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V0ORWO0RD. 

Dit proefschrift bestaat uit drie delen en een inleiding. 

Elk deel is geschreven als tijdschriftartikel; deel I en 

deel III zijn reeds als zodanig verschenen, en wel in 

"Manuscripta mathematica", respectievelijk 40 (1982), 155 -203, 

en 43 (1983), 87 - 106. Deel I, waarvan A. M. Cohen co-auteur 

is, verschijnt in "Journal fur die Reine und Angewandte Mathematik". 

Deel I vormt de ruggegraat van het proefschrift, de delen II en 

III zijn er beide door gemotiveerd. In de inleiding wordt ge-

tracht het onderwerp van dit proefschrift voor een zo breed moge-

lijk publiek te belichten. 

De afbeelding op het omslag geeft alle ondergroepen van s4 
aan: de punten stellen de ondergroepen voor (s4 geheel onderaan) 

en de verbindingslijnen geven inclusies weer. In de laatste 

paragraaf van deel III speelt deze ondergroepenstructuur van s
4 

een belangrijke rol. 

Dank ben ik in de eerste plaats verschuldigd aan prof. dr. 

H. W. Lenstra Jr. voor het aangeven van het onderwerp, vele 

suggesties tijdens het gehele onderzoek, en het kritisch doorne-

men van vele voorlopige versies van de tekst. Voorts ben ik de 

Universiteit van Amsterdam erkentelijk voor het bieden van de 

nodige faciliteiten om dit onderzoek te verrichten. Tenslotte 

wil ik dr. A. M. Cohen van het Mathematisch Centrum danken voor 

zijn essentiele bijdrage aan deel II. 

H. Zantema. 
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GEHEELWAARDIGE VEELTERMEN IN DE ALGEBRAISCHE GETALTHEORIE. 

INLEIDING. 

Bet is gebruikelijk proefschriften niet alleen te verspreiden 

onder vakgenoten, maar ook onder familie, vrienden en kennissen. 

Aangezien proefschriften in de regel nogal gespecialiseerd zijn, 

komen ze dan dikwijls in handen van mensen die deze specialisatie 

niet delen. Voor deze mensen kan het frustrerend zijn dat ze een 

boekwerkje in handen geduwd hebben gekregen waarvan ze - ook na 

ijverig doorbladeren - geen idee hebben waar het over gaat. De 

reactie blijft beperkt tot "knap hoor, zo helemaal in het Engels". 

Vervolgens bergt men het op een veilige plaats op, in de hoop het 

nooit weer in handen te krijgen. 

Het spreekt vanzelf dat dit euvel niet helemaal te verhelpen 

is; de verdiensten van duizenden jaren beschaving maken het ondoen-

lijk te allen tijde op niveau nul te beginnen. Toch wil ik een 

bescheiden poging wagen om ook voor mensen die niet in de zuivere 

wiskunde gespecialiseerd zijn, het onderwerp van dit proefschrift 

te belichten. Niemand hoeft zich te schamen om het betoog niet tot 

het einde te kunnen volgen; tot eventuele toelichting ben ik altijd 

bereid. 

Laten we eens kijken naar de uitdrukking 

Als we hierin voor X een geheel getal invullen, dat wil zeggen een 

van de getallen 

...... -3, -2, -1, 0, 1, 2, 3, 4, 

dan blijkt de uitkomst steeds weer een geheel getal te zijn. Zo 

krijgen we bijvoorbeeld 

! 13 ! 12 1 1 2; 6. + 2. + 3· 1 + 

! 23 ! 22 1 5; 6" + 2· + 3·2 + 1 

! 33 !i 1 11; 6. + 2· + 3·3 + 

-7769. 
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Een veelterm 

met deze eigenschap noemen we een geheelwaardige veelterm (Engels: 

integer valued polynomial). 

De structuur van deze geheelwaardige veeltermen is als volgt 

te beschrijven. De volgende speciale veeltermen blijken allege-

heelwaardig te zijn: 

fo 

fl 

f2 

f3 

f4 

f. 
l 

1, 

x, 

X(X-1) 1 2 1 
-1-.2- = 2x - 2x, 

X(X-1) (X-2) 1 3 1 2 -x 2x 1.2 .3 6 

X(X-1) (X-2) (X-3) 1 4 
24x 1.2.3.4 

X(X-1) (X-2) ...... (X-i+l) 
1.2.3 ....... i 

1 + 3x, 

1 3 ..!.!_x2 1 
- 4x + - 4x, 24 

Nu is elke geheelwaardige veelterm hierin uit te drukken; precies 

gezegd: als 

een willekeurige geheelwaardige veelterm is, dan bestaan er gehele 

, b met n 

Omgekeerd is duidelijk ook elke uitdrukking van deze vorm een 

geheelwaardige veelterm. Voor ons voorbeeld hebben we 

lx3 + lx2 + lx 1 1 f 2 f 1 f 1 f 6 2 3 + = · 3 + · 2 + · 1 + · o· 
Het feit dat alle geheelwaardige veeltermen op deze manier in f 0 , 

f 1 , f 2 , .•.... zijn uit te drukken is al heel lang bekend; het 

wordt in een paar regels aangetoond in het begin van §2 van deel I 

van dit proefschrift. 

Tot nu toe hebben we stilzwijgend aangenomen dat de coeffi-

cienten a
0

, a
1

, ...... , an van zo'n veelterm f zelf gehele getallen 

of breuken van gehele getallen zijn. Dit proefschrift handelt over 

de vraag in hoeverre dit alles uit te breiden is naar grotere getal-



stelsels. Om het begrip geheelwaardige veelterm op een zinvolle 

manier·uit te breiden, moeten we ook het begrip gehele getallen 

uitbreiden. 
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Voordat we een dergelijke uitbreiding naar grotere getalstelsels 

precies kunnen formuleren, moet er eerst wat terminologie ingevoerd 

warden. Breuken van gehele getallen, dus de getallen r/s waarbij r 

ens gehele getallen zijn (s niet nul), noemen we rationale ge-

tallen. De verzameling van alle rationale getallen geven we aan 

met QI, dat is een verbasterde Q van "quotient". Lang niet allege-

tallen zijn rationaal; een voorbeeld van een niet-rationaal getal 

is h. 
We geven nu een aantal eigenschappen van de rationale getallen. 

De getallen Oen 1 zijn rationale getallen. Als we een rationaal 

getal van een ander aftrekken, of ze optellen, of ze vermenigvul-

digen, dan is de uitkomst altijd weer een rationaal getal. Ook als 

we een rationaal getal delen door een rationaal getal dat niet nul 

is, is de uitkomst een rationaal getal. Een verzameling met al deze 

eigenschappen noemen we een lichaam (Engels: field); in het bijzonder 

is QI dus een lichaam. Er zijn oneindig veel mogelijkheden voor een 

teller en ook oneindig veel mogelijkheden voor een noemer; zo op het 

eerste gezicht lijkt QI wel heel erg groot. Maar in termen van 

lichamen is QI juist heel erg klein, binnen de gewone getallen waar 

je mee rekent is QI zelfs het kleinste lichaam dater bestaat. 

Bij een getallenlichaam moeten we ons nu een lichaam voorstellen 

dat wel iets grater dan QI mag zijn, maar niet al te veel groter. 

Precies gezegd: een lichaam K heet een getallenlichaam (Engels: 

number field) als K tenminste alle rationale getallen bevat en er 

een eindig stel getallen b
1

, b 2 , ...... , bn in K bestaat zodanig 

dat elke x uit K uit te drukken is als 

waarbij q 1 , q 2 , ...... , qn rationale getallen zijn. De graad van K 

is het kleinste aantal n waarvoor passende b 1 , b 2 , ...... , bn te 

vinden zijn. Zo vormen bijvoorbeeld de getallen van de vorm 
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waarbij q 1 en q 2 rationale getallen zijn, een getallenlichaam van 

graad 2. Dit getallenlichaam geven we aan met m(/2). Verder is ID 

zelf ook een getallenlichaam, en wel van graad 1. Ons begrip van 

geheelwaardige veeltermen zullen we gaan beschouwen over getallen-

lichamen, dat wil zeggen dat de coefficienten a 0 , a 1 , •••... , an 

in een bepaald getallenlichaam bevat zijn. 

In getallenlichamen bestaat er een zinvolle uitbreiding van de 

gehele getallen: een getal b heet algebraisch geheel als er een n, 

en gehele getallen r
0

, r
1

, rn-l bestaan waarvoor 

Gehele getallen hebben deze eigenschap: als been geheel getal is, 

kies dan n = 1 en r 0 = -b. Dus elk geheel getal is algebraisch ge-

heel. Omgekeerd is elk rationaal getal dat algebraisch geheel is 

een geheel getal; stel dat bijvoorbeeld b = 1/3 algebraisch geheel 

ZOU zijn. Dan ZOU gelden 

0, 

oftewel 

Dit kan niet juist zijn, want rechts van het gelijkteken staat een 

geheel getal en links niet. Dus 1/3 is niet algebraisch geheel. 

Op dezelfde manier kan voor elk rationaal getal dat niet geheel is, 

warden aangetoond dat het niet algebraisch geheel is. Dus de alge-

braisch gehele getallen in ill zijn precies de gehele getallen. 

Als Keen getallenlichaam is, geven we de verzameling van 

algebraisch gehele getallen in Kaan met O(K). Zo bestaat dus O(ill) 

precies uit de gehele getallen. Er kan bewezen warden dat van twee 

elementen van O(K) het verschil en het product ook in O(K) zit. 

Een verzameling waarvoor dat geldt wordt een ring genoemd. Dever-

zameling O(K) heet de ring van gehelen van K. Als voorbeeld merken 

we op dat O(ID(/2)) precies bestaat uit de getallen 

s + t/2, 

waarbij sent gehele getallen zijn. 



Als Keen getallenlichaam is verstaan we onder een veelterm 

over K·een uitdrukking 

f n n-1 
anx + an_ 1x + ...... + a 1x + a 0 , 
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waarbij a
0

, a 1 , ...... , an in K zitten. Als an niet nul is, noemen 

wen de graad van f. Zo hebben de veeltermen fi over ID zoals die 

in het begin van deze inleiding naar voren kwamen, graad i. Een 

veelterm f over Kmet de eigenschap dat als men voor X een wille-

keurig element b van O(K) invult, de uitkomst f(b) ook weer in O(K) 

zit, noemen we een geheelwaardige veelterm over K. 

Naar analogie van wat we al over geheelwaardige veeltermen 

over ID hebben opgemerkt, noemen we Keen P6lyalichaam als er ge-

heelwaardige veeltermen £0 , £1 , £2 , •····· bestaan waarvoor f. 
l 

graad i heeft voor i = 0, 1, 2, ...... , zodanig dat voor elke n, 

elke geheelwaardige veelterm f van graad n geschreven kan worden 

als 

f bnfn + bn-lfn-1 + ...... + blfl + bOfO, 

waarbij b 0 , b 1 , ...... , bn elementen van O(K) zijn. Zo is ID dus 

een P6lyalichaam. Zulke P6lyalichamen zijn voor het eerst bestu-

deerd door G. P6lya in 1919. Dit proefschrift gaat over getaltheo-

retische eigenschappen van P6lyalichamen. 

De getaltheorie bestudeert gehele en rationale getallen. Vele 

getaltheoretische prablemen kunnen echter apgelast warden met be-

hulp vangetallenlichamen; dat is juist de reden dat getallenlicha-

men zijn ingevoerd en warden bestudeerd. Als we bijvoarbeeld wil-

len weten welke getallen geschreven kunnen warden als 

2 
s 

waarbij sent gehele getallen zijn, kunnen we deze uitdrukking 

schrijven als 

(s - th) (s + th), 

en dan verder binnen ID(l2) rekenen. Hier kamen we straks nag op 

terug. Het vakgebied dat zich bezighoudt met getallenlichamen en 

getalthearetische prablemen die daarmee samenhangen, heet algebra-

ische getaltheorie. 
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Het lichaam men de bijbehorende ring van gehelen hebben een 

bijzondere eigenschap: elk geheel getal, behalve nul, is op pre-

cies een manier te schrijven als product van priemgetallen, met al 

of niet een minteken ervoor. Preciezer gezegd: als q een wille-

keurig geheel getal is, q f 0, dan is er precies een stel niet-

negatieve gehele getallen k(2), k(3), k(5), k(7), k(ll), ...... , 

en een getal u met u = 1 of u = -1, zodanig dat 

Als een priemgetal p geen deler is van q moeten we hierin k(p) = 0 
0 k(p) nemen. Omdat p = 1, kunnen we dan de factor p gewoon weglaten 

in bovenstaande ontbinding van q. Op die manier blijven er eindig 

veel factoren over, en is de uitdrukking zinvol. 

Voor willekeurige rationale getallen q, q f 0, kunnen we 

precies hetzelfde opmerken, alleen vervalt dan de voorwaarde dat 

de gehele getallen k ( 2) , k ( 3) , k ( 5) , k ( 7) , k (11) , . . . . . . niet 

negatief mogen zijn. Zo is bijvoorbeeld 

3 
4 

-2 1 -1.2 .3 ; 

in dit geval is u = -1, k(2) = -2, k(3) = 1 en k(p) = 0 voor alle 

andere priemgetallen p. Omgekeerd levert elke keuze van u = ±1, 

en een stel gehele getallen k(2), k(3), k(5), k(7), kill), ...... , 

waarvan er slechts een eindig aantal ongelijk aan nul is, een 

rationaal getal. 

In de algebraische getaltheorie wordt onderzocht in hoeverre 

getallenlichamen ook een dergelijke factorontbindingseigenschap 

hebben. Willen we zoiets vinden, dan moeten we beschikken over 

elementen van het getallenlichaam die de rol kunnen spelen van de 

priemgetallen en van de getallen u. 

Wat is eigenlijk precies een priemgetal? Een positief geheel 

getal p heet een priemgetal als voor elke mogelijke schrijfwijze 

p = s.t 

mets en t gehele getallen, geldt dat of s = ±1 oft= ±1. 

Deze getallen 1 en -1 zijn precies de gehele getallen u 

waarvoor 1/u ook geheel is. Zulke getallen noemen we eenheden. 

Dit begrip laat zich op een natuurlijke manier uitbreiden tot ge-



9 

tallenlichamen K: een element u van O(K) heet een eenheid van O(K) 

als 1/u ook in O(K) bevat is. Zo is bijvoorbeeld 239 - 16912 een 

eenheid van O(m(/2)), want 

1 239 + 16912 
239 - 2392 - 2 .1692 

239 + 169h 
-1 -239 - 169h. 

Het kan worden bewezen dat de eenheden van 0(ID(l2)) precies de ge-

tallen zijn van de vorm 

waarbij keen geheel getal is. Zo is 

Naar analogie met priemgetallen definieren we het volgende. 

Een element p van O(K) heet irreducibel in O(K) als voor elke 

schrijfwijze 

p = a.b 

met a en bin O(K), geldt dat of a, of been eenheid van O(K) is. 

Zo zijn de irreducibele elementen van de gehele getallen precies 

de priemgetallen en de priemgetallen voorzien van een minteken. 

Priemgetallen zijn niet altijd irreducibel in de ring van gehelen 

van een getallenlichaam. Zo is 

7 = (3 + h) (3 - h), 

terwijl 3 + /2 en 3 - /2 geen van beide eenheden van O(m(/2)) 

zijn. 

Nu hebben we voldoende begrippen ingevoerd om de vraag of 

getallenlichamen net zo'n factorontbindingseigenschap als ID hebben, 

precies te kunnen formuleren: 

Bestaat er voor een getallenlichaam Keen stel irreducibele 

elementen p 1 , p 2 , p 3 , van O(K), zodanig dater voor 

elke x uit O(K) met x O, er precies een stel niet-negatieve 

gehele getallen k 1 , k 2 , k3 , ...... , en precies een eenheid u 

van O(K) bestaat, waarvoor 

X = kl k2 k3 
u.p1 ·P2 ·P3 ? 

Opdat zo'n product zin heeft, mag voor slechts eindig veel i gel-
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den dat ki i 0. Als deze eigenschap geldt, is ook elk element van 

K zelf op precies een manier te ontbinden in een eenheid en p 1 , 

p 2 , p
3

, ...... ; dan vervalt enkel de conditie dat k 1 , k 2 , k 3 , ..... . 

niet negatief mogen zijn. 

Het antwoord is: soms, dat hangt van K af. Als K deze factor-

ontbindingseigenschap heeft, zeggen we dat het klassengetal van 

K gelijk is aan een. Anders is het klassengetal van Keen geheel 

getal grater dan een; het voert te ver om het precies te definieren. 

In ieder geval heeft ID klassengetal een; we kunnen dan kiezen 

Het klassen-

getal van een getallenlichaam K wordt kortweg aangegeven met h(K); 

het wordt en is zeer uitvoerig bestudeerd in de algebraische ge-

taltheorie, en speelt ook een belangrijke rol in dit proefschrift 

en in de rest van deze inleiding. 

Als voorbeeld merken we zonder bewijs op dat h(ID(l2)) = 1. 

Deze opmerking blijkt essentieel te zijn in het bewijs van de 

volgende bewering, die het antwoord geeft op de eerder gestelde 

getaltheoretische vraag. De getallen 

s 2 - 2t2 

mets en t geheel, zijn precies de getallen die te schrijven zijn 

als 

±v.w, 

waarbij v het kwadraat van een geheel getal is en whet product 

is van priemgetallen p waarvoor p = 2 of waarvoor p- 1 of p + 1 

een veelvoud van 8 is. 

Stel nu eens dat ook de getallen 

te schrijven zouden zijn als ±v.w, waarbij v een kwadraat is en 

whet product is van een stel priemgetallen van een bepaald type. 

Vanwege 

5 2 - 15.1 2 = 2.5 

moet dan 2 van dat bepaalde type zijn. Maar dan zouden er sent 

moeten zijn met 

s 2 - 15t2 ±2, 
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en die zijn niet te vinden. Dit alles hangt nauw samen met het 

feit dat h(ID(/15)) 1. Zo zien we dat getallenlichamen en klassen-

getallen wel degelijk iets te maken hebben met puur getaltheore-

tische problemen. 

Wat heeft het klassengetal nu met P6lyalichamen te maken? 

Ten eerste is een getallenlichaam met klassengetal een altijd een 

P6lyalichaam. We geven een ruwe schets van hoe dat bewezen kan 

worden. Laat Keen getallenlichaam zijn met h(K) = 1, dus met de 

zojuist beschreven factorontbinding. Laat n een niet-negatief 

geheel getal zijn. Voor elke geheelwaardige veelterm 

n n-1 
anx + an_ 1x + ...... + a 1x + a 0 

over K van graad n ontbinden we an in irreducibele factoren: 

a n 

Voor fn kiezen we nu een geheelwaardige veelterm over K van graad 

n waarbij elk van de getallen k 1 , k 2 , k 3 , ...... minimaal is, 

dat wil zeggen dat voor elke i en voor elke geheelwaardige veel-

term over K van graad n, de bijbehorende waarde van ki tenminste 

zo groot is als bij fn. Met enig gepuzzel kan worden aangetoond 

dat zo'n fn inderdaad bestaat. Omdat k 1 , k 2 , k 3 , ...... steeds 

zo klein mogelijk zijn, geldt voor elke andere geheelwaardige 

veelterm over K van dezelfde graad 

n n-1 
bnX + bn-lx + ...... + blX + bo, 

dater een c in O(K) bestaat met b = c.a. Uitgaande van deze 
n n 

eigenschap is het niet moeilijk te bewijzen dat f 0 , f
1

, f
2

, ..... . 

voldoen aan de voorwaarden uit de definitie van een P6lyalichaam. 

Dus als h(K) = 1, dan is Keen P6lyalichaam. 

Een voor de hand liggende vraag is nu: als Keen P6lyalichaam 

is, is dan h(K) = 1? Antwoord: niet altijd. Zo is ID(/34) een 

P6lyalichaam, terwijl h(ID(/34)) 1. In dit proefschrift wordt 

echter aangetoond dat voor vele typen getallenlichamen K wel 

geldt dat h(K) = 1 als Keen P6lyalichaam is. Voordat we een der-

gelijk resultaat precies formuleren, wordt nu eerst besproken hoe 

getallenlichamen daartoe in typen zijn in te delen. 
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Een goede gedachte is te kijken naar de graad van het lichaam; 

de definitie daarvan wordt zo meteen herhaald. Het zou leuk zijn 

om een stelling te hebben van het type: een P6lyalichaam van graad 

zus of zoveel heeft altijd klassengetal een. Een dergelijke stel-

ling bestaat helaas niet; we moeten naar een fijnere indeling toe. 

Laat Keen getallenlichaam van graad n zijn. Dat hadden we 

gedefinieerd als een lichaam waarin n elementen b 1 , b 2 , ...... , bn 

bestaan, waarvoor elk element x van K te schrijven is als 

voor rationale getallen q 1 , q 2 , ...... , ~• terwijl hetzelfde niet 

mogelijk is met minder dan n elementen. Het is eenvoudig aan te 

tonen dat daaruit volgt dat voor elke x de bijbehorende rationale 

getallen q 1 , q
2

, •••••• , qn helemaal vast liggen. 

Er is een stelling, de stelling van het primitieve element, 

die zegt dater in deze situatie een element a van K bestaat, zo-

danig dat we kunnen kiezen 

2 
a •••••• , bn 

n-1 
a 

Het lichaam K ligt helemaal vast door het ene element a; we schrij-

ven ook wel K ID(a). In het bijzonder zijn er rationale getallen 

q waarvoor 

n 
a 

n 

+ 

Voor deze waarden van q 1 , q 2 , ...... , qn is a niet het enige getal 

dat aan deze betrekking voldoet. Als we schrijven a= a 1 , dan zijn 

er nog n-1 andere getallen a 2 , a 3 , ...... , an' zodanig dat 

n 2 n-1 
ai = ql + q2ai + q3ai + · · · · · · + qnai 

voor i 1, 2, ...... , n. Deze getallen a 1 , a 2 , ...... , an zijn 

namelijk precies den zogenaamde complexe nulpunten van een veel-

term van graad n. Het kan worden bewezen dat ze in dit geval alle 

n verschillend zijn. 

Soms zitten deze a 2 , a 3 , ...... , an ook in K, maar vaak ook 

niet, dat hangt van K af. De verzameling van alle getallen die op 

enigerlei wijze met sommen, verschillen, producten en quotienten 

uit te drukken zijn in a 1 , a 2 , ...... , an' geven we aan met L. 
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Het is duidelijk dat Leen lichaam is; het is het kleinste lichaam 

waarin a 1 , a 2 , an alle bevat zijn. We noemen L de normale 

afsluiting van K; het is zelf ook een getallenlichaam, en hangt 

alleen af van Ken niet van de keuze van a. Voor het geval K = m(/2) 

kunnen we nemen a= a 1 = /2; dan is a 2 = -/2. Aangezien a 1 en a 2 
beide in K zitten, is dan L = K = ill(/2). 

