a suitable regiof2p C ag. this functional is given by an
absolutely convergent integral

(nP:aw:Ain) D= [ fra (1.1

Hp\H

for f eC*(P:ém: —)T+pph). HereHp :=HNP, and ﬂ%w is a natural interpretation
of the function(n, f)|n € C*(H) as a density on the quotient manifdtigh\H.
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To extend formulal(L11) to the setting of a parabolic subgrQue &2(A) which
is not g-extreme, two problems need to be solved. First of all a blatdomainQq
for the convergence needs to be determined. Next, the irggtdimily ju(Q:éw:A)
needs to be extended meromorphically in the parameten..

In the present paper both these problems are solved by ussugtable partial
ordering= on & (A) whose maximal elements are tixextremal parabolic subgroups,
see Sectioh]2 for details. LBte #5(A) be such thalP = Q. Then the definition of the
ordering guarantees thieb C Hg and that the fibeHp\Hq of the natural fiber bundle
Hp\H — Hg\H is diffeomorphic taNg N Np in a natural way, see Sectibh 6. We use a
general Fubini type theorem for densities on fiber bundlsgsudsed in the appendix
of this paper, to decompose the integtall(l.1) in terms of erfibtegral oveNg N Np
followed by an integral over the base manifélg\H, see Thm[&]7. The first of these
integrals turns out to be the integral for the standard iwiaing operator

AQ:P: & :—A+ppn) :C°(P: &1 —A +ppn) — C°(Q: &w 1 —A + ppn),

whereas the second integral turns out to[bd (I.1) @t place ofP. According to
TheoreniZ 1 this results in the formula

P &M AN =jn(Q:&m:An)oAQ:P:&m:—A+ppn),  (1.2)

with convergent integrals for € Qp. Convergence of the integral fps (Q: Em: A : n)

is thus obtained through Fubini’s theorem, as a consequ#iibe known convergence
of the other two integrals. Furthermore, since the appgastandard intertwining
operator has an inverse which is meromorphid irformula (I.1) also allows us to
conclude in Theorein 7.8 that

A jn(Q:ém:An) (1.3)

depends meromorphically one ag..

Once the meromorphic extension @3) has been established for genetak
Z(A) we apply a recent convexity theorelm [3, Thm. 10.1] to deteemailarge domain
on which [L3) is holomorphic, see Corolldry I7.6). The codtyetheorem describes
the image oH under the projectiofiq ¢ : G — aq determined by the Iwasawa decom-
positionG = K(ANH) exp(aq)Ng as a convex polyhedral cone described in terms of a
subset of the set of roots afin ng. This description allows one to decide whether this
cone properly contains the origin or equals it. In the latse it is shown thaf(].3) is
holomorphic on all otig., see Remark 719.

The definition of the meromorphic family ¢i-fixed generalized vectork (].3) al-
lows us to define Eisenstein integr&éQ : A) essentially as matrix coefficients with
K-finite vectors in the induced representation under conaiaa. In particular, the
Eisenstein integral depends meromorphically\oiolomorphy of [I.3) implies holo-
morphy of the corresponding Eisenstein integral, see Goyd8.5.

The relation [(L2) leads to a relation between the EisenstgegralE(Q: A)
and the Eisenstein integr&l(Py,A), earlier defined in[[6] and [10]. This relation
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amounts to a different normalization of the Eisensteingraeexpressed in terms of a
C-function, see Corollary 8.14.

Finally, in Sectiori B, we discuss the case of the group, apdess the obtained
Eisenstein integrals in terms of Harish-Chandra’s Eisnshtegrals, see Corollary
[0.8. In this case, the Eisenstein intededl) : A) coincides with Harish-Chandra’s if
and only ifQ is a>=-minimal element of2?(A). The latter means th& is of the form
'Q x'Q, with'Q € Z(*A); see Corollary 9]6. The result on holomorphy established
above, is consistent with the holomorphic dependence asr&handra’s Eisenstein
integral, see Remafk9.7.

Acknowledgements We would like to thank Henrik Schlichtkrull and Mogens
Flensted-Jensen for many fruitful discussions. Part &f tesearch was made possi-
ble by the Max Planck Institute for Mathematics in Bonn, whkoth authors partici-
pated in the special activity ‘Harmonic Analysis on Lie gpsy organized by Bernhard
Krétz and Henrik Schlichtkrull, in the late summer of 2011.

1 Notation and preliminaries

In this section we collect some of the notation that will bedithroughout this article.

We assume thab is a reductive Lie group of the Harish-Chandra class. det
be an involutive automorphism & and let@ be a Cartan involution that commutes
with o, letK := G be the associated maximal compact subgroup.H.be an open
subgroup of the fixed point subgro@¥. We assumél to be essentially connected.
(Seel[4, p.24].) ISis any closed subgroup &, we agree to write

Hs:= SNH. (1.1)

A Lie group will in general be denoted by a Roman upper cagerleghe associated
Lie algebra by the corresponding lower case gothic letter.ddhote the infinitesimal
involutions associated witlr and 8 by the same symbols, respectively. As usual,
the decompositions gf into the+1 and—1 eigenspaces fd ando are denoted by
g==tdp =bhdq respectively. As the involutioneg and 6 commute, we have the
following decomposition off also decomposes as a direct sum of vector spaces

g=(ENh)o(ENg) D (PNbH) D (PNQ).

We fix a non-degeneraté-invariant bilinear formB on g, which coincides with the
Killing form on [g, g|, is negative definite ohand positive definite op, and for which
the above decomposition is orthogonal. Furthermore, wepegwith the positive
definite inner product given by

(-, ) =-B(,8(-))
We fix a maximal abelian subspaggof p N g and a maximal abelian subspace
of p containingag. Thena decomposes as

a=ap®dag,

5



wherean = anbh. This decomposition induces natural embeddings of theczssa
dual spacesj, andag into a*. Let A:=exp(a), Aq := exp(aq) andAp := exp(an).

If Pis a parabolic subgroup (not necessarily minimal), then wigeWp for the
unipotent radical oP. If P containsA andb is a subalgebra af, then we writex(P, b)
for the set of weights o in np. Furthermore, we writ&(P) for (P, a), unless clarity
of exposition requires otherwise. tfis an involution ofg preservinga, we agree to
write

Z(P1):=Z(P)NTZ(P). (1.2)

For a roota € 2(a) Nag, we note thavfa = a, so thato 6 leaves the root spagg
invariant. Accordingly, we define the subg&P)_ = >(P)s — of Z(P,08) by
Z(P)-={a€Z(Pob):acay= 00y, #I}. (1.3)

Let M denote the centralizer & in K and let%?(A) denote the set of minimal
parabolic subgroug® C G with AC P. Then each subgroupe &?(A) has a Langlands
decomposition of the forr® = MANp.

Definition 1.1. A parabolic subgroup € Z(A) is said to bej-extreme if
2(P,o8)=%2(P)\ a},.
The set of these parabolic subgroups is denoted/gyA).

We will finish this section by comparing’s(A) with the set?;(Aq) of minimal
o 0-stable parabolic subgroups@fcontainingAq. We recall from[[5] that the latter set
is finite and in bijective correspondence with the set of fpasisystems fo (g, ag).
Indeed, ifl1 is such a positive system then the corresponding parahabigreupP,
from Z4(Aq) equalsh, = Zg(ag)Nn, wherenp := @qcnga andNn == exp(nn). The
Langlands decomposition &% is given by

P = MoAoNn,

where Ag = exp(ag) and Mo = Zx (aq) exp(mo), With ag = Nges
mo := Zg(ag) Nag-
Conversely, iffy € Z5(Aq) then the associated positive system is given by

a.0)nap, Ke€ra, and

Z(Po,aq) '={a € Z(g,aq) [ ga € npy}-
Lemma 1.2. Let Pe &2(A). Then the following conditions are equivalent.

(@) Pe Z5(A);
(b) there exists afPc P25 (Aq) such that PC R.



Proof. First assume (a). TheR(P) \ aj, = Z(P,08) and we see that the skt of
non-zero restrictions|,,, for a € Z(P) \ a}, is a positive system foE(g,aq). Now
Np = (Np N Mo)Ny and we see thd C P, and (b) follows.

Next assume (b). We first note that

3(Po, ag) = {0lJeq : @ € Z(Ro), @lqg # O}

The minimality of Py implies thatZ (P, aq) is a positive system for the root system
2(g,aq), hence

2(g,a)\ap={0 € Z(g,a) : alo, € Z(g,0q)} = Z(Po) U—Z(Py).
By assumptior® C Py. This impliesZ(Py) C 2(P) andX(P) N —%(Ry) = 0. Hence,
2(P)\ oy = 2(P).

Moreover, sincd is 00-stable the above equality impli&$P) \ a}, € 3(P,00). As
the converse inclusion is obvious, the parabBlis g-extreme and (a) follows. [

2 Minimal parabolic subgroups

Lemma2.1. LetPe Z(A). The sek(P) is the disjoint union ok (P, o) andX(P, 0 6).

Proof. Leta € Z(P). Then eitheroa € 2(P) orc8a = —oa € 2(P). The two cases
are exclusive, and in the first case we have Z(P, o), while in the secondr €
>(P,c0). O

We define the partial ordering on & (A) by
P>Q <« 2(Q,00)C2(Pof) andZ(P,0) C 2(Q,0). (2.1)

It is easy to see that this condition éhand Q implies thatHy, C Hn - The latter
condition implies that we have a natural surjectitenapH /Hn, — H /Hng,.

Lemma 2.2. LetRQ € Z(A), and assume that P Q. Then
(8) Z(P) Ny = Z(Q) Na;
(b) Z(P)Nnaj,=Z(Q)Naj,.

Proof. Leta € Z(Q) Nag. Thenoba = a so thata € 2(Q,060) C Z(P,06). We infer

that>(Q) Nag € Z(P) Nag. Since both sets in this inclusion are positive systems for

the root systenx Nay, the converse inclusion follows by a counting argument.
Assertion (b) is proved in a similar fashion, usiagn place ofg6 and referring

to the second inclusion df (2.1) instead of the first. O



Lemma 2.3. Let BQ € &(A). Then the following statements are equivalent.
(&) P=Q;
(b) (P)NZ(Q) C 2(P.06) and X(P)NZ(Q) € 2(Q.0);
(©) Z(P)NZ(Q) =2(P.aB)NZ(Q,0).

Proof. First assume (a). Lat € X(P)NZ(Q). Thenoa € Z(P) would lead toa €
2(Q), contradiction. Henceg € Z(P,00). The second inclusion of (b) follows in a
similar fashion. _ B

Next, (b) is equivalentta(P) NZ(Q) C 2(P,00)NZ(Q, o), which is readily seen
to be equivalent to (c). _

Finally, assume (c) and letc Z(P, o). Thena € Z(P) \ (P, 00), hencea ¢ 2(Q)
by the equality of (c) and it follows thatr € Z(Q). Likewise, oa € Z(Q) and we
conclude thatr € £(Q, 0). On the other hand, lar € 3(Q,00). Thena € Z(Q) \
>(Q,0). The equality in (c) is equivalent to

Z(P)NZ(Q) = £(P,06)NZ(Q,0),

which shows thatr € £(P). Likewise, c08a € 2(P) and we see thatr € 2(P,00).
This proves (a). O

Lemma 2.4. Let RQ,Re Z(A) be such that P- R. Then the following assertions
are equivalent:

@ P-Q=R

(b) Z(P)NZ(Q) € Z(P)NZ(R).

Proof. Assume (a). By LemmB_2.3, the first set in (b) equal®, 06) N Z(Q,0),
which by (2.1) is contained iB(P,00) N Z(R, 0). The latter set equals the second set
of (b), again by application of Lemnia 2.3. Assertion (b)dalk.

For the converse implication, assume (b). Then it is welvkmand easy to show
that

S(P)NZ(R) = (Z(P)NZ(Q) U(Z(Q)NZ(R))  (disjoint union) (2.2)

Indeed, it is obvious that the set on the left-hand sidé &) (8.contained in the union
on the right-side. For the converse inclusion, we first nbt {b) impliesz(P) N
Z(Q) € Z(R). Now assume that € Z(Q)NZ(R). Thena ¢ 3(P) so thata € Z(P)N
2(R). Hence, the second inclusion of (2.2) follows as well. _

Still assuming (b), we claim thd& = Q. To see this, letr € Z(P)N%(Q). Then
acZ(P)NZ(R) C Z(P,o0)NZ(R o) by Lemmd2.B. Assume now in additian¢
2(Q,0). Thengba € Z(P)NZ(Q) C 3(P)NZ(R), hencea € %(R,08), contradicting
the earlier conclusion that € >(R, 0). Thus the assumption cannot hold, so that
2(P,00)NZ(Q,0). In view of Lemmd 2B this establishes the claim.
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We will now infer (a) by establishing th& >~ R. For this, leta € Z(Q) N %(R).
Thena € X(P)NZ(R) by (2.2), which implies thatr € Z(P,06) NZ(R, 0) by Lemma
2.3. Assume now thatr ¢ 2(Q,00). Thenoa € Z(Q)NZ(R) C Z(P), so thata €
(P, o), contradicting the earlier conclusion thatc >(P,08). Thus, the assumption
cannot hold, sothat € 2(Q,00)NZ(R, g). Applying Lemmd2.B wit{Q, R) in place

of (P,Q), we finally obtain thaQ >~ R. O

Remark 2.5. Recall that two parabolic subgrouBQ € #(A) are said to be adjacent
if Z(P)NZ(Q) has a one dimensional spandah

If Qe Z(A) then there exists a sequenke= Py, Py,...,B, = Q of parabolic
subgroups in?(A) such that for all 6< j < nwe haveX(P)NZ(Pj) € Z(P) N Z(Pj+1)
and such thaP; andPj; are adjacent. If in additio® - Q, then it follows from
repeated application of the lemma above that

P=R>P > >=PF=Q.

Our next objective in this section is to show that every palialsubgroup from
Z(A) is dominated by g-extreme one, see Definitign 1.1

GivenQ € Z(A), we denote the positive Weyl chamber Q) in a by a™(Q).
Furthermore, we put

a5 (Q)={H e aq| a(H) >0, Va € £(Q,08)}. (2.3)

It is readily verified that this set contains the imageadfQ) under the projection
pry - a — ag; in particular, it is non-empty.

Let ag ® be the set of regular elementsdg relative to the root system(ag). The
connected components of this set are the chambers for thesystem>(aq). The
collection of these is denoted ¥o(aq?). It is clear thatag®N ag (Q) is the disjoint
union of the chambers containeddp(Q).

We define

Z6(AQ):={Pe Z:(A)| P=Q}

Lemma 2.6. Let Qe #(A). Then the assignmentR af (P) defines a bijection from
the set?q(A, Q) onto the se{C € Mo(ag™) | C C af (Q)}

Proof. We abbreviat&'(Q) := {C € Mo(ag?) | C C aj (Q)}. LetP € P5(A,Q). Then
aroota € Z(P) restricts to a non-zero root @i if and only if a € 3(P) \ aj,. The latter
set equalg(P) \ 2(P,0) = 3(P,08). Therefore,aj (P) is a connected component of
ag o Furthermore, fronP = Q it follows that £(P,08) > 2(Q,¢6), which in turn
implies thatag (P) € af (Q). It follows thataf (P) € 4(Q). It remains to be shown
that the map

P—af(P), Z5(AQ) = € (Q) (2.4)

is bijective. For injectivity, assume thef, P, € (A, Q) and thatag (P1) = af (P2).
Leta € 3(Py). If a € af, thena € Z(Q)Naj, CZ(P). If a ¢ af, thena € af (P, 06)
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and it follows thatr > 0 onag (P1) = ag (P2), which implies thatr € Z(P>). Thus, we
see thak(P;) C Z(P,) which impliesP, = P».

For surjectivity, letC be a chamber iff(Q). Let MN¢ denote the set of roots
Z(a) that are strictly positive o€. The setly := Z(Q) Naj, is a choice of positive
roots for the root systerdi(a) Naj,. Hence, there exists an eleméné aj, such that

MNh={aeZ(a)Nna}, | a(Y) > 0}.

Fix X € C and putX = X +tY fort € R. Then there exists > 0 such that foift| < &
we havea (%) > 0 for all a € Mc. Fix 0 <t < €. Then it follows thatX; is regular
for Z(a) and that the associated choice of positive rddts- {a € Z(a) | a(X) > 0}
is the disjoint union oflc andMy. Let P be the parabolic subgroup i? (A) with
Z(P) =M. ThenX(P)Na} = Mp = Z(Q) Naj,. Furthermore, ifa € 3(P) \ aj,, then
a €lMc. HenceoBa (X)=a(—o(X))=a(X_t) >0, and we see that € Z(P,00).
It readily follows thatP € Z5(A, Q). O

We finish this section by investigating these structurehedetting wheréd is
replaced by a conjugatédv—2, with v € Nk (a) N N, Let such an elementbe fixed.
Thenv normalizesiy, as well. LetC, : G — G denote conjugation by, and put

oy :=Cyo0oC, L. (2.5)

Then oy is an involution ofG which commutes with the Cartan involutidh more-
over, sincev normalizesZ (aq), the conjugate groupHv1 is readily seen to be an
essentially connected open subgroup3§f. The infinitesimal involution associated
with oy is given byay = Ad(v).o-Ad(v)~1. Since Adv) normalizesaq andap, it
follows that

Ovla = Ola (2.6)

and thaiig is maximal abelian ip Nker(ay +1).
It follows from (1.2) and[(2.6) that

Z(Q7 UV) = Z(Q7 U) and Z(Q7 UVQ) = Z(Q7 09) (27)

From this we see that the ordering oA(A) defined by [(Z11) withoy in place ofo
coincides with the ordering . It is also clear thaP — v_1Pvpreserves?Z,(A).

