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Abstract: Hard Thresholding Pursuit (HTP) is one of the important and efficient algorithms for
reconstructing sparse signals. Unfortunately, the hard thresholding operator is independent of the
objective function and hence leads to numerical oscillation in the course of iterations. To alleviate
this drawback, the hard thresholding operator should be applied to a compressible vector. Motivated
by this idea, we propose a new algorithm called Compressive Hard Thresholding Pursuit (CHTP)
by introducing a compressive step first to the standard HTP. Convergence analysis and stability of
CHTP are established in terms of the restricted isometry property of a sensing matrix. Numerical
experiments show that CHTP is competitive with other mainstream algorithms such as the HTP,
Orthogonal Matching Pursuit (OMP) and Subspace Pursuit (SP) algorithms both in the sparse signal
reconstruction ability and average recovery runtime.
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1. Introduction

One of the important problems in signal processing is to recover an unknown sparse signal from a
few measurements, which can be expressed as follows:

. 1
min Elly - Axll%
s.t. [|xlo < s, (1.1)
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where ||x||y represents the total number of nonzero entries of x € RV, A € R™¥ is the measurement
matrix with m < N, and y is the measurement vector. This model has been widely applied
in many important areas, including machine learning, compressed sensing, signal processing,
pattern recognition, wireless communication, etc. Note that the /y-norm is not continuous and has
combinatorial structure. Hence, the problem (1.1) is known to be NP-hard.

Over the past decades, many efficient algorithms have been proposed for solving the model (1.1),
including convex relaxation methods, greedy methods, and thresholding-based methods, to name a
few. For example, basis pursuit [1, 2], [, algorithms [3, 4], alternating projections [5] and conjugate
gradient adaptive filtering [6] have been proposed by using convex optimization techniques. Greedy
methods include orthogonal matching pursuit (OMP) [7, 8, 9], compressive sampling matching pursuit
(CoSaMP) [10] and subspace pursuit (SP) [11, 12]. Thresholding-based methods provide a simple
way to ensure the feasibility of iteration, which includes iterative hard thresholding [13, 14, 15],
hard thresholding pursuit [16, 17, 18], soft thresholding [19] and Newton-step hard thresholding
[20]. Recently, Zhao [21, 22] proposed a new thresholding operator called s-optimal thresholding
by connecting the s-thresholding directly to the reduction of the objective function. For more
information on theoretical analysis and applications of algorithms for solving sparse signal recovery,
see [23, 24, 25, 26].

In this paper, we mainly focus on the hard thresholding algorithms due to their simple structure and
low computational cost. One of the key steps in a hard thresholding algorithm is

= H(x+ AT (y - Ax),

where H(-) stands for the hard thresholding operator, keeping the s-largest absolute components of the
vector and zeroing out the rest of the components. The main aim in this step is to ensure the feasibility
of iteration. However, three possible questions exist for this step. First, the objective function can
increase in some iterations, i.e., {|ly — Ax"|,} is not a decreasing sequence. Second, if x" + AT (y — Ax")
is a dense vector, only keeping the s-part would lose too much important information. Third, even for a
non-dense vector, it is possible that some useful indexes may be missed, as the difference between the
s-largest components and (s + j)-largest (with j > 0) components of x" + AT (y — Ax") is very small. To
the best of our knowledge, the first question can be solved by using the s-optimal thresholding operator
introduced by Zhao in [21], and the second question has been discussed recently in [27] by using partial
gradient technology, i.e., full gradients A" (y — Ax") are replaced by partial ones H, (A" (y — Ax")) with
q=s.

Inspired by these works, we continue to study the aforementioned third question in this paper.
Precisely, a little greater signal basis, say 8, which is greater than s, is selected in each iteration first.
This undoubtedly increases the chance of correctly identifying the support set of a signal, particularly
for the case of the s-largest components close to the B-largest components. A S-sparse vector u*!
is attained by solving a least-square problem over the subspace determined by the index set U"*! :=
Lp(x" + AT(y — Ax")), where Lp(x) stands for the index set of the S largest absolute entries of x.
Subsequently, the hard thresholding operator #(-) will be applied to u**! for reconstructing the s-
sparse vector. Finally, to further improve numerical performance, we choose an iteration to seek a
vector that best fits the measurements over the prescribed support set by using a pursuit step, also
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referred to as debiasing or orthogonal projection. This leads to the Compressive Hard Thresholding
Pursuit (CHTP) algorithm. Numerical experiments demonstrate that CHTP has better performances
when g is slightly greater than s.

The notation used in this paper is standard. For a given set S C {1, 2,..., N}, let us denote by |S | the
cardinality of § and by S := {1,2..., N}\S the complement of S. For a fixed vector x, xg is obtained
by retaining the elements of x indexed in S and zeroing out the rest of the elements. The support of x
is defined as supp(x) := {ilx; # 0}. Given two sets S| and S, the symmetrical difference of S| and S,
is denoted by S1AS; 1= (§1\52) U (§2\51). Clearly,

N
Ixs \s,ll2 + X518, 112 < \/zllxslAsznz, Vx eR".

The paper is organized as follows. The CHTP algorithm is proposed in Section 2. Error estimation
and convergence analysis of CHTP are given in Section 3. Numerical results are reported in Section 4.

2. Compressive Hard Thresholding Pursuit

In order to solve problem (1.1), Blumensath and Davies [13] proposed the following Iterative Hard
Thresholding (IHT) algorithm:
= H( + AT (y — AxY)).

