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curve of Girolando cows

Abstract — The objective of this work was to compare the main linear and
nonlinear models used to describe lactation curves and to evaluate the
nonlinearity of the nonlinear models, in order to obtain the most adequate
model to describe the lactation curves of the Girolando breed. Data from 165
lactations of 89 3/4 Holstein + 1/4 Gyr cows were used, and average yield was
calculated every 20 days up to 310 days of lactation. Seventeen models of
lactation curves available in the literature were compared. The selection of the
best model was based on the curvature measures of Bates & Watts, the bias
of Box, adjusted coefficient of determination, Akaike’s information criterion,
and residual standard deviation. The linear model of Cobuci estimated a yield
peak of 16.7 kg at 40 days of lactation, whereas the nonlinear model of Wood
estimated a yield peak of 16.8 kg at 41 days of lactation and a persistence of
6.82. Nonlinearity measures were the most appropriate for selecting the most
suitable nonlinear model for the description of lactation curves. To describe
the lactation curves of the Girolando breed, the most suitable linear model is
that of Cobuci and the nonlinear model is that of Wood.

Index terms: dairy cattle, milk yield, modeling, regression.

Modelos lineares e nao lineares para a descrigao
da curva de lactagcao da raca Girolando

Resumo — O objetivo deste trabalho foi comparar os principais modelos
lineares e ndo lineares usados para descrever curvas de lactagdo e avaliar a ndo
linearidade dos modelos ndo lineares, para obter o modelo mais adequado para
a descricdo das curvas de lactagdo da raca Girolando. Foram utilizados dados
de 165 lactacdes de 89 vacas 3/4 Holandesas + 1/4 Gir, tendo-se calculado a
producao média a cada 20 dias até 310 dias de lactacdo. Foram comparados 17
modelos de curvas de lactagdo disponiveis na literatura. A sele¢do do melhor
modelo foi feita com base nas medidas de curvatura de Bates & Watts, no vicio
de Box, no coeficiente de determinacdo ajustado, no critério de informacao
de Akaike e no desvio-padrao residual. O modelo linear de Cobuci estimou
um pico de producdo de 16,7 kg aos 40 dias de lactag@o, enquanto o modelo
ndo linear de Wood estimou um pico de producao de 16,8 kg aos 41 dias
de lactagdo e persisténcia de 6,82. As medidas de ndo linearidade foram as
mais adequadas para selecionar o modelo nio linear mais adequado para a
descrigdo das curvas de lactacao. Para descrever as curvas de lactacao da raca
Girolando, o modelo linear mais adequado é o de Cobuci e o ndo linear é o
de Wood.

Termos para indexacio: gado leiteiro, produgdo de leite, modelagem,
regressao.
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Introduction

Cow milk production is expressive worldwide.
According to Food and Agriculture Organization
(FAO), in 2020, milk yield was 718.03 million tons,
of which 227.85 million tons were produced only in
Europe (FAO, 2022). Currently, Brazil is the third
largest milk producer, yielding 36.50 million tons
in the same year, only behind USA and India (FAO,
2022).

Milk yield can be represented graphically during
cow lactation by what is called a lactation curve. Gloria
et al. (2010) showed that the study of these curves is
important because it allows of estimating total yield
from partial yields, which makes it possible to carry
out early culling and the evaluation of sires based on
the incomplete lactations of their daughters. The study
of lactation curves also facilitates the estimation of the
milk volume needed by calves and aids in the strategic
planning of calve nutrition and supplementation, from
lactation to finishing for meat production (Henriques
et al., 2011). However, the shape of the lactation curve
can be modified by environmental factors that may
interfere with milk yield, such as herd, calving year,
calving season, and cow age at calving (Cobuci et al.,
2000).

Lactation curves have been used to model the milk
yield of different breeds and species, both through linear
and nonlinear regression models. In linear models,
estimation is exact, whereas, in nonlinear models, it
is obtained through linear approximations. Despite
this difference, nonlinear models have an excellent
quality of fit and provide parameters with biological
interpretation (Maia et al., 2009). However, according
to Fernandes et al. (2015), the greater the nonlinearity
of a model, the further from linear approximation it
will be, which makes inferences about the studied
parameters less reliable.

Expressions used to assess the adequacy of linear
approximations and their effects on inferences are
known as nonlinearity measurements, among which
stand out the curvatures of Bates & Watts (1988)
and the bias of Box (1971). Fernandes et al. (2015)
concluded that measuring the nonlinearity of a
nonlinear regression model is fundamental to assess
the reliability of parameter estimates; however, these
authors did not measure the nonlinearity of nonlinear
lactation-curve models.
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Regarding dairy cattle, Faco et al. (2002) pointed out
that the Holstein x Gyr crossbreed combines the most
relevant characteristics between two breeds, i.e., the
great ability to adapt to challenging environments of
the Gyr breed and the rusticity and high milk yield of
Holstein cows, resulting in an animal superior to those
of other dairy crossbreeds. Therefore, it is important
to compare the lactation curves of these two breeds to
improve their crossbreed.