Lemma 2.7. Let Qe Z(A) and ve Nk (a) NNk (aq). Then
Qo - = VE(V'QY)- (2.8)

LetS = {a € Z(a)Nag| avB|y, #1}. Thenitis readily seen th&, = v&. From
(I.3) we now deduce that

>(Q)a,— Nag=Z(Q) NVS =V(Z(v 'QV)NS) = VE(v 'QV)_Naj.
On the other hand,
*(Qa-\oy = Z(Qa6)\a5 = Z(Q.06)\0;
= VE(vQuoB)\ay) = VI(V QY \aj
and we deducé (2.8).
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3 Induced representations and densities

Let P = MpApNp be a parabolic subgroup with the indicated Langlands deosimp
tion and let(&, 77z) be a unitary representation in a finite dimensional Hilbpece
Hg. The assumption of finite dimensionality is natural for thegmse of this paper.
Moreover, the following definitions, though valid in genleraill merely be needed for
the case tha® belongs to eithee?(A) or Z4(Aq).

For i € ap. ands € NU {e} we denote byC5(P: £ : ) the space o€s-functions
f : G — JZ transforming according to the rule

f(many = PP (m) f (x),

for all x e G and(m,a,n) € Mp x Ap x Np. The right regular representatiéhof G in
this space is th€s-version of the normalized induced representatiofg(ffdg U®1).

We putKy, := KNMp and denote bS(K : &) :=C3(K : Ky, : &) the space of
CS-functionsf : K — 7 transforming according to the rule

f(mk) =&Em)fk), (ke K, meKy).

All function spaces introduced so far are assumed to be pgdiwith the usual Fréchet
topologies (Banach whesk ). The restriction mag — f |k gives topological linear
isomorphisms

CS(P:&:u) — CYK: &), (3.1)

intertwining theK-actions from the right. Through these, the right reguldioas
of the groupG may be transferred to continuous representations oh C3(K : &),
denotedr ¢ ,. This realisationg |, is called the compact picture of ti@-version
of the parabolically induced representation 308 @ u ® 1), see [23, p. 15]. Letlk
denote the normalized Haar measure<grand let(- , - ) denote the inner product of
. Then itis well known, see e.d. [26, Lemma 8.3.11], that tregjg@inear pairing
C(K:¢&)xC(K:&)— Cgiven by

(1.9)¢ = [ (F(). g9} dic 32)

is equivariant for the representations, ,, and ¢ _ ;. Accordingly, the above for-
mula gives an equivariant sesquilinear pairing

C(P:&:u)xC(P:&:—u)—C. (3.3)

We will usually omit the index in the notation of the pairing (3.2).

We denote byC5(P: & : u) the continuous conjugate-linear dual of the Fréchet
spaceCS(P: & : — ), equipped with the strong dual topology and with the natusal d
representation. Likewise, we denote ®y5(K : &) the continuous conjugate-linear
dual of C3(K : ).
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By using the pairing(3]13) we obtain equivariant continutisar injections
C(P:&:u)—=C3(P:&:p),

for se NU{w}. Likewise, by using the pairind (3.2) we obtairequivariant con-
tinuous linear injection€(K : &) < C5(K : £). Through the indicated pairings it
is readily seen that the isomorphisin_{3.1) fo 0 extends to a topological linear
isomorphism

CS(P:&:p) — CS(K:9), (3.4)
forallse NU{«}. By transfer we obtain a continuous representarqggl of Ginthe
second space if (3.4), such that the isomorphism bec@qmmwanant It is readily
verified that this representation is dual to the represemak s _; onCS(K : &). We
will usually omit the superscriptsin the notation of this dual representation.

Fors,t € Nwith s<t, the inclusion mag! (K : &) — CS(K : &) is a compact linear
map of Banach spaces which has a dense image and therefdiresiti@ a compact
linear injection

S(K:E) > CYK:E).
In view of [24, Thm. 11], the locally convex spa€e*(K : &), equipped with the
strong dual topology, coincides with the inductive limittbé Banach spacé&® S(K :
). Furthermore, by [24, Lemma 3] each bounded subs€tdf(K : &) is a bounded
subset o2~ 5(K : &) for somes.

Let now Q be a complex manifold. Then by the above mentioned propdrty o
bounded subsets of the inductive limit, a functipnQ — C~*(K : &) is holomorphic
if for eachzy € Q there exists an open neighborhd@glof z5 in Q and a natural number
s € N such that¢ mapsQq holomorphically into the Banach spa€es(K : &). A
densely defined functiohfrom Q toC~*(K : £) is said to be meromorphic if for each
7o € Q there exists an open neighborhd@g and a holomorphic functiog: Qg — C
such thag f extends holomorphically from Dofifi) N1 Qg to Q.

For later use, we record some observations involving theragredientMp-re-
presentatio ¥, whose space?; . is the linear dual of#; . The assignment— (v, -)
defines anMp-equivariant conjugate-linear isomorphism fra#; onto Zzv. This
isomorphism induces ld-equivariant topological conjugate-linear isomorphisoni
C®(K: &) ontoC>(K : &V). The latter isomorphism is equivariant for the representa-
thﬂSleag andrqggv _u» respectively, for every € ap.. Through this isomorphism,
the pairing KB]Z) is transferred to the bilinear pairing

C*(K:&)xC®(K:&Y) —=C (3.5)

given by
(F.9) = [ (f(0,g(K) ik 36)

Furthermore, this pairing is equivariant for the repreagobs 7 |, and Tpgv .
Through it, we see th&@ ~(K : &) is naturally identified with the continuous linear

12



dual ofC*(K : £V). Moreover, this identification realizes the representaﬂpgvu as
the contragredient O)flgjfvﬁ o Accordingly, we obtain thé&-equivariant topological
linear isomorphism

C®P:&:u)~C*(P:&V:—p).
In the rest of this section we assume tRat &7 (A) and that(¢, 77z) is a (not nec-
essarily irreducible) unitary representationMfin a finite dimensional Hilbert space
H.
EOne of the goals of this paper is to studyinvariant distribution vectors of prin-
cipal series representations. A first step in the constinaif these is the following.
We consider the homogeneous spBiggH, see[(1.11) for notation, and denote the as-
sociated canonical projection by: H — Hp\H. Givenx € H we write [X| = m(x).
Furthermore, foh € H we use the following notation for the right multiplicatioram,

rn:Hp\H — Hp\H, [X] — [Xlh= [xh|

We refer to the appendix, the text preceding {A.4), for thigamoof a density oHp\H
and the associated notion of the density bur@ig, . The notion of the pull-back
bundlert* 7,y — H is defined in the same appendix, in the text beforel(A.5).

Let hp denote the Lie algebra ¢fp = H NP, thendr(e) induces a linear isomor-
phismb/hp ~ Tg(Hp\H). We fix a positive densitgo = w,\n € Zy /-

If SC 2(P), we define the subspaag C g to be the direct sum of the root spaces
da, for a € S and we defings € a* by

ps(X) = %tr (@adX)|ng), (Xe€a).

Furthermore, we agree to abbreviate

Pph -= Ps(P)na,-

In the following result we will describe certain densitiessaciated with principal se-
ries representations.

Lemma 3.1. LetA € ag., feC(P: ¢ —A_—i—pph) andn € JKEHM. Then

fp.w:he (0, f(h)gdrn((e) “w
defines a continuous density on the homogeneous spadé.H

Proof. For eacthe H, put¢ (h) = f, ,,(h). Theng (h) defines a density on the tangent
spaceTypn(Hp\H) and ¢ : H — 1°(%y,\n) defines continuous section of the pull-
back bundle. It suffices to show théthph) = ¢ (h) for all hp € Hp. We note that
Hp = H NP = HuAwHN.. Accordingly, writehp = man then

o(heh) = a M Prtr(g(m)~in, f(h)) drn(felhp) M drne([e) Y
P Ahe) ¢ (h), 3.7)
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where
A(hp) = |detAdhp)|y /pe| = |detAd(hp) [g,| .

SinceHy; is nilpotent, whereaBly is compact, it follows that
A(he) = A(@) = |detAd@)|y,|

Using the decompositiolpp = (h Nm) & anp & (hNnp) we finally see that
A(he) = | detAd@)[prme| =27,

whered = tr(ad( - )|pnnp) € a},- We now use that

hbNnp = @ ga D ( @ ga)

ac(Z(P)Naj) acx(Po)\ay,

o

For eacha € Z(P,0) \ a},, we haveoa # a, and the direct sunyq ® goq IS O-
invariant, so that its intersection withis given by

(90 D goa)’ ={X+0(X) | X € ga}-

The action of an elemetit € ap, on this space has trace diga) a(H). We conclude
that

0= (2pen+Ps(po)ap) oy
Using the decomposition

Pp = Pph+ Ps(Po)\a;, T P(Po0)
we see that
(pp+ppn) |, — 0= Ps(poe), =0
Combining this with[(3.I7) we infer that is left Hp-invariant. O

Remark 3.2. Recall the definition oE(P)_ in (L.3). In Sectiom5 we will show that
forall A € ag, for which there exist&y € Z(Aq) with Z(P,06) C Z(Fp) such that

Va e Z(P)_: (ReA +pp,, a) <0,

the above density, , is integrable oveHp\H.

4 Comparison of principal series representations

In this section we will compare the principal series repngsigons with thes-principal
series defined in [5]. The latter involve parabolic subgsfpfrom &4 (Aq). Each of
these has a Langlands decomposition of the fegm MoAoNpR,, see the end of Section
[ for details.

We will now investigate the structure of the groMg in more detail. Our starting
point is the following lemma.
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Lemma4.1. Leta € Z(g,a) Naj,. Thengy C .

Proof. Let a be as in the assertion. Thera = a so thato leaves the root spagg,
invariant. Thus, it suffices to show thgg N q = 0. Assume thaiX € g4 Ng. Then
(X —6X) belongs tg N g and centralizesy. As the latter space is maximal abelian in
pNyq, it follows thatX — 6X € agN (ga +g—a) =0. O

Let mg, be the ideal inmg generated by Nmg. SinceaNmg has trivial intersection
with the center ofng, the ideaing, equals the sum of the simple ideals of non-compact
type inmyg. It has a unique complementary ideal; this is contained ircérgralizer of
anNmg in mg, hence inm.

Lemma 4.2. The idealmgy is contained inmgN§.

Proof. The algebrang admits the decomposition

mop=m® (aNmg) ® @ da- (4.1)
ac(g,a)Nay,

Each appearing root spagg equalsiaNmo, gq|. Hence,mo, contains the subspace

s:=(aNmp)® EB da-

aeX(g,a)Nay,

It follows thatmg,, contains the subalgebsaof mg generated by. On the other hand,
sincemg = m + s andm normalizess, the algebra is an ideal ofmgn,. We conclude
thatmg, equals the algebiagenerated by.

Now aNmg C h and each of the root spacesin {4.1) is containelgl lny Lemma
[4.1. Therefores C h and we conclude thatg, =5 C b. O

Let Mon be the connected subgroupM§ with Lie algebramgp.
Lemma 4.3.
(&) Mon is a closed normal subgroup ofM
(b) Mo = MMon ~ M X mAmg, Mon.
(c) Theinclusion map M~ Mg induces a group isomorphism/MNM N Mg, ~ Mo/ Mon.
(d) HMo = HMMOn
(e) The inclusion map M= Mg induces a diffeomorphism Ay =~ Mo/Huw,.
(f) The group My acts trivially on My/Mon and on My/Hu,.
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Proof. The normality ofMg, follows sincemgy is an ideal ofimg. Sincemg is reduc-
tive, there exists an idealg. complementary tang,. The groupMop, is equal to the
connected component @fy, (moc) and thereforévlon is closed. This proves assertion
(a). Frommg = m+mgp and () it follows thaMMg,, is an open subgroup ddy. Since
Mo is of the Harish-Chandra class, ahtd= Zx~w,(a Nmp), it follows thatM inter-
sects every connected componenivf Hence,Mg = MMg,, and (b) readily follows.
Assertion (c) follows from (b) and (a). We now turn to asserijd). From LemmBa4]2
it follows thatMg, € H. In view of (b) we now see that

HMO = [MMOn] NH = HuMop,

Hence (d). From (c) and (d) we obtain a natural fiber bumd}é N Mo, — M /Hy
which corresponds to factorization by the grdeip= Hy /(M N Moy). Likewise, we
obtain a natural fiber bundlo/Mon — Mo/Hwm, Which corresponds to factorization
by groupFg := Hy,/Mon. The isomorphism of (c) magds ontoFy, hence (e) follows.
SinceMoy is normal inMp, it acts trivially on the quotienMg/Mo,. The second
assertion of (f) follows from this alslgn, C Hy,. O

Given a continuous Fréchdty-moduleV, we denote its space of smooth vectors
by V®. This comes equipped with the structure of a continuous Etédg-module in
the usual way. The continuous linear dual is denoted By

Corollary 4.4. Let (£,V) be an irreducible continuous representation of M a
Fréchet space V such that
(V)Mo £ 0, (4.2)

Thené|w,, is trivial and & | is irreducible. In particular¢ is finite dimensional and
unitarizable.

Proof. Letn be a non-zero element of the spacd.inl(4.2). Then there isja&imjec-
tive continuous lineaMo-equivariant mag : V* — C*(Mo/Hw,) such that* (dg) =
n, with 5[6,} denoting the Dirac measure Wly/Hw, at €] := eHy,. SinceMg,, acts triv-
ially on Mg/H, it follows thatMop acts trivially onV*® hence orV. We conclude that
&|my, is trivial. By application of LemmA&_4]3 it follows thdt|y is irreducible. O

The above result provides motivation for considering ormytdi dimensional uni-
tary representations dflop. We note that any such representation restricts to the triv-
ial representation oM, since the latter group is connected semisimple of the non-
compact type. Sincklp/Mpp is a compact group, it follows that

Moty =~ (Mo/Mon)”, (4.3)

whereMos, denote the set of equivalence classes of finite dimensimedlcible uni-
tary representations oflp.
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Lemma 4.5. The restriction mag — &v := &|m induces an injection
Moy < M. (4.4)
The image of this injection equal® /M N Mop)".
Proof. It follows from Lemmd 4.B (c) that the restriction map indsie@ isomorphism
(Mo/Mon)” ~ (M/MNMgpn)".

The latter set may be viewed as the subse¥iafonsisting of equivalence classes of
irreducible unitary representations that are trivialdm Mg,. Now use [(4.B). O

From now on we will use the map (4.4) to vidvips, as a subset d¥l.

Lemma 4.6. Let (&, 77%) be a finite dimensional unitary representation of (ot
necessarily irreducible). Then

AN = . (4.5)
Proof. The space on the left-hand side of the equation is clearlteaued in the space
on the right-hand side. For the converse inclusionplet 77z be anHv-fixed vector.
Thenn is fixed under the grouplyMon, Which equaldy, by LemmdZ4B (d). O

Let W(aq) denote the Weyl group of the root systeéifyg, aq). ThenW(aq) ~
Nk (aq)/Zk (ag), naturally. We denote bWk nH (aq) the image ofNkn (aq) inW(ag).
LetW(a) ~ Nk (a)/Zk (a) denote the Weyl group of the root systé&ity,a). Then re-
striction toaq induces an epimorphism from the normalizengin W(a) ontoW (ag).
We may therefore select a finite sub%etC Nk (a) NNk (aq) such thae € 7 and such
that the ma — Ad(v)|4, induces a bijection

7 3 Woag) Mk (ag)- (4.6)

Let ¢ be a finite dimensional unitary representatiofvigf(not necessarily irreducible).
Then following [5] we define

V(E,V) - %MOQVHTJ‘ :(%%MHVHV’]'. (47)

Here we note that the second equality is valid by Lerima 4.6egppith vHv ! in
place ofH. We equip the space in (4.7) with the restriction of the inmedpict on7z .
Finally we define the formal direct sum of Hilbert spaces

V(&) = DverV(E,V). (4.8)

Forve #, letiy:V(&,v) = V(&) and pi: V(&) — V(&,v) denote the natural inclu-
sion and projection map, respectively.
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Our goal will be to studyH-fixed distribution vectors in representations induced
from minimal parabolic subgrougsc 2 (A). For this it will be convenient to compare
these representations to representations induced fronmaliro 6-stable parabolic
subgroups, by using the method of induction in stages.

