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Introduction

Virtually every aspect of modern societies relies on computers — electronic machines
executing complex operations and programs in a step-by-step way. However, mathe-
matical models for computing devices had already been studied before the invention of
the digital computer. The first such model was the Turing machine [110], proposed by
Alan Turing in the 1930s to study the boundaries of what is “computable”. The high
complexity of Turing machines quickly gave rise to manifold simpler and less expres-
sive models of abstract machines. A very simple model, the finite automaton (short:
FA) [93], became very prominent due to its wide range of applications, such as pattern
matching on words [89, 108], lexical analysis of compilers [76, Chapter 3.3.2], and as
a way of modelling nervous activity [81, 88] (cf. [72, 76] for further applications and
the history of finite automata). Besides their applications in theoretical disciplines,
finite automata can also be used to model the state behaviour of real-life processes and
systems in an intuitive way. Some examples are vending machines, ticket reservation

processes, and plant lifecycles.

A finite automaton is (up to some technicalities) a directed graph, where the vertices
are called states and the edges are called transitions. Additionally, the edges are labelled
with symbols from an input alphabet. When describing real-life systems, the states of
an FA represent the possible configurations of the described system. The transitions
are then regarded as changes of the system’s configuration, which are triggered by an

input signal. An input word — that is, a finite sequence of input symbols — is recognised
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Figure 1.1: A simple vending machine FA with the three states idle, wait, and paid. Upon
the input symbol ¢ (“choose”) in the idle state, the state changes to wait. A subsequent
p (“pay”) trigges the state to change to paid. Finally, the input symbol r (“retrieve”)

changes the state paid to idle. The state idle is moreover marked as the initial state.

by an FA if there exists a corresponding sequence of transitions of the FA such that the
i-th transition in the sequence is labelled by the i-th symbol from the input word (for
every position i of the input word). The formal language recognised by an FA is the set
of all input words recognised by the FA and two FAs are equivalent if they recognise
the same formal language. In Figure 1.1, we give an example for an FA that describes
a simple vending machine. The input word cpr is recognised by the FA, but the input
word crer is not recognised (because all items need to be paid for before they can be

retrieved).

The theory of finite automata has proven to be very fruitful and research has un-
veiled many desirable properties of this automata model. For example, the mem-
bership, emptiness, and equivalence problems have polynomial time complexity for
finite automata [76, Chapters 4.3 and 4.4], one can minimise every finite automaton
[76, Chapter 4.4], and one can determinise every finite automaton [93] (cf. also [76,
Chapter 2.5.3]). Moreover, different characterisations of the class of formal languages
recognised by FA (short: class of recognisable languages) exist. For example, the class
of recognisable languages can be defined in formally different ways by the models of
regular grammars [18], regular expressions [81] (“Kleene’s Theorem” ), monadic second-
order logic formulas [13, 42, 109] (“Biichi’s Theorem”), and Myhill-Nerode equivalence
relations [91] (“Myhill-Nerode Theorem”).
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Figure 1.2: A word (left) and a tree (right). One can consider words as special cases of

trees, where the last symbol of the word is the root of the tree (middle).

In attempts to model quantitative properties of processes, rather than mere qual-
itative properties, different weighted word automata (short: WA) models have been
studied. Often, a WA consists of a finite automaton describing the state behaviour
of the process together with a list of weight assignments mapping parts of the state
behaviour to elements of a weight structure S. This can be used to model, for example,
probabilities, costs of executions, and outputs of processes. Prominent cases of weight
structures S are lattices [77, 95, 114], groups [21], the free monoid [5, 17], and the
min-plus semiring [102, 103]. All of these weighted automata models are special cases
of the general class of weighted automata over semirings [7, 36, 84, 98, 99]. In the class
of weighted automata over semirings, some classical theorems from (unweighted) finite
automata still hold. This includes Kleene’s Theorem [99], the Myhill-Nerode Theorem
[7], and Biichi’s Theorem [32]. Other classical results, however, cannot be generalised
to the weighted case. For example, a positive determinisation result for weighted au-
tomata is much harder to obtain [85]. In fact, there are weighted automata that cannot

be determinised [12, Lemma 6.3].

Word automata models have been extended to handle more complex input struc-
tures like pictures, trees, and forests, both in the unweighted (cf. [96, 97]) and the
weighted case (cf. [36, Chapters 9 and 10] and [87]). Trees in particular have a wide
array of applications, especially in the field of natural language processing. A tree is
a term represented by a finite, directed, acyclic graph with a designated unique root
position, which can reach all other positions, see Figure 1.2. Trees can represent hier-

archical data, for example, sentences in a natural language including their contextual
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information and dependencies within the sentence, which makes them appealing for

different disciplines [82, 100] (cf. also [19, 24, 25, 44] and [97, Chapter 1]).

This thesis evolves around models of weighted tree automata (short: WTA), which
combine weighted automata models with trees as the input structure. As a weight struc-
ture, we primarily consider semirings but make an excursion to so-called M-monoids
in Chapter 5. Some of the theorems that can be proven for weighted word automata
can be lifted to the case of weighted tree automata, like Kleene’s Theorem [38, 51],
the Myhill-Nerode Theorem [11], and Biichi’s Theorem [40, 52]. Similarly to the word
case, positive determinisation results for weighted tree automata have only been found
for restricted cases and oftentimes, these cases vary strongly between the literature
[14, 29, 57]. Determinisation of weighted automata remains an important open re-
search field, as non-deterministic behaviour cannot be simulated on computers and the

state of research is theoretically unsatisfying.

A finite automaton is determinisitic if for every state ¢ and every input symbol a
there exists at most one transition starting in ¢ and labelled by a. That is, a state
change always results in a uniquely determined successor state. It already belongs to
folklore that every finite automaton is determinisable, that is, there exists an equiva-
lent deterministic finite automaton [76, Chapter 2.5.3]. This equivalent deterministic
automaton is constructed from the original automaton using the well-known power set
construction. For weighted (word or tree) automata, the notions of determinism and
determinisability can be defined similarly, however, the determinisation construction
in the weighted case is much more involved than in the unweighted case. Generally, a
weighted alternative of the power set construction can be employed [90], which by it-
self yields infinite automata in many cases where the underlying semiring is not finite.
Therefore, an additional step in the determinisation construction is required, called
factorisation, where a lot of care is put into the choice of transition weights [14, 80].
We will provide a more detailed and formal investigation of the existing determinisa-
tion constructions in Chapter 3. One significant detail that spans the most influential
determinisation approaches [5, 14, 21, 29, 57, 80] is that even the weighted power set
construction with factorisation cannot be applied to every weighted automaton. An

additional property of weighted automata called the twinning property is defined in



each approach, which is then proven as a sufficient condition for determinisability.

Even though significant research has been done and every individual approach is
very much a valid theory, it is not optimal that the approaches have so much in common,
yet each one applies to an “isolated” case. The first major focus of this thesis is to
find a mathematical framework for the determinisation of weighted tree automata,
which provides common ground for the existing determinisation approaches and yields

determinisation results that cover as many of the existing results as possible.

The fact that some weighted automata cannot be determinised and some deter-
minisable weighted automata do not satisfy the twinning property poses the question
of what to do when our determinisation framework cannot be applied. One option is
to turn away from this “exact” determinisation towards approximated determinisation.
The task of approximated determinisation is still to find a deterministic alternative for
a given weighted automaton. However, unlike in exact determinisation, the weighted
languages recognised by the two weighted automata do not need to coincide — they only
need to be approximately the same. Different approaches to this paradigm have been
proposed [4, 8, 9] and our main focus lies on [4], which has applications in formal ver-
ification of quantitative properties [15, 16] and considers semiring-weighted automata
(over the so-called tropical semiring). In [4], a modified weighted power set construc-
tion with factorisation is employed as an approximate determinisation construction.
An approximate twinning property is then defined which is a sufficient condition for
approximated determinisability and which is, maybe more importantly, less restrictive

than the twinning property from exact determinisation.

Since [4] only considers weighted word automata, the question arises whether a
similar theory can be employed for weighted tree automata. The second major focus
of this thesis is to answer this question by generalising the ideas presented in [4] from

the word case to the tree case.

Unfortunately, there exist weighted automata which are not approximately deter-
minisable within this framework. A last resort in trying to understand recognisable
weighted languages is to characterise recognisability itself. Two particularly interest-
ing characterisations are Kleene’s Theorem and Biichi’s Theorem. Kleene’s Theorem

characterises the class of recognisable weighted languages by its algebraic closure prop-
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erties using a formalism called rational expressions. Biichi’s Theorem states that the
class of recognisable weighted languages coincides with the class of languages defined
by monadic second-order logic formulas (short: MSO-formulas). Since formal proper-
ties of processes are conveniently represented by rational expressions or formulas, both
Kleene’s Theorem and Biichi’s Theorem are of special interest in applied disciplines like
pattern matching or model checking (cf. [42, 81]). Both, Kleene- and Biichi-like theo-
rems have been proven for many different weighted automata models, see for example
[26, 33, 34, 38, 40, 51, 52, 70, 87, 104, 107] for the case of automata with tree-like input

structures.

As a third major focus of this thesis, we investigate two more exotic models of
recognisability and ways to characterise them with Kleene- or Biichi-like results. The
first model is that of weighted forest automata over M-momnoids, which considers tuples
of trees as input and operations on monoids as weights (rather than semiring elements).
Our goal is to characterise this weighted automaton model by both, rational expres-
sions and MSO-formulas. For our second model, we consider the rational weighted tree
languages with storage from [55], which are defined as rational weighted tree languages
(without storage) composed with a storage map. Our goal is to show that this composi-
tion with a storage map preserves the algebraic closure properties of rational weighted
tree languages and thereby equip rational weighted tree languages with storage with

their own set of algebraic closure properties.

This theoretical voyage through determinisation, approximated determinisation,
and characterisation theorems is reflected in the structure of this thesis. We begin
by collecting the necessary mathematical basics and notational conventions in Chap-
ter 2. In particular, we gather some notations for relations, hypergraphs, and multisets,
recall the basics on monoids and semirings, and finally present the model of weighted
tree automata over semirings. In Chapter 3, we develop our general determinisation
framework that aims to capture and unify the determinisation approaches [5, 14, 29, 57].
We define our factorisation theory for monoids, provide a multi-step determinisation
construction, prove results that allow us to apply our construction to general classes
of weighted tree automata, and ultimately compare our approach to the existing liter-

ature. In Chapter 4, we provide a formal approximated determinisation construction



for weighted tree automata over the tropical semiring. The structure of this chapter
follows [4], in that we consider approximation factors ¢t > 1 and define a t-approximate
determinisation construction based on a notion of t-approximation of weighted lan-
guages. Our construction is given in a formal mathematical way in contrast to the
algorithmic description provided in [4]. In Chapter 5, we first recall the notions of
forests and M-monoids and then introduce our model of weighted forest automata over
M-monoids. We finally prove a Kleene- and a Biichi-like theorem for this weighted
automaton model. Moreover, we make brief excursions to other potentially interesting
weighted forest automata models and argue why our model yields the most robust the-
ory. In Chapter 6, we recall storage types and rational weighted tree languages with
storage (short: Rat) as introduced in [55]. We then recall the Kleene-Goldstine theorem
from [55], which can be used to prove the closure of Rat under the rational operations
(top concatenation, scalar multiplication, sum, a-concatenation, and a-Kleene star).
Ultimately, we provide simpler proofs of these closure properties using only the defi-
nition of Rat, avoiding the detour through weighted tree grammars with storage. In
Chapter 7, we conclude this thesis by summarising its main contributions.

This thesis is based on our research, which includes four publications and one

manuscript.

e Chapter 3 is a generalisation of Dérband and Mérbitz [31] from the word case to

the tree case and covers the results from Dérband, Feller, and Stier [29].

e Chapter 4 is an alternative presentation of Dérband, Feller, and Stier [28]. Here,

we have replaced the algorithm provided in [28] by formal mathematical methods.
e Chapter 5 is based on Dorband [27].
e Chapter 6 is based on Dorband, Fiilop, and Vogler [30].

The scope of this thesis lies within the field of theoretical computer science and all
of our research is motivated by very theoretical questions. This perspective poses the
difficult task to illustrate our theories without defaulting to purely academic examples.
Undeniably, our presentation takes this into account only sparsely and we consider

practical applicability as a weak side of this thesis. Even though this is certainly
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a limitation of our scientific research, it also gives us space to define very technical
mathematical machinery, which allows us to distil precise assumptions in our theories
and identify ingredients that leave room for improvement. We also want to note that
significant parts of this thesis evolve around the standard model for weighted tree
automata over semirings, which has already been studied extensively. This requires us
to introduce highly non-trivial mathematical tools in order to see beyond the scope of
the already existing literature. In return, Chapter 3 turns out to be quite lengthy. We
provide detailed proofs for almost all claims made in the thesis and illustrate our new
tools with examples, but still leave several open questions. This is partly due to the
fact that we do not yet have a full understanding of the newly introduced machinery
and how it compares to the previous approaches. We also provide no decidability or

complexity results for most of our new properties and constructions.



Preliminaries

2.1 Languages

Sets, Relations, and Maps We denote the empty set by () and call a set A non-
empty if A # (). Moreover, we denote the size of a set A by #A. We call A finite if
#A < oo and we call A a singleton set if #A = 1. We denote the set of subsets of A,
the set of finite subsets of A, and the set of singleton subsets of A by P(A), Pan(A),
and 8(A), respectively.

We denote the set of non-negative integers by N and the set of positive integers
by Ni. Moreover, we denote the set of real numbers by R and the set of rational
numbers by Q. For every k,¢ € N, we denote the set {i € N | k <i < ¢} by [k,¢] and
abbreviate [1, k] by [k]. We note that [0] = 0.

The Cartesian product of two sets A and B is the set A X B given by

Ax B={(a,b)|a€ Abe B}
k times

and for every k € N, we denote the k-fold Cartesian product m by AF.

Let K € N and Aq,...,A; be sets. A relation on Ay x -+ x A is a subset
R C Ay x--- x Ag. Let A and B be sets. We say that a relation on A x B is a
relation between A and B. A binary relation on A is a relation R C A x A. The iden-
tity relation on A is the binary relation id4 C A x A given by ida = {(a,a) | a € A}.
Given a relation R C A x B, the inverse relation of R is the relation R~' C B x A
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given by
R~ ={(b,a) | (a,b) € R}.

Given two relations R C A x B and S C B x C, the composition of R and S is the
relation R; S C A x C given by

R;S ={(a,c) | (a,b) € R, (b,c) € S}.

We sometimes denote R;.S by S o R.
A binary relation R C A x A is called

o reflexive if idy C R,

e irreflexive if idg N R = (),

o symmetric if R~' = R,

o anti-symmetric if R"'N R C id 4,
o linear if RFTUR = A x A,

e transitive if Ro R C R,

a (partial) order if R is reflexive, anti-symmetric, and transitive,

a strict order if R is irreflexive, anti-symmetric, and transitive, and
e an equivalence relation if R~ is reflexive, symmetric, and transitive.

We sometimes write aRb rather than (a,b) € R, especially if R is a partial order, strict
order, or equivalence relation. Moreover, we use symbols like <, <, C, and C for partial
orders, symbols like <, C, and C for strict orders, and symbols like ~, 2, =, and £ for
equivalence relations.

Given a linear order < on A, a set A’ C A, and a € A such that a < b for every
b€ A, we denote a by min<(A’).

Given an equivalence relation ~ on A and an element a € A, the equivalence class
of a under ~ is the set [a]. C A given by [a]. = {a’ € A|a ~ a'}. The quotient set of
A by ~ is the set A/ given by A/ = {[a]~ | a € A}.

10
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Given a relation R C A x B, the domain of R is the set dom(R) C A given by
dom(R)={a€ A|3be B: (a,b) € R}.
Moreover, R is called
o left-total if dom(R) = A,

o left-unique (or injective) if a = o' for every a,a’ € A and b € B such that

(a,b),(d’,b) € R,
e right-total (or surjective) if R™1 is left-total,
e right-unique (or partial map) if R~! is left-unique, and
e a map if R is a left-total partial map.

We use symbols like f, g, h to denote relations that are partial maps. A partial map
f € A x B is also denoted by f: A --+ B and a map f C A x B is also denoted by
f: A— B. For a partial map f: A --» B and an element a € A we denote the unique
element b € B such that (a,b) € f by f(a). Given a set A’ C A, we define the set
f(A) ={f(a) | a € A’}. Moreover, the restriction of f to A’ is the map f|a: A — B
given by f|a(a) = f(a) for every a € A’. The image of f is the set im(f) C B given
by im(f) = f(4).

A map f C A x B is called bijective if f is injective and surjective. In this case, we
also say that A and B are bijective and denote this fact by A = B.

Let k € N and Ay, ..., Ay be sets. For every i € [k] we define the map

proj;: Ay X -+ x A — A,

where proj;(ai,...,ax) = a; for every (ai,...,ax) € Ay x --- x A,. We call every proj;
a projection map.
Let A be a set and f: A — N. We define the argument minimum of f, denoted by

argminge 4 (@), a5
argmin f(a) = {a € A| f(a) = min f(A)}.
acA

We note that if A = (), then argmin, 4 f(a) = 0.

11
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Let I be a set. An (I-)family over A is a map f: I — A and we denote such a
family f by (f(i) | ¢ € I). An (infinite) sequence of elements in A is an N-family
(f(k) | k € N). A finite sequence over A is an [n]-family (f(k) | k € [n]) which we also
denote by f(1)... f(n).

Let f: N — N. We call f strongly monotone if f(ni) < f(ng) for every ni,ny € N
such that n; < ny. We note that if f is strongly monotone, then f(n) > n for every
n € N.

Graphs and Hypergraphs A (directed) graph is a pair G = (V, E), where V is a
set and £ C V x V is a binary relation on V. The elements of V are called vertices of
G and the elements of F are called edges of G.

Let A be a set. A hypergraph with labels in A is a pair H = (V| E), where V is a
set and E C V* x A x V. The elements of V are called vertices of H and the elements
of E are called hyperedges of H.

Let H = (V,E) be a hypergraph with labels in A. We depict H graphically in
the following way. Each vertex of H is represented by a circle labeled by the name
of the vertex. An edge (vy...vn,a,v) € E is represented by a box which is labeled
by a, has n incoming lines, and has a single outgoing line. The outgoing line ends
in v. The incoming lines originate from vy, ..., v,, respectively, by counter-clockwise
traversal starting to the left of the outgoing line. An exemplary graphical depiction of

a hypergraph can be found in Figure 2.1.

Multisets Let A be a set. A multiset over A isamap M: A — N. A multiset N over
A is called submultiset of M, denoted by N < M, if N(a) < M(a) for every a € A. The
support of M is the set supp(M) C A given by supp(M) = {a € A | M(a) > 1}. The
size of M is the cardinal number #M € NU {oo} given by #M = > .,nr) M(a)
if supp(M) is finite and by #M = oo otherwise. We call M finite if #M < oco. The
set of multisets over A and the set of finite multisets over A are denoted by M(A)
and Mgy (A), respectively. For every M, N € M(A) we define the union of M and N,
denoted M U N, by (M UN)(a) = M(a)+ N(a) for every a € A.

We make the following convention when working with multisets. If supp(M) has the

12
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Figure 2.1: A hypergraph with labels in A = {a,b,c}. Circles represent vertices and
boxes represent hyperedges. One hyperedge of this hypergraph is (vive, ¢, v3).

form {ai,...,a,} for some pairwise distinct ay,...,a, € A, then we also denote M by
M(az) times M (an) times
———
(a1 — M(ay),...,an — M(ay)) or {ai,...,a1,...,an,...,an }.

Given aset B, k > 1, My, ..., M; € Mg,(A), a relation & on A*¥ and a map f: AF — B,

we define the term
{{f(ml, ce ,mk) | my € My,...,my € Mk,QS(ml, ce ,mk)}} (2.1)
as the multiset M : B — N such that for every b € B we have

M(b) = Z Mi(ma) - ... - My(my).

(m1,...,mg)Ef 1 (b)
s.th. (my,...,mg)EP

Moreover, if & = A*, then we drop ®(my,...,my) from (2.1).
The Cartesian product of two finite multisets M; over A and My over B (where B

is an arbitrary set) is the multiset M; x My over A x B which is defined as follows:
M1 X M2 = {{(ml,mg) | mi € Ml,mg (S MQ}}

We use the standard conventions for the Cartesian product. In particular, for every

multiset M, we denote the k-fold Cartesian product M x --- x M by M¥.
—_——

k times

13



2. PRELIMINARIES

Example 2.1. The multisets M; = (1 — 1,2+ 3) and My = (2 —~ 1,4 — 2) over N

can also be written as
M, ={1,2,2,2} and My = {2,4,4}.

Neither My < My nor My < M; holds. Moreover, it holds that #M; = 4, #M, = 3,
and hence, both M; and M are finite. The Cartesian product of M7 and My is

My x My = ((1,2) 1, (1,4) = 2,(2,2) > 3, (2,4) 6)

and Supp(Ml X MQ) = {(17 2)7 (174)7 (27 2)7 (274)} = Supp(Ml) X Supp(MQ)'
Next, we illustrate the notation introduced in (2.1). For this, we let f: N> — N such
that f(m1, ma) = myi-mq for every mi, mo € Nand @ = {(my, ma) € N? | my+mso > 3}.

We define the multiset M as
M = {ml ) | my € My, mg € My, mi +mg > 3}

and obtain that M = {4,4,4,4,4,8,8,8,8,8,8}. Note that two 4s in M are generated

as 1 -4 and the remaining three 4s in M are generated as 2 - 2. <

Word Languages An alphabet is a finite and non-empty set. Let A be an alphabet.
We let A* = [J o A be the set of all (finite) words over A. Let w € A* such that
w = (wy,...,wg) for some k € N and wy,...,w; € A. We also denote w by w; ... w.
In particular, we denote () by ¢ and call ¢ the empty word. The length of w, denoted
|wl, is k. Moreover, for every a € A we denote by |w|, the number of occurrences of a
in w. Now, let v € A* such that v = vy...vy for some ¢ € N and vy,...,v, € A. The
concatenation of w and v, denoted w o v or ww, is the word wy ... wgvy ... ve. We note
that cow =w=woe.

Let w € A* such that w = w; ... wy for some k € N and wy, ..., w, € A. Moreover,
let 4, j € [k] be indices such that i < j. We define w[i : j] = w; ... w; and w[i] = wi : 7.
A word v € A* is called prefix (or suffix) of w if there exists an i € [k] such that
v =w|l : 4] (or v =wli: k|, respectively).

If A is linearly ordered by some strict order <4, we define the relations <; and <jey

on A* as follows. Let w,v € A*. It holds that v <; w if there exists u, v, w; € A* and

14



2.1 Languages

a,b € A such that a <4 b, v = uavy, and w = ubwy. Moreover, it holds that v <jex w
if v <; w or v is a prefix of w. In fact, the relation <; is a linear strict order and <jex
is a linear partial order, called lexicographic order. We note that we can define <; and
<jex analogously if A is an infinite linearly ordered set.

A (word) language over A is a set L C A*. Given languages L, L' C A* over A, the

concatenation of L and L' is the language L o L' over A given by
Lol'={wv|weL,vel}.

We note that {e}oL=L=Lo{e}and oL =0= Lol. Let n € N. The n-th power
of L is the language L™ on A given recursively by L% = {¢} and L"*! = L o L. The
Kleene-star of L is the language L* on A given by L* = J, cny L™

Tree Languages A ranked set is a pair (X, rk), where X is a set and rk: ¥ — N
is a map. Given o € X we call rk(o) the rank of o. For every s € N we define the
set ) = {0 € ¥ | 1k(6) = s} and write ¢(®) to denote that o € X() for every
o € X. A ranked alphabet is a ranked set (X,rk) such that X is finite. Given a
ranked alphabet (X, rk), the mazimal rank of X is the number maxrk(X) € N given by
maxrk(X) = max{s € N | () £ (}. We will denote a ranked set (X,rk) only by its
first component Y. The map rk will be clear from the context or referred to as rky;.
Let X be a ranked set and H be a set such that ¥’ N H = (). The set of all
trees over X indexed by H, denoted by Tx(H), is the smallest set 7' C (¥ UH UY)*
(with 7" containing the comma, the opening parenthesis, and the closing parenthesis)
such that (i) H C T and (ii) for every s € N, 0 € X®) and &,...,& € T also
o(&,...,&) € T. We abbreviate Tx(f) by Tx. Also, for 0 € X1 and ¢ € Tx we
abbreviate o(...a(€)...) with n occurrences of o by o”(¢). Finally, for each o € £(©),

we abbreviate a() by .

Throughout this thesis, whenever we quantify a ranked alphabet X', we as-

sume that ©) £ .

Moreover, given a tree § € Tx(H), we write “Assume that § = o(&1,...,&)”
to abbreviate “Assume that &€ = o(£y,...,&) for some s € N;o € £0) and
&,...,6 € Tx(H)”.

15



2. PRELIMINARIES

We fix the set X = {x; | i € Ny} of variables and denote the set X,, = {x; | i € [n]}
for every n € N. These sets are assumed to be disjoint from any other occuring set.

We define the maps

pos: Tx(H) — P(N%),
size: Ty (H) — N, and
height: Tx(H) — N,

respectively, as follows. Let £ € Tx(H). If £ € H, then we define
pos(§) = {e}, size(§) =0, and height(¢) = 0.
Otherwise, we assume that £ = (&1, ...,&s) and define

pos(¢) = {e} U | J ({i} o pos(&)),

1€[s]
size(§) =1+ Z size(&;), and
1€[s]
height(§) =1+ mz[a;}c (height(&;)).
ASIE]

We call pos(§),size(€), and height(§) the set of positions of £, size of £, and height of
&, respectively. For every A C X' U H, we denote the set {w € pos(§) | {(w) € A} by
pos,(€) and abbreviate #pos,(§) by |€|a. If A = {0} for some 6 € X’UH, then we also
write poss(€) and [£|s for posa(§) and €], respectively. Moreover, we define the set
of leaves of £ as the set leaf(§) = posy(0) (). We note that, in this thesis, the elements
of H are not considered to be leaves in trees and they do not add to the height and
size of trees. This distinguishes Tx(H) from Txyp.

Now, let £,( € Tx(H) and w € pos(§). The label of £ at w, denoted by &(w), the
subtree of £ at w, denoted by &|,,, and the replacement of the subtree of £ at w by (,
denoted by &[(]y, are defined as follows. If £ € H, then w = ¢ and we define

{(’U)) = 57 §’w = fa and g[dw = C

Otherwise, assume that & = (&1, ...,&s). Then, either w = ¢ and we define

g(w) =0, f"w = ga and g[dw = C?
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2.1 Languages

or w = qv for some i € [s] and v € pos(&;) and we define

§(w) =&(), &Ew==E&lv, and &[Clw = 0(&1,. .-, &-1,&[Co, &gty - -5 )

Let n € N. For every (wy,...,w,) € pos(§)"” with w; <; ... <; wy, and (1,...,(, € Ty,
we abbreviate £[C1]w, - - - [Calw, DY €[C15- -5 Cal(wr,wn)- I Q1 = ... = (u = (, then we
abbreviate £[C, ..., Clew,,....wn) Y §[CT(wr,...wp)- Moreover, for every i € [n], k = [¢]s;,
£, € Te(Xy), and wy, ..., wy € pos(§) such that pos, (§) = {w1,...,wi} and
wy < o0 <y wg, we denote E[€1, -, &kl (wr, ) DY €T = &1y, &]. Furthermore,
for every £ € Tx(X,,) and &1,...,§, € Ty, we define the tree £[¢1,...,&,] € Ty as the
tree obtained from £ by replacing every occurrence of x; by &; for every i € [n].

Let £ € Tx(Xy). We call € a context (tree) over X if there exists a unique position
w € pos(&) such that {(w) = x1. In this case, we define pos,,, (§) = w. The set of
contexts over X' is denoted by Cyx.

Given a context ¢ € Cy and a tree £ € Tx(H), the substitution of £ into ¢, denoted
by ([¢], is the tree ([¢]pos,. (¢)- Note that, given ¢, (" € Cx, also ¢[('] € Cx. We write
¢ for C[¢[---[¢] - - -]] containing the context ¢ a total of k times.

Example 2.2. We consider the ranked alphabet X = {a(9), 3(0) (1) 52} Two trees

in Tx(X,) are £ = o(e, B) and ¢ = 7y(z1), which can be visualised as follows

A\

It holds that pos(§) = {e, 1,2}, pos(¢) = {g, 1}, size(§) = 3, size(¢) = 1, height(£) = 2,
and height({) = 1. Furthermore, ¢ is a context over X' such that pos,,,({) = 1 and
posz () = {c}. Moreover, ¢[¢] = 7(o(a, 8)) and ¢" = " (z). <

v

I

A tree language over X and H is a set L C Tx(H).

Let A be an alphabet. We define the ranked alphabet X4, where Z’ff) = {#}
contains solely the hashtag symbol, X)) = A, and X&) = @ for every s > 2. It holds
that A* = Ty ,, which shows that word languages are special cases of tree languages.

In order to see this, consider the map ¢: A* — T, given for every w € A* by

17



2. PRELIMINARIES

It can easily be shown that ¢ is indeed a bijection and hence it holds that A* = Ty,.

2.2 Weighted Languages

Operations and Monoids Let A be a non-empty set. For k € N, a k-ary operation
on Ais a map w: A¥ — A and we denote the set of all k-ary operations on A by
Ops¥(A). Moreover, we denote the set Uken Ops®(A) by Ops(A). We write binary,
unary, and nonary rather than 2-ary, 1-ary, and 0-ary, respectively.
We note that every set of operations 2 C Ops(A) is naturally a ranked set, where
the rank of an operator is its arity. Formally, 2%*) = 2 N Ops*(A) for every k € N.
Let ®: A x A — A be a binary operation on A. ©® is called

e associative if (a®b) ©c=a® (b c) for every a,b,c € A,
e commutative if a ©b=b® a for every a,b € A, and
o cancellative if a © b = a ® ¢ implies b = ¢ for every a,b,c € A.

An element 1 € A is called neutral with respect to ©® if 1 ©a = a = a ® 1 for every
a € A

A semigroup is a tuple (A, ®), where A is a set and ®: A x A — A is an associative
binary operation on A. A semigroup (A, ®) is called commutative (or cancellative) if
® is commutative (or cancellative, respectively). A monoid is a tuple (M, ®, 1), where
(M, ®) is a semigroup and 1 € M is neutral with respect to ®.

Let (M,®,1) be a monoid and m,n € M. We call n the left inverse (or right
inverse) of m if n @ m =1 (or m ®n = 1, respectively) and we call n the inverse of
m if n is both the left inverse and right inverse of m. If n is the inverse of m, then

we denote n by m™!

. A group is a monoid (M, ®, 1) such that every m € M has an
inverse.

We refer to a monoid (M, ®, 1) by the set M, whenever the operation ® and the
element 1 are clear from the context.

Let M be a monoid. A set U C M is called a submonoid of M, in symbols U < M, if
(U, ®luxu, 1) is a monoid. Given a set I" C M, we define the submonoid of M generated

by I', denoted by (I')q, as the smallest submonoid U of M such that I" C U. We note
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2.2 Weighted Languages

that 1 € (I")o even if 1 & I'. If (I')o = M, then we call I" a generating set of M and if
I' is moreover finite, then we say that M is finitely generated (by I").

Let (M, ®um, 1m) and (L, ®r, 11,) be monoids and f: Ml — L. We say that f is a
(monoid) homomorphism if (a) f(ly) = 1p and (b) f(m1 Op me) = f(m1) OL f(m2)
for every mi,my € M. Furthermore, we say that f is a (monoid) isomorphism if f
is a bijective homomorphism. In this case, we say that M and LL are isomorphic (as

monoids) and denote this fact by M = L.

Example 2.3. We list some monoids that are either well-known or will become relevant

throughout the thesis.
e We consider the monoid (N, +,0) which is finitely generated by I" = {1}.

e We let £ € N and consider the monoid N<; = ({n € N | n < k}, +4,0) where
+%: N x N — N is given by

ni +x ne = min(ny + ng, k)
for every n1,ns € N. We note that Ny, is finitely generated by I' = {1}.

e We consider the monoid BF = (Nz, opr, (0, 0)) where ogp: N2 x N2 — N2 is given
by

(na,np) oBF (Ma, mp) = (Na + My, 2™ - 1y, + myp)

for every (na,ny), (ma, mp) € N2. We call BF the bifunctional monoid. One can
show that BF is finitely generated by Igp = {(1, 0), (0, 1)}

Next we show that BF is cancellative. Let (n,,ny), (ma, my), (mj,, m;)) € BF such
that (na,n) oBr (Ma, mp) = (Na,np) oBr (M5, my). By the definition of ogr we

obtain
Na + My = N + M), and 2™y + my, = 2 np + my,. (2.2)

The first equation in (2.2) implies m, = m] and hence the second equation in
(2.2) degenerates into 2™ - ny, + my, = 2™ - ny, + my, which yields my = mj.
In total we have (ma,my) = (m},m}), which concludes the proof that BF is

cancellative.
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The word “bifunctional” in the name of BF is inspired by the following connection.
Let f,g: N — N such that f(n) =2-n and g(n) = n+ 1 for every n € N. We
consider the closure ({f, g}). of f and g under composition (recall that (f;g)(n) =
g(f(n)) for every n € N). One can show that (({f,g});,;,idy) is isomorphic to
BF. The isomorphism ¢: ({f,g}), — BF maps f to (1,0) and g to (0, 1).

e We let A be an alphabet and consider the monoid (A*,o,e) which is finitely
generated by I' = A. This monoid is called the free monoid over A.

Let M be a finitely generated monoid with finite generating set I # (). We
consider the monoid (I, o,¢) and note that there exists a unique homomorphism
h: I'* — M such that h(vy) = v for every v € I'. This fact belongs to folklore and
can easily be proven using the fact that M is finitely generated by I <

Let M be a monoid, m € M, and M € Mg,(M). We define
moM={mon|ne M}

and note that #(m © M) = #M.
Semirings Let &, ®: A x A — A be two binary operations on A. We say that ®
distributes over @ if (a®b) ©®c= (a®c)® (b® c¢) for every a,b,c € A.

A semiring (cf. [65] and [36, Chapter 1)) is a tuple (S, @, ®, 0, 1) such that (S, ®,0) is
a commutative monoid, (S, ®, 1) is a monoid, ® distributes over @, and a©0 = 0Ga = 0

for every a € S. The operations ® and ©® are referred to as addition and multiplication,

respectively. A semiring (S, ®,®,0,1) is called
e commutative if ® is commutative,
o extremal if a &b € {a,b} for every a,b € S,
e (additively) idempotent if a ® a = a for every a € S,
e additively locally finite if (I')g is finite for every I'" € Pg,(5),
o multiplicatively locally finite if (I') is finite for every I' € Pg(S), and

e locally finite if S is additively and multiplicatively locally finite.
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Clearly, “extremal” implies “additively idempotent” and “commutative and additively
idempotent” implies “additively locally finite”.

Moreover, a semiring (S, ®,®,0, 1) is called complete if for every countable index
set I there exists an operation @, : ST — S, called infinitary sum operation, such that
the following axioms hold ([41, p.124], see also [66]). For every I-family (a; | i € I)
over S, countable set J, J-family (I; | j € J) over P(I), and a € S, we have that

Pai=a, @ - @a, it #T=kand I = {ir,...,ix},

iel

@ai:@(@az),ifUfj:zandfjmj,:@forj%jg 23)
iel jeJ Niel; jeJ

@(a@ai):zL@(@ai), and @(aiQa):(@ai)Qa, (2.4)
i€l iel iel iel

where @), a; is an abbreviation for @;(a; | i € I).

We refer to a semiring (S, ®,®,0,1) by the set S, whenever the operations @ and
® and the elements 0 and 1 are clear from the context. We call a € S wvanishing if
a = 0 and non-vanishing if a # 0.

We refer the reader to [35, 65, 73] for the theory and more examples of semirings.

Example 2.4. We list some semirings that are either well-known or will become rele-

vant in upcoming examples of this thesis.

e We consider the semiring B = ({L, T},V,A, L, T), where V and A are the logical
operations “or” and “and”, respectively. B is called the Boolean semiring and is

commmutative, extremal, locally finite, and complete.

e We consider the semiring Arct = (N U {—o0}, max, +, —00,0), where for every

ni,ne € NU{—oo} we define

Na_; if n; = —oo for some i € {1,2}
max(ni,ng) =

max(ni,n2) otherwise

—00 if n; = —oo for some i € {1,2}

ny + ng
ny1 +ny otherwise.
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Arct is called the arctic semiring (over N). We note that Arct is commutative
and extremal. Similarly, one can introduce tropical semirings, which we will do

in Chapter 4.

e Let n € N; and define Z,, = [0,n]. We consider the semiring (Z,,, ®p, ©n,0,1),
where @,, and ©®,, denote addition and multiplication modulo n, respectively. We

note that Z, is commutative and locally finite.

e We consider the semiring X = (NU{L, T},V,+, L,0), where V and + are given
for every ny,no € NU{L, T} by

(ng_i if n; = L for some i € {1,2}

n1Vng =

T otherwise

1 if n; = L for some i € {1,2}
ni+n2=<9n;+ny ifny,ne €N

T otherwise

We note that X is commutative but not additively idempotent, since nVn =T
for every n € N. We have constructed X as a “simple” semiring that is not
additively idempotent in order to provide examples for upcoming theorems that

were classically only applicable in idempotent settings.

e Let (M,®,1) be a monoid. We consider the semiring (Mg, (M), U, ®,0, {1}),
where U is the multiset union and for every M, N € Mg, (M) we define

MoON={mon|meMmneN}.

We call Mg, (M) the semiring of finite multisets over M. We note that Mg, (M)

is commutative if and only if M is commutative. Moreover, Mg, (M) is not idem-

potent, as {1} U {1} = {1,1}.

e Let (M, ®,1) be a monoid. Analogously to the semiring Mg, (M) we can consider
the semiring (Pg, (M), U, ®, 0, {1}), called the semiring of finite sets over M. In
contrast to Mg, (M), the semiring Pg, (M) is idempotent. <
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Let M be a finite multiset over a set A and f: supp(M) — S. We define

P rm= P (Mﬁ(g)f(m))-

meM mesupp(M) =1

If S = (MM),U,®,0, {1}), then we also write |J,,ca; f(m) for @,,car f(m).

Weighted Word Languages Let S be a semiring and X' be an alphabet. A map
p: X* — S is called (X, S)-weighted (word) language. We drop the parameter (X, .S)
whenever it is clear from the context. For every set A and map ¢: A — .5, we define

the support of p as
supp(¢) = {a € A p(a) # 0}

and for every a € S we denote the constant map to a of type A — S by a as well. For
every w € L* we define the weighted language 1.w: X* — S by
1 fo=w

(Lw)(v) =

0 otherwise

for every v € 1*. Let ¢: X* — S be a weighted language. We say that ¢ is proper if
¢(e) = 0.
Let ¢1,p2: X* — S be weighted languages. We define the concatenation of ¢1 and
o (cf. [99, Chapter II1.]) as the weighted language 1 0 po: X* — S defined for every
w € X* by
(prop)(w)= P  @i(wr) O pa(ws).

w1, wa €L
s.th. w=wjwa

We note that for every w € X* the set {(w1,ws) € (%)% | w = wiws} is finite and
hence, @1 o @3 is well-defined.
Let ¢: X* — S. For every n € N, the n-th power of ¢ is the weighted language

@™ X* — S defined by induction on n as follows:

¢’ =1.e and

©"T = (po ™)+ 1.e for every n > 0.

Let us assume that ¢ is proper. It holds that, for every w € X* and n € N,
if n > |w| + 1, then "t (w) = p"(w) (see e.g. [37, Chapter 4]). This justifies
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the following definition (cf. [99, Chapter III]). The Kleene star of ¢ is the weighted
language ¢*: X* — S given for every w € X* by

ot (w) = I (w).

Weighted Tree Languages Let S be a semiring, 2’ be a ranked alphabet, and H
be a set such that Y N H = 0. A map ¢: Tx(H) — S is called (X, H, S)-weighted tree
language. We abbreviate the parameter (X,0,S) by (X,S) and drop the parameter
(X, H,S) whenever it is clear from the context. For every a € S and £ € Ty, we define

the weighted tree language a.£: T, — S by

a if(=¢

0 otherwise

(a-6)(¢) =

for every ¢ € Tx. We call a weighted tree language ¢: Ty — S a-proper if p(a) = 0.
We now recall the usual rational operations on weighted tree languages [38, 53].
Let ¢: Ty — S and a € S. The scalar multiplication of ¢ with a is the (X, S)-

weighted tree language a © ¢ defined for every € € Ty, by (a ® ¢)(&) = a ® ¢(§).

Let v1,92: Ty, — S. The sum of p1 and ¢y is the (X, S)-weighted tree language
(1 @ 2) defined for every £ € Tx by (p1 & ¢2)(§) = ¢1(§) © p2(§).

Let seN, o € ), and V1, .--,ps: Tss = 5. The top-concatenation of p1, ..., ps
with o is the (X, S)-weighted tree language top, (¢1, . . ., ¢s) defined for every £ € Tx; by
topg (@1, -+, 9s)(§) = 01(§1) ©... O ps(&s) i E = 0(&1, ..., &) for some &y, ..., & € Ty,
and 0 otherwise. In particular, for s = 0, we have top,() = 1.0.

For the definition of concatenation of weighted tree languages, we need the concept
of a-cuts. Let £ € Ty and a € Y@ Intuitively, an a-cut through ¢ is a tuple
(w1, ..., wy) of positions of £ such that wy <; ... <; wy, and each a-labeled position

is covered by some w;. Formally, we define the set of a-cuts through &, denoted by

CU‘tC% (g)a by

cuta (&) = {(w1,...,wy) | n € Nywy, ..., w, € pos(§), such that
wy <p ... <] Wy, and

Vw € pos,(§): Ji € [n]: w; is a prefix of w}.
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Figure 2.2: Left: The tree £ = o(vy(o(a, 8),y())) with two lines representing the tuples

(1,21) and (11), respectively. (1,21) is an a-cut through £ and (11) is not an a-cut through
¢ since the rightmost « in ¢ is not covered by (11). Right: & divided by (1, 21) into &[a(1,21)

(top), &1, and &|a1 (both bottom). The a-concatenation of two weighted tree languages

w1 and 9 evaluates 1 on the top part and s on the bottom part for every a-cut.

Let ¢1,09: T, — S be weighted tree languages and let a € X0,

We define

the a-concatenation of w1 and @y (cf. [38, Section 3]) as the weighted tree language

1 94 p2: Ty — S defined for every £ € Ty by

(1 0a 92)(8) = b

(w1,...,wn ) Ecuta(€)

P18l 00)) © P2(Elwn) © - © Pa(Elwy)-

We note that for every £ € T the index set cuty(§) is finite. An illustration of a-cuts

and a-concatenation can be found in Figure 2.2.

Let po: Ty — S and a € X, We define the n-th iteration of ¢ at o as the weighted

tree language ¢l : Ty, — S for every n € N inductively as follows (cf. [38, Def. 3.9] and

[47]):

©? =0 and

n+1 __
‘)004 -

(pon ¥h) + L for every n > 0.

Let us assume that ¢ is a-proper. It holds that, for every £ € Ty and n € N,
if n > height(¢) + 1, then pnT1(&) = o (€) (see [38, Lm. 3.10]). This justifies the
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following definition (cf. [38, Def. 3.11] and [47]). We define the a-Kleene star of ¢ as
the weighted tree language ¢},: Tx, — S given for every £ € Ty by

Pa () = PO ().

2.3 Weighted Tree Automata

We now present the prevalent automaton model for this thesis. Since we use the
standard weighted tree automaton model, we do not give individual examples for each

concept, but rather collect these into one big example at the end of Chapter 2.3.

Throughout the rest of Chapter 2.8, we let X be an arbitrary ranked alphabet

and S be an arbitrary semiring.

A weighted tree automaton (short: WTA) over X' and S is a tuple & = (Q, T, final),

where
e () is a non-empty set of states,

e T =(T,: Q*xQ — S |seNoe X)) isa family of transition weight maps,

and
e final: @ — S is the final weight map.

If @ is finite, then we call & finite.

Let o = (Q,T,final) be a WTA over ¥ and S and let £ € Ty U Cy be a tree
or a context. A run of &/ on £ is a map p: pos(§) — Q. The set of all runs of &7
on ¢ is denoted by Runsg (). If € is a context and p € Runsy (), then we define
in(p) = p(posy,, (€)). We define the maps

locwt o/ (€, —, —): Runsy (&) x pos(§) — S and

wte (&, —, —): Runsy(€) x pos(§) — S
inductively as follows. Let p € Runs,/(£) and w € pos(§). If £(w) = x1, then we define

loewty (€, p,w) =1  and  wty(§,p,w) = 1.
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2.3 Weighted Tree Automata

Otherwise, there exists s € N and o € X(®) such that £(w) = ¢ and we define

locwt (&, p,w) = T, (p(wl), ..., p(ws), p(w)) and

Wtd(fvpvw) = Wt%(§7107 wl) (ORRRNO) Wt%(&v p,ws) © Ta(p(w1)7 s ,p(ws), p(w))

Whenever the automaton 7 is clear from the context, we will omit the subscript &
from locwt,, and wt,, and simply write locwt and wt, respectively.

Let p € Runs,/(£). We abbreviate wt(&, p) = wt(&, p,e) and call wt(§, p) the weight
of p. Moreover, we call p valid if locwt (&, p, w) # 0 for every w € pos(£) and we call p
non-vanishing if wt(&, p) # 0. We denote the set of valid runs of o/ on £ by Runs?, (&)
and define the sets

Runs/ (€, q) = {p’ € Runsy(€) | p'(e) = ¢} and
Runs(, (€, q) = {p’ € Runsy,(€) | p'(e) = ¢}

for every ¢ € (. Moreover, if £ is a context, then we define the sets

Runsy (p, &, q) = {p' € Runs(£,q) | in(p’) = p} and

Runsy, (p, €, q) = {p" € Runsy, (£, q) | in(p') = p}

for every p,q € Q.
We define the image of <7, denoted by im(<7), by

im(e) = ( U im(T0)> U im(final).

ceX

We call & finite-run if for every £ € T'x; the set Runs?, () is finite. Clearly, if &7 is
finite, then o7 is finite-run. We call a state ¢ € @) reachable if there exists a tree £ € Ty
such that at least one run in Runs (&, ¢) is valid. For £ € Cx we say that p € Runs/(§)
is a loop (on &) if there exists ¢ € @ such that p € Runs?,(q, &, q). Moreover, for s € N,
ceX® and qi,...,q5,q € Q we call t = (qu,...,¢s,0,q) a transition of </ and say
that t is a transition in a loop of </ if there exists a loop p on some £ € Cy and a
position w € pos(€) such that p(wi) = ¢; for every i € [s], {(w) = o, and p(w) = q. We
sometimes enrich a transition t by its transition weight x = T,(q1,...,¢s,q) and say

that (q1,...,¢s,0,x,q) is a transition of 7.
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Let £ € TyUCy, ¢ € Cyx, p € Runsy(€), and p’ € Runs,, () such that in(p’) = p(e).
We define the run p'[p] € Runs,/(¢[€]) in a natural way for every w € pos(¢[¢]) by
p(U) ifw = posvar(C)U
p'lpl(w) =
p'(w) otherwise.
We note that this also defines (p/)* for every k € N, if o/ is a loop.
Let < be finite-run. The weighted tree language recognised by <7 is the weighted
tree language [¢/]: Ty — S, where for every £ € Ty we define

[]1€)= P  wt(& p) © final(p(e)).

pERuns?, (£)

Two WTA o and &’ over X and S are equivalent if [</] = [</'], that is, if &/ and
/" recognise the same weighted tree language. The class of weighted tree languages
recognised by finite WTA over X and S is denoted by Rec(X, S).

Let o = (Q,T,final) be a WTA over X and S. We call & deterministic if for
every s € N, o € Y6 and ¢q,...,qs € Q there exists at most one ¢ € Q such that
Ts(q1,...,9s,0,q) # 0. Clearly, every deterministic WTA is finite-run. We call &/
determinisable if there exists a deterministic WTA &/’ such that &7’ is equivalent to
/. The class of weighted tree languages recognised by deterministic finite WTA over
XY and S is denoted by dRec(X, S).

In order to depict WTA easily, we use the concept of hypergraphs. More precisely,
we associate to a WTA &7 a hypergraph H, which contains the state behaviour of &7
in the natural way. We represent the final weights of &7 by using a fresh final vertex ¢y
and a fresh hyperedge label T and having a hyperedge into ¢; labeled by T for every
state in Q.

Formally, let T and q; be fresh symbols such that T ¢ X and ¢y € Q. The
hypergraph of </ is the hypergraph H, = (Q U{qs}, E) with labels in (X'U {TOH xS
such that a tuple (¢ .. .q¢s, (0,),q) is in E if and only if (a) q1,...,4s,q € Q, rk(o) = s,
and z = T5(q1,...,¢s,q) or (b) s=1,q1 € Q, 0 =T, ¢ =gy, and x = final(q).

We make the following conventions for graphical depictions of hypergraphs of WTA.
First, instead of drawing the entire label (o, x) of a hyperedge inside of the square of

the respective hyperedge, we draw the symbol ¢ inside of the square and the weight x
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2.3 Weighted Tree Automata

Figure 2.3: The hypergraph H, for the WTA & from Example 2.5. We apply the

conventions explained above Example 2.5 to keep the depiction of H, simple and readable.

next to the outgoing arrow in counterclockwise direction. Second, to aid readability,
we do not draw hyperedges where = vanishes. Third, we abbreviate edges of the form
(q,(T,z),qs), that is, the final weights of o7, by small outgoing arrows starting in g,
pointing up- and rightwards, and labeled by z.

Example 2.5. Let X = {9, 7D 52} We consider the WTA & = (Q, T, final) over
Y and (N, +,-,0,1), where Q = {ql, g2} and every transition weight and final weight of
</ is 0 except final(q;) =1 and

To(q1) =1, Ty(q1,92) = T5(q2, ¢2) = 2, and T5(q1, 92, ¢2) = T»(q2, 01, 1) = 3.

The hypergraph of &7 is Hs = (Q U {qy}, E), where

E={(q1,(T,1),qr), (g2, (T,0),qr),
(o, 1), q1), (e, 0), g2),
(a1, (7, 0),q1), (g2, (7, 0), 1), (a1, (7, 2), 42), (a2, (7, 2), 42)
(a1,q1,(0,0), 1), (q1, G2, (0,0), q1), (a2, 41, (0, 3), @1), (a2, 42, (0, 0), q1),
(q1,41,(0,0),42), (41, 2, (0, 3), 42), (42, 01, (9, 0), 42), (42, 42, (0, 0), q2) }

We depict H,, in Figure 2.3. <
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Figure 2.4: Our three options to collect hyperedges. This aims to keep illustrations of
hypergraphs readable.

