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Abstract

This thesis investigates the adaptive control problem for systems with time-varying param-
eters. Two concepts are developed and exploited throughout the thesis: the congelation

of variables, and the active nodes.

The thesis first revisits the classical adaptive schemes and explains the challenges
brought by the presence of time-varying parameters. Then, the concept of congelation of
variables is introduced and its use in combinations with passivity-based, immersion-and-
invariant, and identification-based adaptive schemes are discussed. As the congelation
of variables method introduces additional interconnection in the closed-loop system, a

framework for small-gain-like control synthesis for interconnected systems is needed.

To this end, the thesis proceeds by introducing the notion of active nodes. This
is instrumental to show that as long as a class of node systems that possess adjustable
damping parameters, that is the active nodes, satisfy certain graph-theoretic conditions,
the desired small-gain-like property for the overall system can be enforced via tuning these
adjustable parameters. Such conditions for interconnected systems with quadratic, nonlin-
ear, and linearly parametrized supply rates, respectively, are elaborated from the analysis
and control synthesis perspectives. The placement and the computation/adaptation of

the damping parameters are also discussed.

Following the introduction of these two fundamental tools, the thesis proceeds by
discussing state-feedback designs for a class of lower-triangular nonlinear systems. The
backstepping technique and the congelation of variables method are combined for passivity-
based, immersion-and-invariance, and identification-based schemes. The notion of active

nodes is exploited to yield simple and systematic proofs.



Based on the results established for lower-triangular systems, the thesis continues
to investigate output-feedback adaptive control problems. An immersion-and-invariance
scheme for single-input single-output linear systems and a passivity-based scheme for non-
linear systems in observer form are proposed. The proof and interpretation of these results
are also based on the notion of active nodes. The simulation results show that the adaptive
control schemes proposed in the thesis have superior performance when compared with

the classical schemes in the presence of time-varying parameters.

Finally, the thesis studies two applications of the theoretical results proposed. The
servo control problem for serial elastic actuators, and the disease control problem for inter-
connected settlements. The discussions show that these problems can be solved efficiently

using the framework provided by the thesis.
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Notation

This thesis uses standard notation unless stated otherwise. Most symbols are locally
defined and reused if no confusion is caused in the context. There are however some

conventions used throughout the thesis, listed by category as follows.

Vectors and Matrices

For an n-dimensional vector v € R", v; € R?, 1 < i < n, denotes the vector composed of
the first ¢ elements of v; e; denotes the ith unit vector in R”, that is, the vector in which
the ith element is 1 and the other elements are 0. For an n x m matrix M, (M); denotes

the ¢th column; (M);; denotes the ith element on the jth column; tr(M) denotes the

trace; |[M|p = \/ >iey 2jey(M)Z; denotes the Frobenius norm. The symbol @ denotes
the Kronecker product; I and S denote the identity matrix and the upper-shift matrix,
respectively, sometimes with a subscript n indicating that I,, € R™*™ or S,, € R™"*"; I
and 0 denote the all-one matrix and the all-zero matrix, respectively, sometimes with a
subscript n x m indicating that 1 € R™*"™ or 0 € R™*"; M > 0 means that M is element-
wise positive and similarly for other inequality signs. If M is a symmetric matrix, namely
M = MT, M = 0 means M is positive definite and similarly for other curved inequality
signs. |v| denotes the Euclidean 2-norm; |v[y; 2 VoTMuv, M = M > 0, denotes the

weighted 2-norm of the vector v with weight M;

Time-Varying Signals

For an n-dimensional signal 6 : R — R"”, the image of which is contained in a compact set

0, Ay : R — R" denotes the deviation of # from a constant value £y, i.e. Ag(t) = 0(t) — Lp;
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9 € R denotes the supremum of the 2-norm of 6, i.e. dy = supy>q|6(t)| > 0; and o)
dio
dtt

denotes the ith time derivative of 6(t), namely, , assuming it exists.

Graphs

In a directed graph G, P; and S; denote the index set of the direct predecessors and

successors, respectively, of the vertex i. | - | denotes the cardinality of such a set.

Functions and Mappings

All functions and mappings, unless stated otherwise, are smooth. The operator “o” denotes
function composition, for example, for functions o : R — R, §: R — R, and a constant

¢ € R, the expression “a o c¢f” means “o (cﬁ(-))”_
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Chapter 1

Introduction

This thesis discusses adaptive control schemes for systems with time-varying parameters
that the author has developed in the past four years, mainly based on two concepts:
congelation of variables and active nodes. These two concepts will be further elaborated
on in the remainder of the thesis. As the thesis mainly focuses on adaptive control, it is
natural and helpful for understanding the context of the thesis to revisit classical adaptive

control methods designed for systems with constant parameters.

1.1 Revisiting Classical Adaptive Control

Adaptive control, as the name suggests, is a control method for coping with unknown
and varying plants and environments. The early development of adaptive control (see
e.g. [98,113,136]) was motivated by flight control problems for aircraft to be operated in
a large region within their flight envelope and with desirable performance, in which case a
fixed-gain controller cannot work well. Although lacking rigorous proofs of stability, these
results advocated the idea of dynamically updating the controller gains using the system
output, that is, to “adapt” the controller for the present operating condition. Since the
1980s global stability and convergence of adaptive control systems have been established
in the seminal works [42,93], giving a solid foundation to the development of adaptive

control theory. The literature on adaptive control has become vast since then and has
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been supported by rigorous results. The mainstream methods have been summarized
and elaborated in books and monographs, see e.g. [5,47,51,75,76,92,126] and references

therein.

What Is Adaptive Control?

To define what is adaptive control, consider the system

T = f(1;707u)7

y = h(z,0,u), (1.1)

where z(t) € R™ is the state; u(t) € R™ is the input; y(t) € R? is the output; 6(t) € RY
is the vector of system parameters, typically unknown; f : R” x R? x RP — R" and
h : R™ x R? x RP — R™ are mappings that describe the state evolution and the system
output, respectively. The objective of the control problem is to let y track a given reference
y asymptotically, that is, to achieve reference tracking or set-point regulation, depending
on whether vy, is time-varying or constant, respectively. An adaptive controller is a dynamic
feedback controller designed to complete this task without requiring the knowledge of 6,

as illustrated in Fig. 1.1. The controller can further be expressed by the equations

gzw(gvyvd)7 (12)

u=uv(&,y,d), (1.3)

where £(t) € R™ is the controller state; d stands for y, and its time derivatives; w : R™¢ x
RP x RP — R™® and v : R"® x RP x RP — R™ are mappings that describe the controller
state update law!, called “adaptation” in Fig. 1.1, and the control law, respectively. The
key part of the adaptive controller is the dynamic “adaptation” part (1.2). The most

common and intuitive interpretation of this part is that it provides an “estimate” for

!Sometimes (1.2) is said to depend also on u. It is a common misunderstanding that this indicates the
need for measuring input signal. In practice measuring the input signal is unnecessary as it is determined by
the control law, a function of the controller state, the system output, and the reference. The “dependency”
on u means a direct use of the control law to update £ and does not change the actual dependency at all.
Therefore in (1.2), u is not listed among the arguments to avoid confusion.
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Figure 1.1: Schematic representation of an adaptive controller in a closed-loop system.

the unknown system parameters, which is intuitively correct, but may be misleading in
general. The interpretation is partially correct since, in some cases, the controller state &
(or a part of it) can be used in a non-implementable control law parametrized by unknown
parameters, as a substitute for the unknown parameters, therefore making the control
law implementable. The motivation behind is that the control law parametrized by the
“parameter estimates” can be considered “equivalent” to the control law parametrized
by the true parameters, if the parameter update law can let the “parameter estimates”
converge to the true parameters and establish “certainty”, which yields the well-known
certainty-equivalence principle? . The interpretation is misleading since 1) in most cases
these “parameter estimates”? do not converge to the true parameters; 2) ¢ can include more
“estimates” (as in the so-called overparametrization, see e.g. [60,61]) or less “estimates”
(as in dynamic high gains, see e.g. [79,80]) than the true parameters to overcome structural
limitations; and 3) & may also contain compensation terms for unmeasured system state,

or auxiliary variables facilitating parameter estimation. In the light of this, an adaptive

2The term “certainty-equivalence” or “certainty-equivalent”originates from the optimal and stochastic
control literature. The first known use of the term is in [116], indicating the substitution of the uncondi-
tional expectation of the state for the state measured with uncertainty in the decision-making policy and
treating it as equivalent to the policy in the deterministic case.

3Though the term “parameter estimate” may not be completely precise, to maintain consistency with
existing literature, the controller state variables that are related to system parameters are still denoted
with this term in the rest of the thesis. This should, however, not hinder the understanding of the true
roles of these variables.
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controller is not a controller that controls the system by estimating system parameters,
but a controller dynamically adapting its own state based on measured data such that the

control law fulfils the control objective without the knowledge of the system parameters.

The key features characterizing adaptive control are “dynamic adaptation” and
“without knowledge of parameters”, which distinguish adaptive control from other schemes
mitigating the effects of parametric uncertainty. In contrast, control schemes like gain
scheduling do not require a dynamical system for adaptation (described by (1.2)). They,
instead, admit a set of gain-combinations for different operating conditions, and switch the
controller gains to the prescribed combination once certain conditions hold. Furthermore,
control schemes like robust control require the knowledge of nominal system parameters

and the performance is affected by how the nominal values are close to the true values.

Taxonomy

Though adaptive control is not characterized by parameter estimation, the thesis focuses
on the schemes that relate at least part of the controller state to the system parame-
ters. Among various methods for categorizing adaptive control, the thesis uses the one
based on parameter update laws. In this framework, most adaptive control research can
be categorized into three trends: passivity-based schemes, identification-based schemes,
and immersion-and-invariance schemes. Passivity-based schemes are also known as the
Lyapunov-based schemes. The general idea of these schemes can be demonstrated by the

following simple example. Consider the scalar system (that is, 2(¢) € R and u(t) € R)

i = 0z° + u, (1.4)

and the dynamic feedback controller

>
Il
8
W
—
=
ot
N—

u= —z— 0z (1.6)
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where 6 is an unknown constant parameter. Differentiating the functions Vi = %3}2,

Vo & (é — )2, and V £ V; + V5 along the trajectories of the closed-loop system yields

N[ =

V=Vi+Va=—22—(0—-0)*+—-0)2>=—-2%<0, (1.7)

which proves that V' is a valid Lyapunov function. Meanwhile, the cancellation of the (é —
)23 terms can be interpreted as resulting from the interconnection in negative feedback of
two passive systems, with storage functions V; and V5, respectively. These two observations
also explain why the scheme is “Lyapunov-based” or “passivity-based”. In more general
situations, the selection of V' may not yield a Lyapunov function (therefore sometimes
referred to as “Lyapunov-like” functions, see e.g. [50]), but the passivity interpretation
always works. Therefore the term “passivity-based scheme” will be used throughout the
thesis. A key feature of passivity-based schemes is that the parametric model used for
designing the parameter update law is a differential model, say, for the aforementioned

example the differential parametric model is

i=—z— (0 —0)z> (1.8)

The schemes in this “family” adopt more complex structures for additional considerations

(e.g., to achieve modularity [74]), but the general ideas are essentially similar.

Another trend is given by identification-based (or parameter-estimation-based)
schemes, which considers an algebraic parametric model obtained by filtering and adopts
linear regression algorithms to design parameter update laws. Consider again (1.4) with

the control law

uw=—k(z)x — 0z, (1.9)

and the filters

dlo = — k(l’)wo — éIEQ,

W= —k(z)w+ % (1.10)
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where k is a strictly positive damping term. The filters allows writing x = wg + wf + €,
where ¢ is such that € = —k(x)e, hence converges asymptotically to zero. Then by defining

T=uwo+ wé, one can further obtain an algebraic parametric model
T2r—2=wl@—-0)+e. (1.11)

The algebraic parametric model allows solving the parameter estimation problem as a
linear regression problem with methods available in system identification literature (see,
e.g., [44] for discrete-time identification schemes and, e.g., [51] for continuous-time coun-
terparts). One of the advantages of identification-based schemes is that the “estimates”
of the parameters can converge to the true parameters under a condition known as persis-
tence of excitation® (see, e.g., [92, Chapter 6]). The condition of persistence of excitation
can be enforced in some reference tracking problems by designing specific reference sig-
nals [10,11], but it cannot be guaranteed nor verified a priori in general. It should also
be emphasized that though the initial motivation of adaptive control was based on the
“intuition” that the convergence of estimates to the true parameters makes the adaptive
controller certainty-equivalent to a stabilizing true-parameter controller, this is in gen-
eral not true, see the simple counterexample provided in [75, Section 1.2.1]. Most rigorous
proofs for identification-based schemes exploit the so-called swapping lemma [90], in which
the convergence of z rather than that of 0 — 6 is required, and therefore do not require
persistence of excitation. The general idea is to first establish Lo-stability for subsystems
in the analysis and then propagate this property to the overall system by exploiting the

cascaded interconnection of the subsystems.

The immersion-and-invariance (1&I) schemes [6,61,62,64,65], which form the third
trend, adopt parameter estimates inspired by state estimates of reduced-order observers,
see, e.g., [124]. The parameter estimate is not directly updated, and instead, it is composed

of a dynamically updated part 6 and a state-dependent part B(z). The resulting controller

4Such a condition can be further relaxed using the so-called Dynamic Regressor Extension and Mizing
(DREM) method [4,97].
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for (1.4) is

6— x2((é+ﬁ(x))x2+u>, (1.12)

u= —z— (0+p(x))a? (1.13)

where (z) £ %x‘g. Then if one defines the parameter estimation error as zg = 0 — 0+ 3 (x),

the closed-loop system dynamics can be described by

b= —x— 1?2, (1.14)

29 = — 2. (1.15)

It is not difficult to see that x2(t)zg(t) € L2 and the subsystem (1.14) is finite-gain Lo-
stable with input 22z and output z, from which stability properties of the overall system
can be concluded due to the cascaded interconnection. Although the 1&I scheme adopts a
differential parametric model, the parameter estimation error dynamics described by (1.15)
possess certain stability properties under conditions similar to persistence of excitation.
Similarly to the case in identification-based schemes, such conditions can be enforced in
some reference-tracking tasks by properly selecting the reference signal [133,134], but in

general cannot be guaranteed a priori in stabilization problems.

It is worth noting that there are other categorizations that are even more popular
than the one stated above. Categorized based on the control law design/synthesize method,
there are the so-called model reference adaptive control (see, e.g., [36,89,121]) and adaptive
pole placement control (also known as self-tuning control, see, e.g., [13,34,94]). The former
one is an adaptive version of the tracking controller designed by pole-zero cancellation and
therefore only applicable to minimum-phase systems. It has, however, some advantages as
the output of the system tracks the output of a reference model, the transient behaviours of
which are known and can be tuned. Adaptive pole placement control schemes can be used
for nonminimum-phase systems though there is no reference model to provide a preview
of the transient behaviours and an intermediate model for tuning. Categorized based on

the computation of controller parameters, there are direct adaptive control and indirect
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adaptive control. In the direct adaptive control schemes [40,49], a parametrized control law
is first derived and the controller parameters are directly updated by (1.2). In the indirect
schemes [135, 140], the estimates for the system parameters are updated by (1.2). The
controller parameters are solved from an algebraic equation parametrized by the system
parameter estimates, which only allow implicit expression of the controller parameters and
are therefore called “indirect”. These categorization methods are common in the adaptive
control literature and comprehensive surveys can be found in [51,127]. The reason why
these popular categorization methods are not considered in this thesis is that the thesis uses
a standard nonlinear framework to study adaptive control problems. Notions like transfer
functions, poles, and zeros that rely on linearity and time-invariance are not exploited
throughout the thesis (although these terms are used to facilitate the discussion wherever
convenient). In addition, in a nonlinear framework, the design of the control laws and of
the adaptation laws are typically coupled and performed in a recursive manner. Therefore
typically one cannot design a parametrized controller and directly set its parameters using
a separate update law, nor indirectly compute the controller parameters from an algebraic
equation. All of these make the categorization by parameter update laws more suitable in

the context of the thesis.

1.2 Adaptive Control for Time-Varying Systems

An important caveat in classical adaptive control schemes is that most of the supporting
proofs are only valid when the system parameters are constant. In the passivity-based,
identification-based, or 1&I schemes, the parameter estimation error terms, which contain
the system parameter 6, are used in the candidate Lyapunov functions or Lyapunov-like
functions. As a result, when differentiating the candidate Lyapunov function, the time
derivatives of 6 are injected into the system dynamics, depriving them of either passiv-
ity or Lo-stability properties that hold in the constant-parameter scenarios and there-
fore voiding the stability proofs. The use of adaptive control is concisely summarized
in Astrom’s flowchart [7, Section 1.6, Fig. 1.22], which can be interpreted as follows: for

time-invariant plant/process, one should consider controllers with constant parameters; for
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time-varying systems with “predictable” (known) parameters, one should consider gain-
scheduling schemes; and only when the parameters are both time-varying and “unpre-
dictable” (unknown), one should consider adaptive control. In this sense, the assumption
of constant parameters is favourable to stability proof, however, somehow making adaptive

control deviate from its initial aspiration and guidelines of use.

Projection Switching o-modification

Figure 1.2: Illustration of the projection operation and of the switching o-
modification.

Several attempts have been made to solve the time-varying parameter issue since
the 1980s. Some pioneering works on adaptive control for time-varying systems (see,
e.g., [41]) exploit persistence of excitation to guarantee stability by ensuring that the
parameter estimates converge to the true parameters5. Subsequent works (see, e.g., [73],
[88]) have removed the restriction of persistence of excitation by requiring bounded and
slow (in an average sense) parameter variations. Since the time derivative of 6 is typically
coupled with the parameter estimation error é—ﬁ, when the system parameters are varying
with bounded rates, if one can guarantee boundedness of the parameter estimates é, the
effects of time-varying parameters can be viewed as that of bounded disturbances. To
this end, two widely used techniques are the projection operation (see, e.g., [43,102]) and

the switching o-modification (see, e.g., [49,51]). These methods assume that the true

5Methods that require identification of true parameters as a prerequisite, however, are considered to be
more identification-oriented due to the need for excitation conditions and less pursued in control-oriented
works, due to the reason explained in Section 1.1, though there are indeed identification methods suitable
for estimating time-varying parameters and can achieve convergence in finite time (see e.g. [106,109]).
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parameter vector @ is confined to a convex set © (this set does not have to be tight
so the simplest choice is a ball centred at 0). The projection operator is an identity
operator when 9 belongs to the interior of ©, otherwise, it alters the update law é =w
by an additional term w once the parameter estimate vector 6 hits the boundary of ©
from inside and “projects” w into a new direction w tangent to the boundary of ©. The
switching o-modification introduces a leakage term —a(é)é to the update law w. The
leakage rate O‘(é) is a continuous function that remains 0 when 4 is in O, yet continuously
“switches” from 0 to & as 6 moves away from ©. A graphic illustration of the two update
law modifications is given in Fig. 1.2. These modifications guarantee boundedness of
the parameter estimation error, and only add non-positive terms to the derivative of the
Lyapunov function, which does not undermine the results guaranteed by the unmodified
update law é = w.% Exploiting these modified update laws, if the parameter variations are
slow in some senses, bounded tracking error can be achieved (see, e.g., [73,88,129,132,145]),
and if the rates of parameter variations satisfy some integrability conditions, asymptotic
tracking can be achieved (see, e.g., [84-86]). However, these methods in general cannot
achieve asymptotic results when the parameters are unknown and persistently varying,
and fast varying parameters can further reduce the guaranteed performance, as the time

derivatives of the parameters are taken into account in the analysis.

It is difficult to avoid differentiating the system parameters in schemes that ex-
ploit system parameter estimates for controller adaptation, which inevitably causes the
aforementioned issues. Therefore, in some works, instead of using the classical controller
structure developed in the spirit of the certainty-equivalence principle, the controller struc-
ture is modified in a such a way that a nominal constant-parameter controller can ro-
bustly dominate the parametric uncertainties, regardless if the parameters are constant
or time-varying. It only remains to substitute adaptively updated estimates for these
nominal constant parameters, using classical adaptive control techniques. These methods
exploit either dynamically updated control gains (see, e.g., [79,80,131]), or sliding-mode-

like “switching” terms multiplied by dynamically updated amplitudes (see, e.g., [48,143]).

5Tn contrast, the original non-switching o-modification [50] adopts a constant o = &, which guarantees
boundedness of estimates yet causes loss of asymptotic properties.
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These methods can guarantee bounded tracking error if using continuously “switching”
terms. Asymptotic results can be achieved by making the “switching” terms discontinuous
or “asymptotically” discontinuous [48,143], but in this case the classical concerns about
discontinuous control law appears, such as “chattering” and lack of differentiability for
recursive design, which undermines the significance of the asymptotic results. It is worth
noting that the recent work [100] considers the technique that is an adaptive counterpart of
the second-order sliding mode control [137], and therefore alleviates the effects associated

with a discontinuous control law.

Another trend dealing with partial-state feedback nonlinear control is also worth
mentioning. Although these results do not mention “adaptive control” or “parameters”
explicitly, the unmeasured state variables are de facto time-varying parameters, and there-
fore the resulting nonlinear control designs can be viewed as adaptive control designs. In
these works the time-varying parameters 6, instead of being generated by the equation
0 = 0, are generated by a dynamical system that is referred to as unmeasured dynamics
or zero dynamics and compensated by update laws that contain the information of the
parameter model. The designs in [37,38] are essentially generalizations of the passivity-
based adaptive design, and the results in [63,64] are generalizations of the 1&I adaptive
scheme. Although such schemes require additional information on the parameters (that
is, the dynamical model), the parameters themselves are still unknown. Therefore such a
scheme does not violate the definition of adaptive control considered by the thesis. These
methods can achieve asymptotic results and are especially useful in dealing with systems
with periodic parameters, as these parameters can be either modelled or approximated by

sinusoidal signals that can be generated by oscillator-type dynamical systems.

The method coping with time-varying parameters that is more relevant to the thesis
is the so-called congelation of variables method, originally proposed in the author’s M.Sc.
thesis [15]. The general idea is to represent the time-varying parameters as the sum of
constant unknown parameters and time-varying perturbations. The design problem is then
divided into an adaptive control design coping with the constant unknown parameters

and a robust control design coping with the time-varying perturbations. A significant
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advantage of this method is that it does not require the system parameter variations to be
slow or vanishing to achieve the convergence of the state/output to 0. At the same time
this scheme retains compatibility with most classical adaptive control schemes, in the sense
that when the parameters are constant, the modified controller reduces to the associated
classical controller. The congelation of variables method has been combined with passivity-
based schemes [16,20] and the I&I schemes [17] using state feedback, in which the damping
design can be conducted with the help of a recursive change of coordinates commonly
known as backstepping (see, e.g., [75]). For systems in which full-state measurement is
not available, an output-feedback scheme has to be considered and auxiliary filters have
to be used. As a result, interconnections among multiple subsystems have to be dealt
with in both the design and the analysis steps. In contrast to the classical time-invariant
scenarios, in which the subsystems are cascaded or isolated, the time-varying perturbation
terms can connect subsystems in feedback loops. This requires a comprehensive small-
gain-like design and analysis for the network-structured overall system, which turns out
to be more complicated than the standalone design and analysis performed for classical
schemes. The congelation of variables method has been applied to the output-feedback
passivity-based schemes [18,22] and the I&I scheme [19]. Similarly, as identification-based
schemes use auxiliary filters to obtain an algebraic parametric model, the time-varying
perturbations also create cyclic interconnections between the subsystems involved in the
design and analysis. The combination of the congelation of variables method with an
identification-based scheme is discussed in [23]. The relaxation of the constant parameter
assumption improves the flexibility of adaptive control: the adaptive control schemes
developed in the spirit of congelation of variables have been applied to practical scenarios
such as formation control over time-varying flowfield [28,29] and cyber-physical systems

under time-varying sensor and actuator attacks [25].

Although it has been realized that time-varying perturbations create cyclic intercon-
nections and require a small-gain-like framework for network systems to efficiently design
the controller and to analyze stability properties, most of the aforementioned schemes de-
veloped using the congelation of variables method exploit constructive controller designs

and stability analysis, which are complicated and not sufficiently flexible in selecting de-
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sign parameters. The need for a more concise and more flexible small-gain-like control
synthesis tool has further motivated the other cornerstone of the thesis to be discussed

next.

1.3 Network Small-Gain Results

Dynamical systems interconnected in a network structure have seen extensive research
since the second half of the last century, under the names of dynamical network systems
and large-scale interconnected systems. In particular, stability analysis (see, e.g., [57,68,
115,122,130]) has been one of the main research areas since, as it is well known, even if each
subsystem (node) possesses some stability properties when disconnected from the overall

system (network), such properties are not necessarily preserved under interconnection.

The majority of the works that guarantee network stability properties via the
preservation of node stability properties (see, e.g., input-to-state stability (ISS) [119], in-
tegral input-to-state stability (iISS) [118], and input-to-output stability (I0S) [120]) under
interconnection are based on small-gain theorems (see [56] for results based on trajecto-
ries and [58] for an equivalent Lyapunov interpretation). These results can be intuitively
understood, from a signal perspective, as requiring that the signals be not amplified while
flowing through the interconnection; and, from an energy perspective, as requiring that

energy do not accumulate via the interaction between the node subsystems.

Compared to the early results focusing on single-cycle interconnection, many subse-
quent works have taken generic network structures into account to extend the small-gain
results to large-scale interconnected systems. These works can be categorized into two
trends. The works in the first trend (see, e.g., [30,32,33]) exploit a nonlinear counterpart
of Perron-Frobenius Theorem [39] and conclude matrix-operator-based small-gain condi-
tions. These results have recently been extended to dynamical networks with infinitely
many nodes in [31,67]. The matrix-operator-condition proposed in these works can be
viewed as a generalization of the spectral radius condition in the linear case, and it is

equivalent to the simple contraction condition (that is, the loop gain operator is smaller
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than identity) in the classical two-node case. It should however be noted that the matrix
operator is composed of nonlinear functions and the conditions based on such an operator

are in general difficult to check [57].

The other trend adopts graph-based small-gain conditions based on the loop gain
along every cycle path in the network, which is referred to as the cyclic small-gain the-
orem [59]. In the second trend, [81,82] use a max-type Lyapunov function construction
and consider a max-type aggregation of the neighbours’ inputs, which yields a simple con-
traction condition similar to the classical two-node case. [53] uses a sum-type Lyapunov
function construction and considers sum-type supply rates, which also leads to a simi-
lar contraction condition but requires a decomposition of the gain functions in the node
dissipation inequalities. This is because the gain functions in the sum-type dissipation
inequality are associated with the edges of the underlying graph and each edge may be
shared by multiple cycles. As a result, the loop-gain condition uses decomposed compo-
nents of gain functions to avoid counting the effect of a gain function repeatedly. Although
the decomposition increases the complexity, the sum-type formulation is preferred in some
senses as it allows the smooth construction of the Lyapunov function and its algebraic

form allows direct application of linear algebra theory when the gains are linear.

Most of the aforementioned works (and of course many works not listed here) first
assume a specific stability property of the node system and then find the conditions that
preserve the same stability property for the network system. As the stability properties
need rigorous conditions to be established, introducing the conditions that particularly
serve for stability properties in the beginning may add unwanted restrictions and further
complicate the final results that are already complicated due to the network structure
of the overall system. As pointed out in [54,68], one can change the assumed stability
properties by changing the assumptions on the gain functions in the dissipation inequality.
One can also conclude, for example, asymptotic stability of the interconnected system
without requiring ISS of the node systems [2], provided the node dissipation inequalities
are in a certain algebraic form. Moreover, there are cases in which no stability property

is required at all, and one may only need a relaxed condition to allow invariance-like
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convergence analysis [111,112].

Motivated by the need for a small-gain-like analysis and control synthesis in adap-
tive control problems for time-varying systems, the notion of the active nodes has been
proposed in [21]. This framework focuses on the feasibility to construct an overall dissi-
pation inequality for the network with negative supply rates by means of linear scaling.
Though the results in [21] are limited to linearly parametrized supply rates, the same no-
tion has been extended to a more general class of sum-type nonlinear supply rates in [26]
by exploiting the nonlinear scaling techniques introduced in [52,69]. These results pro-
vide feasibility conditions on the structure of the network interconnection such that once
these are verified, the network dissipation inequality can be tuned to possess desired alge-
braic properties, without referring to stability properties explicitly, though adding proper
restrictions to node dissipation inequalities can imply stability properties. The notion
of active nodes has been used to interpret the output-feedback passivity-based adaptive
control scheme in [24], the identification-based adaptive control scheme in [23], and the
control synthesis and analysis steps for the adaptive coordinated attack rejection scheme

in [25] for cyber-physical systems.

1.4 Organization and Contributions

The rest of the thesis is organized as follows. In Chapter 2, the challenges brought by time-
varying system parameters are explained and the method of the congelation of variables
is elaborated with a scalar nonlinear system. The combination of the proposed method
with the passivity-based scheme, the I&I scheme, and the identification-based scheme
are discussed. The fact that the time-varying perturbations cause cyclic interconnection
between subsystems is demonstrated, and the need for a small-gain-like analysis/synthesis
tool is discussed. The chapter covers the motivating ideas in the author’s publications

[16,17,20,23).

In Chapter 3, the notion of active nodes is introduced motivated by the need for a

small-gain-like tool. An analysis condition and a synthesis condition are discussed for three
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classes of network systems: the ones with quadratic supply rates, the ones with generic
sum-type supply rates, and the ones with linearly parametrized supply rates. The chapter
also discusses the control synthesis methods derived from the aforementioned results, which
relate to the placement of the active nodes and the computation/adaptation of the active

node parameters. The chapter covers the results in the author’s publications [21,22].

In Chapter 4, state-feedback adaptive control problems for a class of lower-
triangular systems are considered to demonstrate the combination of the congelation of
variables method with adaptive backstepping techniques. The passivity-base scheme, the
1&I scheme, and the identification-based scheme are discussed, with a focus on how to
overcome the structural limitation posed by the unmatched parametric uncertainty and
the additional difficulties caused by parameter variations. The proofs based on active
nodes are provided to facilitate the understanding of the proposed scheme. The chapter

mainly covers the technical results in [17,22,23].

In Chapter 5, output-feedback adaptive control schemes are discussed. First, an [&1
scheme for a class of single-input single-output (SISO) linear systems are discussed. Then
a more complex SISO nonlinear system is considered with a passivity-based scheme. For
both systems, the control schemes are explained using both classical constructive proofs
and the small-gain-like framework based on the active nodes. The chapter mainly covers

the technical results in [19,22], and the conceptual proof in [24].

Chapter 6 discusses some potential applications of the proposed theoretical results.
A robotic actuator is discussed to show how to model state-dependent nonlinearities with
time-varying parameters and solve the new control problem using the congelation of vari-
ables method. Then, a disease control scheme is proposed to demonstrate how to control
the spread of infectious diseases among interconnected settlements with minimum inter-
vention by exploiting the notion of active nodes. The real-life examples in this chapter are

based on the results in [17,26].

The main contributions of the thesis are summarized as follows.

e The method called congelation of variables is proposed: this solves the long-standing
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constant-parameter restriction of classical adaptive control and is compatible with

most existing adaptive control schemes.

e A small-gain-like framework based on the notion of active nodes is proposed. It
provides flexible and simple tools to enforce a small-gain-like algebraic condition
from a control synthesis perspective for networks of dynamical systems, without

restricting itself to specific stability properties.

e The use of the active-node framework provides a standard routine for the analysis
and the control synthesis for adaptive control problems for time-varying systems,
the underlying networks of which possess cyclic and complex interconnections. The
resulting interpretations yield better conciseness and readability when compared to

classical constructive methods.

1.5 Fundamental Assumptions

To keep consistency throughout the thesis, several assumptions should be made before the
discussion of the technical content. The time-varying parameters considered in this paper
are assumed to satisfy one or more of the following conditions.

Assumption 1.1 (Bounded parameters). The parameter 6 is piecewise continuous and

0(t) € Og, for all t > 0, where Oq is a compact set. The “radius” of Op, i.e. dp,, is

assumed to be known, while ©g can be unknown (see Fig. 1.3).

Assumption 1.2 (Smooth bounded parameters). The parameter 0 is smooth, that is,
6 (t) € ©;, fori >0, for all t > 0, respectively, where ©;’s are compact sets possibly

unknown. 0a, s assumed to be known.

Assumption 1.3 (Sign-definite parameter). The parameter by, (t) is bounded away from
0 in the sense that there exists a constant £y, such that sgn(ly,,) = sgn (by(t)) # 0 and
0 < |y, | < |bm(t)], for all t > 0. The sign of Ly, and by (t), for allt > 0, is known and

does not change.

The regressor functions, if not stated otherwise, satisfy the following condition.

Assumption 1.4. The mapping ¢ : R™ — RY is a smooth mapping satisfying ¢(0) = 0.
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Figure 1.3: Graphical illustration of the role of O, fy, Ay(t), and da,.
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Congelation of Variables

In this chapter we discuss some simple scalar examples to understand the basic mechanism
of the so-called congelation of variables method and how this helps to circumvent the re-
strictions due to the presence of time-varying system parameters. Though the spirit of the
congelation of variables method is unique, due to some differences in aspects of implemen-
tation, in the following sections, the discussions are made separately in the context of three
main-stream adaptive schemes: the passivity-based scheme, the immersion-and-invariance

(I&I) scheme, and the identification-based scheme.

2.1 Passivity-Based Scheme

The passivity-based scheme is commonly known as Lyapunov-based scheme. This is par-
tially due to the fact that the parameter estimator is designed by cancelling the parameter
estimation error term that appears in the time derivative of a Lyapunov-like function
along the system trajectories. Since such a Lyapunov-like function is not necessarily a
Lyapunov function, whereas such cancellation can be precisely described by the inter-
connection of passive systems, we refer to such an adaptive scheme as a passivity-based

scheme to highlight its nature.
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2.1.1 Parameter in the Feedback Path

To begin with, consider a scalar nonlinear system described by the equation
& = ¢(x)0(t) + u, (2.1)

where z(t) € R is the state, u(t) € R is the input, 0(¢) € R is an unknown time-varying
parameter satisfying Assumption 1.1, and ¢ : R — R satisfies Assumption 1.4 (with
n = ¢ =1). To avoid using the unknown € explicitly we introduce an “estimate” 6 of the

parameter 0, and we rewrite (2.1) as

i = ¢(x)0 +u+ o(x)(0 — ). (2.2)
In the passivity-based scheme the parameter update law for 0 is designed by considering

a storage function of the form

~ 1 9 1 A9

V =—z‘+—(0—06). 2.
(2,0,0) 5% 5 ’ (0 —0) (2.3)

Assuming that 6 is differentiable with respect to time, for the time being, and taking the

time derivative of V' along the solutions of (2.2) yields

V= 26(2)0 + zu + 26(x)(0 — 0) — (0 — )L + (09— 6) 2, (2.4)
Ve Yo

which implies that the selection of the parameter update law

0 = ypro(z) (2.5)

cancels the effect of the z¢(x)(@ — ) term that contains the unknown parameter. The
constant g > 0 is known as adaptation gain: it is not essential for stability analysis but
plays an important role in controller tuning and it is therefore included hereafter. In

classical adaptive control problems one assumes that 6 is constant, that is G(t) = 0 for all
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t > 0, and selects the control law
uw=—kx — z¢(z)0, (2.6)

with k& > 0, which yields V = —kz? < 0. This leads to the classical adaptive regulation

(to the origin) result stated as follows.

Proposition 2.1. If the system parameter 0 is constant, all trajectories of the closed-loop

system described by (2.1), (2.5), and (2.6), are bounded and t—ligl z(t) = 0.

Proof. To prove boundedness, note that V in (2.3) is positive definite and radially un-
bounded in (x,0 — é), and this, along with the fact that V< 0, yields that V is a proper
Lyapunov function and both z(¢) and 6(¢) are bounded for all ¢ > 0.

To prove convergence, note that since V < 0, the following inequality holds along

the trajectories (with a slight abuse of notation that treats V as a function of time t):
+oo ) 1 1
2 (t)dt < %(V(O) —V(400)) < %V(O). (2.7)
0

Note now that %J:Q(t) = 2z(t)x(t) and that both = and & are bounded. Hence by invoking

2

Lemma A.4 (Barbalat’s lemma), = converges to 0 and so does z. The convergence part

of the proof can also be completed by directly invoking Lemma A.5. 0

When 6 # 0, one has to deal with the indefinite term (6 — é)% One way to do
this is to modify (2.5) with the so-called projection operation (see, e.g., [43], [102]), which
confines the parameter estimate 6 inside a convex compact set and therefore guarantees
boundedness of (§ — ). It follows that boundedness of § guarantees boundedness of x
(either exact boundedness, e.g. in [144] or boundedness in an average sense, e.g. in
[88]), and 6 € L, guarantees convergence of z to 0 (e.g. in [84], [85], [86]). In some
other works (e.g. in [129], [142], [141]), boundedness of @ is guaranteed by the so-called
switching o-modification, which adds some leakage to the integrator (2.5) if the parameter
estimate drifts outside a reasonable region: this is often referred to as soft projection.
All these schemes share the similarity that they treat 6 as a disturbance. As a result

some disturbance attenuation effort is made to guarantee that bounded 6 yields bounded
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state/output regulation/tracking error, and sufficiently fast converging 0, which means
that 6 becomes constant sufficiently fast, guarantees the convergence of the error to 0.
As a result, none of these methods can guarantee zero-error regulation/tracking when the

unknown parameter is persistently time-varying, in which case 6 is non-vanishing.

