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List of symbols

The following symbols have been frequently used throughout the thesis.

CZDS : the set of complex zero decreasing sequences, i.e. the set of real
sequences (7;)%,, such that for any real polynomial P(x) = S7_, apx® the
number of non-real zeros of P does not exceed the number of non-real zeros
of the polynomial >"7_ yrarz®.

ga(z) = 22, 2%, a > 1 : the partial theta function.

HP : the set of univariate hyperbolic polynomials, i.e. the set of real
univariate polynomials having only real zeros.

HP, : the set of univariate hyperbolic polynomials with all positive
coefficients.

L — P : the Laguerre-Podlya class of entire functions, i.e. the closure in
the topology of the uniform convergence on compacts of the set of hyperbolic
polynomials.

L — PZI : the Laguerre—Podlya class of type I of entire functions, i.e. the
closure in the topology of the uniform convergence on compacts of the set of
hyperbolic polynomials with all positive coefficients.

MS : the set of multiplier sequences, i.e. the set of real sequences ()32,
such that for any hyperbolic polynomial P(x) = >}, azz”® the polynomial
S rara® is also hyperbolic.

pu(f) = “=+,n > 1: the first quotients of Taylor coefficients of an entire
function f(z) = 302 axz”.
a(f) = %7 n > 2 : the second quotients of Taylor coefficients of an

entire function f(z) = 332, apz”.

(oo = 3.23363666 : the absolute constant which was found by O. Katkova,
T. Lobova and A. Vishnyakova. For more details, see the corresponding
theorems.

Sp(z, f) = X0y axz® : the n-th partial sum of an entire function f(z) =
S0 aprh.

R.(x, f) = 332, apx® : the n-th remainder of an entire function f =
S aprh.

vi



LIST OF SYMBOLS vii

Zc(P) : the number of non-real zeros of a real polynomial P counting
multiplicities.

Zr(P) : the number of real zeros of a real polynomial P counting multi-
plicities.



Introduction

We investigate the famous Laguerre-Pélya class of entire functions and its
subclass, the Laguerre-Pdlya class of type I. The functions from these classes
can be expressed in terms of the Hadamard Canonical Factorization (see
Chapter [1} Definition [I.2]and [1.3)). The prominent theorem by E. Laguerre
and G. Pdlya gives a complete description of the Laguerre-Pdlya class and the
Laguerre—Polya class of type I, showing that these classes are the respective
closures in the topology of uniform convergence on compact sets of the set of
real polynomials having only real zeros (that is, the set of so-called hyperbolic
polynomials) and the set of real polynomials having only real negative zeros.
Both the Laguerre-Poélya class and the Laguerre—Pdlya class of type I play an
essential role in complex analysis. For the properties and characterizations of
these classes, see, for example, [31] by A. Eremenko, [40] by I.I. Hirschman
and D.V. Widder, [43] by S. Karlin, [57] by B.Ja. Levin, [66, Chapter 2] by
N. Obreschkov, and [74] by G. Pélya and G. Szegd.

To highlight the importance of the Laguerre—Pdlya class we would like to
mention the connection between this class and one of the most famous open
problems in modern mathematics, the Riemann hypothesis, which was posed
by Bernhard Riemann in 1859 (see [76]). The conjecture states that a special
meromorphic function known as the Riemann zeta function has (apart from
trivial zeros at the negative even integers) only zeros with real parts equal to
1/2. The relation between the Riemann zeta function and the Laguerre-Pélya
class can be found in works [24] by G. Csordas, T.S. Norfolk and R.S. Varga,
[25] and [26] by G. Csordas and R.S. Varga, [22] by G. Csordas, [28] by
G. Csordas and C.-C. Yang, and [29] by D.K. Dimitrov. In particular, the
Riemann hypothesis can be reformulated as a statement that a special entire
function, the so-called =-function, belongs to the Laguerre—Pdlya class. This
approach of proving the Riemann Hypothesis is known as the Hilbert-Pdlya
Conjecture. Although very little is known about its origin, a sketch of the
idea can be found, for example, in the paper by O. Katkova, [46].

There are many works devoted to functions from the Laguerre-Pélya
class. We mention here only a few of them. In the works [21] by T. Craven,

viil



INTRODUCTION ix

G. Csordas and W. Smith, and [42] by H. Ki and Y. Kim, Pélya’s conjecture
is proved which states that for a real entire function of order less than two
with a finite number of nonreal zeros the derivative of a sufficiently high
order belongs to the Laguerre-Pélya class. In the papers [7] by W. Bergweiler
and A. Eremenko and [8] by W. Bergweiler, A. Eremenko and J. Langley
the Wiman conjecture is proved concerning the number of nonreal zeros of
derivatives of a real entire function of order greater than two.

Among a plenty of recent works devoted to the functions from the Laguerre—
Pélya class, we only mention [5] by A. Baricz and S. Singh, [10] by A. Bo-
hdanov, |11] by A. Bohdanov and A. Vishnyakova, [12] by P. Briandén, [14]
and [13] by D. Cardon, [16] and [23] by T. Craven and G. Csordas, [23] by
G. Csordas and T. Forgacz, [27] by G. Csordas and A. Vishnyakova, [38] by
B. He, [56] by M. Lamprecht and [80] by A.D. Sokal.

The question of whether an entire function belongs to the Laguerre-Pélya
class (or the Laguerre-Pdlya class of type I) can be very difficult. In this
thesis, we have found some necessary and sufficient conditions, in terms of
its Taylor coefficients, for an entire function to belong to the Laguerre—Pdlya
class (and Laguerre—Pdlya class of type I ). We restrict our investigations
to the set of entire functions from the Laguerre-Poélya class having positive
Taylor coefficients and an increasing sequence of their second quotients. The
main purpose of this thesis is to study the properties of the coefficients and
the location of the zeros of these functions.

Structure of the thesis. The thesis is organized as follows. Chapter [1}is
devoted to the brief historical overview of the existing results. The definitions
of the Laguerre-Pélya class and the Laguerre—Podlya class of type I, the
multiplier sequence and the complex zero decreasing sequence, the partial
theta function and other important objects are provided. A short historical
overview of the study of the partial theta function is given. Some previously
known results on the functions from the Laguerre—Pélya class are indicated.

In Chapter 2] we describe a necessary condition for an entire function with
positive coefficients and with the increasing sequence of second quotients of
Taylor coefficients to belong to the Laguerre-Pdlya class (see Theorem .

In Section 2.2 we investigate a special function F, defined by

Zk

Fa(z):1+;(ak+1)(ak—l+1)-...‘(a—l—l)

which is related to the partial theta function and and is also known as the
¢-Kummer function ,¢1(q; —q;q, —z), where ¢ = 1/a. The question is, for
which a > 1, this function belongs to the Laguerre-Pdélya class, and the
answer is given by Theorem [2.10] and Theorem [2.11}
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In Chapter |3| we present some necessary conditions for entire functions to
belong to the Laguerre—Pélya class in terms of their roots with the smallest
modulus. For entire function f(z) = Y22, axz® with positive coefficients
we prove that, if f belongs to the Laguerre-Pélya class and the quotients
qx(f) satisfy the condition ¢o(f) < g3(f), then f has at least one zero in the
segment [—¢L, 0]. Some necessary and sufficient conditions of the existence of
such a zero in terms of the quotients g (f) for k = 2,3, 4 are obtained (see
Theorem Theorem , and Theorem |3.6)).

In Chapter , it is proved that if f(z) = 32, arz®, ap > 0, is an entire
function such that the sequence of its second quotients of Taylor coefficients
is non-decreasing and g,(f) > 2+/2, then all but a finite number of zeros of f
are real and simple (see Theorem and Theorem 4.3]).

We further provide a criterion for entire functions with the non-decreasing
sequences of their second quotients of Taylor coefficients for belonging to the
Laguerre-Poélya class of type I in terms of the closest to zero roots under
additional assumptions on the regularity of increasing of the sequences of the
second quotients of Taylor coefficients.

In Chapter |5 we present some necessary conditions for entire functions with
the non-decreasing sequences of the second quotients of Taylor coefficients
for belonging to the Laguerre-Pélya class of type I (see Theorem and
Theorem [5.4]).

Finally, Chapter [6] includes the remaining problems for future research.






Chapter 1

Background of research

This chapter begins with a short literature overview concerning hyperbolic
polynomials of one variable, the Laguerre-Poélya class, linear operators, pre-
serving real-rootedness, properties of the partial theta-function, apolar poly-
nomials, and other topics connected to our investigations. We define necessary
notions and formulate some important theorems to which we refer in this
thesis.

1.1 Hyperbolic polynomials and the La-
guerre—Polya class

The study of zero distribution of entire functions, their sections and tails has
always been one of the central questions in complex analysis, see, for example,
detailed reviews on this topic in works by A. A. Goldberg and 1.V. Ostrovskii
[33], LI. Hirschman and D.V. Widder [40], B.Ja. Levin [57] and I.V. Ostrovskii
[68].

We start with the definition of a hyperbolic polynomial.

Definition 1.1. A real univariate polynomial is said to be hyperbolic if all
its zeros are real. The set of hyperbolic polynomials is denoted by HP. The
set of hyperbolic polynomials with only negative zeros is denoted by HP.

Entire functions which can be uniformly approximated in a neighbourhood
of zero by hyperbolic polynomials found important applications in other fields,
for example, in the theory of integral transforms [40] by I.I. Hirschman and
D.V. Widder, approximation theory [7§], the theory of total positivity and
probability theory [43] and [44] by S. Karlin.

One of the important classes of entire functions is the Laguerre-Pdlya class.
We give the definitions of the Laguerre-Pdlya class and the Laguerre-Pélya

1



CHAPTER 1. BACKGROUND OF RESEARCH 2

class of type I.

Definition 1.2. A real entire function f is said to be in the Laguerre—Pdlya
class, written f € £ — P, if it can be expressed in the form

f(z) = et P ﬁ (1 — Z) e (1.1)

k=1 Lk

where ¢, o, 5, 2, € R,z # 0, « > 0, n is a nonnegative integer and Y72, x,;2 <

Q.

Definition 1.3. A real entire function f is said to be in the Laguerre— Pdlya
class of type I, written f € £ — PI, if it can be expressed in the following
form

f(2) = cz"e” ﬁ (1 + Z> , (1.2)

k=1 Lk
where ¢ € R, 3 > 0,z;, > 0, n is a nonnegative integer, and Y7, 7,1 < oo.

The product on the right-hand sides in both definitions can be finite or
empty (in the latter case, the product equals 1).

Various important properties and characterizations of the Laguerre-Pdélya
class and the Laguerre-Pdlya class of type I can be found in works by L.I. Hir-
shman and D.V. Widder [40], B.Ja Levin [57], G. Pélya and G. Szego [74],
G. Pélya and J. Schur [73], monograph by N. Obreschkov [66, Chapter 1]
and many other works. These classes are essential in the theory of entire
functions since it appears that the polynomials with only real zeros (or only
real and nonpositive zeros) converge locally uniformly to these and only these
functions. The following prominent theorem provides an even stronger result.

Theorem A (E. Laguerre and G. Pdlya, see, for example, [40, p. 42-46] and
[57, chapter VIII, §3]).

(i) Let (P,)>,, P.(0) =1, be a sequence of hyperbolic polynomials which
converges uniformly on the disc |z| < A, A > 0. Then this sequence
converges locally uniformly in C to an entire function from the L — P

class.

(i) For any f € L — P there exists a sequence of hyperbolic polynomials,
which converges locally uniformly to f.

(1i7) Let (P,)>,, P.(0) =1, be a sequence of hyperbolic polynomials having
only negative zeros which converges uniformly on the disc |z| < A, A > 0.

Then this sequence converges locally uniformly in C to an entire function
from the class L — P1.
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(iv) For any f € L — PI there is a sequence of hyperbolic polynomials with
only negative zeros which converges locally uniformly to f.

For a real entire function (not identically zero) of the order less than 2 the
property of having only real zeros is equivalent to belonging to the Laguerre—
Poélya class. Similarly, for a real entire function with positive coefficients of
the order less than 1 having only real negative zeros is equivalent to belonging
to the Laguerre-Podlya class of type I. Strikingly, the situation changes for the
functions of order 2. For instance, the entire function f(z) = e=** belongs to
the £ — P class while the entire function g(x) = ¢** does not.

On the interesting properties and various characterizations of the Laguerre—
Pdlya class and the Laguerre-Polya class of type I, see, for example, [31] by
A. Eremenko, [40] by L.I. Hirschman and D.V. Widder, [43] by S. Karlin, [57]
by B.Ja. Levin, [66, Chapter 2] by N. Obreschkov, and [74] by G. Pdlya and
G. Szegd. Among plenty of recent works devoted to the functions from the
Laguerre—Pélya class, we only mention here [5] by A. Baricz and S. Singh, [10]
by A. Bohdanov, |11} by A. Bohdanov and A. Vishnyakova, [12] by P. Brandén,
[14] and [13] by D. Cardon, [16] and 23] by T. Craven and G. Csordas, [23]
by G. Csordas and T. Forgécz, [27] by G. Csordas and A. Vishnyakova, [3§]
by B. He, [56] by M. Lamprecht and [80] by A.D. Sokal.

1.2 The first and second quotients of Taylor
coefficients

Let f(2) = Y32, axz® be an entire function with real nonzero coefficients. We
define the first quotients of Taylor coefficients p, and the second quotients of
Taylor coefficients q, as follows.

Ap—1

pn:pn(f): a nZL

2
b Q,, _
G =qu(f) =" =—""1 n>2
Prn-1 Ap—20p

From these definitions it follows straightforwardly that one can express
coefficients of f in terms of p, or g,.

a
an:—o, n>1,
pPip2 ... Dn
aq n—1 1
a —a1(> — , n>2.
: ao) GG i
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One can see that the second quotients of Taylor coefficients are independent
parameters that define a function up to multiplication by a constant and
changing z — Az.

1.3 A simple sufficient condition for an entire
function to have only real zeros

The problem of understanding whether a given entire function (or polynomial)
has only real zeros is considered subtle and complicated. A simple verified
description of this class, in terms of the coefficients of a series, is impossible
since it is determined by an infinite number of discriminant inequalities.
In 1926, J.I. Hutchinson found quite a simple sufficient condition for an
entire function with positive coefficients to have only real zeros, which was a
generalization of the results by M. Petrovitch [71] and G. Hardy [36], or [37,
pp. 95 - 100].

Theorem B (J.I. Hutchinson, [41]). Let f(2) = 332, axz¥,a, > 0 for all
k, be an entire function. Then q,(f) > 4, for all n > 2, if and only if the
following two conditions are fulfilled:

(i) The zeros of f are all real, simple and negative, and

(ii) The zeros of any polynomial 7_, arz®m < n, formed by taking any
number of consecutive terms of f, are all real and non-positive.

For some extensions of Hutchinson’s results see, for example, [15, §4].

1.4 Multiplier sequences and complex zero
decreasing sequence

Since it is very difficult problem to define whether or not a given real polyno-
mial (or a real entire function) belongs to the class HP (to the class £ — P)
the important role play linear operators that preserve the class HP (the class
L —P). Now, we need the definition of multiplier sequences.

Definition 1.4. A sequence ()32, of real numbers is called a multiplier
sequence if, whenever the real polynomial P(z) = Y7_,ax2" has only real
zeros, the polynomial 3°7_, yxax2* has only real zeros. The class of multiplier
sequences is denoted by MS.
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The following theorem by G. Pdlya and I. Schur (1914) fully describes
multiplier sequences.

Theorem C (G. Pélya and J.Schur, see [73], and [66, pp. 29-47]). Let (V)52

be a given real sequence. The following three statements are equivalent.
(1) (v6)72 is a multiplier sequence.

(i) For every n € N the polynomial P,(z) = Y}_, (Z)szk has only real
zeros of the same sign.

(iii) The power series (z) := Y32 EzF converges absolutely in the whole
complex plane and the entire function ®(z) or the entire function ®(—z)
admits the representation

Ce?%2™ H (1+ ) (1.3)

=1 Lk
where C' € R,0 > 0,m € NU{0},0 <z, < o0, andzzili < 0.

In other words, a sequence (7x)7, 0 > 0, is a multiplier sequence if and
only if one of the following two entire functions ®(z) := 322, % 2" or ®(—2)
belongs to the Laguerre—Pélya class of type I.

In 1977, T. Craven and G. Csordas extended the definition of multiplier
sequences investigating and characterizing them for more general fields (see
).

For further details about multiplier sequences see the original paper on
the subject by G. Pélya and I. Schur [73], B.Ja. Levin [57, pp. 340-347],
N. Obreshkov [66, Chapter 2], T. Craven and G. Csordas [19], [16], [20], and
G. Csordas and T. Forgacs [23].

For a real polynomial P we denote by Zg(P) the number of real zeros
of P counting multiplicities and by Z¢(P) the number of nonreal zeros of P
counting multiplicities. Now, we define complex zero decreasing sequences.

Definition 1.5. A sequence ()72, of real numbers is said to be a complex
zero decreasing sequence (we write (x)52, € CZDS), if

Z(C (zn: 7kakzk> S Z(c <zn: akzk> s (14)

k=0 k=0

for any real polynomial 7}, ap”.
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Obviously, we have

CZDS C MS.
In addition, the sequence v, = 1, £k = 0,1,2,..., or the sequence v, =
28 'k = 0,1,2,... are (trivial) complex zero decreasing sequences. The

existence of nontrivial complex zero decreasing sequences is a consequence of
the following remarkable theorem proved by E. Laguerre and extended by
G. Polya.

Theorem D (E. Laguerre, see |66, p. 3.2] and [72]).

o Let P(z) = X0_qarz® be an arbitrary real polynomial of degree n € N
and let Q(x) be a polynomial with only real zeros, none of which lie in
the interval (0,n). Then Zc(S7_o Q(k)ara®) < Zc(f).

o Let P(x) = X1y axx® be an arbitrary real polynomial of degree n € N,
let ¢ € L —P and suppose that none of the zeros of ¢ lie in the interval
(0,n). Then the inequality Zc(X7_y o (k)axz®) < Zc(P) holds.

o Let ¢ be an entire function from the Laguerre—Pdélya class having only
negative zeros. Then (¢(k)),—, € CZDS.

As it follows from the theorem above,
K2\ 1\
()" €C2DS, a>1, (k'> € CZDS. (1.5)
' k=0
In the 19th century, E. Laguerre (see [55]) suggested a problem to charac-
terize complex zero decreasing sequences. This problem is also known as the
Karlin-Laguerre problem (see [43]). This famous problem is still open. Some
important results connected with this problem were obtained by A. Bakan,
T. Craven, G. Csordas, and A. Golub in 4], A. Bakan and A. Golub in [3],
by T. Craven and G. Csordas in [15] and |18]. In particular, the following
theorem is valid.

Theorem E (A. Bakan, T. Craven, G. Csordas and A. Golub, [4, Theorem
2]). Let (7k)iZo: vk > 0, be a complex zero decreasing sequence. If

lim sup yé/k > 0,
k—o0
then there exists a function p € L — P of the form

o2 =pe I (145,

n=1 Tn

where o, 3 € R,z, > 0 and X2, -= < oo, such that ¢ interpolates the

g

sequence (7)52,, that is, v, = p(k) fork=0,1,2,....
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During the research connected to the zero distribution of entire functions,
T. Craven and G. Csordas faced some interesting new open problems (see,
for example, Problem 1.1. and Problem 1.2. in |18]), which involve a set of
multiplier sequences. We state here one of these problems.

Problem 1.6 (Problem 1.1 of [18]). Characterize the meromorphic functions
F which interpolate the multiplier sequences, namely such that the polynomial
S0_o F(k)arz® has only real zeros whenever the polynomial 3°7_, apz® has
only real zeros.

The specific entire functions from the class of the generalized Fox—Wright
functions, which have a significant role in different mathematical areas, was
studied by many authors. The Fox—Wright function is defined as follows

o=~ ()i - (ap)k
Q1y...,0Gp,b1,.... by x ;:E k!,
palan sty biy o biw) = 0 g T

where p,q € NU{0}, ay,...,ap,b1,...,b, € C, the Pochhammer or ascending
factorial symbol for a € C is defined as (a)y =1, (a)g :=a(a+1)(a+2)-...-
(a+k—1)=T(a+k)/T(a),k=1,2,3....

For instance, in case when p = 1 and ¢ = 1, we get the entire functions
defined as

> T(ak + 1) zF
() = Z mgm >a >0,

k=0

and with the parameter values a = 1 and ¢ = a > 0, we get that ;1 (z) is the
classical Mittag-Leffler function (see, for example, [6, vol. 3, Chapter XVIII]
by A. Erdélyi, et al.)

Ik

E, =Y —2 __a>o
kz:%) v(ak + 1)

The function E, is known as a generalization of the exponential functions of
finite order. Moreover, if & > 2, then it is known that this entire function (of
order 1/a) has only real negative zeros, i.e. E, € L —PZ (see [69, Corollary
3] by L.V. Ostrovskii, I. Peresyolkova).