We make another convention to simplify illustrations of hypergraphs of WTA. Let
o = (Q,T, final) be a WTA and o € Y@ If T, maps many state combinations to
non-vanishing weights, it quickly becomes unreadable to draw every hyperedge of H,,
separately. Therefore, we collect hyperedges in the following way.

Let q1,q2,q € Q. If To(q1,91,9) = To(q1,92,9) = To(q2,q1,9) = T5(q2, g2, q), then
instead of drawing all four corresponding hyperedges, we draw structure (iii) from
Figure 2.4. If T,(q1,42,9) = T5(q2,q1,9) = T5(q2, q2,q), then we draw the structure (i)
or (ii) from Figure 2.4.

We now present some special cases of our automaton model. First note that our
automaton model is the “standard model” for weighted tree automata, where we addi-
tionally allow the set of states @) to be infinite. In fact, requiring that @ is finite results
in a syntactical variant of the weighted tree automaton models from [3, 6, 40, 53].

An (unweighted) tree automaton over X' is a WTA over X and the Boolean semiring
B. Our model of finite (unweighted) tree automata is a syntactical variant of the tree
automaton models in [58, 59].

Let A be an alphabet and recall the ranked alphabet X4 from Chapter 2.1. A
weighted (word) automaton (short: WA) over A and S is a WTA over X4 and S. Let
o/ = (Q,T, final) be a WA over A and S. Since T' = (T%,T, | a € A), one can also
represent o7 by the tuple (@, init, T4, final), where

e init: ) — S is given by init(q) = Tix(¢) and

o Th: Q x AxQ — Sisgiven by Ta(p,a,q) = Ta(p,q)
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2.3 Weighted Tree Automata

for every p,q € Q and a € A. In this sense, our model of weighted automata coincides
with the automaton model from [31] and is a syntactical variant of the automaton
model from [36, Chapter 3] without e-transitions.

An (unweighted) (word) automaton over A is a WA over A and the Boolean semiring
B. Our model of finite automata is the classical finite automaton model (cf. [76,
Chapter 2.2]).

Since weighted word automata and unweighted (tree or word) automata do not play
a major role in this thesis, we waive examples and refer the interested reader to [36,

Chapter 3], [58, 59], and [76, Chapter 2.2], respectively.
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A Unifying Framework for the
Determinisation of

Weighted Tree Automata

This chapter is a canonical generalisation of Dérband and Mérbitz [31] from weighted
(word) automata to weighted tree automata. Besides a higher notational complexity,
this chapter closely follows [31]. We note that [31] and Chapter 3 are unpublished. The

results from this chapter also cover the results from Dorband, Feller, and Stier [29)].

Throughout Chapter 3, we assume X to be a ranked alphabet.

3.1 Introduction

In the world of unweighted automata, one classical result states that every finite au-
tomaton .7 can be determinised ([93], cf. also [76, Chapter 2.5.3]). That is, there
exists a deterministic finite automaton D, such that D is equivalent to /. This can
be shown using the well-known power set construction, where each state of D, is a
subset of the state set @ of «/. While a generalisation of the power set construction
to the weighted setting can be attempted in a straightforward way, a positive deter-
minisation result is much harder to obtain [85] and not every weighted automaton <

is determinisable [12, Lemma 6.3]. As a result, the research on determinisation has
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shifted towards finding conditions under which determinisation is possible. Different
approaches have emerged to find weighted determinisation constructions, both, in the
word case [5, 17, 21, 39, 80, 90] and the tree case [14, 29, 57]. These approaches have
in common that they adapt the classical power set construction to the weighted setting
and show that the respective construction returns a finite deterministic weighted (word
or tree) automaton D, whenever o7 satisfies a so-called twinning property. However,
the notions of the twinning property and determinism vary between the approaches.
Moreover, the respective determinisation results can only be applied to very restricted
classes of semirings (sometimes only individual semirings), which demonstrates the fact
that the research on weighted determinisation is scattered and misses a unified theory.

In [90], a weighted power set construction for determinisation was introduced for
the min-plus semiring. This weighted power set construction is a natural extension of
the unweighted power set construction, where the states of D, are now maps of the
type @ — S. This approach was later generalised by [80] (cf. [14] for the tree case)
who introduced a general notion of factorisations, which allowed for a determinisation
result over extremal, commutative semirings. In a weighted power set construction
with factorisation, each state of D, is still a map X: @ — S. However, whenever
the weighted power set construction calculates a transition X U—|1> Y, the factorisation
chooses a decomposition Y = y ® Y’ such that y is a common factor of the elements in
Y and replaces the transition X UHH Y by X J—|y> Y’. By using factorisations, one tries
to counterweigh the fact that the state set of D,/ is potentially infinite.

Another approach to weighted determinisation is called sequentialisation! [5, 21,
29] (cf. also [17]). Sequentialisation considers just one operation given by a monoid
(M, ®,1) and covers only semirings of the form (Pg,(M),U,®,0,{1}). A WTA & is
called sequential if (1) <7 is deterministic and (2) all transition weights occurring in
o/ are either () or singleton sets over M. Now, a sequentialisation construction takes

as input a WTA &7 over Pg, (M) and returns a sequential WTA D, over Pg, (M) such

that D, is equivalent to 7. That is, a sequentialisation construction needs to be more

"We note that the term “sequentiality” is used ambiguously in the literature. In some papers
[85, 92], sequentiality and determinism are used interchangeably, whereas in other papers [5, 17, 21, 29],
sequentiality is strictly more restrictive than determinism. We use the term “sequentiality” as given in
[29].
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elaborate than a classical weighted determinisation construction, as it needs to make an
additional effort to keep the transition weights simple in order to satisfy condition (2)
from the definition of sequentiality. The sequentialisation constructions in [5, 21, 29] are
weighted power set constructions with factorisations. The additional requirement that
D, may only use singleton sets over M is met by considering special factorisations,
which, given a state Y: Q — Pg,(M), choose common factors in M, rather than in
Pan(M). Moreover, [5, 21, 29] implicitly use a distance function d: M x M — N and
ensure that factorisations keep the states of D, “close to 1”7 with respect to d. This
aims to make D, finite. However, the actual class of semirings covered by these sequen-
tialisation results is quite restricted. In [5], it is assumed that M is the free monoid I'™*

for an alphabet I" and in [21, 29], it is assumed that M is a finitely generated group.

A third kind of determinisation is called crisp-determinisation [39, 57]. An au-
tomaton & is called crisp-deterministic if (1) &7 is deterministic and (2) all transition
weights occurring in 7 are either 0 or 1. Now, a crisp-determinisation construction
takes as input a WTA o over S and returns a crisp-deterministic WTA D, such that
D, is equivalent to <. Hence, a crisp-determinisation construction needs to be even
more elaborate than a sequentialisation construction, as the neutral elements in Pg, (M)
are () and {1}. In [39, 57], it is required that S is an (additively and multiplicatively)
locally finite semiring. Under this condition, the authors prove that every WTA over S
can be crisp-determinised. The crisp-determinisation construction in [57, Algorithm 1]

is a weighted power set construction without factorisations.

In the present chapter, we unify these three determinisation approaches as follows.
First, we let M be a submonoid of the multiplicative monoid (S, ®, 1) of the semiring.
Next, we say that an automaton </ over S is M-sequential if (1) < is deterministic
and (2) all transition weights occurring in </ are either 0 or in M. Now, an M-
sequentialisation construction takes as input a finite WTA & over S and returns an

M-sequential WTA D, such that D, is equivalent to <.

In this general framework, M is a parameter for our determinisation approach that
determines how “regular” the resulting automata should be. This “regularity” ranges
between the case M = S, which yields classical determinisation, and the case that M

is the trivial monoid ({1}, ®, 1), which yields crisp-determinisation.
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The goal of Chapter 3 is to (1) introduce the mathematical tools necessary for our
M-sequentialisation framework and (2) provide an M-sequentialisation construction
for a large class of semirings. In the following paragraphs, we will explain our M-

sequentialisation construction in a slightly more technical way.

Let S be a semiring, M < (5,®,1), and &/ = (Q,T,final) be a finite WTA over
Y and S. Our M-sequentialisation construction works in three steps, which can be

outlined as follows.

Step (I): We decompose every weight occurring in o7 into finite sums over M and
rewrite these finite sums as finite multisets over M. This yields a finite WTA % over X
and (Mg, (M), U, ®,0,{1}) (cf. Lemma 3.55). This step can only be done if all weights
occurring in &7 can be written as finite sums over M, which is why we require that </
is a WTA over X and (M)g, the additive closure of M, in Lemma 3.55. We consider
multisets over M rather than sets over M since we want to cover the cases where S is
not idempotent. Moreover, we note that this step is trivial for classical determinisation,

where M = S.

Step (II): Recall that 8(M) is the set of singleton sets over M. We give an infi-
nite §(M)-sequentialisation construction that takes Z as input and returns an 8(M)-
sequential WTA Dy over Mg, (M) that is not necessarily finite (cf. Definition 3.39).
This infinite 8(M)-sequentialisation construction is similar to [29] where our weighted
power set construction deals with multisets rather than sets. Formally, a state X of
Dy is amap X: Q — Mg, (M).

Moreover, our approach to factorisations is more elaborate than the one in [5, 21, 29|
since we deal with a general class of monoids rather than only groups [21, 29] or only
free monoids [5]. In fact, our factorisations are based on a theory of minimising divisors
in monoids. We assume that M is finitely generated by a set I" and obtain the so-called
Cayley-distance dp: M x M — N on M. Given a map X: Q — Mg,(M), we can
determine all factorisations y ©® Y = X such that |Y|r = max,cq ey (q dr(y’,1) is
minimal. Let (y,Y") be such a factorisation of X. We say that y is a minimising divisor
of X and Y is a minimal quotient of X divided by y. Furthermore, we say that (y,Y)
is a centering factorisation of X if |Y|pr can be bounded by a function f depending

only on the diameter of Y. That is, all values occurring in Y are close to 1 (up to f).
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1
Our factorisation approach is to take a transition (Xi,...,Xs) i> X generated by

the weighted power set construction, choose a centering factorisation (y,Y’) of X and

replace the transition (X7, ..., Xj) a—|1> X by (X1,...,Xs) U—|y> Y.

In order for the factorisation to be well-defined and to have desirable properties, we
require M to satisfy two properties. The first property is that M divides I"-monotone,
which provides that the diameter of states does not increase during our factorisation.
The second property is that M admits centering factorisations, which yields that center-
ing factorisations always exist. We combine these two properties to obtain the following
result for Dg: if # satisfies our eztended twinning property (short: % E ETP), then
all values occurring in reachable states of Dy are “close to 17 (cf. Lemma 3.45). The
ETP is our analogon to the twinning properties from the literature and essentially
states that loops of the WTA Z# can be neglected during the calculation of distances
of run weights. We discuss how the ETP compares to other twinning properties later

in Chapter 3.1.

Step (III): We introduce a class of equivalence relations ~ on the set of reachable
states of Dy that preserve the transition weights and final weights. We call such an
equivalence relation ~ an accumulator of D4 (cf. Definition 3.63). Next, we define the
accumulation of D4 via ~, denoted acc~. (D), as the WTA over X and S obtained from
D4 by (1) identifying all equivalent states under ~ and (2) evaluating every multiset
weight via @ in S (cf. Definition 3.64). The WTA acc~.(Dg) inherits M-sequentiality
from the 8§(M)-sequentiality of D4 and is equivalent to o (cf. Lemmas 3.66 and 3.67).

Ultimately, we show that we can find an accumulator ~ of D4 such that acc~. (D)
is finite, whenever S is additively idempotent or # is finitely ambiguous. In the case
that S is additively idempotent, the accumulator ~ simply identifies all states with the
same support. In the case that £ is finitely ambiguous, Dy is already finite (cf. Corol-
lary 3.47) and hence ~ is the identity relation. This yields a positive M-sequentialisation
result for the case that S is additively idempotent or Z is finitely ambiguous (cf.
Theorem 3.78). In fact, we obtain a positive M-sequentialisation result, whenever an
accumulator ~ of Dg exists such that acc.(Dg) is finite (cf. Theorem 3.77). This
provides a blueprint result which can be used to find M-sequentialisation results for

further classes of semirings and weighted tree automata.

37



3. A UNIFYING FRAMEWORK FOR THE DETERMINISATION OF
WEIGHTED TREE AUTOMATA

We summarize the three steps of our M-sequentialisation construction. In Step (I)
we shift the focus from S to M by decomposing all values occurring in &/ into finite
multisets over M. In Step (II) we obtain S8(M)-sequentiality without the finiteness
condition by employing an infinite 8(M)-sequentialisation construction. In Step (III)
we evaluate the multiset weights back into S and obtain finiteness by factoring out
states with identical behaviours. An example of this three step process is given in

Example 3.73 and illustrated in Figure 3.12.

of B Dy acc~ (D)
0 (I1) (I11)
WTA . WTA —  §(M)-seq. WTA ——— M-seq. WTA
over X and (M)g over X and Mg, (M) over X and Mg, (M) over X and S

Our main contribution is the following theorem.

Theorem 3.78. Let S be a semiring and M < (S, ®, 1) such that M is finitely generated
by some I, divides I'-monotone, and admits centering factorisations. Let X = 20 U
Y1) or M be commutative and let &7 be a finite WTA over ¥ and (M)g. Moreover,

let one of the following conditions hold.
1. o is finitely M-ambiguous
2. (M)g is additively idempotent
If & F ETP, then « is M-sequentialisable.

Next, we briefly compare our Theorem 3.78 to the determinisation results from the
literature. We note that the entire Chapter 3.8 is dedicated to an in-depth and formal
literature comparison.

In [5, 21, 29], only the semiring of finite sets Pg, (M) is considered, where M is a free
monoid I'™* or a finitely generated group. One can show that free monoids and finitely
generated groups divide I'-monotone and admit centering factorisations. Moreover,
Pen (M) is additively idempotent. Furthermore, the twinning properties from [5, 21, 29]
imply our ETP. Therefore, Theorem 3.78 covers the sequentialisation results from
[5, 21]. However, both [5, 21] prove that 7 is sequentialisable if and only if .o satisfies

the twinning property, whereas we only prove the “if” direction of the equivalence.
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In [14, Theorem 5.2], only extremal, commutative semirings with so-called maximal
factorisations are considered (besides some trivial cases). There exist semirings covered
by Theorem 3.78 that are not covered by [14]. At the time of writing, it remains an
open problem whether there exist semirings covered by [14] that are not covered by
Theorem 3.78. We conjecture that such semirings do not exist. However, the twinning
property from [14] is incomparable to our ETP, which (unfortunately) implies that [14]
is incomparable to Theorem 3.78.

The rest of this chapter is structured as follows. In Chapter 3.3, we introduce
our theory of minimising divisors in monoids. In Chapters 3.4 and 3.5, we investigate
weighted tree automata over Mg, (M) and provide Step (II) from our M-sequentialisation
construction. In Chapters 3.6 and 3.7, we provide Steps (I) and (III) from our M-
sequentialisation construction, respectively. In Chapter 3.8, we compare Theorem 3.78
to the determinisation results from the literature. We conclude Chapter 3 in Chapter 3.9
by presenting some open questions and research directions. We provide Step (II) be-
fore Step (I) because Step (II) is deeply connected to Chapters 3.3 and 3.4 and this
order avoids jumping back and forth between the semiring perspective and the monoid

perspective.

3.2 Preliminaries

Let M be a monoid and S be a semiring. We call S an M-semiring if M < (S,®,1).
In this case, we use the operation symbol ® for multiplication in M (as well as in S).
We note that the monoid (M)g is also a semiring.

Let M be a monoid, S be an M-semiring, and &/ = (Q, T, final) be a WTA over X
and S. We call of M-sequential if < is deterministic and all non-vanishing transition
weights are elements of Ml. We call o M-sequentialisable if there exists an M-sequential
finite WTA &’ such that &’ is equivalent to «7/. The class of weighted languages
recognised by M-sequential finite WTA over X and S is denoted by sRec(X, S, M).

We note that if 7 is M-sequentialisable, then ' is determinisable. Moreover,
o is (S, ®,1)-sequentialisable if and only if &7 is determinisable. This follows di-
rectly from the definition of M-sequentiality where M = (S,®,1). Similarly, < is
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({1}, ®, 1)-sequentialisable if and only if </ is a crisp-determinisable! weighted tree
automaton over the semiring (1)g.

Hence, our concept of M-sequentialisability introduces a spectrum of sequentialis-
ability ranging between the extreme cases of crisp-determinisability and classical de-

terminisability.

Example 3.1. Let ¥ = {a(9, 7D ()}, We consider the WTA o7 = (Q./, Ty, final,,)
over X and X (see Example 2.4), where Q. = {q1,¢2,¢3} and every transition weight
and final weight of o7 is L except

ﬁnalﬂ(ql) ﬁnalgj((p) ﬁnalﬂ(q;g) = 0,
(Ter)alar) =1, (T )y (g2, 1) = T,
(Ter)y(q1, 1) = (Ter )4 (92, 43) = (Ter )4 (g3, 93) = 1, and
(Ter)o(is 45, q2) = 1 for every i,5 € {1,2}.
A graphical representation of &7 is given in Figure 3.1.

We consider the tree £ = y(o(a, a)) € Tx. There exist exactly two valid runs of .o

on &, namely p; and py given as follows.

A ~y
/

q1 q3

q2

[OJVARN

/\ , /\ql

We obtain wt(§, p1) = T and wt(§, p2) = 4 and hence [«Z](§) =T v4=T.

It is easy to see (and we will prove in Example 3.54) that [«/] maps every input
tree that contains a v directly above a o to T; all other trees are mapped to their size.
Formally, we conjecture that the weighted tree language recognised by 7 is given by

T if Jw € pos(§): {(w) =y AE(wl) =0
[«/](¢) =

size(§) otherwise.

We call o crisp-deterministic if </ is deterministic and all transition weights are elements of

{0,1}. We refer the interested reader to [57].
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Figure 3.1: Illustration of the WTA &7 over {a(?),v() ¢} and X from Example 3.1.

In order to save space, we use the conventions introduced on page 30.

The WTA & shall serve as our running example for investigating determinisability and
M-sequentialisability. For the latter, we consider the submonoid (N, +,0) of (X, +,0)
which is finitely generated by {1}. The desire to N-sequentialise ./ (rather than just
determinise it) may be motivated by the fact that automata over N are well-studied
and can be modeled in standard programming languages (like C or python) without
the need to introduce a custom data type.

Since both (Ti)~ (g2, q1) and (T )~ (g2, g3) are not equal to L, .o/ is not deterministic
and thus not N-sequential either. We observe that removing the state q3 from & does
not change [</] and, moreover, results in a deterministic automaton which is not N-
sequential. On the other hand, letting (7%y)~(g2,¢1) = 1 does not change [</] and
ensures that all non-vanishing transition weights are elements of N, but the resulting
automaton is not deterministic.

Throughout the course of Chapter 3, we will uncover that o/ is N-sequentialisable
nevertheless and that this N-sequentialisation involves moving the weight T from the

transitions to the final weights. <

3.3 Factorisation in Monoids

As we have discussed in the introduction to Chapter 3, our M-sequentialisation con-
struction applies a factorisation technique for multisets over M. In this chapter, we set
up the necessary theory for multisets over M and introduce two properties of monoids

that will be used in Chapter 3.5 to make our factorisation approach successful.
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3.3.1 Ordering Multisets over Monoids

We start by presenting a way to linearly order multisets over monoids. This will come in
handy whenever our factorisation approach admits multiple equally good factorisations

of a single multiset.

Throughout the rest of Chapter 3.3, we assume (M, ®,1) to be a finitely
generated monoid with finite generating set I'. Moreover, we assume that

I is linearly ordered.

Remark 3.2. Since I is linearly ordered, I'* is linearly ordered by the lexicographic
order <jox. This induces a linear order on M as follows. Let h: I™ — M be the unique
monoid homomorphism such that h(y) = v for every v € I'. For every m € M there
exists a unique min<,_ h~!(m) which we denote by I'"!(m). We define the order <p
on M by my <p mg if and only if I'"*(my) <jex I'~"*(m2) for every my,mo € M. It is
easy to see that <p is a linear order on M.

Moreover, the order <p induces a linear order on Mgz,(M) as follows. First, we
note that <p induces the lexicographic order on M*, which we denote by g{\fx. Second,
there exists a unique map sort: Mg, (M) — M* such that for every M € Mg, (M) it
holds that |sort(M)| = #M, |[sort(M)|,, = M(m) for every m € M, and sort(M)[i] <p
sort(M)[i + 1] for every i € [#M — 1]. We define the order C on Mg, (M) by M; T M,
if and only if sort(M;) <M sort(Ms). It is easy to see that C is a linear order on
Man(M). We write My C My if My C My and My # M,. We will use C in order to
have a consistent way to choose unique successor states for transitions in our 8§(M)-

sequentialisation construction. <

Example 3.3. We have seen in Example 2.3 that the monoid (N, +,0) is finitely
generated by I = {1}.

Let hy: I — N be the unique homomorphism such that hy(1) = 1. For every
n € N it holds that hy'(n) = {1"} and hence also I'~!(n) = 1. Therefore, for every
n1,n9 € N it holds that n; <p ng if and only if n; < no.

We consider the multisets M7 = {15,3,7,10} and My = {4,12,4,8}. An easy cal-
culation shows that sort(M;) =3 7 10 15 and sort(Ms) = 4 4 8 12. It surely holds that
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sort(M;) is lexicographically smaller than sort(Ms) (that is, sort(M;) <N  sort(My))

—lex

and hence My C M. |

3.3.2 Cayley Graph and Cayley Distance

Since our M-sequentialisation construction is heavily inspired by the sequentialisation
construction from [5, 21, 29], we also use the concepts of a Cayley graph and Cayley
distance. However, we note that Cayley graphs for monoids are directed graphs (rather
than undirected graphs as in the group case) and the Cayley distance is not necessarily

a metric.

Definition 3.4. The (directed) Cayley graph for M and I' is the directed graph
Cayy r = (M, E), where E = {(m,my) | m € M,y € I'}.
Let m1, me € M and w € E*. We call w a path from my to ms if either w = € and

mq = me or the following conditions are satisfied:
e w([l] = (my,m’) for some m' € M,
e w(|w|] = (m',my) for some m’ € M, and

e for every i € [|lw| — 1], there are n,m/,n’ € M such that w[i] = (n,m’) and

wli+ 1] = (m/,n’).

We will sometimes denote a non-empty path only by the sequence of vertices it traverses.
That is, we will abbreviate w by proj;(w[1]) ... proj; (w[|w|])projs(w[|w]]) if w # e.

If w is a path from my to mq, then we abbreviate this fact by my i ms. The set
of paths from m; to mg is denoted by Paths(mi,m2). A fork-path connecting m; and
my is a pair (w,v) of paths such that n ~2 my and n ~~> mo for some n € M. The
set of fork-paths connecting my and mq is denoted by FPaths(mi, m2). The length of
a fork-path (w,v) € FPaths(mi, ma), denoted by |(w,v)|, is |w| + |v].

The Cayley-distance between my and mg, denoted by dr(mq,m2), is defined as

dr(ma,ms) = wEFPa?lggnl,mg) ]

and the I'-length of m1, denoted by |m1|r, is defined as

|mi|r = min  |wl.
wePaths(1,m1)
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For M € Mg, (M) we define the I'-length of M, denoted by |M |, as max,,esupp(ar) [m| -

Let m € M and r € N. The ball of radius r around m, denoted by B,(m), is
defined as {m’ € M | Jw € Paths(m,m’): |w| < r}, which is a finite set. Note that
Br(1)={meM||m|r <r}. <

Example 3.5. We continue Example 2.3 and illustrate the Cayley graphs and Cayley-
distances of some monoids. For the sake of clarity, we label every edge in each Cayley

graph with the corresponding element - of the generating set.
e The Cayley graph for (N,+,0) and I" = {1} is an infinite chain starting in 0.

1 1 1 1
0 1 2 3

For every ni,ne € N it holds that dp(ni,n2) = |n; — na| and in particular
|n1 ’[' =ni.

e Let k£ € N. The Cayley graph for (N<j,+,0) and I" = {1} is a finite chain
starting in 0 and ending in k. For k = 3, this can be visualised as

1 1 1 1
0 1 2 3

For every ni,ng € Ny it holds that dr(ni,n2) = |n1 — ng| and in particular
|n1 ’ r=mni.
e The Cayley graph for BF and Ipp is a two-dimensional grid which is depicted in

Figure 3.2. We note that every edge in Caygp ., points either to the right or
upwards. Using this fact, we obtain that the set Paths((O, 0), (2, 7)) contains the

six elements wy, .. ., wg, Where
wy = (0,0)(0,1)(1,2)(1,3)(2,6)(2,7),
ws = (0,0)(0,1)(1,2)(2,4)(2,5)(2,6)(2,7),
ws = (0,0)(1,0)(1,1)(1,2)(1,3)(2,6)(2,7),
wy = (0,0)(1,0)(1,1)(1,2)(2,4)(2,5)(2,6)(2,7),
ws = (0,0)(1,0)(1,1)(2,2)(2,3)(2,4)(2,5)(2,6)(2,7), and
we = (0,0)(1,0)(2,0)(2,1)(2,2)(2,3)(2,4)(2,5)(2,6)(2,7)
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(17 ) ( ) ) ( 72) (1’3) -
(1,0) (1,0)
00) (0,1) 0 (0,1)

Figure 3.2: The Cayley graph for BF and Ipr. The shortest path from (0,0) to (2,7) is
illustrated by orange edges.

The shortest path from (0,0) to (2,7) is w; and it holds that |wi| = 5. In
particular, [(2,7)|n,, = 5. We illustrate w; in Figure 3.2. <

Lemma 3.6. Let mq,mo € M. It holds that
(i) dr(mi1,m2) < |mi|r + |me|r and
(ii) |m1 ©ma|r < |malr + |ma|r.

Proof. Let w € Paths(1,m;) and v € Paths(1,ms) such that |w| = |mi|r and |v|] =
|ma|r. It holds that (w,v) € FPaths(mi,ms) and by the definition of dr we obtain
dr(mi,mz) < |(w,v)| = |m1|p + |ma|r. This proves Inequality (i).

If v = ¢, then Inequality (ii) holds trivially. Otherwise, assume that v = vy ... v, for
some n € N and v1,...,v, € M. Surely, v' = (m1 ®v1)...(m1 ®v,) is a path from my
to my @ my. In particular, wv’ € Paths(1,m; ® msg) and |wv'| = |w| + |[V| = |w| + |v].
Therefore, by the definition of the I'-length we obtain |m; ©@ma|p < |wv'| = |w|+|v| =

|mi|r + |ma|r. This proves Inequality (ii). O
Lemma 3.7. Let mq,mg,m € M. It holds that dp(my, ma) > dr(m ® my,m © ms).

Proof. Let (w,v) € FPaths(mq,mgy) such that [(w,v)| = dp(mi, ms). Moreover, we

assume that w and v have the form

w=wy...wp, and v=1v1...0,
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where k € {|w| +1,0},¢ € {|v| + 1,0}, and wy, ..., wg, v1,...,vp € M. We define the

tuple (w’,v"), where

w'=(mow)...(mewg) and

/

vV=(m®ov)...(mouv).

It is obvious that (w',v") € FPaths(m @ my, m ®mg) and moreover, |(w',v")] = |(w,v)|.
It follows from the definition of dp that |(w',v")| > dp(m ® my,m ® mg). Thus, we
have seen that dr(m1, ma) = |(w,v)| = |(w',v")] > dp(m ® my,m ® my), which proves

the lemma. O

3.3.3 Divisors and Rests

We will now develop our theory of minimising divisors and minimal quotients for mul-
tisets over M. Minimality of divisors and quotients is used in Chapter 3.5 to keep

factorised states as close to the neutral element 1 € M as possible (with respect to dr).

Definition 3.8. Let M be a finite multiset over M. We define the set of common (left)
divisors of M by

diviM)={neM|3IN € Mgpa(M): n©N = M}.

Moreover, for every n € div(M) we define the set of quotients of M divided by n as the
set

quot,, (M) ={N € Mzg(M) | n® N = M}

and the set of (I'-)minimal quotients of M divided by n as

minquot,, (M) = argmin |N|p.
Nequot,, (M)

Lastly, we define the set of (I'-)minimising divisors of M as

mindiv(M) = argmin = min  |N|p.
nediv(M) NEquot,, (M)
If M = {my,ma} for some my, mo € M, then we write div(my, ms), quot,,(my, ms),
minquot,, (m1, m2), and mindiv(m;, mg) rather than div(M), quot,,(M ), minquot,, (M),

and mindiv(M ), respectively. <
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Remark 3.9. We note that for every finite multiset M over M and n € div(M), the set
quot,, (M) is non-empty. Moreover, for every N € quot,, (M) it holds that #N = #M.
Surely, there need not be a unique argmin in the definition of minquot,, (M ). There-
fore, minquot,,(M) is a set of all “equally minimal” quotients. Moreover, there need
not be a unique argmin in the definition of mindiv(M). Therefore, mindiv(M) is the
set of all “equally minimising” divisors of M.
We note that a minimising divisor n of M is “minimising” in the sense that ||

is minimal for each N € minquot,,(M). <

Lemma 3.10. Let M be a finite multiset over M. It holds that
div(M)= ()  div({m}).
mesupp(M)

Proof. Let n € div(M). By definition, there exists N € Mg, (M) such that n©@ N = M.
In particular, for every m € supp(M) there exists n,, € supp(/N) such that n®n,, = m.
This shows that n € (,,cqupp(ar) div({m}).

Now, let n € (,,equpp(ar) div({m}). In particular, for every m € supp(M) there
exists ny,, € M such that n ® n,, = m. We define the multiset N = {n,, | m € M}
and observe that n © N = M. Thus, n € div(M). O

Example 3.11. We continue Example 3.5 and calculate some minimal quotients and
minimising divisors.
e We consider the monoid (N, +,0) and let M € Mg, (N) such that M # (). Surely,

a natural number n € N is a common left divisor of all elements in supp(M) if

and only if n < min(supp(M)). That is,
div(M) = {0, ..., min(supp(M))}.

Moreover, for every n € div(M) it holds that N = {m —n | m € M} is the
unique element in quot,, (M) and hence also in minquot,,(M). We recall that N

is finitely generated by I' = {1} and obtain

Nlr= max |m|r= max m= max (m—n)=max(supp(M))—n
‘ ’F mGsupp(N)‘ ’F mesupp(N) mEsupp(M)( ) ( pp( ))

which shows that |N|r is smallest if n is largest. Therefore, we have that

mindiv(M) = {min(supp(M))}.
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e We consider the monoid (N<g, +,0) for some k € N and let M € Mz, (N<y)
such that M # (). Analogously to the monoid (N, +,0), an element n € Ny is a
common left divisor of all elements in supp(M) if and only if n < min(supp(M)).
That is,

div(M) = {0, ..., min(supp(M))}.

Let n € div(M) and N € Mg, (N<y). It holds that N € quot,, (M) if and only if

(a) N(m) = M(m+n) for every m € {0,...,k —n — 1} and

(b) Yo N(k—n+1i)=M(k).

We recall that N<, is finitely generated by I" = {1} and obtain that |N|p is
minimal if n = min(supp(M)) and N(k —n) = M (k). Therefore, we have that
mindiv(M) = {min(supp(M))} and N = {m — min(supp(M)) | m € M} is the

unique element in Minquot,yi, supp(ar)) (M)-

e We consider the monoid BF and note that div({m}) = {n € BF | 3n ~~& m}
for every m € BF. Hence, in order to determine div({m}}), we need to determine

the starting vertices of paths ending in m.

We recall that all edges in Caypgp . point either to the right or upwards (see
Figure 3.2). This illustrates the following fact. For every m,n € BF, there exists
a path n ~~u m if and only if n “lies to the bottom left” of m. Formally, it holds

that

div({ (ma, mp) }) = {(na,nb) € BF | ny < ma Amy, < L b J} (3.1)

IMa—"na

for every (ma,my) € BF. We prove Equation (3.1). Let (ma, mp), (14, np) € BF.
It holds that

(na,np) € div({(ma,mp)}}) < Im' € BF: (na,ny,) opr m' = (ma, myp)

£ I/ € BF: m/ = (Mg — Mg, mp — 227" )

*2 mb
< Ny <MmayAnp < e |
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Equivalence %1 follows from the fact that
(N, np) opr (Mh, my) = (Ma, mp) <= (na +mj, ,2Ma sy + my) = (Mma, mp)
> (ml,myp) = (Ma — na, mp — 272772 )
for every (mf,, mj,) € BF and Equivalence % follows from the fact that
(Ma — Na,mp — 227" .)€ N?2 < mu—na>0Amy — 272" > 0.

This concludes the proof of Equation (3.1).

We consider the multiset M = {(3,1),(2,8)} over N2. From Equation (3.1) it
follows that

div({3, 1)}) ={(3,1),(3,0),(2,0),(1,0),(0,0)}

and

diV({{(?,8)}}) = {(Q,mg), (1,m1), (O,mo) ’ mo S 8,m1 S 4,m0 S 2}

which shows that div(M) = div({(3, 1) }) Nndiv({(2,8)}) = {(2,0),(1,0),(0,0)}.
We have seen in Example 2.3 that BF is cancellative and hence quotients in BF

are unique. We can verify the following equations by easy calculations:

quot y gy (M) = minquot s ) (M) {{{ ,1),(0,8) }}
quotq gy (M) = minquot; o) (M) = {{(2,1), (1,8)} }
quot(070)(M) minquot, 00) (M) {{ ), 2,8)}}.

In order to determine which divisor is a minimising divisor, we have to calculate

the I'gp-length of all quotients.

Similar to the calculation of |(2,7)|n,, in Example 3.5, we find that |(1,1)|r, = 2,
10,8)[r5e = 8, (2, )]s = 3, [(1,8)[15e = 5, |(3, )]s = 4, and [(2,8)|n = 4
Therefore, mindiv(M) = (0,0). <

Lemma 3.12. Let M be a finite multiset over M. Moreover, let m,n € M such that
m ®n € div(M). It holds that

{N € quot,(K) | K € quot,,(M)} = quot,,q,,(M).
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Proof. Let N € Mg, (M). It holds that

N € {N' € quot,,(K) | K € quot,,(M)}
<= JK € quot,,(M):nON =K
— JK e Mgpy(M): nON=KAmoK=M

< (mMOn)ON =M <= N € quot,,q, (M).

This proves the claim. O

3.3.4 Factorisation Properties

In order for our factorisation approach to work, we require M to fulfil two properties.
The first property is that M divides I-monotone, which ensures that dividing two
elements of M by a common divisor does not increase their Cayley-distance. The second
property is that M admits centering factorisations, which ensures that factorised states
stay close to 1. We will see the specific application of these properties in Chapter 3.5

(more precisely, in Lemma 3.45).

Definition 3.13. We say that M divides I'-monotone if for every mi,mo € M,

n € div(my, me), and {ni,n2} € minquot, (m, mg) it holds that
dr(ni1,n2) < dp(mi, ma).

Let M € Mg, (M), n € mindiv(M), N € minquot,,(M), and f: N — N be a strongly
monotone map. We call the pair (n, N) an f-centering factorisation of M if for every

ny € supp(V) there exists na € supp(/N) such that

In1|r < f(dr(ni, ne)).

The set of f-centering factorisations of M is denoted by CenterFact(M, f). We define
the strict order C on CenterFact(M, f) by (ni, N1) C (ng, No) iff (1) Ny © Ny or (2)
Ny = Ny and ny <p ny. Moreover, we let © = (C\ idcenterFact(,))- Furthermore, the

minimal f-centering factorisation of M is defined as

minCenterFact(M, f) = ming (CenterFact(M, f)),
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whenever CenterFact(M, f) # 0.

Let f: N — N be a strongly monotone map. We say that M admits f-centering
factorisations if for every M € Mg, (M) there exists an f-centering factorisation (n, N)
of M. We say that M admits centering factorisations if there exists a strongly monotone

map f: N — N such that M admits f-centering factorisations. <

Remark 3.14. First, let M divide I-monotone and let m1,my € M, n € div(my, ma),

and {n1,n2} € minquot,,(m1, ma). By Lemma 3.7 it holds that
dr(ni,m2) > dr(n © ni,n © ng) = dr(my, ms)
and hence by the fact that M divides I'-monotone, it holds that
dr(ni,n2) = dr(mz, ma).

Second, let f: N — N be a strongly monotone map, M = (), n € mindiv(M), and
N € minquot, (M). The fact that n © N = M implies that N = (. This shows that
(n,N) is an f-centering factorisation. In particular, in order to show that M admits
f-centering factorisations, it suffices to show that for every M € Mz, (M) with M #

there exists an f-centering factorisation (n, N') of M. <

Remark 3.15. We note that we use the adjective “centering” in centering factori-
sations for the following reason. Let M € Mg, (M) and (n,N) be an f-centering
factorisation of M. For every n; € N and every r > 0 such that N C B,.(n1), it holds
that 1 € By(,y(n1). Hence, 1 is always close to N (up to f) and therefore, N is in a

sense “centered” around 1. <

Example 3.16. We continue Example 3.11 and determine whether our monoids divide

I'-monotone and admit centering factorisations.

e We consider (N,+,0) with the generating set I' = {1} and let my,mg € N,
n € div(mi,mz), and {ny,n2}} € quot, (mi,msz) such that n + ny = my and

n + ng = mgy. This shows

Ex.3.5

Ex.3.5
= |n1 —n2| = ‘711 +n— (nz +7”L)| = |m1 — m2| = dp(ml,mz)

dr(ni,ng)

and hence, (N, +,0) divides I'-monotone.
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We prove that N admits centering factorisations. Let M € Mg, (M) such that
M # 0, n € mindiv(M), and N € minquot,,(M). We know from Example 3.11
that n = min(supp(M)) and N = {m —n | m € M}}. Therefore, 0 € supp(N).
Let ny € supp(N). If ny # 0, then we let ng = 0, whence |ni|p = dp(ni,na). If
ny = 0, then we let ny € supp(NN) and obtain |n1|r = 0 < dp(n1,n2). This shows
that (n, N) € CenterFact(M,idy). The case that M = () is covered by Remark
3.14. This concludes the proof that (N, +,0) admits centering factorisations.

e We consider (N<g,+,0) for some & € N and recall that I' = {1} is a finite
generating set of N<j. Let mi = mg = n =ny = k, and ng = 0. It surely holds

that n € div(my, ma) and {n1,n2} € quot,,(m1, m2). We have that

Ex.3.5

Ex.3.
) 235!711—712!:/€750=|m1—m2\ =" dr(mi,ma)

dr(ni,ng

and hence, (N<, +,0) does not divide I"-monotone.

The fact that N<j admits centering factorisations can be seen as follows. Let
M € Mg, (N<g) such that M # 0, n € mindiv(M), N € minquot,, (M), and
ny € supp(N). If supp(N) € 8§(M), then also supp(M) € §(M). In this case,
supp(M) = {n} by the minimality of N, which implies that n; = 0 = |ni|p.
Otherwise, let na € supp(N) such that n; # ng. Since N<, is finite, it holds
that [ni|r < #N<i < #N<i - dp(ni,n2). This proves the fact that (n, N) is a
(#N<, - idy)-centering factorisation of M. The case that M = () is covered by
Remark 3.14. This shows that (N<j, +4,0) admits centering factorisations. In
fact, this proof can easily be generalised to show that all finite monoids admit

centering factorisations for every finite generating set.

e We consider the monoid BF and the multiset M = {(3,1),(2,8)} from Example
3.11. We have seen that (2,0) € div(M) and quoty oy (M) = {{(1,1),(0,8)}}.

We will now show that

dFma]F((lv 1)7 (Oa 8)) > dF]BJF((?)’ 1)7 (2’ 8))7

which proves that BF does not divide Ijgp-monotone.
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We can easily verify that there exists only one fork-path between (1,1) and (0, 8),

namely
( (0,0)(1,0)(1,1) , (0,0)(0,1)...(0,8) )

and hence dr,,((1,1),(0,8)) = 10. Moreover, the pair
( (0,0)(1,0)(2,0)(3,0)(3,1) , (0,0)(0,1)(0,2)(1,4)(2,8) )
is a fork-path between (3,1) and (2,8) with length 8. Hence,
dry:((1,1),(0,8)) =10 > 8 > dp,.((3,1),(2,8)),

which concludes our proof.

Next, we show that BF admits centering factorisations. We define the map
fi:N — N for every » € N by f(r) =2-r+2"-(r+ 1) and see that f is
strongly monotone. Let M € Mg, (BF) such that M # @, n € mindiv(M),
N € minquot,,(M), ny € supp(NV), and define r = max,, csupp(n) drps (11, 12). In
order to show that (n, N) is an f-centering factorisation of M, we need to show
n1lrge < f(r).

We do the proof by contraposition and therefore assume that |ni|n,, > f(r). We
will now show that there exists n’ € div(N) and N’ € minquot,,(N) such that
|IN'|re < f(r). This concludes the proof, as

|N|FJB1F > ’n1|FB]F > f(?") > ’N,|F]BJF

and hence n’ on is a “more minimising” divisor of M than n, which contradicts

the fact that n € mindiv(M).

We denote the components of ny as ny = (n1,4,n1,) and define

n' = (nLa -, V;ler — 7“).

To show that n’ € div()V), we have to show that n’ divides every ny € supp(N).
Since dpy, (n1,n2) < r, there exists m € BF and (w,v) € FPaths(n;, n2) such that
M ~et> Np, M~ Mg, and |w| 4 [v| < r. In particular, if n/ divides m, then n’

divides ny. Hence, it suffices to show that n’ € div(K), where

K ={m € BF | 3Im ~~wny: |w| <7}
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Let m € K with components m = (mg, mp). There exist i, jo,...,Ji € N such

that i € {0,...,r}, Zzzojk < r, and m oggp w = ny where
w = (0,1)7(1,0)(0,1)7(1,0)...(1,0)(0,1)’ € BF.
We obtain
Mg +1="n14 and (c.(mp+jo)-2471)-2...) 24 ji =n1p,

which yields

i

Ln21z,bJ =myp + LZ ;%J

k=0

In particular, we obtain that m = (n1, — 4, Lnéng —j) for some i,j € {0,...,r}.

By Equation (3.1) it holds that n’ divides m if and only if

Nia—1 <Nig—1 and LmJ —r < b( L 1bJ —J J (3.2)

or n1,a—%)—(n1,a—r)

The first inequality in (3.2) holds since ¢ < r and the second inequality in (3.2)

can be proven as follows.

n1b n1b nlib s n1%b s
I T e I et

This concludes our proof that n’ € div(N).

We let £ = 2"~%.r — j and note that there exists k € {0,...,2"} such that

0 — (nLa {n;er _ ) (1,071 (nla iori. L%J _2r—i,r)
N(B\Bl (n1,a — LZT i, %J —ort. r)

= (n1a — Lnle —2"" )

Vol (nla ’\; bJ_j):m

is a path from n’ to m. This proves that dr,, (n',m) <r—i+k+{ <r42"4+2".r
and hence dp,,(n/,n2) < dp(n,m)+r <2.-r+2".(r+1) = f(r) for every
ny € supp(N). In particular, for the unique N’ € minquot,,(N) it holds that
|IN'| e < f(r). This concludes our proof. <
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Lemma 3.17. If M divides I'-monotone, then M is cancellative.

Proof. We prove the statement by contradiction. Assume that M is not cancellative.
There exist a, b, ¢ € M such that a®b = a®c and b # ¢. We note that a € div(a®b, a®c)
and {b, c} € quot,(a ®b,a ® c). By the fact that M divides I"-monotone, it holds that
dr(b,c) < dr(a®b,a® c). However, dr(b,c) > 1 >0 =dr(a®b,a® c), which is a

contradiction. ]

Remark 3.18. Lemma 3.17 states that cancellativity is a necessary condition for M
to divide I'-monotone. Moreover, in Example 3.16 we have seen that cancellativity is
not a sufficient condition for M to divide I'-monotone (see the monoid BF).
Whenever we require M to divide I'-monotone, we will still use the formalism of quo-
tients and minimal quotients, even though quotients are unique in cancellative monoids.
This has one major reason. At the time of writing, we strongly believe that the defini-
tion of “divides I'-monotone” can be weakened such that all our theorems still work,
but cancellativity is not implied. In order to make our proofs easily generalisable to
the non-cancellative setting, we decided to write them without using unique quotients.
We also note that all monoids in Example 3.16 admit centering factorisations. At the
time of writing, we are unaware of a result proving whether there exist finitely generated
monoids that do not admit centering factorisations. We conjecture that every finitely

generated monoid that divides I'-monotone also admits centering factorisations. <

3.4 Weighted Tree Automata over Mg,(M) and the Twin-
ning Property

In this chapter, we collect some useful definitions and facts about weighted tree au-
tomata over the semiring of finite multisets over M. These will be used to implement
Steps (I) and (II) from our M-sequentialisation construction (see Chapter 3.1). More-
over, we introduce our notion of the twinning property and illustrate everything with

running examples.

Throughout the rest of Chapter 3.4, we let X be a ranked alphabet, (M, ®, 1)
be a monoid, and B = (Q, T, final) be a WTA over X and Mg, (M).

95



3. A UNIFYING FRAMEWORK FOR THE DETERMINISATION OF
WEIGHTED TREE AUTOMATA

3.4.1 Weighted Tree Automata over Mg, (M)

In order to have a structured notational system for the weights occurring in calcula-
tions, we make the following convention. All values denoted by a (possibly decorated)
lowercase symbol y (or z) represent elements of transition weights (or final weights,
respectively) of weighted tree automata over Mg, (M). All remaining weights have no

fixed notational convention. We adhere to this convention as strictly as possible.

Definition 3.19. For every s € N and 0 € Y) we define the multiset TR over
Q° x Q x M by

TOR:{{(Qlu"WQS?C,Ivy) ’q17"'7QS7q€Q7yeTO’(Qla"'uQSuq)}}

and define the family TR = (TR | 0 € X). Moreover, we denote T} = J, 5 Tot. For
every t = (q1,...,qs,q,y) € supp(TX) we define in(t) = q; ...¢s in Q*, out(t) = g, and

wt(t) = y. <

Remark 3.20. We note that T is merely a syntactical variant of T' and contains the
same information as 7. Analogously, one can introduce a relational variant finalg of
final. Then, finalg is a multiset over () x M. This yields a relational automaton model,
where each automaton is of the form (Q, TR, finalg).

In this sense, our WTA model can be compared to the automaton model from [29,
Definition 2| (cf. [31] for the word case). In fact, [29, Definition 2] is a restriction of
our relational automaton model where all weights are sets (rather than multisets). In
this thesis, we are interested in determinising automata over non-idempotent semirings.

Therefore, we need the extension from sets to multisets. <

Example 3.21. Let ¥ = {a® 41 @} We consider the WTA Z = (Q, T, final)
over X and Mgy (N), where Mgy (N) = Mgy (N, +,0)), @ = {q1, ¢2, 93} and every tran-
sition weight and final weight of .7 is () except

final(q;) = final(g2) = final(q3) = {0},
Ta(Ql) = {{1}}7 TW(CI%QI) = {{17 1}};
Ty(q1,q1) = Ty(q2,93) = Ty (g3, 93) = {1}, and

T5(gi> g5, 42) = {1} for every i,j € {1,2}.
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@{{1}} q3
{{1}}“

Figure 3.3: Bottom: illustration of the WTA 2 over X~ and Mg, (N) from Example 3.21.

Top: illustration of the relational variant of 8. We again use the convention from page 30

to make the hypergraphs better readable.

Thus, TR is given by

¥ = (a1, 1},
T’\E{: {(q17QIa1)7(Q2>q171)7(qQ7QI>1)1(QQ7q371)7(q3aq371)}7 and

TR = {(q1, @1, 92, 1), (q1, 42, 42, 1), (2, 41, G2, 1), (g2, G2, g2, 1) } -

We observe that the tuple (g2, q1,1) is contained twice in T,B. This directly corresponds
to the fact that T (g2, q1) = {1, 1}, which is a multiset with size 2.
We give a graphical representation of 4 in Figure 3.3. <

Definition 3.22. We define the M-image of %, denoted by M-im (%), as the set

Mem(#) = (| swp(Tolar-000)) U (| swpp(inal(@). <

seN,oeX (), q€Q
qlv"'7q87q€Q

Besides the usual runs of WTA over X' and Mg, (M), we also consider another notion

of runs, called R-runs. In essence, an R-run of 4 is a usual run of % where additionally,
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each local state behaviour (qi,...,¢s,q) described by the run is enriched by a single
element from the multiset T, (q1,...,¢s,q). Intuitively, the R-runs of % correspond

combinatorically to the paths of the hypergraph of the relational variant of 4.

Definition 3.23. Let £ € Ty, UCyx be a tree or a context. An R-run of # on £ is a
map p: pos(¢) — (supp(T}) U Q) such that

e for every w € posx (&) it holds that p(w) € @ and

e for every w € posy(€) it holds that (a) p(w) € supp(TR) where o = £(w) and (b)
in(p(w)) = out(p(wl))...out(p(ws)) where s = rk(§(w)).

We denote out(p) = out(p(e)) and if £ € Cyx, then we denote in(p) = p(pos,,,(£)).
The multiset of all R-runs of & on &, denoted by R-Runsgz(£), is a multiset over
(supp(TH) U Q)Po3(&) given for every p: pos(€) — (supp(T})UQ) as follows. If p is not
an R-run, then R-Runs4()(p) = 0 and if p is an R-run, then

R-Runsz(€)(p) =[] Tl (p(w)).

wepos 5 (§)

That is, the multiplicity of p in R-Runsg(&) equals the product of the multiplicities of
all transitions occurring in p.

We define the map wt' (¢, —, —): supp(R-Runsg(£)) x pos(§) — M inductively as
follows. Let p € supp(R-Runsg(§)) and w € pos(§). If £(w) = x1, then we define
wtl (&, p,w) = 1. Otherwise, there exists s € N such that ¢(w) € >() and we define

Whenever the automaton £ is clear from the context, we will omit the subscript &£
from wt% and simply write wt®. Moreover, we will always drop the superscript R from
wt® and simply write wt.

Let p € supp(R-Runsg(£)). We abbreviate wt(, p,e) by wt(¢, p) and call wt(&, p)
the weight of p. Moreover, we call p non-vanishing if wt(&, p) # 0.

