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Abstract

We develop a functorial approach to quotient constructions, defining morphisms quotient
relative to a functor and the dual concept of unique liftings relative to a functor. Various
classes of epimorphism are given detailed analysis and their relationship to quotient mor-
phisms characterized. The behavior of unique lifting morphisms with respect to products,
equalizers, and general limits in a category are studied. Applications to generalized cov-
ering space theory, coreflective subcategories of topological spaces, topological groups
and rings, and Galois theory are explored. Finally, we give conditions for the product of

two quotient morphisms to be quotient in a braided monoidal closed category.
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Introduction

Many familiar areas of mathematics, such as the theory of groups, rings, modules, and
topological spaces, allow the creation of new structures from preexisting ones via the
notion of "quotienting out" or identifying underlying set points via an appropriate equiv-
alence relation.[AHGO09, p. 123] [Mun00, p. 136][DF04, pp. 15, 241, 348, 408]. In the case
of topological spaces, for example, the quotient space construction involves an interplay
between morphisms in the category of topological spaces (i.e. continuous maps) and an
equivalence relation on the underlying point set X of the space (a surjective set function
out of X.) The situation is analogous when forming a quotient group by passing to the
collection of cosets. In both instances there is an equivalence relation defined on under-
lying set elements. To promote the collection of equivalence classes to the status of a
topological space or group requires leaving the category of sets and "returning" to Top or
Grp. In so doing, we also promote a surjective set function to a continuous map or group
homomorphism. Thus there appears to be something inherently functorial about quotient
constructions, as functors are the morphisms between categories. This thesis explores
the consequences of this observation, found in [Bral4c, p. 1], and adopts a functorial
perspective to regard various quotient constructions found in mathematics as examples
of a single phenomenon, that of a morphism being quotient relative to a functor.

The question of how to characterize quotient constructions in terms of categorical
structures does not have a single correct answer, and depending on context, one defini-

tion may be preferred over another [Bral4dc, p. 2]. This may in part be due to the fact



that the categorification of surjective set functions does not have a single correct formu-
lation, as we will see when we consider the various types of epimorphism in Section
1.3. Although closely related to many known concepts, we give what appears to be a
novel definition which has the advantage of precisely capturing the relationship between
quotient constructions in a concrete category and their underlying set functions, while
also allowing the generalization of quotients beyond the setting of concrete categories
and faithful functors to that of arbitrary categories and functors. This is accomplished by
recognizing how Grothendieck’s cocartesian morphisms relate to qoutient constructions, a
fruitful perspective not apparently explored in the previous literature. The first require-
ment of classical quotient constructions is that of surjectivity. Since equivalence relations
are equipped with an associated surjection and surjections define an equivalence relation
via the preimage [Bro06, p. 100] [AHGO09, p. 124], it is natural to relate our definition
to the categorical generalization of surjection, the epimorphisms [AHG09, p. 111], and
the various classes thererof [AHGO09, p. 121] [nLa21b]. Since the quotient topology is an
example of a final topology, we also discuss the closely related notion of a strictly final lift
and give several equivalent formulations of the idea of quotient morphism relative to a
functor.

In chapter 2 we introduce the dual notion of unique lifting relative to a functor and
show how this definition encodes the idea of a unique lifting along a map, examples of
which include unique lifting of paths and homotopies in covering space theory [Mun00,
pp- 342-343], Hensel’s lemma in p-adic analysis [Lan94, p. 43] and the unique lifting of a
representation of a Lie algebra to a representation of the associated Lie group when it is
simply connected [FHI1, p. 119]. We clarify the distinction between unique lifts and the
presence merely of some lift, as in the definition of a fibration in algebraic topology, lifting
of curves on a manifold M to a curve defined on the tangent bundle TM, and the lifting of
module homomorphisms between projective modules.

Central to our definitions is the concept of cartesian and cocartesian morphism, used



originally by Grothendieck [Gro71] to define fibered and cofibered categories in the context
of descent theory. We use cocartesian morphisms to categorify topological quotient maps
and cartesian morphisms to categorify unique liftings.

We explore the categorical properties of F-quotient and F-lifting morphisms, charac-
terize the quotient morphisms relative to various forgetful functors that arise naturally in
the study of topological groups and rings, relate unique liftings relative to the classical
fundamental group functor to ideas from generalized covering space theory, and discuss
how unique liftings can be used to give a partial characterization of Galois correspondence
in Galois theory. We also show that in the context of Cartesian closed braided monoidal
categories, under reasonable hypotheses, the tensor product of two quotient maps is also

quotient, a fact not true in general [Mun00, p. 141].



Chapter 1

Quotient Morphisms, Epimorphisms,

and Cartesian Morphisms

1.1 Epimorphisms, Monomorphisms and their Properties

1.1.1 Epimorphisms

Definition 1.1.1. A morphism f : X — Y in a category C is an epimorphism if g; = g, for

any morphisms g1,¢> : Y = Zsuch that gy o f = g 0 f.

Proposition 1.1.1. Let f : X — Y and g : Y — Z be epimorphisms in the category C. Then

go f: X — Zisalso an epimorphism.

Proof. Suppose (go f)oh=(go f)okforh,k:Z — W. Then go(f oh) = go(fok). Since
g is an epimorphism, f oh = f ok, and since f is an epimorphism, h = k, so that go f isan

epimorphism. m|

Proposition 1.1.2. If f : A — Band g : B — C with g o f an epimorphism, then f is an

epimorphism.

Proof. Suppose f : A — Band g : B — C with g o f an epimorphism. Leta,b: X — A be



such that foa= fob. Thengo foa=go fobsothata = bsince go fis an epimorphism,

and therefore f is an epimorphism. m]
Proposition 1.1.3. A morphism f : X — Y in Set is an epimorphism if and only if f is surjective.

Proof. Suppose f is a surjection. Let 1,2 : Y — Z be such that g; o f = ¢, o f. Then for
each f(x) € Y we have g1(f(x)) = g2(f(x)). Since f is surjective f(x) describes an arbitrary
element of ¥, hence g1 = ¢». Now suppose f is an epimorphism. Let Z denote be the set
with two elements, 0 and 1. Suppose f is not a surjection. Then there is some y; € Y
without premimage under f. Let g1 : Y — Zbe constantat1, and let g, : Y — Z be defined
by

82(y) = vy

1, otherwise.

Then, since f(x) # y, for all x € X, we have g1(f(x)) = g(f(x)), but g1 # g since they

disagree at the argument y,. Therefore f is a surjection. |

Proposition 1.1.4. [21c] In the category Top of topological spaces and continuous functions, the

epimorphisms are the surjective continuous functions.

Proof. By the same argument used above in the category Set, but restricting attention only
to continuous set functions, the surjective continuous functions are epimorphisms. To
see that epimorphisms in Top are surjections, give the two element set Z the indiscrete
topology (in which only the entire set and empty set are open.) Then the set functions
81,82 : Y — Z are both continuous, so again by the same argument used in the category

Set, epimorphisms in Top must be surjective. |

Proposition 1.1.5. [Lin70] [Mag] In Grp, the category of groups and group homomorphisms, the

epimorphisms are precisely the surjective homomorphisms.

Proof. Let f : H — K be an epimorphism in Grp. Let X = K/ f(H) be the set of right cosets

of the image of f in K, which need not be a group since we do not know that f(H) is

5



normal in K. Let co denote some set element not belonging to X. Let Y = X U {oo}. Let S
denote the permutation group associated to Y. K acts on X on the right by multiplication.
That s, for k; € Kand f(H)k € X, we have f(H)k.k; = f(H)kk;. This defines an action since
f(H)k.e = f(H)(ke) = f(H)k for the identity e € K and if k4, k, € K we have

(F(EDkK)k, = (F(HDkk) Ko = F(H)KKik, = (FCHDR).(kiko).

This action induces an embedding ¢ : K < S given by g(k) = or : ¥ — Y where
or(f(H)K') = f(H)kk'" and oy(c0) = co. We check that o, defines a bijection Y — Y. Suppose
o(f(H)k1) = ow(f(H)kz). Then f(H)kik = f(H)kk and it is clear that f(H)ky = f(H)k,.
Suppose y € Y. If y = oo then oy(c0) = oo for all k € K. If y = f(H)k then ox(f(H)) = y. Let
o € S satisfy o(f(H)) = oo and o(c0) = f(H) and fix all other elements of Y. Let ¢, : S — S

denote conjugation by g, ¢,(7) = 07!

otoo. Leth: K — S = ¢, 0g. Then h defines a group
homomorphism. For x € H, o¢) fixes both f(H) and co. The support of a permutation p
is the subset of elements not left fixed by p. The support of ¢(f(x)) = 0 is disjoint with
the support of 0, as o) can only permute non-trivial cosets f(H)k and ¢ fixes all such

elements of Y. Then ¢ and o) commute, so that

h(f(x)) = do 0 g(f(x)) = 07" 0 0wy 0 0 = 05 = g(f(X)).

and we have ho f = go f. Since f is an epimorphism, we have h = g. Thus h(k) = g(k) for
all k € K, and since h(k) = g(k) for all k € K,

h(k) = g¢(k) = ¢rogk)=0"'o0r00 =04



and ox o 0 = 0 o o for all k € K. As 0y = g(k) commutes with o, we have

o 0 g(K)(f(H)) = g(k) o o f(H))
— o(f(H)K) = 0i(c0) = o0
= f(H)k = f(H)

= g()(f(H)) = f(H).

Thus f(H) is fixed by g(k). This means k € f(H), and K C f(H). Since f(H) C K, K = f(H),
making f a surjection.
Now suppose f : G — H is a surjective group homomorphism. Let g, : H — K be

group homomorphisms with f o ¢ = foh. Let y € H. Since f is surjective there exists

x € G with f(x) = y. Then g(y) = g(f(x)) = h(f(x)) = h(y) and g = h. O

Definition 1.1.2. [Mun00][98] A topological space X is said to be Hausdorff if for each pair

of distinct points x, y in X there exists disjoint open sets U, V such thatx € Uand y € V.

Definition 1.1.3. [Mun00][187] A Directed Set | is a set equipped with a partial order <

such that for any pair of elements a, € | there exists some y € | such that « < y and

p=<y.

Definition 1.1.4. Let X be a topological space. A net in X is a function f : | — X from a
directed set |. We write x, for f(a) and (x,).e; for f. A net (x,)qes is said to converge to
x € X (written x, — x) if for every neighborhood U with x € U there exists a € | such that

a < B implies x; € U.
Lemma 1.1.6. Nets converge to at most one point in a Hausdorff space.

Proof. Let X be a topological space and let | be a directed set. Let (x,).c; be a net in X.
Suppose x, — x and x, — y. Since X is Hausdorff we can find disjoint open sets U, V with

x € Uand y € V. Since x, — x we find a; such that x; € U for a; < . Since x, — y we



can also find a; such that xg € V for a, < . Then since ] is directed we can find y € | such

that a1, < y. Thus wheny <6 wehavexs e UNV = 0. O

Definition 1.1.5. [Mun00][191] Let X be a topological space. A subset A of X is dense in X

if the closure A = X.

Proposition 1.1.7. In Haus, the category of Hausdorff topological spaces and continuous maps

between them, the maps with dense image are epimorphisms.

Proof. Let e : X — Y be a morphism in Haus with e(X) = Y. Let 1,82 : Y — Z be
morphisms in Haus such that g1 oe = g, oe. Choose y € Y. Since ¢(X) is a dense
subset of Y there exists a convergent net (y;);; such that y; — y with y; € e(X) for all
j € J. Then by the continuity of ¢; and g we have nets (g1(y;));j converging to gi1(v)
and ($2(y))jej converging to ¢»(y). Since y; € e(X) for all j € | we can find x; such that
e(x;) = yjfor all j € . Then we have g1(y;) = g1 0e(x;) = g20e(x;) = &(y;) forall j € J.
Therefore (g1(y;))je; = ($2(v)))jej are equal convergent nets in the Hausdorff space Z, and
must have the same limit, making ¢1(y) = g2(y). Since y was arbitrary, g1 = ¢» and e is an

epimorphism. O
Proposition 1.1.8. [HS73] [Sco] Epimorphisms in Haus have dense image.

Proof. Let f : A — B be an epimorphism in Haus. Let C be the disjoint topological union
of B with itself, with the identification (b,0) ~ (b,1) for b € m, so C = (BIIB)/ ~.
Let h,k : B — C be defined by h(b) = [(b,0)] and k(b) = [(b,1)]. We show that C is a
Hausdorff space. Let By = Bx {0}, By = Bx {1}, K = m and K; = K x {i} for i € {0,1}.
Let g = By U By — C be the quotient map. Let 1,k : B — C be defined by h(b) = (b,0) and
k(b) = (b,1). Suppose x,y € B with x # y. Since B is Hausdorff we have disjoint open sets
x€Uandy € VinB. Then U; = {(u,i) |u € Ui € {0,1}} and V; = {(7v, ) | v € V] € {0, 1}
are open in B || B since their preimages under /,k are U, V or 0, all open in B. They are

disjoint in B [ [ B for all choices of i and j. Since g is an open map, g(U;) and q(V;) are open



in C They are also disjoint, since if q(u, i) = g(v, j) then u = v and U, V are disjoint. If x = y

and g((x,0)) = g((x, 1)) the x € B\K so that q(By\Kj) and g(B;\K;) are disjoint open in C.
Sinceho f =ko f and f is an epimorphism, we have I = k, so that [(b, 1)] = [(b,0)] =

(b,1) ~(b,0) = be m Thus f has dense image in B. O

Example 1.1.9. Although surjections in concrete categories are always epimorphisms, the
converse doesnot hold. Let Ring denote the category of (not necessarily unital) associative
rings and ring homomorphisms. Consider the inclusion i : Z < Q. Suppose f,g: Q — R
are ring homomorphisms such that f oi = goi. Then f(n) = ¢(n) for eachn € Z. Let § € Q.
We have

AN

—
—_—
ST
N—
Il
-
N—
X
N—
=
)
p

SN—"
*
oQ
—~
L)
~—

Il
—_— — —~
NP, P, SRS -
~—
%
oQ
—
S
N
£
oQ
—
SR
~—

—~~
—_

~
X%

oQ

Il
oq
—~
[N
~
*
oq
—~
SR SR

S—"

[l

(0o
—~
SR
~

Therefore, f = g and i is an epimorphism. But i is clearly not surjective, since not all

rationals are integral.

In light of this example, the task of identifying which morphisms in a concrete category
have underlying surjective set functions is not completely straightforward. This has led
in part to the development of the various subclasses of epimorphisms to be discussed in
the Section 1.3.

We may characterize the epimorphisms in C in terms of the contravariant hom functor

as follows.



Proposition 1.1.10. [nLa21b] A morphism f : X — Y in a category C is an epimorphism if and
only if for each object Z € C, the image of f under the hom functor Hom(—,Z) : C — Set is an

injective set function.

Proof. Let f : X — Y be a morphism in C and let Z € C. Denote Hom(f, Z) : Hom(Y, Z) —
Hom(X, Z) by f*. Suppose f is an epimorphism. Let ¢, ¢ : Y — Z be such that f*(¢) =
f*W). Then¢o f=o f = ¢ =1, since f is an epimorphism. Thus f* is an injection.
If we suppose f* to be injective for all objects Z in C, then f*(¢) = f*(i) implies ¢ = ¢ and
we have ¢ o f =1 o f implies ¢ = ¢, making f is an epimorphism. O

This leads to the following:
Proposition 1.1.11. [21c] Let C be a category. A morphism f : X — Y is an epimorphism in C if
and only if the induced natural transformation

W : Hom(Y,-) = Hom(X, -)

is a monomorphism in Set®, the category of functors from C to Set.

Proof. Suppose f : X — YisanepimorphisminC. Then for each ZinC, ¥ : Hom(Y, Z) —
Hom(X, Z), Wz(g) = g o f is an injection in Set, thus a monomorphism. These morphisms
form the components of a natural transformation ¥ : Hom(Y, —) — Hom(X, —). To see

this, let ¢ : C — C’ in C. Consider the following diagram in Set:

Hom(Y, C) W Hom(Y, C’)

— ofl‘l’c \I-’C/l of

Hom(X, C) % Hom(X, C’)

This square commutes by the associativity of morphism compositioninC. If ©,Q : F =

10



Hom(Y, —), then we have the following diagram at g: C — C":

Fg
FC > FC’

Oc| | Qc Qcr Ocr

Hom(Y,C) ———— Hom(Y,C)

Hom(Yg)

Hom(X,C) ————— Hom(X, ()

Hom(X,g)

If Wo® = Wo(), then we must have for each objectin C € C that Wc 0 ©¢c = W 0 Qc. But
W is a monomorphism since f is an epimorphism, so that O¢ = )¢, making ® = Q and
W a monomorphism in Set’. If we assume @ to be a monomorphism, we can reverse the

argument to show that f must be an epimorphism. |
Proposition 1.1.12. Coequalizers (see Appendix A.2) are epimorphisms.

Proof. Let f : X — Y be the coequalizer of g, : Z — X. Let jk : Y — W be such that
jof =kof. Thenkofog=ko(fog)=ko(foh)=(kof)oh,sothatkof = jo f coequalizes
g and h. Then by the universal property of the coequalizer there exists a unique morphism

¢:Y — Wsuchthatdof =jof =kof. Therefore, j = ¢ = kand f is an epimorphism. O

1.1.2 Monomorphisms

There is a dual notion to epimorphism which similarly characterizes and generalizes the

injective set functions.

Definition 1.1.6. Let C be a category. A monomorphism is a morphism f : X — Y in C such

that for all morphisms ¢1,9>: Z — X, if fo g1 = f o ¢, then g1 = Q.

Proposition 1.1.13. A composition of monomorphisms is a monomorphism.

11



Proof. Let f : A — B and g : B — C be monomorphisms. Let /,j: X — A be such that
(gof)oh=(gof)oj. Thengo(foh)=go(foj) = foh= fojsince gis monic. Then,

since f is monic we have h = j. O
Proposition 1.1.14. Suppose j o c = i with i a monomorphism. Then c is a monomorphism.
Proof. If cox=coythenjocox=jocoyandiox =ioysothatx=y. m]

Proposition 1.1.15. A morphism f : X — Y in Set is a monomorphism if and only if it is
injective.

Proof. Suppose f : X — Y is an injection and fo g = foh for ggh: W — X. Then
f(g(w)) = f(h(w)) for all w € W and since f is injective, g(w) = h(w) and g = h, so that f
is a monomorphism. Now suppose f is a monic. Suppose f(x) = f(x"). Define constant
functions g: W — Xand h: W — X by g(w) = x,h(w) = x’. Then f(g(w) = f(x) = f(x') =
f(h(w)) for allw € W. Thus fog= fohand g = h,so x = g(w) = h(w) = x’ and f is an

injection. O

The following shows that not all monomorphisms in categories where objects have

underlying sets are injective.

Example 1.1.16. A group G is divisible if for every positive integer n and every g € G there
exists y € Gsuchthatny = g. Let Div be the category of divisible abelian groups and group
homomorphisms. Note that Q is divisible since forany € Qand n € Nwehaven(;-) = 1.
Also,  +Z = a(%) +7Z € Q/Z. Let G be a divisible group and f,g : G — Q such that
1o f = mo g for the projectionm : Q — Q/Z. Thenmo f(x) = mog(x) = m(f(x)—g(x)) =0
and f(x) — g(x) = n for some integer n. We now show that for any i : G — Q satisfying

nioh = 0 we must have h = 0. To this end suppose x € G and h(x) > 0. If not choose —x. Let

n = h(x) + 1. By the divisibiliy of G there is some y € G with ny = x so that h(x) = nh(y).

Then 0 < h(hgil = h(y) < 1. Since h(y) € Z,h(y) = 0 and therefore h(x) = 0 = h(—x). Thus
h=0 Thusiftof =nogmno(f-g)=0and f-g¢g=0sothat f =0=gand nisa

monomorphism.

12



Definition 1.1.7. An isomorphism in a category C is a morphism f : X — Y such that there

exists a morphism ¢ : Y — X such that f o ¢ = idy and g o f = idx.

Proposition 1.1.17. If f : X — Y is an isomorphism, it is both an epimorphism and a monomor-

phism.

Proof. Suppose f : X — Y is an isomorphism. Then there exists i : Y — X such that
iof =idyx and f oi = idy. Suppose g,h : W — X are such that f o g = f o h. Then
iofog=1iofohand g = h. Thus f isa monomorphism. A symmetric argument involving

g’ 0 Y — Z shows that f is an epimorphism. O

Remark 1.1.18. A morphism may be a monomorphism and an epimorphism but not an
isomorphism. The inclusion Z < Q in Ring is an epimorphism as we have shown. It is

also a monomorphism [21c]. It is not however an isomorphism, since it is not a surjection.

Example 1.1.19. Let 2 denote the category with two objects and one non-identity morphism
f :0 = 1. Trivially, f is both a monomorphism and epimorphism, since, for example, if
g,h 0 — 0then g = h = idy. But there is no morphism from 1 to 0, so f cannot have an

inverse.

Example 1.1.20. Let f : X — Y be the equalizer of g,/1 : Y — Z (see appendix A.2). Then
f is a monomorphism. To see this, suppose a,b : W — X such that f oa = f o b. Then we

have

X%Y:ggz
h
aHb/
W

where u = f oa = f ob. By the universal property of the equalizer (X, f) there exists a

unique ¢ such that f o ¢ = u, but a, b both satisfy this condition, so thata = ¢ = b.

Lemma 1.1.21. The pullback of a monomorphism is a monomorphism.

13



Proof. Let the following diagram be a pullback square with m : Z — W a monomorphism.

XxyY — 2 sy

Z ——

Suppose ¢,y : Z — X Xy Y satisfy py o = pyop. thenvop; o = vop, o1 so that
mop,o¢ = mop,o. Since m is a monomorphism we have p, o ¢ = p, o). Let
g=piop=popandh =p,o0¢d =p,o1. Thenvo g = moh and there exists a unique
E:Z - XXwYsuchthatp;o& =gandp, o & =h,sothat p = 1. O

Proposition 1.1.22. Epimorphisms are dual to monomorphisms (See Section 2.2 for a discussion

of duality.)

Proof. Let f : X — Y be a monomorphism in C. Suppose we have ¢%,h” : X — W in
C%? with g% o f? = h o f%. Then fo g= fohinCand g = h so that g” = h”, and f”
is an epimorphism in C”. Since (C?)? = C, if f* is an epimorphism in C%¥ then f is a

monomorphism in C. |

Proposition 1.1.23. Let f : X — Y be a morphism in the category C. Then f is a monomorphism
if and only if f. : Hom(Z, X) — Hom(Z,Y) is an injection for all Z € C.

Proof. Suppose f : X — Y is a monomorphism. Suppose f.(¢) = f.(¢) for ¢, : Z — X.
Then fop=foyp = ¢ =¢.If fi(¢) = f.(Y)forall Ze Cthen fop = fopforallZe C

and f is a monomorphism. O

1.2 Categorical Generalizations of "Quotient Morphism"

Definition 1.2.1. A topological quotient map is a continuous surjection g : X — Y between

topological spaces such that for any continuous map g : X — Z constant on the fibers of

14



g, there is a unique continuous map f : Y — Z such that fog = g.