The objective of this work was to compare the main
linear and nonlinear models used to describe lactation
curves and to evaluate the nonlinearity of the nonlinear
models, in order to obtain the most adequate model to
describe the lactation curves of the Girolando breed.

Materials and Methods

The used data were obtained from 165 lactations
of 89 3/4 Holstein + 1/4 Gyr (Girolando) cows
reared in a milk production system on pasture with
supplementation. In this herd, the number of lactations
varied from one to three or more per cow.

Milk was weighed monthly between November
2012 and February 2018 at the Santa Lucia farm,
located in the municipality of Sdo Simao, in the state
of Sao Paulo, Brazil. A full lactation was considered
as four weighings in sequential months, totaling 16
weighings. Therefore, only the weighings of a same
cow that reached the total of 16 were used to describe
the lactation curves, in order to avoid the loss of
information when, for example, cows were sold. The
average yield was calculated every 20 days until 310
days of lactation. Seventeen lactation-curve models —
named after the authors of each study — were used to
analyze the behavior of the lactation curves (Table 1),
as adapted from Calvo Cardona et al. (2015).

Each model was partially derived in relation to its
parameters and then, according to the result of these
derivatives, were classified into linear or nonlinear.
To estimate the parameters of the linear and nonlinear
models, the ‘Im’ and ‘nls’ functions of the R statistical
software (R Core Team, 2020) were used, respectively.

To assess the quality of fit of the model, the curvature
measures of nonlinearity of Bates & Watts and the bias
of Box were obtained using the IPEC package of the R
software (R Core Team, 2020).

Nonlinearity measurements are based on the
geometric concept of curvature, being decomposed



Linear and nonlinear models to describe the lactation 3

into two components: intrinsic nonlinearity and
nonlinearity due to the effect of parameters (Bates
& Watts, 1988). Zeviani et al. (2012) concluded that
intrinsic nonlinearity measures the lack of flatness of
the expected surface, whereas parametric nonlinearity
measures the nonexistence of uniformity of the surface
coordinate system near the neighborhood of the
solution’s location. The authors highlighted that Box’s
bias allows of indicating which model parameters lead
further away from a linear behavior.

Concomitantly to nonlinearity measures, quality
estimators — i.e., adjusted coefficient of determination
(R%;), Akaike’s information criterion (AIC), and residual
standard deviation (RSD) — were used, as follows:

R’, :1—[(1—R2)(n—i)/(n—p)];
AIC = —21nL(6)+2p;

RSD = /QME;

where R? is the coefficient of determination; n is
the number of measurements; p is the number of
parameters; i is related to the fit of the curve intercept,
being equal to 1 if there is an intercept in the model
and equal to 0 if there is no intercept; In is the natural
logarithmic operator; 1(f) is the maximum point of
the maximum likelihood function of the models; and

QME is the residual mean square. The best model was
considered the one with the highest R? value and the
lowest AIC and RSD values.

To wverify the assumptions of normality,
homogeneity, and independence of the models, the
tests of Shapiro-Wilk, Breusch-Pagan, and Durbin-
Watson were used, respectively, with their functions in
R, at 1% probability. If p-value > 0.01, these tests are
nonsignificant, i.e., the residuals present normality and
constant variance and are also independent.

Confidence intervals were constructed for the
estimates of the models selected as the most adequate
to describe the lactation curves of Girolando cows.
According to Draper & Smith (1998), when calculating
the y-value corresponding to a given x-value in a linear
model, the (Xo; yo) pair is obtained and the confidence
interval for y,is given by:

IC(y,) = Xloﬁj Tt pam X;) (XXY1 X,QME,

where X, is the line of the X incidence matrix of
the linear model corresponding to the value of the
independent variable (days in lactation) for which the
Y estimate is being obtained, [§j 1s the estimate of the
j*™ parameter, and t . is the upper quantile of the
t-distribution.

Draper & Smith (1998) added that, in a nonlinear
regression model, the approximate confidence interval
for the yy-value estimated for the xy-value is given by:

Table 1. Seventeen models commonly used in the literature on lactation curves.

Model equation”

Model name

Reference

Y =aexp(-ct) + &

Y = aexp(-bt) - aexp(-ct) + €
Y = aexp(bt - ct?) + ¢
Y=t/(a+bt+ct?)+e¢

Y= atbcxp(—cl) +e
Y=a+bt-ct?+¢
Y=a-ctte
Y=a-bt+cln(t) +te
Y=a+bt+ct?+dIn(t) +¢
Y=a+bt+ct!+e

Y = at exp(-ct) + €
Y=a-ct+In(t)+e

Y =a+bt+cexp(-dt) +¢
Y=a(1/1+(b/c+t)) exp(-dt) + ¢
Y = aexp([b(1-exp(-ct))/c - dt]) + &
Y = at*exp(-ct) + &

Y = atPewte) + g

Brody, Ragsdale & Turner
Brody, Turner & Ragsdale

Brody et al. (1923)
Brody et al. (1924)

Sikka Sikka (1950)

Nelder Nelder (1966)

Wood Wood (1967)

