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Abstract
In this work we study a scenario where unitary quantum dynamics in a many-
body interacting system is restricted to a single excitation subspace. We ask
how dynamics within to such a subspace may in general differ from predictions
of the eigenstate thermalization hypothesis (ETH). We show that for certain
initial states and observables, if thermalization occurs, it will not fulfil other
key predictions of the ETH; instead following differing generic behaviours. We
show this by analysing long-time fluctuations, two-point correlation functions,
and the out-of-time-ordered correlator; analytically detailing deviation from
ETH predictions. We derive instead an ETH-like relation, with non-random
off-diagonals for matrix elements of observables, with correlations which alter
long-time behaviour and constrain dynamics. Further, we analytically compute
the time-dependence of the decay to equilibrium, showing it is proportional to
the survival probability of the initial state. We finally note the conditions stud-
ied are common in many physical scenarios, such as under the rotating-wave
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approximation. We show numerically our predictions are robust to perturba-
tions which break this approximation.

Keywords: thermalization, ergodicity, quantum information scrambling,
integrability

(Some figures may appear in colour only in the online journal)

1. Introduction

The thermalization of closed quantum systems has seen a large amount of interest in recent
years [1–8], inspired by the modern experimental capability to observe their unitary evolution
in the laboratory [9–15]. For non-integrable systems, the eigenstate thermalization hypothesis
(ETH) is understood to be the key physical mechanism behind thermalization [1, 4, 16–20].
The ETH can be written as a condition for the matrix elements of observables of a quantum
many-body system. This conjecture can be motivated from random matrix theory (RMT) by
assuming a non-integrable quantum Hamiltonian can be expressed as a perturbation of a non-
interacting or integrablemodel. As shown byDeutsch [16], this randommatrix approach can be
used to prove that time-averages of a typical observable are equivalent to microcanonical aver-
ages, which is one of the conditions required for a quantum system to thermalize. Deutsch’s
approach has been applied and extended significantly in recent years to treat a larger class
of Hamiltonians, as well as time-dependence and fluctuations of observables [21–25]. The
second requirement for quantum thermalization is exponentially decreasing observable fluc-
tuations with system size. This is also guaranteed by the ETH in the form of Srednicki’s ansatz
[17, 26].

The ETH implies that generic closed chaotic quantum systems displaymany universal beha-
viours, independent of any particular form of the Hamiltonian. These universal behaviours are
closely linked with the behaviours of random matrix models [16, 22–24, 27]. One may expect
the presence of conservation laws may cause deviations from quantum chaos as described by
RMT, with the most obvious example being integrable systems, with an extensive number of
conserved quantities [28]; what is not obvious is the possible effect of one, or a few, conser-
vation laws on the route to equilibrium and other markers of thermalization.

We will see for given realistic initial states and observables a single conserved quantity has
a profound effect on dynamics, causing a departure from the expected behaviours implied by
the ETH, even in the case of non-integrable systems. We study this departure in three key ways:
(a) fluctuations from equilibrium, (b) behaviour of two-time correlation functions, (c) scram-
bling of quantum information as measured via the out-of-time ordered correlator (OTOC).
We further study the time-dependence of observables after a quantum quench—a topic which
has seen significant recent interest [23, 24, 29–33]. We obtain an explicit form for the time-
dependence in terms of the survival probability of the initial state.

The introduction of symmetries in order to avoid thermalization is a topic which has been
previously considered [34], and somewhat controversial, where the ETH can be seen to still
hold in each symmetry sector [35]. Similarly, non-thermal subspaces may be engineered in
the form of quantum many-body scars [36, 37]; first experimentally observed in non-thermal
behaviour in Rydberg atoms [38] for particular initial states. The deviation from ETH predic-
tions in systems exhibiting quantummany-body scars is often closely related to a symmetry of
some Hamiltonian H0. For example, one may perturb the Hamiltonian in such a way that this
symmetry is now a dynamical symmetry [36], or spectrum generating algebra, thus yielding a
set of eigenstates which exhibit non-thermal behaviour. Similar conditions may even generate
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non-stable long-time dynamics in open systems [39]. In contrast, we report here a simpler
example of non-thermal behaviour which manifests in the fluctuations of specific observables
for particular initial states corresponding to a Hamiltonian symmetry, as well as a symmetry
of some subspace. Further, in the systems we analyse thermalization does occur for the stud-
ied initial states. The deviation from the ETH lies solely in observable fluctuations and time
correlations. We stress our claim is not that the system studied violates the ETH for bulk
mid-energy eigenstates in each symmetry sector—indeed, for the vast majority of physically
relevant initial states and observables we observe behaviour expected from the ETH.

We further note that the OTOC has been previously understood as a witness of quantum
phase transitions: in [40] the long-time value of the OTOC was seen to probe quantum phase
transitions in non-integrable quantum spin chain system. Here the authors observe in one phase
the OTOC is approximately described by its ground state contribution at long times, as con-
tributions by excited states are suppressed. Indeed, in the following we observe a phenomen-
ologically similar mechanism, where contributions to the long-time OTOC are suppressed by
the choice of observable and initial state.

This article is arranged as follows. First, we review some generic properties of non-
integrable systems implied by the ETH, that are to be studied later in the presence of con-
servation law. We then outline a very simple case where such generic properties can be seen to
differ from the ETH prediction, giving an intuition for the main physical mechanism behind
the deviation. We then apply this approach to more general observables, and show that it leads
to a scaling of time fluctuations which violates the ETH prediction. We then use the same
approach developed for long-time fluctuations to understand both the equilibration in time of
observables, and the scrambling of quantum information. Throughout, we present exact diag-
onalization calculations to demonstrate our analytical arguments.

2. Properties of chaotic quantum systems

In this sectionwe review some generic properties of non-integrable systems that are assumed to
abide by the ETH. A typical scenario considered in this work, is a ‘quantum quench’; whereby
we initialize with some non-interacting Hamiltonian H0, and prepare the system in and eigen-
state |ϕα0⟩ of H0. At t= 0, an interaction Hamiltonian V is introduced, which renders the total
HamiltonianH= H0 +V non-integrable. The many-body Hamiltonian,H, has eigenstates and
eigenvalues |ψµ⟩ and Eµ, respectively.

To simplify the discussion, we focus on observables O that have a diagonal structure in
the basis of H0. Initialized in a state |ψ(0)⟩= |ϕα0⟩=

∑
µ cµ(α0)|ψµ⟩, the initial observable

expectation value ⟨O(t)⟩= Oα0α0 . After the perturbation V is turned on, the system thermal-
izes; that is, observables evolve to an equilibrium given by the microcanonical ensemble
⟨O⟩MC = ⟨O⟩MC(Eα0), which depends only on the initial state energy.

Here and in the following we use the notation Oµν with subscripts µ,ν to indicate matrix
elements in the interacting basis of the full Hamiltonian H, Oµν := ⟨ψµ|O|ψν⟩, and Oαβ with
subscripts α,β to indicate matrix elements in the non-interacting basis Oαβ := ⟨ϕα|O|ϕβ⟩.