The reason why we cannot avoid # in the analysis is the § — 6 term in (2.3).
This term is included only to guarantee boundedness of é, yet by no means guaranteeing
convergence of 0 to f, no matter whether 6 is time-varying or constant, thus replacing
6 with an unknown constant fy that can guarantee the same properties (as we will see
later, ¢y is not required for implementation). In the light of this, consider the modified

Lyapunov function candidate
Vi(x,0,p) = ~a* + — (g — 6)*. (2.8)

Taking the time derivative of V; along the trajectories of (2.2) yields

A

Vi = 26(z)0 + zu+ z¢(2)(lo — 0) — (Lo — é); + z¢(z)Ag, (2.9)

where Ay = 0 — {yp. Comparing (2.9) with (2.4) we see that the substitution of ¢y for
6 eliminates the 6 term, at the cost of adding a perturbation term xp(x)Ap due to the
deviation of § from fy. Note that due to Lemma A.3 and the fact that ¢(0) = 0, we can
rewrite ¢(z) as ¢(x) = ¢(x)x, where ¢ : R — R is a smooth mapping. Consider now a
new control law

1 1 - A
u=— <k + 5A9>x — —ep, 00, (2)x — ¢(2)0), (2.10)
2en, 2

where ea, > 0 is a constant to balance the linear and the nonlinear terms. This control

law along with the parameter update law (2.5) yields

) 1
V, = —(k + m)”’? = 560008007 (@) + 2(z) Ag

2en,

< —kz* <. (2.11)
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Note that the inequality is established by invoking Lemma A.1 (Young’s inequality) and

by noting that z¢(x)Ag < da,|z|[P(x)| < 261% 5ngT% + 3€n,00,9°(2).

Proposition 2.2. Consider the system (2.1), and the adaptive controller described

by (2.5) and (2.10), with the parameter 6 satisfying Assumption 1.1. Then, all trajec-

tories of the closed-loop system are bounded and 1tlier x(t) = 0, regardless of the rate of
—+o0

variation of 6(t).

Proof. Note that the dissipation inequality (2.11) is in the same form as that of the
constant parameter case and we can therefore conclude boundedness of all trajectories of
the closed-loop system as well as convergence of x to 0 using the same argument as in
the proof of Proposition 2.1, without requiring any restriction on the rate of parameter

variation. n

The method of substituting the constant £y for the time-varying 6 to avoid un-
necessary time derivatives is called congelation of variables [16]'. Since restrictions on
the rate of parameter variations are not needed in the analysis, controllers designed via
the congelation of variables method are naturally applicable to systems with fast-varying

parameters.

Remark 2.1. The control law (2.10) and the parameter update law (2.5) do not depend on
Ly, in the same way as classical adaptive controllers do not depend on 6, thus showing the
“adaptive” property of the proposed mechanism. One can interpret the proposed controller
as a combination of an adaptive controller, to cope with the unknown parameter £y, and a
robust controller, to cope with the time-varying perturbation Ag(t). This fact can also be
revealed by noting that, when 0 is a constant, one could select lg = 6, hence ép, = 0, and

the control law (2.10) is reduced to the classical control law (2.6).

Remark 2.2. Assumption 1.4 is only needed when the parameter 0 is time-varying. When

6 is time-varying, if $(0) # 0, one has & = ¢ ()0 +u = xd(x)0 +u+ $(0)0, where ¢(0)0

'Some works predating [16] exploit similar ideas to avoid involving 6 in the analysis. For example, in [3]
the unknown time-varying controller parameter in the Lyapunov function is replaced with a constant (0,
as a matter of fact). In other works one first derives a constant parameter controller via dominance design
(instead of directly using a time-varying parameter controller that cancels the time-varying parameter) and
then estimates the constant parameter of the dominance controller, see e.g. [80], [131]. The decomposition
of time-varying parameter into a constant parameter and a time-varying perturbation term is also seen in
the online lecture notes [128].
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18 an unknown time-varying disturbance. This leads to a disturbance rejection problem
that is not to be discussed in the thesis. The treatment for the case in which ¢(0) # 0 is
discussed in [27].

Comparison with a Robust Control Scheme

One could agree that the congelation of variables scheme resembles a pure robust control
scheme in the sense that they both use a nominal parameter, which is £y in this case. It
should be highlighted that in a robust control scheme ¢y should be known in some sense
and it is required for implementation, whereas in the congelation of variables scheme £y
is only needed for analysis. To illustrate this consider a practical scenario in which we
have a circuit that has to work with one of three resistors with values 50 2, 100 €2, and
150 €2, yet which one is used is unknown. In addition, due to temperature variations, the
resistances have a fluctuation of £10 €. In the spirit of the proposed method, ¢y equals
either 50 €, 100 Q, or 150 €2, which is unknown and not used in the controller design,
as it is replaced by the dynamically updated é, and dp, = 10 Q, which is known and
used in the controller design. In the spirit of robust control, one has to determine the
nominal resistance of the resistor before designing the controller, and according to the
known information, the best guess is ¢y = 100 2. In this case the maximum deviation
from this nominal value is da, = 60 €2, which is caused not only by the parameter variation
but also by the imperfect knowledge of the true resistance of the resistor used. This leads
to a more conservative design that uses an unnecessarily high gain and may cause severe
noise amplification issues. In an extreme case in which the nominal resistance of the used
resistor is completely unknown, one cannot design a robust controller while one can still

design an adaptive controller using the proposed method.

On the Knowledge of ij,

It is natural to question whether it is practical to assume that da, is known (Assump-
tion 1.1), since Ay = § — ¢y depends on the selection of ¢y and so is 6a, This is justified

by the observation that in many practical scenarios (e.g. in the aforementioned resistor
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example), the amplitude of fluctuation (sometimes is also referred to as an error bound),
instead of the mean value of the parameter, is known a priori, and therefore one only needs
to estimate the nominal value ¢y and apply the congelation of variables method to design
the controller. In the case in which da, is unknown, one can add an additional dynam-
ical estimate for da,, exploiting the fact that the nonlinear damping term in the control

law (2.10) is linearly parametrized. In fact, consider the dynamic feedback controller

0 = pro(a),
b = u0%(2),
u= —kiz— kod?(@)z — (2)6, (2.12)

with k1 > 0, 7.y > 0. Consider a new construction of storage function V' = %:1/:2 + ﬁ(f@ —
A ~ . 0 . . .
)2+ ﬁ(kg —ko)?, with kg = ﬁéig, €Eny = kif. Its time derivative along the closed-loop

system trajectories satisfies

. 1 1 1
V=- <k1 — 5A9>x2 — 5A9x2 — *6A95A6¢2($) + xp(x)Ag

2en, 2en, 2
o 1 ~ X
+ (kg — k) (x) — 7(k2 — ko)ko
2
1
< - 5]4:1332 < —kz* <0, (2.13)

where k £ %kl. It is not difficult to see that the results in Proposition 2.2 still hold with this
new controller since we end up with the same dissipation inequality. This shows that the

knowledge of da, is not a restriction and can be circumvented with simple modifications.

Remark 2.3. It is worth introducing a convention to clarify the spirit in which we treat
unknown quantities. If an unknown indefinite term in the time derivative of the Lyapunov
function vanishes as the system parameters become constant, then this term is to be dom-
inated by a static damping design, like the Ag-term in this case, and we do not aim at
estimating da,, the bound of Ag(t). If an unknown indefinite term is not vanishing even
when all system parameters are constant, like the £g-term in this case, then this term is to
be compensated by a dynamically updated “estimate”, which s 0 in this case. The reasons

for this convention of design are, first, that we do not want to over-extend the dimension
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of the closed-loop system by adding too many dynamic estimates, and second, that we need
the static damping terms to counteract fast parameter variations for better transient per-
formance (for the same reason one can use nonlinear damping techniques even for system

with constant parameters).

A Passivity Interpretation

Consider the classical adaptive control problem in which 6 is constant. The closed-loop

dynamics can be described via a negative feedback loop consisting of two passive systems,

namely
1 = —kxi+ ¢(w1)uy,
S (1) (2.14)
y1 = x1p(11),
T2 = "Ygus,
Sy : (2.15)
Y2 = T2,
where 21 £ z, x9 = 6 — 0, up = —Yo, U2 £ y1. The storage functions are S; = %x% and
Sy = ﬁx%, respectively. It is well-known that the parameter update law (2.5) is not

designed to guarantee convergence of 6 to 0, though 6 is called the parameter estimate by
convention, but to make 60— 0 an input/output signal to form a passive interconnection.

When 6 is time-varying, the dynamics of Y5 are described by

T U —9,
w:d 2T (2.16)

Y2 = T2,
which causes the loss of passivity from wg to yo. The congelation of variables method
can therefore be interpreted as selecting a new signal 0 — ¢y that can yield a passive

interconnection, while maintaining the passivity of ¥; by strengthened damping. Within
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this framework, the two passive systems are described by

1 = —a xl,txl—i—d) x1)ul,

DR ( ) (1) (2.17)
yi = z19(x1),
Ty = Yeuz,

Yot (2.18)
Y2 = T2,

where z; £ z, 2o = 0 — by, ug = —Y2, U2 £ y2 and a(wq,t) = (k‘ + ﬁém) +

%5A95A6$2(a;1) — Aggg(xl) >k >0.

2.1.2 Parameter in the Input Path

In what follows we show how to extend the idea of congelation of variables to systems in
which a time-varying parameter is coupled with the input by considering the nonlinear

system
i = ¢(2)0(t) + b(t)u, (2.19)

where the variables are defined as in (2.1) and in addition b(¢t) € R satisfies both As-
sumption 1.1 and Assumption 1.3. Similarly as before, equation (2.19) can be re-written

as

&= ¢(x)0 + i + p(x)Ng + Ayou

+ (lg — 0)p(x) — £ (elb - é) u, (2.20)

where Ay(t) = b(t) — £y, 0 is an “estimate” of é, and v = pu. From classical adaptive
control theory (see e.g. [75]) we know that the effect of the second line of (2.20) can be

cancelled by selecting the parameter update laws (2.5) and

é = —,sgn(ly)ux, (2.21)
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1 _
Ly

and considering the Lyapunov function candidate V (x, 0, ) = sa2+ ﬁ(@ —0)2+ %(

06)2, the time derivative of which along the trajectories of (2.20) satisfies
V = 2¢(x)0 + xt + 2¢(x) Ay + Apdtiz. (2.22)

Note that the perturbation term Apour depends on @ explicitly, which means that we
cannot dominate this term by simply adding damping terms to @, as doing this also alters
the perturbation term itself. Instead, we need to make Aotz non-positive by designing @
and selecting ¢,. Consider u as a feedback control law with a non-positive nonlinear gain,
that is

2 —k(x,0)r, (2.23)
where €, > 0. Note that x(z, 0) > 0 by construction.

Proposition 2.3. Consider the closed-loop system described by (2.2), (2.5), (2.10),
and (2.21), with the initial condition of ¢ satisfying 0(0)sgn(&,) > 0, and with 0 sat-
isfying Assumption 1.1 and b satisfying Assumption 1.1 and 1.3. Then, all trajectories of

the closed-loop system are bounded and lim x(t) = 0, regardless of the rates of parameters

t—+00
0(t) and b(t).

Proof. First, substituting (2.23) into (2.21) yields ¢ = v,5gn(¢)xa>. There are two cases

to be discussed.

e When b(t) > 0, for all t > 0, due to Assumption 1.3, there exists a constant ¢, such
that 0 < £, < b(t), Ap > 0, o > 0, which means that any initialization with 5(0) > 0
guarantees that o(t) > 0, for all ¢t > 0, and therefore Aypuxr = —Aypra? < 0, for all
t>0.

e Similarly, when b(t) < 0, for all ¢ > 0, there exists ¢ such that b(t) < ¢, < 0, Ay <0,

6 < 0. Then selecting 0(0) < 0 guarantees o(t) < 0, for all ¢ > 0, and Appuzr < 0.
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Recalling (2.22), (2.23), and noting that Apgux < 0 yields

V< —ka?— (629 (¢(w)é)2 + 219302 - x¢(w)é>

. (%;%2(1:) TR :1:¢(:E)A9> < —ka? <0, (2:24)
€Ay

This establishes boundedness of the system trajectories. Finally, noting boundedness of

x, # and exploiting Lemma A.5 as before, convergence of x to 0 follows. O

Remark 2.4. This example highlights the flexibility of the congelation of variables method:
the congealed parameter L.y can be selected according to the specific usage. It can be
a nominal value for robust design, or an “extreme” walue to create sign-definiteness, as
long as the resulting perturbation Ay is considered consistently. One can make £(.y a time-
varying parameter subject to some of the assumptions used in the literature (e.g. é(.) € Lo,
é(,) € Ly, see e.g. [84,88]), and use the congelation of variables method to relax these
assumptions. One can also exploit an oscillator-like dynamical system to generate €.y [27],
which allows avoiding a conservative design with large 5A(,) when 0 is a large-amplitude
periodic signal. This is the reason why the proposed method is named “congelation” not

“freeze”.

A Passivity Interpretation

Write (2.20), (2.5), and (2.21) into the system described by

&= f(z,t) + v, (2.25)
’A-/'\\
0 — Ly = vord(x) (2:26)
f—g
0— 0 = y,sgn(ly)ka® (2.27)
y = (2.28)

where f(z,t) 2 ¢(2)0 — kx4 ¢(2)Ag + (bg — O)p(x) + (€, ! — 9)ka and the input v is set

to —Apory. The interconnection among the subsystems (2.25)—(2.27) can be understood

2The word “congelation” is polysemous: it means both “coagulation” and “freeze/solidification” [87].
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using the passivity interpretation in Section 2.1.2. Consider now the system consisting
of (2.25)—(2.28) as a whole. One can observe that the selection of x as in (2.23) renders
the system passive from the input v to the output y with dissipation rate kx? (see Fig. 2.1
for a schematic illustration). At the same time, the selection of 9(0) and ¢, guarantees
that K(t) 2 Ay(t)o(t)s(t) > 0, for all £ > 0. Then, from a passivity perspective, the
results in Proposition 2.3 are established by exploiting the fact that K can be arbitrarily

selected from (0, 400), to achieve robustness against the time-varying parameter b(t).

- N )

x¢ (x)

B

J

~ -1 @_£I;1:
\_ 26 L sttt )
/
A, OKx % x

Figure 2.1: Schematic representation of system (2.20), (2.5) and (2.21) as the intercon-
nection of passive subsystems.

A

2.2 Immersion-and-Invariance Scheme

In this section we discuss how to combine the congelation of variables method with the
1&I scheme when the system parameter is time-varying. The core idea of the 1&I scheme
introduced in [5,6], is to use a parameter estimate 6 + S(z) that consists of both a dy-
namically updated part 6 and a state-dependent static part B(x), which is in contrast
to the parameter estimate used in the passivity-based scheme, where the whole estimate
term is dynamically updated. Such a scheme resembles the mechanism of reduced-order

observers, which also uses the mixture of dynamically updated filter states and static mea-
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surable signals as estimate. Consequently, stability properties of the systems in the 1&I
scheme should be established via the study of a cascaded Lo interconnection, instead of
a cyclic passive interconnection, similarly to the reduced-order state estimation problems.
Due to this difference, our results for the passivity-based scheme do not hold directly

without justifications, and further discussions are needed here.

Consider again the nonlinear system (2.1), namely the system & = ¢(x)0(t) + u,

with the same assumptions. Consider the dynamic feedback controller

A~

u= —kiz — k¢’ (2)z — (2)(0 + B(z)), (2.29)

b= =000 (0(0) (04 5() +). (2.30)

where k1 > 0, ko > 0, and a possible selection of 3 is

8) = [ ols)ds, (2.31)
0
which is such that

0

£ = Y9(z). (2.32)

To understand why the classical design fails to work in the presence of the time-varying
parameter, let ko = 0. Then, substituting (2.29) and (2.30) into (2.1) and defining the

so-called off-the-manifold variable zp = 6— 0+ B(x) yields the closed-loop system dynamics

&= =k + ¢(2)0 — ¢(x) (0 + B(z)) = —k1x — ¢(x)20, (2.33)
o= 0+ %(W)e +u) — 0 = —yp¢? ()2 — 0. (2.34)

Consider two storage functions Vy(z) = 32? and V.,(29) = 327. It can be shown that

their time derivatives along the system trajectories are

1

Vx _ k1$2 —_ J)QS(CL’)Z@ < - (kl — 261 )ZE2 + 56,29 (¢(l‘)29)2, (235)

Vey = —v0((x)2)" — 620, (2.36)
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respectively. Selecting V., (z,29) = Va(x) + %VZO (zg) yields
. 1 9 9 1 2 €, + 2.
< — o _ - _ 6
szg > (kl 2€Z>517 + 2629 (d’(“f)ze) <2629 + 1) (¢($)29) 279 0
+2,
= —ka? — ((x)zg)? = 0z, 2.37
(6(x)z0)” = =5~ =02 (2.37)

where ki = k+ -, with k > 0. When 6 = 0, we have Vi, < —ka? — (¢(x)z)°, with
k > 0. Proceeding with standard Lyapunov and invariance-like analysis, we can conclude
boundedness of closed-loop system trajectories, convergence of x to 0, and in addition,
another property that a passivity-based scheme does not guarantee: ¢(x)zg € Lo. One
can also interpret the I&I scheme as finding an error signal zyp such that the ¢(z)zg € Lo
and feeding ¢(x)zg to the z-subsystem, which has a finite Lo gain from ¢(x)zp to the state
z. This is, however, not true when 0 is time-varying. Under the effect of 6, ¢(x)zg is no
longer Lo: we lose Lo property for a reason similar to that for the loss of passivity in the

passivity-based scheme.

To restore the Lo property of the zg-subsystem, we follow the spirit of the congela-
tion of variables method by substituting ¢y for 6 in the definition of the off-the-manifold
variable, namely, re-defining zg = 6—ly+ 8 (). Consider the closed-loop system with

ko > 0, which yields

&= —kiz — k20*(2)z + $(2)Ag — $(x) 20, (2.38)
2o = é+ gi (cb(x)@ + u) =~ ()29 + V00> () Ag. (2.39)

Taking the time derivatives of the functions V(z) and V,,(zp) along the trajectories of

the closed-loop system, respectively, yields

V, = —kiz? — ko¢®(x) + xo(x)Ag — xd(2) 29

1 dn, \ o 1 ) 1 )
T\ T2, T2, T\ T2 5 2.4
(k1 2., 25A9)x (k:z 26A95A9)¢ (z) + 520 (p(x)z9)",  (2.40)

IN

Ve = —70(6(2)20)” — 106% () 2009

— (1= 525 ) (60)20)" + e, ?la). (2.41)

2en,

IN
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Selecting Vi, (%, 29) = Vi () +cVs, (20), with the scaling coefficient ¢ £ %, which
is positive provided ep, > %5A0, yields
. 1 oA 1 1 2
szg S - (kl - 262:0 — QEA:):C2 — <k}2 — 2€A96A0>¢2(l‘) + 5620 (gf)(x)Zg)
1
< €29 +1) ) ) + 2C€A95A9¢ (a;)
= ki — 0n 22— ky — leA On, — 1ceA oa, | 0% (x)
2629 T 2en, DA D e A
— (¢(x)z0)". (2.42)
Then, setting
1 oA
ki=k 2 2.43
! + 26, 2enp, ( )
1 1
]{32 = §€A96A9 + §C€A95A97 (244)
with k& > 0, gives
Vieg < — ko — (d(x)2)” <0, (2.45)

which is the same as the dissipation inequality (2.37) in the constant parameter case.

Proposition 2.4. Consider the closed-loop system described by equations (2.1), (2.29),
and (2.30). Then, all trajectories are bounded, 1tligl z(t) =0, and ¢p(x)zg € La.
—+00

Proof. We break the proof into three parts, for boundedness, convergence, and L property,

respectively.

Boundedness. First note that V., is positive definite in = and zp, and its time
derivative along the system trajectories satisfies V., < 0. Thus x and zp are bounded,

and due to the definition of ¢y and (), 0 is also bounded.

Convergence of x. Since both x and & are bounded, invoking Lemma A.5 yields

lim xz(t) =0.

t——+o0
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Lo property. Note that, since V., > 0 and sza < 0, one has

2

0< /0+oo (¢(w(s))ze(s))2ds < /0+oo ka?(s) + (¢(x(s))z9(s)> ds

< Vizg (0) = Vizy (400) < +o00, (2.46)

which proves that ¢(x)zp € Lo. O

A Small-Gain-Like Interpretation

As we have briefly discussed, the classical scenario of the 1&I scheme, namely, with constant
system parameters, guarantees stability properties of the closed-loop system by exploiting
the cascaded interconnection of the zg-subsystem and the xz-subsystem. The same analysis
does not hold in the time-varying parameter case as the 0 term corrupts the Ly property of
od(x)zp (see Fig. 2.2 (a)). By redefining the error zg in the spirit of the congelation of vari-
ables method, we remove the 6 term from the analysis, at the cost of interconnecting the
z-subsystem and the zg-subsystem into a cyclic structure in which the x-subsystem “in-
puts” ¢(x) to the zg-subsystem and the zp-subsystem “inputs” ¢(x)zy to the z-subsystem
(see Fig. 2.2 (b)). Therefore the introduction of the nonlinear damping term —kod?(x)x
is to guarantee a small-gain-like condition for the interconnection. One can see that if we
set 0a, = 0, which means the parameter is constant, the control law (2.29), with the gains

defined by (2.43) and (2.44), reduces to the classical control law.

i d(x)zg

(a) (b)

Figure 2.2: A schematic interpretation of the interconnected = and zy subsystems: (a)
classical adaptive 1&I scheme when 6 is time-varying and (b) modified interconnection
via the congelation of variables method. The colour (and line style) convention is not
yet relevant to what we are discussing and will be clarified in Chapter 3 of this thesis.



2.3 Identification-Based Scheme 57

One can also intuitively interpret the idea of the congelation of variables method
as removing the effect of 6 at the cost of introducing cycles in the closed-loop system, and
dominating the cyclic interconnection via a small-gain-like® design. This is not seen in
the passivity-based scheme because the dominance takes place within the z-subsystem to
guarantee passivity of the x-subsystem, instead of guaranteeing a small-gain-like condition
between the two subsystems. The fact that the congelation of variables method introduces
cycles is, however, in general evident, especially when auxiliary filters are used, as we will

see in the next section.

2.3 Identification-Based Scheme

The identification-based scheme, as the name suggests, uses a parameter estimator (or
equivalently, an identifier) that can identify the values of the system parameters under
some conditions, though such a feature is not required in a control problem. To achieve
the identification feature, auxiliary filters are used in the design, which increases the
dimension of the closed-loop system significantly, even if the plant is a scalar system.
Consequently, the application of the congelation of variables method also requires more

discussions in this context.

To begin with, we revisit the identification-based scheme using the formulation
in [75, Chapter 6]. Consider again the scalar nonlinear system (2.1), namely, & = ¢(z)0+u.
Since a nonlinear system driven by an exponentially converging parameter estimation error
may have finite escape-time (see e.g. the example in [75, Section 1.2.1]), we need to design
a baseline controller that guarantees boundedness of the solutions of (2.1) before applying

standard identification algorithms. To this end, let

u=—k(z)x — ¢(x)0 + p, (2.47)

3We call the property that the storage functions and the associated dissipation inequalities of the
subsystems, after some scaling, yield an overall dissipation inequality with a negative semi-definite supply
rate, a small-gain-like property. This is because in adaptive control problems, the property we need is
essentially an algebraic property for dissipation inequalities to allow boundedness and convergence analysis
based on Lemma A.5. This is somewhat similar, yet different, from the small-gain properties well-known
in the literature, which explicitly exploit stability properties. Therefore we use the term “small-gain-like
property” to avoid inaccuracy of expression and confusion.
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where k(z) = ki + ky¢*(x) + ((z), with the linear damping gain k; > 0, the nonlinear
damping gain k4 > 0, and the strictly positive term ((z) > 0 to be defined. p is an
additional signal added to the baseline control law, and 0 is the parameter estimate (the
update law of which has to be designed). p is typically set to 0 as we want to regulate x to
0, yet it can also be used as an excitation signal for identification purposes. Substituting

(2.47) into (2.1) yields

&= —k(z)r + ¢(x)(0 — 0) + p, (2.48)

which reveals the following property.

Lemma 2.1. The system (2.48) is ISS with respect to the inputs 0 — 0 and .

Proof. Consider the function V() = %xz. Its time derivative along the trajectories of

(2.48) satisfies

Vo= —kpa? — k:¢qb2w2 — (x4 zp(0 — é) +
< - = —(H— — 2 ,
< Qk‘Lx +4k¢(9 0) +2kLM (2.49)

Hence V' is an ISS Lyapunov function for the system (2.48), which completes the proof. [

To design a parameter update law for 6 based on linear regression we first transform

the parametric model (2.48) into a linear regression formulation using the filters

Wy = — k(@)wo — ()0 + p,

w= —k(z)w+ ¢(x). (2.50)
One could then write

T =wo+wb +¢, (2.51)
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in which the parameterization error ¢ is governed by the equation
€ =i — Wy —wl —wh = —k(x)e — wh. (2.52)

Note that k(z) > kr > 0 by definition, thus when 6 is constant, that is 6 =0, € converges
to 0 exponentially by (2.52). Treating & = wp + wh as a prediction for the state = yields

the prediction error
T=r—3=wl—0)+e. (2.53)

The parametric model (2.51) or (2.53), compared with the parametric model (2.1) or
(2.48), respectively, is described by an algebraic equation instead of a differential equation,
which allows using linear regression algorithms, such as the gradient descent method, the
least square method, and their variants (see e.g. Chapter 4 of [51]), which are widely

applied in the area of system identification.

If 0 is time-varying, then 6 # 0 and the disturbance term —w@ “corrupts” the
convergence of £ and the parametric model (2.51) is no longer valid. To circumvent
this issue we continue to exploit the congelation of variables method by rewriting the

parametric models (2.48) and (2.53) as
i = —k(2)z + 9(x) (lo — 0) + B(x) Dy + 1 (2.54)
and
T =wo+ wly +¢, (2.55)
respectively. Substituting (2.54) and (2.50) into (2.55) yields

€ = —k(z)e + ¢(x)Ap. (2.56)
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The resulting prediction error is then described as

P=z—0=wlly—0) +e. (2.57)
Note that the use of the new parametric model (2.55) allows replacing the disturbance
term —w# in the e-dynamics with the term ¢(x)Ap. The latter perturbation term, though
preventing concluding convergence of e directly from (2.55), could be dominated via a

joint small-gain-like design without imposing restrictions on 6.

To see this, we need to compute the dissipation inequalities for the é, g, and Z-
subsystems. First consider the function Vg(é) = %(f@ — )2, One possible selection for
the parameter update law is the classical gradient descent law

z o (72
9:— = _— = w'i" 258
780<2> y (2.58)

where v > 0 is the adaptation gain. Recalling the parametric model (2.55), the time

derivative of Vj; along the trajectories of (2.58) is

. a 1 1
Vi= —w(ly—0)z = —i* +¢ci < —5932 + 552. (2.59)
Consider now the function V.(g) = %52 and its time derivative along the trajectories of

(2.56), which yields

V.= — k(:c)52 +ep(z)Ag

< — k‘(m)52 + €a0020 d_>2(33)52 + Y x2

2 I
< - (k:(x) -~ W;MgEQ(;U))EQ 10802 4 2, (2.60)
€AD

where eag > 0 is a balancing coefficient that can be selected arbitrarily. Note that the

dynamics of the prediction error is governed by the equation
&= 6o+ 0 + wl = k()i + i + p. (2.61)

Consider finally the function V(&) = %:%2, the time derivative of which along the trajec-
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tories of (2.61) is

Vi = — k(2)2? + yw?ii + 2p
1 Yt 1
< —k ~2 Zk ~2 L ~2 -2
< (x)& —|—2Lx+ ka+kL,u
1 201 1
< — (k(x)— 2k )22+ T2 72— 2 (2.62)
2 kr, kr,

One notes that the w-term in the dissipation inequality (2.62) depends on the state of the
dynamical system (2.50), and its boundedness has not been established yet, which causes

difficulties in the small-gain analysis. To solve this issue, consider the function V,,(w) =

tw? and its time derivative along the trajectories of (2.50), that is, Vi, = —k(z)w? +

d(r)w < —kpw? + ﬁ = 2k V, + ﬁ. This means that |w(t)| < max{w(0), —A—1} £

7 24/kLkg

0, > 0, for all £ > 0. Note that d,, can be computed since w(0), kr, and kg are known.

This allows rewriting (2.62) as

. 1 254 1
Vi < — (k:(x) — 2kL>552 + %5:2 + 5”2' (2.63)

Select now the additional nonlinear damping term ((x) in the control law (2.47) as
€agdng -
(o) = o+ 202 52() (264)
with (; a linear damping gain that guarantees the small-gain property of the intercon-

nected é, Z, and e-subsystems. The existence of such a gain (; is guaranteed by the

following lemma.

Lemma 2.2. Consider the dissipation inequalities (2.59), (2.60) and (2.63). Let ¢ be
defined as in (2.64). There exist constant scaling coefficients cz, ¢4, ce, and a linear
damping gain C, > 0, such that for the function V(&,0,¢) = ¢;Vs(2) + céVb(é) + e Ve(e),
along the trajectories of the closed-loop system described by (2.61), (2.58), and (2.52), the

dissipation inequality

V<2232 - by (2.65)
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holds, for some b, > 0.

Proof. First note that with the additional nonlinear damping term defined in (2.64) the

dissipation inequalities (2.59), (2.60) and (2.63) can be re-written as

. '1 254 7] R 1

Vi SLE  VI O F 1

Vil <—1] 0 5 —s||#]+] o |, (2.66)
: 5 s

Ve —% —eifz | e 0

where the “<” sign is defined element-wise.

We proceed to prove the claim by construction. Consider the selection for (r:

Sn, (47252
= + 2.
CL €A, ( k% 3 ) ( 67)

then one can verify by some straightforward computations that, with the scaling constants

4 4~262 €A
i = —, C;=2 “Y 192, == 2.68
C kL 69 ( k% + > Ce 5A6 ( )
the dissipation inequality (2.65) holds with b, = k% O
L

With the small-gain-like property revealed by Lemma 2.2, one could conclude

boundedness and convergence of the closed-loop signals as follows.

Proposition 2.5. Consider the closed-loop system consisting of the plant (2.1) and the
adaptive controller (2.47), (2.50), (2.58), with the damping term (2.64) and p = 0. Then

all trajectories of the closed-loop system are bounded and . ligl z(t) = 0.
—+00

Proof. We break the proof into two parts.

Boundedness. Recall that boundedness of w has been established. With p = 0,
it can be concluded from the dissipation inequality (2.65) in Lemma 2.2 that 0, & and ¢
are bounded. By (2.57), boundedness of w, 6, and ¢ implies that 7 is also bounded. By
Lemma 2.1, Assumption 1.1 and the fact that 0 is bounded, we can conclude that x is
bounded. Boundedness of z, 6 and smoothness of ¢ together with (2.50) imply that wp is
bounded.
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Convergence of z. Note that z is bounded due to boundedness of z, #, #, and w,
and that & = —(k(z) + Yw?)i + () (0 — 0) is bounded due to boundedness of z, w, 0
and Assumption 1.1. Due to boundedness of #, %, 7, and Zz, invoking Lemma A.5, we
can conclude that tlg—noo:i‘(t) = 0 and tEerOO:Z‘(t) = 0. Finally recall that x = & + Z, and

therefore lim xz(t) = 0, which completes the proof. O
t——+o00

Remark 2.5. Observing the two parametric model (2.54) and (2.57) one could see that
the parameter £y and the parameter estimate 0 coupled with ¢ in (2.54) are “swapped”
from the input side of the filter (2.50) to the output side (regarding the filter state w as
an output) in (2.57), coupled with the filtered regressor w. The swapping lemma [90], as
well as its equivalents and variants (see e.g. Appendiz A of [51] and Appendix F of [75]),
are widely used in the adaptive control literature to justify the use of the filters (2.50).
The classical use of the swapping lemma in the stability proof is to establish boundedness
and square-integrability for the cascaded subsystems depicted in Fig. 2.3(a), which is not
directly applicable * to Fig. 2.3(b). To this end, we use Lemma 2.2 instead of the swapping
lemma to establish boundedness and convergence. Though stated differently, the idea behind
the analysis based on Lemma 2.2 and the classical analysis based on the swapping lemma
are similar, and the resulting identifier (filters and the parameter update law) design are

the same except for the additional nonlinear damping term (.

Remark 2.6. In the passivity-based congelation of variables scheme discussed in Sec-
tion 2.1, the meaning of congealed parameter £y is not intuitive since it is treated as
a non-implementable unknown parameter to be used only in the analysis for establishing
boundedness ofé, whereas there is no guarantee that 0 converges to £g. In the identification-
based scheme there is an interpretation of £y from an identification perspective. Note that
V. < —(kp — kod?)e? +epT Ay < —kpe? + ﬁAz hence if 6 wvaries in such a way that
Ay € Lo (e.g. O converges to gy exponentially), then € € Lo. It is well known that if w is
persistently exciting and € € Lo, then 6 converges to Lyg. This means that the congelation
of variables method preserves the identification capability of the adaptive controller under

proper excitation conditions (enforced by p). This feature once again highlights that by us-

41t should be noted that as a generic mathematical result on dynamical operators, the swapping lemma
does not impose any restrictions on the system parameters. The design based on this lemma, however,
requires that the signal %(0 — é) be implementable in the filters. In the classical time-invariant case
% (60— é) and —0 can be used interchangeably, and the latter can be directly obtained from the parameter
update law, whereas when 6 is time-varying, %(0 — é) is no longer implementable in the filters.
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ing the congealed parameter Ly, we do not lose the “adaptive” nature, which distinguishes
the proposed scheme from other methods that dominate the system without making the

system literally “adaptive”.

4 \
' A
X
’
~_ - .
X 0
PR Lo~
’ \ & ’ \
I Yy — 1
\ x 1 \ g i
N ’ \ ’

(2) (b)

Figure 2.3: A schematic interpretation of the interconnected z, z, and ¢ subsystems.
(a) shows the interconnection of the classical identification-based scheme when 6 is
time-varying and (b) shows the interconnection after modified by the congelation of
variables method.

A Small-Gain-Like Interpretation

One can see from Fig. 2.3 that similarly to the case of the 1&I scheme, the congelation
of # removes the undesired unknown 6 from the scope of the analysis at the cost of inter-
connecting the three subsystems into a cyclic structure. The dominance design using the
nonlinear damping term ((z) enforces a small-gain-like condition over the interconnected
subsystems, which allows establishing boundedness and convergence of the closed-loop

signals.

However, as there are more than one intersecting cycles in the interconnection, the
small-gain-like analysis in general requires constructive proofs, like the one we did for
Lemma 2.2, if we only consider the standard analysis tools. Such a constructive method
does work for establishing the boundedness and convergence results that we need, but
is not going to be pursued in this thesis, mainly for two reasons. First, the complexity
of such constructions grows together with the dimension of the closed-loop system: the
more complex auxiliary filters we use, the more complicated the analysis is. Sticking to
the constructive method prevents the further development of the proposed schemes once

we move forward to more complex systems. Second, the constructive method does not
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reveal the dependency among the design parameters and in general one has to select the
design in a certain form to make sure that the construction works. Third, and possibly
most importantly, the constructive method creates an illusion that the boundedness and
convergence analysis can only be established based on “smart” constructions of Lyapunov
functions, which may distract the reader (as well as the author) away from the “big picture”
of the proposed schemes. In the light of this, we should develop a suitable analysis and
synthesis tool to reveal the nature of the proposed schemes in an abstract and intuitive

manner.
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Chapter 3

Dominance Design over

Interconnections: Active Nodes

From the aforementioned discussion, one can identify the two ingredients of the congelation

of variables method.

e The parameter congelation consists in substituting £y for 6 to remove the unde-
sired 0 term from the analysis and design, at the cost of creating additional inter-

connections.

e The dominance design over the interconnected systems consists in enforc-
ing a small-gain-like condition over the interconnected systems via feedback control

design.

The methodology associated to the first step has been introduced with simple examples
in Chapter 2. In this chapter, we show how to accomplish the second step, especially for

interconnected systems with underlying directed graph possessing multiple cycles.

It is worth mentioning that the results to be discussed in this chapter, chronologi-
cally speaking, were not only developed after but also inspired by the development of the
congelation of variables method for the solution of adaptive output-feedback problems in
the presence of time-varying parameters, in which the interconnection of the subsystems in
the closed-loop system is more complex than that arising in the classical constant param-

eter case, and for which constructive analysis/synthesis methods do not work well. These



68 Chapter 3

results are presented before the adaptive control results that originally motivated them,
because the author believes that understanding these results can significantly facilitate
the understanding of the application of the congelation of variables method to complex

scenarios and it is logically natural.

