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Abstract. The fuzzy number is one of the alternatives to maximize solving a quadratic model
programming problem. Based on that statement, this paper provides one of the methods to solve
the quadratic model programming problem. It started with a general discussion on quadratic
model programming and continued by transposing a basic form into a fuzzy quadratic
programming equation and giving a reference to solve that problem. Finally, a few examples are
provided to analyse how accurate this method works.

1. Introduction

Optimization is a branch of mathematics learning which has an essential function in mathematical
modeling. In general, optimization is classified into two aspects, which are constrained and
unconstrained optimization. Based on that classification, the main component in optimization are
objective function and constrained function. Meanwhile, if we look into the result which wanted to find,
optimization also could be divided into two, whether looking for maximum value or minimum value.

On many aspects, optimization involves non-linear function equations, whether in its objective
function or constrained function. Therefore, the optimization problem needs to be solved by using
transformations in quadratic form.

Quadratic programming has an essential role in non-linear programming. The non-linear problems
become easier to solve if they can be bygmght into quadratic programming. The non-linear optimization
problem is maximizing or minimizing the objective function in the form of a quadratic function. The
objective function depends on the linear constraint function and non-negative variables' constraints [1].
Problems and tests for quadratic programming are found in [2]-[6]. Examples of this problem can be
found in game theory, economic problems, location problems and facility allocation, engineering
modeling, design, and control. Portfolios, logistics, and others [7].

Quadratic programming problem is mostly used in a real problem. Besides, ambiguity and
uncertainty are mostly presented in such an optimization problem. Therefore, the applicable fuzzy set
theory is used to model. Fuzzy quadratic programming became interested in researchers as Abbasi Molai
in 2012[8], and then In 2017, Mirmohseni [9] carried out a program-related development. This research
foc%s on quadratic programs with fuzzy triangular numbers.

is paper is composed of 5 parts. In the next section, it contains basic definitions regarding quadratic
programming and arithmetic fuzzy number problems. Section 3 contains the optimization of fuzzy
quadratic programming. Section 4 contains numerical examples to illustrate how to apply and solve
problems. The last section, namely section 5, contains the conclusions of this paper.
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2. The Basic Definition

%:‘ Quadratic programming
e optimization problem can be written as follows:

Min f(x)

s.t gi(x) EEO (2.1
XxXeECc R™

where the function f: R™ — R function is a real value function, which is the minimum value. Eq. 1.1 is
called the cost function. The vector x is an independent variable with n- vector. The variables
X1, X3, ..., Xy it is decision variables.

The above problem is a decision problem to find the "best" x value from all possible factors' decision
variables. The minimization vector of the functimg' is the best vector. The point x € C, which satisfies
all the constraints of equation (1.1), is called the feasible point, and the set F of all feasible points for
equation (1.1) is the feasible region.

As previously explained, the objective function of a non-linear function can be transformed into a

quadratic form, which is contained in the function sz and x;x;(i # j) and is defined as follows:

Definition 2.1 [10] 4 quadratic form f: R™ = R is a function

f) =x"Qx (22)

where @ is areal matrix n X n.

This does not reduce generality if it is assumed that Q is a symmetrical matrix, namely Q = Q7. If
Q is not symmetrical, it will be converted to a symmetrical matrix using the following equation,

1
Q=5 (Qo+Q0). @3)

So for an asymmetrical

1 1
x"Qx =x" (5 Q+50Q ) X, (2.4)

[¥]
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The most typical forms of quadratic program problems are as follows:
n m n
. 1
MinZ = E cjxj + EZ Z qijXiX;
j=1 i=1j=1

Yiciayx; b i=12,..,m (2.5)

s.t. x 20, j=123,..n

24
Using vector and matrix notation, equation (1.5) can be modeled as follows:

MinZ = ex+x"Qx

stAx <b

(2.6)

x=0

where x = (x;;j=1,..,n)is the vector variable and ¢ = (¢;; j = 1,..,n) ,b = (b;; i =
1, ...,m) is a cost coefficients row vector right- hand side vector, @ is asymmetric and positive semi-
definite, and A is the constraint coefficient matrix.