In het algemeen echter zitten a 2 , ...... , an niet allemaal 

in K, en is L groter dan K. De graad van Lis ten hoogste gelijk 

aan 

n! = 1.2.3 ...... n; 

in de meeste gevallen is de graad van L zelfs precies gelijk aan n!. 

Getallenlichamen K worden ingedeeld naar de Galoisgroep van L 

over ill, opgevat als permutatiegroep op de elementen a 1 , a 2 , ...... , 

a. Voor we verder kunnen moet eerst worden uitgelegd wat wordt n 
verstaan onder een permutatiegroep en een Galoisgroep. 

Een permutatie op a 1 , a 2 , ...... , an kan als volgt worden be-

schreven: pak het rijtje a 1 , a 2 , ...... , an op en zet het in een of 

andere volgorde weer terug. Zo is het verwisselen van a 1 en a 2 een 

permutatie. Het totale aantal permutaties op a 1 , a 2 , ...... , an is 

gemakkelijk te tellen: voor a 1 zijn er n mogelijke plaatsen om op 

teruggezet te worden; als de keuze voor a 1 bepaald is, blijven er 

voor a 2 nag n - 1 plaatsen over om op teruggezet te worden, ver-

volgens n - 2 voor a 3 , enzovoort. Dus het totale aantal permutaties 

op a 1 , a 2 , .•.... , an is 

n.(n - 1).(n - 2) ...... 2.1 = n!. 

Voor het beschouwen van deze permutaties worden a 1 , a 2 , ...... , an 

enkel als verschillende symbolen opgevat. Nu gaan we ze weer be-

schouwen als elementen van L, als getallen waarmee we kunnen re-

kenen. 

Het kan gebeuren dat de som van een aantal uitdrukkingen van 

de vorm 

waarin q een rationaal getal is en k 1 , k 2 , ...... , kn niet-nega-

tieve gehele getallen zijn, nul oplevert. Een voorbeeld hiervan is 
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in dit voorbeeld is steeds k. 
i 

+ O; 

0 voor i > 1. 

Een permutatie kunnen we laten werken op een uitdrukking van 

dit type, door in zo'n uitdrukking a. te vervangen door a., waarbij 
i J 

j het nurnrner van de plaats is waarop ai door de permutatie wordt 

teruggezet, en dit voor i = 1, 2, ...... , n. Als de oorspronkelijke 

uitdrukking nul was, hoeft in principe de uitdrukking verkregen 

door er een permutatie op te laten werken, niet nul te zijn. De 

Galoisgroep G van Lover ID (genoemd naar de Franse wiskundige 

E. Galois, 1811 - 1832) wordt gedefinieerd als de verzameling van 

permutaties op a 1 , a 2 , ...... , an die elke uitdrukking van boven-

staand type waar nul uit komt, overvoeren in een uitdrukking die 

weer nul is. Uit deze definitie is het duidelijk dat het na elkaar 

uitvoeren van twee permutaties die in G zitten, een permutatie 

oplevert die weer in G zit. Een verzameling permutaties met deze 

eigenschap heet een permutatiegroep. 

Deze definitie van de Galoisgroep ziet er nogal technisch en 

niet voor de hand liggend uit, maar wordt gerechtvaardigd door de 

volgende twee eigenschappen (de hoofdstelling van de Galoistheorie): 

- bet aantal elementen van G is precies de graad van L; 

de lichamen die bevat zijn in L corresponderen precies 

met de permutatiegroepen die bevat zijn in G. 

Aangezien permutatiegroepen in de regel veel gemakkelijker te 

onderzoeken zijn dan getallenlicharnen, geeft deze laatste eigen-

schap een goed mechanisme om te onderzoeken welke lichamen er in 

bepaalde getallenlicharnen bevat zijn. Dit kunnen we zelfs als een 

rechtvaardiging opvatten voor het invoeren van de normale afslui-

ting L van K. 

Het kan worden bewezen dater voor elke i en j een permutatie 

in G is waardoor ai op de j-de plaats wordt teruggezet. Een permu-

tatiegroep met deze eigenschap heet transitief. Er bestaat een 

vermoeden dat elke transitieve permutatiegroep optreedt als de 

Galoisgroep van de normale afsluiting van een getallenlichaarn over 

ID; in elk geval is van geen enkele transitieve permutatiegroep het 

tegendeel bewezen. 

De verzarneling van alle permutaties op a 1 , a 2 , .•.... , an 
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geven we aan met Sn. Het is duidelijk dat Sn een permutatiegroep 

is en ook dat S transitief is. n 
Een ander voorbeeld van een transitieve permutatiegroep is 

en. Deze bestaat uit alle permutaties die verkregen warden door 

een aantal keren de laatste van de a. 's vooraan te zetten en de 
l 

overige een plaats op te schuiven. Voor n > 2 bestaat en niet uit 

alle permutaties; het aantal elementen van en is n, en van Sn zo-

als opgemerkt n!. Er geldt e 2 = s 2 ; dat is ook de enige transi-

tieve permutatiegroep op twee elementen. Alle transitieve permu-

tatiegroepen op 2, 3, 4, 5 of 7 elementen staan opgesomd in een 

tabel in §10 van deel I van dit proefschrift, compleet met de re-

sultaten voor P6lyalichamen. 

Een getallenlichaam K noemen we een G-lichaam als G de Galois-

groep is van de normale afsluiting L van Kover m. We hadden al 

opgemerkt dat de graad van L meestal gelijk is aan n!. Maar de 

graad van Lis het aantal elementen van G, en als G precies n! 

elementen heeft, dan bestaat G uit alle permutaties op a 1 , a 2 , .... , 

an, en is G gelijk aan Sn. Dus K is meestal een Sn-lichaam. Deze 

vage bewering is wiskundig helemaal precies te maken, dat laten we 

hier echter achterwege. Deze eigenschap motiveert de studie van 

Sn-lichamen in het bijzonder. Een van de belangrijkste resultaten 

van dit proefschrift is dan ook het volgende. 

STELLING. Laat n een geheel getal zijn, n 3, en laat Keen 

S -lichaam zijn. Dan is Keen P6lyalichaam dan en slechts n 
dan als h(K) = 1. 

Voor n 2 geldt deze stelling niet. De P6lyalichamen van graad 2 

warden op geheel andere wijze volledig beschreven in 3.3 in deel I. 

Maar nu terug naar de stelling zelf; de structuur van het bewijs 

is als volgt. 

In §6 van deel I van dit proefschrift wordt het begrip pre-

P6lyalichaam ingevoerd; een pre-P6lyalichaam voldoet aan iets 

zwakkere eisen dan een P6lyalichaam. Vervolgens wordt afgeleid 

dat elk pre-P6lyalichaam klassengetal een heeft als de permutatie-

groep G aan bepaalde voorwaarden voldoet. Voor allerlei permuta-

tiegroepen wordt onderzocht of hieraan voldaan is; deel II is er 
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zelfs helemaal aan gewijd. Deze voorwaarden blijken vervuld te 

zijn voor Sn voor n = 3 en voor n 5. Er geldt dan dus 

K is een P6lyalichaam K is een pre-P6lyalichaam 

h(K) 1, 

oftewel al deze drie beweringen zijn equivalent. Hiermee is de 

stelling bewezen voor n f 4. 

Voor n = 4 is de situatie wezenlijk anders. Zo is het 

s 4-lichaam ~(a) gegeven door 

a 4 = 11 + 24a - 14a2 - 32a3 

wel een pre-P6lyalichaam, maar geen P6lyalichaam, en h(~(a)) f 1. 

Uiteindelijk wordt de stelling voor n = 4 bewezen in deel III 

van het proefschrift, als gevolg van bepaalde eigenschappen van 

getallenlichamen die daar warden afgeleid. 

Hiermee is dan een overzicht gegeven van de belangrijkste 

begrippen en enkele resultaten van dit proefschrift. Wat betreft 

de gebruikte technieken zij enkel nog opgemerkt dat klassenlicha-

mentheorie en cohomologie van groepen daarin een belangrijke rol 

spelen. 
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INTEGER VALUED POLYNOMIALS OVER A NUMBER FIELD. 

1. INTRODUCTION. 

Let K be a number field and let 0 
Define 

O(K) be its ring of integers. 

R(K) {fEK[x]lf[O]cO}. 

In section 2 we shall see that R(K) is a free O-module for each 

number field K. In this paper we are interested in those fields 

K for which R(K) has an O-basis (f.)~ 
0 

with the property that 
l. 1.= 

deg(fi) = i, i = 0, 1, 2, ... Such fields we call P6lya fields, 

after G. P6lya, who obtained the first results in this subject in 

1919, see [P]. He remarked that a number field is a P6lya field 

if and only if for each positive integer i the fractional ideal 

~i consisting of the i-th degree coefficients of elements of 

degree~ i of R(K), is principal. Hence if the class number h{K) 

of K is one then K is a P6lya field. One of P6lya's main conclusions 

was that a quadratic field is a P6lya field if and only if all 

ramified prime ideals are principal. In a paper immediately following 

P6lya's paper, A. Ostrowski ([O]) proves that K is a P6lya field 

if and only if the ideal 

TT 
N(J2_)=q 

l2. 

is principal for all prime powers q, where l2. ranges over the prime 

ideals of O and N denotes the absolute ideal norm. If K/~ is 

Galois and q is a power of an unramified prime, then _!::(q) is 

evidently principal. Ostrowski remarks: 

Fur beliebige endliche Kerper scheint die weitere Reduktion 

unseres Theorems sehr schwierig zu sein. Fur kubische Korper 

erhalt man jedoch sehr leicht auSer der leicht anzugebenden auf 

die Diskriminantenteiler bezuglichen Bedingungen noch die merk-

wurdige Forderung, daS alle Primideale 2-ten Grades Hauptideale 

sind. 

For cyclic cubic fields prime ideals of degree 2 do not exist; 

for non-cyclic cubic fields we show that the curious condition 
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mentioned by Ostrowski implies that the class number is one. This 

depends on techniques from class field theory which were not 

accessible to Ostrowski at that time. More generally we have: 

Theorem 1.1. Let K be an S -field, n = 3 or n 2 5, or an A -field, 
n n 

n = 4 or n 2 6. Then K is a P6lya field if and only if h(K) = 1. 

Here Sn and An denote the symmetric and alternating group on n 

symbols respectiv~ly. For a transitive permutation group G on n 

symbols a G-field is defined to be a field K of degree n over ill 

for which G is the Galois group of the normal closure N of Kover 

ill, and the action of G on then embeddings of K into N corresponds 

to the action on then symbols. In fact we can prove the conclusion 

of 1.1 for G-fields for a wide range of permutation groups G. 

For the proof of the following theorem we use a classification 

of transitive permutation groups of prime degree depending on the 

classification of finite simple groups. 

Theorem 1.2. Let K/ill be non-cyclic of prime degree. Assume that 

K is a P6lya field with h(K) i 1. Then K is a G-field for 

PS1(2,2k) c G c Pfl(2,2k) 

as a ·permutation group on JP
1 

(JF 2k). 

In particular [K:ffi] is a Fermat prime. A special case is A
5 

PS1(2,4). 

Cyclic fields are studied by entirely different means. Here we 

start from the following theorem. 

Theorem 1.3. Let K/ill be Galois with G = Gal(K/ill). Let Ube the 

group of units in K, and let e be the ramification .index of a 
p 

prime number pin K/ffi. Then K is a P6lya field if and only if 

H1 (G,U) EB (LZ/e LZ). 
p prime p 

For each group G this leads to a bound on the number of ramified 

primes in P6lya fields K with Gal(K/ill) G; for cyclic P6lya fields 

we get a complete description. 
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An outline of this paper is as follows. In section 2 ,,:e give a 

modernized version of the proof given by P6lya and Ostrowski, and 

derive some immediate consequences for cyclotomic fields. In section 

3 we prove theorem 1.3; in 3.2 and 3.5 we give a complete description 

of cyclic P6lya fields in terms of ramification. Fields with Galois 

group V 4 = (Z6/2Z6) x (Z6/2Z6) are studied in section 4. In section 

5 we derive upperbounds for IH 1 (G,U) I; according to 1.3 this leads 

to a bound on the ramification in I'6lya fields with Galois group G. 

In section 6 we derive a group theoretical description of pre-P6lya 

fields (6.2); here a number field is called a pre-P6lya field if 

Q_(q) is principal for all powers q of unramified primes. The proof 

of 6.2 makes use of Tschebotarev's density theorem and some class 

field theory. The proof of 1.1 is given by deriving h(K) = 1 for 

pre-P6lya fields K. An s 4-field K is a P6lya field if and only 

if h(K) = 1; the proof will be given in [z]. Here the situation 

is different: we give an example of an s 4-field K with h(K) = 2 

which is a pre-P6lya field. In section 7 we prove theorem 1.2. 

In [CZ], which can be seen as an appendix to this paper, A. M. 

Cohen and the author classify the doubly transitive groups G for 

which a G-field may be a pre-P6lya field with h(K) 1 according 

to 6.2. In section 8 a group theoretical description of P6lya 

fields is given, and the equivalence of P6lya fields and pre-P6lya 

fields is shown for G-fields for Gas in 1.2. In particular this 

holds for G A
5

; further an example of an A
5
-field K is given 

with h(K) 3 and K is a P6lya field. In section 9 dihedral fields 

are studied. Finally in section 10 the results of this paper for 

fields of degrees 7 are listed. 
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2. POLYA FIELDS, CYCLOTOMIC FIELDS. 

For a number field K with ring of integers O = O(K) define 

R(K) = { f E K[X] I f[OJ c O }. 
Clearly R(K) is an 0-algebra. If f E R(K), f 

n-1 f(X+l) - f(X) = na X + ..... n 

is contained in R(K). By induction it follows that 

(n!) a E 0. n 

Let us compute R(Ql). Define 

a # 0, then n 

X (X-1) .... (X-i+l) 
'I l. 1 i E z,;, i 2 0. 

The polynomial ?l is l contained in R(Ql). Conversely i£ 

f n i # 0, = ri=Oaix, a n 

then we saw that (n!) a E z,; , hence there exists a E z,; such that n 
X 

deg(f - a(deg(f))) < deg(f). 

By induction we have 

Proposition 2.1. Let f. = (~), i 2 0. Then 
l l 

R{Ql) = { 1-:=0aifi I ai E z,;, almost all zero}. 

Our goal is to determine for which fields K the O(K)-module R{K) has 

a basis (f.)~ 0 such that deg(fl.) = i for i = 0, 1, •.. as in the 
l i= 

case K Ql. Define 

a. { a EK I a is the i-th degree coefficient of an element 
-i 

of R{K) of degree~ i} 

for i = 0, 1, 2, ... This is a fractional ideal because it is an 

0-module and O ca c (1/i!).O. In fact a.-l can be considered as a -i -i 

generalization to number fields of the concept i! of W,. Since ideals 

are projective 0-modules we get 

00 

R(K) Elli=~i. 

One can show that such "big" projective modules are free, see [Ba], 
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i.e. R(K) has a basis as an 0-module. 

Lemma 2.2. In the notation above we have 

oo k 
a = . 11.d 1 f O _p-Ik=1[i/N(.!2_) ] ' i = O, 1, 2, ... , 
-i .E prime 1 ea o 

where N denotes the absolute ideal norm and [x] the greatest integer 

not exceeding x. 

Remark. This lemma generalizes the property 

• I l. TT 
p prime 

"oo ['/ k] '--k-1 l D p - , , i = 1, 2, ... 

Proof of 2.2. For a prime ideal J2. of O define 

0 { a/b EK I a,b E 0, bi J2. } • 
.E 
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This is a discrete valuation ring; let m be its maximal ideal, m = pO. 
- J2. 

Define 

{ a EK I a is the i-th degree co~fficient of some 

f E K[X] with deg(f) s i, f[O Jc O }, 
l2. .E 

for i = 0, 1, 2, .... Using that O is dense in O in the .12.-adic topology, 
£ 

it is easy to show that a .. O a · 
-1 .!2_ -i,.!2_' it remains to prove that 

= m-I~=l[i/N(,E)kJ. 

Let N N(.!2_) and choose a set { a
0

, a 1 , ... ,aN-l } of representatives 

of O modulo~' with a 0 .E 
0. Choose a generator TI of m. We extend the 

definition of a to the set of all non-negative integers s by putting 
s 

a 
s 

ifs= i:;=O c(j)Nj, c(j) E { 0, 1, ... , N-1 }, c(j) 

all j. Remark that 

Nk I (s-t) ~as_ at mod mk 

for non-negative integers s, t, k. Define fi E K[X] by 

0 for almost 

(*) 
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For each a E O and for each M 
E. 

Nk, k > 0 , and each a E :2Z , a 2 0 , 

the set 

{ aaM' aaM+1' · · · ,a (a+1) M-1 } 

contains exactly one element congruent to a modulo mk Using this 

for all k and all a< [i/nk] we get 

i-1 L= ["/ k] TT (a - a.) E m k=l _l N 
j=O J 

i-1 for all a E O_p· From the "¢="-side of (*) it follows that TTj=O(ai -aj) 
oo k 

contains exactly Ik=l [i/N] factors m. Hence 

f.[O Jc O for i = 1, 2, ... 
l 12_ 12_ 

Conversely, if g[O] c O for g E K[X], deg(g) 
12. 12. 

i, define 

gO, g1, ... ,gi-1 E K[X] by 

g(X) - g(a
0
), 

gk_ 1 (x) - fk(X)gk_ 1 (ak), k = 1, 2, ... ,i-1. 

Then fi (ak) = 0 = gi-l (ak) fork= 0, 1, ... ,i-1, and deg(fi) i 

c.f. for some c EK. Since f. (a.) 1 and 
l l l 

= deg(gi_ 1), hence gi-l 

g. 1[0 Jc O, we get c E 
l- 12_ 12_ 0. Hence the leading coefficient of g, 

12. 
which is equal to that of gi-l' is a divisor of the leading coefficient 

of f .. We conclude 
l 

a. -1,12_ 

which completes the proof. 

Theorem 2.3. The following statements are equivalent: 

(a) R(K) has a basis (f.)".° 
0 

over O(K) satisfying deg(f
1
.) 

l :t= 

(b) ~i is a principal ideal in K for i = 0, 1, ..• 

(c) For all prime powers q the ideal 

TT 12. 
N(12_)=q 

i, i 

is principal, where 12_ ranges over the prime ideals of C(K) and 

N denotes the absolute ideal norm. 

o, 1, ... 
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Definition 2.4. A number field satisfying the three equivalent conditions 

of theorem 2.3 is called a P6lya field. 

Proof of 2.3. 

(a)~ (b) If f. a.Xi+ ... , then a. = a.O(K). 
l l -l l 

(b) (a) Let a. a.O{K), i = 0, 1, 2, .... Choose for each i an 
-i l 

f. E R(K) such that f. =a.Xi+ .... Then (f.)~ 
0 

is a basis of R(K) 
l l l l l= 

by immediate verification. 

(c) (b) From 2.2 we know that 

"f:.oo [i/qk] TT £(q)- k=1 
q 

and this is a principal ideal. 

(b) (c) By induction on q: if the statement is valid for q < q
0 

then 

by 1 • 2 the ideal 

is principal. 

-1 
a -qo TT 

q<qo 

"f:.oo !i/qk] 
£(C[) - k=1 -

D 

In the rest of this paper only condition (c) will be used. Trivially 

each number field of class number one is a P6lya field, but the 

converse is not true. 

Let K/m be Galois. Then all prime ideals lying above a prime in ID 
have the same norm and the same ramification index. Hence for each 

prime number p there is only one power q of p such that .e.(q) -/ O(K). 

If pis unramified in K/ID then .e.(q) = pO(K), hence in that case the 

condition on .e.(q) being a principal ideal is fulfilled automatically. 

This remark combined with a straightforward computation leads to the 

next two propositions. Form E ~, m > 1, let sm denote a primitive 

m-th root of unity. 

Proposition 2.5. If K/ill is an abelian extension ramifying at only 

one prime, then K is a P6lya field. 
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Proof. Let pv be the conductor of Kand consider Kasa subfield of 

ill(/,; vl- Let SEK be the norm from ill(/,; vl to K of 1 - l;p. Then p p 

pO(K) = (SO(K))[K:illJ_ 

Hence ~(p) = SO(K) is a principal ideal, and K is a P6lya field. n 

-1 
Proposition 2.6. Form E :;z, m > 1, the fields ill(l;m) and ill(l;m + l;m ) 

are P6lya fields. 

Proof. If m = 2 mod 4, m > 2, then replace m by m/2. Let 

be the factorization of m. Let p be a prime ramified in W(i',;m)/ill, 

then v(p) > 0. We have 

and if q is the norm of a prime above pin ~(i',;m) we get 

Hence ill(/,;) is a P6lya field. 
m -1 

Next let K = ill (l;m + l;m ) • If m is a prime power then K is a P6lya 

field by 2.5. Assume that mis not a prime rower. Let plm be prime, 
-v(o) k 

k = m.p ~ , and 1; v(o) = 1; Define p m 

-(m/2)-k a (1-1;\,(p)l(l+1;) ifmiseven,and p p m 

a _ (l ) (l ,_(m+1)/2)-m-2k 'f . dd p - - SpV (p) - "m l m lS O • 

= a (complex conjugation) it follows that a 
D p 

is~ unit if mis even, and (1-1,;(m+l)/ 2 is a 
m 

odd, we obtain from(*) that 

V(p) 
pO(K) = (a O(K))~(p ) 

p 

EK. Since 

unit if mis 

Let q be the norm of a prime above pin K; we have b(q) = a O(K). - p 
Since this is true for each p we conclude that K is a P6lya field. 0 



27 
I-9 

3. GALOIS FIELDS, COHOl10LOGY AND CYCLIC FIELDS. 

For the case K/'Jl is Galois we now give a cohomological interpretation 

of the P6lya property. Denote Gal(K/'Jl) by G. The groups I(K) of 

fractional ideals in K and P (K) of principal ideals in K have a natural 

G-action. If )2_ and .s:;_ are prime ideals in K lying above the same prime 

in ill, then there exists cr E G such that 0()2_) 5!.· Hence I(K)G is 

generated by 

{ :e_(q) I q is a prime power } . 

Thus we see that K is a P6lya field if and only if I(K)G c P(K), and 

if and only if I(K)G = P{K)G. 

Denote bye the ramification index of a prime pin K/ffi. Define p 

qp = NK/'J) (]2_) ' 

where l2. is a prime ideal of K lying above p. In this section and in 

sections 4 and 5 infinite primes and ramification at infinity are 

excluded from consideration. Define 

ljJ: I(K)G + 

by 

Ell 
p prime 

(!?Z/e z,;) 
p 

\! mode. p p 
e 

Clearly ljJ is surjective; since pO(K) = b(q) P, the kernel of ljJ consists - p 

of principal ideals with a generator in ill, i.e. ker(ljl) W*/{.:_1}. 