Dave Dave (1971)
Madalena, Martinez & Freitas Madalena et al. (1979)
Singh & Gopal Singh & Gopal (1982)
Singh & Gopal Singh & Gopal (1982)

Bianchini Sobrinho

Bianchini Sobrinho (1984)

Papajcsik & Bodero Papajcsik & Bodero (1988)
Cobuci Cobuci et al. (2000)
Wilmink Wilmink (1987)
Rook, France & Dhanoa Rook et al. (1993)
Dijkstra Dijkstra et al. (1997)
Dhanoa Dhanoa (1981)

Cappio-Borlino, Pulina & Rossi

Cappio-Borlino et al. (1995)

(Ma, b, ¢, and d, parameters of the lactation curves.
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IC(?O) = g’o * t(n—p,a/Z) \/g;) (MM)% QMEgo >

where g, indicates the line of the M matrix of the
partial derivatives of the nonlinear model (gradient
matrix) corresponding to observation X,.

For both the linear and nonlinear models, parameter
estimation was performed using the least squares
method as described in Seber & Wild (1989). In the
case of the nonlinear models, before the ordinary
least squares method, the Gauss-Newton convergence
algorithm or method of linearization, in which a Taylor
series expansion is used to approximate the nonlinear
regression model to linear terms, was applied.

As in most iterative methods, the first step was
to assign initial values to the vector of parameters,
searching for estimates obtained for the lactation
curves of other breeds in the available literature
(Cobuci et al., 2000; Jacopini et al., 2016; Daltro et al.,
2018).

Results and Discussion

The models classified as linear, whose partial
derivatives did not depend on any parameter, were
those of: Dave; Madalena, Martinez & Freitas; Singh
& Gopal; Bianchini Sobrinho; and Cobuci. The
nonlinear models, with at least one partial derivative
dependent on the studied parameters, were those of:
Brody, Ragsdale & Turner; Brody, Turner & Ragsdale;
Sikka; Nelder; Wood; Papajcsik & Bodero; Wilmink;
Rook, France & Dhanoa; Dijkstra; Dhanoa; and
Cappio-Borlino, Pulina & Rossi.

The nonlinearity measurements of the nonlinear
models were also evaluated as recommended by
Fernandes et al. (2015), Diel et al. (2019), and Fernandes
et al. (2019). The model of Wood presented the lowest
c® value and that of Brody, Ragsdale & Turner, the
lowest ¢ value (Table 2). According to Fernandes et al.
(2015), lower values of nonlinearity measures indicate
a better fit of the model as more reliable estimates are
obtained.

The model of Rook, France & Dhanoa and that of
Dijkstra presented parametric nonlinearity measures
(c®) with very high values (Table 2), indicating a low
reliability of the parameter estimates. The high values
obtained can be explained either by the arrangement of
the parameters in the model or by the lack of suitability
of the model for this data set (Fernandes et al., 2015,
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2019), suggesting that a possible reparametrization of
those models can be more efficient.

Box’s bias was higher for the models with a number
of parameters equal to four since the greater the bias of
the parameter, the greater the deviation from linearity
(Fernandes et al., 2019). Of the models with two
parameters, the one that presented the lowest values
for Box’s bias was that of Brody, Ragsdale & Turner,
and, of the models with three parameters, that of Wood.
Considering all quality-of-fit criteria, the model of
Wood showed better R?,;, RSD, and AIC values than
that of Brody, Ragsdale & Turner.

Therefore, considering the results of all quality-
of-fit criteria and also the measurements of the
curvature of Bates & Watts and the bias of Box, the
best nonlinear model to describe the lactation curve of
Girolando cows is that of Wood. In alignment with the
present study, Fernandes et al. (2019) highlighted that
these two measurements are the most used to evaluate
the nonlinearity of a nonlinear regression model.
Furthermore, Oliveira et al. (2020) observed that the
model of Wood shows the rigor and precision needed
for the selection of cows based on their performance
as to parametric estimates of lactation quality, such
as peak milk yield, average milk yield, and ascending
and descending rates.

The R?; values were mostly above 0.94
(Table 2), emphasizing the good quality of fit obtained
in the present work since R? is generally not very high
in studies on lactation curves. Pereira et al. (2016),
for example, found an R?; value equal to 0.86 while
using the model of Bianchini Sobrinho to describe the
lactation curve of the Bos taurus x Bos indicus cross.
Daltro et al. (2019) observed an R?; of 0.57 when
adjusting the model of Wilmink for 3/4 Holstein +
1/4 Gyr cows, whereas Pereira et al. (2016) reported
an R?; of 0.65 for the B. taurus x B. indicus cross
using the same model. Applying the model of Wood to
estimate the lactation curve of 3/4 Holstein + 1/4 Gyr
cows, Daltro et al. (2019) found an R?,; of 0.57, whereas
Jacopini et al. (2016) verified an R?; equal to 0.76 and
0.91 for first- and second-lactation cows, respectively.

The linear model with the highest R?; of 0.9597
was that of Cobuci (Table 2), which also presented
the lowest RSD and AIC. Being a linear regression
model, its nonlinearity measures are equal to zero,
as they measure the approximation of the nonlinear
model to the linear model. Therefore, the linear model
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that is most adequate to describe the lactation curves
of Girolando cows is that of Cobuci, described as:
Y = 14.0342 - 0.0252 x days + In(days).

