AIMS Mathematics, 7(9): 17026-17044.
DOI: 10.3934/math.2022936
ATMS Mathematics Received: 31 March 2022

Revised: 05 June 2022

Accepted: 12 June 2022
http://www.aimspress.com/journal/Math Published: 19 July 2022

Research article

On weakly bounded well-filtered spaces

Xiaoyuan Zhang', Meng Bao?, Xinpeng Wen® and Xiaoquan Xu**

I School of Big Data Science, Hebei Finance University, Baoding 071051, China

2 College of Mathematics, Sichuan University, Chengdu 610064, China

3 College of Mathematics and Information, Nanchang Hangkong University, Nanchang 330063,
China

4 Fujian Key Laboratory of Granular Computing and Applications, Minnan Normal University,
Zhangzhou 363000, China

* Correspondence: E-mail: xiqxu2002@163.com.

Abstract: In [16], using Rudin sets, Miao, Li and Zhao introduced a new concept of weakly well-
filtered spaces—k-bounded well-filtered spaces. Now, also using Rudin sets, we introduce another
type of T, spaces—weakly bounded well-filtered spaces, which are strictly stronger than k-bounded
well-filtered spaces. Some basic properties of k-bounded well-filtered spaces and weakly bounded
well-filtered spaces are investigated and the relationships among some kinds of weakly sober spaces
and weakly well-filtered spaces are posed. It is proved that the category KBWF is not reflective in the
category Top,.

Keywords: k-bounded well-filtered space; weakly bounded well-filtered space; Scott topology;
Smyth power space; reflection
Mathematics Subject Classification: 06B35, 06F30, 18B30, 54D35

1. Introduction

With the development of non-Hausdorff topology, sober spaces, well-filtered spaces and d-spaces
form the most important three types of T, spaces. During the past few years, a large number of
properties of these spaces are investigated (see [1,3-5,9, 14,17, 19, 29, 30, 32, 33]). By the further
researches of sober spaces and well-filtered spaces, many classes of weakly sober spaces and weakly
well-filtered spaces have been posed and extensively investigated from various different perspectives
(see [4,16,23,24,28,29,36-38]). In particular, Xu, Shen, Xi and Zhao introduced and investigated
Rudin sets and WD sets for researching well-filtered spaces and gave the characterization of well-
filtered spaces by the two kinds of T spaces in [19,29]. Rudin sets and WD sets play an important role
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in study of well-filtered spaces and sober spaces (see [19,27-30,33]). In [16], using Rudin sets, Miao,
Li and Zhao introduced and studied a new kind of weakly well-filtered spaces—k-bounded well-filtered
spaces, namely, T, spaces X in which every nonempty closed Rudin subset A of X that has a sup is the
closure of a (unique) point of X.

In this paper, also using Rudin sets, we introduce a new type of weakly well-filtered spaces—
weakly bounded well-filtered spaces, which are strictly stronger than k-bounded well-filtered spaces.
The main purpose of the paper is to investigate some basic properties of k-bounded well-filtered spaces
and weakly bounded well-filtered spaces. It is proved that the category KBWF of all k-bounded
well-filtered spaces with continuous mappings is not reflective in the category Top, of all T, spaces
with continuous mappings, and also the category KBWF, of all k-bounded well-filtered spaces with
continuous mappings preserving all existing sups of Rudin sets is not reflective in the category Top,
of all T,y spaces with continuous mappings preserving all existing sups of Rudin sets. Moreover, some
fundamental properties, such as hereditary, products, retracts, .etc, in k-bounded well-filtered spaces
and weakly bounded well-filtered spaces are investigated and the relationships among some weakly
sober spaces are posed. It is proved that if the Smyth power space Ps(X) is k-bounded well-filtered
(resp., weakly bounded well-filtered), then so is X. Two examples are given to show that the converses
do not hold in general.

2. Preliminaries

In this section, we introduce the necessary notations, terminologies and some facts that will be used
in the paper. For further details, we refer the reader to [5,6, 17].

For a poset Pand A C P, let |JA = {x € P: x < aforsomea € A}and TA = {x € P : x >
a forsome a € A}. For arbitrary x € P, let |x represent |{x} and Tx represent T{x}, respectively.
We call A a lower set (resp., an upper set) if A = |A (resp., A = TA). For a set X, the cardinality
of X is denoted by |X|. The set of all natural numbers with the usual order is denoted by N and
w = |N|. 2% denotes the set of all subsets of X. Put X*“) = {F C X : F is a nonempty finite set} and
FinP = (T F : 0 # F € P9}, A subset D of P is directed provided that it is nonempty and every
finite subset of D has an upper bound in D. The set of all directed sets of P is denoted by D(P). P is
said to be a directed complete poset, a dcpo for short, if every directed subset of P has the least upper
bound in P. As in [5], the upper topology on a poset P, generated by the complements of the principal
ideals of P, is denoted by v(P). The upper sets of P form the (upper) Alexandroff topology y(P). The
space I'P = (P,y(P)) is called the Alexandroff space of P. A subset U of a poset P is called Scott open
if U=1TU and DN U # 0 for all directed sets D C P with VD € U whenever VD exists. The topology
formed by all Scott open sets of P is called the Scott topology, written as o(P). P = (P, o(P)) is
called the Scott space of P. Clearly, 2P is a Ty space. For the chain 2 = {0, 1} (with the order 0 < 1),
we have o0(2) = {0, {1}, {0, 1}}. The space X2 is well-known under the name of Sierpinski space.

Given a T, space X, we can define a partially order <y, called the specialization order, which is
defined by x <y yiff x € {y}. Let QX denote the poset (X, <y). Clearly, each open set is an upper set and
each closed set is a lower set with respect to the partially order <y. Unless otherwise stated, throughout
the paper, whenever an order-theoretic concept is mentioned in a T, space, it is to be interpreted with
respect to the specialization order. Let O(X) (resp., C(X)) be the set of all open subsets (resp., closed
subsets) of X and denote S(X) = {{x} : x € X}, D(X) = {D C X : D is a directed set of X}. A T, space
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X is called a d-space (or monotone convergence space) if X (with the specialization order) is a dcpo
and O(X) C o(X) (cf. [5]).