Remark 1.7. The generalized Mittag-Leffler function E, 3(z) plays an im-
portant role in analysis where it is used in the theory of integral transforms,
fractional calculus, and other areas.
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1.5 Apolar polynomials and the Grace Apo-
larity Theorem

An essential technique in our investigations is related to the Schur composition
of polynomials, apolar polynomials, and the Grace Apolarity Theorem. We
provide a brief description of Laguerre’s Separation Theorem and Grace’s
Apolarity Theorem, which are often implemented in the proofs of composition
theorem for polynomials. For additional citations see P. Borwein and T.
Erdélyi [70], M. Marden [58] and N. Obreschkov [66], and the references
contained therein.

We define a circular domain as an open or closed disk, an open or closed
exterior of a disk, or an open or closed half-plane. The set of circular domains
is invariant under Mo6bius transformations. The following theorem is the
invariant form of the Gauss-Lucas Theorem (see also |70, p. 20] by P. Borwein
and T. Erdélyi, [58] by M. Marden, |66] by N. Obreschkov).

Theorem F (Laguerre’s Separation Theorem, see |58, §13] or [66, §14]). Let
P(z) = X7_g arpx® be a complex polynomial of degree n > 2.

1. Suppose that all zeros of P lie in a circular domain D. For ¢ ¢ D, all
of the zeros of the polar derivative Pe(z) := nP(z) + (( — 2)P'(2) lie in
D.

2. Let a be any complex number such that P(a)P'(c«) # 0. Then any circle
C passing through the points o and o — ’;5((2‘)) either passes through all
the zeros of P or separates the zeros of P in the sense that there is at
least one zero of P in the interior of C and at least one zero of P in

the exterior of C'.

Some extensions of Laguerre’s theorem and some of its more recent ap-
plications in terms of the notion of a generalized center of mass is given by
E. Grosswald [35] (see also G. Pélya and G. Szegd [74, Vol. II, Problems
101-120]).

Further, we give the definition of apolar polynomials in order to state
Grace’s Apolarity Theorem (see [74, Chapter 2, $ 3, Problem 145] by G. Pélya
and G. Szego, |58, p.61] by M. Marden, [66, p. 23] by N. Obreschkov, [70] by
P. Borwein and T. Erdélyi, or [34] by A. Goodman and I.J. Schoenberg).

Definition 1.8 (see, for example [74, Chapter 2, §3, p. 59]). Two complex
polynomials P(x) = Y7, (Z) arz® and Q(z) = X1, (Z) bra® of degree n are
called apolar if their coefficients satisfy the relation

i(—l)’“(Z)akbnk = 0. (1.6)
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The following famous theorem due to J.H. Grace states that the complex
zeros of two apolar polynomials cannot be separated by a straight line or by
a circumference.

Theorem G (J.H. Grace, see for example [74, Chapter 2, $§ 3, Problem
145], [58, p.61], [66, p. 23], [70], or [34]). Suppose P and Q) are two apolar
polynomials of degree n > 1. If all the zeros of P lie in a circular domain
K, then Q has at least one zero in K. (A circular region is a closed or open
half-plane, disk or exterior of a disk).

The Grace Apolarity Theorem can be derived by repeated applications
of Laguerre’s Separation Theorem (see [58, p. 61] by M. Marden). It is
a fundamental result that gives information about the relative location of
the zeros of two apolar polynomials and has far-reaching consequences. An
example of such a consequence is the following composition theorem.

Theorem H (The Malo-Schur-Szegd Theorem, see [58], [66, §7]). Let A(z) =
SThoo (2) arz® and B(z) = Y}, (Z) bra® are complex polynomials and set

n

Clz) =) <n> arbpx”.

o \F

1. If all the zeros of A lie in a circular domain K, and if By, Ba, ..., By

are all the zeros of B, then every zero of C is of the form ¢ = —wp;,
where 1 < j <mn, andw € K (G. Szego, (81)).

2. If all the zeros of A lie in a convex region K containing the origin and
if the zeros of B lie in the interval (—1,0), then all the zeros of C also
lie in K (1. Schur, [79)).

3. If all the zeros of A lie in the interval (—a,a) and all the zeros of B lie
in the interval (—b,0) (or in (0,b)), where a,b > 0, then all the zeros
of C lie in (—ab, ab).

4. If all the zeros of a polynomial P(z) = Y h_, arz® are real and all the
zeros of Q(z) = S§_o bxa® are real and of the same sign, then all the
zeros of the polynomials H(z) = Y7 klagbpx® and L(z) = Y7L apbpa”
are also all real, where m = min(u,v) (E. Malo (66, p. 29/, I. Shur
179))-

For variations and generalizations of The Malo-Schur-Szegé Theorem, see
[58] by M. Marden, [66] by N. Obreschkov and the references included in these
monographs, and the more recent works of A. Aziz [1], [2] and Z. Rubinstein
77
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Note that from the point (4) of Theorem [H] it follows that if a real
polynomial 3°7_, bpx* has only real negative zeros, then the sequence (by,)52,
is a multiplier sequence, where we put by = 0 if £ > n.

1.6 The partial theta function and its history
overview

A special entire function

o0

da(2) =Y a7k, a>1,
k=0

known as the partial theta function (the classical Jacobi theta function is
defined by the series 0(z) := X2 __a % 2% |a| > 1), was investigated by
many mathematicians (see, for example, the work by E.T. Whittaker [88]),
it has many interesting properties and plays an important role in Complex
Analysis. Note that for the second quotients of Taylor coefficients for this
function we have ¢,(g,) = a? for all n > 2.

The partial theta function has a long and fascinating history of its study.
We give a brief overview of an interesting survey which was made by S.O. War-
naar in [86]. Initially, S. Ramanujan (see [75]) contributed extensively to the
theory of theta functions. G.E. Andrews discovered Ramajuan’s lost notebook
in 1976. In The Lost Notebook S. Ramanujan stated numerous identities
for functions that closely resemble ordinary theta functions. Unfortunately,
his notes did not contain any proofs of the partial theta function formulae,
making it impossible to determine how S. Ramanujan actually discovered
them. Proofs of many of Ramanujan’s partial theta function identities were
found by G.E. Andrews, whose proofs were based on some identities for basic
hypergeometric series. G.E. Andrews was the first to name the function as
the “partial theta function”, and his student, S.O. Warnaar, made a research
[86], containing the history of investigation of the partial theta function and
some of its main properties.

The first occurrence of the partial theta function can be found in 1844 in
the papers of G. Eisenstein (see [30]). He gave a continues fraction expansion
for g,. The previous result was generalized by E. Heine in 1846 ([39]). Later
on, G. Eisenstein’s result for g, was sharpened by F. Bernstein and O. Szasz
(19]). L. Tschakaloff (see [82] and [83]) established linear independence results
for values of partial theta function.

Besides, the history of investigating the zeros of the partial theta function
has arisen our interest. The main question for us is, for which a > 1, the partial
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theta function belongs to the Laguerre—Pélya class. In 1904, G.H. Hardy [36]
studied the zeros of entire functions and showed that the roots of g, for a®> > 9
are real and negative with exactly one root in the interval (—a?", —a®""").
M. Petrovitch [71] considered real rooted entire functions f all of whose finite
sections are real rooted. J.I. Hutchinson has received a sufficient condition
(see Theorem [B). He improved Hardy’s lower bound on a? for the roots of the
partial theta function to be real and negative from 9 to 4. The paper [47] of
O.M. Katkova, T. Lobova, A.M. Vishnyakova gives the exhaustive answer to
the question: for which a > 1 the entire function g, belongs to the Laguerre—
Pélya class. Moreover, the paper [48] deals with the stability of Taylor sections
of the partial theta function. Note that, since (a’kQ)oo 0 € CZDS fora > 1,

in the paper [47] it was explained that for every n > 2, there exists a constant
¢, > 1 such that for each n € N, S,(z,9,) := >0 a2 e L — P if and
only if a® > ¢,. The notation of the constants ¢, having this property will be
further used.

Theorem I (O. Katkova, T. Lobova, A. Vishnyakova, [47]). There exists a
constant ¢ (Goo ~ 3.23363666) such that:

1. g €L-P & a®> g,

2. g, € L—P & there exists zy € (—a®, —a) such that g,(z) <0

3. if there exists zg € (—a®, —a) such that g,(z0) <0, then a* > qu0;

4. for a given n > 2 we have S,(z,9,) € L—P <& there exists z, €
(—a®, —a) such that S,(zn,gs) < 0;

5. if there exists z, € (—a®, —a) such that S,(z,,gs) <0, then a* > cy;

6. 4d=co>cq >ceg> -+ and lim, .o Cop = Qoo;

7.3=c3<c5<cy<--- andlim, . Cont1 = Goo-

Calculations show that ¢, = 1 + /5 ~ 3.23607, ¢ ~ 3.23364 and c; ~
3.23362, c7 ~ 3.23364.

The partial theta function is of interest to many areas such as statistical
physics and combinatorics, see [80] by A. Sokal, Ramanujan type g-series, see
[87] by S.O. Warnaar, asymptotic analysis and the theory of (mock) modular
forms and problems related to hyperbolic polynomials, see, for example, [36]
by G.H. Hardy, [41] by J.I. Hutchinson, [47] by O. Katkova, T. Lobova and
A. Vishnyakova, [52] by V.P. Kostov, [54] by V.P. Kostov and B. Shapiro,
[68] by L.V. Ostrovskii, [71] by M. Petrovitch, [85] by J.L. Walsh, [45] by
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I. Karpenko and A. Vishnyakova, etc. There is a series of works by V.P. Kostov
dedicated to various properties of zeros of the partial theta function and
its derivative (see [51, [53] and the references therein). For example, in [52]
V.P. Kostov studied the so called spectrum of the partial theta function, i.e.
the set of values of a > 1 for which the function g, has a multiple real zero.

Theorem J (V.P. Kostov, [52]).

1. The spectrum T" of the partial theta-function consists of countably many
values of a denoted by ay > as > ... >a > ... > 1, lim;j,a; = 1.

2. For ay € T’ the function g; has exactly one multiple real zero which is
of multiplicity 2 and is the rightmost of its real zeros.

3. For a € (agy1,ax) the function g, has exactly k complex conjugate pairs
of zeros (counted with multiplicities).

In [49], V.P. Kostov shown that for any fixed value of the parameter a,
the partial theta function g, has only finite number of multiple zeros. For
a € (1,400), there exists a sequence of values of this parameter which tends
to 1 such that g, has double negative zeros which tend to —e™ (see [50]).

The paper [54] by V.P. Kostov and B. Shapiro among the other results
explains the role of the constant g, in the study of the set of entire functions
with positive coefficients having all Taylor sections with only real zeros.

Theorem K (V.P. Kostov and B. Shapiro, [54]). Let f(2) = 332, arz" be an
entire function with positive coefficients and S, (z) = Z?:o ajzj be its sections.
Suppose that there exists N € N, such that for all n > N the sections S,
belong to the Laguerre—Pdlya class. Then liminf,, . ¢n(f) > ¢oo-

A.D. Sokal in [80] studies the leading roots of the partial theta-function.
A formal power series

fla,y) =3 ana™y D72,
n=0

is considered as a formal power series in y whose coefficients are polynomials
in z. A.D. Sokal defines the "leading root” of f as a unique formal power
series xo(y) which satisfies the equation f(zo(y),y) = 0. The coefficientwise
positivity of —xy(y) was proved. Moreover, all the coefficients of 1/x¢(y)
and 1/z0(y)? after the constant term 1 are strictly negative, except for the
vanishing coefficient of y® for the latter case.

In [67] by O. Katkova, T. Lobova and A. Vishnyakova, some entire
functions with a convergent sequence of second quotients of coefficients are
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investigated. The main question of [67] is whether the Taylor sections of the

function [] (1 + a%) ,a>1,and > 22, kf%, a > 1, belong to the Laguerre—
k=1 a

Poélya class of type I. In [11] by A. Bohdanov and A. Vishnyakova and [10] by

A. Bohdanov, some important special functions with non-decreasing sequence

of the second quotients of Taylor coefficients are studied.
B. He in [38] considers the entire function as follows

o = (a; q)rg
A((I Najz) =Y 22

r S CHO)P
where a > 0,0 < ¢ < 1, and
1, n=20
. — n—1 .
(CL,q)n H(l—(lq]), nZ 17
j=1

is the g-shifted factorial. The entire function A((Ia)(a;x) defined as above
is the generalization of Ramanujan entire function and the Stieltjes-Wigert
polynomial which have only real positive zeros. The paper [38] gives a partial
answer to Zhang’s question: under what conditions the zeros of the entire
function Al (a; z) are all real.

A. Baricz and S. Singh in [5] investigated the Bessel functions. The
Hurwitz theorem on the exact number of nonreal zeros was extended for
the Bessel functions of the first kind. In addition, the results on zeros of
derivatives of Bessel functions and the cross-product of Bessel functions were
obtained.

1.7 The entire functions with the decreasing
second quotients of Taylor coefficients

In the paper [62] by T.H. Nguyen and A. Vishnyakova, sufficient conditions
for some special entire functions to have only real zeros were found.

Theorem L (T.H. Nguyen, A. Vishnyakova, [62]). Let f(2) = S22, arz®,ar >
0 for all k, be an entire function. Suppose that the second quotients of Taylor

coefficients q,(f) are decreasing in n, i.e. qo(f) > q3(f) > qu(f) > ..., and
nILIQO Gn(f) =b > qoo. Then all the zeros of f are real and negative, in other

words f € L —P.
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It is easy to see that, if only the estimation of g, (f) from below is given and
the assumption of monotonicity is omitted, then the constant 4 in ¢,(f) > 4
is the smallest possible to conclude that f € £ —P.

The following function is a generalization of the classical Mittag-Leffler
function and was studied by 1.V. Ostrovskii and I. Peresyolkova in 1997 in
[69]

o0

e

,p>0,ueC.

It plays a fundamental role in the theory of integral transforms and representa-
tions created by Dzhrbashyan and other topics of Analysis. Note that g(E,)
are decreasing in k. I1.V. Ostrovskii and I. Peresyolkova found non-asymptotic
results on the distribution of zeros of E,(z, it). In particular, they obtained
that this function belongs to the £ — P class for p € (0,1/2].

1.8 The study of the entire functions with the
increasing second quotients

The function ¢.(z,m) = Y232, :Tkg(k!)m, a > 1,m > 0 has the increasing
second quotients of Taylor coefficients. Indeed, we can observe that

(k= DPatet (k—1\"
qk<%0a>—az<k1>2<<k;_2)!)m<k!)m_< k ) ’

is increasing in k. A. Bohdanov in [10] studied the function above and found
the estimations on a > 1 and m € (0,1) for which ¢,(z, m) and its Taylor
sections belong to the Laguerre-Polya class. In addition, for the case m = 0,
it is the partial theta function which described in details in [47] and [67] by
0. Katkova, T. Lobova and A. Vishnyakova. The case m > 1 was investigated
in |[11] by A. Bohdanov and A. Vishnyakova, where necessary and sufficient
conditions were found for ¢,(z,m) to belong to the Laguerre-Pélya class.
The question is remained open for the case of negative m.



Chapter 2

A necessary condition for an
entire function with the
increasing second quotients of
Taylor coefficients to belong to
the Laguerre—Pdlya class

In this chapter, we study the entire functions with the increasing second

quotients of Taylor coefficients. For an entire function f(z) = >3, axz”, ap >

0, we show that f does not belong to the Laguerre-Pdlya class if the quotients
2

am(f) = aiﬁ are increasing in n, and ¢ := T}grlgo % is smaller than
an absolute constant ¢ (¢oo =~ 3.23363666). In [62] by T.H. Nguyen and
A. Vishnyakova, it was shown that if ¢, (f) are decreasing in n and they tend
to a constant which is greater than or equal to the constant ¢, then the
function f has only real and negative zeros, or, in other words, f belongs to
the Laguerre-Pdlya class. As it was proved in [47] by O. Katkova, T. Lobova
and A. Vishnyakova, if only the estimation of ¢,(f) from below is given, and
the assumption of monotonicity is omitted, then the constant 4 in the sufficient
condition g, (f) > 4 is the smallest possible to conclude that f € £L —P. The

main result of this chapter is the following theorem.

Theorem 2.1 (T.H. Nguyen, A. Vishnyakova, [60]). Let f(z) = >3, apz”,
where ap > 0 for all k, be an entire function. Suppose that the quotients q,(f)
are increasing in n, and nh_}rrolo Gn(f) = ¢ < @oo- Then the function f does not
belong to the Laguerre—Poélya class.

The theorem above provides the following necessary condition for an entire

15
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function with positive coefficients and with the increasing second quotients of
Taylor coefficients to belong to the Laguerre—Podlya class.

Corollary 2.2 (T.H. Nguyen, A. Vishnyakova, [60]). Let f(x) = 332, apa¥,
where ay, > 0 for all k, be an entire function such that the quotients q,(f) are
increasing in n. If f belongs to the Laguerre—Pdlya class, then Jgngo an(f) >

Goo-

Note that, by Theorem |C| (see Chapter , every entire function from the
L — P class generates a new multiplier sequence. So, we obtain the following
direct corollary of Theorem [2.1]

Corollary 2.3. Suppose that a real positive sequence (ax)32, has the following
2 oo
k1

is increasing in k.
ap—2ak

property: the sequence of its second quotients (
k=2

Then if (Klag)>, € MS, then lim i > (oo

—00 Ak—20k

2.1 Proof of Theorem 2.1

Without loss of generality, we can assume that ay = a; = 1, since we can
consider a function g(x) = ag ' f(apa;'x) instead of f, due to the fact that
such rescaling of f preserves its property of having real zeros and preserves
the second quotients of Taylor coefficients: ¢,(g) = ¢,(f) for all n. During
the proof we use notation p, and ¢, instead of p,(f) and ¢,(f). So, we can

write

l'k

G

f($>:1+x+z E—1 k-2
k=2 42 3

For convenience in solving inequalities, we further consider the function

0 (—1)k$k
pr)=f(-z)=1-2+ ——
kz::gq’z“ "5

instead of f.
Since the quotients g, are increasing in n, and, under our assumptions,
nlg& Gn = € < (s, We conclude that g3 < g < 4. The following lemma shows

that for ¢o < 3, the functions ¢ does not belong to the class £ — P.

Lemma 2.4 (T.H. Nguyen, A. Vishnyakova, [60]). Let ¢(x) = 1 —x +

—1)kgk . . . . .
>, qk,lq(k,Q)_ fqg o be an entire function, and g, = qx(p) are increasing in
2 3 o dk—1

kyie 0<qgp<qg<qu<...IfpeLl—"P, then q(p) > 3.
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Proof. Suppose that ¢ € L — P, and denote by 0 < 21 < x5 < x3 < ... the
real roots of p. We use the Vieta’s polynomials

_ -1,.-1
oy = > rxy ey, T EN,
1<i1<ig<-+<ir

and the general Newton power sums
[e.e]

ST:Zx;T, r e N.
i=1

Therefore, since sy = 07 — 209, we can observe that

< 1 > 1 2 1 aq 2 (05}
0<> 5=(>X—] -2 X :(> -2,
k=1 Tk k=1 Tk 1<i<j<oo Lilj o o

whence a? > 2agas, or g > 2. According to the Cauchy-Schwarz inequality,
we obtain

1 1 1 1 1 1
—F—+. ) sttt )2 (5 + 5+ )P
(bbb 2 G b+ )
or 5183 > s3. Since oy = —% 0y = 2,03 =2, and using s3 = o3 — 30109 +
303, we get

o1(0} — 30109 + 303) > (0] — 203)?,

or
2 2
asa aia a
102 103 2
3 +3 5 —4—220.
) ap ag

Since ag = a; = 1 and ay = qiz, az = ﬁ, we obtain
2

q3(ga —4)+3 > 0.
Under our assumptions, since g < g3, supposing ¢o < 4, we conclude that
@2(q2 —4) +3=0.

Therefore, go > 3. O

Further, we assume that 3 < ¢» < ¢o. In order to prove Theorem [2.1, we
need the following lemma.
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Lemma 2.5 (T.H. Nguyen, A. Vishnyakova, [60]). Let ¢(x) = 1 —x +

heo p (,;i)kx; ” be an entire function. Suppose that qo > 2, and q. =
2 |
qx(@) are increasing in k, i.e. ¢ < q3 < q4. .., nh_g)lo Gn = ¢ < ¢so. Then for

any x € [0, 2] we have p(x) > 0, i.e. there are no real roots of ¢ in the
segment [0, ga].

Proof. For z € [0, 1] we have
22 3 4 5

T x T
1>2>—>5—>—=5—> 25— >
q2 q>4s3 429344 42939495

whence

.Z'Q 1‘3
pla) = (1—a2)+ (& - 52) + (2.1)
(e — e ) 4. >0 forall e [0,1].

