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Abstract

Three problems that are linked by way of motivation are addressed in this work.

In the first part of the thesis, we study the generalised Langevin equation for simulated
annealing with the underlying goal of improving continuous-time dynamics for the prob-
lem of global optimisation of nonconvex functions. The main result in this part is on
the convergence to the global optimum, which is shown using techniques from hypocoer-
civity given suitable assumptions on the nonconvex function. Alongside, we investigate
numerically the problem of parameter tuning in the continuous-time equation.

In the second part of the thesis, this last problem is addressed rigorously for the under-
damped Langevin dynamics. In particular, a systematic procedure for finding the optimal
friction matrix in the sampling problem is presented. We give an expression for the gra-
dient of the asymptotic variance in terms of solutions to Poisson equations and present a
working algorithm for approximating its value.

Lastly, regularity of an associated semigroup, twice differentiable-in-space solutions to
the Kolmogorov equation and weak numerical convergence rates of order one are shown
for a class of stochastic differential equations with superlinearly growing, non-globally
monotone coefficients. In the relation to the previous part, the results allow the use of

Poisson equations for variations of Langevin dynamics not permissible before.
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Introduction

The purpose of this section is to present the synopsis of the thesis, to explain the connec-
tion between the problems in each of the chapters and to mention briefly the methodologies
involved. Since the chapters contribute to sufficiently disjoint parts of the literature, the

review of such is left to each chapter.

1.0.1 Generalised Langevin equation

The paradigmatic continuous time dynamics that is at the base of our investigations is
the following. For a positive function U € C'(R"), constant T' > 0 and a standard Wiener
process on R™, consider an R™-valued solution X; to the stochastic differential equation
(SDE)

dX, = —VU(X,)dt + V2TdW,,

that is called Langevin, Brownian or overdamped Langevin dynamics
For our purposes in sampling and optimisation problems, the interest in this model is that
under suitable assumptions on U, the distribution of X; is proportional to exp(—%)dm

if the same holds for Xy, that is, exp(— U(Tw) )dx is invariant. In the case of the sampling,

we consider the problem itself to be drawing samples from a distribution exp(f%)d:r for
use in estimating values depending on such and in the case of optimisation, to be finding
the minimum of a function U. The invariance of exp(—%)dm can be seen intuitively by

an application of It6’s rule: for compactly supported f € C?(R"), it holds that

F(X0) = F(Xo) + /O (“VU(X.) - VF(X.) + AF(X,))ds + /O VATV f(X,)dW.,

so that taking expectations gives

Ef(X,) — Ef(Xo) = /0 E(-VU(X,)- V(X.) + Af(X.))ds



U(Tm))dx for all s € [0,¢], since in that case we

and the equation is solved by X ~ exp(—

have

/tE(—VU(XS) V(X)) + Af(X,))ds Vi(z)+ Af(z)e V@ dzds
0

e
/ (VU (z) + V)e V@) dads

Il
S S~

One may include a momentum variable in the dynamics above in order to improve the

exploration of X; over R™. For a constant v > 0, the same calculation as above for

dX; =Ydt, (1.0.1)
dY, = —VU(X;)dt — vYdt + \/2yTdW;, (1.0.2)

that is the (underdamped) Langevin equation, also holds but with the invariant distribu-
2
tion e’%(U("’”H%), whose marginal distribution in x is the same as before and the same

still for the generalised Langevin equation

dX, = Ydt,
dY, = —VU(X,)dt + AZdt,
dZy = —\Yidt — N Zydt + V2N TdW,

for constants A € R, \’ > 0 with invariant distribution e~ T U@++155)
Specifically for the problem of optimisation, one may make use of the forms of these
distributions by taking T — 0 as t — oo, so that the marginal distribution of X is
concentrated around the minimum of U for large ¢ if the distribution of X; is indeed
close to the invariant distribution. This is in the spirit of simulated annealing, which
refers to the particular feature of gradual changes of a temperature parameter, which is T’
in our cases above, to a limit in order to find the global minimum value of a function.
It is an open problem for general systems to show that such applications of simulated
annealing indeed yield convergence to the global optimum and the rate of change in T-
like parameters in the large time must typically be slow enough for the system to explore
the space sufficiently. For the overdamped Langevin dynamics, convergence was shown
in [42]. For the underdamped Langevin equation, an approach for this convergence was
shown for the first time in [139]. The main goal in Chapter 2 is to prove that the same
holds for the generalised Langevin equation. Alongside, numerical examples are given for

cases of improved performance over the underdamped dynamics.
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The technical core of Chapter 2 is to prove, for T = T; varying in time, m; the density
-1 wl® | 1217

of X, pe(z,y,2) = e U@+5%+% ))7 Z = [gn pe(x,y, 2)dzdydz, hy = Zfilfm and

some constants C' > 0, 0 < v < 1, that an inequality of the form

v

holds for all ¢ > 0. In order to prove such an inequality, the quantity

J (BT s ) 2 e
i

for some well chosen matrix S and polynomial 3(-) will be considered. This construction
of H over the left-hand side of (1.0.3) is the strategy of [190] and, as is well-known,

compensates for the fact that the diffusion is degenerate.

1.0.2 Formula for improving a certain parameter

The analysis described above turns out not to guide the choice of parameter in the gen-
eralised Langevin equation. We are motivated then in the next part of the thesis to
find a methodology for choosing parameters in the dynamics. In this direction, focus is
placed on the somewhat simpler underdamped Langevin dynamics (1.0.1) and the friction
parameter 7y for the sampling problem. It is worth highlighting that for this problem,
although the goal is to find optimal parameters for the dynamics, the sense of optimality
is not a speed of convergence to a global optimum of U, but to be decided out of a num-
ber of options relevant for the sampling problem. In particular, our analysis is aimed at
reducing the value of the asymptotic variance for a function f : R?® — R™ given by the

expression
o= 2/q§(f— /fdﬁ)dﬂ, (1.0.4)

where ¢ is the solution to

Lé(x,y) = f(z,y) - / fr, (1.0.5)

the operator L is the infinitesimal generator of the underdamped Langevin dynamics
given by
L=—y -V, +VU(x) - Vy+vy-Vy =7V, -V, (1.0.6)

when acting on smooth functions and 7 is the invariant measure with density proportional
2
to e~U@ ="~ The use of (1.0.4) and (1.0.5) are justified as follows. For solutions (X, %)

13



to the underdamped Langevin equation, the random variable

\}%/Ot (f(XS,YS)/fdw)ds, (1.0.7)

converges in distribution to N'(0,?) under suitable assumptions on U and f, so that o
determines an asymptotic speed for the convergence of the time average ¥ fo (Xs,Y5)ds
to a quantity of interest [ fdr, the approximation of which we assume to be the sampling
problem. The next paragraph is devoted to a formal justification for this convergence,
see the functional central limit theorem approach in [15] and also [113]. Supposing a

solution ¢ to (1.0.5) indeed exists and that it is smooth, by Itd’s rule we have

6(X1, V) = 6(Xo, Yo) — /O (F(X0,Y) — / fdm)ds + /2y /0 U, 6(Xo, V) - dW,, (1.0.8)

so that assuming initial stationarity (Xo,Yp) ~ 7 and taking expectation gives

E[\}i /Ot(f(Xs,Ys)—/fdw)ds] 0.

Moreover, using (1.0.8), the variance of (1.0.7) can be calculated as

1E{(¢(Xt7y;)—¢(xo,y0 2 2/29(0( Xy, Yy) — QS(XO,%))(/Otvy¢(X57YS)'dWS>

+ 27(/; V,6(X,,Y2) -dWS)Q ]

< 28| (60X ¥0) - 6(X0, 1) + 21 [ sty dWSﬂ

Given that t’%qS(Xt, Y;) converges to zero in square mean as t — oo (it will be shown
that in fact equation (1.0.10) holds), the only nonzero term as t — oo is the last term,

for which formally we have

1 t 2 9 t
m[(t / Vy¢<Xs,Ys>-dWs) ] =2 [ w0, ¥ DX Vs
%2’y/Vy¢~Vy¢d7r
— -2y [ 6(%, ¥, ~y- V,)¢)dr

sl )

14



as t — oo, where It0’s isometry, (assumed) ergodicity, (1.0.5), (1.0.6) and integration by
parts have been used.

Having justified the validity of the criterion of asymptotic variance and returning to its
representation (1.0.4), the main result of Chapter 3 is a formula for the derivative of the

asymptotic variance with respect to . In particular, it is shown that

o ~

6702 = —2/Vy¢~Vy¢d7r, (1.0.9)
where gi;(:z:,y) = ¢(x, —y). Therefore given approximations of V¢, equation (1.0.9) nat-
urally yields a gradient descent procedure on o2 with respect to v. We may indeed

approximate V,¢ by using the known formula

oe,y) = / T (EBFXL Y- [ rama (1.0.10)

where (X;,Y;) is a solution to the underdamped Langevin equation with initial condi-
tion (z,y). In particular, one has a systematic procedure for improving the value of + for
the goal of approximating [ fdr using fg f(Xs,Ys)ds. It is shown in Chapter 3 that this

provides a functioning gradient procedure for estimating improved values of ~.