The ETH is a conjecture on the properties of chaotic systems that provides a mechanism
for thermalization, and can be written as an ansatz on observable matrix elements, Oµν in the
energy eigenbasis [17, 26]:

Oµν =O(E)δµν +
1√
D(E)

f(E,ω)Rµν , (1)
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where E=
Eµ+Eν

2 , ω = Eµ −Eν , f and O ≈ ⟨O⟩MC are smooth functions of their respective
parameters. The function f(E,ω) has an energy width that determines the energy window under
which two energy eigenstates have a non-negligible observable matrix element. D(E) is the
density of states at energy E, andRµν is a stochastic variable of zero mean and unit variance.

Chaotic quantum systems are often characterized by an effective description in terms of
RMT [6, 16, 21, 41–43]. Indeed, an RMT approach can be exploited to derive the full form
of equation (1) [22], as well as the full dynamics of the decay process, and subsequent
fluctuations [24, 44]. Properties of random matrix models thus provide a powerful heuristic
tool, from which we may understand the properties of non-integrable systems analytically. In
the remainder of this section, we will describe three key features of such systems, that may be
understood from the ETH and RMT.

2.1. Thermalization

2.1.1. Equilibration to a thermal state. The first key feature of chaotic systems is the tend-
ency in time to an equilibrium state described by a thermal ensemble. This has motivated the
study of chaotic quantum systems as a fundamental description of the emergence of statistical
physics from many-body dynamics [3, 45, 46]. The ETH describes sufficient conditions for
thermalization of the long-time average value of an observable, which can be shown for an
arbitrary initial state

|ϕα0⟩=
∑
µ

cµ(α0)|ψµ⟩, (2)

where we use the index α0 to identify the initial state for later convenience:

⟨O(t)⟩ : = lim
T→∞

1
T

ˆ T

0
dt⟨O(t)⟩

= lim
T→∞

1
T

ˆ T

0
dt
∑
µ,ν

cµ(α0)c
∗
ν(α0)Oµ,νe

−i(Eµ−Eν)t

=
∑
µ

|cµ(α0)|2Oµ,ν ≈O(E0),

(3)

where E0 is the initial state energy, and in the third line we have assumed there are no degen-
erate eigenenergies, and in the last line assumed the ETH, and that the initial state is not a
macroscopic superposition, and thus the energy variance is small compared to macroscopic
energies.

2.1.2. Long-time fluctuations. A second condition for thermalization to occur is the expo-
nential vanishing of long-time fluctuations with system size. That is, after equilibration to a
thermal state, fluctuations around this state in time should be small. We define the long-time
fluctuations of an observable O as

δ2O(∞) := lim
T→∞

[
1
T

ˆ T

0
dt⟨O(t)⟩2 −

(
1
T

ˆ T

0
dt⟨O(t)⟩

)2]
. (4)

Assuming non-degenerate energies and energy gaps, we use the diagonal ensemble (DE) result
[4, 28, 47],

δ2O(∞) =
∑
µν
µ̸=ν

|cµ(α0)|2|cν(α0)|2|Oµν |2. (5)
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Indeed, the size of fluctuations at long-times has been well studied in the ETH regime [4,
22, 24, 26, 48, 49], and in early works Reimann [27] and Short [50] provided bounds for the
fluctuations in terms of some effective dimension of the state of the system. Here we use a
similar effective system size, the inverse participation ratio (IPR) , defined by

IPR(|ψ(0)⟩) =
∑
µ

|⟨ψµ|ψ(0)⟩|4, (6)

which can be seen to have reasonable properties, as for a totally localized state, with
cµ(α) = δµα, we have, IPR(|ϕα⟩) = 1, and for a maximally delocalized state, with
cµ(α) = 1√

dim(H)
, we have IPR(|ϕα⟩) = 1

dim(H) , where dim(H) is the dimension of the Hil-

bert space of the Hamiltonian. The (inverse of) the IPR is also often referred to as the ‘number
of principal components’ [32, 49, 51] for this reason.

Recently [22], the current authors have obtained a relationship between the DE fluctuations
and IPR from a RMT approach, finding that for observables which are diagonal in the basis
of eigenstates of the non-interacting part of a chaotic Hamiltonian (which are our focus in the
current work),

δ2O(∞)∝ IPR(|ψ(0)⟩). (7)

The underlying assumption of this result is a coarse-graining of many-body eigenstates allow-
ing for RMT methods to be applied. Crucially, it is assumed after this coarse-graining the
eigenstates form a smooth function of energy. From this the ETH can be derived [22].

Indeed, both Reimann and Short’s bounds can be understood in terms of the IPR, and
equation (7) can be seen to follow the same scaling implied by a saturation of their bounds.
This scaling of the fluctuations with system size has also been argued as a direct consequence
of the ETH in (the supplemental material of) [15]. Further, this relation links the vanishing
of long-time fluctuations with notions of ergodicity in terms of the explored Hilbert space
dimension [52], which may be measured by the IPR.

2.2. Correlations

Here we discuss additional features of correlation functions that follow from the ETH, focus-
sing on two-time correlation functions, and the OTOC. To make the link to the current work,
where we focus on initial pure states, we note results of ‘typicality’ [53–55] imply that ‘the
overwhelming majority’ of such initial pure states are representative of a relevant thermal
ensemble [55]. We will see this numerically below, where we contrast our results for the cor-
related quench scenario to other physically relevant initial conditions.

2.2.1. Two-time correlations. The behaviour of two-time correlation functions, ⟨O(t)O⟩, is of
fundamental and practical importance to the study of many-body systems, providing a found-
ation for linear response theory [56], open quantum systems [57], and many other approaches.
The factorization of two-time correlation functions,

⟨W(t→∞)V⟩ens = ⟨W⟩ens⟨V⟩ens (8)

where ⟨· · · ⟩ens denotes an average with respect to a relevant ensemble, is a fundamental result
describing dissipative processes in quantum and classical systems. Theorems describing the
factorization of two-time correlations has been derived from the ETH for both microcanonical
[58] and thermal [33] states. The former case is shown to follow directly from the diagonal
ETH, and in the latter case, a weak version of the ETH is assumed, as well as non-degeneracy
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of energy levels, and correlation function factorisation is observed up to an error term that is
vanishingly small in most relevant cases.

In the following we refer to initial states of a system that result in a factorization of two-
time correlators at long times as ergodic. We note for a fixed initial state and Hamiltonian,
there may be factorising and non-factorising (ergodic and non-ergodic) observables; hence,
ergodicity is a property of the combined state, Hamiltonian, and observable.

2.2.2. Scrambling of quantum information. In classical mechanics, chaos is identified by
the exponential divergence of trajectories at a rate given by the Lyapunov exponent. That is,
take an initial state, and a slightly perturbed copy—under chaotic time evolution these states
exponentially diverge.

Chaosmay similarly bemeasured in a quantum system by the spreading of local information
about a state over the entire system in time. This can bemeasured, for example, by the evolution
of a local observable W(t) = eiHtWe−iHt, and the effect of a local perturbation V, by the so-
called OTOC [51, 59–65], defined as,

F(t) = ⟨W†(t)V†W(t)V⟩. (9)

Information scrambling refers to the spreading of local information over the degrees of free-
dom of a system, and is related to the chaoticity of quantum systems [59]. The OTOC can be
seen to be related to the commutator

C(t) := ⟨|[W(t),V]|2⟩= 2(1−Re[F(t)]) , (10)

for unitary W, V. For non-unitary W, V, there are additional time-ordered correlator terms in
the C(t). As scrambling of quantum information occurs as local information is delocalized
over the many-body system, two initially commuting observables, [W(0),V] = 0, should have
a non-zero commutator at some later time in a scrambling system. It can thus be seen that
the OTOC, F(t), is related to the growth of the support of localized operators in time, and
information scrambling will cause F(t) to decay.