To start with, some definitions and theorem are recalled since they are useful in

the remainder of the chapter.

Definition 3.1 (Z-matriz). A matriz A is called a Z-matriz (or negated Metzler matriz)

if all its off-diagonal elements are non-positive, that is, (A);; <0, i # j.

Definition 3.2 (M-matriz). A matriv A = B + sI, where B is a square Z-matriz and s

s a real number not smaller than the spectral radius of B, is called an M-matrix.

Theorem 3.1. Let A be a Z-matriz. Then the following conditions' are equivalent.

1. A is a non-singular M-matriz.

2. AT is a non-singular M-matriz.

3. All principal minors of A are positive.

4. All leading principal minors of A are positive.
5. A7V exists and A= > 0.

6. There exists a vector v > 0 such that Av > 0.

3.1 Systems with Quadratic Supply Rates

Consider a network of n interconnected dynamical systems in which each node, a dynamical
system denoted as ¥;, i = 1,...,n, has n — 1 inputs u;;(t) € R, j=1,...,i—1,i+

1,...,n, one output y;(t) € ]R"g, and satisfies the dissipation inequality

i—1
Vi < —ailyil® + Z bij luij |, (3.1)
j=Liti

!These are extracted from 40 equivalent conditions listed in [101], in which the proof of this result is
available.
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with respect to a storage function V; : R™ — R of class C', where n; is the dimension of
the state vector of ¥;, a; > 0, and b;; > 0. The nodes are interconnected via the equations
u;; = yj, for all b;; # 0, whereas b;; = 0 means that ¥; is not connected to ¥;, that is

u;; = 0. Then the node dissipation inequalities can be written into the compact form
V < —Ed(y), (32)

where V2 [Vi,..., Va]™, 6(y) 2 [lsaf*, .. lyal?] 7, and?

ar  —bio —b1p,

__bnl T _bn(nfl) an

The structure of the network can be described by a directed graph, the underlying weighted
adjacency matrix B of which is defined by
0, ifi=yjy,

(B)i; = (3.4)
bij, otherwise,

that is, the negated off-diagonal part of E. For example, consider a network system with

the node dissipation inequalities described by the matrix

a 0 —big —buu —bis —bis
—ba1 a2 0 0 0 0
—b31 —b32 a3 0 0 0
—by 0 0 aq 0 0
—bs1 0 0  —bsa a5 —bss

b O 0 0 0 a

The underlying directed graph is the one shown in Fig. 3.1.

In practice one is interested in the dissipation inequality for the overall network

system. More specifically, one may wonder whether there exist positive scaling coefficients

2The definition of E is different from the definition of its counterpart in [21], as the definition used here
can be related to an adjacency matrix convention commonly used in the control community.
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Figure 3.1: The underlying directed graph of a network with node dissipation inequal-
ities specified by (3.2) and (3.5).

C1,...,Cy such that the storage function of the overall network system, defined by
n
V=> aVi=c'V, (3.6)
i=1
where ¢ £ [¢1,...,¢,] " satisfies the dissipation inequality V < 0. In addition, in the case

in which the V;’s are positive definite and radially unbounded one may require that

V< -W(y) <0, (3.7)

where W(-) is a positive definite function of ¥ £ [y1,...,4,]'. From the dissipation
inequality (3.7) one can conclude Lyapunov stability of the equilibrium of the overall
system and convergence of all y;’s to 0 by Lemma A.5, or similar invariance-like analysis.
Such a property is sufficient for the adaptive control results in the thesis, which focus on
establishing boundedness of closed-loop signals and convergence of system state or output.
A specific stability property, however, is not the main concern of this chapter, although it

reveals a possible area of applicability of the forthcoming results.

The aim of the chapter is to study how to use the structure of the network to make
the dissipation inequality (3.7) hold, in other words, we do not impose any condition on V'
and simply focus on V. To this end, the next result provides a condition for the existence

of the scaling coefficients ¢;, i = 1,...,n, mentioned above.

Theorem 3.2. Consider the function V defined by (3.6). If the matriz E in (3.3) is a

non-singular M-matriz then, for all o £ [o1,...,0,]" > 0, there exists a vector of scaling
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coefficients ¢ > 0 depending on o such that the dissipation inequality
. n
V<—0"oy) ==Y oilul> <0 (3.8)

=1

holds.

Proof. To begin with, note that

V=> Vi< —c Eg(y) <0, (3.9)
i=1
where ¢(y) = [l ..., |yn|2]T. Invoking condition 5) of Theorem 3.1 we can construct

the scaling vector as ¢ = (E") !0, for all ¢ > 0 and ¢ > 0 due to the fact that (ET)~! is
non-singular and (ET)™' > 0. The conclusion is therefore obtained invoking condition 6)

of Theorem 3.1. O]

Remark 3.1. There are several variants of Theorem 8.2 available in the literature, for ex-
ample, the criteria for Ly,-stability based on the so-called test matriz, that is essentially the
matriz (3.3) written in terms of L, gains, see [130, Section 6.2]. Theorem 3.2, however,
provides purely an algebraic result which does not require any assumption on the stability

properties of each node.

It is worth noting that the condition expressed by Theorem 3.2 is not generic: it
is straightforward to build networks for which it is not satisfied. One of such networks
is a single-cycle interconnection containing two scalar nodes that violates the small-gain
condition, that is either the condition 12—11%2 < 1 or, equivalently, the condition ajas —
biabe1 > 0. (The counterpart of this small-gain condition for more complex networks is
precisely condition 4) of Theorem 3.1.) The small-gain analysis for the considered example
reveals the fact that if one is allowed to adjust the coefficients a;’s arbitrarily one can always
enforce the dissipation inequality (3.7), provided there is a distributed controller on each of
the nodes of the network to make the a;’s tunable design parameters. In practice, however,
this is not always feasible, for example, because of dynamics that cannot be controlled,
or economical concerns do not allow using as many distributed controllers as nodes. This

highlights the fact that, even if Theorem 3.2 provides a tool for network analysis, we

need to answer a question from a design perspective: how many controllers are needed to
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enforce the dissipation inequality (3.7) and where these should be placed considering the

structure of the network?

To answer this question we define a special class of nodes.

Definition 3.3. A node X; is called an active node if it satisfies the dissipation inequal-
ity (3.1) with an adjustable a; € [a;,+00), with a; > 0. The property “S; is active” is

denoted by i € T4, where Ly is the index set of the active nodes.

We now make a convention for graphic representation: an active node is represented
by a solid green circle (e.g. node ¥; in Fig. 3.1) and a non-active node is represented by
a red dashed circle. Exploiting the concept of active nodes we now present a feasibility

condition for the considered design problem.

Theorem 3.3. The matriz (3.3) can be made a non-singular M-matriz by adjusting the
parameters a; ., 14 € La, if every directed cycle of the underlying directed graph describing

the network contains at least one vertex associated with an active node.

To prove Theorem 3.3 we need to first identify a directed cycle in the graph. It
turns out that it is much easier to identify a directed graph without any directed cycle,
that is a directed acyclic graph (DAG). Although most of the criteria for determining
DAGs are algorithm-based, we give an algebraic condition on the relation between a DAG

and the matrix (3.3).

Lemma 3.1. The matriz (3.3) of a network which is described by a DAG satisfies the

condition
det(E) =[] as- (3.10)
i=1

Proof. We use Laplace expansion (also called the cofactor expansion) to compute the
determinant. Note that one of the properties of a DAG is that there is at least one vertex
that has no incoming edges and at least one vertex that has no outgoing edge. Without
loss of generality assume that vertex 1 (related to node ;) is the vertex with no incoming

edge. This means that (E);; = ap is the only non-zero element in the first row of E,
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namely (E )1, which yields
det(E) = a1 (—1) D det(Ey) = ap det(Ey), (3.11)

where Fj is the matrix obtained from FE after deleting the row and column containing
(E)11. Note that this is equivalent to deleting vertex 1 and the edges attached to it from
the graph. Recall now that a DAG is such that the removal of any of its vertices yields
a new (reduced) DAG. From the graph thus obtained we can select a vertex without
incoming edges, say, vertex 2 without loss of generality. Noting that (F)ee = (E1)11 = a9

yields

det(E) = a1 det(E1) = ajag(—1)F det(Ey)

= a1a9 det(Eg), (3.12)

where FEs is the matrix obtained from Fj after deleting the row and column containing
(E1)11- Repeating this reduction operation until all the vertices of the original graph have
been deleted and noting that every vertex that has been selected for the reduction process
has no incoming edge, yields a Laplace expansion in which only one factor a; is present at

each step. As a result, condition (3.10) holds and the proof is complete. O

Proof of Theorem 3.3: We use condition 3) of Theorem 3.1 to prove the claim. Lemma 3.1
implies that if any subgraph is a DAG the corresponding principal minor cannot contain
bi; terms. Thus the b;; terms in the principal minors are all contributed by the directed
cycles. More specifically, for directed graphs with more than four vertices, the b;; terms can
also be associated with the union of disjoint directed cycles [77, Property 1]. In the light
of this fact and for convenience of the discussion, one can assign an index [ =1, ..., lpax to
each directed cycle and union of disjoint directed cycles, and let C; be the vertex index set
of the directed cycle (e.g., the vertex index set {1,2} for the directed cycle “1 — 2 — 17)
or the union of disjoint directed cycle (e.g., the vertex index set {1,2,3,4} for the union

of the directed cycles “1 — 2 — 1”7 and “3 — 4 — 3”). Consider now the largest principal
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minor det(E) and note that
lmax
det(E) = Haﬁ—Z( 11 aiHb>, (3.13)
i€l =1 “ieI\C

where Z is the set of all node/vertex indices of the graph, the structure of which is specified
by E,II, £ g, Hj,kecl,kesj bij, and s; is the sign of the cofactor related to each C;. Therefore

det(E) can be re-written as
lmax 1
det(E) = > ( 11 ai<l I« +Hb>>. (3.14)
I=1 NieT\G max jee

It is easy to see that since there is at least one active node in each directed cycle or,

equivalently, there exists ¢4 € C; such that we can always satisfy the condition

1

[[e+m>0 (3.15)

{
max ]ECZ

by selecting one of the a;,’s sufficiently large, one can guarantee the condition det(E) > 0.
Since this analysis can also be applied to the submatrix related to each of the principal
minors of E, there has to be a selection of a;, for each active node such that all principal
minors of E are positive. This proves that E is a non-singular M-matriz and completes

the proof. O

Remark 3.2. Theorem 3.3 provides a sufficient condition of the existence of o; ,, 14 € L,
which makes E a non-singular M-matriz. This condition is in general not necessary, since
if E is already a non-singular M-matriz, then there is no need to use active nodes to enforce
such a property. However, a robust version of Theorem 3.3, which holds for a family of
E’s (instead of a certain E ), may make the condition in Theorem 3.3 also necessary. The

robust counterpart of Theorem 3.3 is to be studied in future work.

To illustrate the result expressed by Theorem 3.3 consider the example illustrated in
Fig. 3.1. The matrix F related to this graph is a non-singular M-matriz with a; sufficiently
large, as node Y1 is an active node, and its associated vertex is contained in every directed
cycle of the graph. Theorem 3.2 and Theorem 3.3, therefore, reveal that as long as there

is at least one active node in every directed cycle, there exist positive scaling coeflicients
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1,...,cn and design parameters a;,, i4 € T4 such that the dissipation inequality (3.7)
holds. Note that this condition simply guarantees the feasibility of the underlying design

problem, yet does not provide an approach to carry out the design computationally.

3.2 Systems with Nonlinear Supply Rates

The systems discussed in Section 3.1 have dissipation inequalities with quadratic supply
rates. The advantage of this formulation is that each term in the dissipation inequality
is one-to-one related to a node subsystem, which allows carrying out analysis and design
via the underlying directed graph. This, however, puts restrictions that do not allow
the use of many common nonlinear control design techniques, e.g. the use of nonlinear
damping. Although the quadratic supply rate case does take nonlinear dynamic systems
into account, it is natural to ask whether the results developed in Section 3.1 can be
applied to generic nonlinear supply rates. In the light of this, the rest of this subsection
generalizes the matrix-based conditions discussed in Section 3.1 for network systems with
sum-type nonlinear supply rates®. We consider an n-node network, with node dissipation

inequalities given by

n

Vi= —ai(Vi)+ Y By(Vj), (3.16)

j=1,57i

where a; € K and f;; € Ko U {0}. This can be understood as a more general version of
(3.9) and the gain functions f3;;’s provides a more general form of the b;; in (3.4) which also
describe an underlying weighted directed graph. This allows discussing the dissipativity
properties of the network systems by discussing the weight properties of the underlying
directed graph. Unlike the case of quadratic supply rates, in which finding a vector
of constant scaling coefficients is sufficient to render the desired property of the overall
dissipation inequality, in the case of nonlinear supply rates the constant scaling technique
is not applicable since one cannot separate (3;; and V; from the 3;; o V; term which is

state-dependent. In this case, the state-dependent scaling method [52] is applicable. More

3In this section we express the supply rates in terms of the node storage functions V;’s instead of the
output y;’s, for convenience. These can be equivalently expressed using y; as explained in [53].
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specifically, the aim of this subsection is to find the condition on «; and 3;; that guarantees

the existence of continuous functions A; : Ry — R4, i =1,...,n satisfying
Ai(s) >0, Vs >0, (3.17)
+00
/ Ai(s)ds = 400, (3.18)
0

such that the time derivative of

noov
V=Y /0 Ai(5)ds (3.19)

is negative definite in Vi,...,V,,, namely

V:—i(A = M(Vi)Bi;(V ><0, (3.20)

i=1 JEP;

where P; is the set comprised of the indices of the direct predecessors of the vertex i. One
can see that this method is called state-dependent scaling because the construction of the
overall dissipation inequality (3.19) allows \;(V;) to scale the supply rate to the node ¥;

in a similar way as ¢; works in the quadratic case.

We proceed by removing the coupling between A;(V;) and f;;(V;) since they are

depending on different variables, namely V; and V;. By Lemma A.2, one can write

Xi(Va) Bij (V3)
~N(Vi)Bi (V) > — / fi(s)ds — / £ (s)ds, (3.21)

which removes the coupling between the V;-dependent A\; and the V; dependent 3;;. This

allows deriving a sufficient condition for (3.20) to hold, namely

1>

A,-(vl) Bii(V2)
7i(Vi) = Ai(Vi)ai (Vi) —p@-/o s)ds — > / s)ds > 0, (3.22)

JES;

for V; > 0,i=1,...,n, where p; = |P;| and S; is the set comprised of the indices of the

direct successors of the vertex i. 7;(V;) can be understood as the redundant damping in
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V;i. In fact, if
Ai(V3)
nuxwxwaw)éxxwmxw»ﬂ%A fi(s)ds (3.23)

is treated as the provided damping then

A BV
UGED Sl RO (321)

jes; 0
can be treated as the demanded damping. Therefore the implication from (3.22) to (3.20)
can be interpreted as follows: if each node system dissipates the energy that it injects to
its successor node systems, then the overall network system is dissipative. Consider now

two types of vertices (using the index ¢ for illustration).

1. |P;| = 0, that is, the vertex 7 has no incoming edges. This means \; can always be
selected as a sufficiently “large” function so that (3.22) is satisfied, since r;(\;, ;) is
not upperbounded in A; if p; = 0. Then the vertex ¢ can be deleted from the graph
as the information of the vertex ¢ is not needed in the analysis of the rest of the

graph.

2. |P;| > 1, that is, the vertex i has at least one incoming edge. In this case 7;(\;, ;) is
upperbounded in \; due to the negative term —p; fOAi(Vi) fi(s)ds and therefore (3.22)

can only hold under a small-gain condition on «; and §;;.

In the light of these observations, we can recursively delete the vertices with p; = 0 and
the outgoing edges attached to these vertices until obtaining a graph in which each vertex
has p; > 1, and such deletions do not alter the small-gain condition we intend to derive.
Thus, without loss of generality, we can consider a graph with p; > 1, for i = 1,...,n,

from the beginning.

To proceed, multiplying p%_ on both sides of (3.23) and invoking Lemma A.2 yields

1 1 i Py %
—Ti =N _/ fi(s)ds < /” f(s)ds (3.25)
bi bi 0 0
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and the equality holds if and only if f()\;) = p%,ozi, which indicates that

max ri( A, o) :pi/pl £ (s)ds, (3.26)
‘ 0

(3

with the maximizer
1
Ni(Vi) = fi 7o —aio V.. (3.27)
pi
Hence, a sufficient condition for (3.22) to hold is

1
piTio—a;— Y _ Tjo B > 6, (3.28)
‘ JES;

for i =1,...,n, where §; € Koo, and the transform? T; is defined by

Ti(s) & /0 | £ o)do. (3.29)

We now provide two lemmas which are useful in the subsequent analysis.

Lemma 3.2. Consider a convex function g : R — R such that g(0) < 0 and two positive

real numbers xo > x1 > 0. The following inequality holds

g(x2) — g(x1) > g(xe — 21). (3.30)

Proof. By the super-additivity of the convex function g for any positive real numbers z;
and o, one has ¢g(Z1 + Z2) > g(Z1) + g(Z2). Hence substituting z; = x1 and Ty = x5 — 71

yields (3.30). O

Lemma 3.3. Consider the function T; defined in (3.29), the functions oy € Koo, Bji € Koo,
and §; € Koo as in (3.28), and a function o; € Koo such that a;(s) < a;(s), Vs > 0. Then

the condition

1
Tio—a;— Y TjoB=3 (3.31)
! JESi

implies (3.28).

“The transform is known as the Legendre-Fenchel transform and it is used in [69] for simplifying ISS/iISS
Lyapunov functions.
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Proof. By the strict monotonicity of T;, equation (3.31) implies

1 -
Ti o —Qy; — Z T] e} 51'2‘ = (51‘, (332)
bi jes;

and noting that p; > 1 further implies

1 =
pilio —a; — Z T; o Bji = 4, (3.33)
©es
where §; and 0; are some positive definite functions and 6;(s) > 8;(s) > 8;(s), Vs > 0. This

completes the proof. O

Before proceeding note that T; is a convex function, since 7] = f;l is strictly
increasing as required by the condition in Lemma A.2. We treat convexity as a constraint
on T; to be enforced later. To introduce a recursive algorithm to “solve” for T;, we re-write
(3.32) using a matrix-like representation and take a fully connected 3-node system as an

example, that is

Ty o p%ou —T10p12 —Ti0pB3

—Th0pBy1 Tpo 1%2042 —T3 0 323 N El. (3.34)
—T300831 —T30P33 T30 1%3043 ol
I 51 52 53 i

Applying Gaussian elimination to the first element of the second and the third column

using right composition (instead of multiplication) yields

Tiogar 0 0
—T5 0 By (E¥0)22 (B3
~T30031 (Ef)s2 (E)ss

(51 (011)2 (011)3

(3.35)
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where

(EiIrIO)22 £ Tho 1912042 — Ty 0 Ba10a; " opifia,
(Ef)2s = —ThoBog — Tho By oy opifBis,
(Ef)s2 2 —Ty0 B3 — T30 P31 007" opifBia,
(Ef)ss & Tso ])13043 — T30 B310a;" op1fis,
(0™)2 2 62+ 81 0 a7t o pi Bz,

(011)3

lI>

03+ 01 0a;t op1fis. (3.36)

If all operators are linear, the second pivot equals T5 o (p%ag —fPa10 al_l oplﬁlg) due to the
left distributivity of multiplication, but since this does not hold for general composition
operation (that is, in general Tho p%ag —T500891 oozf1 op1 P12 # Th o(p%og —Bo1 oozf1 op1512))s

additional care is needed. Define

Go 2 g — pafar o gt o p1Pia. (3.37)

Suppose that there exists &, such that & > &, € K. Then p%ozg > [o1 0 afl o p1512

and, by Lemma 3.2,

1 _
Ty o0 ]72&2 —Ty0 B 0a;" opiBi2
1 —1
>Tho ]72042 — Bar1oa; op1fPi2

1 1
=Tho —aGg > Tho —a,. (3.38)
P2 D2

Due to the monotonicity of Ts, replacing T5 o p%ag —Th o0 B91 0 al_l o p1 12 in (3.35) with
T5 0 p%QQ effectively replaces ao in (3.34) with some a, € Ko such that a, < ay and, by

Lemma 3.3, we can rewrite (3.35) as

Tio a4 0 0

~Tyofa (Ef)z (EF)s a Er , (3.39)
~T30085 (Ef)s (Ef)ss ol

B G PR T
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where
m a1
(ET)22 = Ty o —ay,
D2
(0™M)g 2 63 + 61 0 G 0 p1 B, (3.40)

81 =61, 0 < 8 <62, &; = a1, and Gy € Ko is constructed such that &, < é&s. Exploiting
the condition that &, € K, we can continue to apply Gaussian elimination to the second

term on the third column. The resulting matrix is

T1 o }%1@1 0 0
—Tr0Bn (Bl 0 A | BT
2 , (3.41)
~Ts0B351 (EXl)ss (EM)ss ol
51 (0.11)2 (O.III)3
where
I & 1
(E7" )33 = T30 —as,
b3
(™13 2 03+ 610G, op1Bi3 + 20 Gyt 0 pafias
+ 6104, op1Bizodyt o pafas
+ 09 065" 0 pafar 0 dy !t opifis
+ 10, op1Bizody !t opaPar oGyt opifis, (3.42)

and 0 < 3 < 3. Gs € K is constructed such that é5 < &3 (assume that this is possible

for the time being), where

A A1 1
di3 £ a3 — p3Pa1 0 Gy op1PBis — p3Bsa o Gy o pafas
1 1
—p3f310a; op1Pi2 o by ©pafas
1 1
—p3f320 Gy 0paflar 0 Gy o p1fi3

— p3B310d;  opifaody !t opafar oGyt o p1fis. (3.43)

It is claimed that as long as there exist Ky-class functions &;, &,, & that bound ay,

Qa, (3, respectively, from below, one can construct convex 17,75, T3 by properly selecting
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01,02,03 € Koo. A simple way to see this is to solve (3.41) for Ty, T, T3 in terms of 41,
09, 03. These allow writing 17, Ts, T3 as positive sums of composition terms led by d1, do,
d3. By properly selecting d1, o, 3, these positive terms can be individually made convex,
and the convexity is preserved under positive summation, which further justifies the use

of Lemma A.2. Finally, using (3.27) and (3.29) yields
a7 1

s ° E’ai oV, (3.44)

Ai(Vi)

which is the state-dependent scaling function needed.

For large-scale systems it is not practically useful to derive a closed-form expres-
sion for &; as it can be shown that the total number of the composition terms in &; is
described by the Sylvester’s sequence [123] subtracted by one®, which grows doubly expo-
nentially with n, the number of node systems. Instead, we seek a recursive algorithm that
equivalently performs iterative Gaussian elimination (as demonstrated above) and at the
same time reveals the underlying topological meaning of the terms in &;. This recursive
algorithm is described in Algorithm 3.1, the main idea of which is that each entry, indexed
by (i,7), of Ep (the lower triangular matrix defined by (3.41)), contains the composition
terms formed by a term from an upper entry (k,j) in the same column, the inverse of
&y, (which is the lower-bound of ég), and a term from a left entry (i, k) in the same row,
sequentially composed from right to left, and such a construction holds recursively. From
the aforementioned iterative Gaussian elimination procedures, it is not difficult to see the
reasoning behind: each term in the (7, j) entry was brought from the (i, k) entry as a side
effect of eliminating the (k, j) entry using &;. The computation of (¢™)j, is straightforward
once &y has been computed. Since (0™)y is derived by the same Gaussian elimination pro-
cedure as the one that derives &y, (™) is simply the positive sum of each composition
term in &g, after removing the sign and replacing the first function of each composition

term with the §;, where [ is the column index of the first function.

With the help of the recursive Algorithm 3.1, we can conclude the following small-

gain-like result.

5To see this, first note that the expression of é&; is a sum-of-composition formula and let N; denote the
number of composition terms. Then one can find that Ny =1 and N,, = 1+ Z?;ll N2, or equivalently
M, = M2?_| — M, 1 +1, with M, 2 N,, + 1. It can be proved that M, = |k*" + 1], where k ~ 1.264085,

and |-] denotes the floor function. See [1] for detail.
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Algorithm 3.1 Recursive algorithm to compute the lower triangular matrix My and the
pivot gain functions & and & (see Algorithm 3.2 for the helper functions).

Input: EIT
Output: E7, &, and &
1: Initialize E% to an empty matrix of the same size as E%F
2. for each (E7});; in E} do
3: if ¢ < j then
4: (ER)ij <0 > The upper triangular entries are eliminated

else if ¢ = j then
&; < COMPUTEENTRY (4,1, ET)
&; < p; - REMOVET (4, &;)
Find ¢&; € K such that &; < &;
(B« T; o plig. > The diagonal entries are expressed as T; o pidL due to

) i —

Lemma 3.2 and 3.3

10: else

11: (E%);ij < COMPUTEENTRY (4,4, ER) > Compute the lower triangular entries
without merging the T; terms

12: end if

13: end for

Theorem 3.4. Consider a network system with node dissipation inequalities given by
(3.16). If there exists &; € Koo such that &; < &y, i = 1,...,n, with & computed by
Algorithm 3.1, then there exist continuous functions A\; : R>o — R>0, i = 1,...,n such

that (3.17) and (3.18) hold, and the overall dissipation inequality defined by (3.19) satisfies

n
V< =D 6() <0, (3.45)
i=1
forV;>0,i=1,...,n.
Proof. Given the existence of the Ky-class functions &;, i = 1,...,n, Algorithm 3.1 is

feasible and its output is a lower-triangular matrix E7 and the functions ¢4, which further
yields the functions (¢™). For ease of expression, in what follows we drop the superscript
n without causing ambiguity, since all the variables used have the same superscript. Let

o denote [(¢™)1,...,(6™),]". From the previous analysis we know that

1"TEp=0o'. (3.46)
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Algorithm 3.2 Helper functions for Algorithm 3.1.

1: function COMPUTEENTRY (3, j, E)
2: ifi=1or j =1 then > Base Case
3: return (E7);;
4: else > Recursive Case
5: E < (Er)ij > & stores the expression to be returned
6: for k=1tomin(i — 1,5 — 1) do
7 EL < COMPUTEENTRY (i, k, ET)
> = expression of the (i, k)-entry (left expression)
Ey « COMPUTEENTRY(k, j, ET)
Ey < —REMOVET (k,Zp)
> Zy - expression of the (k,j)-entry (upper expression), with Ty and the
minus sign of each term removed
10: & < COMPUTEENTRY (k, k, ET)
11: Gy < pr-REMOVET (k, &)
12: Find &), € K such that &, < &y
13: for each &y in =y do
14: for each {7 in =7, do
15: 2+ =40 lel o (pg - &v) > This accounts for the effect of
eliminating the (k,j)-entry on the (i, j)-entry
16: end for
17: end for
18: end for
19: return =

20: end if
21: end function

22: function REMOVET (i, Z)

23: for each £ in = do
24: remove 7T; from &
25: end for

26: return =

27: end function

Each element in o is a positive sum of composition terms, with each composition
term led by one of the d;, ¢ = 1,...,n. In addition, the off-diagonal elements of Ep
are negative sums of composition terms led by one of the T;’s, thus T7,...,T, resulting
from (3.46) can be written as positive sums of composition terms led by one of the ¢;’s.
Note that to meet the conditions of Lemma A.2, T1,...,T, are required to be strictly
convex: this is to guarantee that their derivatives f; Lo f71 are strictly increasing.
This is enforced by properly selecting §; € Ko, such that each individual composition term

is strictly convex. Since convexity is preserved under positive summation, the resulting
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Ti,...,T, are also strictly convex. Compute \;(V;) using (3.44), and consider the overall
storage function (3.19). By Lemma 3.3,

Vg—i:(x = Ml(V)Bi;(V, )

i=1 JEP;
- 1
< - Z(MTO%OV ZTO/GJZOV>
=1 p JjES;
< -3 6 (3.47)
i=1
and V <0, for V; > 0,4 =1,...,n, which completes the proof. O

Remark 3.3. One can regard &; € Ko as the counterpart of the small-gain condition for
network systems, since such a condition guarantees the existence of \; such that V <0.
For a two-node system, where &1 = o, da = ag — P21 © afl o 312, o; € Ko, Bij € Koo,
i =1,2, the condition &1 > &, € Ko is satisfied by defining &, = oy and G > as € Koo

1s implied by the classical small-gain condition
a;l o TQ,BQl o al_l o 7’1,312 < Id, (348)

where 11 > 1, 79 > 1, and 1d is the identity mapping. To see this, doing some manipula-
tions on (3.48) yields cg = 042—6210041_10512 > a2—521oa1_1071ﬁ12 > (7'2—1)5210041_10512.
Then defining &y = (19 — 1)B21 0 0‘1 o B12 € Koo reveals that (3.48) implies the condition

O72 2@2-

Similarly to Definition 3.3, one can define the notion of active nodes, provided there

is an adjustable « function for a node.

Definition 3.4. A node ¥; is called an active node, denoted i € Ly, if it satisfies the
dissipation inequality (3.16) with an adjustable o; € Ko, and o; > «;, for some positive

definite function a.

It turns out that one can select the a;,, t4 € Z4, to let the algebraic condition of
Theorem 3.4 hold, and the feasibility of this is closely related to the location of the active
nodes in the network system, even though the condition and the proof of Theorem 3.4 are

completely different from Theorem 3.2. In other words, there is a nonlinear counterpart
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of Theorem 3.3, as stated below.

Theorem 3.5. The condition of Theorem 3.4, namely, the existence of &; € Koo, holds for
some admissible class Koo functions o, , ia € Za, if every directed cycle of the underlying

directed graph contains at least one vertex associated with an active node.

Proof. To prove the claim note the graph-theoretic interpretation of the COMPUTEENTRY
function of Algorithm 3.2: for each vertex i, the expression of &; is obtained from «; sub-
tracting several composition terms, with each composition term associated to one of the
closed paths starting from vertex ¢ and returning to vertex i, regarding the off-diagonal
elements of EIT as an analogy to the adjacency matrix. The upper expression £y con-
tains the outgoing path, and the left expression £ contains the incoming path, and such

interconnection is made recursively. In this sense, &; can be written as

lmax
& = oy — Z <piﬁikgn © Q,;i Opkinﬁkinkinq ©:--0 Q,;zll Opkllﬁklli>a (3-49)

I=1
where k; € Cli, Cli is the index set of the [th circuit path® from vertex i to itself, in the
subgraph consisting of vertices 1 to ¢ and the associated edges; lyax is the total number of
such sets; m = |Cf|; and k:g € Sk,; - We proceed by invoking Lemma A.6, which indicates
that if «; is adjustable in the sense stated in Definition 3.4, then &; is also adjustable
in the same sense. Since the negative terms in (3.49) are associated with circuit paths,
having at least an active node in every cycle implies that there is at least an active node in
every circuit, and therefore the negative terms in (3.49) can be made arbitrarily small by
adjusting &; , functions. Thus, any «; € K can dominate ¢&; and guarantee the existence
of &; € K such that &; < &;, for ¢ = 1,...,n. Hence the conditions of Theorem 3.4 hold,

which completes the proof. ]

3.3 Systems with Linearly Parametrized Supply Rates

Section 3.2 has shown that the notion of active nodes is applicable to a generic class

of nonlinear systems with sum-type dissipation inequalities. While on one hand, this

5The term “circuit path” is used here since the path may not be a simple circuit, or equivalently a
cycle: it can contain nested cycles. See (3.43) for an example: the last term indicates the path 3 — 1 —
2 — 1 — 3, which contains two cycles.
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extends the results in Section 3.1 to more general scenarios, on the other hand, it makes
the formulation of the damping functions «a; abstract and therefore difficult to be used in
practical designs. Thus in this subsection, we consider a “middle ground” between the
schemes discussed in Section 3.1 and Section 3.2 which allows parametrizing the supply
rates and allows the implementation of standard nonlinear control design techniques that

are not well catered by the quadratic supply rate case.

To start with, consider a two-node system with storage functions V3 = y2, Vo = 43,

and dissipation inequalities

14

IN

— a1y} + bi2ys — asyl,

Vo < bo1y} — agy3 + boasyt, (3.50)

where y; € R, y2 € R. Obviously, the selection ¢(y) = [y?,2]" in the spirit of Section 3.1
does not work for this system since it does not take the yj-terms into account. In the
spirit of Section 3.2 one can write ai(s) = a1s + azs?, as(s) = azs, P12(s) = bias,
B21 = bors, which properly describes the system. Nevertheless, the parametrization of
a1, even though a; and ag can be selected arbitrarily, does not fulfil the condition for an
active node specified by Definition 3.4. This suggests finding an alternative formulation to
allow exploiting parametrization of node dissipation inequalities. Alternatively, based on
the formulation in Section 3.1, we could augment ¢ with an extra positive definite term,
in this case, yi, and define the augmented vector d(y) = [v?,y2,yi]T. Compared to the
case in Section 3.1, in which each term of the supply rate is one-to-one related to a node,
now y7 and yj are both related to the same node, node ¥;. In other words, node ¥ has

two supply rate basis functions (basis functions for short), ¥? and y{, while node 5 has

only one basis function y3.

To generalize this idea, suppose that there are ¢; basis functions for the dissi-
pation inequality of node ¥; and ¢ £ Y_" | ¢; basis functions in total. Define qAS(y) =
[T W), @31 T (W1)s s P2 (Yn)s - - o ()] T € RY, where ¢! (y;) denotes the j-th
basis function of node %;, and ¢(y) = [p1 (1), - -, ®k(yn)]" € R™ is the vector containing

the primary basis functions” of each node, with the other elements in gﬁ(y) referred to as

"One can select any one of the basis functions associated with a node as the “primary” basis function
of the node. The rest of them are treated as the “secondary” basis functions.
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secondary basis functions. Under this definition of gﬁ(y), the node dissipation inequalities

are

V< — Zal% Yi) Z (wacpj Yj > (3.51)

Jj=Llj#i “k=

with a >0, bfj > 0, and these can be written into a vector form similarly to (3.2), namely

V< - E, (3.52)

where E € R"*4 contains the coefficients of the node dissipation inequalities with opposite
signs. With the same construction of the overall storage function as (3.6), the overall

dissipation inequality can be derived as
V < —c"Eg. (3.53)

Define the left n x n submatrix of £ as E, and the right n x (§ — n) submatrix as
E. For example, the matrix F associated with the two-node system with dissipation

inequalities (3.50) is

ap  —bip| a3 A

s
Il

[ E|E } . (3.54)

—ba1  az | —bas
To make the notation natural in the matrix F we remove the superscript of the coefficients
in the matrix expression (3.51) and replace the subscript of a(.y and the second subscript of
by (indicating the predecessor node) with the index of the corresponding basis function in
®(y) (or equivalently, the column index of the coefficient in £). This defines an alternative
set of indices (i, k) for coefficients associated with the kth basis function of node ;. For
example in (3.54) we have (1,2) = 3 for the second basis function of node ¥; and therefore
we replace a? with ag and replace b3; with bog. Since E is not a Z-matriz, if we want to
use the results established in Section 3.1 it is better to restore the one-to-one relation
between each basis function and each matrix dimension by augmenting E so that we have
a Z-matriz to analyze. From a graph theoretic perspective, this requires adding some
augmented vertices to the underlying directed graph so that the total number of vertices

is the same as the basis functions rather than the number of nodes. To this end, rewrite
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the overall dissipation inequality as
V< —¢"Eg, (3.55)

where F is an 4 % G Z-matriz augmented from E, and ¢ € RY is augmented from ¢. More

specifically, E can be written as

R E ‘ E — Udiag(any1,-- - ,aq)

B (3.56)
O(g—n)xn diag(an+1,- - -,aq)
where U € R™ (=" ig defined as
A 1, if (E)” =ac > 0,
(U)i; = (3.57)

0, otherwise.

In other words, the underlying graph described by F is obtained by adding vertices (in-
dexed by 2) associated with the secondary basis functions, and then by connecting these
augmented vertices to the graph described by E according to the dissipation inequalities,
which is associated with the primary basis functions and the original network. Since the
scaling operation is implemented on the n node systems, not on the ¢§ — n augmented
vertices, as they do not originate from new node systems, the last § — n elements of the
augmented scaling vector ¢ are generated by the first n elements, that is, the original

scaling vector c. It is not difficult to find that this fact can be described by the constraint
Le =0, (3.58)

where L € RU—™*" ig defined by
L2 [ UT ‘ I, ] . (3.59)

Consider again the two-node system (3.50). Then U = [1,0]" and the augmented version
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of (3.54) is
al —b12 0
E=|-by ay —bu|- (3-60)
0 0 as

Since the third column of M comes from the first dissipation inequality, which should be
multiplied by ¢, we also need to define ¢ = [c1, ¢a, 03]T, with the constraint ¢; = ¢3 or

equivalently, Lé = [1,0,—1]¢ = ¢; — c3 = 0.