929394 42939495

Suppose that x € (1, gz]. Then we obtain

xr
1<x>—> 5= > > 575 > e (2.2)
@ B R /1

2 .733 k

For an arbitrary m € N we have

gp(m) = S2m+l(x7 90) + R2m+2(‘r7 30)7

where
2m+1 ( 1)k$k
Som1(z, ) =1 —x+ :
" kzz BTk
and
> —1)kak
Romsa(,0) = Y 1) S
k=2m+4292 43 .- Q14K

By (2.2) and the Leibniz criterion for alternating series, we obtain

2k
Rom2(z,9) = 33lmi1 ( SE=T 2k€ 5 — (2.3)
a3 Aok 192k
p2k+1
qquik L qéqukﬂ) > 0 for all z € (17 Q2]7

or

o(x) > Somy1(z, ) forall z € (1,q), meN. (2.4)
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It remains to prove that there exists m € N such that

Somt1(z,¢) >0
for all z € (1, gs]. We have
x? x3 xt 0
Somi1(z, ) = (1 —x —i—(—)—i—( — ) 2.5
am+1(7,¢) = ( ) @ By BBRU  BBGG (2:5)

+ + < :L,Zm
A\ GETET L B

x2m+1
2m—1 :

Q%m% o GGem

Under our assumptions, ¢; are increasing in k, and nh_}ngo Gn = ¢ < (so- We

prove that for any m € N, any fixed k = 1,2,...,m, and any x € (1, g2} the
following inequality holds

22k 22kl
2k—1 2k—2 T ok, 2k—1 2
92 g3 et Q2k g3q3 Cee oGk
22k 2kl
Tkl e2k=2. e @2kl L2l

For z € (1,¢q] and k =1,2,...,m, we define the following function

2%k 2k+1
F(CJz, qs,- .- 42k, QZk:—i-l) = on kaQ - 2k : .
GG g BRET Bgera
We observe that
aF(QQaQ?)?"'ankank-i—l) — (2]{:_ 1)1.216
gy @G g
2k$2k+1 1
+ — <0 r< (1—>Q2QS'-~-'Q2kQ2k+1-
qgkﬂqgk e Q§kqQk+1 2k

The right-hand side of the last inequality is strictly increasing in k, so the
inequalities for all £ = 1,2,...,m are valid if the inequality for £ = 1 is valid,
or r < (1 — %) G2q3 = %ngg. Thus, under our assumptions that ¢ > 3 and

x <@g, the function F'(qg,qs, - . ., @k, ok+1) 1S decreasing in go. Since ¢ < g3,
we have

F(q27 43,44, - - -, q2k, QQk-‘rl) 2 F(Q37 43,44, - - -, 42k, QQk+1) -
Q:Qk x?k-‘rl

1k—3 2k—3 dk—1 2k—2
s 4y o2 43 4y :

e Q2R



CHAPTER 2. INCREASING SECOND QUOTIENTS 20

In particular, if £ = 1 we obtain

x? 3 2 28

Flg,q3) = — — 5— > — — —. 2.6
(42,45) e B G 4 (2:6)

Further, if £ > 2, we have

OF (43,943,494, 2k ,92k+1) _ _ __ (4k—3)z?* (4k—1)g2k+1 <0
g3 A
4k—3 2
=T < 74’{71(]3(]4 R ) N

The right-hand side of the last inequality is strictly increasing in k, so the
inequalities for all £ = 2,3, ..., m are valid if the inequality for k£ = 2 is valid,
or r < $q§q4q5. Hence, under our assumptions, F(qs, g3, q4, - - - , G2k, Gox+1) 1S
decreasing in ¢3, and since g3 < g4, we obtain

F(q37 43,494,945, - - -, 42k, q2k+1) 2 F(q47 44,494,945, - - -, 42k, q2k+1)-

Analogously, since

2k 2k+1
xXr xXr
F(QQk: Q2ks - - - 5 42k, q2k+1) = 2%k2—k  ok24+k—1 ’
ok, ok Qok+1

its partial derivative with respect to qof is

OF (q2k, @2k - - - » Gk G2k41) (2k* — k)a®* (2K + k — 1)2%+!

= — + <0
Oqok g a2 g
:E —
W2+ k—1 Aok d2k+1,

or, equivalently,

2k — 1 B
T < (1 TR k1 Th o 1) q%,’i 1Q2k+1-

Therefore, under our assumptions, F'(qox, Gok, - - - » ok, G2k+1) is decreasing
in qg, and since g < Gop41, We get

F(CI%, Q2ks - - -y 2k, Q2k+1) > F(Q2k+1> Q2k+15 - - - 5 Q2k+1, QQk+l)>

where
2k p2k+1
F(q2k+17 q2k+1, - - - 5 42k+1, QQk—‘rl) = 2%2—k k2 4k
Aok 42k +1
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Consequently, we obtain the following chain of inequalities

F(Q% 43,494, - - -, 42k, CJ2k+1) > F(Q?n 43,44, - - -, 42k, Q2k+1)
> F(Qay Qay Gay G5y - - -5 @2k, @2t1) = -+ = F(Qori1s Qkt1s - -+ G2kt 1, Q2kt1)-

Next, we consider the partial derivative of F'(qog+1, G2k+1, - - - 5 @2k+15 G2k+1)
OF (Qok41: Qtt1s - - - Qi1 Qonrr) (2K — K)ok n (2k2 + k)x? 1 <0
- 2_ 2
Oqak11 Gonit Gest

22—k

k
T < m%kﬂa

or, equivalently,

2k
z < <1 - 21{?2—1-k> Goi1-

Thus, F(qar+1, @2k+1, - - - @2k+1, G2k+1) 1S decreasing in gop 1. Besides, since
qr are increasing in k, and h_)m ¢n = ¢, we conclude that
n o0

F(QQk—H; q2k+15 - - - 5 Q2k+1, Q2k+1) > F(C, C,...,C, C)

.T2k $2k+1

T k@k-1) | GR@RtD)

Substituting the last inequality in (2.5) for every x € (1,¢] and k =
1,2,...,m, we get

Somsr(T,90) > (1—2) + (Z = %) + (5 — %5) + ... (2.7)
x2m :1:27"’ 1 m _ kxk
+ <Cm(2m—1) - Cm(2m++1)) = i:(-]l,-l (\(fc;k% = S2m+1(_\/5$7 gﬁ)a

where g, is the partial theta function and So,,4+1(y, g4) is its (2m+1)-th partial
sum at the point y. Since, by our assumptions, gx(g,z) = (v¢)* = ¢ < ¢,
using the statement (7) of Theorem [I[| that 3 = ¢3 < ¢5 < ¢7 < -+ and
lim,, 00 Cont1 = Goo (see Chapter [1), we obtain that there exists m € N such
that Somi1(y,90c) € L —P (or, equivalently, Somy1(—v/cx,92) ¢ L—P).
Let us choose and fix such m. By the statement (5) of Theorem [I] (it
states that for a given n > 2,5,(z,9,) € L — P if and only if there exists
r, € (—a® —a) such that S,(x,,q,) < 0), we obtain that for every z such
that \/c < /cx < (y/¢)*, we have Symi1(—v/cx,gz) > 0. It means that for
every  : 1 <z < ¢ we have Syp11(v/cx,9,z) > 0, and, using and ,

we obtain

p(x) > Somr(w,0) >0 forall xe€(1,q2) C(1,0).



CHAPTER 2. INCREASING SECOND QUOTIENTS 22

It remains to prove that ¢(gs) > 0. We have

q2 q2 q2
SO(Q2) (1 - Q2 + QQ - > + ( 2 "3 9 )
qs q344 ELL

q2 q2
93919596 4394959597

by our assumptions on g;. O]

The lemma below has a key value in our research. We further provide its
generalization in Chapter [3] As we mentioned before, the function ¢ can be
presented in the following form

90(55) = S4($7 @) + R5<x> 90>7

where
2 3 4
T x T
Si(z,p)=1—2+ —— 5—+ 55—,
q2 Q2QS 424394
and
)ka
= 5q§ 161;’)? g

In the following lemma, we estimate the 4-th partial sum of ¢ from below
and set a 1= @2, b := q3, ¢ 1= qq.

Lemma 2.6 (T.H. Nguyen, A. Vishnyakova, [60]). Let P(z) =1—xz + %2 -
3

ot a3b2 be a polynomial, 3 < a <4, and a < b <c. Then

>
Jin [Plac”)| = o

Proof. By direct calculation, we have

|P(ac®)|? = (1 — acosf + acos 20 — %cos39+b7(:os49)

+ (—asinf + asin 20 — gsmSG—i— stméle)
a2 2

=142+ — 72 +% —2acos€+2acos?9—2bcos39
a2 a2

+ 2b7 cos 460 — 24> 0059—1—2? cos 20 — QbT cos 30
a2 a2 a2
—Q?COSQ—G—QbTCOSQQ— QbTCOSQ
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Next, set t := cosf,t € [—1,1]. Applying that cos20 = 2t*> — 1, cos 30 =
4¢3 — 3t, and cos46 = 8t* — 8t2 + 1, we get

. 1 2 1 4a®  4a?
\P(ae’e)P:@t‘l—i— (_8@_8&) t3_|_ <4 _6a+a_|_a> t2

b2c b b2c b2c b b2c
6 6a? 2a®> 2a?
—2 RO R M ——————
+< T T T R T b3c>
a? a? 2a 2a? 2a?

i9)|2 > bgz%

In the following step, we want to show that ming<p<a, |P(ae
or, equivalently, to prove the inequality ming<g<or |P(ac®)]* — 3% > 0. Using
the last expression, we see that the inequality we want to get is equivalent to
the following statement: for all ¢ € [—1, 1] the inequality below holds

16a , 8a 3 4 9 3 3a
th—?(1+bc)t+4a(1—bT+b+b7)t —2a(1—5+ — gt
20 2a® 2a?
—+—)t+(1+2a +——2a+b7—7—62)20.
Set y := 2t, where y € [—2,2]. We rewrite the last inequality as the following
(10 E)yea(- e )
J— a _— J— —_—
b2y b Y e b b2e)?
1 + 3a+a+a)
[ a/_i — —_
e b bic)?
20 2a® 2a?
14202+ o5 —2a+ o — = — = | > 0.
<+a+ a+b2 b b20>_0

Let us consider the coefficients of the polynomial on the left hand side: the
coefficient of y* is ;5= > 0, and the coefficient of y* is —¢ (1 - &) < 0. It is
easy to show that the other coefficients are also sign-changing. For y2, since
a,b and c¢ are positive, it follows that

b2c > 4.
Then we have

4
1—— >0.
b2c

Thus, the coefficient of y? is

a a 4 4 a a
1 —_— 1— — -+ — > 0.
T e b ( c)+ T e
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As for the coefficients of y, we have

3
l4+a—+->0<ab+b> 3,

b
and
Z—;C::>0<:>b>;<:>abc>3a,
since 3 < a < b < c¢. Therefore, it follows from the inequalities above that
4ot 2y @3 3 <1+a—3>
b b b b b

+<a—3a)+a>0
b b’/ b

1—-2a+a®=(a+1)*>0,

Finally, we observe that

which holds for any a, and

2
a2—2%>0<:)a2b>2a2<:>b>2,

which is true under our assumptions that 3 < a < b.

Also,
a? a?
o 2b7 > 0,
follows from
2 2
Z—2>2;7<:>ac>2a s> 2,

which is true under our assumptions that 3 < a < b < ¢. Therefore, we have

2 2 2

a a
142 7_2 —2——2—+2—
+ a+b2 a b bie + e
) ,  .a? a? a? a
=(14a"—2a)+(a —2?)%—(?— P —) + b7>0

Consequently, the inequality we need holds for any y € [ 2 ,0], so it
remains to prove it for y € [0,2]. Multiplying our inequality by < we get

y' — (be + a)y® + (b*c + abe + a — 4)y* — (b*c + ab’c + abe + % — 3bc — 3a)y
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2

(4 2abe 1 ac — 2 — 2abe — 2a +2) = W(y),
a

and we want to prove that ¢(y) > 0 for all y € [0, 2].
Let x(3) == $(y) — 1(b— )y, then

x() = y* — (be + a)y® + (b*c + abc + a — 4)y?

— (% + abc + abe + % — 3be — 3a)y

b? 1
+ (ac + 2ab’c + ac — 2b%c — 2abe — 2a + 2) — E(b —a)y

= y* — (bc + a)y® + (b*c + abc + a — 4)y?

1
—<620~|—ab20+abc+2—3bc—3a+b(b—a))y

b2
+ (C + 2ab’c + ac — 2b%¢ — 2abe — 2a + 2)
a

= y* — (bc + a)y® + (b*c + abe + a — 4)y?
—(b*c + ab®c + abc — 3bc — 3a + 1)y

bZ
+ (C 1 2ab% + ac — 262 — 2abe — 2a + 2) .
a

Since, under our assumptions, a < b and y € [0, 2], we have x(y) < ¥ (y)
for all y € [0,2]. Therefore, it is sufficient to prove that x(y) > 0 for all
y € [0,2]. To begin with, we have

b2
x(0) = (0) = 2E L oab’c + ac — 2% — 2abe — 2a + 2 >0,
a

as it was previously shown. Next, we observe that x(2) = ¢(2) —2(b—a) > 0,
since
bQ
¥(2) = —260—2%4— 76+ac+2
1 v?
= - <2(b— a) + —C(b— a) — be(b— a))
b a
1 be 2
— —(h— Zh—a))>Z(b-a)>0.
b(b a) <2+ a(b a)) > b(b a) >0

Now we consider the following function

_Pxly)  PP(y)
v(y) == o o

= 12y* — 6(bc + a)y + 2(b*c + abc + a — 4).
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The vertex point of this parabola is

_bc+a
4

Yo > 3.

Accordingly, we can observe that v(y) decreases for y € [0,2]. We have
v(0) = 2(b*c + abc +a — 4) > 0,
and
v(2) = 2abe + 2b%c — 12bc — 10a + 40.
We want to show that v(2) is positive, which follows from
abc + b?c — 6bc — 5a + 20 = (20 — 5a) + (b*c — 3be) + (abe — 3bc)

=54 —a)+be(c—3) +be(a—3) >0,

due to our assumptions. We conclude that v(y) is nonnegative for y € [0, 2],
and it follows that x'(y) increases for y € [0, 2].

Next, we prove that x'(y) < 0 for y € [0, 2], and it is sufficient to show
that x’(2) < 0. Under our assumptions that 3 < a < b < ¢, it follows

b—a

= 15 — 9bc — 5a + 3b%c + 3abe — ab’c

=53 —a)+be(—9+3b+3a—ab) =5(3 —a) +be(a—3)(3—10) <0,

since 3 —a < 0,3 —b < 0. Thus, x(y) decreases in y and x(2) > 0, we can
conclude that it is positive for y € [0,2]. Since x(y) < 9(y), it follows that
¥(y) is positive for y € [0, 2]. ]

By Lemma [2.6] since a = ¢9,b = g3, and ¢ = q4, we have

i 0 o) > 2 :
o2, |Su(ae”, 0)| > (2.8)

Now we need the estimation on |Rs(g2e?, ¢)| from above. The following
lemma is technical.

Lemma 2.7 (T.H. Nguyen, A. Vishnyakova, [60]). Let q,, be a sequence in-

creasing in n with 1Lm 0n(f) = ¢ < Goo, and let Rs(x, @) := Y325 qk—(ljl#.
n—00 2 3

- qk
Then

' 42
max |Rs(q2e”, )| < 5.
0=0<2m | a3q; — ¢
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Proof. We have

o0 qk o0
0 P
|R5(q2e", @)| < Z =1 k-2 = Z R
k=592 43 .. k=543 .- dk
q2 q2 q2 q2
= + + NEISR A — T
Baies  Gaicde  Baicada A2 E

QQ 1 1
= 39 < t 5555+
q3q19s 434949596 49394959697
1

R )
@G P TP T g

a0 ( 1 1 1 )
< 1+ T T 1.
B3 GGl GUREGE R

q2 ) 1 < q2 1 q2

33 1— 1 =33 1_ 1 353 _ 2
4394 Bange 134 wg Bl TB

where we use the fact that ¢ < q¢3 < gy < .. .. O

In the next step of our proof, we check that

min Sy(x, p) > max Rs(x, ).

|lz|=q2 |lz|=q2
It follows from Lemma [2.6) and Lemma [2.7] that it is sufficient to prove that

q2 q2
5~ ~ 33 27
q344 4391 — 43

which is equivalent to

aq; — 1> qu.

The last inequality obviously holds under our assumptions. Therefore, ac-
cording to Rouché’s theorem, the functions Sy(z, ¢) and ¢(z) have the same
number of zeros inside the disk {z : |z| < ¢2} counting multiplicities.

It remains to prove that Sy(z, ) has zeros in the disk {z : |z| < ¢2}.

We present the following lemma.

Lemma 2.8 ST H. Nguyen, A. Vishnyakova, [60]). Let Sy(z,¢) =1 — 2z +
2 be a real polynomial and 3 < gz < 4. Then Sy(z,¢) has at
least one root in the disk {z € C: |z| < ga}.

q2 QQS qqq

Proof. Firstly, we rewrite S, in the form

s (o) ()b )+ () O
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Q(z) = (;) by2? + (;l) byz® + (i) A

be a complex polynomial. Then the condition for Sy(z, ) and Q(z) to be
apolar is the following

o) () e (-

Let

or, equivalently,

b
1+ by +— = 0.
q2
Further, we choose
b — q2— 6
3 9 3

and, by the condition of apolarity,

Q2—6)‘

by = —q2(1 + 5

Therefore, we have
-6 -6
Q(z) = —6¢o (1+qQ2 >22+4(q22 )23—1—,24
= 22 <_3q2(q2 —4)+2(qa — 6)z + 22) .
As we can see, the zeros of () are
21=0, 20=0, 23=¢qo, z4=—-3(q—4).

To show that z4 lies in the closed disk centered in the origin and of radius ¢,
we solve the inequality

| =32 =)< —@<3(p—-4) <qpe3<¢p<6.

Hence, by our assumptions 3 < ¢ < 4, all the zeros of () are in the disk
{z : |z] < @2}. Since all the zeros of @ are in the disk {z : |z| < g2}, by
Grace’s Apolarity theorem (see Theorem |G| in Chapter , we obtain that
Si(z,¢) has at least one zero in the disk {z : |z| < g2} O
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Thus, Si(z, ) has at least one zero in the disk {z : |z| < g2}, and, by
Lemma applying to S4(z, ), we obtain that Sy(z, ¢) does not have zeros
on {z:|z| = g2}. So, the polynomial Sy(z, ) has at least one zero in the open
disk {z : |z| < ¢2}. By Rouché’s theorem, the functions Sy(z,¢) and ¢(2)
have the same number of zeros inside the disk {z : |z| < g2}, whence ¢ has at
least one zero in the open disk {2 : |z| < ¢2}. If ¢ is in the Laguerre-Pélya
class, this zero must be real, and, since coefficients of ¢ are sign-changing,
this zero belongs to the real interval (0,¢). However, by Lemma we
have ¢(x) > 0 for all € [0, ). This contradiction leads to the fact that
0¢ L—P.

Theorem [2.1] is proved.

2.2 On the conditions for a special entire func-
tion related to the partial theta-function
and the ¢-Kummer functions to belong to
the Laguerre—Pdlya class

This chapter is based on [59]. We discuss the conditions for the function
F.(x) = Y%, (a+1)(a2+g:1];-...-(ak+1)’ a > 1, to belong to the Laguerre-Pdlya
class, or, equivalently, to have only real zeros.

To begin with, the following function is known as the second q-exponential
function Ey(x) with ¢ = 1/a (see [32], formula (1.3.6.)). We write h,(z)

instead of Ey/q(z).

h“m:”;(ak—m(ak1f1).....(a—1):g<1+;)’ a>1

Remark 2.9. Note that the function h, has only real negative zeros, namely,

—a, —a®, —a?, etc., since

o0

H <1—|—l;€> =0& 1= —ad"
k=1 a

We study the following companion of h,(z), which is known as the ¢-
Kummer function ¢1(q; —¢; ¢, —z), where ¢ = 1/a (see [32], formula (1.2.22)).
Further, we use the notation F,(z), where

l’k

F“(x):sz::l(ak+1)(a’f—1+1)~.~'(a+1)’

(2.9)
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and we address the question, for which a > 1 this function belongs to
the Laguerre—Poélya class. This problem was posed in the problem list of
the workshop “Stability, hyperbolicity, and zero localization of functions”
(American Institute of Mathematics, Palo Alto, California, 2011, see |84,
Problem 8.2]).

Note that we have

(@ D@ ) (@ 1)
@n(Fa) = (@ 2+ 1)@ 3+1)-...-(a+1)
1 _a"+1
R T N CE S VT

which is an increasing sequence in n for a > 1, with the limit value given by
a.

The following two theorems are the main results concerning the function
F,.

Theorem 2.10 (T.H. Nguyen, [59]). The entire function F,,a > 1, belongs to
the Laguerre-Pdlya class if and only if there exists vy € (—(a®> + 1), —(a + 1))
such that F,(xo) < 0.

The following result estimates the corresponding values of the parameter a.
Theorem 2.11 (T.H. Nguyen, [59]).
(i) If F,,a > 1, belongs to the Laguerre—Pdlya class, then a > 3.90155;
(ii) If a > 3.91719, then F, belongs to the Laguerre—Pdélya class.

The question, for which a > 1 the entire function F, belongs to the
Laguerre-Polya class, has attracted our interest. Unfortunately, up to now we
can not prove the following statement, and we leave it as an open problem.

Conjecture 2.12 (T.H. Nguyen, [59]). There ezist a constant
ap € [3.90155, 3.91719)]

such that the function F, belongs to the Laguerre—Pdélya class if and only if
a > ag.