2.2. Arithmetic Fuzzy and Numbers
This section shares some of the gljuired definitions of fuzzy set theory[6], [8],[9],[11].

Definition 2.2.1 [9] If R is a real line, then [flle fuzzy set A in R is defined as the set of ordered pairs
A= [(x Ha (x))l X € R}, where 4 (x) it is a fuzzy set membership function that maps each R element
to a membership value between () and 1. Mathematically it can be written as follows:

pa(0) s X = [0,1] @7

Definition 2.2.2 [12] The concept of support, height, @ — cut, convex, triangular fuzzy number, and
Arithmetic in Triangle Fzzy Numbers are defined as below.
a. Support for the fuzzy set A in the universal set U is a crisp set consisting of all elements of U
that have non-zero membership value in 4, namely

supp(4) = {x € Ulpa(x) > 0} (2.8)

21
b. ¢ largest membership value achieved at any puintg:alled the height of the fuzzy set. If hgt
s =1, then A is called normal; otherwise, eating A is called subnormal.
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A crisp set A, consisting of all U elements with a membership val}in A greater than or equal

c.
to a is called a slice @ — cut of the fuzzy set A. In mathematics, it can be written as follows:

A = X € Ulua(0) = @)
(2.9)

(1]
d. Fuzzy set A in R is convex if forany x, x, ¥y € R and A € [0,1] meet

#a(Ax + (1 = A)y) = minfu, (x), ()} (2.10)

A fuzzy number @ on R is called a form of the triangular fuzzy number if there exist real

e
numbers [, r = 0 such that

(2.11)

d(x) =<—x _s+r
=) Sl ¥ ,XE[s,s+71]

0, 0.w

Where X is the capital value of fuzzy numbers andl < x <r..d =<s,l,1r >.

. Arithfftic in Triangle Fuzzy Numbers
Let @@= (x,l,7,) and b = {x,,1,,r,) Are fuzzy triangular numbers and x € R. Addition,

subtraction, and multiplication can be defined as follows:

A+b= (%, + Tyl + Ly, +1,) 2.12)
&—E=(:Ea—fb,la— lb,?"a—?"b) (213)
(2.14)

_ { (xx_a,xia, xTa); X = 0
T Wxx,, —xr,—xl,), x<0

=1

X
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2.3. Optimization Fuzzy Numbers Quadratic Program

The quadratic programming problem (1.5), if some or all the parameters were fuzzy numbers, the
problem can be fuzzy quadratic programming, so the general form of fuzzy quadratic programming as
follows:

. _en - lam on  ~

Min Z = 2j=1fjxj +§Zi=1):j=1ql'jxixj
n = B § =
):jzlal-jxj <b, i=1..,m

s.t ijO, j=1,..,n

where &, Gy, A, and E; they are fuzzy numbers.
In this study, the fuzzy numbers used are fuzzy triangular numbers. Thus, in fuzzy quadratic
programming (3.1), it can be written as follows:

. 1
Min Z = X7, pj tj)x; + 5 Eia Ef=alqij sij, wixix;

st Eioa, Ljnihs < bpwivi), i=1,..m (2.16)

X = 0, j=1..,n

The optimization programming above consists of an objective function and a constraint function. In
quadratic programming (3.1), both functions contain fuzzy triangular numbers. So, by using addition
and liplication in fuzzy triangular numbers, the objective function in the fuzzy quadratic program
(3.2) can be written as follows:

n 1 n n
T X
= i=1 j=1
n 1 n n
Min | Zm =2 = E(Cf - )%+ 52 Z(qu' —sy)xx 217
j=1 =gl
n n n
1
Zm + 2z = Z(cJ +t)x; + EZZ(QU + Wy )xix
j=1 i=1 j=1
Meanwhile, the constraint function can be written as
n
Za;jxj < b;, (€ Nn
j=1 (2.18)
n
s.t < Z(aij - Ei}‘)x}‘ < (bl —ll'.l'), i €Ny,
=1
n
Z(au +1)% < (b +v;), i €Ny,
Jj=1
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The solution Eq (3.4) changes in the objective function with fuzzy parameters in the quadratic
program (3.1) into three objective functions with firm number parameters in equation (3.2). Each of
these functions is then optimized with some of the same function constraints, namely equation (3.4).
Thus, the fuzzy quadratic program in equation (3.1) can be converted into three simple quadratic
programs as follows,