The negative gradient is used as the search direction, and the hard thresholding operator is employed
to ensure sparse feasibility. Furthermore, by combining the IHT and CoSaMP algorithms, Foucart
[17] proposed an algorithm called Hard Thresholding Pursuit (HTP), which has stronger numerical
performance than IHT.

Algorithm: Hard Thresholding Pursuit (HTP).
Input: a measurement matrix A, a measurement vector y and a sparsity level s. Perform the following
steps:

S1. Start with an s-sparse x° € RV, typically x° = 0;
S2. Repeat

U™l i= L,(x" + AT(y - AxY)); 2.1)
K= argmin{lly —AzZll> : supp(z) C U"”}

until a stopping criterion is met.

Output: the s-sparse vector x*.

In Step (2.1) of HTP, we get [U""!| = s, which results in only up to s positions being taken as the
basis at each iteration in the process of restoring vectors. However, it should be noted that the selected
basis of s positions could not accurately represent the full gradient information. From the view of
theoretical analysis, the less gradient information of the selected basis there is, the more difficult it is
for HTP to achieve good numerical performance. In order to further improve the efficiency of HTP, we
propose the following CHTP algorithm. It allows us to choose more elements of gradient information
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at each iteration. In particular, if 8 = s, then x"*! = u™" in CHTP. Hence, CHTP reduces to HTP in
this special case.

Algorithm: Compressive Hard Thresholding Pursuit (CHTP).
Input: a measurement matrix A, a measurement vector y and a sparsity level s. Perform the following
steps:

S1. Start with an s-sparse x° € RY, typically x° = 0;
S2. Repeat

U™ = Ly(x" + AT(y — AX")),

u™! = arg min{lly — Az, : supp(z) C U”“},
T+l Ls(un+1)’

1= argmin {lly - Azl supp(@) € 71},

where § > s, until a stopping criterion is met.

Output: the s-sparse vector x™.

The detailed discussion on numerical experiments including special stopping criteria is given in
Section 4.

3. Convergence analysis

Theoretical analysis for CHTP is carried out in terms of the concept of the restricted isometry
property (RIP) of a measurement matrix. First, recall that for a given matrix A and two positive integers
D, g, the norm ||A]|,—,, is defined as

All,—, ;= max ||Ax]|,.

Al g = max Al
Definition 3.1. /1] Let A € R™" be a matrix with m < N. The s-th restricted isometry constant (RIC)
of A, denoted by ¢, is defined as

. T
Oy = max ||ASAS —1l2-2,
Sc{1,2,..N}IS|<s

where Ag is the submatrix of A created by deleting the columns not in the index set S .

The s-th restricted isometry constant can be defined equivalently as the smallest number 6 > 0 such
that
(1= ®)lxll3 < lAxI3 < (1 +8)lIxll3,  Vax satisfying |lxlly < s. 3.1)

In particular, if 6, < 1, we say that the matrix A has the restricted isometry property (RIP) of order s.
The following inequalities follow from the definition of RIC and play an important role in the
theoretical analysis of CHTP.

Lemma 3.1. /23] Given a vector v € RN and a set S € {1,2,...,N}, one has the following statements.
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(0. I = ATAW)sll < 6lvll, if IS U supp(v)] < 1.
(). IA™W)slh < VT +6lvll if ISI <t

The following lemma comes from [28], providing an estimate on the Lipschitz constant of the hard
thresholding operator. Moreover, [28, Example 2.3] indicates that the constant ( V5 + 1)/2 is tight.

Lemma 3.2. For any vector z € RY and for any s-sparse vector x € R, one has

V5+1
2

llx = H, @Ik <

I(x — Dsuzll2,
where S = supp(x) and Z := supp(H(2)).

The following result is inspired by [28, Lemma 3.3].

Lemma 3.3. Let y = Ax + e. Given an s-sparse vector z and 3 > s, define
V= Lg(z + AT (y - Az)).

Then,
s\l < V2(Sasspllxs = zlla + /1 + 6,14lle’]l)s

where S := Ly(x)and ¢’ := Axg +e.

Proof. The case of § C V holds trivially due to xg,y = 0. Now, let us consider the remaining case of
S ¢ V. Define

Dsyy = |[le+ A" (- ADls\v|, and Dy = ||z + AT (Y - A, - (3.2)

Since |V| =8> s =S/,
S\V| =S =SnV|<|V-SnV|=|V\S| (3.3)

Meanwhile, from the definition of V, we know that the entries of the vector z + AT (y — Az) supported
on §\V are not greater than the 5 largest absolute entries, that is,

(z+A"(y - A7), < (z +AT(y - A2));, for anyie S\V, je V\S.
Together with (3.3), this leads to
D5y = ||z + A" (v = AD)s 0, < [z + AT = AD) s, = Prns. (34)

Define
Dy := ||[(xs ) —-Al(y - AZ)]SAV“z'

Since y = Axg + ¢’ with ¢’ = Ax; + e,

Qv = ”((xs —2)—AT(Axg + ¢ — AZ))SAVHZ
= || = A"A)(xs —2) — ATe g,
< ||(( = A"A)(xs = D)say]l, + AT sav],
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< Oapllxs =2 + A1+ gplle]l,

where the last inequality follows from Lemma 3.1 and the fact that
lsupp(xs —2) U(SAV)| < [supp(z) US U V| <25 + 8.
Due to (S\V) N (V\S) = 0, we have

0y = (s — 2~ ATG - AD)gu |

||x5\v —(z+A' (- AZ»S\V“; + ”(Z +AT (- AZ))vstz
lxs\y — (2 + AT (y - AZ))S\V”% + (D%/\S'

Let us discuss the following two cases separately.