As we have mentioned earlier, by Theorem [C] and Theorem [D] (see Chap-
ter , every new entire function from the £ — P class generates a new
multiplier sequence and a new complex zero decreasing sequence. So, we
obtain the following direct corollary of Theorem [2.11]
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Corollary 2.13. For a > 3.91719, we have

k! S
((a+1)(a2+1) '..,-(ak+1)>k:0 e MS
and
(F,(k));2, € CZDS.
If
k! S
<(a+1)(a2+1).....(ak+l)> :OEMS,

then a > 3.90155.

2.3 Proof of Theorem 2.10

Previously, in Lemma [2.4] from Chapter 2 (also, see [60, Lemma 2.1]), we have
shown that for an entire function f(x) = 372, apa®, if its second quotients
qx(f) are increasing in k, and f belongs to the Laguerre-Poélya class, then
¢2(f) > 3. Therefore, if go(F;,) < 3, we can conclude that F, ¢ £ —P.

Let us consider the function F,(z) := F,((a + 1)z), where

kZO ab*+ 1)@t +1)-...-(a+1)

and note that

N a4 1 2(n—1)
Qn(Fa) = ( )

(@4 D@2 +1) ... (a+1)
. (@24 1)@ + 1)@+ D) (@ + D@ +1)-. - (a+1))
((a+1)m2) - ((a+1)")
B (a+ 1)*1
(a1
(@24 D@+ 1)@+ D) (@ + D@ +1)-... - (a+1))
(@t + D@2+ 1) .. (a+ 1)

(@ '+ 1)(a"+1) et +1 ()
- (an71+1)2 _anfl_‘_l = qn{F'a);
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for all n € N,n > 2. Moreover, the statement that F, € £ — P is equivalent
to the statement F, = F,(—(a + 1)z) € £ — P. Therefore, by Lemma ,
02(F,) = q2(F,) > 3. If qo(F,) > 4, then for any j > 2 we have ¢;(F,) > 4,
thus, according to the Hutchinson’s theorem (see Theorem [B|from Chapter [1f),
F, € L—"P. Therefore, it remains to consider the case ¢:(F,) € [3,4).
Consequently, if F,(z) € £—P, and ¢(F,) = %*. then we have the

a+1?
following condition on a

2
3<a +1
~a+1

On the one hand,

a?+1
a+

>3<a’+1>3(a+1),

which is equivalent to the quadratic inequality
a’>—3a—2>0.
Since we consider a > 1, the solution is
a> (3++17)/2 ~ 3.56155281 > (..

Besides, note that nh_)rgo qx(F,) = @ > ¢oo- On the other hand, if ¢»(F,) < 4,
then we have
a’+1
a+1

<4&ad’+1<4(a+1),
or, equivalently,
a’® —4a—3 < 0.
The solution of the quadratic inequality above in case when a > 1 is
1 <a<2+7r~4.64575131.

Consequently, we look at

a€ <3+2\/1_7,2+\/7>.

Further, during the proof we need inequalities related to the roots of the
function F,. So, for convenience of dealing with inequalities, we are going to
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consider the positive roots. Thus, instead of F, we study the entire function
with sign-changing coefficients

= (—1)ka*
fa(z) = Fo(—2) = kz:% (akF + 1) (ab1+1)-...-(a+1)

where ¢x(f,) are increasing in k, and nh_)IIOlo qx(fa) = @ > ¢oo. In addition, we
further use the denotation S, , and R, , for the nth partial sum and the nth
partial remainder of f, consequently. Applying Rouché’s theorem, we prove
that the function f, has the same number of zeros in {z : |z] < a* + 1} as
S2.4- In the following lemma we find the minimum value of S, on the disk
of radius a® + 1.

Lemma 2.14 (T.H. Nguyen, [59]). We have min,|—q241 [S24(2)| = 1.

Proof. For the sake of brevity, we further write ¢, instead of ¢s(f,). Note
that

hence, we have

‘Sz,a((CLQ + 1)6“’)‘2 = ’1 — e+ goe?? 2

= (1 — gy cos 6 + g5 cos 20)? + (—gy sin O + g, sin 26)?

=1+ ¢3cos? 0 + q3 cos® 20 — 2q, cos O + 2¢, cos 20

— 245 cos 0 cos 20 + g3 sin® 6 + ¢5 sin® 20 — 2¢5 sin 0 sin 20

=1+ 2¢5 — 2¢5 cos 0 + 2q5 cos 20 — 2q3(cos 6 cos 20 + sin 0 sin 26)
= 1+2q¢5 — 2qocos 0 + 2q5 cos 20 — 2q3 cos

=1+2¢5 — 2¢o(1 + g2) cos O + 2g, cos 26.

Set t := cos#, and applying that
cos20 = 2cos*f — 1 =2t* — 1,
we get
’Sm((aZ + 1)6i9) ‘2 =142 — 2¢o(1 + ) cos O + 2q cos 20

=222t — 1) — 2q5(1 + @)t + 1 + 242
= 4qot* — 2o (1 4+ @)t + 1 — 2g2 + 25 =: £(1).
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Next, we calculate the discriminant and get

D
f = (q2(1 + q2))* — 4ga(1 — 2¢2 + 2¢3)
=gy — 6q5 + 95 — 4g2 = qa(q2 — 1)*(q2 — 4).

Since, under our assumptions, ¢, < 4, the discriminant Dy is negative. Hence,
we conclude that () is positive and has no zeros for all ¢t € [—1,1]. The
vertex point of the parabola is

:1+Q2>

t, 1,
T2

since ¢o > 3. Consequently,

ter[njfll]ﬁ(t) =¢(1) =42 — 2¢o(1 + @) + 1 — 25 + 245

= dgy — 2p — 2¢3 + 1 — 25 + 2¢3 = 1.
Thus, minjgj—g2 41 [S24(z)| = 1. -

As the next step of the proof of Theorem [2.10] since we want to show
that the function f, has the same number of zeros in {z : |2| < a® + 1} as
S2.4, by Rouché’s theorem, we obtain an upper bound for the modulus of

R34(x) := fo(z) — Sau(x).
Lemma 2.15 (T.H. Nguyen, [59]). We have

(a®>4+1)*(a" +1)
At e G e @ -

Proof. We observe that

Rya(2) = i (—=1)%z

= (aF+ D) (a*t+1) - (a+ 1)
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then we obtain the following estimation of |R3,| from above:

(a® + 1)*
2= 2+1‘R3a( )‘_Z(a+1)(a2+1)~...~(ak+l)
(a ‘I‘l)k 1
_Z (a+1)(a®+1)-...-(a*+1)
B (a +1)? (a>+1)°
C(a+D)(@+1)  (a+1)(a®+1)(a* +1)
) (a® + 1)
(a—l—l) a3+1) a4+1)(a5—|—1)
(a® +1)? < (a® + 1)* )
(a+1)(a®+1) = (et 4+ 1)(@®+1)-...- (aFT3 4+ 1)
a’+1 > (a% + 1)k
<@ D@ (1+,§Ea4+1§k>
_ (e*+1)? 1 - (a® +1)*(a* + 1)
C(at+ D)@ +1) 1—(a2+1)/(a*+1)  a2(a+1)(a3 +1)(a®—1)’

which establishes the claim. O

We observe that, under the assumption a > (3 +1/17)/2, we have

or, after simplifying,
a” —3a° —2a* —a® —1>0.

The numerical calculations show that this inequality valid for all a > 3.2051,
so it is valid for @ > (3 4 v/17)/2. Hence, by Lemmas [2.14 n and [2.15 we have

|Z‘rn32x+1| 3a(2)] < \angxlm z)|=1.

Consequently, by Rouché’s theorem, the functions f, and S;, have the
same number of zeros (counted with multiplicities) on the open disk Dz :=
{z € C:|z] < a®>+ 1}. Since q2(f,) < 4, we conclude that Sy, has two
conjugate zeros of modulus \/(a +1)(a® + 1) < a®+1, so that S, has exactly
two zeros on D,z for all a such that ¢o(f,) € [3,4). Thus, if f, € L—P
(or S, € L—P for n > 2), then these two zeros are real, and there exists
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zo € (0,a* + 1) such that f,(zo) < 0. Since f,(—z) (and S, .(—=)) has
positive Taylor coefficients, the functions f, (and S, ,) does not have zeros
on [—(a? 4+ 1),0]. For z € [0,a + 1] we have

ok 2R

(a+1)(@+1)-...-(a*+1) ” (a+1)(@®+1)-...-(a*1 4+ 1)

for all nonnegative integers k, whence
fa(x) >0 forall ze€[0,a+1], (2.10)

and
Spa(x) >0 forall ze€l0,a+1], n>2. (2.11)

We obtained that if f, € L—P (or S,, € L—P for n > 2), then
there exists g € (a + 1,a* + 1) such that f,(zo) < 0 (also, there exists
T, € (a+1,a* + 1) such that S, ,(x,) <0).

It remains to prove the converse statement: if there exists xy € (a+1, a*+1)
such that f,(z¢) <0, then f, € £L —P. We need the following lemma.

Lemma 2.16 (T.H. Nguyen, [59]). Define p;(fa) = q2(fa)as(fa) -

¢ (fa)\/aj+1(fa) for j being a positive integer. Then, for sufficiently large j,
the function fo(z) has exactly j zeros on the disk D, s,y = {2 : |2| < p;j(fa)}-

Proof. For brevity, we write p, and g, instead of p,(f,) and ¢,(f,). Then

fa(x) = )
;;)qg Y5
where the sequence ¢o, g3, ... is strictly increasing with the limit a > (3 +

V17)/2. We now dissect the above sum as

3 Jj+2 1)kxk
+ 3+
<Z:: kXJ:Z k;&})q? "B
=:31(z) + gi(@) + Xg ().

We further dissect g;(x) = g;(z) + &;(z), where

Jj+1 — 1)k k —1)it2 02
gj(z) == ( Z 1(1<;—12) T 5 i )>

k=j—2 Q2 q3 et Qg ’p) Q3 Teeet %5'—2613'1—1(.[;'1(]]2’%-1
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and

(_1)j+2xj+2 1
§(7) ==~ 13 TR —
@B g3 g2 \2493 " - 414595119542

1
Gqs .. q;-‘_lq?qﬁl)'

Since p;j(fa) = @245 - - - - - ¢j+/qj+1, We have

Q293+ - Q5 < Pj < G293 ... GiGj41-
We get
' ' . R
(—1)72g;(pje") = U503 - ... - gl Sq)Tq) g, 7 %
| — oy 20, 30— 46 . 1
€/ 41+ €700+ — €7/ Qi1+ €400
o P =
= ¢l Q)HQQQ?% R q§_2q§_1Q§ jSl X
(1 . ewqj T + €2i9q]'Qj+1 . eswqj Tt + e4z’9>
iGi -3 j—2 j-2 52 -
+ U D0ggd ) T (g — 1)

= gj(pje”) +&(pie”).
Our aim is to show that for every sufficiently large j the following inequality
holds:
in |a:(p.e? R A 1
oin 19;(p;e”) > max |fa(pse™) = g;(pse”)l,
so that the number of zeros of f, on the open disk {z : || < p;} is equal to

the number of zeros of g; on the same disk. Later in the proof we also find
the number of the zeros. First, we find ming<p<ar [g;(p;e”)| :

- i ij -3 j—2 j—2 5°

9i(pie”) = €qq3 - .- g a) 4

X (6_2i9 — ¢ /@G + 4451 — €0/ T + €2i9)
ij -3 j—2 j—2 15°

=eqq5 - @10 g

X (2 cos 20 — 2 cos 0q;+/qj+1 + qj‘q]‘+1)
. P = |

=: ejanqg el (J§72Q§71Q§ g1 - ¥;(0).

We consider 1;(#) defined as follows

Ui(0) = U(t) == 4> — 2¢; /Gt + (€041 — 2),
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where ¢ := cos 0, and where we have used that cos20 = 2t> — 1.
The vertex of the parabola is t; = LVZJ“. Under our assumptions, ¢; > 1.
Hence,

tEI{lIPH bi(t) = (1) = 2 = 2¢; /@1 + G451 = G (VG — 1) — q; + 2.
If g; > 4, then ¢4, > 4, and
(VG- 1) —q+2>q —q +2>0.

If ¢; < 4, then, since ¢; > g2 > 3, we have (/g1 — 1)? > (V3 —1)2 > 0.5.
Therefore, we get

(VG —1)?—q+2>¢-05—q +2=q-(—0.5)+2>0.

Thus, @Ej(t) > 0 for all t € [—1,1]. Consequently, we have obtained the
estimate from below

P
Jmin (G;(pge")| 2 aa5 - @S] g < (2 2055/@ + 4jia)
(2.12)

Next, we bound the modulus of ¥; from above. We have

MBS

i3 (Q2 SR qj)kqu . .
1X1(pje”)] < T3 = (we rewrite the sum from right to left)
k=042 43 - L
9 i1 3 50 2 i—5 j—a 5
=4qq3 -GG 3(q —245— 1%) Qj+1 +qq ... Qj—4(qu3qj72qulqj) dj+1
6 is
+ @05 Qs (Qmai—3i—20-15) g E
4 —3
=25+ - O_5(qj—2qj-10;)" 4,71 x

1 1
1+ + 4. )
( qj—295-1954/qj+1 %—3(%—2%—1%\/%‘4-1)2
- i3 1
< Q2Q§ teee Q§73(qj72qj71qj)] 3%?1 1= T

q4j—-295-195+/95+1

(where we have bounded the finite sum from the above by the sum of the
infinite geometric progression). Finally, we obtain

| g gz 1
S1(pie) < @265 - .. 125 (q-20510;)" P q; 7 - I :

q5—295—-195/9j+1
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Next, the upper bound of |X(p;e)| can be found by a completely analo-

gous computation

INIES

00 k
Q3 455
12a(pje 2 =
9 -1 @
P3G 4t <1 N 1
Qj+2%+3 V4+195+29+345+4

1
+ + ... .
(\/‘Jj+1)2q]2'+2q]2‘+3%2‘+4%+5 )
The latter can be estimated from above by the sum of the geometric

progression, so, we obtain

2. Jj—1 & 1
[Sa(pye®)) < BB D = 1— L
C]j+2qj+3 VT +195+295+305+4

Note that

i 3 j—2 =2 _
&(pie") = 263 301 0 (gia — 1)

Therefore, the desired inequality

~ 0
Oggg |QJ(PJ )’ >OI<%§>2< ’fa(PJ ) QJ(PJe )

follows from
B ]
©E - O T G - (2 20T+ G )
Jj—3 j—3 j—3 d 1

2
> QZC]?, : q] SQJ Zq] 1q] QJ-‘,-l : 1 _ 1
45—295—-195+/95+1

2 j-1 57
+Q2Q3' g it 1
: 1— 1
qﬂ+2qj+3 V@ +195+295+35+4

g i_g o iZ2 _
0G0 G (qjqug - 1) :
Af d : b 2 Jj—3 j—3 j—3 %
ter reducing by ¢2q3 - - q] 3q] 2@5-19; 441 We get
1

G107/ Gr (2 = 2055/ T1 + 4i541) > - i (2.13)
q5—295—-195+/95+1

2
9j-14; 1 v/ -
+ = ‘J . - T + q;-19; Qj+1(%qj+12 B 1)'
45 +295+3 V@iT195+245+305+4
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To prove the inequality above for sufficiently large j, we first consider the
limiting inequality for j — oo. Since, under our assumptions, lim;_,., ¢; = a,
we obtain

1 1
a*v/a(2 — 2av/a + a®) >

— + — +a*Va-0. (2.14)
1- =

Equivalently,

2a
2—2 S
avata ady/a —1

Set v/a =: b. Then we obtain (2 — 2b* + b*)(b” — 1) > 2b%, or
bt — 201 4+ 207 — bt 4+ 207 — 20* — 2> 0.

We have found the roots of the polynomial on the left-hand side of the
inequality using numerical methods, and its largest real root is less than 1.47.
Thus, the inequality is fulfilled for b > 1.47, and, therefore, for a > 2.17.
Under our assumptions, a > 3.57, so the inequality is valid under our
assumptions on a. Consequently, the inequality is valid under our
assumptions on a and for 5 being sufficiently large.

Therefore, we have proved that for all sufficiently large 7,

i 19(pse)] > X | fa(pie®) — G;(pse”)],

so the number of zeros of f, on the open disk {z : |z| < p;} is equal to the
number of zeros of g; on this disk.

In the next stage of the proof, it remains to find the number of zeros of g;
on the open disk {z : |2| < p;}. We have

N Jj+1 (_1)kzk (_1)j+2zj+2
gi(z) = Z sy s S 5 4 42
k=j—292 43 oGk 4y Gyt GG 0q5 1G5G5 4

Denote w = zp; ', so that |w| < 1. This yields

B o g iy g 22
9i(pjw) = (1) w2245 - - ¢ "y a)1q) " a; T

X (1= ¢ \/Gnw + ¢igjw’ — giy/Gw’ + w').

It follows from ([2.12)) that g; does not have zeros on the circle {z : |2| = p; },
whence g;(p;w) does not have zeros on the circle {w : |w| = 1}. Since
Pj(w) = 1 — ¢j\/Gw + ¢jgi1w? — ¢j/Gaw® + w is a self-reciprocal
polynomial in w, we conclude that P; has exactly two zeros on the open disk
{w : |w| < 1}. Hence, g;(x) has exactly j zeros on the open disk {z : |2] < p;}
counting multiplicities, and we have proved the statement of Lemma [2.16] [
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Further we need the following lemma.

Lemma 2.17 (T.H. Nguyen, [59]). Denote by pr(fa) == q2(fa)qs(fa) - - -
Ok (fo)v/aei1(fa), k € NJE > 2. If a > 3 then for every k > 2 the following
inequality holds:

(_1)kfa(pk) > 0.

Proof. For the sake of brevity, we further write ¢, and p,, instead of g¢,(f,)
and p,(f,). Then the function takes the following form

N
falz) = Z 1 ;2 ’
j:OCI% @ TGy
where the sequence ¢o, g3, . .. is strictly increasing with the limit a > 3.
Since pp € (243 - - -~ Gk, 4243 - - - - - QGr41), We have
2 k
Pk Pk
L<pp <= << gy ——,
0 ¢ g5 g
and
k1 fo+2
Pi - P - P o
G BET G BT GGk

Therefore, we get for k > 2

k—4 k43 oo )j—&-kpi

j=0  j=k-3 ]k+4

=:my(pr) + pr(pre) + ma(pr)-

We note that the terms in m;(px) are alternating in sign and increasing in
moduli, and the largest term in modulus is positive, whence my(px) > 0.
Analogously, the summands in msq(pg) are alternating in sign and their
moduli are decreasing, and the term of the greatest modulus is positive, thus,
ma(px) > 0. Therefore,

(_1>kfa</)k) > Mk(pk).

Thus, it is sufficient to prove that for every k > 2 we have py(pgr) > 0. After
factoring out (pF>)(g5 *q5° - - - qr_s), the desired inequality takes the form

. Pr i i
-1+ . . — 2 9 T2 + 3. 3 2
G243 - ... qx—3GK—2 42493« - - - Qi _2qk—1 42493 * - - - qrp_99k 19k
4 5
_ Pk + Pk
GG Gl GRGhe1  BG  - G lp—1Gp 1 Tr2
6

juiy Y

SR s O 1 RN A
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or, using that px = qags - ... - Q\/Tk+1,

ve(pr) = =1+ Q1 Qe /Tt — 25— 103Gk
+ Qkflql%Qk+1\/Qk+1 + Qk—lqlz\/QkJrlql;iz — Qk71QI3ql;+22q;+l3 > 0.

After rearranging we get
Vk(Pk) = Qo1 Grie1v/Tort — 205-105k+1

2
+ Q19 Q1 (1 + 2 ) - <1 + 73’“‘1% ) > 0.

dk+2 Qi+29k+3

It is easy to check that the sequence (ﬁ):; is increasing in k£ and

lim Tk — ] h
hooo i , S0 we have

Tk >@_(a2+1)(a3+1) _a5+a3+a2—|—1 - 0.8
Qors Q. (a+1)(a*+1) C d+atta+1l T

for a > 0. In addition,

q;Hqi

5 < 1,
Qk4+29k+3

so it is sufficient to prove the following inequality

D1 Geh 1/ Trr1 — 2061970k 11 + G 1Q/Grrr - 1.8 =2 > 0.
Since
2< gC]k—le»
9
we have

Q-1 Gp T 17/ Dot 1 — 2051031 + Qo1 Tion/ Tt - 1.8 — 2
> Q1o h 1 v/ Dt — 2Qk-10h 041 + Qe—1Gey/ Dt - 1.8 — 2q_14s.

Next, we need to check that for all £ > 2
2
Qe Qr+17/ Q1 — 2G1Gr+1 + 1.8/ Q1 — 9

2
= Qo1 (V@1 — 2) + 1.8/ — 9 > 0.

42
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If gy 1 > 4, then \/qrr1—2 > 0and 1.8,/qx11 —% > 0, and the last inequality
is valid. In case when ¢+ < 4, since g increases in k, if we set \/qp11 = t,
t > 0, then we obtain the inequality

QQr i1 v/ Dot — 2qkGri1 + 1.8y Qo1 — 5

Z ql?:-‘rl V Qk+1 — 2q1?;+1 + 1.8\/ qr +1— %

=" — 2"+ 18t — 2 > 0.