LetP € Z5(A), see Definitiof L]1, and & € Z5(Aq) be such thaP C P Let
(&,7%) be a finite dimensional unitary representatiotMafand 1etC*(Py: € 1 A) be
defined as in the first part of Sectian 3 férin place ofP. We agree to writéy := &|u.
Observe thaP N Mg is a minimal parabolic subgroup ®fly with split component
AN Mo. Moreover, since the set of roots e mg in Np N Mg equalsZ(P) Naj,, it
follows that

PPnMy = PPh.

Hence, there is a naturllp-equivariant embedding

& — lndmgmpw ®—pPph®1),

see[[5, Lemma 4.4]. Concretely, the migjpom 7 into the spac€”(MoNP : &y :
—ppn) of smooth vectors for the principal series representatiothe right-hand side
is given by

i(v)(mg) = &(mo)v, (Ve Hg, Mo e Mo). (4.9)

Induction now gives &-equivariant embedding
Ind3 (£ ®A ®1) < Indg (INd\-p(Em @ —ppr® 1) @A @1)).

According to the principle of induction in stages, seel[22,2§ the latter repre-
sentation is naturally isomorphic with 180y ® (A — ppn) ® 1). The resultingG-
equivariant embedding

5 Co(Py:&:A) = C®(P:&m: A —pph) (4.10)
is given by(i% f)(x) = evioio f(x) for f € C®(Py: & : ) andx € G. Here,
evy:C*(MoNP:éw: —ppn) = A5

is given by evaluation at the identity by. Comparing this with[(4]9) we see thﬁtis
the inclusion map.

By C®(K: KNMgo: &) we denote the space of smooth functidhs+ 77 trans-
forming according to the rule

f(mk) = &(m) f(k) (me KNMo, ke K).

Likewise, we writeC®(K : M : év) for the space of smooth functioks— 77 trans-
forming according to the rulé(mk) = &u(m)f(k), for all me M andk € K. Note
that restriction tK induces topological linear isomorphis@$(Py: & :A) — C*(K:
KNMp:&)andC®(P:éw:A —ppp) = C*(K:M:év).
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In these compact pictures of the induced representaﬁ@)ﬂmacomes the inclusion
map
i":C®(K:KNMp: &) = C?(K:M:&y). (4.11)

We now see that we have the following commutative diagram
C*°(R:é:A) — C?(P:ém:A—ppn)
! ! (4.12)
i
C®(K:KNMg:&) —  C*(K:M:é&y).

The vertical arrows in this diagram represent the topokadinear isomorphisms in-
duced by restriction t&; see [5] for details.

Lemma4.7. The space €(K :KNMg: &) coincides with the subspace of lefthgn-
invariants in C°(K : M : &u).

Proof. Let f e C*(K: KNMgp: &). Sinceé is finite dimensional, it follows thaf|wm,n
is trivial. Hence, folk € K andmgy € Mg, we have that

F(mok) = & (mp) f (k) = f(k).

This establishes one inclusion. For the converse, assumé thC*(K : M : &y) is
left K N Mop-invariant. Letmg € KN M. Then we may writang = mn, with me M
andm, € KN Mgp. Letk € K. Then
f(mok) = f(mmk) = &(m)f(muk) = &(m)f(k)
¢(m)& (my) f (k) = & (mo) f (k).
For the third equality we used thé&fw,, is trivial. We thus conclude thét belongs to
C*(K:KNMp:¢). O

SinceM normalizesK N Mg, we see that forf € C*(K : M : v ) the function
p(f) : K — 5 defined by

p“)(k):/m f(mok) dmy, (k€ K),

belongs taC”(K : M : {u) again. The associated operator
p:C*(K:M:&u) - C*(K:M:ém) (4.13)

is continuous linear ank-equivariant. Sinc& NMg = M(K N Mgp), the image ofp

is contained in the subspace of 1&ft Mgy-invariants. Furthermorey is obviously
the identity on this subspace, so tipat a projection operator with image equal to the
image in(i*) of i¥, see [41M). It is readily seen thptis symmetric with respect to
the pre-Hilbert structuré- , -) onC*(K : M : &u) obtained by restriction of the inner
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product fromL?(K) ® ;. Accordingly,C®(K : M : &) is the direct sum of iri¥)
and its orthocomplement with respect to the give pre-Hillsaucture, and is the
associated orthogonal projection ontd(if). Let

p*:C®(K:M: &) = C°(K:KNMg: &) (4.14)
be the unique linear map such that= i#- p*. For later use, we note that the maps
introduced are related by

#

p=i".p” ptoif =1. (4.15)

The mapp” is K-equivariant and continuous linear, aifdand p* are adjoint with
respect to the pre-Hilbert structures -).

Lemma 4.8. For all A € ag., the following holds.

(a) The map' given in@.I1)intertwines the representations, ¢ 5 and7p g, A pp,-

(b) The map fintertwines the representations g, 4 pp, aNd7ig, ¢ 5 -

Proof. Since the top horizontal map ih (4112) is intertwining, (@)dws. Using (a)
we see that for eache G,
%o Ty £ 4 (X) = T gy, 0~ poy (¥) o™

Taking adjoints and using equivariance of the pairifigs- ) involved, we infer that

T e 3 (X )oP = ProThg, 3 (X7)
forall A € ag. andx € G. From this, (b) follows. O

For each € ag. we denote the unique lift of the mdp (4114) to a nG{{P : &v :

A+ppn) > C®(Py:&:A) by pj. Then it follows from Lemm& 418 that the following
diagram commutes:

C*(P:&w A +ppn) i C*°(Py:€&:A)
! ! (4.16)

C*(K:M:ém) L#> C*(K:KNMp:¢).

Remark 4.9. In view of (4.15) it follows from Lemm&_4]8 that defined in [(4.1B)
intertwines the representations. s, 1 oy, aNd 7p.g,,-3 —ppy, OFf G IN C*(K 1 M 1 éum).
Thus, it has a unique lift to an equivariant ma@p(P: év : A + ppn) — C*(P: éu :
A — ppn). However, we shall never use this lift.
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Proposition 4.10. Let B € Z5(Aq) and Pe #(A) be such that EZ B. Leté € Moty
andA € ag. Then the embeddin@.10)has a unique extension to a continuous linear
map

5 C(Py:E:A) = C®(P:&m: A —ppp). (4.17)

This extension is G-equivariant and maps homeomorphicaity a closed subspace.
Asamap fromC®(K:KNMp: &) toC *(K:M:é&v) the extended map is the unique
continuous extension df (4111). In particular, it is indagent ofA.

Proof. Let the map
i CT°(K:KNMg:&) - C ®(K:M: &y)

be defined as the transposedpdt Theni* is a continuous linear extension of the
bottom horizontal map of(4.12). This continuous extenssouanique by density of
C(K:KNMg:&)in C™®(K:KNMg: ). Likewise, the adjoint”T of the bottom
horizontal map in[{4.12) is the continuous linear extensibthe projection map*
which we denote by

p*:C®(K:M: &) - C *(K:MoNK: &)

as well. Finally, the transpog& is the unique continuous linear extensionpofo a
continuous linear map, denoted

p:C®(K:M:éu) = C " (K:M:ém).

By transposition we see that the relatiohs (#.15) remaiid fal the extensions of
these maps to the spaces of generalized functions involvegarticular, it follows
that the extended maip is a homeomorphism onto the kernel of the extended map
p—1I.In particular, it has closed image.

By transfer under the vertical isomorphisms in the diagridm?) we see thaﬁ
has a unique continuous linear extension (4.17) with clasedje. The extension is
G-equivariant because it is so on the dense subspace of sfuoctions. O

Remark 4.11. By a similar argument it follows that the menﬁ represented by the
top horizontal arrow in[(4.16) has a unique continuous lirdension to a surjective
equivariant manc)ﬁ\E :C®(P:év:A+ppn) > C ?(P: & :A). However, we shall not
need this in the present paper.

5 H-fixed distribution vectors, the g-extreme case
We retain the notation of the previous section. In particwa assume th& € &4 (A)
and thatPy € &5 (Aq) containsP. We will now construcH-fixed distribution vectors

in P-induced representations, by comparison with khelistribution vectors inPg-
representations as defined[in [5].
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We assume thaf is a finite dimensional unitary representationM§ and put
ém = &|m. Furthermore, we assume thate V (&, e), seel(4.)).
Following [5, (5.4)] we define the function (Po: § : A 1 n) for A € ag. by

{ &1(P:&:A:n)=0  outside RH
51(Poif A r,)(namh — )\erpof(m)rl,

for me Mo,a € Ag,n € Ng andh € H. Clearly, for everyA € ag. the functiongy (Py :
& 1A 1 n) is continuous outside the s¢tPyH ) which has measure zero@ By right-
P-equivariance, the restriction of this functionktas continuous outsidé(K NPyH),
which has measure zero i

Let 3(Py, aq)— denote the space af-roots innp, such that kef@o +1) N gy # 0.
In casef is irreducible, it follows from([5, Prop. 5.6] that the fuim &1(Py: £ : A : n)
is continuous oG for all A € ag. with (ReA +pp,, a) <0 foralla € Z(Py, aq)-. By
decomposition into irreducibles one readily sees that risilt is also valid for an
arbitrary finite dimensional unitary representatiorvigf.

Lemma 5.1. Let¢ be a finite dimensional unitary representation of &hd assume
thatA € ag. satisfies

Va € Z(Py,aq)—: (ReA +pp,, a) <O. (5.1)

Then the functiory (Py: & : A : n) is measurable and locally bounded on &hd its
restriction to K is measurable and bounded on whiformly for A in the indicated
subset ofug.. Finally, &1(Po: € 1 A 1 )|k depends continuously oh as a function

with values in E(K) @ ;.

Proof. We may as well assume thétis irreducible. The assertions about measur-
ability have been settled above. For the assertions abautdsolness, it suffices to
consider the restriction of the function Kb From the argument in the proof ofl[5,
Prop. 5.6], which in turn relies on the convexity theorem4jf [t follows that for all

A in the indicated region we have

Sll(Jpllfl(Poif An)lle <linlle-
We obtain the final assertion by observing tegtP : £ : A : n) depends pointwise

continuously om and applying Lebesgue’s dominated convergence theorem.[]

Proposition 5.2. Let Pe Z5(A) and B € Z5(Aq) be such that Z Py. Leté be a
finite dimensional unitary representation opMndn € V(&,€). LetA € ag. be such
that

Va e Z(P)_: (ReA +pp,, a) <O0.

Finally, let f € C*(P: ém : —A_—Fpph). Then the densitﬁ%w, defined in Lemma3.1,
is integrable. Moreover,

/. o= colif (@R 12 :m) 1), (5.2)

with ¢, > 0 a constant depending on the normalization of the positivesitec.
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Proof. By the assumption oi, the functione = i (e1(Py: & : A : 7)) is locally in-
tegrable orK. It follows that the expression on the right-hand side_ofl(®quals the
integral

JRCCRICHIET

wheredk denotes normalized Haar measurekanThe integrand is lefM-invariant,
so that the integral may also be written as the integral kweM\K, with dk replaced
with the normalized invariant densitk on M\K. This density may be viewed as the
section of the density bundle ovieh\K given by

ki dri([]) ™ cw
with cy\k @ suitable positive density djm ~ Tig(M\K). We now obtain that

(€ 1)= [ (60, T drel) *enn 53)

Let ¢ : M\K — P\G be the diffeomorphism induced by the inclusign— G. Then
we find that the pull-back undeg of the density in the integral in the right-hand side

of (5.3) equals
x> (e(x), f(x)) dru([e]) " de([e)) " wmk-

SinceRH = PH, it follows that that the above density is supportedR#y. Writing
Wp\G = dw([e])_l*(LM\K, we obtain that the integral i (5.3) equals

|, (€00 F00)dn(e) ¥ e 54

Lety : Hp\H — P\G be the natural open embedding induced by the inclusion map
H — G. Then|dy([€])* wp\g| = cg)lwp\G for a positive constart,,. \We now observe
that

W (Px— (£(x), T())¢ dre([e) M api)
= ot (Hehes (e(h), F() ¢ drn((e) )

_]__
— CO) fn7ay

By invariance of integration of densities under diffeontugms, we see thaf (5.4)

equals
-1 c
Cow / f -
Hp\H
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For A € ag. such that the conditions of the above theorem are fulfilledi fr
n € V(¢,e), we define the conjugate-linear functiongd(P: ém : A : ) onC*(P:
Ev i —A —I—pPh) by

(n(P:&m:A:n), f>:c;)1/H . fo o (5.5)

for f eC*(P:ém: —A_—i—pph).
We now recall the definition of thid-fixed distribution vectoyj (P, &, A ) from [5,
Section 5]. FOR € ag. such that

Va e Z(P)_: (ReA +pp,,a) <0
and forve % andn €V (&,v) we defines,(Po: & : A . n): G — S by

&(P:&:A:n)=0 outside PyvH
{ &v(Po: & 1A 1 n)(namvh = a *PRE (m)n.

We further define
j(Po:&:A)(n)= ;e\,(Po:f:)\:nv), (neV()).

ve
Thenj(Py: & :A)isamapV(é) — C=(Py: & :A)H, hence defines an element in
V(&) @C *(K:KNMp:¢&). The maph — j(Py: & : A) extends to a meromorphic
V(&) ®C (K :KNMp: &)-valued function orig.. Seel([5, Section 5] for details.
(Strictly speaking the definition in_[5] is given fdf irreducible, but the definition
works equally well in general.)
Proposition. 5.2 now has the following corollary.

Corollary 5.3. Let ¢ be a finite dimensional unitary representation of. Mhe map
A= ju(P:éw:A) extends to a meromorphic(¥,e)* @ C~*(K : M : &v)-valued
function. Moreover,
JHP:EW:A) =i j(Py: &1 A)oie
as an identity of meromorphic(¥,e)* @ C~*(K : M : év)-valued functions. In par-
ticular,
jH(P:&w:A) eV(E, e @C®(P: & : A —ppp)™

for genericA € ag..

Remark 5.4. In the above formulation we have used the notatibrather thari?,
to emphasize that(Py: & : A)oie is viewed as a -dependent element of the space
V(&,e)*C *(K:M:éw).

Letv € # . Motivated by the definition of (Py : £ : A) and the above identity, we
define the meromorphic Hof\ (£),C~*(K : M : &v))-valued mapj(P: &v : -) by

j(P:ém:A)= r@yEM’A,pph(v’l)ijwl(P: Em i A)opr,.

ve
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Corollary 5.5. Let¢ be a finite dimensional unitary representation of.Mhen
j(P:&w:A)=i"oj(P:&:A) (5.6)

as an identity of meromorphic(¥ )* @ C™®(K : M : {u)-valued functions ok € agc.
In particular, forn € V(&) and genericA € ag,

j(P:&w:A)(n)eC™(P:&w: A —ppn).

We recall that the map in the result below is exclusively used in the compact
picture of the induced representations, see Remark 4.9.

Corollary 5.6. Let& € Mo, andn € V(&). Then for every x G,

Po Tl gy A —ppn )T (P &M 2 A) (1) = T gy A —pp, (0] (P2 &M 2 A)(N)
as an identity of meromorphicC (K : M : éu )-valued functions ok € ag..

Proof. Use [5.6) and note thatg,, 1 po,(X)oi” = i¥o T, £ 2 (X) and poi” = i¥, see
@.15). O

6 An important fibration

In this section we will apply Fubini’s theorem, as formuthte the appendix, Theorem
[A.8, to an important fibration. The main result will be neefl@dthe definition of dis-
tribution vectors for induced representations Witk %2 (A) not necessarily contained
in a parabolic subgroup fro?q(Aq).

We assume thd, Q € &#(A) and thatP > Q. There existX € aq such that

(@) a(X)#O0foralla € £(P)\ a};
(b) a(X)>O0foralla e 3(P,ag6).

SinceX(Q,00) C 2(P,00), it follows that (a) and (b) are also valid witDin place of
P. We now put

nox = P ga. and Nox =expngx).

aez(Q)
a(X)>0

Lemma 6.1. The multiplication magns, nz) — nin, is a diffeomorphism
HNQ X NQ,X i> NQ.

This result is contained and provenin [3, Prop. 2.16].
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Lemma 6.2. Let QP € 22(A) be such that P- Q. Let X € a4 be such that (a) and
(b) are valid. Then
NQ,X - Np)(.

Proof. Let o € £(Q) be such thatr(X) > 0. Then it suffices to show that € Z(P).
Assume this were not the case. Then either € 2(P,0), or —a € Z(P,06). In
the first case it would follow that-a € £(Q, o), which contradicts the assumption
thata € Z(Q). In the second it would follow that a(X) > 0 which contradicts the
assumption thadr (X) > 0. O

Lemma 6.3. The inclusion map K}, — Nq induces a diffeomorphism

o: HNp\HNQ = (NQﬂNp)\NQ.

Proof. It follows from Lemmd&. 6.1 that the natural méfx, — N x \Nq is a diffeo-
morphism onto. By application of Lemrha 6.2 it now followsttze natural map

p: HNQ — (NQﬂ Np)\NQ

is a surjective submersion. The mapntertwines the naturan,-actions, and the
fiber of (€] equalsHn, MNP = Hn,. Thus, ¢ is induced byp and is a diffeomorphism
onto. 0

Lemma 6.4. The inclusion map §NNp — Ng induces a diffeomorphism
Y :Non N_p = (NQﬂ Np)\NQ.
Proof. This is well known. O

Lemma 6.5. Letg and be as in Lemma®.4 and Lemmal6.3. The map- ¢ 1oy

is a diffeomorphism from &1 Np onto H\IP\HNQ. Moreover, letw be a positive -
invariant density on the image manifold. Théh(w) is a choice of Haar measure on
NQ N Np.