1.0.3 Kolmogorov equations

In order to derive (1.0.9), we make use of the fact that the differential operator (1.0.6)
has a maximally accretive closure in L?(), see Section 5.2 in [91] for a definition and
discussion. Existing results about the maximal accretivity of the closure of analogous
operators to the above are far from general when noise does not appear in all of the
component dynamics of the SDE. An alternative, more involved method for proving the
main formula (1.0.9) of Chapter 3 (not explicitly given here, but see [36]) is to use that
an associated semigroup is the solution to a Kolmogorov equation.

In Chapter 4, we consider general SDEs driven by Wiener processes. Our underlying result
is to show, by combining techniques of [44] with those in [114], some moment estimates
on derivative (with respect to initial condition) processes for SDEs with nonglobally

monotone coefficients. These estimates are bedrock to three results that give

e differentiability-in-z of the semigroup Pig(z) := Eg(X:) for g regular enough,

where X; solves the SDE with initial condition z,

e that the semigroup solves the Kolmogorov equation (9; + £)P,g = 0, where L is the

generator of the SDE acting on twice differentiable functions and

15



e weak numerical convergence rates of order one for a stopped increment-tamed Euler-

Maruyama scheme.

In the case where the coefficients of the SDE are globally Lipschitz or at least globally
monotone, such results are known and in fact numerous related works are available on
numerical convergence rates. However, Hairer et al. [85] showed that there exist counterex-
amples to the aforementioned differentiability and weak polynomial convergence rates for
the Euler-Maruyama scheme outside this regime even in the case where the coefficients
are smooth and globally bounded. For example, from Theorem 3.1 in [85], solutions up
to time 7" > 0 to the SDE

dX; = cos(Z; - exp(Y?))dt
dY; = V2dW,
dZ, = 0dt

are such that there exist ¢ € C2° where E[p(X¢,Y;, Z;)] is not locally Holder continuous in
initial condition for any ¢ € (0,7]. Our main assumption here is loosely that the Lipschitz
constant of our drift and diffusions coefficients are o(log V') and o(y/log V') respectively
for a Lyapunov function V satisfying LV < CV/, for some constant C' and the associated
differential operator L (for example given by (1.0.6) for the SDE (1.0.1)-(1.0.2)). Our
conditions are satisfied by a class of SDEs similar to [44, 105] and show for the first time
all of the above under these conditions.

In particular, these results allow one to show that the semigroup associated to the un-
derdamped Langevin equation with variable friction v = v(x,y), which has non-globally
Lipschitz coefficients by definition, solves the Kolmogorov equation and as a consequence
forms a distributional solution to the equation (1.0.5), thus forming a first step for proving

formulae such as (1.0.9).
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Generalised Langevin equation for simulated

annealing

The contents of this chapter are from the paper [37] written in collarboration with G.
Pavliotis and N. Kantas.

2.1 Introduction

Optimisation algorithms have received significant interest in recent years due to appli-
cations in machine learning, data science and molecular dynamics. Many models in
machine learning result in a formulation whereby some loss function and its parameters
are to be minimised, in which use of optimisation techniques is heavily relied upon. We
refer to [22, 179] for related discussions. Many models, for instance neural networks, use
parameters that vary over a continuous space, where gradient-based optimisation meth-
ods can be used to find good parameters that generate effective predictive ability which
fulfill the purpose of the model. As such, the design and analysis of such algorithms
for global optimisation has been the subject of considerable research [170] and it has
proved useful to study algorithms for global optimisation using tools from the theory of
stochastic processes and dynamical systems. A paradigm of the use of stochastic dy-
namics for the design of algorithms for global optimisation is one of simulated annealing,
where overdamped Langevin dynamics with a time dependent temperature (2.1.1) that
decreases with an appropriate cooling schedule is used to guarantee the global minimum

of a nonconvex loss function U : R™ — R:

Here W; is a standard n-dimensional Wiener process and 7. : (0,00) — (0, 00) is an appro-

priate determinstic function of time often referred to as the annealing or cooling schedule.



For fixed Ty = T > 0, this is the dynamics used for the related problem of sampling from
a possibly high dimensional probability measure, for example in the unadjusted Langevin
algorithm [59]. Gradually decreasing T} to zero balances the exploration-exploitation
trade-off by allowing at early times larger noise to drive X; and hence sufficient mixing
to escape local minima. Designing an appropriate annealing schedule is well-understood.
We briefly mention classical references [42, 73, 74, 77, 78, 92, 93, 115], as well as the more
recent [107, 131, 160], where one can find details and convergence results. In this chapter
we aim to consider generalised versions of (2.1.1) for the same purpose.

Using dynamics such as (2.1.1) has clear connections with sampling, as stated in the in-
troduction of the thesis. When T} = T is a constant function, the invariant distribution of

X is proportional to eXp(—M)dm. In addition, when T; decreases with time, the prob-

T

ability measure given by v;(dz) exp(—%f))dm converges weakly to the set of global
minima based on the Laplace principle [106]. One can expect that if one replaces (2.1.1)
with a stochastic process that mixes faster and maintains the same invariant distribution
for constant temperatures, then the superior speed of convergence should improve per-
formance in optimisation due to the increased exploration of the state space. Indeed, it
is well known that many different dynamics can be used in order to sample from a given
probability distribution, or for finding the minima of a function when the dynamics is
combined with an appropriate cooling schedule for the temperature. Different kinds of
dynamics have already been considered for sampling, e.g. nonreversible dynamics, pre-
conditioned unadjusted Langevin dynamics [3, 10, 125, 156], as well as for optimisation,
e.g. interacting Langevin dynamics [184], consensus based optimisation [27, 28, 161], to
name a few.

A natural candidate in this direction is to use the underdamped Langevin dynamics:

dX; =Y dt (2.1.2a)
dY; = —VU(X;) dt — T, uYs dt + \/2u dW;. (2.1.2b)

Here the reversibility property of (2.1.1) has been lost; the improvement from breaking
reversibility in both the context of sampling and that of optimisation is investigated
in [55, 122] and [70] respectively. When T, = T, (2.1.2) can converge faster than (2.1.1)

to its invariant distribution

p(dz, dy) o exp ( _ % (U(m) + 'yf) ) dz dy,

see [61] or Section 6.3 of [158] for particular (theoretical) comparisons and also [18, 19]
for more applications using variants of (2.1.2). In the context of simulated annealing,

using this set of dynamics has recently been studied rigorously in [139], where the author
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established convergence to global minima using the generalised T'-calculus [140] framework
that generalises Bakry-Emery theory to degenerate systems. Note that (2.1.2b) uses the
temperature in the drift rather than the diffusion constant in the noise as in (2.1.1). Both
formulations admit the same invariant measure when 7; = T. In the remainder of the
chapter, we adopt this formulation to be closer to [139].

In this chapter we will consider an extension of the kinetic Langevin equation by adding
an additional auxiliary variable that accounts for the memory in the system. To the
best of the authors’ knowledge, this has not been attempted before in the context of
simulated annealing and global optimisation. In particular we consider the Markovian

approximation [158, Section 8.2] to the generalised Langevin equation:

dY, = =VU(X,)dt + \" Z, dt (2.1.3b)
dZ, = —\Y;dt — T Y AZ, dt + X dW, (2.1.3¢c)

where A € R™*™ is symmetric positive definite matrix, meaning that there exists a
constant A. > 0 such that 2" Az > A.|z|? for all z € R™, X € R™X™ satisfies 21X = 24
(that is, the fluctuation-dissipation theorem [158, Section 6.1] holds) and W; is now m-
dimensional. Here X;,Y; € R"™ and Z; € R™ (with m > n), M denotes the transpose of
a matrix M, A € R™*" is a rank n matrix with a left inverse A=! € R"*™,

Our aim is to establish convergence using similar techniques as [139] and investigate the
improvements in performance. Equation (2.1.3) is related to the generalised Langevin
equation, where memory is added to (2.1.2) by integrating over past velocities with a
kernel T": (0, 00) — R™*"™:

¥=-VU(x)— /Ot T(t — s)i(s)ds + F} (2.1.4)

with F} being a zero mean stationary Gaussian process with an autocorrelation matrix
given by the fluctuation-dissipation theorem E(F,F, ) = T;I'(t — 5). When! T, = T,
(2.1.4) is equivalent to (2.1.3) with Zy, ~ N(0,TI) for identity matrix I when setting
['(t) = ATe ™\, see Proposition 8.1 in [158]. In this case, the invariant distribution
becomes ‘2

1 2
p(dx,dy,dz) < exp < -7 <U(x) + % + |Z2>>dx dy dz.