As alluded above, theOTOC can be related to chaos in an analogousmanner to the definition
of a Lyapunov exponent in classical systems. In a chaotic quantum system at short times, the
OTOC is expected to take the form [62],

F(t)≈ 1− ϵe−λLt, (11)

where λL is conjectured to be a quantum analogue of the Lyapunov exponent. The link between
quantum chaos as defined by the ETH, and the behaviour of the OTOC in equation (11) is not
yet totally clear, however some important steps have been made in e.g. linking the ETH to
known bounds on λL [66].

In the following we limit our attention to the long-time average, defined by F :=

limT→∞
1
T

´ T
0 dtF(t), which is expected to be equal to zero for chaotic systems. This may be

seen for example from relating chaotic dynamics to random unitaries [67], and more directly
as a consequence of the ETH [64]. We will see that when both the ergodicity relation (8), and
the scaling of fluctuations equation (7), deviate from the ETH predictions, we similarly see a
deviation of the long-time average F from the expected value of zero for chaotic systems.

Generally, the expectation value ⟨· · · ⟩ is taken at some inverse temperature β, such that
⟨· · · ⟩= tr(ρ · · ·), with ρµν = 1

Ze
−βEµδµν , and Z is the partition function. Here, however, we
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focus on initial pure states, and thus use ⟨· · · ⟩= ⟨ψ| · · · |ψ⟩ for some state |ψ⟩. F may be then
written as,

F= ⟨ϕα0 |W†(t)V†W(t)V|ϕα0⟩

=
∑
µν

cµ(α0)cν(α0)⟨ψµ|W†(t)V†W(t)V|ψν⟩, (12)

for an initial state given by equation (2). We assume time reversal symmetry, such that the
cµ(α)s may be taken as real, though one can easily see our approach extends to the non time-
reversal symmetric case.

We note it has been previously observed that scrambling is somewhat state-dependent [40,
63, 68], even in non-integrable systems—and we may expect a similar behaviour for two-time
correlation functions—where initial pure states may deviate from the ETH result. The follow-
ing results can be understood in the context of the ETH understanding that it necessarily omits
eigenstate correlations—this has been previously shown to have an impact in terms of spatial
correlations [69]; the following results can be seen as a consequence of energetic correlations
between the initial state, Hamiltonian, and observable.

3. Set up

In this section we describe, and give a simple example of, the correlated quench scenario in
which we observe a discrepancy from the markers of chaoticity in quantum systems. We will
show this as a simple example of where one expects the scaling of fluctuations to differ from
equation (7), and outline more formally conditions where we expect this behaviour generally.

3.1. Simple example

We consider first a simple case of L two level systems (qubits) with a Hamiltonian
in the form H= HS +HB +HSB, which conserves the total number of excited qubits,
N̂=

∑N
i

1
2 (σ

(i)
z +1), where σ(i)

{x,y,z} are the Pauli matrices acting on site i. We initialize the

system in the state |ψ(0)⟩= | ↑⟩S
∏NB

i | ↓⟩B,i. We thus see the time evolution is restricted to
the subspace of a single excitation only, as depicted in figure 1.

If we initialize our system in the state,

|ψ(0)⟩= | ↑⟩S|k0⟩B, (13)

where |kα⟩B denote eigenstates of N̂B, and |k0⟩B specifies a particular non-degenerate eigen-
state of the conserved quantity N̂B, such as that with zero excitations, NB = 0. We thus
have ⟨N̂⟩= 1. Now, we have that eigenstates of H0 are given by |ϕα⟩= |sα⟩S|kα⟩B, where
sα = {↑,↓} is simultaneously an eigenstate of the conserved quantity N̂. For example, if in
a system of L qubits N̂=

∑N
i

1
2 (σ

(i)
z +1) is conserved, then we may have |ϕα⟩= | ↑,↓, · · · ⟩,

and the conserved quantity is the total number of qubits in the up and down states.
The survival probability of the initial state can be written as the expectation value of the

operator P0, where,

P0 = |ψ(0)⟩⟨ψ(0)|=
∑
µ,ν

cµ(α0)cν(α0)|ψµ⟩⟨ψν |, (14)
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Figure 1. Idealised scenario of a correlated quench. It shows an initial state with a single
spin excitation in the system and all spins in the bath in the zero excitation state. If we
assume the number of excitations N̂ is conserved, then at later times the system spin is
more likely to be in the ground state and a single excitation propagates in the bath. Note
that the initial bath state is not necessarily the ground state of HB.

where |ψµ⟩ is an eigenstate of H, the initial state is given by equation (2). We thus have
(P0)µν = cµ(α)cν(α), and thus the fluctuations, equation (5), can be written as

δ2P0
(∞) =

∑
µν
µ ̸=ν

|cµ(α0)|2|cν(α0)|2(cµ(α0)cν(α0))
2

=
∑
µν

|cµ(α0)|4|cν(α0)|4 −
∑
µ

|cµ(α0)|8

≈ IPR(|ψ(0)⟩)2,

(15)

where in the last line we have used that many-body eigenstates of the systems of interest have
a small IPR, and thus maxcµ(α)≪ 1.

One can thus see for the survival probability, we do not observe the scaling of fluctuations
of equation (7), predicted by RMT and the ETH. Indeed, it has recently been shown that the
survival probability is not ‘self-averaging’ [70], which implies it may not be expected to follow
RMT behaviour at any time scale. Of particular note is that for the scenario outlined above,
the dynamics of N̂ and P0 are strictly proportional to one another (as will be shown in more
detail below), and thus the scaling of fluctuations of N̂ must similarly deviate from the ETH
result.

In this simple example lies the key intuition of the main result of this work, which we
formulate in a more general scenario below. That is, for certain initial states and observables
related to a conservation law, the long-time behaviour of the observable deviates from the
expected behaviour due to the ETH. Here we have seen this for the example of observable
fluctuations, however the more general treatment below will further analyse the behaviour of
two- and four-point correlation functions.

We once again stress that these results apply to systems which may in general obey the
ETH. Indeed, in the example above H may obey the ETH in each symmetry sector. Our result
suggests the introduction of a symmetry allows for correlations between the observable and
initial state to dominate dynamics. It is these correlations that deviate the long-time behaviour
from the expected by relations implied by the ETH.

8
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3.2. Formal conditions

In the following, we focus on models described by a Hamiltonian of the form
H= HS +HB +HSB, where HS is a 2× 2 Hamiltonian of a single qubit, with eigenstates
{| ↑⟩S, | ↓⟩S}. We discuss in appendix C how these ideas scale to larger system Hamiltonians,
noting that this is non-trivial, but can be expected in some generic settings. We use subscripts
S and B to refer to the system and bath respectively. The subscript SB denotes coupling terms
between these subsystems.

A crucial condition of the discussion in the previous section is the presence of some con-
servation law [H, Â] = 0. We further require the operator Â= ÂS + ÂB is the sum of at least
two local operators defined separately on the system and bath. These local operators are each
conserved in both the system and bath under the non-interacting Hamiltonian HS +HB, such
that [HS, ÂS] = 0, and [HB, ÂB] = 0, yet are not conserved by the total system Hamiltonian
[H, ÂS] ̸= 0, [H, ÂB] ̸= 0. We study the behaviour of a local observable OS that is diagonal in
the basis of the local excitation number, and thus [OS, N̂S] = [OS,HS] = 0.