Remark 2.1. Let X be a T, space and C C X. Then VC exists in X iff Vcly(C) exists in X. Moreover,
If vC exists in X, then Vcly(C) = VC.

A nonempty subset A of a Ty space X is said to be irreducible if for any {F, F,} C C(X),A C F\UF,
always implies A C F; or A C F,. The set of all irreducible (resp., irreducible closed) subsets of X is
denoted by Irr(X) (resp., Irr.(X)). The space X is said to be sober, if for any A € Irr.(X), we can find
a unique point x € X with A = {x}. Put Top, the category of all T, spaces with continuous mappings
and Sob the full subcategory of Top,, containing all sober spaces.

Let X be a topological space, G C 2¥ and A € X. Set OgA = {G € G : GNA # 0} and
OgA = {G € G: G C A}. We write CA and DA for OgA and OgA, respectively if there is no
confusion. The lower Vietoris topology on G is the topology that has {OGU : U € O(X)} as a subbase,
and the resulting space is denoted by Py(G). If G C Irr(X), then {OCgU : U € O(X)} is a topology on

G.
Remark 2.2. Let X be a T, space. The space X* = Py(Irr.(X)) with the canonical mapping nx : X —

X*, given by 5x(x) = {x}, is the sobrification of X (cf. [5,6]).

A subset K of a topological space X is called supercompact if for any family {U; : i € I} € O(X),
K C Uic; U, we can find i € [ satisfying K C U;. It follows from [8, Fact 2.2] that the supercompact
saturated sets of a Ty space X are exactly the sets Tx with x € X. We call A C X saturated if A equals
the intersection of all open sets which contain A (equivalently, A is an upper set in the specialization
order). The set of all nonempty compact saturated subsets of X is denoted by K(X) and is endowed with
the Smyth preorder, that is, for K, K, € K(X), K| C K; iff K, C K;. We call a T\, space X well-filtered
(WF for short) if for any filtered family K C K(X), any open set U and () KCU, there exists KeK
satisfying KCU.

For any topological space X, G C 2% and A C X, the upper Vietoris topology on G is the topology
denoted by {OgU : U € O(X)} as a base, and Ps(G) denotes the resulting space. The Smyth power
space or upper space Ps(K(X)) of X is denoted shortly by Ps(X) (cf. [7,8,17]). As we all know, the
specialization order on Pg(X) is the Smyth order (that is, <p;x)=0C).

Rudin’s Lemma is a useful and important tool in non-Hausdorff topology and domain theory (see
[4-6, 10, 19,27-29, 35]). Heckmann and Keimel [8] presented the following topological variant of
Rudin’s Lemma.

Lemma 2.3. ( [8, Lemma 3.1]) (Topological Rudin Lemma) Let X be a topological space and A an
irreducible subset of the Smyth power space Ps(X). Then every closed set CCX that meets all members
of A contains a minimal irreducible closed subset A that still meets all members of A.

For a T space X and K C K(X), let M(‘K) = {A € C(X) : KNA # 0forall K € K} (that is,
K C CA) and m(K) = {A € C(X) : A is a minimal member of M(K)}.

Definition 2.4. ( [29, Definition 4.6]) Let X be a T\, space. A nonempty subset A of X is said to have
Rudin property, if there exists a filtered family K C K(X) satisfying A € m(K) (that is, A is a minimal
closed set that intersects all members of K). Let RD(X) = {A € C(X) : A has Rudin property}. The
sets in RD(X) will also be called Rudin sets.
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Lemma 2.5. ( [33, Lemma 2.7]) Suppose that X, Y are both T, spaces and f : X — Y is a continuous
mapping, if A € RD(X), then f(A) € RD(Y).

3. Some kinds of weakly sober spaces and weakly well-filtered spaces

In this section, the concept of weakly bounded well-filtered spaces is posed and we investigate
relationships among some kinds of weakly sober spaces and weakly well-filtered spaces.

Definition 3.1. ( [14, Definition 2.1]) Let X be a Ty space. We call X bounded well-filtered (b-WF for
short) if, whenever a nonempty open set U contains a filtered intersection (),c; K; of compact saturated
subsets, then U contains K; for some i € 1.

Bounded well-filtered spaces were called weak well-filtered in [14]. It was shown
in [14, Proposition 3.3] that a Ty space X is bounded well-filtered if and only if for any nonempty
open set U and every filtered family {K},; of nonempty compact saturated subsets with (,; K; # 0,
Nie; Ki € U implies K; € U for some i € 1. In order to correspond to the concept of bounded sober
spaces, we call it bounded well-filtered here (note that {K;},.; € K(X) is upper bounded in K(X) iff
Nier Ki # 0).

Proposition 3.2. A bounded well-filtered space is saturated-hereditary.

Proof. Assume that X is a bounded well-filtered space and U is a nonempty saturated subspace of X.
Suppose that Ky € K(U) is filtered, V € O(U) \ {0}, and (" Ky € V. Then we can find W € O(X) \ {0}
withV = WnNnU. AsU = TyU, Ky € K(X) and Ky € W. It follows from the bounded well-
filteredness of X that there exists K € Ky with K € W, and hence K € W N U = V. Therefore, U is
bounded well-filtered. O

Definition 3.3. ( [38, Definition 4.1]) Let X be a T, space. We call X k-bounded sober (k-b-sober
for short) if for any irreducible closed set A with VA existing, we can find a unique point x € X with
A = cl({x}).

Definition 3.4. ( [16, Definition 4.2]) Let X be a T\, space. We call X k-bounded well-filtered (k-b-WF
for short) if for any non-empty closed Rudin subset A with VA existing, we can find a unique point
x € X such that A = cl({x}).

Throughout this paper, KBWF denotes the category of all k-bounded well-filtered spaces with
continuous mappings, Top, denotes the category of all Ty spaces with continuous mappings preserving
all existing sups of Rudin sets and KBWF, denotes the full subcategory of Top, containing all k-
bounded well-filtered spaces.