In the spirit of adding a momentum variable in (2.1.1) to get (2.1.2), (2.1.3) adds an
additional auxiliary variable to the Langevin system whilst preserving the invariant dis-

I To our knowledge, there is no known direct translation between (2.1.4) and (2.1.3) for a non-constant
Ti; at the very least the intuition here is useful.
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tribution in the x marginal. In the constant temperature context, (2.1.4) is natural from
the point of view of statistical mechanics and has already been considered as a sampling
tool in [31, 32, 33, 145] with considerable success. We will demonstrate numerically that
the additional tuning parameters can improve performance; see also [143] for recent work
demonstrating advantages of using (2.1.4) compared to using (2.1.2) when sampling from
a log concave density. A detailed study of the Markovian approximation (2.1.3) of the
generalised Langevin dynamics in (2.1.4) can be found in [151].

To motivate the use of (2.1.3), consider the quadratic case where U = az? and 0 <
a < 1. This case allows for explicit or numerical calculation of the spectral gaps of the
generators in (2.1.1)-(2.1.3) in order to compare the rate of convergence to equilibrium;
see [135, 152] for details. Preliminary work not explicitly presented here show that for the
aforementioned cases, best choices of A\, A yield an improvement in terms of the spectral
gap compared to (2.1.2) with the best choice of .

Use of (2.1.4) is also motivated by parallels with accelerated gradient descent algorithms.
When the noise is removed from (2.1.2), the second order differential equation can be
loosely considered as a continuous time version of Nesterov’s algorithm [183]. The latter
is commonly preferred to discretising the first order differential equation given by the
noiseless version of (2.1.1), because in the high dimensional and low iterations setting it
achieves the optimal rate of convergence for convex optimisation; see Chapter 2 in [150]
and also [76] for a nonconvex setting. Here we would like to investigate the effect of adding
another auxiliary variable, which would correspond to a third order differential equation
when noise is removed. When noise is added for the fixed temperature case, [69] has
studied the long time behaviour and stability for different choices of a memory kernel as
in (2.1.4). Finally, we note that generalised Langevin dynamics in (2.1.4) have additionally
been studied in related areas such as sampling problems in molecular dynamics from
chemical modelling [1, 31, 32, 33, 145, 195], see also [116] for work determining the kernel
T in the generalised system (2.1.4) from data.

Our theoretical results will focus only on the continuous time dynamics and follow the
approach in [139]. The main requirement in terms of assumptions are quadratic upper
and lower bounds on U and bounded second derivatives. This is different to classical
references such as [74], [77] or [93]. These works also rely on the Poincaré inequality, an
approach which will be mirrored here (and in [139] for the underdamped case) using a log-
Sobolev inequality; see also [92] for the relationship between such functional inequalities
and the annealing schedule in the finite state space case. We will also present detailed
numerical results for different choices of U. There are many possibilities for the method
of discretisation of (2.1.3), we will use a time discretisation scheme that appeared in [6],
but will not present theoretical results on the time discretised dynamics; this is beyond

the scope of this thesis. We refer instead the interested reader to [171] for a study on
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discretisation schemes for the system (2.1.3), [41] for a recent consideration on (2.1.2)
and its time-discretisation and [71, 72] for linking discrete time Markov chains with the

overdamped Langevin system in (2.1.1).

2.1.1 Contributions and organisation of the chapter

Here we summarise the main contributions of the chapter.

e We provide a complete theoretical analysis of the simulated annealing algorithm
for the generalised Langevin equation (2.1.3). The main theoretical contribution
consists of Theorem 2.2.5 that establishes convergence in probability of X; in the
higher order Markovian dynamics (2.1.3) to a global minimiser of U. For the optimal
cooling schedule T} out of those that are proved here to give a convergent process, the
rate of convergence is as the known rate for the Langevin system (2.1.2) presented
in [139)].

e The initially non-Markovian property and pronounced degeneracy in the sense of
requiring a second commutator bracket for hypoellipticity by way of Hérmander
introduces additional difficulties that are overcome using techniques from [139]. As
such, we use a different form of the distorted entropy, stated formally in (2.4.36).
Additional technical improvements include a different truncation argument and a
limiting sequence of nondegenerate SDEs for establishing dissipation of this dis-
torted entropy. These extensions also address certain technical issues in [139]; see
Remarks 2.2.1, 2.4.1 and 2.4.4 for more details. Also we make an effort to emphasise
the role of the critical factor of the cooling schedule in the rate of convergence in

Theorem 2.2.5. This can be seen in our assumptions for 7; and U below.

e Numerical experiments are provided to illustrate the performance of our approach.
We also discuss tuning issues. In particular, we investigate numerically the role of
matrix A and how it can be chosen to increase exploration of the state space. As
regards to time discretisation of (2.1.3) we use the leapfrog scheme of [6]. We com-
pare this with a similar time discretisation of (2.1.2) and observe that exploration

of the state space is increased considerably.

The rest of the chapter is organised as follows. Section 2.2 will present the assumptions
and main theoretical results. Proofs can be found in Section 3.6. Section 2.3 presents
numerical results demonstrating the effectiveness of our approach in terms of reaching

the global minimum. In Section 2.6, we provide some concluding remarks.
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2.2 Main Result

Let L; denote the infinitesimal generator of the associated semigroup to (2.1.3) at ¢t > 0

and temperature T;. This is formally given by
Li=(y Ve —VuU(x) - V) + (2"AV, —y ' \'V,) =T, '2TAV, + A: D%, (2.2.1)

where we denote the gradient vector as V, = (0;,,...,:,) ", the Hessian with D? and
similarly for the y and z variables. For matrices M, N € R"™™" we denote M : N =
Zi,j M;;N;; for all 1 <4, j < r and the operator norm as

M

| M| :sup{HU':vERT Withv;éO}.
v

We will also use |v| to denote Euclidean distance for a vector v. Let m; be the law of

(X4, Y, Z;) in (2.1.3) and, with slight abuse of notation, we will also denote as m; the

corresponding Lebesgue density. Similarly we define pr, be the instantaneous invariant

law of the process

2 2
pr, (dz,dy,dz) = exp ( - = (U(x) + vl + M))dm dy dz (2.2.2)

2 2

with Z7, = [exp (— T% (U(z) + % + %))dxdydz. Finally, denote the density between

the two laws h;y = %. We proceed by stating our assumptions on the potential U.
t

Assumption 1. The function U belongs to C*°(R™) and its second derivatives satisfy

|D2U| s := sup max{sup|6i6jU(a:)|, |DiU(m)|} < o0. (2.2.3)
zER™ ij

Its first derivatives satisfy

VU (x) x> r|z]? — U, (2.2.4)
VoU () < ral2f* + T (2.2.5)

for some constants r1,72 € R, U; > 0. Moreover, either

(a)
laoz>+U, < U < l|aoz|+Uy (2.2.6)

for some Uy, Upr € R, @ € (0,00)™, where o denotes the Hadamard product, or

(b) e U is a nonnegative Morse function, defined as follows. There exists 1 < Cy <
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oo such that if x € R™ satisfies V,U(x) = 0, then

1
o < ||Da2tU($)|| <Cy
H

e U is nondegenerate in the sense that:
— For any two local minima m;, m; € R”, there exists a unique (communi-
cating saddle) point s; ; € R™ such that
* VEU(Si,j) = 0,
* Ulsij) = inf{max,eo, U(v(s)) = v € C([0, 1], R"), 4(0) = mi,¥(1) =
mj}7
* the dimension of the unstable subspace of D2U(s; ;) is equal to 1.

— Setting m; to be the global minimum of U, there exists 4 > 0 and an
ordering of the local minima {mg, mg, ...} such that U(s;2) — U(msg) >
U(Slﬂ') - U(m,) + ¢ for all 4 > 3.

Note that (2.2.4) and (2.2.5) imply
amlz)*+ U, < U) < aylz]*+Uy (2.2.7)

for some a,,ap > 0, Uy, Uy € R. In the rest of the chapter, if (2.2.6) holds then the
smallest and largest element of @ is denoted with a,, = min; a; and a; = max; a;, where

a = (@1,...7an>.

Assumption 2. The temperature T} satisfies lim; .o, T; = 0.

Before we proceed with further assumptions on the annealing schedule 7; and on the
initial distribution, note that under Assumption 1 and 2, a log-Sobolev inequality holds
with a time-varying constant that increases as ¢ — oo, which is consistent with the
concentration of ur, around global minima of U. This allows one to conclude exponential
convergence to an instantaneous equilibrium at each ¢ and forms part of the proof to our

main convergence result.