The second key condition applies to the initial state. We require the initial bath state is a
non-degenerate state of the quantity ÂB, implying there is a single state with the eigenvalue
B⟨ψ(0)|ÂB|ψ(0)⟩B = AB. The system is initialized in the excited state of ÂS (and thus of HS).
This ensures that, after measurement of OS, if the system is found to be in the initial state,
there is only a single excitation configuration possible for the bath state. This is guaranteed by
choosing an initial state where there is a single excitation, localized to the system qubit.

To summarize, then, we focus on the behaviour of non-integrable systems under the follow-
ing conditions: (a) a conserved charge or excitation number, (b) the local system observable
is diagonal in the basis of the local excitation number, (c) the initial state has a single excit-
ation localized to the system. We will see below that these conditions are enough to identify
a local observable with the survival probability (up to some constant factor), and thus ensure
the behaviour of the observable violates the ETH results of section 2, yet still thermalizes for
systems with a large effective dimension (small IPR).

In the following, we will refer to the thermalization under the above conditions as a ‘correl-
ated quench’. We note these conditions are indeed particularly restrictive. We stress, however,
such specificity is to be expected—conditions in non-integrable systems that violate the ETH
should be exceptionally rare. Further, as more symmetries are included, these conditions are
not so stringent, as many more initial states fulfil them. This approach thus also contributes
to a generic understanding of aspects of the behaviour of integrable and near integrable mod-
els, where conserved quantities dominate the dynamics. We further note that these conditions
are applicable to many cases of interest, such as the spin-boson model, which we discuss in
appendix A, and are observed to be robust to perturbations away from strict fulfilment of the
conditions above, as shown in appendix D.

4. Fluctuations and observable elements

Here we once more focus on the case where the system is a single qubit with Hamiltonian HS

with eigenstates {| ↑⟩S, | ↓⟩S}, and treat a bath Hamiltonian HB with symmetry [HB, N̂B] = 0,
with the total system initialised in the state equation (13).

We begin by expanding the many-body eigenstate ofH= HS +HB +HSB, |ψµ⟩, noting that
the terms may be separated into two types, those with the system in each of its two eigenstates
| ↑⟩S and | ↓⟩S. Each part is then a sum over the bath states k (writing cµ(α) := cµ(kα,sα)),

9
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|ψµ⟩=
∑
k

cµ(k,↑)| ↑⟩S|k⟩B +
∑
k

cµ(k,↓)| ↓⟩S|k⟩B, (16)

where we have dropped the subscript α. Now, for a local system observable O= OS ⊗1B we
have, for example, that B⟨k|S⟨↑ |O| ↑⟩S|j⟩B = O↑↑δkj, where O↑↑ := S⟨↑ |OS| ↑⟩S, and O↓↓ :=

S⟨↓ |OS| ↓⟩S. Thus, the matrix elements Oµν may be expressed as

Oµν =
∑
k

cµ(k,↑)cν(k,↑)O↑↑ +
∑
k

cµ(k,↓)cν(k,↓)O↓↓

+
∑
k

cµ(k,↑)cν(k,↓)(O↑↓ +O↓↑).
(17)

We can further use that∑
k

cµ(k,↓)cν(k,↓) :=
∑
k

⟨ψµ|
(
| ↓⟩S|k⟩BB⟨k|S⟨↓ |

)
|ψν⟩

= ⟨ψµ|
(
1−

∑
k

| ↑⟩S|k⟩BB⟨k|S⟨↑ |
)
|ψν⟩

= δµν −
∑
k

cµ(k,↑)cν(k,↑), (18)

where we have used the completeness relation
∑

α |ϕα⟩⟨ϕα|= 1, to obtain, for the case of an
observable that commutes with the local excitation number (such that O↑↓ = 0),

Oµν =∆O
∑
k

cµ(k,↑)cν(k,↑)+O↓↓δµν , (19)

where we have defined ∆O := O↑↑ −O↓↓.
To gain an understanding of the effect of the conservation law, we can estimate the value

of time-fluctuations assuming that the system is in the initial state (13),

δ2O(∞) =
∑
µ,ν
µ̸=ν

|cµ(↑,k0)|2|cν(↑,k0)|2

×∆O2|
∑
k

cµ(k,↑)cν(k,↑)|2.
(20)

One could naively assume that wave function components cµ(k,↑) and cµ(k0,↑) are just inde-
pendent random variables and carry out the summation. However, if we assume that the coup-
ling term conserves the total number of excitations,Nex, then the sum over µ, ν, must run over
values with Nex = 1. Thus, the components cµ(k,↑) can only take non-zero values if k,↑ cor-
responds to a total excitation value Nex = 1. Thus, the sum is restricted to k= k0.

Concretely, then, we can see that the summation

η =
∑
k

cµ(k,↑)cν(k,↑), (21)

may be restricted simply to the term,

η = cµ(k0,↑)cν(k0,↑) := cµ(α0)cν(α0), (22)

where we have defined α0 = (k0,↑) as the indices of the initial state.
This then leads us to the form for observable matrix elements,

Oµν =∆Ocµ(α0)cν(α0)+O↓↓δµν . (23)

10
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Figure 2. DE Fluctuations versus IPR for Hamiltonian (26) and (27). Observables are
σ
(S)
z for (a), (c) and P0 for (b). Initial bath states are all qubits down for (a), and the

Neel state for (b), (c). Values of increase with decreasing IPR and fluctuations, and are
N= [10,100,500,1000,2000,5000] for (a), and N= [10,11,12,13,14,15] for (b), (c).
These are chosen such that the IPR values are roughly similar, noting that the correlated
quench dynamics takes place in a significantly reduced subspace. ‘ETH’ and ‘Correlated
Quench’ label the expected scalings of equations (7) and (24), respectively. Parameters:
Bz = 0.05, J= 1, J ′ = 0.8.

Here we note that this relation is not expected for all matrix elements Oµν , which in general
may in-fact still obey the ETH, and thus take the form of equation (1). Rather, here we have
that the few matrix elements of particular observables accessible from the described initial
state are restricted to the form above, and thus these matrix elements obey a different relation.
One can see that this recovers the form of Srednicki’s ansatz [26] if cµ(α0)cν(α0) is taken to
be a suitably small stochastic variable, however, equation (23) allows for correlations between
the wave function coefficients cµ(k,↑), to be included.

In understanding equation (23) it is thus important to stress that the observable matrix ele-
ments are indeed still in reality described by equation (19), however, due to the conserved
quantity N̂ and correlated initial state the dynamics are restricted to a subset of the Hilbert
space. It is precisely this restriction that allows us to make the substitution (23).

Applying equation (23) to the long-time fluctuations, we thus obtain,

δ2O(∞) = ∆O2
∑
µν
µ ̸=ν

|cµ(α0)|2|cν(α0)|2(cµ(α0)cν(α0))
2

=∆O2
∑
µν

|cµ(α0)|4|cν(α0)|4 −∆O2
∑
µ

|cµ(α0)|8

≈∆O2IPR(|ψ(0)⟩)2,

(24)

where we have once more assumed a small IPR, which implies
∑

µ |cµ(α0)|8 ≪
(
∑

µ |cµ(α0)|4)2. We thus recover the same scaling of fluctuations as seen in general for the
survival probability, which differs from the ETH.