We define the multiset

R-Runss(€,q) = {p | p € R-Runs (&), out(p) = q}
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for every g € Q. Moreover, if £ € Cy, then we define the multiset

R-Runsz(p, &, q) = {p | p € R-Runsz(¢, q),in(p) = p}

for every p,q € Q. We say that p € supp(R-Runsz(§)) is a loop (on &) if £ € Cx and
there exists ¢ € @ such that p € supp(R-Runsg(q, &, q)). <

Example 3.24. We continue Example 3.21 and consider the tree { = y(o(, «)) in
Tyx. We can easily see that there exist exactly two valid runs of #Z on w. In fact,

Runsg(w) = {p}, ph}, where

q1 q3

q2
q% \ o
(@’

The weights of p| and p), are given by

q2
q/ \ o
v

wi(§,ph) = {1} + €1 + {1} + {1, 1} = {4, 4} and
wi(§, pp) = {1} + {1 + {1} + {1} = {4}

/. /.
Py P2
(@ @

We can also see that for every i € [2], p} can be associated to a multiset of R-runs that
have the same state behaviour as p;. We will make this connection precise in Remark

3.25. We consider the three R-Runs of % on £ given as follows.

(QQath) (q27q171> (q27q371)
pP1: (Q17Q17‘J271) P2 <q17Q17qQ71) pP3: (q17q17QQ71)
g // \\ ag ,/ \\ ()’// \\
((I17 1) (QM 1) (Qh 1) (Q17 1) (Q17 1) (QL 1)

@’ @’ @’ @ @’ (6

In our case, p} can be associated to the two (equal) R-runs p; and pa. One can think
of p1 and p9 as taking the “upper” (respectively “lower”) relational y-edge from g2 to

q1 depicted in the top part of Figure 3.3. The run p}, on the other hand, can take both
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of these relational vy-edges from g2 to ¢; in a single accumulated step with transition
weight {1,1}. This shows how a single valid run of # can be associated to multiple
R-runs of #. Moreover, it holds that p; = p2 and hence, we can see that R-Runsg(w)
is indeed a proper multiset (that is, not a set).

The only R-run that can be associated to pf is p3. In fact, we have determined all

R-runs of # on w and obtain R-Runsgz(w) = {p1, p2, p3}- <

Remark 3.25. Let £ € Ty UCy be a tree or a context and p': pos(§) — @ be a run
of % on £. For every R-run p: pos(§) — (supp(TF) U Q) of % on & we say that p’ and
p are associated if

P (w) = out(p(w)) for every w € pos(&).

We define the multiset of R-runs of B on w associated with p', denoted by R(p’), by
R(p") = {p | p € R-Runsz(£), p’ and p are associated}}.

If p’ is not valid, then there is no R-run associated with p/. On the other hand, if p’ is
valid and there is a position w € pos(§) such that #locwt(&, p’, w) > 1, then there are
multiple R-runs associated with p'.

Moreover, a straightforward proof shows that wt(, p') = {wt(&, p) | p € R(p')} for
every p' € Runsg(§). <

Remark 3.26. In the rest of this chapter, we use the following notation for R-runs.

Let g € Q, & € Ty, p € supp(R-Runsz(&, q)), and denote y = wt(&, p). We say that

p is of the form &) q. Analogously, let p,q € @, £ € Cx, p € supp(R-Runsg(p, &, q)),

and denote y = wt(&, p). We say that p is of the form p % q. Moreover, we denote the
fact that z € final(q) by ¢ %, We freely compose these notations in order to express

Elyr Clya 2 .
“= q — q >”. Moreover, if such an ex-

more conditions on an R-run, for example
pression contains free variables, they shall be quantified according to the quantification
before the expression. For example, given £ € Ty, and ( € Cyx, the expression “for every
R-run of the form % q iy?) q” universally quantifies ¢ € Q, y1,y2 € M, and (name-
less) R-runs p; € R-Runsg(&, q) and pa € R-Runsgx(q, ¢, q) such that wt(£, p1) = »n1
and wt((, p2) = y2. Whenever we deal with multiple automata simultaneously, we

disambiguate such expressions by writing, e.g., p % q € % for an R-run of A.
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If we use such expressions in multiset constructors or summation indices, then
we drop the words ”R-run of the form”. We note that R-runs quantified in multiset

constructors or summation indices like this are considered with their multiplicity. <«

Lemma 3.27. Let £ = (Q, T, final) be a finite-run WTA over X and Mg, (M). For
every £ € Ty it holds that

12)(€) = {yo | L5 g5 ).

Proof. Recall that R(p’) is the multiset of R-runs of % on ¢ associated with a run
p' € Runsg(€). It is easy to see that

J  R(Y) =R-Runsg(¢,q) (3.3)
p'€Runsz(€,q)

for every ¢q € Q.
By the definition of [#] it holds that

[#l©o= | wier) o finalout(s)

p'€Runs ()

_ U U wt (&, p') © final(q)

q€Q p'€Runs g (£,9)

-J U U wi&r)of=}

9€Q z€final(q) p'€Runs 5 (£,)

=) U U {wt&n lreR()} o {3

q€Q z€final(q) p’€Runs g (€,9)

2 U =t p) | peRRusu& g} © {2}

q€Q z€final(q)
q g
= U Wozl%a={oz-%q¢>}
q€Q z€final(q)

where Equation *; follows from Remark 3.25 and Equation %o follows from Equa-

tion (3.3). O

Example 3.28. We continue Example 3.24 and denote for every tree & € Ty the
number of times a v occurs directly above a o in § by ng.

We claim that the [4] is given for every £ € T'x by

r(€) times

[2] (&) = {size(§),...,size(&)}, where (3.4)
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2ne=l i € = 4" (o(¢',¢€")) for some n > 1 and &, ¢" € Ty
HE) =2 +

0 otherwise.

It is clear from the definition of Z that for every p € supp(R-Runsz(€)) it holds that
wt(&, p) = size(§). Therefore, by Lemma 3.27, if we can show that

#R-Runs(¢) =r(€) and #R-Runss(é,q)+ #R-Runss(,q) = 2",  (3.5)

then this proves Equation (3.4). We prove Equation (3.5) by induction on &.
We assume that £ = 7(&1,...,&s) and that Equation (3.5) holds for &;,...,&. If
T = o, then ng = 0 and verifiably, # R-Runsz(£) = 1 and # R-Runs (&, g3) = 0. Next,

we assume that 7 = o. It holds that

#R-Runsg(€) = > #R-Runsy(¢, p)

PER
23 Y #T,(p1,p2.p) - # R-Runsy (&1, p1) - # R-Runsg(&2, pa)
PEQ p1,p2€Q

*2

2 ) #R-Runsg(&,p1) - # R-Runsy(&, p)
p1,p2€{q1,92}

*:3( Z #R—Rum@(&,pl))-( Z #R-RUHS%’(EZ,Z?Q))

p1€{q1,q2} p2€{q1,q2}

Hogne L 9ne = Qe tne = one — (),

where Equations *i,...,x4 are justified as follows. Equation x; can be shown with
a straightforward structural induction on £. Equation %o follows from the fact that
#T5(p1,p2,p) = 1 if p1,p2 € {q1,¢2} and p = g2 and #T5(p1,p2,p) = 0 otherwise.
Equations %3, and %4 follow from the distributivity of N, and the induction assumption,
respectively. It follows directly from the definition of T, that # R-Runsz(§,q3) = 0.

Next, we assume that 7 = v. We know that

#R-Runsz(§) = Z #Tv(php) -# R-Runsz(&1,p1)
p1,pEQ

= #R-Runsz(£1,q1) + 3 - # R-Runs»(&1, ¢2) + # R-Runsz (&1, ¢3).

We distinguish two cases for &i(g). First, let & (e) # o and observe that ng = ng,.
Moreover, it follows directly from the definition of 7' that # R-Runsz(&1,¢2) = 0 and
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hence we can use the induction assumption to obtain

#R-Runsz(§) = # R-Runsz (&1, 1) + # R-Runsg (&1, ¢2) + # R-Runsg(&1, ¢3)
= #R-Runsg(&1) = r(&1).

Since ¢ is of the form 7" (o (&', £")) if and only if & is of that form, we obtain r(§) = r(&1),
which concludes the case £ (e) # 0. Next, let & (g) = o and observe that ng = ng, + 1.
Moreover, it follows directly from the definition of T, that # R-Runsg(£1,q) = 0 for

q = q1 and ¢ = g3 and hence we can use the induction assumption to obtain

#R-Runsz(§) = 3 - (#R-Runsg(§1, 1) + # R-Runsg(&1, ¢2) + # R-Runs(&1, ¢3))
=3 #R-Runsz(£;) = 3- 2" = 2.2 4 2% =20 4 "1

Considering the fact that R-Runs(§1) = R-Runsz(&1, ¢2), we obtain
1
#R-Runsz(, q3) = 3 #R-Runsgz(¢) = 2!
from the definition of T’,. This concludes the proof of Equations (3.5) and (3.4). <

Definition 3.29. Let # = (Q, T, final) be a WTA over X' and Mg, (M).

We call # sequential if 2 is §(M)-sequential.

We call B sequentialisable if there exists a sequential WTA %’ over X and Mg, (M)
such that %’ is equivalent to 4. We note that the class of weighted tree languages
recognised by sequential finite WTA over X and Mgz, (M) is sRec(X, Mg, (M), S(M)).

We call & finitely R-ambiguous if there exists k € N such that for every £ € Ty it
holds that # R-Runsg(&) < k. <

Example 3.30. We continue Example 3.28. It holds that #7,(g2,¢1) = 2 and hence
T, (q2,q1) & S(M). This shows that # is not sequential.

Let ( = y(o(a,z1)) € Cx. Equation (3.5) implies that # R-Runsz(¢"[a]) > 27
for every n € N. Since the sequence (2" | n € N) is unbounded, % is not finitely
R-~ambiguous.

Next, we give a finitely R-ambiguous WTA. For this, we let I' = {2,3} and consider
the submonoid (I'). of (N, -, 1). We outline the proof that (I"). divides I'-monotone and

admits centering factorisations. First, we note that every m € (I"). can be written
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Figure 3.4: Illustration of the WTA %, over {a, b} and Mg, ({({2, 3}).) from Example 3.30.

as m = 2F . 3% for some uniquely determined k,¢ € N. One can easily show that
|28 .3¢F = k+ 0 and dp(2F-3¢,2F . 3Y) = |k — K|+ |0 — ¢| for every 2F-3¢,2F. 3¢ ¢ M.
Moreover, for every M € Mg, ((I').) and 2F - 3¢ € div(M) it holds that quotex.3¢(M) is

a singleton set consisting only of {25 ~%.3¢~¢| 2% . 3¢ ¢ M}. Furthermore,

mindiv(M) = {2 -3 | k= min KAl= min ('}
2k 3¢ e M 2.3t e M

From here, one can easily show that (I'). divides I'-monotone.

Let f: N — N be given by f(n) = 2-n for every n € N. Next, we show that
(I'). admits f-centering factorisations. Let M € Mg, ((I).), 2¥ - 3° € mindiv(M),
N € minquoter.5¢(M), and 2¥1 - 3% € supp(N). We assume that k; > f1. We
have already seen that k = MiNykr g0 eM k' and hence there exists fo € N such that

32 ¢ supp(N). We obtain
128 .30 ) =k 4+ 0, < 2.k <2-dp(2M - 35,3%).

The case £1 > k; works analogously by replacing 3% by an element 2¥2 € supp(N).

This concludes the proof that (I'). admits f-centering factorisations.

We define the WTA ¢ = (Q¢, Ty, finaly) over X' and Mg, ((I").) as follows. The
state set of € is Q¢ = {p1, p2, p3} and every transition weight and final weight of & is
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0 except

finaly (p3) = {3},

(Tg)a(pr) = {1}, (T)a(p2) = {2},

(T )y (p1,p2) = {2}, (Tig)(p2,p2) = (T)+(p3, p3) = {3}, and
(T¢)o(p1,p2,p3) = {4,6}-

An illustration of € can be found in Figure 3.4.

Next, we prove that % is finitely R-ambiguous. Let £ € Ty and assume that there
exists a valid run p of € on &. Since % is deterministic, p is the unique valid run of
¢ on £. Hence, from Equation (3.3) we obtain R-Runsy () = R(p). It holds that
#R(p) = Hwepos(g) #locwty (&, p, w). Every transition weight of % is a singleton set
except (T)o(p1,p2, p3) and the transition (p1,p2, o, ps) occurs at most once in a valid

run of €. This shows # R(p) < 2 and hence % is finitely R-ambiguous. <

3.4.2 The Twinning Property

Throughout the rest of Chapter 3.4, we assume M to be finitely generated
by a finite generating set I.

Definition 3.31. We say that & has the twinning property (in symbols: % F TP), if

for every £ € Ty, ¢ € Cyg, and R-runs of the respective form

%q%q and €|A/q’%q'

of % it holds that dr(y1,y)) = dr(y1 © y2,y] © y4). <

Definition 3.32. We say that % has the extended twinning property (in symbols:
P E ETP), if for every £ € Ty, (,n € Cx, and R-runs of the respective form

%q%q%p and %q’%q’%p’

of % it holds that dr(y1 © y3,%] © y5) = dr(y1 © y2 © y3, ¥ © Y5 © y5). <

Example 3.33. We consider the WTA & = (Q, T, final) from Example 3.21. We claim

that £ E ETP, which can be seen as follows. First, we note that every non-vanishing
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transition weight of Zis {1} or {1,1}. Hence for every £ € Ty, (,n € Cyx, and R-runs

of the respective form

%q%qﬂ)p and %q’%q’%r’

of A it holds that y; = y] = size(§), y2 = y5 = size((), and y3 = y5 = size(n). Thus

dr(y1 + s, y] + y5) = dp(size(€) + size(n), size(£) + size(n)) = 0
= dp(size(§) + size(() + size(n), size(&) + size(() + size(n))

=dr(y1 +y2 + 3, ¥ + vo + y3).
We conclude that &4 E ETP. <

Remark 3.34. We note that 4 £ ETP implies 8 E TP. This follows immediately
from the definitions of the twinning properties. On the other hand, 4 F TP does not
imply £ E ETP in general, which we will see in the upcoming Example 3.35. |

Example 3.35. We recall the family of monoids N<j from Example 3.5. For this
example, we let k = 5 and consider the WTA 2 = (Q, T, final) over ¥ = {a(® ~1)}
and Mgp(N<s) which is defined follows. The set of states of 7 is Q = {¢1, ¢2} and every
transition weight and final weight of 2 is () except

final(q2) = {0},
To(q1) = {0},
Ty(q1,q1) = {4}, and T',(q1, ¢2) = {1, 2}

A graphical representation of the relational variant of & is given in Figure 3.5.
We observe that & E TP for the following reason. Let £ € Ty, ( € Cyx, and consider
two R-runs of the respective form

/

%q%q and %q’ Iy q/

of % on ([¢]. We note that & = v*(a) and ¢ = 7¢(x;) for some k, £ € N. We distinguish

two cases.
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Figure 3.5: The WTA 2 over X and Mg, (N<5) from Example 3.35. 2 has the TP, but
not the ETP. We have chosen the relational depiction of 2 for an easier identification of

the R-runs.

1. If ¢ = 21, then yo = y4 = 0 and hence dr(y1 + y2, 9] + v5) = dr(y1, v})-
2. If (#ay, thenq=¢ =q, y1 =y; =4k, and yo = vy = 4 - £. In particular,
dp(y1 +y2, 91 +y5) = 0=dp(y1, 1)
However, 2 does not have the ETP, which can be seen as follows. Let £ = « and
¢ =n=~(x1). We consider the R-runs p; and p2 of 2 on n[([{]] given by
pl(&‘) = (QIan7 1)7 P2(5) = (QI7Q272)7

pi(1) = pa(1) = (1,41, 4), and p1(11) = pa(11) = (1, 0).

Using the notation from Definition 3.32 we obtain y; = ¢} = 0, yo = y) = 4, y§ = 1,
and y5 = 2. We compute

y1+ys=0+51=1 ity +ys=0+54+51=5
Yi+ys=0+52=2 Yi+ys+yhb=0+544+52=5
and
dr(0+51,0452)=1#0=dp(0+54+51,0+5 4 +5 2).

This shows that 2 does not have ETP.
We note that maxrk(X) = 1 and N<y, is finite. Hence, TP and ETP are generally

not equivalent, not even for weighted word automata and finite monoids. <

We conclude this chapter by showing that weighted tree automata having the ETP
also have the property that the weights of any two R-runs on the same input are close

with respect to dp.
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Definition 3.36. We define the two constants
Mg = max{|m|r | m € M-im(#)} and Nz =2 My maxrk(X)#+2, 4

Lemma 3.37. Let = ETP. For every ¢ € Ty and every two R-runs of the respective

form % g and ﬂ—y> q' of % on £ it holds that

dr(y,y') < Na.

Proof. Let £ € Tyx, p be an R-run of the form % q, p' be an R-run of the form

&y, ¢, and denote n = size(¢). First, we assume that n < maxrk(X)#Q* 1) There
exist two families (y; € M-im(%) | i € [n]) and (y; € M-im(%) | i € [n]) such that
Yy=y10--Oypand y =y} ®@---©yl,. Since all y; and vy, are in M-im(Z4), it holds

that |y;|r < Mg and |y|r < My for every i € [n]. We obtain

n
dr(yy) S yle + 11 €3 (wilr + lilr) £2- My -n < Na.
i=1
Equations 1 and 2 follow from Inequalities (i) and (ii) from Lemma 3.6, respectively.
For Equation *3, we use that |y;|r < Mg and |y|r < Mg for every i € [n].

We prove the lemma by induction on n. The induction base n = 1 follows from
our above argument. Let n € N and assume that the claim holds for every n’ < n.
If n < maxrk(X)#Q*+D) | then our above argument yields the claim for n. Now, let
n > maxrk(X)#QTD which implies height(&) > #Q2.

We note that p and p’ contain a loop on the same part of £&. This follows from the
pigeonhole principle since height(£) > #Q?. Formally, there exists ¢’ € Ty, ¢,(’ € Cy,
weights Ya, Y, Ye, Yus Up, Ui € M, and states p,p’ € @ such that & = {'[¢[¢]], ¢ # 1, and
p and p’ be of the form g/\_y,; D % D % g and % P % P élz”/? q, respectively.

We obtain

*
dr(y,y") = dr(Ya © 1 © Ye, Yo © yh @ 42) 2 dr (Yo © Ye, o © yL) < Nog,

where Equation x; holds since %4 F ETP and Equation xo holds by the induction
hypothesis (applied to n’ = size({’[¢']) < n). O
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3.5 Sequentialisation of Weighted Tree Automata over
M, (M)

We have now collected the algebraic formalisms to do factorisations in monoids and
deepened our understanding of multiset-weighted tree automata. This provides all the
necessary tools to dive into our M-sequentialisation construction. In this chapter, we
carry out Step (II) of our M-sequentialisation construction (see Chapter 3.1).

In particular, given a WTA £ over X and Mg, (M), we define an equivalent se-
quential WTA Dy over X and Mg, (M) that is not necessarily finite. The automaton
Dy = (Q',T',final') is given by a weighted power set construction with factorisation
(cf. Definition 3.39). The states of Dy are maps of the form X: Q — Mg, (M). If X
is reached in Dy by reading an input tree £ € Ty, then X is a “record” of the R-run
weights of Z on ¢ (cf. Lemma 3.43). The transition weights of Dy are generated as
follows. Given a symbol o € X with rank s = rk(o) and states Xi,..., X of Dy, we
define the unfactorised successor state T,(X1, ..., X) by applying the transition weight
map T, to X1,...,X,. Next, we let (y,Y) be the minimal f-centering factorisation of
To(X71,...,Xs) and obtain the transition weight 7 (X7, ..., Xs,Y) = y. This step uses

the fact that M admits centering factorisations.

Throughout the rest of Chapter 3.5, we assume (M, ®,1) to be an arbitrary
finitely generated monoid with finite generating set I' such that M divides I'-
monotone and admits f-centering factorisations (for some strongly mono-
tone map f: N — N). Moreover, we assume # = (Q,T,final) to be an
arbitrary finite WTA over X and Mg, (M).

3.5.1 The Sequentialisation Construction

First, we lift the definitions of divisors, quotients, minimal quotients, minimising divi-

sors, and centering factorisations from Mg, (M) to maps of type Q@ — Mg, (M).

Definition 3.38. Let X : Q — Mz,(M) be a map. We define | X|r = maxycq [ X (¢)|r

and

div(X) = div(| J X(q)).
q€Q
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Moreover, for every y € div(X) we define

quot, (X) = {Y: @ = Mz (M) | Vg € Q: Y(q) € quot, (X(q))},
minquot, (X) = {Y: Q@ — Mg, (M) | Vg € Q: Y (q) € minquot, (X(q))}, and

mindiv(X) = argmin min Ve
yediv(X) Y €Eminquot, (X)

Finally, we define minCenterFact(X, f) as the pair (y,Y) such that y € mindiv(X),
Y € minquot, (X), and (y,U,cq Y (¢)) = minCenterFact(U,cq X (q), f)- <

Definition 3.39. We define the WTA Dy = (Q',T”,final’) over X and Mg, (M) as
follows. The set of states of Dy is Q' = Mg,(M)?, the final weight map is given for
every X € Q' by

final'(X) ={m© 2| ¢ € Q,m € X(q), 2 € final(q) },

and the transition weights are constructed as follows. For every s € N, ¢ € X(),
and states Xi,...,Xs € @', we define the unfactorised successor state

To (X1, .0, Xs): Q@ = Mg, (M) for every g € Q by

‘-To(Xla"-st)(Q):{{mIQ"'QmSQy|q1a"'7qs€Q7

my € Xl(QS)7‘~ Mg € XS(qS)ay € TU(Q17"'7qS7Q)PJ"

Moreover, we define (yo'*, Yz 1) = minCenterFact(T,(X1,. .., Xs), f), which
exists since M admits f-centering factorisations.
Now, T" is given for every s € N, 0 € X, and X1,..., X, X € Q' by

X1,..,Xs if X — YXI’""XS
TH(X1,..., X5, X) = e b 7 <

0 otherwise.
Remark 3.40. We note that Dy is indeed sequential and thus finite-run. In fact, for
every £ € Ty there exists a unique R-run of Dg on £. This follows directly from the
construction.
We consider the case where T,(X1,...,Xs)(q) = 0 for every ¢ € @ and note what
happens during the factorisation of this empty unfactorized state. It clearly holds that
|To (X1, ..., Xs)|r =0, div(T,(X1,...,Xs)) =M, and

quot, (T (X1, ..., Xs)) = minquot, (T (X1, ..., Xs)) = {To(X1,..., Xs)}
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for every y € M. Therefore, mindiv(T,(Xy,...,Xs)) = M. Since 1 = min<, M,
it holds that (1,7,(X1,...,Xs)) = minCenterFact(T,(X1,...,Xs), f). That is, our

factorisation keeps the empty state unchanged with the minimising divisor 1. <

Example 3.41. We continue Example 3.33 by constructing the sequential WTA
Dy = (Q',T',final’). More precisely, we construct the reachable part of Dy in a
procedural manner by exploring the state space and the transitions of Dy using the
definition of T”. We recall from Example 3.11 that (N, +,0) admits idy-centering fac-
torisations.

Moreover, we denote Xo = (g1 — {0}, g2 — 0, g3 — 0).

We begin by exploring transitions with input symbol «. Surely, we have that
Ta() = (1 — {1},q2 — 0,935 — 0). In order to obtain the non-vanishing transition
weight of the form 77, (X), we calculate minCenterFact(T,(),idy). It is clear that

div(Ta()) = {0,1},

as 04+ T4 () = To() and 1+ Xy = T, (). Moreover, these are the only respective quotients,

which implies
minquoty (T () = {Ta()} and minquot; (T () = {Xo}-

In order to find minimising divisors, we calculate the I'-length of these quotients. It

holds that |To()|r = 1 and | Xo|r = 0 and hence
mindiv(T,()) = {1}.

We obtain (1, Xy) = minCenterFact(T,(), idy) since M admits idy-centering factorisa-

tions. Therefore, we have determined the transition weight

T,(Xo) = 1.

Next, we explore all transitions starting in X and note that final’(Xy) = {0}.

We begin with the tranisition starting in X with input symbol v. We have
T,(Xo) = (@1 = {1},92 — 0,q3 — 0). From our previous calculations for T, () we
obtain 77 (Xo, Xo) = {1}-
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We continue with the transition starting in (X, Xo) with input symbol o. We have
T (X0, X0) = (g1 — 0,q2 — {1},93 — 0). In order to obtain the non-vanishing tran-
sition weight of the form 77 (X, Xo, X ), we calculate minCenterFact(T, (X, Xo), idy).
It is clear that
div(T, (X0, Xo)) = {0.1},

as 0+ T,(Xo, Xo) = T5(Xo, Xo) and 1 + X, = T5(Xo, Xo), where
Xo=(q1 = 0,q2—~ {0}, 43 = 0).
Moreover, these are the only respective quotients, that is,
minquoty(T,(Xo, Xo)) = {Ts(Xo, Xo)} and  minquot, (T, (Xo, Xo)) = {X{}-

In order to find minimising divisors, we calculate the I'-length of these quotients. It

holds that |T4(Xo, Xo)|r =1 and | X{|p = 0 and hence
mindiv(T,(Xo, Xo0)) = {1}

Hence minCenterFact (T, (X0, Xo),idy) = (1, X()). Therefore, we have determined the
transition weight

T'(Xo, Xo,0, X() = {1}

Next, we explore all unexplored transitions starting in Xy and X, and note that

final' (X)) = {0}. We easily calculate

T,(X0) = (g1 — {1,1},q2 — 0,93 = {1}), and
To(Xo, Xg) = To (X0, Xo) = To (X0, Xg) = (g1 0,92 — {1}, 93 = 0).

Using similar calculations as in our explorations starting in X, we obtain
T3(Xg, X1) = T5(Xo, Xo, Xo) = T, (X0, Xo, Xg) = T5(Xg, Xo, Xo) = {1},
where

X1 = (q1— {0,0},q2 — 0,q3 — {0}).

72



3.5 Sequentialisation of Weighted Tree Automata over Mg, (M)

Figure 3.6: Illustration of the sequential WTA Dg over X and Mg, (M).

By continuing in this fashion, we explore the reachable state space and arrive at

the following states and transition weights. For every k € N, we define

2k times 2k=1 times
Xk = (Q1 = {07"-)0}7(]2 HQ))QQ’)’_} {0570}}) and
2F times

—
Xl,c:(Q1'—>®7QZ*—>{O»-~-a0}7Q3'—>@)

3-2k=1 times 2k times
and have final’(Xy) = { 0,...,0 } and final'(X}) = {0, ...,0}. Moreover, we obtain

the following transition weights.

T ( Xy, Xi) = To (X, Xpy1) = {1} for every k € N
T,(Yi, Yy, Xi ;) = {1} for every i,j € N,Y; € {X;, X[}, Y; € {X;, X}}

A graphical illustration of the reachable part of Dg can be found in Figure 3.6. Since
D4 has many non-vanishing transition weights even within the first few states, we have

depicted only some o-transitions and many of those only partially using dotted lines.
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We have also removed the curly braces from all multisets to aid readability. Surely, D4

is sequential. <

Definition 3.42. Let £ € Ty and ¢ € Q. We define the multiset
y 4
WZ(g) ={y | > qc B} <

Lemma 3.43. Let ¥ = ¥ U ¥® or M be commutative. Moreover, let ¢ € Ty and

let the form of the unique R-run of D4 on £ be &) X. For every g € @ it holds that

X(q) € quot, (WZ(q)).

Proof. We prove the claim by structural induction on £. Assume that £ = o (&1, ..., &)

such that the claim is proven for &; for every ¢ € [s]. Let the form of the unique R-run

of Dy on &; be gzl—yi X; for every i € [s]. By the induction assumption it holds that

Xi(q) € quot,,(WZ(q))

for every ¢ € @Q and i € [s]. Moreover, let {¢'} = T,(X1,...,Xs, X) and note that
y=y1 ®- - ®ys®y'. Furthermore, by the definition of 7" it holds that

(v, X) = minCenterFact(T, (X7, ..., Xs), f)-
We obtain X(q) € quot,, (T5(X1,...,Xs)(q)) for every ¢ € Q. Thus, if we show that

To (X155 X)(9) € quoty, ooy, (W (), (3.6)

for every ¢ € Q, then we have X (q) € {Y € quot,, (Y') [ Y' € quoty, ¢..cy. (Wg’g(q))}
This lets us conclude X(q) € quoty(W? (¢)) by Lemma 3.12. An illustration of this
proof idea can be found in Figure 3.7.

In order to prove Equation (3.6), we note that, by definition of T,(X"),

To(X1,.. ., X)) = U (Xl(ql)@---@Xs(qs)@Ta(ql,...,qs,q))- (3.7)
q1,--,9s€Q

Moreover, it holds that

4 £| 1"
WZ(q) =y | *5 g€ B}

. &l Esly, .
= U {vio---0y.00] l—gql,...,—yiqsE%,yeTa(ql,...,qS,q)}}
ql""queQ
- U (W?{(Ch)®---®W'§’f(qs)®Ta(m,---7q57q))-
l]lw-#]sGQ
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Therefore, Equation (3.6) holds if and only if

(U (f@e o X ot a0))

q17“"qS€Q

€ quOtyIQ...st < U <Wg(q1) (ORERNO) Wg{(QS) ® TO’(q17 <oy (s, q)))?
q1,-,9s€Q

which holds if for every q1,...,qs € Q we have that

(X1a) @ © Xulas) © Tolars-- -, 4,0))

€ quoty@_._@ys <W?{(Q1) (ORERNO) WEJ:(QS) © Ta‘(qb -+ o5 s, Q)) . (38)

Equation (3.8) holds if (X1(q1) ®- -+ ® X4(gs)) € quot,, ..c,. (W'gf(qﬁ ©-- -@Wg(qs))
and since y; © X;(¢;) = Wg(qz) for every ¢ € [s] by the induction assumption, we have
ultimately determined that Equation (3.6) holds if

(X1(q1) ©+ © Xs(qs)) € quOty ooy, (11 © X1(1) O O ys © Xs(gs)).  (3.9)

If ¥ =2 yxX®, then s < 1 and hence Equation (3.9) is true. If M is commutative,
then 11 © X1(q1) © - Oys © Xs(qs) =11 @+ - O ys © X1(q1) ©® - - - ©® Xs(¢s) and hence
Equation (3.9) is true. O

Lemma 3.44. If ¥ = ¥© y M) or M is commutative, then D is equivalent to 4.

Proof. Let & € Tsx; and let the form of the unique R-run of Dy on £ be % X. It holds

that
[D2](€) 2 fy© 2| X 5 € Dz}
Z{yomod|qeQme X(q),7 € final(q)}
={moz|qeQ,me (yo X(q)),7 € final(q)}
Zfmos|qeQ,me W‘?(q),z’ € final(q)}
24y 0 g€ Q,iy; q € B, 7 € final(q)}
2y o 1T g 5 e ) 2 2],
where Equations x; — x5 can be seen as follows. Equation x; follows from Lemma

3.27 and the uniqueness of the R-run of Dg on £. Equation xo follows from the
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Figure 3.7: Illustration of the proof idea from Lemma 3.43.

definition of final’. Equation %3 follows from Lemma 3.43. More precisely, the fact
that X (q) € quoty(W?(q)) implies that y © X(q) = W‘%@(q). We note that this uses
the assumption that ¥ = ¥(© U XM or M is commutative. Equation x4 follows from
the definition of W? (¢). Equation %5 is an application of our notation for R-runs and

final weights (cf. Remark 3.26). Equation ¢ follows from Lemma 3.27. O

Lemma 3.45. Let ¥ = Y(© u X1 or M be commutative. Moreover, let 2 = ETP.

For every reachable state X € @’ of Dy and every m; € X(q) for some ¢ € @ it holds
that

lmi|r < f(Nz).

Proof. Let X € @' be a reachable state of Dy and m; € X(q) for some ¢ € ). The

fact that X is reachable implies the existence of £ € Tx; and y € M such that the form
of the unique R-run of Dy on € is % X.
Assume that € = 0(&,...,&) and let Xq,...,Xs € Q@ and y1,...,ys € M such that

the unique R-run of Dy on §; is of the form &'—yi X; for every i € [s]. Furthermore, let
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{v'} =T.(X1,..., X5, X) and recall from Definition 3.39 that
(v, X) = minCenterFact(T, (X1, ..., Xs), f)-

Thus, by the definition of an f-centering factorisation, there exists ¢’ € @ and
mg € supp(X(q')) such that |mq|p < f(dp(mi,ma)).

By Lemma 3.43 it holds that X(q) € quot, (W?(q)) and X(¢') € quot,, (W?(q’))
Thus there exists y] € supp(W'? (q)) and ¥}, € supp(W'g%) (¢')) such that y] =y ® m
and y5 = y ® my. We note that this uses the assumption that X = YO yU® or M is

commutative. We obtain

milr < f(dr(myms)) < f(dr(y @ mi,y © ma)) = f(dryh b)) < f(Na),

where Equation x; holds since M divides I'-monotone and f is strongly monotone and
Equation %9 follows from Lemma 3.37 and the fact that f is strongly monotone. This

concludes the proof. O

Corollary 3.46. Let ¥ = ¥(© U 1) or M be commutative. Moreover, let 2 £ ETP.
For every reachable state X € Q' of Dy and every g € @ it holds that

supp(X (9)) € B y(ny) (1)-
In particular, it holds that #supp(X(q)) < occ.

Proof. This follows directly from Lemma 3.45. O

3.5.2 The Finitely R-Ambiguous Case

We have seen that all values occurring in states of Dg are close to 1 if A satisfies
the ETP. However, each occurring value can have arbitrarily large multiplicity, which
allows the set of reachable states of Dy to be infinite nonetheless. Fortunately, if %
is finitely R-ambiguous, then the size of all reachable states of Dy is bounded (recall
from Lemma 3.43 that the size of a reachable state of Dy equals the number of R-runs
of D4 on some tree £ € Tx) and hence, the reachable part of Dy is finite.
Nonetheless, even if the reachable part of Dy is infinite, then there are still cases

for which our M-sequentialisation construction works, as we will see in Chapter 3.7.
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Corollary 3.47. Let ¥ = ¥(© U XM or M be commutative. Moreover, let 2 £ ETP.
If & is finitely R-ambiguous, then the set of reachable states of Dy is finite.

In particular, if £ is finitely R-ambiguous, then 4% is sequentialisable.
Proof. We recall that since £ is finitely R-ambiguous, there exists k € N such that
# R-Runs»(§) <k
for every £ € Tyx. Moreover, we define the set
K = {M € M(Bj(n,)(1) | #M < k}.

It is clear that K, and thus also K9, is finite. Let X € Q' be reachable state of D.
We will show that X € K¢, which proves the claim.

By the reachability of X, there exists £ € Ty, y € M, and an R-run of the form
% X of Dg. Moreover, let ¢ € (). By the finite R-ambiguity of % it holds that
#W’?(q) < k. By Lemma 3.43, we have X (q) € quoty(W?(q)) and thus also #X(q) <
k. Moreover, by Corollary 3.46, we obtain that X(q) € M(By(y,)(1)). This proves
that X € K. O

Example 3.48. We illustrate Corollary 3.47 by sequentialising the finitely R-ambiguous
WTA ¥ from Example 3.30. More precisely, we construct the reachable part of
Dy = (Q',T',final') in a procedural manner by exploring the state space and the
transitions of D¢ using the definition of T7”. We recall that ¢ is a WTA over Mg, (M),
where M = ((I').,-,1) and I" = {2,3}. Moreover, we have seen in Example 3.30 that
M admits f-centering factorisations, where f(n) =2 -n for every n € N.

We begin by exploring transitions with input symbol a. Surely, we have that

Ta() = (@1 = {1}, 2 — {2}, ¢3 — 0). Using similar calculations as in Example 3.41,

we obtain the transition weight
To(Xo) = {1},

where Xo = (¢1 — {1}, 2 — {2},¢43 — 0).
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Next, we explore all transitions starting in X, and note that final’(Xy) = 0. We

have

T,(Xo) = (1 = 0,2 — {2,6}, 43 — 0) and
('TO'(XOa XO) = (ql = (ba q2 — 07 q3 — {87 12})
Again, using similar calculations as in Example 3.41, we obtain the transition weights
T,;,(X[),Xl) = {{2}} and T;.(X[),XO,XQ) = {4}}, where
Xl = ((h — ®7q2 = {1’3}7q3 = (b) and

X2 = (q1 > 0,q2 = 0,93 =~ {2,3}).
By continuing in this fashion, we explore only two more states, namely

Xz = (1 0,q2— 0,93 — {2,3,6,9}) and

Xi=(q1— 0,92 0,93 = 0),

the final weights final'(X;) = 0, final'(Xs) = {6,9}, final'(X3) = {6,9,18,27},
final’(X4) = ), and the following further transition weights.

T (X1, X1) = T, (Xa, Xa) = T (X3, X3) = {3}, T:(Xy, X4) = {1},
T,(Xo, X1, X3) = {2}, T5(X1, Xo, Xu) = {1}, and
T(X5, X, X4) = {1} ¥i,j € {0,1,2,3) sth. i +j > 2.

In particular, the reachable state space of D¢ equals { Xy, X1, X2, X3, X4}, which is a
finite set, as predicted by Corollary 3.47. We note that X4 acts as a “sink” state with
an empty final weight and no outgoing non-vanishing transition. An illustration of the
reachable part of Dy can be found in Figure 3.8. To aid readability, we omitted the

sink state X4 and the curly braces of all multiset weights. <

3.6 Relating WTA over Mg,(M) and WTA over S

We will now execute Step (I) of our M-sequentialisation construction (see Chapter 3.1)

using a concept of relatedness of weighted tree automata. This allows us to translate
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6,9,18,27

Figure 3.8: Illustration of the sequential finite WTA Dg, over {a,b} and Ma,({{2,3}).)
from Example 3.48. We have omitted the sink state X, to aid readability.

our 8§(M)-sequentialisation results for WTA over Mg, (M) (see Chapter 3.5) to WTA
over an arbitrary M-semiring S.

More precisely, given a WTA &7 over X and S and a WTA % over X and Mg, (M),
we say that o/ and £ are related if @/ and % have the same sets of states and every
transition weight and final weight of ./ equals the evaluation of the respective multiset
weight of # via @ in S (cf. Definition 3.51). Moreover, we will introduce the notion
of strong relatedness which expresses that, in addition to relatedness, the sets of runs
of o/ and % have certain combinatorial similarities. We will use these combinatorial

similarities in Chapter 3.7.

Throughout the rest of Chapter 3.6, we assume (S, ®,®,0,1) to be an arbi-
trary M-semiring for some finitely generated monoid M with finite generat-

ing set I'.

Definition 3.49. We define the operator [_]g: Mg, (M) — S where for every multiset
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M € Mg, (M) we let

[M]s = & m.

meM
For every set A, we can naturally extend [_]s to a map [_]g: (Mga(M))* — S4 where
for every L: A — Mg, (M) and a € A we let

Furthermore, [_]s naturally extends to subsets of (Mg,(M))# by elementwise applica-

tion. |

Lemma 3.50. Let £ = (Q,T,final) be a finite-run WTA over X and Mg, (M). For
every £ € Ty it holds that

[#s6) = P yo-

L

Proof. This follows immediately from Lemma 3.27 and the definition of [-]s. ]

Definition 3.51. Let &7 = (Q, T, final) and & = (Q’, T, final’) be a WTA over X and
S and a WTA over X' and Mg, (M), respectively. We say that &7 and & are related if
Q= Q' and for every s e N, 0 € ¥ and q1,...,¢s,q € Q it holds that

To(q1,---1qs,q) = [Tolq1,---,9s,9)]s and final(q) = [final’(¢)]s-

Moreover, we say that o/ and % are strongly related if o/ and 2 are related and for
every s €N, 0 € ¥ and ¢, ...,qs,q € Q it holds that

(a) if To(q1,---,9s,q) =0, then To(q1, ..., ¢qs,q) = 0 and

(b) i To (g1, -+ ds:q) € M\ {0}, then Ti(qu, .-, dss @) = {To (a1, - -, 45, 0)}-

Given a WTA & over X and S, we denote the set of WTAs over X' and Mg, (M)
that are related (or strongly related) to <7 by Rel(«/) (or StrongRel(</), respectively).
Analogously, given a WTA A over X and Mg, (M), we denote the set of WTAs over
Y and S that are related (or strongly related) to % by Rel(#) (or StrongRel(%),

respectively). |
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Remark 3.52. Let o and £ be as in Definition 3.51 and moreover, let &/ and %A
be strongly related. Let s € N, ¢ € Y and ¢1,...,95,9 € Q. We note that
(q1,-..,9s,0,q) is a transition in a loop of &7 if and only if (q1,...,qs,0,q) is a tran-
sition in a loop of #4. This follows from the fact that &/ and % have the same graph
structure.

We note that this is not true if &/ and £ are only related. More precisely, if o/ and
A are only related, then Z can have non-vanishing transition weights that correspond
to vanishing transition weights in /. In particular, % can have valid runs that are
non-valid runs of «/. We illustrate this fact using the WTA o = (Q, T, final) over
{#© M} and (Zy, B4, ©4,0,1) and the WTA 2B = (Q,T”,final’) over {#©,a(V} and
Men((Z4, ®4,1)). We define the automata by their graphical representation as follows.

Clearly, & and 2 are related, since Ty(q1,q2) = 0 = 2 @4 2 = [T(q1,¢2)]z, (and
similarly for all other occurring weights). However, they are not strongly related, since
condition (a) of strong relatedness is violated (see Definition 3.51). In fact, % has a
valid run on £ = a(#) while  has none. Moreover, (q1,0,q2) is a transition in a loop

of % while it is not a transition in a loop of o <

Lemma 3.53. Let & be a WTA over XY and S and let &4 be a WTA over Y and
Mg (M). If o and A are related, then [&/] = [[#A]]s.

Proof. We denote & = (Q, T, final) and % = (Q, T, final’). Let £ € Tx. It holds that

Vg € Q: Runs?/(§, q) € Runs%(&, q), (3.10)
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which can be proven as follows. Let ¢ € Q and p € (QP*®) \ Runs% (&, ¢)). That is, p
is a run of & on ¢ that is not valid. In particular, there exists w € pos(&) such that
Té(w) (p(wl),..., p(ws), p(w)) = O, where s = rk({(w)). Since o and A are related we
obtain T () (p(wl), ..., p(ws), p(w)) = 0 and hence, p is also not a valid run of &7 on &.
Therefore, p € (QP*&) \ RunsY, (&, q)), which concludes the proof of Equation (3.10).

Let p € (Runsf;?(ﬁ, q) \Runs?, (¢, q)) for some g € Q. Since p is not a valid run of <7,
there exists w € pos(§) such that Te(, (p(wl), ..., p(ws), p(w)) = 0 where s = rk({(w)).
Therefore, [Tgl(w) (p(wl),...,p(ws), p(w))]s = 0 by the definition of relatedness and
hence [wtz(&, p)]s = 0. This proves the following Equation (3.11).

Vg € Q: Vp € (Runsly(€,q)\ Runsly(&,q)): [wta(& )]s =0 (3.11)

Next we show the following Equation (3.12) by structural induction on &.

Vg € Q: Vp € Runsy (&, q): wty (&, p) = [wtz(, p)]s- (3.12)

Assume that £ = o(&1, ..., &) and that Equation (3.12) holds for &;,...,&. Let ¢ € Q
and p € Runs?, (£, q) and denote ¢; = p(i) for every i € [s]. Moreover, for every i € [s]
let p; be the restriction of p to &, that is, p; € Runs?/ (&, ¢;) such that p;(w) = p(iw)
for every w € pos(§;). We obtain

WtQ{<€7p) *:1 Wt&/({hpl) (ORERNO) Wt,ﬁ?{(g&ps) © Ta(Ql: cee 7q87Q)
= [[Wtﬂ(glvpl)]]s (ORERNO) [[Wtd(gsaps)]]s ®© TU(Qla o 7qsaQ)
*:3 [[WtrQ{(é.l?pl)]]S OO [[Wt,pf(f&ps)]]b’ © [[T(;'(QL v 7QS7Q)]]S

g [[Wtﬂ(glvpl) (ORERNO) Wtd(&s»ﬂs) O] Té’(Ql? <.y Qs, Q)]]S § HWt,%’(gap)]]Sv

where Equations x; and x5 follow from the definition of the weight of a run, Equa-
tion xo follows from the induction assumption, Equation x3 follows from the definition
of relatedness, and Equation x4 follows from the distributivity law. This proves the

induction step and therefore concludes the proof of Equation (3.12).
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We obtain that for every & € Tx it holds that

(] =P P wtw(&p) @ final(g)

4€Q peRuns?, (¢.q)

2B B wi(Ep) o lfinal (9)]s

9€Q peRunsy, (£,q)

2P P [wtzs(&p)ls o [final'(g)]s

q€Q pERunsy, (£,q)

2 P [wtalé p) o final (p(e))]s 2 [Z]]s(w),
pERunsY, ()
where Equation *; follows from relatedness of o/ and %, Equation xo follows from
Equations (3.11) and (3.12), Equation x3 follows from the distributivity of S, and
Equation x4 follows from the definition of [_]s and [#]. This concludes the proof of

the lemma. O

Example 3.54. The concept of relatedness links the WTA &7 from Example 3.1 (also
cf. Figure 3.1) and the WTA 2 from Example 3.21 (also cf. Figure 3.3). In fact, &/
and Z are strongly related. This can easily be seen as follows.

For every ¢ € @ it holds that final(q) = {{final,/(¢)}. Furthermore, for every
s>0,7€ X and q1,...,q,q € Q such that (T./)+(q1,...,qs,q) € N it holds that
(Teor)r(q1,---,4qs,q9) = 1 and T-(q1,--.,4s,q9) = {1}. The only other transition with a
non-vanishing transition weight in % or & is (2,7, ¢1), where (T,),(q2,¢1) = T and
T,(q2,q1) = {1,1}. The fact that [{1,1}]x =1V 1 =T concludes the proof that .o/
and Z are strongly related.

It folllows from Lemma 3.53 that [/ = [[#]]s. We recall from Example 3.28 that
for every £ € Ty it holds that

r(€) times

[2] (&) = {size(§),...,size(&)}, where

21 if ((e) =y and £(1) =0

rg) = 2% +
0 otherwise.

and n¢ is the number of times a v occurs directly above a o in . Thus, by the definition
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Of [[f]]g,
size ifne=0
#lsie) = {0 e

T otherwise.

By Lemma 3.53, [«/] = [[#]]s. This proves our conjecture about the weighted tree
language [</] from Example 3.1. <

We will now show that for every WTA o over X' and (M) there exists a strongly
related WTA £ over X and Mg, (M) and for every WTA 2 over X and Mg, (M) there
exists a related WTA &/ over X and S.

Lemma 3.55. Let &/ = (Q, T, final) be a WTA over X' and (M)g. It holds that
StrongRel(«7) # 0.

Moreover, if <7 is M-sequential, then there exists a & € StrongRel(%?) which is se-

quential.

Proof. Let # = (Q',T',final’) be the WTA over X and Mg, (M) where Q' = Q and T’
and final’ are defined as follows.

For every ¢ € @, the fact that final(q) € (M)g implies the existence of n, € N
and z{,...,z8 € M such that final(q) = @;?, 2. We fix an arbitrary instance of
ng, 2y, ..., zn, and define the final weight map of # by final'(¢) = {z] | i € [ng]} for
every q € Q.

Analogously, for every s € N, 0 € Y and ¢,...,¢s,¢ € Q, the fact that
T5(q1,---,9s,q) € (M) implies the existence of n, € N and yi,... 3, € M where
t=(q1,..-,4s,0,q) such that T,(q1,...,qs,9) = Byt I Tr(q1,...,4qs,q) =0, then
we let ny = 0. If T, (q1, ..., qs,q) € M\{0}, then we let n; = 1 and ¢} = T, (q1, - - -, s, q)-
Otherwise, we fix an arbitrary instance of ng,yi,...,y5 . We define the transition
weight map of & by T.(q1,---,qs,q) = {yt | i € [ng]} for every s € N, ¢ € ), and
Q-5 95,9 € Q.

By the construction it is clear that &/ and % are strongly related. This proves that
StrongRel(«) # 0.

The second claim can be seen as follows. Let every non-vanishing weight occurring

in T be in M. It holds that for every s € N, 0 € X&), and ¢q,...,¢s,q¢ € Q either
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To(q1,---,9s,q) = 0 (in this case T.(q1,---,9s,q) = 0) or To(q1,---,qs,q) € M (in this
case To(q1,---,9s,9) = {T»(q1,---,4s,9)}). Hence, every transition weight of £ is
either {) or in §(M). Moreover, if &/ is deterministic, then 2 is also deterministic!. In
total, if &7 is M-sequential, then 4 is deterministic and every non-vanishing transition

weight of # is in §(M). This proves the claim. O

Lemma 3.56. Let # = (Q, T, final) be a WTA over X' and Mg, (M). It holds that
Rel(A) # 0.

Moreover, if A is sequential, then every «/ € Rel(#) is M-sequential.

Proof. Let o/ = (Q',T',final’) be the WTA over X and S defined by Q' = @Q and for
every s e N, 0 € X and ¢1,...,q5,q € Q by

T.(q15---+95.q) = [Ts(q1,---,4s,q)]s  and  final'(q) = [final(q)]s-

By definition, 7 and % are related, which proves the first claim. We note that < is
indeed the only WTA over X' and S that is related to A.

The second claim can be seen as follows. Let % be sequential. Since £ is deter-
ministic, also <7 is deterministic. Let s € N, 0 € X, and ¢1,...,¢s,q € Q. Since B is
sequential, it holds that either T,(q1, ..., ¢s,q) = 0 (in which case T}, (¢1,...,qs,q) = 0)
or To(q1,...,qs,q) = {a} for some z € M (in which case T/(q1,...,qs,9) = x) by
construction. Hence, all non-vanishing weights occurring in 7" are in M, which yields

the claim. O
Corollary 3.57. It holds that

[Rec(X, Man (M))]s = Rec(X, (M)g).
In particular, it holds that [Rec(X, Mg, ((S,®,1)))]s = Rec(X, S).

Proof. We show the equality [Rec(X, Mg, (M))]s = Rec(X, (M)g) by proving the two
set inclusions “C” and “D” using relatedness of automata.

For “C”: Let = (Q,T,final) be a finite WTA over X' and Mg, (M). By Lem-
ma 3.56 there exists &/ € Rel(#) and by Lemma 3.53 it holds that [[#]]s = [«].