By [33], we know that for a Ty space X, S.(X) € D.(X) € RD(X) € WD(X) C Irr.(X). Soif X is a
k-bounded sober space, it is obvious that X is k-bounded well-filtered. Moreover, it was proved in [16]
that if a 7)) space X is a k-bounded well-filtered space and X is locally compact, then X is a k-bounded
sober space. Clearly, each well-filtered space is k-bounded well-filtered, but the converse is not valid,
see [16, Example 4.5].

Definition 3.5. ( [37, Definition 2]) A T, space is called bounded sober (b-sober for short) if every
upper bounded closed irreducible set is the closure of a unique singleton.
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Proposition 3.6. Let X be a T\ space and Y a bounded sober space. Then the function space Topy(X, Y)
of all continuous functions f : X — Y equipped with the topology of pointwise convergence is bounded
sober.

Proof. Let A be an upper bounded irreducible subset of Top,(X, Y) with the topology induced by the
product topology on YX. Then A, = 7,(A) = {a(x) : a € A} is irreducible for each x € X and has an
upper bound in Y. Since Y is bounded sober, we can find a unique a, € Y with cly(A,) = cly({a,}).
Define f : X — Y by f(x) = a,. We show that the function f is continuous. Let x € X and V € O(Y)
with f(x) = a, € V. It follows from 7,(A) = {a,} that V(\7m.(A) # 0, hence there exists a € A
such that a(x) € V. By the continuity of @ : X — Y, we can find a U € O(X) with x € U such
that a(z) € V for each z € U. From a € A, it follows that a(z) € m.(A) C m.(A) = {a.} = {f@)},

and hence f(z) € V for all z € U, which means that f is continuous. Finally, we show that A = {f}
in Top,(X, Y) (with the topology induced by the product topology on Y*). Let n;'(U,) (x € X and
U, € O(Y)) be arbitrary subbasic open set such that f € 7;'(U,). By f(x) = a, € 7.(A), we have
f e n ' (m(A) N7 (Uy) = 7' (m(A) N U,). Therefore, m(A) (U, # 0, and hence 7, (A) U, # 0
or, equivalently, A " 7. '(U,) # 0. Since A is irreducible, we deduce that all basic open sets containing
f must meet A. It follows that A = {f}. We conclude that the space Top,(X, Y) is bounded sober. O

Definition 3.7. Let X be a T, space. We call X bounded d-space (b-d-space for short) if for every
upper bounded D € D(X), we can find x € X such that D = cl({x}).

Proposition 3.8. A bounded d-space is closed-hereditary and saturated-hereditary.

Proof. Suppose that X is a bounded d-space and A is a closed subspace of X. For each upper bounded
directed set D in A, it is clear that D is directed and has an upper bound in X. As X is a bounded
d-space, there exists a unique x € X such that cly(D) = clx({x}). As the directed set D has upper bound
inAand A = |A, we have x € A. Then cly(D) = clxy(D) N A = clx({x}) N A = cls({x}). Hence, A is a
bounded d-space.

Let U be a nonempty saturated subspace of X. For each upper bounded directed set Dy in U, it is
clear that Dy is directed and has upper bound in X. From X being a bounded d-space, it follows that
we can find a unique x € X such that cly(Dy) = clx({x}). We know that x € U by U = TU. Then
cly(Dy) = clx(Dy) N U = clxy({x}) N U = cly({x}). Hence U is a bounded d-space. |

Definition 3.9. Let X be a T space. We call X weakly bounded well-filtered (w-b-WF for short)
provided that for arbitrary upper bounded Rudin set A C X, there exists x € X with A = cl({x}).

Since S .(X) € D.(X) € RD(X) € WD(X) C Irr.(X) for a T, space X by [33, Proposition 2.6], it
is obvious that each bounded sober space is weakly bounded well-filtered and each weakly bounded
well-filtered space is a bounded d-space. By the following example, the well-known Johnstone’s dcpo
J equipped with Scott topology is a weakly bounded well-filtered space but not a well-filtered space.

Example 3.10. Let J be the well-known dcpo constructed by Johnstone in [11], that is, J = NX(NU{w})
with the order defined as follows: (j,k) < (m,n) iff j = mand k < n,orn = w and k < m. It is well-
known that XJ is a dcpo and a non-sober space. Moreover, it was proved in [14, Example 3.1] that XJ
is not well-filtered. Now we show that XJ is weakly bounded well-filtered.

In fact, it is straightforward to verify that Irr.(XJ) = {|x : x € J} U {J}. Since J does not have an
upper bound in XJ, we have that £J is bounded sober, and hence it is weakly bounded well-filtered.
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Theorem 3.11. Let X be a T, space. X is weakly bounded well-filtered if and only if for an upper
bounded closed set B and any filtered family {K; : i € I} C K(X) such that K; "B # 0 for all i € I,
miEI Kl ﬂ B ¢ 0.

Proof. Let X be a weakly bounded well-filtered space, B an upper bounded closed set and {K; : i €
I} € K(X) a filtered family with K; N B # 0 for all i € I. By Topological Rudin Lemma, we can find a
minimal upper bounded closed subset C C B with K; N C # 0 for all i € . Since X is weakly bounded
well-filtered, it is natural to find a unique x € X with C = | x, then x € K; for each i € I, which implies
that x € ();; K;. Therefore, C N ((N;¢; K;) # 0, and hence B N ((;; K;) # 0.

Conversely, let A be an upper bounded Rudin set in X. By the definition of Rudin sets, we can find
a filtered family {K; : i € I} C K(X) with A € m({K; : i € I}). Therefore, ();c; K N A # (. Select a point
x € (g KiNA. Then |x C A and ({x) N K; # (. It follows from the minimality of A that A = |[x. O

Proposition 3.12. Every bounded well-filtered space is weakly bounded well-filtered.

Proof. Assume that X is bounded well-filtered, B is an upper bounded closed set and {K; : i € I} C K(X)
is a filtered family with K; N B # @ foralli € I. If N,;;K; N B = 0, then ,;; K; € X \ B. Since B
has upper bound, there exists a ¢ € X with B C [c. Clearly, ¢ € K; for each i € I, which means that
Nicr Ki # 0. As X is bounded well-filtered, it is natural that K; C X\ B for some i € I, which contradicts
with K; N B # @ for each i € I. Therefore, (;c; K; N B # 0. Thus X is weakly bounded well-filtered by
Theorem 3.11. |

The converse of Proposition 3.12 is not valid, see the following example.