”((xs -7 -Al(y- AZ))s\V“i + ||((xs -2 -AT(y— A2))y “2

(3.5)

(3.6)

Case 1. ®y\s = 0. Then, @5\ = 0 by (3.4). It follows from (3.2) that (z + A" (y — A2)),, = 0. So,

Ixs\v = (2 + AT (v = AD)g oyl

Dgpy

Oos4pllxs — 2zl + \/1 + 6s+ﬂ||e’||2’

where the last inequality results from (3.5).
Case 2. ®y\g > 0. Let

||XS\v||2

IA

3 lxs\v — (2 + AT(y - AZ))S\VH2
Dy\s .

(072

It follows from (3.6) that

Dgpy = \/”XS\V —(z+AT(y - AZ))S\V”§ + @2 = VI +a?Dyg.

VAS

Combining (3.7) and (3.8) yields

a

Dgpy.
V1 +a?

||x5\v —(z+AT(y - Az))S\VH2 = a®ys =

Furthermore,

gy = N2+ A" - A I3

= [lxs\w — (xs —z— AT(y - AZ))S\VH%

= ||XS\V||§ = 2xs\v, Xs\v — (z+ ATO’ - AZ))S\V>
+|lxswv = @+ AT - AZ))S\Vni
Ixs\wll3 = 2llxs\vll [[xsvy — 2 + AT (v = A2,

+ ”xS\V —(z+ AT(y - AZ))s\v”i

\%

(3.7)

(3.8)
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2
= lxs\wll; =2 D pvllxs\vll2 +

a
V1 + a?
On the other hand, it follows from (3.4) and (3.8) that
2 » 1 2
D5,y < By = 1+ Q,QCDSAV'

Putting (3.9) and (3.10) together yields

2 SAV SAV
X =7 4+ ——— 227 <0

Thus,

1+ a?

@2, (3.9)

SAV

(3.10)

||XS\V||2

1
2{ Vi+a?
l+a

————— Oy
V1 + a2
V2 Dy,

where the last inequality results from

( 1+« )2 Do
— | =1+
V1 +a?

Taking into account (3.5) and (3.11) yields

IA

2a®Dgay N 4a2®§mf 4a? - N,
1+ a? 1+ a?

(3.11)

lxs\vll> < < V2Pg,y < ‘/_(52s+ﬂ||xs =zl + 1+ 0545lle’]l2).

O

Lemma 3.4. Let v be a vector satisfying supp(v) € T and |T| < s. For any vector x € RY, let

y=Axs +e withe =Axg+eandS = Ly(x). If z* satisfies
" = argmin{lly — Azll> : supp(z) € T},
Z

then

NG =izl L V1 +dlerll

llxs — 27|l <
-, T
Proof. According to the definition of z*, we have
[AT(y = AZ)]r =0

Hence,

[AT(Axs + ¢ = AZ)]r = [ATA(xs = 2)]7 + (ATe))r = 0

AIMS Mathematics
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By the triangle inequality and Lemma 3.1, we get

Ixs =27l = ll(xs — )7 — [ATA(xs — 2)]1r — (ATe)zll
< A = AT A)(xs — 2)]zlk + AT €zl
< Oalltxs — 2N + ICAT e )rlla,

where the last inequality is due to |supp(xs — z*) U T| < 2s. This means that

2 2 2
s =218 = llCes = 273 + liGxs — 27l
2
2 T
< s = 2B + (62:llGxs = 2l + 1Az ll2)
% 2 2 #1112
= [lxs = 273 + 83, l1xs — 23
+285,lI(A” ) rlallxs — 271l + IIA” )z 3
s Tl2llXs — 2112 Tll2>

1.e.,
(1 =83)llxs =215 = 2625lAT ) rllallxs — 271l = ll(xs — 275 — AT e')rll; < 0.

This is a quadratic inequality on ||xs — z*||>. Hence,

26,7l + JABIATeNr 1B +4(1 = 83, (Ixs — 207l + (AT )rIR)

lxs =27l <
2(1-62)
SasllAT Nl + \/(1 — 65 )MI(xs — 2715 + [IATe)r 13
- 1-62,
ll(AT N7l + J1 = 63 MI(xs — 271l + AT €))7l
<

1-65,

Cxs = 2°)7ll2 N AT e )l
Ji-a, o

where the second inequality comes from the fact that Va? + b> < a + b for all a, b > 0. By Lemma 3.1
and |T'| < s, one has

: (3.12)

IATeNrll < V1 + 6,1 (3.13)
Note that z7. = vz = 0. It follows from (3.12) and (3.13) that

I(xs = 2)7ll2 N VI+6dlell,  lltxs —v)zlh N V1 +64le|l,

ey 1= 6y, ey 1 - 6,

This completes the proof. O

llxs —z'll» <

Error bounds and convergence analysis of CHTP are summarized as follows.

AIMS Mathematics Volume 7, Issue 9, 16811-16831.
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Theorem 3.1. Let y = Ax + e be the measurement of the signal x and e be the measurement error. If

1
O2sap < J— (3.14)

\4+ \/§+2,

then the iterate {x"} generated by CHTP approximates x with

1-p"
" = xslla < P"Ix° = xgll2 + 7 1

lAxs + ell2,

where

2 (24 (V5+ 12
_ J 2s+ﬂ( ( ) s+ﬁ) < 1’ (315)

(=31 -5

J 2+ (D8, (B+DTFy  \T73,
T:=

. (3.16)
U=6u)1=33) " 1 g Ji-ar =%
Proof. For the convenience of discussion, we define "*! := H,(u"*"). Then,
supp(?) € T = £, ¢ U,
It is clear that (#"*!)m = £"*!. Hence,
I(xs = " Dgmally = llxgngm — £l

= lxsagmt = H@"

< \/5; 1||(xsm/n+1 - M"+l)(SmU"+l)uTn+l||z

< V5 + lll(xS — " Dynalla, (3.17)

2

where the first inequality comes from Lemma 3.2, and the second inequality follows from the fact that
[(S N Un+1) U Tn+1] C Un+1.