To derive the counterpart of Theorem 3.2 we have to first answer two questions: 1)
how to determine whether E is a non-singular M-matrixz by checking the original matrix F
and 2) how to use condition 6) of Theorem 3.1 considering the additional constraint (3.58).

The answer to the first question is given by the result below.
Lemma 3.4. E is a non-singular M-matriz if and only if E is a non-singular M-matrix.

Proof. Consider the block triangular structure of the matrix E defined by (3.56). The
leading principal minors with order higher than n have the same sign as det(E). Therefore

using condition 4 of Theorem 3.1 completes the proof. O

To answer the second question we need first to clarify the problem we are trying
to deal with. Condition 6) of Theorem 3.1 guarantees the existence of ¢ > 0 such that
ETée>0ifEisa non-singular M-matriz, which, however, is not sufficient in this case as
there is the additional constraint (3.58) on ¢. Thus, we need to add an additional condition

to E such that ¢ also satisfies the constraint (3.58). This leads to the following result.

Lemma 3.5. Consider the non-singular M-matriz E. There exists ¢ > 0 such that ET¢ >

0 and Lé =0 if and only if there exists & > 0 such that & is in the kernel of L(ET)*l.

Proof. To prove the “if” part assume that there exists ¢ > 0 such that L(ET)_I& =
0. Then selecting ¢ = (ET)~'6 satisfies the constraint Lé = 0. Due to condition 5)
of Theorem 3.1, (ET)~! is non-singular and (ET)~' > 0, and therefore ¢ > 0. Left-

multiplying ¢ by ET yields ETé = ET(ET)_I& = ¢ > 0, which completes proof.

To prove the “only if” part assume that there exists ¢ > 0 such that ETé> 0 and
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Lé =0, yet for all & > 0, L(ET)_lc} #£ 0. Then we can select 6 = ET¢ > 0, and therefore

L(ET)_I& = Lé¢ # 0, which causes a contradiction. Hence the “only if” part is proved. O

Having proved Lemma 3.4 and Lemma 3.5 we can proceed to give a criterion for

the existence of scaling coefficients such that the dissipation inequality (3.7) holds.

Theorem 3.6. Consider the node dissipation inequalities given by (3.52). There exists a
vector of scaling coefficients ¢ > 0 such that V' constructed by (3.6) satisfies the dissipation

inequality (3.7) if both the conditions below are satisfied.

1. The n x n leading principal submatriz of Fisa non-singular M-matriz.

2. There exists & > 0 such that & is in the kernel of L(ET)™",

Proof. By Lemma 3.4, condition 1) of the proposition implies that Eisalso a non-singular
M-matriz. Then by invoking Lemma 3.5, condition 2) of the proposition guarantees that

there exists ¢ > 0 such that ETé =6 > 0 and Lé = 0. Recall that
V< —eTEd(y) = —6"o(y) <0, (3.61)

in which case ¢' (y)& is the positive definite function W(y) in (3.7). Finally construct

¢ > 0 using the first n elements of ¢, which completes proof. O

Theorem 3.6 reveals the fact that the n x n leading principal submatrix of E plays
an important role. It is easier to understand this from a graph perspective. Since all
the augmented columns in E have only one non-zero element on the diagonal entries,
the associated vertices in the underlying directed graph have only outgoing edges but
no incoming edges (see Fig. 3.2), which guarantees that no directed cycle contains these
augmented vertices. In other words, the augmentation of the graph does not create new
directed cycles and all directed cycles in the graph are specified by the n x n leading

principal submatrix of E.

Note now that each node can have more than one basis function, and therefore we

need to slightly extend Definition 3.3.

Definition 3.5. A node ¥; is called an active node, denoted by i € La, if it satisfies

the dissipation inequality (3.51) and for k = 1,...,q;, the damping coefficients af are
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Figure 3.2: The underlying directed graph specified by (3.60). The notation “3 « 1”
means that vertex 3 is an augmented vertex which originates from node ¥;.

adjustable in [a¥, +00), with a¥ > 0. The indices of all vertices (including the augmented

vertices) of the underlying graph that originate from active nodes make up the set Za.

This definition allows the damping coefficient a() of all vertices (including the
augmented vertices) in the underlying directed graph that originate from active nodes, to
be adjustable. For instance, in the underlying directed graph of the two-node example,
both vertex 1 and vertex 3 originate from node X1, and thus both a1 and a3 are adjustable
if node X7 is an active node. Having clarified this, we are ready to see how to enforce the

dissipation inequality (3.7) with active nodes.

Theorem 3.7. For all & > 0 there exists a selection of afA, k=1,...,qi,, and a vector
of scaling coefficients ¢ > 0, depending on &, such that V' constructed by (3.6) satisfies the

dissipation inequality
V< —5"d(y) (3.62)
if both the conditions below are satisfied.

1. Ewvery directed cycle of the underlying directed graph describing the network contains

at least one vertex that originates from an active node.

2. Fvery augmented vertex originates from an active node.

Proof. We first consider the original n-vertex graph without the augmented vertices. Con-
dition 1) of this proposition and Theorem 3.3 indicate that for all ¢ > 0 there exists a
selection of az-l . ta € Iy, that is, the damping coeflicients associated with the primary
basis function of the active nodes, and ¢ > 0, depending on the choice of o, such that

the n x n leading principal submatrix E satisfies E'¢ = 0. Define ¢ £ [¢,é"]T, with
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¢ € R to be determined. Note that (3.58) and (3.59) yield U "¢ —¢é = 0, or equivalently,
= UTec. Since U > 0 and ¢ > 0, we have ¢é > 0, which provides a valid candidate for
0.

™

>
vV

We proceed to prove that for such a ¢ we can select afA, k=2,...,q,,1a € La,
that is, the damping coefficient of the secondary basis functions of the active nodes, such

that the claim holds. To see this, note that

B’ ‘ Onx (4—n)

& g
. | = , (3.63)
. ‘ diag(an1, ..., aq) ¢ G
S~ =
ET ¢ o

where Eqo 2 Udiag(an+1,-..,a5) — F is independent of the a(.y coefficients (cancelled by
the subtraction) and only depends on the b.y coefficients and therefore FE19 > 0. Thus we
have —EJyc+[any1, .. . ,aq]é = &, or equivalently, [ant1,...,a4] " = (diag(é))_l(&+E’1Tzc),
for all 6 > 0, which gives a vector of positive candidates for a,1,...,a4. It remains to
check whether these a(.) are in the interval specified by Definition 3.5. If the resulting
a(.) is below the lowerbound, we replace the value with the lowerbound. This guarantees
that ET¢ > &, and therefore V < —¢' E¢(y) < —6 ' ¢(y). Combining the arbitrariness of

o >0and & > 0 we conclude that & = [¢7,5"]" > 0 is also arbitrary. Hence the proof is

complete. ]

Remark 3.4. It is not difficult to see that condition 1) of Theorem 3.7 allows enforcing
condition 1) of Theorem 3.6 and condition 2) of Theorem 3.7 allows enforcing condition 2)
of Theorem 3.6. In this sense, Theorem 3.6 and Theorem 3.7 view the same fact from
an analysis perspective and a synthesis perspective, respectively. A similar remark also

applies to Theorem 3.2 and Theorem 3.3.

Remark 3.5. Different selection of primary basis functions may result in different aug-
mented graphs described by E. It is worth noting that if the conditions in Theorem 3.7
hold for one of these graphs, they also hold for the other graphs. The reason for this is
that, in this case, a node system associated with multiple augmented vertices is active due
to Condition 2 of Theorem 3.7. Therefore when an augmented vertex is turned into a
primary vertex due to a different selection of primary basis function, this vertex still orig-

inates from an active node and therefore verifies Condition 1 of Theorem 3.7 even if new
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cycles containing this vertex are created by that selection. Similarly, the previous primary
verter is turned into an augmented vertex, but since the node system discussed is active,

this augmented vertex verifies Condition 2 of Theorem 3.7.

3.4 Control Synthesis via Active Nodes

In Sections 3.1-3.3 we have focused on the existence of a scaling for the node storage func-
tions to construct an overall network storage function that satisfies a dissipation inequality
with a given dissipation margin, as well as the feasibility conditions based on the location
of the active nodes to enforce such a dissipation inequality. In this subsection, we move

forward to answer the “how to” part of the problem from a synthesis perspective.

3.4.1 Placement of Active Nodes

From Propositions 3.3, 3.5, and 3.7 we know that the active nodes should be placed
in the network such that every directed cycle in the underlying graph contains at least
one of the vertices associated with the active nodes. Hence placing the active nodes,
from a graph-theoretic perspective, boils down to finding a set of vertices such that after
the removal of these vertices (and the edges attached to them), the remaining graph is
acyclic. This set is commonly known as the feedback vertex (node) set (FVS) in the graph
theory and the computing theory literature. In general one may want to use a minimum
number of active nodes to achieve the desired network dissipation inequality, which leads
to the minimum FVS problem. This problem is proved to be NP-complete for directed
graphs [66]. Many contributions have studied the exact solution of the minimum FVS
problem, see e.g. [77,105,117]. We present here a method exploiting the permanent of a

matrix to search for the minimum FVS. The permanent of a matrix A € R™ is defined as

per(A) = Z H(A)Tr(z),m (3.64)

™ o4=1

where 7 is one of the permutations of the set {1,...,n}. A more intuitive interpretation
is that per(A) can be computed by using Laplace expansion without switching the sign of
the product terms as when computing det(A). As discussed in Section 3.1, each product

term in det(FE) is associated with directed cycles or unions of disjoint directed cycles of
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the underlying directed graph of E. Note that by defining the n x n matrix Qg as

(QE)ij = (3.65)
0, otherwise,

the number of Laplace expansion terms of det(E) equals per(2g). It is then natural to
understand that vertex ¢ is contained in (per(Qg) — per(Qg;)) directed cycles and unions
of disjoint directed cycles, where Qg; is the matrix obtained by deleting the ith row and

the ith column of Qg. This leads to the following lemma.

Lemma 3.6. Consider E and its underlying graph. Let vertex i and vertex j be in the
same directed cycle. Vertex i is contained in at least as many directed cycles as vertex j

18, if and only if
per(Qgi) < per(Qg;). (3.66)

Proof. Let m; and m; be the total number of directed cycles and unions of disjoint directed
cycles containing the vertex ¢ and the vertex j, respectively. We have m; = (per(Q B) —
per(Qg;)), and m; = (per(Qg) — per(Qp;)). Therefore, m; > m; if and only if (3.66)
holds. Note that m; and m; also count the number of unions of disjoint directed cycles,
but since vertex ¢ and vertex j are in the same directed cycle, the contribution of the
considered cycle to the values m; and m; (via the considered cycle and the unions of the
considered cycle with other disjoint directed cycles) are the same. Hence m; > m; if and
only if the vertex i is contained in at least as many directed cycles as the vertex j is, which

completes the proof. O

This lemma indicates that one can find the most “important” vertex in a given
directed cycle by determining the vertex which has the largest decrease in per(Q ) after the
deletion of itself and its attached edges, as this vertex is contained in more directed cycles
than any other vertex in the considered direct cycle, and therefore should be included in
the solution of the minimum FVS. Algorithm 3.3 is developed under this spirit to place the
active nodes efficiently. The for-loop part of the algorithm is straightforward as this fulfils
the requirement of Theorem 3.7. The while-loop part is essentially an exact algorithm to

solve the underlying minimum FVS problem.
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Algorithm 3.3 Algorithm to place the minimum number of active nodes in a given
network system described by (3.52).

Input: The dissipation coefficient matrix F
Output: Index set of the placed active nodes T4
1: Build a directed graph G based on E, the left n x n submatrix of E, in which each
vertex stores the original associated node index
2: Compute U from E as per (3.57)
> The for-loop below allocates active nodes to satisfy condition 2) of Theorem 3.7

3: for each row i of U do

4: if row i of U is not all-zero then

5: Attach node index ¢ to Z4

6: Delete vertex i and its attached edges from G
7 end if

8: end for

> The while-loop below solves for the minimum FVS of the remaining graph
9: while G is not acyclic do

10: for each vertex 7 in G do
11: m; < per(Qdg) — per(Qg;)
12: end for
13: 14 4 argminm,;
i
14: Attach the original node index stored in vertex i4 to Z4
15: Delete vertex i4 and its attached edges from G

16: end while

Proposition 3.1. The while-loop in Algorithm 3.3 finds one® of the minimum FVSs of
g.

Proof. First note two facts: 1) G contains a finite number of directed cycles and 2) at
least one vertex in each directed cycles has to be included in the minimum FVS. If G is
acyclic, the minimum FVS is the empty set, which is consistent with the algorithm as the
while-loop breaks without attaching any indices. Otherwise m;, > 1, and vertex i, is
contained in at least one directed cycle. Due to fact 2), one has to include at least one
vertex to the minimum FVS for each such cycle, and due to Lemma 3.6, vertex i4 is the
vertex such that the deletion of itself and its attached edges removes the most directed
cycles in G. At each step of the while-loop, the selected vertex i4 is among the vertices,
one of which has to be selected, and is the one that removes the most directed cycles from
the finite number mentioned in fact 1). Hence the algorithm removes all directed cycles

in G with minimum steps, which completes the proof. O

8The minimum FVS of a graph is, in general, not unique.
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Algorithm 3.3 is at most of complexity O(p(n)2") or equivalently O*(2"), where
p(+) is a polynomial. To see this note that the complexity is dominated by the while-loop
solving for the minimum FVS and, in each single loop, the complexity of the algorithm
is dominated by the computation of the permanent. Computing the permanent of an
n X n matrix is of O(n2") using Ryser’s formula in the Gray code order [96,110], and in
the worst case the number of permanents that need to be computed is a polynomial of n,
which means that the overall complexity is O*(2"). The efficiency can be further improved
if one computes the permanent using the method proposed by [114], which reduces the
overall complexity to O* ((2 — e)”), where € > 0 is a constant depending on the sparsity
of the graph. This is comparable to the complexity of existing exact methods (e.g. [105])

for the solution of the minimum FVS problem of directed graphs.

In general the exact methods solve for the minimum FVS in directed graphs in
exponential time, which is not acceptable when the considered network is large. In practice,
the number of available active nodes can also be limited (this is also why one needs to
find a placement method using the minimum number of active nodes), which restricts
the associated FVS problem to a parametrized FVS problem, in which the parameter
is the upperbound of the cardinality of the FVS. The algorithms proposed in [14, 83]
can solve the parametrized FVS problem in linear time or report that no FVS smaller
than the given bound exists. Furthermore, if we allow trading off the computation time
against the number of active nodes used, the approximate method proposed in [55] can
be used for computing permanent and this reduces the computation time to polynomial
in a probabilistic sense. It should be noted that such a reduction in computation time
is achieved at the cost of precision and the resulting set may not be a minimum FVS as
Proposition 3.1 may not hold, but the result is guaranteed to be an F'VS by definition since
the while-loop in Algorithm 3.3 checks whether the graph is acyclic before its termination,

and therefore it still computes a valid placement of active nodes.

3.4.2 Computation of Damping and Scaling Coefficients

Once the location of the active nodes has been determined, and the associated vertices
comprise a FVS, one can solve for the damping coefficients of the active nodes and the

corresponding scaling coefficients. In what follows we show that the solution for these
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coefficients can be formulated as the solution of a set of linear inequalities, despite the
nonlinear coupling between the coefficients. We consider the linearly parametrized non-
linear supply rates discussed in Section 3.3. Recall that for the network system with node
dissipation inequalities (3.52) and the network storage function (3.6), the network dissi-
pation inequality is (3.55). As a result, the dissipation inequality (3.7) holds if ETée >0,
for some ¢ > 0 subject to (3.59). Note that E can be decomposed as E = M + M, where
a; ifieZy, j=1i,

(M); = (3.67)
(E)ij, otherwise,

and

ai, ifiela, j=i,
(M)ij = (3.68)
0, otherwise,

with @; £ a; — a,;. Note that in M Té foriy € 7 A, the decision variables a;, are multiplied
by ¢;,, which are also decision variables, creating nonlinear couplings. To linearize these

nonlinear terms, define d; £ ¢ a;Qiajs where i4; € fA is the vertex index of the j-th

(augmented) vertex that originates from the active nodes, for j = 1,..., |fA|7 and d £
[dy, ... vd|iA|]T' Note that the damping coefficients a;,; can be obtained from d by using

the relation

Uiy = ?j +a,,- (3.69)
J
This allows defining a constant matrix
1, ifiely, j=1i,
(V) = (3.70)

0, otherwise,
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such that M 'é = N'd and therefore ETé = M "¢+ NTd. This yields a system of linear

inequalities and equations given by

MTé+N"d> s,

d> 0. (3.71)

This describes an admissible region that is non-empty due to Theorem 3.7 yet not a direct
solution for ¢ and d. In the light of this, one can re-write (3.71) into an optimization

problem with some objective function f to be specified, namely

min f(v)
v
subject to Rv > &,

Qu =0,

v<v<7, (3.72)

wherev = [¢T,d"]T; R2 [MT,N]; Q £ [L, 0]; 6 > 0 is the same as the one used in Theo-
rem 3.7 that specifies a minimum guaranteed dissipation rate —&Tgig(y); v& e, 01X|2A|]T,
with € > 0 to keep ¢ away from 0; and v > 0 is an “upperbound” to make the admissible
region compact and suitable for the use of off-the-shelf optimization solvers. Typically
one may want to keep the damping coeflicients of the active nodes as small as possible
while fulfilling all the design specifications. In this case one may consider the objective
function f(v) = ZLI:Al' % = zle:Al‘ ai,,; or a weighted version of this. Since this cost
is nonlinear and may complicate the computation, one can also consider the linear cost
f(v) = w'v, where w is a vector of constant weights. One only needs to tune w in such
a way that w;,; < wg;, which leads to a large ¢;,; and a small dj, yielding a small a; ;.
This reduces (3.72) to a linear programming problem and allows searching for v efficiently,
which is especially favourable for large-scale network systems. It should be noted that the
selection of the objective function only affects the solution for ¢ and a; ,, i4 € Z 4, whereas

all solutions yield the same network dissipation inequality V < —é‘ng(y).

We complete our discussion by showing that Theorem 3.7 also guarantees that the
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admissible region of the reformulated optimisation problem (3.72) is non-empty.

Proposition 3.2. Consider the problem (3.72) and assume that the conditions of Propo-
sition 3.7 are satisfied. Then, for all € > 0, there exists a v, depending on €, such that the
admissible region of (3.72) is non-empty.

Proof. By Theorem 3.7, setting a constant 6 > 0, there exist ¢ > 0 and a;, > Q;,, 1A € 7:'A
such that ET¢ = ¢ and Lé = 0. Consider now a scalar A and a new scaling vector ¢ £ \é.
Keeping a;, unchanged, is € Z4, we have d' = diag(a;, )¢ = Adiag(a;,)é = Ad, which
yields v' = Av. Recall that v = [ET, O}T. For all € > 0, there exists A > 1, depending on
g, such that v > v. Then it is straightforward to construct v > v’ such that v < v’ < 2.
Finally note that v" also satisfies the first two conditions of (3.72) since A > 1, and hence

the admissible region contains at least v’. This completes the proof. ]

3.4.3 Adaptation of Damping Coefficients

The result presented in Section 3.4.2 provides a solution for both the scaling coefficients
for all node systems and the damping coeflicients for the active nodes. From a control syn-
thesis perspective, the computation of the scaling coefficients is unnecessary as they do not
appear in the implementation, and the existence of such scaling coefficients are sufficient
to establish desired stability properties. Lifting the requirement of computing the scaling
coeflicients allows obtaining damping coefficients for the active nodes via adaptation in-
stead of explicit computation. In what follows we present how to implement decentralized
identifiers to achieve this.

k

For an active node %;,, ia € Za, one can substitute the parameter estimates a;, ,

A
k =1,...,q;, for the damping coefficients afA. Define 6;, = [a}A,...,ag;A]T, él-A =
. . qi 5 5 _ _ i .

[a%A,...,aiAA]T, Oi, =06, — 0y, Pis(yiy) = [@}A(ym),...,(piAA(yiA)]T and consider the

parameter update law

01, = Droj (04, Ti @i (i), (3.73)

where I';, = FZ-TA >~ 0 is the adaptation gain, and proj(f,v) is the projection operator
proposed in [102], which projects the vector v onto the tangent space (at é) of a convex

region © (with smooth boundary) to which 6 belongs, if 6 reaches the boundary of © and
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v is pointing out of ©. Therefore the condition

éiA proj (QiA Lig @iy (yiA )) < éiAFiA Pig (yiA) (3.74)

holds. By Theorem 3.7, the existence of 0 is guaranteed and one can always select © such
that it is contained in the cone defined by Definition 3.5 and sufficiently large to contain
the true parameter 6. It turns out that one only needs to augment the node storage
functions with a positive definite function of the parameter estimation error 6 to obtain a

result similar to Theorem 3.7 without the exact knowledge of # nor the computation of it.

Proposition 3.3. Consider the augmented node storage functions VfA =Vi,+ GZTA i 9
for all active nodes ¥;,, ia € La, with afA, k=1,...,q,, replaced by the parameter es-

timates 0;, (updated by (3.73)), and the original node storage functions with dissipation
inequalities (3.51) for the other nodes. If the two conditions on the active nodes in Theo-
rem 3.7 hold then, for all & > 0, there exists ¢ > 0 and convex regions of projection ©; ,,

depending on &, such that the network dissipation inequality
V0 < —6Td(y) (3.75)

holds, where the augmented network storage function is given by

= Z ci,Vi+ Z CiAqu. (3.76)

¢TIy 1A€LA

Proof. First consider the time derivative of Viiv namely

/—Aﬂ

V8, = Vit 5000
Qiy
~k Kk
< _ZaiA(piA(y"A Z (me](pj Yj >
k=1 J=1lj#ia k=1

+ ngAFzA proj (01A7P1A95iA (yiA))- (3.77)
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By inequality (3.74) we obtain

Gy
-0 k  k
s S+ 3 (Nudm)
= J=lj#ia k=1
i 4
- Z & SOlA(yZA) +91A(101A(y1A)
qu
Yo Y (Srheton) 379
k=1 J=Lj#ia k=

Similarly to what is done in passivity-based adaptive control, the parameter estimation
error terms are cancelled by the parameter update law (3.73). This means that the node
dissipation inequalities associated with the augmented storage function in the adaptive
case have the same supply rates as that of the original storage functions (3.51) in the
case in which the afA are known. This allows using the unknown coefficients afA as if
they were known (the certainty-equivalence principle) in the subsequent analysis as long
as their nominal value is contained in the convex regions ©;,. This reduces the problem
to the same problem solved by Theorem 3.7. Then the rest of the proof is straightforward
by invoking Theorem 3.7, and by noting that the existence of ©;, which satisfies the
constraints in Definition 3.5 and contains the nominal value of a .+ is guaranteed by the

existence of aiA. This completes the proof. O

Remark 3.6. The regions of projection ©;, has to be determined when implementing
the parameter update law (3.73): this requires some knowledge of a?A. This is not as
restrictive as the requirement to know the exact value of afA i two senses. First, one
can make ©;, sufficiently large to relax the requirement of such knowledge. Second, it is

possible to implement the update law without projection, for example,

‘k k k

iy = VisPiaWia)s (3.79)
with adaptation gain '77; > 0 and initial condition a¥ (0) > a . In this case the parameter
estimates are decoupled and each of them is non-decreasing over time. Due to the initial
conditions we set, these parameter estimates satisfy the constraints of Definition 3.5. This
is a special case of (3.73) in which T' is diagonal and one can prove the counterpart of

Proposition 3.3 in a similar approach. It should, however, be noted that the implementation
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without projection is not robust in the presence of disturbances.

In addition to removing the need for explicit computation, the adaptive update laws

used, either (3.73) or (3.79), only require information on the node ¥;,, which allows the

tA
implementation to be decentralized. This is more favourable in some scenarios in which

the information of other nodes is unavailable, compared to the method in Section 3.4.2.

3.5 A Control Synthesis Example

In this section let us see an example that demonstrates the advantage of active nodes in
stabilizing an interconnected system without explicit computation. Consider the three-

node interconnected nonlinear system described by

E1 : Z'/l = Y3 + u,
Yot g =1y1 — Y2 + 95, (3.80)

Y31 Y3 = Y2 — Y3,

and a controller given by
u = —klyl — kgyil)’, (3.81)

where k1 > 0 and k2 > 0 are adjustable parameters. The design objective is to regulate
y1, y2 and y3 to 0. In the spirit of this chapter, the first step is to derive the dissipa-
tion inequality for each node system. Define the standard quadratic storage functions
Vi = %yf, 1 = 1,2,3, for each node system. Taking the time derivatives of these stor-

age functions along the trajectories of the closed-loop system and invoking Lemma A.1

(Young’s inequality) yields the dissipation inequalities

14

IN

1\ o 15 4
- <k‘1 — 2)3/1 + 5Y3 kay1,

. 1
Vs < yf—§y§+yi*,
1 2 1 2

592 - iy?” (3'82)

IN

Vs
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which can be written in to the compact form V< E¢(y), where ¢(y) £ [v2,y3,v2, vt "

and

0o —11. (3.83)
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Figure 3.3: The underlying directed graph specified by (3.84).

ko are adjustable design parameters, 31 is an active node according to Definition 3.5. Also
observe that vertex 1 is contained in the only directed cycle of the graph, and therefore
the conditions in Theorem 3.7 are satisfied. By Theorem 3.7 one can conclude that for all
positive constants o1, o3, 03, 04, there exist some k1 > 0, ko > 0, and positive constants
c1, c2, c3, depending on T such that the overall storage function V £ ¢; Vi 4+ coVo + c3V3

satisfies the dissipation inequality

V S —aly% — Ugy% — Ugyg — a4y‘11 S 0. (385)
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Instead of computing k1 and ko explicitly, a shortcut is to use the adaptive controller given

by

ki = vyl ki(0) >0,

ko = yoyt,  k2(0) >0,

U= — ]%1y1 — l%gy%, (3.86)

where v; > 0 and ~9 > 0 are the adaptation gains. Note that by Proposition 3.3, replacing
controller (3.81) with controller (3.86) and re-defining V4 = 2yf + i(k;l — k)2 + ﬁ(k‘? _
152)2 does not change the overall dissipation inequality (3.85). Using standard boundedness
analysis and Lemma A.5 we can conclude that all closed-loop signals are bounded and yq,
Y2, y3 converge to 0 asymptotically. This is verified by the simulation results shown in

Fig. 3.4.

Note that by using the adaptive controller (3.86) we augment the state of ¥ with
k1 and 12:2, and this subsystem is not ISS. The proposed method, unlike the classical small-
gain based on ISS, is still valid for this system as it only exploits the algebraic properties
of the dissipation inequalities, which is referred to as the small-gain-like analysis/synthesis
in the thesis. From this example we can see that by checking the locations of active nodes
in the graph one can easily check the feasibility of the controller design problem. Even
the synthesis of the controller can be completed without explicit computation if adaptive

control techniques are applied.
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Figure 3.4: Time histories of the closed-loop state variables from the initial conditions
y1(0) =1, y2(0) = —1.5, y3(0) = 0.5, k1(0) = k2(0) = 0, and with the gains 7, = 6, 72 = 1.
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Chapter 4

State-Feedback Design for

Lower-triangular Systems

In this chapter we move back to the discussion of the congelation of variables method. As
seen in Chapter 2, the congelation of variables method removes the undesired disturbance
caused by the 6 term via introducing the congealed parameter fy, and either maintains the
passive interconnection or achieves a small-gain-like condition, via strengthened damping
design. This chapter shows that the same perspective is still applicable to a more general

class of nonlinear systems, namely, systems described by the equations

i1 = ¢ (x1)0(t) + 2,
i = ¢; (2:)0(t) + Tis1, (4.1)

i = &) (2)0(2) +u,

where i = 2,...,n — 1; 2(t) = [r1,...,2,]T € R" is the state; u(t) € R is the input;
(t) € RY is the vector of unknown parameters satisfying Assumption 1.1; and ¢; : R? —
RY, i = 1,...,n are the regressors satisfying Assumption 1.4. This class of systems are
commonly said to be in lower-triangular form, due to the fact that the nonlinearities ¢;’s

depend only on z;.
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Remark 4.1. The condition ¢;(0) = 0 implies that ¢; (0)0(t) = 0, for all t > 0, which
allows zero control effort at x = 0. One can easily see that if ¢;(0) # 0, ¢ (0)0(t) becomes
an unknown time-varying disturbance (similar to the one in Remark 2.2), yielding a dis-
turbance rejection/attenuation problem not discussed here. By Lemma A.3 (Hadamard’s
lemma), one can express the regressors as ¢i(x;) = ®;(x;)x;, where the ®;’s are smooth

mappings.

The challenge brought by the more complex structure of the system is that the
parametric uncertainty term (ﬁiT (x;)0 enters the system via integrators which are different
from the integrator via which the control input u enters. This requires modifying the
control law as the designs in Chapter 2 are only suitable for nonlinear systems in which
the uncertainty enters the system via the same integrator as the control input u does, that
is, for systems satisfying the so-called matching condition'. This is because in such a case
one can use the certainty-equivalence principle, that is, adding a term —quT(:E)é directly to
the control law to compensate for the effect of the uncertainty ¢ (2)6 since it enters the
same integrator, which yields a linearly parametrized error term ¢ (x)(0 — 0) that can be

dealt with by adaptively updating é, as seen in Chapter 2.

It is well known that to solve the adaptive control problem when the matching
condition fails, one needs to find a change of coordinates and a feedback control such that
the closed-loop system, described in the new coordinates, contains a linearly parametrized
error term, similar to the matched case, which can be dealt with using the three classes
of identifiers discussed in Chapter 2. The spirit of such a change of coordinates has been
exploited extensively, explicitly or implicitly, in nonlinear control problems. In this chapter
we adopt the formulation and interpretation used in [75] for the aforementioned change
of coordinates, that is, the so-called integrator backstepping scheme, or backstepping for
short, due to its popularity in the adaptive control literature. The core spirit of the
backstepping method is to treat the term x;1; as a virtual control input to the dynamics
of x;, and to design a stabilizing parametrized virtual control law «;(z;, é) for x;41 to
“track”. The “tracking” error z;41 = Tit+1 — «; is the resulting coordinate. By controlling

Zi+1 using z;y1, one obtains z;12. Repeating the same procedure in a recursive manner,

with ascending subscript of x, effectively yields the change of coordinates from x to z

Tn model reference adaptive control literature (see e.g. [126]) the same terminology is used, with a
different meaning, for model-plant matching.
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step by step in the reverse order of the connection of the integrators, and this is why
this procedures is called integrator backstepping. Since the uncertainty term is directly
compensated by the virtual control law at the same integrator, the parameter update
law can be designed by similar approaches as in Chapter 2. Meanwhile, the perturbation
terms caused by the congelation of variables appear in the dynamics of every integrator
and has to be dominated step by step consistent with the order of the recursive design
of the virtual control laws: this is important to establish boundedness and convergence
properties. In the rest of this chapter, we see how to combine the congelation of variables

method with backstepping when using different classes of identifiers.

4.1 Passivity-Based Scheme with Backstepping

Consider system (4.1). The forward step-by-step derivation of the backstepping variables
for this system is presented in [75, Chapter 4]. For the sake of conciseness and clarity,
the backstepping method is presented the other way round, that is, the definition of the
relevant variables is given before we proceed to explain the reasons for such definitions.
Thus, for each step 7,7 =1,...,n, define:

e the error variables

20 = 0, (4.2)
Zi = Xy — OG—1, (4.3)
e the new regressor vectors
i—1 o
R i1
wi(zs, 0) = i =Y 8;:' b5, (4.4)
=1 7
e the tuning functions
T0 = 0, (4.5)
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e the virtual control laws

ap = 0, (4.7)
oi(@i,0) = — 21— (i + Gi)z —w] 0
i—1 i—1
01 Oai_1 daj1
+ E —xj+1 + —Lom + E ———Tw;z;, 4.8
j=1 Oz ah 0 " — 00 e -

where ¢; > 0 is the constant feedback gain; (;(z;, é) is the nonlinear feedback gain to be

defined; and 'y = FJ >~ 0 is the adaptation gain.

Remark 4.2. By constructing (4.3) to (4.8) recursively, it is not hard to see that z;(x;, ),
0,

wi(z4,0), 7i(x:,0), o;(x:,0) are smooth and z(0,6) = 0, w;(0,6) = 0, 7(0,6) =

ai(O,é) = 0. Note also that the 0-dependent change of coordinates between z; and x; is

smooth, invertible, and x; = 0 & z; = 0, thus we can directly express w; as w; = Wy(x;, é)ﬁ

with W; smooth, by Lemma A.S.

We are now ready to perform a step-by-step computation to explain the roles of
these variables in the context of the congelation of variables.

Step 1. Computing the zi-dynamics yields
21 =T1 =29+ a1+ wlTG (4.9)
Consider the function V; = 2%, which yields

Vi= z1(z2 + a1 + wirﬂ)
= — (a1 + Q)2 + 2122 + zw) (0 — 0)

= — (1 + Cl)zf 4+ 2120 + zlwIAg + (bp — é)Twlzl. (4.10)

The so-called tuning function 71 can be treated as a temporary candidate for the parameter

update law since considering Vi = V; + %|€9 — é|1%,1 and 6 = T'y7y, one obtains
0

Vi= — (14 Q)22+ 2120 + 21w Ag+ (bg — 0) T (wr21 — 71)

= —(c1+C1)2% + 2120 + z1w] Ay, (4.11)
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in which the (¢5 — 0) term is cancelled.
Step 2. The dynamics of z9 are described by
oo oo A
Zo = X9 — Gy = 23 + g + wy 16— 81‘1 89} (4.12)
Consider Vo = V; + %zg This yields
Vo= Vi — 2129 — (co+ ()22 + 2023 + Z2w2TA9
Oay .
9 (F@TQ — 9) + (59 — Q)TZUQZQ
= —(e1+C1)zf — (e + ()73 + 2223 + (z1w] + 20wy )Ag
e < .
9} (Tora — 0) + (Lo — 6) "7 (4.13)
Step i,i1=3,...,n— 1. The z;-dynamics can be written as
. Oy o1 *
Z; = 33 — Oéz 1 = Zi+1 + a; + wTH Z = 1$j+1 — %0 (4.14)
7=1
Continue to consider V; = V;_1 + z . This yields
Vi = Vi1 — zic1zi — (e + G)2f + zizi1 + ziw] Ag
i—1
Oaj_ Oaj_ 2 .
+ z; Z = ! FgwiZj + ZZ'TZél(FgTZ‘ — 9) + (@9 — H)Twizi
j=2
i i
= — Z(cj + Cj)ij + Ziziy1 + Z ij]—'rAH
j=1 j=1
(Z Zjp1—— ) Tyri — 0) + (6 — 6) ;. (4.15)
Finally, select the actual control law and the parameter update law.
uw= an(z,0), (4.16)
0 = Do, (4.17)

which allows the analysis of the last step.
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Step n. Differentiating z, yields

n—1
ooy, Oouy_1 *
. . . T 1 1
Zp=ip — Gpo1 =u+w, 0 — ]E:l %wjxjﬂ — T%Q. (4.18)
Consider V,, = V,,_1 + %zg = %|z|2, where z 2 [z1,...,2,] . This yields

Vn = 'n—l — Zn—1”%n — (Cn + Cn)zz + ZinTAQ

n—1
80@'71 8an_1 P AT
+ zn —TLownzi + 2n——— (L1 — 0) + (bg — 0) " wpzp
]E:2 o5 Lo 89(9 )+ (g —0)

n n
= — Z(Cj + Cj)Z?- + Z ijj—-rAg
j=1 j=1

n—1
oa; X A
+ <Z Zj41 aog > (Toty — 0) + (g — 0) " 7. (4.19)

J=1

Note that the second last term is 0 due to the parameter update law (4.17), and thus

n n

Vo= = (e +¢)z + D zwi Ao+ (lg — 0) "7 (4.20)
p =

Then, considering the function V,, = V,, + %\69 — é|12“—1 and its time derivative along the
0

closed-loop system trajectories yields

n n .
V= — Z(Cj + CJ)ZJQ + Z zjijAg + (bg — H)T(Tn - Fgle)
j=1 J=1
n n
= — Z(Cj + Cj)Z? + Z zijTAg. (4.21)
j=1 j=1
In the classical case, in which (; = 0,7 =1,...,n, and Ay(t) = 0, for ¢ > 0, we can conclude

that Vn is negative semi-definite and one can invoke Lemma A.5 for the boundedness and
convergence analysis. In the presence of time-varying parameters, one additional step
is needed to establish the negative semi-definiteness of Vn via a strengthened damping
design of the (; terms, which is the main difference of the proposed (virtual) control laws

compared to the classical (virtual) control laws. This is addressed in the following result.