We numerically confirm this approach in a quantum spin-chain model, described below,
in figure 2, where it is contrasted to the behaviour of a different initial state that is a highly
degenerate eigenstate of HB. We observe that the system observable scales as expected by (7)
in this case, whereas the survival probability fluctuations deviate from the ETH for all initial
states. In appendix A we study the spin-boson model, and see the same scaling can be derived
for this model in the rotating wave approximation (RWA).

11
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Further, in appendix D we show a case where this scaling is obtained without the con-
servation of excitation number when the initial state is the ground state of a non-interacting
Hamiltonian prior to a quantum quench. Intuitively, this can be seen as a by-product instead
of conservation of energy; in cases where additional excitations require an additional energy
cost, such transitions only contribute weakly, and equation (23) holds approximately.

5. Two-point correlators

In this section we will see that the long-time behaviour of the two-point correlators of the
correlated quench procedure indeed deviates from the expected factorisation, equation (8).
This can be seen using equation (23):

⟨O(t)O⟩=
∑
µν

cµ(α0)cν(α0)OµµOµν

=
∑
µν

cµ(α0)cν(α0)(∆Ocµ(α0)cν(α0)+O↓↓)

× (∆Ocµ(α0)cν(α0)+O↓↓δµν)

= ∆O2IPR(|ϕα0⟩)+O2
↓↓

+∆OO↓↓(1+ IPR(|ϕα0⟩)
≈ O↑↑O↓↓

̸= O2
↓↓, (25)

where in the penultimate line we have assumed, as above, that the initial state is spread over
a large number of many-body eigenstates, and thus the IPR is small. The last inequality high-
lights the deviation of the long-time average from that implied by the ETH O2

MC ≈ O2
↓↓. This

is shown in figure 3(a) for the spin-chain model described in the next section.

6. Numerical model

For our numerical calculations we use a non-integrable spin-chain model, where the bath is
given by the XXX chain with nearest and next-nearest neighbour couplings (NN-XXX). Our
system qubit is ‘biased’ with a small Bz component. The Hamiltonian is written in the form
H= H0 +HI, with

H0 = B(0)
z σ(0)

z +
∑

⟨α,β⟩>0

Jσα ·σβ , (26)

where we set the system index equal to zero, such that HS = B(0)
z σ

(0)
z , and,

HI = Jσ0 ·σ1 +
∑

⟨⟨α,β⟩⟩

J ′σα ·σβ , (27)

where σα = (σ
(α)
x ,σ

(α)
y ,σ

(α)
z ), and ⟨· · · ⟩ and ⟨⟨· · · ⟩⟩ indicate summations over nearest neigh-

bours and next-nearest neighbours of the respectively.H0 thus describes a system qubit placed
at one end of the chain, uncoupled from an XXX chain with nearest-neighbour interactions
only. The action of HI is to couple the system qubit to both it is neighbour and next-nearest
neighbour, as well as include next-nearest neighbour interactions throughout the chain. The
system is thus homogeneous, except for a small ‘bias’ field on the system qubit only, acting to
ensure the initial state is an excited eigenstate of the conserved quantity N̂S = σ

(S)
z . The total

12
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Figure 3. Exact diagonalization calculations of long time average of correlation func-
tions for varying initial states and number of qubits L for the NN-XXX model
(equations (26) and (27)). (a) ⟨O(t)O⟩ given in equation (25) for initial All Down
state, satisfying the correlated quench. Theory (blue squares) calculated from correl-
ated quench assumption equation (24), and Exact Diagonalization (yellow circles) from
equation (5). (b) Long-time OTOC for initial All Down state. Theory (blue squares)
and Exact Diagonalization (yellow circles) calculated from equations (30) and (B1),
respectively. (c) and (d) show long time values of ⟨O(t)O⟩ and OTOC, respectively, for
an initial Neel state. Magenta dashed line shows expected result from ETH as discussed
in section 2. Even values of N Neel state shown such that the initial state has the same
number of up and down spins. Bz = 0.05, J= 1, J ′ = 0.8.

conserved quantity is the total magnetization
∑

iσ
(i)
z , such that the number of excitations is

given by N̂=
∑

i
1
2 (σ

(i)
z +1).

This model is chosen for it is resemblance (up to the system Bz field) to the model of [63],
where the lack of scrambling of quantum information was observed for states with such a con-
servation law. We argue that equation (23) can be seen as the mechanism behind this observa-
tion, seeing that scrambling is not violated simply due to a confined subspace by the conser-
vation law, but rather that the mixing of eigenstates in time evolutions is restricted, and thus
off-diagonal observable matrix elements may not be treated as random.

Our numerical results are shown in figure 2, where we have investigated the NN-XXX
model for the observable σ(S)

z , with initial bath states as the correlated initial state | ↓,↓, · · · ⟩B
(All down), figure 2(a), and both the survival probability, P0 and σ

(S)
z for a highly degenerate

product state, | ↑,↓, · · · ⟩B (Neel), figures 2(b) and (c), respectively. Here we observe that for the
correlated initial state the local observable σ(S)

z follows the scaling of equation (24) as expected
from the arguments above. We further see the survival probability follows this scaling exactly
for all initial states.

We note that the Hilbert space dimension available to the initial states in each scenario
scale vastly differently with system size. As the Hamiltonian conserves excitation number, we
restrict to the relevant subspace for numerical exact diagonalization. The All down state for
the correlated quench scales only linearly with system size, and thus we can access far larger
systems. We choose values for each with similar IPRs, such that the initial state is similarly
distributed overmany-body eigenstates.We additionally note this initial state is not particularly
close to the ground state of the Hamiltonian, due to the energy bias on the system qubit. For
example, for L= 1000, and rescaling the energies to the range [0, 1], the initial state has an
energy expectation value of ∼0.73 for Bz = 0.05,J= 1,J ′ = 0.8, which are the parameters
used in numerical results shown.

We have used the Neel state as a reference state as it has the same system state, yet the bath
state hasmany possible confirmations that conserve N̂B, thus, one cannotmake the assumptions
following equation (13), and such the observable fluctuations should obey the ETH.

13
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7. Time evolution

The time dependence of an observable O of a closed quantum system initialized by the state
given in equation (13) may be written as

⟨O(t)⟩=
∑
µν

cµ(α0)cν(α0)e
−i(Eµ−Eν)tOµν

=∆O
∑
µν

|cµ(α0)|2|cν(α0)|2e−i(Eµ−Eν)t

+O↓↓
∑
µ

c2µ(k0,↑),

(28)

where in the second line we have applied equation (23). We thus obtain

⟨O(t)⟩=∆OP0(t)+O↓↓, (29)

where P0 = |⟨ψ(0)|ψ(t)⟩|2 =
∑

µν |cµ(α0)|2|cν(α0)|2e−i(Eµ−Eν)t is the survival probability.
This may be understood as a special case of the results of references [23, 24, 71].

This is corroborated in figure 4. Note that the case of the correlated quench follows the
survival probability dynamics strikingly closely, even faithfully reproducing its fluctuations.