X
Y s — N4

Definition 1.2.2. Let X be a topological space and let ~ be an equivalence relation on the
underlying set of X. Then the quotient space X/~ is the collection of equivalence classes
associated to ~ equipped with the quotient topology. A set U in X/~ is open in the quotient

topology if and only if its preimage under the canonical surjection g : X — X/ ~ given by

g(x) = [x] is open.

Example 1.2.1. Let I denote the closed unit interval [0, 1] equipped with the subspace
topology inherited from R. Let §' denote the unit circle viewed as a subset of R?. Let
g : I — S! be defined by g(t) = (cos (2mtt)),sin (27t). Note that g is continuous, since
products and compositions of continuous functions are continuous. It is also surjective,
since forany 0 < 6 < 27,0 < 2 < 1. Suppose g : I — Z is constant on the fibers of 4. Then
we can define f : §' — Z by f(cos 0,sin 0) = g(). Then f o g = g, since g(3%) = g(b).
As f is a composite of continuous functions, it is continuous. If h satisfies h o g = g, then

hog = f ogqand since g is an epimorphism, h = f.

Proposition 1.2.2. Let f : X — Y be an open surjection. Then f has the universal property of the

quotient map.

Proof. Let g : X — Z be constant on the fibers of f. Let y € Y. By the axiom of choice we
can select x € f~!(y) (which is nonempty since g is a surjection) and set h(y) = g(x). Since
¢(x) is constant on the fibers of f, h is well-defined. Then ko f(x) = g(x’) where x’ € f~1(x),

so that g(x’) = g(x). Now let V be open in Z. Then ¢~'(V) is open in X and since f is open,
f(g7}(V))is open in Y. Then f(¢g~'(V)) = f((ho f)"Y(V)) = f(f 1(h"(V)) = h"}(V), since f

15



is a surjection. Therefore, h is continuous. It is unique in satisfying h o f = ¢ since f is a

surjection and therefore an epimorphism. m]

Proposition 1.2.3. Let g1 : X — Yand q, : Y — Z be quotient maps. Then g, 0g1: X = Zisa

quotient map.

Proof. Let g : X — W be constant on the fibers of 4, 0 g;. Then g is constant on the fibers of
g1, since if g1(x1) = q1(x2) = y we have g2(y) = g2 © q1(x1) = g2 © g1(x2) and g is constant on
the fibers of g, 0 g;. Since ¢; is a quotient map, there exists a unique continuous h; : ¥ — W
such thath; 0q; = g. We show that /1 is constant on the fibers of g,. Suppose g2(y1) = g2(12).
By the surjectivity of g; there exist x; and x, in X such that q1(x1) = y1 and q1(x2) = v».
Then g, o q1(x1) = 92(y1) = 92(y2) = g2 © g1(x2). Since g is constant on the fibers of g, o g1
we have g(x1) = g(x2). Then h; o g1(x1) = h1 o q1(x2) and h1(y1) = hi(y2), as was to be
shown. Therefore, we have a unique continuous h, : Z — W such that h, o g, = hy. Then
hyogaoqy =hjoqy =g If f: Z — W satisfies fogy,0q; = ¢, wehave fogyoq; = ¢g=hjoq;
and f og, = hy as q; is an epimorphism. Thus f = h;, since h, uniquely satisfies h; 0 g, = hy.

Therefore, g, o g, satisfies the universal property of the quotient map.

O

Theorem 1.2.4. A morphism q : X — Y is a quotient map if and only if q is a surjection and

whenever U is open (closed) in Y we have g~ (U) open (closed) in X.

Proof. Let q: X — Y be a surjective map and let Y have the quotient topology relative to

16



g. Let g : X — Z be constant on the fibers of 4. By the same argument used in Proposition
1.2.2, we can define f such that f o g = g. To show that f is continuous, let V be open
in Z. Then g7'(f"1(V)) = (f o 9)"Y(V) = ¢"'(V), which is open since g is continuous by
assumption. Then since Y carries the quotient topology associated to g, f~'(V) is open,
making f continuous. Suppose some continuous f’ satisfies f’og = g. Then f'og= foq.
Since ¢ is a surjection it is an epimorphism, hence f" = f.

Let g : X — Y be a surjective map between topological spaces and suppose g has the
universal property of the quotient map. Let 7 denote the topology on Y. We show that t
is in fact the quotient topology Q = {U | 47'(U) open in X} induced by 4. Let Y’ have the
same underlying set as Y but carry the quotient topology Q inherited from g. Then we
may define the map g : X — Y’. By the argument above, 4 : X — Y’ has the universal
property of the quotient map. Thus there exists a unique & : Y — Y’ such that ho g = g.
By a symmetric argument we get a continuous k™! satisfying ™! o g = q. Then h and h™!
are isomorphic by the uniqueness condition associated to the universal property of the
quotient map. Since i and hi~! are continuous they are in fact homeomorphisms, thus are
open and surjective, and by Proposition 1.2.2 it follows that 4™! is a quotient map. Since
q = h™' o g and by Proposition 1.2.3 quotient maps are stable under composition, 4 is a

quotient map.

Corollary 1.2.5. [Etn20] If f : X — Y is a closed surjection, then f is a quotient map.

Proof. Let f be a closed surjection. Suppose f~1(U) is open in X. Then X — f~1(U) is closed.
Therefore f(X — f~1(U)) = f(f YY) - FHU) = f(f(Y-U) =Y -Uisclosed in Y, so U

is open in Y. Since f is continuous, we can conclude f is a quotient map. m]
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Example 1.2.6. Not all surjective continuous functions are quotient [Ull18]. Consider
f:10,1] — S defined by f(x) = (cos 27tx, sin 27x) and the restriction ¢ = flj01) : [0,1) — 5.
Then ¢ is continuous and surjective. Let U = {(x,y) | y > 0} U {(0,0)} c $'. U is not open
in the subspace topology inherited from R?, but ¢~'(U) = {(0 < t < 1)} is open in [0, 1). By
theorem 1.2.4, quotient maps g : X — Y satisfy the property that U is closed in Y if and

only if 471(U) is closed in X, so g cannot be quotient.

Definition 1.2.3. [Bro06, p. 101] Let X, « € A be a family of topological spaces and let Y
be a set. Let f, : X, — Y be a family of functions. A topology F on Y is said to be final
with respect to f, if for any topological space Z, a function g : (Y, ) — Z, is continuous if

and only if g o f, is continuous for all a € A.

Remark 1.2.7. Given a surjective morphism g : X — Y in Top, the final topology on
Y relative to the single morphism g is the quotient topology associated to the quotient
morphism gq. That is, putting the final topology on Y with respect to a surjective map g

makes g a quotient map.

Theorem 1.2.8. Let X, Y be topological spaces. Let q : X — Y be a surjective function. Then q is

a quotient map if and only if Y has the final topology with respect to q.

Proof. Let g : X — Y be a quotient map. Let g : Y — Z be a function. Suppose g
is continuous. Then since g is continuous, so is g o g. Now if g o g is continuous, by
the universal property of the quotient map there exists a unique continuous function
¢ : Y — Zsuch that ¢ o g = g o g, so that we must have ¢ = g. Therefore, Y satisfies the
characteristic property of the final topology with respect to 4.

Now suppose the topology on Y is final with respect to the continuous functiong : X —
Y. Let ¢ : X — Z be continuous and constant on the fibers of q. By the same argument
used to prove theorem 1.2.4 we can construct a function f : Y — Z by setting f(y) = g(x),

where x € g7'(y) such that f o g = g. Since g is continuous, f o g is also continuous and
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by the characteristic property of the final topology, f is continuous. The uniqueness of f

follows from the fact that g is an epimorphism. m]

Example 1.2.9. [Mun00][143] The product of continuous functions is continuous but the
property of being a quotient map is not closed under taking products as the following
example shows. Let X = R and X" be the quotient space formed by identifying all elements
in the subset Z, of non-negative integers to a point b. Let p : X — X" be the associated
quotient map. Let Q C IR be the rational numbers. Leti: Q — Q be the identity map.

Thenp xi: X — Q — X* X Qis not a quotient map.

1.3 Types of Epimorphism and Their Comparison

The notion of epimorphism captures the property enjoyed by the surjections in Set of
being cancellable on the right. But we have seen that the condition of surjectivity and
right-cancellability are not equivalent in all categories (take Ring, for example.) It can be
shown that the surjectivity of amorphism f in Setis equivalent to f being right-cancellable,
having a right inverse, forming a quotient set, and having a canonical factorization into
a surjection followed by an injection. These properties are not equivalent in a general
categorical setting, so in order to characterize the morphisms in a concrete category that
enjoy these properties, or to generalize such properties to an arbitrary categorical context,
the various notions of split epimorphism, regular epimorphism, strong epimorphism, and
extremal epimorphism have been defined [Foul7]. We provide a detailed comparison of
these notions summarized in the following diagram of implications. Each double arrow
indicates an inclusion of one epimorphism type into another. These arrows are decorated
with information showing where the associated inclusion is proven in the present text and

a brief description of the conditions required in the ambient category for the inclusion to
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hold. For example, we write

split epimorphism
kernel pairs || prop 1.3.33

effective epimorphism

to indicate that in a category with all kernel pairs, a split epimorphism is an effective

epimorphism, which is proven in Proposition 1.3.33.
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split epimorphism
kernel pairs || prop 1.3.33

effective epimorphism

/A\

prop 1.3.34

kernel pairs || prop 1.3.29

A4

regular epimorphism

/A\

kernel pairs || prop 1.3.29 prop 1.3.19

A4

strict epimorphism prop 1.3.28|| regular category

prop 1.3.15

N SN

strong epimorphism
pullbacks |[ prop 1.3.7 prop 1.3.6
extremal epimorphismrop 13.13|| binary products

prop 1.3.1|| equalizers

N S

epimorphism

Figure 1.1: Comparison of Epimorphisms
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1.3.1 Extremal Epimorphisms

Definition 1.3.1. A morphism f : X — Y in the category C is an extremal epimorphism if
whenever f = m o g with m a monomorphism, m must be an isomorphism. If C does not

have all equalizers, we require the added condition that f is an epimorphism.

Proposition 1.3.1. Let C be a category with all equalizers. Then an extremal epimorphism in C

is an epimorphism.

Proof. Let C have all equalizers. Let f : X — Y be an extremal epimorphism in C. Let
g h:Y — Zbesuchthat go f = ho f. Let (E, q) be the equalizer of ¢ and /. Thus there
exists a unique u such that f = g o u. By example 1.1.20 we know g is monic. Since f is an

extremal epimorphism, 4 must be an isomorphism. Then there exists s : Y — E such that

gos =idy.
f g
X———Y zZ
A h
u:/
|
| q
|
E
Therefore we have gog=hoq = gogos=hogos = g=h. ]

Example 1.3.2. [Bor94a][144] In the category Rng of unital commutative rings (which has
all equalizers), an epimorphism f : A — B factors through its image f(A) as f = mor. For
f to be extremal, we require m : f(A) — B to be an isomorphism. Thus we require m to be
a surjection, making f a surjection. Thus the extremal epimorphisms in Rng are precisely

the surjective ring homomorphisms.

Although in Top the epimorphisms are the surjective continuous functions, in Haus the
epimorphisms need only have dense image. We now show that extremal epimorphisms

in Haus are surjective.

Proposition 1.3.3. Let e : X — Y be an extremal epimorphism in Haus. Then e is a surjection.
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Proof. Let e : X — Y be an extremal epimorphism in Haus. Then since Haus has all
equalizers, e is an epimorphism. therefore e(X) is dense in Y. Suppose e is not surjective,
e(X) # Y. Thene = m o g where g : X — ¢(X) is e with codomain restricted to the e(X)
and m : e(X) — Y is inclusion. Since every subset of a Hausdorff space is Hausdorff,
e(X) is Hausdorff, and g is clearly continuous. Since m is continuous and injective it is a
monomorphism. As e is an extremal epimorphism m must be an isomorphism, but the
isomorphism in Haus are the homeomorphisms, which are surjective, and by assumption

we have e(X) # Y, a contradiction. Therefore, e is a surjection. O

1.3.2 Strong Epimorphisms

Definition 1.3.2. A morphism e : A — B is said to be a strong epimorphism if for any
monomorphism m : C — D and morphisms g, h such that the following square commutes,

there exists a unique morphism f : B— Csuchthat foe=gandmo f =h.

i}

If such an f exists it is unique, since ¢ is an epimorphism and m is a monomorphism.

Remark 1.3.4. Strong epimorphisms are a generalization of the property belonging to
surjections in Set of having a canonical factorization into an epimorphism followed by a

monomorphism [Foul7].

Example 1.3.5. in the category Graph of undirected graphs and graph homomorphisms,
the strong epimorphisms are the graph homomorphisms that are surjective on both edges

and vertices.
Proposition 1.3.6. A strong epimorphism is an extremal epimorphism.
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Proof. Lete : A — Bbe a strong epimorphism. Let e = m o g where m is a monomorphism.

Then there exists a unique f such that both triangles in the following diagram commute

ﬁ

—>

A
B

%

oS ]

Thus m o f = idg. Then we have

mo (fom)=moidg=m=moidc

and since m is a monomorphism, f o m = idc. Therefore, m is an isomorphism and e is

extremal. 0O
Proposition 1.3.7. Let f : X — Y be an extremal epimorphism in a category C with all pullbacks.
Then f is a strong epimorphism.

Proof. Let v,u, and m be such that vo f = mou with m : Z - W a monomorphism.
Consider the following commuting diagram associated with the pullback (Z xw Y, p1, p2)

of m along v.

Z—— W
Since v o v = m o u there exists a unique ¢ such that the above diagram commutes. Thus
we have f = p; o ¢. By lemma 1.1.21, p; is a monomorphism, and as f is an extremal
epimorphism, p; is an isomorphism. Thus there exists s : Z — Z Xy Y such thatsop; = idy

and p; o s = idzy,y. Sett = p, os. For f to be a strong epimorphism, we require t o f = u
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and m o t = v. We have

tof=topjop=pyosopjop=pop=u

and

Mot=mop,08s=0vV0p; 08 =70.

If somet' : Y — Zsatistiest' o f =uandmot' =vthenmot' =v =motand since mis a

monomorphism, t = ¢'. m]
Proposition 1.3.8. A composition of strong epimorphisms is a strong epimorphism.

Proof. Let f : X — Y and g : Y — Z be strong epimorphisms in the category C. Assume

we have &, j,m in the commuting diagram below, with m a monomorphism.

X
gOf\L
Z

Then by the associativity of morphism composition in C we also have the commuting

X h
A‘l'.\'(

Y ——

]°8

where ¢ : Y — W is uniquely given since f is a strong epimorphism. We then have the

<

m

%
—

=

]

square

|

|

diagram
¢

% v
¢"V?(
7z W
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The square commutes by the previous diagram. We have unique ¢ making the triangles

commute since ¢ is a strong epimorphism and m is a monomorphism. Then note that

pogof=tpof=h

and
1 o 17D = ]
Therefore g o f is a strong epimorphism. m]

Proposition 1.3.9. If f o g is a strong epimorphism then f is a strong epimorphism.

Proof. Let f : Y — Z and g : X — Y be such that f o g is a strong epimorphism. Suppose
wehavev :Z - Wandi: V - Wandu : X - Vsuchthatvo f =iou withia
monomorphism. Thenvo fog=iouogSince f o gis a strong epimorphism there exists
a unique w such thatiow = v. Sincevo f =iou = iowo f =iouandsinceiisa

monomorphism, w o f = u. Therefore, f is a strong epimorphism.

X > Y

g
N

uog

5]

<
=

O

Lemma 1.3.10. If f : A — B is a strong epimorphism and a monomorphism then f is an

isomorphism.

Proof. Let f be a strong epimorphism and a monomorphism. Then there existsw : B — A
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such that w o f = id4 and f o w = idg, making f an isomorphism.

A—L 8
idg w idp
L
A ﬁ B

O

Lemma 1.3.11. Let f =i o p where i is an isomorphism and p is a strong epimorphism. Then f is

a strong epimorphism.

Proof. Let f = iop withianisomorphism and p a strong epimorphism. Let u, v, m be such
that m o u = v o f with m a monomorphism. As p is a strong epimorphism, there exists a
unique w such thatwop =uand mow =voi. Setw’ = j ow where j is the inverse of the

isomorphism i. Then

w’of:wo]'of:wojoiop:wop:u.

and

mow =mowoj=voioj=0.

Thus f is a strong epimorphism.
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In a category with binary products we do not require the hypothesis that strong

epimorphisms are epimorphisms, as we now show.

Definition 1.3.3. Let C be a category with binary products and let C be an object of C.
Then we call the morphism (idc, idc) induced by the universal property of the product

C X C the diagonal morphism A : C — C X C. Thus the following diagram commutes

id id
dc JA lac

Lemma 1.3.12. A diagonal morphism is a monomorphism.

Proof. Let g,h : X — Cbe such that A o g = A o h. Consider the following diagram

Thus we have
g=idcog=moAog=moAoh=idcoh=h.
O

Proposition 1.3.13. Let C be a category with binary products. Then a strong epimorphism in C

is an epimorphism.

Proof. Let A : C — C x C be the diagonal morphism. Let f : A — B be a strong epimor-
phism. Letu,v: B — Csatisfyuo f = ¢ = vo f. Let ¢ denote the morphism ¢ : B - CxC
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induced by the universal property of the product (C x C, 111, 71,) with respect to the family

of functions u,v : B — C. Then we have the following

BN

;)B
X

o Jf
.

—— CXxC

A

@)

where, since A is a monomorphism, there exists a unique t : B — C such thatto f = ¢ and

Aot =1). Then

u=moypY=molAot=t=molAot=moy =0

1.3.3 Strict Epimorphisms

Definition 1.3.4. [DS][4] Let f : X — Y be a morphism in the category A. A morphism

g+ X — Yis said to be compatible with f if whenever f oh; = f oh, wehave gohy = gohy.

Definition 1.3.5. [DS][4] A morphism f : X — Y is a strict epimorphism if given any

g : X = Z compatible with f there exists a unique k : Y — Z such thatko f = g.
Proposition 1.3.14. A strict epimorphism is an epimorphism.

Proof. Let f : A — Bbe a strict epimorphism. Let 1,2 : B— Cbesuchthatg,of = g0 f.
Then g; o f also jointly coequalizes all the morphisms f does, so by the universal property
of f as a coequalizer, there exists a unique morphism u : A — Csuchthatuo f=g10f =

pof = g1 =u= g and f is an epimorphism. o

Proposition 1.3.15. A strict epimorphism is a strong epimorphism.
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Proof. Let f : X — Y be a strict epimorphism. Suppose we have g,/ and monic m such

thatmog="ho f. Let¢,1p : W — X be coequalized by f. Then

mogo¢:hofo¢:hofo¢:mogo¢

and since m is a monomorphism, go ¢ = go . Since f is a strict epimorphism there exists

aunique k : Y — X’ such thatko ¢ = f. Then

hof:mog:mokof

and m o k = h since f is an epimorphism. Therefore, f is a strong epimorphism.

~

Wi; — 3% s x

X
v R
Y - Z

—

[
O
Proposition 1.3.16. [Kel69][127] If ¢ : A — B is a retraction and f : B — C is a strict

epimorphism then f o g is a strict epimorphism.

Proof. Let f : B — C be a strict epimorphism and let i : B — A be such that g o i = idp.
We verify f o ¢ has the universal property of the coequalizer by first assuming h: A - W

coequalizes x,y : Z — A whenever f o g does.

>B;}C

N
Vv
=~

A

=

=
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we have

fogoidy=foidgog=fogoiog = hoidy=hoiog

and for any suitable u,v: D — B,

fou=fov = fogoiou=fogoiov = hoiou=hoiov

As f is a strict epimorphism, /& o i factors uniquely through f, so there exists k : C - W
withhoi=ko f. Then

h=hoiog=kofog
and h factors uniquely through f o g. m|

Proposition 1.3.17. [Kel69][127] If f o g is a strict epimorphism and g is an epimorphism, f is a

strict epimorphism.

Proof. If we have hox = h oy whenever fox = foythenhogou =hogovwhenever
fogou= fogouw. Since f o gis a strict epimorphism by assumption, there exists unique
k such that ko f o g = ho g. Since g is an epimorphism, ko f = g. Thus f is a universal

coequalizer of any pair it coequalizes, making f a strict epimorphism. m|

Proposition 1.3.18. [Kel75][127] Let g, : A — B, be strict epimorphisms indexed by o € 1. Let
fa : Bo — C be thier fibred coproduct (pushout.) Let f,g. denote the common value of f, o g,

Ya € 1. Then f,g, is a strict epimorphism and f, is a strict epimorphism for all o € I.

Proof. Leth : A — Wbesuchthathox =hoyif f,gs0x = fy,g. 0 y. If for some y € I
we have g, ox = g, oy, then f, 0 g, 0x = f, 0 ¢, o y and therefore f,g, o x = faga ° Y, SO
that hox = hoy. Since g, is a strict epimorphism it is the coequalizer of x, y and there
exists a unique k, such that h = k, o g,. Since k, o g, = h, it is independent of @. Then by

the universal property of the fibred coproduct, there exists a unique w : C — W such that
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ky =wo f,. Thereforeh =wo f, 0 g, = w o f,4,, as desired.

1.3.4 Regular Epimorphisms and Regular Categories

Definition 1.3.6. A morphism f : X — Y is a reqular epimorphism if f is the coequalizer of

some parallel pair of morphismsa,b: W — X.
Proposition 1.3.19. A regular epimorphism is a strict epimorphism.

Proof. Suppose f : X — Y is regular. Then f is the coequalizer of some parallel pair
a,b:C — X. Suppose g : X — Z is compatible with f. Then g o a = g o b. Therefore, there

exists a unique h : Y — Z such thath o f = g, so f is a strict epimorphism. O

Proposition 1.3.20. If f : X — Y is a monomorphism and a reqular epimorphism, it is an

isomorphism.

Proof. Let f : X — Y be a monomorphism and a regular epimorphism. Then there exists
a,b: W — X coequalized by f. Since f is a monomorphism, a = b, so that idx also satisfies
idx oa = idx o b. Then by the universal property of the coequalizer f there exists a unique
i:Y — Xsuchthatio f =idy. Since f is a regular epimorphism, it is an epimorphism, so

that fo(iof)=f = (foi)of=idyo fand foi=idy.
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idx

idy

~

p..<

O

Example 1.3.21. [Hal16] In Set every epimorphism is a regular epimorphism, since every

epimorphism in Set is effective.

Proposition 1.3.22. The reqular epimorphisms in Ring are precisely the surjective ring homo-

morphisms.