a. Quadratic Program [

1
: —_yn n 1
Min Zm = Ej:l CjXj + EE;‘:1 Ej:l qijXiX;

n

Zauxj <b, i€N,

Jj=1

n
s.t. < Z(au — I,J)xj < (b; —u;), i €Ny,
=

(2.19)
n
Z(aU +1)% < (b, +v), i €Ny,
j=1
b. Quadratic Program II
. 1
Min z,, — 2 = X-1(c; — p)xg + 5 Bl i1 — i) xex;
g n
Zauxj <b, i€N,
=1
. (2.20)
s.t < Z(a‘j - IU)IJ = (bt —ul-), i E Nm
=1
n
Z(au- +rl-j)xj < (b;+vy), i €N,
j=1
€. Quadratic
: _yn lsmn n
Min z,, + z, = Ej=l(Cj + tj)xj + 225:1 Ej=1(qu + w,-j)x,-xj
- n
Zauxj <b;, i €N,
Jj=1
2.21)

n
s.t < Z(au — I,j)xj = (bt _ul)] IS Nm
Jj=1

n
Z:(aU +Tu)xj < (b;+v), i €N,

6
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The quadratic program in equations (3.5), (3.6), and (3.7) is a simple quadratic program. Therefore,
to solve three quadratic programs above, we can use Karush-Kuhn-Tucker method.

The results obtained from this method are in the form of three optical values, namely z,,, (z,, — 2;),
and (z,;, + 2,-). The three values are components of the triangular fuzzy number from Z = (z,,, z;, z,-}.

?Results and Discussion

In this section, the applicability of our proposed method for demonstrated by solving numerical
examples.

Min Z = (=5,1,1)x; + (1.5,0.5,0.5)x,

1 ) .
+=((6,2,2)x% + (—4,22)x,%, + (4,2,2)x3)
2 (3.1)
B +(1,0505)x, <(2,1,1)
5.t4(2,1,1)% + (—1,1,05)x, < (4,1,1)
X1,% =0

Then the quadratic fuzzy (4.1) can be converted into three simple programs as follows:
a. Quadratic Program [

Min z,,, = —5x; + 1.5x, + 3x% — 2x,x, + 2x%

x1+x; <2
x +05x; <1
x; +1.5x, £3
st 2x,—x,<4
x, —2x, <3
3x; —0.5x, <5
XX, =20

(3.2)

b. Quadratic Program II

Min z,, — z; = —6x1 + x5 + 2x% — 3x1%, + x3

X, t+x, < 2
x1 +05x, <1
x; +15x, <3 (3.3)
s.t. 2x, —x3 < 4
X1 —2x, <3
3x, —0.5x, £5
Xp,% =0
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¢. Quadratic Program III

Min z,, + z, = —4x; + 2x, + 4x} — x,x, + 3x3

x +x, <2
x1+05x, <1
x, + 1.5x, €3
s.t. 2%, —x, <4
X, —2x; £3 (3.4)
3x; —0.5x, <5
X% =20

The three quadratic programs above generate results z,,, = —2.0875, z,, — z; = —4.0833, and z,,, +
z. =—1. So that the optimal objective function wvalue obtained is Z={(z;, 2,2, )=
(—2.0875,1.9958,1.0875).

4. Conclusion
Quadratic programming problem is a very important field in operation research and is mostly used for
the optimization problem.

This study proposes a new method to provide a solution to fuzzy quadratic programming using the
triangular fuzzy number approach for the objective and cost functions. The Karush-Kuhn-Tucker
method is used to solve any simple quadratic program. The results obtained from three simple quadratic
programs are three optimal values in fuzzy triangular numbers.
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