The inequality above holds for ¢ > 1.57685, since 1.57685 is greater than the
largest real root of the polynomial on the left-hand side (we used numerical
methods here to find the roots of the polynomial), so it follows that it holds
for g1 > 2.48646.

Lemma is proved. O

Suppose that there exists xy € (a+ 1,a%+ 1), such that f,(zg) < 0. Then,
by Lemma [2.17| we have for every k > 2 :

fa(o) > 07 fa(xo) S 07 fa(pQ) 2 Oa fa(p?)) S 07 ER <_1)kfa(pk) 2 0.

So, for every k > 2 the function f, has at least £ — 1 real zeros on the open

disk {z : |z| < p}. By Lemma the function f, has exactly k zeros on

the open disk {x : |z] < pi} for sufficiently large k . Thus, if there exists

T € (a+ 1,a* + 1), such that f,(x¢) <0, then all the zeros of f, are real.
Theorem [2.10] is proved.

2.4 Proof of Theorem 2.11]

In order to bound the values of a from below such that f, belongs to the
Laguerre-Pdlya class, we consider its section S3,. We have proved that if
fa € L — P, then there exists xy € (a + 1,a® + 1) such that f,(x¢) < 0. Note
that, for every = € (a4 1,a? + 1) we have S3,(x) < f.(x), which follows that
Sg’a(xo) < 0.

Lemma 2.18 (T.H. Nguyen, [59]). If there exists xg € (a + 1,a® + 1) such
that Ss . (xo) <0, then a > 3.90155.

Proof. Set yo := x¢/(a+ 1), where 1 < yo < “lel = ¢o. Hence, we get

a

2 3
Ss.4(x0) = S3a((a+ 1L)yo) =1 —yo + % 270, 3< g < gs.
q2 4243
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For the sake of brevity, set b := ¢, ¢ := ¢3. Then we obtain
% Y%
Szal(a+Dyo) = 1= yo + 5> — 13- =1 K(yo).

We would like to find the minimal point of K(y) in the interval y € (1,b).
First, we find the roots of the derivative. The derivative of K(y) is

1

—620(3?/2 — 2bey + b%c).

K'(y) =
We consider the discriminant of the quadratic polynomial K’

D/4 = b*c* — 3b%c = b*c(c — 3) > 0,

since under our assumptions, ¢ > 3. Thus, the roots of derivative are

be £ by/e(c — 3).

3

Y+ =
Now we check if y_ or y, lie in (1,b). We consider the following inequality

bembyele=3) _, (2.15)

1<
3

The left-hand side of this inequality is

be — 3 > by/c(c— 3),

or, equivalently,
b’c? — 6bc + 9 > b?c(c — 3).
The inequality is fulfilled under our assumptions
b’c —2bc+ 3 = be(b—2) + 3 > 0.
Now we consider the right-hand side of . It is equivalent to
be — by/e(c — 3) < 3b,
or

?—6c+9<c?—3c
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Under our assumptions, ¢ — 3 > 0, so the inequality is fulfilled. Therefore, we
have verified that y_ € (1,b). In the next step, we check that y, > b, or,

be + by/c(c — 3)

> b,

or, equivalently,

3
c+/e(e—3) >3,

which is true under our assumptions for c.

Therefore, y_ is the minimal point of K (y) in the interval 1 < y < ¢s.
Thus, if there exists yo such that 1 < yy < g2, and K(y) < 0, then K(y_) < 0.
After substituting y_ into K(y), we obtain the following expression

bc — by/c(c —3 bc — by/c(c — 3))?
Ky =1 EEET | o= )
(bc—b\/c(c—?)))?’.

27b2%¢

We require K(y_) <0, or

27 — 9be + 9by/c(c — 3) + 3bc? — Gbey/c(c — 3) + Bbe(c — 3) — be?
+ 3bc\/m —3bc(c —3) + b(c— 3)@ <0.
We rewrite the above and get
Vele = 3)(6b — 2be) + (27 — 9be + 2b¢%) < 0. (2.16)
We have
6b — 2bc = 2b(3 — ¢) < 0,
since ¢ > 3. Thus,
c(e —3)(6b — 2bc) < 0.
Now we show that the following inequality is fulfilled
27 — 9bc + 2bc > 0.

We substitute b = ¢ = (a* + 1)(a + 1), ¢ = g3 = (a® + 1)(a® + 1). We have

27

_9ﬁ+1.&+1+ ﬁ+1'cﬁ+1220
a+1 a?+1 a+1 a?+1
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Equivalently,
2a% — 9a® 4 22a® + 18a% + 27a + 20 > 0,

or
(a+1)*(2a* — 13a® + 24a® — 13a + 20) > 0.

It remains to prove that
2a* — 13a® + 24a® — 13a + 20 > 0.
Since a > 3, set a = 3+ z,x > 0. We obtain
23+ 2)* —13(3+ 2)* +24(3 + 2)* = 13(3 + ) + 20 > 0,

or
2z + 112° + 1522 —4dx +8 > 0,

which is true for all z > 0. Consequently, the inequality
27 — 9bc + 2bc* > 0
is verified. Thus, we rewrite (2.16]) in the form

27 — 9bc + 2bc* < \/c(c — 3)(2bc — 6b).

We can observe that both sides of the inequality are positive. After straight-
forward calculations we get

b2c? — 4b?c + 18be — 4bc® — 27 > 0.

We substitute

b a’>+1 a®+1

= = — CcC = =

C= B2

and obtain
3 12 3 1 2 1 3 1 3 12
(a+)_(a+)(a+)+18a+ 4 (a® 4+ 1) 970,
(a+1)2 (a+1)2 a+1 (a+1)(a®+1)

or, equivalently,
a® — 8a" + 15a° + 12a® — 21a* — 28a® — 43a® — 40a — 16 > 0.

We used numerical methods to find the roots of the polynomial on the left-
hand side of the inequality. It is valid when a > 3.90155, since 3.90155 is
greater than the largest real root of the polynomial above. Lemma [2.18] is
proved. O
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Further, it is known that for any zy € (a + 1,a* + 1) and for any n € N,
Soni1.a(m0) < falzo) < Sona(ro). Thus, if there exists zg € (a + 1,a* + 1)
such that Sg,(z9) <0, then f,(xo) < 0.

Lemma 2.19 (T.H. Nguyen, [59]). If a > 3.91719, then there exists xo €
(a+1,a* + 1) such that Se.(x) < 0.

Proof. We choose

2 2
T = g(a+ g = g(a2 +1)€ (a+1,a*>+1).

After substituting zy into S ., we get

8¢ 16 ¢ 32 @ 64 42

2 2
So.a ( | ) . 729 '
6a | 3@+ 1) 0" T 27¢; " S1gdar 243¢iales | 729 dgidus

We need the inequality Sg,.(z9) < 0 to be fulfilled. Hence, we rewrite the
inequality using

_ad 41
=TT
and after direct calculation we obtain the following inequality

729(a + 1)(a® + 1)(a* + 1)(a® + 1)(a® + 1) — 162(a® + 1)(a® + 1)
x (a* +1)(a® +1)(a® + 1) — 216(a® + 1)*(a* + 1)(a” + 1)(a® + 1)
— 144(a®> +1)*(a® + 1)(a® + 1) — 96(a® + 1)*(a® + 1)
+64(a* +1)° <0,

Equivalently,

162a%° — 513a' — 567a'® + 594a'" — 567a'% — 1134a'® — 9184
— 822a" — 846a'% — 2284 — 1927a'% — 11254 — 1142a® — 7504
—1030a® — 966a° — 1360a* — 567a> + 226a> — 729a — 463 > 0.

We have used numerical methods to find the roots of the polynomial on the
left-hand side of the inequality. The inequality above is valid for a > 3.91719,
which is greater than the value of its largest real root.

Lemma [2.19]is proved. O]

Theorem [2.11] is proved.
To conclude this chapter, we studied entire functions with positive Taylor
coefficients and with the increasing second quotients of Taylor coefficients.
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We have found some necessary conditions for such entire functions to belong

2
An—1

to the Laguerre—Pdlya class. It occurs that, if the quotients ¢, (f) =

an—20n

2

. . . . a .

are increasing in n, and ¢ := lim —*=— is smaller than the absolute constant
n—o00 An—20an

Ioo (¢oo = 3.2336), then f ¢ L — P. Moreover, we studied a special entire
function F,(z) = >3, (ak—l-l)(ak*xlk—&—l)m(a—l-l) ,a > 1, which has strictly increasing
second quotients of Taylor coefficients, and found the conditions under which

F, belongs to the Laguerre-Podlya class.




Chapter 3

Closest to zero roots and the
second quotients of Taylor
coeflicients of entire functions
from the Laguerre—Podlya I class

This chapter deals with the zero location of entire functions with positive
Taylor coefficients. For an entire function f(z) = 352, axz”, ar > 0, we show
that if f belongs to the Laguerre-Pélya class, and the quotients qx(f), k =
2,3, ... satisfy the condition go(f) < g3(f), then f has at least one zero in the
segment {— a2, O}. We also give necessary conditions and sufficient conditions
of the existence of such a zero in terms of the quotients gy (f) for k = 2,3, 4.

Let us consider the entire function f(z) =" = > 2, %T =1l+x+ %? +
‘%,5 + % + ‘%? + - -+, which belongs to the Laguerre-Polya class of type I. We

can observe that its second quotients are qx(f) = afﬁ = &, k> 2.

The following statement is the analogue (for entire functions) of the
Newton inequalities which are necessary conditions for real polynomials with
positive coefficients to have only real zeros (or, equivalently, to belong to the
Laguerre—Pélya class). This fact is well-known to experts, but it is a kind of

folklore: it is easier to give the proof than to find an appropriate reference.

Statement 3.1. Let f(z) = 332, axz®,a; > 0 for all k, be an entire function
from the Laguerre-Pdlya class of type I. Then ¢,(f) > "5, for all n > 2.
Moreover, if there exists m = 2,3, ..., such that g, (f) = -5, then f(z) =
ce™®, for some ¢ > 0, > 0.

49
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3.1 Proof of Statement 3.1

Proof. We give the proof by induction on k.

Base case: k =2. If f does not have any real roots, then, since the order
of f is not greater than 1, we conclude that f(z) = ce®®, i.e. the statement is
fulfilled (see in Definition [1.3). If f has at least one real root, we denote
by {z}¢_,, o € NU{oo} the set of roots of f. Thus,

which follows that

21
> — <%,
k=1 Tk
whence
Z?:al—anag > 0.

Consequently, ¢o(f) > 2, and if go = 2, then f(z) = ce®*.
Inductive step: Suppose that the statement is true for k — 1, k = 3,4, .. ..
Obviously, if f € £ —PI, then f®) € £ —PI, for any s € N. Hence,

k!
FE2D(2) = ap_o(k — 2)! + ap_y (k — Dz + akEIQ +---€L-PI.

Then,
B az_, 2((k—1)NH? a? . 2(k—1
QQ(f(k 2)): k—1 (( '))' _ k—1 ( )22’
Qp—_2Qf (l{ — 2)]{3 Qp—2Q} k
whence
k
a(f) = E_1
It follows that
k—1
/ J—
qk—l(.f) - L — 27
and, by the induction conjecture,
f'(z) = ce*®.

Therefore,
c
- ox A
flz) = e + A,

where ) is a constant. Since f € £ — PI, then A = 0, and we are done. []
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The following theorem is a necessary condition for an entire function to
belong to the Laguerre-Polya class of type I in terms of the closest to zero
roots.

Theorem 3.2 (T.H. Nguyen, A. Vishnyakova, [61]). Let f(z) = >3, axz”,
where ap > 0 for all k, be an entire function. Suppose that the quotients q,(f)
satisfy the following condition: q(f) < qs(f). If the function f belongs to
the Laguerre—Polya class of type I, then there exists xy € [—Z—;, | such that

The following example shows that the entire function f(x) = 332, apaF,
arp > 0 for all k, from the Laguerre-Polya class of type I (without the
additional condition go(f) < g3(f)) can be positive in the whole segment

[_%70]'

Example 3.3. For a > 0 we consider the entire function

3
fa(:z:):(lJr "”3) 5 e L PL.

«

1) m 3z N 3x? N x3 (1+ ox N
(x) = .
a+3 (a+3)? (a+3)3 a+3

a’x? adz?

2(a+3)2 * 6(c+ 3

(a®+9a® +18a+6) 4 > A
4= ag(a)z”
6(a +3)3 =

4o :1+x+((12—|—6—04+6)x2+
)3 2(a+ 3)2

We observe that
2(a + 3)?

¢@(fa) = m7
¢2(fa) < 3 for all @ > 0, and lim,_, ¢2(f.) = 3. We also observe that

3(a? + 6a + 6)?
(a+3)(a3 +9a% + 18+ 6)’

Q3<fa> = 9

q3(fa) < 3 forall @ > 0, and lim,_,0 g3(fo) = 3. The only root (of multiplicity
3) of f,is zo(a) = —(ar + 3), and it is easy to check that

B a(a)  2(a+3)?
[zola)l =a+3> e = @71 6a10)
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Figure 3.1: The relationship between ¢y and gs.

The following theorem gives a necessary condition for an entire function to
belong to the Laguerre—Polya class of type I in terms of the second quotients
of its Taylor coefficients q,.

Theorem 3.4 (T.H. Nguyen, A. Vishnyakova, [61]). If f(z) = Y52, apz”,
ar > 0 for all k, belongs to the Laguerre-Pdlya class, q2(f) < 4 and ¢(f) <
qs(f), then

—2()202(f) — 9) + 2(ga2(f) — 3)y/a2(f) - 3)
a(f)(4 —qg(f)) '

The figure (3.1]) illustrates the set of solutions for the inequality (3.1)).
The following statement is a simple corollary of Theorem

s(f) < (3.1)

Corollary 3.5 (T.H. Nguyen, A. Vishnyakova, [61]). Suppose that a real
positive sequence (ag)i>, has the following properties: —1— <4 and —1— <

%G Then if (klag)ie, € MS, then

aias

—a()2a:(F) — 9) + 2(a(f) — @ (Hlaa(f) — )
L()E- q2<f>> |

In the proof of Theorem using the Hutchinson’s idea, we show that if
@2(f) > 4 (and g¢; > 1,5 = 3,4,...), then there exists a point zg € [—%,0]
such that f(z9) < 0. We present the sufficient condition for the existence of
such a point zy for the case ¢(f) < 4.

a(f) <
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L2 21 o 1 2 b 5 % T
—

Figure 3.2: The relationship between ¢, g3 and g4.

Theorem 3.6 (T.H. Nguyen, A. Vishnyakova, [61]). Let f(z) = >3, axz”,
ar > 0 for all k, be an entire function and 3 < q(f) < 4,q5(f) > 2, and
q(f) = 3. If

a3(f) < 5 (3.2)

dd—d)’
where d = min(qa(f), qu(f)), then there ewists xo € [=9,0] such that f(xo) <
0.

The figure (3.2)) illustrates the set of solutions for the inequality (3.2)).

3.2 Proof of Theorem 3.2

Without loss of generality, we can assume that ag = a; = 1, since we can
consider a function g(z) = ag ' f(apa;'x) instead of f(x), due to the fact that
such rescaling of f preserves its property of having real zeros and preserves the
second quotients: ¢,(g) = ¢,(f) for all n. During the proof we use notation

pn and ¢, instead of p,(f) and ¢,(f).
We consider a function

00 (_1)kxk
)= f(-z)=1—a+ —
k;q’i YT G

instead of f.
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To begin with, we consider the simple case when ¢ > 4 (and ¢; > 1,
where j = 3,4, ..., by Statement since ¢ belongs to the Laguerre-Pdlya
class of type I). We use the idea of J. I. Hutchinson, see [41].

Suppose that x € (1,¢s). Then we obtain

1< > ’ > xg > > :Ek >
x R — PEEE) o« .. .
D) k=1 _k—2
@ @Bgs AR A

Thus, for z € (1, ¢2) we have

2 3 4
X X i
o(x) = 1—az+>—<—>
(=) < % B BhBu
( lL‘S {EG >
BARAG  BGaEgs

2
< <1—x+x>.
q2

Note that, ¢(0) = 1 > 0, and for zy = /g2 we obtain

(o) <1—/@2+1=2~ /g2 <0,

under our assumptions that go > 4. Consequently, ¢ has a zero zg € (0; ¢2).
Thus, for ¢, > 4, Theorem [3.2]is proved.

In the next step of our proof, we consider the case when ¢, < 4 and
g2 < g3. By Lemma[2.4] from Chapter [2] (also, see [60, Lemma 2.1]), if f(z) =
S g arz® ar > 0, belongs to L — PI, then g3(qz — 4) + 3 > 0. In particular,
if g3 > ¢q, then g2 > 3. Therefore, we suppose that ¢ € [3,4),q3 > ¢2 and,
applying Statement 3.1} ¢4 > % (since ¢ belongs to the Laguerre-Pdlya class
of type I).

The following lemma (from [60, Lemma 2.3]) plays a key role in the proof
of Theorem [3.2] Tt is a generalisation of Lemma [2.6] from Chapter [2] Besides,
the first version of this lemma for the simplest case a = b = ¢ > 3 was proved
in [47] by O. Katkova, T. Lobova and A. Vishnyakova (see [47, Lemma 1]).

Lemma 3.7 (T.H. Nguyen, A. Vishnyakova, [61]). Let

2 3 4
Pir)=1—-a+2 -2 4 7
a

a2b + adbh?c

be a polynomial, where 3 < a <4, b>a, and ¢ > 4/3. Then
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Proof. By direct calculation, we have

|P(ae®)|> = (1 — acosd + acos 20 — %cos 30 + b% cos 46)?
c

+ (—asinf + asin 20 — % sin 30 + b%sin4«9)2
c

b
=1+2d%+ aj + a—2 — 2a cos + 2a cos 20 — 2g cos 360
N b2 b2 b
+ 2i cos 46 — 2a® cos 6 + 2a—2 cos 20 — 2a—2 cos 360
b2c b b2c
2 2 2
— 2% cos O + 2% cos 20 — 2% cos 6.
Set t := cosf,t € [—1,1]. Using that
cos20 = 2t> — 1,
cos 30 = 4t3 — 3t,
cos4 = 8t* — 82 + 1,
we get
16a 8a  8a’ 16a  4a®> 4a?
[Plac™)l" = 5 ( b b20> TR T TR

+ 1+2a2+a—2+a—2—2a+2—a—2—&—2—(12
b2 bic? b2c b b2c |’

Further, we want to show that

, a
oS 1P 2 55
or to prove the inequality
. a2
oge}ig%ﬁ |P(ae)|? — i > 0.

Using the last expression, we see that the inequality we want to get is
equivalent to the following: for all ¢t € [—1, 1] the next inequality holds:

16a , 8a a\ 5 4 a  an,
3 3a. a a ,  a’ 2a  2a* 2d*
—20(1—F a5+ ) (1420° 4 55 —2at 5o == = 50) >
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Set y := 2t, y € [—2,2]. We rewrite the last inequality in the form

a 4, a a\ ;5 ( 4 a a) 9 ( 3

P S IR I S

gt = (1) v e (1o g+ G ) v —a (17
3a. a a ,  a? 2a  2a*>  2d?

+a ++>y+ 1+2a%+ % —2a 4 4 20

_ — 1 >0
b’c b b3 b2 b2c b b2c

Let us observe the coefficients of the polynomial on the left hand side: the
coefficient of y* is 3§ > 0. Since

a a
bl (T
b( +bc>>0’

the coefficient of 12 is negative. It is easy to show that the other coefficients
are also sign-changing. For 32, since a,b and c are positive, it follows that
b’c > 4. Then we have

4
1——>0.
b2c

Thus, the coefficient of y? is
a a 4 4 a a
T (T I )
T e T e ( c>+ T

As for the coefficients of y, we have

1+a—2>0<:>ab+b>3,

and

a4 3—a >0& a > 3—a

b b b~ b
since b > 3 and ¢ > 4/3 > 1. Therefore, it follows from the inequalities above
that

< abe > 3a < be > 3,

Finally, we have

1+2a2+a—2—2a—2—2—2—2+2—

b2 b b2c b2c

N ) CL2 2 2 CL2 a
=(1+a®—2a)+ (a —3€)+(——2—0)+—+2—C>0,



CHAPTER 3. THE CLOSEST TO ZERO ROOTS

since

1—2a+a®=(a+1)*>0,
which, obviously, holds for any a,

2
a2—3%20<:>a2623a2<:>b23,

which is true under our assumptions that 3 < a < b, and

CL2 a2
——2—>0&<1> —
b b%c be’

which holds by our assumptions.