Proof. Let f : A — B be a regular epimorphism in Ring. Consider the forgetful functor to
the category of abelian groups F : Ring — Ab. Since F is left adjoint to the free functor, it
preserves colimits [Bor94a][106], hence coequalizers, so that Ff : FA — FB must also be a
regular epimorphism. Since the regular epimorphisms in Grp are precisely the surjective
group homomorphisms, this also holds for the subcategory Ab C Grp. Therefore, Ff is a
surjection. Since the forgetful functor F : Ring — Ab only forgets multiplicative structure,

f must also be a surjection. O

Proposition 1.3.23. A morphism q : X — Y in Top is a quotient map if and only if it is a reqular

epimorphism.

Proof. Suppose g : X — Y is a regular epimorphism in Top. Then g coequalizes some a, b :
W — X. If g : X — Z is constant on the fibers of g, then for any w € W, g(a(w)) = g(b(w))

since g(a(w)) = q(b(w)), and g coequalizes a, b. Thus there exists a unique map h : Y — Z
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such that the following diagram commutes in Top

Then since g is an epimorphism, g is a topological quotient map.

Note that since Top has kernel pairs, if g : X — Y is a regular epimorphism then it is
an effective epimorphism by Proposition 1.3.29. If ¢ : X — Z is constant on the fibers of g
then g also coequalizes the kernel pair of f, so by the universal property of the coequalizer,

q is a topological quotient map.

Definition 1.3.7. Let f : X — Y be a morphism in the category C. Then f is said to have a

kernel pair if the diagram

>

~

n-.<

X

has a pullback, typically written (X Xy X, p1, p2). That is to say, the following is a pullback

square in C:

X %y X ——

X

pzl J/f
X f) Y

When f has an underlying set function we refer to X Xy X = {(x,x’) € X X X | f(x) = f(x')}

as a fiber product, but in the case that morphisms in C lack underlying set functions, the

kernel pair will not be a fiber product as such.

Now suppose g is a topological quotient map. Since Top is complete, the kernel pair

of g exists. It is defined by the fiber product. If g coequalizes the kernel pair of f, then for
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(x1,x2) € X Xy X,

gopi(x1,x2) = gopax1, x2) = glx1) = g(x2).

Since q(x1) = q(x2) by the definition of the fiber product, we see that g respects the fibers of
g. Therefore by the universal property of the quotient map, there exists a uniqueh : ¥ — Z

such that h o g = g. Thus g coequalizes its kernel pair, is effective, and therefore regular.

p
Xxﬂ(?i?(%l{

h
g :

<
Z

O
Remark 1.3.24. In many concrete categories, regular epimorphism is the correct strength-
ening of the concept of epimorphism needed to characterize those morphisms with sur-
jective underlying set function. We have already seen in example 1.1.9 that not all epimor-
phisms in Ring are surjections. But all regular epimorphisms in Ring are surjective by
Proposition 1.3.22. In any algebraic category (see [AHGO09]), of which familiar examples are
the categories Grp, Ring, and the category Vect of vector spaces and linear transforma-
tions, the morphisms with surjective underlying set function are the regular epimorphisms
[nLa21c]. For a morphism f : X — Y in a concrete category, the coequalizing condition
means in a non-trivial case that some argument w € W must exist such that a(w) # b(w) but
f(a(w)) = f(b(w)). Thus a(w) and b(w) are distinct points in X which are identified by fin Y.
In this way, the regular epimorphisms also generalize the quotient morphisms, and it will
be the case in several categories considered in later chapters, coincide with the quotient
morphisms relative to a forgetful functor to Set. However, regular epimorphisms are not
in general stable under composition [AHGO09], a property shared by quotient maps and

morphisms quotient relative to a functor.
Example 1.3.25. [Sot] We show there exist composable regular epimorphisms such that
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the composite is not a regular epimorphism. A category C is small if the collection of
objects and all hom sets in C form sets rather than proper classes. Let Cat denote the
category of small categories and functors between them. We may consider the additive
monoid of natural numbers IN a category having a single object as follows. Denote the
single object by » and the identity id. : * — *by 0 : * — *. Let the non-identity morphisms
in IN be the powers of a distinguished morphism 1 : * — . Addition in the monoid IN
is then modeled by composition in the category IN, as this composition is associative by
definition and composition on the right and left with the identity 0 models addition with
additive identity. Thus we interpret n o m as m + n where a number 7 is regarded as the
composition 1" : + — *. Let 2 = {f : 0 — 1} be the category with two objects and one non-
identity morphism. Let F : 2 — IN be the unique functor from 2 to IN satisfying F(f) = 1.
Let G : N — Z be the inclusion functor into the single object category Z in which every
morphism is now an isomorphism and we have for each n : + — * a morphism —n : * — *
such that n o (—n) = (-n) on = 0. Let Z/2Z denote the category with one object » and one
non-identity morphism 1 : + — = satisfying 101 = 1. Let H : Z — Z/2Z be defined by
H(1)=1.Then H(2) = H(1)cH(1) =101 =1 and so on.

We show F is a regular epimorphism in Cat. Note that this category has all finite limits
and thus all kernel pairs. By Proposition 1.3.29, regular epimorphisms in Cat are effective
epimorphisms (coequalizers of their kernel pair. See Definition 1.3.9.) Let 0 denote the
trivial category with one object, 0, and one morphism idy. Let A, B : 0 — 2 be the constant
functors defined by A(0) = 0 and B(0) = 1. Let ] : 2 — C be a functor such that JoA = JoB.
Then J(0) = J(1) = X and f is mapped to an endomorphism Jf : X — X. Let ® : N — C be
given by ®(1) = Jf. This specifies ® as a functor, since the morphisms in IN are generated
by 1 and functors respect composition. Clearly @ uniquely satisfies @ o F = |, and F is the
coequalizer of A, B.

We now show H o G is a regular epimorphism. Let I’A : 2 — IN be such that
I['(f) =1and A(f) = 2. Then HoGoI(f) = Ho G(1) = H(1) = 1 and H o G 0 A(f) =
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HoGR2) = H2) = H1)oH(1) = 1. If K: IN — D satisfies KoI' = Ko A we have
K(1) = K(2) = K(1) o K(1). Therefore we can define V¥ : Z/27Z — D by W¥(1) = K(1) which
uniquely satisfies W o (H o G) = K.

To see that L = H o G o F is not a regular epimorphism first note that regular epi-
morphisms in Cat must be effective. Let C denote the subcategory of 2 X 2 with all four
objects (i, j) and one non-identity morphism f x f : (0,0) — (1,1). Let Ver : C — 2 and
Hor : C — 2 be the functors that project onto the first and second factor respectively,
so that Ver(gxh : (i,j) — (k1)) = g : i — k. Then (C, Ver,Hor) is the kernel pair of L.
Note the morphisms in C are precisely the products g X h satisfying L(g) = L(h). Thus
L o Hor(g X h) = L o Ver(g X h). If we have a pair of functors @,V : D — 2 satisfying
Lo® =LoWthenford:D — D inC we must have L(®(d)) = L(W(d)) and ®(d) x W(d) is in
C. Define ® : © — C by O(d) = ®(d) x W(d). This functor uniquely satisfies Hor o © = @
and Verto® = .

We now show that F : 2 — NN is the coequalizer of the kernel pair Hor, Vert. By
inspection we see that F o Hor = F o Vert. Both compositions send all identities in C to
0and f X f to 1. If we have some functor A : 2 — & such that A o Hor = A o Vert then
A(idy) = A(id;) and A sends f to an endomorphism in & We send 1 to A(f) to define
a unique functor M satisfying M o F = A. Coequalizers are unique up to isomorphism
so that if L coequalizes its kernel pair then there must be an isomorphism of categories
E :IN — Z/27Z, but no such functor can be bijective on hom sets. Hence L is not an

effective epimorphism and therefore not a regular epimorphism.

Definition 1.3.8. [Gral4, p. 8] If C is a category in which coequalizers of kernel pairs exist

and regular epimorphisms are stable under pullback, then we call C a regular category.
Lemma 1.3.26. For a morphism p : A — B with kernel pair (E(p), p1,p2), p is a monomorphism
if and only if p1 = py.

Proof. If p is a monomorphism then since p o p; = p o po, we have p; = p,. If p1 = p, then if

pox =poy,there exists a unique ¢ : Z = E(p) such thatx =pjop =prop = y. m|
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Theorem 1.3.27. [Gral4][7] In a regular category C, a morphism f : A — B has a (unique up to

isomorphism) factorization f = mogq, where m is a monomorphism and q is a regular epimorphism.

Proof. Let C be regular and let f : A — B be an arbitrary morphism in C. Since C is regular
the kernel pair (E(f), 1, f2) of f has a coequalizer q : A — I. Then there exists a unique

m:I — Bsuchthatmog=f.

E(f) #;A — 1 I

f "

~

Let all the squares in the following diagram be pullbacks

(A x; E(1)) Xg(my (E(m) X; A) ———% E(m) x; A —2— A

a sl q

A %, E(m) o2 s E(m) LN
1 m m
~ ~ ~
A q v 1 B

By the Pullback Pasting Lemma (Lemma 2.1.13), the top and bottom rectangles are pull-
backs. Note that the resulting adjacent pullbacks are of the same form only rotated
and reflected, so that we can apply the same lemma to show the large outer square
is also a pullback square. Since pullbacks are unique up to isomorphism, there exist
a: E(f) = (A x; E(m)) Xgumy (E(m) X1 A) and B : (A X E(m)) Xggmy (E(m) X; A) — E(f) such
that a o B = idp(r) and f o & = id(ax;Em)x g (Em)xA)- Since g is a regular epimorphism and C

is a regular category, 711 o b = ¢, o a is an epimorphism. We then have

pro(proa)=goproa=gqofroa=gomob=pomob=pyo(Ppy0a)
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and since ¢, oa is an epimorphism, p; = p,, making m a monomorphism by Lemma 1.3.26.
We now show this factorization is unique up to isomorphism. Suppose we have another
factorization f = m’ o q’. Then since 4 and 4’ are regular epimorphisms and therefore
strong epimorphisms, there exist unique s and ¢ such that all triangles in the following

diagram commute.

1
r ﬁ B
Thenm’os = mand mot = m’,so thatm’osot = m’o(sot) = m’ and (mot)os = mo(tos) = m.

Thus s and t are isomorphisms. |
Proposition 1.3.28. If C is a regular category then
1. a morphism f : X — Y is a reqular epimorphism if and only if it is a strong epimorphism;
2. if g o f is a regular epimorphism, then g is a regular epimorphism;
3. if gand f are reqular epimorphisms, then g o f is a regular epimorphism;

4. if f: X - Yand g: X" — Y are reqular epimorphisms, then f X g: XX X' = Y XY isa

regular epimorphism.

Proof. Let C be a regular category. For (1), regular epimorphisms are strict epimorphisms
by proposition 1.3.19 and strict epimorphisms are strong epimorphisms by Proposition
1.3.15. We show strong epimorphisms are regular epimorphisms in C. Let f : X — Y
be a strong epimorphism in C. Then we have f = m o g where m is a monomorphism
and g is a regular epimorphism by Proposition 1.3.27. Then by Proposition 1.3.9, m is
a strong epimorphism, and so by lemma 1.3.10, also an isomorphism. Therefore there
exists isomorphism s such thatso f =g. f goa =gob, thenso foa=so fob.Sinces

is an isomorphism, it is an epimorphism, and foa = f ob. Given g : A — Z such that
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goa = gob, there exists a unique 1 : I — Z such that h o g = g. Thus k = h o s satisfies
kof=komog=hosof=hog=g. If g=Kk o fforsomek’ thenk’ o f =ko f so that
k" omogq = komogand since g is an epimorphism, k' om = kom. Thusk’omos=komos

and k’ = k. Therefore, f is a regular epimorphism.

For (2), since by (1) regular epimorphisms in C are strong epimorphisms, the result
follows from Proposition 1.3.9. We have (3) again by (1) and by Proposition 1.3.8. For (4)

let f : X — Y be a regular epimorphism. Consider the following diagram

Fidys

XXX —— YxX

X > Y

this square defines a pullback by the universal property of the product YxX’. Therefore, fx
idx, is a regular epimorphism. By a symmetric argument, idy X g is a regular epimorphism.

Then f X ¢ = (idy) X ) o (f X idx’) is also a regular epimorphism. m]

1.3.5 Effective and Split Epimorphisms

Definition 1.3.9. A morphism f : X — Y in category C is an effective epimorphism if f is the

coequalizer of its kernel pair.
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Proposition 1.3.29. In a category C with all kernel pairs, f : X — Y is a strict epimorphism if

and only if f is effective (and therefore regular.)

Proof. Let f : X — Y be a regular epimorphism in C where C has all kernel pairs. Suppose
f is the coequalizer of a4,b : Z — X. Let py, p» : X Xy X — X be the kernel pair of f. Since
foa = fobby the universal property of the kernel pair there exists a unique ¢ : Z — XXy X
such that p; o =aand p, o p = b. Suppose gop; = gop,. Thengopiop =gop,o@,so
that g oa = g o b. Therefore, there exists a unique / such thatho f = g and f is an effective
epimorphism.

Effective epimorphisms are by definition regular epimorphisms and by Proposition
1.3.19, regular epimorphisms are strict epimorphisms. We complete the proof by showing
that strict epimorphisms in C are regular epimorphisms.

Let f : X — Y be a strict epimorphism in C. A morphism g : X — Z is compatible with
fif fox = foyimplies gox = goy. Suppose gop; = gop,. We claim g is compatible
with f. Since f o x = f o y there exists a unique ¢ such that p; o ¢ = x and p, o ¢ = y by
the universal property of the kernel pair. Then gop; =gop, = gopiop=gop,0¢
so that g o x = g o y. Then, since f is a strict epimorphism we have h o f = g, so that f is

an effective epimorphism and therefore a regular epimorphism. O

Definition 1.3.10. [AHGO09, p. 107]A morphism f : A — Bis a split epimorphism or retraction

if f has a right inverse. That is, there exists g : B — A such that f o g = idp.

Example 1.3.30. Let f : X — Y be a surjective set function. By the Axiom of Choice we
may select for each y € Y, x € f7'(y) and set g(y) = x. This defines a funciton ¢ : Y — X

which clearly satisfies f o g(y) = v.

Example 1.3.31. Let X, A be topological spaces with A C X. A retraction is a continuous
function r : X — A such that the restriction 7|, is the identity on A. To see that a retraction
is a split epimorphism, consider the inclusion map i : A < X that sendsa € Atoa € X.

Then r o i(a) = r(a) = a and i is a right inverse of r.
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Proposition 1.3.32. The split epimorphisms are stable under composition.

Proof. Let f : A — B and g : B — C be split epimorphisms in a category C. Then there
existsi: B— Asuchthat foi =idgand j: C — B with go j = idc. Then

gofoioj=goidyoj=goj=id

and i o j is a right inverse for g o f, making g o f a split epimorphism. O

Proposition 1.3.33. [Smi] Let C be a category with kernel pairs. Then a split epimorphism

r: A — Bin C is an effective epimorphism.

Proof. Let C have all kernel pairs. Let r : A — B be a retraction, so that we haves: B — A
with r os = idg. Let A Xg A,p1,p> be the kernel pair of r. Then the following square

commutes

AxpA —2— A
1
A——— B
To show that r is effective we must show it coequalizes its kernel pair, so forany h: A — Z

satisfying h o p; = h o p, we must find a t uniquely satisfying tor =h. If wesett =hos

we must show h = t o r as in the following diagram:

P1 N
AXpA [¢
p2 4 s

BN
N

~

oy’

=

t=hos

N

Since r o s o r = r by the universal property of the kernel pair, there must exist a unique
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k:A — AxgAsuchthat p; ok =ids and p, o k = s o r as in the following diagram:

Therefore hosor =hop,ok = hoids = h. Then h o5 is unique in satisfying this condition

by the uniqueness of k. m|
Proposition 1.3.34. A split epimorphism is a regular epimorphism.

Proof. Suppose f : X — Yisasplitepimorphism, so thatwehaves : Y — Xwith fos = idy.
Then f is the coequalizer of so f and idx. Suppose g : X — Z satisfies goidx = g = go(so f).
Leth:Y — Ybegivenbyh=gos. Thenho f=goso f=g.

idx f

sof

X

~N~-
>~

AN
©

1.4 Cartesian and Cocartesian Morphisms

Definition 1.4.1. [Bor9%4b, p. 375] Let F : C — D be a functor and let @ : I — ] be a

morphism in D. A morphism f : X — Y in C is cartesian over « if

L Ff)=a
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2. given a morphism g : Z — Y in C with Fg = a o k there exists a unique 1 : Z — X in

Csuchthat Fh=kand g= foh

X I
B
et J/f ; J“Ff
Z———Y K——F——]

Definition 1.4.2. Let F : C — O be a functor. Let @ : I — ] be a morphism in D. A

morphism f : X — Y in C is cocartesian over « if

1L Ff)=«a

2. given a morphism g : X — Z with Fg = k o a there exists unique & : Y — Z such that
Fh=kandho f=g.

X I
Y s R ] ——K

Remark 1.4.1. These definitions are categorically dual to one another. This idea is explored

further in Section 2.2.

1.4.1 Strictly Final Lifts

Definition 1.4.3. A sink in the category C is an object A and collection of morphisms

{fi 1 Ai = A} into A.

Definition 1.4.4. Let U : C — D be a functor. A U-structured sink is a sink ¥ := {f; :
U(A;)) — Y},i € lin D. Alift of Y along F is given by an object B € C together with a sink
D :={¢p; : A; — B} in C and morphism i : Y — U(B) in ® with U(¢;) =ho f;foralli€ I

Definition 1.4.5. Let # be a sink as above. A morphism of lifts ® — @’ is a morphism
& : B — B’ in C such that @’ factors through ® as ¢! = ¢ o ¢; and such that the morphism
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W :Y — U(B’) associated to the lift @ factors as /' = U(&) o h. Thus for each i € I the

following diagrams commute

Definition 1.4.6. A semi-final lift of a U-structured sink # is a lift (B, ®, h) admitting a unique
morphism of lifts to any other lift (B’, @', h’) of ¥ . In the case that & is an isomorphism we

call @ a final lift. If h is an identity we call @ a strictly final lift.

Example 1.4.2. In the case that we have a U-structured sink consisting of a single morphism

f : UA — Y and @ is a strictly final lift we have

A
UA
(7)/
¢ ug’
f »
B—> P
¢ Y —— > UB S UB’
U
hl
which gives
UA

,ml
ug

.......... §> B’ LB : UB’

h

W
<

We may restate the definition of quotient morphism in terms of strictly final lifts as follows.

Let U : Top — Set be the forgetful functor. Given a topological space A and surjective

45



set function UA — Y, a strictly final lift of f is a continuous map ¢ : A — B such that
U¢ = f and UB = Y having the property that given a continuous map ¢’ : A — B’ such
that there exists a morphism I’ : UB — UB’ satisfying h’ o U¢ = Ug’, there exists a unique
continuous map & : B — B’ such that £ o ¢ = ¢’ and UE = I (since f is surjective.)
Therefore, to say ¢ is a strictly final lift of f is to say ¢ (which is surjective since U¢ = f) is
a quotient morphism with underlying set function f. Thus given a functor F : C — D and
morphism f : FA — Y in O, we have generalized the idea of a final topology with respect
to a single function to an arbitrary categorical setting. However, we have not completely

characterized quotient maps, since the requirement of surjectivity has not been addressed.
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Chapter 2

F-Quotient Morphisms

2.1 Introduction to F-Quotients

We now introduce our first main object of study.

Definition 2.1.1. Let F : C — D be a functor and let f : X — Y be a morphism in C. Then
f is said to be quotient relative to F or F-quotient if f is cocartesian with respect to F and Ff

is an epimorphism.
Proposition 2.1.1. If g : X — Y is quotient relative to F : C — D, then q is an epimorphism.

Proof. Suppose we haveq: X — Yand g1,$ : Y — Zsuch that g og = ¢, 0 q. Let g be

F—quotient. Then let ¢ = g1 0 g = g» o g and we have the following in C:

X
81
Y

2
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and by the functoriality of F, the following in D:

FX

Since g is F-quotient, Fq is an epimorphism, and Fg; = Fg, = k. This ensures the existence

of a unique h with h o g = g and therefore h = g; = g, making ¢ an epimorphism. O

Proposition 2.1.2. A morphism q : X — Y in Top is a topological qoutient map if and only if it

is quotient relative the forgetful functor U : Top — Set.

Proof. Suppose g : X — Y is a quotient map. If g : X — Z is a map constant on the fibers
of g then using the Axiom of Choice we can define k : Y — Z such that ko g = g in the
category Set. As g is a quotient map, there exists unique continuous f : Y — Z such that
fogq = gin Top. Then f o g = g also in Set, so that f o q = ko gq. Since g is surjective
its underlying set function is surjective and thus an epimorphism in Set, so we conclude
f =k orU(f) =k

Now let g : X — Y be quotient relative the forgetful functor U : Top — Set. Suppose
g : X — Zis constant on the fibers of g. There there exists a set function k : U(X) — U(Y)
such that k o U(g) = U(g), and therefore there exists a unique continuous f : ¥ — Z such

that f o g = ¢, making g a topological quotient map. |

Remark 2.1.3. Recall that a topological quotient map (Definition 1.2.1) is guaranteed to
factor uniquely through ¢ : X — Z in Top when g is constant on the fibers of 4. This
condition is verified on the underlying set function of g. Viewing a topological qoutient
map as a morphism quotient relative to U : Top — Set makes this relationship clearer
from a categorical perspective by moving the context from Top to Set and in doing so,

stating the condition in terms of morphism composition.
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Proposition 2.1.4. Let U : Grp — Set be the forgetful functor. Then the U-quotient morphisms
are precisely the epimorphisms (which are the surjective group homomorphisms by Proposition

1.1.5.)

Proof. If f : X — Y in Grp is U-quotient then it is an epimorphism by definition, and a
surjective group homomorphism. Let f : X — Y be a surjective group homomorphism.
Let g : X — Z be a group homomorphism. Suppose we have a set functionk : Y — Z such
that k o f = g. Then for 11, ¥, € Y we have y; = f(x1) and y» = f(x,) for some x7,x, € X.

Then in Z we have

k(y1k(y2) = k(f(x1))k(f(x2))
= g(x1)g(x2) = g(x122)
= ko f(xix2) = k(f(x1) f (x2))
= k(y1y2)

and k is a group homomorphism. Since f is an epimorphism, k uniquely satisfies ko f = g,
and clearly Uk = k. m|
Proposition 2.1.5. Let q : X — Y be quotient relative to F : C — D. then for all Z € C the

following is a pullback diagram in Set.

C,2)

F Y,zl lFX,z

D(FY,FZ) ——— D(FX,FZ)
q

where f* denotes — o f.

