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ABsTRACT. We enter the details of two recent articles concerning as many chemotaxis models, one nonlinear and
the other linear, and both with produced chemoattractant and saturated chemorepellent. More precisely, we are
referring respectively to the papers “Boundedness in a nonlinear attraction-repulsion Keller—Segel system with production
and consumption”, by S. Frassu, C. van der Mee and G. Viglialoro [J. Math. Anal. Appl. 504(2):125428, 2021] and
“Boundedness in a chemotaxis system with consumed chemoattractant and produced chemorepellent”, by S. Frassu and
G. Viglialoro [Nonlinear Anal. 213:112505, 2021]. These works, when properly analyzed, leave open room for some
improvement of their results. We generalize the outcomes of the mentioned articles, establish other statements and put
all the claims together; in particular, we select the sharpest ones and schematize them. Moreover, we complement our
research also when logistic sources are considered in the overall study.

1. PREAMBLE

For details and discussions on the meaning of the forthcoming model, especially in the frame of chemotaxis phe-
nomena and related variants, as well as for mathematical motivations and connected state of the art, we refer to [1, 2].
These articles will be often cited throughout this work.

2. PRESENTATION OF THE THEOREMS

Let Q@ € R™, n > 2, be a bounded and smooth domain, x,&,d > 0, m1, mae, mg € R, f(u), g(u) and h(u) be reasonably
regular functions generalizing the prototypes f(u) = Ku®, g(u) = yu!, and h(u) = ku — pu® with K,v,u >0, k € R
and suitable «a,l,5 > 0. Once nonnegative initial configurations uy and vy are fixed, we aim at deriving sufficient
conditions involving the above data so to ensure that the following attraction-repulsion chemotaxis model

u =V ((u+1)™"1Vu — xu(u+ 1)"2"Vo + Eu(u + 1)™*"Vw) + h(u)  in Q x (0, Tiax),

vy = Av — f(u)v in Q x (0, Trax),

(1) 0=Aw—dw+ g(u) in Q x (0, Thnax),
U, =0, =w, =0 on 90 x (0, Tryax),
u(z,0) = up(x), v(z,0) = vo(x) z € Q,

admits classical solutions which are global and uniformly bounded in time. Specifically, we look for nonnegative
functions v = u(z, t),v = v(z,t),w = w(z,t) defined for (x,t) € Q X [0, Tnax), and Tiax = 0o, with the properties that

u,v € CO(Q x [0,00)) N C?1(Q x (0,00)),w € CO(Q x [0,00)) NC*O(Q x (0,00)),
{(uvww) € (L((0,00); L=(2)))?,
and pointwisely satisfying all the relations in problem (1).

To this scope, let f, g and h be such that
(3) f,g € CY(R) with 0< f(s) < Ks* and vs' < g(s) < ys(s+1)""!, for some K, v, « >0,1>1 and all s >0,
and
(4) he CYR) with h(0)>0and h(s) < ks — us”®, forsome ke€R,p>0,8>1 andalls>0.

(2)
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Then we prove these two theorems.

Theorem 2.1. Let Q) be a smooth and bounded domain of R™, with n > 2, x,&,6 positive reals, | > 1 and h = 0.

Moreover, for a >0 and my,ma,m3 € R, let f and g fulfill (3) for each of the following cases:

A;) ae (O, ﬂ and mq >min{2m2—(m3+l),max{2m2—1,”7_2},m2—%} = A,
Aii) a € (%,%) and mq >m2+a—%::8,

Ajii) € [2,1] and my > mg + 22=2 = C.

no

Then for any initial data (ug,vo) € (WH(Q))2, with ug,vg > 0 on Q, there exists a unique triplet (u,v,w) of

nonnegative functions, uniformly bounded in time and classically solving problem (1).

Theorem 2.2. Under the same hypotheses of Theorem 2.1 and § > 1, let h comply with (4).

and my, ma,m3 € R, let f and g fulfill (3) for each of the following cases:
Aiv) a € (0,1] and my > min {2mg — (m3 +1),2my — B} =: D,
A,) a € (%71) and my > min{2mg + 1 — (mz +1),2me +1— g} =: €.