1We note that this is not true if </ and 4 are only related, see Remark 3.52
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Moreover, o7 is finite and every weight occurring in 7 is in (M)g by definition of
relatedness. Thus, [/] € Rec(X, (M)g) and hence also [[#]]s € Rec(X, (M)g). This
proves the inclusion [Rec(X, Mg, (M))]s € Rec(X, (M)g).

For “27: Let & = (Q,T,final) be a finite WTA over X' and (M)g. By Lemma 3.55
there exists # € StrongRel(«/) and by Lemma 3.53 it holds that [«/] = [[#]]s.
Together with the fact that £ is finite, we obtain [«/] € [Rec(X, Mg,(M))]s. This
proves the inclusion [Rec(X, Mg, (M))]s 2 Rec(X, (M)g). O

Corollary 3.58. It holds that
[sRec(2, Mg (M), $(M))]s € dRec(X, (M)e).
Moreover, it holds that [sRec(X, Mg, (5),8(5))]s = dRec(X, S).

Proof. Let # be a sequential finite WTA over X' and Mg, (M). Since £ is sequen-
tial, Lemma 3.56 implies the existence of a deterministic &/ € Rel(%). Similarly to
Corollary 3.57 one can prove the first claim and the inclusion “C” of the second claim.

It remains to show the inclusion [sRec(X, Mg, (5),8(5))]s 2 dRec(X, S). Let o7
be a deterministic WTA over ) and S. We note that in this case, the weights of &7 are
already in the monoid (S, ®,1). Hence, by Lemma 3.55 there exists a $(.5)-sequential
2% € StrongRel(«7). This concludes the proof. O]

Definition 3.59. Let &/ = (Q, T, final) be a finite WTA over X and S.
We say that o/ has the extended twinning property (in symbols: &7 F ETP) if there
exists Z € StrongRel(«/) such that £ F ETP. <

Example 3.60. We recall the WTA % from Example 3.21 and the WTA & from
Example 3.1. In Example 3.33 we have seen that % E ETP and from Example 3.54 we
know that # € StrongRel(</). Thus, by Definition 3.59, &/ F ETP.

We note that the fact “o/ F ETP” does not imply that every WTA which is strongly
related to 7 has the ETP. For illustration, we consider the WTA 4’, which is equal to
% except that we replace the transition weight T (g2, ¢1) (which equals {1,1} in &) by
{1,2}. Tt is easy to see that &’ is still strongly related to & (since 1V2=T =1V1).
However, 4’ does not have the ETP.
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In order to see this, we let £ = v(o(a,a)). Similar to Example 3.24 we fix the

following two R-runs of %’ on &.

(q27q171) (QQ7Q172)
pP1: (Q17Q1,Q271) P2 (Q1,Q17QQ71)
0— // \\ 0— // \\
(@1,1)  (q1,1) (@1,1)  (q1,1)

(87 O (87 O

We let & = a, ( = v(o(x1,a)) and note that p; and py are of the respective form
g 8 and %(h%éll,
where y1 =y) =1, yo=1+1+1=3, and y5 =1+ 1+ 2 =4. It holds that

dr(yr, 1) =0# 1 =dr(yr + y2, 1 + v5),

which directly proves that %’ does not have the TP and hence, ' does not have the
ETP either. <

Definition 3.61. Let &/ = (Q, T, final) be a finite WTA over X and S.

We call o finitely M-ambiguous if (a) there exists k& € N such that for every £ € Ty
it holds that #Runs?,(¢) < k and (b) for every transition (q1,...,¢s,0,¢) in a loop of
</ such that qi,...,qs are reachable, it holds that T,(q1,...,qs,q) € M. <

Lemma 3.62. Let &7 = (Q, T, final) be a finite WTA over X and S. It holds that
&/ is finitely M-ambiguous <= V% € StrongRel(«7): A is finitely R-ambiguous.

Proof. For “ <= 7: We note that StrongRel(«/) # () by Lemma 3.55. We let
% € StrongRel(«7) and denote B = (Q,T’,final’). By assumption, £ is finitely
R-ambiguous and hence, there exists k£ € N such that for every £ € Ty it holds that
# R-Runsz(§) < k. The fact that

#Runs?, (§) < #Runs%(§) < # R-Runsg(&)

yields condition (a) from the definition of finite M-ambiguity for ..
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It remains to show that condition (b) holds. First, let s € N,o € X, and
qi,---,4s,q € Q be reachable such that (qi,...,qs,0,¢q) is a transition in a loop of 4.
The finite R-ambiguity of % implies that #77(q1,...,qs,q) = 1. This can be shown
by a pumping argument as follows. There exists £ € Ty, ¢ € Cx, p € Runsy(§),
p' € Runsy((), and w € pos(¢) such that p’ is a loop, p'(wi) = ¢; for every i € [s],
£(w) = o, and p/(w) = ¢. It holds that (p')’[p] € Runsgz(¢f€]) for every £ € N. If
#T! (q1,...,qs,q) > 2, then (p/)’[p] is associated to at least 2¢ pairwise different R-
runs of % on ¢[¢]. In particular, # R-Runsz(¢‘[¢]) > 2¢ and hence, 4 is not finitely
R-ambiguous.

Now, let s € N,o € ¥ andqi,...,qs,q € Q be reachable such that (¢1,---,9s,0,q)
is a transition in a loop of /. By Remark 3.52, (q1,...,¢s,0,q) is a transition in a
loop of Z and from our above argument we obtain #7.(qi,...,qs,q) = 1. Therefore,
by the relatedness of & and 4, it holds that T, (q1,...,9s,9) = {To(q1,---,4s,9)}
and hence T, (q1,...,¢s,q) € M. This yields condition (b) from the definition of finite
M-ambiguity for <.

For “= 7: Let % € StrongRel(«) and denote # = (Q,T”, final’). Moreover, we

define the constant

/
cg= max H#I (q,...,qs,q)-
SGN,UEE(S),
q1;--59s,9€Q

Now let & € Tx. It holds that #Runs%(§) = #Runs?,({) by the definition of strong
relatedness and hence #Runsiy(£) < k by the finite M-ambiguity of «7. Furthermore,
from Equation (3.3) we obtain that (U, cpyns_, ) R(p) = R-Runsg(£). Hence, if we show

Vp € Runsy(€): # R(p) < (cg) k)7 (3.13)

then we obtain # R-Runsg(§) < k - (c%)maxrk(z)#Q, which implies the claim.

Let p € Runsi(&). Since the R-runs in R(p) must have the same “state behavior”
as p, it surely holds that

4R = [ #Tw(p(wl) . pws), p(w)) < (cx)20O.
wEPpos(§)

In particular, if size(¢) < maxrk(X)#?, then Equation (3.13) holds.

Now let size(¢) > maxrk(X)#? and note that this implies height(¢) > #Q. Thus, by
the pigeonhole principle, p contains a loop. Formally, there exists ¢’ € Ty, (,(’ € Cy,
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p1 € Runsgz(¢), p2 € Runsz((), and ps € Runsy(¢’) such that ¢ # x1, py is a loop,
C'[C[€]] = &, and ps[p2[p1]] = p. Since every transition occurring in ps occurs in a loop
(namely p2), every transition weight occurring in po (considered over ) is in M and
hence, every transition weight occurring in pe (considered over £) is a singleton set.
In particular,

#R(p) = I #Tiw)(p(wl). .. p(ws), p(w))

wepos(§)

= I #Tw el ... pws), p(w)) = #Rpslor)).
wepos(¢'[¢'])
Moreover, size(¢'[¢]) < size(§). By iteratively removing loops from & in this way, we
arrive at a tree £ € Ty and a run p of % on & such that size(é) < maxrk(X)#Q
and #R(p) = #R(p). It holds that #R(p) < (cz)™> k()™ by our above argument
and hence, we obtain that #R(p) < (cE@)maxrk(E)#Q, which concludes the proof of

Equation (3.13) and therefore the proof of the lemma. O

3.7 M-Sequentialisation of Weighted Tree Automata

In this chapter, we execute Step (III) from our M-sequentialisation construction (see
Chapter 3.1). First, given the sequentialisation Dy of some WTA % over X and
Mgn (M) (cf. Definition 3.39), we define the concept of an accumulator ~ of D4 and the
accumulation acc~ (Dg) of Dg via ~ (cf. Definitions 3.63 and 3.64). This accumulation
process combines states with the same local state behaviour and
S-evaluates all multiset weights. In particular, acc.(Dg) is a WTA over X and S.
Second, we show that acc.(Dg) is indeed M-sequential cf. Lemma 3.66) and equiva-
lent to & up to S-evaluation (cf. Lemma 3.67). Next, we provide classes of weighted
tree automata % over Mg, (M) and accumulators ~ such that acc. (D) is finite (cf.
Definition 3.69 and Lemmas 3.70 and 3.72).

We ultimately combine the concept of accumulators with the concept of strong
relatedness from Chapter 3.6 to obtain M-sequentialisation results for weighted tree
automata over X and (M)g. This chapter also concludes the main contribution of
Chapter 3. We restate our M-sequentialisation results in a closed form in Theorems 3.77

and 3.78.
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Throughout the rest of Chapter 3.7, we assume (S,®,®,0,1) to be an ar-
bitrary M-semiring for some finitely generated monoid M with finite gener-
ating set I'. Moreover, we assume that M divides I'-monotone and admits

f-centering factorisations (for some strongly monotone map f: N — N).

3.7.1 Accumulation of Dy

Throughout the rest of Chapter 3.7.1, we assume B = (Q,T,final) to be
an arbitrary finite WTA over X and Mg, (M). Moreover, we consider the
sequential WTA Dy = (Q',T’,final’) as defined in Definition 3.39 and let
Q" C Q' be the set of reachable states of Dg.

Definition 3.63. An equivalence relation ~ C Q" x Q" is called accumulator of Dy if

e for every X, X’ € Q" such that X ~ X’ it holds that [final’(X)]s = [final’(X")]s

and

o for every s € N, 0 € ¥ and Xi,..., X, X},..., X, X, X" € Q" such that
X1~ XD Xy ~ X, TU(Xy o Xy, X) # 0, and TU(XL, ..., X!, X") # 0 it
holds that X ~ X’ and T%(X1, ..., Xs, X) = TL(X], ..., X!, X").

We visualise the second condition in Figure 3.9.

We call an accumulator ~ of Dy finite if Q" /. is finite. <

Definition 3.64. Let ~ C Q" x Q" be an accumulator of Dg. The accumulation of

Dy via ~ is the tuple
aCCN(D%’) = (@7 fa ﬁ—ﬁgl)

defined as follows.
«Q=0Q"/~
o final: @ — S is given for every X e @ by
final(X) = [final’ (X)]s,

where X € Q" such that X = [X]..
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Figure 3.9: An illustration of the second property of Definition 3.63. Two transitions in

Dg where X; ~ X/ for every i € [s] also satisfy X ~ X’ and y = ¢/.

e For every s € N, ¢ € ¥ and )?1,...,)?8,)? € @, the transition weight
fg()?l,...,)?s,f(/) is given by
y inyM/\EIXl,...,XS,XEQ”:()N(:[X]N/\
T,(Xy,..., Xs, X) = (Vi € [s]: Xi = [Xi]o) AT(XD, ..., Xs, X) = {y}})

0 otherwise.

Since ~ is an accumulator of Dg, it follows from Definition 3.63 that acc..(Dg) is

well-defined. <

Example 3.65. We continue Example 3.54 by defining an accumulator ~x of D4 and
the accumulation of Dy with ~x. In Example 3.41, we have constructed the set of
reachable states Q" of Dy, which is Q" = {X;, X! | i € N}. Let ~x C Q" x Q" be the

equivalence relation defined by
[Xol~y = {Xo}, [Xo)~e ={Xo}, and  [Xi]o, ={Xs, Xj [ i€ Ny}

An illustration of the relation ~x can be found in Figure 3.10. Next we prove that ~x
is an accumulator of D .

We prove the first condition from Definition 3.63. Let Y, Y’ € Q” such that Y ~x Y”.
Hence, Y =Y’ or Y, Y’ € [X1],. If Y =Y, then trivially [final’ (V)]s = [final’(Y")]s.
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Figure 3.10: An illustration of Dg (cf. Example 3.41), where the state coloring illustrates
the equivalence relation ~x. The states X, X{), and X are in pairwise different equivalence
classes under ~x, whereas all states of the form X; and X/ with ¢ > 1 are in the same

equivalence class.
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If YY" € [Xi]~y, then from the definition of final’ we obtain #final’(Y’) > 2 and
#final’(Y’) > 2, which proves [final’(Y)]s = T = [final’(Y”)]s. This concludes the
proof of the first condition from Definition 3.63.

Next, we prove the second condition from Definition 3.63. Let s € N,7 € X0,
and Vi,...,Y,, Y{,...,Y!,Y,Y' € Q" such that T'(Y4,...,Y,,Y) and T/(Y7,..., Y., V")
are non-empty and Y; ~x Y/ for every i € [s]. The definition of 7" shows that
TH(Y1,....Ys,Y) = {1} = TXY{,....Y..Y'). It remains to show that ¥ ~x Y.
If 7 = @, then Y ~x Y’ holds trivially. Let 7 = v. We know that Y7,Y] € {X, | i € N}.
Since Y1 ~x Y/, we obtain that either Y7 = Y{ = X (in which case Y =Y’ = Xj) or
Y1,Y! € [Xi]~y (in which case Y)Y’ € [X1]~,). In any case, Y ~x Y. Now let 7 = 0.
We note that Y # Xy and Y’ # X by the definition of 7”. In fact, the only two cases
where Y obx Y are (i) Y = X and Y’ € [X;]~, and (ii) Y € [X1]~, and Y’ = X||. We
prove Y ~x Y’ by contradiction and assume without loss of generality that ¥ = X and
Y’ € [Xi]~y. From the definition of 77 we obtain that Y7,Y> € {Xo, X{}. Therefore,
since Y7 ~x Y{ and Y3 ~x Y3, we have that Y{,Y; € {Xo, X(}. For every such Y{,Y5,
and Y it holds that 7/, (Y{,Y5,Y") = (), which is a contradiction to the quantification of
Y{, Yy, and Y’. This concludes the proof of the second condition from Definition 3.63.

To keep the example readable, we abbreviate the equivalence classes of ~x by

Q1 = [Xo]y, Q2 = [Xglvy, and Q3= [Xi].,

From Definition 3.64 we obtain that acc., (D) is well-defined and denote its com-
ponents by acc, (Dg) = (@, init, T, fggl). We know that CNQ ={Q1,Q2,Q3}. Moreover,

we can easily calculate the values of [final’(X )]s for X € Q” and obtain
ﬁ;;lz (Ql —0,Q2+— 0,Q3 — T).

In order to obtain the values of f, we simply need to find the corresponding transition

weights from Dg. Every value of Tis L except

S

To(Q1) =

I (Q1, Q1) = T0(Q2,Q3) = T+(Qs,Q3) = 1,
T (

(

S S

Qi,Qj,Q2) =1 for every i,j5 € {1,2}, and
Qi,Qj,Q3) =1 for every i,j € {1,2,3} such that i =3 or j = 3.

[

T,
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Figure 3.11: The deterministic WTA acc.,(Dg) from Example 3.65.

An illustration of acc.,(Dg) can be found in Figure 3.11. Clearly, acc,(Dg) is a
deterministic WTA over X' and X and every non-vanishing weight occuring in T is in

N. Moreover, one can show that [[#]]s = [acc~y (Dz)]. <

We have seen in Example 3.65 how the accumulation of Dy via an accumulator
results in an M-sequential WTA that is equivalent to % up to S-evaluation. In the
upcoming Lemmas 3.66 and 3.67, we show that this holds in general, that is, for every

WTA 2% over X and Mg, (M) and every accumulator ~ of Dg.

Lemma 3.66. Let ~ C Q" x Q" be an accumulator of Dy. It holds that acc. (D) is
an M-sequential WTA over X and (M)g.

Proof. Surely, acc.(Dg) is a WTA over X' and S. Using Definition 3.64 and the
fact that Dy is sequential, one easily sees that acc..(Dg) is deterministic. Moreover,
the non-vanishing transition weights of acc~.(Dg) are by construction in M and thus,
acc~ (D) is M-sequential. Additionally, the final weights of acc..(Dg) are by con-
struction in (M)g, which proves that acc.(Dg) is a WTA over X' and (M)g. O

Lemma 3.67. Let ~ C Q" x Q" be an accumulator of Dg. It holds that

[[Dz]]s = [ace~ (D)l -

Proof. Let £ € Ty and let the form of the unique R-run p of Dg on & be &) X. One

can easily show (using structural induction on §) that there exists a run p’ of acc~ (D)
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on ¢ such that out(p') = [X]~ and Wtaee (py,)(€,0) = y. By Lemma 3.66, acc.(Dz)

is deterministic and hence, p is the unique valid run of acc.(Dy) on . It holds that

[[P£ls©)2 @ vel/2 F yo

’ f ’
S x12 Dy X% €Dy

*:sy®< P Z’):y@[[ﬁnal’(X)]]sgyG)ﬁ/ﬁgl([X]N)

X2 €Dy
2 Whace.. (Dyp) (€ ') © final(out(p')) 2 [ace~ (D)) (€)

where x; follows from Lemma 3.50, %o follows from the fact that p is the unique R-run
of Dy on &, x3 follows from the distributivity law, x4 follows from the definition of EIEI,
*5 follows from the definition of p’, and g follows from the fact that p’ is the unique

run of acc. (D) on &. O

Lemma 3.68. Let ¥ = (@ U XM or M be commutative and let ~ C Q" x Q" be an
accumulator of Dg. It holds that [[#]]s = [acc~(Dz)] -

Proof. By Lemma 3.44 it holds that [#] = [Dg] and by Lemma 3.67 it holds that
[ID#]]s = [acc~(D)], which proves the claim. O

We will now define accumulators for entire classes of weighted tree automata Z.
First, the identity relation on @’ is always an accumulator of Dg. This will be useful
in the case that 4 is finitely R-ambiguous. Second, if S is additively idempotent, then

“equality under taking support” is an accumulator of D 4.

Definition 3.69. We define the equivalence relations ~,, ~iqp € Q' X Q" where for

every X1, Xo € Q' it holds that
o X1~ Xoiff X7 = Xo,
o X1 ~igp X2 iff supp(Xi) = supp(X2),

where for every X € Q" we define supp(X): Q@ — Pgn(M) by supp(X)(q) = supp(X(q))
for every ¢ € Q. Moreover, we also denote the restrictions of ~, and ~jqp to Q" by

~f, and ~jqp, respectively. |
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Lemma 3.70. ~y¢, is an accumulator of Dg.

Proof. The claim holds trivially. O

Lemma 3.71. Let s € N, 0 € X¥® and Xi,...,X,, X},..., X, € Q" such that
X; ~iap X| for every i € [s]. The following holds.

1. To(X1, ..., Xs) ~idp To (X1, ..., X))
2. mindiv(T, (X1, ..., X;)) = mindiv(T,(X7], ..., X))
3. For every y € mindiv(T,(X1,..., X)) it holds that

fsupp(X) | X € minquot, (T, (X, X))}
= {supp(X’) | X’ € minquot, (T, (X7, ..., X))}

4. Let (y, X) and (y/, X’) be the minimal f-centering factorisations of T, (X7, ..., Xs)
and T, (X1{,..., X)), respectively. It holds that y = 3 and X ~jq, X'.

Proof. We abbreviate T,(X[y)) = T5(X1,...,Xs) and ‘J'U(X[’S]) = T,(X1,...,X!). For

every q € @ it holds that

supp(To (X(s1)) ()
Zowpp( J (X(a) 00 Xu(a) © Tolar, - 060)) )
= supp(mGEQ (supp(X1(01) © -+ © 5upD(X,(0:)) © To(a - 1051 ))
= supp(%L’qJSEQ (supp(X7(91) © -+ © supp(X1(0:)) © To (g - 1041 ) )
- supp(:h”t:j: (Xi(@) @ 0 Xi(a) @ Tolars - a0,0)))

where Equations %1 and %3 follow from Equation (3.7) (proof of Lemma 3.43) and

Equation *2 follows from the fact that X ~jqp, X2. This proves Claim 1.
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Claim 2 follows from the definition of mindiv. In fact, for every multiset M over M
it holds that mindiv(M) = mindiv(supp(M)). Together with Claim 1 we obtain
mindiv (T, (X[S])) = mindiv(supp(‘IU(X[s])))
= mindiv(supp(T,(Xy))) = mindiv(T,(Xy))-
Claim 3 follows from the definition of minquot. First, note that for every multiset
M over M and y € mindiv(M) it holds that
{supp(N) | N € minquot, (M)} = {supp(VV) | N € minquot, (supp(M))}.  (3.14)
Now let y € mindiv(T,(X5)). We recall that T,(X[)) is a map of type Q — Mg, (M).
By applying Equation (3.14) pointwise we obtain
{supp(X) | X € minquot, (T (X))}
= {supp(X) | X € minquot, (supp(To(X5))))}
= {supp(X’) | X’ € minquot, (supp (T, (X{,)))}
= {supp(X’) | X’ € minquot, (To(X[y))},
where Equation x follows from Claim 1. This proves Claim 3.

Claim 4 can be seen as follows. First, we note that

{(y, supp(X)) | (y, X) € CenterFact(To(Xy), )}
= {(y7 supp(X)) ‘ Y€ mindiV(Ta(X[s]>v X € minquOty(To(X[s]))
; (Y, X) is an f-centering factorisation of T, (X4)}
2 {(y,supp(X)) | ¥ € mindiv(‘J’a(X[’s})),X € minquot,, (To(X[4))
,(y', X) is an f-centering factorisation of T, (X[y)}
Z {(y,supp(X)) | ¥ € mindiv(‘J’g(X[’s})),X € minquot,, (supp(To (X))
, (%', X) is an f-centering factorisation of supp(T5(Xq))}
2 {(y,supp(X)) | ¢ € mindiv (T, (X[y)), X’ € minquot,, (supp(To(X[y)))
(T, (X[}

, (¢, X") is an f-centering factorisation of supp

S

2 {(y/,supp(X")) | ' € mindiv(T, (X)), X' € minquot,, (T,(X[))
,(y/,X’) is an f-centering factorisation of ‘.TG(XS )}
— {(y,supp(X")) | (¢, X') € CenterFact(T, (X,), )} (3.15)
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where Equation x; follows from Claim 2, Equations xo and %4 follow from pointwise
application of Equation (3.14), and Equation %3 follows from Claim 3.

Let (y, X) = minCenterFact(T, (X)), f) and (¢, X') = minCenter]F‘act(‘J’U(X[’S])7 f)-
It holds that

(4 5upp(X)) = ming{ (4 supp(X)) | (3, X) € CenterFact(T(X). /)
2 ming { (7, supp(X")) | (7', X') € CenterFact(T,(X,), f)}

2 (', supp(X")),

where Equation xo follows from Equation (3.15) and Equations x; and %3 can be
seen as follows. We only prove Equation *; by showing both “C” and “J”. Clearly,
“J” holds, as (y,supp(X)) is an element of the set on the right hand side of Equa-
tion ;. Let (7,X) = minﬁ{(@,supp(X)) | (5,X) € CenterFact (T4 (X)), f)} and
assume that (y,supp(X)) E_@,)N( ) does not hold. Therefore, it must hold that (1)
Xr supp(X) or (2) X = supp(X) and y <p y and y # y. In both cases, there exists
(9, X) € CenterFact(J5(X[g), f) such that (9, X) C (y, X), which is not possible since
(y, X) = minCenterFact (T, (X[y), f). This concludes the proof of Claim 4. O

Lemma 3.72. If S is additively idempotent, then ~iq, is an accumulator of Dg.

Proof. Let s €N, 0 € ¥ and X1,..., X, X},..., X/, X, X’ € Q" such that X; ~ X/
for every i € [s], T0(X1,...,Xs, X) # 0, and T.(X7,..., X, X") # 0. Since Dy is
sequential, all non-empty transition weights of D4 are singleton sets and hence, there
exist v,y € M such that T/ (Xy,..., X5, X) = {y} and T.(X7],.... X, X') = {v'}.
By the Definition of 77, it holds that (y, X’) = minCenterFact(T,(X1,..., Xs), f) and
(v, X') = minCenterFact(T, (X1, ..., X.), f).

By Lemma 3.71, it holds that y = ' and X ~jg, X’. Thus, we have shown the
second property of Definition 3.63. It remains to show the first property of Definition

3.63. However, one can easily verify (using the idempotency of S) that
[final’(X)]s = [final’(supp(X))]s = [final’ (supp(X’))]s = [final’ (X")]s,

which concludes the proof. O
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3.7.2 M-Sequentialisation Results

In this chapter, we turn to the original problem of M-sequentialisabilty. We combine
all of our previous results to obtain a general M-sequentialisation result. Given a WTA
o/ over X and (M)g, we first use Lemma 3.55 to obtain a strongly related WTA #
over X and Mg, (M). Next, we use Definition 3.39 to construct the 8(M)-sequential but
not necessarily finite WTA Dy over X' and Mg, (M). Finally, we apply Definition 3.64
to accumulate Dg if an appropriate accumulator ~ exists. This yields a finite M-
sequential WTA acc.(Dg) over X and S that is equivalent to o7 and concludes the
M-sequentialisation. This entire process is illustrated by our running example in the

upcoming Example 3.73.

Example 3.73. We continue Example 3.65 by recalling the entire N-sequentialisation
process of o/ and depicting it in Figure 3.12.

In Example 2.5 we were given a weighted tree automaton &/ over the ranked al-
phabet ¥ = {a(® 41 3} and the semiring X = (NU {1, T},V,+, L,0) from Ex-
ample 2.4. Since the monoid (N, +,0) is well-studied and computational methods can
easily be applied to it, we wanted to N-sequentialise the automaton &/, rather than
simply determinise it. That is, we wanted to find a deterministic automaton /' such
that &/ and /" are equivalent and all non-vanishing transition weights of &’ are in N.

First, via Examples 3.21 and 3.54, we fixed a WTA £ over X' and Mg, (N) such
that & and & are strongly related. This step “reduces” the weight space from the
semiring X to the monoid N.

Next, in Example 3.41, we sequentialised & by constructing the WTA Dg over X
and Mg, (N). Dy is sequential (which is a shorthand for §(N)-sequential) and equivalent
to A. However, the reachable part of D4 is not finite, which we tackled in the following
step.

In Example 3.65, we defined the accumulator ~x of Dg and constructed the fi-
nite WTA acc,(Dg) over X' and X. This step removes the infinity of Dy while
keeping all transition weights in N. Hence, the automaton acc.,(Dg) is the desired
N-sequential WTA over X' and X that is equivalent to /. This successfully concludes

our N-sequentialisation process. <

100



3.7 M-Sequentialisation of Weighted Tree Automata

strong related,

Examples 3.21 and 3.54

0
[~ 1L
D
1A
sequentialisation,

Example 3.41

Figure 3.12: (Continues on next page) Illustration of the N-sequentialisation process for
&/ from Example 2.5. We omit the double curly braces from all multiset weights and use

our notation for doubly stroked hyperedge lines from page 30.
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accumulation,

Example 3.65
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Lemma 3.74. Let ¥ = ¥ U XM or M be commutative and let .27 = (Q, T, final) be
a finite WTA over X and (M) such that 7 F ETP. Moreover, let & € StrongRel()
such that # E ETP.

If there exists a finite accumulator ~ of Dy, then o/ is M-sequentialisable.

Proof. Let ~ be an accumulator of Dy such that Q”/. is finite. Let Q" and Q be the
set of reachable states of Dy and the set of states of acc~,, (D), respectively.

By assumption, @ is finite. Hence, using Lemma 3.66, we obtain that acc. (D) is
an M-sequential finite WTA over X and (M)g.

By Lemma 3.53 it holds that [&/] = [[#]]s and by Lemma 3.68 it holds that
[[#]]s = [acc~(D)] (note that this uses the assumption that X = X© y X1 or M
is commutative). This yields the fact that < is equivalent to acc..(Dg). Hence, o is

M-sequentialisable. An equivalent finite M-sequential WTA is acc. (D). O

Lemma 3.75. Let ¥ = X U XM or M be commutative and let o/ = (Q, T, final) be
a finitely M-ambiguous finite WTA over X and (M)g.
If & F ETP, then & is M-sequentialisable.

Proof. Let o/ £ ETP. By Definition 3.59 there exists a WTA £ over X' and Mg, (M)
such that £ is strongly related to & and & F ETP. By Lemma 3.62, & is finitely
R-ambiguous. Let Q" and @ be the set of reachable states of Dy and the set of states
of acc,, (D), respectively.

By Lemma 3.70, ~y¢, is an accumulator of Dg. Thus, by Lemma 3.74, it suffices to
show that @ is finite.

By Lemma 3.47, Q" is finite (note that this uses the assumption that 2 E ETP).
By the definition of ~g, and @, it holds that @ and Q" are bijective. Hence, Q is
finite. O

Lemma 3.76. Let X = X(© U X1 or M be commutative and let (M)g be additively
idempotent. Moreover, let &/ = (Q, T, final) be a finite WTA over X and (M)g.
If & F ETP, then & is M-sequentialisable.

Proof. Let o7 £ ETP. By Definition 3.59 there exists a WTA Z over X and Mg, (M)
such that 2 is strongly related to &/ and 2 E ETP. Let Q" and Q be the set of

reachable states of Dy and the set of states of acc~.

i

o (D), respectively.
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By Lemma 3.72, ~iqp, is an accumulator of Dg. Thus, by Lemma 3.74, it suffices

to show that @ is finite. We define the set

K = Pin(Byvg) (1)

and note that K is finite.

Let X € Q" and q € Q. By Corollary 3.46, we have supp(X(q)) € K and hence
supp(X) € K¥9. We have obtained that the set P = {supp(X) | X € Q"} is a subset of
K@ and thus P is finite. We define the map h: Q — P by h([X]~g,) = supp(X). By
the definition of ~jqp,, h is well-defined and bijective. This shows that #@ = #P and

since P is finite, also @ is finite. O

We will now state our main results in a closed form. In particular, we collect all pre-
vious assumptions and repeat them in Theorems 3.77 and 3.78. An important difference
to the word case [31, Theorems 77 and 78] is that we require M to be commutative if

Y #EY Oy x®. This is due to Lemma 3.43, where we move around factors in weights.

Theorem 3.77. Let S be an M-semiring such that M is finitely generated by I,
divides I'-monotone, and admits centering factorisations. Let X = X U XM or M be
commutative and let &7 be a finite WTA over X' and (M)g such that &/ F ETP. Let
2% € StrongRel(«7) such that B F ETP.

If there exists a finite accumulator ~ of D, then o is M-sequentialisable.
Proof. This is an alternative formulation of Lemma 3.74 in a closed form. O

Theorem 3.78. Let S be an M-semiring such that M is finitely generated by I,
divides I’-monotone, and admits centering factorisations. Let ¥ = X U X1 or M be
commutative and let &7 be a finite WTA over X' and (M)g. Moreover, let one of the

following conditions hold.
1. o/ is finitely M-ambiguous
2. (M)g is additively idempotent
If & F ETP, then & is M-sequentialisable.

Proof. Lemmas 3.75 and 3.76 yield the result for Cases 1 and 2, respectively. O
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Corollary 3.79. Let S be a semiring such that (S, ®,1) is finitely generated by I,
divides I-monotone, and admits centering factorisations. Let X = ¥(© y x® or §
be commutative and let & be a finite WTA over X and S. Moreover, let one of the

following conditions hold.
1. & is finitely S-ambiguous
2. S is additively idempotent

If o« E ETP, then & is determinisable.

3.8 Comparison of our Results to the Literature

This chapter is dedicated to an in-depth comparison of some determinisation results
from the literature to our main M-sequentialisation results (Theorems 3.77 and 3.78).
We cover the publications [5, 14, 29|, which in turn cover [21, 80].

Each of these publications is considered in a separate subchapter and all of these
subchapters follow the same overall structure. First, we compare the notations and
terminology from the respective literature to ours, followed by a restated version of
the respective determinisation result in our terminology. Finally, we either prove that
our result covers the result from the literature or we provide examples showing the

incomparability of the results.

3.8.1 Determinisation of Unweighted Tree Automata

Before we compare our results to other weighted determinisation results, we briefly

show that we cover the unweighted case.

Remark 3.80. We show that every WTA over X and B is determinisable in our
framework. For this, we note that B is a ({ T}, A, T)-semiring.

In the following, we will show that (i) ({T}, A, T) has all properties necessary for our
sequentialisation procedure and (ii) we can apply Corollary 3.79 to every unweighted
tree automaton.

First, we note that ({T}, A, T) is finitely generated by I' = {T}. We proceed to

show that B divides I'-monotone and admits centering factorisations.
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Let mi,mo € {T}, n € div(mi,ma), and {n1,n2} € quot,,(m1, mz). The fact that
m; = mg =n =n; = ng = 1 proves dr(mi,me) = 0 = dr(ny,n2) and hence, B
divides I'-monotone.

Now let M € Mg, ({T}). It holds that |ni|pr = 0 = dp(ny,ne) for every ny,ns € B.
Thus, every factorisation of M is an idy-centering factorisation of M. We conclude
that B admits centering factorisations.

Next we prove our claim (ii). Let & be a WTA over X' and B. It is obvious that
every WTA over X and Mg, ({T}) has the ETP, since the only transition weight that
may occur in an R-run is T. Hence also &/ F ETP. Moreover, B is commutative and

additively idempotent. Thus, by Theorem 3.78, & is determinisable. |

3.8.2 The Free Monoid Case

We now proceed to show how our M-sequentialisation result (Theorem 3.78) can be
applied to obtain the sequentialisation result from [5]. First, we dedicate some remarks
to a comparison of the notations and terminology from [5] with the notations and
terminology from Chapter 3. After that, we state the implication “third bullet = first
bullet” from [5, Proposition 7] as a corollary of Theorem 3.78 (cf. Corollary 3.84) and
prove it using our terminology.

We note that [5] considers only weighted word automata. Therefore we only deal
with the case that X' = 34 for some alphabet A in this chapter. We recall that the
components of a WA & over X and A are & = (Q, init, T, final).

Throughout Chapter 3.8.2 we assume I to be a finite set and consider the
monoid (I, 0, ), which is finitely generated by I'. Moreover, we assume A

to be an alphabet.

Remark 3.81. We have seen in Remark 3.20 that a WA o/ over A and Pg, (™) can
be written equivalently in a relational way. In this sense, our model “WA over A and
Pen(I™)” can be compared to the model “transducer over A* x I'*” from [5]. In fact,
besides the fact that [5] only allows for initial and final states (rather than weights),
the only difference between the two automaton models is that the transducer model

from [5] allows transitions to be in Q x A* x @ x I'*, whereas our WA model requires
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transitions to be in @ x A x Q x I'*. That is, the transducers introduced in [5] read
entire words as inputs of transitions (word-transitions), where a WA reads only single
symbols from A (symbol-transitions).

In the sequentialisation result [5, Proposition 7] it is required that every language
accepted by a transducer has the type A* — (S(I™*)U{0}) (there: “partial function”).
It has been shown in [113, Proposition 1.1] that transducers recognizing such partial
functions can be transformed into equivalent transducers using only symbol-transitions.

In total, we have seen that the transducer model from [5] is covered by our model
of WA over A and Pg, (I'™) for the purpose of stating [5, Proposition 7].

Since Pgn (1) C Mg, (I™), every WA B over A and Pg, (™) can be considered as a
WA over A and Mg, (™). Hence, with the term “% F ETP” we refer to Definition 3.32
(rather than Definition 3.59). <

Remark 3.82. We now define a property of WA over A and Pg, (™) which resembles
the twinning property from [5]. Let 2 be a WA over A and Pg,(I'*). We say that %
has the BC—twinning property (short: % E BCTP) if for every u,v € A* and R-runs of

the respective form

ﬁp%q%q and ﬁp'%q'%q'
of A it holds that either yo = y, = € or there exists w € A* such that either (a)
zoy; =2'oyjowand woys =yhowor (b) 2’ oy] =z oy ow and woyh =y 0w.
An easy comparison of the “twinning property” from [5] with the BCTP shows that
the BCTP is a natural extension of the twinning property from [5] to the case of initial

weights (rather than initial states). <

Remark 3.83. The definition of “sequential” from [5] can be adapted to allow initial
weights, which reads in our terminology as follows. Let % be a WA over A and Pg, (I'™).
We say that & is BC-sequential if (a) there exist at most one ¢ € @ and = € I'* such
that x € init(q) and (b) for every p € @ and a € A there exists at most one ¢ € ) such
that T'(p,a,q) # 0.

This yields that & is BC-sequential if and only if 4 is deterministic and all weights

occurring in init are singleton sets over I'™*. Hence, our 8(I')-sequentiality (see Chap-
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ter 3.2) implies BC-sequentiality. This motivates why we state Corollary 3.84 using
8(I'*)-sequentialisability. <

We can now state the sequentialisation result from [5] in our notation.

Corollary 3.84 (Proposition 7 from [5], “third bullet = first bullet”). Let £ be a
WA over A and Pg, (™). If B E BCTP, then A is 8(I'*)-sequentialisable.

The rest of this chapter is dedicated to a formal proof of Corollary 3.84 using our

sequentialisation results.
Lemma 3.85. (I'™*,0,¢) divides I-monotone and admits centering factorisations.

Proof. For every m € I'* we denote the set of prefizes of m by Prefix(m). For every
n € Prefix(m) we denote by ,\" the unique element n’ € I'* such that non’ = m. For
every M C I'* we denote the longest common prefix of all elements in M by lep(M)
and abbreviate lep(m,m’) = lep(M) if M = {m,m’} for some m, m’ € I'*. We recall
that |m| is the length of the word m € I'*. Since m is the unique path from ¢ to m in

Cay p« p for every m € I'*, one can easily see that
dp(m,m’) = |m|+|m/| = 2-|lep(m,m)|  and  |m|pr = |m|.

Let m,m’ € I'*. Tt is clear that div(m,m’) = Prefix(m) N Prefix(m’) and moreover,
quot,, (m, m’) = minquot,,(m, m’) = {{;\",n\" }} for every n € div(m,m’). Now, let

n € div(m,m’). In order to show that I'* divides I'-monotone, we need to show that
dr(\".a\") < dr(m,m).
One can easily see that lep(m,m’) = nolep(,\™,, ™) and hence
dr (™ \™) = "+ 1] = 2 lep (™ ™)

= |m| = |n| + |m/| = In| = 2- ([lep(m, m")| — |n)

= |m| +[m'| = 2 [lep(m, m)| = dp(m,m).

Next, we show that I'™* admits centering factorisations. Let M € Mg, (™). It is

clear that div(M) = (,,,cqupp(nr) Prefix(m) and for every n € div(M) we have

quot,, (M) = minquot,, (M) = {{,\" | m € M }}.
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Therefore, the unique minimising divisor of M is n = lep(supp(M)). Next, we let
N € minquot,,(M) and show that (n,N) is an idy-centering factorization of M. Let
n1 € supp(N). We note that for every ng € supp(V) it holds that if lep(ny, ne) = ¢,
then the only fork-path connecting n; and ng is of the form (w,v) where 1 s ny and
1~ np and hence, |n1|r < |w| < |(w,v)| = dr(ni,ns).

We assume that (n, N) is not an idy-centering factorization of M. In particular, for
every ng € supp(N) it holds that |n1|r > dr(ni,n2). Thus, by our previous argument,
it holds that lep(ny,ng) # € for every ng € supp(V). Hence, n[1] is a common prefix of
all elements in N and in particular, non;[1] is a common prefix of M. This contradicts
the fact that n is the longest common prefix of M. Thus, the assumption that (n, N) is
not an idy-centering factorisation of M must be dropped, which yields that I'™* admits

centering factorisations. O

Lemma 3.86. For every WA % over A and Py, (1) the following holds: if Z F BCTP,
then 4 F ETP.

Proof. Let 8 = (Q,T,final) be a WA over A and Pg, (™) such that # F BCTP.

Moreover, let u,v,w € X* and

#l|x Uyl vly2 wy3 #|z’ ulyy vly) wly
|p‘q|q|rand lp/ Yo q o

/

be the respective forms of two R-runs of #. Since # F BCTP, it holds that either
yo = yy = € or there exists w € X* such that either (a) z oy; = 2/ oy} o w and
woys =yhowor (b)z' oyi =xoy; ow and wo yh =y ow.
If yo=yh =¢, then dr(zoyioy2oys, @’ oyl oyhoys) =dr(zoyoys,z’ oy oyh).
Otherwise, since the conditions (a) and (b) from the BCTP are symmetrical, we
assume without loss of generality that (a) holds and hence x o y; = 2/ o ¢} o w and

w o Yo = yh o w. Moreover, we obtain that

zoyioyy=a"oyjowoys =1 oy oyyow.
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This shows that

dr(zoyioys, 2’ oyjoys) =dp(x’ oyl owoys,z' oyjoys)
=dr(woys,y5)
(/
(

*
=dr(z' oy oysowoys,a’ oyh oysoys)

=dr(zoyioysoys,a’ oy) oyyouys),

where the equations marked with x follow from the fact that dr(y,y’) = dp(y” oy, y" oy’)
for every y,y',y"” € I'*. This shows that 2 F ETP. O

Proof of Corollary 3.84. Let S = Pgn(I™) and M = (8(I'*),®,{e}). It surely holds
that S is an M-semiring and S = (M)y. It is clear that M is finitely generated by
8(I"). By Lemma 3.85, it holds that I™* divides I'-monotone and admits centering
factorisations. This clearly implies that M divides 8(I")-monotone and admits centering
factorisations. Moreover, X4 = ZS)) U 21(41) and S is additively idempotent. Finally, by
Lemma 3.86, it holds that % = ETP. Hence, we can apply Theorem 3.78 and obtain
that 4% is M-sequentialisable, which concludes the proof. ]

3.8.3 The Group Case

In this chapter, we show how our M-sequentialisation result (Theorem 3.78) can be
applied to obtain the sequentialisation result from [29]. First, we dedicate some remarks
to a comparison of the notations and terminology from [29] with the notations and
terminology from Chapter 3. After that, we state the implication [29, Theorem 18] as
a corollary of Theorem 3.78 (cf. Corollary 3.89) and prove it using our terminology.
We note that [29] generalises parts of [21] from the word case to the tree case.
Therefore, Chapter 3.8.3 also provides a proof that our sequentialisation results cover

the implication “ii) = 4i)” from [21, Theorem 2, case k = 1].
Throughout Chapter 3.8.3 we assume (G,®,1) to be a group.

Remark 3.87. We briefly explain the difference between finitely generated groups and

finitely generated monoids.
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A set U C G is called a subgroup of G, in symbols U < G, if (U, ®|yxy, 1) is a
group. Given a set I' C G, we define the subgroup of G generated by I', denoted by
(IS, as the smallest subgroup U of G such that I' C U. If (IS = G, we say that
G is finitely generated as a group by I'. Using some elementary algebra, one can show
that (IS = (I'U ), where I = {y~! | v € I'}. Hence, if G is finitely generated as
a group by I', then G is finitely generated (as a monoid) by I' U I". <

Remark 3.88. We compare the terminology from [29] with our terminology.

e We have seen in Remark 3.20 that the automaton model from [29] is equivalent

to the model of WTA over the semiring Pg, (G).

e In [29, p. 270] it is required that the group G is “infinitary”. However, this
property of G is not used during the proof of [29, Theorem 2] and hence, we omit

it in Corollary 3.89.

e We now define a property of WTA over X' and Pg,(G) which resembles the “twin-
ning property” from [29, Definition 14]. Let 2 be a WTA over X and Pg,(G).
We say that % has the DFS-twinning property (in symbols: % = DFSTP), if for

every £ € Ty, ( € Cx, and R-runs of the respective form
Ely' / C‘y, /
——q—>q and g By

of A it holds that yo = y}. An easy comparison of the twinning property from
[29] with DFSTP shows that the two properties are equivalent.

We note that in [29] it is assumed that G is commutative, which has the side
effect that the DFSTP has this seemingly very restrictive form. However, there
exists an equivalent definition of the DFSTP which represents our idea behind it

better. More precisely, one can replace the condition “y2 = y}” by

() oY = (W Q)L oy O v

These two conditions are equivalent if G is commutative and the latter one is
less restrictive if G is non-commutative, without affecting the implied sequential-

isability (cf. also [21]).
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e Since Pgn(G) € Mg, (G), every WTA A over X and Pg,(G) can be considered
as a WTA over ¥ and Mg, (G). Hence, with the term “% F ETP” we refer to
Definition 3.32.

e The definition of “sequential” from [29, Definition 9] reads in our terminology as
follows. Let Z = (Q,T,final) be a WTA over X' and P;,(G). We call # DFS-

sequential if for every s >0, 0 € ¥, and q1,...,qs € Q there exist at most one

(q,9) € Q x G such that g € T,,(q1,-..,qs,9)-

This yields that Z is DFS-sequential if and only if & is deterministic and all
weights occurring in 7" are singleton sets over G. We obtain that DFS-sequentiality

is equivalent to 8(G)-sequentiality. <
We can now state the sequentialisation result from [21] in our notation.

Corollary 3.89 (Theorem 18 from [29]). Let G be commutative and finitely generated
as a group by some set I and let # be a WTA over X and Pg,(G). If # F DFSTP,
then Z is 8(G)-sequentialisable.

The rest of this chapter is dedicated to a formal proof of Corollary 3.89 in our

terminology.

Throughout the rest of Chapter 3.8.3 we assume G to be commutative and

finitely generated as a group by some set I'.

Lemma 3.90. Let M € Mz, (G). It holds that div(M) = G. Moreover, for every
g € G it holds that quot, (M) = minquot, (M) = {g7' o M}.

Proof. In order to show that the first claim holds, we let ¢/ € G and N = ¢~' © M
and note that ¢ © N = M. The second claim holds since G being a group implies that
the equation ¢ ® N = M has the unique solution N = g~' ® M. O

Lemma 3.91. It holds that (G, ®, 1) divides (I" U I')-monotone and admits centering

factorisations.

Proof. We obtain from Remark 3.87 that G is finitely generated (as a monoid) by I'UT.
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First we show that G divides (I" U I')-monotone. Let g1, 92,9 € G. It follows from
Lemma 3.7 that

dipury(91,92) = drup) (9 © 91,9 © g2)

>dirory(9 ©90 91,9 ©9©g2) = drur) (91, 92)-

Therefore, we obtain

Vg1,92,9 € G: dipury (915 92) = dirup) (9 © 91,9 © ga)- (3.16)

By Lemma 3.90, div(g1, g2) = G and quotg(gl,gg) = {{{gfl ©g,9 'O gg}}} for every

1 and obtain

g € G. Therefore, we can apply Equation (3.16) where g is replaced by g~
that G divides (I' U I")-monotone.

Next we show that G admits idy-centering factorisations. Let M € Mg, (G),
g € mindiv(M), and N € minquot,(M). By Lemma 3.90, N = g~!' © M. We will
show that (g, N) is an idy-centering factorisation of M by contraposition. Assume
that (g, N) is not an idy-centering factorisation of M. Then, there exists an element
n1 € supp(N) such that [ni|popy > dpypy(ni,ne) for every ny € supp(N). Let
T = MaXp, cupp(N) d(rury(n1, n2) and observe that [N qyp) > [na|rop) > 1

It holds that g ® n; € supp(M) and we consider N’ = (g ®n1)~! ® M. Surely,
N’ =n;' ® N and hence it holds that supp(N’) = supp(n;* © N) = n;' @ supp(N).
Moreover, since supp(N) C B,.(n1), we obtain that supp(N’) € ny' @ B,(n1).

For every ng € G it holds that

ng € By(n1) <= Jw € Paths(ni,na): jw| <r
= Jw € Paths(n;' @ ny,n;  Ong): lw| < r
<= Jw € Paths(1,n; ' O na): |w| <r <= ni' ©ng € B.(1).
This shows that n;' ® B,(n1) = B,(1) and hence we obtain supp(N’) C B,.(1). This
proves that |N'|pypy < r and hence |N'|rypy < [Nl pyry, which contradicts the

fact that g € mindiv(M). Hence, the assumption that (g, N) is not an idy-centering

factorisation is false. O

Lemma 3.92. For every WTA % over X and Pg,(G) it holds that if % F DFSTP,
then & F ETP.
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Proof. We note that for every g1, g2 € 8(G) it holds that

d(FUf)(QlaQZ) = |91_1 © g2|(puf), (3.17)

which can be seen as follows. We obtain d(ryp)(91,92) = d(FUf)(l,gfl ® g2) from
Equation (3.16) by letting g = gfl. Moreover, d(puf)(l,gfl ©g2) = |gf1 ® 92|(1"Uf')
since (1) every (w,v) € FPabths(l,gf1 ® g2) yields the path u € Paths(l,gf1 ® g2)
given by v = w[|w|]™'... w[1]7 v, which satisfies |(w,v)| = |u| and (2) every path
u € Paths(l,gf1 © g2) satisfies (1,u) € F‘Pa‘chs(l,gf1 ® g2).

Let # = (Q,T,final) be a WTA over X and Pg,(G) such that £ £ DFSTP. Let
EeTs, (,neCyx, and

%p and %q'%q'%p'

Loy S
be the respectife forms of two R-runs of 8. We obtain that

dirop @0y Oy, 0y 0yy) 2@ o Oy) 0 0 Y Ouslrun

*2

s Oyt oz o oy O uslron

*3‘

y; Oy 0oy oz o Oy ©vslror
Zlloy oyl or o 0y ©vh 0 Yslron
Zlzonopow) " 0 0y 0y ol
2drun Oy 0ROy Oy Oy Oyh),

where Equations x; and g follow from Equation (3.17), Equations xo and x5 follow
from standard group arithmetics, Equation x3 follows from the fact that v, Loy, =1,
and Equation x4 follows from the fact that & F DFSTP (whence y2 = y}) and the
commutativity of G. Therefore, we have shown that £ F ETP. O

Proof of Corollary 3.89. Let S = Psy(G) and M = (8(G),®,{1}). It surely holds
that S is an M-semiring and S = (M)y. By Remark 3.87, M is finitely generated
by 8(I" U I') and by Lemma 3.91, G divides (I" U I')-monotone and admits centering
factorisations. This clearly yields that M divides §(I" U I")-monotone and admits cen-
tering factorisations. Moreover, S is additively idempotent and commutative. Finally,
by Lemma 3.92, it holds that # = ETP. Hence, we can apply Theorem 3.78 and obtain
that £ is M-sequentialisable, which concludes the proof. O
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3.8.4 The Extremal Case

In this chapter, we compare our sequentialisation result (Theorems 3.77 and 3.78)
and the determinisation result from [14]. First, we recall some of the notations and
terminology from [14] and then state the determinisation result [14, Theorem 5.2] using
our terminology in Theorem 3.94. Next, we compare our ETP to the “twins property”
from [14] and show in Example 3.95 that these properties are incomparable. This shows
that Theorem 3.77 and Theorem 3.94 are incomparable.