Proof. First note that the above square commutes for all f : Y — Z by functoriality of F.
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To see this, letk : Y — Z be a morphism in C. Chasing k around the above square gives

k > kog

|

Fk —— FkoFq=F(koq)

In fact we have a natural transformation Homg(—, —) = Homgp(—, =) o (F X F). Suppose we

have (W, p, ) such that the following square commutes

4 > C(X,2)

T \LF X.Z

D(FY,FZ) ———— D(FX,FZ)
q

Let w € W. Let p(w) = p,, : X = Z and n(w) = 7y, : FY — FZ. Then
FX,Z O Pw = pr :Fq#(nw) = nwqu~

Therefore we have

X FX
l]\[ Pw Fq\[ Fpw
Y z FY —— FZ

Since g is F-quotient there exists a unique ¢, : Y — Z such that ¢, oq = p, and F¢,, = 7y,
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Let ¢ : W — C(Y, Z) be such that ¢p(w) = ¢,,. Consider the diagram in Set

D(FY,FZ) —— D(FX,FZ)

We have for all win W

q" 0 ¢w) = 7*(Pw) = pu o g =pu =pw) = g oPp=p
while
Fyz o ¢(w) = Fyz(¢w) = Fpyy =11y = Fyzo0¢p =m.

Therefore both triangles in the diagram commute. If ¢ : W — C(Y, Z) also makes both

triangles commute, then for eachw € W

Yu© g = Pu

and Fy, = my,, which implies ¢, = ¢, by the universal property of the F-quotient
morphism g, and ¢ = ¢. Therefore, the right-hand commuting square is a pullback
diagram. Along the way we have also shown that 1) is well-defined, since ¢(w) exists by
virtue of the existence of the morphisms p and 7 and is unique due to the commutativity

hypotheses upon them and the fact that g is F-quotient. O

This fact implies (and is equivalent to) there being a canonical bijection

C(Y,Z) = {(k, ) € C(X, Z) X D(FX,FZ) | Fq" o k = FQ)}.
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Definition 2.1.2. [AHGO09][46] Let C be a category and let X be an object in C. Then
we define the under category or comma category (X | C) of objects under X by setting
morphisms with domain X as objects and commuting triangles as morphisms, so that if
f:X—>Yand g: X —» Zwithh:Y — Zsatistyingho f = g, then wehaveh: f — gin
X10.

The result of Proposition 2.1.5 can be restated in terms of hom sets of comma categories

as follows.

Proposition 2.1.6. Given a functor F : C — D and morphism q : X — Y € C, q is quotient

relative to F if and only if the induced morphism @ on hom sets between comma categories

D:(X]O)g Q) — (FX | D)(Fq,Fg)

is a bijection for all objects Z in C and morphisms g : X — Z.

Proof. Suppose q is F-quotient. Let k € (FX | D)(Fg, Fg). Then k satisfies k o Fg = Fg and
therefore we have a unique morphism / : X — Z which satisties h o g = g and Fh = k.
Thus h defines a morphism h : g — gin (X | C) and ®(h) = Fh = k, so @ is a surjection. If
D(h) = O(h') then FhoFq = Fg = Fh’' o Fg,so thathog = ¢ = I’ o g and since g is F-quotient
we must have = I’ as morphisms in C and therefore the commuting triangles associated
to them are equal and thus define a unique morphism in (X | C), making ® an injection,
and thus bijective. If @ is bijective by hypothesis, the above arguments may be run in the

opposite direction to show that g is an F—quotient morphism. m|

Remark 2.1.7. Note that only by passing to the comma category can we ensure such a

bijection exists, since here F is an arbitrary functor and may not be full or faithful.
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2.1.1 F-Quotients and Epimorphisms

Note that in several commonly encountered categories, such as Set, Grp, and any category
G-Set of sets acted on by a group G and G-equivariant maps (and more generally in any

category that defines a topos [nLa22a]), every epimorphism is effective.

Proposition 2.1.8. Let C and D be categories with all pullbacks. Let D be such that all epimor-

phisms in D are effective (respectively reqular, strict.)

1. If F : C — D preserves pullbacks, then every morphism in C quotient relative to F is an

effective (respectively regqular, strict) epimorphism.

2. If F is a faithful functor, then all effective (respectively regular, strict) epimorphisms are

quotient relative to F.

Proof. Let C and D be categories with all pullbacks and let all epimorphisms in D be
effective. For (1), let F : C — D preserve pullbacks and let 4 : X — Y be a quotient
morphism relative to F. Let (X Xy X), p1, p2) be the kernel pair of q. Suppose g: X — Yis
such that g o p; = g o po. As D has all pullbacks and they are preserved by F, we can form
the kernel pair FX Xpy FX of Fq and its projections are Fp;, Fp, : FX Xpy FX :— FX. Since g is
quotient relative to F and all epimorphism in O are by hypothesis effective epimorphisms,
Fgq is an effect epimorphism. Since Fg o Fp; = F(g o p1) = F(g o p2) = Fg o Fp, and Fq is
effective, there exists a unique k : FY — FZ such that ko Fg = Fg. Since g is F-quotient, there

exists a unique f : Y — Z such that f og = f (and Ff = k.) Therefore, g is the coequalizer
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of p1,p2, and is an effective epimorphism.

X xy X FX Xry FX

Pz\H/Pl sz\Hfm
X FX
ql g Fql Fg
Y————H—!f————>Z FY_____HE____> FZ

For (2) suppose F is faithful and let g be an effective epimorphism. Suppose ¢ : X — Z
and k : FX — FZ such that k o Fq = Fg. Since

F(gop1) =FgoFpy = (koFq)oFp, =ko(FqoFp,)

=ko(Fgo Fpy) = (ko Fq) o Fpy =Fgo Fp, = F(gopy)

and F is faithful, we have g o p; = g o p,. Since g is effective, by the universal property of
the coequalizer there exists a unique f such that f o g = g. Then since f oq = g and k is
unique in satisfying k o Fq = Fg, we must have Ff = k, and ¢ is an F-quotient morphism.
As C and D have all pullbacks and therefore kernel pairs, by Proposition 1.3.29, the
effective, regular, and strict epimorphisms coincide in these categories. Therefore if we
assume all epimorphisms in D are strict or regular, then Fg will be a strict or regular
epimorphism, hence an effective epimorphism, and the above argument shows g is an
effective epimorphism in C, and therefore regular or strict. For (2), if F is faithful and g
is a strict or regular epimorphism, then it is effective, and the above argument shows g is

F-quotient. O

Corollary 2.1.9. If C has pullbacks and F : C — Set is faithful and has a left adjoint, then the

quotient morphisms relative to F coincide with the effective epimorphisms in C.

Proof. Note that since C has pullbacks, morphisms in C have kernel pairs. If F is right
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adjoint then it preserves limits, hence pullbacks, so by the previous proposition quotient
relative F morphisms in C are effective epimorphisms. Since F is faithful, every effective

epimorphism is quotient relative F. ]

Proposition 2.1.10. Let F : C — Dand let g : X — Y be quotient relative to F. Then q has a left

inverse if and only if Fq does.

Proof. If q has a left inverse then by the functoriality of F, so does Fg. Now suppose there
existsk : FY — FXsuch thatkoFq = idpx. Consideridy : X — X. Since koFq = F(idx) = idrx,
as g is quotient relative to F there exists a unique i : Y — X such thathoq = idx and Fh = k.

Therefore h is a left inverse of g. m]

Recall from Definition 1.3.2 an epimorphism e : A — B is a strong epimorphism if
for any monomorphism m : C — D and morphisms g, & such that the following square

commutes, there exists a unique morphism f : B— Csuch that foe=gandmo f = h.

If such an f exists it is unique, since e is an epimorphism and m is a monomorphism.

Proposition 2.1.11. Let C and D be categories such that all monomorphisms in D are sections
and let F : C — D be a functor that preserves monomorphisms. Let e : A — B in C be quotient

relative to F. Then e is a strong epimorphism.

Proof. Applying F to the commuting square above gives

FA — s FC



Since F preserves monomorphisms and all monomorphisms in O are sections, there

exists a retraction r : FD — FC such that r o Fm = 1rc. Then we have

(roFh)oFe=(roFm)oFg=1pc oFg=Fg.

Setting k = r o Fh we have ko Fe = Fg. Then since e is an F-quotient morphism, there exists

a unique f making the following triangle commute in C :

A—2% s C
/j
e ///
e af
B

and satisfying Ff = k. Thus we have foe = gand mo g =hoesothatmo f = h since e
is an epimorphism. If f” also satisfies m o f* = h then f’ = f since m is a monomorphism.

Thus f uniquely makes both triangles in following diagram commute:

3

and e is a strong epimorphism. m|

2.1.2 Compositions of F-Quotient Morphisms

We have the following result for commuting triangles involving F—quotient morphisms:



Lemma 2.1.12. Let F : C — D be a functor and

X
Y f) Z
be a commuting triangle in C.
1. If g and f are quotient relative to F, then so is g.
2. If g and g are quotient relative to F, then so is f.

3. If f and g are quotient relative to F, then q need not be a quotient morphism.

Proof. Let A be an object in C and consider the following diagram in Set:

/g_\
Cz,A) L e A) T e, A

F Z,AJ JFY,A J/FX,A (2.1)

D(FZ,FA) ——— DIFY,FA) ——— D(FX,FA)

\/

(Fg)*

All cells of the diagram commute by the functoriality of F. In detail, if ¢ : Z — A, then

(Fya o f)(@) = Fya(¢ o f) = F(¢ © f) = F() o F(f) = (Ff)"(F¢) = (Ff)" o Fza(¢).

and the left hand square commutes. If { : Y — A, then

(Fxa© 7)) = F(Y o q) = F(y) o F(g) = (Fq)*(FY) = ((Fg)" o Fya)(¥)).
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and the right hand square commutes. For the top triangle,

@ o fHNP)=q"(Ppof)=(poflog=do(foq) =dog=_g" ).
Now let & : FZ — FA.

((Fg)* o (Ff)")(&) = (Fq)* (0 Ff) = (Eo Ff) o Fq =
Eo(FfoFq)=&oF(foq)=_E&oFg=(Fg)"(&).
We have the following elementary result:

Lemma 2.1.13. If the right hand and left hand squares of the following commuting diagram are

pullbacks, so is the outer square.

g
on’
2
0O

O—

~
!

2
Hj

Proof. Suppose zo ¢ = go 1. Then

zop=(eod)op=eo(dor)).

By the universal property of the pullback (B, b, y) there exists a unique 1 : Z — B such that
bon=¢andd oy = yorn. Then by the universal property of the pullback (A, x,a) there

exists a unique 0 : Z — A such thatao 0 = nnand x 0 0 = 1. Then

foO=(boa)oO=bon=q.
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as in the following diagram

It remains to check that 0 is unique in satisfying f o 0 = ¢p and x 0 0 = 1).

Suppose C : Z — A satisfies fol = ¢pand xo = 1. Then (boa)oC = pand bo(aol) = ¢
and yo(aol) =doyp. Thenyo(aol) = (dox)ol =do(xol) = doi. Therefore, ao C satisfies
the universal property of nand a o C = 1. Now, sincea o C = nand x o C = 1, C satisfies the

universal property of 0 associated with the pullback (A, g, x), so that C = 0. m|

For (1), since the right and left squares in figure 2.1 are both pullback diagrams, by the
above lemma, the outer rectangle is a pullback diagram, and so by Proposition 2.1.5, g is
quotient relative F.

We have another elementary result:

Lemma 2.1.14. If the right hand square and outer rectangle of the following commuting diagram

are pullbacks, then the left hand square is also a pullback.

i)
~
s
N
@

O—

v
!

-
Hj




Proof. Suppose ¢ : Z — Band ¢ : Z — D satisfy d o ¢ = y o ¢. Then we have

zo(bod)=(zob)op=(eoy)odp=eo(yod)=eo(doy)

and by the universal propery of the pullback (B, b, y), there exists a unique morphism
0:Z — Bsuchthatbo 0 =bo ¢ sothat 0 = ¢. Then we have

gop=codop=co(doy)=eo(yod)=zo(bog)

and so by the universal property of the pullback (4, f, g), there exists a uniquen: Z — A
satisfying f on = bo ¢ and x o ) = 1. By the universal property of ¢ we haveaon = ¢.

The uniqueness of 1 follows from the uniqueness of ¢ and n with respect to (4, f, x).

O

Now for (2), if g and g are quotient relative to F, the outer and right-hand squares in
tigure 2.1 are pullbacks, making the left-hand square a pullback, and so f is also quotient
relative to F.

For (3) let F : Top — Set be the forgetful functor. Let Z be the one-point space. Then
f:X —> Zand g:Y — Z must be constant. Thus for any g : X — Y we have f o g = g, but

not all continuous functions are topological quotient maps. |
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Theorem 2.1.15. Let F: C = D and G : D — & be functors and f : X — Y be a morphism in
C.

1. If fis quotient relative to F and F(f) is quotient relative G, then f is quotient G o F.
2. If fis quotient relative G o F and F(f) is quotient relative G, then f is quotient relative F.

3. If Fis full and essentially surjective, f is quotient relative F, and quotient relative G o F, then

F(f) is quotient relative G.

Proof. Let f : X — Y be a morphism in C. We first show that the image of each prospective
quotient morphisms is an epimorphism. For (1), Since F(f) is quotient relative to G
its image G(F(f)) is an epimorphism. For (2), F(f) is quotient relative G so F(f) is an
epimorphism by definition. In (3) f is quotient relative F so F(f) is an epimorphism.
Recall Proposition 2.1.6. We have three functors, F, G and GoF. For pairs of morphisms
f:X—>Yandg: X —>ZinCandh:A — B, k: A — Cin D we have three associated
induced morphisms on hom sets @ : (X | C)(f,g) — (FX | D)(Ff,Fg), V¥ : (A | D)(h k) —
(GA | E)(Gh,Gk) and Q : (X | O)(f,8) = (Go F(X) | E)G o F(f), G o F(g)), respectively.

Consider the following diagram induced by an arbitrary morphism g : X — Z in C.

X 1O 8) Q

|

(FX | D)Ff,Fg) ——— (GoF(X) | E)(G o F(f), G o F(g))

We check that the relevant set functions are bijective. For (1), let f be quotient rel. F and
F(f) be quotient rel. G. Fix g : X — Zin C. Then ® and W are bijections and QO = W o ®
is also a bijection, making f quotient rel. G o F by Proposition 2.1.6. For (2) suppose F(f)
is qoutient rel. G and f is qoutient rel. Go F. Fix g : X — Z in C. The set functions
Q) and W in the above triangle are bijections. If for some &, j we have ®(h) = @(j), then
Wo ®(h) = W o O(j) and Q(h) = Q(j), making h = j. If @ fails to be surjective then we have

61



some k € (FX | D)(Ff,Fg) without preimage under ®. Then k has no preimage under
Vo ® = Q, but Q is surjective, a contradiction. Thus @ is a bijection and f is therefore
quotient relative to F.

For (3), let F be full and essentially surjective on objects (see Appendix A.1). Let
g+ FX — Z’ be arbitrary in D. Then since F is essentially surjective there exists Z in C
and isomorphism ¢ : Z — F(Z). Then setting k = £ 0 ¢’ we have k : F(X) — F(Y) and since
F is full there exists some g : X — Y such that k = F(g). Then since f is quotient rel. F and
G o F, Q) and @ are bijections, making W a bijection. Let j : G o F(Y) — G(Z’) be such that
jo (GoF)(f)=G(g'). Set j” = G(E o j). Then

j e (GoF)(f) =G(§)ojo(GoF)(f)=G(&)oG(g) =G(Eog) =Gk) = (GoF)g)

Therefore, by the bijectivity of W there exists a unique i : F(Y) — F(Z) satisfying hoF(f) = k
and G(h) = j'. Note that G oh) = G(E ) o Gh) = G(E o =GE)oG&)o]=].
Thusif W =& ohthenW o F(f) =& ohoF(f) =& ok=¢&10&0g =g Since F(f) is
an epimorphism, h” uniquely satisfies i’ o F(f) = ¢’. Then since G(h’) = j, F(f) is quotient

rel. G. m|

2.1.3 F-Quotient Objects and Coreflective Subcategories

Definition 2.1.3. Let F : C — D be a functor. An object Y € C is an F-quotient object if it is
the target of an F-quotient morphism g : X — Y. A subcategory C’ C C is said to be closed
under F-quotients if q : X — Y being quotient relative to F and X € C’ implies Y = Y’ for

some Y’ € C'.

Definition 2.1.4. [AHGO09][56] Let 8 be a category and let A be a subcategory of 8. An
A-coreflection for an object B of B is a B-morphism c : A — B with A € A such that for any

B-morphism f : A” — B with A’ in A there exists a unique A-morphism f’ : A” — A such
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that f =co f".

A/
I f
A— 3B

Definition 2.1.5. A subcategory A of B is called coreflective if every object in 8 has an

A-coreflection.

Remark 2.1.16. A coreflective subcategory A of B defines a functor R : 8 — A which is
right adjoint to the inclusion functor i : A — B. Here c is called the universal morphism
from R to B and is the component at B of the counit natural transformation associated to

the adjunction (see Appendix A.3).

Proposition 2.1.17. Let C’ be a coreflective subcategory of C. Let r : C — C’ be the coreflection
functor and c : r — 1¢ be the counit with component cx : 1(X) - Xat X € C. IfF: C — Dis

a faithful functor and F(cx) is an isomorphism for all X € C, then C’ is closed under F-quotient

objects.

Proof. Let q : X — Y be quotient relative to F : C — D and let X be in the coreflective
subcategory C’. It suffices to show that cy : 7(Y) — Yis an isomorphism, since if so, by the

universal property of the coreflection we have the following commuting triangle

r(Y)

idr(y)
Y ———— r(Y)
Cy

where Y € C’. By hypothesis F(cy) : F(r(Y)) — F(Y) is an isomorphism. Let k = F(cy)™.
By the unit-counit adjunction associated to ic- 4 r, and noting that ic: o r(X) = r(X) as an

object in C, the following square in C commutes:

63



rX) —— X

r(q)\[ q

Since X € C’ by hypothesis, 7(X) = X and cx = idx, so that we have the commuting triangle

X

r<q>J/ I

Now applying F we have F(cy o r(q)) = F(cy) o F(r(g)) = Fq. Therefore, k o Fg = F(r(q)) and

the followind triangle commutes in .

FX

Fql E(r(@))

FY ———— F(r(Y))

Since g is F-quotient, there exists unique h : Y — c(Y) with h o g = r(g) and Fh = k:

X

l r(q)
q

Y

.......... h> r(Y)

Since cy o r(q) = g and r(g) = h o g, we have cy o (g) o g = 4. Then

F(cyohogq)=FcyokoFq=Fg.
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Then since F is faithful, cy o h o g = g = idy and cy o h = idy since q is an epimorphism.

By the counit natural transformation, we have the following commuting square:

YY) —~——s vy

r(h)\[ h

r(Y) ———> r(Y)

Cr(Y)

Since r(Y) € C', r(r(Y)) = r(Y) and c,y) = id(y), so that h o cy = r(h). Then
F(r(h)) = k o F(cy) = F(cy)™" o F(cy) = idryy)-

As F is faithful, r(h) = id,y). Thus h o cy = r(h) = id,y,, making cy an isomorphism. O

Proposition 2.1.18. Let C’ be coreflective in C with coreflection functor c : C — C’ and counit
€z : ¢(Z) = Z. Let ' be coreflective in D with coreflection functor d : D — 9 and counit

€a:d(A) = A. Let F : C — D be a functor such that F(C') C O and
1. do F(ez) : d(F(Z)) — F(Z) is a retraction for all Z € C.
2. F(eyz) is monic forall Z € C.

Then if g : X — Y is quotient relative to Flc: : C' — 1Y, q is quotient relative to F.

Proof. Suppose q : X — Y is quotient relative to Flor : C' — 9. Then g is a morphism in
C. Suppose we have k : FY — FZ such that k o Fg = Fg. Let ¢ : X — Z be a morphism in
C. Since X is in C’, by the universal property of the coreflection, there exists ¢’ : X — ¢(Z)

such thatez o ¢’ = ¢

X—23% sz FX — 2% sz
q g €7 F

1 k
Y c(Z2) FYy



Note we have applied F : C — D here, since Z is in C. Now we have the morphism
Fez : F(c(Z)) — FZ in D and apply the coreflection functor d : D — 2. We then have
components of the associated counit natural transformation at FZ and F(c(Z)) making the

square on the right involving ¢ in the following diagram commute.

FX IR d(FZ)
Vg/ T
Eq

squdeF(ez)

F(c(2)) «—— d(F(c(2)))

€Fc(Z)

| Fey

FY

By assumption, ¢ = d(F(ez)) is a retraction with associated section s : d(FZ) — d(F(c(Z)))
satisfying ¢ o s = idyrz. Since FY € 2 (as q is in C’), by the universal property of the

coreflection d there exists a unique k' : FY — d(FZ) such that €rz o k" = k. Then

Fezoepezyosok'oFg=€epzoposok’ oFg
= €z O €F((z)) © idarzy 0 k' o Fq
=e€rzok' oFg
=koFgq
= Fg

=F(ezog') =Fez o FY'.
Since Fez is a monomorphism by hypothesis, we have
€rez) © 5ok o Fg=Fyg’.

Let 1) = €p((z) o s o k’. Then by the above we have 1) o Fg = Fg’. By assumption, ¢ : FY —
F(c(Z)) is in 9. Therefore since g is quotient (rel.) Flc, there exists a unique f : Y — ¢(Z)

suchthat Ff =i and fog=g". Letf' =€zof:Y = Z. Then f'og=€z0foq=g"0cez =g,
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so f' og = g. Then

Ff’ :F€ZOFf2F620¢:FGZOEF(C(Z))OSOkl
:eFZO(posok’
=€rz ok

=k

Thus given k such that k o Fg = Fg we have f’ such that f’ o q = g and Ff’ = k. The

uniqueness of f’ follows from the uniqueness of f. O

Proposition 2.1.19. If C’ is a full subcategory of C and q : X — Y is in C’ and quotient rel.
F:C — D then q is quotient rel. Flcr : C" — D.

Proof. Let q : X — Y be a morphism in C’ C C that is quotient rel. F : C — D. Let
g : X — Zbe a morphism in C’ and let k : FY — FZ be such that k o Fg = Fg. Then there
exists a unique i : Y — Zin C such thathog = gand Fh = k. As g and g are in C’ and C’

is full, h is also in C’. Since & is unique in C it is unique in C’. O

Lemma 2.1.20. If f : X = Yand f' : X — Y’ are quotient relative to F and Ff = Ff’, then there

exists a unique isomorphism h : Y — Y’ such thatho f = f'.