The model of Madalena, Martinez & Freitas
presented a low R%,; of 0.89 (Table 2); one of the reasons
for this is that the expression of the model corresponds
to a decreasing straight line, which is not the pattern
of a lactation curve. Similarly Torquato et al. (2017)
did not observe a peak in the lactation curve of Gyr
daughters of the 1/2 Holstein-Gyr breed. Lazzari et
al. (2013) also found that the lactation curve for Zebu
cows tended not to peak or to peak only in the first few
weeks.

The models of Wilmink, of Rook, France & Dhanoa,
and of Dijkstra have an R?; above 0.95 (Table 2); the
first two were the nonlinear models with the highest
R?,;. The lowest RSD and AIC values were found for
the models of Wilmink and of Sikka, respectively.
Considering only the R?;;, RSD, and AIC evaluators of
quality of fit, the model of Wilmink would be the most
adequate to describe the lactation curves of Girolando
COWS.

Most studies on lactation curves use either R?, R,
AIC, or Bayesian information criteria (BIC) as criteria
to determine a model’s quality of fit. Jacopini et al.
(2016) and Hossein-Zadeh (2019), for example, used
only R?;; and R?, respectively, as a criterion, whereas
Daltro et al. (2018) and Hossein-Zadeh (2019) applied
AIC, BIC, and root mean square error. However, the
literature on lactation curves is usually not concerned
with the nonlinearity of the studied models, which
are selected mistakenly via R?, i.e., have unreliable
parameter estimates. The results of the present work
confirm that it is extremely important to consider
nonlinearity measures in studies using nonlinear
models as reported by Fernandes et al. (2015), Diel et
al. (2019), and Fernandes et al. (2019).

Of the evaluated models, that of Wood is also used
to describe the lactation curve of other bovine breeds,
such as Holstein, Guzera, Caracu, Holstein x Guzera,
Holstein x Nellore, Holstein x Zebu, Taurino x Zebu,
as well as of other species, as buffaloes and goats. The
model of Cobuci is used to characterize the lactation
curves of the Guzera and Holstein breeds.

Table 2. Quality-of-fit criteria for the linear and nonlinear models used to describe lactation curves of Girolando (3/4 Holstein

+ 1/4 Gyr) cows®.

Author R2, RSD AIC C c?
Linear model

Dave 0.9451 0.3801 19.1302 - -
Madalena, Martinez & Freitas 0.8985 0.5168 28.4652 - -
Singh & Gopal 0.9533 0.3507 16.5557 - -
Singh & Gopal 0.9509 0.3595 18.0698 - -
Bianchini Sobrinho 0.9429 0.3878 19.7753 - -
Cobuci 0.9597 0.3382 14.5801 - -
Nonlinear model

Brody, Ragsdale & Turner 0.8715 0.5690 31.2246 0.0075 0.0214
Brody, Turner & Ragsdale 0.9121 0.4737 26.1748 0.0114 0.3407
Sikka 0.9493 0.3666 17.9716 0.0065 0.0324
Nelder 0.9109 0.4698 25.9104 0.0129 0.0497
Wood 0.9479 0.3682 18.1157 0.0064 0.3485
Papajcsik & Bodero 0.7250 4.1490 94.8027 0.0685 0.2636
Wilmink 0.9512 0.3584 17.9722 0.2884 5.9632
Rook, France & Dhanoa 0.9512 0.3585 17.9802 0.2857 71.6451
Dijkstra 0.9510 0.3589 18.0148 0.2333 10.0834
Dhanoa 0.9479 0.3682 18.1157 0.0065 0.6584
Cappio-Borlino, Pulina & Rossi 0.8736 0.5661 31.8791 0.0320 0.6941

(IR?,, adjusted coefficient of determination; RSD, residual standard deviation; AIC, Akaike’s information criterion; C%, intrinsic nonlinearity measures; and

Ce, parametric nonlinearity measures.
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Lazzari et al. (2013) and Cobuci et al. (2000)
compared the adjustments of the models of Cobuci and
Wood for the Holstein and Guzera breeds, respectively.
The authors concluded that the model of Wood, with a
R? of 0.95, was better adjusted to the Holstein breed
and that of Cobuci to the Guzera breed.

As it is a nonlinear model, the parameter estimates
of the model of Wood have practical interpretations:
milk yield of 13.90 kg at the beginning of lactation
(parameter a), a phase of increase in milk yield of
0.07 at the beginning of lactation (parameter b), and
a phase of decline in milk yield of 0.001 after its peak
(parameter c). For 3/4 Holstein + 1/4 Gyr cows, Daltro
et al. (2019) found values of 14.04, 0.25, and 0.03 for
parameters a, b, and ¢, respectively, whereas Jacopini
et al. (2016) obtained values of 10.89, 0.16, and 0.003
for the same parameters in the first lactation and of
14.49, 0.12, and 0.003 in the second. For Girolando
and Holstein cows in the first lactation, Oliveira et
al. (2020) found values of, respectively, 15.5 and 17.4,
0.023 and 0.120, and 0.0021 and 0.0022 for parameters
a, b, and c.