Proposition 4.1. Consider system (4.1), the parameter update laws (4.27), and the con-
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trol law (4.16) with the nonlinear damping gains

. 1 ) o =
Gilai,0) = 5 [ (n— i+ 1) 72 +ea, 08, Wilf ), (4.22)
2 €Ag
with en, > 0. Then, all trajectories of the closed-loop system are bounded and . h+m x(t) =
—+00
0.
Proof. By Remark 4.2 and invoking Lemma A.1 yields
Zj’ijAg = ZjATV_V'Zj
<= 5A+6A Sn,|W;l3 ) 22 + Y 21 |% (4.23)
- 2 €Ay A A J 26A9 A

Recall that V,, = 1|2|%, V,, = V,, + 3|l — 0\2 , and consider (4.21) and (4.22) together
with the inequality (4.23). This yields

Vn = — Z(Cj + CJ)ZJQ + Zij;—Ag
=1 =1

IA
|
=1
?

oA
<n—]+1) +€A95A9|W|F>)
+Z 5 —+6A 5, Wjl ) 25 +6A9 |2j_1|?
gAY F 2A ~j—1

_ Y e <o (4.24)
j=1

Boundedness. Since the function V;,(z, 0) is positive definite and radially unbounded
in (z,0p — é), equation (4.24) shows that both z and 0 are bounded. Due to Remark 4.2,
x is bounded, and so are the variables defined from (4.2) to (4.8).

Convergence. Since Z can be expressed using smooth functions of 6(¢) and the
variables defined by (4.2) to (4.8), which are all bounded, % is also bounded. Hence by
invoking Lemma A.5 one can conclude that tligl z(t) = 0, which further indicates that

—+00

lim z(t) = 0, by Remark 4.2. O

t——+o0

Remark 4.3. From the proof of Proposition 4.1 one can see that the function of adding

nonlinear damping terms (; to the control law is to counteract the effect of the perturbation
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2T W T Ag, where W £ [wy, ..., wy,]. This makes the z-subsystem, with the storage function
Vi, passive from the input £y — 0 to the output Wz, in the presence of the perturbation
term 2z W Ay resulting from the congelation of variables. This allows the z-subsystem,
together with the passive identifier, to compose a negative feedback interconnection of pas-
sive systems. Therefore, from a passivity perspective and despite the additional complexity,
the design for lower-triangular systems is essentially in the same spirit as the design for

scalar systems discussed in Section 2.1.

Time-varying Input Coefficient

When using the passivity-based scheme, it is possible to modify the aforementioned back-
stepping scheme with modifications similar to the ones used in Section 2.1.2. To illustrate

this, consider the lower-triangular nonlinear system

#1 = ¢1 (1)0(t) + 2,

B = ¢ (20)0(t) + @i, (4.25)

B = &) (2)0(t) + b(t)u.

The only difference between (4.25) and (4.1) is that there is a time-varying input coefficient
b(t) € R, which is unknown and satisfies Assumption 1.1 and Assumption 1.3. The way
to deal with b(t) is to select a control law with a nonlinear feedback gain (z, ) > 0, like
what is done for the scalar systems. The major difference in this case is that the gain
K(z, é) has to be multiplied by z, to yield the —xz2 term. Therefore the design of the gain
should be done in the last step of the backstepping procedures®. Thus, select the adaptive

2 [78] has proposed a final-step control law with similar properties and analysis, which also uses a control
law with a nonlinear negative feedback gain, albeit to achieve inverse optimality. This result inspired the
proposed design to counteract the time-varying b(t).
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controller described by

u = —pkK(x,0)zn,, (4.26)
0 =Tyr,, (4.27)
0 = vosen(by)r(x, 0)22, (4.28)

where z, and 7, are given by the recursive definitions (4.2); and x(z,8) > 0 is the nonlinear
feedback gain to be determined. Since the first n — 1 steps are identical to the case in
which b(¢) = 1, for all t > 0, consider the nth step directly. Let V(z,0,0) = 3|2|* +
1o — 0|F , + wb' |€b 0%, Taking the time-derivative of V along the trajectories of the

closed-loop system yields

n

V= _Z(Ci+Ci)Zi —RZZ—FA-}-Z”T/J

i=1

+ (g — <Zwlzz — ) + eb@ — g) (dnzn - i) (4.29)

where
n—1
AE Z ziw; DNy — Apprz2, (4.30)
i=1
n—1
2 21 +w, 0 — Z Oozn : Tj+1 — %Fem - Z aa]fll’gwnzj. (4.31)
00 = 09

The second line of (4.29) is eliminated by the parameter update laws (4.27) and (4.28),
and the non-positivity of —Aygrz2 can be established in the same way as in Section 2.1.2,
thanks to the fact that x(z,0) > 0 and that Ay(t) and 4(t) can be made positive for all
t > 0 by properly selecting ¢, and 9(0), respectively. In addition, note that a similar
observation as the one in Remark 4.2 suggests that one can express ¢ as 1) = 1 (, é)z
with 1) smooth. The rest of the design boils down to determining the nonlinear damping

gains (; and k to dominate the Ag-terms, as discussed in what follows.

Proposition 4.2. Consider the system (4.25) and the adaptive controller described by
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(4.89), (4.27), and (4.28). Let the nonlinear damping gains be defined as

R 1 ) _ 1
G, 0) = (m S )2 e oa, R+ ) (4.32)
2 €Ay €5
. 1
Ii(m, 6) =cp+ Cn + 561/_;|¢’27 (433)

with ¢, > 0 and €.y > 0. The parameter estimate ¢ is initialized such that sgn(0(0)) =
sgn(b). Then, all trajectories of the closed-loop system are bounded and . lim z(t) =0.

—+o00

Proof. Recalling Remark 4.2 and invoking Lemma A.1 yields

ziwiTAg = ziA(;rWiﬁ

1/6na - oA
< 9 (9 + 6A96A9|VV1"12T) le + : ‘Zi—1‘27 (4'34)
€Ay 2epn, —
2 = zn@z
1/1 - 1
< o —+egldl? ) zn + |zl (4.35)
Applying these inequalities to (4.29) yields
) n n—1
V=- Z(Cz + Gz — /izi + Z Ziw;l—Ag - Ab@/-ﬁzi + 2
i=1 i=1

IN
|
£
+
[\

1 1 - .
%) Zi — 561/3‘1“2 721 - Ab@’izq% + 2n
< - Z ciz? — Aporz>. (4.36)

Note now the following two facts: 1) there exists ¢, such that 0 < [{,] < |b], sgn(fp) =
sgn(b), and sgn(Ap) = sgn(b), due to Assumption 1.3 and; 2) the selection of §(0) such
that sgn(9(0)) = sgn(b) guarantees that ¢ driven by (4.28) satisfies sgn (9(t)) = sgn(b).
Therefore, —Aygrz2 = —|Ay||0|x22 < 0. This yields

n
V< =) a0, (4.37)
=1

which has the same supply rate as that of (4.24). Note that V is positive definite and radi-

ally unbounded in (z, fg — é, E;l — 0). Therefore, using the same argument as in the proof
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of Proposition 4.1, boundedness of all closed-loop system trajectories and convergence of

z to 0 can be concluded. O

Remark 4.4. The passivity interpretations in Section 2.1.1 and Section 2.1.2 are still
valid in the backstepping case, with some necessary changes to the interconnecting signals.
The schematic interpretation for the closed-loop system consisting of the system (4.25)

and the adaptive controller described by (4.26), (4.27), and (4.28) is shown in Fig. 4.1.

N

~ 1 /Q\_egl:
\_ % U senteoezt
o]
ApOKz, % Zy

Figure 4.1: Representation of the closed-loop system described by equations (4.25)
(4.26), (4.27), and (4.28) as the interconnection of passive subsystems.

A

4.2 Immersion-and-Invariance Scheme with Dynamic Scal-

ing

This section extends the results in Section 2.2 to n-dimensional nonlinear systems. Con-
sider a linearly parametrized nonlinear system (not necessarily in lower-triangular form)

described by the equations
& = fulz,u) + @' ()0, (4.38)

where z(t) € R"™ is the state; u(t) € R™ is the input; f : R™ x R™ — R"™ is a smooth

mapping; ® : R” — R?*™ is a smooth mapping satisfying Assumption 1.4; and 6(t) € R? is
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the vector of time-varying parameters satisfying Assumption 1.1. The parameter estimate
is given by the sum of a dynamic part § and a static part 3 (z). In the spirit of the I1&I

scheme, one would expect the mapping 5 : R — R? to be selected in such a way that

gi = Ty®(z), (4.39)

which guarantees that the off-the-manifold error zg £ 0 — lp + B(z) satisfies zg =
—T9®(x)(z9 — Ag), with Ty = I’g > 0. However, a challenge in this case is that the
derivation of the S function cannot be obtained directly from the integral of ® over z as
in (2.31), since x is not a scalar. The need for solving the PDE (4.39) can be restrictive
in practical scenarios. To avoid such a restriction, the rest of the section presents a joint

estimator-controller scheme by exploiting the dynamic scaling technique.

4.2.1 Dynamic Scaling Estimator

The dynamic scaling technique has been originally developed for high-gain observers [103],
and extended to the I&I scheme with constant system parameters in [5,65]. The key of

this method is to scale the off-the-manifold variable 8 — ¢y + 5 by a factor Tlt), namely,

letting the new error variable be

Lot =t tﬁ(x’x), (4.40)

[I>

where r(t) € R, the update law of which is to be determined; () € R? is the dynamic
part of the parameter estimate 6 + Bz, &); €y € R? is the constant vector of congealed
parameters; and 8 : R® x R™ — R¢? is the static part of the parameter estimate and is

selected as
Bz, &) =Tg®(2)x, (4.41)
with I'y = F;— > 0. The auxiliary state® 2 is updated using the filter

&= fu(z,u) + @ (2)(0 + B(x, 1)) — L(z,r,7)7, (4.42)

3% can also be interpreted as an estimate of @, but it is called auxiliary state since « is known and & is
introduced solely to help avoid solving the PDE (4.39).
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A

where £ £ & — z, and L(x,r,Z) is the injection gain to be determined. The dynamic

parameter estimate 0 is driven by the update law

0B :

0 = —Tyd(i) (fu(x,u) +0(2)(0+ 5(55,;3))) -5 (4.43)
Then, the resulting z-dynamics and zp-dynamics are described by the equations
* 2 . N ~ T Ag
r=2—3=—-L(x,r,2)z+1r® (v)( 20 — 7 (4.44)
and
) 1/~ 0B. O0p: 7o s .
29 = r<0+ it ag}x> - T—Z(Q—&) + B(z, 2))
A :
= —Ty®(2)d (2) <20 - 9) . (4.45)
r r

respectively. Note that due to the smoothness of ®(-) and by Lemma A.3, one has ®(z) =
®(z) 4+ D(z,%)(I, ® &) for some smooth mapping D : R” x R™ — R7*™*. With this fact

in mind the dynamics of zy can be re-written as
. ~ ~ T A@
29 =—Tg(®(2) + D(z,2)(I, ®2)) P (2)| 20 — Sl e (4.46)

Lemma 4.1. Consider the system (4.38), the auziliary state filter (4.42), and the dynamic

parameter estimate update law (4.43), with the filter injection gain defined by

L(x,r, &) = M2I + L(x,r, &), (4.47)
and the dynamic scaling coefficient updated as
5|2 |?r, (4.48)

7= kn|D(z, T)

where L(z,r, &) = exnr?|D(z,z)|21, r(0) =1, kI — 2Ty = 0, A > 0, and € > 0. Then the

function V3, (29,%,7) = 2|z9\1%,1 + SA|Z|% + er? satisfies the dissipation inequality
0

. 1 B
Vipir < — @ (x)29]% — 5/\2].7:\2 + 603, |®(z)[3. (4.49)
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Moreover, if the parameter vector 0 is constant, then zg € Log, T € Log, T € LooNLs, and

@T(JU)ZQ € Ls.

Proof. First note that r is non-decreasing due to (4.48). Thus r(t) > r(0) = 1 and
\AQT(t)\ < dp,, for all t > 0. Consider now the function V,,(zg) = %Z;FO_IZQ. Taking its

time derivative along the trajectories of (4.46) yields

. 1
V< =107 @l + ({107 @l + 3,20
1 - -
+ (3107 @aP + D)1 0 )P
1 - -
+ (3,10 + 1D 2) (1 & Dl

— kn|D(z, fc)\%m%;l“e_lzg

1 )
< — 5107 (@)l + 03, 2() 3. (4:50)

Proceed by considering the function V., (29, %) = $V%,(29) 4+ 3|Z|%, the time derivative of

which along (4.44) and (4.46) satisfies

V.

2 5 N -
i <= 3107 (@) + 23R, B(@)} — T L, 7, )7
1 1
+ (}\]@T(m)ZQQ + 4)\r2\£l2>
(18 o) + a2
\ Do FTy
6

1 1 -
=— X|<I>T(x)29|2 — 5)\7“2]j|2 — %' La+ 3

62A€|<I>(x)|%. (4.51)

Finally, consider the function V. z,(z9,Z,7) = AV.,2(29,%) + %)\67“2. Taking the time

derivative along (4.44), (4.46), and (4.48) yields

. 1
Vegar < = @7 (2)29]” — 5 N2
+ 652A9|<I>(m)|% — A(:ﬁTEJE — emnr2|D(fn, :E)|%|:E|2)

Lo
< — |27 (x)z]* ~ 5/\2lw\2 + 603, |®(2) ¢ (4.52)

If 0 is constant, one can select the congealed parameters as ¢y = 0, yielding dp, = 0.

Then V,,z < —|®" (2)z]? — $A?%|Z|> < 0. Due to the positive definiteness and radial
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unboundedness of V., 3. one can conclude that zgp € Lo, T € Lo, and r € L. From the
supply rate it can be proven that ®(z)zp € Lo and & € L5. Combining these properties

together completes the proof. O

Remark 4.5. Compared to its counterpart in [65], Lemma 4.1 does not use over-
parametrization, which makes the result applicable to non-overparametrized controllers. In
addition, Lemma 4.1 uses the Frobenius norm instead of the induced 2-norm, which can

be turned into pre-computed expressions without the need for online norm computation.

4.2.2 1ISS Controller

Although in the presence of time-varying 6, the standalone estimator design previously
discussed cannot guarantee boundedness of the estimator states, this problem can be
solved by a joint estimator-controller design. To see this, consider a linearly parametrized,

input affine, nonlinear system described by the equation
i = f(2) + g(a)u+ 7 (2)0, (4.53)

which is a special form of (4.38) with f,(z,u) = f(z) + g(x)u. Consider a nominal
continuous control law v(x, fy) parametrized by the congealed parameters ¢y (assumed to
be known for the nominal control law, but this assumption can be relaxed by adaptation).

The resulting closed-loop system is described by the equation
i = f(z)+ g(@)v(z, ly) + @ (x)(lg + D) = fo(z). (4.54)

To be able to conclude stability properties one typically needs to make a structural as-

sumption based on the plant and the nominal controller.

Assumption 4.1. The system (4.54) has a globally asymptotically stable equilibrium at

T = Ty.

Assumption 4.1 means that the system can be robustly stabilized in the presence
of the time-varying perturbation Ay(¢) only with the nominal information of a constant £y
(for example, one can select it as the geometric centre of the set © to which 6(t) belongs

to). Up to this point, the control law is designed in the spirit of robust control, but since
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ly is not assumed to be known in the context of this thesis, parameter adaptation has to
be considered. To do this, replace ¢y with the parameter estimate 6+ B, which yields an

adaptive control law of the form* v(z, 0+ B) and the closed-loop dynamics

& =f(x)+ g(@)v(z,0+B)+ " (2)(0+ B —rzg + Ag) 2 fy, (4.55)
Proposition 4.3. Consider the system (4.53) and the dynamic scaling estimator given
by (4.41), (4.42), (4.43), (4.48), (4.47). Assume that Assumption 4.1 holds and that there
exists a positive definite (centred at x = w,) and radially unbounded function V, and a

control law v(z, é—}—ﬁ) such that the time derivative of V,, satisfies the dissipation inequality

oV
i < W (@)~ oal®@)} + @7 ()20 (456)

Ve =
where W : R™ — Ry is a differentiable positive-definite function centred at x = x,; and
oo is a damping coefficient that can be adjusted in the interval (0,64), with o > 60a,,
by tuning the control law. Then, all trajectories of the closed-loop system are bounded and
li t) = .

g, =) ==

Proof. Recall Lemma 4.1 and consider the function V' = V, + V.. Using (4.49) and

(4.56), the time derivative of V' along the trajectories of the system satisfies

V :Va: + ‘./,29537"
< = W(z) — 00| ®(@)[f + | (2)29]

1.5,
— @7 (2)20)? — iAQW + 664, | (2)[3- (4.57)

Selecting o = 6529 yields V' < —W (x) < 0. Due to the positive definiteness and radially
unboundedness of V', z, zg, &, and r are bounded, which proves boundedness of the
trajectories of the closed-loop system. Furthermore, both %—Ii/ and & are bounded due to
diffentiability of W, f, g, v and boundedness of the relevant signals. Finally, invoking

Lemma A.5 yields tli)m x(t) = x4 O

4Note that there is a slight abuse of notation since the parametrized control needed may not be precisely
v(a:,é + ), that is, the nominal control law evaluated with the parameter estimate. For example, in the
backstepping design one has to add additional terms to compensate for the effect of %(é + B) caused by
the substitution of § + B for Lg.
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From (4.56) we can see that the controller in Proposition 4.3 guarantees ISS of
the plant-controller subsystem with respect to the input ® ' (z)zp. The aim of designing
such a controller is to use strengthened damping terms to construct the stabilizing term
—52Ae|q)(:r)|% in V, to dominate the positive term 52A9|<I>($)|% in V,,z resulting from the
estimator design, and to treat ® " (2)zp as an exogenous input, which is dominated, in turn,
by the stabilizing term —|® " (x)z|? in V,,z-. Then, boundedness and convergence prop-
erties of the closed-loop system are guaranteed by the small-gain-like condition enforced

by (4.49) and (4.56).

In practice, this ISS controller is applicable to at least three types of systems.
The first type is given by systems satisfying the matching condition, which has been
discussed in Section 2.2. The second type is given by systems satisfying the extended
matching condition, which will be discussed in Section 6.1 via a practical example. The
third type is given by systems in parametric strict-feedback form. This type of systems
requires exploiting the estimator-controller structure recursively and overparametrization

is needed. This is to be discussed in the next subsection.

4.2.3 Overparametrized Backstepping Design

Consider now the lower triangular system (4.1). This requires backstepping techniques as
the parametric uncertainty is unmatched. Since the backstepping design requires the design
variables to have lower-triangular dependency on the state variables, that is, the variables
used at step 4, only depends on z;. In this sense, the non-recursive design introduced
previously does not fit in the backstepping scheme as the 5 function and the dynamic scaling
estimator, in general, does not satisfy the lower-triangular dependency. To circumvent this
limitation, consider the overparametrization scheme discussed in [5, Section 4.3], that is,
consider n parameter estimates él + Bi, i =1,...,n, for the same unknown parameter 6.

To this end, define, for ¢ = 1,...,n, the scaled off-the-manifold variable

0; — ¢ i (T4, T
Zoi = f t? (@i, 2) (4.58)
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where 3; : R x R* — RY is selected as

Bi(wi, Ti) = vipi(Zi) s (4.59)
and it is such that
i _ -
9z, Yipi(Zi), (4.60)

with «; > 0. Note that the auxiliary filter (4.42) satisfies the lower-triangular dependency
on the state variables and therefore can be used for backstepping. The overparametrized

structure suggests dividing the counterpart of (4.42) into n filters, that is, the filters
i = ip1 + & (@) (0 + B) — lilws, v, 8) s, (4.61)

i=1,...,n, where [; : R" x R x R® — R is the injection gain function to be determined.

The update law for 6; is selected as

2 . - ~ 9B; B
;= —idi(ds) (i1 + 0] (20) (05 + i) - 8; (4.62)
Then, the resulting Z;-dynamics and zg;-dynamics are
B = & — @
A
= a7+ ri6] ) (20, ~ 22 (4.63)
and
.1 IB; B Bi ; i 5
o= (04 S0+ ) - o=t 5)
R A T
= —%idi(&:) 0] (2:) <29 — 9) — —Zpi
T T
e T Ay T
= —%i(0i(zi) + Di(wi, T)T;) b (i) | 205 — ol B 28 (4.64)

respectively, where D; : R x R — R?¥? is a smooth mapping that is well-defined and
known due to smoothness of ¢; and Lemma A.3. For conciseness of expression, the value

of the mapping ¢; at x;, namely ¢;(x;) is written as ¢; where appropriate, while ¢;(Z;)
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is always written in its complete form to avoid confusion. Due to the overparametrized
design, the counterpart of Lemma 4.1 is decomposed and allocated to each parameter

estimate and auxiliary filter state variable.

Lemma 4.2. Consider the system (4.1), the auziliary state filters (4.61), and the dynamic
parameter estimates updated by (4.62), with the filter injection gain defined by

ll(&’ Ti,@) = >‘Z + lz(&, Tia@)a (465)
and the dynamic scaling coefficients updated by

7 = K| Di(z4, @)@\2% (4.66)

where 1;(x;, ri, T;) = exir?|Di(zi, 3)%|%, 7:(0) = 1, k; > 273, A\; >0, and € > 0. Then the

function V5.0, (205, Ti, 73) = 2%_1\291. 12+ %)\Zi‘f + %)\ierg satisfies the dissipation inequality

. 1 B
Vzez‘firi < - (gb;r(&)z@l)z - 5)\?.%12 + 652A9’¢i<&)|2' (4'67)

Proof. Due to the update law (4.66) and the initial condition of r;, 7;(t) > r;(0) = 1 and

Ag(t) : : N L2
. = 9 - Y. 20: i) — - il -
therefore |=2=| < da,, for all ¢ > 0. Consider now the function Vz,, (29;) = 3-|26:|". The

k3

time derivative of V,,, along the trajectories of the closed-loop system satisfies
. _ - 1
Vi < — (&4 200)% — kiv; M| Diil*|z0i* + (4(¢;29i)2 + 52Ag|¢i|2>
Lo o =121, |2 Lo 2 = 121, (2
+ Z(@' 20:)" + | DiZi|*| 204" ) + 1%9!@\ + | D;Zi| | g4
1 5
< - §(¢¢TZ(%)2 + Z(SQA‘)‘@'Q' (4.68)

Then, consider the function V.,,z, (26, Ti) = %VZW (z9:) + %5512 The time derivative of each

V..., along the system trajectories satisfies

. 2 5 ~
Ve < — )T( iTzé)z‘)2 + )\*(5%9’@‘2 — lfazf
4 i
1 1 B 1 1 ~
AP LR e UL P (4.69)
— )\i i ~0; 9 T Ly L )\i Ag | Pi| ™ .
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Finally, consider the function V., z,r, (20i, Ti, 1) = NiVsp,z, (206, Ti) + %eAirf. Taking the

time derivative along the system trajectories yields

‘./zeiiiri <- (¢;r29i)2 - 7>‘12rz Z; + 66A9|¢1’2 (_l'%? - €’ii7nz'2|D’i@‘2)
— (¢ 20:)* — *)\2 77+ 663, 0l (4.70)
O
To introduce the overparametrized backstepping controller, for ¢ = 1,...,n, con-
sider the variable definitions:
e the error variables
zo = 0, (4.71)
2y = Xy — O—1, (472)
e the virtual control laws
ap = 0, (4.73)
ai(xi, i, &y mi) = — zic1 — (i + Gz — b, (2:)(0; + Bi)
71 N
(zj11 + 6] (2;)(0; + B;))
L a1 ;L oa Oa
+Y T+ Z“ Z g (4.74)
j=1 90 j=1 j=1 orj

where ¢; > 0 is the constant feedback gain, and (;(z;, @, Z4,7;) is the nonlinear feedback
gain to be determined. To understand the design of the control laws, we note a structural

property that is essential for enforcing the Lo property of the regressor ¢;.

iy i, Ti) 2 gbl(xl) can be expressed as wi(zi,éi,:fvi,ﬁ) =

Proof. First note that ¢;(z;) can be expressed as ¢;(z;) = Z;-:l ®; j(z;)x;. To see this,
N

for j = 1,...,i, define a smooth mapping ®; ;, such that @i,j(ﬁ)xj = gbi([ﬂ, 0]

¢i([zj—1,0]"), which is feasible due to Assumption 1.4 and Lemma A.3. Similar to what



4.2 Immersion-and-Invariance Scheme with Dynamic Scaling 127

is discussed in Remark 4.2, z; depends on x;, éj, Zj, rj, and z; = 0 < x; = 0. Therefore
the equation v; (2, 05, &1, 1) = $i(xs) = 5oy Bij(w))w; = 35—y Wij(25,6;, #5,7;) holds,

which completes the proof. O

Lemma 4.3 shows the feasibility of decomposing the regressor ¢;(z;) into the com-
ponents \i’i7jzj that have lower-triangular dependency on the closed-loop signals. This
allows distributing the (52A9 |¢5|? terms (from Lemma 4.2) to be dominated to the recursive

steps of the backstepping design, as is explained in the following result.

Proposition 4.4. Consider system (4.1), the dynamic scaling estimator described by

(4.61), (4.62), (4.66), and the virtual control laws (4.74) with the nonlinear damping gains

C’i(ﬁa@»@aﬁ) = Gi1 + G2 + Gz + Cia, (4.75)
where

A 2 5A9
G1=(n"+n)—", (4.76)

2en,

1 =l Ao\ 2

; A _— (.2 2 J 4.77
‘i 26¢<T2+j§=:1rj<8mi> ) (4.77)

Cig & 20080 5 12 1+§ Oo; \* (4.78)
% 92 1|F ~ axl 3 .

2 (4.79)

)

n
TS T
=1

with oy = 36¢n262A9, € > 0, and \I/(.), \I/(.,.) defined as in Lemma 4.3. Let the actual
control law be u = «y,. Then, all trajectories of the closed-loop system are bounded and

lim xz(t) =0.

t——+o0
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Proof. First note that, for ¢ = 1,...,n, one has

4= & — &

Oay_1
=zt i+ ¢ 0 — Z (w1 + @) 0)

Ly
_Zaaz
7=1

1A Z 041 1A Za% 1.
J
0 =1 j=1 Ir;

1—1
Oa;—
= zit1— zio1— (ci+ )z — & (rizos — Do) + gml(b;-r(?“jzej —Ag),  (4.80)

where 29 = zp,41 = 0. Consider the function V,, = %zf Its time derivative along the

trajectories of the closed-loop system satisfies

) Oa—1
Vo, = Zizin1 — 2zi12i — (G4 G2 — 2 (rizoi — Do) + 2 Y #¢3’T(7’j29j — Ay)
J
< 2izip1 — Zi1zi — (ci + G) 22
2
¢> 1 ¢ 1 oo 1
E(Qb 297,) 4‘77”22Z +Z <2 + 27 < (9.;'] ) 22>

€A, OA oA L fenOA A1\ > O
09N 13,12 .2 0 1.2 %R0 13,12 i—1 2 0 1. .12
BBt 22y +Z<2 B () gt lal)

j=1 o

n 7
2 T 2.2, T 2
< ZiZig1 — Zi-1%i — % — Oy Z W)l "2 + Z(% 205)" (4.81)

Consider now the function V.(z) = %[z = Y1, V., (2;). Its time derivative along the

trajectories of the closed-loop system satisfies

=3
=1

%

n n o n n

S I D LIS 3) T
i=1 i=1 j=1 i=1 j=1
n n

<Y e WZer2z2+%nz o] z01)°. (4.82)
=1 =1 j=1 =1

Recall that, by Lemma 4.2, Vzé)ifiri < —(¢] 200) + 6520\¢i|2. Consider the function V =

V., + %n iy Vagiar, and take its time derivative along the system trajectories. This
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yields

V= V’J + V’«’eiiﬂ"i
n

n n n
< Z ciz? — oy Z Z 10,4222 + 3e¢n252A0 Z |ps]?. (4.83)
i=1

i=1 j=1 i=1
By Lemma 4.3, ¢; = 23‘:1 \Ifi,jzj. Then, invoking the triangle inequality yields
il < 351 [Willz] and therefore |5 < i35 [W; ;222 Note that Y7, |¢if* <
Sy (i Z}:l Wi j725) < ndTisy D75 [W5if*27 and oy = 3e4n?03,. This implies that

V< S22 <0.

Boundedness. Since the function V' is positive definite and radially unbounded in
%, 205, Tiy Ti, i = 1,...,n, the inequality V < 0 implies that these variables are bounded.
Due to the recursive coupling between z; and z;, and &; = x; + T;, one can conclude,
recursively, that z;, ;, and 6; are also bounded, for ¢ = 1...,n. This completes the proof

of boundedness.

Convergence. Due to boundedness of the closed-loop signals, Z is bounded. To

perform an invariance-like analysis, invoking Lemma A.5 yields tligl z(t) = 0. This
—+oo
further indicates that lim x(¢) =0, since z =0 < x = 0. O
t—+o00

(b)

Figure 4.2: Schematic interpretation of the interconnected z-subsystem and the
(z0i, Z4,7i)-subsystems (represented by zp; for conciseness): (a) the original structure
of the underlying directed graph and (b) the graph after merging zy;-nodes into the
zg-node.

Note that it is possible to visualize the proof of Proposition 4.4 using the convention
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developed in Chapter 3, as shown in Fig. 4.2(a). Similar to the schematic interpretation
of the scalar system shown in Fig. 2.2, the congelation of variables method removes 6 from
the analysis and adds cyclic couplings between the z-subsystem and the zg;-subsystems,
though in a more complex structure (containing n cycles instead of one cycle) due to the
overparametrization. Since the z-node and each of the zg;-nodes are connected in a similar
way except from being coupled by a different regressor ¢;, a simpler interpretation can be
obtained by defining ¢ = [¢{ ,..., 6, ] and ¢, = [¢] 2p1,...,®, zon] ", as the concatenated
output and input, respectively, of the z-node, and by merging the n zg;-nodes into one
zg-node. Then, the overall graph reduces to a single cycle consisting of the z-node and
the zp-node as shown in Fig. 4.2(b). If we regard the design parameter oy in (4.79) as
an adjustable parameter (which is the damping coefficient of the |¢;|>-terms), the z-node
is an active node. Furthermore, it is contained in every directed cycle of the underlying
graph depicted in Fig. 4.2(a) and it is contained in the only remaining cycle of Fig. 4.2(b).

Therefore, by Theorem 3.3 we can guarantee the existence of oy such that Proposition 4.4

holds.

4.3 Identification-Based Scheme with Backstepping

In this section we consider the identification-based adaptive control problem for sys-
tem (4.1). Before diving into the technical details, it is beneficial to first recall the overall
picture of the identification-based adaptive control scheme that we have seen in Section 2.3.

Its design procedure can be summarized in the following steps.

1. Design a parametric control law for the plant such that the closed-loop dynamics is

ISS.

2. Build a set of stable filters to obtain an algebraic model parametrized by a vector of
constant parameters gy, with the parametrization error dynamics driven by a time-
varying perturbation term related to Ag. Use the classical method to design the
state prediction and the parameter update law based on the model parametrized in

te.

3. Select a storage function and compute the dissipation inequality for each subsystem.
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4. Design the additional damping terms via a small-gain-like control synthesis that

takes all subsystems into account.

For clarity, the rest of the section is organized into four parts according to this overall

picture.

4.3.1 ISS Error Dynamics

We begin with by applying the backstepping techniques in Section 4.1, but since the iden-
tifier is designed in a modular way (that is, decoupled from the control law design), we
do not cancel the é—terms in the recursive design procedures to avoid adding couplings
between the control laws and the identifier which may “corrupt” the modularity. As a
result, there is no need for designing the “tuning functions” 7;. Despite this difference, one
could still treat xo,...,x, as virtual control inputs and u as the actual control input, to

recursively derive a smooth and invertible change of coordinates between the plant state

x and the error state z £ [z1,...,2,] ", defined (with zg £ 0 and ag £ 0) as
zi(xi, é) = x; — o, (4.84)
R R 1—1 80['
Ozi(&, 9) = —zi_1—kiz — wlTH + Z 8;_‘1(13]‘4_1, (4.85)
=1
ki(zi,0) = kip, + kiw|wil® + kiglai* + G (4.86)
i—1 o
A i—1
wi(zi,0) = ¢ — Z oz, b5, (4.87)
7j=1
A Oaj_
T 1—1 .
i (24,0) = —, 1=1,...,n 4.88
q; (2i,0) 50 (4.88)

where (;(z,6) > 0 is a strictly positive nonlinear damping term to be defined. The actual

control law is selected as

u = an(x,0). (4.89)

In this subsection, we focus on the stabilization problem and therefore the excitation signal

1, discussed in Section 2.3, is omitted.

Remark 4.6. Observing the recursive change of coordinates described by the equations
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(4.84) to (4.88) and noting that ¢;(0) = 0, it is not difficult to see that there is a smooth
and invertible relation between x; and z;, thus x; = 0 & z; = 0. Moreover, wi(ﬁ,é)
satisfies the condition wi(O,é) = 0. Then, by Lemma A.3 and with a slight abuse of
notation, one could write w;(z, 0) = Wi (zi, é)ﬁ, where W; : RY x R? — R9*? is a smooth

mapping.

Consider now the system (4.1) driven by the feedback control law (4.89), and ex-
press the closed-loop dynamics in terms of the error state z which yields the z-dynamics

described by the equation

A

F=Az4+W'(0—-0)—GTo, (4.90)
where®
A(z,0) 2 —diag(ky,... . kn)+S—ST, (4.91)
W (z,0) 2 [wy,...,w, (4.92)
G(Z, é) £ [Oa g2, ... 7911]7 (493)

A(z,0) = —diag(k1,....kn) + S = ST, W(z,0) = [wi,...,wn], G(2,0) = [0,92,...,9n].
Compared with the z-dynamics (2.48) in the scalar case, equation (4.90), which describes
the z-dynamics, has an additional input 0 when n > 2, which is dominated by the kig|g:|?

term in (4.86). Similar to Lemma 2.1, ISS of the z-dynamics can be established as follows.

Lemma 4.4. System (4.90) is 1SS with respect to the inputs 6 — 6 and é

Proof. First note that k; > k; — ; = kir, + kiw|w;|? + k‘ig|gi]2, since (; > 0 by definition.
Note that k; — ¢; is the damping term used in the classical scheme presented in [75]. The
rest of the proof is identical to the proof of [75, Lemma 5.8], which is straight-forward and
therefore omitted. O

5ANote that there is a slight abuse of notation in (4.92) and (4.93) as we replace the arguments (z, 0) with
(2,0). Tt is not difficult to see that there is a f-dependent smooth and invertible change of coordinates
between z; and z;, for ¢ = 1,...,n, and therefore any term depending on (x;,6) can be equivalently

expressed in term of (z;,6).
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4.3.2 Identifier Subsystems

Similar to Section 2.3, rewrite the z-dynamics with the congealed parameter ¢y and the

time-varying perturbation Ag as

P= Ar Wl —0) — GO+ WT A, (4.94)

implement the filters
o= AQy —WT—GTé, (4.95)
O =AQT +WT, (4.96)

and consider the parametric model
2=004+Q Tty +e. (4.97)
The resulting parametrization error dynamics are then described by
E=—Qp—QTly=Ac + WA (4.98)

Based on the parametric model (4.97) one computes the certainty-equivalence prediction
2=Qp+ Q70 for z, which yields the prediction dynamics

POy 0T+ 0To= A+ (Q-G)To. (4.99)

Defining the prediction error Z = z — Z, another model parametrized in (fy — é) can be

obtained, namely
=07y —0) +e. (4.100)

Finally, select the normalized gradient parameter update law defined as

Qz r QzZN

L+vIQF 10

f=r (4.101)
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where Zy is the normalized prediction error defined as Zy £ Z, m(Q) = /14 v|Q% > 1,
I' =TT > 0 is the adaptation gain, and v > 0 is a coefficient that adjusts the strength of
the normalization. Up to this point, the dynamics of the subsystems of interest have been

computed and we are now ready to proceed with the control synthesis.

4.3.3 Small-Gain-Like Synthesis

First we establish boundedness of by considering the function V() = %tr(QTQ) and

its time derivative along the solutions of (4.96), that is,

Vo = ((i(lQQT))—tr( QA+ANHQT) +tr(WTQ)
S _ZkzL’ Zkzw’wz’ ‘ |2+Zw
< — k| L—% Vo + —— (4.102)
< — kg F+4k LQ+4kW .

where kr, = min; k;z, and ky = (D1, ki_wl)*l. Similar to the analysis in Section 2.3, this

guarantees that € is bounded and |Q|r < max{|Q(0)|r, ﬁ} £ §q, where the constant

dq can be computed from known constants, namely |Q(0)|r, kr, and ky .