Example 3.13. Let ] = N X (N U {w}) be the Johnstone’s dcpo (see Example 3.10). Put P = J U {a}
and a is incomparable with all elements of J. Then {a} € o(P) and Irr.(XP) = {|x : x € P} U {J}. Since
J does not have upper bound in P, £P is weakly bounded well-filtered. Set K; = {(j,w) : j > i} U {a}.
Then {K; : i € N} is a filtered family and {K; : i € N} C K(ZP). However, (;an K; = {a} € o(P) and
K; ¢ {a} for each i € I. Therefore, 2P is not bounded well-filtered.

As every weakly bounded well-filtered space is k-bounded well-filtered, one can directly get the
following result by Proposition 3.12.

Corollary 3.14. Every bounded well-filtered space is k-bounded well-filtered.

By Example 3.13, we know that the converse of Corollary 3.14 is not valid in general.
Figure 1 shows the relationships among some types of weakly sober spaces.

Sober spaces— Well-filtered spaces ——  d-spaces

/

Bounded well-filtered spaces

Bounded sober spaces— Weakly bounded

— Bounded d-spaces
well-filtered spaces
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4. Some properties of k-bounded well-filtered spaces and weakly bounded well-filtered spaces

In this section, it is shown that k-bounded well-filteredness and weakly bounded well-filteredness
both are saturated-hereditary, but k-bounded well-filteredness is not closed-hereditary. Moreover,
weakly bounded well-filtered spaces are closed under retracts and products.

Proposition 4.1. Suppose that X is k-bounded well-filtered and U is a nonempty saturated subspace
of X. Then U is a k-bounded well-filtered space.

Proof. Let C be a Rudin set in U and VyC exist. Let u = VyC. Then u is an upper bound of C in
X. For any upper bound v of C in X, since U is a saturated subspace of X and C C U, we have that
v € U, and hence u < v in U or, equivalently, in X. It follows that u = VxC, whence u = Vxclx(C) by
Remark 2.1. Since C is a Rudin set in U, by Lemma 2.5, clx(C) is a Rudin set in X. From k-bounded
well-filteredness of X, it follows that there exists x € X with clx(C) = clx({x}). Since C C U = TU and
C C |x,weobtain that x € U and C = cly(C) = (clx(C)) N U = (clx({x}h)) N U = cly({x}). Thus as a
saturated subspace, U is k-bounded well-filtered. O

The following example shows that k-bounded well-filteredness is not closed-hereditary.
Example 4.2. Suppose that P = NU{a, b} and the partial order < on P is given as follows (see Figure 2):

(i) n<n+1foreachn € N,
(i) n<aandn < bforalln eN,
(ii1) a and b are incomparable.

*n

3
2
1

Figure 2. A closed subspace of a k-bounded well-filtered space is not k-bounded well-filtered.

Clearly, Irr.(ZP) = {lx : x € P} U {N}. The irreducible closed set N does not have supremum in XP,
and thus 2P is k-bounded sober, hence k-bounded well-filtered.

Put A = N U {a}. Then A = N U {a} = |a is a closed subspace of XP and N is a Rudin set in the
subspace A. Indeed, set K = {T4n : n € N}. It is clear that K C K(A) and N € m(K). Moreover,
VsN=agandN # |a = @. Therefore, A (as a closed subspace of 2P ) is not k-bounded well-filtered.

Definition 4.3. ( [5]) A topological space X is a retract of a topological space Y provided that there
exist two continuous maps s : X — Yandr: Y — X with r o s = idx.

AIMS Mathematics Volume 7, Issue 9, 17026—-17044.
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Next, we give an example to show that the class of k-bounded well-filtered spaces is not closed
under retracts.

Example 4.4. Let X = XP and Y = (A, 0(P)|4) be the two spaces in Example 4.2. f : X — Y is defined

as follows:
X, x €N,

a, x€{a,b},

f(X)={

and define g : ¥ — X by g(y) = y for each y € Y, that is, g is the identical embedding of Y in X.
Clearly, f is continuous and f o g(y) = y for each y € Y, that is, f o g = idy. Therefore, Y is a retract
of X. It has been shown in Example 4.2 that X is k-bounded well-filtered, but Y is not.

Proposition 4.5. Suppose that X is a k-bounded well-filtered space and Y is a topological space. If
there exist two continuous mappings f : X — Y and g : Y — X satisfying f o g = idy and g o f < idy,
then Y is k-bounded well-filtered.

Proof. Firstly, it is trivial that Y is a Ty space.

Secondly, let F' be a Rudin set in Y and VyF exist. Let a = VyF. Since g is continuous, by
Lemma 2.5, clx(g(F)) is a closed Rudin set in X. We show that vcly(g(F)) = g(a). For each x € F,
by a = VyF, we have that x <y a and hence g(x) <x g(a). Therefore, g(a) is an upper bound of g(F).
On the other hand, for an arbitrary upper bound b of g(F), and for each x € F, g(x) <x b, whence
x = fog(x) <y f(b). Since g o f < idx, we have g o f(b) < b. Since VyF = a <y f(b), we have
g(a) < go f(b) < b. Thus g(a) = Vclx(g(F)).

Finally, since X is k-bounded well-filtered, we can find a unique x € X satisfying clx(g(F)) =
cly({x}). Then we show that FF = cly({f(x)}). On the one hand, FF = f o g(F) C f o clx(g(F)) =
felx(fx}) € cly({f(x)}). On the other hand, f(x) € f(clx(8(F))) € cly(f o g(F)) = cly({F}) = F, so
cly({f(x)}) € F. Therefore, F = cly({f(x)}), proving that Y is k-bounded well-filtered. O

Example 4.6. Consider the space X = XP in Example 4.2. We know that X is k-bounded sober and
hence k-bounded well-filtered.
Let f = idx : X — X be the identity mapping. g : X — X is defined as follows:

X, x €N,
gx)=qa, x=a,
a, x =b.