Then the same claim holds true.

Moreover, for a > 0

When the logistic term h does not take part in the model, problem (1) has been already analyzed in [1] for the
nonlinear diffusion and sensitivities case, and in [2] for the linear scenario; nevertheless, in these papers only small

values of « are considered. Precisely, for a belonging to (0, % + %), boundedness is ensured:
e in [1, Theorem 2.1] for mj, mo, m3 € R and [ > 1, under the assumption

n

-2
mi >min{2m2+1—(m3+l),max{2m2,n }} = F;
e in [2, Theorem 2.1] for either m; = mg = mg =1 = 1, under the assumption

o> (A2 o’

n (2 +1)z+!

4
HXUO”EOO(Q) =:G,

or in [2, Theorem 2.2| for m; = mg =m3 =1 and any [ > 1.

In light of Theorems 2.1 and 2.2, herein we develop an analysis dealing also with values of « larger than % + %
Additionally, for a belonging to some sub-intervals of (0,% + %) we improve [1, Theorem 2.1] and |2, Theorems 2.1
and 2.2|. On the other hand, the introduction of h allows us to obtain further generalizations and/or claims.

All this aspects are put together into Table 1. It, when possible, also indicates which of the assumptions taken from
[1, Theorem 2.1], [2, Theorems 2.1 and 2.2], and Theorems 2.1 and 2.2 are the mildest leading to boundedness.

me ms « mq X I3 Reference Implication
1 1 1 [0 1 R* > G | Remark 3, generalizing [2, Th. 2.1]
1 1 >1 [%, 1) 1 RT RT | Remark 3, generalizing [2, Th. 2.2]
R R >1 (11)| >F | R" RT | Remark 3, generalizing [I, Th. 2.1]
R R >1 (0,]]| >4 | Rt R* Th. 2.1 * and #*
R R >1 (£2)| >B | Rt RT Th. 2.1
R R >1 [21]| >C | RF R* Th. 2.1
me ms 8 Q my X £ k 1 Reference
11 1 >2 (2,1 1 | RF R* R R+ | Th. 2.2
R R >1 >1 (0,4]|>D|R" R+ R Rt | Th. 2.2
R R 21 >1 (21)|>€&|RF R* R R* | Th. 2.2

TaABLE 1. Schematization collecting the ranges of the parameters involved in model (1) for which boundedness of its solutions
is established for any fixed initial distribution uo and vg. The symbol * stands for “improves [2, Th. 2.1] and recovers [2, Th.

2.2]” and #* for “improves [1, Th. 2.1]". (A,B,C,D, &, F are defined above.)
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3. LOCAL WELL POSEDNESS, BOUNDEDNESS CRITERION, MAIN ESTIMATES AND ANALYSIS OF PARAMETERS

_ For Q, x,¢,6, mi,ma,m3 and f,g,h as above, from now on with u,v,w > 0 we refer to functions of (z,t) €
Q x [0, Tyax), for some finite Tyyax, classically solving problem (1) when nonnegative initial data (ug,vo) € (W1>°(Q))?
are provided. In particular, u satisfies

(5) / u(z,t)dr <mg for all t € (0, Tinax),
Q

whilst v is such that
0 <v< ||UOHLoo(Q) in Qx (O,ﬂnax).
Further, globality and boundedness of (u,v,w) (in the sense of (2)) are ensured whenever (boundedness criterion) the
u-component belongs to L ((0, Tyax); LP(2)), with p > 1 arbitrarily large, and uniformly with respect ¢ € (0, Tiax)-
These basic statements can be proved by standard reasoning; in particular, when h = 0 they verbatim follow from
[1, Lemmas 4.1 and 4.2] and relation (5) is the well-known mass conservation property. Conversely, in the presence
of the logistic terms h as in (4), some straightforward adjustments have to be considered and the L'-bound of u is

consequence of an integration of the first equation in (1) and an application of the Holder inequality: precisely for
ky = max{k, 0}

d B
e = [ h(u)=k — u? <k for all ¢ Tax)s
dt/gu /Q () /“ / +/Q T (/Q“> or all £ € (0 Tonas)

and we can conclude by invoking an ODI-comparison argument.