Proof. Being the composition of two diffeomorphism®, is a diffeomorphism. We
note that®*(w) = ¢ ~1*(w). Let dn be a choice of positivélg-invariant density
on (Ng N Np)\Nq. Since¢ is Hy, intertwining, it follows that$*(dn) is a positive
Hng-invariant density o, \Hn,- By uniqueness of positive invariant densities up to
positive scalars, it follows thag*(dn) = cw for somec > 0, so that alsg 1 (w) =
c~1dn. By equivariance, it follows thap* (dn) is a choice of Haar measure i N Np.
Thus,®*(w) = ¢~y (dn) is as required. O

In view of this lemma we may fix invariant measums on Ng N Np anddh on
Hne \Hng such thatd*(dh) = dn.

Lemma 6.6. Let f: G — C be a left M-invariant measurable function. Then the
following statements are equivalent.
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(@) f is absolutely integrable overygd\Hny,.
(b) fis absolutely integrable overd\n Np.

If any of these statements hold, then with invariant measooemalized as above,

/ f(hydh= [ _ f(A)dn
HNP\HNQ NQﬂNp

Proof. As ®*(dh) = dn it suffices to show thaﬂD*(f|HNQ) = fngne- Sincef is left
Np-invariant, this follows from the obvious fact that fare Ng N Np the canonical
images ofn and®(n) in Np\ G coincide. O

Fix P,Q € Z(A) and assume th& = Q. ThenHg = H N Q containsHp = HNP.
We note thaHp ~ HyAnHnN, and thatHg admits a similar decomposition.

We shall now apply the results in the Appendix withHg andHp in place ofG, H
andL, respectively.

Let o\ € ._@b/bp, WH\H € ‘@h_/hQ and_aHP\_H_Q e_.@bQ/bP be such thatmp\H_:
WHp\Hg & WHQ\H 1N accordance with the |dent|f|cat|o@h/hp = @hQ/hp ® gh/hq in-

duced by the natural short exact sequence
0— bo/bp —> b/bp — b/ho — 0.
Seel[(A.2) and Lemnia A.2 for details. We observe that
Hp\HQ ~ HNp\HNQ
naturally. Using the associated natural isomorphism otangent spaces at the ori-
gins, we viewwy,\ p, as a density on the quotiefffnng)/(hNnp). By unimodularity
of the groupsi, andHy;, it follows that
dn: n— drn([e)) ™ @hp\ g

defines a choice of righﬂNQ-invariant density orHNP\HNQ. We define the character
Apo\n Of Hp as in Appendix, Equatior (Al9) withl andHp in place ofG andL, re-
spectively. Likewise, the space (H : Hp : Ay,\ ) is defined as in the text subsequent

to (A.9).

Theorem 6.7. Let fe .Z(H :Hp:Ay,n) and let b := fqy, , be the associated
measurable density ondyH. Then the following assertions (a) and (b) are equivalent.

(a) The density f is absolutely integrable.
(b) There exists a left Hinvariant setZ” of measure zero in H such that

(1) for every xe H\ 2, the integral
Ax(f)::/ f(nx)dn
Hnp \Hng
is absolutely convergent;
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(2) the function Af) : x— Ay(f) belongs taZ (H : Hq : Ayg\n)-

(3) the density Af)q := A(f)y, ., is absolutely integrable.

Q\H

If any of the conditions (a) and (b) is fulfilled, then

f:/ Af)o.
/HP\HP HQ\H()Q

Proof. We will use the notation introduced in the text before thetken. The inclu-
sion mapHn, — Hg induces a diffeomorphism

Q. HNp\HNQ — Hp\HQ.
Fix x € H and letfpy be the density oilp\Hg given by
fon(Hph) = Aoy () 1 (h)drn([€]) Y @ -
By nilpotence Ay, () = 1 for n € Hy,. It follows that

@" (fox) (Hnp - 1) = F()dra([€]) ™ o\ = F(M)dn.

In accordance with the notation of TheorémJA.8 we denote ritegral of fpx over
Hp\Hq by Ix(f). Then it follows by invariance of integration that the intaigior Iy (f)
converges absolutely if and only if the integhs{(f) converges absolutely, while in
case of convergence,

()= | ¥ (e =AD,

All assertions now follow by application of Theorém A.8. O

7 H-fixed distribution vectors, the general case

Recall the definition oE(P)_ in (I.3).

Theorem 7.1. Let Pe Z,(A), let & be a finite dimensional unitary representation of
Mo andn € V(&,e). Assume thad € ag. satisfies

(ReA +pp — pph, o) <0, forall a € Z(P)_. (7.1)

Furthermore, let fe C*(P: éu : —)\_+pph). Then

(P & A )i = [ L F() drn(e) @

P

with absolutely convergent integral.

28



Let Qe Z(A) be a second parabolic subgroup, withi-PQ. Then for all xe G,

A(Q:P:EM:—XJFpph)f(x):/N . f(nx) dn
Q! IINp

with absolutely convergent integral. Finally,
jH(P:&m: A :n)f
= /H (7 AQ:P =+ pen) () dra([e) @, (7:2)
Q

with absolutely convergent integral.

Proof. Observe that the functiohrestricted tdHp\H belongs t€C”(H : Hp : A\ ).
The first assertion now follows from Proposition]5.2 and Eiua(5.5).
We will now apply Theoreri 617. Fore H the fiber integral takes the form

At = [ Ly, T dn
Np \FINg

which by Lemma6J6 equals

/ ~f(fX) di.
NoNNp

The latter is just the integral for the standard intertwinaperatoA(Q: P: &v : .
peh) (up to suitable normalization). This integral is known taweerge absolutely in
case

Re(—A +ppn,a) >0, VaeZ(P)NZ(Q). (7.3)

If a € 2(P)NZ(Q), thena € X(P) \ £(Q) so thata ¢ a; anda ¢ (P, o) from which
we conclude thad € Z(P,d0) \ a5 C Z(P)-. It then follows from [Z.1) that

Re(—A +ppn, o) > Re(=A +ppn—pp, a) >0

and we see thaf (7.3) is satisfied. This implies the secoradtams The final assertion
now follows by application of Theorem 6.7. O

In the following we will need to use thié-fixed function in the induced represen-
tation Inc8(1® H®1), forQe Z(A) andu € ai. More precisely, given suc and
p we define the functiotig ;, : G — C by

1o u(nak) :=al*Pe, (ke K,ae A neNg).
Thus,1q  is the unique function iI€*(Q: 1 : u) satisfyinglq u|k = 1.
Corollary 7.2. LetQe Z(A), P e Z5(A) and assume that P Q. Then
s 1o (h) drn([e) > @i (7.4)

defines a density ondgi{H which is absolutely integrable.
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Proof. We apply Theorerh 711 wit§ = 1, 7 = C andn = 1. Furthermore, we take

A = —pp+ Pph € ag SO that—A + ppn = pp, and we takef = 1py,. It follows from
the mentioned theorem that the integralA¢Q: P: 1 : pp) f converges absolutely. By
equivariance, it gives K-fixed element o€*(Q: 1: pp), so that

AQ:P:1:pp)f =AQ:P:1:pp)lpp, =c(Q:P:pp)lg pps

for some constant(Q : P: pp) € C. Evaluating this identity in the unit element we
find

o(Q:P:pe) = [ Top (i dn
Q P

which of course is the integral representation of a pactiainction. As the integrand
is everywhere positive, it follows tha{Q : P : pp) is a positive real number. It now
follows from the final assertion of Theorédm17.1 that

hi=c(Q:P:pp)-1gpe(h) dra([e]) ™ who\H

defines a density dfg\H which is absolutely integrable. By positivity ofQ: P: pp)
all assertions now follow. O

Let I'(Q) denote the cone ing spanned by the elementtk, + 06Hg, for a €
2(Q)-, where the latter set is defined as in {1.3). The (closed) doa dnag is
readily seen to be given by

rQ)°={A€caql(A,a)>0, Va € Z(Q)-}. (7.5)
Lemma 7.3. LetQe Z(A). Letu € I'(Q)°. Then
0<Igu-p( <1, (heH). (7.6)

Proof. It follows from [3, Thm 10.1] that ifh = nak with n € Ng, a € A andk € K,
then

prylogac —I'(Q),
where py, denotes the projection— aq. Therefore
This establishes the upper bound. The lower bound is trivial O

The above result will play a crucial role in the proof of a doation expressed in
the following lemma.

Lemma 7.4. Let Qe &(A) and leté be a finite dimensional unitary representa-
tion of My. Let Pe Z;(A) and assume that P Q; thus, in particular,ppn = Pon.
Furthermore, assume thate€ ag. satisfies

Re(A +pp—ppn, a) <0 forall a € £(Q)_. (7.7)
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Then for every £ C*(Q:ém: —)T-i—th), we have
IT(Wlle < suplF(k)le-Tope(h),  (heH). (7.8)
(S

Proof. SinceP = Q, we haveopn = pon. Thus, ifk € Kandu € Q then

f(uk) =1 K) f(K).

Q:*)T‘FpPh (u

It follows that
X < fu,f’” flle Lourpe(®),  (x€G), (7.9)
S
whereu = —ReA — pp + ppn. Forx € G we have

1Q u+pp(X) = L@ u—po(X) 1Q,pp(X)-
As u € T (Q)° by (Z1), it follows by application of Lemnia?.3 that
The required estimate(7.8) follows from combinibg {7.9) §A.10). O

For the formulation of the next result, we note that the set &f ay. satisfying
condition [Z.7) is given by
Qpq = —(pp—pprh) —T(Q)° +iage. (7.11)

Corollary 7.5. LetQe &Z(A), & afinite dimensional unitary representation of khd
neV(é,e). Let Pe Z;(A) and assume that P Q; thus, in particular,opn = Pon.
LetA € Qpq. Then for every £ C(Q: év : —A + paon), the integral

H(Q: &A1 n)f = /HQ\Hm, f(h) dm(e) e (7.12)

converges absolutely.

Proof. It follows by application of Lemma_7]4 that

[(n, f(h)] < HaniquHf(k)Hg Igpe(h),  (heH). (7.13)
S
The result now follows from Corollafy 7.2. O

Working in the setting of the above corollary,fifc C(K : M : &u), then foru € a.
we definef, € C(Q: éw : 1) by f,|x = f. Furthermore, we define

JHQ:&m A n)(f) = ju(Q:dm:A ) (fy p,)
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for A € Qpqg. Accordingly,ju(Q: éwm : A : ) is viewed as an element 6f oK :M:
éwm), see the beginning of Sectibh 3. Givére C(K : M : &u), we agree to write

(H(Q:ém:An), f)=jn(Q:ém:A 1 n)(f)
and(f, ju(Q:&ém : A :n)) forits conjugate. Then
(f, iH(Q:ém 1X1'7)>=/

T2 () ) () g

Corollary 7.6. Let notation be as in Corollafy 71.5. Then

A ju(QiémiAin) (7.14)
is a continuous CO(K : M : &y )-valued function on the closed subskiq of age- Its
restriction to the interior oQpq is holomorphic as aCo(K : M : &v)-valued function.

Proof. It is clear thatA — f 3, | is & holomorphicC(H) ® ¢ -valued function

on ag. satisfying the uniform estimate
s F3 s ppn) < H””fﬁff” f(K)e-Tape(h),  (heH),

for all A € Qpg, by application of [Z.13). In view of Corollary 4.2 the resnlhw
follows by application of the dominated convergence theore O

The following lemma will be useful for later use. @ € #(A), we have that
2(Q,00)[qq € Z(ag). In accordance with (213) we define
ag (Q):={A €ag|(A,a)>0, YaeZ(Q,00)}.
This set is a non-empty open subsetipfsee the text belovi(2.3).
Lemma 7.7. Let Qe Z(A) and Pe Z5(A,Q). Then

Qpq D —(Pp—pPpn) —ag " (Q) +iag.
Proof. In view of (Z11) it suffices to show th&t(Q)° D a;* (Q). This is a straightfor-
ward consequence of the fact thdQ)_ C 2(Q,00), by (1.3) and[(Z11). O

Theorem 7.8. Let Qe Z(A), P € Z4(A) such that P~ Q. Let ¢ be a finite dimen-
sional unitary representation of Mandn €V (&, e). ThentheC*(K: M : &y )-valued
function

A= jn(Q:ém A n), (7.15)
defined by[(7.12), extends to a meromorphic functiomgrwith values in C*(K :

M : ém). Furthermore, up to a positive factor, depending on the ndization of the
Haar measure on N Ng,

juP:ém A n)=AP:Q:ém:A—pqn)jn(Q:évw:A:n) (7.16)

as an identity of C*(K : M : {m)-valued meromorphic functions i € ag.. Finally,
the function[(Z.15) is continuous on the §k{g defined in[(Z.11) and holomorphic on
its interior.
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Remark 7.9. In particular, ifZ(Q)- = 0, it follows thatl"(Q)® = ag so thatju(Q :
éwm : -) is holomorphic everywhere.

Proof. Without loss of generality, we may assume thas irreducible. Then it follows
from (Z.2) combined with{7.12) that

(GuP:&w:A:n), ) =(jnQ: & :A:n),AQ:P: & : —A+ppn)f) (7.17)

forall A € Qppandf e C*(P: &u : —A + ppn).

The standard intertwining operatéfQ : P : &y : v) from the induced represen-
tation Ind(éy ® v ® 1) to the representation I@ajEM ® Vv ®1) may be viewed as
a meromorphic function ob € a., with values in the space E(@(K : M : éu))
(equipped with the strong topology), sé€el[25, Thm. 1.5] &R [Thm. 1.5]. Its sin-
gular locus is contained in a locally finite union of hypersa of the formu +kera,
with 4 € a* anda € Z(P)NZ(Q), see [18, Rem. 1.6]. Sinc&P)NZ(Q)Naj, =0
in view of LemmalZ.P (b), none of these singular hyperplaregain a., so that
A(Q:P:éwm: -) restricts to a meromorphic function ag..

The operatoA(P: Q: év : v) has a similar meromorphic behavior, and since the
induced representation I@dEM ®V®1) is irreducible for generiv € ay. it follows
that

AQ:P:&u:V)oAP:Q:ém:v)=nP:Q:éu: V)l (7.18)
as an identity of En@C™ (K : M : év))-valued functions of € a%.. Heren =n(P: Q:

éwm : ) isameromorphi€-valued function on.. By the usual product decomposition
of intertwining operators it follows thag admits a decomposition of the form

nv)= [] _nev,a)),

aeZ(P)NZ(Q)

where then, are meromorphic functions od. We now fixg € C*(K : M : éu). By
substitutingf = A(P: Q: éw : —A + pon)g in (Z.17) we infer that

(ju(P: & A :n),AP:Q: & —A +pon)g) = B
= (JHQ:é&m:A:n),n(=A+pan)9).

By using thatA(Q: P: &éu : A — pon) is the Hermitian conjugate oA(P : Q : év :
—A + pon), seel[28, Prop. 7.1 (iv)], and thagn = pph, it follows that

jH(Q:ém:Ain)=n(-A +pPh>7lA(Q: P:ém:iA—paon)jn(P:ém:An), (7.19)

for genericA € Qpp.

LetQ C ag be arelatively compact open subset. Then there exists gcuag N
suchthaf — j4(P:¢ém: A :n)is meromorphic o +iag, with values in the Banach
spaceC 5(K : M : &u), see Section]3 andl[6, Thm. 9.1] for details. Furthermoregthe
exists a constante N such thatA(Q: P : éu : A — ppn) depends meromorphically on
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A € Q+iag, as a function with values in the Banach space of boundedrlimegs
fromC3(K:M: &u) toC 5" (K : M: é&v). Combining these observations with (4.19)
we see thad — ju(Q:ém : A 1 n) is @a meromorphic function ong. with values in
C®(K:M:éwm), equipped with the strong dual topology. Its continuity@gag and
holomorphy on the interior of this set follows from Corolfdf.8. By meromorphic
continuation it now follows thaf(7.17) is valid as an idénof meromorphic functions.
SinceA(P: Q: éw : A — pon) is the Hermitian conjugate of the intertwining operator
appearing in that identity, whereas the identity holds fbrfac C*(K : M : &v), it
follows that [7.16) is valid as an identity of meromorplic®(K : M : &y)-valued
functions ofA € ag.. O

LetQ € & be fixed for the moment. Then the functign (7.15) is indepandgthe
choice ofP > Q, whereas the description of the domain of holomorphy depends
This motivates the definition of the following closed sulxsfety,

Q= |J Qro (7.20)
PeZ45(AQ)

where the union is taken over the finite non-empty.&&t(A, Q) of parabolic groups
Pe Z5(A) with P = Q, see Lemm&aZ216. The functidn (7]15) is continuousxyand
holomorphic on the interior of this set. We can actually ioy@ on this result.