To fully understand the applicability of the different approaches, we believe that it
is also necessary to analyse the algebraic assumptions of Theorem 3.77 and Theorem
3.94. In Example 3.96 we provide semirings where Theorem 3.77 can be applied but
not Theorem 3.94. In Lemma 3.98 we collect algebraic properties of S that are implied
by the existence of “maximal factorisations” from [14]. It remains an open problem
whether there exist semirings where Theorem 3.94 can be applied but not Theorem 3.77.
However, we believe that such semirings do not exist and formulate this in Conjecture

3.99.

Throughout Chapter 3.8.4 we assume S to be an extremal, commutative

semiring and o/ = (Q, T, final) to be a WTA over X and S.

Remark 3.93. We introduce some terminology from [14] and compare it to our ter-

minology. We note that scalar-vector multiplications are evaluated componentwise.

e An important assumption in [14] is that S admits the following factorisation
approach. Let n € N. A pair of maps (f,g) where f: S™ — S™ and g: 8™ — S
is called mazimal factorisation of dimension n if for every u € S™ \ {0} we have
that g(u) ® f(u) = u and f(c ®u) = f(u) for every ¢ € S. We omit writing “of

dimension n” whenever n is clear from the context.

e We now define a property of WTA over X' and S which resembles the “twins
property” from [14]. Let o/ be a WTA over X and S. We say that </ has the
BMV -twinning property (in symbols: &7 E BMVTP), if for every £ € Ty, ( € Cx

and ¢,q" € Q such that Runs?,(¢,q) # 0, Runs, (§,¢') # 0, Runs,(¢,¢,q) # 0,
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and Runs?, (¢', ¢, ¢') # 0 it holds that

B  weon= P W)

pERUNS 7 (¢,¢,q) pERuns 7 (¢/,¢,q")

An easy comparison of the “twins property” from [14] with the BMVTP shows

that these properties are equivalent.

e In [14, Theorem 5.2], the claim is that, under certain conditions, the determin-
isation construction given in [14] is successful. We weaken this formulation and

rather claim the determinisability of <.

Moreover, [14, Theorem 5.2] gives four cases (separated by bullet points) in which
their determinisation construction is successful. We only consider the last case
in Theorem 3.94 and briefly recall the other three cases now. The first case is
that <7 is non-recursive, which implies that &7 does not contain any valid loops.
The second case is that S is locally finite. The third case is that <7 is already
deterministic. In any of these three cases, it is known (and can straightforwardly
be proven) that <7 is determinisable by a weighted power set construction without

factorisation. <
We can now state the determinisation result from [14] in our notation.

Theorem 3.94 (Theorem 5.2 from [14], last case). Assume that there exists a maximal

factorisation of dimension #Q. If &/ E BMVTP, then & is determinisable.

The following example shows that the twinning properties of Theorem 3.77 and
3.94 are incomparable in general. In fact, we provide weighted (word) automata that

already witness this incomparability.

Example 3.95. We consider the ranked alphabet X4 for the alphabet A = {a} and

the semiring

S = (N< U {—o0}, max, 4+, —00,0)

for k = 5. S is an N<j-semiring and we consider the finite generating set I" = {1} of

N<i. We recall from Example 3.5 that dp(ni,ng) = |n1 — ng| for every ny,ny € Neg.
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0 0
2
dBONOWC

Figure 3.13: Two WTA over X' = {a} and S from Example 3.95. The one on the left has
the BMVTP but not the ETP. The one on the right has the ETP but not the BMVTP.

e We start by giving a WTA &) over Y4 and S such that @ E BMVTP and
o ¥ ETP. Formally, let o) = (Q1,inity, T1,finaly), where Q1 = {q1, 92,493,494}

and every transition weight and final weight of &/ is —oo except

final; (¢2) = finaly (g3) = 0,

(T1)#(q2) = (T1)4(q3) = 0,

(T1)a(g3,42) = (T1)a(g2,q3) = 0, and

(T1)alq1,q2) = (T1)a(q2, q1) = (T1)a(q4,93) = (T1)a(g3, q4) = 1.

A graphical representation of 27 can be found in the left of Figure 3.13.

Since im(2) C (N<j U {—o00}), that is, each weight occuring in .2 is either
in N<j or the zero element of S, there exists a unique WTA Z%; over Y4 and
Mg, (N>g) that is strongly related to 7. Intuitively, #; can be obtained from
o/ by replacing every weight n occuring in @/ with {n}. The fact that %
does not have the ETP is witnessed by the unique R-runs of the respective form
#—|O> qs3 ﬂ)) g3 and #—|0> qs3 % qs of 1, as dr(0+0,04+2) =2 # 0=4dp(0,0). The
fact that </ has the BMVTP can be seen as follows. Let ¢ € Cx, and ¢ € Q1. If
¢ = a"(x1) for an odd n € N, then Runs(q,¢,q) = 0. If ( = a"(x1) for an even

n € N, then an easy calculation shows that

@ wt((, p) = min{n, 5},

pERuNS ¢ (¢,¢,q)

where the right-hand side of the equation does not depend on q. Hence, <7 has
the BMVTP.
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e We continue by giving a WTA @4 over Y4 and S such that o ¥ BMVTP and
oy E ETP. Formally, o/ = (Q2,inite, T, finaly), where Q2 = {p1,p2} and every

transition weight and final weight of 2% is —oco except

ﬁnaIQ(pl) = ﬁnalg(pg) = 0,
(T2)4(p1) = (T2)#(p2) = 3,
(T2)a(p1,p1) = 2, and = (12)a(p2, p2) = 3.

A graphical representation of .@% can be found in the right of Figure 3.13.

Surely, it holds that % ¥ BMVTP. Since im(#/) C (N<; U{—00}), there exists
a unique WTA %y over X4 and Mg, (M) that is strongly related to . Let
£e€Ty,, (,neCyx, and

%q%q%p and %q'%q’%p’
be the respective form of two R-runs of %5. We have to show

dr(yr +r y2 +i Y3 Y1 +r Yo +i vs) = dr(y1 5 ys, i+ v5)- (3.18)

First, we note that if £ = a"(#) for some n > 1, then y; = y; = 5 and hence
Equation (3.18) holds. Moreover, if ( = x1, then we have yo = y5 = 0, which
immediately yields Equation (3.18). Now assume that £ = # and ¢ # z;. By the
definition of &% it holds that y; =y} = 3, y2 > 2, and y} > 2. Therefore

Yitky2 FRYs =Ytk Vb trys =5

and hence the left hand side of Equation (3.18) is equal to 0. Now, if n = a7,
then y3 = y4 = 0 and if n # x1, then y3 > 2 and y4 > 2. In both cases, the right
hand side of Equation (3.18) is equal to 0 as well. Therefore, o/ £ ETP. <

We have seen that our sequentialisation result (Theorem 3.77) and the deteremini-
sation result from [14] (Theorem 3.94) are incomparable because of the different notions
of the twinning property. We will now turn towards the algebraic assumptions of the

respective theorems.
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Example 3.96. We show that Theorem 3.77 covers semirings that are not covered by
Theorem 3.94. More precisely, we give both a non-extremal and an extremal semiring

where Theorem 3.77 can be applied but not Theorem 3.94.

e The semiring X is not idempotent and hence also not extremal. Thus, Theo-

rem 3.94 is not applicable.

However, X is an N-semiring and N divides I'-monotone and admits centering
factorisations for I' = {1}. Therefore, we can apply Theorem 3.77 to every finite

WTA o over X and X such that (a) &/ F ETP and (b) there exists a finite
accumulator ~ of Dg for some # € StrongRel(</) satisfying 8 F ETP. One

such automaton &7 is given in Example 3.73.

e We consider the monoid (N?,+, (0,0)) and the subset I" = {(2,0), (1,1),(0,2)} of
N2, Tt holds that (I} = {(i,j) € N? | i + j is even}. Moreover, we consider the
order < on N2 where (i,7) < (7, 5') if and only if 2 - 3/ < 2. 37", The semiring

S = (<r>+ U {00}, max<, +, —o0, (0,0))

is an extremal and commutative (I") {-semiring. Assume that there exists a max-
imal factorisation (f,g) of dimension 2. It holds that (2,0) + ((1,1),(0,2)) =
((3,1),(2,2)) = (1,1) + ((2,0), (1,1)) and hence

F((1,1),(0,2)) = f((3,1),(2,2)) = f((2,0), (1,1)). (3.19)

The only common divisor of (1,1) and (0,2) is g((1,1),(0,2)) = (0,0) and hence

£((1,1),(0,2)) = ((1,1),(0,2)). Analogously, f((2,0),(1,1)) = ((2,0),(1,1)).
This is a contradiction to Equation (3.19). In fact, this example is a slightly

simplified version of the counterexample given in [80, pages 9-10].

Next, we outline the proof that (I"); divides I'-monotone and admits centering
factorisations. This shows that we can apply Theorem 3.78 to every finite WTA
o/ over X and S such that &/ F ETP. We denote M = (I') ;.

Let M € Mg, (M). Surely, for (7, 7), (i',j") € M we have (i, j) € div((¢/,5")) if and

only if 4 <4 and j < j'. Thus,

diviM)=1{(i,5))eM | i< min ¢ and j< min j
(M) = {(,7) | < i J_(i,,j,)eMJ}
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and since M is cancellative (as a submonoid of (N2, +,(0,0))), we obtain

quot; (M) = minquot; ;) (M) = {{(i' = i,5' =) | () € M}}

for every (i,j) € div(M). We continue by determining dp. Let (i,5) € M and
(i',7") € div((i,7)). Every (iy,j,) € I satisfies iy + j, = 2 and hence for every
path w € Paths((¢, j'), (¢,7)) it holds that |w| = # Therefore,

. i—i+j—J
min |lw| = ———.
wePaths((i/,5'),(i,5)) 2
This also shows that
. ) i+7
’ — = . 3.20
G 3)lr wePathgg6£0),(i,j>) vl 2 (3.20)

Let (i1,71), (i2,72) € M. From the definition of dp we obtain that

iW—i+51—3 d9—1i+G0—74
1 J1 J+2 J2—J

dr((i1, 1), (i2, j2)) = 5 2

(3.21)

for some (7, j') € M. Tt is an easy observation that the right hand side of Equa-
tion (3.21) is minimal if ¢/ and j’ are as close to min(iq,i2) and min(ji, j2) as
possible. Let ¢ = min(i1,42) and j” = min(j1,52). If (¢”,7”) € M, then
(7', 4") = (3", 5") is the solution to Equation (3.21). Otherwise, (¢, j") = (i"—1, 7")
and (7/,7") = (i, j” — 1) are the two possible solutions to Equation (3.21). There-

fore, a straightforward calculation shows

dr((i1, j1), (i2, j2) = dr((i,§) + (i1, 51), (4,5) + (i2, J2)) (3.22)

for every (i,j) € M. Since M is cancellative, Equation (3.22) implies that
M divides I'-monotone. We continue to prove that M admits f-centering fac-
torisations, where f is given by f(n) = 2-(n + 1) for every n € N. Let
M € Mgy (M), (i',5") € mindiv(M), and N' € minquot; ;) (M). Moreover, we de-
note iy = ming j)esupp(ar) @ and jar = ming jyesupp(ar) J- Since (', 5') minimises
|N|r, Equation (3.20) implies that (i/,j") is as close to (inr, jar) as possible. If
(ine,dm) € M, then (i, 5") = (ipg, jar)- Otherwise, both (i, 5") = (ips — 1, 50m)
and (i, ") = (ipr,ju — 1) are minimising divisors of M. Since we only need to

find one f-centering factorisation of M, we assume that ;' = j3;. In any case,
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there exists jy € N and § € {0, 1} such that (d,jn) € supp(N). Moreover, there
exists iy € N such that (in,0) € supp(N). Let (i1,71) € supp(N) and note that
dr((iv,j1), (6,jn)) > % — 1 and dr((i1, j1), (in,0)) > L. If iy < ji, then

(i1, 30)lr = 252 <1 <2+ dr((ir, ), (i, 0)):

If 11 > jl, then

This concludes the proof that ((i’, '), N) is an f-centering factorisation of M and

hence shows that M admits centering factorisations. |

The question whether there exist semirings such that Theorem 3.94 can be applied
but not Theorem 3.77 is very involved and we do not know the answer at the time
of writing. In the rest of this chapter, we present an implication of the existence of
maximal factorisations and conjecture that if the algebraic assumptions of Theorem

3.94 are satisfied, then the algebraic assumptions of Theorem 3.77 are satisfied.

Definition 3.97. Let (M, ®,1) be a commutative monoid and let z,y,c € M. We
call ¢ a greatest common divisor of x and y (short: ged of x and y) if ¢ € div(z,y)
and for every d € div(z,y) it holds that d € div({c}). The set of geds of z and y is
denoted ged(z,y). We say that M is a ged-monoid if for every x,y € M it holds that

ged(z,y) # 0. <

Lemma 3.98. Let (f, g) be a maximal factorization of dimension n > 2. It holds that

(S,®,1) is a cancellative ged-monoid.

Proof. Let proj; o: S" — S? be the projection map onto the first two components.

We define the maps f’: S — S? and ¢': S? — S where for every z,y € S we let
f'(@,y) = projy o f(z,y,...,y) and ¢'(z,y) = g(x,y,...,y). It surely holds that (f’,g’)

is a maximal factorisation of dimension 2. To aid readability, we denote (f’,¢’) by

(f,g) as well.
Let z,y,c € S and assume that c® z = ¢ ® y = 1. We obtain

gL, Do f(L1)=(1,1)=co(x,y) =cOgl@,y) O f(z,y) (3.23)
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and moreover

(@wr)=2011)=20g91106f11) 2 rocogy) o fzy)

=yoco gy © fley) 2 yo g1, 1) e f(1,1) =y o (1,1) = (5,),
which shows that x = y. In total, we have thus seen
Ve,y,c€S: (cOx=coOy=1) = z=y. (3.24)
Now, let x,y,c € S such that c® x = c® y. It holds that

fL) =fleor,coy) = f(,y)

since (f,g) is a maximal factorisation and ¢ ® x = ¢ ® y. Therefore, we have that
(z,y) = g(z,y) © f(x,y) = g(z,y) ® f(1,1). Let z,2',d € S such that (z,2") = f(1,1)
and d = ¢g(1,1). We obtain from (1,1) = ¢(1,1) ® f(1,1) that d® 2 =d ® 2/ = 1 and
apply Equation (3.24) to obtain z = 2’. In total, we obtain that (z,y) = g(z,y) ®(z, 2)
and hence, © = y. Thus we have proven that (S, ®, 1) is cancellative.

Next, let 2,y € S, ¢ € div(z,y), and £ and £ be the unique quotients of z and y
divided by ¢, respectively. We note that these quotients are unique because (S, ®, 1) is
cancellative. It surely holds that g(x,y) € div(z,y). Moreover, it holds that

g(z,y) © f(% %) =g(z,y) © f(z,y) = (v,y)

X X X
o (B0 =con(Z ) or(2)
cC C CcC C CcC C

Since S is cancellative, this yields g(z,y) = c© g(%, ¥). In particular, ¢ divides g(z,y).
Therefore, g(z,y) is a ged of z and y and hence, (S, ®, 1) is a gecd-monoid. O

Conjecture 3.99. Let (S,®,1) be a commutative, cancellative ged-monoid and let I be
a finite subset of S. There exists a finitely generated monoid M < (S, ®, 1) with finite
generating set I' such that I C M and M divides I'-monotone and admits centering
factorisations.

In particular, whenever Theorem 3.9/ is applicable, then Theorem 3.77 is applicable.
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3.9 Conclusion

In this chapter, we have introduced a framework for the determinisation of weighted
tree automata, called M-sequentialisation, which captures different approaches from
the literature. This framework emerged from our observation that the run-semantics
of a WTA & over S only needs the multiplicative monoid (S,®,1) to describe every
possible “behaviour” (that is, run weight) of <. The additive monoid (.S, ®,0) is then
only a way of accumulating these behaviours. Therefore, our approach separates the
two operations of S and deals with each of them individually.

We have given an M-sequentialisation construction that involves multiple steps and
requires many non-trivial mathematical tools (cf. also Chapter 3.1). First, we presented
a theory of factorisations in monoids, which we subsequently used to provide an 8§(M)-
sequentialisation construction for WTA % over Mg, (M), resulting in possibly infinite
8(M)-sequential WTA Dy over Mg, (M). This acted as our core determinisation result
and our remaining focus was to translate this result from WTA over Mg, (M) to WTA
over S. For this, we first defined a notion of relatedness of WTA as a way to transform
a WTA o over (M)g into a WTA 2 over Mg, (M). Next, we introduced a way of accu-
mulating Dy via an appropriate equivalence relation ~, which returns an M-sequential
WTA acc..(Dg) over S. Then, we provided some cases in which acc..(Dg) is finite and
connected all our steps to obtain an M-sequentialisation result (cf. Theorems 3.77 and
3.78). Ultimately, we compared our approach to different determinisation approaches
from the literature.

Even though Chapter 3 is very involved and rather lengthy, we were not able to
answer all related questions and leave some opportunities for further research. We list
three open problems. Firstly, we did not characterise what it means for a monoid M
to divide I'-monotone and admit centering factorisations. In future research, these
properties should be investigated more thoroughly. This also includes Conjecture 3.99.
Secondly, we believe that the case “additively idempotent” from Theorem 3.78 can
be weakened to “additively locally finite”. This generalisation should be attempted
in future research. Thirdly, one should study the decidability of our ETP and the

complexity of our constructions.
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Approximated Determinisation of

Weighted Tree Automata

This chapter is an alternative presentation of Dérband, Feller, and Stier [28]. While the
original paper gave an approximated determinisation construction via an algorithm in
pseudo-code, this chapter replaces the pseudo-code with formal mathematical construc-
tions. Besides this change, the present chapter closely follows [28], which is a canonical

generalisation of [4] from weighted (word) automata to weighted tree automata.

Throughout Chapter 4, we assume X to be a ranked alphabet.

4.1 Introduction

One endeavour to simplify weighted automata that cannot be determinised is to aim
for approrimated determinisation. Different approaches to this paradigm have been
proposed, see e.g. [4, 8, 9]. The main idea of these papers is to take a weighted
automaton &7 and then construct a deterministic weighted automaton that recognizes
a “similar” language to the one of /. The notions of similarity differ in the literature.
As this chapter aims to generalise Aminof et al. [4] from the word case to the tree case,
we subsequently focus on [4].

The weight structure considered in [4] is the tropical semiring (R, min, 4, 0o, 0),

where Roo = {z € R | 2 > 0}U{oo} and the notion of approximation is given as follows.
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Let t > 1 be a real number, called the approximation factor. A weighted automaton

" t-approximates <, if for every input word w € X* it holds that

[#](w) < [«"](w) <t - [#](w).

In [4], Aminof et al. provide an algorithm, called tDet, that takes as input a weighted
(word) automaton o/ and an approximation factor ¢ > 1 and (if the algorithm termi-
nates) outputs a deterministic weighted automaton .7’ such that </’ t-approximates .«
The algorithm tDet executes a weighted power set construction (with a fixed factorisa-
tion) similar to the one given by Kirsten and Maurer [80]. That is, the states of </’ are
maps from the set of states of &/ to weights from the semiring, which are considered
as residual weights. These residual weights keep track of the difference between the
weights of runs of &/’ and runs of .. For approximated determinisation, however, tDet
keeps track of two bounds for every state of & rather than a single residual weight.
Namely, a lower bound and an upper bound. These bounds describe intervals of residual
weights, which need to be taken into account during the choice of final weights in order

to ensure t-approximation.

Next, Aminof et al. prove that tDet terminates if .o/ satisfies the so-called t-twinning
property. The t-twinning property is a generalisation of the classical twinning property
from [80, 90] to the approximated setting. Ultimately, it is proven in [4], that the
t-twinning property is decidable.

We follow the approach by Aminof et al. [4], although we provide a formal construc-
tion for approximated determinisation instead of generalising the algorithm from [4].
In Chapter 4.2, we introduce some elementary technical machinery and our automaton
model. Next, in Chapter 4.3, we define t-approximation for weighted tree automata,
give a construction for t-approximate determinisation, and prove its correctness in the
cases where it returns a finite WTA (see Theorem 4.21). In Chapter 4.4, we introduce
the t-twinning property for weighted tree automata, show that it is a sufficient con-
dition for the finiteness of our construction (see Theorem 4.27), and prove that our
t-twinning property is decidable (see Theorem 4.31). We conclude Chapter 4 by posing

some open research questions in Chapter 4.5.
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4.2 Preliminaries

We define the sets R = {x € R | 2z > 0} U {oo} and Qoo = {z € Q | z > 0} U {o0}.
For every z,y € R we define the interval [z,y] = {z € R | 2 < z < y} and denote the
set [00, 00| = {o0}.

Similarly to the arctic semiring (see Arct in Example 2.4), we consider the semiring
Trop = (Rs, min, 4, 00, 0), where for every x1,z2 € Ry we define

' T3 if x; = oo for some i € {1,2}
min(z1,x9) =

min(x1,x2) otherwise
00 if z1 =00 or 9 = 0
T+ x2 =

T1 + x9 otherwise.

Trop is called the tropical semiring (over R). We note that Trop is commutative and

extremal. Analogously, one can introduce the tropical semiring over Q.

Throughout Chapter 4, if not stated differently, the term “weighted tree

automaton” stands for “weighted tree automaton over X and Trop”.

We use the following notation for a run p of & on a tree or context £ € Ty, U Cy.

Let ¢ = p(e) and x = wt(&, p). If £ € Ty, then we write 5‘—[)‘9)0 q. If £ € Cy, then we
write p Slely q, where p = p(pos,,,;(£)). Whenever we do not care about the name of

the run, we simply write ﬁ q and p ﬁ q, respectively.

For every £ € Ty, ( € Cyx, and p,q € @ we define the values
0.7(¢ q) = min {wt(&, p) | p € Runsy (€, q)} and
0.7(p, ¢, q) = min {wt(¢,p) | p € Runs(p, ¢, q)}-

Moreover, we define 0,(§) = min{0,(§,¢) | ¢ € Q}. If & is deterministic and
Runsy (§) # 0, then 0,,(§) = wt(&, p), where p is the unique run in Runsg ().

Remark 4.1. Let 7 = (Q, T, final) be a finite WTA. For every £ € Ty it holds that

[/1(§) = min (6./(€,q) + final(q)).

This can easily be shown using the distributivity law in Trop. <
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Figure 4.1: The non-deterministic finite WTA & from Example 4.2.

Example 4.2. Let ¥ = {a(®, 50 51 and consider the finite WTA o7 = (Q, T, final),

where Q = {q1,¢2}, final = 0, and T is oo except in the cases

Toz(Q1) = 1) Ta(QQ) = 2) To(Ql;Qth) - 07
Tﬂ(Ql) — 07 Tcr(qQa QQ>Q2) =0.

The hypergraph of o7 is depicted in Figure 4.1.

Let £ € Tx. One easily verifies the following statements using the definition of <.
If € contains at least one 3, then there exists a unique non-vanishing run p of & on &
(namely the constant map to ¢1) and it holds that wt(, p) = #pos, (). If £ contains
no 3, then there exist exactly two non-vanishing runs p; and ps of & on £ (namely the
constant maps to q; and g¢o, respectively) and it holds that wt(&, p1) = #pos,(§) and
wt(&, p2) = 2 - #pos,(§). In total, we obtain that [«7](§) = #pos,(§).

Clearly, <7 is not deterministic, as the two transition weights Ty, (q1) and T, (g2) are

both non-vanishing. <

4.3 Approximated Determinisation

In this chapter, we define t-approximation of weighted tree automata. Moreover, we
present an approximated determinisation construction that takes a finite WTA o/ and
an approximation factor ¢ > 1 as input and yields a potentially infinite WTA 7’ over
X} and Trop. After applying the construction to the WTA from Example 4.2, we then
proceed to prove that if the tuple <7’ has finite components, then &/’ is a deterministic

finite WTA that ¢t-approximates .o7.
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Throughout the rest of Chapter 4.3 we assume </ = (Q,T,final) to be an
arbitrary finite WTA.

4.3.1 The Approximated Determinisation Construction

Definition 4.3. Let ¢t € R be a real number such that ¢ > 1 and let 8 = (Q’, T”, final’)
be a finite-run’ WTA.
We say that % t-approzimates of if for every £ € Ty it holds that

[1(6) < [#1() <t-[](&)- (4.1)

Moreover, we call &7 t-approzimate deterministic (or t-determinisable) if there exists a

deterministic WTA £ such that & t-approximates o7. <

Remark 4.4. Note that if & t-approximates o7, then supp([«/]) = supp([4]). More-
over, # l-approximates & if and only if [</] = [4]. <

Throughout the rest of Chapter 4.3, we assume that t € R with t > 1.

Remark 4.5. Note that, in general, & is not t-determinisable. In fact, for every X
containing two distinct symbols o and 7() (where 7,5 > 0), there exists a finite
WTA % such that 4 is not t’-determinisable for any ¢’ > 1.

This was already proven for words in [4, Theorem 1] and the constructions can
easily be adapted to the tree case by considering so-called comb trees over ¢ and T,

which behave similarly to words. |

Next we introduce our approximate determinisation construction. For a summary
of the conceptional details of our approach and how it fits into the existing literature, we
refer to Section 4.1. Recall that our construction is a weighted power set construction
with factorisation ([80], cf. also Chapter 3). We now present the intuitive idea behind
the steps of our construction.

Given the finite WTA & and an approximation factor ¢ > 1, we define an ascend-
ing sequence (7, | n € N) of weighted tree automata (“ascending” with respect to

component-wise set inclusion) and let 7’ be the limit (that is, component-wise union)

We recall that this property is required in this thesis in order for [#] to be defined.
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of this sequence. More precisely, we let o) be a WTAlike tuple with an empty set of
states and then iteratively explore more states of the goal WTA &/ using a weighted
power set construction. This exploration is done by a map called step, ; (see Defini-
tion 4.8), which takes as input any <7, and returns its (slightly larger) successor 7, 1.
To do this in a mathematically comfortable way, we introduce partial weighted tree au-
tomata, which are our standard WTA with the added liberty that all transition weight
maps are partial maps. This allows us to explore new states without having to define
all possible new transition weights at the same time.

We denote the components of 7, by (Qy, Ty, final,) and the components of <’ by
(Q',T',final'). The state set Q' is a subset of (R X Roo)?, which we think about as

follows. A state P € Q" maps every state ¢ € Q to a lower bound l{; and an upper

P

q - Thus, we denote (12 uP) = P(q). These bounds represent an interval in

bound u g Ug

R and will be determined by our construction such that the following holds.
Let p be the (unique) non-vanishing run of &’ on a tree & and let p(¢) = P. For
every q € @ it holds that

(see Lemma 4.20). We note that [0.(&,q),t - 0,(&, q)] is the relevant interval we need
to consider in order to achieve t-approximation of &/. Therefore, &7’ t-approximates
</ as long as the final weight map of &7’ respects the lower and upper bounds stored
in the states of &’.

Moreover, we use of the following concept. Given two maps P, P’: Q — Ry X Ry,
we say that P’ refines P if for every ¢ € Q it holds that [l(f/,uf;/] C 1 ul]. That
is, P’ describes tighter bounds than P. Refinement plays a major role in ensuring the
finiteness of &7’.

The overall structure of the definition of step,, ;, (Definition 4.8) is the following.
Given s € N, o € X) and already explored states Py, ..., Ps, we explore the unique suc-
cessor state P’ and transition weight ¢ resulting in a new transition (P, ..., Ps,0,c¢, P')
as follows. First we accumulate the lower bounds and the upper bounds of Py, ..., Ps
respectively with the transition weights given by 7. This results in the accumulated

lower bounds (I, | ¢ € @) and upper bounds (u, | ¢ € Q). Next we determine the
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new transition weight ¢ as mingeg u4. Then we define the intermediate successor state
P pointwise by P(q) = (lg — ¢,uq — ¢) (Equation (4.2)). If P is refined by some al-
ready existing state P”, then we let P’ = P”. Otherwise, we let P’ = P and call
(P1,...,Ps,0,¢,P) discovering.

A transition (Py, ..., Ps,0,c, P') is discovering if and only if it was the first non-
vanishing transition with successor state P’ that was generated by our approximate
determinisation construction. Runs that correspond at each position to a discovering
transition have certain combinatorial properties that we will use later on in our proofs.

We will now give formal definitions for these ideas.

Definition 4.6. A partial weighted tree automaton (short: partial WTA) is a tuple
o = (@,T\, fﬂlzl), where

° @ is a set,
« T = (CIA}: @S X @ --»Trop | s € Nyo € Z’(s)) is a family of partial maps, and
o final: @ — Trop is a map.
If @ is finite, then we call o/ finite. <

Definition 4.7. Let P: Q — Ry xRy and ¢ € Q. We denote the components of P(q)
by (1, uf) = Pla).
Let P,P: Q — Ry, X Ryo. We say that P’ refines P if for every g € (Q it holds that

[l;pl,uf;/] C il ull. <

Definition 4.8. Let &/ = (@,ﬁ filgl) be a finite partial WTA over X and (R U
{00}, min, +, 00,0) with Q C (Rae X Rog)@.
First, let s e N,o € X) and P,,...,P, € @ For every ¢ € QQ we define

lq:min{l(il—i—---—i—lis—l—Ta(ql,...,qs,q) | q1,...,q9s € Q} and

Ug = min{uq}i1 —|—---+u(];5 +t-To(qr,---145,9) | q1y---,9s € Q}.
Moreover, we define the constant ¢ = mingeg uy and the map P: Q — (R x Ry) by

p(q) = (lq —C,Ug — c) for every q € Q, (4-2)
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where co — 0o = oo. If P is refined by a state in @, then we fix an arbitrary such

refining state P’. Otherwise we let P’ = P. We define
To(Pr,...,Ps) = (c, P).

We note that this defines a map T_(_): (U ey 20) % Q%) = Trop x (Reo X Rso)€.
Next, we define the finite partial WTA

step,y (/) = (@', T', final’)
over X and (R U {oo}, min, +, 00, 0) as follows. The set of states is
Q' =QU{P|(c,P)cim(T (1))},
the transition weight maps are 7’ = (ﬁ’, (@’)5 x Q' --» Trop | s € N,o € X)), where
for every s e N, 0 € X) Py,... P, € @, and P € @’, we define
T,(Py,...,Ps,P) ifT,(P,..., P, P) exists
T(Py,..., Py, P) =< ¢ it T,(P,...,P) = (c, P)

%) otherwise,

and the final weight map is given by (fﬁl;l, )(P) = mingeq(ul’ + t - final(q)) for every
P e Q. Clearly, stepﬂi(;zf) is a finite partial WTA with weights in R U {oo}. <

Definition 4.9. We define the sequence (szfn = (Qn, Ty, final,) | n € N) of finite partial
WTA inductively by
% = (®7(® ‘ oc E)>®)

and 7,1 = step,, 4(7,) for every n € N. <

Remark 4.10. Let £ € N. It is an easy fact that Qx C Qx+1, (Tk)o € (Tgs1)s for
every o € X and finaly C finalg, ;. That is, (&, | n € N) is an ascending sequence of

finite partial WTA. In particular, we can define the tuple
' = (Q', T final'),

where Q" = U,.en @ns Ty = Upen(Th)o for every o € X, and final’ = |J,, oy final,. It
is clear that &/’ is a (possibly infinite) partial WTA. Moreover, for every s € N and

132



4.3 Approximated Determinisation

o € Y) we have that (Tk41)o is a map of type Qf x Qr+1 — S, whence T, is a map
of type (Q')* x Q' — S. Therefore, &7’ is in fact a (possibly infinite) WTA over X and
(R U {oo}, min, 4, 00, 0).

Clearly, if o, = 4,41 for some n € N, then it also holds that 7, = < for
every k > n. In this case, &' = &, and therefore &/’ is a finite WTA over X and
(R U {00}, min, +, 00, 0). <

Lemma 4.11. For every s > 0, 0 € ¥ and Py,...,P,,P € Q' it holds that
T.(P1,...,Ps,P) =00 or P =projy(T,(Pr,...,Ps)).
In particular, o/’ is a deterministic WTA over X and (R U {oo}, min, +, 00, 0).

Proof. Let s >0, 0 € X and Py,...,P,,P € Q such that T/(P,..., Ps, P) # oc.
There exists n € N where (1,,)(P1,...,Ps, P) # oo and (Ty,—1)6 (P, .., Ps, P) = 0.
From the definition of 7;, it now follows that T,(P,...,Ps) = (¢, P) for some ¢ € R.
This proves the first claim.

The second claim can be seen as follows. By Remark 4.10, &/’ is a WTA over X
and (RU {oo}, min, 4, 00,0) and the fact that <7’ is deterministic follows directly from
the first claim. ]

Example 4.12. We continue Example 4.2 by constructing the sequence (.7, | n € N)
for t > 2. We denote <, = (Qy, Tp, final,,) for every n € N.

By definition we have <% = (0, (0 | o € X),0).

Next, we determine @ = step,, ,(#%) and denote step,, (%) = (Qp, Tp, finalg).
We need to calculate T(Py,...,Ps) for every s, 7, and Py,..., Ps. Since Qo = ), we
only need to consider the case s = 0.

First, we consider v € X0, We calculate

Iy = min{T,(q))} = 1 gy = min{t - To(q)} = ¢

lg, = min{T,(q2)} =2 Ug, = min{t - To,(q1)} =2t
and obtain ¢ = min{¢,2 -t} = t. Next, we determine

P(q1) =(1—-1,0) and  P(g) = (2—1,1).
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As Qg is empty, P is not refined by any state in ()9 and hence, we have
Ta() = (t, 1),

where P = P = (q1 — (1 —1t,0),q2 — (2 — t,1)).

Next, we consider 8 € X(©). We calculate

lg, = min{Tﬁ(QI)} =0 Ug = min{? - Tﬁ<q1)} =0

lg, = min{T(q2)} = o0 ug, = min{t - Ts(q1)} = o0
and obtain ¢ = min{0, co} = 0. Next, we determine
P(q) =(0,0)  and  P(g2) = (00,00).
As Qg is empty, P is not refined by any state in )y and hence, we have
Ts() = (0, P),

where Py = P = (q1 — (0,0), g2 — (00,00)).

We have now determined all new values for T7_(_) and obtain Qf = {P], P},

(Tg)a(P1) =1, (T5)a(Py) = oo,
(To)p(Py) = oo, (T)s(Ps) =0,

and final(P{) = finalj(P}) = 0. This defines the partial WTA &7, which we depict in
Figure 4.2.

Next, we determine o4 = step,, (/) and denote step,, ,(21) = (Q},T7, final}).
We again need to calculate T.(P,...,Ps) for every s,7, and P,..., P;. However,
since the values of T-(Py, ..., Ps) do not depend on T} or final;, we obtain that T,()

and T3() are the same as in the calculation of step,, (%)

We consider o € X2 and P, = P, = P/ from Q. Similarly to the construction of
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step,y +(90), we calculate

lg = min{I" + 152 + To(q1, a1, 00), 157 + 152 + T (a1, 42, 1),
L4102+ To(g2, quoq) L + 102 4+ Togo, 42, 01) }
=min{l —t+1—t+0,00,00,00} =2—2-1,
ug, = min{0 + 0+ 0, 00, 00, 00} = 0,
lg, = min{oo,00,00,2 =t +2—-t+0} =4—2-¢, and

ug, = min{oo, 00,00,t +t+0} =2 1.
Moreover we obtain ¢ = 0 and
Plg1)=(2-2-t,0) and Plga)=(4—-2-t,2-1).
Note that Pj does not refine P and that P| refines P if and only if
9_2<1-t,  0<0, 4-2%<2—t and ¢ <2t

That is, P is refined by Pj if and only if ¢ > 2, which is true by assumption. In total
we obtain

To(P1, P1) = (0, Pp).

By continuing in the same fashion for every other combination of P| and Py, we obtain

the values
TU(P{7P2/):(O7P5)7 TU(P2/7P1/):(07P2/)7 and TU(P£7P5)2(07P£)‘

We have now determined all new values for T_(_) and obtain Q) = {P{, P},

finaly(P{) = final((P5) = 0, and T} is oo except in the cases
(Tll)a(Pll) =1, (T{)U(Pll7P1/7P{) =0, (T{)U(P{7P2/7Pé) =0,
(T{)B(Pé) =0, (T{)U(P2/7P{7Pé) =0, (T{)U(P2/7P2/7Pé) =0.
This defines the partial WTA . Moreover, since Q2 = )1, we obtain that <, = %
for every n > 2 and hence &' = . Clearly, &' is a finite WTA and one can easily

see that [&/'](§) =t - #pos, (§) for every & € Tx. In particular, &/’ t-approximates 7.
A depiction of &’ can be found in Figure 4.2. <
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Figure 4.2: Partial WTA o (left) and % (right) calculated in Example 4.12, where
oty = &/’ is a deterministic WTA ¢-approximating the WTA &/ from Example 4.2.

Remark 4.13. Note that the construction of .27’ does not preserve the weighted lan-
guage of o/ in general. This is due to the fact that the state normalisation in Def-
inition 4.8 is done with respect to the upper bounds qu . This yields that if < is
deterministic, then o’ recognises t - [«7] rather than [</]. This can be proved in a

straightforward way. <

4.3.2 Correctness of the Construction

We now set up the proof that if &/’ = o7, for some n € N, then &7’ is a deterministic
WTA which ¢-approximates <7 (see Theorem 4.21).

The following auxiliary lemma is a simple result that can be proven in a straight-
forward manner by induction on £ using distributivity (cf. Equation 7 of the proof of

[94, Theorem 4.1.] and [10, Lemma 4.1.13]).

Lemma 4.14. Let £ € Ty, and ¢ € @ and assume that £ = 0(&1,...,&s). It holds that
0./(6q) = min{( D" 0ur(€, @) + Tolar,-,06,0) [ a1, -0 € Q).
i=1

Lemma 4.15. Let P € Q). For every ¢ € @ it holds that uf; > 0. Moreover, if uf; < 00

for some ¢ € @, then uf;, = 0 for some ¢’ € Q.

Proof. Let n € N such that P € Qnq1 \ Qn. By the definition of step,, , it holds
that (¢, P) = T,(Py,...,P,) for some ¢ € Trop,s > 0,0 € X and P|,..., P, € Q,.
Since P ¢ @, it must hold that P is not refined by a state in @), and therefore
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P(q) = (lg — ¢,uq — ¢), where lg,uq € Trop for every ¢ € Q and ¢ = mingeg uq (see

P

Definition 4.8). In particular, ug

= ug — mingeg uy > 0 for every ¢ € Q. Moreover,
if qu < oo for some ¢ € @, then uy < oo and hence for ¢ = argmin g gy we have

ugy < oo and ugj = ugy — uy = 0. This concludes the proof. O

Lemma 4.16. For all o € X it holds that im(7") C Ry and im(final’) C R..

Proof. One easily sees that all occurring weights are in R U {oc}. Therefore, we only
show their nonnegativity.

Let s > 0,0 € ¥® and Py,...,P,,P € Q. If T'(P,,...,P;,P) = 0o, then
we are done. Otherwise, T.(P1,...,Ps, P) = ¢, where (¢, P) = T,(Py,...,Ps) for
¢ = mingeq uq and ug = min{uf;ll + o+ uf; +t-To(qy---14s,9) | q1,---,qs € Q}
for every ¢ € @ (see Definition 4.8). Thus, it suffices to prove that u, > 0 for every
q € Q. This easily follows from Lemma 4.15, the fact that ¢ > 1, and the fact that
im(7,) C Ry for every o € X.

Let P € Q'. Tt holds that final (P) = minqu(uf +t-final(g)), which is non-negative
by Lemma 4.15, the fact that ¢ > 1, and the fact that im(final) C Ry. O

Corollary 4.17. If &/’ = &7, for some n € N, then &7’ is a deterministic finite WTA.

Proof. This follows from Remark 4.10, Lemma 4.16, and Lemma 4.11. O

We now turn towards the proof that 2/’ indeed t-approximates .

Definition 4.18. For every P € Q' we define the depth of P (in /'), denoted depth(P),
as the unique n € N such that P € Q,, \ Q,,—1, where we let Q_1 = 0.

We call a transition (P, ..., Ps,0,¢, P) of &' discovering if ¢ < oo and for every
i € [s] we have depth(P) > depth(F;). In this case, P is introduced in Qgepn(p) as the
second component of T, (P, . . ., Ps) (and is not refined by some state P’ € Qqeptn(p)—1)-

Let £ € Ty and p € Runsy/(§). We call p discovering if for every w € pos(§) it
holds that (Py,..., Ps,0,¢, P) is discovering, where o = &£(w), s = rk(o), P, = p(wi)
for every i € [s], P = p(w), and ¢ = locwt (&, p, w). <

Lemma 4.19. Let £ € Tyx. If there exists a non-vanishing run p € Runs, (§), then

()

there exists a non-vanishing run p’ € Runsg(§) such that uz () < 00

In particular, if [&/](£) # oo, then [&7](§) # oc.
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Proof. We prove the claim by structural induction on £&. We assume & = o(&q, ..., &)
and that the claim holds for £, ...,&;. Let p € Runs,(§) be non-vanishing and denote
for every i € [s] the restriction! of p to & by p;. Since p is non-vanishing, it holds that
pi is non-vanishing for every i € [s]. By the induction assumption, there exists a non-
vanishing run p} € Runsg(&;) for every i € [s]. We denote (¢, P) = T, (p}(¢), ..., pi(e))
and define the run p’: pos(§) — Q' of &’ on £ by

P ifw=e¢

p(w) =
pi(v) if w = v for some i € [s] and v € pos(;),

for every w € pos(§). We need to prove that p’ is non-vanishing and uf( e < 0. Since
wt(&, p) = wt(§, p)) + - +wt(&, pl) + To(pi(e), ..., pie), P) and wt(¢, p)) < oo for
every i € [s], we know that p’ is non-vanishing if T (p)(¢),..., pi(e), P) < co. It is an

easy fact that uf(a) < oo implies T, (p)(e), ..., pi(e), P) < oo and hence, it suffices to

P

show Upc

< 00. We know that uf(a) < Uy(e) — ¢, where ¢ = mingeq ug and

Ug = mln{ugll(s) + - +’UJZ£’(€) +t'T0(qla--'>qS7Q) | qi,---,4s € Q}

for every g € Q. This follows from Definition 4.8.
By the induction assumption, it holds that ugigg < oo for every i € [s] and since p is
non-vanishing we also have 75 (p1(¢), . .., ps(€), p(¢)) < oo. This shows that u,.) < oo,

¢ < 00, and hence uf(e) < Up(e) — € < 00. O

Lemma 4.20. Let £ € Ty such that 0,/(€) # oo and let P € @' such that there exists

£|0,;z{/(£) .
arun —— P. For every ¢ € @, it holds that

00 (€,0) — 000 (6) 1P < ul < t-0,(€,q) — 0urr (6. (4.3)

€10 (£)
Moreover, if there exists a discovering run —— P, the x-inequalities hold as equalities.

Proof. Let n = depth(P). We first prove the inequality “lf < qu ” by induction on
n. The induction base n = 0 is clear since Qp = (). Now assume that n > 1 and the
claimed inequality holds for every P’ € Q,,_1. By the definition of step ¢ 1t holds that
(¢, P) = T,(P1,...,Ps) for some ¢ € Trop,s > 0,0 € Y©) and Pp,...,Ps € Qn_1.

'That is, pi(w) = p(iw) for every i € [s] and w € pos(&;).
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Since P € @Q,—1, P is not refined by some state in ),,—1 and in particular, P is defined
by Equation (4.2) as P(q) = (lq — ¢, uq — ¢), where

lq:min{lfll+"'+l£S+Ta(q1,...,qs,q) | q1,...,9s € Q} and

uq:min{uq}?—|—---+u5;‘—|—t-To(q1,...,qs,q)|q1,...,qs€Q}

for every ¢ € Q and ¢ = mingeg uy. Therefore we can show that lf < uéD by proving

lq < uqy. However, for every qi,...,qs € @ it holds that
lcil —f—-‘-—l—l(is +To(q1y--,qs,q9) < uéall —I—---—i—quj +t-To(q1,---,9s,9)

by the induction assumption and the fact that ¢ > 1, which concludes the proof of this
inequality.

Next we prove the x-inequalities. The proof is done by structural induction on £. We
assume that £ = o(&1,...,&s). By the induction assumption, the claimed inequalities
hold for &; for every i € [s]. Moreover, let P; € Q' be the (unique) state such that there

§il0 o1 (&)
2% P for every i € [s]. Since &7’ is deterministic, it holds that

exists a run
0.,/(€) = (Z"«%’(&‘)) +T(Py,...,P,, P). (4.4)
i=1
We define the weight

¢ =min{ug! +-- +ult +t-To(qr,. -, 45,0) | 4, @15 4s € Q).

Since T, (P, ..., Ps, P) < 0o, it must hold that T,(Pi, ..., Ps) = (T,(Pi,...,Ps, P), P).
Moreover, from Definition 4.8 we obtain that ¢ = proj;(T,(P1, ..., Ps)), which yields
c=T.(P,...,Ps P). Intotal, we obtain the following inequality chain for every ¢ € Q.

0o (&5 0) — 07 (€)
gmin{(zeﬂi(&:%’)) +To(q15---185:9) | @1y 545 € QY — O ()
=1

gmln{(zeﬁ(gwq») +T0’(Q1" : '7anQ) - Zaﬂ’(fl) | qi,--.,4s € Q} —C
=1 =1

S

gmin{(z (Gd(gi,qi) — OQ{/(&))) +T(q1,---,95,9) | q1,---,q5s €EQ} — ¢

=1

*4 *5
Smin{il 4+ 1+ Toqr, o 0000) L1 € QY —c 0P
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Equality *; uses Lemma 4.14. Equality o first uses Equation (4.4) and then pulls
the term )7 | 0,/(&;) inside the minimum. Equality 3 simply rearranges the weights.
Inequality x4 applies the induction hypothesis. Inequality %5 follows from Definition 4.8.

Similarly to %1, ...,*5, we can prove the following inequality chain for every g € Q.
u(l; Smln{uil ++u(is +t'T0(q17"'aanQ) | qi,--.,4qs GQ}_C

< min{( D (¢ 0 (600) = 0 (6) ) + - Tolar, - 00) L a1, € Q) —

i=1

= min{t - ((i&d(fm%’)) +Ta(Q1,---,qS,q)> - iﬂw(&) lq1,.-,qs €Q} —¢
=1 i=1

=1 mln{(zez/(517QZ)) +T0(q1a" . 7(;783(]) | q1,...,9s € Q} - 0;&%’(5)

i=1
=t-05(&q) — 0 (8)
This concludes the proof of Equation (4.3).

If there exists a discovering run é‘iﬁ) P, then inequality %5 holds as an equality,
since P is not refined by a state P’ € Qdepth(P)—1 and is hence defined by Equation (4.2).
In this case, inequality x4 also holds as an equality by the induction assumption, as
the unique run ﬁlm—z> P; such that z; < 0o is a discovering run for every i € [s]. These

arguments analogously apply to the inequalities regarding uf; . This concludes the proof

of the lemma. O

The following theorem proves the partial correctness of our approximate determin-
isation construction (Definitions 4.8 and 4.9) and follows from Lemma 4.20 and the

definition of final’.

Theorem 4.21. If &/’ = &, for some n € N, then &/’ is a deterministic finite WTA

that t-approximates 7. In this case, &7 is in particular t-determinisable.

Proof. From Corollary 4.17 we obtain that .27’ is a deterministic finite WTA. It remains

to show that &7’ t-approximates .7, that is, we need to prove

[](¢) < [«'](€) < t-[«](&) (4.5)

for every € € Ty.
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Let £ € Tx. If 0,/(§) = oo, then [¢/]({) = oo by Lemma 4.19, which proves
Equation (4.5). Now assume that 6, (§) # co. Since &/’ is deterministic, there exists a
unique run ﬂiﬁﬁ) P of o' on &, where P € QQ'. Moreover, [&'](£) = 0. (&) +final (P).
Therefore, after subtracting 6 (§) from all sides of Equation (4.5) and using the fact

that [«/](¢) = mingeq (0 (€, ¢) + final(g)), we only need to show that
min (6 (6,) + final(g) ) — 0y () < final(P)
< tomin (0./(6,0) + final(q) ) — 0.r/(9).

It holds that final’(P) = minqu(u5+t-ﬁnal(q)) by definition. We can use Lemma 4.20

to estimate every uf; in Equality ¢ from below and above, which yields the inequalities
*,
min (0.7(6.) +1 - final(g) ) —07/(€) < final'(P)
q€

< Iqléi(g (t O (&,q) +1- ﬁnal(q)) — 0. (8).

Inequality %4 is equivalent to xo and since ¢ > 1, Inequality x3 implies Inequality *.

This concludes the proof. ]

4.4 The Approximated Twinning Property

We start this chapter by defining the so-called t-twinning property for weighted tree
automata, which is a natural extension of both, the word case [4] and the tree case with-
out approximation (that is, ¢ = 1) [14]. We then prove that the t-twinning property is a

sufficient condition for the finiteness of our approximated determinisation construction.

Throughout the rest of Chapter 4.4, if not stated differently, we assume
o = (Q,T,final) to be a finite WTA and t € R to be a real number such
that t > 1.

Definition 4.22. For every p,q € Q we say that p and q are siblings if there exists
a tree £ € Ty and non-vanishing runs p; € Runs(§,p) and p2 € Runs, (€, q). Let p
and ¢ be siblings. We say that p and ¢ are t-twins if for every ( € Cyx it holds that

9(p,¢,p) = 00, 0(q,¢,q) = o0, or
1
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We say that & has the t-twinning property if for all siblings p, ¢ € @Q it holds that

p and ¢ are t-twins. <

Example 4.23. We continue Example 4.2 by showing that &/ satisfies the 2-twinning
property but not the 1-twinning property. First, note that ¢; and ¢; are trivially siblings
and t-twins (analogously for g2 and g2). Moreover, ¢; and g2 are siblings as there are
two runs p; and p2 on & = «, where p;i(e) = ¢1 and pa(e) = ¢o.

Let ¢ € Cx. If ¢ contains a 3, then we have that 6(q2, (, g2) = co. We now assume
that ¢ does not contain a 8. Let p be a non-vanishing run of & on (. One easily sees
that p either maps each position to ¢; (in this case wt((, p) = #pos,(()) or p maps
each position to g2 (in this case wt((, p) = 2- #pos,(()). Since these are the only valid
runs of &7 on ¢, we obtain 6(q2,(,q2) = 2-6(q1,(, q1). This proves that o satisfies the
2-twinning property.