Clearly, g is continuous and Z = {x € X : f(x) = g(x)} = N U {a}. It has been shown in Example 4.2
that subspace Z of X is not k-bounded well-filtered.

Theorem 4.7. Let X; (i € I) be T spaces and X = [];c; X;. Then the followings are equivalent:

(1) X is k-bounded well-filtered.
(2) Foralli € I, X; is k-bounded well-filtered.

Proof. (1) = (2): For j € I, suppose that F; is a Rudin set and Vx F; exists, denoted by Vy F; = x;.
For each i € I, choose s; € X;. Put B = [],B;, where B; = F; and B; = |s; fori # j. Then
by [19, Theorem 2.10], B is a Rudin set in X and VxB = (a;);e;, Where a; = x; and a; = s; for i # j.
From the k-bounded well-filteredness of X, it follows that we can find a unique x = (x;);c; € X with

B = clx({x}) = [Tie; clx,({x;}). Then F; = p;(B) = {x;}. Thus X; is k-bounded well-filtered.
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(2) = (1): By [2, Theorem 2.3.11], X is a Ty space. Let F be a Rudin set in X and VyxF exist,
denoted by VxF = b = (b;)i;. Foralli € I, set p; : X — X, to be the ith projection. By Lemma 2.5,
clx.(pi(F)) is a Rudin set in X;.

Claim 1. For each j € I, b; is the supremum of p;(F) in X;.

For m € p;(F), there is x = (x;)ief € F withm = x; = p;(x) € p;(F). Since (b;)ic; = VxF, we have
x < (b)ier. Thenm = xj = pj(x) < pj(b) = b;, and hence b; is an upper bound of p;(F) in X;. Let s
be an upper bound of p;(F) in X; and ¢ = (¢;)ie;, Where ¢; = s and ¢; = b; if i # j. Then c is an upper
bound of F, whence b < cand b; < ¢; = s. Thus b; = Vx,p;(F).

Claim 2. There is x € X satisfying F = {x}.

For each i € I, since X; is k-bounded well-filtered, there is x; € X; with clx.(p:(F)) = clx.({x;}). Let
x = (x;)ie;. Since F is a Rudin set, and hence a closed irreducible subset, then F' = [, clx,(pi(F)) =
[ Lics clx,({x:}) = clx({x}).

Therefore, X is k-bounded well-filtered. O

By the following example, a k-bounded well-filtered space X for which the function space [X — X]
equipped with the topology of pointwise convergence may not be k-bounded well-filtered.

Example 4.8. Let X = XP be the space in Example 4.2. It was shown in Example 4.2 that X is k-
bounded well-filtered. Clearly, f : X — X is continuous iff f : P — P is order preserving. For each
i € N, define a mapping f; : X — X by

b, xeP\{l},
I x = 1.

=]

Put © = {f; : i € N}. It was proved in [24, Example 3.12] that D is a directed subset in [X — X]
under the pointwise ordering and |y_,x;D is a closed subset in [X — X] with respect to the topology
of pointwise convergence. So clix_x|(D) = | x-xD. By [33, Proposition 2.6], we know that D.(X) C
RD(X) for each T space X. Then |x_x®D is a Rudin set in [X — X]. Moreover, we see that g is
the only upper bound of O in [X — X], where g(x) = b for each x € P, and hence g = \/|x_x; D.
However, | x_xD # lix-x{g}. Therefore, [X — X] of all continuous functions with the topology of
pointwise convergence is not k-bounded well-filtered.

Proposition 4.9. Weakly bounded well-filteredness is closed-hereditary and saturated-hereditary.

Proof. Suppose that X is a weakly bounded well-filtered space and A is a closed subspace of X. Then
A is Ty. Assume that F is a Rudin set of A and has an upper bound in A. Then F is a closed subset
of X. By Lemma 2.5, F is a Rudin set in X and also upper bounded in X. By the weakly bounded
well-filteredness of X, we can find a unique x € X with F' = clx({x}). Since F C A, we have that x € A
and F = clx({x}) N A = cl4({x}). Thus A is weakly bounded well-filtered.

Then assume that U C X is non-empty saturated and F is a Rudin set of U which has an upper
bound in U. Then U is Ty and by Lemma 2.5, clx(F) is a Rudin set in X. As F has an upper bound in
U, we can find a € U satisfying F C |ya = cly({a}) N U = |[yanN U C |ya, and hence clx(F) is also
upper bounded in X. It follows from the weakly bounded well-filteredness of X that we can choose a
unique x € X with clx(F) = clx({x}). Then F' C clx({x}). Since U is a saturated subset of X and F' C U,
we have x € U. Therefore, F = cly(F) = (clx(F)) N U = (clx({x})) N U = cly({x}). Therefore, U is
weakly bounded well-filtered. O
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Proposition 4.10. Suppose that X is a weakly bounded well-filtered space and Y is a Ty space, Z = {x €
X : f(x) = g(x)} is weakly bounded well-filtered, where f,g : X — Y are both continuous mappings.

Proof. Suppose Z # (). Then since Z is a subspace of X, Z is Tj. Assume that F € RD(Z) which has an
upper bound in Z. By Lemma 2.5, clx(F) is a Rudin set in X. According to the hypothesis, there exists
a € Z satisfying F C | {a} = clx({a}) N Z = | xla} N Z C | x{a}, which means that a is an upper bound
of F in X. Then the Rudin set clx(F') is upper bounded in X. Since X is weakly bounded well-filtered,
we can choose a unique x € X satisfying cly(F) = clx({x}). Then cly({f(x)}) = cly(f(clx({x}))) =
cly(f(clx(F))) = cly(f(F)) = cly(@(F)) = cly(g(clx(F))) = cly(g(clx({x})) = cly({g(x)}). As Y is
Ty, it is clear that f(x) = g(x), and hence x € Z. Thus we obtain that F = clz(F) = (cly(F))N Z =
(clx({x})) N Z = clz({x}). In conclusion, Z is weakly bounded well-filtered. O

Proposition 4.11. The class of weakly bounded well-filtered spaces is closed under retraction.