Since supp(t"*') € U™ and supp(u™') ¢ U, ("o = ") = 0. Thus,
12 1 2 1 2
llxs =2, = N(xs = glly + Ixs = 7,13
1 2 1 2
= |l(xs = u™ garlly + 1Gxs = £ Dyl
1 2 1 2
< s = u Dyl + €| Ges = wHgma|,) (3.18)

where & := (\/5 + 1)/2, and the last step is due to (3.17).
From Step 2 in CHTP, we know that the following orthogonality condition holds:

(Au™' —y,Az) =0, forany supp(z) € U™,

AIMS Mathematics Volume 7, Issue 9, 16811-16831.
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where y = Axs + ¢’ and ¢’ = Axs + e. Hence, for any z satisfying supp(z) C U™, we get

W' = xg, ATAZ) = (Au"™"' — Axg, AZ)
= (Au™" - (y - €'),Az) = (Au"" -y, Az) + (¢, A7)
= (¢, A7) = (AT¢, 7).

Furthermore,

el <(u"+l — xS)UrH-] . (I/tn+1 - xS)U"+'>

<(un+l _ XS)U"”, [(I _ATA)(M”+1 — _xs)]Un+l>

+ <(l/ln+l - Xs)UrH—l . [ATA(M"H — Xs )]U”“> .

2
I(xs = u™ )ynally

Lemma 3.1 and |supp(u’“r1 — x5) U U"“| < s+ Blead to

(@ = xg)yrer, [ = ATAYU™" = x5) ]y ) < Ssapllxs = w0 allCxs — ™ goer o

Note that

(@ = xs)gm, [ATAG™ = x5)] o) = (U™ = x5)gmer, ATA@™! = x5))
<u”+1 — x5, ATA"™! — xS)Un+1>

<ATe’, (™! - xS)Un+1>
<

(AT )y, (U™ = xS)UnH)

1
ATt 2l @™ = x5 )yt 2,

IA

(3.19)

(3.20)

(3.21)

(3.22)

where the third equality comes from (3.19) since supp((u"*' — xg)yn1) C UL, Putting (3.20), (3.21)

and (3.22) together yields

(3.23)

1 1 T
lCxs = u"™ yneilly < Ssapllxs —u"™ |l + 1A €yl
Therefore,
llxs — w13
1 2 1 2
= (s — u" garlly + 1Ces = u" )yl
1 2., 2 12 T 1 T 2
< s = ™ gamlly + 05 gllxs — u + 20,56l1(AT €N [Lllxs — u" L + (I(AT € ) gl
1.e.,

2 12 T 1 1
(1 =0 pllxs — u"" |l = 2056l(A" € )y lallxs — u" I = (II(xS — U ) g

This is a quadratic inequality on ||xg — u"*!||,. So,

n+1||

llxs —u 2

1B+ IIAT ¢ )yt [13) < 0.

AIMS Mathematics Volume 7, Issue 9, 16811-16831.
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26,:4ll(AT € ymll2 + \/4(1 = &7 s = ur gy + 4lIAT e )y |13

= 2
2(1-62,)
1 =67 llCxs — Wl + (1 + Sp)ll(AT ) yna 2
<
1 - 5?+ﬁ
s =™ gl AT )yl

= + : (3.24)

Ji-, 1= s

where the second inequality comes from the fact that Va® + b> < a + b for all a,b > 0.

Due to supp(u™') € U™, we obtain (#"*')— = 0. According to Lemma 3.3, we have

yn+l

IGes = " gl = gl < V2650pllxs = Xl + 2(1 + 8caplle’llo- (3.25)

Combining (3.23) and (3.24) yields

1
l(xs — 7 Yol

55+ﬁ 5s+,8
s = ™ yglla + ICAT e[l + ICAT €Y 12

< _
— Un+1 1 _ 65
aY 1- 63+,B #

= ——=Llltrs =" gl + - _15 AT &)y (3.26)
\/1 - 6§+ﬁ o
Hence, it follows from (3.18) and (3.26) that
llxs = 1113 i
< s — ™ gl + ﬂll(x — "™ gl + ICAT e )y [l

&
yn+l ”2 S yn+l 1 5
[1 _ 6§+ﬂ — Os4B

2
[ 1+&8%,, ¢ ,

n+1 T
Sl + ATl |
1 — 6§+ﬁ ”( Xs — )U" 1”2 1— 63+ﬁ”( e )U 1”2

where the last step is due to the fact that a® + (b +c¢)* < (Va2 + b*+c)* forall a,b,c > 0,and &> —1 = ¢
since & = (V5 + 1)/2. Taking the square root of both sides of this inequality and using (3.25) yields

1 + &62 ¢
_ tn+l < s+8 _on+l + AT ",
llxs . < \—1 5, l(xs = u™ gl 1—6S+B”( e)ymill2
K é‘-’ ,
= \ 1 52+ﬁ(\/_62w/5”xs =Xl + V2(1 + 654p) ||e||2) — AT €)1l
B s+B s+
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A1 +£6%,,) £JT+0g
+
I- 6s+ﬂ I- 6s+ﬁ

< J 25%s+ﬁ (1 + §5§+,B)

1 -¢?

llxs — X"l +
s+

] lle’llz, (3.27)

where the third inequality follows from the fact that ||(A7e") 1]l < /1 + oglle’ll, by Lemma 3.1.
Note that supp(f**') € T, |[T"*!| < s, and

¥ = arg min {lly —AzZl|> : supp(z) C T"“}.
Z

According to Lemma 3.4, we have

1 1+6
1 1
X = x5l € —=Il(xs =" )7l + :

Tn+l1 _
N 1= 0o,

VI + 6
< ———lxs ="+ :

Ji-8, 1=02

Combining this with (3.27), we obtain

lle’ll

lle’llo.