In fact, letl'(Q)° be as in[(Zb). We denote ' : ag — ag the linear isomor-
phism induced by the inner product eq Then fora € Z(aq) we haveB(Hq) = aV.
Therefore B(I'(Q)) is the cone spanned by thg-roots from pg(Z(Q)-).

Let ﬁQ denote the hull img.. of the setQq with respect to the functions Re, a)
with a € Z(ag) NB(I(Q)), i.e.,

Qq:={A € aj. | Re(A, a) <supReQq, a), Va € Z(ag) NB(T(Q))}.  (7.21)

Since the roots fronz(aq) NB(I"'(Q)) satisfy(a, -) <0 on—I(Q)° it follows that we
can describe the given hull by means of inequalities asvi@io

Qqo={A €ay |Re(A, a) < Pegj};&—pm a), Va € Z(ag) NB(M(Q))}. (7.22)

Corollary 7.10. Let Qe Z(A), & € Mg, andn €V(&,e). Thenthe C*(K : M : &y)-
valued functiom — ju(Q: éu : A : n) is holomorphic on an open neighborhood of
Qo.

Proof. From [Z.19) we infer that the singular locusf— j4(Q: &w : A : n) is the
union of a locally finite collection#” of hyperplanes of the form i, = 1+ (at)c

with a € Z(aq) andpt € ag. Indeed, the singular loci of the meromorphic ingredients
on the right-hand side of that formula are all of this form,[&a¥, Lemma 3.2],[[13,

Rem. 1.6] and{7.18).
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Let u be a singular point ofy(Q: éu : - : n), i.e., a point in the union of the
singular hyperplanes. Then there exists a @ Z(aq) such that i ,, is a singular
hyperplane. By analytic continuation it follows thag ld N Qg = 0. From the fact that
the conel(Q)° has non-empty interior it follows that the s@ M ag is connected,
hence is contained in one connected componen, @Hq ;. Replacinga by —a if
necessary, we may assume that

QqnagC{A €ag:(a,A)>c}
for somec € R. This in turn implies that
Q) C{A€ag:(a,A) >0} ={A €ag:A(Hq) > 0}.

Sincel (Q)° has open interiorg does not vanish of (Q)°. Using thatl" (Q)° is a
cone, we find

(a,I'(Q)7) = Rxo.
In particular this impliedHy € I'(Q)°° =I'(Q) and thus we conclude thate >(ag) N

B(r(Q)).
For anyP € Z;(A) with P > Q, the singular hyperplane 44, does not intersect
—pp+ppn— T (Q)°, hence

<a7u> ¢ —<a,pp> _RZO'
This implies thata, u) > —(a, pp). We conclude that

a, u) > ma a, —
(@ )>  max (a,~pp)

so thatu ¢ ﬁQ. Thus,ﬁQ is disjoint from the singular locus. O

LetQe Z(A) andé € Mos,. We define the meromorphi¢(&,e)* @C *(K: M :
ém)-valued functionj (Q: ém : ) onag. by

jH(Q:ém:A)(N) = jn(Q:ém:An)

for genericA € ag. andn €V (&, ). Furthermore, we define the meromorp#i@ ) *
C®(K:M: ém)-valued functionj(Q: ém : -) onag. by

JQi&m:A) =S Toga—pon(V Y ivkv-1(Q: &M A)opr,. (7.23)

Ve

Here j 4,1 is defined for the datar,, vHv! in place ofo,H. This definition is al-
lowed since?”” C Nk (a) NNk (aq) (see text preceding (4.6)), so thatAq, Mg and
Z(A) are invariant under conjugation lwandaq is maximal abelian ip N Ad(v)q.
See also the discussion at the end of Section 2.

In order to formulate our next result, we define, foe %, the setQ, o asQq in
(Z.20), withvHv 1 in place ofH. Likewise, we defineﬁw to be the seﬁQ defined
as in [Z.21), withvHv~1 in place ofH.
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Lemma 7.11. Let Qe Z(A). Then for each & 7/, we have
QvQ == VQV—]_QV and ﬁvQ - Vﬁv—le.

Proof. In view of Lemmd2.l7 the conle(v,Q), defined ag (Q) with g in place ofo,
is given byl (v, Q) = vI"(v_1Qv). Likewise, its dual, defined as in(T.5) is given by
M(v,Q)° = vl (v 1Qv)°.

From (Z.11) and[(7.20), witlw, in place ofa, we now find, with obvious notation,
Qupq = VQ, 1pyy-1qv, fOr P € Z5(A) with P = Q. Taking the union over sudR we
obtain the first asserted equality.

The second equality follows from the first, by taking the toflthe set€, o and
VQ, 1, With respect to the functions Re, o) with a € Z(aq) NB(I'(v,Q)). The first

hull equalsﬁva by definition. Using that
% (aq) NB(T (v, Q) = Z(aq) NB(VI (v-1QV)) = V((aq) NB(T (v 1Qv)),

we see that the second hull equﬁAx,lev. O
We define the following closed subsetsagf,
Yo= )V 10n Yo= (] VQ 10w (7.24)
veW veW
The following lemma guarantees in particular that theYegtand hence also the
bigger setYq, have non-empty interior.

Lemma 7.12. Let Qe & (A). Then for every B Z;(A,Q), we have
Yo D —(pp—ppn) —ag (Q)+iag,

Proof. Fix ve # . Thenv—1Pvbelongs taZ4(A,v_1Qv), hence it follows from[{Z.20)
and Lemma7]7

Qv*le O —(Py-1py— Py-1pvh) — aa+ (VﬁlQV) + iaa'

Applying v we obtainvQ, 15, D —(op — Ppn) — ag" (Q) +iag. As this is true for each
v e ¥ , the asserted inclusion follows. O

Lemma 7.13. Let Qe 2 (A) and& € Moy,. Letn e V(&).

(a) For each ve 7 the defining integral for the corresponding term [n_(7.23) is
absolutely convergent for eveityc Yq.

(b) The meromorphic C*(K : M : éu)-valued functiom +— j(Q:éw:A :n)is
holomorphic on an open neighborhood of the¥gt
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Proof. It follows from (Z.23) and Corollarly 715 that the integrat g, 1(Q: ém : A :
nv) is convergent fod € Q, . This set contain¥g, by (7.24) and Lemm@a7.11, and
we see that (a) follows.

It follows from Corollary[Z.6 applied witho, in place ofo that the mentioned
function is holomorphic on an open neighborhoodXyf,. From this we deduce that
j(Q:é&w- : n)is holomorphic on an open neighborhood of the intersectfdhesets

o~

Q,q, for ve # . This intersection equa@Q, by (Z.23) and Lemma7.11. O

We finish this section relating the constructed functipf@: éyv : -), for different
Q, by intertwining operators.

Theorem 7.14. Let Qe & (A) andé < Mofu. Then the following assertions are valid.

(a) For everyn € V(&) and genericA € age, the element (Q: éw : A)(n) of the
space C*(K:M:&w) is Ty g, 1 - po, (H)-iNVariant.

(b) IfQ,Q € Z(A) and G = Q, then (up to normalization),
J(Q:&m:A)=AQ :Q:&mu:A —pgn)oj(Q:ém:A), (7.25)

as an identity of meromorphic(¢ )* @ C~(K : M : év)-valued functions in the
variableA € agc.

Proof. We start with (b). LeP € Z5(A) be such thaP > Q. Then by application of
Lemmd2.4 it follows thak (P) N Z(Q') C Z(P)NZ(Q) so

AP:Q:ém:A)=AP:Q :&m:A)oAQ:Q:éw:A) (7.26)

as a meromorphic identity ih € ag.. See[[23, Cor. 7.7] for details. Using (7116) both
with Q and withQ@' in place ofQ we find

AP:Q & A)ojn(@Q:E&m:A)=AP:Q:&m:A)ojn(Q:&u:A)

combining this with[(7.26) and using thatP : Q' : &u : A) is injective for generid\,
we obtain that

jH(Q :&m:A)=AQ :Q:&m:A —pon)jH(Q:ém: A)

for genericA € ag.. Since the expressions on both sides of the equation are rerom
phicV(¢,e)* @ C~*(K : M : éu)-valued functions, the identity holds as an identity of
meromorphic functions. The identity also holds whthreplaced bywHv 1, as an iden-
tity of V(&,v)* @ C~ (K : M : ém)-valued meromorphic functions df € ag.. If we
apply this to each of the terms of the sum[in (7.23) we obfai@3)7 This establishes
(b).

We now turn to (a). FiXP € #5(A) such thatP = Q. Then assertion (a) holds
with P in place ofQ, in view of Corollary{5.b. To establish assertion (a) f00Q : éu :
A)(n) as well, we use (b) witly = P. Then assertion (a) follows from the fact that
A(P:Q:ém:A —pqn) is intertwining and injective for generit € ag.. O
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8 Eisenstein integrals

In this section we will extend the definition of Eisensteitegrals for minimalo 0-
stable parabolic subgroups froa#s(Aq) to similar integrals for minimal parabolic
subgroups from? (A).

First we need to carefully discuss the parameter space édeigenstein integral.
In view of Lemmd 4.B, it follows that the inclusion map— Mg induces a diffeomor-
phismM/Hm =~ Mo/Hwm,. This diffeomorphism induces a topological linear isomor-
phismC*(M/Hwm) ~ C*(Mo/Hw,) via which we will identify the elements of these
spaces.

Let (1,V;) be a finite dimensional unitary representatiofKofThen we definay,
to be the restriction of to Mg. Likewise, we defineay to be the restriction of to M.
Thenty, andty have the same representation space.

We defineC”(Mo/Hw, : Tm,) to be the space of smooth functiapis Mg/Hwm, — Vi
satisfying the transformation rule

Y(kx) = 1(K)Y(X) (k€ KNMo, X € Mg/Huy)-

Similarly, we define€C* (M /Hy : Tv) to be the space of smooth functiofis M /Hy —
V; satisfying the transformation rule

Y(mx) = 1(m)Y(x) (meM, xe M/Hw).
We then have the obvious inclusion
Cw(Mo/HMO : TMO) C COO(M/HM : T|\/|).

In general, the first of these spaces will be strictly corgdim the second. The first
of these spaces enters the definition of the Eisensteinralttyy minimal o6-stable
parabolic subgroup fron#”;(Aq), whereas the second is convenient in the context of
induction from a minimal parabolic subgroup frog#(A). The relation between the
spaces can be clarified as follows. SirMdenormalizesMg,NK it follows that the
spacé\/TO of Mon N K-invariants inV; is invariant under (M), so that we may define
the following representatiorﬁ, of M by restriction:

Ty = Tmlyo, Where VP = (Vp)Moi™K, (8.1)
Observe that for every € # we have

MonKnvHv O\MNvHv 1
VT - (VT ) .

Indeed, this follows from the fact thddp " K = M(Mg,NK) and thatr(Mgh,NK) =1
onVY.

Lemma 8.1. Let(1,V;) be a finite dimensional unitary representation of en

C*(Mo/Hwp : Tvg) = C*(M/Hu : Ty), (8.2)
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Proof. We observe thaM, acts trivially onMo/Hwm, by Lemma4.B (f). Therefore,
every function in the space on the left-hand side[ofl (8.2)vadises inV,? and we see
that the space on the left is indeed contained in the spadeearght. For the converse
inclusion, letf : M/Hy %VTO be a function in the space on the rightkife MpNK
we may writekg = kykn with ky € M andk, € Mg,NK. Let mg € Mg, thenmy = mh
for a suitablem € M andh € Hy,. SinceMgn C H, it follows that

f(komo) = f(kmkamh) = 7(ku) f (m(m~kam)h)
= T(kw)f(m) = 1(km)T(kn) f (mo)
T(ko) f(mo).

It follows that f belongs to the space on the left. O

We are now prepared for the definition of the Eisenstein naleglated to a fixed
parabolic subgroup € Z(A). Giveny € C*(M/Hw : 1)) we define the function
Wpy : G—Vr by

We (kmar) = & =P T (k) g (m).

We denote b¥”(G/H : 1) the space of smooth functiogs G/H — V; satisfying the
rule
o(kx) = 1(K)@(X) (ke K, xe G/H).

Recall the definition of2p from (Z.20) withP in place ofQ.

Proposition 8.2. Letw € %y, Let( € C*(M/Hwm : 19) and letA € Qp. Then the
following assertions are valid.

(a) For each xe G the function
hi— @y (xh) dih(€)
defines a Y-valued density on FHp.
(b) For each xe G the density in (a) is integrable.
(c) The functionlg(P : ¢ : A) : G — V; defined by

Eq(P: g A)(X) = /H/HP Wor (b dln(€) T w0, (x€G),

in accordance with (a) and (b), belongs t6 G/H : 1).

Proof. Before we start with the actual proof, we note that the coowlibn A implies
the existence of parabolic subgroBpe Z;(A,P) such thatA € Qp p, in view of
20).

Let F; C M denote the finite set dfl-types inT" and lets#; denote the subspace
of C*(M/Hw) consisting of the leftM-finite functions of isotype contained if;.
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Let L be the left regular representation Mfin C*(M/Hw) and leté; := L| . be its
restriction to the subspack;.
SinceC”(M/Hw : v) consists of theM-fixed functions inC®(M /Hu) @ Vi, it
follows that
COO(M/HM : TM) C 7 QVr.

We define the functiofp ) : G — 22 @V by Jp (X) (M) := p (xm). Then it readily

follows that
{@ip (xman) = a* PP~ Pn (& (m) @ 1) fp (X).
We defineg), (x) := fipx (x 1) Then

Ypp €CT(P: & 1 —A +ppn) @Vr. (8.3)

Let ¢ : H/Hp — Hp\H be the diffeomorphism induced ly— h=1. Thend¢ (e)*w =
w and forx € G we see that

¢*[h— Wpp (xh) din(e) ]
= [h— gy, (hx b (e) drn(e) . (8.4)

Let £ denote the element 6% ™ such thatg, &) = g(e) for all g € .%%. We may now
apply CorollanfZb to the first tensor component of the spad®.3) with (P’,P) in
place of(P, Q), with (&, .7#7) in place of(&,.7; ), with Rx,l(wgl\) in place off (where
R denotes the right regular representation) and withplace ofr). From applying the
corollary in this fashion, it follows that the expressionthe right-hand side of (8.4)
is aVr-valued density ofdp\H which is integrable. This implies (a) and (b).

Using thatx — RX(L,UFV,’A) is smooth as a function with values in the Fréchet space
C*(P: & —A +ppn) @ V¢, we find thatEq (P: ¢ : A) € C*(G, V).

The rightH-invariance and the-spherical behavior are readily checked. [

Remark 8.3. The above procedure would also work more generally for fonst
€ C*(M/Hwm : Tv). However, for generid\ € ag. the mapy — Ey(P: @ A)Y
would then have a (possibl-dependent) kernel complementarya8(M/Hw : ).

For v € # the above procedure applies to the dKI;av/HV’l,A,Aq in place of
K,H,A Aq. We thus obtain Eisenstein integrag,,1(P : ¢ : A : x) for ¢ in the
parameter spacg”(M/MNvHv 1 : 7). The general Eisenstein integral is defined
as follows. Forv e # we equipL?(M/M NvHv1) with the L2-inner product for
the normalized invariant measure, drifdM /M NvHv~1) @ V; with the tensor product
inner product. The latter restricts to an inner product efithite dimensional subspace
C*(M/MNvHv1: 1{)). We define

2= Dyey CTM/MNVHV L ). (8.5)

Equipped with the direct sum of the given inner products @stimmands, this space
becomes a finite dimensional Hilbert space.
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For ) € w4y 2 andA € Qp we define the functioE(P: ¢y : A) : G — V; by

EP:¢: )=y Epa(Pipry:)(xv?)  (x€G).  (8.6)
vew/

It is readily verified that this function belongs @&’ (G/H : 7). We will occasionally
writeE(P: ¢ : A :x)forE(P: ¢ : A)(X).
We will now relate the Eisenstein integral thus defined tormabefficients with

H-fixed distribution vectors. For this we will use a suitabéalization of the space
2 2. In analogy with[(8.5) we define

o2 = Dvew Cm(Mo/MoﬂVval L M) -
In view of Lemmd 8.1l applied witaHv~! in place ofH, for v e #, we see that
g2 = M 2.

For& € Mg, andv € W , we denote by:?(Mo/Moﬂval) the space of leflp-finite
functions inC®(Mo/MpNvHV~1) of isotopy type€. Furthermore, we denote by

C5'(Mo/MonvHV Ty, (8.7)

the intersection o€ (Mo/Mo NVHV ™ : Ti,) with CF'(Mo/MoNVHV ™) @ Vy. The
direct sum of the spaces (8.7) foe 7 is denoted by, » ¢. Then it follows that

g2 = @Eel\ﬁofud'\/lo%f’ (8.8)

as an orthogonal direct sum with finitely many non-zero terms
Similar definitions, withM in place ofMg, lead to spaces

Cy(M/MNVHV 1)), (8.9)

equal to [(8.F7) in view of[(8]2), fov € #'. The orthogonal direct sum of (8.9) over
ve # is denoted by 5 ¢. Then obviously

D26 = 2.5 (8.10)

For & € Mo, we defineC(K : & : 1) to be the space of functiorfs: K — 7 @ V;
transforming according to the rule:

f (mgk) = [£(m) @ T(K) Y (ko), (k,ko € K,me MgnK).
We recall from[10, Lemma 3, p. 528] that there exists a natum@ar isomorphism

T gr, CK:E:DRV(E) — Hyoe = Duas, (8.11)
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given by
(Yr)v(im) = (f(e), E(Mpr,(n)), (ve¥), (8.12)

for T=foneCK:E&:1)®V(E) andme M. Moreover,T — /dim& yr is an
isometry.