In our computations, beyond the above positions, some uniform bounds of [[v(-,)|[w1.(q) are required. In this
sense, the following lemma gets the most out from LP-L? (parabolic) maximal regularity; this is a cornerstone and
for some small values of a the succeeding W1 *-estimates are sharper than the Wl2-estimates derived in |1, 2|, and
therein employed.

Lemma 3.1. There exists co > 0 such that v fulfills

for all s € [1,00) ifae(0,4],

(6) / Vol t) < o on (0, Toas)
0 foralls€ 1, gy ) ifae (L1,

Proof. For each o € (0,1], there is p > 1 such that for all 5 € F %) we have 3 < p < 1—2(a—1). From

a’ (na—1
l—-p—2% (a — 7) > 0, the claim follows mvokmg properties related to the Neumann heat semigroup, exactly as done
in the second part of [1, Lemma 5.1]. O

‘We will make use of this technical result.

Lemma 3.2. Letn € N, withn > 2, m > "T*Z, mz,mg € R and o € (0,1]. Then there is s € [1,00), such that for
proper p,q € [1,00), 8 and 0', p and ' conjugate exponents, we have that

mi+p—1 o 1 1 1
_ 2= (1= o) _a(i-aw)
@ = maitp—1 1 1 ' 2= T 1
2 n 2 s n 2
mi+p—1 1— 1L 1 _ 1
2 2ap q\s 2(g—1)p’
as = Ay = — (5
mitp=T ;11 ¢ 1 _1 >
+ n 2 s + n 2
1—= 1
R ( KR 4- 2
L= migp—1 2= "1 1
‘ﬁf*+ﬁ—2 i+tn—2

belong to the interval (0,1). If, additionally,

1 1
(7) o€ <0, } andmg —my < —,
n n
1 2 2
(8) a€<,> andmg —my < — — q,
n’'n n
or
2 2 —
(9) o€ {n,l} and mg —mq < %i‘,
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these futher relations hold true:

p+2mg —mq —1 1 2
a1 + —as € (0,1) and + v =
m;+p—1 ! q2 (0.1) P+ m;+p—1

—1
Bit+m = a3+qq as € (0,1).

Proof. For any s > 1, let 6/ > max {%,% and g > max {ﬁ, %} Thereafter, for

(n—2) s
(10) q> maX{TH’, 57 T 1}

p > max{2 — = —myq, 9 —2mgo +my + 1, (Zmz— mlnl)((: 22))00 nm1+n, 20[#(,: 2) _ my + 1} ,
it can be seen that a;, ke € (0,1), for any ¢ = 1,2,3,4. On the other hand, k; € (0,1) also thanks to the assumption
myp > 2= 2
As to the second part, we distinguish three cases: «a € (O ﬂ, a € (f %) and a € [%, 1] . (We insert Figure 1 to
clarify the proof, by focusing on the relation involving the values of «, s and ¢ in terms of assumptions (7), (8), (9).)
oac (0,1]. Fors> 52
w > % Computations provide

7 arbitrarily large, consistently with (10), we take p = ¢ = s and ¢’ = sw, for some

s+2m2—m1—1—% 2 -1
0<Bi+m= + TR
it mits—2+ 2 s+ 2z

and
a— . 25 -2
m;+s—2+ % s+ 2—;
In light of the above positions, the largeness of s infers 6 arbitrarily close to 1. Further, by choosing w
approaching %, continuity arguments imply that 51 + 71 < 1 whenever restriction (7) is satisfied, whereas
B2 +v2 < 1 comes from pu > 3
o€ ( ) First let s be arbltrarlly close to

0<Ba+v2 =

" and let ¢ = & fulfill (10). Then, in these circumstances it

holds that max { 55 = 5, S0 that restrlctlon on ¢ reads 6’ > 5. Subsequently,
p+2mg—m;—1—3 2— 5

+
my+p—2+2 p+2—s

0<Bri+m=

and
1

5 2a m
0<f2+72= +

E mi+p—2+2 p+2E_s5
Since from 6’ > 5 we have that 6’ approaches m,
p one can see that condition (8) leads to 81 +v1 < 1. On the other hand, in order to have 83 + 72 < 1 we have
to invoke the above constrain on y, i.e., p > 5~

o€ [%, 1] . We only have to consider in the previous case that now ¢’ > %, so concluding thanks to (9).