2%, (1 + 602,
(=01 - 33

\/ 204805 NIy NTHS,
(=61 =03) (1 g, J1-a2) 1%

1
llxs — X Il2 llxs — x"|I>

IA
=

lle’ll>

= pllxs = X"|l + 7lle’[],,

where p, T are given in (3.15) and (3.16), respectively. Hence,

1
lIxs = 2"l < pllxs = X"l + 7lle’]l
-1
< plollxs = x" |l + 7lle’ll) + Tlle’]l
S .........
. 0 _pn+1
< P s = X+ T s lle’ll2.

Since 045 < 0254p and 0oy < 02445, it 1s €asy to get
2 (2+(V3+1D8%,) 83,2+ (V5+133,)
p= < .
(1= )1 -6, (=&, )1 =5,

To ensure p < 1, it suffices to require the right side of the above equation less than 1, which is
guaranteed by the following RIP bound:

1
Or1p < | —F/—.
4+ V5+2
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This completes the proof. O

The corresponding result for the noiseless case can be obtained immediately.

Corollary 3.1. Let y = Ax be the measurement of an s-sparse signal x. If

1
Or1p < | —F—,
A+ V542

then the iterative sequence {x"} generated by CHTP approximates x with

0
lx" = xll2 < p"|lx" = xll2,

where p is given in (3.15).

In the noiseless setting, the foregoing result shows that a sparse signal can be identified by CHTP
in a finite number of iterations.

Theorem 3.2. If

1
Ooip < | —F——=—s,
A+ V5+2

then any s-sparse vector x € RN can be recovered by CHTP with y = Ax in at most

In ( «/iazﬁi)||x0—x||z)
n= +1

()

iterations, where p is given by (3.15), 6 := m%n |x;| and S := supp(x).
1€

Proof. 1t is sufficient to show that
I(x" + ATA(x — X)) > (" + ATA(x - )|, YkeS, reS§. (3.28)

If (3.28) holds, we can obtain S € U™! from the definition of U™!, which leads to u"*' = x.

Furthermore, we can derive 7! = § and x"*! = x from the CHTP algorithm directly.
Next, we aim to prove (3.28). According to Lemma 3.1 and Corollary 3.1, we yield

(I = ATA)(" = x)), ]+ (U = ATAYX" = x),| < V2 - ATA)(X" - il
< V265, IIX" = Al
< V265, 4llX" = Al
< V2655.50" 1" = xlla.
It follows that
(" + ATA(x = X)) | = |+ (- ATA" = X)),
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\%

0 —1((I = ATA)X" - )|
0 = V265550 Ix° = xllo + (I = ATA)(" — X)) |
0 = V2635,p0"1X° = xlly + (" + ATA(x = x"), (3.29)

\%

where 6 = mgn |x;], and the last step is due to the fact x, = 0 for t € . Taking
1€

V262545l1x0 1o
e
n= + 1,

in(3)

we get \/562S+,3p”||x° — x|l < 6. Combining this with (3.29), we conclude that (3.28) holds. This
completes the proof. O

Now, let us discuss the stability of CHTP. Recall first that the error of the best s-term approximation
of a vector x is defined as
0 5(x0)p = inf{llx = vll, = [vllo < s}.

In particular, according to [23, Theorem 2.5], we have

1
0s(2)2 < 2_\/§”Z”1 Vz. (3.30)

Theorem 3.3. Let

1
Orip < | —F/—.
A+ V542

Then, for all x € RN and e € R™, the iterate {x"} generated by CHTP with y = Ax + e satisfies

1 I-p" [1+06; 1-p" 0
- X'l < + -+ +p"|lxs —
llx = x"|l2 < [2\/2 T, \ ; ]Gk(X)l T, llellz + p"llxs = x7l2,

where p is given by (3.15), and

% if s is even
k:= and r:=s—k.

|5|+1 if s isodd

Moreover, every cluster point x* of the sequence {x"} satisfies

e — X'l < 1 N T 1+6ta'(x)+ T
2 < Vi l—pw ; (X1 1—5

Proof. Let T, := Li(x), T, := Li(x7;), and

llell2.