Based on the estimates of the model of Wood,
according to Gloria et al. (2010), it is also possible to
estimate lactation peak (p = (a*(b/c)"b)exp(-b)), peak
time (d=b/c), and persistence (P=-(b+1)*In(c)). In
the present study, yield peak was 16.8 kg, peak time
occurred approximately on day 41, and persistence
was 6.82. Jacopini et al. (2016) obtained similar results
for Girolando cows of the 3/4 Holstein + 1/4 Gyr
genetic group in the first lactation, with a peak of 17.13
kg, approximate peak time on day 49, and persistence
of 6.66. Oliveira et al. (2020) found a peak of 17.2 for
Holstein cows in the first lactation and of 18.2 for the
Jersey breed.

Although linear models do not have parameters
with a practical interpretation, peak day and yield
can be easily obtained through certain calculations,
considering peak milk yield is the maximum peak of
the lactation curve. By deriving the model of Cobuci
with respect to t, the expression f(t) = (1/t)-c was
obtained and, then, by equaling to zero and substituting
the estimate of parameter ¢ = 0.0252, it was used to
determine peak day, which was approximately on the
fortieth day. Moreover, by substituting the respective
parameter in the expression of the model of Cobuci,
peak yield was 16.7 kg. If the aim is only to determine
the quality of fit and the predictive capacity of a model,
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the linear model, which has more easily estimated
parameters and optimal properties, may be sufficient,
but it makes it difficult to infer practical parameters of
the lactation curve, such as persistence.

The tests of Shapiro-Wilk, Breusch-Pagan, and
Durbin-Watson were nonsignificant at 1% probability
(p-value >0.01) for almost all lactation curve models,
except for that of Papajcsik & Bodero, i.e., all other
models showed no violation of residual assumptions,
indicating that the residuals presented normality,
constant variances, and independence. Therefore, in
the model of Papajcsik & Bodero, it is necessary to
model and incorporate the residual autocorrelation.

The confidence intervals of the model of Cobuci,
as highlighted by Draper & Smith (1998), are exactly
obtained, without the use of approximations. In this
model, from the first 10 days of lactation to 50 days
of lactation, there was a slight increase in milk yield
volume, ranging from an average of 16.0824 kg on the
tenth day to 16.6831 kg on the fiftieth day. To facilitate
the understanding of data, the lower and upper limits
of the confidence intervals of 98, 80, and 60% were
obtained (Table 3).

Based on the estimates, the approximate confidence
interval of the model of Wood showed that, for 98% of
the cows, milk yield was between 15.1767 and 16.9208
kg in the first 10 days of lactation, with an estimated
average of 16.0487 kg. The same interpretation is valid
for the confidence interval limits of 80 and 60% (Table
3). As the model of Wood model is nonlinear and
interval estimates are only approximately obtained
(Draper & Smith, 1998), its confidence interval limits
are greater than those of the model of Cobuci.

Through the graphic representation, it was possible
to visualize the behavior of the curve that adjusts milk
yield data over the period under analysis (Figure 1). In
this sense, the actual yield data are arranged around
the average of the estimated values, showing the
quality of fit of the model of Cobuci. In addition, the
amplitude of the 98% confidence interval is greater
for the model of Wood, compared with that of Cobuci,
since the former is a nonlinear model and its intervals
are obtained in an approximate way as pointed out by
Seber & Wild (1989).
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Table 3. Estimated mean yield and lower (LI) and upper (LS) limits of the confidence intervals of 60, 80, and 98% for milk yield
of Girolando (3/4 Holstein + 1/4 Gyr) cows.