Proof. Since f is quotient relative to F and FY = FY’ we let k = idpy = idpy,. Then since
Ff =Ff"wehaveko Ff = Ff" and there exists a unique  : Y — Y’ such thatho f = f’. By
a symmetric argument there exists unique 4’ : Y’ — Y withh’o f' = f. Thenhol’o f" = f'.
Since idy: o f* = f’ and f’ is an epimorphism, we conclude that /1 o i’ = idy,. By a similar

argument h’ o h = idy and h is an isomorphism. O

2.1.4 F-Quotients and Adjunctions

Proposition 2.1.21. Suppose f : X — Y is quotient relativeto F : C — Dand supposeL : C — &
is left adjoint to R : & — C. Then Lf : LX — LY is quotient relative to F o R.
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Proof. Let g : LX — Zbe amorphismin&. Let ¢’ : X — RZ be adjoint to gand (Lf) : X —
RLY adjointto Lf.If nx : X — RLXis the component at X of the unit natural transformation

n :ide = R o L, then the following square commutes in Set by the hom-set adjunction

L4R.
E(LX, LX) —=* 5 C(X, RLX)

&(LX,Z) ——— C(X,R2)

For 1;x : LX — LX this gives

Rg o Dxx(11x) = Rgonx = Oxz(go1ix) = ¢

Similarly, if ez : LRZ — Zis the component of the counit natural transformatione : LoR —

idg, we have the commuting square

Drz Rz

C(RZ,RZ) —2&2 5 &(LX,Z)

og’l \LOL(g/)

C(X,RZ) —5— &(LX,Z)

For 1gz : RZ — RZ this gives

Drzrz(1rz) 0 L(§') = €2 0 L(§') = Pxrz(lrz 0 &) = &

Therefore, Rgonx = ¢’ and €z 0 L(g’) = g. Here ®x 7 denotes the bijection natural in X and
Z that defines the hom-set adjunction. Let k : F(RLY) — F(RZ) be a morphism in D such
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that k o F(RLf) = F(Rg). Then the following diagram commutes in

F(RLX)

FRL f)l F(Rg)

F(RLY) ———— F(RZ)

Since the unit is a natural transformation 7 : idc = R o L we have the commuting square

x— 71 sy

RLX R—Lf> RLY

sothatny o f = RLf onx.Setk” = ko F(ny) : FY — F(RZ). Then

koF(ny o f) = ko Fipy o Ff = ko F(FRf) o Fiix = F(Rg) o Fjy = Fg/.

\ /

F(RLX) R F(RLY)

F(RZ)

So that k” o Ff = Fg'. As f is an F-quotient morphism there exists a unique 4’ : Y — RZ

such that " o f = ¢’ with Fi’ = k”. By the hom-set adjunction the following square
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commutes:

C(Y,RZ) — %2y &(LY,7)

ofl L,Lf

C(X,RZ) —— &(LX,Z)

Thenforh’:YHRZwehavem:ggv’:g:EOLf:hOLf. Thus /' has a unique

(since @ is a bijection) adjoint & : LY — Z satisfyinghoLf = g. O

2.1.5 Quotient Morphisms Relative to Faithful Functors
A category C is called concrete if there exists a faithful functor F : C — Set.

Lemma 2.1.22. If F : C — D is faithful (see Appendix A.1), then every retraction in C is quotient

relative to F.

Proof. Letr: X — Y be aretractionand s : Y — X be the associated section. Let g : X — Y
and k : FY — FZ satisfy k o Fr = Fg. Then since gosor = g so k = Fg o Fs and since F is

faithful, h = g o s is unique in satisfying h o r = ¢, making r an F-quotient morphism. O

Definition 2.1.6. A morphism f : X — Y in a concrete category (C, F) where F is faithful

to Set, is quotient if f is quotient relative to F.
Corollary 2.1.23. Every retraction in a concrete category is quotient.

Lemma 2.1.24. Suppose F : C — D is faithful. If f : X — Y is a reqular epimorphism such that

Ff is an epimorphism, then f is quotient relative to F.

Proof. If f is a regular epimorphism then f coequalizes some parallel pair 4,b : A — X.
Letg: X — Zand k: FY — FZ be morphisms such that ko Ff = Fg. Since foa = f obwe
have f(goa) =koF(foa) = koF(f ob) = F(gob). Since F is faithful, goa = gob. Therefore
by the universal property of the coequalizer there exists a unique map h : Y — Z such that

ho f = g. Since Ff is an epimorphism and Fho Ff = Fg = ko Ff we have Fh = k. m|
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2.2 Duality and F-Liftings

Definition 2.2.1. Let C be a category. We denote by C” the opposite category or dual
category associated to C, having the same objects as C but in which we reverse arrows
(more precisely, interchange the source and target of an arrow) and reverse the order of
composition, so that if f o g is defined in C then g% o f is defined in C”, as is consistent
with the intuition of "reversing arrows." We write f : Y — X for the arrow in C” that we

associate to f, but this superscript is often omitted in practice.

Remark 2.2.1. The dual of a category C is a formal construction. For instance, the opposite
category Grp” has groups for its objects but need not have group homomorphisms for its
morphisms. The morphisms in Grp” exist and behave as they do with respect to compo-
sition because their opposites exist and behave as they do with respect to composition in

Grp.

Crucially, if go f = hin C, then f% o g% = h”” in C%, so that commuting diagrams are
preserved by the dual operation. Since C” is a category we can form its dual (C%)*. A
morphism f% exists in C? if and only if f exists in C so that (f) = f and (C?)? = C.

If we are given a functor F : C — D then we may define F” : C* — D% by F*(X) = FX
forall X € Cand for f : X = Yin C, F?(f) = op(Ff : FX — FY) = (Ff)? : FY — FX in D.

We now use the dual operation to define unique liftings relative to a functor. Suppose
we have a functor F : C — D. Let f : Y — X be quotient relative to F. Then given

k: FX — FZ such that k o Fg = Fg, we have a unique h such thatho f = gand Fh = k.

Y FY
f s Ff §
X ......... Ellh ....... > Z _FX ﬁ .FZ

Let us now consider the dual categories to C and D and the functor F? : C? — O. Then
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we have the following situation, where we have omitted superscripts.

X FX
=
El'h \Lf k \LH
Z '.T) Y FZ T} FY

These diagrams commute in C” and D if and only if their duals commute in C and D.
By dualizing an F—quotient morphism it satisfies the dual condition of being a unique F?—
lifting morphism. Thus we start with a cocartesian morphism and dualizing it arrive at the
definition of a cartesian morphism. A cocartesian morphism f with Ff an epimorphism
is quotient relative to F and a cartesian morphism with Ff a monomorphism is called a
unique F-lifting, or simply F-lifting. Note that a unique F-lifting is itself a monomorphism,

as monomorphisms are dual to epimorphisms.

2.3 Basic Properties of F-Liftings
Proposition 2.3.1. Let f : X — Yand g : Y — Z be unique F-liftings to the functor F : C — D.
Then go f : X — Z is a unique lifting to F.
Proof. Note this result follows immediately by dualizing Lemma 2.1.12. We include a
direct argument for the sake of completeness. Let j : Q — Z be a morphism in C. Suppose
we are given k such that the following diagram in ) commutes:
FX
F(gof)

FQ T> FZ
Set k1 = F(f) o k so that Fj = Fg o k;. Since g is an F-lifting, there exists a unique h; such
that Fhy = ky and g o by = f. Then as f is an F-lifting there exists a unique morphism h
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such that f o h = h; and Fh = k. We then have

X FX
2
/
/
/ f Ff
/
L ,/ ~ ' ~
,/ Y FY
/
/ ,/7
/ // g F
/
/ //hl k g
;) -
‘.7 g ~

Q —>j Z FQ 4>F], FZ

Since (go f)oh = go(foh) = goh; = j, thelarge triangle in C commutes. If some /" satisfies
(gof)oh' =jand Fh' = kthen go (f oh’) = j = g o hy and since g is a monomorphism,
f ok’ = h;. By assumption we have Fh’ = k and since f is a unique F-lifting, i’ = h.

Therefore, g o f is an F-lifting morphism. O

Proposition 2.3.2. Let F : C — D be a functor and let f : X — Y and g : Z — Y be morphisms
in C with f an F-lifting morphism. If F preserves pullbacks, the pullback p, : X Xy Z — Z of §
along f is an F-lifting morphism.

Proof. Let F : C = Db a functor and let f : X — Y be an F-lifting morphism. Suppose

we have the following pullback square in C :

XxyZ —2 v X

Z 8

Suppose we are given j : Q — Z and k : F(Q) — F(X Xy Z) such that the triangle on the
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right commutes:

XXy Z F(X Xy Z)
lpz g J}(m)
Q—— 2 FQ) ——5— F@)

Then we have the commuting triangle:

F(X Xy Z)

F(pq)ok
(1) \[F ")

F(Q) T) F(Y)

Since f is an F-lifting morphism, there exists a unique / such that the following triangle

commutes in C

X
.
3'h \Lf
Q ‘ 8oj Y

And F(h) = F(p1) o k. Then the following square commutes:

Q%X
j f
Z ————Y

Therefore by the universal property of the pullback, there exists a unique morphism ¢



such that the following diagram commutes:

and we have

XXy Z
\I
¢ \LPZ
.'A. '
Q—— 2

Note that since F(¢) and k both satisfy the universal property of the pullback (F(X Xy
Z),F(p1), F(p2)) of F(f) along F(g), we have F(¢) = k. We also have that F(p,) is a monomor-
phism since F(f) is a monomorphism and pullbacks preserve monomorphisms by Propo-

sition 1.1.21. So we can argue

F(p2) o F(§) = F(p2 0 ) = F(j) = F(p2) ok = F(¢) =k.

Therefore, p; is an F-lifting morphism.
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Chapter 3

Categorical Properties of F-Lifting

Morphisms

3.1 Unique F-liftings and Equalizers

Proposition 3.1.1. Let a : E — X be the equalizer of f1,g1 : X = X" and b : E' — Y be the
equalizer of f,,¢» 1 Y — Y’ in the category C. Let F : C — D be a functor preserving equalizers.
Suppose p1 : X = Y and p, : X’ — Y’ are unique F-liftings such that p, o f = f, o p; and
p2o g1 = g opr. Let g: E — E’ be any morphism such that b o q = p; o a. Then q is a unique
F-lifting.

Proof. Let g : Z — E’ be a morphism in C. Suppose we are given k : FZ — FE such that

Fgok=FginD:
FE

/ \LH]
FZ ——— FE

We first establish that Fg is a monomorphism. Leta, f : Z' — FE be such that Fgoa = Fgop.
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Consider the following commuting diagram in O

I

FE —) FX FX’

Fgl
FqJ/ JFM Jﬁ?z
Ff

FE' ——— FY F:gz FY’

By assumption we have Fgoa = Fgo f8, so that Fb o Fgo a = Fb o Fg o f and therefore
Fpi oFaoa = Fpy o Fao B. Then since Fp; is a monomorphism, Fa o @ = Fa o . Set
k=Faoa=Faopf. ThenFfiok=FfioFaoa =Fg; oFaoa =Fg okand k equalizes Ff;
and Fg;. Since F preserves equalizers, Fa is the equalizer of Ff; and Fg;, so there exists a
unique ¢ satisfying Fa o ¢ = k. Thus a =  and Fgq is a monomorphism.

Now consider the following commuting diagram in C:

h
E—2 v X ; X’
81
q Pl\[ p2
f
Z Z > E’ - > Y Y’

where ¢’ = f,obo g =g, 0bo g Applying F gives the commuting diagram in D:
FE — 4 PX ————3 FX’

Fgl
k Fﬂ le \Lsz
Ff

FZ — FE’ — FY ——IY
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Therefore, letting k' = Fa o k, since p; is a unique F-lifting there exists a unique 1" :

such that p; oh’ = b o g. So in C we have

E ~<_
//
Re E 4) X ; X’
Ve
/7
/
/
, 9 P P
/
|
Z s E S Y j Y’

and in D we have

14
Ffi

FE ——% FX ———= FX’

Fgl
k
Fq Fpy Fp>
Ff

F(bog)=F(g")

Then since (E’, b) is the equalizer of f, and g, fo b = g, o b and the commutativity of the

diagram in C gives p, o (fi o ') = p, o (g1 o I').
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Letk” =Ffiok' =FfioFaok = F(fioa)ok = F(g10a)ok = Fg1ok. Then Fp, ok” = F(g').

F(f20bog)

Since p, is a unique F-lifting, there is a unique h” such that p, oh” = ¢’ and F(g’) = Fp,ok”

X’
“"W
Z———Y

Then since p, o (fi o h') = py o (g1 0 h’) = ¢ and F(f; o h’') = F(g1 o h’) = k”, we must have
h” = fiol’ = gy ol'. Therefore, h’ is an equalizer of f; and g;, and by the universal

property of (E, a), there exists a unique morphism / : Z — E such thata o h = h’. We have

bogqoh=pjoaoh=pioh’ =bog.

Now bo g =bogoh = aequalizes f, and g, so by the universal property of (E’, b), there

exists a unique morphism 5 : such that bo f = a, and we havebo g =bogoh = o and
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g§=4qoh

h/
f
E 2 X
%
/ qJ, ”ll
B f2
bog=bogoh=a

Lastly, we have Fg o Fh = Fg = Fq o k. Thus, since Fg is a monomorphism, Fh = k. m]

3.2 Unique F-Liftings and Products

Lemma 3.2.1. The product of a family of monomorphisms is a monomorphism.

Proof. Let {fi : Z — Xij}ies be a family of monomorphisms and let (f;) : Z — IIX; be the
product of the f;. Suppose a, 5 : W — Z are such that (f;) o a = (fi) o . Letp; : IIX; — X;
be the projection morphisms. Then for each i € I we have p; o (f;) coa = p; o (f;) o p and

therefore fioa = f; o B, so thata = f5. O

Proposition 3.2.2. Let C and D be categories with all products. Let F : C — D be a functor and
let {fi : Xi = Yilier be a family of F-lifting morphisms indexed by the (possibly infinite) set 1. If
the canonical morphism (Fp;) : FI1X; — I1FX; is a monomorphism, then the product morphism

f : IIX; — I1Y; is also a unique F-lifting morphism.

Proof. Let p; : IIX; — X; be the projection morphisms associated to the product I'lX; and
;1 ITY; — Y; the projection morphisms associated to the product ITY;. By the universal

property of the product (ITY}, 7t;), there exists a unique f : IIX; — IIY; such that the
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following square commutes for all i € I.

X, — 5 X,

my; ——— Y,

Suppose we are given g : Z — I1Y; and k : FZ — FIIX; such that the following diagram

commutes:

FZ ——— FIIY,

Consider the following diagram in O for each i € I, where g; : ITFX; — FX;and r; : IIFY; —

FY; are the projection morphisms:

FX,
Fp; ‘ N
FIIX; G s TIFX,
Ff
Ff FY, IIEf,
FITY; — y TIFY,

O

By the universal property of the product IIFY; there exists ¢ : FIIX; — IIFY; such
that r, o ¢ = Ff; o Fp; for all i € I. In the diagram, ¢ becomes the diagonal of the front
face. Now we have r; o (Fr;) o Ff = Friyo Ff = Ff; o Fp; and (Fr;) o Ff = ¢. Similarly,
ri o IlF f; o (Fp;) = Ffi o qi o (Fp;) = Fp; o Ff; = ¢. Therefore, the front square of the diagram
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commutes. Then for each i € I we have in D:
Fp,'

FIIX, — s mEx, — " 3 FX,

k \LP f ¢ \LHF f lp f

FZ T FI1Y; ————— IFY; ———— FY;

(Fr;)
Fr;

By the functoriality of F the square on the right commutes. This combined with the above
shows the entire diagram commutes. Let k; = g; o (Fp;) o k = Fp; o k. Since f; is a unique
F-lifting, there exists a unique h; : Z — X; such that f;oh; = 11,0 g for each i € I. In this way
we get a family of morphisms {; : Z — X;} and by the universal property of the product
I1X;, there exists a unique h : Z — I1X; such that for all i € I, p; o h = h;. We then have the

commuting diagram in C for all i €

Then ;o foh = fiop;joh = fioh;, so that f o h is the product of the family {fioh; : Z — Y}}.
Therefore, since f; o h; = m;0 g = g;, wehave foh = (fioh;) = (i) = &

We now show Ff is a monomorphism. Suppose we are given a, : Z — FIIX; such
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that Ff o a = Ff o B. Consider the following diagram in D:

Z :a§ rrx, — s mrx,
B

F f\[ \LHP fi

FITY; T ITFY;

If Ffoa=Ffofthen(Frj)oFfoa =mn;)oFfopfandIlFf;o(Fp;)oa = IIFfio(Fp;)op. Since
ITF f; is a monomorphism by the previous lemma, (Fp;) o @ = (Fp;) o . By hypothesis, (Fp;)
is a monomorphism, so that a = g.

Finally, F(f oh) = Ff o Fh = Fg = Ff o kand Fh =k, since Ff is a monomorphism.

3.3 F-Liftings and Diagonal Morphisms

Proposition 3.3.1. Let C and D be categories with products, X be an object in C, and | be an
indexing set. Let F : C — D be a functor and suppose the canonical morphism (Fq;) : FI1jg; X —
I1;c;FX is a monomorphism. Then the diagonal morphism A : X — [] X is an F-lifting morphism
if and only if for all families {f; : X — Y}e; of F — liftings, the induced map f : X — [[Y;isan
F-lifting.
Proof. Suppose for all families {f; : X — Y}¢; of F-lifting morphisms we have that f = (f;)
is an F-lifting morphism. Set Y; = X and f; = idx for all j € ]. This is a family of F-liftings,
so that (idx) = A is an F-lifting.

Now let A : X — [J; X be an F-lifting. Let {f; : X — Yj};¢; be a family of F-lifting

morphisms. We first show that Ff is a monomorphism. Consider the following diagram:

7z ——=3rx — 5 x — 5 rx
B

Ff \LHFf,

FITY; > TIFY;

(Fry)
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Suppose a,f : Z — FX such that Ff o a = Ff o f. Then since each f; is F-lifting and a
product of monomorphisms is a monomorphism,and (Fg;), FA are monic by hypothesis,

we have

Ffoa=Ffop
— (Fr)oFfoa=(Fr)oFfop
—> TIIFf; o (Fg;) o FA o a = TTFf; o (Fg;) o FA o B
— (Fg)oFAoa = (Fgi)o FAo B

— FAoa=FAof = a=§

and Ff is a monomorphism. We now show f is a cartesian morphism. Consider the

following diagram in C:

A

X ——— [[;X

()
I1f;

[1Y;

By Proposition 3.2.2, [] f;is an F-lifting. Thus if the above diagram commutes, (f;) is an
F-lifting morphism, since F-liftings are preserved by composition. We have the following

commutative diagram
X

idy
[[X — X

I ) f

Y ——Y;
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Then
[Ifjo A= (f))opjoA=(f;)cidx = (f))

therefore, (f;) is an F-lifting morphism. O
Our results on products and equalizers lead to the following result for all limits:

Theorem 3.3.2. Suppose C, D are complete categories and F : C — D 1) preserves equalizers
and 2) is such that for all families X;, j € ] in C the canonical morphism (Fgq;) : FIIX; — ITFX;
is a monomorphism. Then the full subcategory FQ(C) of the arrow category Arr(C) of F-quotient

morphisms is complete.

Proof. We know FQ(C) is closed under products by Proposition 3.2.2 and closed under

equalizers by Proposition 3.1 and is therefore closed under all limits [Bor94a]. m]
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Chapter 4

Examples and Applications

4.1 Coreflective Subcategories of Top

4.1.1 (C-Covering Morphisms

Definition 4.1.1. [Bral5] A map p : E — X is a disk-covering if E is non-empty, path-
connected, and if for each e € E and map f : (D?,d) — (X, p(e)) there exists a unique map

f:(D?d) - (E,e) such thatp o f = f.

Lemma 4.1.1. Let p : E — X be a disk-covering. Let e € E. Then each path a : ([0,1],0) —

(X, p(e)) has a unique lift o, satisfying p o a, = .

Proof. Letp : E — X be a disk-covering. Let r : (D? d) — ([0,1],0) be a retraction. Let
a : ([0,1],0) = (X,p(e)) be continuous. Since p is a disk-covering there exists unique
g =aor: (D?d) — (Ee) such that po ¢ = aor. For (t,0) € [0,1] C (D? d) we have

aor((t,0)) = a(t). Then (wo 7)1y =aand poaor|g = a. Seta, = aor|py- O
Corollary 4.1.2. Let p : E — X be a disk-covering. Then p is surjective.
Proof. Since all paths lift uniquely across p, for each x € (X, p(x)) the constant path c, has

unique lift ¢, satisfying p o c, = ¢y, so that p(c¢(t)) = x for all t € [0, 1] and p is surjective. O
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Definition 4.1.2. [Bral5] Let C C Top,, be a full subcategory of non-empty path-connected
spaces such that the unit disk D? is an object of C. A C-covering map is a map p : X - X

such that
1. XeC.
2. Forany Y € C, x € X, and based map f : (Y,y) = (X, p(x)) such that f.(m:1(Y,y)) €
p*(nl()?,i)) there is a unique map f: Yy — (X, %) such that po ]ch = f.
The map p is called a universal C-covering if X is simply connected. If p satisfies only the
second condition above, p is then called a weak C-covering.

Proposition 4.1.3. A C-covering morphism is precisely a Tt;-lifting morphism where 111 : C —

Grp is the restriction of the usual fundamental group functor to C.
Proof. We begin with a preliminary lemma.

Lemma 4.1.4. If C C Top, contains [0,1] = I and I?, then a C—covering morphism p : (X, x) —

(Y, y) induces an injection on 1. That is, m1(p) = p. : (X, x) = w1 (Y, y) is an injection.

Proof. Let [y],[0] € m1(X, x) with p.([y]) = p.([6]). Then [p o y] = [p o 6] in m1(Y, y) where
p(x) = y. Thus p oy and p o 6 are homotopic, and there exists a based homotopy H :
(I%,(0,0)) — (Y, y) such that Hy = y and H; = 6. Note that 7;(I?, (0, 0)) is the trivial group.
Therefore, H.(m1(I%,(0,0)) € p.(m1(X,x)). As I? is an object of C and p is a C-covering

morphism, there exists H such that the following triangle commutes

(X, %)

J”

(2,(0,0) ——— (V)

T

Note that y(f) = H(0, ). Then p o H(0,t) = H(0,t) = p o (£), so that H(0, £) = y(t) by unique
path lifting. Likewise, H(1,t) = 6(t), and His a path-homotopy between y and 6, so that

[v] = [6], making p. an injection. 0
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We now continue with the proof of Proposition 4.1.3.Let C be a full subcategory of Top,.
Suppose p : (X,x) — (Y,y) is a r;-lifting morphism, where we restrict 71, to C. Consider
f:Z — Y with Z in C such that f.(m1(Z, z)) € p.(m1(X, x)) with f(z) = p(x). By lemma 4.1.4
p. is an injection. Since f.(11(Z,z)) € p.(m1(X, x)) there exists k : 111(Z,z) — m1(X, x) such
that p.ok = f,, which must be a homomorphism since p. and f. are homomorphisms. Then
as p is a m;-lifting morphism, there exists a unique f~such thatpo f~ = f. We conclude that
p is a C-covering morphism.