Hence we have a short exact sequence 

Let U 

G 0 + 'Jl*/{.:_1} + I(K) + Ell 
p prime 

(Zc/e z,;) + 0. 
p 

O(K)*. Taking the cohomology sequence of 

0 + U + K* + P(K) + 0, 

and applying Hilbert 90, we obtain an exact sequence 

G 1 0 + {.:_1} + 'Jl* + P(K) + H (G,U) + 0. 

Combining both sequences yields an exact sequence 

1 0 
0 + H (G,U) + (l) 

p prime 
( z,;/ e z,;) 

p 
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Remark that I(K)G/P(K)G can be considered as a subgroup of the class 

group Cl(K) of K, because P(K)G = P(K) n I(K)G. As we saw the group 

I(K)G/P(K)G is trivial if and only if K is a P6lya field, so we have 

proved: 

Proposition 3.1. Let K/ID be Galois with group G. For a prime p let 

e be the ramification index of pin K/m. Then there exists a canonical 
p 

embedding 0 of H
1 (G,U) into (ll 

p prime 
and only if K is a P6lya field. 

('?2/e '?2), and 0 is surjective if 
p 

1 For K/ID cyclic of degree n the cardinality of the group H (G,U) 

can be determined explicitly using the Herbrand quotient 

-o -1 
Q = IH (G,U) 1/IH (G,U) I, 

where H denotes the Tate cohomology. From corollary 2 in section 4 

of chapter IX of [L] it follows that Q = 1/n if K is real and Q = 2/n 
-o 

if K is complex. Further H (G,U) "' LZ*/N[U], hence 

-o IH (G,U) I 

1~0 <G,ul I 

2 if N[U] 

if N[U] 

{1}, 

{:!:_1}; 

the latter case can only occur if K is real. Hence 

1 -1 IH (G,U) I = IH (G,U) I 2n if K is real and N[U] 

n else. 

{ 1}, 

Proposition 3.2. Let r be a prime number and K/~ a cyclic extension 

of degree rk, k 1. Then K is a P6lya field if and only if (1) or (2) 

holds: 

(1) K/W is ramified at only one prime, 

(2) r = 2, exactly two primes are ramified in K/W, one of 

which has ramification index 2, and K is real and N[U] {1}. 
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Proof. The extension K1 /ill defined by [K1 :ill] =rand K1 c K, has to 

be ramified at at least one prime p. This prime pis totally ramified 

in K/ill, so e = rk. The proposition now follows from 3.1 and the 
p 1 

computation of H (G,U). 

Example 3.3. A quadratic extension of ID is a P6lya field if and only 

if either exactly two primes are ramified, the field is real and the 

fundamental unit has norm +1, or only one prime is ramified. 

For example m(/6) is a P6lya field if 

6=-4, ±_8, -p, r, 4p, Sp, pq, 

where p, q, rare primes, p = q = 3 mod 4, r = 1 mod 4. The cases 

6 = 4p, Sp, pq give rise to P6lya fields since 

X2 2 pY - -1 mod p, 

x2 2pY2 _ -1 mod p, 

x2 - pXY + (p(p-q)/4)Y2 - -1 mod p, 

have no solutions. 

We have considered cyclic extensions of (l) of prime power degree. 

Cyclic extensions of ill of arbitrary degree will be dealt with in the 

corollary of the following theorem. 

29 

Theorem 3.4. Let K1 and K2 be finite Galois extensions of ID, L = K1 .K2 , 

K = K1 n K2 . For a prime p let ei(p) be the ramification index of p 

in K./K, i = 1, 2. Then 
l 

(a) If gcd(e
1 

(p),e
2

(p)) = 1 for all primes p and K1 and K2 are P6lya 

fields, then Lis a P6lya field. 

(b) If either [K
1

:K], [K
2

:K], [K:ID] are pairwise relatively prime, 

or K is a P6lya field and gcd([K1 :K],[K2 :K]) = 1, then Kl and 

K2 are P6lya fields if Lis a P6lya field. 

Proof. Fix a prime p, let ei = ei (p), i = 1, 2, and let e 0 be the 

ramification index of pin K/ID. Since in all cases gcd(e1 ,e2 ) = 1 is 
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assumed, the ramification index of pin L/K1 is e 2 , and the same 

for 1 and 2 interchanged. Define ideals~, ~ 1 , ~ 2 , m of K, K1 , K2 , 

L respectively by 

these are the ideals b(q) for the corresponding fields. We have - p 

If K1 and K2 are P6lya fields, then ~i is a principal ideal in Ki, 

i = 1, 2. Hence ~el and ~e 2 are principal ideals in L. Since 

gcd(e1 ,e2 ) = 1 we may conclude that~ is a principal ideal. This is 

valid for each prime p, so we are done with (a). 

If Lis a P6lya field then·m is principal ideal, generated by a, 

say. Then 

is a principal ideal in K1 . On the first condition of (b) the ideal 

~l is principal since ~ 1eoei = pO(K) and gcd([K2 :K],e
0

e 1 ) = 1. 

On the second condition ~l is principal since ~:l = ~0(K1 ) is 

principal and gcd([K2 :K],e1 ) 1. Hence ~l is a principal ideal for 

each prime p and K1 is a P6lya field. By symmetry of the argument 

also K2 is a P6lya field. D 

\J(p) Corollary 3.5. Let L/~ be cyclic of degree n = TT. p Then 
p prime 

Lis a P6lya field if and only if for each prime p dividing n, the 

subfield L of degree pv(p) over~ is a P6lya field. 

Proof. Immediate from 3.4 by induction on the number of prime factors 

of n. C 
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4. FIELDS WITH GALOIS GROUP v4 . 

The simplest non-cyclic abelian group is v4 = c2 x c2 , where c2 7Z/27Z. 

In this section we make some remarks about the P6lya property of 

v4-fields; a v4-field is the compositum of two ~uadratic fields. Such 

v4-fields can be real or complex. 

Theorem 4.1. Let K be a complex v4-field; let K+ be the real quadratic 

subfield of Kand U+ O(K+)*= <-1,u>. Letµ be the group of roots 

of unity in K, and let U = O(K)*. Then K is a P6lya field if and 

only if one of the following conditions holds: 

(1) exactly two primes are ramified in K/Ql, and 2 is not totally 

ramified; 

(2) exactly three primes are ramified in K/Ql, the prime 2 is not 
+ + 

totally ramified, NK+/\!l[u] = {1}, and U = µ.U; 

(3) K "' \!l (1; 8 ). 

Remark 4.2. Suppose that K+ = Ql(/t) is a given real quadratic field 

whose fundamental unit u has norm 1; choose u > 0. There are at most 

two complex v4-fields K with K+ c Kand U ,J µ.U+. More precisely, if 
+ 2u is a square in K, then 

u ,J + = K+ (/-u) K+ (l-1), µ.U ¢,}K or K 

and if 2u is not in K + then a square 

u ,J + ¢,} K = K+(/-u). ]J. u 

In the case that u has norm -1 we always have U + µ.U. 

For the proof of 4.1 we need the following lemma. 

Lemma 4.3. Let K be a complex v4-field. 

group over \!l. Assume K f Ql(,:;
8
). Then 

1 
H (G,U) "'c2 xc 2xc 2 if NK+/\!l(u) 

Let G v4 be its Galois 

1 and u + µ.U; 
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Proof. Abbreviate NK+/Ql to N. We distinguish 7 cases: 

(a) i i K, N(u) -1; 

(b) i i K, N(u) 1, u µ.U + 
; 

(c) i i N(u) 1, I- + K, u µ.U ; 

(d) i E: K, N(u) -1; 

(e) i E: K, N(u) 1, u µ.U + 
; 

(f) i E: K, N(u) 1, I- + u µ.U ' 
2 2u a for some a + 

E: K ' N (o:) 

(g) N(u) I- + 2 + i E: K, 1, u µ.U 2u a for some o: E: K ' N (o:) 

We have U"' µ x 7Z as a group. As can be verified directly in each of 

the seven cases this group is uniquely determined as a G-module, up 

to possible 3-torsion caused by s3 . This 3-torsion may be neglected 

since it has no influence on the cohomology group we are interested 

in. In each of the seven cases it is possible to compute H1 (G,U) 

directly as a group of cocycles modulo coboundaries, but it is not 

necessary to do so. From theorem 3.4 we derive that the fields 

K = qi(l-2,l-3), Ql(ls,l-1), and are 

all F6lya fields. These are examples of the cases (a)' (c)' (d)' 

and (g) respectively. Hence by proposition 3.1 we have 

H1 (G,U) "' c2 X c2 

in all of these five cases. In the same way we obtain 

H1 (G,U) "' c2 X c2 X c2 

for the cases (b) and (e), e.g. by choosing K 

Ql(/21,/-1) respectively. 

Ql ( h 1 , / - 2) and 

(f) 

D 

Proof of 4:1. The case K"' (Q(s 8 l is covered by 2.5. If K '/- \R(s 8 J then 

4.1 follows from 3.1, 4.3 and the remark that 2 is the only prime 

that can possibly be totally ramified in a v4-extension. C 

Next let K be a real v4-field. Let G = Gal(K/ffi) and let \[l(/6i) be 

the quadratic subfields of K, i = 1, 2, 3. If the fundamental unit ui 

of gJ(/6.) has norm 1, where u. > 0, then choose a. E: ID such that 
l l l -

Ql(/6.,lu.) = Ql(/6.,/a.), e.g. a. 
l l l l l 

2; 

-2. 
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else choose a.= 1, for i = 1, 2, 3. Define H to be the subgroup of 
2 l 

ill*/(ill*) generated by the images of 6 1 , 6 2 , 63 , a 1 , a 2 , a 3 . Then 

H "' Hl (G,U), 

except for the next two cases in which His canonically isomorphic 
1 

to a subgroup of index 2 of H (G,U): 

(1) the prime 2 is totally ramified in K/ill and there exists 

xl E for i = 1, 2, 3, such that 

Nm(/61)/ill(xl) = Nm(l63)/ffi(x3) = ±_2; 

(2) all the fields ill(/6.) contain units of norm -1 and 
l 

U = O(ffi(/61))*. O(m(/62))*. O(m(/63))*. 

This theorem is due to C. Bennett Setzer; for the proof we refer 

to [BS], theorem 4. 

If a real v
4
-field is given, this theorem gives a way to determine 

if the field is a P6lya field or not, in terms of properties of the 

quadratic subfields, except for the case that all of these quadratic 

subfields have units of norm -1. In the proof of lemma 4.3 we saw 

that seven non-isomorphic v4-modules can occur as the v4-module of 

units in a complex v4-field. In [BS] the same is done for real v4-fields; 

her 22 non-isomorphic v
4

-modules are found. In formulating a theorem 

similar to 4.1, classifying P6lya fields among real v4-fields, many 

cases would be distinguished. To decide if a given v 4-field is a 

P6lya field or not, one computes Has defined above and applies 3.1. 

For example, in the field K = ffi(/35,/381) we have 

61 = 35 = 5.7, 62 = 381 = 3.127, 63 = 13335 

Since the fundamental units are 

6 + /35, 1015 + 521381, 5081 + 44/13335 

respectively, we get 

a 1 = 2(6+1) = 2.7, a 2 = 2(1015+1) 

3.5.7.127. 

We see that all 5 prime numbers that are ramified in K/ffi can be 

expressed in 6i, a., 
l 

i = 1, 2, 3, modulo squares. All of these primes 
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2 in K/Ql. So 

6l (?Z/e ?Z); 
p prime P 

all isomorphisms are canonical. Hence K is a P6lya field. 

5. BOUNDS ON RAMIFICATION. 

For a given finite group G the number of ramified primes in P6lya 

fields K, normal over m with Gal(K/m) "'G, is bounded. One way to 

see this is the following. According to a theorem of Jordan and 

Zassenhaus, see [CR], section 79, each finitely generated free abelian 

group allows only finitely many non-isomorphic G-module structures. 

This assertion can easily be extended to finitely generated abelian 

groups. Further only finitely many isomorphism types of abelian 

groups occur as the group of units in a field K with Gal(K/~) G. 

Hence there are only finitely many possibilities for U as a G-module, 
1 up to G-isomorphism. Since in each of these cases H (G,U) is finite, 

there is an upperbound on IH 1 (G,U) I only depending on G. By 3.1 this 

gives an upperbound for the number of ramifying primes in P6lya fields 

K with Gal(K/m) "'G. 

The_purpose of this section is making such bounds explicit for 

various groups G. By proposition 3.1 they can be deduced from upper-

bounds on IH 1 (G,U) 1- These are derived from the following four lemmas 

from cohomology theory. 

Lemma 5.1. For each prime p dividing !cl let G be a p-Sylow subgroup p 
of G. Then for a G-module A there exists a natural injective map 

1 
H (G,A) 6l H

1 
(G ,A) • 

p p 

This lemma is an immediate consequence of corollary 3 of proposition 

8 in chapter IV of [CF]; the map is the restriction map on each 

component. 
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Lemma 5.2. Let H be a normal subgroup of G, and A a G-module. Then 

there is an exact sequence 

0 Hl (G/H,AH) I~f Hl (G,A) R_E;.s H.l (H,A) 

This lemma is identical to proposition 4, chapter IV of [CF]. 

Lemma 5.3. Let G and H be two finite groups of relatively prime 

orders. Let A be a (GxH)-module. Then 

Hl(GXH_,A) 1 H 1 G " H (G,A ) x H (H,A ) . 

35 

Proof. For an abelian group X denote by XIGI the subgroup of X 

consisting of the elements which are annihilated by !GI, and similarly 

for H. We obtain from 5.2: 

and 

0 H
1 

(H,AG) H
1 

(GxH,A) IHI H
1 

(G,A) IHI. 

Since H1 (H,A) is annihilated by IH\ we get 

, and similarly 

1 
H (G,A)IHI "{1}. 

Hence in both exact sequences the first two groups are isomorphic. 

lve may conclude 

Lemma 5.4. Let K/K1 be a cyclic extension of number fields of degree 

m. Let H = Gal(K/K1) and n = [K1 :ru]. Let u be the group of units 

in K. Then 

1 
\H (H,U) I 

divides mn if mis odd, and divides mn.2 if mis even. 
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Proof. Since His cyclic, we can use the Herbrand quotient, see [L], 

chapter IX, section 4. We obtain 

IH
1

(H,ull = Q- 1 .IH0 (H,u)I, 

-1 -k 
where Q = m.2 for some non-negative integer k. Let u 1 be the 

group of units in K1 • We get 

HO(H,U) u 1/NK/K [U]; 
1 

this group is a factor group of 

By Dirichlet's unit theorem we know that u 1 
is the group of roots of unity in K1 and 

{:i:_1}, 

r < n-1 if µ 1 i {+1}. 

In both cases the lemma follows. 

where µ1 

Proposition 5.5. Let G be the Galois group of a finite field extension 

K/K1 , n = [K1 :ID] < 00 • Assume G has a resolution 

C N = G, 
k 

such that for i = 1, 2, ... , k: 

Ni-l is a normal subgroup of Ni and 

Let Ube the group of units in K. Then 

m. 
l 

1 I H (G,U) I is a divisor of 

is even} I 

Proof. We keep the field K fixed and apply induction on the length 

of the resolution. Choose H = Nk-l and A= u in lemma 5.2. Since 

UH is the group of units in the invariant field of H, we obtain from 

lemma 5.4 that 
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di vi des m; if mk is odd, and divides m; . 2 if mk is even. The 
1 induction hypothesis gives an upperbound for IH (H,U) I. 

Combining this and lemma 5.2 gives the required upperbound for 

IH1 (G,u)I. 

Corollary 5.6. Let K/ill be finite normal with Galois group G. Let 

Then 

TT 13 (p) p . 
p prime 

l3(p) 0 if p does not divide IGI; 

l3(p) < IGl/(p-1) if p divides IGI, p # 2; 

13(2) t(2s-1+s), where IGI = 2s.t, t odd. 

Proof. Choose for each prime p dividing IGI a p-Sylow subgroup G 
p 

of G. From lemma 5.1 we see that the p-part of IH 1 (G,U) I does 

not exceed H1 (G ,U) As a p-group, G admits a resolution in 
p p 

which the factor group of each two successive groups is cyclic 

of degree p. Apply 5.5 to G and this resolution. Write 
p 

with gcd(p,v) 

13 (pl 

u = p .v, 

1, for p odd. We see that 

u-1 u-2 
v(p +p + ... +p+ 1) < IGl/(p-1). 

The result for 13(2) is found in the same way. 

In the theory of class field towers similar upperbounds on 

I H
1

(G,U)I are derived, see for example lemma 15 of chapter IX in 

[ CF] • Our corollary 5. 6 can be regarded as a consequence of this 

lemma. However, proposition 5.5 is slightly sharper than the 
1 

bounds on I H (G,U)I derived in [CF]. 

For normal finite extensions K/ill with solvable Galois group G 

which is not a p-group, the result from 5.5 with K0 = ill is sharper 

than that from 5.6. For example for G s
3 

corollary 5.6 gives 

that I H
1

(G,U)I is a divisor of 26 .3 2 ; according to 5.5 it is even 

a divisor of 22 .3 2 • The latter result is sharp as we shall see 

37 
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by examples. 

The next proposition deals with nilpotent Galois groups. If 

such a nilpotent group has at least two non-cyclic prime parts, 

then the result is sharper than that from 5.5. 

Proposition 5.7. Let K/ID be finite and G = Gal(K/K0 ) = rf 1G., 
i= l 

where jG.I, i = 1, 2, ... , k, are pairwise relatively prime. 
l 

Let u, ui be the unit groups in K, Ki, where Ki is the subfield 

of K, normal over K0 , such that Gal(Ki/K0 ) Gi, i = 1, 2, ... , k. 

Then 

Proof. This follows by induction on k from lemma 5.3. 

We return to P6lya fields. Let e be the ramification index 
p 

of a prime pin a finite normal extension K/ID with Galois group G. 

From proposition 3.1 we know that IH 1 (G,U) I is a divisor of 

TT. e p prime P 

and that equality holds if and only if K is a P6lya field. Hence 

the results from 5.5, 5.6 and 5.7 all imply upperbounds for the 

amount of ramification in P6lya fields. For example, from 5.5 it 

follows that at most 5 primes ramify in a v4-extension K/ID, if K 

is a P6lya field. This bound is sharp, for in section 4 we saw 

that ID(/5.7,/3.127), in which 5 primes are ramified, is a P6lya 

field. 

We conclude this section with two examples of normal extensions 

K/ill with Gal(K/ID) s
3

• The first one is the splitting field K 
3 2 3 of f{X) = X - 6X- 2. The discriminant off is 756 = 2 .3 .7, that 

of K/ill is 108020304 = 24 .39 .73 , and we have 

Let a be a zero off, then 
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( 0:) ; 

(3 + :21 _ (1 + a:) -1); 

(7+;21)_ 

All these ideals are principal, hence K is a P6lya field, and 

IH 1 
(G,U) I = TT e = 36. 

p prime P 

39 

The second example is the splitting field of of x 3 + 6x2 - 36X - 2. 
2 4 The discriminant of this polynomial is 242676 = 2 .3 .7.107, that 

of the field is 44109839091024 = 2 4 .3 8 .7 3 .107 3 • In this case we 

have 

In a similar way as above it can be shown that this field is a 

P6lya field. 

6. NON-GALOIS FIELDS. 

Definition 6.1 A number field K is called a pre-P6lya field if 

for each prime p which is unramified in K/W and for each f E 22, 

f > 0, the ideal £(pf) is principal in K. 

Remark that each Galois extension of mis a pre-P6lya field. 

However, as we shall see, in several non-Galois cases the pre-P6lya 

and the P6lya condition are equivalent. 

The pre-P6lya condition can be described group theoretically as 
'\, 

follows. Define K to be the normal closure of the Hilbert class 

field H(K) of a number field K of degree n over m. Write 

'\, 
Hl = Gal(K/H(K)), 

and let Q be the set of right cosets of Hin G. Each element 

g E G defines an element 

-1 
(Hs Hsg ) 

of the group SQ of bijections Q + Q, which is isomorphic to Sn. 
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This is a homomorphism from G to SQ, and defines a transitive 

action of G on Q. Let g E G be fixed. For this particular g write 

the corresponding permutation as a product oft disjoint cycles 

of orders f 1 , f 2 , ••• , ft. Let fixed points correspond to cycles 

of order one, so that 

t 
Li=l fi n. 

For i = 1, •.• , t, chooses. E G such that the element Hs. of Q 
l l 

is permuted by the i-th cycle. From these definitions it follows 

that 
f · -1 s. g 1 s. EH, for all i = 1, ... , t. 

l l 

If Hui is also permuted by the i-th cycle, then 

Hu. 
l 

k -1 for some integer k, hence h = sig ui EH. We obtain 

f · 1 s.g 1 s.-
1 l 

f· -1 -1 
= hu. g 1 u. h 

l l 

Since H/Hl 
fi -1 

ui g ui 

Cl(K) is abelian, this element is congruent to 

not depend 

f · -1 modulo H1 . Hence modulo H1 the element si g 1 si does 

on the choice of s .. 
l 

Proposition 6.2. In the notation above, where fi, si correspond 

tog, we have 

for each number field Kand each g E G. The field K is a pre-P6lya 

field if and only if for each g E G and each f E 2Z , f > 0, we 

have 

Remark. The map 

t f· -1 
g I-+ TTi=l (Sig l Si ) 

is the transfer map Ver: G/G' H/H 1 , see e. g. [Se], chapter VII, 

section 8. 
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'\, 
Proof of 6.2. Let.£ be a prime of K above p, unramified over W,. 

'\, 
Let g = (_£,K/W.) be the Frobenius element of.£ in G; each g E G 

occurs as the Frobenius element of an unramified prime ideal.£, 

according to Tschebotarev's density theorem. The decomposition 

group Z of pin 1;w. is generated by g. The ideals 
.£ -

(s. {p)) n K, 
1-

i = 1, ... , t, 

are precisely the prime ideals of K above p; the residue class 

degree of (si (_£)) n Kin K/W. is fi. This is proposition 2.8 of 

chapter III of [J]. We have for f E z,; , f > 0: 

f 
!:?_(p ) TT f _g_ 

Si.Prime in K, N(Si_)=p 

TT f (_g_,H(K)/K) 
S!. pr.in K, N(_g_)=p 

is a principal ideal 

here the order of succession of the product is arbitarily chosen, 

and the last equivalence follows from 

41 

'\, '\, fi 
(s.(p),K/K) = (s.(p),K/gJ) 

'v fi -1 
s. (n,K/\!l) s. 

-1 
s. 

]_ - ]_ - ]_ ]_ 

In the same way we get 

since the ideal 

pO(K) 

is principal. 