The mapi” introduced in[(4.111) is an isometric embedd®K : KN Mg : &) —
C(K : M : é&wm). Through tensoring with the identity map ®h it induces an isometric
embeddindC(K : & : 1) — C(K : &y : Tv) which we denote by again.

Theorem 8.4. Let& € Mos, and let T= foneCK:&: T)®\7(E). Then for xe G
andA € Yp,

E(P: gr: A :x) = (i*f, T gy - 1 (P 2 &M 2 A)(M)),
where jP:év: )\_)(n) should be viewed as an element ofTK : M : v ). Moreover,
the indicated sesquilinear pairing is taken on the first teromponents off.

Proof. The setYp is the intersection of the sef, p, for ve #, by (7.24) and Lemma
[711. In view of [8.6) and(7.23) it therefore suffices to mestto the case thay €
V(&,e) and prove the result under the (weaker) assumptiomtk@ap.

Write ¢ = proyr. Then it follows from the proof of Propositidn 8.2 that, foand
A as specified,

Eqn(P:Yr:A:x) = /H . 8" > G (X1 din(e) o
= J W2 (D drn(e) e

We now calculate the functiomlFV,A in this particular case. As it belongs @ (P :

ém 1 —A 4+ ppn) @ V¢ itis sufficient to calculate its restriction #. Sincey = (Y, it
follows from (8.12) thaty(m) = Y (m) = (f(e), £(m)n). This implies that

Ppa (k) = T(K)(f(e), E()n) = (f(k1),n).
In turn, this implies that
Y, (K)(e) = (f(K), n).
We write [if]p_5 |, fOr the extension of the functioiff € C(K : &w : Tv) to a
function inC*(P: év : —A + ppn) ®Vr. Then

Wr () (&) = ([*Flp 2+ ppy (), 1)
Thus, in view of [Z.IPR) we find that

EH(P:yr:A:x) = /HP\H <[R(X*1)[i#f]p,f)\+pph(h),'7> drp(e) ¥ w

= (R #f]p a4 ppys (P2 &1 A) ()
= (TBgy, e (X DT, ju(P: & :A)(n))
= (", Mg, 3 pon QIH(PEM 1 A)()).
The proof is complete. O
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Corollary 8.5. Let Pe Z(A) and lety € #4y 2. Then the Eisenstein integral(E :
: A) depends meromorphically ane ag. as a function with values inGG/H : 7).

As such, it is holomorphic on an open neighborhood of th&set

Proof. The assertion about meromorphy follows from the previossilten view of
(8.8) and the linear dependence of the Eisenstein integrgl.ar'he statement about
holomorphy now follows from Lemmia_ 7113 (b). O

It will sometimes be convenient to write(P: A : X)y =E(P: ¢ : A : x) and to
adopt the viewpoint thalE(P : A) is a meromorphic Hotfxry 2,C*(G : 1))-valued
function ofA € agc.

We proceed by relating the Eisenstein integrals defined elbmihe Eisenstein
integrals introduced earlier ihl[6] and [10] for minin@b-stable parabolic subgroups.

Corollary 8.6. Let Pe Z5(A) and let BB be the unique parabolic subgroup from
P5(Aq) containing PThen

EP:A)=E(P:A) (8.13)
asHom(.e#,,2,C*(G/H : 1))-valued meromorphic functions #fe ag..
Proof. Leté € Mofu. Then it follows from Corollary 5J5 that

j(P:&m:A)=i%oj(Py: & N).

LetT =fon eC(K: & : 1)®V(E). Then it follows by [6, Lemma 4.2] and (4111)
that
for e 7 ()R E:A)(n)
i ¢ (0i(Po: &2 A)(N))
g 7 pen 1P & 2 A) (1))
= E(P:A:x)yr. ]

ER:A:X)Yr = (
= <
=

The Eisenstein integrals for parabolic subgroups frgfA) can be related to each
other as follows.

Proposition 8.7. Let Qe Z(A), P € Zs(A) and P> Q. Then for allé Motu, all
TeC(K:&:1)®V(§)and genericA € ag., we have

E(Q:A)¢r =E(P: A)Ypto AQP:Eni—A +ppn)-Loitml]T- (8.14)

Here, @ is shorthand for the restriction off Iy, to the subspace(® : &y : Tv) of
C*(K:M: &u)®V;, see also[(4.14). Likewise, the intertwining operator actghe
first tensor component in(®& : M : éu) ® V.
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Proof. By linearity it suffices to prove this fof = f @ n, with f e C(K: € : 1) and
n €V (&). It follows from Theoreni 84 and(7.P5) that for genekie ag. we have

H(Q:&m:A) (M) =AP:Q:&m:A —ppn) (P &m:A)(N).
Forx € G we now obtain (with the pairing taken on first tensor compadsen
E(Q: A X)yYr = B
#E Tl 1o 91(Q: & 2 A)())
FLAPIQ: &M A —pen) Mg, 5 (0I(P M A) (M)
AQ: P& A +pen) i Mg 5 (0J(P: &M A)(M))
PoAQ:P:&m: —A+ppn) i, e 5 (X)(P: &M 1 2)(1))(8.15)

(
(
(
(

The last identity follows by application of Corollary 5.6inglly, sincep = i#- p?, the
expression in(8.15) equals the expression on the right-sate of [8.14), in view of
Theoren 81. O

LetQ,P € Z(A) be as in Proposition 8.7. Then motivated by the propositian,
define theC-functionC(Q: P : A) to be the unique Er{d#y 2)-valued meromorphic
function ofA € ag. such that

C(Q: P AT = Wit o AQP:&y:—A+ppn) - Loitel T

for all € € Moy, all T € C(K: & : 1) ®V/(§) and generid\ € ;.. Then [BI#) may be
abbreviated as
E(Q:A)=E(P:A)C(P:Q:A). (8.16)

The following result is a variation of a result of Harish-@laa, see [19, Lemma
3, p. 47]. The proof given below follows a different strategyich also works in the

setting of [19].

Proposition 8.8. Let Qe Z(A) and Pe #;(A) such that P- Q. Then the meromor-
phic functionag. > A — detC(Q: P: A) is not identically zero.

Before proceeding with the proof of this proposition, wetfiist a corollary.

Corollary 8.9. Let Qe Z(A) and Pe #;(A) such that P- Q. Then the endomor-
phism GQ: P: A) € End@ 2) is invertible for generic € ag. andA — C(Q: P
A)~tis a meromorphi®&nd .24y 2)-valued meromorphic function ar,.

Proof. This follows from Propositiof 818 by application of Crangerule for the in-
version of a matrix. O

The following lemma will play an important role in the prodf@ropositior 8.B.
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Lemma 8.10. Let Pe Z;(A) and let B be the unique parabolic subgroup from
P5(Aq) containing PThen the following diagram commutes:

A(Py:Pp:E:A)

C(K:KNMp: &) C(K:KnNMog: &)
p*t To*
C(K:M:é&u) AOPIEGuA ppn) C(K:M:éwm)

for genericA € age.

Proof. Let Ry, = PN Mo. Then it follows thatP = Ry,Np and oP = Ry,Ngp. Fur-

thermore, by the assertion at the end of the proof of Theor@nn45, p. 373], with
Pr =Py, P =P, (P1), = 0(P) and(P>), = P, it follows that the following diagram
commutes for generi¢ € ag,

A(PO:I50:E:7X)

C(K:KNMp:¢) — C(K:KNnMp: &)
i#\L ) \LI#
CK:M: &) TP ok M ).
The desired result now follows by taking adjoints with reste the given equivariant
sesquilinear pairings on the spaces involved. O

Proof of Propositio8J8Let & € Mg, and letd C K be a finite set oK-types. Then
it suffices to show that the restricted operator

PP A(Q:P:&m: —A + Ppn) ol loiiknMye)s (8.17)
has determinant not identically zero. For this it sufficeshiow that the composition

of A(Py: Py : & : —A) with (817) has determinant not-identically zero. By LenfBiED
this composition may be rewritten as

P oA(G(P):P:& 1 —A+ppn)oA(Q:P:&m : —A +ppn) toi¥|ckkmye), - (8.18)

Since>(g(P)NZ(P) = 2(P)Naj, € %(Q) N X(P), it follows by the usual product de-
composition of the standard intertwining operators, $&; [or. 7.7], that[(8.18)
equals

P A(OP:Q: &m : =2 + Ppn) oic(k kMg s - (8.19)
Thus it suffices to show that the determinant of the linearoematphism ofC(K :
KNMp: &)y given in [8.19) is not identically zero as a meromorphic fiorcof A.
Now this is an immediate consequence of the following result O

Lemma 8.11. Let QR e Z(A) be such that(R)NZ(Q) € Z(Q,08). Then there
exists an element € ag such that{n, a) > 0for all a € Z(R)NZ(Q). Letn be such
an element and d= dim(NrN Ng). Then there exists a constant>cO such that for
everyucaiandall fe C(K:M:éum)

lim t92AR: Q: &t p+tn)f =cf.
iNC(K:M:éw).
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Proof. SinceZ(Q) is a positive system faX(g, a), there existg € a* such thaté , o) >
Ofora € 2(Q).Letn =& +06¢&,then(n, a) >0fora € 2(Q,a0). Thus,n satisfies
the requirements. Let be any such element.

Replacingu by u +tgn for a suitabletg > 0 we see that we may as well assume
that Re(u, a) > 0 for all a € Z(R)NZ(Q). In this case, we see that for &l 0 the
intertwining operator is given by the absolutely convetgetegral

AR:Q: & ptn)flk) = /N g, T o

= / e M g(—H=Po) (M £ o(M) k) dn.
NRﬂNQ

Here f; denotes the extension éfto an element o€*(Q: &u : 1 +tn). Moreover,
the analytic maps?g : G — a andkq : G — K are defined by

X € Kq(X) expo(X)No, (xe G),

in accordance with the lwasawa decompositida KANg.

By using the properties of the functidn= n,%”Q|NRmN stated in Lemma_8.12
below we will be able to determine the asymptotic behavm)rtfe» o by using the
real version of the method of stationary phase.

It follows from Lemmd8.1R (a) thét > 0. Hence, the intertwining operator is a
continuous linear endomorphism®{K : M : &v ), with operator norm bounded by

IAR: Q: &wz p+tn)| g/ o -Ret-p0) & gy

NrN NQ

It follows from Lemmé[8.1P (b) that there exists an open netghoodV of 0 in
RY and an open embedding: RY — NrN Ng, sending 0 te such that

h(¢(x)) = (Sx %)

with Sa positive definite matrix. Ldtl be an open neighborhood efn NrN IQQ with
closure contained igd(V), and letr > 0 be as in condition (c) of the mentioned lemma.
Fix x € CZ(¢(V)) such thaty = 1 on a neighborhood of the closureldf Then

AR:Q: & H+tn)f = (f)+R(f)

with
|t(f):/ e hWel=H=P) (M £ (k(7)~1Kk) x (R) dn.
NrRNNg

The remainder terni (f) is given by the same integral but wiph(n) replaced by
1— x(n). As the latter function is zero dd, it follows from the estimate in (b) that

IR(F)|I < Cre ™| ],
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with C; a positive constant independent fofandt. Accordingly, we may ignore this
term and concentrate dy( f ). By substitutingp (x) for n we obtain

(1) = [ & Sd 1P (1 () HOx (9()(4)

whereJ(x) is a Jacobian. Substituting®/?x for x and taking the limit fot — o, we
see that

t9/2], () = /de<5“> £(k) J(0) dx
R

uniformly in k. This establishes the result with
c= J(O)/ e (5% dx
Rd

]
Lemma 8.12. Let QR e Z(A) and letn € a* be such thatn, a) > 0forall a €

Z(R)NZ(Q). Let g : G — a be the Iwasawa map determined by K exp.7#5(X)No,
for x € G. Then the function b= n,%ﬂQ|NRm,(,Q has the following properties,

(@) h>0;
(b) h has anisolated critical point at e with positive definiteddian;

(c) for each open neighborhood U of e ikN N_Q there exists a constant¥ 0 such
that

ne (NkNNg)\U = h(n) >r.

Proof. For each indivisible rootr € >(g,a) we writeng = gq + g2a, Na = €xp(ng),
ng = Ong and Ny := exp(ng). Furthermore, we writgy(a) for the split rank one
subalgebra generated by +nq andG(a) for the associated analytic subgroupGf
Let 2% : G(a) — ang(a) = (kera)* be the Iwasawa projection associated with the
lwasawa decompositioB(a) = KNG(a))(ANG(a))Ng. Thenitg = Hg|(a)-
Letas,...,ax be the indivisible positive roots IB(R) N Z(Q). Then by the method
of S.G. Gindikin and F.I. Karpelevi¢ [17] (seke_[23, Thm. 7{6} the version for
intertwining operators), there exists a diffeomorphigm Ng, x ---Ng, — NrRMN Ng

such that )

(L0 = Y 176, 7).
=

To show thath has properties (a), (b) and (c), it suffices to show that eddheo
functionsh; = n o 74, |,qaj has these properties, willy; in place ofNgrM Ng.

Let a € 3(g,a) be any indivisible root such thdt), a) > 0. Then it suffices to
show thathy : N — R,n— . (n) has properties (a) and (b) witly in place of
Nk N Ng. The functionh, can be explicitly computed through $2J1)-reduction, see
[21, Thm. 1X.3.8]. From the explicit expression given in[2froperties (a), (b) and
(c) are readily verified. O
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We will now describe the asymptotic behavior of the varioiseRstein integrals,
using the established relatiofis(8.13) dnd (8.16) betweam t
For a parabolic subgrouRe Z5(Aq) and forv € # we define the functions

Bry(A )t AG(R) — End(VMorKvHV

asin[9, Lemma 10.3]. These functions are smooth on the chaAjt:(R) and as such
depend meromorphically on the parametes a;.. Moreover, for generid € ag. they
have an absolutely converging series expansion of the form

®ry(Aia)=a ™ Z a Hrru(A),
peNZH(R)
where theg , are meromorphic Er@ " ™"V™).valued functions anfigo = |.
LetPy € P4 (Aq) then by [9, Thm. 11.1] and{8.1L0), there exist unique Exid »)-
valued meromorphic functiorGgp,(s: -) onag. such that for ally € 4y 2 and each
ve % and generid € ag. we have

ER:A:aiy= 5 ®ry(sh:a)[Crp,(s:A)¢lu(e), (ae A (R).
seW(aq)

HereW (aq) denotes the Weyl group of the root syst&(y, aq).

Theorem 8.13. Let Qe #(A) and Re Z5(Aq). Then there exist unique meromorphic
End(.2/v 2)-valued meromorphic functionsfg(s: -) onage, for s€ W(ag), such that
for all ¢ € oA 2, each ve 7 and generic € a’aC we have

EQ:Atajp= 5 Pry(sh:a)[Crols:A)ylu(e), (ae Ay (R)).
seW(aq)

These meromorphic C-functions are generically pointwmseiitible, with meromor-
phic inverses.

Proof. Uniqueness follows by uniqueness of asymptotics, see,[&8).p. 305, Cor.]
for detalils.

For the remaining statements on existence and inveryipilie first consider the
case thaQ is g-extreme, i.e.Q € Z;(A). Then there exists a uniqu@y € Y4 (Aq)
containingQ. By applying Corollary 8.6 and the preceding discussion we fiirat

CR\Q(S: )\) = CR\QO(S: )\)

satisfies the asymptotic requirements. Invertibilitydals from [6, Cor. 15.11].

We now assume th& € Z(A) is general. Then there exist®ac Z;(A) such
thatP > Q.

By Propositio 817 and(8.14) we have

E(P:A:X)=E(Q:A:X)oC(Q:P:A).
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In view of Propositio 818 we see that
CR|Q(S: )\) = CR|p(S: A ) OC(Q P:A )71

satisfies the asymptotic requirements. The invertibiktyuirements now follow from
the invertibility of Crp(s: A ), established earlier in this proof. O

Corollary 8.14. LetRQe Z(A). Then there exists a unique meromorpai .y 2)-
valued function @P: Q: -) onag. such that

E(P:A:X)=E(Q:A:X)oC(Q:P:A) (8.20)

for all x € G/H and genericA € ag.. Furthermore, the following identities are valid
as identities of meromorphEnd(./ 2)-valued functions i e Ao

(@) C(Q:P:A)=Cgqgl(s: A)_:LCR“:)(S: A), (seW(aq), Re Z5(Aq));
(b) C(PL:P: A)C(P:P3:A)=C(PL:P3: A), (P, P, Ps € Z(A));
() C(P:Q:A)C(Q:P:A)=C(Q:P:A)C(P:Q:A)=1.