Proposition 2.2.1. Under Assumptions 1 and 2, there exist constants ¢ E, Aio) >0

ls 7
and a finite order polynomial r®) : (0,00) — (0,00) with coefficients depending on U such
that for all 0 < h € C°°(R*"*™) satisfying [ hdur, =1, it holds that

2
/ hinhdpr, < C” / @dun, (2.2.8)
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(0)

ls

where fort >t
Z1N e
0 = (Tt Z)eETt § (2.2.9)

Proof. Firstly, the case that U satisfies Assumption 1(a) is dealt with. The standard log-
Sobolev inequality for a Gaussian measure [80] alongside the properties that log-Sobolev
inequalities tensorises and are stable under perturbations, which can be found as Theorem

4.4 and Property 4.6 in [83] respectively, yields the result. In particular,

/hlnhd,un = /(hlnh — h+ V)dpr,

m

_ y|2 2|2
< /(hlnh —ht 1) zgte Fe A (o) g

- 1 I E:
= e_%Zil /hlnhe_Tt (laoep?+ 4=+ )dxdydz
_Un T T h aox M z|?
<e kb maX<2t’m§3X 4at2>ZTt/|vht| s )dxdydz

< UM; Um Tt |Vh| A,
t ax
= ¢ max oo 4a2 Hi

where the first inequality follows by (2.2.6) since xInz —x + 1 > 0 for all > 0, so that
Ct(o) = max (27 a;f) %e(UM_UM)T;l.

In the case of Assumption 1(b), the inequality in the z-marginals is taken as a consequence
of Corollary 2.17 in [134] (see however Definition 1.8 in [176] for Morse functions); for
the announced form (2.2.9) of Ct(o), equation (2.18) in [134] can be used by taking tl(g)
(0)

ls

large enough such that for ¢ > ¢ T; is small enough. The proof concludes by [83,

Theorem 4.4] together with the log-Sobolev inequality for Gaussian measures. O

The constant E from the above proposition will be used in stating the following assump-
tion about T}, as well as what follows. In the case of Assumption 1(a), E can be taken
as Uy — Uy, otherwise for Assumption 1(b) it is the critical depth [134] of U.

Assumption 3. The cooling schedule T. : [0, 00) — (0, 00) is continuously differentiable,

bounded above and there exists some constant tg > 1 such that T} satisfies for all ¢t > t¢q:

(i) T; > E(Int)~! for some constant E > E > 0, where F is the constant in Proposi-
tion 2.2.1,

(i) Denoting T} = 9,Ts|s—r, it holds that |T}| < Tt~ for some constant 7' > 0.

Assumption 4. The initial law mg admits a bounded density with respect to the

Lebesgue measure on R?"+™ also denoted my, satisfying:
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(i) mo € C=(R*H™),
(ii) f%dxdydz < 00,
(iit) [(Jz)* + [y|* + |2[*)mo daedydz < oo,

Remark 2.2.1. Note that (2.2.5) and (2.2.6) deviate from [139]. Condition (2.2.6) is useful
for a self-contained exposition for the log-Sobolev constant in (2.4.45); it is satisfied for
instance by a multivariate Gaussian after a rotation of the x coordinates. The alternative
condition that U is a nondegenerate Morse function allows us to conveniently apply the

results of [134], in which case E is given as the critical depth of U.

We present two key propositions.

Proposition 2.2.2. Under Assumptions 1 and 3, for allt > 0, denote by (Xt YTt ZTt)

a r.v. with distribution pr,. For any 0, > 0, there exists a constant A >0 such that
P(U(X™) > minU +8) < Ae™ 7" (2.2.10)

holds for all t > 0.
Proof. The result follows exactly as in Lemma 3 in [139]. O

In fact, the e factor on the right-hand side in (2.2.10) may be substituted by a subex-

ponential (in T, ') term, see the comment after Lemma 3 in [139].

Proposition 2.2.3. Under Assumptions 1, 8 and 4, for all t > 0, (X;,Y:, Z;) are well
defined as the unique strong solution to (2.1.3), E[|Xt|2 + Y )* + |Zt|2] < oo and the law

m;: admits an everywhere positive density with respect to the Lebesgue measure on RZ+m,

For the proof of Proposition 2.2.3, see Proposition 2.4.1.

Proposition 2.2.2 can be thought of as a Laplace principle; Proposition 2.2.3 asserts that
the process (2.1.3) does not blow up in finite time and the noise in the dynamics (2.1.3c)
for Z; spreads throughout the system, that is to X; and Y;.

E

55, there exists

Proposition 2.2.4. Under Assumption 1, 8 and 4, for any 0 < o < %

some constant B > 0 such that for allt > 0,

1 1-E_2q

The full proof is contained in Section 2.4.7 and follows from Proposition 2.4.10. It uses an
approximating sequence of SDE’s, in which all of the elements have nondegenerate noise.

The problem is split into the partial time and partial temperature derivatives where,
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amongst other tools, (2.4.40) and a log-Sobolev inequality are used as in [139] to arrive

at a bound that allows a Gronwall-type argument.

Remark 2.2.2. Proposition 2.4.10 is a statement about the distorted entropy H(¢), which
bounds the entropy [ hy In hydpr,. In fact this is achieved in such a way that the bound be-
comes less sharp as ¢ becomes large but without consequences for our main Theorem 2.2.5

below.

We proceed with the statement of our main result, using ¢, from Proposition 2.2.4.

Theorem 2.2.5. Under Assumptions 1, 2, 8 and 4, for any 6 > 0, as t — oo,

P(U(X;) < minU + 8) — 1.

If in addition T, = E(Int)~!, then for any 0 < a < min <§ — 2%,5), there exists a
constant C' > 0 such that for all t > 0,

1 r°(E)
P(U(Xt)>minU+5)§C<t) )

where the rate r° : (E, o0) = R is defined by

1_E _9 _
re(E) = min( L oz76Ea>

g(kgﬂa) if B < Zx2=a)

‘LTO‘ otherwise.

Proof. For all t > 0, denote by (X Te, YTf,ZTf) a random variable with distribution pur,.
For all § > 0, with the definition of h; and triangle inequality, we have

P(U(X;) > minU +6) <P(U(X™) > minU + §) +/|ht — 1|dpr, .

Pinsker’s inequality gives

1
2
/‘ht - 1|d’U,Tf S <2/ht lnhtd,uTt) 5 (2212)

which, by Proposition 2.2.4, together with Proposition 2.2.2 gives the result. O

The cooling schedule T; = E(Int)~! is optimal with respect to the method of proof for
Proposition 2.4.10; see Proposition 2.5.2. This is a consistent with works in simulated
annealing, e.g. [42, 73, 74, 77, 78, 92, 93, 115].

26



The 'mountain-like’ shape of r¢ indicates the bottleneck for the rate of convergence at low
and high values of F: a small £ means the term related to convergence to the measures
pr, is restrictive and a large 2 means the convergence of ur, to the global minima of U
is slow.

Although the focus in Theorem 2.2.5 is for decaying T3, it is only for convergence to the
global minimum where Assumption 2 is used. In particular, the convergence result in
Proposition 2.2.4 is valid for temperature schedules that are not converging to zero. This
includes the instance of using a variable temperature in order to tackle the problem of

metastability in the sampling problem.

2.3 Numerical results

Here we investigate the numerical performance of (2.1.3) in terms of convergence to a
global optimum and exploration capabilities and compare with (2.1.2). The details of the
discretisations we use for both sets of dynamics and some details related to the anneal-
ing schedule and parameters can be found in Section 2.3.1. Rates of transition between
different regions of the state space are presented in Section 2.3.2. In Section 2.3.3, for
different parameters and cost functions, we present results for the probability of conver-
gence to the global minimum. We investigate the effect of E appearing in the annealing
schedule as well as the parameters in the dynamics (2.1.2) and (2.1.3). In particular,
we consider different A = A\; and A = pA; in the generalised Langevin dynamics for
M\, > 0. Note that p is used also as the friction parameter in (2.1.2), which makes
notational sense because p determines the relative strength of Ornstein-Uhlenbeck part
of the respective dynamics. In addition, we introduce a coefficient v > 0 in front of the
terms in (2.1.2) and (2.1.3) corresponding to the part in the respective generators given
by y -V — ViU(x) - V,; unless otherwise stated, we keep v = 1. The numerical scheme
for the experiments is detailed, but error analysis related to the discretisation is outside

the scope of the thesis.
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2.3.1 Time discretisation

In order to simulate from (2.1.3), we will use the following time discretisation. For k € N,

Vi1 =Y — %WVU(X;C) + %ATZk, (2.3.1a)
Xpy1 = Xp + Ay 1, (2.3.1b)
Zi1 = 2 — ONYyy 1 — 0AZy + o/ Ty &, (2.3.1c)
Yir1 = Y1 — %WU(XM) + %)\TZHL (2.3.1d)

where At denotes the time incremements in the discretisation, & are i.i.d. standard
m-dimensional normal random variables with unit variance and 8 = 1 — exp(—At), and
a = /1 — 2. Specifically this is method 2 of [6] applied on a slight modification of (2.1.3),
where 7Y;dt and yVUdt is used instead in the r.h.s. of (2.1.3a) and (2.1.3b). Tuning =y
can improve numerical perfomance especially in high dimensional problems, but we note
that this has no effect in terms of the instantaneous invariant density in (2.2.2); similar
to A and A, v will not appear in (2.2.2). Unless stated otherwise, in the remainder we
will use v = 1.