Consequently, the inequality we need holds for any y € [—2 O] and it is
sufficient to prove it for y € [0, 2]. Multiplying our inequality by , we get
y' — (be + a)y® + (Ve + abe + a — 4)y* — (b*c + ab’c + abe + 2 3be — 3a)

2

b

—1—(—6 + 2ab*c + ac — 2b%c — 2abc — 2a + 2) =: P(y),
a

and we want to prove that ¢(y) > 0 for all y € [0, 2].
At first, we consider the case b > a € [3,4),¢ > 2. Let

X(w) = 6(y) — 30— oy,

whence x(y) < ¢

Y(y) for all y € [0,2]. It is sufficient to prove that x(y) > 0
for all y € [0,2]. We have

2

= 4+ 2ab%c+ac— 2% —2abc —2a+2>0
a

v(2) - 10— a) 20,

since

2
b(2) —2bc—2Z’+bc+ac+2
a

2

2(2(b—a)+bac(b—a)—bc(b—a)>
=00 <2+l;c(b—a)> >20h—a) 0.

S
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Now we consider the following function
v(y) = X"(y) = " (y) = 12y* — 6(bc + a)y + 2(b*c + abc + a — 4).
The vertex point of this parabola is

B be+ a

; > 2
Y 1 =

forb>a>3,¢c> g Therefore,
v(y) > v(2) for all y € [0, 2].
We have

v(2) = 48 — 12(bc + a) + 2b°c + 2abc + 2a — 8
= 40 — 12bc — 10a + 2b*c + 2abc
= 2bc(a — 3) 4 2be(b — 3) + 10(4 — a) > 0,

under our assumption. Thus, x'(y) is increasing for y € [0, 2]. Besides,

X () = 4y® — 3(bc + a)y® + 2(b%c + abc + a — 4)y
1
— (B¢ + abc + abe + % — 3be = 30) — 3 (b— ).

We want to prove that x/(y) < 0 for all y € [0,2]. Since X’ is an increasing
function, it is sufficient to show that x’(2) < 0. We have

X' (2) = 32 — 12(bc + a) + 4(b*c + abc + a — 4)

— (b*c + ab®c + abc + % — 3bc — 3a) — 1+%
= 15 — 9bc — Ha + 3b%c + 3abe — ab’c
= (15 — 5a) — be(a — 3)(b — 3)

=53 —a)—bc(a—3)(b—3) <0,

under our assumption that b > a > 3.

Thus, we have proved that y is decreasing for y € [0,2]. Hence, the
fact that x(y) > 0 for all y € [0,2], is equivalent to x(2) > 0, that was
proved above. We obtain ¢(y) > x(y) > 0 for all y € [0,2]. So, for the case
b>ac€(3,4),c>2 Lemma is proved.

It remains to consider the case 3 < a < 4,b > a, % <c< % We want to
prove that

V' (y) =x"(y) = 124> — 6(bc + a)y + 2(b*c + abc +a — 4) > 0
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for all y € [0,2]. If the vertex point of this parabola g, = %t is not less than

1
2, then we have proved that

V'(y) = ¢"(2) > 0.
Suppose that

b
0<y, = CIa<2.

Then we want to show that ¢"(y,) > 0. We have

2
V" (y,) = 12 (bci— a) —6(bc + a) <bci_ a) +2(b*c+abc+a —4) (3.3)

1 1
— — (306 — (2ab + 81?)c + (30% — 8a + 32)) =t —has(c).

We want to show that, under our assumption, h,p(c) < 0. We can observe
that

36> —8a+32>0

for all a, and the expression 3a® — 8a + 32 is increasing for a € [3,4), which
follows that

30> —8a+32<3-16—8-4+ 32 = 48.

Thus, to prove that the function h,;(c) from (3.3) is negative, it is sufficient
to show that

36%c* — (2ab + 8b*)c + 48 < 0.
Since a > 3, it is sufficient to prove that
my(c) := 3b%c* — (6b+ 8b*)c + 48 < 0.
The vertex point of this parabola is

C_6b+8b2_1+4€<45)
Y62 b3 373

for b > 3. Thus, to prove that n,(c) < 0 for all ¢ € [%, g), we need to show
that n,(3) < 0 and 7,(3) < 0. We have

4 16 16
nb(g):—552—8b+48§—3-9—8-3+48=—24<0,
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and
5

nb(g) = —5b* — 10b +48 < —45 — 30 +48 = —27 < 0.

Consequently, we have proved that ¢”(y) > 0 for all y € [0,2]. The rest
of the proof is the same as in the previous case. Lemma is proved. O

Further, we need the following technical lemma to obtain the estimation
of Rs(z, ) from above.

Lemma 3.8 (T.H. Nguyen, A. Vishnyakova, [61]). If ¢; > 1 for all j > 2,

. 00 (=Dkak
let Rs(x, @) == > 02« P Then
q296
max |Rs(gee”, ¢)| <
0<#<2m 43039596 — 43qs
Proof. We have
i0 S qlf
|R5(q2¢", )] < o =
,gq’rj "5 g ;5(1’:? QQE“ g
q2 q2 C]2
= 732 132 t ot g+
939195 43919596 qs ... Qg
1 1
:3q§ (1+ + 5555+
EL 43949546 4391954647
4 1 _ q246
T @dies 1 - o 43diasds — @3
O
Let us check that
q2 - 4296

B B4iesq — 93q4

which is equivalent to

43949596 > g6 + 1.

The last inequality obviously holds under our assumption. Therefore, accord-
ing to the Rouché’s theorem, the functions Sy(z, ¢) and ¢(z) have the same
number of zeros inside the disk {z : |z| < ¢2} counting multiplicities.

It remains to prove that Sy(x, ) has zeros in the disk {z : |z| < ¢2}. We
apply Grace’s theorem about the complex zeros of apolar polynomials (see
Theorem |G| in Chapter [1)).
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e (-

(o) cag+ (3)
—— .
3 4q§613 4) 43934

0= (g et e (3t (1)

Then the condition for Sy(z, ¢) and Q(x) to be apolar is the following:

(o)~ () (5 (a0

If g > 3, then all the zeros of @) are in the disk {x : |x| < ¢2}. Therefore,
by Grace’s theorem, we obtain that Sy(x, ) has at least one zero in the disk
{o: le] < @}

Thus, Sy(z,¢) has at least one zero in the disk {x : |z| < ¢}, and, by
Lemma applying to Sy(z, ¢),S4(z, ) does not have zeros in {x : |z| =
¢2}. Hence, the polynomial Sy(z, ) has at least one zero in the open disk
{z : || < ¢2}. By Rouché’s theorem, the functions Sy(z, ¢) and ¢(z) have
the same number of zeros inside the disk {x : |z| < g2}, whence ¢ has at least
one zero in the open disk {z : |z| < ¢2}. If ¢ is in the Laguerre-Pdlya class,
this zero must be real, and, since the coefficients of ¢ are sign-changing, this
zero belongs to (0, go).

Theorem [3.2] is proved.

We consider

Let

3.3 Proof of Theorem 3.4

In the proof of Theorem [3.2] using the Hutchinson’s idea (see [41]), we
show that if ¢o(f) > 4 (and ¢; > 1,j = 3,4,...), then there exists a point
zo € [—2,0] such that f(zo) < 0. In Theorem , we prove the sufficient
condition for the existence of the point x, for the case when ¢(f) < 4.

(1)kk

Proof. According to theorem , if p(x) =1—2+32, P R
k—1

L —PZ, and g3 > g2 > 3, then there exists zo € (0, g2) such that cp(wo) <0.
For z € [0, 1] we have

2 .TL’S IA

a
122> —>—— > e >,
@ B BB
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whence

o(x) >0 forall ze€]l0,1].

Suppose that x € (1, g2]. Then we obtain
2 3 T
l<z>2—>—5> "> ——
e @ o BT

k

>... (35)

For an arbitrary m € N we have

() = Soms1(x, @) + Romya(z, ).

By (3.5) and the Leibniz criterion for alternating series, we obtain that
Ropia(x, ) > 0 for all x € (1, o], or

o(x) > Somy1(x, ) forall x € (1,¢), meN. (3.6)

Analogously,

o(x) < Som(x, ) forall z e (1,¢), meN. (3.7)

As the next step of our proof, we consider

For the sake of brevity, set a := ¢2,b := ¢3. Then we obtain

2 23
Sg(l‘) ::1—334';—%

Therefore, if there exists zo € (0, a) such that ¢(xy) < 0, then S3(zg) < 0.
First, we find the roots of the derivative. We have

,b>a>3.

1 2 2
Ss(x) = —%(Sx — 2abx + a®b).
We consider the discriminant of the quadratic polynomial S} :
Dyg,

a’b* — 3a*b = a*b(b — 3).

Do/
Under our assumption, b > 3, so % > 0. Thus, the roots of S5 are

B ab — a/b(b — 3)

3

62
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and

ab + ay/b(b—3)

3

To =

It is easy to check that if b > a > 3, then the following conditions hold:
x1 € (0,a] and x9 > a. Therefore, we can conclude that z; is the minimal
point of S3(x) in the interval (0,a). Now we check if S3(z;) < 0.

After substituting x; into S3(x), we obtain the following expression

Su(er) = 1 ab—cu/b(b—3)_|_(ab—a\/b(b—?)))2 (ab— a\/b(b—3))3
= 3 9a - 2707 ‘

We want S3(z1) < 0, or, equivalently,

27 — 9ab + 9ay/b(b — 3) + 3ab® — 6aby/b(b — 3) + 3ab(b — 3) — ab?

+3aby/b(b — 3) — 3ab(b — 3) + a(b — 3)y/b(b — 3) < 0.

We rewrite and get
b(b — 3)(6a — 2ab) + (27 — 9ab + 2ab*) < 0. (3.8)
We observe that
6a — 2ab = 2a(3 — b) <0,
since b > 3, under our assumption. Thus,
b(b — 3)(6a — 2ab) < 0.
Now we consider the expression
27 — 9ab + 2ab* =: y(b)
as a quadratic function of b. Its discriminant
D = 81a® — 216a = 27a(3a — 8)

is positive under our assumption that a > 3. The roots of y(b) are

B 9a — 34/3a(3a — 8) 9a + 34/3a(3a — 8)

bl = 1a and bg = 1a
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It is easy to check that
9
b < 1 <3 < by

For

bels. 9a + 34/3a(3a — 8)]

4a ’
we have y(b) <0, and (3.8) is fulfilled. Further, we consider the case when

9a + 34/3a(3a — 8)

b >
4a

Then, is equivalent to
27 — 9ab + 2ab? < \/b(b — 3)(2ab — 6a),
or
a’b® — 4a”b — 4ab® + 18ab — 27 > 0.
We rewrite the inequality above in the following way:
ba(4 — a) + 2a(2a — 9)b+ 27 < 0. (3.9)

We note that the coefficient of b2 is positive, since, under our assumption,
a < 4. Then, its discriminant

D/4 = a*(2a — 9)* — 27a(4 — a)
= 4a* — 364> + 108a® — 108a
= 4a(a — 3)* > 0.

We obtain the roots of the left-hand side of (3.9):
—a(2a —9) — 2(a — 3)y/a(a — 3)

b = a(d—a) ;
8, — —a(2a —9) +2(a — 3)y/ala — 3)
2T a(4 — a) '

Therefore, b should be in the interval (31, 52) for (3.9) to be fulfilled, which
is equivalent to the inequality below:

—a(2a —9) — 2(a — 3)y/a(a — 3) e —a(2a —9) +2(a — 3)y/ala — 3)
a(4 —a) a(4 —a) '

(3.10)
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Next, we show that the following inequality is fulfilled under our assumption

that b € [3, 22y a8a8) \/3“(3“*8)]:

4a

—a(2a —9) — 2(a — 3)y/ala — 3) _ 9a + 34/3a(3a — 8)'

a(4 —a) - 4a

It is equivalent to

a® < 8(a —3)y/ala — 3) + 3(4 — a)y/3a(3a — 8),

or

a® < 64(a — 3)* +27(4 — a)*(3a — 8) + 48(a — 3)(4 — a)\/B(a —3)(3a — 8).

After straightforward calculation we get

3(a® — 10a”® 4 33a — 36) + (a — 3)(4 — a)\/3(a —3)(3a —8) >0,

or

3(a—3)*(a—4) + (a —3)(4 — a)y/3(a — 3)(3a — 8) > 0.

Divided by (a — 3)(4 — a), the inequality takes the form:

V/3(a — 3)(3a — 8) > 3(a — 3).

It is simple to verify that the equation above is fulfilled for any a > 3.
Consequently, we obtain the following condition for b :

3<pc 22079 Z(i(i ;)3) =3 (3.11)

Theorem [3.4] is proved. O

Remark 3.9. From Lemma , we have b(a —4) +3>0,0r b < ﬁ. It is
easy to check that the following inequality holds:

—a(2a—9) +2(a — 3)y/a(a — 3) 3
b < T < (3.12)

Let us consider the right hand side of the inequality (3.12)). Since under
our assumptions 3 < a < 4, we multiply it by a(4 — a) and obtain

—a(2a —9) + 2(a — 3)y/a(a — 3) < 3a,
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or, equivalently,

2a(a — 3) > 2(a — 3)y/a(a — 3).

As a > 3, we can divide the inequality above by 2(a — 3) and get

a>+/ala — 3).

After squaring both sides of the inequality, we have
a’? > a* — 3a,

which is valid under our assumptions on a.

3.4 Proof of Theorem 3.6

Proof. Note that, for every xy € (0, ¢s) and for any n € N : p(zg) < Sa, (20, ¢)
(see (3.7))). Hence, if there exists zg € (0, q2) such that Sy(zo, ) < 0, then
p() <0.

Let

First, if a < ¢, then

x x x ~
Pla)<l-ao+Z -2 %
(v) = v a a’b * a*b?
Thus, if there exists o € (0,a) such that P(z,) < 0, then P () < 0.
Next, if a > ¢, then we consider

Since

22 Y r? 213

- = = 4+ =

a a*), a®  a’b
is negative for any = € (0, a), it follows that P(x) decreases monotonically
for any x € (0,a). Therefore,

2 3 4 ~
Pla)<l-o+——2 42 -
&

c2b * Az
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Analogously to the previous case, if there exists 2 € (0, a) such that P(zy) <
0, then P(zq) < 0.
Thus, we can set d := min(a, ¢), and consider the following polynomial

2 ZES l‘4

xr
T(.r)zl—x—l-g—%—'—w.

We substitute = dv/by, then y = VAL (0, %) We have

Qly) = T(dVby) = y2< (;2 + y2> —dvb (; + y) + db).
Let us set w(y) =y +y~ ', then
((;2+y2> —d\/5<;+y> +db> = w? — dvVbw + db — 2.

If we find a point wy € (Vb + -, 00), such that
NG

w2 — dvVbwy 4+ db—2 < 0,

then we find 4,0 < 1y < % < 1, such that Q(yo) < 0.

The vertex of the quadratic function w? — dv/bw + db — 2 is in the point

Wy = d—\/g, and, by our assumption,

2
dv'b 1
dvb > Vo+ =
2 Vb
Therefore, the existence of a point wy € (vVb+ %, 00), such that wg — dv/bw, +
db—2 < 0, is equivalent to the condition that its discriminant is non-negative:

D =d? —4db+8 > 0.
Then, (4 — d)db < 8, or (since 3 < d < 4)
8

e

Theorem [3.6] is proved. O

To summarise this chapter, we studied the zero location of entire functions
f(x) = 2, arz® with positive coefficients, such that their second quotients

of Taylor coefficients qx(f) = %, k =2,3,...satisfy the condition go(f) <
q3(f). We have shown that if f belongs to the Laguerre-Pdlya class of type
I, then it has at least one zero in the segment [— Z—;, O]. Moreover, we have
obtained necessary and sufficient conditions for existence of such a zero in

terms of the second quotients ¢y, for k = 2,3, 4.






Chapter 4

Entire functions from the
Laguerre—Pdlya I class having
the increasing second quotients
of Taylor coefficients

We show that if f(z) = 332, arz®, a, > 0, is an entire function such that
the sequence of its second quotients of Taylor coefficients is non-decreasing in
k and qo(f) > 2v/2, then all but a finite number of zeros of f are real and
simple. We also present a criterion in terms of the closest to zero roots for
such a function to have only real zeros (in other words, for belonging to the
Laguerre-Poélya class of type 1) under additional assumption on the regularity
of increasing for the sequence g (f).

Theorem 4.1 (T.H. Nguyen, A. Vishnyakova, [64]). Let f(z) = >3, apz”,
ap, > 0,k=0,1,2,..., be an entire function such that

2V2 < go(f) < as(f) < aulf) < ...

(2v/2 =~ 2.51984). Then all but a finite number of zeros of f are real and
simple.

In connection with the theorem above, we formulate the following conjec-
ture.

Conjecture 4.2 (T.H. Nguyen, A. Vishnyakova, [64]). Let f(x) = S22, ara®,
ap > 0,k =0,1,2,..., be an entire function such that 1 < q2(f) < q3(f) <

q1(f) < ... Then all but a finite number of zeros of f are real and simple.

69
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As the second result of this chapter, we present the following criterion
for belonging to the Laguerre—Poélya class of type I for real entire functions
with the regularly non-decreasing sequence of second quotients of Taylor
coefficients.

In order to clarify the statement of the next theorem, we apply Lemma [2.4]
from Chapter 2] (also, see Lemma 1.2 from [61], cf. Lemma 2.1 from [60]). Thus,
if f(x) =332, arz® a, > 0, belongs to £ — PI, then q3(f)(ga(f) —4)+3 > 0.
In particular, if ¢3(f) > q2(f), then ¢2(f) > 3. Hence, if we investigate
whether a real entire function with the non-decreasing sequence of second
quotients of Taylor coefficients belongs to the Laguerre—Podlya class of type I,
then the necessary condition is ¢o(f) > 3. Our main result of this chapter is
the following theorem.

Theorem 4.3 (T.H. Nguyen, A. Vishnyakova, [64]). Let f(z) = S5, arz”,
where a > 0 for all k, be an entire function. Suppose that:

1. 3<qf) <as(f) <qa(f) <. 5

2. In the case when there is an integer jo > 2 such that q;,(f) < 4, and
Qio+1(f) >4, one of the following conditions holds true:

(Z) Qj0—1<f)/qj0+l(f) Z 0525;
(i) qj,(f) > 3.4303.

Then f € L —PI if and only if there exists xy € [—ayi/as,0] such that

Remark 4.4. Unfortunately, at the moment we do not know whether the
additional assumptions in the theorem above are essential.

4.1 Proof of Theorem 4.1

Proof. To prove Theorem we need the following lemma.

Lemma 4.5 (T.H. Nguyen, A. Vishnyakova, [64]). Let f(z) = 332 (—1)*apa®,
where ay, > 0 for all k, be an entire function such that 23/2 < ¢(f) < g3(f) <
q3(f) < ... For an arbitrary integer j > 2 we define

Pj(f) = q(f)e(f) ... Qj(f)\/Qj+1(f)~

Then, for all sufficiently large j, the function f has exactly j zeros on the
disk {z : |z| < p;(f)} counting multiplicities.
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Proof. For simplicity, we will write ¢; instead of ¢;(f) and p; instead of p;(f).
We have

flz) = T ,
SEE
where the sequence ¢, g3, ... is non-decreasing. We now dissect the above

sum as

00 (_1)kxk Jj+2
qugflql?ff2.“ " <Z+ >+ Z )— L) + gi(@) + Bo ().

k=0 k=j—2 k=j+3

J+2,.5+2 .
We represent the term ﬁ(lj# in the form
q3--- qj+1q]+2

(_1)j+2xj+2 (_1)j+2$]’+2
&G e BTGl
N (_1)j+2xj+2 B (_1)j+2xj+2
1 9 ir1 g .
GG ge BTG gt d R
Hence
J+1 (_Dkxk (_1)j+2xj+2
gi(z) = Z k=1 _k—2 T 5 4 42 (4.1)
k=j—292 493 .-Gk Q3 @ q5—29;-149;95+1
(—1)i+2g7+2 ( 1 1 )
+ = —
GG e \ B GGG GG G d G
=: gj(#) + ().
By the definition of p;, we have gagqs - ... - ¢; < p; < q2q3 - ... - ¢jqj+1. We
get
. ; o i o g 122
(=1)2g;(p;e”) = (=1) %'V 2’9q2q§' qaqig Ch (42)

(1 —é QJ\/ qj+1 + e QJQJ—H qj\/qj+1 + e %q]+2>

j—2

j— i(j— -3 2 2 5
T ( W R ¥ e Y s
(1 — /a1 + g1 — €5 /q1 + 64i9)

o o i o i o 42 .
+e 00,03 30 0 g h (s — 1) )

= (=1)’" <gg(p] )+ &(pse ))-
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Our aim is to show that for every sufficiently large j the following inequality
holds:

: ~ (0 10N~ 10
oin 19;(pie”)| > max |f(pie”) — g;(pie”)l;

so that the number of zeros of f in the disk {z : |z| < p;} is equal to the
number of zeros of g; in the same disk. Later in the proof, we also find the
number of zeros of g; in this disk. First, we find ming<g<ar |g;(p;e?)|. We
have

~ i ij -3 j—2 j—2 I5*
9i(pie”) = e aqi - .. G oq1a) a4t (4.3)
—2i0 —i6 0 2i6
X (6 =€ U4+ T ¢ — €745/ Q1 +e )
j—2

_ijo 2 Jj—3 =2 j—=2 "5
=€ q2q3 - q; 245195 411

X (2 cos 20 — 2 cos 0q;+/qj+1 + qjqj+1>
3 P I
=: e“‘)ngg e qj_g’q?_qu 2jS1 ~1;(0).
We consider 1;(0) as follows

¥;(0) = ;(t) == 4% — 2q; /gt + (4q541 — 2),

where t := cos 6, and where we have used that cos20 = 2t — 1.
The vertex of the parabola is t; = ¢;,/¢;+1/4. Under our assumptions,

W2< <z < ...,
so that

G114 > /R2/4 > 2V2 x \2V2/4 = 1,

therefore, we have ¢; > 1. Hence,

min | P;(t) = ?Zj(l) =2 = 20¢;\/G1 + 4%+ = GV G (VG —2) + 2.

te[-1,1
If qj+1 > 47 then
4G+ (@1 —2) +2 > 0.
If gj+1 < 4, then

GG (VG — 2) +2 2> i1V G (VTG — 2) +2
= q32+1 — 20111 + 2.
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We set y = ,/qj71 = 0, and obtain
9(y) =y' —2y° + 2.