8. Long-time OTOC

Exploiting equation (23), the long time OTOC, may be obtained by calculation of
equation (12). This is a somewhat tedious calculation, shown in full in appendix B. We obtain,

F(t) =W2
↓V

2
↓ +W2

↓∆VV↓ +W2
↓∆V

2 +W2
↓∆VV↓I4[4∆WW↓∆VV↓

+ 2∆WW↓V
2
↓ + 2∆W2W↓∆V

2 +∆W2V2
↓ +∆W2∆VV↓]

+ I2
4 [2∆W

2∆VV↓ + 2∆W2∆V2]−I8[∆W2∆V2 +∆W2∆VV↓], (30)

where In :=
∑

µ c
n
µ(α0), and thus I4 = IPR(|ϕ0⟩). Here we have used notation as described

above equation (17) for observables W and V replacing O. In the limit of large system size,
where the IPR is small, this thus simplifies to

F(t)≈W2
↓V

2
↓ +W2

↓∆VV↓ +W2
↓∆V

2 +W2
↓∆VV↓, (31)

which is equal to unity forW= V= σ
(S)
z , implying that the information on this local observable

is not-scrambled, even for large non-integrable Hamiltonians.
In figure 3(b) we observe the behaviour of the long time value F for the initial correlated

state. We see that, indeed, F does not indicate the scrambling of information, and is exactly in
agreement with equation (30).

This indicates that the dynamics of the system after a correlated quench procedure is non-
chaotic. The fact that this system behaves non-chaotically motivates the relation to an integ-
rable system i.e. a system with an extensive number of conserved quantities. Our approach
thus provides some intuition on the transition to integrability, upon which an extensive num-
ber of initial states will behave as above. To further understand this intuition, we note that in
[72] it was shown that even integrable systems may display ETH-like behaviour (where long-
time dynamics is effectively generated an unbiased sampling of Hamiltonian eigenstates) for
chaotic initial states (eigenstates of a non-integrable model). Non-ergodic states of integrable

14
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Figure 4. Dynamics of the NN-XXXmodel (equations (26) and (27)) for (a) observable
σ
(S)
z (orange solid line) andP0 (orange dashed line) for an initial All down state |ψ(0)⟩=

| ↑,↓,↓,↓ · · · ⟩ and observable σ(S)
z for initial Neel state |ψ(0)⟩= | ↑,↓,↑,↓, · · · ⟩. The

dynamics after a correlated quench can be seen to closely follow the survival probability,
and decays to an equilibrium value∼O↓↓ =−1, as expected by equation (29). (b) Shows
dynamics ofF(t) forW= V= σ

(S)
z for All down (orange line) andNeel (blue line) states.

Bz = 0.05,J= 1,J ′ = 0.8,N= 15.

systems are thus not ubiquitous, but rather they are defined by their relation to the extensive
number of Hamiltonian symmetries. The correlated quench describes a mechanism by which
some of these non-ergodic states in integrable systems may emerge.

9. Discussion

In this article we have observed and obtained the mechanism behind a scenario in which
quantum thermalization occurs in generic chaotic systems, yet other predictions of the ETH are
violated due to correlations between the initial state, observable, and a symmetry of the sys-
tem. The scenario in question we have called a ‘correlated quench’, where the bath is initially
in a non-degenerate state with respect to some conservation law. We observe for given local
system observables, thermalization occurs without the full ETH, as the off-diagonal observ-
able elements can be seen to be non-random, as correlations dominate both long and short
time behaviour of the observable. Indeed, from the derived expression for off-diagonal observ-
able elements, we have analytically obtained the long-time fluctuations and time evolution of
observables, as well as the long time value of the OTOC.

The correlated quench requires particular conditions that are nonetheless quite common
in physical scenarios; relying on correlations between the initial state, observable, and some
Hamiltonian symmetry. Product state initial states with a ground-state bath are a particular
example, though we note the initial state energy need not be close to the ground state itself
(indeed the ETH is not expected to apply close to the edges), as the observed deviations of
the ETH are exact due to symmetry conditions. We have further seen the phenomena observed
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in a correlated quench are robust to perturbations, such as additional excitations of the initial
state, or excitation non-conserving terms in the Hamiltonian. In this case, the ETH results are
recovered either as the system size or perturbation strength are increased.

The time evolution of observables after a correlated quench follows that of the survival
probability closely, which provides a potential method of measuring the survival probability
itself. This is useful, for example, as it is Fourier transform is the so-called local density of
states, or strength function. Thus our results imply this may be measured using such a correl-
ated quench protocol.

The arguments outlined above rest on the behaviour of the parameter η, equation (21). This
parameter dictates the available states that may mix with the initial state in time evolution. It
is thus an important quantity in dictating the ergodicity of a quantum system, or it is ability to
scramble quantum information.

Data availability statement

The data that support the findings of this study are available upon reasonable request from the
authors.

Acknowledgments
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Appendix A. Relation to the rotating wave approximation—the spin-boson
model

In this section we give an example of the scaling of time-averaged fluctuations for an integrable
spin-boson model. This model serves to provide intuition on the origin of the deviations from
the ETH observed in the main text, which will carry over in a straight-forward manner to more
general systems.We will see here that the excitation conservation law is equivalent to the RWA
in the familiar model of a single spin coupled to a Bosonic bath.

The model we discuss is the spin-boson model, which we may write as

H= HS +HB +HSB, (A1)

with

H0 = HS +HB =
ωz
2
σz+

∑
n

ωna
†
nan, (A2)

and

HSB =
∑
n

gn(an+ a†n)(σ+ +σ−), (A3)

where σi i= x,y,z are the Pauli operators, σ± = 1
2 (σx± iσy), and a†n(an) are creation (anni-

hilation) operators of a boson in state n. Making the RWA, and thus ignoring counter rotating
terms anσ− and a†σ+, we obtain
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Figure 5. DE Fluctuations versus IPR for spin-boson model equation (A1) with

ωz = 0.6,Γ = 2πg2

ω0
= 0.1,ωn = nω0 =

n
N . gn is a random number with mean zero and

variance g.

HSB =
∑
n

gn(anσ+ + a†nσ−). (A4)

We can thus see that the total Hamiltonian conserves the total number of excitations
N̂= 1

2 (σz+1)+
∑

n a
†
nan. We thus initiate a correlated quench, such that the initial state is

given by | ↑⟩S
∏

n |0⟩n := | ↑,0⟩. As the interaction Hamiltonian with the RWA preserves excit-
ation number, we thus have, that at any later time the state must be some superposition of
| ↑,0⟩ and | ↓,1n⟩ := | ↓⟩S|1⟩n

∏
m≠n |0⟩m. This model is exactly solvable using the Wigner–

Weisskopf method [73, 74] for gn = g= constant, which gives

c(µ)↑,0 =
g(

g2 + γ2

4 +E2
µ

) 1
2

, c(µ)↓,1n =
g2/(Eµ −ωn)(
g2 + γ2

4 +E2
µ

) 1
2

, (A5)

where γ = 2πg2

ω0
is the decay rate. Now, the fluctuations and IPR may be easily calculated for

this model in the limit N→∞. Here we can write
∑

µ →
´ dEµ

ω0
, and as in the continuum limit

the level spacing ω0 → 0, with γ = constant, we have g2 = γω0
2π → 0. We thus have

IPR(|ψ(0)⟩) = γ2ω0

4π2

ˆ
dEµ

ω0

1(
γ2

4 +E2
µ

)2 =
ω0

πγ
. (A6)

Now, the fluctuations can be found from equation (5). We pick as our observable σz, for which
we have (σz)µν = c(µ)↑,0 c

(ν)
↑,0 −

∑
n c

(µ)
↓,1nc

(ν)
↓,1n = 2c(µ)↑,0 c

(ν)
↑,0 − δµν . Thus, equation (5) may be sim-

ilarly evaluated to obtain

δ2σz(∞) = 4
ω2
0

π2γ2
− 10

ω3
0

π3γ3
≈ 4IPR(|ψ(0)⟩)2 . (A7)

In figure 5 we plot the DE fluctuations against the IPR for the case where gn is given by a
random number of mean zero and variance g, observing that the obtained scaling is still correct
for the non-integrable case with random couplings. In figure 6 we plot the time dependence
and long-time average of F(t), for constant couplings gn = g.
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Figure 6. F(t) for N= 100 (left) and F(t) (right) for the spin-boson Hamiltonian,
equation (A1). Theory labels the correlated quench condition result of equation (30).
Note that ‘revivals’ in F(t) significantly contribute to the time average result. ωz = 0.6,

ωn =
n
N ,Γ = 2πg2

ω0
= 0.2.