T3 := Lixror)s > T = LiGropors): 1= LOsomoa)s
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where [, r satisfy (/ = 2)t + k + r = N and r < . According to the structure of T, it follows from [23,
Lemma 6.10] that

1 ,
Iz [l2 < Ttlle,«,llll, J=3,...1L (3.31)

Taking into account Theorem 3.1, one has

n

0
llxs = X"l < p'llxs —xh+7 1

lAxg + ell>

n

P
(lAx7,ll2 + 1A%zl + ... + IAxr |l + llell2)-

IA

0
Plllxs —xlh + 7 1

It follows from (3.1) and (3.31) that

1 [ -1
1 1
D Mgl < VT+6 ) Mzl < /1 +6,$Z||xr,.||1 <1 # 8- llerlh.
i=3 i=3 i=2

Hence,
1-p" 1+06
s =X < p"llxs = Xl + T2 Nl + llellz
1-p t
1-p" 1+06
= plles =2l + 7 I p (\/ Lo + ||€||2)- (3.32)
Using (3.30), we get
llxgll2 = Uz(xﬁ)z < 2—\/;”3677”1 = 2—\/201((16)1- (3.33)

Putting (3.32) and (3.33) together implies

llx = X"l llxg + x5 — x"[l2

IA

llxgll + llxs — x"l2

1 1-p" 1+0
2—\/;ak<x)1+p"||xs—x0||z+71_’; (\| k()1 + lel)

1 1-p" [1+6 l-p n
+ + + ol
[2\/2 12, t )o-k(X)l T=p lellz + ks = ol

Since p < 1, taking n — oo in the above inequality yields

= 2l < |+ —— /22 )+ e
X— X grX eéllr.
2 < AR ; KCon+ 7 llellz

This completes the proof. O
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4. Numerical experiments

In this section, numerical experiments are carried out to check the effectiveness of CHTP. All
experiments were conducted on a personal computer with the processor Intel(R) Core(TM) 15-7200U,
CPU @ 2.50 GHz and 4 GB memory. The s-sparse standard Gaussian vector x* € R" and standard
Gaussian matrix A € R™" with (m, N) = (400, 800) are randomly generated, and the positions of
non-zero elements of x* are uniformly distributed. According to [23, Theorem 9.27],if 0 < n,e < 1,
and

m > 257 %[s(1 + In(N/s)) + In(2e™ )],

then the restricted isometry constant ¢, of ﬁA satisfies
8y < [2+ng(N, 5)] - ng(N, s),
with probability greater than or equal to 1 — &, where
g(N, s) :=1+[2(1 + In(N/s)]" 2.

Hence, to satisfy the restricted isometry bound (3.14) with high probability, we replace (1.1) by the
following model throughout the numerical experiments:

o o
min {7 = Axl « lallo < s},

where A := A/ /m, and y := y/ \/m. Moreover, the measurement vector y is given by y = Ax* in the
noiseless setting and y = Ax*+0.005¢ in the noisy setting, where e € R™ is a standard Gaussian random
vector. Unless otherwise stated, all algorithms adopt x° = 0 as the initial point and the condition

X" = X[/l [l < 1073

as the successful reconstruction criterion. OMP is performed with s iterations, while other algorithms
are performed with at most 50 iterations. For each sparsity level s, 100 random problem instances are
tested to investigate the recovery abilities of all algorithms, as shown in Figures 1-3.

The first experiment is performed to illustrate the effect of the parameter 8 involved in CHTP
on the reconstruction ability. Pick the following different values of S in {s, [1.1s],[1.2s],[1.3s],2s}
and s € {120,123,...,240}, where [-] denotes the round function. Numerical results with accurate
measurements and inaccurate measurements are shown in Figure 1(a) and 1(b), respectively. Since
the results shown in Figure 1(b) are similar to those of Figure 1(a), this indicates that CHTP is stable
for weak noise. It is also observed that the recovery ability of CHTP is sensitive to the parameter 3,
and it becomes worse with the increase of 5 as § < [1.3s]. In particular, CHTP reduces to HTP as
B = s. Thus, CHTP with 8 = [1.1s], [1.2s] and [1.3s] performs better than HTP in both noiseless
and noisy settings. In addition, it should be noted that CHTP with 8 = 2s performs better than HTP
as s < 190, and the success rate of the former suddenly drops to zero as sparsity level s approaches
m/2. This phenomenon is similar to the performance of SP in Figure 2. Simulations indicate that the
performance of the hard thresholding operator can be improved by introducing a compressive step first.
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To investigate the effectiveness of CHTP, we compare it with other four mainstream algorithms:
HTP, OMP, CoSaMP and SP. The corresponding results are displayed in Figures 2 and 3. Based on
the above discussion on the performances of CHTP, the parameter £ in this experiment is set as [1.1s].
Sparsity level s ranged from 120 to 258 with stepsize 3 in Figure 2(a), and it ranged from 1 to 298 with
stepsize 3 in Figure 2(b). The comparison of recovery abilities for different algorithms is displayed in
Figure 2(a) with accurate measurements and in Figure 2(b) with inaccurate measurements. Moreover,
Figure 2(c) is an enlarged image of Figure 2(b). Figure 2 indicates that CHTP is competitive with HTP,
OMP and SP in both noiseless and noisy scenarios. Furthermore, the recovery ability of CHTP can
remarkably exceed that of CoSaMP. Figure 2(b) indicates that the sparse signal reconstruction abilities
are significantly weakened in the presence of noise for all algorithms as the sparsity level s < 10.

The next problem we examine is the average number of iterations and average recovery runtime for
different algorithms with accurate measurements. Due to the number of iterations of OMP being set as
s, we just compare all algorithms except OMP in Figure 3, in which s < 120 is considered to ensure
the success rates of all algorithms are 100%. Figure 3 shows that the larger s is taken, the more average
number of iterations and computational time are required for all algorithms. From Figure 3(b), we see
that the average recovery runtime for all algorithms are close to each other as s < 50. Although CHTP
needs more iterations than other algorithms in Figure 3(a), it consumes less time than CoSaMP and
SP as s > 50 in Figure 3(b). From this point of view, CHTP is competitive with the other algorithms
mentioned above.