Moreover, <7 does not satisfy the 1-twinning property, as ¢; and ¢o are siblings but

for ¢ = o(a, 1) it holds that 0(q1,(,q1) =1 # 2= 0(q2,(, ¢2)- <

4.4.1 Implications for Approximated Determinisability

In order to show that the t-twinning property is a sufficient condition for the finiteness
of our approximate determinisation construction, we provide three supporting technical
remarks. We begin by defining a multiplication between factors d € R, and partial

weighted tree automata whose states are in (Roo X Ryo)®.

Remark 4.24. Let d € Ry, such that d > 0. For every P: ) — Ry, X Ry we define
d-P: Q — Ry xRy by (d- P)(q) =d- P(q) for every q € Q. Let £ = (@,T,ﬁ/ngl) be
a partial WTA such that Q C (Re X Roo)?. We denote by d - 2 the partial WTA

d-B = (@d7 fd7 fﬂlgld%
where Qg = {d- P | P € Q},

(T))o(Py,....P)=d-Ty(d - Py,...,d"" - P,), and
finaly(P) = d - final(d~! - P)
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for every s > 0, 0 € X, and Py,...,Ps, P € @d. That is, d - £ is the partial WTA
constructed from Z by multiplying all transition weights and final weights by d and
renaming all states by multiplying all lower and upper residues by d.

A straightforward inductive proof shows that
(d- o)y =d- o, for every n € N, (4.7)

and hence also (d - /) = d - o/'. We briefly outline the proof of Equation (4.7).
The case n = 0 is trivial. Assume that Equation (4.7) holds for some n € N. We
need to show that step,.. ;((d - #),) = d - stepy, (o). Let s > 0, 0 € ¥, and
Py, ..., Ps € Qn and let (¢, P) = T,(Py,. .., Ps) in the construction of step,, ;(.#,) and
(¢,P")=T,(d-Py,...,d- P) in the construction of step,.., ,((d-.%/),). One can easily
verify that ¢ = d-c and P’ = d - P using Definition 4.8 and the induction assumption
(d- o)y, =d- o, This also uses the fact that for two maps P, Py € (Ry X Ry )@ it
holds that P; refines P, if and only if d - P; refines d - P». Similarly, one sees that the
final weights of (d - &7),+1 correspond to the final weights of d - .27, 1. <

Next we show that every state of .27’ occurs at the root of a discovering run of .7’
We will use this later to obtain tighter inequalities (than the ones holding for arbitrary

runs).

Remark 4.25. Let P € Q' be a state of &’. There exists a tree £ € Ty and a
discovering run p € Runsg (&, P). This can be seen as follows. Let n = depth(P). We
proceed by induction on n. The induction base n = 0 trivially holds, since Qo = (). Now
assume that n > 1 such that the claim holds for every P’ € Q),,_1. Since P € Q,,, there
exists s > 0,0 € X P, ... P, € Qu_1,and ¢ € Ry, such that (¢, P) = T, (P, ..., P,)
in the definition of step,, ;(%%,). We know that P is not refined by some state in @1,
because P &€ @,—1. In particular, the transition (P,..., Ps,0,c, P) is a discovering
transition. By assumption, there exist trees i, ...,&s € Tx and for every i € [s] there
exists a discovering run p; € Runs, (&, P;). Therefore, the run p of <7’ on the tree
E=o0(&,...,&), defined for every w € pos(§) by
P if w=g¢,

plw) =
pi(v) if w = v for some i € [s] and v € N*
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Figure 4.3: The identification of synchronised loops of two runs p; and ps on a context
tree £&. The dashed line in ¢ marks a path of height > #Q2? + 1. Somewhere along this
path, { can be decomposed into the three parts (,7n, and & on the right, such that pq|,
and po|,, are loops (in the respective states p and ¢). Depending on &, the original variable

21 might occur in ¢, n, or £’.

is a discovering run. <

In the following remark, we discuss some properties of loops in runs. This will come

in handy multiple times throughout the rest of Chapter 4.

Remark 4.26. Let £ € Tx U Cyx. In this remark, we consider £ as an element of
TsU{z,), that is, we do not consider z; as a variable, but rather as a symbol of the
underlying ranked alphabet. Then, for a context ¢ € Csy(s,}, the variable occurrence
in ( is distinguishable from any (other) occurrence of x; in (.

For every run p € Runs, (§) and every (,n € Cxyqa,}, and &' € Ty, such that
C[l¢']] = &, we define the runs p|, € Runs, (1) and pl¢e) € Runsy(C[¢]) where

ply(w) = p(POsa (C)w)

for every w € pos(n) and

p(w) if w € (pos(¢) \ {posyar (C)}),

p(posvar(g)posvar(n)v) ifw= pOSvar(C)v for some v € N*

pleen(w) =

for every w € pos(C[¢']). We note that plcfe is well-defined as the two given cases
cover pos(C[¢']). Moreover, it holds that if wt(&,p) = 6(&, p(e)), then we also have
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wt(n, ply) = 0(n, ply(e)) and wt(C[E'], pleie) = O(CIE"]; pleen(€))- That is, if p is the

run with minimal weight on &, then p[qg} and p|, are the runs with minimal weights
on ([¢'] and 7, respectively. This fact follows from the commutativity of Trop, as
wt(§, p) = wt(C[€], pleiern) + Wt(n, ply)-

Now let size(¢) > maxrk(X)#Q*+! and let p1,ps € Runsy(¢) be two runs of &
on §. There exist (,n € Cxygy,y and & € Tyxypy,) such that size(§) > size(n) > 1,
C€')) = &, and p1|, and pa|, are loops. This follows from the pigeonhole principle, as
height (&) > #Q? + 1 and the maximal number of different pairs of states (p1(w), p2(w))
is #Q2. If size(¢) > maxrk(X)2#Q*+1 then we can moreover ensure that 5 € Cy;, that
is, any variable possibly occurring in £ is not part of . We depict the decomposition

of a context into the parts ¢,7n, and £ in Figure 4.3. <
Throughout the rest of Chapter 4.4.1, we assume that im(</) C Q.

We are now ready to prove that the t-twinning property is a sufficient condition for
the finiteness of our approximate determinisation construction (Theorem 4.27). The
proof is very similar to the proof of [4, Theorem 8]. Note that in [4, Theorem 8], ¢
is a rational number, whereas we allow for ¢ to be a real number. We resolve this by

multiplying ¢ and all weights occurring in &7 by %
Theorem 4.27. If ./ satisfies the t-twinning property, then &/’ = .7, for some n € N.

Proof. We define d € R as the least common multiple of the elements in the set
{b ‘ a,beN, % € im(«/), and a and b are coprime},

where two elements a,b € N are coprime if 1 is the only common divisor of a and b
(cf. [78] for more details on least common multiples and coprimality). Furthermore we
define ¢ = 1 - d. We note that all weights of ¢- & are in - NU {oo} by the definition
of d. By Remark 4.24, the claim holds for ¢- .o/ (that is, (¢- &) = (¢ - &), for some
n € N) if and only if it holds for 7. Therefore, we henceforth assume that all weights
of o/ are in 1 - NU {oo}.

Assume that 7 satisfies the t-twinning property and <7’ # ., for every n € N.

Hence, 7’ has infinitely many states. In particular, there exists an infinite sequence
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7w = (Py | k € N) of pairwise different states of «7’. Next, observe that there exist states
4,7 € Q and a subsequence ' = (P;, | k € N) of 7 such that (i) (l?’“ | ke N)is a
sequence of elements in R that monotonically increases towards infinity for k¥ — oo and
(ii) uql-pik = 0 for every k € N. In fact, the very same property is proven in three steps
during the proof of [4, Theorem 8| (for rational t). Our argumentation differs merely
in the fact that all weights are multiplied by the factor % from the argumentation

presented in [4] and hence we omit the proof of this property.

We define the value

z = max{wt(&, p) — ¢ - wt(£,p) | € € T, height(€) < #Q7,

p € Runsy(&,4),p € Runs(€,q)}.

By Remark 4.25 it holds that for every k € N, the state F;, is reachable by a discovering

run on some tree & € Tx. Therefore, by Lemma 4.20, it holds that

0o/ (&k> @) — O (&) = l?’“ and ¢ 0(E,0) — O (6) = ug * (= 0)

for every k € N. Subtracting the right equation from the left equation, we obtain
N _ Py,
Ocr (Eks @) — - 0.7 (&, @) = 1

for every k € N. Since (l?’“ | k& € N) monotonically increases towards infinity, there
exists k € N such that 0,/ (&, q) — t - 0(&k, @) > x. Therefore, by the definition of x
we know that height(&;) > #Q2. The fact that l?’“ € R implies that 0. (&, §) < oo
and 0. (&,q) < oo and therefore, there exist two runs p € Runsy (&, ¢) and p €
Runs (&, ¢) such that wt(&, p) = 0./ (&, §) and wt(&k, p) = 07 (&k, ). By Remark 4.26
there exist contexts ¢,n € Cx and a tree {’ € Tx such that & = ('[n[¢']], size(n) > 1,
and both p|, and p|, are loops on 1. Moreover, since wt(&x, p) = 0.7 (&k, ¢), we know
that wt(&r, p) — wt(¢'[€'], pleren) = 0(4,¢, G) by Remark 4.26. Analogously, we have
Wt (&g, p) — wt(C'[€'], perfen) = 0(q,¢,q). Therefore, the fact that o satisfies the -

twinning property implies that

Wt (&, p) — wt(C'[€'], perien) = 0(4, ¢, 4)
<t-0(g,¢,q) =t (Wt(&, p) — wt(C'[€'], pergen)). (4.8)
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In total we obtain

*

wt(C'[§'], herien) — t- wt (€], Peren) = wi(€, p) — - wh(€, p)

=0(&ksq) —t -0k, q) > .

where inequality x is a rearranged version of Equation (4.8). We have thus found
the tree C[¢] with size(C[¢]) < size(&), yet still height(([¢]) > #Q?. By repeatedly
removing loops from p and p in this manner, we can find a contradiction. This concludes

the proof of this theorem. ]

Corollary 4.28. If o satisfies the t-twinning property, then o is t-determinisable.

Proof. This follows immediately from Theorems 4.21 and 4.27. O

Example 4.29. We continue Example 4.23. We have seen that for ¢t = 2, it holds that
ofy = o71. For t = 1, one can show that o7, # o, for every n € N. That is, our
approximate determinisation construction yields a finite automaton for ¢ = 2, but not
for ¢ = 1. This was expected by Theorem 4.27, as &/ satisfies the 2-twinning property,
but not the 1-twinning property.

We now provide a short argumentation as to why 7,11 # 9, for every n € N in the
case that ¢ = 1. In Example 4.12, we calculated % = step,, (<) and generated the
successor state P’ = {(q1, (2—2t,0)), (q2, (4—2t,2t))} by considering the input symbol o
and the predecessor states P| and Pj. If t = 2, then P’ is refined by P| and therefore not
added as a new state in Q9. For t = 1, however, P’ is equal to {(q1, (0,0)), (g2, (2,2))}
and hence P’ is not refined by any previously existing state. Therefore, P’ is added
to the state space. Next, considering the input symbol ¢ and the predecessor states
P’ and P’, we obtain another unrefineable state, namely P” = {(q1, (0,0)), (g2, (4,4))}.
One easily sees that the construction continues to generate every state of the form
{(q1,(0,0)), (g2, (2F,2))} as a new state in Q. and hence the sequence (47, | n € N)

does not stagnate after some n € N. <

4.4.2 Decidability of the Twinning Property

In the following theorem, we prove the decidability of the ¢-twinning property. This is
due to the fact that if a WTA & does not satisfy the ¢-twinning property, then this
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non-satisfaction is already witnessed by a small context tree.

Lemma 4.30. Let &7 = (Q, T, final) be a WTA and ¢ € R such that ¢t > 1.
If o7 does not satisfy the ¢-twinning property, then there exist siblings p, ¢ € ) and
a context ¢ € Cy such that size(¢) < maxrk(X)2#Q*+! and

t-0(q,¢,q) <8(p,¢,p) < oo.

Proof. Assume that &/ does not satisfy the t-twinning property. Thus, there exist
siblings p, ¢ € @ and a context ( € Cyx such that

t-0(q,¢,q) < 0(p,¢,p) < o0

(after swapping p and ¢, if necessary). Among all possible such ¢, we fix a context such
that size(¢) is minimal. We assume that size(¢) > maxrk(X)2#@Q*+1  In particular,
height(¢) > 2 - #Q* + 1.

Let p1 € Runsy (p, (,p) and p2 € Runsy(q, ¢, q) such that wt(¢, p1) = 0(p, {, p) and
wt(¢, p2) = 0(q,¢,q). By Remark 4.26, there exist (’,(" € Cxyyy,y and n € Cy such
that ¢ = ('[n[¢"]], size(¢) > size(n) > 1, and both p; and ps loop on 7, (in states ¢ and
g2, respectively). It holds that 6(q1,7n,q1) < t-0(q2,7n,q2) since ¢ is by assumption a
minimal witness of the non-satisfaction of the ¢-twinning property and size(n) < size(().

We ultimately obtain

0(p.C'[¢"],p) = 0(p,¢,p) — O(qr,n,q1) >t~ (0(q,C,q) — O(q2,m,42)) =t 0(q,¢'[C"], @),

where the x-equations follow from Remark 4.26, as wt(¢'[¢"], p1lcicm) = 0(p, ¢'[¢"],p)
and wt(n, p1],) = 0(q1,7,¢1), and analogously for py. In particular, we have found a
smaller witness of the non-satisfaction of the ¢-twinning property than ¢, namely ¢’[¢"],
which is a contradiction. Hence, the assumption that size(¢) > maxrk(X )2'#Q2+1 must

be dropped. ]
Theorem 4.31. The t-twinning property is decidable for every WTA & and ¢t > 1.

Proof. First, note that we can determine the set of siblings in ) by only considering
trees £ € Ty such that size(§) < maxrk(Z‘)#Q2+1. This fact is proven analogously to

Lemma 4.30 by removing synchronised loops from runs on bigger input trees.
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By Lemma 4.30, & does not satisfy the t-twinning property if and only if there is
a small witness to the non-satisfaction of the ¢-twinning property.

Hence, we can decide the t-twinning property by (1) determining the set of siblings
of @, (2) calculating 0(p,(,p) for every state p € @ and every context ( € Cyx such
that size(¢) < maxrk(X )2'#(’22“, and (3) checking the ¢-twinning property only on the

values calculated in (2). O

4.5 Conclusion

In this chapter, we generalised [4] from the word case to the tree case. First, we gave
a t-approximated determinisation construction by defining a sequence (<7, | n € N)
of partial WTA for a given input automaton &/ and considering the limit .7 of this
sequence. Next, we proved that &/’ is a deterministic WTA that ¢-approximates <7,
whenever &/’ = ., for some n € N. Then, we introduced the t-twinning property for
weighted tree automata and showed that the ¢t-twinning property implies that &/ = .o,
for some n € N (under the assumption that all weights of 7 are in Q). We ultimately
showed that our t-twinning property is decidable.

This chapter is a rather compact excursion to approximated determinisation and
some research directions remain untouched. For example, recent work has shown that
the twinning property is equivalent to determinisability in some cases (e.g. [21]). It
would be worthwhile to determine whether in our case, the {-twinning property is nec-
essary for t-determinisability. Another interesting research direction is to introduce
approximated determinisation for general classes of semirings rather than only con-
sidering the tropical semiring. Moreover, it seems rather arbitrary to say x € R is
approximated exactly by the values in the interval [z, ¢ - x]. It would be interesting to
introduce more general notions of “approximation” and find sufficient conditions for

this general approximated determinisability.
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Kleene and Buchi Theorems for

Weighted Forest Languages over
M-Monoids

This chapter is a presentation of Dérband [27] with minor changes.

Throughout Chapter 5, we assume X to be a ranked alphabet.

5.1 Introduction

We have studied formal languages throughout the previous chapters via the general
model of weighted tree automata over semirings. From a more algebraic perspective,
one can study classes of formal languages through their closure properties under certain
operations. For example, the class of rational word languages is defined as the smallest
class containing the finite languages and that is closed under union, concatenation,
and Kleene star (cf. [81]). A third way of looking at formal languages is from the
logician’s point of view. One can study classes of formal languages through the logical
formulas that they satisfy. A prominent example of such a logic formalism is called
monadic second-order logic (or short: MSO-logic) and was introduced in [13]. The

formal languages represented by MSO-logic formulas are called MSO-definable.
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Since a long time, it is established that these different perspectives on formal lan-
guages are strongly related in the word case. The so-called Kleene Theorem [81] states
that the class of recognisable word languages equals the class of rational word lan-
guages. On the other hand, the so-called Biichi Theorem [13] states that the class of
recognisable word languages equals the class of MSO-definable word languages.

Over the years, many different generalisations of the Kleene and Biichi theorems
have been published, both, in the unweighted and the weighted setting. In this chapter,
we consider so-called weighted forest automata. For us, forests are tuples of trees and
weighted forest languages only consider forests containing a fixed number of trees. A
different approach to weighted forest languages is to consider forests with an arbitrary
amount of trees. This has been done by Mathissen in [87], where forests are called
hedges. Various other syntactic objects have been considered and Kleene and Biichi
theorems have been established. However, for our purposes, we will focus on the tree

and forest cases. We collect the relevant literature in the following table.

Trees Forests Hedges
[107] (unweighted) [104] (unweighted)
[38] (semirings) [26] (semirings)

Kleene [51] (M-monoids)  this chapter (M-monoids)
[70] (tv-monoids)
[107] (unweighted)
[40] (semirings)
[52] (M-monoids)  this chapter (M-monoids)
(33, 34] (tv-monoids)

Biichi [87] (semirings)

As weight structures, we consider so-called M-monoids. Up to some technicalities,
an M-monoid (short for “multioperator”-monoid) is a monoid (M, &, 0) together with
a family of operations {2 C Ops(M). A weighted tree automaton (short: WTA) over M
is a tuple & = (Q,init, T, final), which is defined similarly to weighted tree automata
over semirings, except that all weights are operations from {2, rather than elements
of the underlying algebra. Moreover, init provides designated leaf weights for variable
positions, which weighted tree automata do not provide. The weight of a run of & on
a tree £ is the composition of the assigned operations in the natural way and [</]() is

an operation on M whose arity depends on the number of variables occurring in £. We
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have chosen this very general weighted automaton model in order to extend as many

of the existing results as possible.

There is an even more general class of weight structures, the so-called tree valuation
monoids (tv-monoids), over which weighted tree automata (WTA) have been consid-
ered. Also, Kleene-like and Biichi-like theorems have been proven for WTA over tree
valuation monoids [33, 34, 70]. We now briefly justify the fact that we only consider
M-monoids, rather than tv-monoids. In [106, Lemma 20], the authors have shown that
for each tv-monoid T, there is an M-monoid M, such that for each WTA & over T,
there is a WTA Z over M, such that [«/] = proj;([#]). Hence, the only theoret-
ical difference between recognisable weighted tree languages over T and recognisable
weighted tree languages over M is the application of a projection map. We believe that
this close connection between tv-monoids and M-monoids supports our choice to only

consider M-monoids.

Mathissen’s work [87] on weighted hedge automata is related to our weighted forest
automata model, but the two approaches cannot be compared directly. Two reasons are
the following. First of all, Mathissen considers unranked hedges, whereas we consider
forests over ranked trees. Moreover, the hedges in [87] can consist of an arbitrary
(finite) number of trees, whereas we consider forests with a fixed number of trees.
However, restricting [87] to ranked hedges with a fixed number of trees and restricting
our weighted forest automata to the case of semirings (see Remark 5.14) results in the

same class of recognisable languages.

We note that the restriction from “unranked” to “ranked” is only a technical differ-
ence in the semiring-weighted setting. In fact, it has been shown in [23] that weighted
(ranked) tree automata over semirings together with a so-called binarisation are equiv-

alent to weighted unranked tree automata over semirings.

We now briefly outline the rest of Chapter 5 and our main contributions. In Chap-
ter 5.2, we establish the necessary mathematical foundations. We define M-monoids and
some M-monoid properties, including absorptivity, distributivity, and (1,x)-composition
closure. Moreover, we define weighted tree automata over M-monoids. In Chapter 5.3,
we introduce (b, n)-forests for every b,n € N as b-tuples of trees in Tx(X,). More-

over, we generalise the weighted tree automaton model from Chapter 5.2 to the case
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of (b,n)-forests by simply allowing for b root distributions finaly, ..., final,. In order to
define the language of such a weighted (b, n)-forest automaton, we assume that there
is a second operation on M, which distributes over the monoid operation and which is
contained in (2. Naturally extending the tree case, the weight of a run on a (b, n)-forest
is a tuple of b operations on M, which we then multiply using the second operation on
M. This yields the class Rec(X, M, b, n) (and Rece (X, M, b,n)) of languages recognised
by weighted (b, n)-forest automata over M (with final states). As a central result, we
obtain that every ¢ € Rec(X, M, b,n) can be decomposed into a product of b elements
©1,...,0p € Rec(¥,M,1,n). Here, “product” refers to the second operation on M
applied pointwise. In Chapters 5.4 and 5.5, we lift the Kleene-like result from [51]
and the Biichi-like result from [52] from the tree case to the forest case, respectively.
First, we define the class Rat(X,M,b,n) of rational weighted (b,n)-forest languages
over M. Then, we prove our Kleene-like theorem, Theorem 5.37, which generalises the

Kleene-like theorems from [26, 38, 51, 104, 107].

Theorem 5.37 (Kleene result for forests). If M is distributive, then

Rec(X, M, b,n) C | Rat(Z, M, b, k)|, (x,)-
keN

If M is distributive, closed under sum, and (1,x)-composition closed, then
Rat(X, M, b,n) C Rec(X, M, b,n).

We note that the direction “Rec C Rat” does not preserve the number of vari-
ables n, which we discuss towards the end of Chapter 5.1. Next, we define the class
MDef (X, M, b) of languages defined by (b,0)-forest M-expressions. Then, we prove
our Biichi-like theorem, Theorem 5.45, which generalises the Biichi-like theorems from

(40, 52, 107).
Theorem 5.45 (Biichi result for forests). Let M be absorptive. It holds that
Rece(X, M, b, 0) = MDef (5, M, b).

Our definitions of rational forest expressions and forest M-expressions are not in-
ductive, which is why we dedicate Chapter 5.4.3 to a discussion on why straightforward

inductive definitions fail. Lastly, we give some concluding remarks in Chapter 5.6.
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We close this introductory chapter by briefly elaborating the use of variables in
Chapter 5. We recall that our unified automaton model will be used to generalise both
a Kleene-like result [51] and a Biichi-like result [52]. Hence, our automaton model needs
to take into account the way that [51, 52] consider variables.

For the Kleene-like result variables are used during the analysis of an automaton.
Let o/ be a weighted tree automaton with state space ) and denote k = #@Q. We
consider X, where each state of () corresponds to a variable in Xj;. In order to
construct a rational expression generating the language [<7], one decomposes [</] into
“easier” intermediate languages, using the variables from Xj. More specifically, a state
q € @Q is chosen and one only considers runs of .o/ that can use ¢ only at the root of a
tree and at leaves labelled by the variable corresponding to ¢. This restriction of runs
is repeated until all states in ) are processed. Thus, our automaton model needs to
be capable of handling variables in trees. As a side product, one can consider trees
that already contain variables from X,, for some n and simply shift the index of the
variables in Xj by n.

For the Biichi-like result, no variables are used [52, 87]. In order to have a unified
automaton model, we disallow variables by requiring n = 0 for our Biichi-like result.

We note that, for our purposes, variables are merely a technical tool and do not

count towards qualitative properties of trees and forests (like the size, height, etc.).

5.2 Preliminaries

M-Monoids A wunit-less semiring is an algebra (S, ®, ®,0) satisfying the same prop-
erties as a semiring, except there need not be a unit element with respect to ®.

Let (M, @®,0) be a commutative monoid and w € Ops*(M) for some k > 0. We
say that w is distributive (with respect to (M, @®,0)) if for every i € [k], m,m' € M,
m € M, and m’ € MF~¥ it holds that

w(im,m ®m’,m’) = w(m,m,m’) ®w(m,m m’) and (5.1)
w(m,0,m’) = 0. (5.2)

We call (5.1) the distributivity law and (5.2) the annihilation law. If Equation (5.2) is

satisfied (but not necessarily Equation (5.1)), then we say that w is absorptive.
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A multioperator monoid (or short: M-monoid) is a tuple (M, ®,0, 2y), where
(M, @, 0) is a commutative monoid (also called underlying monoid) and {2y C Ops(M)
such that idy € 2y and 0% € ng,][f) for every k > 0, where 0¥) € Ops*(M) is the
constant map to 0.

An M-monoid is called
o distributive if every w € 2y is distributive with respect to (M, &, 0) and
e absorptive if every w € (2 is absorptive with respect to (M, &, 0).

Whenever the context is clear, we refer to an M-monoid (M, @, 0, £21) by the set M.

It is an easy fact that to every semiring S one can naturally associate an M-monoid,
denoted M(S). The operations of M(.S) are simply finite multiplications in S. Formally,
for every k > 0 we define the k-ary operation IT: S¥ — S on S by ITi(s1,...,s:) =
$1® -+ ©® s for every s1,...,s € S. We note that IIy = idy; and moreover, since S is
a semiring, Iy is distributive with respect to (.5, ®,0). Now, the M-monoid induced by
S is M(S) = (S,®,0, ), where 2 = {II;,,0%) | k > 0}. For an alternative M-monoid
which can be naturally associated to S, confer [51, Lemma 8.6.].

Given an M-monoid (M, @, 0, 2y1), we say that M contains a semiring if there exists

a unit-less semiring with ground set M such that {2y O (I | k£ > 0).

Throughout the rest of Chapter 5, if M is left unspecified, then it stands for

an arbitrary M-monoid.

A (X, M)-weighted tree language is a map ¢: Ty — M. We make the same conven-
tions as in the semiring-weighted case (see Chapter 2.2).

Let n € N. A tree valuation over X, M, and n is a map ¢: Tx(X,) — Ops(M). If
for every £ € Tx(X,,) the arity of p(§) equals the |{|x,,, then we call ¢ uniform. We
denote the set of all uniform tree valuations over X', M, and n by Uvals(X, M, n). We
note that Uvals(X, M, 0) = MT> (as sets).

For every £ € Tx(X,) and w € Opsléxn (M) we define the uniform tree valuation
w.£: Ty — Ops(M) by

-
wE(C) = w if{=¢and

0 otherwise
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for every ¢ € Ty.
Let k € N and wi,ws € Opsk(M). We define the sum of wy; and wo as the k-ary

operation w; @ wy on M given for every m € MF by
(w1 B we)(m) = wi(m) B we(m).

Now let w € Ops*(M), Iy,...,I; € N, and w; € Ops'*(M),...,wy, € Ops's(M). We de-

fine the composition of w with (wy, ... ,wy) as the (Z?Zl lj)—ary operation w(wi, ..., wg)
given for every m; € M1, ... my € M% by
w(wr, ) (0, my) = w(wr (my), . w(my)).

This definition naturally extends to the case where w € (Opsk (M))e for some ¢ > 1,

that is, w is a tuple of operations. More precisely, given w = (w',...,w’), we define

wwi,. .. wp) = (WHwr, ..., wp), ..., w (Wi,...,wp)).
Example 5.1. Consider the set M = P(N*) and the set
2 = {idp} U {ws, 0 | s > 0}
of operations on M, where for every s > 0 and Pi,..., P; € M we define

0 if P, =0 for some i € [s]
ws(Pl,. . .,Ps) ==

{e}UlUgi- P otherwise.
The algebra (M, U, 0, £2) is certainly an M-monoid. Note that we have forced the anni-
hilation law in the definition of the w;. Moreover, one can check that the distributivity

law holds for the ws and hence M is a distributive M-monoid. |

Logics In preparation for our Biichi Theorem, we briefly recall unweighted MSO-logic
for trees in this chapter. Most of the definitions are taken from [52, pages 246-247].
In our MSO-logic, we use first-order variables (denoted by lowercase symbols, like
x,9, 2, ... ) and second-order variables (denoted by uppercase symbols, like X, Y, Z,...).
We will also use the concept of extended Backus-Naur forms [1] (short: EBNF') in order

to compactly define logic formalisms.
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We define the set MSO(X') of MSO-logic formulas over X by the following EBNF

with nonterminal ¢.
¢ = label,(z) | edge;(z,y) |z € X | =9 | ¢V ¢ | Tx.¢o | X .0,

where i € [maxrk(X)],o € X, x and y are first-order variables, and X is a second-order
variable. The set of free variables of a formula ¢ € MSO(Y) is defined as usual and
denoted by Free(¢) (cf. [105, Chapter I1.2]).

Let 'V be a finite set of first-order and second-order variables. We define the ranked
alphabet Xy by 2\(78) = X&) x P(V) for every s > 0. We note that Xy = ¥ as sets. A
tree £ in Ty, is called valid if every first-order variable x € V occurs at exactly one
position in . The set of valid trees in Ty, is denoted Ty, For every ¢ € TY, and
¢ € MSO(X), we define the relation “¢ satisfies ¢” as usual (cf. [105, Chapter I1.2])
and denote it by § = ¢. Moreover, we define the set Ly(¢) = {§ € TY; | € = ¢} and
abbreviate £(¢) = Lrree(g)(F)-

In order to be able to manipulate valid trees § € T, , we introduce the following
notations. For every first-order variable x and position w € pos(§), we denote by
&[x — w] the valid tree obtained from ¢ by moving the unique occurrence of x to
the position w. Analogously for every second-order variable X and set of positions
W C pos(§), we denote by £[X — W] the valid tree obtained from & by assigning X
exactly to the positions in W and removing it from the remaining positions.

For every ranked alphabet A, we define a A-family of operations in M as a family
w = (wy | 0 € A), where w, € Q&k(g)) for every o € A. Given a A-family w of
operations in M, we define the map h,: To — M inductively for every & € T as
follows. We assume that £ = o(&1,...,&s) and let

hy(§) = wo(hy(&1), - -, hu(&s))-

The experienced reader might observe that h,, is the unique homomorphism from the
initial A-algebra T A to the A-algebra (M, w).

Another technical tool we will use is the extension of index sets of families of opera-
tions. Let U and V be finite sets of variables satisfying U C 'V and let w be a Xy -family
of operations in M. We define w|[U ~~ V] as the Yy-family of operations in M defined
for every 0 € X and V C V by w[U ~ne> V(1) = Wi unv)-
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Weighted Tree Automata We now recall the concept of weighted tree automata
over M-monoids [51, Definition 3.5.], [52, Section 2.6]. Note that the cited definitions
differ in two regards and our definition will unify these differences. This allows us
to provide both, a Kleene-like result and a Biichi-like result for the same automaton
model. A general survey on weighted tree automata has been done in [36, Chapter 9].

On the one hand, [51] makes use of a finite set Z, which represents variables. The
semantics of an automaton is then a uniform tree valuation over X, #7, and M. We
replace this use of a finite set Z by just the number #Z. This adaptation is purely
syntactical and does not affect any results. However, it is consistent with the notation
in [26]. In [52], variables do not occur in the automaton model, which amounts to the
special case where #7 = 0.

On the other hand, the semantics of weighted tree automata differ in [51] and [52].

Given an automaton <7 with state set (), [51] defines the semantics of <7 pointwise via

[/](6) = P finaly( P Wt (€. 0)),

qeqQ run p s.th.
p(e)=q

whereas [52] defines the semantics of 7 pointwise via
[](¢) = @D final o) (Wt (€, p)).-
p run

These semantics of & are not equal in general but they coincide if the M-monoid M is
distributive [51, Observation 3.9.]. Fortunately, the distributivity of M is assumed in
[51] for the proof of the Kleene result. Therefore, we can safely use the semantics of
weighted tree automata introduced in [52] without diverging from [51].

We arrive at the following unified weighted tree automata model over M-monoids.

Let n € N. An M-weighted tree automaton over X, M, and X, (short: (X, M, n)-
MWTA) is a tuple o/ = (Q, init, T', final), where

e () is a finite and non-empty set of states,
e init: X, x Q — ng,? is the variable assignment,
o T=(T,: Q° xQ — ngfl) | s> 0,0 € X)) is a family of transition weight maps,

e final: Q — Q&) is the final weight map.
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For every i € [n], we abbreviate the map init(z;, _): Q@ — ng/ﬁ) by init;. Moreover, we
abbreviate final(q) by final, for every ¢ € Q. If ¥ and M are clear from the context,
then we write n-MWTA rather than (X, M, n)-MWTA.

Let &7 = (Q,init, T, final) be an n-MWTA. Moreover, let £ € Tx(X,,) and ¢ € Q.
The set of all runs of & on & ending in ¢, denoted Runs (€, q), is the set

{p € Toxq(Xn x Q) | projs(p(e)) = g, pos(p) = pos(§), and

projy (p(w)) = &(w) for every w € pos(€)}.

We denote the sets Runsg(§) = quQ Runsy (£, q) and Runs, = U&Tz Runs (§).
We note that Runs, = Txyxo(X, X Q).
Furthermore, we define the map wt, : Runs,; — Ops(M) by induction as follows.

Let p € Runs,,. If p = (24, q) for some i € [n] and ¢ € @Q, then we define
Wt (p) = init;(q).

Otherwise, we assume that p = (0, q)(p1, ..., ps) and define

Wt (p) = T (proja(p1(€)), - - -, proja(pk(€)), @) (Wter (p1), - - -, Whar (ps)),

which is a composition of operations on M as introduced in Chapter 5.2.
The uniform tree valuation recognised by <7 is the map [«/] € Uvals(X, M, n) given
for every ¢ € Tx(X,,) by

[[M]] (5) = @ ﬁnalpron(p(s)) (Wt;y (P))
peRuns . (€)

We say that o/ is an MWTA with final states if im(final) C {idy, 0}.

Let ¢ € Uvals(X,M,n). We call ¢ M-recognisable if there exists an n-MWTA o7,
such that [«/] = ¢. The class of all recognisable uniform tree valuations over X', M,
and n is denoted Rec(X, M, n). We call ¢ M-recognisable with final states if there exists
an n-MWTA with final states, denoted <7, such that [</] = ¢. The class of all uniform
tree valuations over Y, M, and n that are recognisable with final states is denoted

Rect (X, M, n). We abbreviate Recy(X, M) = Recg (X, M, 0).
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Example 5.2. Recall the M-monoid M = (P(N*), U, (}, £2) from Example 5.1 and con-
sider the ranked alphabet X = {¢(® () 50) ()} We define an 0-MWTA over X
and M that calculates the set of positions of an input tree.

We define & = (Q,0,T,final), where Q = {q}, final = (¢ — idy), and for every
s>0and 7 € 2 we have T-(q,...,9,q9) = ws. We note that &7 is a -MWTA with
final states. For every tree £ € Tx there exists a unique run p of & on &, namely the one
labeling every position with the state g. Therefore [27](£) = finaly(wt(p)) = Wt (p).
By induction on &, we easily obtain wt (p) = pos(¢) and hence [«/](§) = pos(&). We
note that in this case, pos(&) is considered as a 0-ary operation on M.

We can also construct a finite WTA £ over X and the semiring (P(N*), U, -, 0, {e})
such that [#] = [«/]. Namely, £ has two states, an “active” state z and a “passive”
state 0. Moreover, the transition maps are chosen such that the non-vanishing runs of
2 correspond bijectively to the positions of £ and if a run p corresponds to w € pos(§),
then wty(&, p) = {w}. However, the automaton % has less desirable properties than
/. For example, o is deterministic, whereas the number of valid runs of 4 on a tree
¢ equals size(£). This demonstrates the advantage of introducing the more technical

M-monoids instead of only considering semirings. |

We note that, for every n € N, the M-weighted tree automaton model presented in
this chapter is equivalent to the weighted tree automaton model from [51, Definition
3.5.], given that M is distributive. In this case, for every set Z such that #Z = n, our
class Rec(X, M, n) equals the class Rec(X, Z, M) defined in [51, Definition 3.8.].

In the case that n = 0, our automaton model degenerates as follows. The variable
assignment becomes irrelevant, uniform tree valuations are simply weighted languages
(Uvals(X,M,0) = M), and the weight of a Tun p, wt.(p), is an element of M.
Therefore, our -MWTA with final states coincide with the weighted tree automaton
model from [52, Section 2.6]. In particular, our class Recg(X, M) equals the class
Rec(X, M) defined in [52, Section 2.6].

Moreover, the semiring-weighted tree automaton model from Chapter 2.3 is a special
case of our M-weighted tree automaton model. More precisely, given a semiring S, the
two classes Rec(X,S) and Rec(X,M(S),0) coincide up to identification of ST and
Uvals(X, M(S),0).
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Using our unified M-weighted tree automaton model, we can state both Kleene’s

Theorem [51] and Biichi’s Theorem [52] in a single setting.

5.3 Weighted Forest Automata

In this chapter, we formally introduce forests and weighted forest automata. As we
will see in Theorems 5.21 and 5.22, this formalism recognises a class of languages
which is very close to the class of languages recognised by weighted tree automata.
This connection is called “rectangularity” and will be a dominant force in proving the

Kleene and Biichi results for weighted forest automata.

5.3.1 Forests

Definition 5.3. Let b,n € N. We define the set
F(2)5 = {n} x Tx(X,)"
of (b,n)-forests over X. The set of all forests over X is then defined as

F(¥) = |J F()5.

b’ ,n'eN

In

We also abbreviate the set F(X)? = J,, o F(X)2
Moreover, we will denote forests using angle brackets, to aid readability of examples.
In our notation, the lowercase greek letter £ will be used to denote trees and the

uppercase greek letter = will be used to denote forests!. <

Throughout the rest of Chapter 5, given parameters b,n € N, we write “Let
Z = (n,&1,...,&) € F(X)27 as an abbreviation for “Let = € F(X) and

n

&1,...,& € TZ(Xn) such that = = <n,£1, R 7§b> 7,

Remark 5.4. We note that the sets in (F(X)% | b,n € N) are pairwise disjoint. This
is an immediate consequence of the definition, as forests with different numbers of
variables have different first components and forests with different numbers of trees

have different tuple sizes.

!Because, convincingly enough, forests are the “big version” of trees.
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Moreover, we note that F(X)} = Tx(X,,) as sets. This fact is clearly witnessed by
the bijection f: F(X). — Tx(X,,) given by f({n,¢)) = &. <

Definition 5.5. Let b,n € N and & = (n,&,...,&) € F(X)b. For every i € [b] we
define 7(Z) = (n,&;). Note that this induces maps 7%, ..., 72: F(X)) — F(X)L.

Furthermore, we define the maps

pos: F(2)? — P(N x N*),
size: F(X)? — N,
height: F(X)? — N,

given for every = = (n,{1,...,&) € F(2)2 by

[

b
pos(Z) = (J{i} x pos(&),
=1
)= Z size(&;),
1€[b]

height(=") = max{height(&;) | ¢ € [b]}.

[

size(

We use the same abbreviations as in the tree case, like pos, (=) and |=|a for a subset
A C YU X, and leaf(Z) for the set poss)(=Z). Moreover, for every (i,w) € pos(Z)
we define the label of = at (i,w), denoted by Z((i,w)), as &;(w). <

Definition 5.6. Let b,n € N. A (X M)-weighted (b,n)-forest language is a map
¢: F(X)? — M. We drop the parameter (X, M) whenever it is clear from the context.

A (b,n)-forest valuation over ¥ and M is a map ¢: F(X)2 — Ops(M). If for
every £ € F(X)b the arity of ¢(Z) equals |Z|x,, we call ¢ uniform. The set of all
uniform (b, n)-forest valuations over X' and M is denoted Uvals(X, M, b,n). We note

that Uvals(X, M, b,0) = M6 and Uvals(X, M, 1,n) = Uvals(Z, M, n). <

5.3.2 Weighted Forest Automata

Subsequently, we will consider weighted forest languages and forest valuations generated
by weighted forest automata. In order to do this, we fix the values b and n for the forests

we are interested in. We note, however, that our automaton model will be capable of
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processing forests with arbitrary ranks. In fact, the choice of b and n only restricts the

language of an automaton to be a uniform (b, n)-forest valuation.

Throughout the rest of Chapter 5, we let b and n be arbitrary elements of

N. Moreover, we assume that M contains a semiring®.

Definition 5.7. A weighted (b, n)-forest automaton over X' and M (short: (b, n)-WFA)
is a tuple & = (@, init, T, final), where

e () is a finite and non-empty set of states,

e init: X, x Q — Q&) is the variable assignment,

o T'=(T,: Q°* xQ — Qﬁ) | s > 0,0 € X®))is a family of transition weight maps,
e final: [b] X Q — Q&) is the final weight map.

For every i € [n] and j € [b], we abbreviate the map init(z;, —): Q — Q&) by init; and
the map final(j, —): Q — ng/? by final;. Furthermore, we fix the map F': Qb — (Q&)))b
such that for every (qi,...,q) € Q° we have

F(q1,...,q) = (final;(q1) o projy, . .., finaly(g) o projy). <

In the upcoming Definition 5.8, we define a family (E,fk, | k, k' € N) of maps of the
form E,fk,: F(2)¥ x Q¥ — Ops(M)¥. Such a map E;fj{k, takes as input a (£, k)-forest
Z and k' states ¢1,...,qr € Q (one for each root position of =) and evaluates <7 on
=, given the states qi1,...,qr. This evaluation is done inductively on the structure
of =. Variables are evaluated as l-ary operations given by init, tuples are evaluated
component-wise, and X-positions w in trees are evaluated in an initial algebra fashion,

similar to [94]. In Definition 5.9, we use these evaluation maps in order to define the

uniform (b, n)-forest valuation i-recognised by o/ — where “i” stands for “initial”.

!Note that every M-monoid contains a semiring by default: multiplication is simply the constant
map to 0. However, our statement here is to encourage the use of arbitrary multiplication operations.
We compare our approach to an approach that does not require M to contain a semiring in Remark
5.27.
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Definition 5.8. Let &7 = (Q, init, T', final) be a (b,n)-WFA over X and M. We lift the

transition weight maps to forests as follows. Let k € N. We define
Ef: F(2)) x Q° — Ops(M)°
as the constant map to the empty tuple (). Moreover we define the family of maps
(E;;{k,: F(S) x QF — Ops(M)¥ | k, & € N)

by simultaneous induction.
The case k' = 1 is given for any ¢ € Q and (k,&) € F(X)} inductively on the

structure of £. If £ = x; for some i € [k], then we define

Otherwise, we assume that £ = (&1, ...,&s) and define
E]f,fl(<k7€>aQ) = @ TO'(pla"'7p87q)(E;§,{5(<k7§17"'755)7(1)1’"’7ps))>'
PlyesDs €EQ

The case k' > 1 is given for every q1,...,qr € Q and = = (k, &1, ..., &) € T(E)I,z/ by

E]fj{k’(Ea (q17 s 7(]k’)) = (E]?,{l(<k7€1>7 q1)7 s 7E]fj{1(<k7 gk'>7 qk')) .
We will subsequently omit the brackets from the second parameter of E;fk,. <

Definition 5.9. Let &/ = (Q,init, 7 final) be a (b,n)-WFA over ¥ and M. The
uniform (b,n)-forest valuation i-recognised by <7 is the map [</]; € Uvals(X, M, b, n)
given for every = € F(X)% by
[1(Z) = D 1(Fy(E7(Z.0))).
qeQP

Let ¢ € Uvals(X, M, b,n). We call ¢ i-recognisable if there exists a (b,n)-WFA &/
over X and M, such that [«/]; = ¢. The class of all i-recognisable uniform (b, n)-forest
valuations over X' and M is denoted Rec;(X, M, b, n). <

In the upcoming Definition 5.10, we define runs of weighted forest automata <7 and

weights of such runs. Given a forest =, a run p of & on = associates to every position
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of = a state of o/. The transition weight maps in T and the variable assignment init
induce for every w € pos(=) a local weight of p at w. The overall weight of p is the
composition of the local weights of p in the way that the structure of = induces. This
leads to the definition of the uniform (b, n)-forest valuation r-recognised by o/ — where

[{%))

r” stands for “run”. This semantic of & is similar to the run semantics from [51, 94]

Definition 5.10. Let & = (Q, init, T, final) be a (b,n)-WFA over X and M, k, k" € N,
= e F(Z‘)’g, and q1,...,q € Q. A run of & on = ending in ¢ = (q1,...,qr) is a map
p: pos(=E) — @ such that

p(jag) = dqj

for every j € [K/].

The set of runs of &7 on = ending in ¢ is denoted by Runs. (=, q). Moreover we
denote Runs (£) = U cor Runsy (=, ¢).

Let p be a run of & on = ending in g. For every w = (i,u) € pos(Z) we define the
weight of w in = under p as the operation wt (=, p, w) € Ops(M) given as follows. If

—_

Z(w) = x; for some i € [K'], then we define
Wt (2, p,w) = init;(p(w)),

and if Z(w) = o for some s > 0 and ¢ € X, then we define

wto (2, p,w) = Ty (p(i,ul), . .., p(i,us), p(i,u)) (wl, e ,ws),

where wy = Wt/ (=, p, (i,ul)) for every ¢ € [s]. Moreover we define the weight of =

k

under p as the tuple of operations wt/ (=, p) € (Ops(M))* given by

Wt (2,0) = (Whor (2,0, (1,0)); o Wt (B, (K, 2)) )

We note that wt (=, p) is the empty tuple () for & = 0. We say that p is vanishing if
wt. (5, p) = (009), ..., 0)) for some £y, ..., 0 > 0.
We define the wuniform (b,n)-forest valuation r-recognised by <, as the map

[#/]: € Uvals(X, M, b,n), defined for every = € F(X)% by

[1:(2)= D Hb(F(pa,e),...,p(b,s))(Wtw(faﬂ)))-

pERuUns o (£)
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Let ¢ € Uvals(X, M, b,n). We call ¢ r-recognisable if there exists a (b,n)-WFA &
over X and M such that [</], = ¢. The class of all r-recognisable uniform (b, n)-forest
valuations over X' and M is denoted Rec, (X, M, b, n). Moreover, we call ¢ recognisable
with final states if there exists a (b,n)-WFA & = (Q, init, T, final) over X' and M such
that [«/], = ¢ and im(final) C {idp, 0}. The class of all uniform (b, n)-forest valuations
over X and M that are recognisable with final states is denoted Recs(X, M, b, n). <

Example 5.11. Recall the M-monoid M = (P(N*),U, 0, £2) and the ranked alphabet
X from Example 5.2. We extend M as follows. For every s > 0 we define the operation
vs € Ops® (M) for every Pi,...,Ps € M by

0 if P; =0 for some i € [s]
US(Pl, ce ,PS) =

Uieg it o P otherwise.

Furthermore, consider the intersection operation N as another operation on M and
denote the corresponding finite intersection operators by (IIs | s > 0). We define

M = (P(N*),U, 0, £2'), where
2 = {vg,ws, I, 0 | s > 0} U {idy, {€}}.

The element {c} of 2’ denotes a constant map. One can prove in a straightforward
way that M’ is a distributive M-monoid containing a semiring.

We define the (2,0)-WFA ¢ = (Q, 0, T, final), where Q = {q¢,/,i}, final maps every
input to 0 except for finaly(¢) = finala(¢) = finals(i) = idy;, and T is given for every
$s>0,7eX® and q,...,q:,¢ € Q by

ws ifqg=--=¢gs=q¢ =¢
{e} ifs=0andq =/

TT(qla"'7QS7q/) -
Vg if8>0,q1,...,qsE{&ihandq’:i

0(s)  otherwise.

Consider the (1, 0)-forest = = (0, o (o (e, @), v(5))) and the following three runs p1, p2, ps3

)-

of ¢ on = (depicted slightly above =
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p1: , A"

We can now determine

wte (2, 1) = To(q, 4, 0)(To(4, ¢ ) (Ta(q), Ta(q)), T (¢, ) (Tu(q)))
= wa(wa(wo, wo), w1 (wo)) = {e,1,11,12,2,21}.

In a similar fashion, we obtain
wte (2, p2) = {11,12,21} and wtg (=, p3) =0,

which shows that wty (=, p1) = pos(Z) and wty (=, p2) = leaf(Z), up to identification
of F(X)} and Tyx. It follows from the definition of T that p; and py are in fact the
only non-vanishing runs of ¢ on =. More generally, for every tree =/ € F(X)}, there
exist only two non-vanishing runs of ¢ on Z’, namely the run labeling every position
with ¢ and the run labeling every leaf position with £ and all other positions with 3.
Using these observations, we will calculate the forest language (r-)recognised by ¢ in

Example 5.26. <

Theorem 5.12. Let b =1 and & = (Q, init, T\ final) be a (1,n)-WFA over X and M.

It holds that
[«], = [#],

where the right hand side denotes the uniform tree valuation' recognised by <7 as an

n-MWTA.

Proof. Given £ = (n,¢) € F(X)L, it holds that Runs,(Z) = Runs, () as sets. That

n’

is, the set of runs of o7 on = as a WFA is bijective to the set of runs of & on £ as an

'Here, we use the identification of F(X)} and Tx(X,) to make the types of the maps compatible.
Moreover we use the fact that (1, n)-WFAs have the same components as n-MWTAs up to isomorphism

and hence, &/ can be seen as a WTA.
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n-MWTA. The bijection f: Runs, (=) — Runs, (&) is given for every p € Runs,/ (=)
by
f(p)(w) = (§(w), p(1, w))
for every w € pos(£). A straightforward proof by structural induction on & shows that
wto (=, p) = wty (f(p)). Therefore,
[Z]:(Z) = @ I (F(p(l,s))(Wt,ﬁ?f(57 P)))

pERuns 7 (£)

= P tmalyy (vt (Z.0))

pERuns o (£)

= D e (v (F0))

pERuns 7 (2)

= D b e (Wt (p) = [71(9)-
pERuUnS o (&)

This concludes the proof. ]
Corollary 5.13. Up to identification of F(X). and Tx(X,), it holds that
Rec, (X, M, 1,n) = Rec(X, M, n).

Remark 5.14. Let S be a semiring and let M be the M-monoid (S, ®, 0, £2), where
= (O(k), IIY | a € S,k >0) and II} = a - I}, is the multiplication of k operands and
a.

In this case, our automaton model degenerates into the automaton model introduced
in [26, Definition 3.2.1.]. This can easily be verified and validates our present approach

to weighted forest automata. |

5.3.3 Rectangularity

We now introduce rectangularity and prove that weighted forest automata only generate
rectangular weighted forest languages. This is the key result of Chapter 5.3, acting as
the driving force in the rest of Chapter 5.