Proof. Uniqueness follows from Theorem 8113 combined with unigssrof asymp-
totics. We will first establish the existence RBIQ € Z;(A). Let Py, Qo be the unique
minimal o 8-stable parabolic subgroups s (Aq) with Pp D P andQp O Q. Then by
[10, (42) & (70)] there exists a meromorphic functianag. — End(.«/y 2) such that
E(Py:A)=E(Qop:A)a(A). Inview of Corollary[8.6 it follows thaf(8.20) is valid with
C(Q:P:A)=a(A).

By using Propositiof 817[(8.14) and Corolldry]8.9 the exise ofC(Q: P: A)
can now be inferred for arbitrafy Q € Z(A).

Now that the existence has been established, (a) follows Trbeoreni 8.113 com-
bined with uniqueness of asymptotics. Finally, (b) and ¢fpfv from the established
uniqueness of thé-functions involved. O

9 The case of the group

In this section we will consider the case of the group, vieasd symmetric space,
and compare our definition of the Eisenstein integral for mimal parabolic subgroup
with the one given by Harish-Chandfa [20].

Let ‘G be a group of the Harish-Chandra class, anddet ‘G x ‘G andH the
diagonal inG. ThenH equals the fix point group of the involutiam: G — G given
by o(x,y) = (y,x). The mapm: (x,y) — xy ! induces a diffeomorphisiG/H — ‘G
which is equivariant for the action @ on G/H by left translation and the action on
‘G by left times right translation. Accordingly, pull-back byinduces as-equivariant
topological linear isomorphism* : C*(‘G) — C*(G/H).

We fix a Cartan involutiohd for ‘G. Let‘'g = ‘t®‘p be the associated infinitesimal
Cartan decomposition and let be a fixed choice of a maximal abelian subspace of
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‘p. ThenB ='6 x ‘0 is a Cartan involution foG which commutes witlo. The asso-
ciated Cartan decomposition is given §y= £ @ p, wheret ="'t x ‘t andp = ‘p x 'p.
Furthermorega = ‘a x ‘a is @ maximal abelian subspacejof

The infinitesimal involutiono on g = ‘g x ‘g is given by(X,Y) — (Y, X), so that
its +1 eigenspacg equals the diagonal @f whereas the-1-eigenspace consists of
the elementgX, —X), X €'g. It follows thatpNq = {(X,—X) | X € ‘p}, and that the
subspace

ag = {(X,—X) | X €‘a}

is maximal abelian ip Nq. Furthermoreq = ay & aq, whereap = {(X,X) | X € ‘a} =
anb. At the level of groups we accordingly have= AyAq, whereA, = ANH =
{(a,a) | a€ A} andAq = {(a,a 1) | a € ‘A}. The root systenk of a in g equals
(‘Z x {0}) U ({0} x ‘%), where'Z denotes the root system af in ‘g. The associated
root spaces are given by

9(a,0) = 0a x {0}, and gop ={0} xgg, (a,B€'3).

The positive systems far are the sets of the forri1y x {0}) U ({0} x M2 where
M1, M, are positive systems foE. Accordingly,

Z(N)={Px'QI'R'Qe Z(A)}.

Let ‘M denote the centralizer 6A in ‘K. Then the centralizer oA in K is given by
M ='M x ‘M and we see that th@-stable Levi component of any paraboliciA(A)
is equal toMA.

Our first objective is to give a suitable description of Hidixed distribution vector
j(R:&:A)(n), for R="P x'Qa minimal parabolic subgroup fro¥ (A), for A € ag,
and for€ € M such that the spad&(£), defined as in{418), is non-trivial.

We observe thalk (ag) andNknH (agq) have the same image in Gdg), so that
w , defined as in[(4]6), consists of the identity element (‘e ‘e). It follows that

V(&) =V(,e) asin[4.8), so that
V(&) =™ (9.1)

Thus,V (&) # 0 if and only if & has a non-triviaHy-fixed vector. The set of such
(classes of) irreducible representationdvbis denoted byﬁHM.
If £ € My,,, then
£ \EREY, (9.2)

for an irreducible unitary representatighof ‘M in a finite dimensional Hilbert space
g . Using the canonical identification

Hs @ Hg ~EndHs) (9.3)
we shall modek as the representation i#; := End(%s ) given by

E(my,mp)T ="&(my) o T o"&(mp) 2,
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for T € End(7&;) andmy,mp € ‘M. In particular, we see that with this convention,
V(&) =Clg.

The space is identified with the subspace af consisting of linear functionals on
ai of the form(*A, —'A) : (X,Y) — A (X) —'A(Y). We agree to write

A=(A=2),  (Ae'a).

As in Sectiol B, we writ€*® (K : &) for C*®(K : M : &) andC** (‘K :*&) for C** ('K :
‘M :'&). Then as indicated in Sectidh 3, we have topological lineamizrphisms

C*(K:&)~C*(K:&) and C*(K:'&)~C”(‘K:‘&),

which restricted to the subspaces of smooth functions agcied by the pairingg (3.6)
for (K, &) and('K,‘¢).
We now consider the topological linear isomorphism

®:C"(K:&) — Hom(C*(‘K:'&),C ('K :'&))
determined by the Schwartz kernel theorem. It is given by

(®(h)(f),9) =(h,gaf),

forheC*(K: &), f eC*('K:'§) andge C*('\K : ‘&), with g® f viewed as an
element ofC*(K : V).

According to the compact picture explained in Secfibn 3, ves mdentify ® with
a uniquely determined topological linear isomorphism

D, :C°(R:&: 1) — Hom(C®('Q,'€,'A),C"('P,'E,'A)).

The isomorphisn®, is readily seen to b&-equivariant, byG-equivariance of the pair-
ings involved in the definition ob, for the appropriate principal series representations.
It maps theH-invariants in the space on the left to the subspac&ehtertwining op-
erators on the right.

We write (-, )¢ for the K-equivariant pre-Hilbert structure a@(K : &) given
by (3.2) and(-, -),¢ for the similar'K-equivariant pre-Hilbert structure d@” ('K :
‘). The latter structure extends to continuous sesquilineinga C**('\K : ‘&) x
C™ (‘K :'¢) — C, also denoted by, -)s. As C*('K : '¢) is a Montel space, it is
reflexive, and we may take adjoints with respect to theseénugir Accordingly, given
a continuous linear operatdr: C*(‘\K : '¢) — C~*('\K : &) we define the continuous
linear operatofl * : C* (‘K : '§) - C *(‘K : ‘&) by

<T*f,g>\52<f,Tg>\E, (f,gECm(\K:\E)).
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Lemma9.1. LetFeC®(K:&)andletT:C*(‘\K:'&) — C*('*K : ') be a continuous
linear operator. Then

(F, o Y(T")e = /K tre [(T®1)F (k. 'k)] dk (9.4)

Proof. We first consider the isomorphisgn C~*(K) — Hom(C*('K),C~*('K)) given
by the Schwartz kernel isomorphism. L&t denote anL?(‘K)-orthonormal basis
subordinate to the decomposition into the finite dimendidkaisotypical compo-
nents with respect to the left regular representation. Tbereach smooth function
f €C”('K) we havef =3 ;(f, fj)ofj =3 (f, ;) f; with convergence ih?(‘K). Here
index 2 indicates that the pairing corresponds to the skseaiL?-inner product. It
follows that for eactK-finite functionF € C*(K) we have

<F ) ¢71(|)>2 = <F7 Z fj ® 1i>2
J

ForF = fy® fi this gives(F, ¢ 1(1))2 = (f, f) = Jx f(K) fi (k) dk By continuous
linearity and density this implies that

<F,¢—1(|)>2:/ Fikk)dk  (FeC?('K x'K)).
K

We next consider the natural isomorphignfrom J7; = & ®j‘fiév onto End.J%s ).
Then it is readily verified that

U, g the))e=tre(wU))  (Uesrg).

Here the index indicates that the natural sesquilinear inner productéediby the
inner product onZg is taken. We now consider the Schwartz kernel isomorpiism
from C=*(K, %) onto Hom(C* ('K, 7 ),C~* ('K, 7s)). Then® is identified with
¢ ® ¢ in a natural way. Thus, fdf € C*(K, 7)) we have

(F.&10)), :[Ktrg(t,u(F(‘k,‘k)) d'k. (9.5)

Identifying .77z with End(J%5 ) via  we agree to rewrite the above expression without
the ¢. We viewC*(K : &) as the space dfl ='M x ‘M-invariants inC*(K, 7).
Likewise we viewC=®('K : '£) as the space OM-invariants inC=* ('K, #) (for the
right action of‘M on C**('K)). The‘M-equivariant inclusion maps and projection
maps will be denoted by i and respectively. Them = ®oi = Po®.i, and we find
that forF e C*(K: &)

(F, o7 ()2 =(F, (1)) (9.6)
This implies [9.#) withT = |. To obtain the general formula, we note that for a con-
tinuous linear operatdf € EndC*('K : ‘§)) the Hermitian adjoinT * is a continuous
linear operator in En@C~*('K : '£)) and

O(T*®@u) =T*d(u)  (UeC *(K:&)).
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Foru= ®~1(1) this yields
(T*@D® (1) =d(TH).
It follows that

(F, o H(T*) = (F,(T*@ho (1)) = (Te1)(F), ®~(1)).

Hence, [(9.14) follows by application df (9.5) arid (9.6). O
Lemma 9.2. Let'P,'\Q e Z(‘A). Then for generi¢A € ‘a,
J(Px'Q:&:A)(he) = D, HA(P:'Q:E 'A)). (9.7)

Proof. PutR="P x 'Q as before. Then in the present case of the grpgp~= 0, so
that the distribution vector on the left-hand side[of (9.&)0mgs taC~*(R: & : A).
It follows from (Z.25) applied witlQ’ ='P x ‘P andQ = ‘P x ‘Q that

J(PXx'P:E: M) =[10ACP:'Q:EY: —N)]oj(‘Px'Q:E:A).

SinceA('P:'Q: ‘&Y : —'A) has transpos&('‘Q: ‘P : & :'A) relative to the bilinear
pairingC” (‘K .‘£)®C°°( V) — C, it follows that

Pr(J(Px'P:E:A)(he)) =Py (J(Px'Q:&:A)(he)) o A(Q:'P:'E ') (9.8)

For'Q = ‘P the equality[[917) has been establishedin [8, Lemma 1]. Gaimdpthis
with (©.8) we find that

ACP:PE N =Dy (J(Px'Q:E M) (1)) oACQ:'PE 1 A). (9.9)
The intertwining operator on the left-hand side[of[9.9)aleposes as the composition
ACP:'Q:'E ' A)oA(Q:'PE ),

as an EnC®(K : £))-valued meromorphic function 04 € ‘a:. Using the invertibility
of the second intertwining operator for genekie ‘a;. we obtain[(9.7). O

Corollary 9.3. Let f € C*(K : &). Then for generi¢A € ‘a,
(f,j(‘Px‘Q:E:—)T)(I\g)>:/ tre (ACQ: P2 Ay @ 1) f]('k,'k)) d'k. (9.10)
'K
Proof. For genericA € ‘a}, the continuous linear endomorphidm= A('Q: ‘P : ¢ :

‘A) of C*(*K : '&) has Hermitian adjoinT* = A('P:'Q: ‘& : —'A). The result now
follows by combining Lemma912, with'A in place of'A, and Lemm&9]1. O
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The expression on the left-hand side[of (9.10) is very closslhted to an Eisen-
stein integral for the parabolic subgroRp="P x ‘Q, defined as in Definition 8l4. This
will allow us to express the Eisenstein integral in termshef group structure 0.

To be more precise, Iétbe as in[(9.R) and l€tr, V;) be a finite dimensional unitary
representation df. We recall the definition of the spa€%K : £ : 1) and the definition
of the linear isomorphisi — (r fromC(K: & : 1) ®V (&) onto.e ¢ from (8.11)
and the surrounding text (note thdy = M).

Since”” = {e}, we have

om,e =Cg¢ (M/Hw : Tw).
SinceV (&) = Cl, it follows that the following map is a linear isomorphism;
o Wran,, C(K:E:T) — CZ(M/Hwm:Tm). (9.11)
It follows from (8.12) that
Wran (M) = (F(M), he)ps =trg (F(M)  (me M),
where the subscripi Smeans that the Hilbert-Schmidt inner product is taken.
Corollary 9.4. With notation as in Corollari 913, let € C*(K : & : 7). Then
E('Px'Q: ¢ran, :A)('X,€) = (9.12)
_ /Ktr\g ([(ACQ: P ¢ : M) @ mgie () 1] (K 'K)) dk,
for'x € 'G and generid\ € ag..

Proof. We note thaMg = M, so thatk "My = M, & = & and the map” introduced
in (4.11) is just the identity map in the present setting. Bglecation of Theorerh 814
with R="'P x'Q in place ofP, we now find, taking into account thak, = 0, that the
Eisenstein integral on the left-hand side[of (9.12) equals

(F, e 5 (%@ (R:EA)(he)) = (F, T 5(€ X H[(RIE:A)(he)),  (9.13)

by H-invariance ofj. Here (-, -) stands for the sesquilinear m&¥ (K : § : 1) x
C (K : &) — V; induced by the sesquilinear pairi@f (K : ) xC (K : &) — C.
By equivariance of the pairind, (9.13) equals

(Mre. 2 (&%), [(R:E:A)(hg)) = (1@ Tgugvan (W] T, J(R:E 1 A)(he))

By application of [9.110) we infer that the last displayed megsion equals the integral
on the right-hand side of (9.112). O
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We shall now relate the Eisenstein integralin (9.12) to staChandra’s Eisenstein
integral for the group. We agree to write

n(kv=rt(key, and via(k):=t(ek v,  (veVke'K).

Then(1y, 72) is a unitary bi-representation & in V; in the sense that; is a unitary
left representation anth a unitary right representation t in V; and these two rep-
resentations commute. Clearly any such bi-representétiom,) of ‘K comes from
a unique unitary representatioras above, and(ky, kp)v = 1(k)vi(ky 1), for v e Vg
and(ki, ko) € K. GivenTt as above, we agree to writg for the restriction ofr to M.
Furthermore, we agree to writgy, for the restriction ofrj to ‘M, for j = 1,2. Then
T corresponds to the bi-representati@py, 7o) of ‘M.

LetC*(*M : 1) denote the space of smooth functigns="‘M — V; transforming
according to the rule

¢ (mmnmy) = 1a(My)p(M)72(Mp), (MM, My € 'M).

Then it is readily verified that pull-back under the map (x,y) — xy ! induces a
linear isomorphism

m: C°('M: 1y) — C°(M/Hw : tv). (9.14)
The inverse of this isomorphism will be denoted by
Y=Y, C°(M/Hu:tv) — C°(‘M:1y). (9.15)

By ‘M x ‘M-equivariance, it follows that the isomorphidm (9.15) riess to an isomor-
phism
CF(M/Hw 1 Tv) ~ CZ (‘"M : Ty). (9.16)

Here the space on the right-hand side is defined as the iotiersefC* (‘M : 1) with
the spac&; (‘M) @V, whereC; (‘M) denotes the isotypical component of typéor
the representatiob x R of M in C(*M). Furthermore, the space on the left-hand side
of (8.18) is defined similarly.

Since [9.11) is an isomorphism, it now follows that the falilog map is a linear
isomorphism as well,

fs'Pren,, C(K:&:1) — CZ(M:itm).
We now recall the definition of Harish-Chandra’s Eisenstefiegral associated with a
parabolic subgroufQ € Z(‘A). Given'y € C*(*M : Tyy) and'A € ‘a}, we define the
function‘ys, :'‘M — V¢ by

\w\)\ (\n\a\m\k) _ \a\)\ +QQ\w(\m) TZ(\k), (9.17)
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for ‘k € 'K, '‘me ‘M, ‘a € ‘Aand'n € Nq. The Harish-Chandra Eisenstein integral for
the group G is now defined by

Enc('Q:'\w:"A)(X) = /K 71('K) s, (KX 'k, (9.18)

for ‘A € ‘a’ and'x € 'G. We will derive a formula for the present type of Eisenstein
integral, which will allow comparison with (9.12). In therfaulation of the following
lemma, we will use the natural identificatiofs (9.3) and

CK:&:T)=(C(K: &) @Vr)K ~ (C*(K: ‘&) @C”(K: '€V @ V).
Furthermore, we will write iz as shorthand for the map
tre ® Iy, : End7&s ) @Vr — Vr.
Lemma 9.5. Let'E € 'M and putf =& ®'&V. Furthermore, let fe C*(K : & : 1)

and put'y = \L‘Uf®|\5. Then for all'A € ‘af,

Enc('Q: e, :‘)\)(‘x):/Ktr\E([(l®angv?\A(‘x))f](‘k,‘k)) d'k  (9.19)

Proof. We agree to writef, for the unique function I€*(G:'Qx'Q: & : A)®V;
whose restriction t& equalsf.
The function'y := ‘t,lJf®|\é € C?(‘M . 13)) is completely determined by

‘Yle)=(f(ee), hs)us=tr¢[f(ee)].