similar arguments used above imply that upon enlarging

O

Remark 1. In view of its importance in the computations, we have to point out that from the above lemma s can
be chosen arbitrarily large only when o € (O7 %L] In particular, as we will see, in such an interval the terms fQ(u +
pypt2me=mi=gy2 and [, (u+ 1)2%|Vo|?@=1 | appearing in our reasoning, can be treated in two alternative ways:
either invoking the Young inequality or the Gagliardo—Nirenberg one.

4. A PRIORI ESTIMATES AND PROOF OF THE THEOREMS

4.1. The non-logistic case. Recalling the globality criterion mentioned in §3, let us define the functional y(t) :=
fﬂ(u + 1P+ fQ |Vv|?¢, with p,q > 1 properly large (and, when required, with p = ¢), and let us dedicate to derive
the desired uniform bound of [, u

In the spirit of Remark 1, let us start by analyzing the evolution in time of the functional y(t) by relying on the
Young inequality.

Lemma 4.1. Leta € (0, %] If mi,ma, ms € R comply with either my > 2ms—(m3+1) or m; > max {ng -1, "T’Q},
then there exist p,q > 1 such that (u,v,w) satisfies for some cig6,c17,c18 > 0

d
a2 (/ Wt 1) /|W| q)+016/|VVv| |2+c17/ V(u+1)"

‘2 S C18 on (O;Tmax)-
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0.6 3

(m2 —ma
0.4 |
0.2t
0.2
—0.2 |
—04 +
—0.6 +
—0.8 +
_1 1
s€[l,00) sell,;35) s €1, 555)
i ) 4
0 ~o00 OZ ﬁ 0" Zn/2
0 17n 27n 1J

Ficure 1. The colored lines, functions of «, represent the supremum of the difference ma — mi for some space dimension n.
Moreover, for the sub-intervals (0,1/n], (1/n,2/n) and [2/n,1] of «, the corresponding range of s and choice of 6" are also
indicated.

Proof. Let p = q > 1 sufficiently large; moreover, in view of Remark 1, from now on, when necessary we will tacitly
enlarge these parameters.
In the first part of the proof we focus on the estimate of the term % fﬂ(u+ 1)P. Standard testing procedures provide

d
pn (u+1)P = / p(u+ 1)p_1ut =-p(p—1) / (u+ 1)73+m1_3|Vu|2 +p(p— 1))(/ u(u + 1)m2+p_3Vu - Vo
tJa Q Q Q

—pp — 1)5/ u(u+ 1) P3Vy -V on (0, Tiax)-
Q

By reasoning as in |1, Lemma 5.2], we obtain for €, €2, 6 positive, and for all ¢ € (0, Tinax), some ¢; > 0 such that

d
G [+ 17 <=1 [ @ 07T plp - x [ a0V T
Q Q Q

dt
p(p_ 1)5’7 )/ 3+p+l—1 / mitp=1 o
1 m3z+p V 1 5 )
“tmz+p—1) Q(u+ ) e Q‘ (ut1) Fta

(12)

+(61+5—2p

Let us now discuss the cases my > 2mg — (m3 + 1) and m; > max {2m2 -1, "7_2}7 respectively. A double application
of the Young inequality in (12) and bound (6) give

p(p— 1)x / u(u+ 1)V Vo < /
Q

(u+1)p+m1*3|vu|2+CQ/(u+1)P+2mrmH\vv|2
Q Q

(p+2mo—mq—1)s

(13) = 63/(u+ P =3 |Vl +€4/ Vol? +C?’/@H I
Q Q Q

(p+2mg—mq—1)s

< 63/(u+1)p+m1’3|Vu|2+63/(u+1) s—2 +c¢g on (0,Tmax),
Q Q

with €3,€e4 > 0 and some positive o, c3,c4. From my > 2ms — (m3 + 1), we have Wi%;"fl)s <(m3+p+1-1),
and for every €5 > 0, Young’s inequality yields some c5 > 0 entailing