Lemma 6.3. Let Q be a finite set and let H be a group acting 

transitively on Q. Denote the number of fixed points of h EH by 

f(h) and define 

T = { h EH / f(h) = 0 }. 

Then the action of <T> on Q is transitive and 

{ h E H I f (h) f- } c <T>. 

]_ 
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Proof. According to Burnside's formula we have 

and 

f(h) k.1 <T> I, 

where k is the number of orbits of <T> on Q. Hence 

L f(h) IHI - k. I <T> I • 
h E H\<T> 

Since f(h) 1 for each h E H\<T>, the only possibility is f(h) 1 

for each h E H\<T> and k = 1, which proves the lemma. 

For H = Gal(K/K), with the action on Q 

action of G on Q, the definition of Tis 

Q\{H} induced by the 

T = { g EH I Hsg-l i Hs for alls E G, s i H }. 

Theorem 6.4. Let K be a number field of degree~ 3 over W, and 

let Q, G, Hand H1 be defined as in the first part of this section, 

and T as above. 

(1) Assume that Ti 0 and that K is a pre-P6lya field. 

Then Tc H1 and H(K) is contained in the normal 

closure of K. 

(2) Assume that the action of G on Q is 2-transitive. 

Then Tc Hl if and only if K is a pre-P6lya field. 

Remark 6.5. If the action of G on Q is 2-transitive, then the action 

of Hon Q= Q\{H} is transitive. Since In! 2, from Burnside's 

formula it then follows that some element of H has no fixed point 

in Q, hence Ti 0. 

Proof of 6.4. Let g ET be arbitrarily chosen. According to 6.2 

we have 
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-1 
Since Hsg i Hs for s i H we have fi = 1 only one time, while 

si EH. We may choose si 1 and we have g E H1 . Hence Tc H1 . Let 

H = 2 n 
gEG 

gHg -1 

-1 -1 
Then for h E H

2 
we have Hs(gh) = Hs if and only if Hsg Hs, 

so T.H
2 

= T. From iO i T c Hl it now follows that H2 c Hl, i. e. 

H(K) is contained in the normal closure of K, and we have proved (1). 

The "if"-part of (2) is immediate from 6.5. For the "only if"-part 

we assume that the action of Hon Q is transitive and Tc H1 . We 

have to prove that 

for each g E G and f E ZZ: • Assume that g E G has no fixed point 

in Q, i.e. all f. > 1. Then for each f > 2 for which f. = f occurs, 
l l 

the element 

has at least 2 fixed points in Q and is contained in H. A.s an 

element of H acting on Q it has at least 2 fixed points; according 

to lemma 6.3 it is contained in <T> c H
1

. Hence for f > 2 we have 

f · -1 
TT s. g l s. E Hl . 

fi=f l l 

The same statement for f 2 holds since 

f · -1 t f · -1 
TT( TT si g i si ) = TTi=l (si g i si ) E Hl 
f fi=f 

according to proposition 6.2. 

It remains to prove the assertion for g E G having a fixed point 

in Q. If f f. > 1, then the element 
l 

has at least 3 fixed points in Q and is contained in H
1 

for the 

same reason as above. And again the assertion holds for the 

remaining case f = 1 since 

f · -1 
TT( TT s i g l s i ) 
f fi=f 

C 
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Definition 6.6. For a transitive permutation group G on n symbols 

define 

R(G) =H/<H',T,im(Ver)>, 

where His the stabilizer of one fixed symbol, 

Tis the subset of Hof elements with no further fixed symbol, 

H' is the commutator subgroup of H, and 

im(Ver) = { h EH I Ver(g) = hH' for some g E G }. 

The map Ver: G + H/H', the transfer map, was mentioned in 6.2. This 

map is induced by the restriction map 

GIG ' H (G rn) R~s Hl (H,rn) " " 1 ,= Lu H/H', 

where the actions of G and Hon zz; are trivial, see [Se], chapter VII, 

section 8. 

Denote by a G-field a field K of degree n over gJ for which G is the 

Galois group of the normal closure N of Kover gJ and the action of G 

on then embeddings of K into N corresponds to the action on then 

symbols. 

Theorem 6.7. Let G be a transitive permutation group for which Ti 0, 
and let K be a G-field. Assume that K is a pre-P6lya field. Then the 

class group Cl(K) of K is a factor group of R(G). 

Proof. Remark that Cl(K) "Gal(H(K)/K) H/H1 . From 6.4(1) we know that 

'\, 
H(K) c N = K and Tc H

1
. 

Since H/H1 "Cl(K) is abelian we have H' c H1 . For g E G we already 

saw that 

t f· -1 
Ver(g) = (TTi=l Sig l Si )H'' 

where t, si, fi, i = 1, ... , t, correspond tog as before. It follows 

from 6. 2 that 

im(Ver) c Hl. 

Combining these results gives 

<H', T, im(Ver)> c H1 , 

which proves the theorem. D 



45 
I-27 

Corollary 6.8. Let K be a G-field for a transitive permutation group G 

for which T O and R(G) {1}. Then the following assertions are 

equivalent: 

{i) K is a pre-P6lya field; 

(ii) K is a P6lya field; 

(iii) h(K) 1. 

Proof. (iii)=> (ii)=> (i) holds for each field. The implication (i) => (iii) 

is immediate from 6.7. 

As a consequence we now obtain theorem 1.1 from the introduction: 

Theorem 6.9. Let K be a G-field for one of the following groups G: 

G s , n 3 or n 2 5; n 
G A , n 4 or n 2 6; n 
G is a Frobenius group, i. e. T = H\ { 1}. 

Then {i), (ii) and (iii) from 6.8 are equivalent. 

For the two exceptions s4 and A5 we have 

G = s4, H = s3, <H', T, im(Ver)> = A3, 

so R(A
5

) ?Z/3Z':. The groups <H', T, im(Ver)> can be computed directly 

for s
4 

and A
5

, but we also can refer to the next section. In that 

section R(G) and <H', T, im(Ver)> are computed for linear groups, in 

particular for s4 PG1(2,3) and A5 PG1(2,4). 

In section 8 we prove that an A5-field is a P6lya field if and only 

if it is a pre-P6lya field, and we give an example of such a P6lya 

field K with Cl (K) R (As) ?Z/3z,;. 

For s4-fields the situation is different. It can be shown that,an 

s4-field K is a P6lya field if and only if h(K) = 1, the proof will 

be published in [z]. However, there exist s 4-fields K with the pre-P6lya 

property with Cl{K) R(S
4

) z,;/2z,;. An example of such a field is 
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K ID(a), where a is a zero of 

f(X) = x4 + 32X3 + 14X2 - 24X - 11. 

The discriminant off is 2 14 .373 ; the discriminant of K/ID is 28 .37 3 

Both 2 and 37 are totally ramified in K/ffi. The prime ideal above 37 

is principal; the one above 2 is not, so we see that K is not a P6lya 

field. We do not prove here that K is a pre-P6lya field and h(K) = 2. 

7. NON-CYCLIC FIELDS OF PRIME DEGREE AND LINEAR GROUPS. 

In section 6 we saw that-if a G-field K is a pre-P6lya field and 

Ti 0, then the class group Cl(K) is a factor group of R(G). For the 

case that K/ID is non-cyclic of prime degree n we shall see in this 

section that Ti 0 is always fulfilled, and R(G) will be computed in 

all cases; cyclic fields have been considered in section 3. Most times 

we get R(G) = {1}, hence non-cyclic pre-P6lya fields of prime degree 

have trivial class numbers, with a few exceptions. 

A theorem of Galois, theorem 3.6 of chapter II of [HJ, states that 

a solvable transitive permutation group of prime degree is a Frobenius 

group or is cyclic. As remarked in 6.9 for a Frobenius group Git is 

clear that T # 0 and R(G) = {1}. 

A theorem of Burnside, theorem 21.3 of chapter V of [HJ, states that 

an unsolvable transitive permutation group of prime degree is 2-transitive. 

Hence we may assume that G is 2-transitive. Then H acts transitively 

on n- 1 symbols, as the stabilizer of one symbol. Hence T # 0; according 

to 6.3 the subgroup of H generated by Tis even transitive. 

The 2-transitive permutation groups G can be classified as is done 

as follows in [CJ. The group G contains a minimal normal subgroup N 

with 

N c G c Aut(N). 

This group N is simple, and finite simple groups have been classified 

recently. However, the proof of this classification is of an enormous 

size and may contain some errors. Wherever this classification is used 

in this paper, it is mentioned. 
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Assuming the classification of finite simple groups, the only 

possibilities for unsolvable transitive permutation groups of prime 

degree n (see [N]) are: 

(1) A and S; 
n n 

47 

(2) groups G with PSl(d,q) c G c Pfl(d,q) acting on 
d n = (q -1)/(q-1) points of the projective space 

the 
d-1 JP (JF ) ; 

q 
(3) PS1(2,11) acting on 11 symbols; 

(4) the Mathieu groups M11 and M23 acting on 11 and 23 symbols 

respectively. 

Here the notation is as follows. For a prime power q and an integer d > 1 

we denote by PGl(d,q) the group of invertible dXd-matrices over JF 
q 

modulo the normal subgroups of scalars. The group of dxd-matrices of 

determinant 1 

on JPd-1 (JF ) . 
q 

modulo scalars is denoted by PSl(d,q). Both groups act 

Let A be the group of field automorphisms of JF; there 

is a natural action 

points of JPd-l(JF ) 
q 

d-1 q 
of A on JP (JF ) . The permutation group on the 

q 
generated by A and PSl(d,q) is denoted by Pil(d,q), 

the group generated by A and PGl(d,q) is denoted by Pfl(d,q). 

Next we compute R(G) for all of these unsolvable transitive permutation 

groups G of prime degree. 

The groups An and Sn have been discussed in 6.9. If G = PS1(2,11) 

then H A
5

, see [HJ, chapter II, theorem 8.28(6). Hence H' = H, and 

R(G) {1}. If G = M23 then H = M22 is simple, hence H' =Hand R(G) = {1} 

If G 

H' 

M11 then H = PL1(2,9) acting on 10 symbols transitively. We have 

PS1(2,9). Let cr be the non-trivial automorphism of JF
9

, then 

f(cr) = 4 in the notation of 6.3. According to 6.3 we have a E <T>, 

hence H = PL1(2,9) = <H',cr> c <H',T>, and R(G) = {1}. 

It remains to determine R(G) for 

PSl(d,q) CG C Pfl(d,q) 

for the case that n d (q -1)/(q-1) is a prime number. In this cased 

has to be prime, for if a is a divisor of d then 

qd-1 qa-1 
( ~1) • (--1-) • q - q-n = 

If q _ 1 mod d then 

n d-1 d-2 q + q + •.. + q + 1 0 mod d. 
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Hence if n is prime then d is a prime not dividing q - 1, so 

PGl(d,q) = PSl(d,q) = Sl(d,q). 

In the next theorem we do not require n to be prime. Let G satisfy 

PSl(d,q) CG C Pfl(d,q) 

f 
for arbitrary d > 1 and prime power q = p. Since PSl(d,q) is a normal 

subgroup of Pfl(d,q), such groups G correspond to subgroups of 

Pfl(d,q)/PSl(d,q). The latter group is a semidirect product of 

Gal(JF /JF) "'ZZ:/fZZ: with JF*/(JF*)d"' ZZ:/gcd(d,q-l)ZZ: 
q p q q 

defined by the natural action of Gal (JF /JF ) on JF * / (JF *) d. 
q p q q 

f Theorem 7.1. Let d 2 and q = p for a prime number p. Let G be a 
d d-1 permutation group on the (q -1) / (q-1) points of JP ( JF ) , with 

q 

PSl(d,q) c G c Pfl(d,q). 

Let k index(Pfl(d,q) : G.PGl (d,q)). Then 

(a) R(G) = {1} if d > 2; 
k (b) R(G) is cyclic of degree (p -1)/2 if d 2, p is odd 

and G c PH(2,q); 

(c) R(G) is cyclic of degree k p -1 else. 

Proof. We may identify H with the stabilizer Ge( of one particular 
d-1 d-1 point C< E JP (JF ) • Choose coordinates on JP (JF ) such that 

q q 

C( = 11,0,0, ..• ,07. 

Elements of (PGl(d,q))C< can be identified with matrices 

1 
0 

B 

0 

where BE Gl(d-1,q). 

First we prove (a). A matrix of the type 

rl~ :J E PG1(3,q) 
0 0 • 
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has at least 3 fixed points r1,o,ol, ro,1,07, r1,1,01. More generally 

each element of G n PGl(d,q) in which the first column and at least 

one other column coincide with the same c·olumns in the unit matrix, 

has at least 3 fixed points. According to lemma 6.3, applied to 

(Gn PGl(d,ql\x as a permutation group on Q = lPd-l(JFq)\{oc}, all these 

matrices are contained in <T>. It is easy to see that ford 2 3 every 

element of (G n PGl (d,q)) OI can be expressed in such matrices, for instance 

by using the fact that elementary matrices generate all matrices with 

determinant 1. Hence 

(G n PGl (d,q)) OI c <T>. 

Choose G to be a generator of Gal(JF' /JF' ). From the structure of 
q p 

Pfl(d,q)/PGl(d,q) we see that 

G 
k <(GnPGl(d,q)), AG> 

for some A E PGl(d,q). Since 

PSl(d,q) c G n PGl(d,q) 

we may choose 

A 

1 0 0 ... 0 
0 1 

1 0 
0 0 0 a 

* k for some a E JF' If d 2 3 then AG has at least 3 fixed points 
q 

r1,0,0, ... ,07, ro,1,0, ... ,07, r1,l,0, •.. ,01. According to lemma 6.3 we 

have AGk E <T>, hence 

k H = GOI = <(GnPGl(d,q))OI, AG> c <T>. 

Hence His generated by T, which proves {a). 

From now on we take d = 2. We may identify lPd-l(JF) with JF u {=}, 
q q 

and let OI ==.Then we have 

{ * }, (PG1(2,q))OI "' X I-> ax+b a E JF b E JF q q 

(PS1(2,q))OI "' { X t-+ ax+b a E (JF'*)2 q , b E JF } ' q 

as permutation groups on JF These two coincide if and only if p 2. q 
An element of G 

QI 
can be written as 
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t 
x 1--> aa (x) + b, 

* * where a E JF , b E JF , and t is a multiple of k. Define the map 
q q 

ijJ:Go:r>JFpk 

by 
t ijJ(x 1--> aa (x) + b) = N(a), 

* where N denotes the norm from JF q to JF pk. For every a E JF q we have 

N(ak(a)) = N(a), hence 1jJ is a homomorphism. we have 

ijJ[GO:] = * 2 (JFpk) 

if G c Pl:1(2,q), and 

ijJ[Go:] = * JFpk 

in any other case. It remains to prove that 

ker(ijJ) = <G~, T, im(Ver)>. 

Since 1/J[Go:] is abelian we have G~ c ker(ijJ). Let 

(x 1--> aat(x) + b) 

be an arbitrary element of T. Then there is no x E JF such that q 

so the.additive homomorphism f JF JF defined by 
q q 

is not surjective. Hence f is not injective and there exists x j 0 

such that 

x - aat(x) = O. 

Then a x/at(x), hence N(a) = 1 and Tc ker(ijJ). 

* Next we show that ker(ijJ) c <T>. If N(a) = 1 then there exists c E JF 
q 

such that 

Hence if the permutation 

(x I-> aak(x)) 

is contained in G then it is contained in Go: and has at least two 
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fixed points 0 and c in Q. According to 6.3 this permutation is contained 

in <T>. Further, if O -I b E JF then 
q 

(x I-> x + b) E T. 

Every element of ker(ijJ) is a product of elements of these two types, 

hence ker(ijJ) c <T>. We conclude that <T> = ker(ijJ). 

We still have to show that im(Ver) c <T>. If q = 2 then Ga= <T>. 

If q = 3 then Ver[PS1(2,q)] c <T>, because PS1(2,3) z A4 and Ga/<T> 

has order one or two. If q 4 then PS1(2,q) is simple, so Ver[PS1(2,q)] 

is trivial. In all cases we have 

Ver[PS1(2,q)] c <T>. 

The group G is generated by PS1(2,q) and elements of G of the shape 

* for a E JF It remains to show that Ver(g) c <T> for 
q 

g [~ ~) 0k E G. 

The fixed points of g are f1,ol and points fx,11 

* If N(a) = 1 then there exists x E JF with a= 

and g has at least 3 fixed points 

From 6.3 we obtain 

f -1 
S g S E <T> 

q 

with crk(x) = 
k -1 

0 (x).x by 

ax. 

Hilbert 90, 

f -1 
for each s E G, f E :iZ, f > 0, with s g s E Ga. In particular we have 

in the notation of section 6: 

Ver(g) 

k -1 If N(a) -I 1, then 1 = N(cr (x) .x ) -I N(a) 

only fixed points of g are f1,07 and fo,17. 

of H G are a 

* for each x E JF , so the 
q 

The corresponding cosets 
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We have 

The element acrk(a} is a square in JF* 
q 

(N(a)) 2 is a 

square Hence 

0) (Gk (a) 0) a E PS1(2,q), so Ver 0 a 

is trivial. The element a2k has at least 3 fixed points f1,ol, fo,17 
and f1,17, so a2k E <T> by 6.3. If f > 1 is the length of an orbit 

f -1 
of g and s g s E Ga, then 

f -1 s g s E <T> 

since it has at least 2 + f 3 fixed points. We obtain 

Ver(g) _ (ak(a) 0) 2k TT fi -1 - O G • S, g S, 
a f,>l l l 

l 

which concludes the proof. 

Examples. 

G n IR(G) I 

A4 "" PS1(2,3) 4 1 

s4 PG1(2,3) 4 2 

AS "' PG1(2,4) 5 3 

ss "' Prl(2,4) 5 1 

AS PS1(2,5) 6 2 

ss "' PG1(2,5) 6 4 

Corollary 7.2. Assume the classification of finite simple groups. 

Let K/m be non-cyclic of prime degree n. Assume that K is a pre-P6lya 

field and Cl(K) is non-trivial. Then n = 22m + 1 is a Fermat prime, K 

is a G-field for a group G with 

PS1(2,22m) c G c PE1(2,2 2m), 

and Cl (K) is cyclic of order a divisor of n - 2 
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Proof.· According to 6.7 the only possibilities are G-fields with R(G) 

non-trivial. In the first part of this section we saw that this condition 

is only satisfied if 

PSl(d,q) CG C Pfl(d,q); 

remark that PSl(d,q) = PGl(d,q) and P~l(d,q) = Pfl(d,q). According 

to 7.1(a) we have d = 2. Further n = q + 1 is prime, and q is a prime 

power. This is only possible if n i!, a Fermat prime. From 7.1(b,c) 

it follows that R(G) is cyclic of order a divisor of n - 2 = q - 1, 

and we know from 6.7 that Cl(K) is a factor group of R(G). 

This classification of unsolvable permutation groups of prime degree 

with non-trivial R(G) has been extended to all doubly transitive 

permutation groups by A. M. Cohen and H. Zantema, [cz]. Besides the 

class of groups G with 

PS1(2,q) c G c Pfl(2,q), 

four other classes of groups G have been found with R(G) non-trivial. 

This classification has been executed by checking a list of doubly 

transitive permutation groups, which is assumed to be complete. 

8. NON-CYCLIC POLYA FIELDS OF PRIME DEGREE; ICOSAHEDRAL FIELDS. 

In section 7 we described all non-cyclic pre-P6lya fields of prime 

degree n, assuming the classification of finite simple groups. Now we 

shall derive that all such fields are P6lya fields. First we give a 

general group theoretical approach to P6lya fields like we did for 

pre-P6lya fields in section 6. 

Let K be a field of degree n over ID, let H(K) be the Hilbert class 

field of Kand let K be a number field normal over ID with H(K) c K, 

e.g. the normal closure of H(K). Let 

Let p be a prime of ID and let Z and I be the decomposition group and 
p p 

the inertia group in K/ID of one particular choice of a prime 12. of K 
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above p. As in section 6 the group G acts on the set of n cosets Hs by 

-1 go (Hs) = Hsg . 

Let g 1 , ••• ,gt be the lengths [HsZP[/[Hs[ of the orbits of zp. Since 

Ip is a normal subgroup of zp, each orbit of zp splits into orbits of 

I of equal length. Let us say that the i-th orbit of Z (of length g,) 
p p l 

splits into f. orbits of length e. of I. These e. and f. correspond 
l l p l l 

to the usual definition of ei and fi for pin K, i.e. th prime 

decomposition of pin K is 

pO(K) 

where NK/QJ(½) 

of z for i 

f. p l Chooses. E G such that Hs. is in the i-th orbit 

p 
1, ... , t. Then 

s. {p) n K. 
l -

l l 

We can define maps 

where <j,i 

'P· Wi 
s.Z s~ 1/s.I s~l _/ (s.Z s~l H)/{s.I s~l H) H/H

1
, 

l p l l p l l p l l p l 

is defined by 

<j,. (x) = xfi 
l 

-1 -1 
for x Es.Zs. /s.I s. , 

l p l l p l 

and Wi is induced by the identity on H. Since 

f. 
Hs.g lr = Hs I for g E z, 

l p i p p 

the map <j,i is well-defined; since H{K)/K is unramified we have 

-1 
siipsi n H c H1 , 

hence Wi is well-defined. 
'\, 

Let gp be the Frobenius symbol of 12_ in the whole extension K/QJ, i.e. 

the canonical generator of Z /I. The element w. 0 <t,. (g) is the 
p p l l p 

Frobenius symbol of the prime 12.i in the extension E{K)/K. AK-ideal 

is principal if and only if its Frobenius symbol in H/H 1 is trivial. 

Hence the field K is a P6lya field if and only if for all prime numbers 

p and for all f 1: 

-1 
f;=f Wio<j,i(sigpsi) = 1 E H/Hl. 

Since in any case the ideal generated by a prime number is principal, 
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we obtain for each field K: 

These statements can be reformulated as follows. 

Proposition 8.1. For each pair (I,Z) which occurs as an inertia group 

and a decomposition group, respectively, of one prime in K/ID, up to 

conjugacy in G, let t and fi, si, i = 1, ... , t, be defined as above. 

Choose g E z which generates z modulo I. Then for each i = 1, ... , t, 

we can choose a. EI such that 
1. 

fi -1 
sig aisi EH. 

Further the field K is a P6lya field if and only if for each occurring 

pair (I,Z) and each f 1 we have 

For each field Kand each occurring (I,Z) we have 

(In both products the order of the factors is arbitrary.) 

Remark 8.2. If we restrict to pairs (I,Z) with I is trivial, then each 

cyclic z occurs by Tschebotarev's density theorem and we get proposition 

6.2 back. 

Theorem 8.3. Assume the classification of finite simple groups. Then 

a non-cyclic field K of prime degree over ID is a P6lya field if and 

only if it is a pre-P6lya field. 