Now let p : (X,x) — (Y, y) be a C-covering morphism. Consider f : (Z,z) — (Y, y) and
k: mi1(Z,z) = m(X, x) such that p, o k = f.. Then f.(m1(Z,z)) = p.(k(r1(Z, z) € p.(T1(X, x))
and so by assumption there exists a unique f such that p o ]7: f. Since p is a C-covering
morphism, again by lemma 4.1.4, p. is an injection, so that p. o f = f. = p. o k implies

7'(1(}:5 = _]:‘:: k. O
Note that the codomain of a C-covering is not required to belong to C but merely Top,,.

Definition 4.1.3. [AHGO09] Let C be a subcategory of Top. The coreflective hull of C is the
tull subcategory H(C) consisiting of all quotients and topological sums (disjoint unions)

of objects in C.

Remark 4.1.5. The coreflective hull is so-named because it defines a coreflection functor
¢ : Top — H(C) which takes a space X to the space ¢(X) having the same underlying set
as X but which is equipped with the final topology with respect to all maps into X from
objects in C. So U C c(X) is open if and only if for any f : Z — X with Z in C, we have
f71(U) open in Z. This functor is right adjoint to the inclusion i : H(C) — Top [Bral4b].

Proposition 4.1.6. Let C be a subcategory of Top containing D. Let p : X — Y be a morphism in
Top, with X in the subcategory C € Top, but with Y not necessarily in C. Then p is a C-covering
morphism if and only if c(p) : ¢(X) — c(Y) is a 7y : H(C) — Grp lifting morphism, where

c : Top — H(C) is the coreflection functor.
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Proof. Suppose c(p) : ¢(X) — c(Y) is a my-lifting morphism. Let f : (Z,z) — (Y, y) where
f(z) = yis a based map with Z in C. Let f.(m1(Z, z)) € p.(r11(X, x)). Let € denote the counit
of the adjunction i 4 ¢ with component at X denoted ex. Then we have the following

commuting diagram in Top

where we have unique f’ such thateyo f” = f by the universal property of the coreflection,
since Z € C C H(C). As C contains D? we have up to homeomorphism that H(C) contains I
and I?, so that by lemma 4.1.4, c(p). is an injection.Therefore there exists a homomorphism
k : m1(Z,z) — mi(c(X), x) such that c(p). o k = f/. Thus there exists a unique k" such that

c(p)oh’ = f" and f] = k. Setting h = €x o i’ we then have
f=€Y0f,=€yOC(P)OhI:pO€XOh'=pOh.

If g : Z — Xsuchthat f = po g then g = h since p is a surjection and thus an epimorphism.

Now suppose p is a C-covering morphism. Let Z € H(C) and let f : (Z,zp) — c((Y,v))
be a map such that f.(m1(Z,z0)) € c(p).(rt1(c(X), x0). We define f: Z — ¢(X) for each
z € Z by first letting o : [0,1] — Z be a path from z, to z. Then f o «a is a path from
Yo to f(z) and since p satisfies the unique path lifting property, there exists a unique lift
foa :[0,1] - ¢(X) with foa(0) = xpand po foa = foa. Since [0,1] € H(C), the
lift f?-o/c is continuous. Here we view the unit interval as a based space ([0, 1],0) and
note that since f.(111(Z, z0)) € c(p).(m1(c(X), x0) and a.(m1([0,1],0) € f.(11(Z, 2z0)) we have
(f oa).(m1([0, 1], 0)) € c(p).(mt1(c(X), x0) (this also follows from the fact that 7, ([0, 1], 0) is the
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trivial group.) Now we set ﬂz) = m(l). A standard argument shows that f: Z - X
is well-defined [Bral9]. Then ]ch : Z — ¢(X) is also independent of the continuous path
a from z tp z. Since p is a C-covering morphism and has the unique lifting property,
the uniqueness of ffollows once we establish that fis indeed continuous. A morphism
g : A — B with A,B € H(C) is continuous if and only if for all continuous functions
h:D — Awith D € C, the composite g o h is continuous. Let h : (A,a9) — (Z,zo) be

continuous with A € C. Since we have

(f o h).(T1(A, a0) € fu(1t1(Z, z0) S p.(111(X, X0)

and p is a C-covering morphism, there exists unique k : (A4, a9) — (X, xo) such that po k =

foh. AsA€eC, k:A — c(X)is continuous. We then have

cp)ok=pok=foh=(c(p)of)oh=cp)o(foh).

Therefore by the unique path-lifting property of p we have k = j?o h. Since k is continuous,

f o his continuous and we conclude f : Z — ¢(X) is continuous. m|

Corollary 4.1.7. Let C be a coreflective subcategory of Topo. Thenp : X — Y in C is a C-covering

morphism if and only if p is m1-lifting with respect to 71 : C — Grp.

Proof. For a coreflective subcategory C of Top, we have H(C) = C. The result follows from

applying the above proposition. m|

4.1.2 Lpc-Coverings

We now apply the results from the previous section to the special case of locally path-

connected spaces.

Lemma 4.1.8. Let X be a locally path-connected space and let U be open in X. Then the path

components of U are open in X.
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Proof. Let C be a path component of U Let x € C. Since X is locally path-connected, we
have open path-connected set V such that x € V C U. Since V is path-connected and x € V,

if y € V then there is path from x to y hence y € C. Thus V C C and C is open in X. O

Definition 4.1.4. Let {X; : j € J} be a family of topological spaces. The disjoint union or
topological sum of {X;}, denoted [ X, is the disjoint union of the underlying sets {X;}
equipped with the final topology relative to the canonical inclusion maps i; : X; — [[ X;

given by i;(x) = (x, j). Thatis, U C [[ X is open iff ij‘l(LI) is openin X; forall j € |.
Lemma 4.1.9. The canonical inclusions i; : X; — [[ X; are open maps.

Definition 4.1.5. A topological space X is locally path-connected if it has a basis of path-
connected sets. That is, for each open set U C X and x € U there exists open V C U with

x € V and V path-connected as a topological space endowed with the subspace topology.

Lemma 4.1.10. The disjoint union of a family of locally path-connected topological spaces is locally

path-connected.

Proof. Letx € U C [[ X; with each X path-connected. Then x = (x, jo) for some j; € J. Then
ij‘o1 (U)is openin X; and there exists V C ij‘o1 (U) open, path-connected, and containing ij‘ol(x).
Then i; (V) is open and path-connected, with i; (V) € U, hence it is open in the subspace

topology on U, and [] X; is locally path-connected. m|
Lemma 4.1.11. The quotient of a locally path-connected space is locally path-connected.

Proof. Let X be locally path-connected. Let g : X — Y be a quotient map. Let U be open
in Y and let C be a non-empty path component of U. If C is open in Y then for any y € U
we will have y € C € U for some path component C open in Y, and Y will be locally
path-connected. since g is quotient and therefore open, if g71(C) is open, we are done. If
x € g7 1(C) € g71(U) then since X is locally path-connected, there exists open set V such
thatx € V C g }(U). Let v € V and let y : [0,1] — V be a path with y(0) = x and y(1) = v.
Then goy : [0,1] = g(V) € U is a path with (g o ¥)(0) = g(x) and (g o y)(1) = g(v). Since C
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is a path component of g(x) in U, (g o ¥)([0,1]) € C and y has image in q7(C). Therefore,
y(1) = v € g7(C) and V C g7'(C). Thus 47(C) is open making C open and Y is locally

path-connected. m|

Definition 4.1.6. Let (X, 7) be a topological space. Define Ipc(X) to be the topological space
(X, 7") where 7’ is the topology on X generated by the collection {C} of path components

of open sets U € 7. Let B¢ be the collection of these sets.
Proposition 4.1.12. [Bral4a] The collection B¢ indeed forms a basis for a topology on X.

Proof. Let x € X have path component C’ in X. Let U, V be openin X withx € UNV. Let Cy
and Cy be the path components of x in U and V respectively. Let C be the path component
of x in Cy N Cy. If C € Cyy N Cy, then since Cy; and Cy are both open in X, the collection of
path components of open sets in X will form the basis of a topology on X. Let ¢ € C. Then
there exists path y : [0,1] — Cy N Cy with y(0) = ¢ and y(1) = x. The path y therefore lies

entirely in Cy; and Cy. Thereforec € CyNCyand C C CyNCy O

Proposition 4.1.13. [Bral4a] Let (X, ) be a topological space. The topology v’ on X given by

Ipc(X) is finer than t. This is equivalent to the continuity of the identity function id : Ipc(X) — X.

Proof. Let U € 7. Then U is the union of its path components, since if x € U, we have x € C;
for some path component C; and |JC; = U. These path components are basic open sets
in Ipc(X), making U a union of basic open sets in Ipc(X). Thus U € 1 = U € 7’ and the
topology of Ipc(X) is finer than the topology of X. This is equivalent to the continuity of
the identity function id : Ipc(X) — X since all open sets U are then pulled back to open

sets in Ipc(X) and U is the union of its path components. m]

Theorem 4.1.14. [Bral4a] Let Y be a locally path-connected space and let f : Y — X be

continuous. Then f :Y — Ipc(X) is also continuous.

Proof. Let C be the path component of an open set U in X. Let y € Y such that f(y) € C. As

U is open and f is continuous, there is some open set Vin Y with y € V and f(V) € U. As
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Y is locally path-connected, there exists some path-connected open set W withy € W C V.
For each w € W we have a path y from y to w. Then foy : [0,1] = f(W)C f(V) S Uisa
path from f(y) to f(w). As Cis the path component of f(y), we have f(w) € Cand f(W) € C.
Thus we have shown for an arbitrary y € Y and basic open neighborhood C of f(y) in

Ipc(X) there exists open set W containing y such that f(W) € C, making f continuous. O

Corollary 4.1.15. [Bral4a] Let Y be a locally path-connected space. Then the continuous identity
function id : Ipc(X) — X induces a bijection 1 between hom sets 1 : Top(Y, lpc(X)) — Top(Y, X).

Proof. If n(f) =n(g) thenido f =ido gand f = g. If h : Y — X is continuous, then by the

above theorem, f1: Y — Ipc(X) is continuous and n(fz) =idoh=h. O

Theorem 4.1.16. [Bral4a] Let X be a topological space. Then Ipc(X) is locally path-connected.
We have X = Ipc(X) if and only if X is locally path-connected.

Proof. Let x € Ipc(X) and let C be a basic open neighborhood in Ipc(X) with x € C. Then C
is a path component of some open set U in X Note that although C is path-connected by
definition as a subspace of X, we must prove C is path-connected as a subspace of Ipc(X).
Letx, y € C. Then there exists some path y : [0, 1] — X satisfying y([0,1]) € C withy(0) = x,
y(1) = y. By the above argument, y : [0,1] — Ipc(X) is continuous, and y([0,1]) € C, so
there is a path from x to y in C C Ipc(X). Thus Ipc(X) is locally path-connected foll all X.
Thus if X = Ipc(X) we know X must be locally path-connected. If X is locally path-
connected, we can apply theorem 4.1.14 to the identify function id : X — X to conclude
id : X — Ipc(X) is continuous. As id : Ipc(X) — X is also continuous. Therefore the

topologies on X and Ipc(X) are each finer than the other, and thus equal. m|

Theorem 4.1.17. [Bral4a] The construction lpc(X) is functorial and Ipc is right adjoint to the

inclusion functor.

Proof. To establish the functoriality of Ipc, a rule of assignment on morphisms is required.

Note thatif f : X — Y is continuous then f oid : Ipc(X) — Y is continuous and since Ipc(X)
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is locally path-connected, by theorem 4.1.14 the function Ipc(f) : Ipc(X) — Ipc(Y) defined
by Ipc(f)(x) = f(x) is continuous. Thus we send f to Ipc(f). This assignment respects

morphism composition, since as a rule of assignment we have

Ipe(g) o lpe(f)(x) = Ipe(g) o (ido f)(x) = Ipc(g)(f(x)) = idog(f(x)) = ido(go f)(x) = Ipc(go f)(x).

Since the rule of assignment is unchanged, we also have that Ipc preserves identities, and
idx = idlcp(X)~

We need to establish a natural bijection
lepTop(Y, Iep(X)) = Top(i(Y), X) = Top(Y, X).

Let X — X’ be a continuous map between topological spaces. Fix a locally path-connected

space Y. Then the following square commutes:

IpcTop[Y, Ipc(X)] ——"5 IpcToplY, lpc(X')]

Top[Y, X]

since for ¢ : Y — Ipc(X) we have

fom) = folidoy)=foy =Ipc(f) oy =ido(lpc(f) o) = nlpc(f) o )

Now fix a topological space X and let ¢ : Y — Y’ be a map between locally path-connected
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spaces. Then for ¢ : Y’ — Ipc(X) the following square commutes

1pcTop[Y’, Ipce(X)] ——— 1pcToplY, Ipe(X)]

Top[Y’, X] > ToplY, X]

—og

since we have

N)og=(dop)og=1pog=ido(iPog)=n(og).

Thus the bijection 1 is natural in X and Y and defines an adjunction i 4 Ipc. O

We have shown that Ipc defines a coreflective subcategory of Top. Therefore by Propo-
sition 4.1.6, a morphism p : X — Y is an Ipc—Covering morphism if and only if it is a

71| —lifting morphism (since H(Ipc) = Ipc).

4.2 Topological Groups and Rings
Consider the following diagram of forgetful functors:

TopRng

R

Top TopGrp > Grp < Ring

~

Set
We wish to characterize the quotient morphisms relative to the functors indicated above.

First we recall some facts about the relevant categories.
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Definition 4.2.1. [Mun00][145] A topological group is a topological space G equipped with
a group operation u : G X G — G which is continuous when G X G is equipped with the

product topology. We also require i : G — G given by i(g) = ¢~* to be continuous.

Definition 4.2.2. [War93][1] A topological ring is a topological space R equipped with
continuous addition + : R X R — R and multiplication - : R X R — R operations and

continuous multiplicative inverse i : R — R such that + and - satisfy the axioms of a ring.

It is well-known that TopGrp and TopRng have all limits and colimits, hence have all
pullbacks. [Pro21b].

Proposition 4.2.1. Let U : Grp — Set be the forgetful functor. The morphisms quotient rel. U

are precisely the epimorphisms.

Proof. Since Grp and Set have pullbacks and every epimorphisms in Set is regular, by
Proposition 2.1.8.1, the quotient rel. U morphisms in Grp are regular epimorphisms. All
epimorphisms in the category of groups are regular epimorphisms [Mac71][21], so the
quotient rel. U morphisms are epimorphisms. Since U : Grp — Set has a left adjoint
[21a], U preserves pullbacks, and the regular epimorphisms (i.e., all epimorphisms) in

Grp are quotient rel. U by Proposition 2.1.8.1. O

Proposition 4.2.2. Let U : Ring — Set be the forgetful functor. The surjective ring homomor-

phisms are precisely the quotient rel. U morphisms.

Proof. Note that Ring has all limits [21b] as does Set. Since U : Ring — Set has a left
adjoint [MS21], U is right adjoint and preserves limits, so U preserves pullbacks and
the quotient rel. U morphisms in Ring are regular epimorphisms (i.e., surjective ring
homomorphisms) by Proposition 2.1.8.1. Since U is faithful, regular epimorphisms in
Ring are quotient rel. U by Proposition 2.1.8.2. Thus the quotient rel. U morphisms are

precisely the surjective ring homomorphisms. O
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Recall that by Proposition 2.1.2 the quotient morphisms relative U : Top — Set are
the topological quotient maps and by Proposition 1.3.23 these are precisely the regular

epimorphisms in Top.

Proposition 4.2.3. Let U : TopGrp — Set be the forgetful functor. Then the morphisms quotient

rel. U are precisely the surjective open homomorphisms.

Proof. Since TopGrp and Set both have pullbacks, every epimorphism in Set is a regular
epimorphism, and U : TopGrp — Set is faithful, by Proposition 2.1.8.2 every regular
epimorphism in TopGrp is qoutient rel. U. Since the regular epimorphisms in TopGrp
are precisely the surjective open maps [LH17], the surjective open maps are quotient
rel. U morphisms. If we view U : TopGrp — Set as the composite V o W where
W : TopGrp — Top and V : Top — Set are the functors forgetting group structures
and topologies respectively, then since both V and W have left adjoints [Pro21a], so does
U = VoW [Mac71][101]. Therefore, U preserves all limits and pullbacks in particular, so by
Proposition 2.1.8.1, The quotient rel. U morphisms in TopGrp are regular epimorphisms,

thus are precisely the surjective open maps. m]

Proposition 4.2.4. Let U : TopRng — Set be the forgetful functor. Then the surjective open

maps are precisely the quotient rel. U morphisms.

Proof. The category TopRng has pullbacks [Pro21b] as does Set. Note that all epimor-
phisms in Set are effective and since Set has all kernel pairs, by Proposition 1.3.29, the ef-
fective, strict, and regular epimorphisms coincide in Set. Therefore by Proposition 2.1.8.2,
the regular epimorphisms in TopRng are quotient rel. U. The regular epimorphisms in
TopRng are precisely the surjective open maps [Usp89].

The categories TopRng and Set both have pullbacks and all epimorphisms in Set
are regular. Since V : TopRng — Top and W : Top — Set both have left adjoints,

W oV = U has a left adjoint and therefore U preserves pullbacks. So by Proposition
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2.1.8.1, the quotient morphisms rel. U are regular epimorphisms, thus surjective open

maps in TopRng. O

Proposition 4.2.5. Let U : Ring — Grp be the forgetful functor. Then the surjective ring

homomorphisms are precisely the morphisms quotient rel. U.

Proof. Every epimorphism in Grp is regular and Ring and Grp have pullbacks. We may
write U = W o V where V : Ring — Ab and W : Ab — Grp. Both W and V have left
adjoints [21a] [21b], so U has a left adjoint [Mac71][101]. Therefore, U preserves pullbacks,
and so by Proposition 2.1.8.1, the morphisms quotient rel. U are regular epimorphisms
(surjective ring homomorphisms) in Ring. Since U is faithful, by Proposition 2.1.8.2, the

regular epimorphisms in Ring are quotient rel. U. m]

Proposition 4.2.6. Let U : TopGrp — Grp be the forgetful functor. The surjective open maps

in TopGrp are precisely the morphisms quotient relative to U.

Proof. All epimorphisms in the category of groups are regular epimorphisms [Mac71][21].
Since TopGrp and Grp both have pullbacks and U is faithful, again by Proposition 2.1.8.2,
all regular epimorphisms in TopGrp are quotient relative U, thus the surjective open
maps in TopGrp are quotient relative U. Since U has a left adjoint [Pro21a], U preserves
pullbacks and the quotient rel. U morphisms are surjective open maps by Proposition

2.1.8.1. O

Proposition 4.2.7. Let U : TopGrp — Top be the forgetful functor. The morphisms quotient

rel. U are precisely the continuous surjective homomorphisms.

Proof. By definition, quotient rel. U morphisms are epimorphisms, which are surjective in
TopGrp. Suppose q : G — H is a continuous surjective group homomorphism. Suppose
we have a continuous function k : H — K such that ko g = g. We show k is a group

homomorphism. Let i1/, = h3 in H. Then since g is a surjecive homomorphism there exist
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x1,X, and x3 in G such that xyx, = x3 and

k(hihy) = k(hs) = k(g(x3)) = g(x3) = g(x1x2) = g(x1)g(x2) = k(q(x1)k(q(x2) = k(h1)k(h2),

and k is a (continuous) group homomorphism. Letting f = k we then have Uf = k

uniquely since U is faithful, and q is U-quotient. O

Proposition 4.2.8. Let U : TopRng — Top be the forgetful functor. The morphisms quotient

rel. U are precisely the surjective ring homomorpisms.

Note that if g : R — S is U-quotient then Ug is an epimorphism in Top, hence a
surjection, making q surjective in TopRng since U does not change the rule of assignment
of . Suppose g : R — Sis a surjective ring homomorphism. Let ¢ : R — T be a continuous
ring homomorphism and k : S — T be a continuous function such that k o g = g. Then by
the same argument used in the case of U : TopGrp — Top, we can show that k preserves
ring operations. Since k(1s) = k(g(1r) = g(1r) = 1r, k preserves multiplicative units.
Therefore k is a ring homomorphism and we again set f = k so that Uf = k. Again by the
faithfulness of U, f uniquely satisties Uf = k and clearly k o g = g, making g quotient rel.
u.

Proposition 4.2.9. Let U : TopRng — Ab be the forgetful functor. Then the morphisms quotient

rel. U are precisely the surjective open ring homomorphisms.

Proof. Note that V : TopRng — Ring preserves limits [Pro21c]. Then since W : Ring —
Ab has a left adjoint [21b], Wo V = U : TopRng — Ab preserves limits and therefore pull-
backs. Since all epimorphisms in Ab are regular epimorphisms, the quotient morphisms
rel. U are regular epimorphisms in TopRng, i.e., surjective open maps by Proposition
2.1.8.1. Since U is faithful, by Proposition 2.1.8.2, the surjective open maps in TopRng are

precisely the morphisms quotient rel. U. m|

Definition 4.2.3. Let I be an indexing set, {Y};c; a family of topological spaces indexed by

I, and {f; : X — Yi}ier be a family of functions indexed by I. The initial topology on X is the
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coarsest topology such that f; is continuous for all i € I. Note this is dual to Definition
1.2.3. The initial topology with respect to {f;}ic; has the following characteristic (but not
universal) property: For a topological space Z a function ¢ : Z — X is continuous if and

only if f; o g is continous for all i € I.

Lemma 4.2.10. Let R be a ring, {S;}ic1 a family of topological rings, and {f; : R — S;} a family of

functions. If R is given the initial topology with respect to {fi}ie1, then R is a topological ring.

Proof. Letp : RXR — Rand p; : S; X S; — S; define addition in R and S; respectively.

Consider the following square where products are given the product topology:

R xR L} S; X S;

P in

R > S

Let (r1,72) € RX R. Then p; o (f; X fi)(r1,12) = pi(fi(r1), fi(r2)) = fi(r1) + fi(r2) = fi(r1 +12) =
fi o p(rq,12). Since a products and compositions of continuous functions are continuous,
fi o p is continuous for all i € I, making p continuous by the characteristic property of
the initial topology. Exactly the same argument holds for multiplication since the f; are
continuous ring homomorphisms (as R has the initial topology). Therefore, addition and
multiplication in R are continuous. Since fi(—r) = —fi(r) for all r € R and f; a similar
argument shows that the additive inverse in R is continuous. Therefore, R with the initial

topology is a topological ring. m]

Proposition 4.2.11. Let U : TopRng — Ring be the forgetful functor. Then q : R — S is
U-quotient in TopRng if and only if the topology on S is the finest topology on the underlying ring

of S such that q is continuous and S is a topological ring.

Proof. Let R be a topological ring and let g : R — S be a morphism of underlying rings. Let

7 be the collection of topologies on S such that g is continuous and S is a topological ring.
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Note 7 is nonempty, since it contains the indiscrete topology. Give S the initial topology
Ty, with respect to the family of homomorphisms {id. : S — (S, 7)} where T ranges over
7. Since q = id, o q for all T € 7, by the universal property of the initial topology, g is
continuous and by the previous lemma, S is a topological ring. In fact, we have shown the
initial topology on S is the finest topology for which g is continuous and S is a topological
ring. We show g is U-quotient if and only if S = (S, 7)) as a topological ring.