For the next step, compute the dissipation inequalities of the 2, 6, and e-subsystems.
Consider the function V;(2) = 3|2|?. Taking the time derivative of V; along the solutions

of (4.99) yields

—_

Q'ro G'TQ
FTA+ AN+ 2T iv— 2T in
2 m m

n n
. R Lo
- Z kir|zi? — Z kiglgil®| 2l + 5’6‘L|Z|2

+5 To \2+Zkzg\gz 22 +

V=

IN

!ZN|2

< 1k: |A]2+— 62+i |Zn |2 (4.103)
= T EE T o\ ook )V ‘

where 7 is the largest eigenvalue of T" and kg = (3., , kizl)*l. One could see that the

use of normalization reduces the order of dq if compared with (2.63). Consider now the
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function Ve(é) =116y — é|1%,1 and its time derivative along (4.101), which yields

. . Oz 3
Vo= —(lg—0) T T—N = _(mzy —e) N
m m
Lo oo L e Lo oo 1 o
< — = —_— < —= —le]”. 4.104
For the e-subsystem, consider the function Vi(¢) = 3|e|%, the time derivative of which
along the trajectories of (4.98) is
. 1
V. = 5J(A +ANe+eTWTA,. (4.105)

Recalling Remark 4.6, and substituting Wiﬁ for w; in W, yields

2 W
2 Wy .
&‘TWTAQ = Z:‘T A@ = ZéiﬁTWiTAg
_ i—1
Zn—lTW;Lr—l
ey
n n
€A,OA - oA . _
< =gt 2 IWilkel + 7 3 (&P + |EP)
=1 =1
n
EALOA - noA, ,, . 5
< RN WilRed + o (2 + |2, (4.106)
i=1 o

Let the additional nonlinear damping terms be defined as

€A,0A,

G =G+ =5~ Wilg, i=1,...,n, (4.107)

where (;;, > ¢, and (;, > 0 is a constant to be defined. This yields

. ) ) B
V. < —(kL+<L)\e|2+%\2\2+%(1+y53ﬁ\m2. (4.108)

) Ag

With the obtained dissipation inequalities, the following lemma (as in Section 2.3) guar-

antees the existence of a feasible (r.

Lemma 4.5. Consider the dissipation inequalities (4.103), (4.104) and (4.108), and the

additional nonlinear damping terms (4.107). For all given positive constants az, az,,
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and ac, there exist constant scaling coefficients cz, ¢4, cc, and a damping gain ¢, > 0,
depending on a(.y, such that the function V(2,0,¢) = c;Vi(2) + chb(é) + c.Vz(e) satisfies

the dissipation inequality

V < —az|2]? — azy 2N — aclel’. (4.109)

Proof. The dissipation inequalities (4.103), (4.104), and (4.108) can be written as

Ve Ykp  (E)iz 0 Ek
Vil <=1 o0 3 —3 BYHE (4.110)
V. (E)s1 (B)s2 kp+<o| | |ef
——
_ [ & 1 __nda, _ ndag 2
where (E)12 = —5.5 t g | (E)g1 = — eay and (E)3y = — 7y (14 vég).

In the spirit of Section 3.1 we can obtain the underlying directed graph of E as
illustrated in Fig. 4.3. Note that (7 can be regarded as an adjustable parameter, hence
according to Definition 3.3, the e-subsystem is an active node. It is not difficult to see that
each directed cycle in the underlying directed graph of E contains the vertex associated
with the e-subsystem and therefore satisfies the condition of Theorem 3.3. As a result,
there exists a sufficiently large ¢, > 0 such that the matrix E is a non-singular M-matriz.
Then invoking Theorem 3.2 yields that for any given a £ [az,azy,a:]’ > 0, there exists a

vector ¢ £ [cz, ¢z, ] = (E71)Ta > 0 such that
V<—c"Ep=—a'p, (4.111)

which is (4.109) and completes the proof. Finally, (7, and the scaling coefficients can be

computed using Proposition 3.2. O]

Remark 4.7. Although Lemma 2.2 and Lemma 4.5 are both wused for establishing
the small-gain-like property of the interconnected system, compared with Lemma 2.2,
Lemma 4.5 is proven by exploiting the notion of active nodes, which does mot require
an explicit construction of the scaling coefficients and meanwhile, it guarantees the exis-

tence of the design parameter (;, and the scaling coefficients for an arbitrary dissipation
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Figure 4.3: A schematic interpretation of the interconnected Z, Zy, and e-subsystems.
Note that this is also the underlying directed graph of the matrix F defined in (4.110)
and has the same structure as the graph Fig. 2.3(b).

rate specified by a(.y, whereas in Lemma 2.2 the dissipation rate is fived. This highlights

the flexibility brought by the notion of active nodes in control synthesis.

The dissipation inequality (4.109) allows concluding boundedness and convergence

properties for the closed-loop system, as stated hereafter.

Proposition 4.5. Consider the closed-loop system consisting of the plant (4.1) and the
adaptive controller described by the equations (4.84) to (4.89), (4.95), (4.96), (4.101), and
with the additional nonlinear damping terms (4.107). Then, all closed-loop signals are

bounded and . lim z(t) =0.

—+00

Proof. We break the proof into two parts.

Boundedness. Using similar arguments as in the proof of Proposition 2.5 we can es-
tablish boundedness of €2, 2, é, €, and Z. Note that Zy is also bounded due to boundedness
of € and m, and this leads to boundedness of é Invoking Lemma 4.4 and Assumption 1.1,
we can conclude boundedness of z, and therefore boundedness of x, due to the smooth
and invertible relation between 2 and z. Since both W (z,6) and Q(z,8) are smooth in z
and @ and both z and 6 are bounded, then () is bounded, because the autonomous part

of (4.95) is exponentially stable. Hence all closed-loop signals are bounded.

Convergence. First rewrite the dissipation inequality (4.109) as

V < —az|z? —aclel?, (4.112)

_ Ozy ~12
1+ V(%’Z‘

and recall boundedness of z, Z, Z, as well as boundedness of their time derivatives. By
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Lemma A.5, we can conclude that lim z(¢) = 0. Finally, as pointed out in Remark 4.6,

t——+o00
x =0 < 2z =0, hence it is clear that lim 2(¢) =0 < lim z(¢) = 0, which completes
t——+o00 t——+o00
the proof. 0

Remark 4.8. As long as M in (4.110) is a non-singular M-matriz, or equivalently, the

condition

ki, + CL > 20E — (E)gg (4.113)

is satisfied, the scaling coefficients c(.y > 0 can be computed from any given constants a.)
and E~Y. Due to the definitions of (E)31 and (E)s2, when 0 is constant, or equivalently,
dn, =0, we have (E)31 = (E)32 = 0, and E is a non-singular M-matriz for any kr, > 0
and (r, = 0. Then, by (4.107), we can set (; =0, i =1,...,n, in which case the proposed
scheme reduces to the classical scheme in [7}] and [75], while still guaranteeing all the

properties claimed in Proposition 4.5.

Remark 4.9. Proposition 4.5, in contrast to the integrated design in Proposition 4.1,
provides a modular design, in the sense that the control law design is independent of the
parameter update law design. The advantage of a modular design is that one can change the
identifier (say, using a least-square identifier instead of the gradient-descent one (4.101)),

without repeating the backstepping procedure for the control law design.

4.4 Simulations

This section provides a numerical example for the identification-based adaptive scheme

discussed in Section 4.3. Consider the nonlinear system described by the equations
By = 0122 + 29,  dg = Oox? + O323 + u, (4.114)

with the time-varying parameter vector 6(t) £ [61(t),02(t),05(t)]T defined by

We
0(t) =0.+ O (t) + —— 4.115
()= B+ Buu(8) + (4115)
where ., = [1,1,1]T is the constant component of the parameter, and 6, consists of

switching signals composed of three square waves of amplitudes equal to 1 and frequencies
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0.5 Hz, 0.3 Hz, and 1 Hz, respectively. The last term ‘%; in (4.115) can be treated as
a unit vector controlled by a player who intends to maximize the supply rate in (4.105)
and to destabilize the system by manipulating Ay. Although £ cannot be implemented in
the controller, it can be computed in the simulation by setting ¢y = 6. due to (4.97) and

therefore can be used for testing robustness.

Consider three scenarios. In the “Baseline” scenario, we use constant parameters
by setting 8 = 6., and the classical identification-based backstepping controller proposed
in [74]. In the “Controller 1” scenario, the parameter vector is set to (4.115) and the
controller is the classical controller used in the “Baseline” scenario modified by a projection
update law similar to the one used in [86], which confines the parameter vector within a
ball centred at the origin and with a radius of 5. (note that |#(t)] < 2v3 4+ 1 < 5,
for all ¢ > 0). In the “Controller 2” scenario, the proposed adaptive control scheme is
implemented. In all scenarios, the initial state is set to z(0) = [1,—1]", and all other
state variables are initialized to 0. The design parameters are defined as ki = kop = 1,

klw:k2w:k2q:5aF:I)V:176A9:1¢5A9:37andclL:<2L:1'

It is worth noting that W and z are state-dependent. Meanwhile, the performance
comparison between the “Controller 1” scenario and the “Controller 2” scenario can only
be fair if the two scenarios are driven by exactly the same time-varying parameters ( “same”
in the sense of time histories). One way to achieve this is to run the two scenarios
“Controller 1”7 and “Controller 2” in parallel and run the simulation twice, collecting two
sets of simulation data. In the first set, W and z are provided by the system controlled

by Controller 1, and in the second set, by Controller 2.

As shown in Fig. 4.4 and Fig. 4.5, in the presence of time-varying parameters, the
classical adaptive controller, namely Controller 1, still yields boundedness of the system
state yet the transient performance is significantly degraded compared with the “Baseline”
scenario. Oscillations at 0.5 Hz can be observed in both figures, which are triggered by
the 0.5 Hz switching signal component in 6;(¢). The proposed Controller 2, in contrast,
demonstrates robustness to parameter variations in both simulation sets and maintains

the transient performance of the “Baseline” scenario.
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Figure 4.4: Simulation set 1: time histories of the system state, control effort, and
state-dependent time-varying parameters for different controllers.
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Figure 4.5: Simulation set 2: time histories of the system state, control effort, and
state-dependent time-varying parameters for different controllers.
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Chapter 5

Adaptive Regulation via Output
Feedback

The methods discussed in Chapter 4 generalize the results of the congelation of variables
method for scalar systems to multi-dimensional systems yet still require full-state feed-
back. Aside from the requirement of the signals that may not be measured in practice, the
lower triangular structure puts an additional structural restriction. This is not a disqui-
eting issue for systems with known parameters, as one can transform a given system into
the lower-triangular form via a parameter-dependent change of coordinates. For systems
with unknown parameters, this is more complicated as the new state variables obtained
from the parameter-dependent change of coordinates are no longer known even if the old
state variables are measured. It is in general not possible to obtain a global parameter-
independent change of coordinates' that transforms a general nonlinear system into a
system in lower-triangular form. Therefore, both the restrictions on the availability of
signal measurement and on the system structure call for an output-feedback counterpart
of the schemes discussed in Chapter 4. The output-feedback scheme, on one hand, only
requires the output signal instead of all state variables to be measured and, on the other
hand, does not require a parameter-dependent change of coordinates as in this case, only
the input-output mapping matters and one can build up a reparametrized system with

an equivalent input-output mapping using a set of filters with known state variables, for

IThis is, however, possible if one either assumes some geometric conditions for the original system or
simply seeks for a local parameter-independent change of coordinates instead of a global one. See [75,
Section G.3] for a detailed discussion.
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which the state-feedback schemes can be applied.

To this end, two output-feedback schemes for systems with time-varying parameters
are presented in this chapter. One is the I&I scheme for linear single-input single-output
(SISO) systems, and the other is the passivity-based scheme for a class of SISO nonlinear

systems.

5.1 I1&I Design for Linear SISO System

Consider an n-dimensional SISO linear system in observable canonical form with n > 2

and relative degree p, described by the equations

1 = —a1(t)z1 + x2,

Ep = —ap(t)z1 + Tp1 + bp(t)u,

Ep = —an(t)x1 + by (t)u,

Y=, (51)
or, in compact form, by the equations

Op—1)x1
= Spr —alt)y+ ’ u,

b(t)

Y= el—m, (5.2)

where x(t) € R™ is the state vector; u(t) € R is the input; y(¢) € R is the output; S, is
the n x n upper-shift matrix; and e; = [1,0,...,0]T € R™. The unknown time-varying
parameters are denoted by the vector 8(t) = [b' (t),a' (t)]", a(t) = [a1(t),...,an(t)]" €
R™, b(t) = [by(t),...,by(t)]T € R P, Both b and a satisfy Assumption 1.2 and in

addition, b, satisfies Assumption 1.3.
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5.1.1 System Reparametrization

As the formulation given by (5.1) is not in the lower-triangular form to which the back-
stepping techniques are applicable, one needs to reparametrize the original system by
exploiting a set of input/output filters, similar to the ones adopted in [5] yet with special
care for the time-varying parameters. In the spirit of the congelation of variables method
the system parameters 6 can be regarded as the sum of a vector of constant “congealed”
parameters ¢y and a vector of differences Ag between the actual time-varying parameters
and the “congealed” parameters, that is, # = €y + Ay. To avoid introducing f-related
terms in the analysis, consider first the system parametrized by the constant parameters
by = [Ebp, vy by ,Kan]T. The input-output relation of the system parametrized by

Ly is described by the differential equation
y") = [u(”fp), umP= ), —y D (=2 —ylly. (5.3)

Since the time derivatives of u and y are not directly measured, one needs to apply a

stable filter A(s) = s" 1+ \,_15" "2 4+ -+ + X\as + A1 to both sides of (5.3). This yields

g1 P 1 _gn—1 1
y = u ) ) u ) y ) ) y 9 54
= | A e (5.4)
n—1 n—2 .
Note now that j\(s) =1- An-18 +A(s)+ Ao )\1, which yields
. 8/\n718n_2+"'+)\28+)\1[ ]
sh—r 1 —sn1 -1
e Ry W a ] (55)
Consider the state-space realization of the filters described by
é = A\(+en1u,
é = A)\é' — €n-1Y, (56)

where ((t) € R"! and £(t) € R"! are the filter states; Ay = S,,_1 — e, 1 A" is Hurwitz;

Sn_1 is the (n — 1) x (n — 1) upper-shift matrix; e,_; = [0,...,0,1]T € R"!; and
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A2 [\, ..., A1) is the vector of filter gains. Equation (5.5) can then be written as

g=-NE+o by +no

= —AT(AxE = en1y) + &' Ly + o, (5.7)

where ¢ £ [Co—pi1,--,Cl, =ATE =y, &n1,..., €] and ¢, & —AT¢ + u. This is also the
parametrization used in [5, Section 4.4.1]. For linear time-invariant systems considered
in classical adaptive schemes, 79 is an exponentially decaying error term because of the
Hurwitz property of Ay and it is typically ignored in analysis and design. However, this is
not the case when the system parameters are time-varying. To see this, rearranging (5.7)

yields

o = — (eal + Aal )y —+ 29 + )\T(A)\f — €n,1y)
— [Cnmptts oo G = AT E =y, i, &)l
= )\TA)\{ - )‘Ten—ly + 2 — Aaly

- [C’n—p-ﬁ-la cry Cl? _)\T£7 §R—17 s ?51]69‘ (58)

Define 11 = no + A4,y to separate the perturbation term —A,,y from the expression of
n1: this allows avoiding differentiating unknown time-varying parameters when deriving

the error dynamics and yields

o=\ A3 -\ Ayen 1y — N en_120 4 23
—[Campt2s -, G2 —ATANE, —ATE Er o, E0)lg
+ ()\Ten_lAal —Ag,)y. (5.9)

Define ny = 71 + (=ATen_1A4, + Ag,)y, which yields

T2 = )\TAig - )‘TAienfly - >\T6n71$3 + x4
- [Cnfp+37 ceey C3a _)‘TA?\£7 _)‘TA>\£7 _>\T£7£n71 ce a£3]£9
— (=X Axen 104, — XN en 10q, + Agy)y. (5.10)
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Repeating the procedures above for 73,...,7m,-2 and then defining 7,1 = 19,_2 +

(—ATA'/D\_?’en_lAa1 - )\Ten_lAaﬂ_Q + Aq,_; )y yields
Mpo1 = AT ARE — AT A e,y — o = AT ya) + 251
— AT G AT AT 6l
— (ATAY e 1Ay — - = ANent1Ag,  + A,y
+ Ay . (5.11)

Repeating again the procedures for 7,...,7m,—2 and, finally, defining 7,—1 = 7,2 +
(_)\TAq;\J_gen—lAal - )\Ten—lAan,Q + Aan,l)y — (—)\TAK_p_2€n_1Abp — e =
Aen_18p, , + Ay, ,)u yields

M1 = ATA% — )\TAf\Lflen,ly — =Ny 12—
[FATAYTPC, o AT AT AT L AT
— (ATAT e, Ay — = A ens1Aa,  F ALY
F(=ATAY P e Ay, = A ens1 Ay, + Ay, ) (5.12)

Theorem 5.1. The dynamics of the reparametrization error ng are described by the equa-

tions
. 0(p—1)><1
7= Axn+ By u—Aq(t)y |, (5.13)
Ay(t)
M = €] n— Nq, (t)y, (5.14)
where
[ A Te, 1 0 - 0]
AT Ave,_ Ae,_ 1 e 0
By = o ' : (5.15)

ATAT e, o ATeny 1)
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T

nEm,...,mm-1]" and

= )\TAZ AT ZA/\ en—1%; + Tiy1
—e [A&*"*P*lc, AT AT AT e, (5.16)

fori=1,...,n—1.

Proof. We first prove the classical part of the result, that is, the case in which A,(¢) =0
and Ay(t) = 0. for all ¢ > 0. In this case the equations (5.13) and (5.14) reduce to 7 = A\n
and 719 = 71, respectively. It should be noted that the definitions of the n;’s in (5.16) are
the same as the ones previously defined from 79 and 71, ...,7,_2, and therefore one can

directly conclude that 71 =12, 772 =13, ..., Th—2 = Np—1. It only remains to prove that
Mn—1 = =AM — = Ap—1Mn—1- (5.17)

Note that elTAg\‘_l = —\T, and that when A, = 0 and A, = 0 the equation

o1 = AT ARE — )\TZA” en_17;
7=1

— e [AT TG AT A L AR

=e] A} 1( §+ZA Tep 125 — [Ag—f’g,...,g,Ag—lg,...,g]@) (5.18)

~~

ENG

holds. Note also that eIAf\‘*Qen_l = 1, and that one can write the standalone z;i-term

in (5.16) as e] A\ A} e, 12,41. Thus, one can rewrite (5.16) as

i+1

m—elA“< £+ZA en 175 — [Agpg,...,g,A;L15,...,5]@). (5.19)

Note now that ef A} 1A} Jen_1 =0, for j =i+2,...,n. This yields

n = el ALY (5.20)
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Applying the Cayley-Hamilton theorem to (5.18) yields

-1 = e]—A’;\_lY =ef (M1 — - — )\n—lAi\l_Q)Y

= - A1771 - = )\n—lnn—l- (521)

Thus we have proven the classical part of the theorem.

Consider now the time-varying part of the proof by observing the equations (5.9)—
(5.12). Tt is not difficult to see that the time-varying perturbations, namely the A,-terms
and the Ap-terms, are added to the n-dynamics exactly in the way described by the

structure of By. Hence the proof of the theorem is complete. O

Remark 5.1. The filters (5.6) are reduced-order filters (containing n — 1, instead of n,
state variables each) because in the regressor ¢ in (5.7), &,, the additional filter state
variable in the full-order case, is replaced by — Z?:_ll A& — y, exploiting the fact that y is

measured.

As is shown by Theorem 5.1, when 6 is time-varying the perturbation terms coupled
with y and with u appear in the dynamics of 1, which is a result of the substitution of ¢y
for 6. Because of these perturbation terms coupled with y and with u, we cannot directly
determine the stability properties of the n-dynamics by exploiting the Hurwitz property of
Ay, like in classical adaptive control schemes, whereas the convergence of 7 is necessary
to make the reparametrized model (5.7) valid. The perturbations coupled with y can be
dominated by a strengthened filter and controller design, as shown in [16]; however, the
results therein merely circumvent the perturbations coupled with u by assuming a constant
vector of input coefficients b, i.e. Ay(t) = 0, V¢ > 0. This restriction can be removed by
exploiting a minimum-phase property, which merges the perturbations coupled with u into

the perturbations coupled with y.
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5.1.2 Inverse Dynamics

Consider the inverse dynamics of system (5.1), i.e. considering the system as driven by y

and its time-derivatives instead of u, which yields

2y =y + ary,

T, = y(pfl) + (aly)(pﬂ) + o4 ap—1Y- (522)

Settlng u = é(—xp+1 —+ y(p) —+ (aly)(p_l) + o+ apy) ylelds

. b b _
Tpt1 = — %%H +Zpt2+ %1 <?J(p) +(ay) P 4 ap@/>7
. by, by, _
= = P pi + W <y(p) + (@) o+ apy>. (5.23)
p p

We now perform a change of coordinates to eliminate the time derivatives of y, which are

not desirable in the design and the analysis. To this end, note that the identity?

4 o il o (D
sisf) = (-1 (L1771 (5:21)
=0

holds for any pair of smooth signals s; and s,. Using (5.24) and defining the new coordinate

7=0
prlocicl () o
_E Z (-1 <b”> (azy)P=i=1=9) (5.25)
i=1 j=0 P
yields
by, by, (p) P by (p—1)
b= =gt C0(7) e 0 () e 520
P P i=1 P

2This identity is derived by recursively applying the Leibniz product rule for differentiation. The
notation (-)(’) is used to denote the ith time derivative, assuming it exists.
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Algorithm 5.1 Change of coordinates x,41,...,7p.
Input: z,41,..., %0, Tps1, ..., Tn.
Output: Z,(1,..., %y, Zpt1,...,Tp.
1: while time derivatives of y appear in the expression of &,41,...,%, do > This

while-loop iterates for p times as it reduces the order of y») by one each iteration.
2: fori=n—p+2do

3: Update z; and z; using (5.24).
4: Rewrite z; in terms of Z; in the expression of &; 1 and leave the feedback term
—%xpﬂ unchanged.

end for
Update Z,4+1 and Z,41 using (5.24).

7: Rewrite 2,41 in terms of Z,11 in the expressions of Z,i1, ..., Zp, respectively. >
This brings back the time derivatives of y, but with the order reduced by one.

8: Tpi1 < Tpgly ovn s Tn < Ty Tppl < Tpgly oo .y Tp < Ty > Update the old

coordinates before the next iteration.
9: end while

which does not contain time derivatives of y. In the spirit of the above procedure, we
proceed with the change of coordinates using Algorithm 5.1, which yields the inverse

dynamics in the new coordinates described by the equations

T = A;(t)T + by(t)y, (5.27)
1 !
RO ( —Zp +y? + Y ayw(t)y(])) , (5.28)
P =0
_ _ _ . T o3 b . e
where Z(t) = [xp+1,...,:cn]T € R"P, Ay = Spn—p — bej, b(t) = [%1"”7%]T e R" 7,

and Sp,—, is the (n — p) x (n — p) upper-shift matrix. by, a,e are unknown due to the

unknown 6, but bounded for all ¢ > 0 due to Assumption 1.2.

Assumption 5.1 (Strong minimum-phase property). System (5.1) has a strong
minimum-phase property in the sense that the inverse dynamics (5.27) are input-to-state
stable (ISS) with respect to the input y. Moreover, there exists an ISS Lyapunov function
Va(z) £ 27 Py, with a constant Py = P} = 0 and the time derivative of Vi along the

trajectories of the inverse dynamics satisfies the inequality
Vi< —Z'Z4+ egycsgyyg, (5.29)

where €, > 0 is constant and &y, = sup |by(t)|.
t>0
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Remark 5.2. Due to the linearity of the inverse dynamics (5.27), the exponential stability
of the origin of the zero dynamics (which is (5.27) with y(t) = 0 for allt > 0) is equivalent
to the ISS of the inverse dynamics. For linear time-invariant systems the 1SS property
can be equivalently replaced by the condition that Ay, is Hurwitz, which is the typical

assumption made in classical adaptive control schemes.

5.1.3 Filter Design

In the previous subsection we have shown that the control input u can be equivalently
written in terms of the inverse dynamics state variable Z,y1 and the time derivatives
of y of order up to p. Since the time derivatives of y is not desirable in the design, in
this subsection we continue to exploit the low-pass characteristics of the dynamics of the
reparametrization error n to eliminate the time derivatives of y. Substituting (5.28) into

(5.13) yields

p—1
1= Axn — BxAg(t)y + Ap(?) <y(p) + Y aym by - i“p+1> , (5.30)
=0

Op—1)x1 1
Ay(t) | be(®)
tion 1.1. It should be noted that due to the structure of B), the first p — 1 elements of

where Ay(t) = By , which is unknown, but bounded due to Assump-

Ay(t) are 0, or equivalently, u is separated from 11 (or 79) by p integrators, where p is

defined by

1, if p=1;
p=9 p—1, if p>2and Ay, #0; (5.31)
P, if p>2and Ay, = 0.

To guarantee that no time derivative of y appears in 7, at least p integrators between u
and 7; are required, as w contains y(P). According to (5.31), the assumption that follows

is introduced to deal with this requirement.

Assumption 5.2. The relative degree of system (5.1) is either p =1 or p > 2, in which
case by, is constant (that is, Ay, (t) =0, Vt > 0).

Remark 5.3. The restriction imposed by Assumption 5.2 is only related to the relative
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Algorithm 5.2 Change of coordinates 71,...,7,—1.
Input: n1,...,70-1,M, -, Mn-1-
Output: 71,..., 701,71, Jn_1.
1: while time derivatives of y appear in the expression of 7,...,7,-1 do > This
while-loop should only iterate for once if Assumption 5.2 is satisfied.

2: fori=n—-—1—2do

3: Update ; and #; using (5.24).

4: Rewrite 7; in terms of 7; in the expression of 7;_1.

5: end for

6: Update 77; and 7, using (5.24).

7 Rewrite n1,..., Nn—1 in terms of 71,..., 7,_1, respectively, in the expressions of
fn—1. > This should not bring back any time derivatives of y if Assumption 5.2 is
satisfied. ) ]

8: N =My oo s a1 < =1, N1 < N1, -+« Tn—1 < n—1. > Update the old

coordinates before the next iteration.
9: end while

degree of the original system (5.1) and to Ay(t) yet it is independent of whether we use
reduced-order filters or full-order filters (as implemented in [18]). Using filters of different
order can only provide a different non-minimal realization of the system while cannot

change the relative degree.

Similar to what implemented in the previous subsection, we use a change of coor-
dinates to eliminate the time derivatives of y. Applying Algorithm 5.2 yields the dynam-

ics (5.30) in the new coordinates, namely

1= AN+ by(t)y — Ap(t)Tpi1, (5.32)

1o = 1 + Gy(t)y, (5.33)
where, by Assumption 1.2, l_)y and a, are unknown but bounded.
Proposition 5.1. The reparametrization error subsystem (5.32) is ISS with respect to the

inputs T,41 and y if the vector of filter gains is given by A = %ezflPﬁ, where Py = Pf;r >0

satisfies the algebraic Riccati inequality

S\ Py + PySy_1 — Pyen_16, 1Py +Qp <0, (5.34)
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with

1 1
Qﬁ:<2 + +1>In_1, (5.35)

€ €5 7
PR Ay Prby

€p,A, > 0 and €p,p, > 0. Moreover, there exists an 1SS Lyapunov function Vi (i) = F]TPﬁﬁ
and the time derivative of Vi along the trajectories of the reparametrization error dynamics

(5.32) satisfies the inequality

T

5

T_. 2 2 2 2 2 _2
< =7 N+ €py 05,9t €pa,0P,8,Tpr1 (5.36)

where ép 5 = igg |Pby(t)| and Op A, = il;%) | P A(t)].

Proof. Taking the time derivative of V;; = ﬁTP,—]ﬁ along the trajectories of the system
(5.32) and recalling that Ay = S,_1 — e,_1 A yields
Vi = 207 Py(Axi] + byy — Dy2)
S ﬁT(S;erlPﬁ —+ Pﬁsn_l — Pﬁ@n_le;{ilpﬁ + Qﬁ)f] (537)
2 -2

TS 2 2 2 2
—nn+ €Pﬁz‘;y‘spﬁl‘;yy + €p,a, 0P, 8, Tp1-

Substituting (5.34) into (5.37) yields (5.36), which completes the proof. O

5.1.4 Controller Design

To proceed with the controller design first note that the reparametrization error 7y can

be rewritten in terms of the new coordinate 71, that is,

no = + ay(t)y, (5.38)

where a,(t) is unknown yet bounded due to Assumption 1.2. As discussed in Section 5.1.1,
the input-output relation can be reparametrized using (5.7) and the filters (5.6). For the

sake of implementing an I&I controller conveniently, rewrite the reparametrized system in
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the equivalent form3

g =Vsv1 + @(y,d) V1 + no,

U = vy,

Vp—2 = Vp—1,

Vpo1 = -\ +u, (5.39)

where 01 = [y, 155 by lay — 155 la,_y — A, Ly, ]T € R¥r: 93 = by, € R; 11 =
Crept1s V2 = Cnepi2ee s Vp1 = Cno1; (Y, d) = [Caepy -y G =ATE =y, 6nn, . &) TS
and d stands for &,(i,...,(u—p. Define ¥y = E;pl € R and ¥ = [¢],09,03]T € RY,
with ¢ £ 2n — p + 2. Similarly to the I&I approach with state feedback, a dynamic
(integral) parameter estimate ¥ and a static (proportional) parameter estimate [ are
exploited together for parameter estimation, that is, to use 0+ B for estimating 9. Also
similarly to the state-feedback case, one can treat v; as a virtual input, governed by a
virtual control law «;, to control the dynamics of v;_;, for i = 1,...,p, with vy = y. In

the light of this, define now the error variables

21 =y, (5.40)

Zi = Vi1 — Q;—1; (5.41)

3This subsection only discusses the case in which the relative degree p > 2. The case in which p = 1
is discussed in Section 5.1.5 via a simulation example. Note that the results in that case can be obtained
without using backstepping.
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the virtual control laws

a1 =01+ cpT(ﬁﬁ + B1), (5.42)
ar = — (U + Bo)au, (5.43)
as = — oy — (D3 + Bs) +amé+gﬁwﬂ7+@9+ﬁ)z)
9 = 2 3 3)Y 50 oy 1 3 3)%22
6@1 iy (9041
N . 44
e e+ GG (5.49)
o1 & O A
o= —0; — Zi—1+ 619119 8y1(—01+(’l93+ﬁ3)2’2)
i—2 n—p
Oai—q Oai—q Oai—1
+ Z ijl/]Jrl + Tg(AAf —en_1Y) + ' TCjC]Jrl» (5.45)
j=1 7j=1
for i = 2,..., p; the actual control law
_ T,
u=op,+A (5.46)

and the update law for the dynamic parameter estimate

) -1
§= — (]q_|_(;§) (gﬁ(—al+(1§3+53)z2)

a8 op — 98
+ a2 + &(Akf —en-1y) + ; %CjH), (5.47)

where 8 = [3{ (y, d),ﬂg(y,ﬁl, d),ﬁg(y,ﬁl,ﬁg, d)]" is the static parameter estimate, with

y

B = 71/0 e(x, d)dx, (5.48)
1 Y T ~

B2 = rsn(0) (3o + [0 (x4 B (v ) ) (549

0

Y PO

Bs =3 <V1y - / a1(x, Y1, V2, d)dX>; (5.50)
0

v1 > 0, v2 > 0, 73 > 0 are constant adaptation gains; and o1,...,0, are damping terms

to be defined.

Remark 5.4. Equations (5.48)—(5.50) show that (1 does not depend on 79; B2 depends
op

only on @1,' and B3 depends only on 191, Uy. These indicate that 59 s a lower triangular




5.1 I&1I Design for Linear SISO System 157

98\ 1
matriz with all-zero diagonal terms. Thus (I + 8?) exists and can be computed using

the formula®

() - S

without explicitly computing the inverse online.

With the structure of the controller introduced, the design of the damping terms

0;’s is now ready to be presented.

Theorem 5.2. Consider the system (5.1), the filters specified by Proposition 5.1 and the

adaptive controller described by (5.42)-(5.50) with the damping terms

o1= (a1 +2(p—1)e (52 + el 5by + E?DﬁBy(SIQDﬁBy))y’ (5.52)
o9 = ( co + i <8;;1> 2) 29, (5.53)
o; = <ci+;€2<8?;;_1>2>z¢, 1=3,...,p, (5.54)
where ¢1 >0, ..., ¢, >0,e>0, €> EPﬁAb(SPﬁAb. Then, all trajectories of the closed-loop

system are bounded and tB«Iglooy(t) =0.

Proof. First, consider the dynamics of the parameter estimation error zy £ J—0+ B,

which are described by the equation

Z9 = < ag)ﬂ + 876( — <,0T2191 — V329,01 + V322 + 7o)
) ) -9
2t A = en-10) +X o (5.5)

Substituting ¥ into (5.55) yields

S == (@72 —m) = ~TR(@ Tz — 1~ ay0), (5.56)

“The formula (5.51) is derived as follows. For A € R7*?, 1~ A? = (1 - A) 3%} A’ and in particular,

if A2 a 79, the characteristic polynomial of which is pa(s) = s?, one has A? = 0 by Cayley-Hamilton

Theorem, and (1 — A)~" = >"%"} A’, namely (5.51) holds.
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where I' £ diag(v1, Y2|92],v3), with Yy > 0, and

D= Y| - (5.57)
Consider the function V,,(zy) = %zl—; I'~lzy. Taking the time derivative of V., along the
trajectories of (5.56) yields

. 1
Veg = =2y ®(®T2p — i — ayy) < —5(®29)° + 77 + 0F y”. (5.58)

With the virtual control laws (5.42)—(5.45) and the actual control law (5.46), the dynamics

of y can be rewritten as
j=—01— (B 29 — 1 — ayy) + (U3 + B3) 22, (5.59)

and the dynamics of the backstepping variables are described by

. 3 Ja o

29 = —o9— (U3+ B3)y+ 23+ a—yl(Q)Tzﬁ — 1 — QyY),

. oy o

Zi= — 0y — Zi—1+ Ziy1 + 78; ! (‘I)Tzﬂ — T — ayy), (5.60)
for i = 3,...,p, with 2,11 £ 0. Define z = [zl,...,zp]T and consider the function

V.(z) = 3|2|?. The time derivative of V. along the trajectories of the closed-loop system
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satisfies

V,= — o1y — ZJ(CDTZﬁ — 1 — ayYy)

p
Ooy;— _ _
+ g ( — 0% + % (;y ! (‘I’Tzﬂ —Mm — ayl/))
i=2

p
< - Z cizt —2(p— 1)62(52 + el 5by + efgﬁb 61237],) )y

80@1 2 1+%+% P 8017;71 22
2EQZ;< ) K Z ay )

1 _
+(p—1)€ <4(¢>T219)2 + 7+ 5Zyy2)

= —Zczz —(p— (52 + 2€%¢ (5§y+26P*(5?3by>
o 1) (4@%)2 ). (5.61)
Finally, consider the function
V(z,29,7,%) = Vi + (p — 1)€? (Vzﬂ +2(Vi + €2Vf)>. (5.62)

Recalling Assumption 5.1 and Proposition 5.1 and taking the time derivative of V' along

the trajectories of the closed-loop system yields
V=V.+(p—1)é <Vzﬂ +2(Viy + 621'/@))
— icizg — W(@%V <0. (5.63)
i=1
Boundedness. V. < 0 guarantees that z, zy, 7, T are bounded. Note that ¢ is

bounded since y = 27 is bounded and the bounded-input bounded-state property of the
&-dynamics (5.6). By (5.28), for i = 1,...,n — p, one has

p—1

Si_l si—l 1 .

i = = — -z (p) O E)) 4

Gi A(s) [u] A(s) |:bp ( Tpo+1 + Yy + JZO ay(;HY >:| , (5.64)

which indicates that (i,...,(n—, are bounded, since A(s) is Hurwitz and Z,11, y are

bounded. Then «; is bounded. By using (5.41) recursively, one can establish boundedness
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for v; and o, © = 2, ..., p, which leads to boundedness of (,— 41, ..., (,—1 and boundedness
of u. By (5.13) and (5.14), n and 7o are also bounded due to the fact that v and y are
bounded. Then by (5.39) and Assumption 1.2, it can be concluded that yO oy are
bounded. Furthermore, equations (5.22) imply that z1,...,z, are bounded. Meanwhile,
note that boundedness of Z and y, along with Assumption 1.2, implies boundedness of
Zpt1s--.,Ty. Hence the system state x is bounded. Finally, 8 is bounded, which yields

that J is bounded. This completes the proof of boundedness of the closed-loop signals.

Convergence. In addition to boundedness of z, by boundedness of the closed-loop
signals, 2 is also bounded. Therefore, by Lemma A.5 we can conclude from (5.63) that

lim z(t) = 0, which further indicates that . 1iI+Il y(t) = 0. The proof is then complete. [J
—+o00

t——+o0

Theorem 5.3. Consider the system (5.1), the filters specified by Proposition 5.1 and the

adaptive controller described by (5.42)-(5.50) with the damping terms

o1=(a+(p— 1)626§y)y, (5.65)
o9 = <02 + 2%2 <8;;1 2) 29, (5.66)
o; = (ci+2?;2<(§.;>2>zi, i=3,...,p, (5.67)
where c3 >0, ..., ¢, >0, and e > 0. Then, there exists c; > 0, such that all trajectories

of the closed-loop system are bounded and . liin y(t) = 0. Moreover, if the system (5.1) is
—+00
time-invariant, any ¢y > 0 with 6z, = 0 guarantees the same boundedness and convergence

properties.