Proof. According to corollary 7.2 we may restrict to Fermat primes 

n = q + 1 = 22m + 1, while K is a G-field for a group G with 

PS1(2,q) c G c Pl:1(2,q). 

'\., 
Assume that K is a pre-P6lya field. Then K may be chosen to be the 
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normal closure of K since H(K) is contained in that field. There exists 

cr E Gal(JFq/JF2 ) such that 

G = <PS1(2,q),cr>. 

We may choose coordinates such that 

In the notation of the proof of 7.1 we have 

< (01 ]F'1q] , a > c ker ( i),) c H 
1 

. 

Hence we have 

* for some subgroup Ac JF 
q 

We have to prove that K is a P6lya field, for which we shall use 

8.1. The groups I and Z are solvable, while I is a normal subgroup of 

Z with a cyclic factor group. Since H(K)/K is unramified we have 

-1 
xix n H C Hl 

for all x E G. If also 

-1 
xzx n H c Hl 

for all x E G then we have for i = 1, ... , t: 

fi -1 -1 
Sig ai Si E sizsi n H C Hl. 

For this I and Z the assertion we have to prove follows immediately, 

hence we may restrict to those Z for which at least one conjugate, say 

z itself, satisfies 

For each subgroup G
0 

of G abbreviate G0 n PS1(2,q) to G
0

. We obtain 

~ -1 xix n H c H1 

for all x E PS1(2,q), and 

Z n H ¢ H
1

; 

the latter because index(ZnH: znH
1

) is odd and index(G: PS1(2,q)) is 
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a 2-power. Subgroups of PS1(2,q) have been classified completely by 

Dickson, see theorem 8. 27 of chapter II of [HJ. A.11 solvable subgroups 

of PS1(2,q) are up to conjugacy equal to 

* for some a E JF q and some vector space V over JF 2 (a). If 

z [o 1 J [a OJ -1 s< 1 0' 0 1 >s 
for some s E PS1(2,q), then 

I [<a> OJ -1 s O 1 s , 

because this is the only non-trivial normal subgroup of Z with Z/I 

cyclic. An element x of His contained in H1 if and only if the quotient 

of the two eigenvalues of x (defined up to taking the inverse) is 

contained in A. This quotient is equal to 1 for 

X [
o aiJ -1 

s 1 0 s , 

and equal to ai for 

X (ai OJ -1 s O 1 s . 

From Zn H ¢ H1 we conclude that a is not contained in A. But then 
-1~ s Is n H ¢ H1 , contradiction. 

Hence we may assume that 

and _ (<b> wJ -1 I - s O l s 

* for some a, b E JF q and vector spaces V and W. Since z n H ¢ H
1

, the 

group Z contains an element for which the quotient of the two eigenvalues 
-1~ 

is not contained in A. Hence a i A. From s Is n H c H1 we similarly 

conclude that b EA. 

Let r 
a 

be the order of 

on the points of lPl (JF ) 
c; 

sf1,ol, sfv,11 
and sets of the type 

a and let v lvl. Then the orbits of z acting 

are 
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src<a>+V,11 for CE JF , Ci V. q 

The lengths of these orbits are 

1, v, r v, 
a 

r v, ... 
a 

, r v. 
a 

The orbits of Z are possibly larger, but each orbit of Z splits into 

orbits of Z of equal length because Z is normal in z. The number of 

orbits of Z in which an orbit of Z splits is a divisor of index(Z: Z), 

which is a 2-power. Using ra i 1 there is one orbit of Z of length 1, 

and one of length v, and further orbits of which the length is a 2-power 

times rav. However, if v = 1 then possibly the two orbits of Z of length 

one combine to one orbit of Z of length two. This case we refer to as 

the exceptional case. 

Since <a> i <b> and I is a normal subgroup of Z with a cyclic factor 

group, we have V = W. Let rb be the order of b, then the orbits of I 

have lengths 

In the same way as above I has orbits of lengths 1, v, and orbits whose 

lengths are 2-powers times rbv. In the exceptional case the first two 

orbits may or may not combine. It is possible that rb = 1, but the 

orbits of lengths rbv and v of I do not combine because each orbit of 

I is contained in an orbit of z. 
We obtain 

v, ei is a 2-power times rb for i 2 3; 

1, fi is a 2-power times ra/rb for i 2 3. 

In the exceptional case either e 1 
while the index 2 is not used. 

We can write 

for some 2-power w. For i 2 3 let 

wi = index(Z: I)/fi, 

which is also a 2-power. In the notation of 8.1 we have 

fi -1 fi Wi 
s i g a i s i E H, and ( g a i) E I , 

(f.w.) 
the latter because g 1 1 EI, a. EI and Z/I is abelian. Hence 

1 

1, 
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f. -1 wi -1 
(s_gia.s.) Es.Is. nHcH1 . 

l l l l l 

Since gcd(wi 1 index(H:H1 )) = 1, we conclude that for 

fi -1 
Sig ai Si E Hl. 

We still have to prove that 

-1 
TT s. ga. s. E Hl. 

i=l, 2 l l l 
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i 3: 

In the exceptional case this product only runs over i 1. Using the 

above result for i 3 and 

t fi -1 ei 
TTi=l (si g ai si ) E Hl 

it remains to prove in the non-exceptional case that 

-1 v-1 (s
2 

ga
2 

s
2 

) E H1 • 

Since v = lvl and Vis a vectorspace over JF 2 (a) we 

divisor of v - 1. Remark that index(Z I) = w.ra/rb; 

know that r 
a 

is a 

we get 

-1 (v-l)w -1 ( s
2 

ga
2 

s 2 ) E s 2Is 2 n H c H1 . 

Since gcd(w,index(H: H1 )) 1 we obtain 

which we had to prove. In the exceptional case we see that 

Since gcd (e 1 , index (H : H1 )) = 1 we get 

fl -1 
s 1 g a 1 s 1 E Hl, 

which concludes the proof. 

The simplest example of a non-cyclic transitive permutation group G 

on n symbols, n prime, and non-trivial R(G) is G = PS1(2,4) "' AS. From 

8.3 we know that an A
5
-field is a P6lya field if and only if it is a 

pre-P6lya field. We can wonder if there exists an A5-field K which is 

a P6lya field with non-trivial class number h(K). For such a field we 

have h(K) 3; more precisely we know from 7.1 that K is a P6lya field 

with h(K) i 1 if and only if the Hilbert class field H(K) of K is equal 

to F, the unique cubic extension of K inside its normal closure over~-
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A table of A 5-fields with small conductors is given by Buhler, [Bu]. 

The first field in this table satisfying the condition that F/K is 

totally unramified, is K ID(a), where a is a zero of 

f(X) = x 5 + 2x3 + 4x2 - 2X - 4. 

The discriminant of K/ID is 26 .73
2

. 

Let d be the discriminant of some number field of degree n over~' 

with r 1 embeddings in JR. Then 

with 

1 
nlogldl 

y = .57722, A(3) = 1.05180, n(2) = .88247, 

see [D], formula (1). If we apply this formula to H(K), then n 

r = h(K) and d = (26 .73 2 )h(K), and we get 
1 

Sh(K), 

h(K) 36; 13 (A(3) + ½n(2)) 1/ 2 (5y + 5log(4~) + 1 - log(26 .732 ))-3/, 

5.8297 < 6. 

Since F/K is totally unramified and abelian, we see that F c H(K) and 

3 is a divisor of h(K). Hence h(K) = 3 and F = H(K), and we may conclude 

that K is a P6lya field. 

9. DIHEDRAL FIELDS. 

Let Dn be the dihedral group of 2n elements acting on n symbols. If n 

is odd then Dn is a Frobenius group, so from 6.9 we know that for n 

odd a Dn-field is a pre-P6lya field if and only if the class number is 

one. For the case n even we first need a lemma. 

Lemma 9.1. Let K be a D -field for n even. Let F be the unique subfield n 
of K of degree n/2 over ID- Then K/F is not totally unramified. 

Proof. Identify the Galois group of the normal closure of Kover ID with 



D n 
n <cr ,P; P 

2 
CJ 
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2 (pcr) = 1 > . 

The choice of this identification can be done in such a way that K 

corresponds to <cr>. Then the field F corresponds to 

n/2 
<a' P > • 
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For a prime ideal£ of K let I denote the inertia group of£ in Dn. 
£ 

Since every number field is ramified over m, the groups I generate 
£ 

D. We have n 

A set of generators of v4 always contains an element of a given pair 

of non-zero elements of v
4

. Hence at least one of the following two 

assertions holds: 

(1) there exists a prime £ and a E z,; ' a odd, such that a p E I ; 
£ 

(2) there exists a prime £ and a E z,; ' a - n/2 mod 2, such that 
a I crp E 

£ 
If (1) holds, then (pa)n/2 n/2 I and£ is ramified in K/F. = p E ' £ 
If (2) holds, then for b = (2a-n)/4 we have 

b a -b 
P (crp ) P = crp n/2 

b Hence the prime ideal p (!2_) is ramified in K/F. 

Proposition 9.2. Let K be a Dn-field for n even. Let F be the unique 

subfield of K of degree n/2 over ill- Then K is a pre-P6lya field if and 

only if each ideal of K generated by an ideal of Fis principal. 

Proof. Let G denote the Galois group of some normal m-extension 

containing the Hilbert class field H(K) of K. Let H, H1 , J, J 1 be the 

subgroups of G corresponding to the fields K, H(K), F, H(F), respectively. 

H(K) Hl 
I \ I \ 

H(F) K J1 H 
\ I \ I 

I 

F J 
I I 

m G 
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The group G acts on the right cosets of Has dicussed in section 6. 

The only orbit structure with different orbit lengths is 

1, 1, 2, 2, ... , 2. 

According to 6.2 the field K is a pre-P6lya field if and only if 

for all with this orbit structure, in the notation of 6.2. If 

we replace g by a conjugate of g which is contained in H, then 

I -1 J { s E G sgs EH}. 

Hence K is a pre-P6lya field if and only if 

-1 
gsgs E Hl 

for all g EH with orbit structure 1, 1, 2, 2, ..• , 2, and withs E J\H. 

The map 

-1 g f-+ gsgs 

as a map from H/H1 to itself is exactly the composition of the following 

maps 
i Ver 

where i is induced by the inclusion map and Ver is the transfer map. 

From lemma 9.1 it follows that J is generated by Hand J 1 , hence i is 

surjective. Since His generated by elements of H with orbit structure 

1, 1, 2, 2, ... , 2, we see that K is a pre-P6lya field if and only if 

the map 

is trivial. We have the following commutative diagram: 

Cl (F) Cl (K) 

Ver 

where the vertical arrows are isomorphisms induced by the Artin map, 

and the upper arrow is induced by mapping an ideal of F to the ideal 

of K generated by that ideal of F. This proves the proposition. D 
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Proposition 9.3. Let K be a Dn-field for n even and let F be the sub-

field of K of degree n/2 over ill- Assume that K is a pre-P6lya field. 

Then 

Cl (F) " (ZZ/27.Z) m 

for some m (n/2) + 1. 

Proof. Consider the commutative diagram of exact sequences 

0 

0 

where I 
p 

G 

u 
k 

0 0 

+ + 
P(F) -->- I(F) 

+ + 
-->- P(K)G -->- I(K)G 

+ {-

H1 (G,U(K)) -->- (ZZ/2:zz? 

+ 
0 

group of ideals, 

{-

0 

-->- Cl(F) 

+ 
-->- Cl(K) 

group of principal ideals, 

Gal(K/F), 

group of units, 

number of prime ideals ramified 

-->-

in 

The first column is the cohomology sequence of 

* * 0-->- U(K) -->- K -->- P(K)-->- 0, 

0 

K/F. 

by Hilbert 90; compare the exact sequences of section 3. Since 

the group I(K)G/P(K)G is a subgroup of Cl(K). From 9.2 we conclude that 

the right vertical arrow is the zero map. Then the snake lemma produces 

an exact sequence 

0-->- Cl(F) 1 k -->- H (G,U(K))-->- (ZZ/27.Z) • 

The group H1 (G,U(K)) is an elementary abelian 2-group since !GI = 2. 

According to 5.4 the 1 number of elements of H (G,U(K)) is a divisor of 

2 (n/2)+1_ 1 for Cl(F). 0 As a subgroup of H (G,U(K)) the same can be said 
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Proposition 9.4. If a n4-field K is a P6lya field, then at most 5 primes 

of mare ramified in K/m. 

Proof. We use the same notation and exact sequences as in the proof 

of 9.3. Let j be the number of primes p of m that are split in F/ill and 

for which both primes of F above pare ramified in K/F. Considering 

all ramification types and using the P6lya property we conclude that 

I(K)G/P(K)G is an elementary abelian 2-group of rank at most j. Remark 

that k - j is the number of primes of ill that are ramified in K/F. Let 

i be the number of primes of m that are ramified in F/m and write 

r Gal(F/m). In section 3 we found an exact sequence 

1 · i 
0->-H (f,U(F)) (?Z/2:?Z) 

where the order of H1 (r,U(F)) is at most 4. 'Hence the order of Cl(F) 

is at least 2i-2 . Further the order of H1 (G,U(K)) is at most 8. 

Combining these results in the exact sequence 

we obtain 

(k - j) + (i - 2) s 3, 

from which the proposition follows. 

It is not clear if the bound in 9.4 is sharp; attempts to find an 

example with 5 ramified primes have not been successful. 

D 

Until now we found bounds on the number of ramified primes in Galois 

fields with the P6lya property in sections 3, 4 and 5. We found bounds 

on class numbers of non-Galois fields with the pre-P6lya property and 

the condition T # 0 in section 6. In some sense D -fields for n even n 
are of an intermediate type: proposition 9.4 is of the first type and 

9.3 and the proof of 9.2 are of the second type. Finally the intermediate 

character is illustrated by the existence of the following n4-fields K: 

(1) h(K) 1, e.g. K m(}2); 

(2) h(K) 2 and K is a P6lya field, e. g. K = m<l(22 + 2h21)); 

(3) K is a pre-P6lya field but not a P6lya field, e.g. K = m<}-6); 

(4) K is not a pre-P6lya field, e.g. K = m(/(23+2/-15)). 
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10. SURVEY OF FIELDS OF DEGREE AT MOST SEVEN. 

In a table we list all transitive permutation groups G on n symbols 

for n = 2, 3, 4, 5, 7, and list our results on the P6lya property of 

corresponding G-fields K. For a prime power q the group L is defined q 
to be the following permutation group on JF: 

q 

L 
q 

* { x ~ax+ b I a E JF 
q 

b E ]F }. 
q 

This group is a Frobenius group, and its order is the maximal order 

q (q - 1) that a Frobenius group on q symbols can have. 

On 6 symbols there are 16 transitive permutation groups G up to 

conjugacy in s
6

. We consider the following cases: 

- G is cyclic of order 6, see 3.2 and 3.5; 

- G s3, see 5.5 and the examples concluding section 5; 

- G "' s
6 

or G "'A6, see 6.9; 

G "' PS1(2,5) or G "' PGl (2,5), then R(G) is cyclic of order 2, 4, 

respectively, see 7.1; 

- G is the maximal group imprimitive on two sets of three symbols. One 

easily verifies T # 0 and R{G) is trivial. In this case we have 

<H', T> # <H', T, im(Ver)>; 

in fact it is the smallest example of this possibility; 

- G "'D6 , see 9.2 and 9.3. 

The remaining 8 permutation groups on 6 symbols are all imprimitive 

and all satisfy T = 0. They cannot be dealt with by the methods discussed 

in this paper. 

The information about Galois types of fields of degrees at most 7 

over~ has been taken from [St]. 
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Table accompanying section 10. 

K is a P6lya field 
n = [K : Ql] G discussed ·1n if and only if 

2 c2 section 3 see 3.3 

3 c3 section 3 (i) 

s3 6.9 h{K) = 1 

4 c4 section 3 see 3.2 

v4 section 4 {ii) 

D4 section 9 {ii) 

A4 6.9 h{K) 1 

s4 (iii) h{K) 1 

s cs section 3 (i) 

DS 6.9 h(K) 1 

LS 6.9 h{K) 

AS section 8 (iv) 

ss 6.9 h{K) = 1 

7 c7 section 3 (i) 

D7 6.9 h{K) 1 

L7 nA7 6.9 h(K) 1 

L7 6.9 h(K) 1 

PG1(3,2) 7.1 h(K) 1 

A7 6.9 h(K) 1 

s7 6.9 h(K) 1 

{i) only one prime is ramified; 

(ii) cannot be formulated as a simple restriction on ramification or 

on the class number; 

(iii) will be published in [Z]; 

(iv) the Hilbert class field of K is contained in the normal closure of K. 
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PART II 

A COMPUTATION CONCERNING DOUBLY TRANSITIVE PERMUTATION GROUPS 

by A. M. Cohen and H. Zantema. 

Abstract. 

For a transitive permutation group G on a finite set containing the 

point a, consider the quotient group R(G) of the stabilizer Ga of a 

in G by the group 

<G', T, im(Ver)>, a 

where G~ is the commutator subgroup of Ga, the set T consists of 

the elements of Ga fixing no other point but a, and Ver is the 

transfer map from G to Ga/G~. The group R(G) is of interest in a 

problem from algebraic number theory studied by one of the authors. 

In this paper the group R(G) is computed for all known doubly 

transitive permutation groups G; in view of the classification of 

finite simple groups and recent work of Hering, all doubly transitive 

permutation groups are known. 

Key word: 

doubly transitive permutation group. 

1980 Mathematical Subject Classification: 

20B20. 
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1. INTRODUCTION. 

Let G be a transitive permutation group on a finite set Q. Fix 

an element a of Q. We introduce the following notations: 

G is the stabilizer of a in G; a 
G' is the commutator subgroup of G a; a 
T is the subset of G consisting of all elements of which a a 

the only fixed point in Q; 

Ver: G Ga/G~ is the transfer map, cf. [Hu], IV, §1; 

im(Ver) = { h E G I Ver(g) = hG' for some g E G }; a a 

is 

J is the (normal) subgroup of Ga generated by G~, T and im(Ver); 

R(G) = Ga/J. 

Since G is transitive, the isomorphism class of the group R(G) does 

not depend on the choice of a. The reason for studying R(G) is given 

at the end of this introduction. 

Due to the classification of finite simple groups, cf. [A], all 

doubly transitive permutation groups can be classified, see [cm]. 

In fact, in [NJ this work is announced to be completed by Hering, 

cf. [Hl], [H2]. Although this classification seems to be complete, 

we safely speak about the known doubly transitive permutation groups. 

For all of these groups we compute R(G) in this paper. The result 

is stated in the following theorem. Throughout the paper, p denotes 

a prime number, and q = pf for a positive integer f. 

THEOREM 1.1. Let G be a known doubly transitive permutation group 

on a finite set. Then R(G) is cyclic. Moreover, R(G) is trivial 

except for the following cases: 

(a) G = { x 1+ acri(x) +b I a, b E JF
2
f, a ,f, 0, i E }, on the 

elements of JF
2
f, where f is a 2-power and a is a generator 

of Aut (JF f); in this case we have IR(G) I = 2; 
2 

(b) PS1(2,q) G Pfl(2,q), on the points of JP 1 (JF ); let 
q 

k = [Pfl(2,q): G.PG1(2,q)]; in this case we have 

(pk-1)/2 if pis odd and G PE1(2,q), 
IR(G) I { k 

p -1 otherwise; 
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(c) 

(d) 

(e) 

II-2 

PSU(3,q) G PfU(3,q) on the points of a unital; let 

k = [Pru (3 ,q) : G.PGU (3 ,q) J, and 

1 if 2f/k is even, 
E = { 

½ if 2f/k is odd; 

in this case we have IR(G) I 

kE (p -1)/2E 
{ kE 
p -1 

if p is odd, 

if p is even; 

2 G Aut( G2 (q)) on the points of a unital, for q 
2 

IR(G) I 

let k = [Aut( G2 (q)): G]; in this case we have 

(3k-1)/2; 

Aut( 2
B2 (q)) on the points of an ovoid, for q 

m 2c l; let k 

IR(G) I = 2k -1. 

2 [Aut ( B2 (q)) : G]; in this case we have 

Thus, surprisingly, it turns out that the only known doubly 

transitive permutation groups G for which R(G) is non-trivial, occur 

among the groups of Lie type of rank one, and their doubly transitive 

parabolic subgroups, cf. [Ct]. 

We conclude this introduction by motivating the study of R(G). 

Let G be a transitive permutation group on the finite set Q. Define 

a G-field to be a number field K of degree \Q\ over~ for which 

G is the Galois group of the normal closure N of Kover ID, and the 

action of G on the IQI embeddings of K into N corresponds to the 

action on Q. Let O be the ring of integers of K. As in [Z] the field 

K is defined to be a P6lya field if the free 0-module 

{ f e K[X] I f[OJ c O} 

admits an 0-basis {f. }~ 0 such that deg(f1..) = i for i = O, 1, 2, ... 1. 1.= 
The group R(G) arises naturally in this context, as is shown by the 

following result, cf. [ZJ, theorem 6.7: 

TijEOREM 1.2. Let K be a G-field. Assume that TI 0 and assume that 

K is a P6lya field. Then the class group of K is isomorphic to a 

factor group of R(G). 
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Remark that for G doubly transitive the condition T # 0 is 

always fulfilled. An immediate consequence of 1.1 and 1.2 is the 

following corollary. 

COROLLARY 1.3. Let G be a known doubly transitive permutation group, 

not of one of the types (a), (b), (c), (d), (e) of 1.1. Let K be 

a G-field which is a P6lya field. Then the class group of K is 

trivial. 

2. THE DOUBLY TRANSITIVE GROUPS. 

The table below comprises all known finite doubly transitive 

permutation groups. For the groups without a regular normal subgroup 

we refer to [cm] and [K]; for groups having a regular normal subgroup 

we refer to [H1]. The groups of the types (1) to (12) are of the 

former type, the groups of the types (13) to (21) are of the latter 

type. As stated before this list is expected to contain all finite 

doubly transitive permutation groups. 
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TABLE. The known doubly transitive permutation groups G on a finite 

set Q. 