Definition 5.15. Let by,b € N and let 71 and 75 be a (b, n)-forest valuation and
a (bg,n)-forest valuation over X' and M, respectively. We define the horizontal con-

catenation of 7 and 7o as the (by + by, n)-forest valuation 7 x 79 given for every
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ny&1yee oy &pyy Clyee s Cpy) € F(Z)%ﬂrbz by

71 X 7'2(<TL,§1, cee 7&)17(1’ cee 7Cb2>) = HQ(T1(<77'7§17 cee 7§bl>)7T2(<n7C17 e '?<52>))'

The definition of horizontal concatenation naturally extends to finitely many operands

by the associativity of the operation that induces (ITj | k > 0). <

Definition 5.16. A (b, n)-forest valuation 7 over X' and M is called rectangular if there

exist (1,n)-forest valuations 7i,...,7, over X and M such that
T=T1 X+ XTp.
In this case, we call the forest valuations 71, ..., 7, the rectangular components of 7. 4

Remark 5.17. In general, the decomposition of rectangular forest valuations into
rectangular components is not unique. A very simple example is the case M = M(5)
for a commutative semiring S. The rectangular forest valuations (cm1) X 72 and 71 x (¢m2)
are equal for every ¢ € S and forest valuations 71 and 7. In Chapter 5.4.3, we will
discuss the implications of this ambiguity and why this even invalidates the results

presented in [26]. <

Throughout the rest of Chapter 5.3.3, we let o = (Q,init, T, final) be an
arbitrary (b,n)-WFA.

Remark 5.18. Let £ € F(£)% and ¢ = (q1,...,q) € Q°. Tt holds that
Runs, (£, ¢) & Runsy (7](5), 1) % -+ x Runsy (n3(Z), gv)-

This can easily be seen by the fact that each run p € Runsy(Z,¢q) can be restricted
to the (1,n)-forest 7°(Z) for every i € [b]. Formally, given i € [b], we define the run
pi € Runs(7%(Z2), ¢;) by pi((1,u)) = p((i,u)) for every (1,u) € pos(7?(Z)). We obtain
the desired bijection by letting p — (p1,-..,pp)- <

Throughout the rest of Chapter 5, whenever a run p on a (b,n)-forest is

quantified, we let p1,...,pp be defined as in Remark 5.18.
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Lemma 5.19. Let = € F(X)?, ¢ € Q%, and p € Runs,/(Z,q) and denote =; = 70(Z)
for every i € [b]. It holds that

wte (2, p) = (WW(ELM), e aWW(Eb,Pb))
Proof. By the definition of wt ./ (=, p), we have
Wt (2,0) = (Whor (2,0, (1,)), - Wt (5., (0, 2))).
Therefore, we only need to show equation x in
Wi (2,9, (6,€)) = W (5, pi, (1,€)) = whar (i, i),

for every i € [b] in order to prove the lemma.

In fact, we will prove the slightly more general statement that

thgy(E,P, (Z’u)) :Wtﬂ(EiaPiv(Lu))v (53)

for every (i,u) € pos(Z). Our proof uses a variant of structural induction on =.

Let (i,u) € pos(Z). Firstly, if Z((i,u)) = x; for some j € [n], then
wto (2, p, (i,u)) = init;(p(i, u)) = init;(p; (1, u)) = Wt (25, pi, (1, ).

This case proves Equation (5.3) for the set posy (5).
Now assume that Z(i,u) = o for some o € X(*) and s > 0, such that Equation (5.3)
holds for (i,uf) € pos(Z) for every ¢ € [s]. We obtain

wto (2, p, (i,u)) = Te(p(i,ul), ..., p(i,us), p(i,u)) (cl, e ,cs),

where ¢y = wt o (=, p, (i, ul)) for every £ € [s]. Moreover it holds that

Wt (Z5, piy (Liw)) = To(pi(L,ul), ..., pi(l,us),pi(l,u))(cll, e C;),

where ¢, = wt(Zj, pi, (1, ul)) for every £ € [s]. The induction hypothesis implies that

¢ = ¢ for every £ € [s] and since

To(p(i,ul),. .., p(i,us), p(i,u)) = Ty(pi(L,ul), ..., pi(1,us), pi(1,u))

by the definition of p;, the proof of Equation (5.3) is complete. O
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Remark 5.20. For every i € [b] we define the (1,n)-WFA
o = (Q,init, T, final;).

Clearly, for every = € F(X). and every ¢ € Q we have Effl(E,q) = Efl(E,q)
and Runsy(=,q) = Runsy (Z,¢q). Moreover, for every p € Runsy(Z,¢q), we have
wte (2, p) = wte, (2, p). <

Theorem 5.21. It holds that

[]: =[] x - x [#]..
In particular, [</]; is rectangular.

Proof. Let = = (n,&1,...,&) € F(X)% and denote =; = 7?(Z) for every i € [b).

Using Lemma 5.19, we obtain that for every p € Runs,/ (=) we have

F(p(l,a),...,p(b,a)) (Wt%(E, ,0)) = (ﬁnah (ql)(WtQQ{(El, pl)), ce e ,ﬁnalb(qb)(wtﬂ(Eb, Pb))) .
Using this fact, we can now prove the claimed equation.

IE) = D D(Fpo..one (v (E,0))

pERuns o (5)

= @ 11, (ﬁnall(ql) (Wt@((El, pl)), - ,ﬁnalb(qb) (th{(Eb, pb)))

pERuns o ()

! @ 11, (ﬁnall(ql)(wt@/(fl, pl)), ..., finaly(qp) (Wt@/(Eb, pb))>

p1€Runs 7 (51)

pyERUNS o (Z3)

= Hb( @ final; (1) (Wt (21, 01))5 - -, @ ﬁnalb(Qb)(Wt.pf(Eb,Pb)))a

p1ERuns o (51) ppERuns o (=)
where in Equation x; we use Remark 5.18 and in Equation x, we use distributivity of

IT, over & (M contains a semiring, see also the definition of M(S) on page 156). It
holds that

P finali(g)(wte(Enp) 2 P finali(g) (Wi (50, p1) = []:(50)

pi€RuUns o7 (Z5) pi€Runs o7, (=)

for every i € [b], where equation %3 follows from Remark 5.20. In total we obtain

[1:(Z) = I, ([A]:(Z1). - . [#]:(Zp)),

which proves the claim. O
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Theorem 5.22. It holds that
[]; = []i x - - x [];
In particular, [</]; is rectangular.

Proof. Let = = (n,&1,...,&) € F(X)? and denote =; = n2(Z) for every i € [b]. It
holds that

[Zi(2)= @B MF,.a)BLE q, - n)

(q1--q6)€Q

= @ Hb(F (q15--,ap) ( 1aQ1)a"'7E:ri{1(EbaQb)))
(q1,-,q5)€QY

= @ <MKHm,m HERINNACY))
(q1,--,qp)€EQP

_ Ay =

= @ m(fnals(a) (B (G a) o Buad(an) (B (B )
(q15--,qp)EQP

= Ub( P finaly (q1)(EA (Z1,01)), -, @D finaly(q) (B 1(~b,%))>

@1 EQ WwER

:nxﬂmwmmwmwa»

where we use Remark 5.20 in Equation . O

5.3.4 I-recognisable is R-recognisable

Theorem 5.23. Let &/ be a (b,n)-WFA. Whenever
holds for every i € [b], then also

holds.

Proof. By Theorems 5.21 and 5.22, we obtain

(] = [l x - x [ and [/ =[] x - x [

By assumption, the two right hand sides are equal, which proves the claim. O
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Corollary 5.24. Let o/ be a (b,n)-WFA. If M is distributive, then [«/], = [</];.

Proof. By Theorem 5.23 it suffices to prove the claim for the case b = 1. The case b =1
has been proven for the case of strong bimonoids (rather than M-monoids) in [94]. We
can apply a similar proof idea, which we sketch subsequently.

Let & be a (1,n)-WFA and ¢ € F(X).. First, one applies the distributivity of M
to show that [«7],(£) = [#/]i(£) holds if the following equation holds.

D W& =PELED (5.4)

pERuns o (£) 7€Q
The proof of Equation (5.4) is done by a straightforward structural induction on &.
The case £ = z; follows immediately from the definition and the case £ = o(&1,...,&s)
follows from the fact that Runs, () = @ X Runsy(&1) x --- x Runs,/ (&) and the
distributivity of M. O

We aim at generalising [51, 52|, both of which use the run semantic as the main
semantic of weighted tree automata. Hence, we also choose the run semantic as our

main semantic in the following Definition 5.25.

Definition 5.25. We define the uniform (b, n)-forest valuation recognised by <f , as the
map [«/] = [¢/],. We naturally define recognisability as r-recognisability and denote
Rec(X, M, b,n) = Rec, (X, M, b, n). <

Example 5.26. We continue Example 5.11 by calculating the uniform (2,0)-forest
valuation (that is, the weighted (2, 0)-forest language) recognised by €. Recall that M/
is distributive and hence [¢]; = [€]:.

For every = € F(X)} we have already observed (see Example 5.11) that there are
exactly two non-vanishing runs of ¥ on =. The first case is that ¢ is assigned to all
positions of =. In this case, a straightforward induction over = proves that the cost of
the run is pos(=). We denote this run by p= ;. The second case is that ¢ is assigned
to all leaf positions of = and i is assigned to the remaining positions. In this case, a

similar induction over = proves that the cost of the run is leaf(=). We denote this run

by pz 2.
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By Theorem 5.21 we know that [¢], = [61]: x [62]:, where €, = (Q,0, T, final;)

for i € [2]. Surely, given a (1,0)-forest = € F(X)J, the runs of 6] (respectively, 62) on
= are the same as the runs of ¥ on =. We obtain

[¢1]:(2) = finali (p=,1(€)) (Wte (£, p=,1)) + finali (pz,2(e)) (Whe, (£, p=,2))
= wte, (2, p=,1) = pos(Z) and

[¢2]:(Z) = finaly(p=,1(€)) (Wte, (£, p=,1)) + finala(pz,2(e)) (Whe, (£, p=,2))
= wtg, (Z, p=2) = leaf(2).

Now, let = € F(X)3 be a (2,0)-forest and =; = 72(Z) for i € [2]. It then holds

[[Cg]]r(E) = [[Cgl]]r(gl) N [[ngﬂr(gg) = pOS(El) N leaf(Eg).

This proves that [¢], = pos X leaf.

We note that our automaton model is capable of recognising other similar languages

as well. For example, we consider the weighted forest languages (1, pa, ¢3: F(X)3 — N,
defined by

N

¢1(Z) = #pos(Z1) - #leaf(Z3),

(1

©2(Z) = max(#pos(=Z1), #pos(52)), and

©3(Z) = height(Z=1) + height (=)

for every = € F(X)3, where =; = 72(Z) for every i € [2].

We can easily find an
M-monoid M; and a (2,0)-WFA % such that [%;] = ¢;, for every j € [3]. To support

this claim, we give M and %.

Consider M; = N and the set of operations {2y, = {idn} U {@s, Us, II,,00) | s >0}
on My, where for every s > 0 and nq,...,ns € M we define

S
1
Ws(ny,...,ng) =1 —|—Zni,
i=1

if s =0,

Yo7 n; otherwise,
and ITs(nq,

cey M) =

[ ns. It certainly holds that (M, +,0, {2, ) is an M-monoid
which contains a semiring (namely (N, +,-,0,1)).
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We define the (2,0)-WFA ¢, = (@, @,f, ﬁ/ngl) over X and M, where @ ={q, 4,1},
final maps every input to 0 except for fﬂl;ll(q) = fﬂl;lg(g) = ﬁ/IEIQ(i) = idy, and for

every s > 0,7 € X and q1,...,qs,¢ € Q, we define

(
s ifq=--=q¢gs=q¢ =¢q
~ . o ifs=0,¢ =1/

Tr(Q17~--aanQ):
Vs if s>0,q1,...,9s € {l,i}, ¢ =i

0s)  otherwise.

Indeed, 4] is very similar to ¥ and one can show analogously to the case of € that
[€1] = ¢1. <
Remark 5.27. We conclude this chapter by discussing our choice to require that M
contains a semiring. In particular, we illustrate an alternative, more general automaton
model without this requirement on M and show why precisely the case that M contains
a semiring results in a robust theory.

Let (M, @,0,2y) be an arbitrary M-monoid. A generalised (b, n)-wfa over X and
M is a tuple &7 = (Q, init, T final, 7), where @, init, 7', and final are as in the definition
of (b,n)-WFA and 7 € Q&I) is called the horizontal multiplication operation. Both, the
i-semantic and r-semantic of &7 can be defined similar to the WFA case by replacing
11, by the new horizontal multiplication operation .

[/1:(2) = P m(Fe(E7(Z.))

qeqQ?

(15 = D 7 (Feaon.ove(va(Z.0))

pERuns,z (5)

We observe that, similar to Corollary 5.24, one obtains [«/]; = [/]; only if M (and
hence also ) is distributive.

In order to define a horizontal concatenation operation on the set of uniform for-

est valuations, similar to x (see Definition 5.15), one can do the following. Let

w € Q&f) for some k € N and 7; € Uvals(X, M, b;,n) for every ¢ € [k]. We define

the horizontal concatenation of 71,..., 7 via w, denoted w(ry, ..., ), for every forest

Z=(n&. &gl ) € F(E)hHthe by

W(Tl? s 7776)(5) = w(71(<n7£%7 s 751}1»7 s 7Tk(<n7£{€7 s afllfk»)
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Analogously to our upcoming Theorem 5.36, one would desire that the class of languages
recognised by generalised WFA is closed under this horizontal concatenation with any
w € (. However, for such a proof, one needs the distributivity and associativity of w
and the closedness of {2y under composition.

This shows that in exactly the case where M contains a semiring, we obtain an
automaton model that satisfies the requirements to yield both (a) that the i-semantic
and r-semantic coincide and (b) that the class of languages recognised by WFA is closed

under horizontal concatenation. <

5.4 Kleene’s Theorem

In [51], a Kleene-like result for weighted tree automata over M-monoids has been es-
tablished, which in essence states that rational tree expressions and WTA generate the
same class of uniform tree valuations. We recall the theorem and the main definitions
and then utilise the rectangularity of recognisable uniform forest valuations in order to
lift the results to forests. In Chapter 5.4.3, we discuss the question, why our definition

of rational forest expressions is not inductive.

5.4.1 Kleene’s Theorem for Trees

We begin by introducing rational operations on Uvals(X, M, n).

Definition 5.28 (Definition 4.3 from [51]). Let 2 C Ops(M).
We say (2 is sum closed if w1 @ wy € 2 for every k > 0 and wy,wy € 2K,
We say (2 is (1,)-composition closed if w(w') € 2 for every w € 21 and ' € 0.

We say that M is sum closed (resp. (1,*)-composition closed) if 2y is so. <

Definition 5.29 (Definition 4.9 from [51]). Let ¢ € [n]. A uniform tree valuation
v € Uvals(X, M, n) is i-proper if ¢(z;) = 0. <

We now define the operator o ; for every i € [n] and £ € Tx(X,,). The intuition for
this operator is the following. Let £ = #posy, (§) and k = #pos,, (§). The operator o¢ ;
takes as input an f-ary operator w and k many operators wi,...,ws. We assign to the

j-th parameter of w the j-th occurrence of a variable in the tree £ (counted from left to
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right). The operation og; then composes w with w,...,wy at exactly the parameters

that have assigned the variable x;.

Definition 5.30 (Definition 5.1 from [51]). Let i € [n] and £ € Tx(X,). Denote
{wla ce 711)4} = pOSXn(f) and {Ul’ .- .,’Uk} = posm(&)v where w; <pex -+ <jex we and
V1 <lex " * <lex Vk-

We define the map
O Ops¥) (M) x Ops(M)F — Ops(M)
for every w € Ops® (M) and wy,...,w; € Ops(M) by
/

W Og,i (wb cee 7wk) = w(wla oo 7‘“‘)2)7

where we define

wm  if wj = vy, for some m € [k]

o~

idyy  otherwise.

for every j € [{] . <

Definition 5.31 (Definition 5.3 from [51]). Let ¢, € Uvals(X, M, n). The (pointwise)
sum of ¢ and 1 is denoted by ¢ & .
Let k> 0,0 € X and w e Q&T). The top-concatenation with o via w is the k-ary

operation top, ,, on Uvals(X, M, n) given for every @1, ..., ¢ € Uvals(¥, M, n) by

topo,w(@h"'?(pk) = @ w((pl(gl):'"790]6(&6))'0—(517"'7&6)'

&1,-48k€T 5 (Xn)

Let i € [n]. The i-concatenation is the binary operation -; on Uvals(X, M, n) given

for every ¢, 1) € Uvals(X, M, n) by!

eav= D (PO 0 (V). U(E)) Elrs = (1,6

£€T = (Xn),l€l2;=E,
&1,,60€T 5 (Xn)

Let ¢ € [n] and ¢ € Uvals(X, M, n). For every k > 0 we define the k-th i-power of

@, denoted ¥, inductively via ¢? = 0 and " = (¢ ; ©¥) @ idy.z;. Moreover, if o

)

'Note that both, top, , and -;, are well-defined for the following reason. For every ¢ € Tx(Xy)

there is only a finite number of summands in both sums which assign a non-vanishing value to £.
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is i-proper, we define the i-Kleene star of ¢, denoted ¢}, by ¢ (&) = @?Eight(aﬂ(f) for

every £ € Tx(X,). We extend this definition by 0, that is, if ¢ is not i-proper, then

we define the i-Kleene star of ¢ as the constant uniform tree valuation 0. |

Definition 5.32 (Definition 5.6 from [51]). We define the set of all rational expres-
sions over X, M, and n, denoted RatExp(X, M, n), inductively as the smallest set R
satisfying conditions (i)—(v). For every n € RatExp(X, M, n) we define its semantics
[n] € Uvals(X, M, n) simultaneously.

(i) For every i € [n] and w € Q&), it holds that w.z; € R and [w.x;] = w.x;.

(ii) For every s > 0, 0 € X0, w ¢ Qé,sﬂ), and n1,...,ms € R, it holds that
topo,w(nlv s )778) € R and [[topg,w(nla s 7778)]] = tOpa,w([[Uﬂ]? SRR [[778]])

(iii) For every n1,m2 € R, it holds that n1 & n2 € R and [n1 & n2] = [m] & [n2]-
(iv) For every n1,m2 € Rand i € [n], it holds that n;-;m2 € R and [n1-in2] = [m]-i[ne]
(v) For every n € R and i € [n], it holds that ;" € R and [n] = [n]}.

We call ¢ € Uvals(X, M, n) rational if there exists n € RatExp(X, M, n) such that
¢ = [n]. The class of all rational uniform tree valuations over X, M, and n is denoted

by Rat(X,M,n). We denote the union | J, . Rat(X, M, k) by Rat(X, M, fin). <

Example 5.33. We continue Example 5.2 and consider the rational expression 7 over

Y. M, and 1 where

1 = t0Dgu, () © topg () © top,, 4, (idm-71) © top, ., (idy.z1, idp.71).

From Definition 5.32 we obtain that [n](a) = [#](8) = wo, [M](y(z1)) = w1, and
[n)(o (21, 21)) = wa. Moreover, [] maps every other tree to an element of {0*) | k£ > 0}.

We note that n is 1-proper. One can determine that [(7);](§) = pos(€) for every
¢ € Tx and hence it holds that [(n)i]|T, = [¢/]. In fact, we have calculated the
rational expression 1’ = (1)} by following the construction from [51, Theorem 6.8]
applied to & and simplifying some terms. This also illustrates how the analysis of
an automaton introduces new variables that are used in the rational expression. In
our case, .« did not consider any variables, whereas i’ considers one variable. This is

expected, as &/ has exactly one state. <

179



5. KLEENE AND BUCHI THEOREMS FOR WEIGHTED FOREST
LANGUAGES OVER M-MONOIDS

Theorem 5.34 (Theorems 6.8 and 7.10 from [51]). If M is distributive, then
Rec(X, M, n) C Rat(X, M, fin)|7,(x,)-

More specifically, for every n-WTA o/ = (Q,init, T, final), there exists a rational ex-
pression 17 € RatExp(X, M, n + #Q) such that [«/] = [n]|T;(x,)-

Moreover, if M is distributive, closed under sum, and (1,x)-composition closed, then
Rat(X, M, n) C Rec(X, M, n).

In [51], the authors additionally introduce a lift map, which 0-extends the occurring
uniform tree valuations to a countably infinite set of variables. This allows the authors

to combine the two directions of Theorem 5.34 into the equation
lift(Rec(X, M, fin)) = lift(Rat(X, M fin)),

where Rec(X, M, fin) = | J; oy Rec(X, M, k).

5.4.2 Kleene’s Theorem for Forests

We introduce rational forest expressions as the “horizontal concatenation” of rational
tree expressions and prove that the class of uniform forest valuations generated by ra-
tional forest expressions equals the class of recognisable forest valuations. Since the
rectangularity of recognisable forest valuations gives us a powerful tool to perform au-

tomata analysis, we are primarily concerned with closure properties of Rec(X, M, b, n).

Definition 5.35. We define the set of all rational (b, n)-forest expressions over X and

M, denoted RatExp(X, M, b,n), by
RatExp(X, M, b, n) = RatExp(X, M, n)®.

We denote (11, ...,n5) € RatExp(X, M, b,n) by n1 X -+ x n and define its semantics
[m x -+ xm] € Uvals(X, M, b,n) by

[ x - xmp] =[] < -+ x ]

That is, rational (b, n)-forest expressions over X' and M are “rectangles” over ratio-

nal tree valuations over X, M, and n.
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A uniform (b, n)-forest valuation ¢ € Uvals(X, M, b,n) is called rational if there
exists n € RatExp(X, M, b, n) such that ¢ = [n]. The class of all rational uniform (b, n)-
forest valuations is denoted Rat(X, M, b,n). We denote the union J, .y Rat(X, M, b, k)
by Rat(X, M, b, fin). <

Theorem 5.36. Let by,ba,n € N, ¢ € Rec(X, M, b1,n), and ¢ € Rec(X, M, bo,n). It
holds that
¢ x 1 € Rec(X,M, by + bo, n).

Proof. We prove the statement by an explicit construction. Let & = (Q, init, T, final)
be a (b1, n)-WFA such that [«/] = ¢ and let Z = (Q',init/, T”, final’) be a (ba, n)- WFA
such that [%] = 1. We moreover assume that Q N Q" = (.
Consider the (b1 + by, n)-WFA ¢ = (Q”,init”, T”, final”) where Q" = Q U Q’, init”
and final” are given for every k € [by + bs, i € [n], and ¢ € Q" by
ﬁnalk(q) ifk<b,qgeQ
.y init(q) ifge @ B
init; (q) = and  finaly(q) = ¢ final],_, (q) ifk>by,q€ Q'

init}(q) ifqe @’
o otherwise,

and T” is given for every s >0, 0 € X and q1,...,qs,q € Q" by

To(q1,---859)  fqu,...,q5,0€Q
T} (q1,- -5 4sq) = T (q1,.--,9s,q9) ifqi,...,q5,q € Q'
0(s) otherwise.
We claim that [¢] = [«/] x [#]. The proof of this claim is straightforward and hence
we just sketch it. First one shows that a run p of € on a tree vanishes if states from
both @ and Q" occur in p. On the other hand, if p only uses states from @ (or @), then
the cost of p in € equals the cost of p in o7 (or A, respectively). One ultimately uses
the fact that ITy, 44, = I2(I1y,, IT},) to match the definition of [¢7] with the definition
of [] x [4]. O

Theorem 5.37 (Kleene result for forests). If M is distributive, then

Rec(X, M, b,n) C Rat(X, M, b, fin)|p sy -
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More specifically, for every (b,n)-WFA & = (Q,init, T, final), there exists a rational
forest expression 1 € RatExp(X, M, b,n + #Q) such that [&/] = [[n]]\p(z)%.

If M is distributive, closed under sum, and (1,x)-composition closed, then
Rat(X, M, b,n) C Rec(X, M, b, n).

Proof. Let M be distributive, closed under sum, and (1,%)-composition closed and let
¢ € Rat(X,M,b,n). By definition, there exist ¢1,...,pp € Rat(X,M,n) such that
@ = p1 X --+ X p. By Theorem 5.34, we obtain that ¢; € Rec(X, M, 1,n) for every
i € [b]. Theorem 5.36 now proves that ¢; X -+ X ¢, € Rec(X, M, b, n).

Now let M be distributive and ¢ € Rec(X', M, b, n). From Theorem 5.21 we obtain
that there exist ¢1,. .., pp € Rec(X, M, 1,n) such that ¢ = p1 x -+ X yp. Corollary 5.13
shows that ¢1,...,¢p € Rec(X,M,n) and thus we can apply Theorem 5.34 to obtain
that ¢; € Rat(X, M, fin)|r,(x,) for every i € [b]. For every n’,n” € N such that n’ < n”,
it clearly holds that Rat(X, M,n’) C Rat(X,M,n”) and therefore, there exists n’ € N
such that ¢; € Rat(X, M, n/)|r(x,) for every i € [b]. Since Tx(X,) = F(X)}, we ob-
tain Rat(X, M, 1,n')[py1 = Rat(X, M, n')|1y(x,), whence ¢; € Rat(X, M, 1,n)|p(s)
for every i € [b]. This ultimately proves that 1 x - x ¢, € Rat(X, M, b, n')| p(sy, and
hence ¢ € Rat(X, M, b, fin)|p(5) -

If an automaton 7 is given such that [&/] = ¢, then we know that [<4] = ;
and also the number of states in .o7; equals the number of states in .«7. In particular,
Theorem 5.34 yields that n’ = n + #Q is a possible choice for n’, which concludes our

proof. O

Example 5.38. We continue Example 5.26 and recall the rational expression 7 over
Y, M, and 1 from Example 5.33. Moreover, we define the rational expression 7 over

X, M/, and 1, where

n= topmwo () D topﬁ,wo () D top%wl (ldel) D topa,wg (idM-xla 1de1)

T = topa,vo () ® topﬁ,vo () ® top'y,vl (idM"xl) @ topa,vg (idM"mlv idM"fCl)'

The definition of n and 7 shows that n and 7 are 1-proper. Moreover, since the M-

monoid M is contained in the M-monoid M,  can be viewed as a rational expression
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over M . Therefore, it holds that nj x 71 is a rational (2, 1)-forest expression over X
and M.
In Example 5.33 we have seen that [n]]|T,, = pos. Moreover, one can show that

[7]lTs = leaf. This proves

[n1 % 7 ]p(z)2 = pos X leaf.

Recall from Example 5.26 that [¢7]. = pos x leaf, whence [n] X 7{]|pz)z = [¢]:- <

5.4.3 An Inductive Approach

In Chapter 5.4.2 we proved a straightforward Kleene Theorem for our weighted (b, n)-
forest automaton model. However, our rational forest expressions are very simple and
not defined inductively (which is rather contradictory to the idea behind the word
“rational”). In this chapter, we discuss an approach to an inductive definition of rational
forest expressions and why it fails.

One reasonable way to introduce rational forest expressions would be to define ap-
propriate operations that lift summation, top-concatenation, i-concatenation, and the
i-Kleene star (for every i) from the case of trees to the case of forests. However, defining
a vertical concatenation operation on uniform forest valuations (or even weighted forest
languages over semirings, for that matter) turns out to be challenging.

First, we define a vertical concatenation of forests. For every a,m, o € N and forests

=1 € F(X)%, and =y € F(X)0, the wvertical concatenation of =1 and =5, denoted

Z) - Z9, is defined as the (a,o0)-forest (0,&1,...,&,), where for every i € [a] we define
&= W?(El)[WT(EQ)a s 77Tm(52)]‘

Using an analogous approach to [26] and [104], we can now try to define a vertical
concatenation of uniform forest valuations. Let a,m,o0 € N, ¢ € Uvals(X, M, a,m),

and @9 € Uvals(X,M,m,0). Then, the vertical concatenation of ¢; and ¢y is the

a

(a, 0)-forest valuation ¢ - g, given for every = € F(X)¢

as follows. (1 - p2)(5) is
“p1(Z1) applied to p2(Z2)” summed up over all =7 € F(X)% and =5 € F(X)7" such
that =7 - =9 = Z. Because =7 can have multiple or zero occurrences of a single variable
x; and moreover, variables do not have to be ordered from left to right in =, we

need to access rectangular components of o, so we can account for the variables in
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=1 properly. If ¢ is rectangular with rectangular components s 1, ..., 2, then our

desired definition of (¢ - 2)(Z) is

(61 92)(Z) = 1(20) (02 (R (E2)), o 020 (7)), (55)
E1-5p=5
where ¢ is the number of variables in =) and for every j € [¢] the j-th occurrence of a
variable in =7 (from left to right) is x;,. However, the rectangular components of
need not be unique, as we have seen in Remark 5.17. Indeed, different choices of the
rectangular components of ¢y result in different maps ¢; - 2. Hence, Equation (5.5)
is not well-defined.

Indeed, one can easily show that Equation (5.5) is not even well-defined in the
case of commutative semirings. For example, choose the field (R,+,-,0,1) of real
numbers. Because every element has a multiplicative inverse, we can move factors
between rectangular components as described in Remark 5.17. This proves that our
results from [26] are based on an ill-defined vertical concatenation and are hence invalid.

To end this chapter on a positive note, we want to point out that if the M-monoid
M admits unique rectangular decompositions, then Equation (5.5) is indeed a good
definition of the vertical concatenation. This is the case if, for example, M is the
Boolean semiring or the multiplication in M is a “free” operation. Therefore, the

correctness of [104] is not affected by the present thesis.

5.5 Bichi’s Theorem

In [52], a Biichi-like result for weighted tree automata over M-monoids has been es-
tablished, which in essence states that tree M-expressions and WTA (with final states)
generate the same class of weighted tree languages. We recall this theorem and the
relevant definitions and then utilise the rectangularity of the weighted forest languages
generated by WFA (without variables) in order to lift the results to forests. An analo-
gous argument as in Chapter 5.4.3 explains why our definition of forest M-expressions
is not inductive. However, in this chapter we do not designate a seperate chapter for

this discussion.
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5.5.1 Bichi’s Theorem for Trees

Definition 5.39 (Definition 3.1 from [52]). The set MExp(X,M) of multioperator
expressions (short: M-expressions) over X and M is defined by the following EBNF

with nonterminal e.

e=Hw)|ede| Y el Y elove
T X

where w is a Yy-family of operations in M (for some finite set V of first-order and
second-order variables), z is a first-order variable, X is a second-order variable, and

¢ € MSO(X). <

Definition 5.40 (Definition 3.2 from [52]). For every e € MExp(X', M), the set of free

variables of e, denoted Free(e), is defined inductively on the structure of M-expressions.

Free(H(w)) =,
Free(e1 @ e2) = Free(e1) U Free(ez),

Free() _e) = Free(e) \ {z},

xT

Free(z e) = Free(e) \ {X},

X

Free(¢ > e) = Free(¢) U Free(e),

for every finite set 'V of first-order and second-order variables, Xy-family w of operations
in M, first-order variable x, second-order variable X, and ¢ € MSO(X). If Free(e) = 0),

then we call e a sentence. |

Definition 5.41 (Definition 3.3 from [52]). For every e € MExp(X, M) and finite set
V D Free(e) of first-order and second-order variables, the semantics of e with respect
to 'V is defined as the (Xy, M)-weighted tree language [e]y: Tx, — M as follows. For
every £ € (T, \ TY;)), we let [e]y(§) = 0. Moreover, for every { € TY, , we define
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[e]v(€) inductively using the structure of M-expressions.

[H(w)v(§) = hepuasy) (§),
[er @ e2]v(§) = [e1]v(§) & [e2]v (),
D elv©) = D lelvuge €z — w)),

wepos(&)

D _ev© = > lelvuxyEX = W),
X

WCpos(§)
if el
65 clv(6) = [e]v(§) if & € Ly()
0 otherwise

for every finite set U of first-order and second-order variables, X -family w of operations
in M, first-order variable z, second-order variable X, and ¢ € MSO(X).

We abbreviate [e] = [e]mee(e)- A (&, M)-weighted tree language ¢ is called definable
by M-expressions over X and M, if there exists a sentence e € MExp(X, M) such
that [e] = ¢. The class of (X, M)-weighted tree languages that are definable by M-
expressions over X and M is denoted by MDef (X, M). <

Example 5.42. We continue Example 5.33 and consider the X-family of operations
w= (ws | 0 € X), where wy, = wyy(s) for every o € X. Moreover, we define the

M-expression e; over X' and M, where
€1 = H(w)

A straightforward proof shows that the homomorphism h,: Ty — M is given by
he (&) = pos(§) for every £ € Tx. This shows that [e;] = pos and hence also [e;1] = [«/].

In Example 5.33, we calculated 7 following the construction from [51]. We could
have done the same for the case of M-expressions by following the construction from [52,
Lemma 4.2]. However, the M-expression resulting from the analysis of the automaton
& is very long and not very easy to grasp. Hence, we choose to refrain from depicting

such a constructed M-expression and rather consider e;. |

Theorem 5.43 (Theorem 4.1 from [52]). Let M be absorptive. It holds that

Rect (X, M) = MDef (X, M).

186



5.5 Biuchi’s Theorem

5.5.2 Bichi’s Theorem for Forests

Definition 5.44. We define the set of all b-forest multioperator expressions (short:
b-forest M-expressions) over X and M, denoted MExp(X, M, b), by

MExp(X, M, b) = MExp(X, M)°.

We denote (eq,...,ep) € MExp(X,M,b) by e; X --- x e, and define its semantics
fer x --- x ep]: F(X)8 — M by

[[61X---Xeb]]:[[el]]x---x[[eb]].

A weighted (b, 0)-forest language ¢: F(X)§ — M is called definable by M-expressions
if there exists e € MExp(X, M, b) such that ¢ = [e]. The class of all weighted (b,0)-
forest languages that are definable by M-expressions is denoted MDef (X, M, b). <

Theorem 5.45 (Biichi result for forests). Let M be absorptive. It holds that
Rect (X, M, b,0) = MDef (X, M, b)

Proof. First, let ¢ € Rece(X,M,b,0). From Theorem 5.21 we obtain the existence
of v1,...,pp € Rec(X,M,0) such that ¢ = @1 X -+ X p. Moreover, the proof of
Theorem 5.21 shows that ; is recognisable with final states for every i € [b], whence
©1, ..., 0p € Recg(X,M). By Theorem 5.43, we have that ¢1,...,¢p € MDef(X, M),
which yields ¢ € MDef (X', M, b). This concludes the proof of the inclusion “C”.

Now let ¢ € MDef(X,M,b). By the definition of MExp(X,M,b), there exist
e1,...,ep € MExp(X, M) such that ¢ = [e1] x --- x [ep]. By Theorem 5.43, we have
that [e;] € Rece(X, M) for every i € [b] and hence by Theorems 5.12 and 5.36, we
obtain that ¢ € Rec(X,M,b,0). The proof of Theorem 5.36 moreover shows that
@ € Recg(X, M, b,0). This concludes the proof of the inclusion “2”. O

Example 5.46. We continue Example 5.42 and consider the X-family of operations
v = (Vs | 0 € X), where v, = vy, for every o € X. We recall the M-expression
e1 over X and M from Example 5.42 and define the M-expression es over X and M/,

where

e1 = H(w) and ez = H(v).
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Since the M-monoid M is contained in the M-monoid M, e; can be considered as an
M-expression over M. Therefore, it holds that e; x es is a 2-forest M-expression over
XY and M.

In Example 5.42 we have seen that [e;] = pos. Moreover, one can show that the
homomorphism h,,: Ty, — M’ is given by h,,(§) = leaf(¢) for every £ € Tx. This shows

that [es] = leaf and hence we obtain
[er x ea] = pos x leaf.

We have seen in Example 5.26 that [¢], = pos x leaf and hence, [e; x ea] = [€],. <«

5.6 Conclusion

In this chapter, we have introduced a weighted forest automata model over M-monoids.
We then showed that this model recognises exactly the finite products of recognisable
weighted tree languages over M-monoids. Next, we introduced rational weighted forest
expressions and forest M-expressions over M-monoids and showed that the classes of
languages generated by these formalisms coincide with our recognisable weighted forest
languages under certain conditions on the underlying M-monoid.

In upcoming research, it would be worthwhile to study other ways to define weighted
forest automata, especially models where the tree components in forests are not handled
independently. This could be done while simultaneously considering unranked hedges

(rather than ranked forests) and tree valuation monoids (rather than M-monoids).
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Rational Weighted Tree

Languages with Storage

This chapter is a presentation of Dorband, Fiilop, and Vogler [30] with minor changes.

Throughout Chapter 6, we assume X to be a ranked alphabet and S to be a

complete semiring.

6.1 Introduction

Nondeterministic one-way finite-state string automata have been used very successfully
for the specification of aspects of programming languages and of natural languages. Of
course, there is also a need for more powerful automata which can model more sophisti-
cated aspects of such languages, like block-structuredness or cross-serial dependencies.
As a consequence, a number of models of automata with auxiliary data store were in-
troduced; examples of such storages are pushdown [18], stack [63], checking-stack [45],
checking-stack pushdown [111], nested stack [2], iterated pushdown [20, 46, 71, 86],
tree-stack [22], and monoid [75, Example 3] (cf. [79]). Each of these automata models

are constructed according to the recipe
“finite-state automaton + data store” [101]

where (i) the finite-state automaton uses predicates and instructions in its transitions,

(ii) the data store [46, 67, 101] is a set of configurations on which the predicates and
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instructions are interpreted, and there is a distinguished initial configuration. A string
u € X* is accepted if there is a sequence d of transitions such that (a) d leads the
automaton from some initial to some final state, (b) the projection of d to X* is u,
and (c) the projection of d to the sequence of involved instructions is ezecutable on the
storage, i.e., it is applicable to the initial configuration (e.g., pop pop is not executable
on the pushdown, because initially it contains only one symbol and pop is not defined
for the empty pushdown).

In the 60’s and 70’s of the previous century, a theory of classes of formal languages

was established [60, 61, 62] where the classes were defined

(A) by closure properties (like closure under union, concatenation, Kleene-star, and

a-transductions) or

(B) by “finite state automata + data store”.

The first type of definition led to the concept of abstract family of languages (AFL) and
the second one to the concept of abstract family of acceptors (AFA). A fundamental
theorem is that, roughly speaking, each class of formal languages is a full principle AFL
if and only if it is the class of formal languages accepted by some finitely-encoded AFA
[60].

In [67, 68, 69], Goldstine criticised the complexity of the definition of AFA. As
alternative, he advocated another approach to automata with storage by applying the
implication “recognisable = rational” of Kleene’s theorem [81] to the automaton part

of the recipe, thereby obtaining
“rational expressions + data store” [67, 68, 69]

(see also the introduction of [55]). More precisely, he defined an automaton with data
store [68, p. 276] as a rational subset A of the monoid (X* x I*)* where X is an
alphabet and I is the set of instructions of the data store. The language defined by A

is the set
L(A) = {u € £* | 3(v € A) such that u = proj; (v) and proj,(v) is executable}

where (7) is the natural morphism from the free monoid (X* x I*)* to the product

monoid X* x I'* (with string concatenation in both components), i.e., AC X xTI* It
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is very important to notice that, although each sequence v € A is built up according
to the rational set A, the executability of the sequence proj,(v) € I* is checked outside
of A (by the requirement “projs(v) is executable”). By means of an example using the
pushdown storage, Goldstine demonstrates [67] that the description of the context-free
language {a™b" | n € N} is much easier in terms of a rational expression + data store
than in terms of a classical state-based pushdown automaton (also cf. [55]).

The recipe “finite-state automaton + data store” has also been applied in the
weighted case, for example, to the combination of weighted word automata and data

store [54, 74, 112]. Moreover, in [55], Goldstine’s approach was applied to the recipe
“weighted regular tree grammar + storage” [50]*,

where the considered weight structures are commutative, complete semirings. More pre-
cisely, the implication “regular = rational” of the Kleene-theorem [38, Theorem 7.1]
was applied to the weighted regular tree grammar part and executability of instruc-
tion sequences was checked outside of the rational weighted tree languages. Actually,
sequences of instructions now turn into trees, which we call behaviours (cf. [48] where
they are called approzimations). This led to the new concept of rational weighted tree
language with storage. In the present chapter, we will repeat this definition and add
some more discussion. Then the Kleene-Goldstine theorem [55, Theorem 3] (see also

Theorem 6.8) says the following:
Reg(6, X, S) = Rat(6, X, 9)

where S is commutative, & is a storage type, and Reg(&, X, S) and Rat(S, X, S) are
the classes of weighted tree languages of type Tsx, — S that are generated by weighted
tree grammars with storage type & and that are rational weighted tree languages with
storage type &, respectively.

In the following, we discuss the definition of rational weighted tree languages with
storage in more detail. For this, we recall the class of rational weighted tree languages

[38, Definition 3.17] (without any reference to storage). Let © be a ranked alphabet.

LCf. [46] for the unweighted case of such grammars. We also note that regular tree grammars and
finite-state tree automata are equivalent, cf., e.g., [58, Theorem 2.3.6]. The same holds for the weighted

case, cf. [49, Corollary 3.6] and [53, Theorem 3.40].
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The class Rat(©, S) of rational weighted tree languages over © and S is the smallest class
of weighted tree languages of type Tg — S which is closed under the rational operations,
that is, under top-concatenation, scalar multiplication, sum, tree concatenation, and
Kleene-star (see Chapter 2.2).

Now assume additionally that & is a storage type (in the sense of [46, 101]) and X is
a ranked alphabet. Intuitively, we obtain (&, X, S)-rational weighted tree languages by
imposing on the set of behaviours of & a rational structure (as in Goldstine’s approach).
To make this more precise, we first discuss the concept of behaviour. For this, let P’ and
F’ be some finite subsets of the sets of predicates and instructions of &, respectively.
We pair Boolean combinations over P’ with finite sequences over F’ into a ranked
alphabet A (where the length of the sequence in (F’)* determines the rank). Then a
tree b € T 4 is a A-behaviour if each path of b is executable on the storage type .

For instance, let & be the storage type COUNT which has N as set of configurations,
0 as initial configuration, the predicate zero?, and the instructions inc, dec, and id
(standing for increment, decrement, and identity, respectively). Figure 6.1 shows a
behaviour b € T 5 (right, solid part). Indeed, each path of b is executable on the initial

configuration 0. For instance, the execution of the path
(true,inc) (true,inc) (true,id) (—zero?,dec) (—zero?,dec) (zero?,¢)

which leads from the root of b to its rightmost leaf, may be illustrated as follows (where

tt denotes the truth value true):

O ) = 1 T ne(1) = 2 T q(2) = 2
—\zeri(%):tt dec(2) -1 ﬁzerﬂ):tt dec(l) —0 zero? (0)=tt stop .

Figure 6.1 also shows the two sequences of configurations (right, grey part).

Next, we combine symbols from A and symbols of X' U {x}, where the symbol
allows to change configurations independent from X'-symbols. This results in the ranked
alphabet (A,Y). We denote by proj;: Ta sy — Ta and projy: Tia xy — Ty the
projections to the first component (without the symbol *) and second component of
the labels, respectively. For instance, Figure 6.1 shows a tree ¢ € T(x x (left), where

Y = {0® 61 a0} is a ranked alphabet, the behaviour b = proj;(¢) in T (right),
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((true, inc), *)

\ proj,
—

((true, inc), *)

((true.idid), o)

N

((—zero?, dec), &) ((—zero?, dec), &)

((—zero?, dec), &) ((—zero?, dec), &)

((zero?,¢), a) ((zero?,¢), a)

52 52
| |

«@ «
proj;

(true, inc)

(true, inc)

(true, id id)

7N

(—zero?, dec) (—zero?, dec)

(—zero?, dec) (—zero?, dec)

(zero?, ) (zero?, )

Figure 6.1: A tree ( € T(x x) over the extended ranked alphabet (A,Y) (left), a tree
¢ € Ty (middle), and a behaviour b € T (right). In the behaviour b, the intermediate

configurations along each of its paths are indicated in grey.

and the tree projy(¢) = ¢ in T (middle). We note that the set T4 xy corresponds to
the product monoid X* x I'* of Goldstine! [67, 68, 69].

Finally, we define the map B which maps each tree & € Tyx to the set of all
¢ € Ta,xy such that proj;(¢) is a A-behaviour and projy(¢) = & Then, a weighted
tree language ¢: Ty — S is (6, X, S)-rational if there is a weighted tree language
P: Ta sy — S in Rat™((4, X), S) (where oo indicates that ¢» may use for tree con-
catenation an arbitrary but finite number of nullary symbols additionally to (A, X))

such that
¢=Bay, (6.1)

where the map (Ba;¢): Tx — S is defined for every £ € Ty by

(Ba)(€) = P () ,

CeBa(E)
and where € is an infinitary summation in S. We note that the weighted tree languages
in Rat>((A, X),S) do not account for executability of sequences of instructions (as in
Goldstine’s approach).
Usually, a class of rational objects is defined as the smallest class which contains
some finite set of objects and which is closed under some appropriate sum operation,

concatenation operation, and iteration operation. For instance, the class Rat(©,S)

"However, our notation differs from Goldstine’s one as follows: in X* x I* instructions are in the

second components, while in our T4 5y instructions are in the first components.
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(for every ranked alphabet ©) is defined in this way. However, this is not true for our
class Rat(S, X, S) of rational weighted tree languages with storage, because each such
weighted tree language has the form B ;¢ (cf. Equation (6.1)) and we do not know
how to decompose behaviours under tree concatenation and Kleene-star. That means
we could not prove the following: for every v1,19,1 € Rat™((A, X),S) and nullary
symbol & = ((p,e), @) in (A, X) there are 9,95,y € Rat™((A, X),S) such that ]
only depends on v; for i € {1,2}, ¥/ only depends on 1, and

Ba; (106 o) = (Bas i) oa (Bashy) and Bas; vk = (Basy')h .

We even claim that these statements are wrong. Thus, the definition of Rat(&, X, .5)
does not imply that Rat(&, X, S) is closed under the rational operations, in particular,
tree concatenation and Kleene-star.

However, in [56, Lemma 6.6 and 6.7] it was proved that, if S is commutative, then
the class Reg(&, X, S) is closed under tree concatenation and Kleene-star if & contains
a reset instruction (i.e., an instruction ¢ which transforms each configuration into the
initial configuration). The proofs consist of direct constructions and their correctness
proofs. Then, it follows from our Kleene-Goldstine theorem that also Rat(&, X, S) is
closed under tree concatenation and Kleene-star (again assuming that & contains a
reset instruction).

In this chapter, we show alternative proofs of the closure of Rat(&, X, S) under the
rational operations, where closure under tree concatenation and Kleene-star assumes
that & contains a reset instruction (cf. Theorem 6.21); here we do not assume that S
is commutative. For this, we show how to compose behaviours. In particular, we prove
the following for every s € N, o € X 0p ahy, ba, ..., s € Rat>((4, X),S),and a € S
it holds that

topa((BA; wl)’ B (BA; ws)) = Ba; (top((true,idn-id),o) (1/}17 s 7¢S)) (Cf Lemma
6.9)

a® (Bas) =Ba;(a® ) (cf. Lemma 6.10),

(Ba; 1) @ (Basva) = Ba; (1 & 1hg) (cf. Lemma 6.11),

(Ba;¥1) oq (Bastbe) = Ba; (w% o ¥2) (cf. Lemma 6.15), and
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o (Ba;¥)l = Ba; (45 if Basep is a-proper (cf. Lemma 6.20).

Here, w% and 1t are extensions of 11 and 1), respectively, which use the reset instruction.
Both w% and ¢t are elements of Rat™ ({4, X), S) (cf. Lemma 6.13).

We now point out the benefit of our new proofs compared to the existing ones. In
[56], proofs were given by constructions and their correctness proofs. This is a quite un-
rewarding approach, as very similar proofs have already been done in [38] for the case of
the trivial storage type. The fact that Rat(S, X, S) essentially equals Rat™({A, ), S)
precomposed by B is enough knowledge to prove the closure properties. Hence, we
do not need to know the formalism generating Reg(&, X, S) in order to prove the clo-
sure properties. We much rather show that the way, in which storage is introduced,
preserves these properties.

This chapter supplements [55]. However, we will also repeat the main definitions

and the main theorem of [55], i.e., the Kleene-Goldstine theorem.

6.2 Preliminaries

0-Extensions A 0-extension of X is a ranked alphabet © such that X' C O, rkeg(0) =
rky; (o) for each o € X, and rkg(c) = 0 for each 0 € O\ X.

Let ¢: T, — S be a weighted tree language. A 0-extension of ¢ is a weighted tree
language ¢’: To — S such that © is a O-extension of X, ¢'|1,. = ¢ and ¢/'(§) = 0 for
every £ € Tg \ Tx.

Let © be a ranked alphabet, 7: Ty, — P(Tg) a map, and ¢: Tg — S. We define
the (X, 5)-weighted tree language (7;¢): Tx, — S for every € € Tx by

(r;90)(&) = P s(9),

¢er(§)

where € is an infinitary sum operation on S (recall that S is complete).
Storage Types and Behaviours We recall the (slightly modified) concept of storage

type from [46]. Storage types are a reformulation of the concept of machines [101] and

data stores [68, 69].
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A storage type is a tuple & = (C, P, F, ¢p), where C'is a set of configurations, co € C
is the initial configuration, P is a set of maps each having the type p: C' — {0, 1}, called
predicates, and F' is a nonempty set of partial maps f: C --» C, called instructions.
Moreover, we assume that F' contains idc, which we abbreviate by id and call identity
instruction (on C').

The reset instruction (for &) is the map ¢: C' — C which maps each configuration
to cg. We denote by &¢ the storage type (C, P, F'¢, cy) where F¢ = F'U{¢}. Clearly,
if ¢ € F, then 6 = &¢.

The trivial storage type is the storage type TRIV = ({c}, 0, {id(s},c), where c is
some arbitrary but fixed symbol. Clearly, TRIV¢ = TRIV. Another example of a
storage type is the counter COUNT = (N, {zero?}, {idy, inc, dec}, 0), where for each
n € N, we let zero?(n) =1 iff n =0, inc(n) =n + 1, and dec(n) =n —1if n > 1 and
undefined otherwise. Surely, COUNT¢ #£ COUNT.

We define the maps true: C' — {0,1} and false: C' — {0,1} by true(c) = 1 and
false(c) = 0 for every ¢ € C. We denote by BC(P) the Boolean closure of P, i.e., the
smallest set of maps of type C' — {0,1} which contains true, false, and all predicates
in P and which is closed under negation —, disjunction V, and conjunction A. If P
is finite, then BC(P) is also finite because it is a finitely generated subalgebra of the
Boolean algebra of all predicates over C' (cf. [64, Corollary 2]).