Proof. Suppose that X is weakly bounded well-filtered and suppose further that Y is a retract of X.
Then we can choose two continuous mappings f : X — Y and g : ¥ — X with f o g = idy. Firstly,
as a retract of Ty space X, Y is a Ty space. Then let F be an upper bounded Rudin set in Y. It follows
from Lemma 2.5 that clx(g(F)) is a Rudin set in X. Since F is upper bounded in Y, there exists b € Y
with F C |yb, and hence g(F) C g(lyb) C |xg(b). Thus g(F) is upper bounded in X. Since X is
weakly bounded well-filtered, we can choose a unique ¢ € X with clx(g(F)) = clx({c}). We show that
F =cly({f(oD.

On the one hand, F' = f o g(F) C f(clx(g(F))) = f(clx({c})) C cly({f(c)}). On the other hand, we
know that f(c) € f(clx({c})) = f(clx(g(F))) < cly(f(g(F))) = cly(F) = F, whence cly({f(c)}) € F.
Therefore, F = cly({f(c)}). So Y is weakly bounded well-filtered. O

Theorem 4.12. Let X;(i € I) be T\ spaces and X = [|;c; X;- Then the followings are equivalent:

(1) X is weakly bounded well-filtered;
(2) X; is weakly bounded well-filtered for all i € I.

Proof. (1) = (2): It is trivial by Proposition 4.11.

(2) = (1): Suppose A € RD(X) which has an upper bound a = (a;)i; in X. Then for all i € I,
by [29, Lemma 4.13], pi(A) € RD(X;) and p;(A) C p;(la) C lpi(a) = lxa;. Foreachi € I, since
X; 1s weakly bounded well-filtered, we can choose a unique x; € X; satisfying p;(A) = cly,({x;}). Let
X = (x;)ie;- Then it follows from [29, Corollary 2.7] that A = [];;; pi(A) = [lics clx,({x:}) = clx({x}).
Thus X is weakly bounded well-filtered. O

5. Smyth power spaces of k-bounded well-filtered spaces and weakly bounded well-filtered
spaces

The Smyth power spaces are very important structures in domain theory and non-Hausdorft
topology, which can describe a demonic view of bounded non-determinism (see [5, 7, 17, 21, 22]).
Now we prove that for a T space X, if Ps(X) is k-bounded well-filtered (resp., weakly bounded
well-filtered), then so is X. Two examples are given to show that the converses do not hold.

Proposition 5.1. Let X be a T space. If Ps(X) is k-bounded well-filtered, so is X.

AIMS Mathematics Volume 7, Issue 9, 17026—-17044.



17036

Proof. Assume that Pg(X) is k-bounded well-filtered and F' is a Rudin set in X and Vx F exists, denoted
by VxF = a. Letny : X — Pg(X) be defined by nx(x) = Tx for each x € X. It follows from [29,
Lemma 4.13] that nx(F) = {Tx : x € F} is a Rudin set in Ps(X). Then we claim that Vm exists in
Ps(X).

For each x € F, since VxF = a, we have x < a, thatis, Tx E Ta. So Ta is an upper bound of nx(F) in
Ps(X). For an arbitrary upper bound G € K(X) of nx(F), and for each x € F, Tx E G, thatis, G C Tx.
Therefore, G C (e Tx = T Vx F = Ta, i.e., Ta T G. So Vnx(F) = Ta, and hence Vny(F) = Ta
in Pg(X) by Remark 2.1. Since Ps(X) is k-bounded well-filtered, we can choose K € K(X) satisfying
nx(F) = cl({K}). Therefore, Ta = Vnx(F) = vcl({K}) = K and hence nx(F) = cl({Ta}). Let U € O(X),
then

FNU#0 & nx(F)n<oU #0
S {TajnoU #0
S TaelU
o {agnU=+#0.

Thus, F = clx(F) = clx({a}), that is, X is k-bounded well-filtered. O
Example 5.2. Suppose that X = ZP is the space in Example 4.2. It is shown in Example 4.2 that X is

k-bounded well-filtered. Clearly, K(X) = {Tx : x € P} U {{a, b}}.
Put Q = N U {a, b, c} and the order < on Q is defined by the following (see Figure 3):

(a) a and b are incomparable,
(b) c<aandc < b,

(c) n < cforeachn € N,

(d) n<n+1forallneN.

Figure 3. The dcpo Q.

Then Q is a dcpo. Let f : Ps(XP) — I'Q be defined as the following

n x=TnheN),
_Ja x=la),
flo) = b ox= (b,
¢ x=/{a,b}
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Clearly, f is a homeomorphism. InI'Q, it is clear that N is a Rudin set (indeed, N € m({Tyn : n € N}))
and ¢ = \/TQN. However, for any x € O, N # |,x = clrp({x}). Therefore, I'Q is not k-bounded
well-filtered and hence Pg(K(X)) is not k-bounded well-filtered.

Theorem 5.3. For a T, space X, if Ps(X) is weakly bounded well-filtered, then so is X.

Proof. Suppose that A € RD(X) which has an upper bound « in X. Then by Lemma 2.5, ny(A) =
{Ta : a € A} is a Rudin set in Pg(X). It is clear that Tya is an upper bound of m in Pg(X). Since
Ps(X) is weakly bounded well-filtered, we can find a unique K € K(X) satisfying clp,x)(x(A)) =
ClPs(X)({K})-

Now we show that K is supercompact. Let {U; : i € I} C O(X) with K C | J;;; U;, i.e., K € O ;e U,
By clpsx)(nx(A)) = clpyxy({K}), we have that {Ta : a € A} N OJ,; U; # 0. Then there exists ay € A
and iy € I such that ay € U,,, thatis, Tay € OU,,. By Tag € clpyxy(7x(A)) = clp; ) ({K}), {K}NDOU;, # 0
or, equivalently, K C U,,. Thus K is supercompact, and hence, by [8, Fact 2.2], K = Tx for some x € X,
whence clpx)(11x(A)) = clpsx({Tx}).

Finally, we verify that clx(A) = clx({x}). Let U € O(X). By clp,x)(x(A)) = clp,xy({Tx}), we have
that

ANU#0 © nx(ANSU #0
S {(MxNnOU #0
& TxeldU
e {xnU=#0.