G Q restrictions 

s , A n symbols n z 2, n z 4 n n n-1 PSl(n,q) $ G $ Pfl(n,q) (qn-1)/(q-1) points of ]P (JF ) n z 2 
3 q 

PSU(3,q) $ G $ PI'U(3,q) q +1 points of a unital 

( 1) 

(2) 

(3) 

(4) 

(5) 

(6) 

2 
G2(q) ,,; G $ 

2 Aut( G2 (q)) 3 points of _ 32m+l >l q +1 a unital q- ,m-
2 

B2 (q) ,,; G ,,; 2 Aut( B2 (q)) 

Sp(2m,2) 

(7) PS1(2,11) 

(8) A7 
(9 ) Mll' M12' M22' 

Aut(M22), M23' M24 

(10) Mll 

( 11) HS 

(12) Co.3 

(13) (*) Sl(d,q) SG
0

,";fl(d,q) 

(14) (*) Sp(2d,q) <l GO 

( 15) (*) G2(q) <l GO 

( 16) (*) E <l G (**) 
0 

( 17) (*) G~
00

) "'Sl(2,5) (***) 

(18) (*) GO "'A6 
( 19) (*) GO "' A7 
(20) (*) GO "' Sl(2,13) 

(21) (*) GO "' PSU(3,3) 

q 2+1 points of an ovoid _ 22m+l >l q- ,m-
2m-1 (2m:!:1) non-degenerate 

quadrics 

11 points of a block design 

15 points of JP
3 (JF 2 ) 

11, 12, 22, 22, 23, 24 

points of a Steiner system 

12 points of a 3-design 

176 points of a design 

m z 3 

276 points in the Leech lattice 
(lF ) d d z 1 

q 
(lF ) 2d d z 2 q f (lF ) 6 q=2 

4q 2 
(JF3) , (JFq) q= 3,5,7,11,23 

(JF ) 2 q=9,11,19,29,59 
q 4 

(JF 2> 
4 

(JF 2) 
6 

(JF 3> 
(JF ) 6 

2 

(*) G is generated by G0 and '2; as an elementary abelian (additive) 

group, Q is considered here as a permutation group on itself. 

(**) Eis an extraspecial group of order 2n+l, where n is defined 

by 1'21 = pn. 

(***) G~
00

) is the last term of the commutator series of G
0

. 
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3. THE PROOF OF THE THEOREM. 

For the proof of theorem 1.1 we need two lemmas. 

LEMMA 3.1. Leth E Ga have at least three fixed points in Q (i.e., 

a and at least two other points). Then his contained in the subgroup 

of Ga generated by T. 

This lemma is an immediate consequence of lemma 6.3 in [z]. 

LEMMA 3.2. Let g E G have at least three fixed points in Q. Then 

Ver(g) is contained in the subgroup of Ga/G~ generated by T modulo G~. 

PROOF. We may identify Q with the set of right cosets of Ga in G, 

while the action of G on Q is: 

As mentioned in [z], section 6, we have 

t fi -1 
Ver (g) = (TTi=l si g si ) G~. 

Here g E G decomposes into t disjoint cycles of lengths f 1 , f 2 ,.. ft' 

while a fixed point is considered as a cycle of length one, and 

Gs. is an element of the i-th cycle of g, i = 1, ... , t. Each element 
a l. 

is contained in Ga Furthermore, 

according to 3.1 it is contained 

t fi -1 
TTi=lsig Si E <T>, 

so 

fi -1 
sig si has 

in the group 

which concludes the proof of lemma 3.2. 

at least 3 fixed points; 

generated by T. Hence 
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We shall give the proof of theorem 1.1 by computing R(G) for 

each of the doubly transitive groups listed in the table. If Fis a 

field and o is a field automorphism of F, we denote by Fo the field 

of all elements of F fixed by o. If 

g E PGl (n,q), 

we shall sometimes sloppily present gas a matrix while in fact this 

matrix is determined by g only up to a scalar factor. 

The cases (1), (2) and (7) have been dealt with in [Z]; case 

(2) corresponds to part (b) of theorem 1.1. In case (1) the group 

R(G} is trivial except for 

G = s4 PG1(2,3) and G =As~ PG1(2,4), 

which are included in case (2). In case (7) the group R(G) is also 

trivial. 

We now compute R(G) for the other cases; cases (3), (4), (5), 

(13) correspond to the parts (c), (d), (e), (a) of theorem 1.1 

respectively. 

(3) Denote the involutory automorphism of JF 2 (whose fixed field 
q 

is JF ) by q 

XI+ X, 

and let Q: JF:2 -+ JF q 2 be the hermitian form given by 

Q(~) = xlx2 + x2x1 + x3x3 
3 where x (x

1
,x

2
,x

3
) E JF 2 . 

q 2 
By definition GU(3,q) is the subgroup of Gl(3,q) consisting of 

the transformations stabilizing 

U = { x E JF3 
2 I Q (~) 0 } , 

q 

and PGU(3,q) is its projective image. Now 

PfU(3,q) = PGU(3,q) .Aut(JF 
2

) 
q 

is viewed as a permutation group on the set~ of projective points 
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corresponding to elements of U, and 

Set a 

2 PSU(3,q) = PfU(3,q) n PS1(3,q). 

f1,o,ol. Then a En and 

PGU(3,q)a, ad gg 1, db+ bd + ff 0, 

ca.+ fg = o } 

Note that the centre of GU(3,q) is 

{ " E ]F'* I :,\\ = 1 }. 
q2 

Put k = [PfU(3,q): G.PGU(3,q)] and choose a generator cr of 

Au t ( JF' 2 ) . Then 
q 

G.PGU (3 ,q) k <PGU (3 ,q) , rJ > 

Definer by 

and let N 

or 

]F' 
r 

]F' 
q 

ak 
n JF' 2' q 

]F' + ]F' 
q2 r 

be the norm map. Then either 

k 
r = pk, 2f/k is even, and JF'cr c 

q2 
]F' , 

q 

r = pk/2, 2f/k is odd, and JF'crk ¢ JF' 
q2 q" 

* Consider the map PfU(3,q)a, + JF'r given by 

Acrt N(a2) if 2f/k is even, 

Acrt N(a) if 2f/k is odd, 

for t E 2Z , 

A [a b cl 0 d 0 
0 f g 

E PGU(3,q), 

and denote by¢ its restriction to Ga. Note that¢ is well defined 

as N(g) = 1 whenever gg = 1. 

We claim that J = ker(¢). This obviously proves that R(G) is 

cyclic of order as mentioned in 1.l{c). 

First we show that an element of the shape 

77 
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T {h,t) 
[

1 o ol t 0 1 0 cr E PfU(3,q)a 
0 0 h 

has at least three fixed points inn. We distinguish three cases. 

Set T = T(h,t). 

Let p = 2. Then T has at least three fixed points f1,1,ol, 

f1,o,07, fo,1,ol inn. 

Lett be even. Then there are p elements y of lF 2 satisfying 
p 

y + y = O, and T has at least p + 1 fixed points fl,y,ol, fo,1,ol 

in Q. 
t 

Let t be odd and pf,. 2. Let lF lFcr 2. Then lF is contained 
s q s 

in lF q' and 

N 
]F 2/JF 

(h) = 1 since N 
JF 2/lF 

(h) = hh 1. 
q s q q 

* t -1 According to Hilbert 90 there exists z E lF 2 with h = z(cr (z)) . 
-1 - q 

Let y = (-2) zz, then T has at least three fixed points 

f1,o,ol, fo,1,07, f1,y,zl 

in Q. Note that the last one is fixed by T since 

-1 - -1 - t - -1 t -y = (-2) zz = (-2) hhcr (zz) = (-2) cr (zz) t cr (y). 

We conclude that in all cases T has at least three fixed points in Q. 

In order to prove that ker(¢) c J, we remark that ker(¢) is 

generated by elements of the types 

T (h,t), 
[~
1 b! gc0] with ff,. 0, and 

Elements of the type -r(h,t) are contained in J by 3.1. Elements of 

the second type are contained in Tc J since their matrices have no 

eigenvectors but multiples of (1,0,0). 

In order to handle the third type, we distinguish three cases. 

Choose h E JF* 2 such that -r(h,k) E G. Let 
q 

A= r~ a~l g l E ker(¢). 
O O a:a-1 

If 2f/k is even, i.e. 
crk 

lF c lF , and N(a) 
q2 q 

1, then choose 
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* by Hilbert 90 an element e E JF 2 with a= 
q 

[
e O O } [e-1 A T(h,k) 0 e-1 0 (h,k)-l 0 
o o ee-1 0 

is contained in G' c J. 
ct 

-1 k e cr (e) . Now 

0 

etll 
e 
0 

If 2f/k is even and N(a) = -1, then N(aa) 
2 

(N(a)) = 1. By 
* Hilbert 90 we can choose e E JF 2 q 

e + e e + crf (e} = e (1 

such that aa e-lcrk(e). We have 

+ n (f/k)-1 ik( -1 k( )) 
i=0 cr e cr e 

e(l + n!~~k)-l crik(ai)) = e (1 + N(a)) = 0; 

hence fl,e,ol E Q. Now AT(h,k) has at least three fixed points 

f1,o,ol, fo,1,ol, f1,e,ol 

in Q, and is contained in <T> c J by 3.1. Since T(h,k) E J we get 

Ac J. 

79 

If 2f/k is odd and N(a) = 1, then aa E JF and NJE /JF (a) = 1. 
q q I 

By Hilbert 90 in the extension JF /JF 
-1 k q r 

that aa = e cr (e). Choose 

k * ( JFcr ) 
q2 

n E 

we can choose e E JF such q 

such that n + n = 0. Since e = e, we have fl,ne,ol E Q. Now AT(h,k) 

has at least three fixed points 

f1,o,ol, fo,1,07, f1,ne,ol 

in Q, and A E J as above. 

In all three cases we have A E J. We conclude that ker(¢) c J. 

As for proving Jc ker(¢), note that it is immediate that 

G' c ker(¢). Furthermore, if q > 2, then Ver[PSU(3,q)] is trivial 
ct 

since PSU(3,q) is simple; for q = 2 there is nothing to prove since 

ker(¢) Get. By 3.2 we have Ver(T(h,t)) E <T> for all h, t for which 

T(h,t) E G. Since G is generated by PSU(3,q) and elements T(h,t), 

we obtain im(Ver) c <T>. 

It remains to prove that Tc ker(¢). Let 
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[a b cl B = 0 d O akt 
0 f g 

be an arbitrary element of Ga'ker(¢}. If 2f/k is even then N(a) i ±1 

and if 2f/k is odd then N(a) i 1. 

A fixed point of Bin 11'--{11,0,0l} must be of the form fx,1,zl 

with 

and 
kt f + ga (z} dz. 

Let aakt(x) - dx = 0 for some x E lF'*
2

, then x-lakt(x) = (aa)-l and 
q 

l = TT(2f/k)-1 ik( kt( )-1) = TT(2f/k)-1 ik( -) i=O a xa x i
7

0 a aa. 
If 2f/k is even, then the right hand term is equal to N(a) 2 , if 2f/k 

is odd, then it is equal to N(a); in both cases we have a contra-

diction. Hence the additive map 

x I+ aakt(x) - dx 

on lF' 2 is injective. The same can be said about the additive map 
q 

Consequently, there is precisely one point lx,1,zl fixed by B. 

We do not yet know if it is contained in~; we see that at most 

one point in 11'--{11,0,0l} is fixed by B. But Ga and ker(¢) are both 

transitive on ~{11,0,0l}, so the average number of points in 

~{11,0,0l} fixed by an element of Ga"-,ker(¢) is one. Hence each 

BE Ga"-,ker(¢) has precisely one fixed point in ~{11,0,0l} and is 

therefore not contained in T. This establishes Tc ker(¢}, so we 

are finished with (3). 

(4) Let q = 3 2m+l, m 1, and let a be the field automorphism of 

lF' for which q 

a 2 (x) 3 
X 1 X E ]F' • 

q 
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Denote by w(x,y,z) for x, y, z E JF the point f x,y,z,1,u,v,wl E JP
6 (JF ) , 

q q 
where 

2 xz + er(y) 3 
u X y + - x er (x) , 

er (xy) + er (z) 2 3 2 
V + xy - yz - x er(x) 

2 w -z - xv - yu. 

Put a= fo,0,0,0,0,0,ll and let Q be the set consisting of a and 

all w(x,y,z) for x, y, z E JF. q 
By definition 2G2 (q) is the subgroup of PG1(7,q) stabilizing 

2 
Q setwise, see [T]. Furthermore, Aut( G2 (q)) is the subgroup of Pfl(7,q) 

stabilizing Q, i.e., 

2 Aut( G2 (q)) 

see [R]. For any (a,b,c) E JF 3 there is a unique transformation q 
PG1(7,q) such that u b a= a and a, ,c 

u b w(x,y,z) = w(x+a,er(a)x+y+b,(aer(a)-b)x+ay+z+c). a, ,c 

Thus 

u = 

is a subgroup 

hd E PS1(7,q) 

{u I a, b, c E JF } a,b,c q 
2 of G2 (q)a. Moreover, ford E 

corresponding to the diagonal 

* JFq, the transformation 

matrix with entries 

(d-ler(d-1) -1 -2 -1 2 , d , 1 , d er (d ) , d , der (d) , d er (d)) 

on the main diagonal 2 
belongs to G2 (q)a. We have 

2 w(dx,der(d)y,d er(d)z) 

for x, y, z E JF . Due to [T] we have q 

2G2(q)a = u.{hd I d 

As a matter of 2 
is generated by G2 (q)a and 

the element of PG1(7,q) corresponding to the linear transformation 

of JF; permuting the basis vectors according to the permutation 

(16) (25) (47). 
2 2 Suppose G2 (q) G Aut( G

2
(q)). Write 

2 k=[Aut(G2 (q)) :G] 

and choose T E Aut (F ) such that G 
q 

JF ]FT 
q q 
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be the norm map and denote by¢ the map from G to (IF'T)* given by 
Cl q 

for a, b, c, d E lF , d ,f 0, t E ?Z. We claim that J = ker(<p). 
q 

From this claim, part (d) of the theorem follows immediately. 

First of all, U is regular on Sl'-{a} and T fixes at least three 

points of n, so that 

U.Aut(JF ) c J n ker(¢}. 
q 

* next, suppose hd E ker(¢) for some d E lF. Since N(dcr(d)) 1, 
* q 

there exists some y E lFq with 

y-lT(y) d-lcr(d)-l 

by Hilbert 90. As a, w(0,0,0) and w(0,y,0) are three distinct points 

of n fixed by hdT, we obtain from 3.1 that hdT and hence hd is 

contained in J. This settles ker(<p) c J. 

As for proving Jc ker(¢), it is clear that G~ c ker(¢). 

Suppose 

h = T-th u k (¢) a-1 a,b,c E Ga' er , 

where t E ?Z and a, b, c, d E lF with d ,f 0. If h fixes w(x,y,z), q 
then 

X + a 
t 

cr(a)x + y + b = dcr(d)T (y), 

(acr(a} - b)x + ay + z + c 
2 t dcr(d)T(z). 

Since N(d), N(dcr(d)), N(d2cr(d)) ,f 1 as N(d2) ,f 1, we obtain similarly 

to the proof of (3) that there is a unique w(x,y,z) E Q---{a} fixed 

by h. This implies that 

Ga'ker(¢) c Ga'T, whence Tc ker(¢). 

It remains to prove that im(Ver) c ker(<p). Since 2G2 (q) is 
2 simple, the map Ver is trivial on G2 (q}. Further T has at least 

28 c 3 fixed points 

a, w(x,y,z), x, y, z E JF 3 , 

inn_, so Ver(T} E <T> by 3.2. Hence 

2 im(Ver) = Ver[< G
2

(q) ,T>] c <T> c ker(<p), 

which concludes (4). 
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(5) Let q = 22m+l, m 1, and let a be the field automorphism of 

]F for which 
q 

2 
X , XE ]F • 

q 

Denote by w (x, y) for x, y E ]F the point 
q 

Put a = 

f1,x,y,cr(y)+x2cr(x)+xyl E JE>
3 (JF ). q 

fo,0,0,17 and let Q be the set consisting of a and all 

w(x,y) for x, y E ]F. Then q 
2 

B2 (q) is by definition the subgroup 

of PG1(4,q) stabilizing Q setwise, see [Ll]. Furthermore, we have 

2 2 
Aut ( B2 (q)) = B2 (q) .Aut (JF q) , 

2 see [SJ. For any (a,b) E ]F there is a unique transformation q 
ua,b E PG1(4,q) such that 

and 

Thus 

u bw(x,y) a, w(x+a,y+cr(a)x+b), x, y E F . q 

U = {u b I a, b E ]F } a, q 
2 is a subgroup of B2 (q)a, regular on Q--..{a}. Moreover, for d E ]F* 

q 

83 

the transformation hd E PG1(4,q) 

with main diagonal entries 

corresponding to the diagonal matrix 

(1, d, dcr(d), d 2a(d)) 

2 belongs to B2 (q)a. We have 

hdw(x,y) = w(dx,dcr(d)y), x, y E JFq. 

Due to [L1], we have 

2 2 As a matter of fact, B2 (q) is generated by B2 (q)a and the projective 

linear transformation permuting the basis vectors according to the 

permutation (14) (23). 

Suppose 
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Write k 2 2 [Aut( B2 (q)): B2 (q)] and choose TE Aut(JFq) such that 

2 
G B

2
(q) .<T>. 

Let N : JF + JF T be the norm map and denote by <j, the map from 
q q 

G to (JFT )* given by 
a, q 

t <j,(ua,bhdT ) = N(d), a, b, d E JFq, d ,f 0, t E lZ. 

We claim that J = ker(<j,). Obviously, part (e) of the theorem 

results from this claim. 

As in the previous case, it is easily derived that 

U.Aut(JF ) c J n ker(<j,). q 

* Suppose hd E ker(<j,) for some d E JF Since N(d) = 1, there is 
* -1 -1 q x E JF with x T(x) = d by Hilbert 90. As a., w(0,0) and w(x,0) 
q 

are distinct points of Q fixed by hdT, we obtain from 3.1 that 

hdT and hence hd is contained in J. So far, we have shown that 

ker(<j,) c J. 

Conversely, suppose 

where a, b, d E 

then 

JF , d ,f 0, t E lZ. 
q 

X + a = dT t (x) , 

If h fixes w(x,y) E rt--{a.}, 

t y + cr(a)x + b = dcr(d)T (y). 

Since N(dcr(d)) ,f 1 whenever N(d) ,fl an argument similar to the 

one in the proof of (3) and (4) shows that h has a unique fixed 

point in Q--..{a,}. Therefore, we have Tc ker(<j,). We have G~ c ker(<j,) 

obviously. The element T has at least 5 3 fixed points 

a., w(x,y), x, y E F 2 , 

in Q, so 

im(Ver) c <T> c ker(<j,) 

as in the proof of (4). Hence Jc ker(<j,). This ends the proof of 

(5), corresponding to part (e) of 1.1. 
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(6) Assume m 3; if m = 2, then Sp(2m,2) s6 PL1(2,9) on 6 

or 10 points; these cases occur in (1) and (2). 

) ]F
2m Consider the bilinear form(.,. on 2 defined by 

(x,y) = x1y2 + x2y1+ .... + x2m-1y2m + x2my2m-1, 

2m 
forx= (xi), y= (yi) E JF2 . 

For£= ±1, let G£ be the subgroup of PG1(2m,2) preserving (.,.), 

viewed as a permutation group on the set of non-degenerate quadratic 
2m forms on JF 2 of Witt index m + ½(£ - 1). Let a£ for£= ±1 be 

h d . f 2m . b t e qua ratic orm on JF 2 given y 

and 
2 2 

a_1 (x) = al (x) + x2m-1 + x2m' 
2m £ for x = (xi) E JF2 . Then Ga£ is the full orthogonal group with 

respect to a£ of order 

2m2-m+1 (2m - £)~=~ (4i - 1). 

For a E JF~m, define ua E Gl(2m,2) by 

Any orthogonal transvection with respect to a £' see [DJ, is of the 
2m . h form u for some a E JF 2 wit a (a) = 1. Since such u fix at least 

a £ a 
three non-degenerate quadratic forms of Witt index m + ½(£ - 1) , 

they are elements of <T> by 3.1, and hence of J. 

generated by transvections, see [D], this yields 

£ 
Because Ga£ is 

£ 
J = Ga£· 

Thus R(G£) is trivial, which we had to prove for case (6). 

(8) We have G = A7 on the 15 points of JP
3 (JF 2 ) . The stabilizer of 

a point is the simple group S1(3,2). Hence R(G) is trivial. 
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(9) The cases G = M11 , M23 on 11, 23 points respectively have 

been dealt with in [z], section 7. The groups M
12

, M22 , M24 on 

12, 22, 24 points respectively have stabilizers isomorphic to the 

simple groups M
11

, PS1(3,4), M23 , so that R(G) is trivial in these 

cases too. 

As for the remaining possibility, G = Aut(M22 J, the stabilizer 
2 of a point is equivalent to Pfl(3,4) on the 21 points of JP (JF4 ), 

as permutation group on the remaining points, see [L2]. Since the 

generator of Aut(JF4 ) in this group fixes 7 points and the commutator 

subgroup of Pf1(3,4) is PS1(3,4), it follows that J = Ga' so that 

R(G) is trivial. 

(10) We have G = M11 on the 12 points of a Hadamard 3-design. The 

stabilizer in G of one point is isomorphic to PS1(2,11). Since this 

group is simple, the group R(G) is trivial. 

(11) The group G = HS is the simple group of D. G. Higman and C. C. 

Sims acting on the 176 points of a 2-design. The stabilizer of one 

point is isomorphic to P~U(3,5) of order 25 .3 2 .53 .7. The simple 

group PSU(3,5) has index 2 in the stabilizer, while P~U(3,5)'PSU(3,5) 

contains involutions that have 12 fixed points, see [Fr]. From 3.1 

we obtain that R(G) is trivial. 

(12} The group G = Co.3 is Conway's simple group .3 on a set of 

276 points. The stabilizer of a point is isomorphic to Aut(Mc), 

where Mc stands for McLaughlin's simple group of order 27 .36 .53 .7.11. 

Since Mc has index 2 in Aut(Mc), and Aut(Mc)'Mc contains an involution 

with 12 fixed points, see [Fi], we obtain from 3.1 that R(G} is 

trivial. 
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The remaining part of the table (cases (13) to (21)) lists 

all sub~roups G
0 

of fl(d,q) for which the action of G0 on 

(JF l d, 
fq 

is transitive. The group G is generated by G
0 

and 

(lFq)d. Let a= O, then Ga= G0 . As always let q p for 

(lF )d..._{o} 
q 

acting on 

p prime. 

Assume that p > 2; let g E G0'T. Then g has at least one fixed 

point a -/ O in Q (JF ) d. But then Aa is also a fixed point in S1 
* q 

for each A E JFP. From 3.1 we see that g E <T>, hence <T> = G
0 

and 

R(G) is trivial. Thus, for the cases (13) to (21) we may restrict to 

p = 2. 

(13) 
f Assumed> 1. The group G

0 
is generated by Sl(d,2) and elements 

of the type 

1 0 ... 0 
0 1 

A rJ 
. 1 0 

0 ... 0 a 

* with a E JF
2
f, a E Aut(JF

2
f). If d > 2 or <a>-/ Aut(JF

2
f) then A has 

at least 4 fixed points 

(b1,b2, ... ,bd-1'0) 

rJ for b. E lF f' i = 1, ... , d-1, and we get A E <T> by 3.1. 
l 2 * 
If d = 2 and <a>= Aut(JF

2
f) then choose b E JF

2
f with a 

Then 

(1,0), (1,b), (O,b), (0,0) 

are all fixed points of A, so again A E <T> by 3.1. 