It is easy to calculate that

3 )

min g(y) = 9(3) = 75 > 0.

Therefore, we get
2 — 2qj\/qj+1 + ;@541 > 0.

Thus, ¢,(t) > 0 for all t € [~1,1]. Consequently, we have obtained the
estimation of g;(p;e?) from below

. i i3 j2 j2 152
o 19:(pi€”)| = @G5 - .- €240} g, E X (2 —2¢j\/qj+1 + Qij+1>.
(4.4)
Further, we estimate the modulus of ¥; from above. We have
i=3 k k k5
i0 d243 - - 459511
X1 (pje”)| < =1 _k—2 s = (4.5)
k=042 43 -4k
(we rewrite the sum from right to left)
4 i3 iy iy i3 e g g g iy it
= <qu§ GG Gt ©G - Qa3 2T 1G] G
i—6 =5 j—5 j—5 j—5 j—5 ‘5°
+ Qqu Tl q§_5q§_4q§_3q§_2q§_1q§ jSl + - )
i—4 j—3 j-3 j—3 13°
= Q@ Q8T ) 4

1 1
x |1+ + +>
( qj—295-19+/95+1 Qj—3qu—ij2—1%2(\/%+1)2
4 i3 i3 iy i3 1
R e S
9j—295-1495+/95+1

(we estimate the finite sum from above by the sum of the infinite geometric
progression). Finally, we obtain
0 j—4 j-3 j—3 j—3 132 1
Sulpse”) < @5 - g2 GE X T i . (4.6)
q5-295—-195/95+1
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Next, the estimation of [X(p;e)| from above can be made analogously.

E i3
£ > G545 - qquﬂ @ gk
P PJ Z k 1 k— = 2
—j+392 43 .-Gk 451295+3
X (1 + ! + ! + )
VGr1Gi20i+30+4  (VT11) 2000 1307 495+5 '

The latter can be estimated from above by the sum of the geometric progres-

sion, so, we obtain
j—3

2 j=1 "5
- 1
Gds G i . . (4.7)

. 1—
qJ+2qJ+3 VTG +195+295+395+4

|S2(pie)| <

Note that

i0 3 j—2 j—2 152 _
6006 = @l S 2 qm(l—qjqjgz).

Therefore, the desired inequality
min_ [g;(p;e”)| > max [f(p;e”) = G;(p;e”)|

0<0<2m 0<0<27
follows from
2 i3 -2 j-2 5
©G - GGG Gt |27 2053/ T 454
i=3 1
3 j-3 j-3
> Qa3 O 3q g g7 X - ;i
q5—-295-195+/495+1
=
Y R e 1
+ X 1 1
0 r20+3 V14542054305 +4
g g g 2 B
QG Qa1 G (1 - qjqu)-

Or, equivalently,

Qj—IQj\/qJ+1< 4jv/qj+1 + qu]+1> (48)
1 414 1
> 1— 1 + 2 ,] 1— 1
45+295+3 VG F19+24j+345+4

q5-295—1G95+/95+1
+ 410G (1 — q5a;%5).
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Since, under our assumptions gz < g3 < g4 < ..., the sequence (g;)32, has
the limit, that is finite or infinite. At first, we consider the case when this
limit is finite and put lim; .., ¢; =: a, a > 2v/2. We firstly investigate the
limiting inequality

a*va(2 — 2av/a + a*) > — + — +a*Va-0. (4.9)
1— Ba 1-—- Ba
Equivalently,
2
2 — 20,\/6 + CL2 > 370/
a’y/a—1

Set \/a =: b, then we obtain (2 — 2b® + b*)(b” — 1) > 2b%, or
bt — 2010 267 — b1 4 2% — 26 — 2 > 0.

We have found the roots of the polynomial on the left-hand side of the
inequality using the computer, and its greatest real root is less than 1.47.
Thus, the inequality is fulfilled for b > 1.47, and, therefore, for a > 2.17.
Under our assumptions, a > 2¢/2 > 2.51, so the inequality is valid.
Whence, for the case when the sequence (¢;)32, has the finite limit, the
inequality is valid for all 5 being large enough.

Now we consider the case when lim;_,., g; = +00. The inequality
follows from

qj—195/Ti+1 (2 — 2¢j\/qj+1 + quj+1> (4.10)

1 1
> T i Tz i + qj-195/qj+15
q5—295—-195+/95+1 V45i+195+295+395+4

or
29 + > ! X :
— 24jv/9j+1 T+ qq5+1 1
G195V G+ L= e

1 1
- +1.

X
Ui=1495v/ Bi+1 1= VG+19+295+3%+4
The left-hand side of the inequality above tends to infinity, and the right-hand
side tends to 1. So, the last inequality is valid for all 5 being large enough.
Whence, for the case when the sequence (qj)]?";2 has the infinite limit, the
inequality is valid for all j being large enough. Consequently, we have
proved that for all j being large enough

in 13 (p:e® 0N = i
omin 19;(pje”)| > max |f(p;e”) — g;(pie”)l;
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so the number of zeros of f in the disk {z : |2] < p;} is equal to the number
of zeros of g; in this disk.

In the next stage of the proof, it remains to find the number of zeros of g,
in the disk {z : |2| < p;}. We have

B Jj+1 (_1)1%19 (_1)j+2$j+2
gj(x) = Z s s S M ES W 5 4 42
k=j—2 92 43 oty Gy 4304 2G5 195451

Let us set w = xp; ', so that |w| < 1. This yields

_ . g g g =2
gj(ij) = (=1) w’ 26]2(1% e qg—qu—ﬂ; Qj-i1

< (1= qj/Gmw + igj10" — gj/Gw’ + w?).
It follows from (4.4) that g; does not have zeros on the circumference {z : |z| =

p;j}, while g;(p;w) does not have zeros on the circumference {w : |w| = 1}.
Since

Pj(w) =1— 4jv/ T+1w + qu]'+1w2 - C_Ij\/q]'-t,-lws + w?

is a self-reciprocal polynomial in w, we can conclude that P; has exactly two
zeros in the disk {w : Jw| < 1}. Hence, g;(z) has exactly j zeros in the disk

{x : |z|] < p;}, and we have proved the statement of Lemma |4.5| O
Theorem [4.1]is a simple corollary of Lemma [4.5 O

4.2 Proof of Theorem 4.3

Without loss of generality, we can assume that ay = a; = 1, since we can
consider the function

U(x) = ag' f(agay ')

instead of f, due to the fact that such rescaling of f preserves its property of
having real zeros and preserves the second quotients of Taylor coefficients:
4 (V) = q,(f) for all n. For brevity, during the proof we write p, and g,
instead of p,(f) and ¢,(f). Then, we have

l’k

fley=14+z+ — :
kz:;q’z“ ' g




CHAPTER 4. INCREASING SECOND QUOTIENTS 77

Further, during the proof, we need the inequalities related to the roots of
the function f. So, for the convenience of dealing with inequalities, we are
going to consider the positive roots. Thus, we consider the entire function

[e'S) (_1)kxkz
pr)=f(-z)=1—-2+ ——
kgzq’; "5

instead of f.

In the previous section, it was proved that if ¢ € £ —PI and ¢(f) <
q3(f), then there exists ¢ € (0;a;1/as] = (0, ga] such that ¢(xy) < 0 (see
Theorem . We want to prove the inverse statement. In order to do this,
we need the following lemma.

Lemma 4.6 (T.H. Nguyen, A. Vishnyakova, [64]). According to Lemma[{.5,
we denote by

pr = pr(®) = q@()as(@) - - @)\ @rr1 (),

for k € N. Under the assumptions of Theorem [{.3, for every k > 2 the
following inequality holds:

(=1)*e(pr) > 0.

Proof. Since pr € (qoq3 -+ Qk,q2G3 * - - - * QrQr+1), We have
Pi Plz
l<pp<—=<---< =1 2 ,
42 4 43 .-Gk
and
Pk N it - Pt .
Gl abasT a6 G e

Therefore, we get for k > 2

k+3 ( )j+kp.7
:Zk; Sl

(—1)* = x(pr),

and it is sufficient to prove that for every k > 2 we have pg(p) > 0. After

factoring out M&“—5q the desired inequality is expressed in the following
2 43 k-3
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form
. Pi Pi pi
-t .. 202, .2 L P —
243 - - - qr-3qk—2 4393 - ... Qg _oqk—1 G393 ... qr_oGr_19k
4 5
_ Pk + Pk
GG Golh 1 Ghk+r BB - Qo1 Didr 412
6
T 6,6 6 gk 4.3 2 >0,
4243 * - - - Q991995 +19+29k+3
or, using that px = qags - ... * Qe\/Tk+1,

vk(pr) = =14 Qeo1Gi/Qor1 — 2(]k—1QI3Qk+1

Qkfl%ix/Qk:Jrl Qkfqu% >0
- > 0.
dk+2 Qi1 29k+3

+Qk—1QZQk+1 Vk+1 +

We observe that
Ve(pr) = (Qeo10e/Tert — 1) + @1 G qest (VTert — 2)
1G? 1
L 197/ Q1 (1 ) |

Qk+2 vV Qk+19k+249k+3
Firstly, we consider the case when g1 > 4. Thus, we have

Qk—1Gk/ Q1 — 1 > 0,
10 qh1 (V/Tor1 — 2) >0,

and

QkfIQIi\/QkJrl (1 B 1 >
qr+2 vV k+19k+29k+3

Therefore, in the case qx1 > 4 the desired inequality vy (px) > 0 is proved.
Next, we consider the case when ¢z < 4 and either gx2 < 4 (so that
e > % > 0.525), or qxi2 > 4 and qZﬁ > 0.525.

qk+2
After rearranging we get

> 0.

Ve(pr) = Q1 G /Dot — 2Qh— 1050011

2
dk dk—19
Tqk—19k/ Qk+1 (1 + ) - (1 + 21k> > 0.

Ak+2 Qi+29K+3
Since g is non-decreasing in k, it is easy to see that

Qkfl%i

: <1,
Qi4-29k+3
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hence, it is sufficient to prove the following inequality

gk
U1 G U1/ Dot — 20k 1G7 Qs 1 + Qo1 G/ Tt (1 + q) —2>0.
k+2

Under our assumptions that g, are non-decreasing in k£ and ¢ > 3, we
have 2 < %qk_lqk, and we can observe that

Q1 G Q1 Tert — 2Gk-1G7qk+1 + Qe—1Qk\/Trr1 - 1.525 — 2

2
> Qe1GRee1 VB — 200100001 + Ge10k/rr - 1525 = a1y
So, we need to check that for all £ > 2

2
Qe Qk+17/ k41 — 2qkGr+1 + 1.925/qy1 — 9

2
z%%HQ@a}—m+Lma@@3_§zo

Since g is non-decreasing in k, we get

2
Tk Qr+17/ k1 — 2q1Gr+1 + 1.5254/qi1 — 9

2
> qu\/QkH — 2(]13“ + 1.525\/qp 11 — 9

Set \/qri1 =t,t > 0, then we obtain the following inequality
2
t&4#+1mw—§zu

This inequality holds for ¢ > 1.73051 (we used numerical methods to find
that the greatest real root of the polynomial on the left-hand side is less than
1.73051), so it follows that it holds for g1 > 2.99466. Thus, in the case
qr+1 < 4 and either gy < 4, or qgr2 > 4 and qx/qrs2 > 0.525 the desired
inequality v (px) > 0 is proved.

It remains to consider the case when g1 < 4, qxio > 4, and g1 > 3.4303.
We have

Ve(pr) = (G1@e/Tort — 1) + G102 k41 (V@1 — 2)
9
Qr—195/qk+1 1
+ i - (1 ) > (Qe-1qk/qk+1 — 1)

qk+2 a vV k+19k+29k+3

qrk—19k
+ Qk—lC]iQkH(\/qu —-2)> (Qk—1Qk Qr+1 — 91 )
+ Qk—l(]/%qk:-i-l(\/ Qkr1 — 2)

_ Qk1Qk< (\/Qk_ﬂ - ;) + Qe Gr1 (Vo1 — 2)).
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We want to show that

1
(\/Qk—i-l — 9) + @k @rt1 (Vo1 — 2) > 0.

Since /qr+1 — 2 < 0, and ¢x < gr+1, the last inequality follows from

1
(Vi = 5) + i (Vs -2 2 0.

Set t = /qr+1, then we get the inequality
5 4 1
7 =20+t — g > 0.

We have found the roots of the polynomial on the left-hand side of the
inequality using the computer, and its greatest real root is less than 1.8521.
Thus, this inequality is valid for ¢z, 1 > 3.4303. So, in the case when ¢ 1 < 4,
Qrr2 > 4, and g1 > 3.4303 the desired inequality v (px) > 0 is also proved.
Thus, Lemma [.6] is proved. O

Suppose that there exists xo € (1,¢2), such that ¢(x) < 0. Then, by
Lemma [4.6] we have for every k£ > 2

©(0) > 0, ¢(z0) < 0,0(p2) > 0,0(ps) <0,...,(=1)*0(px) > 0.

So, for every k£ > 2 the function ¢ has at least k — 1 real positive zeros on the
disk {z € C: |z| < px}. By Lemma [4.5] the function ¢ has exactly k zeros
on the disk {z € C: |z] < pi} for k being large enough. So, for all k being
large enough all the zeros of ¢ on the disk {z € C: |z| < pi} are real. Thus,
if there exists z9 € (1, ¢2), such that ¢(xy) < 0, then all the zeros of ¢ are
real and positive. Therefore, p € L — PI.

Theorem [4.3] is proved.

To summarise this chapter, we have proved that if an entire function
f(x) = 332, ara® with positive coefficients such that its second quotients
of Taylor coefficients qx(f),k > 2 is a non-decreasing in k sequence, and
¢> > 2+/2, then all but a finite number of zeros of f are real and simple.
Moreover, we obtained a criterion in terms of the closest to zero roots for
such a function to have only real zeros, or, in other words, to belong to the
Laguerre-Pdlya class of type I under some additional assumptions on g (f).



Chapter 5

Number of real zeros of real
entire functions with a
non-decreasing sequence of the
second quotients of Taylor
coefficients

In this chapter, we find a necessary conditions for an entire function f(z) =
S g arr®, ap > 0, with a non-decreasing sequence of the second quotients
of Taylor coefficients to belong to the Laguerre-Poélya class of type I. In
addition, we estimate the possible number of non-real zeros for such functions.
Moreover, we prove that the following conditions on the second quotients of
Taylor coefficients are necessary for the function to belong to the Laguerre—
Polya I class.

Theorem 5.1 (T.H. Nguyen, A. Vishnyakova, [65]). Let f(z) = >3, apz”,
ar >0,k =0,1,2,..., be an entire function such that q2(f) < q3(f) < qa(f) <
- If f € L—"PI, then for any k = 1,2, 3, ..., the following inequality holds:
Qons1(f) > cary1 (the constants copyq defined as in Theorem@] concerning the
partial theta-function, see Chapter .

We prove the following interesting corollary of Theorem

Corollary 5.2 (T.H. Nguyen, A. Vishnyakova, [65]). Let f(x) = S22, apa®,
ap > 0,k = 0,1,2,..., be an entire function such that ¢2(f) < q3(f) <
qu(f) < - If f € L—P, then ga(f) > 3.

The following statement is a simple corollary of Theorem and Corol-
lary 5.2

81
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Corollary 5.3. Suppose that a real positive sequence (ag)32, has the following
a? >

Ll is increasing in k.
k=2

Then if (klay)32, € MS, then for any k = 1,2,3,..., the following inequality

2
holds: #;2“ > Copt1 (the constants cory1 defined as in Theorem |l con-

cerning the partial theta-function, see Chapter . Moreover, the inequality

property: the sequence of its second quotients (akwk

(12 . .
—L > 3 4s valid.
apa
Our next theorem estimates the possible number of nonreal zeros for such

entire functions.

Theorem 5.4 (T.H. Nguyen, A. Vishnyakova, [65]). Let f(z) = S5, arz”,
ar > 0,k = 0,1,2,..., be an entire function such that 2</2 ~ 2.51984 <
@e(f) < ¢(f) < q@u(f) < ---. If there exist jo = 2,3,4,... and my € N,
such that q;, > cam,, then the number of nonreal zeros of f does not exceed
Jo+2mo—2 (the constants cor, defined as in defined as in Theoremm concerning
the partial theta-function, see Chapter .

We recall that

d=co>cy>ce>-, lim oy = goo;
n—oo

=<y <Cy < e lim ¢ = (oo

3 5 7 v M Congl Joo

Calculations show that ¢, = 1++/5 ~ 3.23607, ¢ ~ 3.23364 and ¢5 ~ 3.23362,
cr ~ 3.23364.

5.1 Proof of Theorem [5.1]

Without loss of generality, we can assume that ay = a; = 1, since we can
consider a function g(z) = ag ' f(apa;'x) instead of f(z), due to the fact that
such rescaling of f preserves its property of having real zeros as well as the
second quotients: ¢,(g) = ¢,(f) for all n € N. During the proof instead of
pn(f) and g, (f) we use notation p, and g,. It is more convenient to consider
a function

00 (—1)kl’k
plo)=fl=e) =1 -a+ ’; R R
instead of f.

As we proved in Theorem [3.2] if ¢ belongs to the Laguerre-Pdlya class
then there exists a point zy € [0, 21| = [0, ¢2] such that ¢(z¢) < 0. Let us
introduce some more notation.

First, we need the following lemma.
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Lemma 5.5 (T.H. Nguyen, A. Vishnyakova, [65]). Let ¢(x) = 1 —x +

heo q’g’lq(’g_’é)-ff:i_lqk be an entire function. Suppose that qi are non-decreasing
ink:1<q <qs<qqs<---. If there exists xo € [0, q2| such that p(zy) <0,

then xy € (1, qo].
Proof. For x € [0, 1] we have:

x? z3 x4
1>2x>—> — > =5 >
q2 4243 454344
whence
e(x) >0 forall ze€]0,1]. (5.1)

[
Lemma 5.6 (T.H. Nguyen, A. Vishnyakova, [65]). Let ¢(x) = 1 —x +

0 (=Dra? be an entire function. Suppose that qi. are non-decreasing

k=2 k=1 k—2 >
qo qs3 ey 19k
ink:1<qy<gqs<qqs<---. If there exists xy € (1,qa] such that p(zq) <0,

then for any n € N, Sy, 1(xo) < 0.

Proof. Suppose that = € (1, ¢z]. Then we obtain

.TQ .ZUS CL’k
1<I27>T>> 1
2

42 4343 AT

> (52)
ce Q14

For an arbitrary n € N we have:
(p(l’) = SQn—H({Ea 90) + R2n+2($a 90)
By (5.2) and the Leibniz criterion for alternating series, we conclude that
Ropia(x, @) >0 for all x € (1, go], or
o(x) > Sopy1(z,p) forall z e (1,¢),n € N. (5.3)

Consequently, if there exists a point xy € (1, g2] such that ¢(xg) < 0, then for
any n € N we have Sy, 11(zg) < 0. O

Thus, we proved that if ¢ € £ — P, then there exists zq € (1, ¢ such
that the inequalities Sy,+1(x0) < 0 hold for any n € N.
In Lemma [2.4] it was proved that if an entire function

plr)=1—x+ —
;;2615 T G
belongs to the Laguerre—Podlya class, where 0 < ¢ < g3 < g4 < ---, then

g2 > 3. So we assume that ¢z > 3.
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Lemma 5.7 (T.H. Nguyen, A. Vishnyakova, [65]). Let ¢(x) = 1 —x +
Y heo E=T (,;i)_%: be an entire function. Suppose that 3 < qu < q3 < qq---.