(14) c3 / (4 1) / (u+ 1) P eo for all (0, Toax)-
Q Q
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Now, we note that m; > 2mo — 1 implies W%lefl)s

an alternative way:

< p, and the Young inequality allows us to rephrase (14) in

(p+2mg—mj—1)s
(15) 3 / (u+1) 52 < e / (u+1)P+cs on (0, Timax)s
Q Q
with €5 > 0 and positive ¢g. Further, an application of the Gagliardo—Nirenberg inequality and property (5) yield

n(mi+p—1
( 12P )(1_%)

0= € (0,1),
| _ oy nlmtp-l)
so giving for ¢7,cg >0
/ (w17 = a4+ 1) F 7
Q Lmi+tp— 1(9)
el my m(l 0) mt W
<er|Vu+1)™ IILz @ Mu+1) mll +erll(u+ 1)
TP Q) pEeeT ()

mq+p—1
2

< Cs( [V(u+1) |2) ' +cg forall t € (0, Thax)-
Q

Since k1 € (0,1) (see Lemma 3.2), for any positive €7 thanks to the Young inequality we arrive for some positive c¢g > 0
at

(16) ee/Q(u—f—l)p §e7/Q\V(u+1)

By plugging estimate (13) into relation (12), and by relying on bound (14) (or, alternatively to (14), relations (15)
and (16)), infer for appropriate €1,é; > 0 and proper c¢1g > 0

mqi4+p—1
p) |2

+cog on (0, Tiax)-

d 4 )=
(u+1) =D S+ a /IV P
an dt (m1+p—1) +p
-1
+ <€2 - 217117Em3 +)f) 1)) /(u + 1)t ey for all £ € (0, Thnax),
- Q

where we also exploited that

4 mitp
(18) /Q(u+1)P+m1*i’>|vu|2 = 72/Q|V(u+1) &

(m1+p—1)

—1
|2 on (0, Trax)-

Now, as to the term 4 Jo [V0[? of the functional y(t), reasoning similarly as in |1, Lemma 5.3], we obtain for some
ci1,¢12 >0

d
(19) 7/ |Vv|2q—|—q/ V0|29-2| D20|? gcn/u2a|vu|2@r*2‘+c12 on (0, T)-
dt Jo Q Q

Moreover, Young’s inequalities and bound (6) give for every arbitrary eg, eg > 0 and some ¢;3, ¢14,¢15 > 0

2(q—1)(mgtpri—1)

011/ u?|Vol?72 < 68/(U+ 1)ttt +013/ ‘VU|(5’W’%

< eg / (u+ 1)matPHi=l 4 69/ |Vol® + c14 < €5 / (u+ )™ TPt oo forall ¢ € (0, Thnax)-
Q Q Q

Therefore, by inserting relation (20) into (19) and adding (17), we have the claim for a proper choice of €1, €3, €5 and
some positive ¢y, €17, €18, also by taking into account the relation (see [1, page 17])

2
(21) V|Vl = qZ|W|2q’4IVIWI2|2 = ¢*|Vo 7 D* Vol < ¢ Vo2 D%l
O

Let us now turn our attention when, as mentioned before, the Gagliardo—Nirenberg inequality is employed. In this
case, we can derive information not only for o € (07 %] but also for « € (%, 1}.

Lemma 4.2. If mi,ms € R and o > 0 are taken accordingly to (7), (8), (9), then there exist p,q > 1 such that
(u,v,w) satisfies a similar inequality as in (11).
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Proof. For s, p and ¢ taken accordingly to Lemma 3.2 (in particular, p = ¢ for « € (O, %]7 and ¢ = £ for a € (%, 1] ),
let 0,60", u, ', a1,a2,as,as and By, Ba,v1,7v2 be therein defined.