We further note that this case is also exactly fulfilled by the tight-binding model, which
may be similarly solved by the Wigner–Weisskopf approach.

Appendix B. Time average of F(t)

Here we calculate the long-time average of F(t), given by

F= ⟨↑,k0|W†(t)V†W(t)V| ↑,k0⟩

=
∑
µν

cµ(k0,↑)cν(k0,↑)⟨ψµ|W†(t)V†W(t)V|ψν⟩. (B1)

We first obtain Fµν := ⟨ψµ|W†(t)V†W(t)V|ψν⟩, which can be seen to be equal to

Fµ0ν0 =
∑
µ

Wµ0µ0Vµ0µWµµVµν0 +
∑
µ

Wµ0µVµµWµµ0Vµ0ν0

−W2
µ0µ0

Vµ0µ0Vµ0ν0

: = F
(1)
µ0ν0 +F

(2)
µ0ν0 −F

(3)
µ0ν0

. (B2)

Now, using that Oµν =∆Ocµ(↑,k0)cν(↑,k0)+O↓δµν , we may write, using the shorthand
cµ(↑,k0) := cµ,

F
(1)
µ0ν0 =

∑
µ

(∆Wcµ0cµ0 +W↓)(∆Vcµ0cµ +V↓δµµ0)

× (∆Wcµcµ +W↓)(∆Vcµcν0 +V↓δµν0) .

(B3)
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Performing the expansion in full, we obtain

F
(1)
µ0ν0 =

∑
µ

[
W2

↓V
2
↓δµµ0δµν0 +W2

↓∆V
2c2µcν0cµ0

+∆W2V2
↓c

2
µc

2
µ0
δµµ0δµν0 +∆W2∆V2c4µcν0c

3
µ0

+∆WW↓∆VV↓
(
cµc

3
µ0
δµν0 + c2µcν0δµµ0 + c3µcµ0δµν0 + cµcν0c

2
µ0
δµµ0

)
+∆WW↓∆V

2
(
c4µcν0cµ0 + c2µc

3
µ0
cν0
)

+∆WW↓V
2
↓
(
c2µδ

2
µδµµ0δµν0 + c2µ0

δµµ0δµν0
)

+∆W2∆VV↓
(
c3µc

2
µ0
cν0δµµ0 + c3µc

3
µ0

)
+W2

↓∆VV↓ (cµcν0δµµ0 + cµcµ0δµν0)

]
(B4)

similarly,

F
(2)
µ0ν0 =

∑
µ

(∆Wcµ0cµ +W↓δµµ0)(∆Vcµcµ +V↓)

× (∆Wcµcµ0 +W↓δµµ0)(∆Vcµ0cν0 +V↓δµ0ν0)

=
∑
µ

[
W2

↓V
2
↓δµ0ν0δµµ0 +W2

↓∆VV↓c
2
µδµ0ν0δµµ0

+ 2∆WW↓V
2
↓cµcµ0δµ0ν0δµµ0

+ 2∆WW↓∆VV↓
(
c3µcµ0δµ0ν0δµµ0 + cµc

2
µ0
cν0δµµ0

)
+W2

↓∆VV↓cµ0cν0δµµ0 +W2
↓∆V

2cµ0cν0δµµ0

+∆W2V2
↓c

2
µc

2
µ0
δµ0ν0 +∆W2∆V2c4µc

3
µ0
cν0

+ 2∆WW↓∆V
2c3µc

2
µ0
cν0δµµ0

+∆W2∆VV↓
(
c2µc

3
µ0
cν0 + c4µc

2
µ0
δµ0ν0

)]

(B5)

and,

F
(3)
µ0ν0 = (∆Wcµ0cµ0 +W↓)(∆Vcµ0cµ0 +V↓)

× (∆Wcµ0cµ0 +W↓)(∆Vcµ0cν0 +V↓δµ0ν0)

=W2
↓V

2
↓δµ0ν0 +W2

↓∆VV↓cµ0δµ0ν0

+ 2∆WW↓V
2
↓cµ0δµ0ν0 +W2

↓∆V
2c3µ0

cν0

+ 2∆WW↓∆VV↓
(
c3µ0

cν0 + c4µ0
δµ0ν0

)
+∆W2V2

↓c
4
µ0
δµ0ν0 + 2∆WW↓∆V

2c5µ0
cν0

+∆W2∆VV↓c
5
µ0
cν0 +∆W2∆VV↓c

6
µ0
δµ0ν0

+∆W2∆V2c7µ0
cν0

]
.

(B6)
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Now, using that,

F(t) =
∑
µ0ν0

cµ0cν0Fµ0ν0 , (B7)

and defining

In =
∑
µ

cnµ, (B8)

we thus obtain (noting that I2 = 1),

F(t) =W2
↓V

2
↓ +W2

↓∆VV↓ +W2
↓∆V

2 +W2
↓∆VV↓

+ I4[4∆WW↓∆VV↓ + 2∆WW↓V
2
↓

+ 2∆W2W↓∆V
2 +∆W2V2

↓ +∆W2∆VV↓]

+ I2
4 [2∆W

2∆VV↓ + 2∆W2∆V2]

−I8[∆W2∆V2 +∆W2∆VV↓],

(B9)

which is the result shown in the main text. We note that terms in In can be seen as finite size
effects, which become negligible as N→∞. Indeed I4 is equal to the IPR. For large system
sizes, we thus expect,

F(t)≈W2
↓V

2
↓ +W2

↓∆VV↓ +W2
↓∆V

2 +W2
↓∆VV↓. (B10)

We use the full equation in the numerics, however, as the finite size effects can be seen to be
important in the system sizes studied numerically.

Appendix C. Discussion of larger system sizes

In the main text we focused on the case where HS is a 2× 2 Hamiltonian matrix. Here we
show that in certain conditions the main arguments similarly follow for larger systems, of
Hilbert space dimensionNS, with eigenstates {|s⟩S}s=1,...,NS . We now write the initial state as
|ψ(0)⟩= |si⟩S|k0⟩B, where |k0⟩B is again a non-degenerate state of some conserved quantity,
and |si⟩S is the initial (excited) system state.