Days in lactation LI98 LI8O L160 Mean LS60 LS80 LS98
Estimated confidence interval for the model of Cobuci
10 15.7901 15.9335 15.9864 16.0824 16.1783 16.2313 16.3747
30 16.3220 16.4957 16.5598 16.6760 16.7923 16.8564 17.0301
50 16.3282 16.5023 16.5666 16.6831 16.7996 16.8638 17.0379
70 16.1797 16.3447 16.4056 16.5161 16.6265 16.6874 16.8524
90 15.9541 16.1062 16.1623 16.2641 16.3659 16.4220 16.5741
110 15.6803 15.8183 15.8692 15.9616 16.0539 16.1049 16.2429
130 15.3708 15.4957 15.5419 15.6255 15.7091 15.7553 15.8803
150 15.0311 15.1461 15.1886 15.2655 15.3425 15.3849 15.4999
170 14.6631 14.7733 14.8139 14.8877 14.9614 15.0020 15.1122
190 14.2676 14.3796 14.4209 14.4959 14.5708 14.6122 14.7241
210 13.8467 13.9675 14.0121 14.0930 14.1738 14.2184 14.3392
230 13.4044 13.5401 13.5902 13.6810 13.7718 13.8218 13.9575
250 12.9451 13.1003 13.1575 13.2614 13.3652 13.4225 13.5776
270 12.4727 12.6506 12.7163 12.8354 12.9545 13.0202 13.1981
290 11.9900 12.1930 12.2680 12.4039 12.5398 12.6148 12.8179
310 11.4991 11.7289 11.8138 11.9677 12.1215 12.2064 12.4363
Estimated confidence interval for the model of Wood
10 15.1767 15.6045 15.7624 16.0487 16.3351 16.4930 16.9208
30 16.2789 16.5043 16.5875 16.7384 16.8892 16.9611 17.1978
50 16.3482 16.5474 16.6209 16.7543 16.8876 16.9724 17.1603
70 16.1664 16.3628 16.4354 16.5668 16.6983 16.7708 16.9673
90 15.8958 16.0863 16.1567 16.2842 16.4117 16.4821 16.6726
110 15.5838 15.7633 15.8296 15.9498 16.0700 16.1363 16.3158
130 15.2474 15.4133 15.4745 15.5855 15.6966 15.7578 15.9236
150 14.8933 15.0457 15.1021 15.2041 15.3062 15.3625 15.5150
170 14.5227 14.6653 14.7180 14.8134 14.9089 14.9615 15.1041
190 14.1354 14.2744 14.3257 14.4187 14.5117 14.5630 14.7020
210 13.7320 13.8750 13.9278 14.0235 14.1193 14.1721 14.3151
230 13.3154 13.4700 13.5271 13.6305 13.7340 13.7911 13.9456
250 12.8910 13.0630 13.1264 13.2415 13.3566 13.4201 13.5920
270 12.4639 12.6571 12.7285 12.8578 12.6255 13.0585 13.2517
290 12.0384 12.2553 12.3353 12.4804 12.2717 12.7056 12.9224
310 11.6177 11.8592 11.9484 12.1101 12.6255 12.3609 12.6025

18 18
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Figure 1. Confidence intervals and mean milk yield of Girolando (3/4 Holstein + 1/4 Gyr) cows estimated by the models of
Cobuci and Wood.
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Conclusions

1. To describe the lactation curves of the Girolando
breed, the most suitable linear model is that of Cobuci
and the nonlinear model is that of Wood.

2. Nonlinearity measures are the most appropriate
for selecting the most suitable nonlinear model for the
description of the lactation curves of the Girolando
breed.

3. The parameters of the nonlinear models allow of
estimating the persistence in the lactation curves of the
Girolando breed.

Acknowledgments

To Coordenagdo de Aperfeicoamento de Pessoal
de Nivel Superior (Capes), for financing, in part, this
study (Finance Code 001).

References

BATES, D.M.; WATTS, D.G. Nonlinear regression analysis
and its applications. New York: J. Wiley & Sons, 1988. DOI:
https://doi.org/10.1002/9780470316757.

BIANCHINI SOBRINHO, E. Estudo da curva de lactacdo de
vacas da rac¢a Gir. 1984. 88p. Tese (Doutorado) — Universidade
de Sao Paulo, Ribeirdo Preto.

BOX, M.J. Bias in nonlinear estimation. Journal of the Royal
Statistical Society: Series B (Methodological), v.33, p.171-190,
1971. DOI: https://doi.org/10.1111/.2517-6161.1971.tb00871.x.

BRODY, S.; RAGSDALE, A.C.; TURNER, CW. The rate of
decline of milk secretion with the advance of the period of
lactation. Journal of General Physiology, v.5, p.441-444, 1923.
DOT: https://doi.org/10.1085/jgp.5.4.441.

BRODY, S.; TURNER, C.W.; RAGSDALE, A.C. The relation
between the initial rise and the subsequent decline of milk
secretion following parturition. Journal of General Physiology,
v.6, p.541-545, 1924. DOI: https://doi.org/10.1085/jgp.6.5.541.

CALVO CARDONA, S.J; CORRALES ALVAREZ, 1D
SARMENTO, JL.R; GONZALEZ HERRERA, LG,;
CARDONA CADAVID, H. Associagdo de SNPs nos genes para
Kk-caseina e B-lactoglobulina com curvas de lactagdo em cabras
leiteiras. Pesquisa Agropecuaria Brasileira, v.50, p.224-232,
2015. DOI: https://doi.org/10.1590/S0100-204X2015000300006.

CAPPIO-BORLINO, A.; PULINA, G.; ROSSI, G. A non-linear
modification of Wood’s equation fitted to lactation curves of
Sardinian dairy ewes. Small Ruminant Research, v.18, p.75-79,
1995. DOL: https://doi.org/10.1016/0921-4488(95)00713-U.

COBUCI, J.A.; EUCLYDES, R.F; VERNEQUE, R. da S;
TEODORO, R.L.; LOPES, P. de S.; SILVA, M. de A. e. Curva
de lactacdo na raga Guzera. Revista Brasileira de Zootecnia,

Pesq. agropec. bras., Brasilia, v.57, €02678, 2022
DOI: 10.1590/S1678-3921.pab2022.v57.02678

v.29, p.1332-1339, 2000. DOI:
35982000000500011.