Proof. Following the same path of the proof of Theorem 5.2 but with o1 defined by (5.65)
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yields
V.= —ow—y(@ z9g—m — ayy)
+§p: 42 2% T —ayy)
— 0% + % 29— —a
: % i By 9 — 11 yY
< — ZCZ’Z —(p — 252
dai 1 22 I+i+iv 8%1
55> ( ) Ey
=2 =2
1
+(p—1)€ (4@%)2 + 77 + 62yy2)
1 p
T _
= — Cly2 + (p — 1)62 <4((I) z19)2 + 77%) — z; szZQ (5.68)
1=
Furthermore, by Assumption 5.1, Proposition 5.1, and (5.58), we have
n
Vi< @+ 0yt - Y T (5.69)
i=p+2
n—1
: 2 2 2 9 2 2 -2 )
Vi< =M +epg 0p5,9 + 58,988, Tp+1 — Z; i (5.70)
1=
. 1 3
Vg < = 5(@120)" +771 + 05,07, (5.71)
respectively. This allows writing
I7§ — Evy —elzczz —e9 Zm _63277@ (5.72)
i=p+2
with V £ [V, Vj,Vﬁ,VZﬂ]T, = [y2,if,+1,ﬁ%, |29/?]", e; the ith unit vector, and
o 0 —(p-1)e —pe]
—e2 §2 1 0 0
EA | b (5.73)
—eri,  ~Cradma 1 0
nvy 78D n=b
2 1

The underlying graph of E is depicted in Fig. 5.1(a).

Clearly, the z-node is contained

in every directed cycle and if we treat it as an active node by letting c; adjustable, the
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condition of Theorem 3.3 is satisfied. Then, applying Theorem 3.2 and Theorem 3.3
guarantees that there exists ¢; > 0 such that E is a non-singular M-matriz, which further
indicates that for all @ > 0, there exists a vector scaling coefficients ¢ > 0, depending on

w, such that the time derivative of V £ ¢TV satisfies the dissipation inequality

p n n—1
V:<TEw§wTw+<1Zzi2+§2 Z Eerchﬁ?SO- (5.74)
i=2 i=p+2 i=2
Finally, following the same routine as in the proof of Theorem 5.2, one can prove bound-

edness of all closed-loop signals and tli$ y(t) = 0.
—r+00

Consider now the classical time-invariant case, in which the system parameters
a and b are constant. It is not difficult to observe that in this case the dynamics of 7
described by (5.13) are not coupled with y or u. Therefore, one can define 7 = 7 (as
there is no Z,41 signal or y signal injected in the n-dynamics) and the edges Z — 7 and
z — 7 are removed. Furthermore, since 79 is no longer perturbed by y, the y-term in the
zg-dynamics (which was brought by 79) does not appear and the edge z — zy is removed.
These reduce the underlying graph from the one in Fig. 5.1(a) to the one in Fig.5.1(b),
which is acyclic. Therefore the condition of Theorem 3.3 is naturally satisfied for any
c1 > 0, and this guarantees the same boundedness and convergence properties using the

analysis argument used for the time-varying case. O

(a) (b)

Figure 5.1: Schematic interpretation of the interconnected z, z, 7 and zy subsystems:
(a) the interconnection of the case in which the system parameters are time-varying
and (b) the interconnection of the classical time-invariant case.

Remark 5.5. Compared with the constructive method used in the proof of Theorem 5.2,

the active-node-based method used to prove Theorem 5.3 reveals better the effect of the
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time-varying parameters: the time-varying perturbations introduce couplings between sub-
systems and cyclic interconnections, which do not appear in the classical time-invariant
case. In the classical case, the directed graph describing the subsystem interconnection
is acyclic. The classical analysis, say, the one in Section 4.2.4 of [5], separately estab-
lishes the boundedness and convergence properties of individual subsystems, and the same
properties can be extended to the overall system due to the acyclic interconnection. The
time-varying case, however, requires a small-gain-like analysis exploiting Theorem 3.3, in
which a strengthened damping design (parametrized by c1) using y is performed, which
dominates the cyclic interconnection. In other words, the classical scheme becomes a spe-

cial case of the proposed scheme for the time-varying case, as claimed by Theorem 5.3.

5.1.5 Simulations

To verify the effectiveness of the I&I scheme, consider the 2-dimensional system with

relative degree p = 1, described by the equations

71 = —ai(t) + b1 (t)u,
To = *ag(t) + bg(t)u,

Yy =, (575)

where by, ba, a), ag are time-varying parameters to be defined. Since system (5.75) has

relative degree p = 1, the reparametrized system (5.39) reduces to

where ¢ = [¢, =\ —y,€]" and ¢, € are the states of the filters

(= = AC+u,

E= —X—u. (5.77)
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The time-varying parameters are given by

bi(t) =1+ 0.2sin(3t), bo(t) =2+ 1.5cos(5t),

5sgn(y) o2

Vi + o3

where @9, 3 are the second and the third element of ¢, respectively. a; and as are state-

ar(t) =1+ (5.78)

dependent time-varying parameters designed to destabilize the system. One can easily
verify that Assumption 5.1 holds since the zero dynamics of (5.75) is exponentially stable
due to the fact that 2—? is strictly positive. Also note that the reparametrized model (5.76)
is one-dimensional and the 193 + B3 term does not appear. Thus, the update law (5.47) is

reduced to

2 AL o8 o8

The control law design is not affected by relative degree and therefore (5.46) is considered.

For comparison, consider three scenarios as follows. In the ”Baseline” scenario, only
the constant components of the system parameters are considered, namely b; = 1, by = 2,
a1 = 1, ag = 1, and the system is time-invariant, controlled by a classical 1&I adaptive
controller with o1 = y. In the “Controller 1”7 scenario, the same classical 1&I controller
is adopted whereas the system parameters are time-varying, specified by (5.77). In the
”Controller 2” scenario, the proposed adaptive controller with a strengthened damping
term o1 = 8y is used for the time-varying system. In the three scenarios, the rest of the
controller parameters are set the same, namely v, = 0.5, 72 = 0.1, A = 10, and all filter

states and parameter estimates are initialized at 0.

Similar to the simulation study in Section 4.4, the scenarios “Controller 1”7 and
“Controller 2”7 are simulated in parallel twice to keep the comparison fair considering the
use of state-dependent parameters. In the first simulation set, both scenarios are driven
by the state-dependent parameters generated by the “Controller 1”7 scenario and in the
second simulation set, the state-dependent parameters are generated by the “Controller 2”

scenario.

The results of both simulation sets are presented in Fig. 5.2 and Fig. 5.3. One can
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see that in both simulation sets, the “Controller 2” scenario outperforms the “Controller 1”
scenario (with fast convergence and fewer oscillations in the transient stage). The proposed

controller also restores the performance of the “Baseline” scenario in terms of settling time.
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3 T T T T T T T T T
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Figure 5.2: Simulation set 1: time histories of the system output, state, control effort,
and state-dependent time-varying parameters for different controllers.
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Controller 2 | |
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Figure 5.3: Simulation set 2: time histories of the system output, state, control effort,
and state-dependent time-varying parameters for different controllers.
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5.2 Passivity-Based Design for Nonlinear Systems in Ob-

server Form

In this section, we proceed to investigate the output-feedback adaptive control problem
for a class of nonlinear systems, and at the same time, relax the restriction imposed
by Assumption 5.2 to the I&I scheme introduced in Section 5.1. Due to the increased
complexity of the design, the passivity-based scheme is adopted throughout the section.
Consider an n-dimensional system in output feedback form with n > 2 and relative degree

p, described by the equations

a
i1 =2+ do1(y) + Z $1,5(y)a;(t),
j=1
q
Tp=1Tpy1+ ¢O,p(y) + Z Pp,j (y)aj (t) + b (t)g(y)u,
j=1

i = Gon(y) + Y bni(W)ag(t) + bo(t)g(y)u,
j=1

Yy =1, (5.80)
or, in compact form, by the equations

y=el (5.81)

where z(t) = [x1,...,7,]" € R" is the state; u(t) € R is the input; y(t) € R is the
output; (t) £ [b'(t),a’ (t)]" is the vector of unknown time-varying parameters, with

a(t) £ [ai(t),...,aqt)]" € R, b(t) = [bn(t),...,bo(t)]" € R™FL, m £ n — p;

O0(p—1)x (m+1
Fliyup2 || IM g, T ()] (5.82)
m+1
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with (®7(y))ij = ¢ij(y), and g : R — R a smooth mapping satisfying g(y) # 0, for
all y € R. In addition, 0 satisfies Assumption 1.2, and, in particular, b,, also satisfies
Assumption 1.3. The mappings ¢p; : R =+ Rand ¢;; : R—R,i=1,...,n,7=1,...,q,
satisfy Assumption 1.4.

Remark 5.6. It is easy to see, by invoking Lemma A.3, that there exist smooth mappings

G0 and ¢; ; such that ¢oi(y) = doi(Y)y, ¢i;(y) = di;(Y)y.

5.2.1 System Reparametrization

To cope with the unmeasured state variables, Kreisselmeier filters (K-filters) [72] are
applied to reparametrize the system with the filter state variables (which are known) into
a new form that is favourable for the backstepping design. The filters are given by the

equations

€= AR+ ky + do(y), (5.83)
=F = AET + 0 (y), (5.84)
A=A+ eng(y)u, (5.85)

where Ay = S — ke and k € R™ is the vector of filter gains. These filters are equivalent,

see [75], to the filters

£ = A+ ky + doy), (5.86)
Q" =497 + FT(y,u), (5.87)
where
Q" 2 [vp,..., 00,2 ], (5.88)
v 2 AN i=0,...,m. (5.89)

Define now the non-implementable state estimate

i =E+Q 4. (5.90)



170 Chapter 5

The state estimation error dynamics are then described by the equation

€= Are + FT(y,u)Ag

O(p—1)x1 (5.91)

Ay

= Ape+ 9" (y)Aa + 9(y)u,

where ¢ = x — &. After using the K-filters (5.83)—(5.85) with the congelation of vari-
ables method, the original n-dimensional system with time-varying parameters can be
reparametrized as a p-dimensional system with constant parameters £y and some auxiliary
systems to be defined. The substitution of ¢y for # prevents  terms from appearing in the

e-dynamics. For p > 1 one has the system described by the equations

Y=wo+@ Lp+ex+ Ly, Umo

Umyi = —kiVm1 + Vmiv1, ©=2,...,p—1,
'[)m,p = _k;pvm,l + Um,p+1 + g(y)u, (592)
and, for p = 1 one has
y=wo+w lo+ea+ by, g(y)u, (5.93)
where wy £ ¢o1 + &2, @ 2 [0,Vm-12,---,V0.2, (®)] +(E)3]T, and w £ @ + €10 2.

Similarly to the classical adaptive backstepping scheme we consider the pth order
system (5.92) (or (5.93) if p = 1) to exploit its lower-triangular structure. It should be
noted that the reparametrized models (5.92) and (5.93) are only valid if the estimation
error €9 converges to 0 (this is similar to the requirement that ny converges to 0 in Sec-
tion 5.1). In classical schemes this is not a problem since the A, and A, terms are not
present in the e-dynamics and ¢ converges to 0 exponentially provided Aj is Hurwitz.
The difference in the time-varying case is that the estimation error €5 may not converge
to 0 due to the presence of the A, and A, terms, which may make the reparametrized

models (5.92) and (5.93) behave differently from the original system and therefore not
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appropriate to be used for analysis or design. The effect of A, can be dominated via a
strengthened damping design, as proposed in [16]. However, the dominance method can-
not be directly applied to (5.91) since Ay is coupled with the input u, and any additional
damping terms added (to u) for dominance, in turn, alter the perturbation term Au itself.
To avoid this issue, one can transform the perturbation terms coupled with v into new
perturbation terms coupled with y by exploiting the inverse dynamics of system (5.80), in

a similar spirit of the solution presented in Section 5.1.

5.2.2 Inverse Dynamics

The inverse dynamics of (5.80) are more complex than that of (5.1) considered in Sec-
tion 5.1 due to the presence of nonlinearities, whereas the spirit of their derivation is
essentially the same. First, pretend that the system is “driven” by the signals y, ¢0.:(y),

®i(y), and their time derivatives. Then one could write

zo =y — (4] a + $0,1),

zp =y — (@l a+do1) ™ — o = (8,1 + dop1). (5.94)
Defining y; = ¢, a + ¢4, i = 1,...,n and uy = g(y)u, yields
1 _
ug = = (=ap1 +y - gD gy, (5.95)

The resulting inverse dynamics are then described by

. bin— b _
Tptl = — Tlx/ﬂrl + Zpr2 +Ypt+1 + : (Z/(p) - yﬁp REE— Yp),
. b b _
b= = S wp g+ =g T =), (5.96)

Since it is difficult to use backstepping techniques to establish stability, or convergence,
properties for the time derivatives of y or y;, we need to perform a change of coordinates,
or more intuitively, propagating the time derivatives of the output-related signals along the

chain of integrators to eliminate them from the inverse dynamics. Recall the identity (5.24)
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Algorithm 5.3 Change of coordinates x,41,...,7p.
Input: z,44,.. xn,xm_l, , Ty
Output: Z,(1,..., %y, Zpt1,...,Tp.
1: while time derivatives of y appear in the expression of #,.1,..., &, do > This

while-loop iterates for p times as it reduces the order of y») by one each iteration.
2: fori=n—p+2do

3: Update z; and z; using (5.24).
4: thwrite x; in terms of Z; in the expression of #; 1 and leave the feedback term
b

5: end for
Update Z,4+1 and Z,41 using (5.24).
Rewrite 2,41 in terms of Z,11 in the expressions of Z,i1, ..., ZTp, respectively. >
This brings back the time derivatives of y,y1,...,y,, but with the order reduced
by one. ' '

8: Tptl < Tpgls -on s Tp S Ty Tppl < Tpgly oo - 5 Tp < Ty > Update the old

coordinates before the next iteration.
9: end while

in Section 5.1. With this fact, the change of coordinate

po1 A )plwl (j>(.1.)
= E j —-1- E § p—i—1=7

i=1 5=0

) b b (0) P e (p—1)
b= = gt t CP () e () e

which does not contain time derivatives of y and y;’s. In the same spirit, applying the
change of coordinates specified by Algorithm 5.3, we are able to remove the terms con-
taining the time derivatives of y and y;’s in each equation describing the inverse dynamics.
The resulting inverse dynamics in the new coordinates (denoted by Z;, i = p+1,...,n,

with a slight abuse of notation) are described by the equations

T = AE( ):L‘ + bxy y+ Z bw¢70 i ¢0 i + Z Z b$¢ z,] ¢1,J ) (5.99)
i=1 i=1 j=1
1 p=l . p p—i 0
Ug = () < —Tpy1+ y®) 4 Z Oy ) )y + Z Z a, o )y > 7 (5.100)
m §=0 i=1 j=0 !

where Z(t) £ [Zp41(t), ..., Zo(t)]T € R™, Ay £ S —be], b(t) £ 55 bm-1(t),..., bo(t)]" €
R™.
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Remark 5.7. The time-varying vectors bzy, bze.0,i, bzsi; and the time-varying scalars
Oy @) @y, ) OTE unknown as they depend on the unknown system parameter vector 6.
9Jq

Howewver, as a consequence of Assumption 1.2, they are bounded.

Assumption 5.3 (Strong minimum-phase property). The time-varying system (5.80) has
a strong minimum-phase property in the sense that the inverse dynamics (5.99) are input-
to-state stable (ISS) with respect to the inputs y, ¢poi(y), ¢ij(y), i=1,...,n,j=1,...,¢
Moreover, there exists an ISS Lyapunov function 1@]%\2 < Vi(z,t) <7zlz%, 0 < 7, < s
and the time derivative of Vi along the trajectories of the inverse dynamics satisfies the

inequality
—12 | + 0ayy? + 0agy G0 (y)* + ozl 2(y)[F (5.101)

for some constant o) > 0.

Remark 5.8. Assumption 5.8 holds if £ = 0 is a globally exponentially stable equilib-
rium of the zero dynamics described by T = Ay(t)z, see e.g. Lemma 4.6 in [70]. Some
works (e.g. [129] and [86]) exploit this exponential stability property as a substitute for the
classical minimum-phase assumption. Note, finally, that Assumption 5.3 is not more re-
strictive than the classical minimum-phase assumption because for time-invariant systems

Assumption 5.3 reduces to minimum-phaseness.

5.2.3 Filter Design

Consider now the state estimation error dynamics (5.91) with uy given by (5.100), which

yields
O¢p— 1
= Ape+ 0" (y) A, + i
Ay bin
p—1 p p—i )
< — Zpr1 +y¥ + ZO @y, (DY) + z; ZO a0 O ) (5.102)
Jj= i=1 j=

Similarly to what is done in Section 5.2.2, we need to use a change of coordinates to remove
the time derivative terms brought by u,. Implementing a change of coordinates in the

same spirit of Algorithm 5.3, the state estimation error dynamics in the new coordinates
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€ are described by the equations

= ApE — Abi'p_;_l + bgy(t)

+ Z bgd’vo ¢ (bO i + Z Z bed), ,] ¢z,j ) (5.103)

=1 j=1

1
b

where Ay = [01 (-1, AFTT
Remark 5.9. The time derivative terms are injected into the e-dynamics via the vector of
time-varying gains Ay. Similarly to Remark 5.7, the time-varying vectors Ay, bzy, bzg.0.i,
begi; are unknown, yet bounded, due to Assumption 1.2. We will see that as long as these
parameters are bounded they do not affect the controller design. In particular, when b is
constant, Ap(t) =0, for all t > 0, provided €, = b. Thus Np(t), bey(t), bz 0.i(t), bzpi;(t)
remain 0, for allt >0, and & = e. This yields ¢ = Ape +® " (y) A4, which is the simplified
case that has been dealt with in [16].

Similarly to the description of the ISS inverse dynamics, it is desirable for the
subsequent design that the state estimation error dynamics be ISS. Moreover, instead of

assuming such a property, one can enforce ISS of the &-dynamics by designing the K-filters.

Proposition 5.2. The state estimation error dynamics are 1SS with respect to the inputs

Tpi1, Uy 004(Y), 0ij(y), i=1,....n, j=1,...,q, if the vector of filter gains is given by
k& %Xg@l, where Xz = Xs:r >~ 0 satisfies the Riccati inequality

SX:+ XS — Xo(ere] — 771X+ Q= <0, (5.104)

where

0. = (%Jr O, +Z e ii%,i,j)j (5.105)
= , .

€bz¢.0,i i=1 j=1 €bz4,i5

and €.y > 0. Moreover, there exists an 1SS Lyapunov function Ve & 76‘5‘P , with P- & Xgl

and the time derivative of V= along the trajectories of the state estimation error dynamics



5.2 Passivity-Based Design for Nonlinear Systems in Observer Form 175

satisfies the inequality

n
‘/5 S - |€|2 + Ebéyébé'ny + Z 6b§¢70116b5¢’0’i¢%7i(y)
=1

n q
2 —2
+ Z Z €bzs,i,j 6bé¢,i,j ¢i,j (y) + 65b55b$p+1’ (5'106)
i=1 j=1

where €y >0, orin a more compact (yet more conservative) form,

Ve < = [EP + 0eyy® + 0z, d0(y)* + 00| 2() [}

+ U§£p+1£§+17 (5107)

Jor some constant o) > 0.

Proof. Taking the time derivative of Vz = 7€;|<€_|2Pg along the trajectories of system (5.103)
yields

Vo= 275€_TP§ (Aké +baynyy + Z bz,0,i(t)d0,i(y)
=1

n q
+ Z Z beg,ii (1) bij(y) — Ab%ﬂ)
i=1 j=1

S ’Yg(ET(PES + STPg — 616;r + PEQEPE)E>

n
2 2
+ €b2,0b2, Y + Z €b25,0,10b29,0,5 P0.i (Y)
i=1

n q
2 -
+ Z Z €begi,i Oz, Pig (V) T €5,08,Tpr1- (5.108)
i=1 j=1

Left-multiplying and right-multiplying by P: on both sides of (5.104) yields
P-S+ STP-— (ere; — ) + P-Q-P- < 0 (5.109)
or, equivalently,
P-S+ STP. — eje] + P-Q-P- < —z 1. (5.110)

Substituting (5.110) into (5.108) yields (5.106). Finally, defining oz, = €y, 0p.,, Tz, =
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51) i 5b

E,i,J

c6.0.i0b25.0.0> and 0zz,., = €x,04, yields (5.107), which

max € Ozpy = IMaxey R
1 2y)

completes the proof. O

Remark 5.10. In practice Qs is tuned, to achieve better filtering performance, rather
than computed analytically. This is feasible since there exist €. for any bounded 4.
such that Qz can be set to an arbitrary positive multiple of I, due to (5.105). Moreover,
€y and 6.y do not affect the controller design, as the o(.-related terms in (5.107) are
dominated adaptively as shown in the next subsection. In this sense, neither €.y nor (.,

are implemented or need to be known.

5.2.4 Controller Design

In Sections 5.2.2 and 5.2.3 we have established the ISS property of the inverse dynamics and
the state estimation error dynamics. However, before proceeding to design the controller,

we have to consider (5.92) in the new coordinates. Note that o can be written as
€2 = &2+ Ggypy() )y + Yo, (v), (5.111)

where Yo,(y) £ acy(H)y + D1l 00040 0.i(y) + Diy D0y @y j(t)¢i(y) and

ey (1) = Abmg). If the counterpart of Assumption 5.2 holds, that is, either p = 1

or p > 2 and by, is constant, then ac,e0,(t) = 0, for all t > 0. These two special cases
have been discussed in [18] as well as in Section 5.1 of the thesis. In general, e,y (1) (t) #0

and, as a result, e5 contains §. Substituting (5.111) into the first equation of (5.92) yields

(1-— a82y<1))j1] =wo+@ by + Ly, Um2 + &2+ Ye,. (5.112)
Noting that 1_a1 o= szb = ZIZ’" , we can write the dynamics of y as
ey m m
b (t by (t
Y= Z( )(wo + YEQ + 52) + wT< Z( )€9> + bm(t)vm@. (5.113)

Observe that the effect of the a,,, ) ()y term is to bring the time-varying parameters back
to the dynamics of y, which requires the congelation of variables method again. To do this,
we need first to augment the system (5.92) with the £, = and v-dynamics, which are not

needed in the classical constant parameter scenarios but necessary in the current setup.
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It turns out that the extended system is in the so-called parametric block-strict-feedback

form [75, Section 2.3.3], described by the equations

€= ArE + ky + do(y), (5.114)
2= A2+ 27 (y), (5.115)
bm (T b (T
Y= Z,( )(WQ + YgQ + 52) + (IJT< Z)( )fg> + bm(t)vmg,
V0,2 = V1,2,
Um—1,2 = Um,2, (5.116)
Um,2 = — k1Um1 + Um 3,
'Dm,p—l = - kp—lvm,l + Um,p,
Vm.p = — KpUm,1 + Vmpt1 + 9(y)u, (5.117)
and recall that wy = ¢p1 + & and @ = [0,Vpm-12,...,002, (®){ + (£)g]". In these

equations, (5.114) and (5.115) describe the state evolution of the filters of the regressors;
equations (5.117) give the integrator-chain structure used for backstepping; and equations
(5.116) are the key part of the design that contains the dynamics of the output y. As
demonstrated in the preceding discussions, the congelation of variables method requires
an ISS or ISS-like property of each subsystem in the analysis (described by their dissipation
inequalities), and then applying a small-gain-like analysis for the overall system to conclude
boundedness and convergence properties. As a preparation for the backstepping design on
the chain of integrators described by (5.117), one first needs to establish ISS properties for
the filter dynamics (5.114), (5.115), and the zero dynamics of (5.116). For the subsystems
described by (5.114) and (5.115) we have the following result.

Lemma 5.1. Let the filter gain k be as in Proposition 5.2. Then, the system (5.114) is
ISS with respect to the inputs y, ¢o:(y) and the system (5.115) is ISS with respect to the
inputs ¢;j(y), where i =1,...,n, j =1,...,q. Moreover, there exist two ISS Lyapunov
functions Vg £ \fﬁ;f, V= £ tr(EP=E"), with P = P= £ ~.P- > 0 and vz > 0, such that
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the time derivative of Ve along the trajectories of (5.114) satisfies

Ve < — € + oeyy® + 0ego 00 () (5.118)

and the time derivative of V= along the trajectories of (5.115) satisfies
Ve < — [ER + ozel0()E, (5.119)

Jor some constant o) > 0.

Proof. Noting (5.104) and the fact that Py = 7zP yields
AL Pe + Pe Ay, < —1 — v:P:Q:P=. (5.120)

Define Qg = Y:P:Q=P: - 0, take the time derivative of V; = |{ \%ﬁ along the trajectories of

(5.115), and invoke Young’s inequality to obtain

Ve = €T (A} Pe + PeAp)€ + 26" Pe(ky + o)
= — €T (I + Q)& + 26" Pe(ky + ¢o) (5.121)

< - |§’2 + U&ny + U§¢0‘¢0(y)|2'

Similarly, we take the time derivative of V= = tr(EP=z=") along the trajectories of (5.115),

which yields

n

Va= Y (EN (Al P+ PsA)ET)i +2(E7)iPs(@1),)

i=1
=Y (ENT+Q=)ET)i+2E")P=(27):)
i=1
< [2[f + o= |®(y) £, (5.122)
where Pz = P, )= = Qg, and this completes the proof. ]

The next step is to establish ISS for the inverse dynamics of (5.116). To derive the
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inverse dynamics, let

1. 1 ~ 1+
Um2 = %y — m(wo +Y., +&2)— Ew Ly
Ebm_l gbO ]. .
= — gbm Um—-1,2 — " — %?}0’2 + ;y
=T T 1 _
—(E)2 +(®)1)la — K(wo + Yz, +&2) (5.123)
and then define the change of coordinates: Up2 = Vp2,...,Um—22 = VUm-22,Um—12 =

Um—1,2 — ﬁy. The inverse dynamics of (5.116) are then described by

v = Ay 0+ go(y, &, E, 82, 1), (5.124)

where Ay 28 —enf], 4 2 [, 0T and go(y,& 55,0 2
4 _ _ L.

0,00, py, (2=t 4 (L) D)y — (D) + ()3 — 7 (w0 + Yz, +2)] 7. Exploiting

the flexibility of the congelation of variables method we can always select £, to construct
a Hurwitz Ay, and therefore ISS of system (5.124) can be established as shown in the

lemma that follows.

Lemma 5.2. Consider a vector of congealed parameters by, = [{y, ... ,ZbU]T such that the
polynomial £, s™+0, . s™ L ...+l is Hurwitz. Then, the system (5.124) is ISS with
respect to the inputs y, ¢0,i(y), ¢i;(y), &2, (E)j2 and &, where i =1,...,n, j=1,...,q.
Moreover, there is an 1SS Lyapunov function Vi = |17]%35, with P; = P = 0, such that the

time derivative of Vi along the trajectories of (5.124) satisfies

Vo < = [0 + omyy” + 0ug [0 (9)]* + 000 (1)

+ 006,83 + 05(2), | (B)2]? + 00s,63, (5.125)

where oy > 0 are constant.

Proof. Since ¢, s™ +€bm,18m_1 +- -+ Ly, is Hurwitz, Ay, = S—emﬁg is also Hurwitz, and
therefore there exist P; = PJ = 0 and Q3 = Q. > 0 such that AZ_)P;, + PyAg + Qy = 0.
Without loss of generality we assume that Q; = I + Qg, where Q; = Q] = 0. This

condition can always be satisfied by scaling P;. Taking the time derivative of V; along the
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trajectories of (5.124) yields

Vo = 0T (AL Py + PyAg, )0+ 0" Pogs + goPo0

=~ (I+Qu)0+20" Prgy. (5.126)

Note that in g5 (y, &, Z, &2, t) all the coefficients coupled with the “inputs” y, ¢0,i(y), ¢i;(y),
&2, (2);2, &2 are bounded. Thus, by Lemma A.1, the condition

— 0" Q0 + 20" Prgs — (0uyy” + Tagoldo(y)|?

+ 050 | P(Y)|F + 056,65 + 052, |(B)2]? + 00,83) <0 (5.127)

holds for some constant oy > 0. Substituting (5.127) into (5.126) yields (5.125), which

completes the proof. ]

Having established the ISS properties of (5.114), (5.115) and the zero dynamics of
(5.116), we proceed to the backstepping design on the chain of integrators (5.117). Define

the error variables

21 =1, (5.128)
Zi = Um,i — Q4—1, = 2, sy Py (5.129)
the tuning functions
T = (W — dazer)2, (5.130)
oo
=T — S i=2,.. ., p, (5.131)

0y
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the virtual control laws
) = 00 = —PKZ2, (5.132)
g = — bz — (c2+ C2)za + o (5.133)
Oai—q
o= —zi1— (¢ + Gz + Bi + % Lor;
804] . ey 1 . (5.134)
—Z Fgy—7—wz;, 1=3,...,p,
Jj=2 %
with
€5 A s - O
K=c+ 59\9!2 + Gy + ool Do (W)* + Ca|(y)[, (5.135)
5 2
2= 23 * geAbm * ;(?1) 8
6 o Y (5.136)
<6Abm5Abm (@252 +1) +eayon; + €y., + e€2>,
1(8a;1\>
o=5(%") ~
Y (5.137)
<€Abm5Abm (@2I€2 +1)+ eAgéAg +ey, + 652>,
Oai 1 TA
P = 6 A k
p By (wo +w 0) + 85 (A€ + ky + o)
N daiy A (=T T k
+ ; m( KE);+(2);) + kivma
"L Dy dor (5.138)
i—1 i—1 2
ki + A ‘
+ ; 8)\3 (—kjn + ]+1) 6@
Oa; 1 2 O 2
—+ = C Cd) ~ Cq)a
Gy vaso ° e
1= 2’ . 7p’
the control law
1
u=——(0p —Umpt1), (5.139)
)~ " "
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and the parameter update laws

0 = vosen(ly,, K21, (5.140)
CAZJ = PYCyz%v §¢0 = 7C¢O‘¢0’27 &D = 7(@‘(1)’125‘7 (5.141)
0 =Ty, (5.142)

where ¢; > 0,1 =1,...,p, €() > 0, Y0 >0, Iy = FJ = 0, é(t) = bgifnt)fg, and AG_ =
0(t) — £y. In the definition of x, ¢o(y), ®(y) are defined such that ¢o(y) = ¢o(y)y,
®(y) = ®(y)y, which is feasible due to Remark 5.6. Moreover, the initial value of the

parameter estimates are selected such that o(0) > 0, f(.)(O) > 0.

Remark 5.11. Compared to the 161 scheme introduced in Section 5.1 in which “com-
puted” damping term are adopted, in the passivity-based scheme dynamically updated “es-
timates” é(.) are adopted as the coefficients of the additional damping terms, since the
required damping coefficients are in general difficult to compute. Meanwhile, thanks to
these adaptive damping terms, we do not need to know o, for a reason similar to what is

explained in Remark 5.10

Proposition 5.3. Consider the adaptive controller described by equations (5.128)-
(5.142) for the system described by equations (5.114)—(5.117) and suppose that Assump-
tions 1.2, 1.8, and 5.8 hold. Then, the closed-loop signals z, z, €, £, =, v, é, 0, and é(.)

are bounded.

Proof. We first analyze the backstepping error variables z; step by step.

Step 1. Consider the dynamics of z;, which are described by

. b _ _tb
B = (wo+ Yo, +82) + @ lg + b2
b, Oy,

= (wo+Yey +82) + @ 0+ by, V2

+ A b (wo + Yz, +82) + O NG+ Ay, U2
bm
= (wo+Ye, + &) + @ 0+ a1 + bzo

~ 1 R
(I)T(fg — 9) — Ebm (f — Q> aq

bm

+ A by (wo + Ve, +82) +@T A5+ Ay, ba1, (5.143)

%,,
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where Aeb%(t) = bg;—s) — 1 (recall also that 6(t) = bf—fj)&) and Az = 0(t) — £y). Note that

bm

29 = Up,2 — 001 and
bmza = bmza + (b, — by )zo + Ay, 20, (5.144)
which yields

O (lg —0) + bpzo = (w— darer) (lg — 0) + bza + Ay, 20. (5.145)

Considering the function V,, £ %z% and taking the time derivative of V, along the tra-

jectories of (5.143) yields

"/21 =21 (WO + YZ-:Q + 52) + Zl(DTé + o121 + l;mzlzg

+ A by (wo + Y., + £9)z1 + ZﬂDTAg + Ay, 2122

o
+ 21(w — paner) (g — 0) — by, (6,1 — d)arz

+ Abm@dlzl. (5146)
Invoking Lemma A.1 yields

. €5 A
Vo< = st (GI0F +0my )+ rlinl?

2 2 2 — |2
+ UZ1CD|(I)’F + 021562 + 0'215252 + 021(2)2 ’(‘:)2’

1 b,
2¢; 26Abm

+ 0,,50° + ( >z§ + Ry — Ay, 0RZ3, (5.147)
where Ry 2 2 (w—paner)! (bg—0)—0p, (Z;ﬂi — 0)y1 21 consists of the remaining terms to be
cancelled by the update law/tuning function design. Moreover, using the same argument
as in Section 2.1.2 and Section 4.1, we can show that —A, pkz7 < 0, and therefore this

term can be dropped hereafter.

Step 2,...,p. Consider the sum of the functions V,, £ ,i=1,...,p, and take
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the time derivative of the sum along the trajectories of the system, which yields

P P

p .
ZV2’1 = "/121 - Rl - Z(Cz + CZ)Z’LZ - Zzzaglyl X

i=1 =2 =2

(52 + Y:;2 + (DTAQ‘ + (051 + Zz)Abm) + Rp

P 1)6
<V —Ri— ) (a+G)2+ (o > )oa, 23
i=1 Ao
14 2
+Z2zi( Ay >

+ Zzyzl+zgzz¢0|¢0|2 ZO-Z'L ‘q)|F
2

1=

+ Z 5252 + 20215262 + Zazz( )2 (E)2

mWP + RP

B

A

+ (o8

1=2

p A A

= =Y 22 — G2t — Cpolool? — Col @R
1

)

+ UzyZ% + Uz¢0|¢0|2 + GZ¢|(I)|% + 03525_%

+0.6,8 + 0:(2),| (E)2f* + 0200 + Ry, (5.148)

where 0,y £ 37 0., > 0 and R, £ TpT(Eg —0) — Kbm(éb_i — 0)ai 21 consists of the
remaining terms to be cancelled by the update laws. Then considering the function V, £
S0 Ve + 2]l — 9’1“ , + lg”g' 0, ! — 4| and taking its time derivative along the system
trajectories yields

p
V., < — ch'z’? — (2t — Caolol® — Co|@|E
i=1

+ O-Zy’z% + O-Z¢O‘¢0|2 + Jz¢’|q)’]%‘ + Jzéggg

+ 026,65 + 04(2),[(B)2f” + 020/, (5.149)

Consider now the Lyapunov function candidate V' 2 V, 4~y Vi +71. Ve + We Ve +mveVa+
’YVDVE‘Fﬁ(Cy—Cy)ZﬂLﬁ(%O —C¢o)2+ﬁ(C¢—C¢)27 where Yy, £ 0zz,,, (022, +005,025),

A A A A
We = Oz + 005,020, We = Ozg, + 006,020, Wa = Ox(=), T O5(2),020, W, — Ozp are the
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scaling coefficients of the corresponding partial Lyapunov function candidate, and =
Oy +VWaOzy + W02y e Oy + s Ovys Coo = g + Vi 0o + e 020 + Ve Oe o T Vi Oigo
(o Lo+ W,0zd + V.00 + VW= 0=0 + Vv, 050 are the required damping coefficients to
be compensated by fy, QO, and éq;, respectively. Taking the time derivative of V' along

the trajectories of the system yields

P .
v < - ZCzZ? + (Cy - éy)(z% - 'Yg_ylfy)
=1
+ (C(ﬁo - é¢o)(|¢0‘2 - ’Yg;té(ﬁo)

) p
+ (Co — Ca) (B[R — 75, o) = = ) ezl <. (5.150)
=1

Hence z, 7, ¢, &, =, v, é, 0, and é(.) are bounded, by a standard Lyapunov analysis, which

completes the proof. O

We should not forget that the invariance-like proof of asymptotic output regulation
requires boundedness of €. In Proposition 5.3 we have proved the boundedness of £ after
the change of coordinates described by Algorithm 5.3. However, it is not easy to directly
prove the boundedness of € since Algorithm 5.3 involves the time derivatives of y, ¢ (y),
and ¢;;(y), i =1,...,n, j = 1,...,q, the boundedness of which is difficult to conclude.
Recall that these time derivatives are present because u has to be decomposed at the design
stage with the help of the inverse dynamics. Now that we have completed the design, it
is more convenient to directly use the boundedness of u for concluding the boundedness

of e, provided that we can first prove the boundedness of A, as shown in what follows.