—k— CHTP,j=s —k— CHTP,j=s
20 —B— CHTP,3=[1.15) 90 —H— CHTP,5=[1.1s] |
CHTP,3=[1.25) CHTP,3=[1.2s]
80 —&— CHTP,i=[1.35] 80 —p— CHTP,3=[1.3s] | 1
—O—CHTP#=2s —O— CHTP,5=2s

70

60 [

50

40

30

20

Succcess frequencies for recovery
o
Z

Succcess frequencies for recovery

0 &4 0 . . . &
120 140 160 180 200 220 240 120 140 160 180 200 220 240
Sparsity level Sparsity level

(a) Accurate measurements (b) Inaccurate measurements

Figure 1. Successful recovery of CHTP with different 8 value.
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Succcess frequencies for recovery

Figure 2. Comparison of successful recovery performances for different algorithms.
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5. Conclusions

In [27, 21], the authors point out that the hard thresholding operator is independent of the objective
function, and this inherent drawback may cause the increase of the objective function in the iterative
process. Furthermore, they suggest that the hard thresholding operator should be applied to a
compressible vector to overcome this drawback. Motivated by this idea, we proposed the CHTP
algorithm in this paper, which reduces to the standard HTP as 8 = s. To minimize the negative
effect of the hard thresholding operator on the objective function, the orthogonal projection was used
twice in CHTP. The convergence analysis of CHTP was established by utilizing the restricted isometry
property of the sensing matrix. Numerical experiments indicated that the performance of CHTP with
B = [1.1s] is better than in other cases. Simulations showed that CHTP is competitive with other
popular algorithms such as HTP, OMP and SP, both in the sparse signal reconstruction ability and the
average recovery runtime.

Acknowledgments

The second author’s work is supported by the National Natural Science Foundation of China
(11771255), Young Innovation Teams of Shandong Province (2019KJI013) and Shandong Province
Natural Science Foundation (ZR2021MA066). The fourth author’s work is supported by the Natural
Science Foundation of Henan Province (222300420520) and Key Scientific Research Projects of
Higher Education of Henan Province (22A110020).

Conflict of interest

All authors declare no conflicts of interest in this paper.

References

1. E.J. Candes, T. Tao, Decoding by linear programming, IEEE T. Inform. Theory, 51 (2005), 4203—
4215. http://dx.doi.org/10.1109/TIT.2005.858979

2. D. L. Donoho, Y. Tsaig, Fast solution of [;-norm minimization problems when
the solution may be sparse, [EEE T. Inform. Theory, 54 (2008), 4789-4812.
http://dx.doi.org/10.1109/TIT.2008.929958

3. H. Ge, W. Chen, M. K. Ng, New RIP Bounds for recovery of sparse signals with partial
support information via weighted £,-minimization, IEEE T. Inform. Theory, 66 (2020), 3914-3928.
http://dx.doi.org/10.1109/TIT.2020.2966436

4. A.H. Wan, Uniform RIP conditions for recovery of sparse signals by £,,, (0 < p < 1) minimization,
IEEE T. Signal Proces., 28 (2020), 5379-5394. http://dx.doi.org/10.1109/TSP.2020.3022822

5. H. Cai, J. F Cai, T. Wang, G. Yin, Accelerated structured alternating projections for
robust spectrally sparse signal recovery, IEEE T. Signal Proces., 69 (2021), 809-821.
http://dx.doi.org/10.1109/TSP.2021.3049618

AIMS Mathematics Volume 7, Issue 9, 16811-16831.


http://dx.doi.org/http://dx.doi.org/10.1109/TIT.2005.858979
http://dx.doi.org/http://dx.doi.org/10.1109/TIT.2008.929958
http://dx.doi.org/http://dx.doi.org/10.1109/TIT.2020.2966436
http://dx.doi.org/http://dx.doi.org/10.1109/TSP.2020.3022822
http://dx.doi.org/http://dx.doi.org/10.1109/TSP.2021.3049618

16830

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

C. H. Lee, B. D. Rao, H. Garudadri, A sparse conjugate gradient adaptive filter, IEEE Signal Proc.
Let., 27 (2020), 1000-1004. http://dx.doi.org/10.1109/LSP.2020.3000459

T. Cai, L. Wang, Orthogonal matching pursuit for sparse signal recovery with noise, IEEE T.
Inform. Theory, 57 (2011), 4680-4688. http://dx.doi.org/10.1109/TIT.2011.2146090

J. A. Tropp, A. C. Gilbert, Signal recovery from random measurements via
orthogonal matching pursuit, [EEE T. Inform. Theory, 53 (2007), 4655-4666.
http://dx.doi.org/10.1109/TIT.2007.909108

J. Wen, R. Zhang, W. Yu, Signal-dependent performance analysis of orthogonal matching
pursuit for exact sparse recovery, I[EEE T. Signal Proces., 68 (2020), 5031-5046.
http://dx.doi.org/10.1109/TSP.2020.3016571

D. Needell, J. A. Tropp, CoSaMP: Iterative signal recovery from incomplete
and inaccurate samples, Appl. Comput. Harmon. A., 26 (2009), 301-321.
http://dx.doi.org/10.1145/1859204.1859229

W. Dai, O. Milenkovic, Subspace pursuit for compressive sensing signal reconstruction, /IEEE T.
Infrom. Theory, 55 (2009), 2230-2249. http://dx.doi.org/10.1109/TTT.2009.2016006

N. Han, S. Li, J. Lu, Orthogonal subspace based fast iterative thresholding algorithms
for joint sparsity recovery, [IEEE Signal Proces. Let., 28 (2021), 1320-1324.
http://dx.doi.org/10.1109/LSP.2021.3089434