We show g : R — (S, 7’) is U-quotient if and only if the identity id : (S,7") — (S, Tin) is a
homeomorphism.

Suppose g : R — S is U-quotient where S has topology 7’. Then since g is in TopRng,
v € 7. It follows that t" C 74, since 74, is the finest topology in 7. Therefore, id : (S, ti,) —
(S,7') is continuous. Now g : R — — > (5, 7;,) is continuous by the first paragraph and
id o q = q in Ring. Since q is U-quotient, the identity id : (S, t") — (S, Ti,) is continuous.

Conversely, suppose id : (S5,7") = (S, Tin) is @ homeomorphism. It suffices to show
g : R — (T,7;) is U-quotient. Let ¢ : R — T be a continuous ring homomorphism
satisfying ¢ = k o g in Ring. We must show k : (S, t;,) — T is continuous. Let 7 be the
initial topology on S with respect to k : S — T. We check that 7, is in 7. By the previous
lemma, (S, 7¢) is a topological ring. If U is open in (S, t¢), then U = k™(V) for some open V
in T. Then g7 }(U) = g Y(k"}(V)) = ¢'(V) is open since ¢ is continuous. Thus g : R — (S, tx)
is continuous, proving 7, € 7. We now conclude that 7;, is finer than 7 (by the universal
property of the initial topology). Thus id : (S, 7;,) — (S, T¢) is continuous. By construction,

k: (S, tx) = T is continuous. Thus the composition k : (S, t;,) — T is continuous. O

Proposition 4.2.12. Let U : TopRng — TopAb be the forgetful functor. The U-quotient

morphisms are precisely the continuous surjective ring homomorphisms.

Proof. Note the epimorphisms in TopGrp are the continuous surjections [Ard69]. There-
fore the epimorphisms in TopAb are the continuous surjections. Let f : R — S and
g : R — T be continuous ring homomorphisms with f a surjection. Supposek: S — Tisa

continuous abelian group homomorphism such that k o f = g. We show that k preserves
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ring multiplication, making it a morphism in TopRing. Leta,b € S. Since f is surjective,

we have f(x) =aand f(y) = b for some x, y € R. Then

k(ab) = k(f(x)f(y)) = k(f(xy)) = g(xy) = 8(x)8(y) = kf()kf(y) = k(a)k(D).

Here we have used the fact that f and g are ring homomorphisms by assumption, and
therefore preserve ring multiplication. Thus k is also a ring homomorphism, making f
quotientrel. U. Now if g : R — S is U-quotient, the continuous homomorphism of abelian

groups U(g) is an epimorphism, hence a surjection. Therefore, g is a surjection. m]

Our results are summarized in the following table:

Forgetful Functor U

Morphisms Quotient rel. U

Grp — Set
Ring — Set

Top — Set
TopGrp — Set
TopRng — Set
Ring — Grp
TopGrp — Grp
TopGrp — Top
TopRng — Ab
TopRng — Ring
TopRng — Top
TopRng — TopAb

Surjective group homomorphisms

Surjective ring homomorphisms

Topological quotient maps

Surjective open cont. group homomorphisms
Surjective open cont. ring homomorphisms
Surjective ring homomorphisms

Surjective open cont. group homomorphisms
Surjective continuous group homomorphisms
Surjective open cont. ring homomorphisms
Codomain has the initial topology 7;,
Surjective continuous ring homomorphisms
Surjective continuous ring homomorphisms

Table 4.1: Quotient Morphisms rel. Forgetful Functors
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4.3 Galois Theory

We now show how unique lifting morphisms relative to a functor can be used to partially

characterize a Galois correspondence.

Definition 4.3.1. [nLa22f] A partial order on a set S is a binary relation < satisfying the

following conditions:

o Reflexivity: x < xforallx € S

e Transitivity: x <y <z = x<zforallx,y,z€S

e Antisymmetry: x <y<x = x=yforallx,y€S.
A poset is a set equipped with a partial order.

Remark 4.3.1. A poset may be viewed as a category with at most one morphism between
objects. In this context reflexivity amounts to the existence of identity morphisms and tran-
sitivity to composability of morphisms. Antisymmetry states that the only isomorphisms

in the category are the identities.

Definition 4.3.2. [nLa22d] Let P be a poset and let x, y € P. The meet, infimum, or greatest
lower bound of x and y, written x A y, is an element of P satisfingx Ay <xandx Ay <y

and for any z € P also satisfyingz < xand z < ywehavez < x A y.

Definition 4.3.3. [nLa22e] Let P be a poset and let x,y € P. The join, supremum, or least
upper bound of x and y, written x V v, is an element of P satisfingx <xVyand y <xVy

and for any z € P also satisfying x <zand y <zwehavexVy <z

Definition 4.3.4. A latticeis a partially ordered set P such that for each x, y € P there exists

xAyandxV yinP.

Definition 4.3.5. A field extension of a field F is a field E such that F C E.
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Definition 4.3.6. [nLa22b] For posets A and B a Galois connection between A and B is a pair
of order reversing functions f : A — Band g : B — A such thata < g(f(a)) and b < f(g(b))
toralla € A and b € B. A Galois correspondence is a Galois connection such that a = g(f(a))

and b = f(g(b)) foralla €e Aand b € B.

Let E be an arbitrary field extension of the base field k. Let Sub(E, k) be the subcategory
of the category of fields having as objects the subextensions of E (that is, fields F satisfying
k € F € E) and as morphisms the inclusion field homomorphisms. Let Gal(E, k) be the
subcategory of the category of groups having as objects the subgroups of the group G(E/k)
of field automorphisms o : E — E that fix the base field k and as morphisms the inclusion
homomorphisms. Let f : E; — E; be a morphism in Sub(E, k). Let A(F) denote the group
of field automorphisms o : E — E that fix the subfield F satisfying k C F C E. Define the

contravariant functor A : Sub(E, K) — Gal(E, k) by the assignment

Ei— E,
A(Ey) <« A(E2)
where the inclusion f : E; — E, is taken to the inclusion g : A(E,) — A(E;).
Proposition 4.3.2. As defined above, A : Sub(E, k) — Gal(E, k) is indeed a functor.

Proof. Let E; and E, be subextensions of the field extension E/k. If E; C E, then an
automorphism 7 : E — E fixing E, must also fix E;, so t € A(E;) = 1 € A(E;) and we
may therefore associate the inclusion field homomorphisms f : E; — E; to the inclusion
group homomorhism A(f) = g : A(E,) — A(Ey).

If we are given composable inclusions f and g as in the followind diagram
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gof

/\

L yp & X
k

then a composition of inclusions is an inclusion and inclusions are uniquely defined by

the ordered pair (D, C) of their domain and codomain. Therefore, A(g o f) = A(g) o A(f),
and A respects morphism composition.
If we consider the identity homomorphism 1 : F — F, then A(1f) is the inclusion

A(F) — A(F), or 14(r), and A respects identity morphisms. Thus A defines a functor. m|

Definition 4.3.7. Consider a field extensions E,/E; so that E; C E, C E. Then we have a
morphism E; — E; in Sub(E, k). The extension E,/E; is said to be downward complete if for

any field extension E,/E; with A(E;) € A(E;) we have E; C E;.

Remark 4.3.3. Note that for an arbitrary field extension E/k the objects of Gal(E/k) need not
bijectively correspond to subextensions of E. There may be objects H; and H, in Gal(E/k)
with the same associated fixed field (those elements of E fixed by all automorphisms in
H;). Likewise, there may be distinct fields E; and E; in Sub(E, k) such that A(E;) = A(E»).
Take for example the field of real numbers, R. For any subfield F C IR, we have A(R) =

{idr} = A(F), since the identity automorphism is the only automorphism of R.

Definition 4.3.8. A field extension E/k is called Galois if there exists a Galois correspon-

dence between the lattice of subfields of E above k and the subgroup lattice of Gal(E, k).

Proposition 4.3.4. If the extension E [k is Galois, then every morphism in Sub(E, k) is an A-lifting

morphism.

Proof. Suppose E/k is a Galois extension. Then A : Sub(E, k) — Gal(E, k) is an isomor-
phism of categories [Bow13]. Thus there is a bijective correspondence between subexten-

sions of E and subgroups of Aut(E/k) and a bijective correspondence between inclusions

105



of subextensions and inclusions of subgroups. Let f : E; — E, and g : E3 — E, be mor-
phisms in Sub(E, k). If there exists k : A(E;) — A(E3) such that ko Af = Ag, then k must
have a preimage h under A since A is a full functor. We must have 1 : E; — E; since A is

bijective on objects. Thus there exists i : E3 — E; such that A(h) = k and f is A-lifting. O

Remark 4.3.5. When the inclusion associated to an extension is a unique A-lifting mor-
phism, we do not necessarily know that the extension is Galois. We do however have
some measure of the degree to which a Galois correspondence fails. We know that if
f : Ey = E, is a unique A-lifting morphism, then for any subextension E; inluded in E,, if
A(Eq) € A(E3) then it must be the case that E; C E;. Thatis, we know the extension E;/E; is
downward complete. There may still be a subfield E/ distinct from E3 with A(E3) = A(E}),
but we do know that E}, must be a subextension of E;. Thus we preclude order ignoring

failures of bijectivity on objects, as for example happens in the case of the extension IR/Q.

Proposition 4.3.6. Suppose f : Ey — E, and g : E3 — E, are both unique A-lifting morphisms
in Sub(E, k). Then E, = E; if A(E;) = A(E3).

Proof. Let f, g be A-lifting morphisms and suppose A(E;) = A(E;). Then we have the
identity k : A(E;) — A(E;). If a triangle can be formed in Gal(E/k) then it commutes, since
the morphisms are inclusions, so we have ko A(f) = A(g). Since f is an A-lifting morphism,
there must exist a (necessarily unique) morphism / : E; — E;, which will always satisfy
f oh = g since morphisms in Sub(E/k) are also inclusions. The same argument using the

fact that g is A-lifting shows there exists i’ : E; — E3. Thus E; = E; and indeed, f = ¢. O
Lemma 4.3.7. For any field extension E/k the inclusions j : k — E and idg : E — E are A-lifting.

Proof. Note that any identity morphism is a unique lifting relative to any functor, since

funtors take identities to identities. For j : k — E, suppose we have ¢ : E; — E and
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d:A(E) = A(E;) such thatd o Aj = Ag.

A(k)

AEr) —— A(B)

Since A(k) is the supremum of the subgroup lattice, d must be the identity and A(E;) = A(k).
Thus Aj = Ag. Since there is at most one morphism between any two objects in Sub(E, k)

we must have j = g, so that E; = k and id, satisfies f o id, = f with A(idy) = d. O

Proposition 4.3.8. Let Al(E, k) be the sublattice of Sub(E, k) consisting of those objects E, for
which f : Ey — E is A-lifting and all field inclusions. Then the restriction functor A : AI(E, k) —

Gal(E, k) is injective on objects.

Proof. Note that not all morphisms in Al(E, k) need be A-lifting. Note also that Al(E, k)
does form a lattice, since idg : E — E and i : k — E are both A-lifting, so that AI(E, k) has
a supremum and infimum. If A(E;) = A(E,) then consider the inclusions f : E; — E and

g : E; — E. Since both of these are A-lifting, E; = E, by the above proposition. |

Remark 4.3.9. The above result shows that A-lifting morphisms with the top field exten-
sion E as codomain correspond injectively to subgroups H of Gal(E/k). Thus the A-lifting
morphisms pick out those subextensions for which there is an (at least injective) Galois
correspondence. This is in analogy with the Ipc-covering morphisms of Section 4.1.2. For
the topological space X, a generalized covering map p : Y — X is determined uniquely
by the associated subgroup of m1(X, x). Thus based generalized covering mapsp: Y — X

injectively correspond to the 7 (X, x) lattice of subgroups.
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Chapter 5

Monoidal Categories and Tensor

Products of F-Quotients

5.1 Tensor Products and F-Quotient Morphisms

Definition 5.1.1. [JS86] A monoidal category C = (Co,®,1,1,¢,a) is a category C, equipped
with a bifunctor ® : Cy X Cy — C,, called the tensor product, a distinguished unit object,
or unitor, I, having associated natural isomorphisms r and ¢, and an associator natural
isomorphism a. These enjoy the following properties: for all objects A, B, C,D in Cy, the

following diagrams commute:

(A ®C e y A®(I®C)

(5.1)

rQidp id;t

A®C
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(A®B)®(C®D)

AA®B,C,D aA,B,COD
(A®B)®C)®D A®(B®(C®D)) (5.2)
AN :
a5,c®idp ida®ag,c,p
~
A®B®C)®D T > AQ((B®C)®D)

Definition 5.1.2. [Mac71] LetC = (Co, ®, I¢,, 1, {,a) and D = (D, O, Ip,, p, A, @) be monoidal
categories. A monoidal functor is a functor F : C — D equipped with a natural transforma-
tion® : Fo® = ®oF of functors CXC — D having components ¢ 5 : FAOFB — F(A®B)

and morphism ¢ : Ip — Fl¢ such that the following diagrams to commute:

(FAOFB)OFC = > FA® (FBOFC)
Pa,pRidrc idpA®Pp,c
F(A ®E) o FC FA® I;EB ®C)
Pasn,C P pec
F(A®B)®0) — s FA® (Ba0)

109



idFAQ(f)

FAoIp, —22 s FA®FI,

P bal;
FA 5 FA®Ie)
(PoidFB

Ip@FB —~ % FI.©FB

A P1o,B

FB ———— F(Ic ®B)

Definition 5.1.3. A monoidal functor F : C — D is said to be a strong monoidal functor
if the natural transformation ® : F o © = ® o F is a natural isomorphism, so that the

component @y p : F(A © B) = F(A) ® F(B) is an isomorphism for all A, B in C.

Definition 5.1.4. [Mac71] A monoidal category C is said to be closed if for every object A
in C the functor - ® A : C — C has a right adjoint written C(A,-) : C — C. We call C(4, —)
the internal hom functor associated to A. This is in analogy with the situation in Set where
the usual hom functor is right adjoint to the cartesian product. The object C(A, B) is called
an exponential object. The counit of the adjunction — ® A 4 C(A, —) at the object B is known
as the evaluation morphism and written eval : C(A, B) ® A — B. In the case that C = Set,

for example, this will be the evaluation function fora € Aand f : A — B: eval(f,a) = f(a).

Remark 5.1.1. In a closed monoidal category C, when we have a morphism f : X®Y — Z
in C(X ® Y, Z), we will write its adjoint in C(Y, C(X, Z)) as f 1Y — C(X, Z). Symmetrically,
if we have already defined ¢ : Y — C(X, Z), we will also write g : X® Y — Z for its adjoint.
Thus ? = f in all cases.

Definition 5.1.5. [AHGO09] A terminal object in category C is an object A in C such that for

all objects B in C, there exists exactly one morphism f : B — A.
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Definition 5.1.6. Let C and D be closed monoidal categories. Lete; : CIW,Z) @ W —
Z be the evaluation morphism at Z, that is, the component at Z of the counit natural
transformation (i.e. ido) relative to the tensor-internal hom adjunctionin C. LetF : C —
D be a strong monoidal functor with structure isomorphisms Wy, : FW®FZ — F(IW®Z).
Then a monoidal hom transform is the unique morphism ¢wz : F(C(W,Z)) — D(FW,FZ)

which is the adjoint of F(G) o \IIC(le),W for W Z in C, that iS, (PW,Z = F(e) o \I]C(W,Z),W-

Definition 5.1.7. [AHG09][253] [21d] Dual to the notion of strong epimorphism (Definition
1.3.2) is the notion of strong monomorphism. Thus, u : C — D is a strong monomorphism
if given an epimorphism € : A — B and morphisms @ : A — Cand f : B — D with

poe = uoathereexistsd: B — Csatisfyingdoe=aand pod =p.

o]

—€>

A .
a\[ 6 B
K
C L

%)

-

Lemma 5.1.2. All monomorphisms in Set are strong monomorphisms.

Proof. Let a, B, u, € be as above in Set and define 6 : B — C by 6(b) = a(e”!(b)), which is

well-defined since € is an epi in Set and thus a surjection. Then 6(e(a)) = a(e™'(e(a))) = a(a)

and 1 0 6(b) = p(a(e™' (b)) = (uo a)(e™' (b)) = poe(e™' (D) = ). O

We will need the following result for certain commuting triangles in closed monoidal

categories.

Lemma 5.1.3. Let W be an object in the closed monoidal category (C,®) and q : X — Y a

morphism in C. Then for any morphism g : Y @ W — Z we have g o q = g o (q ® idw).

Proof. Let @45 : Homg(A ® W, B) — Hom¢(A, C(W, B) be the hom set bijection natural in

A and B associated with the adjunction (— ® W) 4 C(W, —), where we write ®,5(g) = &.
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Then naturality in the first variable implies that for each fixed Z in C the following triangle

commutes forallg: X — Yin C:

Home(Y ® W,Z) ——~ % Home(Y,C(W, Z))

oq®z‘dw\[ \Loq

Home(X® W, Z) ————— Homc(X,C(W,Z))

Therefore,if g: Y® W — Z, then go g = g o (g ®idw). O

We interpret the previous lemma as follows: given the following triangle commutes

X@W

‘i®idwl goq@i

Y®W4g>z

the naturality of @ implies the following triangle also commutes.

X
\L go(q@zdw)
Y

—> CW,Z)

Therefore, for each fixed W and g : X — Y in C, whenever we pre-compose a morphism g
with g ® idw we have a commuting triangle gog = g o (g ® id,,) and vice versa. We refer to
the last two diagrams as representing adjoint triangles. We refer to passing back and forth

between triangles of this form as taking adjoint triangles.

Proposition 5.1.4. Let F : C — D be a strong monoidal functor between closed monoidal
categories. Let q : X — Y be F-quotient in C and W an object in C. If for all Z in C, the monoidal

hom transform ¢wy is a strong monomorphism, then q ® idy is F-quotient.
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Proof. Let g : X — Y be quotient rel. F : C — D. Fix W in C. Consider the following

morphisms in C:

X@W

X
q®idw\t 8 ql
Y

Y®W Z

oql

CW.2)

where g denotes the adjoint of ¢ with respect to the hom set adjunction
Hom¢(X ® W, Z) = Home(X, C(W, 2)).

Suppose the following triangle commutes in D:

FX® W)

F(q®idw)\t Fs

FY®W) —— FZ

To show g ® idy is cocartesian it suffices to find a unique morphism h : Y ® W — Z such
that F(h) = kand h o (g ® idw) = g. Since F is strong monoidal, we have an isomorphism
Wyz : FW®FZ — F(W® Z) natural in W and Z forall W, Z € C, so that forall X, Y, W € C,
the square in the following diagram commutes. In fact, we have a natural isomorphism

V:(—®—-)o(FXF)= Fo(—®—-) of functors Cx C — D.

FX®FW — 3 F(X o W)

) Fg
Fq®idrw F(g®idw)

FY @ FW ——— F(Y 8 W) ———— F(2)
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Therefore the outer triangle commutes:

FX®FW

F ’
F q®id pwl ( g)

FY®FW T) FZ
where (Fg)' = Fg o Wxw and k' = k o Wyy. Then using adjoint triangles again gives:

FX

Fg (Fgy
FY kﬁ DFEW,FZ)
We have the commuting triangle

|

CW, 2) W C(W,2)

oql

Taking adjoint triangles, we get

XeoW

§®idwl 8

CW2Z)@W Z

€z

where €7 is the component at Z of the counit natural transformation

(-®W)oC(W,-) == 1.
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Applying the monoidal functor F to the above, we then have the following commuting

diagram in D

FX® FW : s F(X® W)
Fg@idpw F@@idw)\[ Fg

FCW,2) ® FW —g—3 FIC(W,2)® W) ———— FZ

Condition for hom transform: we require by definition for all W, Z € C, ¢wz = F(ez) o

Wemwz),w. Therefore we get the commuting triangle

FX®FW

F ’
Fgei dFWJ (Fg)

FCW,Z)® FW qu) FZ
wz

Taking adjoint triangles with reference to the left adjoint functor (— ® FW), the following

diagram commutes in 9:

FX

l T
Fg

F(C(W, 2)) T D(FW,FZ)

Then the internal triangles of the following diagram commute:

F(Y) —E 5 DFW),E(2))

F /’

F(X) T) F(C(W, 2))
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Therefore the outer square commutes. Since Fg is an epimorphism, the hypothesis that
¢wz is a strong monomorphism implies the existence of k' : FY' — F(C(W, Z)) such that

the following triangle commutes in O

FX
Fql fs
FY ———— F(C(W,2))

Since g is F-quotient, there exists a unique / : Y — C(W, Z) making the following triangle

commutes in C such that F (E) =k:

= X
oql

—-----5 CWZ)
Taking adjoint triangles once again gives

X@W

q®idW\L 8

Y®W4h>z

Since Fg is an epimorphism and epimorphisms are preserved by left adjoints, Fq ® idpy is

an epimorphism. Therefore, since
k' o Fq ® idpw = (Fg)’ = Fg o \IIX,W = (Fh o \IIY,W) o Fq ® idpw

we have F(h) o Wyw = k' = ko Wyy. Since Wy is an epimorphism it follows that F(h) = k.

Since g ® idy is an epimorphism, h uniquely satisfies /1 o ¢ ® idy = g. Therefore q ® idy
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is cocartesian.
As q is F-quotient, Fq is an epimorphism. Since W¢wz),w and Fg ® idpw are epimor-
phisms, and Wz, w © (Fg ® idpw) = F(q ® idw) o Wx w, F(g ® idw) is also an epimorphism.

Therefore, g ® idy is an F-quotient morphism. O

5.2 Braidings and F-Quotient Morphisms

Definition 5.2.1. [JS86] A braided monoidal category is a a monoidal category C equipped
with a braiding: a natural isomorphism Bxy : X®Y — Y®X for each pair of objects X, Y € C
compatible with the monoidal associator 4, so that the following diagrams commute for

all X, Y, ZeC

Bx,yez

X(Y®Z) ———— (Y®Z)®X

axyz ayzx

A
A

X®Y)®Z Y®(Z®X)

By y®idz idy®Bx,z

/
N

YOX)®Z —— YO (X®Z)

Bxsy,z

X®Y)®Z ———— Z®(X®Y)

|
—

|
_

XYZ ZXY

X®(Y®Z) ZeX)®Y

Z'dx®By,Z Bx 7®idy

/
N

X®(Z®Y) ————;3————} X®2)®Y

XZY
A braided monoidal category C such that for all X, Y € C we have Byx o Bxy = idxgy is

called symmetric [nLa21d].
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Proposition 5.2.1. Let C and D be braided, closed, monoidal categories and F : C — D a strong
monoidal functor. Let q : X — Y be F-quotient in C and W an object of C. If for all Z in C, the
monoidal hom transform ¢wz : F(C(W, Z)) — D(F(W), F(Z2)) is a strong monomorphism, then

idw ® q is F-quotient.