Throughout the rest of Chapter 6, if G is left unspecified, then it stands for
an arbitrary storage type & = (C, P, F, cy). Also, if P and F' are left unspec-
ified, then they stand for the sets of predicates and instructions, respectively,

of some storage type &.

Let P’ C P be a finite set and F/ C F be a non-empty, finite set. Moreover, let
n € N. We define the ranked alphabet

A= ) AW with AW =BC(P') x (F)* .
0<k<n

We call A the ranked alphabet n-corresponding to P’ and F’. We write elements
(p, f1,---, fr) of A in the slightly shorter form (p, f1 - -- fx). Note that the parameter n

is used to put an upper bound on the rank of symbols in A, whence maxrk(A) = n. The
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6.3 Rational Weighted Tree Languages with Storage

ranked alphabet corresponding to X, P’, and F' is the ranked alphabet n-corresponding
to P’ and F’ where n = max{maxrk(X), 1}.

We now turn towards the concept of behaviour, which is inspired by the set Ly of
all executable sequences of instructions (defined on [60, p. 148]; also cf. the notion of
storage tracks in [68]). In [48, Definition 3.23] a family of behaviours is put together into
a tree by sharing common prefixes; such a tree is called approximation. Here we recall
the concept of approximation from [50], but we keep the original name “behaviour”.

Formally, let ¢ € C, n € N, and A be the ranked alphabet n-corresponding to
P’ C Pand F/ C F. Then a tree b € Ta is a (4, ¢)-behaviour if there exists a family
(cw € C | w € pos(b)) of configurations such that ¢ = ¢ and for every w € pos(b)
it holds that if b(w) = (p, f1--- fr), then (i) p(cy) = 1 and (ii) for every ¢ € [k] the
configuration f;(c,) is defined and ¢y = fi(cy). If b is a (A4, ¢)-behaviour, then we
call (¢, € C | w € pos(b)) the family of configurations determined by b and c. A
A-behaviour is a (A, ¢p)-behaviour. The right part of Figure 6.1 shows an example b
of a A-behaviour; the grey-shaded tree is the family of configurations determined by
b and 0. We denote the set of all A-behaviours by B(A). We refer the reader to [50,
Figure 2] for an example of a behaviour of the pushdown storage.

In Figure 6.2, we provide a table which compares our concepts of storage types and
of behaviours with the corresponding concepts of data stores and storage tracks from

[68, Definition 3.1].

6.3 Rational Weighted Tree Languages with Storage

In this chapter, we generalise the approach of [68, 69] from the unweighted case to the
weighted case and from strings to trees. For the definition of rational weighted tree
languages (disregarding storage for the time being), we first recall what it means for
weighted tree languages to be closed under rational operations. We refer the reader to
Chapter 2.2 for the definition of the rational operations.

Let £ C ST= be a class of weighted tree languages. We say that £ is

e closed under scalar multiplication if for every ¢ € L and a € S, the (X, S5)-
weighted tree language a ® ¢ is in £,
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data store [68, Definition 3.1] storage type [present chapter]
D = (Dy,t, D1) (data store) S =(C, P, F,cg) (storage type)
D (set of configurations) C' (set of configurations)

Dy C D (initial configurations) ¢p € C (initial configuration)

Dy C D (terminal configurations) -

- P (set of predicates)

I (set of instructions) F (set of instructions)
1(i1) € D x D (interpretation of instruction ¢ € I) f:C — C (instruction)
v € I* such that ¢(v) : Dy — Dy (storage track) A-behaviour b € B(A)

Figure 6.2: Comparison of data storage and storage types.

e closed under sum if for every @1, oo € L, the (X, S)-weighted tree language @1 ®po

isin £,

e closed under top-concatenation if for every s € N, o € X&) and ¢1,...,ps € L,

the (X, S)-weighted tree language top,(¢1,...,vs) is in £,

o closed under tree concatenation if for every @1, € £ and for every a € X0,

the (X, 5)-weighted tree language ¢1 o4 2 is in £, and

e closed under Kleene-star if for every a € X0 and @ € L such that ¢ is a-proper,
the (X, S)-weighted tree language ¢7, is in L.

Definition 6.1. The set of rational weighted tree languages over X and S, denoted
by Rat(X,S), is the smallest class of (X, S5)-weighted tree languages which is closed
under the rational operations, that is, scalar multiplication, sum, top-concatenation,

tree concatenation, and Kleene star. |

By iterating top-concatenations and using scalar multiplication and sum, we can
build up each weighted tree language with finite support. Hence each weighted tree
language with finite support is in Rat(X, S).

We note that the class Rat(X,S) is the same as the class A™(Tyx) from [38].
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6.3 Rational Weighted Tree Languages with Storage

However, the Kleene-theorem [38, Theorem 7.1] only applies to the class

AMTeQx)) = |J  A™(Tsw) -

Q finite set of
nullary symbols

These nullary symbols are needed for the analysis of chain-free (X, S)-regular tree
grammars (cf. Section 6.4), specifically to do a certain g-concatenation with ¢ € Qo
(see [38, Theorem 5.2], cf. also [107, Theorem 9]). We therefore extend our definition

to capture this phenomenon by adding 0-extensions.

Definition 6.2. The set of extended (X, S)-rational weighted tree languages, denoted
by Rat® (X, S), contains each (X, S)-weighted tree language ¢ such that there exists a
0-extension ¢’ € Rat(X’,S) of ¢ for some 0-extension X’ of Y. <

In particular, Rat(X,S) C Rat™(X,5).

Remark 6.3. Let A™(Ty) and A (Tx(Qo)) be defined as in [38, Definitions 3.18
and 4.2]. It holds that

Rat(X,S) = A™(Tx)
Rat®(X, S) = A™(Tx(Qw)) -

We note that in [55], the sets Rat(X, S) and Rat®> (X, S) are denoted by £(X,S) and
Rat (X, S), respectively. We have changed these notations here in order to be more

compatible with the notations used in [38, 83]. <

Remark 6.4. Let X’ be a ranked alphabet such that ¥ C X’. One can easily verify
that Rat> (X, S) C Rat™ (X", S). <

In our definition of rational weighted tree languages over X' and .S with storage &,
we will use the rational operations to build up trees and each such tree { combines a
tree £ € Ty and a tree b over the ranked alphabet A corresponding to X and some
finite sets P’ C P and F' C F. Then, according to Goldstine’s idea, we check outside
of the building process whether b is a behaviour. In order to allow manipulation of the
storage via P’ and F’ also independently from the generation of a X-symbol, we use

the symbol * as a padding symbol of rank 1 such that x ¢ X. (We refer the reader to
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6. RATIONAL WEIGHTED TREE LANGUAGES WITH STORAGE

pages 205 and 213 for a short discussion on the usage and necessity of *.) Formally, we

define the X-extension of A, denoted by (A, X}, to be the ranked alphabet where
(A, )N = AW 5 (ZM U {}) and (A, £)F) = AR« ) for k£ 1.

Additionally, we define the maps proj;: T(a xy — Ta and projy: T(p xy = Tx
such that for every k € N, (§,0) € (A, 2)*) and ¢1,...,{ € T(a,5), we have

pr0j1(<67 U> (Cl) RS Ck)) = 5(pr0j1(§1), s ,pI‘Ojl(Ck)) )

and

o(proj , -+, Proj if o #£ %
projs((8,0)(C1, -+, Ck)) = (proja(¢1) projs(Cx)) +

projs(¢1) otherwise.

We note that proj; is a tree relabeling in the sense of [43]. Then, we define the map

Ba:Tx — T(T<A,2)) for each f €Ty by

Ba(€) ={C € Ta x| proj;(¢) € B(A) and projy(¢) =&} -

We call Ba(§) the set of £-extended behaviours. We note that this definition of Ba(§)
is equivalent to the one on [55, p. 143], and that B A (&) is infinite due to the presence of
the padding symbol * and the fact that id € F'. We refer to Figure 6.1 for an example
of £ € Ty and ¢ € BA(E).

Let ¢ € Ba(&). We define ~ as the smallest equivalence relation on pos(¢) such that
for every w' € pos(¢) satisfying ((w') = (4, *) for some 6 € A, we have v’ ~¢ w'l. In
Figure 6.3, we visualise the equivalence classes of ~ by the light gray boxes. Moreover,
Figure 6.3 illustrates that each equivalence class of ~¢ corresponds to exactly one
position of §&. We use this intuition of correspondence of equivalence classes of ~¢ to
positions of £ in order to formally define the following relation. Given w’ € pos(¢) and

w € pos(§) we say that w' corresponds to w if [w']~, corresponds to w. The following

¢
table shows the complete list of correspondences of positions for ¢ and £ from Figure 6.3.

position w’ of ¢ | position of & corresponding to w’
g, 1 €

11,111, 1111 1

11111 11

12,121 2
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6.3 Rational Weighted Tree Languages with Storage

Figure 6.3: A tree { € Ty (left) and a tree ¢ € Ba(€) (right) for which & = proj,(()
holds. Each occurrence of the hyphen (—) in ( represents an element of A; different

occurrences of the hyphen may represent different elements of A.

Definition 6.5. Let ¢: Ty, — K be a weighted tree language. We say that ¢ is
(&, X, S)-rational if there are finite sets P* C P and F' C F and a weighted tree
language 1 € Rat™((A, X), S) such that

p=Bay, thatis, @)= EP () for every { € Ty,
CeEBA(E)

We denote by Rat(&, X, S) the class of all (&, X, S)-rational weighted tree languages,

which we also call the class of rational weighted tree languages with storage. <

Now we compare rational weighted tree languages with storage and automata with
data store [68]. As a technical tool, we use the concept of characteristic functions.
For every set B and every B’ C B, the characteristic function of B’ in B is the map
X(,p): B — B defined for every a € B by x(p,p)(a) =1if a € B' and x(p p(a) =0
otherwise. If we transcribe the definition of the language L(A) C X* defined by a
Goldstine-automaton A (as given in [68, p. 276] for some alphabet X') by replacing the
membership test u € L(A) (for some string u € X*) by the equation x (s« r(a))(u) = 1,
then the definition of L(A) reads:

Xy = \/ X (e 1+, 4y (th V) (6.2)
vel™* s.th.
L(U)Z DQ!—}Dl

where ((v): Dy — D says that there is an initial configuration ¢y € Dy and a final

configuration ¢; € D7 such that the sequence v of instructions can transform ¢y into
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6. RATIONAL WEIGHTED TREE LANGUAGES WITH STORAGE

language defined by an (S, X, K)-rational weighted tree language
automaton over data store [68] [present chapter]

string u € X* tree £ € Ty

sequence v € I'* of instructions tree b€ T

combination of v € I* and u € X* tree ¢ € T(a x

v € I* is storage track if t(v) : Do — D1 b &€ Tx is a behaviour if b € B(A)

automaton A rational expression (not contained here)

trace A ({4, X), S)-rational weighted tree language
X (e xr 4y (W 0) ¥(<)

addition V in the Boolean semiring addition + in an arbitrary complete semiring S
truth value x (s« 14y (v) value p(§) in S

Figure 6.4: Comparison of concepts in [68] and in the present chapter.

c1; and A is the trace of A. Moreover, the operator \/ is the generalisation of binary
disjunction of truth values to a finite number of arguments. Then, Equation (6.2) can

easily be compared to the definition of rational weighted tree languages with storage:

&)= P v . (6.3)
CEBA()

Thus our concept of (&, X, S)-rational weighted tree languages generalises the concept
of automata over data stores [68] from the unweighted to the weighted case (i.e., from
the Boolean semiring B to any complete semiring S) and from strings to trees. The
correspondences between the quantities involved in (6.2) and (6.3) are shown in Figure
6.4. For an example of a rational weighted tree language with storage we refer the

reader to [55, Example 1].

6.4 The Kleene-Goldstine Theorem

In this chapter, we briefly recall from [55] the definition of weighted regular tree
grammars with storage and the Kleene-Goldstine theorem. Our grammar model is
the weighted version of regular tree grammar with storage [48], where we take the

weights from a complete semiring S. Our concept slightly extends the form of rules of
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(6, X, S)-regular tree grammars as defined in [50, Section 3.1] by allowing any number
of terminal symbols in the right hand side of rules. Also, in [50], the weight algebras
are complete M-monoids, which are more general than complete semirings.

A weighted regular tree grammar over X with storage & and weights in S (for short:
(6, X,5)-rtg) is a tuple § = (N, Z, R, wt), where N is a finite set of nonterminals such
that NNXY =0, Z C N is the set of initial nonterminals, R is a finite and nonempty

set of rules, such that each rule has the form

Ap) = €,

where A € N, p € BC(P), and { € Tx(N(F)) with N(F) = {A(f) | A€ N, f € F},
and wt: R — S is the weight function. We recall that P and F' are the sets of predicates
and of instructions, respectively, of the storage type &.

If r is a rule of the form A(p) — B(f), then it is called a chain rule. If § does not
have chain rules, then we call it chain-free. We say that G is in normal form if each
rule contains at most one symbol from Y. We let Pg and Fg denote the finite sets of
predicates and instructions, respectively, which occur in §. Moreover, if Fg # (), then
we denote the ranked alphabet corresponding to R, Pg, and Fg by Ag, where we view R
as a ranked alphabet such that the rank of a rule r € R is the number of nonterminals
in its right hand side.

For the formal definition of the weighted tree language generated by G, denoted by
[S] : Ts — S, we refer the reader to [55]; here we only give an intuition by showing a
slight modification of [55, Example 2]. We consider the semiring (N, +,,0,1) where
Noo = NU {oo} and the (COUNT, X', Ny )-rtg § = ({Z, A}, Z, R, wt) where all rules
in R and their corresponding weights are shown in Figure 6.5. Clearly, G is in normal
form (in contrast to [55, Example 2]) and the topmost rule in Figure 6.5 is a chain rule.

At the left of Figure 6.6, a derivation tree d € Dg(€) for the input tree £ (middle)
is shown, where Dg(€) is the set of all derivation trees for £ [55, Section 5]. We note
that Dg(¢) € Tg. The involved maps have the types 7: T — Tx and 8: Tp — Ta,
and they extract from a given derivation tree d the tree £ that is generated by d
and the behaviour b that was used to generate &, respectively. Additionally, the map

wtg: Tr — S multiplies the weights of the rules which occur in its argument in a fixed
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6. RATIONAL WEIGHTED TREE LANGUAGES WITH STORAGE

rule 7: wt(r)
Z(true) — Z(inc) 2
Z(true) — o(A(id), A(id)) 1
A(—zero?) — §(A(dec)) 2
A(zero?) — « 1
Figure 6.5: Rules of a (COUNT, X', N )-rtg.

Z(true) — Z(inc)

Z(true) — Z(inc)

Z(true) — o (A(id), A(id))

N

A(—zero?) — 6 (A(dec)) A(—zero?) — & (A(dec))

A(—zero?) — 6 (A(dec)) A(—zero?) — & (A(dec))

A(zero?) - « A(zero?) - a

o (true, inc)

52 52 (true, inc)
@ @ (true, id id)
B (—zero?, dec) (—zero?, dec)

| |

(—zero?, dec) (—zero?, dec)

(zero?, ) (zero?, )

Figure 6.6: A derivation tree d € Dg(€) (left), the input tree & = n(d) = 0(6%(), 6%())
(up middle), the Ag-behaviour b = §(d) (right), the family (¢, | w € pos(b)) of configura-
tions (in grey) determined by b and 0.

order. The weighted tree language generated by G is the map [G]: Tx — S defined for
each £ € Ty by

[S16) = P wts(@)

deDg (€)

Due to chain rules, the index set Dg(§) can be infinite. Also in this case, the sum is

well defined because S is a complete semiring.
For our example grammar G, it is rather easy to see that [G] : Ty — Ny and
(2m)3 if € = 0(6™(ar), 6™ ()) for some n € N,

[SI(€)

0 otherwise.

In general, let ¢ be a (X, S)-weighted tree language. We say that ¢ is (&, X, S)-reqular
if there exists an (S, X, S)-rtg G such that ¢ = [G]. The class of all (&, X, S)-regular
tree languages is denoted by Reg(&, X, S). We note that a (TRIV, X, S)-rtg in which
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rule 7: wt(r)
Z — {(true,inc), x)(2) 2
Z — ((true,idid), o) (A, A) 1
A = ((—zero?,dec),d)(A) 2
A —  ((zero?,e),q) 1

Figure 6.7: Rules of a (TRIV, (A, 2), N )-rtg.

every rule contains exactly one terminal symbol, is just another syntactic form of a
weighted tree automaton over X' and S [53].

The Kleene-Goldstine theorem is based on two theorems: (a) a decomposition the-
orem and (b) a Kleene theorem. The decomposition theorem (a) was proved in [50,
Theorem 5.3| for (S, X, S)-rtg in normal form. We recall the slightly extended version
from [55] for the case of arbitrary (&, X, S)-rtg.

Theorem 6.6 (Theorem 1 from [55]). Let ¢: Ty, — S. The following are equivalent:
(i) ¢ = [9] for some (&, X, S)-rtg .

(ii) There are finite sets P’ C P and F' C F, and a chain-free (TRIV, (4, ), S5)-
rtg G such that A is the ranked alphabet corresponding to X, P’, and F’, and

o = Ba; [9].

We illustrate the easy construction involved in (i) = (éi) of Theorem 6.6 by con-
sidering the (COUNT, ¥, N )-rtg G with rules given in Figure 6.5. The rules of the
chain-free (TRIV, (A, X), Ny )-rtg resulting from that construction are shown in Fig-
ure 6.7 where we have dropped the Boolean combination true from the left hand side
of each rule and the instruction id from each nonterminal of the right hand side of each
rule. This example indicates how the symbol * is used as a padding symbol. Indeed,
weighted regular tree grammars over TRIV are equivalent to weighted regular tree
grammars without storage type (cf. special case (ii) of [50, page 13] and [56, page 9]).

The used Kleene theorem (b) was proved in [38] for weighted tree automata over
a ranked alphabet © and commutative semiring S, which are equivalent to chain-free

(TRIV, O, S)-rtg in normal form (cf. special cases (ii) on [50, p. 13]).
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Theorem 6.7 (Theorems 5.2 and 6.8(2) from [38]). For every ranked alphabet © and

commutative semiring S, we have
Reg,.(TRIV,6,5) = Rat™ (0, 5),

where Reg,.(TRIV,©,S) is the class of (©,5)-weighted tree languages generated by
chain-free (TRIV, ©, S)-rtg.

Now we recall the Kleene-Goldstine theorem for weighted regular tree grammars
with storage, which follows easily from Theorems 6.6 and 6.7 (by choosing © = (A, X))
and from the definition of rational weighted tree languages with storage. This theorem

generalises [38, Theorem 7.1] from the trivial storage type TRIV to an arbitrary storage
type.

Theorem 6.8 (Theorem 3 from [55]). Let S be commutative. It holds that
Reg(6, X, S) = Rat(6, X, S).

We refer the reader to [55] for a discussion of some special cases.

6.5 Closure of Rat(&¢, Y, S) under Rational Operations

In this chapter, we prove that Rat(S¢, X, S) is closed under the rational operations.
Throughout the rest of Chapter 6.5, we assume that P’ is a finite subset of
P, F' is a finite and nonempty subset of F', and A is the ranked alphabet
corresponding to X, P', and F’.

6.5.1 Top-Concatenation, Scalar Multiplication, and Sum

The next three lemmas are preparations for the proof that Rat(&, X, S) is closed under

top-concatenation, scalar multiplication, and sum, respectively.

Lemma 6.9. For every s € N, 0 € X and ¢1,...,ps € Rat®((A, X),S) it holds
that

top, ((Bas 1) -, (Baiws)) = Ba; top (true,id-id),o) (P15 - - - 5 Ps)

with s occurrences of id.
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Proof. Let £ € Tx. First, we assume that there do not exist &;,...,&s € Ty such that

& =o0(&,...,&). Then, top,((Ba;p1),...,(Ba;¢s)) (&) = 0. Moreover, using ¢ as
abbreviation of t0p(true id..id),0) (P1; - - - s Ps), it holds

(Bas@)(§) = P () =0
CeBA(E)
by definition of B (&) and the forms of @ and &.
Next, we assume that there exist &1, ...,&s € Tx such that £ = o(&1,...,&s). Using

the same abbreviation as above, it holds that

top, ((Ba; 1), -+ -5 (Basps))(§)

= (Ba;p1)(€1) © ... © (Bajps)(€s)

= @ p1(Q) ] ©...0 @ ®s(Cs)

C1€BA(&1) ¢s€BA(Es)

o @ @ SOI(CI)Q...@SDS(CS)

C1€BA(&1) Cs€BA(Es)

= @ @ o({(true,id . ..id), o) (1, ..., Cs))

GEBA(§1)  Cs€BA(&s)

2 P e)=(Ba9)9)
CEBA(E)

where in Equation x; we have used the generalised distributivity law (see Equation (2.4)
on page 21) and in Equation x2 we use the definition of B o and the fact that ¢(¢) =0
for every ¢ € Ba(&) such that ((g) # ((true,id...id), o). O

Lemma 6.10. For every a € S and ¢ € Rat™ ({4, X), S) it holds that
a® (Bajp) =Bai(a® ).
Proof. Let £ € Tyx. Then

(@@ (Ba;e))(€) =a® (Baip)§) =a0 @ ¢)

¢ceBA(E)
2 P ace@)= P @)= (Baaop) ()
CeBA(E) ¢ceBa(E)

where in Equality = we have used the generalised distributivity law, Equation (2.4). [
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(s £)s) ((, 1),
| |
¢= (', f1f2),0) ¢r= (', ff2), o)
/N RN
(¢,9192),0)  ((P,¢), ) (4, 9192), 0) ((p',¢),*)
/ AN AN |
(" e),0)  ((p,€),B) ((®@",¢),%)  ((p,e),B) ((true,e), )

((true, ), a)
Figure 6.8: A tree ¢ and its a-extension ¢*.
Lemma 6.11. For every ¢1, ps € Rat™((A, X}, S) it holds that
(Ba;p1) @ (Basp2) = Bas (01 © p2).
Proof. Let £ € Ty. Then

(Baiw) @ (Baip2)©) = P w1 Qe P »(Q)

CeBA(E) CeEBA(E)
= @ (01 @ v2)(€) = (Ba; (w1 @ ¥2))(§). o
CEBA(E)

6.5.2 «a-Concatenation

In [56, Lemma 6.6] it was proved that Reg(&¢, X, S) is closed under a-concatenation.
Thus, by the Kleene-Goldstine theorem (cf. Theorem 6.8), also Rat(S&¢, X, S) is closed

under a-concatenation. Next we prepare an alternative proof of this fact.
Throughout the rest of Chapter 6.5, we assume that ¢ € F' and o € >,

For our closure proof, we would like to concatenate a tree  over (A, Y) at each
leaf which contains o with another tree ¢’. But then the following problem occurs, cf.
Figure 6.8. The tree ¢ has two leaves which are labeled by ((p”,¢),a) and {(p',¢), @),
respectively. Now if p’ and p” are different elements of BC(P), then there is no nullary

symbol (x,a) € (A, X)) such that the (x, a)-concatenation replaces both leaves by (’.
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We solve this problem by transforming ¢ into its a-extension ¢+ (cf. Figure 6.8) which
involves the padding symbol *. Thereby we have homogenised the labels containing «

and we can use ¢t O((true,e),a) ¢ for the desired concatenation.

Definition 6.12. Let ¢ € T/ x). We define the a-extension of ¢, denoted ¢, as
the tree obtained from ¢ by replacing each occurrence of the leaf ((p,e),a), where
p € BC(P), by the tree ((p,¢),*)({(true,e),)). This defines an injective map
—: Tas)y = Tiax). We extend the definition of —+ to sets of trees in the natu-
ral way.

Given a weighted tree language ¢: T4 xy — S, we define the a-extension of ¢ as

the weighted tree language ¢*: Tia,x) — S, given for every ¢ € T4 5y by

©(n) if ¢ = n* for some n € Tia,x
PH(¢) = <
0 otherwise.

Lemma 6.13. Let ¢ € Rat™((4, X)), S). It holds that ¢+ € Rat™((A, ), S).

Proof. Let ¢ € Rat™((A,X),S) and let us consider a rational expression R which
represents ¢ (cf. [38, Definition 3.17]). Let {pi,...,pn} be the set of all elements in
BC(P) \ {true} which occur in R. For each p € {p1,...,pn} U {true} we define

Ry = ((p; ¢), %) ({(true, £), @) .

Now we define the rational expression R’ as follows:

R/ = ( o ((R o((true,a),a) Rtrue) O<(?1,E),a) Rp ) o ) o((pn,a),a> an .

We note that it is possible that true does not occur in R. In this case, the ((true, ¢), o)-
concatention has no effect in R'.
By standard arguments, we can prove that R’ represents ¢+. Hence we have shown

that o+ € Rat™((4, X)), S). O

Let © be a ranked alphabet (later, we will instantiate © = X or © = (A, X)),
£e€Te, OO neN,and @ = (wi,...,w,) € pos(€)” such that w; <; - <; wy.
We denote

0 =¢Blg and €7 = ¢,
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6. RATIONAL WEIGHTED TREE LANGUAGES WITH STORAGE

for every i € [n]. Whenever S is clear from the context, for example if w € cutg(¢), we
drop the annotation of 3 and simply write €%, In particular, {00 = ¢.

Let £ € Ty and ¢ € Ba(§). We recall that each position w’ € pos(¢) corresponds

to a unique w € pos(§) (cf. Figure 6.3). Therefore, for every w' = (wf,...,w))
in Cut(true,e),a) (), there is a unique tuple w = (wy, ..., wy,) in pos(§)" such that w;
corresponds to w;. We say that w corresponds to w'. We note that wy <; - -+ <; w,, and

projy(¢¥) = 55’”' for every 0 < i < n. However, w does not necessarily cover pos,(&).

In fact, w € cuty(€) iff @’ covers all positions in ¢ which contain « (as opposed to just

POS((true,e),a) (C)) :

Lemma 6.14. Let £ € Ty,. Consider the sets

D = {(@,Co.- .., (ay) | D € cuta(€),¥(0 < i < |@]): G € Ba(E™)},
J={(¢,W)|¢€BAE), T € cut((prues).a) (O},

and the map x: D — J defined by

(ﬁ;’ CO) ceey €|ﬁ|) = (gé[Cb ceey g|ﬁ\]1ﬂ’7ﬁ},)7

where @' consists of the elements of pOS((true,a)u)(Cé ) in lexicographic order. We visu-
alise the ingredients of the map  in Figure 6.9.

It holds that
1. k is well defined,
2. K is injective,
3. im(k) = {(¢, ) € T| w € pos(&)!?|, @ corresponds to @,
(70 € im(—), and V(0 < i < |@']): ¢7 € Ba(ed)}.

Proof. First, we prove 1. Let (w,(o,...,(g) € D. We note that there are |w| occur-
rences of ((true,¢), @) in Cg, hence |w'| = |w| and thus the substitution (é (€155 Gl
is legal. Let ¢ = Cé[ﬁ, .+, Cgllar- In order to prove well-definedness, we still have
to show that (¢,w’) € J. For every 0 < i < ||, ¢ is a P"-extended behaviour

by definition. The forced reset instructions in the a-extension of (y now ensure that
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6.5 Closure of Rat(&¢, Y, S) under Rational Operations

§eTly: CeBa(b):

w E CUta(g) <(p, ¢)7*>—<(p/7¢)7*

@ A we CU-t<(true,€),a) (C)

Clz Cn:

decompose ¢ along w

giD,O .
a — o W E cuty(§)
(ol o gom. compose Cé
< ; . and C1,...,(p
apply Ba
Co € Ba(€™): Gt e Ba(£™0) :

a-extension of (j

{(p,e), a)———((0',8), x ((p,¢), x———((P', ¢), *

41 S BA(gm’l) : Cn S ‘BA(g{Em) : <(tru67€)va> ((true, €)aa>

(1 €Ba(€™h) pn € Ba(€™)

Figure 6.9: Illustration of (@, (o, ...,C.) € DS (¢, w') € J, realising the map x: D — J.
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6. RATIONAL WEIGHTED TREE LANGUAGES WITH STORAGE

proj; (¢) is indeed a A-behaviour and hence, ¢ € Ba(§). Moreover, it surely holds that
W € Cub(truee),a) (¢) because w' covers all positions of ¢ which contain a. In fact, w
corresponds to w'.

Next, we prove 2. Let di,dy € D with the components di = (w, (o, - -, (|z|) and
dy = (U,M0,.--,M5). Assume that x(d1) = r(dz). The equality of the second com-
ponents of x(d;) and x(d2) means that the first components of k(d;) and k(dy) are
obtained from (o and 79 respectively by replacing the same set of positions w’ and

hence also |w| = |v]. Together with the fact that

Gl¢t, -, e = projy (k(d1)) = proj, (s(da)) = ng[nu, .. -, M),

we can deduce that Cé = 773 (and hence (o = ng) and (; = n; for every i € [|w|].
Moreover, w and v both correspond to the vector which consists of the positions in
pos<(true,€)7a>(g‘é ) in lexicographic order. This implies w = v. In total, we have seen
that dy = do, which proves claim 2.

Next, we prove 3. Surely, every ({,w’) € im(k) is an element of the set on the right
hand side of claim 3. Conversely, let ({, @) be an element of the set on the right hand
side of claim 3. Moreover, let 79 € T4 xy such that 773 = (70 and let @ € pos(&)'l
be the tuple corresponding to w’. It surely holds that

K'/(w7 ,’707 <ﬁ;/’17 ctt <a/’|a/|) = (C? iz;l)'

In particular, (¢,w’) € im(x), which concludes our proof of claim 3. O
Lemma 6.15. For every ¢1, ps € Rat*™((A, X}, S) it holds that

(Baie1) 0a (Ba;92) = Bas (91 O((truec) ) ©2)-
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6.5 Closure of Rat(&¢, Y, S) under Rational Operations

Proof. Denote J and k as in Lemma 6.14. Let £ € Tx. It holds that

((Bas#1) oa (Ba;v2))(€)

||
= P Base)™) 0 O(Base2)(€™)
wecuta (§) i=1
|w|
P < &y <P1(C0)> @C)( &P 902(@))
wecuta(§) (oeBA(£D0) i=1  (;eBA(ET)
||
s P e oOe(d)
wecuta(l)  (EeBA(E™Y), =1
iz EBA(EDID)
ing
z @ S IR (S IO (D
CEBA(f) ﬁjlecut((true,e),a)(C) =1
s.th. (¢,0')€im(k)
|@'|
s S IR (S ICIO (e
CEBA(g) alecut((truc,e),a)(c) i=1
= @ (@% O((true,e),a) (:02)(C) = (‘BA’(QP‘lL O((true,e),a) 902))(5) .

CeBA(E)

In Equation *; we apply the generalised distributivity law (Equation (2.4)) in S and
the definition of a-extensions of weighted tree languages. In Equation %o we use
Lemma 6.14. Equation x3 is justified by the fact that for every (¢,w’) € T\ im(k)
it holds that

||

P1C" N o (D pa(¢™h) =0.
=1

This can be proven as follows. If (70 ¢ im(—*), then @%(CW’O) =0. If ¢"'0 ¢ im(—V),
then by Lemma 6.14(3), there exists 0 < i < |@'| such that (¥ & BA(£97) where
w € pos(€)!” is the tuple corresponding to @'. This cannot occur, as ¢ € BA(€) is an

extended behaviour. O

Via the use of a-extension, we have homogenised the labels containing «. This
solution has the price that the padding symbol * was inserted into the tree. The

question may arise whether the homogenisation problem can be solved without the use
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6. RATIONAL WEIGHTED TREE LANGUAGES WITH STORAGE

of . Let us briefly discuss a possible solution. Instead of pushing the o down into a
new position, we can push the p € BC(P) up to the parent of the current position.
There we can replace the corresponding instruction f by a new instruction f’ where
f'(c) = f(c¢) if p(f(c)) = true, and undefined otherwise. Of course, this is only possible
if F'is closed under such a filtering with Boolean closures of predicates. For this reason

we refrained from elaborating this solution.

6.5.3 «a-Kleene Star

In [56, Lemma 6.7] it was proved that Reg(&,X,S) is closed under a-Kleene star.
Thus, by the Kleene-Goldstine theorem (cf. Theorem 6.8), also Rat(&, X, S) is closed
under Kleene-star. Next, we prepare an alternative proof of this fact.

We recall that a € Y0 is fixed.

Throughout the rest of Chapter 6.5, we assume that ¢ € Rat™((A, X)), S)
and we abbreviate ((true,e),a) € (A, X)) by a.

Lemma 6.16. For every n € N| it holds that
(Ba; p)a = Bai (915 (6.4)

Proof. The proof is done by induction on n. The case n = 0 is trivial as both sides in
(6.4) are equal to the constant map 0.

Assume that Equation (6.4) holds for some n € N. It holds that

(Bajp)at = (Bas;p) oa (Baje)n @ La 2 (Bajp) oa (Bas (¢1)2) & Ba; (1.a)
2 Ba; (¢ os (912 @ La) = Ba; ()2

In Equation %1, we use the induction hypothesis and the fact that 1. = Ba; (1.a@). In
Equation x5 we use Lemmas 6.15 and 6.11. This concludes the induction step and the

proof of the lemma. O

Let us assume that Ba; ¢ is a-proper. We can hope for the equation

(Bas o) = Bas (p4)%
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6.5 Closure of Rat(&¢, Y, S) under Rational Operations

to hold, yet (for every £ € Tx) the left hand side satisfies

(Ba; )a(€) = (Bas )o@+ (€)

= (Ba: (O = P (WO, (6.5)
CEBA()

whereas the right hand side satisfies

(Ba;(@DDE) = P @)= € (MO () . (6.6)
CEBA(E) CEBA(E)

Q1 ¥

Note that in Equation (6.5) we use the same a-power of ot for every (¢, whereas in
Equation (6.6) the a-power of o+ depends on (. As BA(€) is an infinite set, there is no
upper bound for height({) 4+ 1 that only depends on £. Hence, we can not simply apply

Lemma 6.16 to prove closure under a-Kleene star.

The weighted tree language (4p¢)§eight(§)+1 cuts every input ¢ into height(§) + 1
“stripes” and measures each stripe separately with ¢¥, whereas (goﬂéeight(@ﬂ cuts ¢

into height(¢) + 1 stripes. Unfortunately, cutting off only *-positions from ¢ does not
heigh heigh 1
Q) = (™ OTQ).

(&%

yield the weight 0 in *. That is, we cannot prove (¢*)

However, we can use the fact that

0=(Bap))= Y Q= > ¢ (6.7)

¢eBa(a) CeEBA(a)t

(by a-properness of (Ba;p)) to show that cutting off only #-positions from ¢ does
indeed give us weight 0 after summing over all a-extended behaviours.

To make these thoughts precise, we need some more notation.

Definition 6.17. Let £ € T'y,. We define the map shift: Ba(§) — N which counts the

number of consecutive x-positions at the root of £-extended behaviours inductively by

shift ((d, *)(¢1)) = 1 + shift((;) and

Shlft(<5’ 0>(Cla s 7Crk(a))) =0

for every 6 € A and o € X.
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Moreover, let £ € N and @' € |J,,c(N*)". We define the sets

Ba(€)™F = {¢ € Ba(€) | shift(¢) = k},
BR(E)7F = {C € BA)™F | @ € cuts()},
BE ()™ = {¢70 | ¢ e BY (6)7F).

Furthermore we call @' k-eztended if for every component w; of @’ there exists an
element v; € N*\ {€} such that w] = 1---1v; with k occurrences of 1. The set of k-

extended tuples @’ is denoted by k-Ext. For every 0 < ¢ < k, we definek — £ = (1---1)

with k& — £ occurrences of 1. In other words, k — £ is a vector with one component, and

its only component is the position 1---1 with k£ — ¢ occurrences of 1. <
Lemma 6.18. Let &, k, and @’ as in Definition 6.17.

1. For every 0 < ¢ < k, it holds that

(¢ e BEH)TF | *FE0 € im(—)} = (6.8)
(Ba(a)Fnim(—)) x Ba(€)~™

2. It holds that

{¢eBE©OT ("0 € im(-H)} = (6.9)
(3%0(5)=1C Nim(—4)) x Ba(EDY) x ... x Ba(ED17]),

where @ corresponds to! w'.

Proof. First we prove claim 2. In fact, we show that the map f defined by

¢ (70, (T

)

is a bijection from the left hand side (lhs) to the right hand side (rhs) of Equation (6.9).
First, note that f is indeed a well-defined map of type “lhs — im(f)”. Moreover, f is

clearly injective. It remains to show that im(f) = rhs.

!We recall that @ need not be an element of cut,(¢), because @' does not necessarily cut off all

positions of ¢ which contain a.
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Let (Co,..-,¢z) be an element of rhs. Since w corresponds to w’, we know that
|w| = |w'|. Therefore, the substitution (y[(1,...,(zle exists and is in lhs since (y €
im(—+). Moreover, f((o[C1,--.,Calar) = (Co,- - -, Ca), whence rhs C im(f).

Next, let ¢ be in lhs. By assumption we have that (%0 € (Bg’o({):k N im(—i)).
We also have (%7 € B A(gf ) for every 1 < i < |@|. This follows from the fact that
¢ € Ba(€) and w corresponds to w’. This concludes the proof of claim 2.

The proof of claim 1 is very similar. For this, we note that (¢) corresponds to k — £

and it decomposes £ into « and £. O

Lemma 6.19. Let Ba; ¢ be a-proper. For every £ € Ty it holds that

P (O )= @ (phaEOT ().

CeEBA(E) CeEBA(E)

Proof. The proof is by structural induction on . Let n: Ba(§) — N be an arbitrary
map (later, it will be instantiated by ¢ — height(¢) and ¢ — height(&)).
Case £ = a: We have that

B @

CeBA(E)

=D D o @ 1.6)(C)

kEN (B A (6)=F

=D D @euE@i0ed D (

keN(eBA(g)=F keN ceBA (€)=

210 P P sO(C“”O)G(w)aO(Cw’l)

keN¢eBA(¢)=F WGCHt&(C)

1@@ @ @@ Ck: zo )(C)(CﬂJ)

kEN CeB A (€)=F £=0

21e@@O D AE T

> k—20, \_
(EN k2L (Rt ()=

21ePP P ST oERTE"

leN k>4 CGBA (5) k)
¢k=20¢gim(— i)

21e@B( B Sw)e( B @nEY@w).

CEN k>0 ¢oeB A (a)=F—£nim(—+) C1EBA(E)=!
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In Equation *; we use the fact that (1.a)(() = 0 whenever { # @. Equation xg is
justified by the fact that the set of a-cuts of ¢ are exactly the k — £ for k € N and
0 < ¢ < k. In Equation %3 we first swap the sum for { with the sum for £ and then swap
the sum for k& with the sum for ¢ (which is possible due to Equation (2.3)). Equation

(F=20

x4 holds because ¢+ vanishes if is not in im(—*). Finally, in Equation 5 we use

Lemma 6.18(1) and the distributivity in S. Moreover, for every ¢ € N we have that

D ( <> M) = D )

k>0 GoEB A(a)=F—Lnim(—}) Go€Ba(a)t
which vanishes by Equation (6.7). In total, we obtain that @.cp , () (¥ Ha (OH(Q =1
As n was arbitrary, this proves the claim.

Case € = B for B € X\ {a}: The proof of this case is analogous to the case
¢ = a except for the following parts. In Equation x; we use that (1.a)(¢) = 0 for every
¢ and hence we lose the “1®” in all subsequent equations. On the right hand side of
Equation %2, we need to consider the remaining case w’' = (), that is, we do not cut
¢ at all. Therefore, we get the additional term @¢cp , (¢ ©H(¢) = (Ba;¢Y)(B) on the
right hand side of x9 and all the subsequent equations.

Case € = o(&1,...,&) for s > 1,0 € X Then

B (I

¢eBA(E)

" D @ <<w0@@ I

CEBA(E) W chta(cj)

02@ @ @cp Ck: eo )@(C)(CHJ)

kEN CEB A (€)=F (=0

°PD D D <w°®® R

keEN ¢eB A (€)=F W' ecuta (C)ﬁk—Ext

’:30@@ @ @ Cw() QQ n(C sz

keEN ¢eBA(€)=F w’ecuta(c)mk-Ext

& b D <<w°@® R(SeE

keN w’ ek-Ext CEBw (€ ):

)

("' Ocim(—+)
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In Equation 4; we use the definition of (¢¢)2(C)+1 and the definition of o5. We observe
that (1.a)(¢) vanishes as ¢ can never be @ in this case. Equation 43 is justified by the
fact that the a-cuts of ¢ € Ba(€)™F are either of the form k — £ for some 0 < ¢ < k
or in k-Ext. We note that the empty a-cut w = () of ¢ is in k-Ext. In Equation 43
we argue analogously to the cases £ = o and £ = 3 to see that the sum for the case
@' = k — £ vanishes. More precisely, we first swap the sums for ¢, k, and ¢, and then

use Lemma 6.18(1) and Equation (6.7):

© D EBso (CF=E0) & (p)al®) (¢F=2)

kEN CeB A (€)=F (=0

=DD D i

LEN k>0 CcB(E)=F

pfasYas b H0) © (12 (@)

EN k> ¢oeB o (a)=F—nim(—Y),
C1E€BA(E)

n (6.7)
-P( B “w)o( & @nEw) o
LeN  (oeBa(a)t GEBA(E=F
In Equation 44 we first swap the sums for @’ and ¢ and then restrict ¢?"0 to be in the
image of —*, as otherwise @*(¢%"0) = 0.
Now we instantiate n with ¢ — height(¢) and reduce a subterm of the right hand

side of 44 to show the claim.

helght @’ i

D @@ (™)
ceBE (&)=,
¢ Ogim(—4)

@l

0:5 @ @ CO @ @ helght )

GeBT O(©=Fnim(—) GEBAE™Y),
Chm G'BA({J)"’J]‘)
@]

& %) o B @I G),

CEBE O (€)=+Nim(—+) =l GEBAET

where on the right hand side of Equations 45 and 4¢, w corresponds to w’. In Equation

4; we apply Lemma 6.18(2). In Equation 4 we use the generalised distributivity law
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in S, Equation (2.4), as the (1, ..., (| are independent of each other (once (p is fixed).
Moreover, we use the fact that height(¢) > height(¢;) + 1, whence by [38, Lemma 3.10]
we have that (09)5™"(¢:) = (£9)a™ " ().

e} «

We now apply the induction hypothesis to obtain
height (¢;)+1 IH height (€@+7)+1
B (O B @ (phaE I ()
GEBA(EDY) GEBA(ED?)

_ (BA;((p¢)l§éeight(§w’l)+1)(é—fﬂ,i) ’:7 (BA;gpi)height(gi)—i—l(‘fﬁ,i)

(%

Y (Baphls @) = P (phaEO((),
GEBA(EY)

where in Equation 47 we use Lemma 6.16 and Equation 4g we apply [38, Lemma 3.10]
to height(¢) > height(£9%) + 1.

Now, starting on the right hand side of the very last equation, we can trace back
all the steps up to the right hand side of Equation 44 by always choosing height(&) as
power; then we end up at the right hand side of Equation €4 with n instantiated by
¢ + height(&). This completes the proof of both, this case and the lemma. O

Lemma 6.20. Let (Ba;¢) be a-proper. It holds that
(Ba;®)a = Ba; (945 (6.10)

Proof. Let £ € Ty. We have

(Bas @)(€) = (Ba; )OO+ (£) L (B 4; (ph)a B OF (¢
= P @O 2 P (O

CeBA(E) CeBA(E)
= P @HE) = (Bas ()29
C€BA(E)
In Equations x; and xo we use Lemma 6.16 and 6.19, respectively. ]

We now collect our previous results in order to prove the closure of rational weighted

tree languages with storage under the rational operations.

Theorem 6.21. Let S be an arbitrary complete semiring. Then Rat(&, X, S) is
closed under top-concatenation, multiplication with a scalar, and sum. Moreover,

Rat(Se¢, X, ) is closed under a-concatenation and a-Kleene star.

220



6.5 Closure of Rat(&¢, Y, S) under Rational Operations

Proof. Top-concatenation: Let s € N, 0 € X and ¢1,...,¢s € Rat(&, X, S). Thus,

for every i € [s], there are a finite subsets P; C P and F; C F and a weighted tree
language ¢; € Rat™((4;, X}, S) such that ¢; = B a;1;, where 4; is the ranked alphabet
corresponding to X', P;, and F;.

Now let P = (J_, P and F = (Ji_, F; U {id} and A be the ranked alphabet
corresponding to X, P, and F. By Remark 6.4, ¢; € Rat®((A, X), S) for every i € [s].
Moreover, {(true,id---id),o) € (A, X). Since Rat®((A, %), S) is closed under top-
concatenation, we have that top(grue,id.. id),o) (Y1, -+ ¥s) € Rat™((A, ), S). Hence,
we obtain that top,(¢1,...,¢r) € Rat(&, X, S) by Lemma 6.9.

Multiplication with a scalar: The proof easily follows from Lemma 6.10 and the fact

that Rat™((4, X), S) is closed under multiplication with scalar.

Sum: Let ¢1,p2 € Rat(6,X,S). For every ¢ € {1,2}, there exist finite subsets
P, C P and F; C F and a weighted tree language v; € Rat*({4;, X),S) such that
w; = Ba,;;, where A; is the ranked alphabet corresponding to X, P;, and F;.

Now let P = P, U P, F=FuU F,, and A be the ranked alphabet corresponding
to ¥, P, and F. By Remark 6.4 we have v; € Rat®((4A, X)), S) for i € {1,2} and thus
U1 ® Yy € Rat™®((A, %), S) because Rat™((A, £, S) is closed under sum. Then by
Lemma 6.11 we obtain that ¢1 @ @2 € Rat(&, X, 5).

a-concatenation: Let @1, p2 € Rat(S¢, X, S). For i € {1,2}, let P, C P, F; C F¢,
A;, and 1); be the same as in the case of sum. Let P=PruU Py, F=FRUFRU {¢},

and A be the ranked alphabet corresponding to X/, P, and F. By Remark 6.4 we have
Y; € Rat®((A, X), S) for every i € {1,2}. Moreover, w% € Rat®((A, X), S) by Lemma
6.13 and thus w% o 12 € Rat™®((A, XV, S) because @ € (A, X) and Rat®((A, X), ) is
closed under a-concatenation. By Lemma 6.15 we obtain that 10402 = B 4; (w% o5 2)
and hence ¢ o, @2 € Rat(&¢, X 5).

a-Kleene star: Let ¢ € Rat(S¢, X, S) be a-proper. There exist finite subsets pPcp
and F' C F¢ and a weighted language 1 € Ratm(<A, ), S) such that ¢ = B; 1), where
A is the ranked alphabet corresponding to X, P, and F. We may assume without loss
of generality that ¢ € F. Due to Lemma 6.13, we have that ¢+ € Ratm(<A,Z>,S)
and thus (4)% € Rat™((A, £), S) because a € (A, X) and Rat™®((A, X), S) is closed
under a-Kleene star. Hence by Lemma 6.20 we obtain that ¢} € Rat(&¢, X, S). O
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6.6 Conclusion

We have recalled the Kleene-Goldstine theorem which states the equivalence of rational
and regular weighted tree languages with storage for commutative complete semirings.
Moreover, we have shown that Rat(&, X, S) is closed under the rational operations for
arbitrary complete semirings. More precisely, we proved that our way of introducing
storage to weighted regular tree grammars, preserves closure properties from the case
without storage.

We believe that this preservation property can be proven also for other formalisms
generating classes of formal languages, such as regular string languages, recognisable

forest languages, and their weighted analoga.
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Outlook

In this thesis, we investigated different theoretical questions concerning weighted au-
tomata models over tree-like input structures. First, we studied exact and approxi-
mated determinisation and then, we turned to Kleene-like and Biichi-like characteri-
sations. We considered multiple weighted automata models, including weighted tree
automata over semirings (Chapters 3 and 4), weighted forest automata over M-monoids
(Chapter 5), and rational weighted tree languages with storage (Chapter 6). For an
explanation as to why the last class can be considered as a weighted automaton model,

we refer to page 190. We will now summarise the main contributions of the thesis.

In Chapter 3, we focused on the determinisation of weighted tree automata and pre-
sented our determinisation framework, called M-sequentialisation, which can model dif-
ferent notions of determinisation from the existing literature. Then, we provided a posi-
tive M-sequentialisation result for the case of additively idempotent semirings or finitely
M-ambiguous weighted tree automata. Another important contribution of Chapter 3
is Theorem 3.77, where we provide a blueprint theorem that can be used to find deter-
minisation results for more classes of semirings and weighted tree automata easily. In
fact, instead of repeating an entire determinisation construction, Theorem 3.77 allows
us to prove a determinisation result by finding certain finite equivalence relations. This

is a very potent tool for future research in the area of determinisation.

In Chapter 4, we moved from exact determinisation towards approximate deter-

minisation. We lifted the formalisms and the main results from [4] from the word
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case to the tree case. This successfully resulted in an approximated determinisation
construction for weighted tree automata over the tropical semiring. We also provided
a formal mathematical description of the approximated determinisation construction,
rather than an algorithmic description as in [4, 28].

In Chapter 5, we turned away from determinisation and instead considered Kleene-
like and Biichi-like characterisations of weighted recognisability. We introduced
weighted forest automata over M-monoids, which are a generalisation of weighted tree
automata over M-monoids and weighted forest automata over semirings. Then, we
proved that our recognisable weighted forest languages can be decomposed into a finite
product of recognisable weighted tree languages. We also proved that the initial algebra
semantic and the run semantic for weighted forest automata are equivalent under cer-
tain conditions. Lastly, we defined rational forest expressions and forest M-expressions
and and proved that the classes of languages generated by these formalisms coincide
with recognisable weighted forest languages under certain conditions.

In Chapter 6, we considered rational weighted tree languages with storage, where
the storage is introduced by composing rational weighted tree languages without storage
with a storage map. In [56], it was proven that rational weighted tree languages with
storage are closed under the rational operations. In Chapter 6, we provided alternative
proofs of these closure propertiess. In fact, we proved that our way of introducing stor-
age to rational weighted tree languages preserves the closure properties from rational
weighted tree languages without storage.

Our results raise many new research questions, especially surrounding the mathe-
matical machinery introduced for our M-sequentialisation approach in Chapter 3. We
have designated separate subchapters at the end of Chapters 3 to 6, which capture

some of the most important questions and possible future research directions.
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