-1 ba(b ) • 

If GO-/ S1(2,2), then we have Sl(d,2f) c GO c J. If GO= S1(2,2) 

then G z s4 z PG1(2,3), for which we found R(G) z zz:/2zz: in (2). This 

case is covered by part (b) of the theorem. 

In all cases, except for G0 = S1(2,2), we obtain J = G0 , and so 

R(G) is trivial. 
* It remains to consider d = 1, i.e., G

0 
c <JF

2
f,Aut(JF

2
f)> 

acting on S1 = lF f" Such a group can be written as 
2 

G0 = <a,ba>, 

* with G0 n F
2

f = <a>; a, * b Ell"
2
f' a E Aut(ll"

2
f). Since G0 is transitive 
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on rt---{O}, we may assume that b generates JF* and a f 1. If cr does 
2f 

not generate Aut(JF f), then both a and bcr have no fixed points in 
2 

rt---{O}, hence 

G
0 

c <T> c J, 

and R(G) is trivial. Next assume that cr generates Aut(JF f) and a 
* 2 2 does not generate JF f We may assume that cr(b) = b, then we have 
2 m 

ak(bcr)m(1) = a~2 -l 

for integers k and m. For no values of k and m this expression equals 

b- 1 ; this contradicts the fact that GO is transitive on rt---{O}. It 
* remains to consider G

0 
= <JF 

2
f, Aut (JF 

2
f) >; let cr generate Aut (JF 

2
f). 

If f is not a prime power, then choose a generating set {p,T} 

for Aut(JF
2
f) such that none of its elements generates Aut(JF

2
f);e.g., 

if m, n are non-trivial divisors off with gcd(m,n) = 1, then choose 

T = crm and p = crn. Then both T and pare contained in <T> since they 

have at least 4 fixed points, so 

* Go = < JF 2f' P 'T> c <T> c J' 

and R(G) is trivial. 

For the remaining case let f be some power of a prime number r. 

As above, we have 

* r < JF f, cr > c <T> . 
2 

m If acr * r m E G
0
'-<JF f'cr >, then cr generates Aut(JF f), and by Hilbert 90 

2 * m there exists x E JF f with acr (x) = x. Hence acr i T, and we obtain 
2 

* r <JFf,cr> 
2 

We see that R(G) is cyclic of order r or 1; it remains to compute 

im(Ver). The group 

G = {x 1+ acr (x) + b I a, b E 

is generated by 

JF f' a f O} 
2 

gb = (x f+ x + b), ha = (x 1+ ax), a, b E * JF f, and cr. 
2 

We use the notation from the proof of 3.2; elements of im(Ver) are 
* considered modulo G0. For b E JF
2
f, all of the orbits of gb have 

length 2. So 

1, 
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2 since gb = 1. If a /, 1 then O is the only fixed point of ha. Moreover, 
hk 

a 
h k for any positive integer k. Thus 

a 
t fi -1 

Ver (ha) = TTi=l Si ha si 

We have h 
f. -1 

ET and s.h 1.s_ 
l. a l. 

E <T> for f. 2 2; the latter since 
l. f· a 

h 1. h 
a afi 

has at least 1 + fi 2 3 fixed points. So 

The element cr has exactly 2 fixed points O and 1. For the si corres-

ponding to these two points, we may choose the identity and 

S = (X I+ X + 1) 

respectively. As for ha' we get 

fi -1 
TT s . cr s . E <T> . 

fi>l 1. 1. 

Modulo <T> we have 

-1 2 ver(cr) = crscrs cr 

Hence J is generated by T and cr 2 . Since cr 2 is trivial in GO/<T> if 

and only if r = 2, we conclude that 

R (G) "' ZZ/2:ZZ 

for r 2, and that R(G) is trivial for r /, 2. This finishes case (13). 

(14) The group G
O 

contains Sp(2d,2f) as a normal subgroup. Let q 2f. 

First we show that the condition on GO is equivalent to 

* Sp(2d,q) 5 GO 5 (lF x Sp(2d,q)) .Aut(JF ) . 
q q 

According to [ct] and [D] we have 

Aut (Sp (2d,q)) 

ford> 2, and 

Sp(2d,q) .Aut(JF ) 
q 

Aut(Sp(4,q)) = Sp(4,q) .Aut(F ) .<o>, q 

where o is a "graph"-automorphism, interchanging transvections and 

(2,2)-involutions of Sp(4,q). 
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Let g E f1(2d,q) normalize Sp(2d,q). Then g induces an automorphism 

g of Sp(2d,q). If d = 2, and 

g E Sp(4,q) .Aut(F ) . o, 
q 

then g would send the set of fixed points of a transvection into the 

set of fixed points of a (2,2)-involution, i.e., a 3-dimensional 

linear subspace into a 2-dimensional one, which is absurd. Hence 

g E Sp(2d,q) .Aut(F ) , q 

for any d > 1. It follows that there exist A E f1(2d,q) centralizing 

Sp(2d,q) and h E Sp(2d,q) .Aut(F ) such that g = h\. By Schur's lemma 
q * 

and [H1], the element\ is a homothety by an element of F. This q 
shows 

* Sp(2d,q) $Go$ (F x Sp(2d,q)) .Aut(F ) . q q 

If -r E F* .Aut (F ) has a fixed point in (F ) 2d distinct from O, 
q q q 

then that fixed point has a coefficient a f 0. But then each element 

of (F ) 2d with coefficients O and a is a fixed point, and since 
q 2d 

there are 2 2 3 of them, we have -r E <T> by 3.1. 

It remains to show that 

Sp(2d,q) c J. 

Since Sp(2,q) = S1(2,q) was considered in (13), we may restrict to 

d 2 2. If d and q are not both equal to 2, the assertion is clear 

since then Sp(2d,q) is equal to its commutator subgroup as a simple 

group. Ford and q both equal to 2, we have 

Sp(4,2) "' s6 , 

4 where the action of Sp(4,2) on (F2 ) ,{o} corresponds to the action 

of s
6 

on the 15 2-cycles on 6 symbols. One 2-cycle in s
6 

leaves 

(4 ) = 6 2 2 of these 2-cycles invariant, hence <T> contains a 2-cycle 
2 

by 3.1. Since s6 is generated by s6 and a 2-cycle, this proves 

This concludes (14). 
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(15) * f (JF 
2

f X G2 (2 ) ) .Aut(JF 
2
f). 

* we obtain G0 n (JF f.Aut(JF fl) 
f 2 2 

that G
2

(2) c J. For f > 1 this 

c <T> as in (14). It remains to show 

is clear since G
2

(2f)' G
2

(2f) as 

a simple group. 

Let f = 1. We have 

where a E G2 (2) generates a root subgroup of G
2

(2) of order 2, in the 

terminology of [ct]. Moreover, the action of G2 (2) on the 63 nonzero 

vectors can be identified with the action of the group on the points 

of the classical generalized hexagon of order (2,2), in which a is 

known to fix 7 points. So a E J by 3.1, hence G
2

(2) c J, thus finish-

ing (15). 

(16), (17), (20). The group R(G) is trivial since pi 2. 

(18), (19), (21). The group R(G) is trivial since GO 

simple group. 

This concludes the proof of theorem 1.1. 

is a 
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E(:E_): H (G,{±1}) + {±1} 
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is defined. This local symbol has a global restriction: the product 
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KEY WORDS: 

number field, ramification, Brauer group, P6lya field. 

1980 MATHEMATICAL SUBJECT CLASSIFICATION: 

12A40, 12A60. 





95 
III-1 

GLOBAL RESTRICTIONS ON RAMIFICATION IN NUMBER FIELDS. 

1. INTRODUCTION. 

Let M/K be a normal extension of number fields with Galois group 

G. Let G act trivially on {±1}. In this paper we define for each 

prime R. of Ka group homomorphism 

2 E:(R_): H (G,{±1}) {±1}, 

which is trivial for R. unramified in M/K. This map has the following 

property (proposition 2.1): 

2 For all a EH (G,{±1}) we have 

TT E: (R_) (a) = 1 , 
R. 

where the product runs over all finite and infinite primes of K. 

The proof makes use of the structure of Brauer groups of global 

fields. 
2 For a EH (G,{±1}) we can determine E:(R_) (a) as follows. Let a 

correspond to the extension 

0 {±1} G 0. 

Let G 
R. 

be the Galois group of the algebraic closure of K over K; 
p p 

there is a natural map p: G 
R. 

-+ G. Now E:(R_) (a) = 1 if and-only if-

there exists a group homomorphism j'5: G 
R. 

X for which ~op= p. 

For infinite primes R. the group G 
R. 

contains either one or two 

elements, and computing E:(R_) (a) is easy. 

For odd primes R. we give a description how to compute E:(R_) (a,) 

in terms of a, the norm of R_, the decomposition group, the inertia 

group and the Frobenius element; see 3.1. Further we give in section 3 

a relation to Stickelberger's congruence and to the quadratic 

reciprocity law. 

For even primes R. computing E:(R_) (a,) is more difficult; we only 

give results in the abelian case in 4.1 and 4.2. 

Originally this paper was motivated by the result of section 5. 

In 5.1 a P6lya field is defined as a number field with a particular 
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condition on the module of integer valued polynomials, which was 

first investigated by G. P6lya, [P], in 1919. A number field with a 

trivial class group is always a P6lya field. In the study of P6lya 

fields in [z] an exceptional role was played by quartic fields for 

which the Galois group of the normal closure over@ is isomorphic 

to s 4 • Using the methods of [z] it could only be proven that for 

such a P6lya field K the class number h(K) is either one or two. In 

section 5 we assume that h(K) = 2, and derive many restrictions on 

the ramification behaviour in K. Ultimately in 5.5 a contradiction 

to the product formula 2.1 is found, so that a quartic number field 

K of this type is a P6lya field if and only if h(K) = 1. 

2. BASIC FACTS. 

Let M/K be a normal extension of number fields, let G = Gal(M/K). 

Let K be an algebraic closure of K containing M. For each prime l2. 
of K choose a place of K above )2_, which is also denoted by 12.· Let 

G be the decomposition group of l2. in M/K. Write G = Gal(K/K) and 
_12. 
G 

l2. 
Gal(K /K ). The short exact sequence 

l2. l2. 

o {±1} i* i* o, 
l2. l2. 

denotes taking the square, gives rise to an exact sequence 

D Br (K ) Br (K ) , 
l2. l2. 

where Br(K) = H2 (G ,K*) is the Brauer group of K. This Brauer group 
l2. l2. l2. l2. 

is known to be isomorphic to @/2Z for finite primes, cf. [s1J, 
chapter XIII, prop. 6; it is cyclic of order 2 for l2. real in K, and 

trivial for l2. complex in K. The group 

H1 (G ,K*) 
l2. l2. 

is trivial by Hilbert 90, hence we have 

H2 (G ,{±1}) " {±1} 
l2. 

for finite and real primes. 
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Define 

to be the composition of the maps in the commutative diagram 

2 Res H2 (G ,{±1}) H (G,{±1}) p 
Inf+ Inf-+ 

H2 (G,{±1}) Res H2 (G ,{±1}) " {±1} 
12. 

for finite and real primes )2_; define E()2_) to 
2 primes 12.· Sometimes the map Inf: H (G ,{±1}) 

be trivial for complex 

H2 (G ,{±1}) "{±1} 
12. 12. 

is by abuse of language called E()2_) too. 

PROPOSITION 2.1. If pis unramified in M/K, then E()2_) is trivial. 
2 -

If a EH (G,{±1}), then 

TTE(p)(a)=l, 
12. -

where the product runs over all finite and infinite primes of K. 

PROOF. This is immediate from the structure of the Brauer group of K, 

as is used in deriving class field theory, cf. [CF], chapter VII, 

10.2, theorem B. 

The next proposition is a tool for computing E()2_) in concrete 

situations. 

PROPOSITION 2.2. Let a E H2 (G,{±1}) and let 

0 {±1} X ! G 0 

D 

be the group extension corresponding to a. Let 12. be a prime of Kand 

let p be the composition of the natural maps 

G G G. 
12. 12. 

Then E()2_) (a) 1 if and only if there is a homomorphism 

p: G X 
12. 

such that nop = p. 
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Before proving 2.2 we make some remarks. In terms of fields this 

proposition means that E(:!2_) (a) = 1 if and only if either the exact 

sequence 

(*) 0 {±1} TI-l(G) G 0 
12. 12. 

is split, or there exists a quadratic extension F of M, normal over 
12. 

K, and an isomorphism 
12. 

µ: Gal(F/K) TI-l(G) 
12. 12. 

such that TI 0 µ is the composition of the natural maps 

Gal(F/K) Gal(M /K) G. 
12. 12. 12. 12. 

Because M has only finitely many quadratic extensions, the problem 
p 

of computing E(:!2_) (a) has become finite now. The sequence (*) is 

split if and only if Res(a) is trivial in H
2 (G ,{±1}). 

12. 
be the inertia group in M /K. The group G /I is cyclic, p p p p Let I 

2 12. 
so H (G /I ,{±1}) contains 

p p 
at most on°'e non-trivial element. If also 

- ;nf[H2 (G /I ,{±1})] c H2 (G ,{±1}) 
12. 12. 12. 

contains a non-trivial element a', then for a' the unique unramified 

quadratic extension of M has the required property, so E(12_) (a')= 1. 
12. 

If 12_ is infinite then clearly E(:!2_) (a) = 1 if and only if the 

sequence (*) is split. 

2 -PROOF OF 2.2. The element E(:!2_) (a) of H (G ,{±1}) corresponds to the 
12. 

group extension 

0 {±1} { (x,g) E xxc; [ n(x) 
12. 

where¢ is defined by ¢(x,g) = g. 

P (gl } i & + o, 
12. 

If E(:!2_) (a) = 1, then this sequence is split, i.e. there.exists 

a homomorphism 

1/J: G { (x,g) E xxG [ n(x) = p(g)} 
12. J2. 

for which ¢ 0 1/J is the identity on G. Now choose p to be the composition 
12. 

of 1/J and the projection on the X-coordinate; clearly n°p =pis 

satisfied. 
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Conversely, assume that there exists such a map P. Then the map 

ljJ: G + { (x,g) E Xx G I 1T (x) = p (g) } 
£ £ 

defined by lj.,(g) 

£ (2_) (a) = 1. 

(p(g),g) makes the sequence split, hence 

3. ODD PRIMES. 

Let N(£) be the cardinality and p the characteristic of the 

residue class field of K. Let I and V be the inertia group and 
£ l2. £ 

the first ramification group in M /K, respectively. As in 2.2 let 
2 £ £ 

a EH (G,{±1}) correspond to 

0 + {±1} +Xi G + 0. 

If N(£) is odd then 

{ x E 1r-
1 (v) I order(x) is a p-power} 

£ 
-1 

is a normal subgroup of 1T (G ), isomorphic to V, which we also 
£ £ 

denote by V 
£ 

PROPOSITION 3.1. Let N(£) be odd. Chooses 

1T (s) • I 
p 

is the Frobenius element of G /I • 

that TI(a) .V 
£ 

if 

p p 
is a generator of I /V .-Then 

£ £ 

E 1r-
1 (G) such that 

£ -1 
Choose a E 1T (I) such 

£ 
£(£)(a)= 1 if and only 

PROOF. First assume that M /K is tamely ramified, i.e. Vis trivial. 
£ £ £ 

Let G be the Galois group of the maximal tamely ramified extension 
£,t 

of K over K. Let 
£ E. 

p: G + G 
E_,t £ 

be the natural projection. Now £(E_) (a) 

a homomorphism 

p: G E_,t 

1 if and only if there exists 
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with TT 0 p = p. The group G is known; it is the profinite group on 
:e_,t 

two generators sand a, and one relation 

compare [s2], II 5.6, exercise 1. Heres is a representative in G :e_,t 
of the Frobenius automorphism of the maximal unramified extension 

of K, and a is a generator of the inertia group in G The 
E ~t 

elements sand a may be chosen in such a way that 

p(a) TT(a) and p(s) = TT(s). 

If£(£_) (a)= 1 then there is a homomorphism p with TT 0 p 

p(a) = ±a and p(s) ±s. 

Since N(:e_) is odd and -1 is central in X, we then have 

sa-l s-l aN(:e_) = p(§a-l s-l aN(:e_)) = 1. 

P, so 

1, then defining p(§) =sand p(a) 

gives rise to a homomorphism p with TT 0 p = p, so£(£_) (a)= 1. This 

proves the proposition for the tamely ramified case. 

For the wildly ramified case, i.e. V is not trivial, consider 
E 

the following commutative diagram: 

H2 (G /V ,{±1}) Iaf H2 (G ,{±1}) 
E £ E 

Inf~ ~Inf 

H2 (G ,{±1}) "' {±1} 
£ 

The groups Hi(V ,{±1}) are trivial, i = 1, 2, since [v I is odd. 
E E 

Hence we see from the inflation-restriction sequence that the upper 

arrow is an isomorphism. This isomorphism evaluated in the element 

corresponding to 

0 {±1} TT-l(G )/V G /V 0 
p p p p 

gives exactly Res(a) E H2 (; ,{~1}),-wh-:-ch can be verified directly. 
E 

a 

Remark that G /V is 
p p 

the Galois group of the maximal tamely ramified 

subextension of M /K over K. Applying 
p p p 

tamely ramified extension co;;;-pletes the 

the above result for this 

proof of 3 .1. D 
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PROPOSITION 3.2. Let N(J2_) be odd and 

of G is cyclic and non-trivial. Then p 

assume that the Sylow 2-group 

H2 (G ,{±1}) contains only one p 
non-trivial element a. Assume further that-G /V is abelian. Then p p 
E(J2_) (a) = 1 if and only if 2[I :VJ 

J2. J2. 
is a di visor of N (:!2_) - 1 • 

PROOF. Let S be a Sylow 2-group of G • According to [HJ, IV, 2. 8, 
p 

there exists a normal subgroup N of G -with G /N S. Since Hi(N,{±1}) 
J2. J2. 

is trivial for i = 1, 2, the inflation-restriction sequence gives 

an isomorphism 

Inf: {±1} H2 (G /N,{±1}) H2 (G ,{±1}). 
J2. J2. 

This proves the first part of the proposition. The map 

is injective because Cor 0 Res is 

[G :S], which is odd. So Res(a) 
J2. -1 

the same as multiplication by 

is non-trivial in H2 (s,{±1}), 

hence TI (S) is cyclic for TI corresponding to a. Hence -1 
TI (I )/V 

p p 
is cyclic of order 2[I :V ]. Remark that 

J2. J2. 
G /V is abelian. The second part of the 

J2. J2. 
immediate from 3.1. 

-1 
TI (G )/V p p is abelian if 

proposition is now 

As an example we consider fields M, cyclic of degree 4 over ID, 

in which 2 is unramified. We obtain from 2.1 and 3.2 that for such 

fields the expression 

TT (-1) (p-1)/4 TT (-1) (p-1)/2 
p,ep=4 p,ep=2 

equals 1 if Mis real and equals -1 if Mis complex. Here the 

products run over the prime numbers p, and ep denotes the 

ramification index of pin M/ID. 

REMARK 3.3. Let M/K be quadratic and let 6 be the discriminant of 

M/K. This is an ideal of K. For each odd prime J2. of K, ramified 

in M/K, we have pl6 and p 2{6. If a prime p above 2 is ramified in 

M/K then p 2 16. L:t k be ;he number of inf:nite primes of K ramified 
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in M/K. From 2.1 and 3.2 we now get 

where N denotes the absolute ideal norm. This property can also be 

considered as a direct consequence of Stickelberger's congruence 

in terms of ideles, see [F], theorem 2.6. 

In a table we list all pairs (G ,I) which can occur as a 
R. R. 

decomposition group and an inertia group of a prime in the normal 

closure of a number field extension of degree at most 5. The follow-

ing notation is used: 

C n 
:;z/n:;z; v4 = c 2 x c 2 ; 

2 n (CTp) 2 1 D < CT, p CT p = >; 
n 

4 5 1, -1 2 
LS < T, p T p TPT p >; 

Sn and An are the symmetric and alternating groups on n symbols. 

If there is no restriction, it is indicated in the table by 

For the cases that N(R_) is odd and G has a non-trivial cyclic p 
Sylow 2-group, the result of 3.2 is mentioned in the last column. 

2 Here a is the non-trivial element of H (G ,{±1}). Next we discuss the 
p 

cases in the table with N(p) is odd and G- has no cyclic Sylow 
- p 

2-group; these are cases 6, 9, 21 and 22.-

First case 6, let G 
R. 

= < s, a; s 2 = a 2 = (sa) 2 = 

H2 (G ,{±1}); in all 
R. 

1 >, and 

cases let I = C = <a>. We list all elements of 
R. -1 2 

TI (G) be generated by elements -1, sand a, which map to 1, s, 
p 

a E G ,-respectively, while -1 is central of order 2. 
p 

::-elations in TI-l(G) 

s 2 1, 
2 

s = -1, 
2 s 1, 

s 2 1, 
2 

s = -1, 
2 

s = -1, 
2 s = 1, 
2 

s = -1, 

2 2 R. 
a 1, (sa) 1 

a 2 1, (sa) 2 1 

a 2 =-1, (sa/ 1 

a 2 =1, (sai2=-1 
2 2 a = -1, (sa) = 1 

a 2 = 1, (sa) 2 =-1 

a 2 =-1, (sai2=-1 

a 2 =-1, (sai2=-1 

notation isomorphism 

(0,0,0) 3 
c2 

(1,0, 0) D4 
(0, 1,0) D4 
(0, o, 1) D4 
( 1, 1, 0) c 2 x c 4 
( 1, 0, 1) c 2 x c

4 
(0, 1, 1) c 2 x c 4 
( 1, 1, 1) Q 

-1 type of TI (G ) 
R. 
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TABLE TO SECTION 3. 

no. I G N(£_) 2-rank of if N (J2_) odd then 
J2. J2. 