As we will see below the choices for A make a difference in terms of performance. To

illustrate this we will use different choices of the form
A= pAg;

1 here is an index for different forms of A. The first choice will be to set m = n and set
Ay = I, where I, is n X n identity matrix. For the rest, we will use m = 2n and pick

without rigorous justification

1.91,, 0.41, 1 0.51, 1 ifi=j
A2 = " " ) A3 = " ' ’ (A4)l] = J .
0.1, 0.1 05L, I L otherwise

mn

Doubling the state space of Z; relative to X, Y; allows investigating the effect of injecting
more noise in the dynamics has to the overall performance and the state space exploration.
As per [81] (following [68]), the constraint that the trace of A is uniformly bounded has
been used in selecting the above matrices. Note that A; does not satisfy the symmetry
assumption for the results, but figures for Ay are displayed in spite of this because there
is an interesting improvement in performance for one of the cases below (see Figure 2.3.2

and also others for the sake of comparison). Similarly we will use in each case A = \);
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with A > 0, \; = I,, and

()

for i = 2,3,4. As a result A,z > 0 are the main tuning constants for (2.3.1) that do not
involve the annealing schedule.
The Langevin system (2.1.2) will be approximated with a leapfrog scheme, that is similar

to (2.3.1) in an effort to minimise differences arising from the numerical error,

Vi1 =Y — 0YVU(Xy) — OpYy + &/ 1T, (2.3.2a)
Xk+1 = Xk + At’}/Yk, (232b)
Yigr =Yep1 — 0YVU (Xjy1) — éMYH% + a1k 1 (2.3.2¢)

for § = l—exp(—%), and & = v/1 — 02, where in the implementation, (2.3.2a) and (2.3.2c)
are combined (aside from the first iteration) and only integer-indexed & are used. To make
valid comparisons, both (2.3.1) and (2.3.2) will use v = 1 and the same noise realisation
& (or the first common n elements) and the same step size At.

Finally for both cases we will use following annealing schedule:

(1 (14 kAD ]
Tk — <5 + E> ’

where F is an additional tuning parameter (since E' is unknown in general).

2.3.2 Sample path properties

Our first set of simulations focus on illustrating some properties of the sample paths
generated by (2.3.1) and (2.3.2). We will use the following bivariate potential function as

a toy problem

2 2
Ul(xy,z2) = % + % 4 5e71 — 7o~ (@145 ~(@2-8)" _ go—(21-5)"~(w2+2)?
(L‘2
N 222779 cos(zy + 222) cos(2x1 — xg). (2.33)

$2
1+ 2

The global minimum is located at (—5, 3), but there are plenty of local minima where the
process can get trapped. In addition, there is a barrier along the vertical line {z; = 0}
that makes crossing from each half plane less likely. Here we set At = 0.1, E = 5 and
each sample is initialised at (4,2). As a result, it is harder to cross {1 = 0} to reach the

global minimum and it is quite common to get stuck in other local minima such as near
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(5, —2). We use the number of crossings on {z; = 0} as a scale for how stuck the process
is in Table 2.3.1. Note that the asymmetric A = Ay case displays the smallest number of
crossings.

To illustrate this, in Figure 2.3.1 we present contour plots of U together with a typical
realisation of sample paths (in the left panels) for (2.3.2) and (2.3.1) for the different
choices of A;. As expected, (2.3.1) generates smoother paths than those of (2.3.2). We
also employ independent runs of each stochastic process for the same initialisation. The
results are presented in the right panels of Figure 2.3.1, where we show heat maps for
two dimensional histograms representing the frequency of visiting each (x1,x2) location
over 20 independent realisations of each process. The heat maps in Figure 2.3.1 do not
directly depict time dependence in the paths and only illustrate which areas are visited
more frequently. Of course converging at the global minumum or the local one at (5, —2)
will result in more visits at these areas. The aim here is to investigate the exploration of

the state space.

Method equation Number of transitions across x = 0
(2.3.2) 11295
(2.3.1) with A = A, 11893
(2.3.1) with A = A, 10915
(2.3.1) with A = A3 11728
(2.3.1) with A = Ay 11771

Tab. 2.3.1: Number of crossings across the vertical line {z; = 0} for U defined in (2.3.3). The
results are summed from k = 10° iterations of 10* independent runs.

2.3.3 Performance and tuning

As expected, the tuning parameters, F, X and p play significant roles in the performance
of the discretisations. As E is common to both (2.1.2) and (2.1.3), we wish to demon-
strate numerically that the additional tuning variable for the higher order Markovian
approximation to the generalised Langevin dynamics improves performance, in spite of
the lack of improvement in our theoretical guarantees over Langevin dynamics (2.1.2).

We first comment on relative scaling of A and p based on earlier work for quadratic
U and T; = T being constant. A quadratic U satisfies the bounds in Assumption 1
and is of particular interest because analytical calculations are possible for the spectral
gap of L, which in turn gives the (exponential) rate of convergence to the equilibrium
distribution. It is observed numerically in [152] that in this case, (2.1.3) has a spectral
gap that is approximately a function of 5/‘72 On the other hand, the spectral gap of (2.1.2)
with quadratic U is a function of p thanks to Theorem 3.1 in [135]. For the rest of the
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comparison, we will use 5/‘72 and p as variables for the respective discretisations as these
quantities appear to have a distinct effect on the mixing in each case. We mention that
these choices of variable also allows one to adjust the global Lipschitz constant of the
drift coefficient for free in the generalised Langevin equation (2.1.3) up to that of VU
and 1, whilst in (2.1.2), this grows as p grows. Therefore one can expect to be able to
take a stepsize in the simplest (Euler-Maruyama) discretisation of (2.1.3) that is at least
that of (2.1.2) for numerical stability [112, Section 9.8] of the approximation. A detailed
stability analysis is beyond the scope of the thesis, we refer the reader to [6] and [112]
(see paragraph before Exercise 9.8.1).

We will mainly consider the popular Alpine function in 12 dimensions (see Table 2.3.2,
VU here is a subgradient), with additional cases presented in Section 2.3.4, setting At =
0.02 (see Section 2.3.1). Note the Alpine function does not strictly satisfy Assumption 1,
but since drift conditions for Lyapunov functions are typically available even for weakly
growing potentials [52] for the dynamics considered here, the trajectories are expected
(and are observed) to remain in a loose sense close to 0. Therefore we may mollify or
modify the behaviour at infinity of U to satisfy Assumption 1 with no real observable
consequence.

We will initialise at a point well separated from the global minimum and consider each
method to be successful if, at the end of the simulation, either the endpoint or an average
of the last points are contained within a tolerance region, chosen visually, around the
global minumum.

In Figure 2.3.2 we present proportions of 20 independent simulations converging at the
region near the global minimum for U = U; (Table 2.3.2) depending on E and p for
the discretisation of the Langevin dynamics and on F and %2 for that of the generalised
Langevin dynamics based on discussion above. Each simulation is run for & = 5 - 104
iterations. The left panels of Figure 2.3.2 are based on final state and the right on
an average of the positions (of X) over the last 5000 iterations. In this example it is
clear empirically that the generalised Langevin dynamics result in a higher probability of
reaching the global minumum. Another interesting observation is that for the generalised
Langevin dynamics good performance is more robust to the chosen value of E. In this
example, this means that adding an additional tuning variable and scaling p proportional
to A? makes it easier to find a configuration of the parameters E,u, A that leads to
good perfomance, compared to using the Langevin dynamics and tuning F, u. It’s also
worth noting the cases of small E where the generalised Langevin dynamics performs
significantly better than the Langevin dynamics in the top plot and even than the case
of the same dynamics and larger E. This is an improvement that is not completely
encapsulated by the analytic results here; it indicates that the deterministic dynamics

(E = 0) can be inherently much more successful at climbing out of local minima, which

31



translates to better convergence rates in the £ > 0 cases.

The selection A = Ay, shown as the middle row in each of Figures 2.3.2, 2.3.4 and 2.3.5,
does not satisfy the probably superfluous symmetry assumption as stated in the introduc-
tion, but it is noteworthy that the performance varies to such a large extent for different
U and that any optimality of A, left as future work, could change depending on whether

the symmetry assumption is in place.