We can show this simply by deriving equation (23) for an arbitrary size HS. Indeed, we can
do this by following the same approach as the main text, with some additional requirements.
Writing instead

|ψµ⟩=
∑
k

cµ(k,si)|si⟩S|k⟩B +
NS∑
s̸=si

∑
k

cµ(k,s)|s⟩S|k⟩B. (C1)

Now, once again, if the system observable is diagonal in the non-interacting basis, we have
Oss ′ := ⟨s|O|s ′⟩ ∼ δss ′ , such that

20



J. Phys. A: Math. Theor. 55 (2022) 475303 C Nation and D Porras

Oµν =
∑
k

cµ(si,k)cν(si,k)Osisi +
∑
s̸=si

∑
k

cµ(s,k)cν(s,k)Oss

=
∑
k

cµ(si,k)cν(si,k)Osisi +
∑
s̸=si

Oss⟨ψµ|
∑
k

|s⟩S|k⟩BB⟨k|S⟨s|ψν⟩

=
∑
k

cµ(si,k)cν(si,k)Osisi

+
∑
s̸=si

Oss⟨ψµ|

1−
∑
s ′ ̸=s

∑
k

|s ′⟩S|k⟩BB⟨k|S⟨s ′|

 |ψν⟩

= cµ(si,k0)cν(si,k0)Osisi −Osisiδµν −
∑
s ̸=si

Oss

∑
s ′ ̸=s

∑
k

cµ(s
′,k)cν(s

′,k),

(C2)

where we have used that O may be taken as traceless, implying
∑

s̸=si
Oss =−Osisi . Now, we

see the same form is recovered up to a correction given by the last term, and thus this term is
dictated by the quantity

∑
k cµ(s,k)cν(s,k). Assuming conservation of excitation number, and

thus this summation is given by∑
s ′ ̸=s

∑
k

cµ(s
′,k)cν(s

′,k) =
∑
∆s̸=0

cµ(s0 −∆s,k0 +∆s), (C3)

where ∆s= si− s ′ is the change in excitation number of the system. Note that ∆s is always
positive when |k0⟩B is initialized with zero excitations, or if the si =maxs. We then have the
correction term as equal to

−
∑
s̸=si

Oss

∑
s ′ ̸=s

cµ(s
′,k0 + si− s ′)cν(s

′,k0 + si− s ′). (C4)

For high NS, then, this term can dominate the off-diagonal contribution. We note, however,
that for transnationally invariant eigenstates, as expected for a many-body quantum system
away from the edges (which we note the total system + bath state fulfils, given that the initial
system energy is large enough), we can write cµ(s,k)≈ cµ(s+ k), and thus the correction term
becomes,

Osisi(NS − 1)cµ(k0,si)cν(k0,si), (C5)

where we have once again used that O may be taken as traceless. We then have,

Oµν ≈ OsisiNScµ(k0 + s)cν(k0 + s)−Osisiδµν , (C6)

which is of the form of equation (23).

Appendix D. Robustness to multiple excitations

In this section we show that in some cases equation (23) may be applied outside the regime
where it is exact, that is, to the case where there is no conservation law that we may use as
our excitation number. We will see that when the initial bath state is the ground state of HB,
equation (23) is approximately fulfilled due to the energy cost associated to an excited state of
the bath.
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Figure 7. DE Fluctuations versus IPR for Hamiltonian equations (D1)–(D3). B(S)
x =

0,B(B)
x = 0.3,B(S)

z = 0.8,B(B)
z = 0,J(B)x = 1,J(B)z = 0.1. Coupling strengths: J(SB)x =

0.8,1.0 for circles and squares respectively. Initial state is | ↑⟩S|ψα0⟩B, where |ψα0⟩B
is the ground state of the bath Hamiltonian HB. Nm = 5, such that the chain is
non-integrable.

D.1. Removing excitation conservation

We will observe this using a different spin-chain Hamiltonian, of the form
H= HS +HB +HSB, with

HS = B(S)
z σ(1)

z (D1)

where {σ(n)
i } i= x,y,z are the Pauli operators acting on site n. The bath Hamiltonian is a

spin-chain of length N, with nearest-neighbour Ising and XX interactions subjected to both Bz
and Bx fields

HB =
N∑
n>1

(
B(B)
z σ(n)

z +B(B)
x σ(n)

x +
N−1∑
n>1

Jzσ
(n)
z σ(n+1)

z

+Jx
(
σ
(n)
+ σ

(n+1)
− +σ

(n)
− σ

(n+1)
+

))
. (D2)

The interaction part of the Hamiltonian is given by,

HSB = J(SB)x

(
σ
(1)
+ σNm− +σ

(1)
− σNm+

)
, (D3)

where we use Nm = 5 throughout, such that the bath is described by a 1-D chain with indices
2, . . . ,N, and the system (site 1) is coupled to a single spin at site 5.

In this case, we have that there is no conservation of excitation number, so equation (23) is
at best approximate. In figure 7 we plot the scaling of fluctuations for this Hamiltonian for two
initial states. In the first, we have the system initialized in the excited state | ↑⟩S, and the bath
initialized in the ground state of HB, and for the second, we choose the same system state, and
a random mid-energy eigenstate of the bath. We observe that for the bath ground state initial
state, figure 7(a), the correlated quench results are still a good approximation, however this
gets worse as the systems size increases, due to the presence of more states lying are close to
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Figure 8. Dynamics of observable σ
(S)
z (blue) and P0 (orange) for Hamiltonian

equations (D1)–(D3). B(S)
x = 0,B(B)

x = 0.3,B(S)
z = 0.8,B(B)

z = 0,J(B)x = 1,J(B)z = 0.1.
Coupling strengths: J(SB)x = 0.8,1.0 for circles and squares respectively. Initial state
is | ↑⟩S|ψα0⟩B, where |ψα0⟩B is the ground state of the bath Hamiltonian HB.
Nm = 5,N= 14.

the ground state with multiple excitations, that are able to be excited. As above, we see the
fluctuations in survival probability differ from the ETH prediction, figure 7(b), for all initial
states, and the random mid-energy eigenstates scale according to the ETH, figure 7(c).

We thus observe the implied scaling is robust in some cases to the presence of non-excitation
number conserving terms. This can be attributed to a similar mechanism, where due to con-
servation of energy, if the system is measured to be in the excited state, the bath is (at least
likely to be) in the ground state, and thus the system observable is equivalent to the survival
probability. This can be seen in the case of time evolution, see figure 8, where we see the
description of diagonal local systems observables in terms of the survival probability remains
a good approximation.

D.2. Excited initial bath states

In this section we present numerics showing the robustness of the correlated quench results to
initial states that have multiple excitations. For this, we use the Hamiltonian of equation (D2)
of the main text, and report initial product states of multiple excitations.

In figure 9 we see that the scaling of fluctuation implied by the correlated quench is valid
for initial states that are low-lying excited states of the bath, rather than only for a zero excit-
ation initial bath state. This effect, however, is far more sensitive to initial excitations than to
symmetry breaking terms in the bath Hamiltonian, as the Hilbert space dimension of higher
manifolds grows quickly with the number of excitations for a small excitation number. We
observe a crossover to the ETH scaling for excited bath states as N is increased.
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Figure 9. Scaling of observable fluctuations with number of spins N for initial states
with small number of excitations in the bath. We show an average over 200 different
initial states where Nex random spins of the bath are excited. N increases to the left and
takes values [5–15, 2, 30, 40, 5] and [3–15, 20, 25] for Nex = 2 and 4, respectively.
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