With a view to Lemma 4.1, by manipulating relation (12) and focusing on the first inequality in (13) and on (19),
proper €1,6 lead to

d / - dp(p — 1) _ mydp=1 o
— u+1p+/ Vv2q>+ /szq 2D2v2§<——|—e V(u+1)" 2
dt(sz( ) Q| | 1 Q| | | | (m1+p—1)? ! Q| ( )

+02/(u+1)p+2m2_m1_1\V1}|2+011/u2”‘|Vv\2q_2+019 on (0, Thax),
Q Q

(22)

for some cj9 > 0 (we also used relation (18)). In this way, we can estimate the second and third integral on the
right-hand side of (22) by applying the Holder inequality so to have

1 1
0 i
(23) /(u+ 1)P+2m27m171|vv|2 < (/ (u+ 1)(P+2m2m11)9> </ |V’U|20) on (07Tmax)7
Q Q

and

(24) [ apwoe < ( [+ 1)20*“) ( / |w|2<q—l>ﬂ’) " o (0, Tonm).
Q Q Q

By invoking the Gagliardo—Nirenberg inequality and bound (5), we obtain for some cag, ca1 > 0

-

1
9 2(p+2mp—my —1)

Mo —mq— ¢ +p 1 mitp—
@) ([ (s poremm ”9) S R il sy
Q L m1+p—1 (Q)

. 2(p+2mg—mq—1) et 2pF2mo—mi—1) g oy tp_1  2pE2mo—my—1)
< el Vu+ D)™ g7 I ) T )
Lmitp—1(Q) Lmitr=1(Q)
e\
< ¢o1 IV(iu+1)" =2 | +co1  for all t € (0, Timax),
Q
and for some a9, co3 > 0
m m __da
(26) (/ <u+1)2a“> = I+ D)= o
Q L’"1+P*1(Q)
mitpol =T a3 mitpot m(l ag) T
<ep|V(u+1)" 2 L2(Q) ||(u+1) || 2 +C22H(u+1) 2
L™l +p T(Q) Lmitr—1(Q)

m1+p—1 2 52
< o3 Vu+1)" =2 | + o3 for all t € (0, Tyax)-
Q

In a similar way, we can again apply the Gagliardo—Nirenberg inequality and bound (6) and get for some cog4, co5 > 0

, 7 2 2(1—az)
) 20 — qlla , < a 2
(27) ([Lrvee)” <o s S eall VIVOIEE ) NPT o eallwoll
Y1
§CQ5< V|Vvq|2) +co5  for all t € (0, Thax),
Q
and for some cag, co7 > 0
1
(g- 1) wr 71) . —1) (1 as) ‘ 2(qq—1)
(28) IWI = [[[Vo[* || 2la-n), < c26]| V|V IILz(Q) IVl || + ez Vol .
") ()

o
< car < V|Vvq|2) + cor  for every t € (0, Tinax)-
Q
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By plugging (23) and (24) into (22) and taking into account (25), (26), (27), (28), we deduce for a proper €, once
inequality (21) is considered, the following estimate for some cag, ca9, ¢30, €31, C32 > O:

d
a(Larvrs [ |W|2q)+c28/ \V|W|Q|2+c29/ V(w+1
Q Q
my+p—1 2
< e V(u+1)"" |V|V'U‘ | +031 |V (wt+1)"
Q
n mi+p— 72
T s ( / |vw|2) T e ( JNCER |2) ( / |V|Vv|q|2>
Q Q Q

. B2 V2
+ s (/ V(u+ 1) ™5 |2> + s (/ |V|W|q2> on (0, Tin)-
Q Q

Since by Lemma 3.2 we have that 81 + 91 < 1 and 3 + 72 < 1, and in particular 81,71, 82,72 € (0,1), we can treat
the two integral products and the remaining four addenda of the right-hand side in a such way that eventually they
are absorbed by the two integral terms involving the gradients in the left one. More exactly, to the products we apply

atipdz < e(a+b)+c¢ with a,b>0,dy,ds > 0 such that di + d2 < 1, for all € > 0 and some ¢ > 0

1tp—1
2 |2—030

achievable by means of applications of Young’s inequality), and to the other terms the Young inequality. In this
g y g Yy
g |* can be turned into <& [, |[V|V|9]* +

|2, which coming back to (29) infers what claimed. O

way, the resulting linear combination of [, [V|Vo|?* and [, [V (u+ 1)
% fQ |V(u n 1)7"12})71

4.2. The logistic case. For the logistic case we retrace part of the computations above connected to the usage of the
Young inequality only.