2.3.4 Additional cases of U

To produce the figures related to (2.3.1), after setting F, % we pick a random value of
p from a grid. The aim of this procedure is to ease visualisation, reduce computational
cost and to emphasise that it is ;\72 that is crucial for mixing and the performance here
is not a product of a tedious tuning for u. Us is modified to have the same quadratic
confinement in x; and x5 direction and there are several additional local minima due to
the last term in the sum. More importantly, compared to (2.3.3) (and Us) it has a narrow
region near the origin that allows easier passage through {z; = 0}. On the other hand
Us similar to (2.3.3) except that the well near the global minimum (and the dominant

local minimum at (5, —2)) are elongated in the direction of 25 (and x; respectively).

Cost function Initial condition Tolerance sets
Ui(z) = %Zzl |; sin(z;) + 0.1z xj=06Vj xj € [-2,2] V)
2 2 2

Us(z1,x0) = 3+ 2 + 5(1 - e’gg@)e*“”l
— 7o (@145)*—(22-3)*

=1 x1 € [-6.5,—4.5]
—(21—=5)2—(22+2)? T ) 1 ) ’
—Ge(moyeat?) ©s =2 @5 € [L.5,4.5]
+ %xfef% cos(z1+2x2) cos(2z1 —x2)
1422
U3($1,$2) =4 + 2z + 56_95?
2oy a2 T =4, 1 € [—6.5,—4.5),
—le ’ Ty =2 Ty € [1.5,4.5]

w52 )
7667%72(m2+2)2

Tab. 2.3.2: Details of three different cost functions, initialisation and tolerance regions corre-
sponding to regions of attraction of the global minimum.

In Figures 2.3.4 and 2.3.5 we present results for Us and Us. A notable difference to
Figure 2.3.2 here is that the panels on the left show proportions of the position average
of the last 5000 iterations being near the correct global minimum and the panels on the
right present the number of jumps across {1 = 0} demonstrated by a position average

at each iteration of the previous 5000 iterations. More precisely, the panels on the right
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show the number of jumps shown by the trajectory

~ 1 5000
X = — X 1.t
= g 2 Ko

for all £ > 5000. All results are averaged over 20 independent runs. The aim here is to
measure the extent of exploration of each process similar to Table 2.3.1. We observe that
in both cases using (2.3.1) leads to a similar number of jumps. We believe the benefit of
the higher order dynamics here are the robustness of performance for different values of £
and %2 This is especially for using A3 and A4. Finally we note that despite similarities
between Us and Us there are significant features that are different: the sharpness in the
confinement, the shape and number of attracting wells and the shape of barriers that
obstruct crossing regions in the state space. This will have a direct effect in performance,
which can explain the difference in performance when comparing Figures 2.3.4 and 2.3.5;
Us is a harder cost function to minimise.

We complement our results with an application of (2.3.1) on the optimisation of param-
eters in a neural network with respect to a loss function in Figure 2.3.3. In particu-
lar, (2.3.1) with A = = 1, E = 0.001 and At = 0.05 is used to update the parameters
in a neural network of size n = 122970. Here, the function U is fixed as the cross entropy
between the network prediction and target values for the MATLAB Digits data set? and
full gradient evaluations are used. We follow the network architecture and overall im-
plementation found in https://uk.mathworks.com/help/deeplearning/ref/dlupdate.html.
Although a thorough comparison between different parameter choices and dynamics for
such a high dimensional problem is beyond the scope of the thesis, Figure 2.3.3 illustrates
the feasibility of (2.3.1) on such problems.

2.4 Proofs

2.4.1 Notation and preliminaries

In this section, unless stated otherwise, 0; is used to denote the partial derivative with
respect to t with T} fixed (whenever its operand depends on T}), whereas % denotes the
full derivative in ¢. In addition, V denotes the gradient in R?"*™ space and d¢ will be
used for the Lebesgue measure on R?”*™. The notation 15 will be used for the indicator

function on the set S.

2 https://uk.mathworks.com/help/deeplearning/ug/data-sets-for-deep-learning.html
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For all k > 0, recall the standard mollifier ¢ : R — R and ¢ : R — R to be:

-1

1 i P S .

1 x ez2—1 (f_ eyzldy) if —1<x<1

or(x) = ksﬂ(k)a o(x) = ' (2.4.1)
0 otherwise.

For existence and uniqueness of (2.1.3), we will use the setting in [163]. Let (2, F,P) be
a complete probability space and F3, t € [0,00) be a normal filtration. Here (W;);>¢ is a
standard Wiener process on R™ with respect to F, ¢ € [0, 00).

The formal® L?(ur,)-adjoint L} of L, is given by
Li=—(y Ve —VaU(z) V) — (2"AV, —y ' N'V,) =T, '2TAV, + A: D2, (2.4.2)

Let € > 0 and consider the perturbed system

dX§ =Yfdt + (=T, 'V U(XF) dt + dW}), (2.4.3a)
dYf = =V, U(X{)dt + N Zf dt + (=T Y dt + dW?), (2.4.3b)
dZf = —\YSdt — Ty Y AZE dt + X dW, (2.4.3¢)

with (X§, Y, Z§) = (Xo, Yo, Zo) restricted as in Assumption 4, where W}, W2, W2 are
independent n-dimensional and m-dimensional Wiener processes. As before, the law and
density of (2.4.3) will be denoted by m§ along with h{ = 5:2 . Let the linear differential
operators S¥, S} and their respective formal L2-adjoints S¥’ and Si”—r be given by

SF = ~T7 ', U -V, + A, Sy =T,y -V, +A,,
ST = T7INLU -V + T, AU + A, ST =Ty Y, + T+ A,

Note that the formal L?(ur,)-adjoints of S¥ and S} coincide with S¥ and S}, so that the
generator, denoted L¢, associated to (2.4.3) and its formal L?(u7,)-adjoint are given by
the formal operators

Li=Li+e(Sf+5), L =L;+e(Sf+5Y).
For any ¢ € C*® and f : R?"*™ — R smooth enough,

Li(¢(f)) = ¢'(NLL(S) + " (HTE(), (2.4.4)

3 See for instance Appendix B in [62]. In the present chapter the infinitesimal generators and their
adjoints are considered as honest differential operators acting on smooth functions.
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where I'{ is the carré du champ operator for L{ given by
1
Ti(f) = SLi(f?) = FLi(f) = VF - (A°V ), (2.4.5)

A€ € R@ntm)x(2ntm) qepotes the matrix with entries

€ if1 <i=j5<2n,
A= Aiconjon if2n+1<4,j <2n+m,
0 otherwise

and A; ; denotes the (i,7)"™ entry of A. Let C3° = {f € C*>: f > 0}. For ® : C3® — C>
differentiable in the sense that for any f € C$°, g € C*°,

(d0(f)g)(¢) = 1im 2UH39)CQ) = (@)

s—0 S

exists for all ¢ € R?"*™ the I'y operator for L§* is defined by
1
Fpea(h) = §(L§*<I>(h) —d®(h).(L{*h)). (2.4.6)

As is well-known, L§* does not satisfy the standard chain and product rules due to the

additional term from the second derivatives in L{*; straightforward calculations give:

Li*((f) = ¢ (HLTf+ " (V- (AV]) (2.4.7)
Ly (fg) = fLi(9) + 9Ly () + V- (24°Vyg) (2.4.8)

for all f,g € C* and ¢ € C*. Note Vf - (A°Vf) and Vf - (24°Vyg) are respectively the
carré du champ and its symmetric bilinear operator via polarisation for Lg*.
In addition, for a scalar-valued D, and a vector-valued operator Dy both acting on scalar-

valued functions, denote the commutator bracket as follows:

[D1, DoJh = (Dy(D2h)y — (DaDih)s, ..., Di(Dah)ay, — (DaDih)ap,) (2.4.9)

-
for h € C*°, where dp, € N is the number of elements in the output of Ds.

2.4.2 Auxiliary results

For the next result, the space of smooth functions that will be used is from [38]: let
Cpo. = Ci.((0,00) x R*™™) be the space of real-valued functions f : (0,00) x R***™ — R
such that

35



1. f is measurable with respect to B((0,00)) ® B(R?"*t™),
2. for allt > 0, f(t,-) is smooth and f is bounded on compact subsets of R+ x R?%+m™,

Proposition 2.4.1. Under Assumption 1, 3 and 4, for allt > 0 and € > 0, the unique
strong solution (X5,Y,S, Z5) to (2.4.3) is well-defined and there exists some constant k > 0
such that

E[X¢P + 12+ 1Z5%] < B[ Xol + Yol + 1 20]7] < oo. (2.4.10)

Furthermore, for all time t > 0, the law of the process (X{,Y,S, Z5)

e admits an almost-everywhere finite strictly positive density, also denoted mg, with

respect to the Lebesque measure on R2+m,

e is the unique integrable distributional solution to the Fokker-Planck-Kolmogorov
equation [20]
dyms = (L] + (ST + ST ))ms
ymg = (Ly (St P ))mg (2.4.11)
mg = mo,

where L, is the formal L?-adjoint of L.
Finally when € > 0, me and its partial deriative in time belongs in Cp%,.
For the notion of integrable distributional solutions, see p.338 in [20].