DALTRO, D. dos S.; PADILHA, A.H., GAMA, LT. da;
SILVA, MV.G.B. da; PANETTO, J.C. do C.; MACHADO, J.D;
BRACCININETO, J.; COBUCI, J.A. Heterosis in the components
of lactation curves of Girolando cows. Italian Journal of Animal
Science, v.18, p.267-278, 2018. DOI: https://doi.org/10.1080/1828
051X.2018.1507627.

DALTRO, D. dos S.; PADILHA, A.H.; SILVA, MV.G.B. da;
KERN, E.L.; SANTOS, D.C. de A.; PANETTO, J.C. do C,;
GAMA, L.T. da; COBUCI, J.A. Heterosis in the lactation curves
of Girolando cows with emphasis on variations of the individual
curves. Journal of Applied Animal Research, v.47, p.85-95,
2019. DOI: https://doi.org/10.1080/09712119.2019.1575223.

DAVE, D.B.K. First lactation curve of Indian water buffalo.
Jawaharlal Nehru Krishi Vishwa Vidyalaya Research Journal,
v.5, p.93-98, 1971.

DHANOA, M.S. A note on an alternative form of the lactation
model of Wood. Animal Science, v.32, p.349-351, 1981. DOI:
https://doi.org/10.1017/S0003356100027276.

DIEL, M.I; SARI, B.G.; KRYSCZUN, D.K.; OLIVOTO, T,
PINHEIRO, MV.M.; MEIRA, D.; SCHMIDT, D.; LUCIO, A.D.
Nonlinear regression for description of strawberry (Fragaria x
ananassa) production. The Journal of Horticultural Science
and Biotechnology, v.94, p.259-273, 2019. DOI: https://doi.org/10
.1080/14620316.2018.1472045.

DIJKSTRA, J.; FRANCE, J.; DHANOA, M.S.; MAAS, J.A;
HANIGAN, M.D.; ROOK, A.J; BEEVER, D.E. A model to
describe growth patterns of the mammary gland during pregnancy
and lactation. Journal of Dairy Science, v.80, p.2340-2354, 1997.
DOI: https://doi.org/10.3168/jds.S0022-0302(97)76185-X.

DRAPER, N.R.; SMITH, H. Applied regression
analysis. 3 ed. New York: J. Wiley & Sons, 1998. DOI:
https://doi.org/10.1002/9781118625590.

FACO, 0.; LOBO, R.N.B.; MARTINS FILHO, R.; MOURA, A.
de A.A. Analise do desempenho produtivo de diversos grupos
genéticos Holandés x Gir no Brasil. Revista Brasileira de
Zootecnia, v.31, p.1944-1952, 2002. DOI: https://doi.org/10.1590/
S1516-35982002000800010.

https://doi.org/10.1590/S1516-

FAO. Food and Agriculture Organization of the United Nations.
Faostat. 2022. Available at: <https://www.fao.org/faostat/
en/#data/QCL>. Accessed on: May 24 2022.

FERNANDES, FA. FERNANDES, TJ.; PEREIRA,
A.A.; MEIRELLES, S.L.C.; COSTA, A.C. Growth curves
of meat-producing mammals by von Bertalanffy’s model.
Pesquisa Agropecuaria Brasileira, v.54, ¢01162, 2019. DOI:
https://doi.org/10.1590/S1678-3921.pab2019.v54.01162.

FERNANDES, T.J.; MUNIZ, J.A.; PEREIRA, A.A.; MUNIZ,
FR.; MUIANGA, C.A. Parameterization effects in nonlinear
models to describe growth curves. Acta Scientiarum.
Technology, v.37, p.397-402, 2015. DOI: https://doi.org/10.4025/
actascitechnol.v37i4.27855.

GLORIA, JR. da; BERGMANN, JA.G.; QUIRINO, CR;
RUAS, J.R.M.; MATOS, C.R.A. de; PEREIRA, J.C.C. Curvas de


https://rss.onlinelibrary.wiley.com/journal/25176161
https://rss.onlinelibrary.wiley.com/journal/25176161
https://doi.org/10.1002/9781118625590

Linear and nonlinear models to describe the lactation 9

lactagdo de quatro grupos genéticos de mesti¢as Holandés-Zebu.
Revista Brasileira de Zootecnia, v.39, p.2160-2165, 2010. DOI:
https://doi.org/10.1590/S1516-35982010001000009.

HENRIQUES, L.T.; VALADARES FILHO, S. de C.; FONSECA,
M.A.; PAULINO, PV.R.; DETMANN, E.; VALADARES, R.F.D.
Avaliagdo de modelos ndo-lineares ¢ da relagdo do consumo
voluntario de vacas primiparas e de bezerros com a curva de
lactacdo de vacas Nelore. Revista Brasileira de Zootecnia,
v.40, p.1287-1295, 2011. DOI: https://doi.org/10.1590/S1516-
35982011000600018.

HOSSEIN-ZADEH, N.G. Application of non-linear mathematical
models to describe effect of twinning on the lactation curve
features in Holstein cows. Research in Veterinary Science, v.122,
p.111-117, 2019. DOI: https://doi.org/10.1016/j.rvsc.2018.11.017.