99 43 cqy 19k

Then the inequality Son1(2, ) > Sont1(\/Gn17, 9 /gznr) holds for anyn € N
and any x € (1,qs] (here g, is the partial theta function and San11(y, ga) s

its (2n + 1)-th partial sum at the point y).
Proof. We have

Sszrl(l’,QO) _ (1 —l‘) n (:L‘Q 3 ) N < rt 0 ) . (54)

e B BBu  Baags

N < x2n x2n+1 )
2n—1 2n—2 2 T om 2n—1 2 :
qa g3 CeetQon—_192n 45" q3 Cee QonQont1

Under our assumptions, g are non-decreasing in k. We prove that for any
fixed k =1,2,...,n and = € (1, ¢2], the following inequality holds

2k 2kl
2k—1 2k—2 2 T ok 2k—1 3 B
92 43 et Qo2 42743 Ceee Qo192 92k+1
- 2k p2k+1
= 2k—1 2k—2 2 T ok 2k—1 B
Qok+192k+1 * -+ Dr+192k+1  Drr192k+1 " - - - " Q2r+192k+1
2k p2k+1 22k , "
k(Zk—1)  k(Qk+1)  k@k—1) |\ 2k |-
Q2k+1 Qok+1 Q2k+1 2k+1

For z € (1, ¢] and any fixed k = 1,2,...,n, we define the following function

22k
F(qQ)Q37"'7q2k7q2k+1) = — —
qgk lqgk SR Q%k—l%k
2+
B 1B
We observe that
OF (g2, 43, - - - Gors Gons1) _ (2k —1)- 2™
I B3 R on
2]€ . ZL‘2k+1 1
+ - <0<:>$<<1—)'92Q3"-~'QQkCI2k+1-
qgkﬂqgk e qgk—lqngQk—i-l 2k

Therefore, since

1 1 1
(1 — %) 4293 * - - - * Q2kG2k+1 = 5612613 R Y DY g 5@2(13 > 2
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(under our assumptions gz > ¢2 > 3), we conclude that F(qz,qs, - - -, @2k, 2x+1)
is decreasing in ¢y for each fixed x € (1, go]. Since go < g3, for k =1 we get:

x? a3 22 a3 2 28

Flggq3) = —— 5> ———5—=—— =,
e Be B G 6 @

and the desired inequality is proved for k£ = 1. For k > 2 we have

F(q2,43, 945 - - - s @2k, Q1) > F (g3, 03,4, - - -, G2k, Q2k11)

ka x2k+1

1k—3 2k—3 2 4k—1 2k—2
3 Ay Cee e G192k q3 44 :

3 2 :
<o Qo 195k 92k+1

Further, we consider its derivative with respect to ¢s:

OF (q3,93, qa - - - » Gors Qor+1) _ (4k —3) - 2
dqs @ P T B
41{: —1)- x2k+1
4]E 2k—2 ) <0
4374y I () RS |
4k —3 , 3 2
=T < Ak — 1(]3(]4 T Qop 190,92k

Under our assumptions,

k-3 R
ap—1 BW@o DR =2 7 439495 > q2,
and we obtain that F(qs, g3, G4, - - - , ok, Gor+1) is decreasing in g3 for each fixed

x € (1, o] and, since g3 < g4, we receive

F(q37 a3, 44, - - -, 42k, QQkJrl) Z F(q47 q4,44,95, - - -, G2k, q2k+1)'

Thus, for the Ith step we have

F(Qlfla qr—-1,---,491-1, 9, 491+1, - - - , G2k, Q2k+1)

22k
(4k—1+1)(1-2)/2 2k—1+1 2k—1 L2
-1 q 141 - Q2k—192k
p2k+1

T (4k—143)(1-2)/2 2k—i+2 2k—1+1 3 2 ’
91 q; Q1 Cee Qg 190k 92k+1
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We consider its partial derivative with respect to ¢;_; :

8F(Ql—17 qi—1,---,4q1-1,491, 9141, - - - , @2k, QQk-‘rl)
Oq1—1
Lk — 14+ 1)(1 — 2) - 2

T+ (4k—141)(1-2)/2 2k—i4+1 2k—1 2
41 q Q1 - Qo 192k

Lk — 1+ 3)(1 — 2) - a2+

T+ (Ak—1+3)(1—2)/2 2k—1+2 2k—I+1 3 9
Q1 q Q1 - Br-192k92k+1

_|_

< 0,

which is equivalent to the inequality

< 4k —-1+1 .,
x -1 7, o e e s " — .
4k —1+3 Q191 91+1 Q2k—192k92k+1

The inequality above is valid, since

4k —-1+1
4k —1+3

> 2 "
— 111

: Qt%QZQH—l C 2k—192kG2k+1

. C_If:%CIlQH-l S 2k—1G92k92k 11 > (2.

86

Hence, the function F(q—1,q-1,- .-, @i—1, @, Qi1 - - - > Gok, G2r+1) is decreasing

in ¢;_1. Since, under our assumptions, ¢;_; < ¢;, we obtain

F(@1, @=1, - Q=1 @ Q15 - - - Gk G2k41)
Z F(Qth e g qi41, - 7q2k>QQk+1)'

Analogously, by the same computation, at the (2k + 1)-th step we get

2k 2k+1
x x
F(qor, Gok - - -, Q2ks Qor41) = k=1 _(h+D)(2k—1) .
ok ok * Q2k+1

Its derivative with respect to qo is

OF (qok, @2k - - - > Gok> Qorr1)  K(2k—1) - 2k

Oqar, B s
(22 4+ Kk — 1) - g%+ N .
<ler ——— . '
G oo okt k1 for B2kt

Since we assume that

2k — k
22+ k-1

2

2k—1 2k—1
Qo Q2kt1 = g “ Qo Q2k+1 > 42,
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we conclude that the function F(qok, Go - - - , @2k, q2k+1) is decreasing in gog.
While gor < qory1, we get

F(qors @ok - - - @2k, 211) = F(Qort15 Q2kt1, - - - 5 Q2kt1, Q2k41)-
Thus, we obtain the following chain of inequalities
F(Q% q3, 44, - - -, 2k, QQk+1> > F(Qs, a3, 44, - - -5 2k, QQkJrl)

> F(Qa, Gay Qay @5y - - 5 Q2ks Q1) = - > F(Qory @k - - - 5 G2k Gok+1)
> F(Gokt1s Qkt1s - - - s Q2ht1 G2k11)-

Consequently,

F(Qm a3, 44, - - -, 2k, C]2k+1) > F(Q2k+l> Q2k+15 - - - 5 Q2k+1, QQk+1)

2 p2k+1
kQ2k—1) —  k(2k+1) "
dop 11 4ok 11

Finally, we note that under our assumptions, the expression

22k 22k +1
k(2k—1)  Kk(2k+1)
qor11 Qor11

is decreasing in gor41 for each fixed z € (1, ¢], so we obtain

2k 2k+1 2k 2k+1
Ja S x oz N T oz
ok+1 ok+1 Qon+1 9on+1

Substituting the last inequality in (5.4)) for every z € (1,¢s] and k =1,2,... n,
we get

52n+1<x,so>z<1—x>+( v )+< LA )+ (55)

3 6 10
Qon+1 Qop41 Qon+1  Qon+t1

x2n x2n+1 2n+1 -1 ka
..+( ) )—Z (-1)

n(2n—1 n(2n+1 - o k(k—1)
QQ7’(L+1 ) QQ72+1+) k=0 /42n+1 (k=1)

= S2n+1(—\/ Qon+17, QJW)?

where g, is the partial theta function and Sa,+1(y, o) is its (2n+ 1)-th partial
sum at the point y. O

Since we have Sani1(7,9) > Soni1(—+/Gni17, 9 /gr) for any n € N, if
there exists a point zg € (1, g2] such that S, 1(zo, ¢) < 0, then
Sont1(—+/@nt1%0, 9 ygzz) < 0. Therefore for yo = |/Gani170, We have

Vit < Yo < /Gnr1¢2 < (\/@ant1)?. Using the statement (5) of Theorem
we obtain that ¢a;+1 > 2,41, which completes the proof of Theorem [5.1]
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5.2 Proof of Corollary

As we have proved in the previous theorem, if f € £ — P, then ¢3(f) > 3.
In Theorem it is proved that, under the assumptions of the Corollary, if
o(f) < 4, then

—@2(f)(2q2(f) — 9) + 2(q2(f) — 3 \/C]2 —3)
Q2(f)(4—Q2(f)) '

We have mentioned that if f € £ — P, then ¢o(f) > 3. If ¢2(f) = 3, then the
inequality above states g3(f) < 3. This contradiction proves the Corollary .
O

g3(f) <

5.3 Proof of Theorem

As in the proof of Theorem we assume that ag = a; = 1, and we consider

the function p(z) = f(—x ) =1—-x+32, # instead of f. We
42 93 919

need the following lemma.

Lemma 5.8 (T.H. Nguyen, A. Vishnyakova, [65]). Let p(z) = 1 — = +

00 (1)kk

O B R be an entire function. Suppose that 1 < g < q3 < qq <
If there emst Jo=3,4,... and mg € N, such that q;, > com,, then for all
J Z Jo + 2mg — 3, there exists x; € (q2qs - .- .- qj,q2q3 - - - - - ;qj+1) Such that

the following inequality holds:

(=1 p(z;) = 0.

Proof. Choose an arbitrary j > jo + 2mo — 3 and fix this j. For every
€ (q293 - - @5, 9243 - - - ¢jqj+1) we have

l<zx< z < 2 < < z?
X —_— _— = -
-1 _j5-2 2 )
e By GGG
and . »
xJ xJ‘H
Jj—1_j—2 2 J -1 2
GG GG BE GGG
.Tj+2
> - - > ...

J+L j 4 3.2
Q2 q3- ... q; 1495951 195+2
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We observe that

' Jj—2mo (_1)k+jxk Jj+1 ( 1)k+jxk
(—1)¢(z) = T +
kz:% Y A k_j_zg,;m“ Y/ Y/t
(- )k—&-jxk:
+ Z - 5 =: 31 (2) + h(z) + Xo(z).
k=j12 4 Q3 R (A LV

Summands in ¥;(x) are increasing in modulus and the sign of the last
(biggest) summand is positive. So, for all © € (gaqs - ... ¢j,q2q3 - - - - - ¢jqj+1),
we have ¥i(x) > 0. Summands in ¥y(z) are decreasing in modulus and
the sign of the first (biggest) summand is positive. Consequently, for all

€ (g3 4,G2q3 - ¢jqj+1), we get Xo(x) > 0. Thus, we obtain
, J+1 1)+
(el > ha) = Y i (5:6)
k=j—2mo+1 QQ ds ce 19k
I+ 2
e YRR = 5
493 .- 44541 G2 43 -4 14
i1
- - + ...
=2 ;-3
I AR s T
+ j—2mo+1_j—2mo 2
b} a3 Cee G omg+195—2mo+2
xj72m0+1
) —2mo—1
@ g QJ242mOQj*2mo+1

(we rewrite the sum from the end to the beginning). After factoring out the

term )
$]+1

— ,
B GG
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we get
~ 2t Gqs - - G
(=D7p(z) > h(z) = 55— o (=1+ — (5.7)
@43 - 45q541 Z
_ (¢245 - - - - 45¢j+1)° I (¢245 - - - - - 4¢j1)° _
T2qj41 736310
(G2q3 - - - - - qjqj41)*™0 !
1 2mo—2 2mo—3
a0 g TGO R 50— 2mo 4
B (9203 - - ;q41)*™ )
Imo—1 2mo—2
x2m0qulo qjmo et q?—2m0+5q32'—2m0+4qj—2m0+3
it
= 51 2 Y(z).
@493 - q5q5+1

Now we introduce some more notation. Set

y = 42493 * - - - - 4jqj+1
T

)

and observe that € (gaqs - ... - ¢j,q2q3 - - - - - ¢;¢i+1) < Y € (1,¢j11). Further
we change the numeration of the second quotients of Taylor coefficients as
follows

S2 1= qj+1, S3 =5, Sa = qj—1, -+, S2mo—1 ‘= j—2mo+4, S2mg ‘= j—2mo+3-
By our assumptions, ¢» < g3 < g4 < ---, thus, we get o > 53 > 54 > -+ >
Some > 1, and y € (1, s2). In the new notation we have

U(y) = —1+y—2§‘j COY” (5.8)
sk s sy '

We want to prove that there exists a point y; € (1,¢;+1) = (1,s2) such
that h(y;) > 0. Hence, we compare the expression in brackets with the
corresponding partial sum of the partial theta function. We have

2 3 4 5
¢<y>:(_1+y)+<—y+2>+<— 3y2 + 4‘22 >+~~+ (5.9)
S9 5583 598354 59835455
(_ y2m072 N y2m071 )
samoTSgamo=d 3o —352mo—2 samo—2gImo=3 3mo—252mo—1
y2m0
ngo_lsng_Q et S%m()fQS%mo*lSQmO .
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Firstly, under our assumptions, one can see that

2myg

Y
T T 2mo—1 2mp—2 . ) (510)
52 53 . e 82m071$2m0
2mg 2my
. y Y
- 82m0_1 2mo—2 . . 32 s - mo(2mo—1) °
2mo 2mg s 2mo ©2mo 2mo

We prove that for any fixed £ = 1,2,...,mg — 1, the following inequality
holds

2k 2k+1

Y )

T 2k—1 _2k—2 + S 1 3 (5.11)
52 53 See et SQk 82 83 fe et 82k82k+1
2k 2k+1
o y N Y
— 2k—1 2k—2 . 2k 2k—1 L2
52m0 S2mo <ot Somyg SQmOSQmo e 52m0 Somg
2k 2k+1
v L
= T Tk(2k-1) k(2k+1) "
2myg S2m0

Firstly, we consider (5.11)) for £ = 1. Since sy > s3, we have

2 3 2 3
N
S9 5583 S9 S5

We observe that

) 2 3 2 33 2
(—Z+Z3>=y—y>0@y<832.
2 2

The inequality above is valid if y < gj11 = s and s; > 3. We suppose that
there exist jo = 2,3,4,... and my € N, such that g¢;, > ca,, then we fix an
arbitrary j > jo + 2mo — 3 and get sa > Sopmy = @i—2me+3 = Tjo = C2mg > I-
Therefore, the function (—g + z—;) is increasing in ss, whence

2 3 2 3 2 3
_y7+272_y7+y732—y —+ ;’L)/ . (5.12)
So  S§3S3 Sy 8y S2mo  S2mg

We apply analogous reasoning to prove (5.11)) for every k =1,2,...,mo — 1.
Let us define the following function

y2k

H(827S37"'782k782k+1) =T Tok—1 2k—2 2
82 83 T e el " SQk—182k

2k-+1
n Yy
2k 2k—1 3 2
§2°83 et Sop 152k 52k+1
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for s9 > s3> -+ > soxs1. Obviously,

H(sg, 83, ..., Sog, Sak+1) > H(sa, 83, ..., Sok, Sax)
% 2U+1
Yy Yy

2k—1 2k—2 2 2k 2k—1 3 3

We have

2%
OH (s9, 83, .., Sok, Sok) y

0So, sok—lgZk=2

2 2
e S2k—152k

3y2k+1

2k 2k—1 3 4
§2°83 e Sop192%

Thus,

OH (s9, S3, . .., Sok, Sok S983 * ... Sok_152
( » 93 ) ) ) S0 y < 3 2k.
85% 3
Since y € (1, $2) = y < S, we obtain that the function H(ss, s3, ..., Sok, Sax)
is increasing in s9, whence

H(sg, 83, ..., Sok—1, Sok, Sokr1) > H(S2,83,. .., S2k_1, Sok, Sok)

ka

2
ce et 82k—152m0

> H(327 835+« 82k—15 S2mq> SQmo) = T T 2k—1 2k—2
Sy Sz
2k+1
N y
2k 2k—1 3 3 ’
32 33 e " 82]{71827710

Now we consider the derivative of the latter function

aH(327 83,3 82k—15 S2mg> Sng)
0sor—1

2y2k gy

2k—1 _2k—2 3 T L2k 2k—1 4 3
52 53 Sl et 82k—182m0 82 83 S e et SQk:—l'SQmO

2k+1

Hence,

2
OH (52,83, .., S2k—1, S2mg» S2my) 25283 ...+ S2k—1S2k—159,
S0ey< .
0sop—1 3

The inequality above is valid since y < s9 and sg,,,, > 3, therefore, we obtain
that the function H(sa, S3, ..., Sok—1, S2mgs S2m,) 1S increasing in sqf_1, whence

H(827 83y ..y S82k—2; S2k—1, 82m0’ 32m0> 2 H(827 83, ...,52k—2, 52m07 82m07 S2m0)

2k 2k+1

4 i Y
2k—1 2k—2 3 3 2k 2k—1 1 6
S20 830 ...t Sk 98my 52753 .. Sop_2Samg
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Applying similar arguments we get the following chain of inequalities.

H(s9,83, .., Sok, Sokt1) = H(S2,83, .., Sok—1, S2mos S2me )

> H(59,53, .- S2k—2, S2mgs S2mgs S2mg) = - - - = H(Somgs Samgs - - - s S2mo s S2me ) -

Thus, we have proved (5.11)).
We substitute the inequality ([5.10) and ((5.11)) into (5.9)) to get the following

W (=DM
Q/J(y) > — Z Rh—1) _SQmo(_vS2moy7g,ﬁszmo)a (5-13)
k=0 SQm?)

where g, is a partial theta function and S, (x, g,) := Z?:o a9 is its partial
sum. By our assumption (\/%)2 = Somy = Qj—2mo+3 and j > jo + 2mg — 3,
SO S2my = Gj—2mo+3 = (j, = Camg, and we conclude that Sy, (x,gszmo) S
L — P (see Theorem [[). Whence, by part (4) of Theorem [[] there exists z €
(—(/32m0)?, —/B2my) such that S, (20, gy, ) < 0. We put —/Sam, 40 = o,

ie. yo:= _\/:;To € (1, sam,) C (1, s2), and we have

S2m0(_\/ S2mo Y0, g\/%) S 0.

Substituting the last inequality in ([5.13]) we obtain

V(Yo) = —Samo(—v/ SQmoyng\/%) > 0. (5.14)
Using ((5.14)) and substituting (5.13)) into (5.7)), we get
I+l

(—=1)%(x) > h(z) = “h(yo) = 0,

R—
B G

Yo
since yo € (1, 82) = (1,¢j41), we have z; € (qq3 ..+ ¢j; G2z~ - - -~ @i qj41). O

Now we apply Lemma , which states that if f(x) = 2, arz®, ap >
0,k = 0,1,2,..., is an entire function such that 2v/2 < ¢(f) < ¢s(f) <
qs(f) < ---, then, for all sufficiently large k, the function f has exactly
k zeros on the disk {z : |z| < @2(f)gs(f) - .. - @ (f)\/qer1(f)} counting
multiplicities.

Let us choose an arbitrary k& > 2, being large enough to get the statement
of Lemma and k > jo+2mgy — 2. Then the number of zeros of ¢ (counting
multiplicities) in the disk {z : [2| < q2q3- ... qu\/@r+1} is equal to k. By

which is the desired inequality. It remains to recall that z; := , and,
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Lemma [(.8 we have

sgn 90($jo+2mo—3) = —5Sgn 90(%'0+2mo—2),

sgn @(xjoJerO*Q) = —sgn 90(33jo+2m071)7

sgn o(Tp—2) = —sgn @(Tx_1),

and

0 < ZTjp4omo—3 < Tjoramo—2 < " < The1 < @2G3° -+ Qe < @243 - - * Qhrn/Qho1-

Hence, the function ¢ has k — jo — 2mg + 3 sign changes in the interval
(0,42g3 - ...+ qr\/Qr+1), whence the number of real zeros of ¢ in the disk
{z ¢ 2] < @@ qu/Gy1} is at least k — jo — 2mg + 2. Therefore, the
number of nonreal zeros of ¢ in this disk is less than or equal to jo + 2mgy — 2.
Since k is an arbitrary large enough integer, we get that ¢ has not more than
Jo + 2mg — 2 nonreal zeros.

Therefore, Theorem [5.4] is proved.

In this chapter, we proved necessary conditions for an entire function
flx) = 2 apx® ap > 0, with a non-decreasing sequence of its second
quotients of Taylor coefficients to belong to the Laguerre-Pdlya class of type
I. Besides, we obtained an estimation of the possible number of non-real zeros
for such functions.



Chapter 6

Further questions

We would like to formulate some open questions for further research.
Question 1. What are the conditions for an entire function with positive
coefficients to belong to the Laguerre-Pélya class in case when {qx}72, is not
a monotonic sequence?
As a first attempt, one could consider the case when the second quotients
have only 2 values, for instance, g € {a,b}. For instance, one can look at
the following entire function:

~ "
flz) = kzz:o ¢ g
where
=@ =q¢=...=a>1,
B=¢G=q¢=...=b>1,
or
2?2 x? 20
f(x):1+$+;+%+a3b2a+a4b3a2b+“'

and identify conditions for which {a, b} the entire function f belongs to the
Laguerre-Poélya I class. Partial results for the case when a < b are obtained
by T.H. Nguyen and A. Vishnyakova (see [63]), however, the question still
remains open for the case a > b.

We recall that as a consequence of Hutchinson’s theorem (see Chapter ,
Theorem [B)), it is known that if gi(f) € [4,400), then f belongs to the
Laguerre—Polya class.
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Question 2. Is it possible to formulate an analogue of Hutchinson’s
Theorem and to find an interval such that if g,(f) € [a,b], a < 4 it follows
that f belongs to the Laguerre-Podlya class?

Question 3. Is it possible to generalize Hutchinson’s constant in Theorem [B]
for the cases of many variables? (The question was posed by Petter Bréandén).
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