In the second expression, we have used the bilinear(#gpV; ) x .7z — Vy induced
by the Hilbert-Schmidt inner product o#; = End % ).

We now observe that the functiog, defined by[(9.1]7) can be expressed in terms
of f_, in the following fashion;

Wy () =trg[f_ (e,'%)], (‘*x€'G). (9.20)
It follows from the sphericality of that
trig [Fa (Xka, Vo)) = Ta(ka) " Hrg [F (%, W) (ko).
for ‘x,'y € ‘G and'ky, 'k € ‘K. We thus obtain fron((9.20) that
1K) 1 (KX) = trg[f) (K KX)] =tre ([(1 @ Tgaev i (%)) F] (k. K)).
Equation[(9.1B) now follows froni_(9.18). O

The h-extreme parabolic subgroups #f(A) are the parabolic subgroups of the
form ‘P x ‘P with ‘P € £2(*A). For these parabolic subgroups our Eisenstein integrals
essentially coincide with the unnormalized Eisensteiegrals of Harish-Chandra.
More precisely, the following result is valid.
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Corollary 9.6. Let'P € Z(*A) and ¢y € C*(M/Hwm : 13). Then for all'x,'y € ‘G we
have

ECPx'P:@:A)(%Y) =Enc(P: ¢ A)(X'y ™), (9.21)
with A = (*A,—'1), as an identity of meromorphigWalued functions ofA € ‘a?.

Proof. The spaceC®(M/Hy : 1) is spanned by the functions of the forpy .,
where'é € '\M", & ='E ®'¢Y andf € C(K : & : 1). By linearity it therefore suffices
to establish[{9.21) fory = Wiel,, with ‘¢ and f as mentioned. Moreover, by right
H-invariance of the Eisenstein integral on the left-hane sitdsuffices to prove the
result for'y = e. The claim now follows by comparison ¢f (9]12) ahd (9.19). O

Remark 9.7. In particular, we see that the Eisenstein integral on thieiseholo-
morphic as a function ok € aj.. As 2('P x 'P)_ = 0, this can also be derived by
combining Theorer 814 with Remdrk 7 .9.

Corollary 9.8. With notation as in Corollary 913, let € C*(K : £ : 7). Let Yse, €
Cg (M/Hw; Tm) be defined as ifi{9.11). Then

E(Px'Q: Wtan, A)(XYY) = (9.22)
= Bhc('Q:'Yapqpae e ek, - (XY,
for generic'A €'af, A = (‘A,—'A) and all'x,'y € ‘G.

Proof. By right H-invariance of the Eisenstein integral on the left-hane sidsuffices
to prove the result foly = e. It follows from (9.12) that

ECPx'Q: Yran, 1 A) (% 8) =E(Qx'Q: Yapqepaz:—a)al)floh, : A) (X €).

The identity now follows from[(9.21). O

Appendix: Fubini’'s theorem for densities

In this appendix our purpose is to establish a Fubini typeréra for repeated inte-
gration in the setting of a Lie grou@ with two closed subgroupd andL such that

H C L. The Fubini theorem concerns repeated integration for teasin the total

space of the natural fiber bundle

m:L\G — H\G, (A.1)

with fibers diffeomorphic tdH\L. It expresses the integral over the total space as an
iterated integration, first over the fibers and then over teelspace. In case of uni-
modular groups there is a well known version of such a Fultisbtem involving
invariant densities on the quotient spaces. In the casereinemodular groups such
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densities do not exist. Nevertheless, in this setting amagguate formulation of iter-
ated integration can be given as well.

To describe it, we will first formulate and establish a Fultireorem for general
fiber bundles, and then specialize to the above situation.

If V is real linear space of finite dimension then by 4, we denote the space
of complex-valued densities 0w i.e., the (complex linear) space of functioaAs:
A"(V) — C transforming according to the rule(té) = [t|A (&), for all t € R and
& € A"V. A density A is said to be positive ifA (§) > 0 for all non-zero& € A"V.
By pull-back under the natural mag' — A"V we see that a density may also be
viewed as a map" — C transforming according to the ruke.T" = | detT |A, for all
T € EndV). This will be our viewpoint from now on. Note that, has dimension 1
overC. If W is a second real linear space of the same dimensamdA :V — W a
linear map, then pull-back und@ris the mapA* : 4y — % defined by

A'u=poA",  (ue %)

Lemma A.1. Let EF be finite dimensional real linear spaces. Thep,r ~ Zg ®
ZF naturally.

Proof. Let p andqg be the dimensions dE andF respectively and pub = p+ @.

We consider the natural isomorphigm: APE ® A9F — A"(E®F). Givena € Z¢
andp € Zr, we definea XB : APEQNIF - Cby aXB(Exn)=A(&)u(n). We
note that this definition is unambiguous, and thaf< ). (t-) = |t|(a K 8), so that
(a,B) — a X Bou~t defines a bilinear map froe x Zr t0 Zewr. The induced
map Ze ® Y — Zeqr IS a non-trivial linear map between one dimensional complex
linear spaces, hence a linear isomorphism. O

From now on we shall identifZe . With Zg ® ¢ via the isomorphism given in
the proof of the above lemma.
The lemma can be generalized to the setting of short exaoesegs as follows.
Let ,
0-E -SE-SE" >0 (A.2)

be a short exact sequence of finite dimensional real linearespof dimensionk, n
andn— k. We recall that a linear map: E” — E is said to be splitting ifpo f = idg».
Associated withf is an isomorphism@ f : E @ E” — E, which by pull-back induces
a natural isomorphism

(l ) f)* . ,@E/ X -@E” = ‘QE/@E” i} .@E. (A3)
Lemma A.2. The isomorphisni(Al.3) is independent of the splitting map f
Proof. Letg be a second splitting map. Théme f)* —(i®g)* = (i® (f —g))*. Now

f —g mapsE” into kerp =i(E’) so thati & (f —g) mapsE’ @ E” into the subspace
i(E") of E. It follows that (i@ (f —g))* =0 so thati® f)* = (i@ g)*. O
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From now on, given a short exact sequence of the farm| (A.2) vedl gdentify
elements of the spacesy @ Zg» and Zg via the isomorphisnii @ f)*, which is
independent of the choice éf

We now turn to manifolds. Lé¥l, N be smooth manifolds angii: M — N a smooth
map. Then byl ¢ : TM — TN we denote the induced map between the tangent bun-
dles. For a giverx € M, this map restricts to the tangent mag : M — Ty N,
which will also be denoted bg¢ (x).

By 2m we denote the complex line bundle of densitiesnThe fiber of this
bundle at a point € M is equal toZt . The space of continuous densities is denoted
by I'(Zm). If dimM = dimN then the smooth mag : M — N induces a pull-back
map¢™ : ' (Zn) — T'(2m), given by

O (M)x=dd(X) Upx),  (HET(DN), xeM).

There is notion of integration of compactly supported amndus densities on man-
ifolds for which the substitution of variables theorem ididka More precisely, if
¢ : M — N is a diffeomorphism of smooth manifolds, then

Jou= 07w (merm. (A4)
N M

Let 1: F — B be a smooth fiber bundle. Lét= denote the density bundle ¢n
We may introduce a bundle of fiber densitiesras follows. The mapt induces
the homomorphisrii 71: TF — TB of vector bundles. The kern& = kerT 1 of this
bundle is a subbundle @fF. Obviously, the fiber oK at p € F may be viewed as the
tangent space of the fib&, at the pointp. The associated bundle— %, is a
smooth complex line bundle da which we shall call the bundle of fiber densities on
F. We shall denote this bundle k2.

On the other hand, the fiber product or pull-back burmtileZg) := F x n Zg of Zg
underrtis a complex line bundle oR. We shall denote the associated canonical line
bundle homomorphisnt*(Zg) — g by 1.

The short exact sequence- 9K — TF — m*(TB) — 0 of vector bundles ol
naturally induces a line bundle isomorphism

PR (Z8) ~ T, (A.5)

via which we shall identify elements of these spaces. Hetarality means that for
a fiber bundle morphisnp from rrto a bundler’ : F’ — B’ with dimF’ = dimF and
dimB’ = dimB the following diagram commutes:

B @ ' (ZB) — Dk
(To) @(To) | b (o) (A.6)
78 @ (1) (Ze) — 2

Let nowb € B and letR, the fiberrr1(b) of F aboveb. Obviously, the restriction a8
to this fiber is naturally isomorphic t@F, , the density bundle of the fiber. On the other
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hand, viait the restriction of the bundlg*(Zg) to i, may be identified with the trivial
bundleR, x Z,g. Accordingly, we obtain natural isomorphisri, ® 71,8 ~ ZF|F,,
and

M(ZFlR) =T (ZR) ©c Zrip-

Integration over the fiber gives a natural linear map
lp: Me(ZR,) — C, U /Fbu.

By transfer we obtain a natural mép®id : I'¢(Zk|g,) — Z7,8. We now define the
push-forward magt, : I'c(Z¢) — sectZg), by

T (p)(0) := (lp@id)(H|R,)- (A.7)

Here seqtZg) denotes the space of all (not-necessarily continuousipssabf 7.

By the naturality of the constructions and the invariancentégration as formu-
lated in [A.3), one readily checks that the notion of pushena compactly supported
densities is invariant under isomorphisms of bundles.

Lemma A.3. Let¢ be an isomorphism from the fiber bundte F — B to a second
fiber bundler” : F' — B’ and let¢, denote the induced diffeomorphism-BB’. Then
the following diagram commutes:

ro(Ze) 45 To(%F)
/AR I T
re(Ze) % Te(%e)
We can now establish the following Fubini type theorem fag thtegration of
densities over fiber bundles.

Lemma A.4. The mapt. mapsl ¢(Z¢) (respectively ¢ (Zg)) continuous linearly to
Me(ZB) (respectivelyr £ (Zg)). Moreover, for ally € I'e(Z¢),

Auzémm) (A-8)

Proof. By using partitions of unity, and invoking invariance ofegtation, cf.[(A.4),
and Lemmad_A.B, we may reduce the proof to the caseBhatopen inR" and that
F =B x V, with V an open subset of Euclidean sp&e In that case the result comes
to down to continuous and smooth parameter dependence dmai'stheorem for
Riemann integrals of continuous functions. O

Corollary A.5. Letu be a measurable section @f. Then the following statements
are equivalent.

(&) The density is absolutely integrable.
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(b) For almost every t& B the integral forr.(u)y is absolutely convergent and the
resulting densityt. (i) is absolutely integrable over.B

If any of these conditions is fulfilled, thén (A.8) is valid.

Proof. This follows by reduction to Fubini’s theorem through the as$ partitions of
unity, as in the proof of Lemnia A.4 O

We will now apply the above result to the particular settimgd.ie groupG with
closed subgroupd andL such thatH C L. As said at the start of this appendix, this
setting gives rise to the natural fiber bundle (A.1) with fidgfeomorphic toL\H.

LetA . : L — Ry be the positive character given by

Duo(l) = [detAds(l)gu ™, (I€L), (A.9)

where Ads(l),/ € GL(g/l) denotes the map induced by the adjoint map;Ad €
GL(g). Given a charactef of L we denote byC(G: L : &) the space of continuous
functionsf : G — C transforming according to the rule

fIx) =&(1)f(x),

for x e G andl € L. We denote by# (G) the space of measurable functidBs— C
and by.# (G:L: &) the space of € .#(G) transforming according to the same rule.
Givenf € .7 (G) andw € %, we denote byf,, the functionG — %\ defined

by
fo(X) = f(X)dry(e) Y w.

Lemma A.6. Letw e 7\ {0}. Then the map & f,, defines a continuous linear
isomorphism from @G : L : A ) ontol (Z\g)-

Proof. Write A = A \¢. In the proof we will use the notatiofe| for the image ok in
L\G. Moreover, we will use the canonical identificatidg (L\G) ~ g/[. Let w be as
stated, and lef € C(G:L:A). Then forx € G we havef,(X) € '@T[x](L\G)' Letl eL,
then

fo(lx) = A()F(x)dric([e) Hw
= A f(dr(e]) " dn([e) M w
= A f)drx([e)) HAd() @

= fu(X)

It follows that f,, factors through a smooth mapG — 7, ¢, with f,(x) a density
on Ty (L\G). Accordingly, f,, defines a section a#, g, which clearly is continuous.
The bijectivity of the mapf — f, fromC(G: L :A) ontol'(Z,,g) is obvious. O
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Our next goal is to calculate the push-forward fy,), for w € 7, andf € C(G:
L:A, ), andm: L\G — H\G the canonical projection.

We note thatt is a fiber bundle with total spade = L\G, base spac8 = H\G
and fiber diffeomorphic te\H. Thus, we have the natural isomorphigm (A.5).

If x € G, then the diffeomorphismf : F — F,z+— zxdefines an isomorphism of
fiber bundles over the diffeomorphisif defined by right multiplication oB, i.e., the

following diagram commutes,
X

F — F
\J 3
I’B
B - B.
In the sequel we shall use the commutativity of the diagfaB\#ithF =F’, B=PB'

and¢ =rf.

In particular, it follows that(drf )* @ (drf)* € End 28 @ m* Zg) corresponds to
the naturally induced automorphisgir? )* of Zk.

We fix non-zero elements, ¢ € @g/[, WoH € @h/[ andwy, € 99/b such that

W \H @ Wy = Wc (A.10)

with respect to the identification determined by the shogcésequence 6 /[ —
g/l — g/b — 0. This short exact sequence may be identified with the shodtesea
guence of tangent spaces

di d
0 Te(L\H) X8 1 106) T 16 (H\G) — 0,

wherei : L\H — L\G denotes the natural embeddingldfH onto the fiberr1([g]).
Accordingly, formulal(A.1ID) may be viewed as an identity #reents associated with
the decomposition

(@,:B)[e] ® (@B)[e] = (@F)[e}.

LemmaA.7. Letw y,wn ¢ andw,y satisfy [A.ID). Then for all B H and xe G,

drnu([€]) @ = Ana(h) 7t (drnu([e]) M @dr(e) Fane), (A1)

in accordance with the decompositi()@,?)[h)q ®(ZB);x = (ZF ) ny, corresponding to

(A3).

Proof. Leth € H, thendrp(e) ™% (whe) = Ad(h)* w6 = Aus(h) twn ¢ and we see
that
drne) M6 = Bl L (dn(le) F@an @) . (AlL2)

Let nowx € G, then in view of theG-equivariance of the fiber bundie— B formula
(A1) follows by application ofiry([h])~1* to both sides of the identity (A.12). O
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Theorem A.8. Letw g, Wy and w.y satisfy [AID). Letp € #(G:L:A ) and
let ¢ . be the associated measurable density §GLThen the following assertions
(a) and (b) are equivalent

(@) The density}b%\G is absolutely integrable.
(b) There exists a left H-invariant subsgt of measure zero in G such that

(1) for every xe G\ ', the integral
— -1 —1x
W(8) = [y Bec) Mo dn((e) @, (A13

is absolutely convergent;
(2) the function (@) : x— Ix(¢) belongs taZ (G: H : Ay);
(3) the associated densityd)q, . is absolutely integrable.

Furthermore, if any of the conditions (a) and (b) are fulfil)ehen

/L\G bar,c = /H\G|(¢>%\G. (A.14)

Proof. We retain the notation introduced before the statementethborem. Then
for x € G andh € H the associated density lathix is given by

Par o (%) = Bun(n) 71 (hx) (drinx([e]) a2 dre((e) Hake),  (A15)

in accordance with the decomposition corresponding fa)(A.5

We will deduce the result from applying Corolldry A.5 to theré bundle given
by the canonical projection: F :=L\G — B := H\G and to the measurable density
U= 4’%\@ onF.

The crucial step is to prove the claim that foe G, the integral for the push-
forward 1t (¢4, ) (HX) converges absolutely if and only if the integral fef¢) con-
verges absolutely. We will first establish this claim.

It follows from (A.7) that the push-forward Gﬁ&l\e underrris the density ot \ G
given by the following fiber integral

naot= ([, w)ed(d Fae 419

whererr 1 (Hx) = ry(L\H), and wherevy is the density omy(L\H) given by
Vx(LhX) = A () 7 (hx) dring([€]) ™ oL

The convergence and value of this integral dependg tough its clas$Hx. We
now observe thaty defines a diffeomorphism from the fibar*(He) onto the fiber
- 1(Hx). Moreover,

[rxvd (Lh) = dre([]) ™ v (Lhx) = Ay (h) " ¢ (hx) drn([€) ™ aLn.
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Thus,Ix(¢) equals the integral af;vx overL\H, and by invariance of integration we
see that it converges absolutely if and only if the integnaﬂ(d)mG)(Hx) converges
absolutely. Moreover, in case of convergence we have

*

IX(¢> - L\H rX(VX) - /Tl(HX) Y

so that
TL(Pay o) (HX) = Ix(¢) drx([€]) ™ oo = 1(9) ey, (HX)- (A.17)

This establishes the claim.

The equivalence of (a) and (b) now readily follows from thmitar equivalence in
Corollary[A.B. Finally, if any of these conditions is fulléd, both are, and in view of
(A17), the identity[(A.1#) follows from the final assertiohCorollary[A.5. O
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