Thus, A = clx(A) = clx({x}) and X is weakly bounded well-filtered. O

Example 54. LetY = {ay,a,,---,a,,---}and X = NU Y. The order < on X is defined as the following
(see Figure 4):

(i) n<n+1foralln e N,
(i1) for any n,m € N with n # m, a, and a,, are incomparable,
(ii1) for any n,m € N, n and a,, are incomparable.

Let X be endowed with the topology 7 = w(X)\/2'. It is straightforward to verify that the
specialization order of (X, ) agrees with the original order of X and Irr.((X,7)) = {lx : x € X} UN.
Since N is not upper bounded in X, it is clear that (X, 7) is bounded sober and hence weakly bounded
well-filtered. Now we show that Pg((X, 7)) is not weakly bounded well-filtered.

Let K = {TnUY : n € N}. We first verify that KX C K((X,7)). Foreachn € N, if TnU Y C
Uit (U; U V) = Ui Ui U Uje; Vi, where U; € v(X) and V; € 2Y, then Tn C |J,; U;. We can choose
ip € I such that Tn C U,,. Then there exists a finite set F' in X withn € X \ |F C U,,. Then there is
J € I59 with TnUY C |J,,(U;UV;), which means that TnUY is compact, whence a compact saturated
set.
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Figure 4. X is bounded well-filtered but Pg(X) is not weakly bounded well-filtered.

Since X=TIUYCT2UYLC---TnUY LC ---, we know that K is directed. Then we claim that
K = Npew Clan}. Clearly, K € M),av <$la,). On the other hand, if K € K((X, 7)) and K € (), <lan),
then for eachn € N, a, € K. SoY C K. Since K € K((X, 1)), K # Y (note {a,} € T foreachn € N
and Y = ,avlan}), whence there exists m € N with m € K. Let my = min{n € N : n € K}. Then
K =TmyUY € K. Hence, N,y Clan} € K. Thus K = N),an Clan)-

For each n € N, {a,} = |xa, is T-closed. So K = ), <fa,} is closed in Ps((X, 7)). Moreover,
since (),en(Tn U Y) = Y € 7, we know that K is upper bounded in Ps(X) (for eachn € N, {a,} = Txa,
is an upper bound of K), hence K is an upper bounded Rudin set in Pg(X). Suppose that there exists
G € K((X, 1)) with K = clp,x)({G}), then G C (), (TR U Y) = Y, ie., G € OY, and OY is open in
Pg(X),but TnUY ¢ Y for all n € N, contradicting with K = clp,x)({G}). Therefore, Ps((X, 7)) is not
weakly bounded well-filtered.

6. Non-reflectivity of the category of k-bounded well-filtered spaces

In this section, we mainly consider the following two questions.
Question 6.1. Is KBWF reflective in Top,?
Question 6.2. Is KBWF, reflective in Top,?

Then, we give negative answers to Questions 6.1 and 6.2, respectively. In this section, K always
denotes a full subcategory of Top,, and we call the objects of K K-spaces. Moreover, if homeomorphic
copies of K-spaces are still K-spaces, it will be called closed with respect to homeomorphisms.

Definition 6.3. ( [27, Definition 4.1]) A K-reflection of a T space X is a pair (f(,,u) consisted by
a K-space X and a continuous mapping x : X — X which satisfy that for any continuous mapping
f: X — Y to aK-space, we can choose a unique continuous mapping f* : X — Y with f* o u = f.

X—t.Xx

Xéf

Y

If K-reflections exist, are unique up to homeomorphism and denoted by X*.
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Definition 6.4. [31, Definition 4.3] Suppose that a Ty space X has a greatest element Ty and X \{Tx} €
Irr.(X). Let T satisfy T ¢ X. Then (C(X) \{X \{Tx}}) U{XU{T}}is atopology on XU {T}. X.hr denotes
the resulting space. For each x € X \ {Tx}, let the mapping 77; X - X.hr be such that ni(x) = x and
ni((‘l'x) = T. Itis straightforward to prove that ni is a topological embedding.

Definition 6.5. [31, Definition 4.4] We call a T, space X a K™-space if it satisfies the following four
conditions:

(1) X is not a K-space.
(2) X (with the specialization order) has a greatest element Ty.
(3) X\ {Tx} € Irr(X).

(4) {x} # X \ {Tx} for each x € X, or equivalently, X \ {Tx} has no greatest element.

Since {Tx} = | Tx = X # X \ {Tx}, condition (4) in Definition 6.5 is equivalent to the condition:

{x} # X\ {Tx} foreach x € X \ {Tx}.
Theorem 6.6. The KBWEF-reflection of (N U {Tn}, c(N U {Tn}) U{Tn}) does not exist.

Proof. Put L = N U {Ty}. The order on Lis definedby 1 <2 <3 <---<n<n+1<---< Tyand
endow L with the topology (as the set of all closed sets) 7 = {|n : n € N} U {0, L} U {N} (clearly, the set
of all open subsets is (L) U {{Tn}} = o(L) U {{Twn}}). Then

(a) (L,7) is not k-bounded well-filtered. Indeed, it is straightforward to verify that O((L, 7)) = {T,x :
x € L} U {0} and K(X) = {T;x: x € L}. Since N € m({T;n : n € N}), N is a Rudin set in (L, 7) and
VN =Ty. AsN # |xforall x € L, (L, 7) is not k-bounded well-filtered.

(b) (L, 7) has a greatest element T 7.

Clearly, the specialization order of (L, 7) agrees with the original order on L. Whence (L, 7) has a
greatest element T ), namely, the element Ty.

() Irr . (L,7)) = {lx : x € LJU(N} = {[x : x € LYyU{L\ {Tr} (note that L = | Ty). Whence
L\ {Tw} =N € Irr.((L, 7)).

(d) a: lx#N =L\ {Ty} foreach x € L.

(e) (L,7)is a KBWF "-space and Irr (L, 7)) = {lx: x € LYU{N} = {{x: x € LJU{L\ {T @}

By (a)-(d), (L, 7) is a KBWF -space and Irr.((L, 7)) = {lx : x e LYU{N} = {|x: x e L} U{L\
{Twn}-

® (L, T):_, nuL) is a sobrification of (L, T), where nhL c(L,7) > (L, T)i is defined by nhL(x) = x for
each x € N and nhL(TN) =T.