JACOPINI, L.A.; BARBOSA, S.B.P, LOURENCO, D.A.L,
SILVA, M.V.G.B. da. Desempenho produtivo de vacas Girolando
estimado pelo modelo de Wood ajustado por metodologia
bayesiana. Archives of Veterinary Science, v.21, p.43-54, 2016.
DOI: https://doi.org/10.5380/avs.v21i3.44247.

LAZZARI, M.; DORNELLES, M. de A.; EVERLING, D.M.;
PACHECO, P.S.; VIEGAS, J.; RORATO, PR.N.; PRESTES, A.M.;
GIACOMELLI, L.; BRESOLIN, T.; PIVETTA, C.G. Modelos
matematicos para ajuste da curva de lactagdo de vacas holandesas
criadas no Oeste de Santa Catarina. Ciéncia Animal, v.11, p.137-
143, 2013. DOI: https://doi.org/10.7213/academica.011.002.A003.

MADALENA, FE., MARTINEZ, M.L.. FREITAS, AF.
Lactation curves of Holstein-Friesian and Holstein-Friesian
x Gir cows. Animal Science, v.29, p.101-107, 1979. DOI:
https://doi.org/10.1017/S0003356100012198.

MAIA, E.; SIQUEIRA, D.L. de; SILVA, F.F. ¢; PETERNELLI,
L.A.; SALOMAO, L.C.C. Método de comparagio de modelos
de regressdo ndo-lineares em bananeiras. Ciéncia Rural, v.39,
p-1380-1386, 20009.

NELDER, J.A. Inverse polynomials, a useful group of multi-
factor response functions. Biometrics, v.22, p.128-141, 1966.
DOI: https://doi.org/10.2307/2528220.

OLIVEIRA, J.G. de; SANT’ANNA, D.F.D., LOURENCO,
M.C.; TAVARES, D.S.; RODRIGUES, M.T.; TEDESCHI, L.O,;
VIEIRA, R.A.M. The geometry of the lactation curve based on
Wood’s equation: a two-step prediction. Revista Brasileira de
Zootecnia, v.49, ¢20200023, 2020. DOI: https://doi.org/10.37496/
bz4920200023.

PAPAJCSIK, 1.A.; BODERO, J. Modelling lactation curves of
Friesian cows in a subtropical climate. Animal Science, v.47,
p-201-207, 1988. DOL: https://doi.org/10.1017/S0003356100003275.

PEREIRA, M.A.; MENEZES, M.L.; OLIVEIRA, V.S. de; LIMA,
M.S.; CARVALHO, C.T.G.; SANTOS, A.D.F. Curvas de lactagdo
de fémeas mesticas Taurino x Zebu. Boletim de Industria
Animal, v.73, p.118-126, 2016. DOI: https://doi.org/10.17523/bia.
v73n2pl18.

R CORE TEAM. R: a language and environment for statistical
computing. Vienna: R Foundation for Statistical Computing,
2020. Available at: <http:/www.r-project.org>. Accessed on: Feb.
2 2020.

ROOK, A.J.; FRANCE, J.; DHANOA, M.S. On the mathematical
description of lactation curves. The Journal of Agricultural
Science, v.121, p.97-102, 1993. DOI: https://doi.org/10.1017/
S002185960007684X.

SEBER, G.A.F.; WILD, C.J. Nonlinear regression. New York:
Wiley, 1989. DOI: https://doi.org/10.1002/0471725315.

SIKKA, L.C. A study of lactation as affected by heredity and
environment. Journal of Dairy Research, v.17, p.231-252, 1950.
DOI: https://doi.org/10.1017/S0022029900005811.

SINGH, R.; GOPAL, R. Lactation curves analysis of buffaloes
maintained under village conditions. Indian Journal of Animal
Science, v.52, p.1157-1160, 1982.

TORQUATO, I.A.; EL FARO, L.; MASCIOLI, A.S. Desempenho
produtivo e curva de lactagdo de animais mesticos Holandés x Gir
na regido agreste de Pernambuco. Boletim de Indiustria Animal,
v.74, p.27-35, 2017. DOL: https://doi.org/10.17523/bia.v74n1p27.

WILMINK, J.B.M. Comparison of different methods of predicting
305-day milk yield using means calculated from within-herd
lactation curves. Livestock Production Science, v.17, p.1-17,
1987. DOI: https://doi.org/10.1016/0301-6226(87)90049-2.

WOOD, PD.P. Algebraic model of the lactation
curve in cattle. Nature, v.216, p.164-165, 1967. DOI:
https://doi.org/10.1038/216164a0.

ZEVIANIL W.M.; SILVA, C.A.; CARNEIRO, W.J. de O.; MUNIZ,
J.A. Modelos ndo lineares para a liberagdo de potassio de estercos
animais em Latossolos. Ciéncia Rural, v.42, p.1789-1796, 2012.
DOI: https://doi.org/10.1590/S0103-84782012001000012.

Pesq. agropec. bras., Brasilia, v.57, €02678, 2022
DOI: 10.1590/S1678-3921.pab2022.v57.02678


https://doi.org/10.1017/S0003356100012198