T. Blumensath, M. E. Davies, Iterative hard thresholding for compressed sensing, Appl. Comput.
Harmon. Anal., 27 (2009), 265-274. http://dx.doi.org/10.1016/j.acha.2009.04.002

M. Fornasier, H. Rauhut, Iterative thresholding algorithms, Appl. Comput. Harmon. Anal., 25
(2008), 187-208. http://dx.doi.org/10.1016/j.acha.2007.10.005

S. Foucart, G. Lecue, An IHT algorithm for sparse recovery from subexponential measurements,
IEEE Signal Proces. Let., 24 (2017), 1280-1283. http://dx.doi.org/10.1109/LSP.2017.2721500

J. L. Bouchot, S. Foucart, P. Hitczenki, Hard thresholding pursuit algorithms: Number of iterations,
Appl. Comput. Harmon. Anal., 41 (2016), 412—435. http://dx.doi.org/10.1016/j.acha.2016.03.002
S. Foucart, Hard thresholding pursuit: An algorithm for compressive sensing, SIAM J. Numer.
Anal., 49 (2011), 2543-2563. http://dx.doi.org/10.1137/100806278

X. T. Yuan, P. Li, T. Zhang, Gradient hard thresholding pursuit, J. Mach. Learn. Res., 18 (2018),
1-43.

D. L. Donoho, De-noising by soft-thresholding, IEEE T. Inform. Theory, 41 (1995), 613-627.
http://dx.doi.org/10.1109/18.382009

N. Meng, Y. B. Zhao, Newton-step-based hard thresholding algorithms for sparse signal recovery,
IEEE T. Signal Proces., 68 (2020), 6594-6606. http://dx.doi.org/10.1109/TSP.2020.3037996

Y. B. Zhao, Optimal k-thresholding algorithms for sparse optimization problems, SIAM J. Optimiz.,
30 (2020), 31-55. https://doi.org/10.1137/18M 1219187

Y. B. Zhao, Z. Q. Luo, Analysis of optimal thresholding algorithms for compressed sensing, I[EEE
T. Signal Proces., 187 (2021), 108—148. https://doi.org/10.1016/j.sigpro.2021.108148

S. Foucart, H. Rauhut, A Mathematical Introduction to Compressive Sensing, Springer, NY, 2013.
https://doi.org/10.1007/978-0-8176-4948-7

AIMS Mathematics Volume 7, Issue 9, 16811-16831.


http://dx.doi.org/http://dx.doi.org/10.1109/LSP.2020.3000459
http://dx.doi.org/http://dx.doi.org/10.1109/TIT.2011.2146090
http://dx.doi.org/http://dx.doi.org/10.1109/TIT.2007.909108
http://dx.doi.org/http://dx.doi.org/10.1109/TSP.2020.3016571
http://dx.doi.org/http://dx.doi.org/10.1145/1859204.1859229
http://dx.doi.org/http://dx.doi.org/10.1109/TIT.2009.2016006
http://dx.doi.org/http://dx.doi.org/10.1109/LSP.2021.3089434
http://dx.doi.org/http://dx.doi.org/10.1016/j.acha.2009.04.002
http://dx.doi.org/http://dx.doi.org/10.1016/j.acha.2007.10.005
http://dx.doi.org/http://dx.doi.org/10.1109/LSP.2017.2721500
http://dx.doi.org/http://dx.doi.org/10.1016/j.acha.2016.03.002
http://dx.doi.org/http://dx.doi.org/10.1137/100806278
http://dx.doi.org/http://dx.doi.org/10.1109/18.382009
http://dx.doi.org/http://dx.doi.org/10.1109/TSP.2020.3037996
http://dx.doi.org/https://doi.org/10.1137/18M1219187
http://dx.doi.org/https://doi.org/10.1016/j.sigpro.2021.108148
http://dx.doi.org/https://doi.org/10.1007/978-0-8176-4948-7

16831

24.J. L. Shen, S. Mousavi, Exact support and vector recovery of constrained sparse
vectors via constrained matching pursuit, arXiv Preprint, 2020. Available from:
https://arxiv.org/abs/1903.07236.

25. Y. B. Zhao, Sparse Optimization Theory and Methods, Boca Raton, FL, CRC Press, 2018.
https://doi.org/10.1201/9781315113142

26. Y. B. Zhao, Z. Q. Luo, Constructing new weighted [; algorithms for the sparsest points of
polyhedral sets, Math. Oper. Res., 42 (2016), 57-76. https://doi.org/10.1287/moor.2016.0791

27. N. Meng, Y. B. Zhao, M. Kocvara, Partial gradient optimal thresholding algorithms for a class of
sparse optimization problems, arXiv Preprint, 2022. https://arxiv.org/abs/2107.04319v2

28. Y. B. Zhao, Z. Q. Luo, Improved RIP-based bounds for guaranteed performance of two compressed
sensing algorithms, arXiv Preprint, 2020. https://arxiv.org/abs/2007.01451

©2022 the Author(s), licensee AIMS Press. This

E is an open access article distributed under the
% AIMS Press terms of the Creative Commons Attribution License

(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 7, Issue 9, 16811-16831.


http://dx.doi.org/https://doi.org/10.1201/9781315113142
http://dx.doi.org/https://doi.org/10.1287/moor.2016.0791
http://dx.doi.org/https://arxiv.org/abs/2107.04319v2
http://dx.doi.org/https://arxiv.org/abs/2007.01451
http://creativecommons.org/licenses/by/4.0

	Introduction
	Compressive Hard Thresholding Pursuit
	Convergence analysis
	Numerical experiments
	Conclusions