Theorem 5.4. Consider the system described by the equations (5.114)—(5.117), with the

same assumptions as in Proposition 5.3, and the adaptive controller described by the equa-

tions (5.128)—(5.142). Then, all trajectories of the closed-loop system are bounded and
lim y(t) =0.

t—+o0

Proof. First note that boundedness of £, =, é, 0, and é(.) is guaranteed by Proposition 5.3,

and therefore, the rest of the proof is devoted to establish boundedness of A, ¢, and =.
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Recalling (5.89) yields

Vo2 - 1. -
01 0 --- 0] |N
x % 1 0] | A2
U | = 7 (5.151)
) % kX 0
* % % % 1| [
Um7p ) . ) .

where “x” represents terms that do not affect the subsequent analysis. Note that vg2 = A2
is bounded due to boundedness of ¥ and thus Ay is also bounded. Note that by Vieta’s
formula, —k; is the sum of the roots of the characteristic polynomial of A, which is also

the trace of Aj. Thus,
k1 = —tr(Ag) (5.152)

and since Ay is Hurwitz, tr(Ax) < 0. Hence k1 > 0. Consider the dynamics of the first
state variable of the input filter (5.85), that is, A = —k1 M1 + Ao with a bounded input \s.
Thus A; is also bounded due to the bounded-input bounded-output property. Rewriting
(5.151) yields

V0,2 - - o
10 - 0 0
A2
* 1 0 *
Um2| = + A1 (5.153)
* % 0 *
An
x ok ox 1 *
Um?p ) ) o
Since U, A1, and 21 (or y) are bounded, we can conclude that As, ..., A\p4+1 are bounded
by exploiting the lower-triangular structure of the matrix in (5.153). Since A1,..., Apt1

are bounded, by Proposition 5.3, a; is bounded. Note that 2o is bounded, thus vy, is
bounded, which further guarantees boundedness of \,,+2 due to (5.153). In the same
spirit, boundedness of Ap43,..., A, can be established in a recursive way similar to the

procedures in [75, Section 8.1.3], which proves that A is bounded.

To proceed, combining boundedness of A and Proposition 5.3 yields boundedness
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of a, and vy, p41, and therefore boundedness of . This further proves boundedness of &
along with boundedness of y due to (5.91). Since z = & + Q' 4y + ¢, we can conclude that

x is also bounded. Hence all trajectories of the closed-loop system are bounded.

Finally, recall (5.150) and note that 2 is bounded due to boundedness of the system
parameters and all other closed-loop state variables, hence invoking Lemma A.5 yields

t£+moo z(t) = 0, and also tl}grnooy(t) = 0, which completes the proof. O

Remark 5.12. Using the fact that . 1121 z(t) = 0 we can proceed to prove the convergence
—+00
of &, 2, X\, € and x to 0 by exploiting the converging-input converging-output property of

the corresponding subsystems or the dependency on converging signals.

It is beneficial to note that the constructive proof of Proposition 5.3 can be per-
formed using the notion of active node. This alternative view significantly reduces the
complexity of the original proof and provides more insight into the challenge of the effects

of time-varying parameters, compared to the classical case, as shown below.

Alternative proof of Proposition 5.3.  First, repeat the procedures of the orig-
inal proof up to (5.149) and recall the dissipation inequalities (5.101), (5.107),
(5.118), (5.119), and (5.125), from Assumption 5.3, Proposition 5.2, Lemma 5.1, and
Lemma 5.2, respectively. Then by defining V = [V,,Vz, Vs, Ve, Ve, V;]T and v =
[yz,aj“f)+1,§§,£%, I(2)2]%, 0|2, |po|?, |®|2] T, one can write the dissipation inequalities of the

subsystems in a compact form, namely,

. R P n n
V< _Ew_elzng_@zfg_eg(gg+zgg>
7 3

p+2

e (f%+§:j§$) —es(I@nP+ 2 @) (5.154)

3
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where e; is the ith unit vector and

(&= o) 0 R S (ST B (eSS |
—Ozy 1 0 0 0 0 — Oy Oz
pa —0zy —O0&i 41 1 0 0 0 - —0sp
—0O¢y 0 0 1 0 0 —0O¢go 0
0 0 0 0 1 0 0 .
— 04y 0 —058, —Outy —Op(E), 1 — O e—
(5.155)

The matrix E can be augmented using the method in Section 3.3, described by (3.56),

namely
(Cy — 02) 0 0z  —0x, —0.=), —Ou 0 0
—Ozy 1 0 0 0 0 — Oz —0zd
—0Ozy —O0&i,41 1 0 0 0 —0z4, —0zp
| Tow 0 0 1 0 0 —0es 0
0 0 0 0 1 0 0 —0=¢
— Oy 0 “Ovgy —O08& —Op(E) 1 —Obgo —05d
0 0 0 0 0 0 (o — 0z60) 0
0 0 0 0 0 0 0 (o — 02a)
(5.156)

The first 6 x 6 submatrix, denoted as F according to the convention in Section 3.3, is
directly associated with the primary basis functions y?2, ;if, 1 g2, &2, |(2)2)?, and |v]%.
The underlying graph of E is depicted by Fig. 5.4, in which the augmented vertices asso-
ciated with the basis functions |¢g|? and |®|? are omitted for simplicity as they are not
contained in any cycles. Moreover, since the damping coefficients fy, é¢0, f@ are adap-
tively adjusted (which makes node z an active node) and vertex z is contained in every
directed cycles of the underlying graph, the conditions of Theorem 3.7 are satisfied. Then,
if we define V.. =V, + ﬁ(@ - @)2 + ﬁ(%o - é¢0)2 + ﬁ(g}b — (3)? and re-define
V= Ve, Vi, Ve, Ve, Va, V5] T, an overall storage function can be constructed via linear scal-

ing, namely, V = ¢"V. By Proposition 3.3, for all & > 0, there exists ¢ > 0, depending
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on w, such that
V<-aTh-dh<o, (5.157)

where § 2 (Y0 cis?, Y0, a2, &+ Y5, €+ Y5 € [(@nf + X5 (). The rest
of the proof is identical to the original proof of Proposition 5.3 and the claims in the

proposition hold true. O

Figure 5.4: The underlying direct graph described by E (the first 6 x 6 submatrix of
E in (5.155), with the augmented vertices omitted).

It is worth comparing the time-varying case with the classical time-invariant case,
say, the scheme in [75, Chapter 8], by using the node-schematic interpretations in Fig. 5.5.
Though the structure of the schematics is more complex than the ones presented in previ-
ous sections and chapters, the core idea is essentially the same: in the time-invariant case
(Fig. 5.5(b)), the interconnections of the subsystems are acyclic, for which boundedness
and convergence properties can be established separately; whereas in the time-varying
case (Fig. 5.5(a)), cyclic interconnections are created by the time-varying perturbations,
hence a small-gain-like analysis is needed to establish boundedness and convergence prop-
erties for the overall system. Furthermore, the proposed scheme uses adaptive damping
terms parametrized by Sy, 5(;50’ and C};, which exploits Proposition 3.3 as a synthesis tool
to dominate the cyclic interconnection. This does not require the bounds of unknown
parameters generated by the change of coordinates, which is favourable in practice as the

computation of such bounds is typically difficult.
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Figure 5.5: Schematic interpretation of the interconnected z, 7, &, £, Z, and ¥ subsys-
tems. (a) shows the interconnection of the case in which the system parameters are
time-varying and (b) shows the interconnection of the classical time-invariant case.
The signal Y is a collection of the y-related signals y, ¢o(y), and ®(y).

5.2.5 Simulations

To compare the proposed controller with the classical adaptive controller, consider the

nonlinear system described by the equations

T1 = a1 (t)lb% + x9,

iy = as(t)2] + z3 + b1 (t)u,

(5.158)
i3 = az(t)x? + bo(t)u,
Yy = I,
where the time-varying parameters are defined by
bi(t) = 14 0.2sin(5t), bo(t) = 6 + sin(10¢), (5.159)
day (@)3:5
a(t) =[1,-2,-2]T — 10 sgn<zz> 2D 5.160
O =12 0y ) 1@l (5160

with (©)3.5 2 [(@)3, (©)4, (@)5]". Each of these parameters comprises a constant compo-
nent and a time-varying component. For parameter a the time-varying component is also
state-dependent, and it is designed to destabilize the system. It is not difficult to verify

that Assumption 5.3 is satisfied since Z‘;Eg > % > 0, for all t > 0.

Consider now three scenarios similar to the ones in Section 4.4 and Section 5.1.5.
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The “Baseline” scenario is the case in which the system parameters are constant (evaluated
by their constant components in (5.159)) and the controller used is the classical adaptive
backstepping controller. The “Controller 1”7 scenario considers the time-varying system
parameters and uses a modified backstepping controller with projection for 0 (confined in a
ball centred at the origin and with radius 20) and o (confined in a ball centred at the origin
and with radius 6). The “Controller 2” scenario considers the time-varying parameters (the
same as the ones in the “Controller 1”7 scenario) and adopts the proposed controller. To
compare the three scenarios fairly, set the common controller parameters as ¢; = ¢c3 = 1,
'y = I, 7, = 1 and the initial conditions 9(0) = 0,0(0) = 1. Each scenario uses an
identical set of K-filters given by (5.83)—(5.85). The filter gains are obtained by solving
the algebraic Riccati equation (5.104) with @z = 10 and ~z = 100, and the filter states are
initialized to 0. The initial condition for the system state is set to z(0) = [1,0,0]". For
the parameters solely used in the “Controller 27 scenario, set vy =1, €.y = 1,05, =0.2,
€n;0n; = 1 (note that the knowledge of da; is not required as mentioned in Remark 5.11),
with the dynamic damping parameters initialized as g:y(()) =1, ((0) = 1 (non-zero initial
conditions provide additional damping from the beginning to counteract the time-varying

effects).

To keep the comparison fair when using state-dependent parameters (similarly to
Section 4.4 and Section 5.1.5), the scenarios “Controller 17 and “Controller 2”7 are simu-
lated in parallel and simulated twice, generating two sets of simulation data. For the first
set, the state-dependent time-varying parameters of both scenarios are generated by the
“Controller 1”7 scenario; and for the second simulation set the parameters are generated
by the “Controller 2”7 scenario. Also note that the “Baseline” scenario does not contain

state-dependent parameters and is simulated only once.

The responses of the closed-loop signals in each scenario and in each simulation
set are plotted in Fig. 5.8 and Fig. 5.9, respectively, and the parameters used in each
simulation set are shown in Fig. 5.6 and Fig. 5.7, respectively. In Simulation set 1, the
state-dependent parameters are designed to destabilize the closed-loop system of the “Con-
troller 1”7 scenario. One can observe from Fig. 5.6 and Fig. 5.8 that the parameter vari-
ations between 3.5 second and 4 second excite oscillations in the “Controller 1”7 scenario,
even though the output seems to have been “regulated” to 0 before 3.5 second. Whereas

in Simulation set 2, in which the parameters are designed to destabilize the system con-
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trolled by the proposed Controller 2, the proposed controller restores the performance
of the “Baseline”scenario, with no additional oscillation caused by parameter variations
being observed. These results show that the proposed controller (Controller 2) outper-
forms the classical controller (Controller 1) in the presence of time-varying parameters

and effectively prevents the oscillations caused by parameter variations.
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Figure 5.6: Simulation set 1: time-varying parameters generated by the closed-loop
system controlled by Controller 1.
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Figure 5.7: Simulation set 2: time-varying parameters generated by the closed-loop
system controlled by Controller 2.
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driven by different controllers and the parameters shown in Fig. 5.6.
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Chapter 6

Applications

In the preceding chapters the closed-loop performance of the proposed adaptive control
schemes have been tested with numerical examples and have been compared with those
resulting from the use of classical control schemes designed for time-invariant systems. This
chapter aims to shed some light on potential applications of the congelation of variables
method and the notion of active node proposed in the thesis. In the first application,
control problem for an actuator servo is solved by treating state-dependent nonlinearities as
time-varying parameters and by applying the modified I&I scheme. The second application
is concerned with the solution of a disease control problem for interconnected settlements
exploiting the notion of active nodes, which allows introducing quarantine measures to

fewer settlements.

6.1 Series Elastic Actuators

In this section the adaptive 1&I scheme introduced in Section 4.2 is exploited to design
a controller for the so-called series elastic actuators (SEAs) [104]. SEAs are widely used
in robotics: they turn a force control problem into a position control problem using the

elastic characteristic of the link, exploiting the well-known Hooke’s law.

Control problems arise in SEA due to the extra dynamics caused by the elastic
linkage compared to traditional servo problems. A variety of control methods have been
applied to SEAs, including PID control [104], PD control with a disturbance observer [71],

adaptive control [12], and sliding mode control [8]. In most works, the elastic linkage
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is modelled as a linear spring with known stiffness and the force exerted on the load
is determined by the relative position between the load and the actuator. However, in
general, the elastic linkage has nonlinear elastic characteristic. Such nonlinearity is either
designed on purpose [138], [108], or unavoidable due to the properties of elastic material

[107).

A nonlinear spring can be described by the equation
Fs = Kq(d)d, (6.1)

where F is the elastic force of the spring, K is the apparent stiffness function, and d
is the deflection of the spring. In the case of a linear spring, K, is a constant. Since
d(t) is time-varying, the value of K (d(t)) is also time-varying and with a slight abuse of
notation one can also write K(t). This allows viewing K as a time-varying parameter and
applying an adaptive control scheme for time-varying systems to the SEA position/force
control problem, which circumvents the need for incorporating the detailed description of

the nonlinearity of the spring into the control design step.

Frnotor = Kfl
Nonlinear spring /| .. 4
| mi AANANANS
| i load
i DC motor | Fspring = —K;(d)d

viscous = — Ky d ‘T’{

A

Figure 6.1: Schematic of the SEA with a fixed load.

We now consider the SEA connected with a fixed load as shown in Fig. 6.1. This is
the scenario in which the end-effector is in contact with the object to be manipulated and
gradually exerts a force on the object (for instance, the egg-grasping task). The goal of the
control is to let the DC motor drive the moving end of the spring to the desired deflection
d, such that the force exerted on the load is the desired value K(d,). The transient stage

should behave in an over-damped manner so that the force on the end-effector does not
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cause damage. The physical model of the SEA with fixed load driven by a translational
DC motor (a compound of DC motor, gearbox, and linkages that turn the rotary motion

into translational motion) is given by the differential equations

md = — Ky(d)d — K,d + K i,

Li= — Ri— Kyd + Vin, (6.2)

where m is the apparent mass of the moving parts (the total inertia of the rotor of the
motor, the gearbox and other linkages); K, is the viscous friction constant; Ky is the
current-to-force constant; K} is the back-electromotive-force constant; L is the inductance
of the armature; R is the resistance of the armature; ¢ is the current across the armature;
and Vj, is the voltage on the armature. Assume in addition that the constants of the DC

motor are known and the only unknown “parameter” is K (d(t))

50 T T T T T T T

N
(6)]

Stiffness K4(d) (N/m)
~
S

35 Il Il Il Il Il Il Il
-0.04 -0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04

Deflection d (m)

Figure 6.2: Plot of the stiffness function K, of the nonlinear spring.

Consider an asymmetric nonlinear spring’, the stiffness of which (plotted in Fig. 6.2)

is given by

lo1 >
2K51<1— L d>0
2 2
K(d) = Ve i (6.3)
2K (1 - d <0,

V2 +z§>’

'A realization of the nonlinearity by means of linear springs is discussed in [138, Fig. 8 (b)] and a
realization of the asymmetry is presented in [108, Fig. 4].
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where K4 and Ko are the stiffness constants of the linear springs used to realize the
nonlinear spring device, lo1, lg2, l1, 2 are parameters related to geometric configurations
such that lo; <1y, lp2 < lo. The system (6.2) has an equilibrium at d = d,, d=0,i=i,,
with input V;, = Vins. In a regulator problem we want to shift the origin of the state
variables to the desired set point. To this end, define the shifted elastic characteristic
K. (d) such that Kg.(d — di) = Ks(d). This allows writing (6.2) into the 3-dimensional

state space model

jjl = T2,

&y = ¢(x1)0(x1) — aws + w3,

ig = u, (6.4)
where 1 £ d—d., 25 2 d, z3(t) £ BL(i i), u(t) £ BL((Vip — Ri— Kyd) — (Vins — Ri)),
a £ %7 (xl) £ -, and

Oar) 2 ;<Ks*(x1) +

Koo(z1) — Ks*(O)d*) (6.5)

1
Due to boundedness of Ky, (z1) and the Lipschitz continuity of K. (z1) at 1 = 0, 6(z1(t))
can be treated as a bounded time-varying parameter and denoted by 6(t), with a slight

abuse of notation.

Since system (6.4) contains unmatched uncertainty, the controller design requires
the use of the backstepping procedures as follows. Note that in general the over-
parametrized scheme used in Section 4.2.3 is required for lower-triangular systems, be-
cause the construction of the S function (4.41) in Section 4.2.1 does not possess the

lower-triangular dependency. However, for system (6.4), the selection (4.41) is valid since

1
Bz, ) = 19P(2)x =9 [0 —3 0} To | = —YeT122 (6.6)

L3

is brought to the control synthesis stage in the second step of backstepping, indicating
that (6.6) has a lower-triangular dependency (S only depends on variables with a subscript

less or equal to 2). Therefore, overparametrization is not needed for the considered SEA
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system and we can directly use the dynamic scaling estimator discussed in Section 4.2.1.

Proceed now with the backstepping procedure.

Step 1. Define z1 = x1 and 29 = x5 — a1, the first two backstepping error variables,

and let the first virtual control law be
Q] = —01q,
where ¢ is a damping function to be defined. This yields

Z =29+ a1 = —01 + 29.

Step 2. Define z3 = x3 — as and

8041
x2,

g = —0y — 21 — $2(0 + B) + azs + e

with o9 a damping function to be defined. Then the dynamics of zo becomes

Zo =234+ ag = —09 — 21+ 23+ ¢2(7'29 — Ag),

0—Llyg+ 5
—

with zp =

Step 3. Let the actual control law

. aag 8&2 ~
U=—03— 29+ 8331:1:2—1— s ((9—1—6)—@352—1-:1:3)
8042 . 8042 i aOJQ A
+ o 74 % z EY; 0,

with o3 to be defined. This yields the dynamics of the third error variable

Z3 = —03 — 29 + g:qu(rzy — A@)

(6.7)

(6.8)

(6.9)

(6.10)

(6.11)

(6.12)

Proposition 6.1. Consider system (6.4) with the dynamic scaling estimator given by

(4.41), (4.42), (4.43), (4.48), (4.47), and the controller (6.11). Select the damping terms
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as

1
o] = (01 + 23(52AG>zl, (6.13)

o9 = (co + r? + 1)zo, (6.14)

03 = <03 + <g‘;§>2(r2 + 1)) 23, (6.15)

with ¢y > 0. Then, all trajectories of the closed-loop system are bounded and . lim z(t) =

—+o00

0. In particular, d — d, ast — +o0.

Proof. Consider the Lyapunov function candidate V, = %z% + %z% + %zg The time deriva-

tive of V, along the trajectories of the system is such that

V. =—o0121+ 21220 — 0220 — 2122 + 2223 + 2202(rzg — Dg)
80(2
— 0323 — 2223 + 23— 2(1r29 — DNg)
8.7}2

< — 0121 — 0929 — 0323 + zg(r2 +1)

Do\ 1 1
2 2 2 2 2 2
+ z3 <6,%'2> (T‘ + 1) + §(¢229) + §5A9¢2' (616)

Using the damping terms (6.13)-(6.15) yields

. 1
V., < —c123 — coz3 — 322 — 605 + 5((]52,29)2. (6.17)

It can be concluded from Proposition 4.3 that . ligl z(t) = 0 and all trajectories of the
—1+00

closed-loop system are bounded. Using a standard argument for stability in the back-

stepping scheme, tk?oo z(t) = 0 implies tETooxl(t) =0 and tBeroo a1 (t) = 0, which gives

lim x2(t) =0, since lim z3(¢) = 0. In the same way we can prove that lim x3(t) =0
t—+o00 t——+oo t—+oo

and this completes the proof. O

Remark 6.1. In practice it is not necessary to use exactly dn, when designing the con-
troller. It leads to a conservative design that can guarantee boundedness and convergence
properties even in the worst case, however, the resulting controller can have high gains and
large-amplitude control signals, which may cause robustness issues. Typically a discounted

version of the “radius” 04 < 0a, can be implemented to make a “softer” version of the
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proposed controller.

Consider now the SEA with the parameters: Kz = 45 N/m, Kg = 50 N/m,
lot=1lpp=1x103m, l; =lp =5x102m, m=1kg, R=3Q, L =15x10"*H,
Ky =15N/A, K, =2.5 V-s/m, K, = 0.01 N-s/m, and the estimator-controller setting:
Yo =1x103, A=€=5,k=100,¢; =2, c2 =2, c3 =2, 62 =2. Let dy =2 x 1072 m,
and let the initial condition be 2(0) = [~0.04, 0, —0.85]" (the third element enforces zero

initial armature current).

The closed-loop system responses are shown in Fig. 6.4. The closed-loop is tuned
to behave in an “overdamped” manner so that the force is smoothly exerted on the load
and thus prevents damage to the manipulated load. Fig. 6.3 shows the time history of
the state-dependent parameter 6 during the transient stage. Note that 6 is bounded as is

stated in the discussion on (6.5).

The SEA example shows that the congelation of variables method can be exploited
to extend the use of adaptive control, which has mainly been used for coping with constant
parametric uncertainties in the classical scenarios, to deal with state-dependent nonlin-
earities (treated as time-varying parameters). It is therefore natural to apply this idea to

other systems with state-dependent nonlinearities of similar characteristics.

48
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Figure 6.3: Time history of 6.
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Figure 6.4: Time histories of the states of the closed-loop system.
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6.2 Disease Control of Interconnected Settlements

In this section we discuss how to use the notion of active nodes to solve a dis-
ease control problem. In particular, consider the deterministic Susceptible-Infectious-
Quarantined-Susceptible (SIQS) model [35, 46], a modification from the Susceptible-
Infectious-Susceptible (SIS) model (see e.g. [91, Section 10.3]). The isolated version the
SIQS model is described by the equations

. BSI

S= —T‘i"Y(I‘FQ)a

. BSI

I= T—(’Y‘H;)I,

Q= 6T-1Q, (6.18)

where S(t) > 0 is the susceptible population, I(¢) > 0 is the infectious population, 5 > 0
is the infection parameter, v > 0 is the recovery parameter, and § > 0 is the quarantine

parameter. Since S + I + @Q = 0, the total population N remains constant, that is,
S(t)+I(t) =N, (6.19)

for all t > 0. This model describes infectious diseases that are in general non-lethal and for
which immunity is not acquired after recovery, like influenza. Therefore the infectious and
quarantined population returns to the susceptible population once recovered, instead of
being removed. It is possible to extend this model to a scenario in which n interconnected
settlements and the population migrating among them are considered. For simplification,

in this example we assume that (6.19) holds for every settlement, that is,

Si(t) + Li(t) + Qi(t) = N, (6.20)

for ¢ = 1...n, as the population that the facilities of each settlement can support is
approximately constant in the considered time period. Consider now the interconnected

version of the infectious population dynamics

. BiSi; i Hij
fi= 25 - %H"JFZE I,~+Zﬁjlj, (6.21)
JES; JEP;
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where p;; > 0 denotes the rate of migration from settlement j to settlement i. Clearly,

equation (6.20) holds if and only if

Z Wi = Z Wij (6.22)
JES; JEP;
which indicates the balance of migration. Substituting (6.20) into (6.21) yields

. 1 Hij
h= (b= pr g S )i ¥R R (6.23)
JES; JEP;

where P, £ %(IE + Q;1;). It is not difficult to verify that R4 is forward invariant for S;,
I;, Q; and therefore P;(t) > 0 for all ¢ > 0. Thus one can select V;(I;) = I; as the storage

function for each node and the associated dissipation inequality is

Vi< —ali+ ) bl (6.24)
JEP:

A pij

where a; £ v; + 0; — i + N% Zje s, Miis bij N Note that so far we have not specified
whether the parameters +;, 3;, pi; are constant or time-varying. In the classical SIQS
model these parameters are assumed to be constant. It turns out that if these parame-
ters are time-varying, a; and b;; are also time-varying scalar parameters, which requires

rewriting (6.24) into the dissipation inequality

Vi< —lo i+ Y 0,15, (6.25)
JEP:
with constant parameters £,, = inf;>q a;(t) and Cy,; £ supy>q bi;(t). This, however, does

not alter the structure of the underlying directed graph.

It can be observed that in the case in which neither migration nor quarantine is

considered (that is, all pu-terms and d-terms are zero), the infectious population of each

settlement converges to zero if the basic reproduction number denoted by Rg; = % <1, or

equivalently, 5; > ;. If quarantine measures are adopted, there exists a §; > 0 such that

d; > P —vi, which guarantees that the local infectious population asymptotically converges

to zero. For convenience of the subsequent discussion, we assume that the quarantine force
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b

at each settlement is at least locally “sufficient” in the sense that the condition

1
0; > Bi —vi — N, Z i (6.26)
JES;
holds, for ¢ = 1,...,n. The counterpart of this condition in the interconnected case is,

however, more complicated due to the non-zero b;;-terms. The infection in the network
system can be amplified through the interconnections even if the damping effect at each
node is sufficient for the isolated scenario. This is part of the reasons why cutting off
transport is considered as a public health control measure. In what follows we show, using
the notion of active nodes, that it is possible to bring the infectious population to zero at
each settlement without the need for cutting off inter-settlement transport, provided the

quarantine forces at the settlements that serve as the “transport hubs” are adjustable.

Figure 6.5: The directed graph describing the migration among the six settlements.

Consider now the six interconnected settlements described by the graph in Fig. 6.5,

with each settlement containing population of N = [Ny, ..., Ng]" = [12,50, 30, 70, 24, 18] "

L

(unit: thousand people) migration parameters defined by pu;; = (M);;, where M(2)
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Mconst + MTV (t)>

06 0 0 0 0
6 09 7 0 0
L |07 0 13 0 0
Meonst = ) (627)
09 11 0 12 8
00 0 12 0 0
00 0 8 0 0
and
[0 sin 254 0 0 0 0 |
Sinz%t 0 —1.4sin277rt 0.8(:05277% 0 0
N 0  —1l4sin?t 0 —1.8cos 2t 0 0
MTV(t): ;
0 0.800827”15 —1.800827”15 0 28111277% 1.1C08277Tt
0 0 0 2 sin 27t 0 0
|0 0 0 1.1 cos 2t 0 0 |
(6.28)

with unit: thousand people/day. The sinusoidal signals in Mpy (¢) is included to model
the weekly fluctuations of migration rates. One can verify that the given M(¢) matrix
satisfies conditions (6.22) for ¢ = 1,...,6 and for all ¢ > 0. Only one infectious disease
prevailing among the settlements is considered. The associated infection and recovery
parameters are 3; = 2.0 and v; = 1.4 (unit: day~!), for i = 1,...,6, respectively?. The
initial conditions are I(0) = [0.03, 0.045, 0.015, 0.012, 0.015, 0.022]" and Q(0) = 0.

In this example the quarantine forces d; is the control variable to be designed.
Consider now two quarantine policies. In Scenario 1, a regional quarantine policy is applied
to all six settlements, with identical quarantine force at each settlement, that is, §; = 0.5,
fori =1,...,6. This verifies the conditions (6.26). This, however, does not guarantee that
the infectious population converges to zero, as shown in Fig. 6.6. The infectious population
and quarantine population reach a nonzero equilibrium in the 3-month period considered,

which is also called the endemic steady state, a common phenomenon of SIS or SIQS

2The values of 8 and 7 are adopted from the simulation model of seasonal influenza considered in [99)].
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models. Note that the node dissipation inequalities (6.24) are in a similar form as (3.2).
Furthermore, conditions (6.26) guarantee that a; > 0, for n = 1,...,6. Therefore, instead
of strengthening the quarantine measures in the whole region, we can exploit the notion of
active nodes and the adaptive technique discussed in Section 3.4.3. This case, denoted by
Scenario 2, only requires applying more strict quarantine measures at settlements 2 and
4 (denoted by green solid circles in Fig. 6.5). More specifically, we replace the constant

quarantine forces do and §4 with adaptive estimates b9 and 34, updated by the equations

A

by = 1.2I5,  55(0) = 0.5, (6.29)

5, = 31, 54(0) = 0.5. (6.30)

Note that due to the monotonicity and the given initial conditions of b5 and 54, the
projection operation is not needed in this scenario. Invoking Proposition 3.3, we conclude
that the supply rate in the network dissipation inequality is negative definite in I and
applying standard invariance analysis yields convergence of I to zero, which is confirmed

by the simulation results shown in Figs. 6.7 and 6.8.

The example discussed is simple but reveals that it is possible to exploit the notion
of active nodes and the transport topology for a more efficient public health policy, which
does not require an overall strict quarantine or transport lockdown over all nodes and may
improve the trade-off between safety and disruption of normal life. It should, however, be
emphasized that the SIQS model considered is only an elementary epidemiological model
and does not consider the side effects brought by excessive enforcement of quarantine.
A settlement that serves as a “transport hub” typically also provides essential services
to the neighbouring settlements. An excessively strengthened quarantine policy at the
“transport hubs” can effectively prevent the spread of diseases, whereas at the same time
hinder the delivery of necessary services and supplies to the whole region. In the light of
this, public health policy-making requires comprehensive consideration of all aspects of

the society to achieve comprehensive and sustainable welfare.
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Chapter 7

Conclusion

7.1 Summary of the Results

The thesis has proposed and discussed adaptive control schemes for time-varying systems,

along with the two key theoretical tools:

e the congelation of variables method for re-formulating the original problem; and

e the notion of active nodes for dominance design over cyclic interconnection.

The thesis has reviewed the challenges brought by parameter variations in the classical
control, that is, the “corruption” of passivity or Ls-stability due to parameter variations
and has introduced the idea of the congelation of variables. Using such a method, the
time-varying parameters can be divided into a constant unknown component and a time-
varying perturbation. The constant component yields an underlying adaptive control
problem that can be solved by classical parameter update schemes, and the time-varying
perturbation creates cyclic interconnections among the subsystems to be dominated via a

small-gain-like framework.

To conduct a dominance design over the network of subsystems with cyclic struc-
ture, the notion of active nodes has been introduced, which suggests that as long as the
node systems the damping coefficients of which are adjustable, i.e. the active nodes, form
an FVS of the underlying graph of the network system, the overall dissipation inequal-

ity can be made negative by means of linear or nonlinear scaling of the node dissipation
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inequalities. Within this framework analysis and control synthesis conditions have been
proposed for systems with quadratic supply rates, sum-type nonlinear supply rates, and
linearly parametrized nonlinear supply rates. The methods for effectively placing the ac-
tive nodes, and the schemes for obtaining damping coefficients with and without explicit

computation, respectively, have been provided.

Using the two tools proposed, the thesis has then investigated the state-feedback
adaptive control problem for a class of nonlinear systems with lower-triangular structure.
The combination of the congelation of variables method with the passivity-based scheme,
the I&I scheme, and the identification-based scheme has been elaborated. Simulation
results show that the proposed scheme has superior performance in the presence of time-

varying parameters, compared to classical schemes.

The thesis has also studied the output-feedback adaptive control problems. The I&1
scheme for SISO linear time-varying systems, and the passivity-based scheme for a class of
SISO nonlinear systems have been proposed. The control synthesis and stability analysis
have been proven both using the constructive method and the small-gain-like framework
based on active nodes. The notion of active nodes significantly reduces the complexity of
the analysis and increases the flexibility of the results. The simulation results show that
the performance of the proposed output-feedback schemes is also superior to that of their

classical counterparts.

Potential applications, including the servo control problem of SEA, in which the
nonlinearity are viewed as a time-varying parameter to simplify the design, and a disease
control problem among interconnected settlements, in which the settlements serving as
“traffic hubs” are set as active nodes, have been discussed. These provide some examples

on how the proposed theoretical results can be exploited in practice.

7.2 Future Research Directions

Though the thesis has provided tools and a framework to systematically solve the adaptive
control problem for a certain class of systems, the current results are far from comprehen-

sive. This leaves some interesting directions for future study, listed in what follows.

e The current results rely on the condition that the effects of time-varying parameters
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vanish at the reference set-point or trajectory (in the thesis such a condition is
enforced by Assumption 1.4). The relaxation of such a condition yields a disturbance
rejection problem. This requires either the knowledge of the exosystem that generates
the time-varying parameters, or a non-smooth control law that resembles (higher-
order) sliding-mode control. It is interesting to see if the same result can be achieved

without using the knowledge of parameters model or non-smooth control laws.

e The dynamic nonlinear damping terms for dominance design, in the current re-
sults, can only be updated by passivity-based schemes, whereas in the 1&I and
identification-based schemes, one has to use static nonlinear damping terms. This is
due to the fact that these damping terms are introduced by the designer, not come
inherently from the system. Thus, while these terms can be “compensated”, they
cannot be “identified” or “observed”. It would be interesting to see if one can use

I&T or identification-based to achieve such dynamic dominance design.

e The active nodes defined in the thesis possess damping coefficients that can be ad-
justed up to +o0o, that is, the damping coefficients, viewed as a whole, have a conic
admissible region. It is interesting to see how the results based on FVS may change if
one considers a polyhedral admissible region for the damping coefficients, resulting,

for example, in putting upper limits for these coefficients.

e The analysis for the output-feedback schemes explicitly considers the inverse dy-
namics of the system. Though the systems are assumed to be minimum-phase, the
spirit of the analysis may provide a better framework to investigate adaptive control

problem for nonminimum-phase systems, which remains an open topic.

e The thesis focuses on output-feedback problems for SISO systems. It would be
interesting to understand what modifications are needed to extend the current results

to the multiple-input multiple-output case.
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Appendix A

Useful Lemmas

Lemma A.1 (Young’s inequality). Let a € R™, b € R", and € > 0. The inequality
1 1
T 2 2
b < —elb Al
aTh < lof? + el (A1)

holds.

Lemma A.2 (Young’s inequality for functions [139]). Consider a continuous strictly in-
creasing function f and positive real numbers, a € [0,¢|, b € [0, f(c)], ¢ > 0, Then the

inequality

a b
~1
ab§/0 f(s)ds+/0f (s)ds (A.2)

holds, and in particular, the equality holds if and only if b = f(a).

Lemma A.3 (Hadamard’s lemma). ([45], see also, e.g., [95, Lemma 2.8] for modern

interpretations) A smooth mapping ¢ : R™ — R? can be written as
¢(x) = ¢(T) + (2)(x — I), (A.3)
where T € R™ and ® : R™ — RI*"™ is a smooth mapping. A possible selection of ® is
~ 1
O(x) = / VTQZ)(i + s(z — z))ds, (A4)
0

where V¢ denotes the Jacobian of ¢.
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The following two lemmas are useful to establish convergence.

Lemma A.4 (Barbalat’s lemma [9]). Let ¢ : R>0 — R be a uniformly continuous function.

“+o0o
If | lim (s)ds

t—+o0 0

=M < 400, then

lim ¢(t) = 0. (A.5)

t—4o0

Lemma A.5. Consider a storage function V' > 0 and the associated dissipation inequality
V < —W(y), where W(-) is a differentiable positive definite function and y : R — R™ is

differentiable. If %—V; and y are bounded, then

lim y(t) =0. (A.6)

t——+o00

Proof. Since W is positive definite and V' < —W (y), one has

400
0< /0 W (y(®)dt < (V(y(0) = V (y(+0)) ) <V ((0)). (A7)

Note that W = %—V;y is bounded due to boundedness of %—VZ and ¢, and W oy is uniformly

continuous in ¢. Invoking Barbalat’s lemma yields

Jim W (y()) = 0. (A.8)
Hence lim y(t) =0 due to the positive definiteness of W. O

t——+o0

It should be noted that Lemma A.5 is a commonly used argument in the proofs for
adaptive control systems (see, e.g., [125]) and it is formulated in this form for the conve-
nience of the expressions in this thesis. Boundedness analysis and convergence analysis
for adaptive control systems, especially for those using auxiliary filters, are typically done
separately. For this reason, Lemma A.5 and its counterparts commonly found in the liter-
ature, are more popular than LaSalle-Yoshizawa Theorem (see, e.g., [75, Theorem A.8)),
which proves boundedness and convergence together, but requires incorporating all state
variables into the proof at once. Nevertheless, both the spirits and the proofs of these

results are essentially similar as they are all based on Barbalat’s lemma.

The next lemma provides a useful property of adjustable class-K, functions.
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Lemma A.6. Consider class-Koo functions o, 8. There exists v € Koo such that for all
class-Keo function v > v, there exists a class-Ko function a > a, depending on vy, which

satisfies

a—p32>n. (A.9)

Proof. Letting v = a and a = § + v+, with § € K. Since 3, v,and § are class-K

functions, « is also a class-K function. In addition,

a>y+pB>a+p2a, (A.10)

which satisfies (A.9). The proof is now complete. O

In short, Lemma A.6 reveals that an adjustable o € Ko, lower-bounded by « €
K, guarantees the existence of an adjustable v € Ky, lower-bounded by v € K and
satisfying (A.9).
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