Lemma 4.3. If my,ma, mg € R comply with my; > 2mg — (m3 + 1) or my > 2mg — B whenever a € (O,%], or
my > 2me + 1 — (m3 +1) or my > 2my + 1 — 8 whenever a € (%, 1), then there exist p,q > 1 such that (u,v,w)

satisfies a similar inequality as in (11).
Proof. Asin Lemma 4.1, in view of inequality (13) and the properties of the logistic h in (4), relation (12) now becomes

for some positive c33

(p+2mg—mj—1)s

G L <=1 ta) [ v e [ )

~ p(p—l)f’y )/ +p+l—1 mit+p—1 o
30 +ler+0— w4 1)msTP +€ Viu+1 2
(30) (1 st p-1) Jo Y 2, Vlut1)

+ pky / (u+1)P — pu/ (u+ 1P P 4 c35  for all t € (0, Tax)-
Q Q

Applying the inequality (A + B)P < 2P~1(AP + BP) with A, B > 0 and p > 1 to the last integral in (30), implies that

—uf < — 5 (u+ 1)# + 1; therefore

(31) —pu/ﬂ(qu Pt < 721;61 /Q(u+ 1)p-1+8 +pu/ﬁ(u+ 0P~ on (0, Trax)-
Henceforth, by taking into account the Young inequality, we have that for ¢ € (0, Tinax)

(32) pky /Q (u+1)P <6 /Q (u+ 1P 4 c3y and pu /Q (u+1)P71 <0y /Q (u+ 1P 4 ey,

with d1,d2 > 0 and some ¢34, c35 > 0.
Case 1: o € (O, %] and my > 2mg — (mg +1) or my > 2mgy — . For mqy > 2mg — (ms + 1) we refer to Lemma 4.1

and we take in mind inequality (14). Conversely, when m; > 2mg — 3, we have that (recall s may be arbitrary large)
(p+2mo—mi—1)s
s—2

(33) /(u+1)(p+2mzim1 1)s < 63/(u+1)p71+6+636 on (O;Tmax)7
Q Q

< p—1+4 3, and by means of the Young inequality estimate (14) can alternatively read

with 63 > 0 and positive czg. By inserting estimates (31) and (32) into relation (30), as well as taking into account
(14) (or, alternatively to (14), bound (33)), for suitable ¢, €z, > 0 and some c37 > 0 we arrive at

%/ﬂ(wl)ﬁ < ( (Wipip >/|V (u+1)™ 2+ <€~2 _ 21)]1)&;??— 1)) /Q(Hl)mﬁpﬂ_l

+ (g - lefl) / (’LL + 1)p71+ﬂ +c37 for all t € (O;Tmax)7
Q
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where we used again relation (18). We conclude reasoning exactly as in the second part of the proof of Lemma 4.1
and by choosing suitable €, é;, S, €g.

Case 2: a € (%, 1) and my > 2mae + 1 — (mg + 1) or my > 2mg + 1 — 5. Accordingly to Remark 1, since now s
cannot increase arbitrarily, relations (14) and (33) have to be differently discussed. In particular, for some ¢; > 0 we
can estimate relation (13) as follows:

p(o = DX [ ulut D™ 5Vu Vo L [ (a2 VR e [ (w1 v
Q Q Q

(p+2mg—m; —1)(p+1)

§€3/(U+1)p+m1_3|VU|2+64/ |V11|2(p+1)+61/(u+1) p on (0, Tinax)-
Q Q Q

Now, if my > 2mg + 1 — (m3 + 1), then some p sufficiently large infers to (p+2mz—my—1)(p+1)

for any positive €; and some ¢; > 0 we have

<p+m3z+1—1, so that

(p+2mo—myq —1)(p+1)
) / (w+1) v <q / (u+ 1P L G on (0, Tinax)-
Q Q
Conversely, and in a similar way, for m; > 2mgy 4+ 1 — § we have for any positive é&; and some ¢3 > 0
(pt2my—my 1) (p+1)
& / (u+1) v <a / (w4 1P £ 25 on (0, Tnax)-
Q Q

The remaining part of the proof follows as the previous case, by taking into account [I, Lemma 5.3-Lemma 5.4] for
the term dealing with [, | Vo 2P+, 0

As a by-product of what now obtained we are in a position to conclude.
4.3. Proof of Theorems 2.1 and 2.2.