By (e) and [31, Corollary 4.15], {(L, T)E—, ni) is a sobrification of (L, 7).

(g) (L, T)i_, n”L) is not a KBWF-reflection of (L, 7).

Assume, on the contrary, that ((L, 'r)i,nhL) is a KBWF-reflection of (L,7). Let Nt +, = N U
{T1, T2}. Define an order on N+ +, byn <n+ 1andn < Ty,n < T, for any n € N. Endow N 1,
with the Scott topology o(N+,+,). Itis proved in Example 4.2 that (N+,+,, 0o(N+,+,)) is k-bounded
well-filtered.

Define a mapplng f : (La T) - (NTﬂ'z’ O-(N'ﬁTz)) by

f(x):{n x=neN,

Ty x=Tn.
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It is easy to see that f is a topological embedding. Since ((L, T)I?l_, nhL) is a KBWF-reflection of
(L, 7), there is a unique f* : (L,7)% — ((Ny,1,, 0y, 1,)) such that f = f*o nhL, that is, the
following diagram commutes.

n

(L,7)

(L7
”

f i
(NTsz’ O-(NTITQ))
Then f*(n) = f*0fy(n) = f(n) = n for each n € N and fX(T) = fX@i(Tw) = f(Tw) = T1.
For each n € N, since n < Ty < T in (L, 7)%, we have that n = f*(n) < f5(Tyw) < f5(T) = T,
in (N1, 1,,0(N1,1,)). Whence f¥(Ty) is an upper bound of N in N1 1, and f*(Tw) < T;. So
f*(Tw) = T, and hence (f%)"'(N) = N ¢ C((L,7)%) (note that N is closed in (N+,+,, o+, 1,))),
which contradicts the continuity of f*.
Thus {(L, T)hT, ni) is not a KBWF-reflection of (L, 7).
(h) The KBWF-reflection of (L, 7) does not exist.
By (e), (f), (g) and [31, Corollary 4.15], the KBWF-reflection of (L, 7) does not exist.

Corollary 6.7. KBWF is not reflective in Top,,. .
Remark 6.8. Corollary 6.7 can be obtained by [20, Theorem 2.14, Example 3.7] in a different way.
In fact, let X and X, be the spaces in [20, Example 3.7]. It was proved in [20, Example 3.7] that
each X, is a k-bounded sober subspace of X and hence a k-bounded well-filtered subspace of X. Let
Y =X, =1[0,1)U{2},then \/y F =2 and F = [0, 1) is a directed closed setin Y, but Vx € ¥, F #
cly({x}). Therefore, ¥ = (,, X, is not a k-bounded well-filtered space. That is, the category KBWF
does not satisfies (K3). It follows from [20, Theorem 2.14] that KBWF is not reflective in Top,,.

Then, in [16, Theorem 3.3], it was proved that KBSob is not reflective in Top, (continuous
mappings preserving all existing sups of irreducible sets). In this paper, Top, denotes the category of
all Ty spaces with continuous mappings preserving all existing sups of Rudin sets. Similarly, we show
that KBWF, is not reflective in Top,, which gives a negative answer to Question 6.2.

Example 6.9. Let P = J U {T,} be the subset of L = J U {T, T,} in [16, Lemma 3.1], where ] is the
well-known Johnstone’s dcpo. In I'P = (P,y(P)), B = {(1,n) : n € N} is an irreducible closed set
with VB = (1, w). In I'P, a subset is irreducible if and only if it is directed. Then, we know that B is
a directed closed set. Therefore, B is a Rudin set and VB = (1, w). However, for all x € P, B # |x.
Therefore, I'P is not k-bounded well-filtered.

Theorem 6.10. The KBWEF,-reflection of (P, y(P)) does not exist.

Proof. Let X = I'P in Example 6.9 and ¥ = XL in [16, Lemma 3.1]. By [16, Lemma 3.1], Y is k-
bounded well-filtered. We assume that the KBWF,-reflection of I'P exists, then let @y : X — X* be the
reflection of X in KBWF,. Let f : X — Y be such that f(x) = x for each x € X. Then f is continuous
and f(VxD) = VxD = VyD = Vyf(D), where D is a directed subset of P. So, f is a homomorphism
in the category Top,. We can find a unique f* : X* — Y with f = f* o ax. Moreover, it was proved
in [16, Theorem 3.3] that Y and X* are homeomorphic.
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Suppose that Z = X2 is the Sierpinski space, fj is the constant mapping which maps x to O for each
x € X and f~ is the constant mapping mapping y to O foreachy € Y. Let g : Y — Z be such that

(x) = 0, xeP;
g = 1, X =Ty

Then fy = f; o f = g o f, which is a contradiction since f; is unique. In conclusion, the KBWEF,-
reflection of I'P does not exist. O

Corollary 6.11. KBWF, is not reflective in Top,.

7. Conclusions

In this paper, based on Rudin sets, we investigate the relationships among some weakly sober spaces
and mainly study some properties of k-bounded well-filtered spaces and weakly bounded well-filtered
spaces. Combining some previous papers, such as [5,11-13,15,18,19,23,25,26,32,34-38], we obtain
the following Table 1. In this table, “ + ” means that the property is preserved, and “ — ” denotes that
the property is not preserved in spaces. Moreover, “?” denotes that we do not know the related results
and it need to study for further. Moreover, in this paper, we do not consider the property of reflection
of weakly bounded well-filtered spaces and lead it to be researched in the future.

Table 1. Some properties of kinds of spaces.

Item Closed Saturated Retract Product Functional Smyth Ps(X) Reflection
heredity heredity space power property
construction 7 = X
property T
Sobriety + + + + + + + +
b-sobriety + + + + + + - +
k-b-sobriety - + - + - + - -
WF spaces + + + + + + + +
b-WF spaces ? + + ? ? + + ?
w-b-WF spaces + + + + ? + - ?
k-b-WF spaces  — + - + - + - -
d-spaces + + + + + + - +
b-d-spaces + + + + ? + - ?
Almost sobriety — + + + - — - -
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