Proof. Existence and uniqueness of an almost surely continuous F;-adapted processes fol-
lows by conditions (2.2.3) and (2.2.5) using Theorem 3.1.1 in [163]; in addition, (2.4.10)
holds by the same theorem. For the claim that the law admits a density, we will ap-
ply Theorem 1 in [94] for the case of an arbitrary deterministic starting point. First,
condition (H1) in the same article is verified. Take the sets ‘K’ to be
2n+m
Kp = H [_pap]

i=1

for all p € N. The unique solution to (2.4.3) with a deterministic starting point
(Xo0,Y0, Zo) = (%0, Yo, 20) € R*"H™

satisfies the same bound (2.4.10) as before when initialising from mg. Moreover, for the

random sets
Ep={s>0:(X;, X}, X}) € K,,0<u<s},
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for p € N, the solution (Xt6 , fﬂf, Zf) to the stopped stochastic differential equation

dX{P =1z, (1) (Y, dt + (=T, VLU (XPP) dt + dWY)), (2.4.12a)
AY,P =1z, ()(-VuU(X{P) dt+ N1 Z9P dt + e(~T; 'Y, P dt +dW7E)),  (2.4.12b)
dZ;? = 1= (t)(-\YP dt — Ty PAZSP dt + S dW), (2.4.12¢)

is well-defined by the same Theorem 3.1.1 in [163] and the corresponding bound

E[|XP1? + (VP2 + 297 2] < e (lzol® + [yol® + |20]%) < o0

holds. Identifying (Xf’p, Yf’p, Zf’p) = (X},

trsup =, Yirsupz,t 21, ) a.s. yields that? for

tAsup E,° “tAsup E,
any 7 >0

| —

]P(Hlf{t Z 0: (X§7Y263 ZtE) ¢ KP} < T) S QEHAXP:/\supEIJ2 + |Y:r6/\supEp|2 + |Z76'/\supEp‘2]

KT

2 2 2
5 (lzol™ + [wol™ + |20]%)

a3

<

3

and in particular that for any 7 > 0,
P(inf{t > 0: (X}, Y, Z;) ¢ K,} <7) -0 asp— oc. (2.4.13)

Suppose for contradiction that with nonzero probability, the increasing-in-p random vari-
able inf{t > 0: (X§,Yf, Zf) ¢ K,} converges to a real value as p — co. Then there exists

a time 7 > 0 such that with nonzero probability,
inf{t >0:(X;, Y5, Z)) ¢ Kp,} <7 VYpeN,

which contradicts (2.4.13). Therefore condition (H1) in [94] holds for (2.4.3). Con-
dition (H2) in the same article holds due the K, being compact and the smoothness
assumption on U. It can be readily checked that the local weak Hormander condition,
see definition in [94, (LWH)], also holds at any (¢, yo) for any r € (0,¢) and R > 0. There-
fore® by Theorem 1 in [94], due to our Assumptions 1 and 3, the solution to (2.4.3) with
a deterministic starting point ¢y € R?"*™ admits a smooth density p;° € C>(R?"+™) for
all t > 0. Moreover by Theorem 2 in [94], for any fixed ¢ € R2"T™ R2"+m 5 (¢4 pg(’ ©)
is lower semi continuous and hence measurable, so that the R U {£oo}-valued function

4 Alternatively Corollary 1.2 of Section 5 in [67] can be used.
5 Note that there is a wealth of related results, e.g. [30, 46], but [94] seems to contain the only
immediately applicable (and relevant) result for our particular case; see also remark 2.4.1.
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on R2n+m,

/ i mo(d¢o), (2.4.14)
R2n+m

is integrable by Fubini’s theorem and so is almost everywhere R-valued on R?"*™, By
Ito’s rule, (2.4.14) solves (2.4.11) in the distributional sense. In addition, (2.4.11) is the
unique integrable solution by Theorem 9.6.3 in [20], which requires for any 7" > 0 that
there exists V € C?(R?"*™) such that

1. V(x) = oo as |z| = oo and

2. for some constant Cy > 0 and all (z,t) € R?"T™x(0,T), it holds that L{V > —CyV
and |[VV| < Cy V.

Setting V(z,y,2) =14+ U(z) — U, + % + @ and calculating

L§<U(9:)+|y|2+z|2) = 6<1|VIU|2+AmU1|y2+n) —izTAerTrA, (2.4.15)
2 2 T, T, T;

it is clear from assumptions (2.2.3), (2.2.5) and either (2.2.6) or (2.2.7) on U that these
conditions are satisfied since T is finite; therefore there is a unique integrable solution
to (2.4.11) in the sense of p.338 in [20]. The expression in (2.4.14) is thus the density for
the law of the solution to (2.4.3) with initial law myg at time ¢.

For € > 0, the time-depending law of (X;,Y}S, Z5) and its partial derivative with respect
to time belongs in Cp5, by Theorem 1.1 in [38] because (2.4.14) satisfies (2.4.11).

For positivity of the density where € = 0, the steps in Lemma 3.4 of [132] involving the
solution to an associated control problem can be followed. The associated control problem

has the expression

d Qt Pt
Vi —AP, — T,AV, + ¢

It suffices to show that given any S > 0 and any pair (Qo, Py, Vo) € R* ™ and
(Q*, P*,V*) € R*™™ there exists a control U : [0,00) — R™ such that the solution
(Q:, P, V) to (2.4.16) starting at (Qo, Po, Vo) satisfies (Qg, Ps, Vs) = (Q*, P*,V*). Fix
S >0,e>0,(Qo, Py, Vo) € RZ"™ (Q*, P*,V*) € R?"*™. Using the mollifier (2.4.1), let

v:=p1xl_ 1), where x denotes convolution. Define a smooth function Q.:[0,5] = R"
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by

2
@ = ((-VUQ0) + TV 5 + Rur+ Q)5 )

12 t
+ ((—VU(Q*) ATV G+ Pt Q*>1/<1 - S), (2.4.17)
which satisfies
~ ~ « th th *
Qo = Qo, Qs =Q", 7 (0) 05 7 (S)
Define P. : [0, S] — R” through
5 dQy
P =—. 2.4.1
= 22 (2415)

For V. : [0, 5] — R™, V. : [0,5] — R™ is defined with

Vi = AATA) (VU@t) +0; [( - VU(Q@% + Pt + QO)”(?)

2 2 2
+ (—VU(Q*)ﬁ2 +P*t+Q*)u<1 - ;)D + 07 {Vo’;u@) +V*’;y<1 - ;)}

(2.4.19)

where (ATA)~! exists by A having rank n. Note that V, satisfies Vo = Vp and Vg = V*.
Let the smooth function U : [0, 00) — R™ be given by
dU vy 4 . .
— =2 Y=L+ AR+ T AV, ), U(0)=0. (2.4.20)
dt dt
For this U, the solution to (2.4.16) with initial condition (Qo, Py, Vo) is (Qt,]ADt,IA/t) by
construction; its uniqueness is guaranteed by considering the system satisfied by the
difference between two supposedly different solutions (Q;, P}, V,!) and (Q?, P2, V};?)

d Q} - Q? Ptl - Pt2
S| PP = [ -YU@h - VU@ AT - 1)
AR ~A(P! = P?) - LAV - V)

and the time derivative of |Q} — Q?|? + |P! — P?|> + |V,! — V2|2, using (2.2.3) and the
mean value theorem on |VU(Q}) — VU(Q?)2.

With non-zero probability, the path of Brownian motion stays within an e-neighbourhood
of any continuously differentiable path, in particular of U. Positivity of m; follows by the

support theorem of Stroock and Varadhan (Theorem 5.2 in [182]). The above construction
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for the € > 0 case follows with a simple modification; equation (2.4.16) becomes

(@ P, — eVU(Qy) + €4
| Pl = —VU(Q) + ATV, —ePy +e%2 | | (2.4.21)
Vi —\P, — T, AV, + £4&

so setting dlel = VU(Q,) and % = P, together with (2.4.20) gives that (2.4.17), (2.4.18)
and (2.4.19) solves equation (2.4.21) and concludes the proof.
0

Remark 2.4.1. For smoothness of the density, the results in [186] can also be consid-
ered, but there the assumptions are slightly mismatched. Firstly, the statement assumes
boundedness of 0%V for any multiindex a where V would in the case here be any of
the coefficients appearing in (2.1.3), which fails for |a] = 0. Secondly, in case of (A.1)
(in [186]), condition (i) fails and in case of (A.2), condition (i) fails due to V. Both of
these assumptions seem possibly unnecessary in the proofs but we avoid this in favour of

the more recent work [94].