Proof. Let (ug,vo) € (W1>°(Q))? with ug,vo > 0 on Q. For f and g as in (3) and, respectively, for f, g as in (3) and
h as in (4), let @ > 0 and let mq,ma, m3 € R comply with A;), A;;) and A;;;), respectively, A;,) and A,). Then, we
refer to Lemmas 4.1 and 4.2, respectively, Lemma 4.3 and obtain for some C7,C5,C3 > 0

(34) y'(t) —|—C’1/Q|V(u—|— 1)

mq+

. I+ Cy /Q VIV < C5  on (0, Thax)-

Successively, the Gagliardo—Nirenberg inequality again makes that some positive constants csg, csg imply from the one
hand

mq+p—1

/(u—|— 1)? < 038(/ |V(u+1)" 2 |2)Nl +c3s forall t € (0, Thnax),
Q Q

(as already done in (16)), and from the other

35 Vol = |||V0]9]3 ) < cs0l|VIV0|][252, [[[ Vo] 7|2 ) Vol?|? 0, Tinax
8) V0P = V0l < ol VIVl S IVl I el [V on (0. )
with kg already defined in Lemma 3.2. Subsequently, the L*-bound of Vv in (6) infers some c49 > 0 such that
/|W|2q < 040(/ |V|W|q|2) Y ey forallt € (0, o).
Q Q

In the same flavour of |1, Lemma 5.4], by using the estimates involving [, (u+1)? and [,|Vv|??, relation (34) provides
positive constants c4; and c4o, and Kk = min{ﬁ%, %2} such that

Y'(t) < cqp —cay™(t) for all t € (0, Tmax),

y(O) = fQ(UO + 1)p + fQ ‘V’l)o‘2q.

Finally, ODE comparison principles imply u € L*®((0, Timax); LP(Q2)), and the conclusion is a consequence of the
boundedness criterion in §3. ]

Remark 2 (On the validity of Theorem 2.2 for « = 1). Some rearrangements on the above derived results could allow
us to analyze Theorem 2.2 also when o = 1. In this case, boundedness is achieved by requiring the additional condition
mg > 2 — 1 or, alternatively, 8 > 2. Conversely, for B =2 and mi1 = mg = mz = 1 also a largeness assumption on

4
of the type > K(n)||xvo||£oo(9) (with K(n) > 0) have to be invoked.
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Remark 3 (On the validity of the theorems in [1] and [2] for « > 1 + 1). In the proofs of [I, Theorem 2.1] and
[2, Theorems 2.1 and 2.2|, it is seen that the L? uniform estimate of Vv is used to control some integral on Of)
(and this allows us to avoid to restrict our study to convexr domains), as well as to deal with the term fQ|VU|2p with
the Gagliardo—Nirenberg inequality; for instance we are referring to [2, (28) and (39)], respectively. Such finiteness
of [o|Vv[? is related to the values of a in these articles: a € (0,3 + 1) (see [2, Lemma 4.1]). Apparently only
Vv € L®((0, Tmax); L1(Q)) suffices to address these issues. Indeed, as far as the topological property of Q is concerned,
we can invoke [3, (3.10) of Proposition 8] with s = 1; on the other hand, for the question tied to the employment of the
Gagliardo—Nirenberg inequality, we may operate as done in (35). As a consequence, in view of Lemma 3.1, we have
that Vv € L*®((0, Tmax); L' (£2)), so that |1, Theorem 2.1] and [2, Theorems 2.1 and 2.2| hold true for any o € (0, 1].
In particular, some comments have to be given for the case o = 1; specifically, after some adjustments, [1, Theorem
2.1] applies by adding on the parameter ms the condition ms > 2 — 1. On the other hand, since this restriction is
automatically satisfied for my =mgs =mg =1 and 1 > 1, [2, Theorem 2.2| can be as well extended to o = 1. Finally,
as to the validity of [2, Theorem 2.1|, also the limit case requires a largeness assumption on &, but this is less sharper
than that corresponding to o < 1.
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