Proof. Since C is a braided category, for all objects X,Y € C there exist isomorphisms
Bxy: X®Y — Y ® X natural in both X and Y. So for a fixed object W, we have a natural

isomorphism B_y : (-® W) —» (W® —) and for q : X — Y the following square commutes

XOW — s We X

qid wl \Lid w®q

YW T WY

by Proposition 5.1.4, if g : X — Y is F-quotient, then so is g ® idy.
Suppose we are given g: W® X — Z and k : F(W ® Y) — FZ such that the following

triangle commutes:
F(W ® X)

F(z‘dw®q)l FE)

FW®Y) ———— FZ
Applying F to the commuting square above then gives the following commuting diagram

in D:
F(Bx,w)

FX®W) —=~ % F(W® X)

P(q@idw)l F(idw®q)\L o)

FY@W) —5—— FIW®Y) ———— FZ

F(Byw

Note the outer triangle commutes. Since g ® idyy is cocartesian, there exists unique 4" such
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that the outer square in the following diagram commutes

XeW — s We X

q®idw\L Jidwcaq 8

Leth=h’0B}‘,}N:W®Y—>Z.

We then have

hoid®qg= M OB;},V)OidWQZ)q =N O(B;}NOidwébq)
=ho (q ® Zdw o B)_(’lw) = (h, e} (/] ® ldw) o} B)_(’lw = (g o BX,W) @) B)_Qlw
=go(Bxwo B)_(,lw)

=8
and

F(h) = F(i o By},) = F(') o F(By,)
= (k o F(Byw)) o F(B}y) = k o F(Byw © By}y) = k © idrwev)

= k.
The morphism h is unique in satisfying hoidw®g = g since i’ uniquely satisfies h’ oq®idy =

g o Bxw. Then, since F(h) = k, idw ® q is cocartesian with respect to F.

As q ® idy is F-quotient, F(q ® idw) is an epimorphism. To show F(idy ® g) is an
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epimorphism we consider the following diagram in O:

Bexrw

\Ij—l
FXOW) — 2 S FX@FW — 2" s FN@FX — " s FW®X)

F(q®idyw) Fg®idrw idpw®Fq F(idw®q)

F(Y®W) ———— FY®FW ——— FWQFY ——— F(IW®Y)
YW ’ A

This rectangle commutes by the naturality of the braiding B and the natural transformation
W associated with the strong monoidal functor F. Since (W x © Bryrw © \Ijﬁw) o F(g ® idw)
is a composition of epimorphisms, and Wy x o Brx pw © \I/;(}W is an epimorphism, F(idw ® q)

is an epimorphism, and idw ® g is F-quotient. m|

Theorem 5.2.2. Let C, D be braided closed monoidal categories and F : C — D a strong monoidal
functor. Let g1 : X1 — Yy and q» : X5 — Y» be F-quotient morphisms in C. If for all W in C, the

monoidal hom transforms ¢x, z and ¢y, z are strong monomorphisms, then q1 ® q, is F-quotient.

Proof. Let C be a category and let f : X; — Y; and g : X, — Y, be morphisms in C. By
definition of the morphisms and morphism composition in the product category C x C,

the following triangle commutes for any bifunctor F : CX C — C:

F(idy, xg)

F(fxidx,)
F(Xq X Xp) — > F(Y1 X Xp) ——— (Y1 X Y2)

\/

F(fxg)

Letg: : X1 — Yq and 2 : X, — Y, be F-quotient morphisms with respect to the strong
monoidal functor F : C — O. Then applying the tensor product functor —-® - : CxC — C

gives the following commutative diagram

qi®idy, idy, ®q>
X18Xy —— > Y10 X, ———— > Y19,

\/

71992
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By Proposition 5.1.4 we have q; ® idyx, is F-quotient and by Proposition 5.2.1 we have
idy, ® q, is F-quotient. Then as a composition of F-quotient morphisms is F-quotient by

Proposition 2.1.12, the product q; ® 4, is an F-quotient morphism. m|

Corollary 5.2.3. Let C, D be braided closed monoidal categories and F : C — D be a strong
monoidal functor such that all monoidal hom-transforms ¢ap : F(C(A,C)) — D(F(A), F(B)) in
D are strong monomorphisms. Then F-quotient morphisms in C are closed under taking tensor

products.

5.3 The Category of Compactly Genererated Spaces

Definition 5.3.1. [Bor94a] A category C is said to be Cartesian closed if it has a terminal

object, all products, and all exponential objects.

The category Top of topological spaces and continuous maps is not Cartesian closed
[Wyl73]. Consider the space R*. A countably infinite product of non-compact spaces is
not locally compact and local compactness is equivalent to exponentiability for Hausdorff
spaces. Even the category of locally compact spaces is not Cartesian closed, since for
arbitrary locally compact spaces X, Y the hom set [X, Y] of maps from X to Y equipped

with the compact-open topology is not locally compact [Bor94b][360].

Definition 5.3.2. [Bro06][182] A topological space X is said to be compactly generated if it
is equipped with the final topology with respect to all continuous functions f : ¥ — X
with Y compact Hausdorff. That is to say, § : X — Z is continuous if and only if g o f is
continuous for all continuous f : ¥ — X with Y compact Hausdorff. We denote by CG

the category of compactly generated spaces and continuous maps between them.

Remark 5.3.1. The category CG is the coreflective hull (definition 4.1.3) of the category
of all compact Hausdorff spaces [Bro06][182]. Thus CG is a coreflective subcategory of
Top and is equipped with coreflection functor k : Top — CG which is right adjoint to the

inclusion functor i : CG — Top.
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Definition 5.3.3. Let C(A, B) denote the hom-set of continuous functions between topo-
logical spaces A and B. The compact-open topology on C(A, B) is given by the subbasis of
open sets (U, V), where U is compact in A and V' is open in B, consisting of maps f : A — B

such that f(U) C B.

Proposition 5.3.2. The sets {(U, V) | U compact in A,V open in B} form a subbasis for a topology
T on C(A, B).

Proof. Since () is open in B, for any open nonempty compact set U in A we have (U, 0) = 0.
Thus 0 € . Since B is open in B,for any compact set U in A and continuous map f: A — B

we have f(U) C B, the set 2U,B) = C(A, B), so that C(A, B) € 7. O

It can be shown that for compactly generated spaces X, Y, the set of continuous func-
tions f : X — Y equipped with the compact-open topology is also compactly generated.
Indeed, all compactly generated spaces are exponentiable [nLa21a]. Since CG is coreflec-
tive in Top, it is complete and cocomplete [nLa21a]. That is, all limits and colimits exist in
CG. Thus we may form the product limit X Xcg Y in CG. This has the same underlying set
as X X Y in Top, namely the cartesian product X X Y, but not equipped with the standard
product topology. Rather, it is the standard product space under the image of the core-
flection functor: X Xcg Y = c¢(X X Y) [nLa21a]. Thus CG forms a cartesian closed category.
Since CG has all limits it has all finite limits and is therefore monoidal with respect to the
categorical product. The unit of the monoidal structure is given by the empty product,
which is the terminal object of the category. Since X Xcg Y is homeomorphic to Y X¢g X,

the category CG is also symmetric monoidal and thus braided monoidal.
Proposition 5.3.3. The forgetful functor U : CG — Set is monoidal.

Proof. Let W, Zbe compactly generated spaces. Let Setcg (W, Z) denote the set U(CG(W, Z))
of underlying set functions of continuous functions between W and Z. Note that for
compactly generated spaces W, Z if we forget the topologies on W and Z and take the

cartesian product W X Z in Set we arrive at the same set as we do by forming the product

122



space and then forgetting the product topology. Thus U(W) x U(Z) = U(W X Z). Let
Wy z : UW) x U(Z) — U(W X Z) be the identity function idwyz : W X Z — W X Z. This is
a natural isomorphism, making U a monoidal functor. m|
Proposition 5.3.4. The forgetful functor U : CG — Set is equipped with a monoidal hom
transform ¢wyz : U(CG(W,Z)) — Set(UW, UZ) given by the inclusion of the underlying set
functions of continuous functions in CG into the set of all set functions between underlying sets
Set(UW, UZ).

Proof. We first verify that ¢y is natural in W and Z. Note this is a consequence rather
than a requirement of definition 5.1.6. Let f : W — W’ be a continuous function between
compactly generated spaces. We want to show that i/_ ; defines a natural transformation
between composite contravariant functors ¢_z : U o CG(—, Z) = Set(—, UZ) o U. Thus we

need the following diagram to commute in Set

U(CGW,Z)) — ™y Set(UW, UZ)

U(of)/[ Tollf

U(CG(W',2)) —— Set(UW',UZ)

Note that U(CG(f,Z) = U(- o f) and Set(f,UZ) = — o Uf. Now consider a morphism
g: W — Zin CG(W’,Z). Let g denote the underlying set function of the continuous

function g. Then

U(CG(f,2)(g) = U(go ) =go f

and ¢wz(go f) = go f € Set(UW, UZ). We also have

Set(f, UZ) 0w 2(g) = go Uf =gof=gof

making the square commmute.

We now show that ¢y, defines a natural transformation between composite covariant
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functors ¢y, : U o CG(W,—) = Set(UW,—) o U. Letting h : Z — Z’ be a morphism in CG,

we need the following square to commute in Set:

U(CG(W,Z)) —2 5 Set(UW, UZ)

U(hO)\L luho

U(CG(W,Z') ——— Set(UW,UZ)

Given a continuous k : W — Z in CG we have

dwz o UCGW,)K) = dwz o Ui o k) = pnz (oK) = Lok € Set(UIW, UZ')

and

Set(LIW, Uh) o ¢z (k) = Set(UW, Uh)(k) = Uh ok = ho k = h o k € Set(UW, UZ').

Since CG is cartesian closed it is equipped for each fixed compactly generated space W
with a counit natural transformation € having at the compactly generated space Z the
component €7 : CG(W, Z) Xcg W — Z, where CG(W, Z) denotes the set of maps between
compactly generated spaces W and Z equipped with the compact-open topology. Here
€z is the continuous evaluation map ez(f,w) = f(w). For ¢wz to satisfy the definition
of a monoidal hom transform we must also have for all CG spaces W, Z that M =
U(ez) o Wegmzy,w. Since our monoidal functor is U : CG — Set we have Wegmwzw =
idcgwz)xw- Note that U(ez) is just the set-theoretic evalutation eval : Set(W,Z) x W —
Z restricted to the underying set functions of continuous functions between W and Z
where both spaces are equipped with compactly generated topologies. Note ¢y is the
inclusion of the underlying set functions of such continuous maps into the hom set of
all set functions between the underlying sets of W and Z. So, for f : W — Z in CG
we have ¢yz : U(CG(W,Z)) — Set(UW,UZ) given by ¢wz(f) = f : UN — UZ and
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Owz : UN X U(CG(W, Z)) — UZ is given by

M(wz ]_f) = Z(w) = U(GZ(f/ w)) = U(ez) o idCG(W,Z)xW(ir w) = U(ez) o \PCG(W,Z),W(zr w).

O

The monoidal hom transform ¢y is clearly an injection, hence a strong monomor-
phism in Set. Therefore, by Proposition 5.1.4, if g : X — Y is quotient with respect to U,
then for all compactly generated spaces W, g Xcg idw is quotient relative to U. And since
CG is symmetric monoidal, if 4; : X; — Y; and ¢, : X, — Y, are both quotient relative to

U, then by Proposition 5.2.2, q; Xcg 42 is quotient relative to U.

Proposition 5.3.5. In the category CG of compactly generated spaces, morphisms quotient relative

to the forgetful functor U : CG — Set are true topological quotient maps.

Proof. Suppose f : X — Y is quotient rel. U : CG — Set. If V : CG — Top is the forgetful
functor, then Vf : X — Y is quotient rel. the forgetful functor W : Top — Set, and is
therefore a true topological quotient map. To see this, consider Vf: X - Yand g: X — Z

in Top. Suppose we have k : Y — Z in Set such that the following triangle commutes:

X
WV F=Uf e
Y ﬁ zZ

Let ¢ : Top — CG be the coreflection (right adjoint to inclusion V : CG — Top.) Note V
does not so much forget that a space X is compactly generated as it forgets the assumption

that all spaces mapping to and from X are compactly generated. Applying V, in Top we
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have

X
f\
Y

where r denotes the component at Z of the counit natural transformation. Recall that c(Z)

8
(2) —— 2

and Z have the same underlying set, so that Wr : ¢(Z) — Z is the identity id, and we have

in Set the diagram

X 8
WV f=uf c(g)
Y

idy
Now since f : X — Y is quotient rel. U, there exists a unique /1 : Y — ¢(Z) in CG such that
hof =c(g) and Uh = k. Then we haver o Vh : Y — Z such that Vho Vf = V(c(f)) and
W(roVh) =idz o WV(h) = U(h) =k. Now ' =ro Vh:Y — Z uniquely satisfies W(h') = k

and (1') o Vf = g, making V f quotient with respect to W. O
Proposition 5.3.6. In the category CG the product of two quotient maps is a quotient map.

Proof. Since morphisms quotient relative to U : CG — Set are topological quotient maps
and products of U-quotient morphisms are U-quotient, it follows that the product of two

morphisms quotient relative to U is a topological quotient map. m|

Proposition 5.3.7. Let C be a braided monoidal cartesian closed coreflective subcategory of Top.
Then quotient morphisms in C are true topological quotient maps and the tensor/product of two

quotient maps is a quotient map.

Proof. Since any exponential object in a subcategory of Top will have the same underlying
set function and the conditions required for the internal hom functor are satisfied in Set,
the above result holds for any braided monoidal cartesian closed coreflective subcategory

of Top. ]
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Appendix A

Basic Category Theory

Definition A.0.1. We loosely follow [Bor94a]. A category C is a collection of objects and
morphisms between objects. If X is an object in C we write X € Ob(C), or X € C. We write
f : X = Y to indicate f is a morphism from X to Y, and refer to X and Y as the domain
and codomain of f, respectively. The collection of morphisms from X to Y in C is denoted
by Hom¢(X, Y) or sometimes simply C(X, Y) or C[X, Y] and Hom(C) denotes the collection
of all morphisms in C. If both Ob(C) and Hom(C) are sets, C is called a small category.
If Hom¢(X, Y) is a set for all pairs of objects X, Y in Ob(C), then C is called a locally small
category. If a category is not small, it is large.

If f and g are morphisms in C such that cod f = dom g then we can form the composi-
tion g o f : dom f — cod g. Composition of morphisms is defined locally as a function on

hom sets:

o : Hom¢(X, Y) X Home(Y, Z) - Home(X, Z2)

(f,.8) > gof

Morphisms in a category adhere to the following axioms:

1. Morphism composition is associative: ho (g o f) = (ho g) o f). This fact is expressed
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by commutativity of the diagram

x—71 sy
8 s
gof
Z " N

2. To each object X in C we associate the identity morphism, written idx or sometimes

1x, such that the following diagram commutes for all compatible morphisms f and

g
z—2 X
1x f
8
x—L Sy

Note the axioms of a category dictate when morphisms must be present and proscribe
aspects of their behavior, but say essentially nothing about the nature of the objects in a

category.

Definition A.0.2. Two morphisms f : X — Y and g : Y — X in the category C such that
gof =1xand f o g = 1y are said to be inverses of each other, and we may write in this

case f = ¢! and g = f~!. Morphisms with full inverses are called isomorphisms.

Example A.0.1. Sets and set functions form the category Set. Russell’s paradox implies
Set is not a small category. Note the composition of set functions is associative and the
identity function is defined for all sets (including the empty set, where id, : @ — @ is just

the empty morphism.)

Example A.0.2. The category Top has topological spaces for objects and continuous func-
tions as morphisms. Note the composition of continuous functions is continuous, as is

the identity function.
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The objects of a category are often sets equipped with additional structure, with the
morphisms being functions that preserve that structure, such as the topology on a set,
or the operation on a group.) A category whose objects have underlying sets is called a
concrete category. All the above categories are concrete. An example of a non-concrete cat-
egory is the category Ho(Top) with objectes topological spaces and morphisms homotopy

classes of continuous maps [nLa22c].

A.1 Functors and Natural Transformations

Definition A.1.1. Let C and D be categories. A functor F : C — D is a morphism of
categories: to each object X € Ob(C) is associated an object F(X) € Ob(®) and to each
morphism f : X — Y is associated a morphism F(f) : F(X) — F(Y). Functors respect
morphism composition: F(g) o F(f) = F(g o f). Functors also take identity morphisms to
identity morphisms: F(idx) = idrx, for all X € Ob(C).

Functors F : C — D can preserve domain and codoman in the sense thatif f : X — Y
in C then Ff : FX — FY in O, and the co(domain) of Ff is the image of the co(domain) of
f. Such functors are called covariant. Functors in which the image domain and codomain
have been reversed, so that if f : X — Y in C, then Ff : FY — FX in D, are called

contravariant.

Example A.1.1. Let U : Top — Set be the functor that takes a topological space X to its
set of underlying points and a continuous map to the underlying set function. Then U

defines the so-called forgetful functor from Top to Set.

Definition A.1.2. Let F : C — D be a covariant functor between locally small categories.
Then for each pair of objects X, Y in C there is an induced set function Fxy : Hom¢[X, Y] —

Homy[FX, FY] givenby Fx y(f) = Ff. Fis said to be full if for each pair X, Y the set function
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Definition A.1.3. A functor F : C — D is called essentially surjective on objects or simply

essentially surjective if for each object Y € D there exists some X € C such that F(X) = Y.

Definition A.1.4. Let F,G : C — D be functors. A natural transformation n from F to G,
sometimes written 17 : F = G is defined by morphisms in O indexed by the objects of X,

such that if f : X — Y in C, then the following square commutes in D :

Fx) — 25 F(y)

G6(x) —2 5 G(v)

The morphisms 1x and 1y are referred to as the components of nat X and Y respectively. The

morphism 1x is said to be natural in X if it is the component at X of a natural transformation

1.

A.2 Limits and Colimits

Definition A.2.1. Let A be a category and let I be a small category (its collection of objects

defines a set.) A functor I — A is a diagram in A of shape L.

Definition A.2.2. Let A be a category. Let I be a small category, and D : I — A a diagram
in A. A cone on D consists of an object A € A (called the vertex of the cone), and family of
A-morphisms ( fitA— D(i)>iel indexed by objects i in I and satisfying for each u : i — j

in I, the following diagram commutes in A:

A
fi fi

> D(j)
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Definition A.2.3. a limit of a diagram is a universal cone. That is, a cone (A, (p;)ier) on D
such that for any other cone (B, (1;)ie1) on D there exists a unique morphism g : B — A

such that for alli € I we have ri; = p; o .

Us|

D()

> D(j)

Du

Thus an arbitrary cone on D uniquely factors through the limiting cone. By duality we

can define cocones and colimits in an analogous manner.

Example A.2.1. Let D : | — Cbe a diagram from the category with two objects and exactly
two non-identity morphisms a,b : A — B. Then a diagram of shape D in C is a pair of
morphisms f, g : X — Y where f = D(a) and g = D(b). We call the colimit of this diagram

the coequalizer of f and g. We have the following cone over D

ZI
/:\
3

c d
Z

k h
f
X Y

g 14

If ¢ uniquely satisfies p o h = d then sincek =ho f wehavepok=¢doho f=do f =c.

We deduced this without needing the fact that ¢ o k = ¢ because k is determined by h.

132



Therefore we leave out the data of k and c and write the coequalizer diagram as follows

f h
X?Y%E
N

7

Dual to coequalizer is the notion of equalizer, which is the limit (rather than colimit) of a

diagram consisting of a parallel pair f,g: X — Y.

A.3 Adjoint Functors

Let C and D be categoriesand F : C — D and G : D — C functors. Then F is left adjoint to
G and G is right adjoint to F, written F 4 G, if for all X € C and Y € D there is a hom-set
bijection ®xy : D(FX, Y) — C(X, GY) that is natural in the variables X and Y. That is, if we

fixY € Dandlet f : X’ — X be any morphism in C, the following square commutes in Set

DFX,Y) — 5 C(X,GY)

D(FX',Y) —5— C(X',GY)

and if we fix X e Cand let ¢ : Y — Y’ in D the following square commutes

DFX,Y) —2 5 (X, GY)

g#l \|/(Gg)#

D(FX,Y') —5— C(X,GY)

These bijections are natural in that they define components of natural isomorphisms
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®_y : Homgp(—, Y) o F = Home(—, GY)

and

®x_ : Homp(FX, —) = Home(X, —) o G

respectively.

We refer to the above as a hom set adjunction.

Definition A.3.1. A unit-counit adjunction consists of two natural transformations, the unit

n:1p = GoFand counit e : F o G = 1¢ satisfying the following "triangle identities."

F—" rGF G —" yarG
eF Ge
Idrp idg
G

A unit-counit adjunction may be derived from the hom set adjunction as follows. Let
F:C — Dand G: D — C be functors such that F 4 G. If we set Y = FX in the above
hom adjunction square then idrx : FX — FX has adjoint ;i;( = nx : X = GFX. We show
the morphisms nx : X — GFX define components of the unit natural transformation
n :ide = G o F. Given a morphism f : X — X’ in C we must show the following diagram

commutes

GFX G—Ff> GFX’

so that we require

Mx o f = GEf onx.
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Consider the following diagram in Set

DIFX,FX] —*__y C[X, GFX]

Ffo— GFEfo—
DIFX,FX'] q)—> C[X, GFX’]
N XEX! AN
—OFf —of

DIFX', FX'] ——— C[X',GFX']

Here © denotes the isomorphism natural in X € C and Y € D associated to the hom set
bijection D[FX, Y] = C[X, GY]. The top square commutes by naturality of ®x_ applied
to Ff : FX — FX’'. The bottom square commutes by the naturality of ®_rx applied to

f: X = X'. Chasing idpx around the top square gives

GFfonx =Ff
and chasing idrx: around the bottom square we have
Ff=nxof

thus nx o f = GFf o nx.
Now let ¢ : Y — Y’ be a morphism in 9. Analogously to the above we require the

following square to commute in Set

FGY — %y FGY’

Y > Y’

Thus weneed goey =€y 0 FGg. Let X = GY and g : Y — Y’. Then we have
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DIFGY, Y] ——2__y C[GY,GY]

80— Ggo—
DIFGY, Y] T) CIGY, GY’]
AN ! AN
—oFGg Ggo—

DIFGY", Y] —5—— CIGY',GY']

Since ey is the adjoint of 1y it follows that { o€y = Gg. Since €y, = idgy it follows that
eyfro\F/Gg = Gg so we have

§o¢y = Gg =€y o FGg

and therefore g o ey = €y 0 FGg.

A proof of that the triangle identities can be derived from a hom set adjunction can be
found in [Leil4][52].

A hom-set adjunction can also be derived from a unit-counit adjunction, so that both

describe the same underlying relationship between F and G, which we call an adjunction.
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