H2 (G ,{±1}) E(J2_) (a) = 1 ¢,} N (J2_) -
J2. 

c2 c2 1 1 mod 4 

2 c3 c3 0,1 mod 3 0 

3 c3 s3 0,2 mod 3 1 

4 s3 s3 0 mod 3 1 1 mod 4 

5 c2 c4 1 1 mod 4 

6 c2 v4 3 

7 c4 c4 0,1,2 mod 4 1 1 mod 8 

8 v4 v4 0 mod 2 3 

9 c4 D4 0,2,3 mod 4 3 

10 v4 D4 0 mod 2 3 

11 D4 D4 0 mod 2 3 

12 v4 A4 0 mod 2 1 

13 A4 A4 0 mod 4 1 

14 A4 s4 0 mod 2 2 

15 cs cs 0,1 mod 5 0 

16 c2 c
2 

x c
3 

1 1 mod 4 

17 c3 c 2 x c
3 

0,1 mod 3 1 

18 c 2 x c
3 c 2 x c 3 0,1 mod 3 1 mod 4 

19 cs DS 0,4 mod 5 1 

20 DS DS 0 mod 5 1 

21 s3 c 2 x s 3 0 mod 3 3 

22 c
2 

x c
3 

c
2 

x s
3 0,2 mod 3 3 

23 cs LS 0,2,3 mod 5 1 

24 DS LS 0 mod 5 1 

25 LS LS 0 mod 5 1 1 mod 8 
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From 3.1 we get the following. 

If N(J2_) - 1 mod 4 then E(]2_) (a) 

If N()2_} - 3 mod 4 then E(R_) (a) 

-1 1 if and only if TI (G) is abelian. 
£ 

1 if and only if 

a E { (0,0,0), (1,0,1), (0,1,0), (1,1,1)}. 

As an example of this case 6 we consider fields M, normal over 

m with G = Gal(M/m) v
4

, in which 2 is unramified. Applying 2.1 to 

the elements (1,1,0), (1,0,1) and (0,1,1) of H2 (G,{±1}) gives 

nothing else than 2.1 applied to the quadratic subfields of M, i.e. 

Stickelberger's congruence in these subfields. If we apply 2.1 to 

(1,1,1) we get the following result. The expression 

TT (-l)(p-1)/2. TT (-l)(p+l)/2 
p,ep=2,fp=l p,ep=2,fp=2 

equals 1 if Mis real and equals -1 if Mis complex. Here the 

products run over the prime numbers p, and e, f denote the 
p p 

ramification index and the residue class degree of pin M/ill. Remark 

that an odd prime p is split in m(IL\)/m, L\ E z,:, p(Ll, if and only 
L\ if Legendre's symbol (-) equals 1. For the particular field 
p 

M m(I( (-ll (p-lJ/2 (-ll (q-1J/2 .ql l, 

where p and q are odd prime numbers, the above result now turns 

out to be exactly equivalent to the quadratic reciprocity law. 

The second case in the table for odd primes R. for which G has 
R. 

no cyclic Sylow 2-group is case 9; here N (R_) - 3 mod 4. Let 
2 4 (sa) 2 1 > and As before G = D4 < s, a ; s a = I c4 = <a>. 

R. 
H2 (G 

R. 
we list the elements of , {±1 }) • 

R. 
relations in TI-l(G) 

R. 
notation isomorphism type of TI-l (G ) 

R. 
2 1, 4 1, (sa) 2 1 (0,0,0) r2al s = a D

4 
X c 2 

2 4 (sa) 2 s = -1, a 1, (1,0,0) r2cl 
2 4 (sa) 2 

s 1, a = -1, 1 (0, 1,0) r3al D8 
2 4 (sa) 2 =-1 s 1, a = 1, (0,0,1) r2cl 
2 4 (sa) 2 = s = -1, a = -1, 1 ( 1, 1, 0) r 3a2 
2 4 (sa) 2 =-1 s = -1, a = 1, ( 1, o, 1) r2c2 
2 4 (sa) 2 = -1 s = 1, a = -1, (0, 1, 1) r3a2 
2 4 (sa) 2 =-1 s = -1, a = -1, ( 1, 1, 1) r3a3 QB 

In the last column we use the notation of Hall and Senior, see [HS]. 
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From 3.1 we get the following. 

If N(!2_) - 3 mod 8 then € ()2_) (a) = 1 if and only if 

a E { (0,0,0), ( 1, o, 1), ( 1, 1, 0), (0, 1, 1) } . 
If N(!2) - 7 mod 8 then € (]2_) (a) = 1 if and only if 

a E { (0,0,0), (1, 0, 1), (0, 1,0), ( 1, 1, 1) } . 
In this case, as well as in case 6, the element (1,0,1) is contained 

in Inf[H2 (G /I ,{±1})] on which €()2_) is trivial in any case as we 
l2. l2. 

saw. 

The remaining possibilities for odd primes in the table are 

cases 21 and 22. Here we have G 
l2. 

or c
3 

x c
2

• The map 

2 2 
Inf: H (S

3 
xC/c3 x {1},{±1}) H (S

3 
xc 2 ,{±1}) 

is an isomorphism, and E:(]2_) factors over it. Hence €()2_) (a) = 1 if 

and only if €()2_) (Inf- 1 (a)) = 1, considered in the subextension of 

degree 4. In this subextension we have Gl2. = v 4 , Il2. = c2 , which we 

already 

not all 

discussed (case 6). In fields of degree at most 5 however 
2 

elements of H (s 3 xc2 ,{±1}) can occur. If\~."' s 3 xc2 
then G"' s

5
, since s

5 
is the only transitive permutation group on 

5 elements containing a subgroup isomorphic to s 3 x c 2 . Write 

2 6 2 
G = < s, a; s = a = (sa) = 1 >, 

.!2. 
wheres is even in s

5
, e.g. s = (12) (45) and a (123) ( 45) . Then 

the image of 

Res: v4 "'H
2

(s5,{±1}) H
2

(G.!2.,{±1}) 

consists of the four extension classes in which a
6 (sa) 

2
. This 

can be derived directly from an explicit description of the 

extensions of the symmetric groups, as is given in [Sch]. 
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4. EVEN PRIMES. 

For primes above 2 the problem of computing E(!2) is more 

difficult. The next proposition, which also holds for odd primes, 

gives a result for the abelian case. 

-1 PROPOSITION 4.1. Let J2_be a finite prime of K. Assume that TI (G) 
2 £ 

is abelian, where n corresponds to a EH (G,{±1}). Let 8: K* G 
£ £ 

be the reciprocity map. Then E(J2_) (a) 1 if and only if 

-1 
TI (<8(-1)>) "'{±1} X <8(-1)>. 

PROOF. Since n- 1 (G) is abelian, the map p: G G factors over 
p p 

G /[G ,G Jin the notation of 2.2, and the same for p: G + x, if p p p p 
it exists. From local class field theory we know that K*-can be 

- - - £ considered as a dense subgroup of G /[G ,G ], while the diagram 
£ £ £ 

.is commutative. Hence according to 2.2 we 

only if there exists a homomorphism 0; K* 

have E(J2_) (a) = 1 if and 

n-l(G) such that 

n°6 = 8. As a group we have 
£ £ 

K* "' '.iZ X µ X '.iZn, £ p 
whereµ is the group of roots 

characteristic is p, and n = 
of unity in K*, p the residue class 

n :zzxzz 
p £ 

[K :Ill]. A map-£ p 

always lifts to a map '.iZ x 2Zn 
p 

-1 TI (G ). Hence E(J2_) (a) = 1 if and 
£ 1 

only if (81µ): µ G lifts to p a TI- (G ). This is 
£ 

the case if and only-if either 8(-1) = 1 or 

TI-l(8[µ]) "' {±1} X 8[µ]. 

-1 This equivalent to TI (<8(-1)>) "'{±1}x<8(-1)>. 
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4.2. Let 
-1 

1f ( I ) 
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-1 K = ill and R. = (2). Assume that 1f (G) is 
p 

is cyclic. Then E(p) (a)= 1 if and only if 
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M 
p is contained in an unramified extension of -1 ill2 (s + I,; ) for some 

2::-power root of unity I,;. 

PROOF. The maximal abelian extension E of ill2 is obtained by adjoining 

all roots of unity to ill2 , cf. [Sl], XIV, section 7. This field E 

has degree 2 over the maximal unramified extension E' of the field 
-1 obtained by adjoining I,;+ I,; to ill2 for all 2-power roots of unity I,;. 

Since 

the field E' corresponds to the subgroup {±1}. So M is contained 
R. 

in E' if and only if 6(-1) = 1, where 

is the 

6: illi Gal(Mj~2) = GR_ 

-1 
reciprocity map. From 4.1 and the restriction on 1f (I) to 

R. 
be cyclic, we see that 6(-1) = 1 if and only if E(R_) (a) = 1. 0 

It remains to consider E(R_) (a) for R. above 2 and G not abelian. 
R. 

We should like to have a proposition similar to 3.1. However, in 

this case wild ramification may affect the behaviour of E(R_) (a). 

The maximal pro-2-group that occurs as a Galois group over K is p 
described with generators and one relation in [s3], section 4. It is 

not clear, however, to which elements of G these generators map. 
R. 
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TABLE TO SECTION 5. RAMIFICATION BEHAVIOUR IN s 4 -FIELDS. 

ramification unramified (!:?_(q) ,K(l6)/K)=1 no. I G in K p in K(l6)/K? for all q of ? p p 

1 < (13) (24) > <(1234)> i yes yes 

2 < (13) (24) > < (13), (24) > 1212 yes yes 

3 < ( 13) ( 24) > v4 22 yes yes 

4 <(13) (24)> <{13) (24)> 1212 yes yes 

5 <(13)> < (13), (24) > 1 22 no 

6 <(13)> <(13)> 12 11 no 

7 <(123)> s3 1\ 0,2 mod 3 yes yes 

8 < (123) > <(123)> 1
3

1 0, 1 mod 3 yes yes 

9 <(1234)> D4 14 2,3 mod 4 yes no 

10 <(1234)> < (1234) > 1 
4 

1, 2 mod 4 yes yes 

11 v4 A4 14 2 yes yes 

12 v4 D4 14 2 yes no 

13 v4 v4 14 2 yes yes 

14 < (12), (34) > D4 
22 2 no 

15 < {12), (34)> < (12), (34) > 1212 2 no 

16 s3 s3 1\ 3 no 

17 D4 D4 
14 2 no 

18 A4 s4 14 2 yes no 
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5. AN APPLICATION TO POLYA FIELDS. 

DEFINITION 5.1. A number field K with ring of integers O is called 

a P6lya field if the free 0-module 

{ f E K[X] f[OJ c O} 

admits a basis (f.)~ 
0 

with deg(f
1
.) 

l 1= 
i, i 0, 1, 2, .•.• 

In [z] P6lya fields are studied extensively. An important 

characterization of P6lya fields given there is the following 

proposition due to A. Ostrowski, cf. [z], 2.3. 

PROPOSITION 5.2. A number field K is a P6lya field if and only if 

for all prime powers q the ideal 

£_(q) = TT P 
N(E_)=q -

is principal, where J2. ranges over the prime ideals of O and N denotes 

the absolute ideal norm. 

Define an s4-field to be a number field of degree 4 over ill, for 

which the Galois group of the normal closure over ill is isomorphic to 

s 4 • The following proposition has been derived in section 6 of [z]. 

PROPOSITION 5.3. Let K be an s 4-field which is a P6lya field. Then 

the Hilbert class field H(K) of K is contained in K(/6), where ill(/6) 

is the quadratic subfield of the normal closure of K. 

The purpose of this section is to exclude the possibility 

H(K) = K(/6). To achieve that we first need a lemma. 
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LEMMA 5.4. Let K be a number field and Nits normal closure. Let P 

be a set of prime numbers p for which the decomposition group in 

Gal(N/ID) (defined up to conjugacy) is abelian, and for which N/K is 

unramified at all primes above p. Then there exists a number field E 

with the following properties: 

(i) E/ID is abelian; 

(ii) E/ID is unramified at finite primes not contained in P; 

(iii) K.E/K is unramified at all finite primes; 

(iv) [E:ID] = TT e, where e is the ramification index of pin N/ID. 
pEP p p 

REMARK. It is not difficult to see that the field E in 5.4 is unique. 

Since we shall not use it, we don't give the proof. 

PROOF OF 5.4. For each p E P choose a place£ of ID above p. Since 

K /ID is assumed to be abelian, we obtain from the local version of £ p 
Kronecker-Weber ([Sl], XIV, section 7) that there exists a field F 

p 
with 

IDP C Fp C IDP(spoo) 

such that K .F /F and K .F /K are unramified. Remark that 
£ p p £ p £ 

[F :ID]= e. p p p 

For every p there is a natural isomorphism 

so there is a natural correspondence between subfields of ID(s 
00

) and 

fields between ID and ID (s 00), preserving degrees. Let Ebe the 
p p p 

compositum over all p E P of the subfields of ID(s 
00

) corresponding 

to F. It is clear that E satisfies 
p 

p 
(i), (ii) and (iv). 

Condition (iii) only has to be verified for p E P. Fix such a 

p E P. Since K .F /K and E /F are unramified, we see that K.E/K is 
£PE_ E_P 

unramified at£· The extensions N/K and N.E/K.E are unramified at 

all primes above p. Different primes above p have the same ramification 

indices in the normal extension N/ID. The same can be said for N.E/ID. 

We conclude that K.E/K is unramified at all primes above p. We see 

that E satisfies the required properties. 
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THEOREM 5.5. Let K be an s
4
-field. Then K is a P6lya field if and 

only if the class number h(K) of K is one. 

PROOF. If h(K) = 1 then K is a P6lya field by 5.2. If K is a P6lya 

field then by 5.3 either h(K) = 1 or H(K) = K(l6). From now on 

assume that K is a P6lya field with H(K) = K(/6); it suffices to 

derive a contradiction from this assumption. 

In order to decide which types of ramification are allowed, we 

need a more detailed table than in section 3, not only distinguishing 

GP and Ip as groups, but also as subgroups of s4 up to conjugacy. 

In the new table let 

If pO 

v4 <(13)(24), (12)(34)>; 

s3 < (12), (123) >; 

<(1234), (12)(34)>. 

p _ei , then this decomposition in K is denoted as 
-i 

el e2 ek 
fl f2 ••• fk , 

f· 
where N(p.) =pl for i = 1, 2, ••• k. 

-i 

cases 5, 6, 14, 15, 16, 17 are excluded since then K(l6)/K is 

ramified. In particular the infinite prime may not ramify as 6, so 

K is either totally real or totally complex. 

Cases 9, 12, 18 are excluded since then the Artin symbol 

(!?_(p),K(/6)/K) is non-trivial. Since K(/6) H(K) this means that 

!?_(pl is non-principal, contradicting 5.2. 

Let p 0 be a prime dividing 6. Then IPo is not contained in A4 , 

which among the remaining cases only occurs at case 10. Let P be 

the set of prime numbers ramifying according to cases 1, 2, 3, 4, 

10 or 13, i.e. not to cases 7, 8 or 11. From 5.4 we obtain a field 

E, abelian of degree 

TT e 
pEP p 

over ID- If K is totally comlex then define 

M = E.K, else M = (EnJR) .K. 
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Clearly M/K is abelian and totally unramified. Hence we have 

2 h(K) [M:K] \[E.K:KJ = ½[E:W] =½TT e. 
pEP P 

Since ep
0 

= 4 and p 0 E P, this is only possible if ep 1 for all 

p E P"-{p
0

} and both inequalities are sharp. So M f E.K, so Eis not 

real and K is not totally complex. Since we saw that K is either 

totally complex or totally real, we conclude that K is totally real. 

Further we see that case 10 occurs exactly once (at p 0 ), and among 

the other cases only 7, 8 and 11 may occur.If p 0 is odd then Eis 

the quartic subfield of W(sp
0
). Since Eis not real, we get 

Po= 5 mod 8 or 

Assume that case 11 occurs at a prime p. Then p = 2, and since 

Gp is contained in A4 , the prime pis split in W(ln)/W. This contra-

dicts 
n =Po= 5 mod 8. 

We conclude that except for p
0 

only the cases 7 and 8 may occur. 

Remark that s4 PG1(2,3). Let a E H2 (s4 ,{±1}) be the element 

corresponding to the extension 

0 {±1} G1(2,3) PG1(2,3) 0. 

Let p be a prime of ramification type 7 or 8. Then G is contained p 
in a subgroup of PG1(2,3) isomorphic to s

3
• Such a subgroup is 

conjugate to 

and since the sequence 

0 {±1} (±ol ]F'3] (±l ]"3]/{±1} + 0 
±1 0 ±1 

is split, we have s(p) {a)= 1. Combining the results until now, we 

get s(p) (a) = 1 for all primes pf p 0 , including infinity. 

Next we compute s(p0
) (a). An element of PG1(2,3) of order 4 

is conjugate to 
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which can only lift to an element of order 8 in G1(2,3). Hence 
2 Res(a) EH (G0 ,{±1}) is non-trivial. ~o 
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If p 0 2 then we saw that p 0 - 5 mod 8. From 3.2 (or the table 

to section 3) we then get E(p0 ) (a) = -1. 

that 

some 

Let p 0 = 2 and assume that E(p0) (a) = 1. Then we see from 4.2 
-1 K

2 
is contained in an unramified extension of m

2 
(I;+ I; ) ·for 

2-power root of unity I;. Since K2 .E2/K2 is unramified, the same 

is true for E2 • From the way of constructing E in the proof of 5.4 

we see that 

contradicting the fact that Eis not real. 

In all cases we have E(p
0

) = -1 and E(p) 1 for p p 0 , so 

TT E(p) (a) = -1. 
p 

This is a contradiction to 2.1. Hence an s4-field K with H(K) 

cannot be a P6lya field. 
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GEHEELWAARDIGE VEELTERMEN IN DE ALGEBRAISCHE GETALTHEORIE. 

SAMENVATTING. 

Een getallenlichaam Kmet ring van gehelen O heet een P6lya-

lichaam als het vrije 0-moduul 

{ f E K[X] [ f[OJ c O} 

een basis (f.)~ 0 bezit waarvoor f. graad i heeft voor i = 0, 1, 
l 1= l 

2, ......• In dit proefschrift worden getaltheoretische eigen-

schappen van P6lyalichamen bestudeerd, met name de klassengroep. 

Als de Galoisgroep G van de normale afsluiting van een P6lyalichaam, 

opgevat als permutatiegroep, een element bevat met precies een 

vast punt, blijkt de klassengroep een factorgroep te zijn van een 

eindige groep R(G), die alleen van G afhangt. Deze groep R(G) 

wordt voor verschillende permutatiegroepen G berekend, o. a. voor 

alle tweevoudig transitieve permutatiegroepen, en blijkt dikwijls 

triviaal te zijn. Zo zijn bijvoorbeeld R(Sn) voor n = 3 en n 2 5, 

en R(An) voor n = 4 en n 2 6, alle triviaal. Een bijzondere rol 

wordt gespeeld door de groep s4 , werkend op 4 symbolen. Hoewel 

R(S4 ) uit twee elementen bestaat, blijkt er toch geen vierdegraads 

P6lyalichaam van dit type te bestaan met een niet-triviale klas-

sengroep. Dit laatste wordt bewezen met behulp van een globale 

beperking op het vertakkingsgedrag in getallenlichamen, die in dit 

proefschrift wordt afgeleid. 
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STELLINGEN. 

1. Laat a(k) voor k geheel, k 2 2, het grootste reele getal zijn 

zodanig dater een eindige verzameling V bestaat met k deelverzame-

lingen v 1 , v 2 , ...... , Vk die voldoen aan: 

(il lv1 1 s Iv) s ...... s lvkl; 

(ii) voor 1 s i < j s k geldt: lv:---v.l 2 a(k)lvl. 
J 1. 

Dan geldt: a(2) = 1, a(3) = a(4) 1/2, a(S) = a(6) = 2/5, a(7) = 3/8, 

a(S) = 4/11, a(9) = 13/37, a(l0) 9/26, a(ll) = 31/92, a(12) = 1/3, 

lim a(k) = 1/4. 
k-+oo 

2. Als de punten (a,b), (c,d) en (a+c,b+d) in JR
2 alle drie liggen 

op de kromme 
4 3 2 2 3 4 

X + X y + X y + xy + y 1, 

dan geldt 

1 s lad - bcl < 1,0036. 

Met behulp van de ongelijkheid 1 s lad - bcj kan een door J. Browkin 

gestelde vraag warden beantwoord: de elementen van orde 5 in K2 ID 
warden voortgebracht door de symbolen van de vorm 

4 3 2 {a, a +a +a +a+l}, 

* waarbij a EID. 

Lit.: J. Browkin, Elements of small order in K
2
F, Lecture Notes in 

Mathematics 966, 1-6, Springer, 1982. 

3. Zij n een positief geheel getal. Bet aantal 4x4-matrices 

k=l,2,3,4, 

is gelijk aan 

4 7 w 2 5 +"?1 4 3 
+ Is11 

{1, 2, ...... , n} waarvoor 

23 
+ 105n. 
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2 
4. Er zijn 3456 = 6•(4!) matrices die voldoen aan (*) uit stelling 3 

waarvan de coefficienten precies de gehele getallen 1 tot en met 16 

zijn. Deze zijn op eenduidige wijze van de vorm 

sl+tl s2+t2 s3+t3 s4+t4 

s4+t3 s3+t4 s2+tl sl+t2 

s2+t4 sl+t3 s4+t2 s3+tl 

s3+t2 s4+tl sl+t4 s2+t3 

met {s 1 , s2, s3, s4} = vk, {tl, t2, t3, t4} = V7-k' k 1, 2, 3, 4, 

5, 6, waarbij 

{O, 1, 2, 3}, v2 

{1, 3, 5, 7}, v5 

{O, 1, 4, 5}, v 3 = {O, 1, 8, 9}, 

{1, 3, 9, 11}, v 6 = {1, 5, 9, 13}. 

5. Voor een ring R is het mogelijk om expliciet afbeeldingen 

aan te geven en daarvan rechtstreeks te bewijzen dat het groepsiso-

morfismen zijn. 

Lit.: D. Quillen, Higher algebraic K-theory I, Lecture Notes in 

Mathematics 341, 85-147, Springer, 1973; 

D. Grayson, Higher algebraic K-theory II, Lecture Notes in 

Mathematics 551, 217-240, Springer, 1976. 

6. Uitgesproken opvattingen op het,gebied van verkeersproblematiek, 

voedingsgewoonten, bewapening, alcoholgebruik, roken, kernenergie, 

onderwijs, culturele minderheden en het gebruik van de Friese taal 

hoeven geen aanleiding te geven tot stellingen bij een proefschrift. 
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7. Van de volgende vier beweringen zijn er precies drie jui~t: 

- een rechthoek van 9 bij 1 past binnen een rechthoek van 6 bij 8; 

- er zijn oneindig veel manieren om een kubus in zes congruente 

veelvlakken te verdelen, zodanig dat geen der snijvlakken even-

wijdig is aan een zijde van de kubus; 

- voor elk positief geheel getal n passen er meer dan twee keer 

zoveel bollen met middellijn 1 in een kubus met ribbe n dan kubus-

sen met ribbe 1 in een bol met middellijn n; 

2 - er zijn ten minste 100 gelijkbenige driehoeken in JR, elk met 

een oppervlakte van ten hoogste 20.000 waarvan de omtrek en de 

coordinaten van de hoekpunten gehele getallen zijn, en waarvan 

geen tweetal gelijkvormig is. 