The results below up to Proposition 2.4.10 are directed towards showing dissipation of a

distorted entropy as required in the proof of Theorem 2.2.5.

2.4.3 Lyapunov function

Lemma 2.4.2. Under Assumption 1, 8 and /4, there exist constants a,b,c,d,d > 0 inde-
pendent of € such that R : R2"T™+1 & R defined as

2

2 1
R(z,y,2,Ty) = Ulx)+ % + % + 0T} (yT)\_lz + 5T y) (2.4.22)

satisfies

a(lz* + |yP* +[2[*) =d < R(z,y,2,T) < (|2 + |y + ) +d  (24.23)

and there exists 0 < ¢’ <1 for which € < € implies
. d
LiR < —cT,R+ . (2.4.24)
t

Proof. By the quadratic assumption (2.2.7) on U and boundedness Assumption 3 on T},
it is clear that there exists 6 > 0 such that the first statement (2.4.23) holds with d =
max(|Uy|, |Uns]) for all § € (0,8]. Inequality (2.4.24) follows by the following calculation

using our assumptions on U, T; and applications of Young’s inequality.
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Fix § > 0 to be

A 4r2 -1
6 < min (5,1, ,2(sust> ,
(r2 + 1) sup,>q T5 5>0

A (NP To 112 2 2 2]

Zel (Bl 14 2 (sust> e . (2.4.25)
2 27“1 T1 s>0

where || is the operator norm here and A. > 0 is the coercivity constant of the positive

definite matrix A. Consider each of the terms of L§(R) seperately.

L U(x)—&—w—kﬁ = —i\VxU\2+A3¢U—i|y|2+n —izTAz—l—TrA
K 2 2 T, Ty T

(2.4.26)
Lo 2 2 Lo Lo
<e| — =(r{lz|]” = 2rUy) + n|DiU|oc — =yl +n | — =2 Az+ TrA, (2.4.27)
Tt Tt Tt

where the last inequality follows from (2.2.4) and V,U -z < i|VzU|2 + %1|x\2 Using
the quadratic bound (2.2.5) on V,U, we get

Li(y" A1) = =Ty " A 2 = VUN e 22— 2 =T 2T A) Ty (2.4.28)
2 r T
< W0 o212 4 ) A Plel? 4 WU 4+ 2L 4 [of? —
4 4ro T1
2, M 3, 12 T2 1y-12 —2/1 412 -12 2
< lal +472U971|y| + <1+T1|A |”+ 2T 2(JAI" + D)|AY >|z :
(2.4.29)
Then using also (2.2.4) for V, U - z, we get
Li(z-y) = =€l 'y - VU — €T, ey + |y|> = VU -z + 2" A\ (2.4.30)
2
_ T2 1 2 2 U )\T T
<t (2 D)l i+ )+l -+ g+ Bl s g
(2.4.31)
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Combining (2.4.22), (2.4.27), (2.4.29), (2.4.31) and taking e < 1,

€ __TE€ |y|2 |Z|2 Ty—1 6Tt
Li(R(z,y,2,Ty)) = L | U(x) + > tT5 )t STiLy(y' A\ "2) + —Lt(oz cy) (2.4.32)
2er1Uy
t

1
< 6Tt |ac|2 6Tt1|y|2 T TAz—i—C—i—

27‘1
oT; 07T,
+ eT[1 [(475(7"2 +1)— r%) |x\2 + (Qt — 1) |y|2}7 (2.4.33)

supsz0 Ts

where 0 < C' = n(|D2U|o + 1) + TrA + 65 gsups>0T + 00U, (L + ===
for § satisfying the bound (2.4.25), the first square bracket term satisfies

)\T
+ 5Tt[ u + (1 + :—2|/\’1]2 + 2T 2(JA) + 1)]/\‘1\2)} |z|%.
1

). Therefore

’AT,Q T2 1y-1)2 1 1 ! 2

0T | S (14 2P 212 (AR + ) (supT) A7
2’/”1 1 2

and the second square bracket term is negative, where the assumption that T} is bounded

above for all time has been used. Rearranging,

2er Uy

1 A
Li(R(z,y,2,T) £ —0T 2o = 0T glyl* = S [af2 + € + =22
t

2sup, Ts

S

< —clLR+C'T*,

where ¢ > 0 is small enough, C’ > 0 is large enough and the right inequality of (2.4.23)
has been used. The result follows using d = max(C’, |Uy|, |Unm|)-
O

Lemma 2.4.3. Under Assumption 1, 3, 4 and for 0 < e < €, the solution (X§,Y,", Zf)

0 (2.4.3) is such that EIROXEY 20, T1)]

(e 1s bounded uniformly in time t and in €.

Proof. 1t is equivalent to prove the result for R + d > 0 in place of R. Let R; :=
R(X§, Y, Z5, Ty). Firstly, by (2.4.22), the left hand bound in (2.4.23) and the Assump-

tion 3,

1 1
e [s( (A 2k 1Yy )| < e[| T 2+ L

} < ZEIR, +d

(2.4.34)
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for a constant B > 0 independent of €. By It6’s rule and for ¢ty < s < t,
t
BR, ~ BR. = [ B(T,05 R+ LiR)(X5, Y, 23 T)du

where (2.4.34), (2.4.32) (2.4.26), (2.4.28), (2.4.30), (2.2.3), (2.2.5) have been used together
with Fubini’s theorem. Property (2.4.24) from Lemma 2.4.2 and (2.4.34) give

E[R; + d] — E[Rs +d] < /: (f]E[Ru +d] + E[-cT, R, + dTu_l]>du
< /: ((i - cTu>IE[Ru +d] + B’Tul) du (2.4.35)

for a constant B’ > 0 independent of e. By the spatial quadratic bounds on R and (2.4.10),
the right-hand side is converging to zero as s — t. Since a similar lower bound of the
left-hand side may be obtained by explicit calculations as before for the upper bound, the
expression E[R; + d] is continuous in ¢ and consequently the integral on the right-hand

side may be interpreted as a Riemann integral. Therefore by the fundamental theorem

cE
2Int

of calculus and Assumption 3, we have for ¢ > to*, where tj; > ¢y is such that % <
for t > tf, that

!

d (B cE B
el < = =1 < _ = .
th[Rt +d < /5 (( U CT">E[R" +d + BT, )du = 271ntE[Rt +d] + i Int

This yields for ¢ > 3,

and

t /

_cE t ne)"lds B . . N
E[Rt + d] < ]E[Rt(’; + d]e 2 ft(’S (Ins)="d +/ f In SeiTE SHInw) " du
2

A
SE[RtS"'d]‘FE/ Inse—% Js(Inw)™ du
¢

*

B/ ¢ cE
< E[Ry +d] + = lnt/ e~z (t—9)
%

2(Int)? c - .
<E[Ry; +d] + B’ (022) (1—6—2%“) 1<Ho>>
2(Int)?

cE?

<E[R;; +d] + B
where the first term on the right-hand side can be bounded via Proposition 2.4.1 and the
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inequalities in (2.4.23). O

Corollary 2.4.4. Under Assumption 1, 3, 4 and for 0 < e < €, the solution (X{,YF, Zf)

to (2.4.3) is such that E“Xﬂ(j:(‘:ﬂ;;‘2ﬂ2} is bounded uniformly in time and in €.

Proof. By the lower bound on R in (2.4.23),

R(XE,YE, 26, T)) +d
B(XI + v 12 < B RS T) H A

which concludes by Lemma 2.4.3. O

2.4.4 Form of Distorted Entropy

For € > 0, let H¢(t) be the distorted entropy

o |2V, he + 8S0(Vyhs + A IVLRE) [T |Vyht + 1AV, Ae|?
He(t) = he + e
t t

+ BTG )dur, (2.4.36)
where Sy, S1 > 0 are the constants
So:=(1+|D2U%)?, Sy :=2+ 2852+ 10245} (2.4.37)

and S is a second order polynomial (see (2.4.38) and the end of the proof for Proposi-
tion 2.4.6) to be determined by Proposition 2.4.6 and independent of e.

Remark 2.4.2. This particular expression for H is not necessarily the best possible choice.
However the above is a working expression and optimality is left as future work; see
also [159].

The following auxiliary result can be found as Lemma 12 of [139]; its proof can also be

found there.

Lemma 2.4.5. For )
. |MYVh|
®*(h) = ——
( ) h )
where M is matriz-valued,

(MVh) - [L§*, MV]h

Tpee g (h) > :

holds for all h € C3°.
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Notice the ®* appears in the first two terms of H¢(t).

For the calculations below, recall the definitions (2.4.37) stated below for convenience:

So = (1+ D)%,
Si =2+ 2855 +10245;.

Using Lemma 2.4.5, the following proposition shows the distorted entropy (2.4.36) is a

useful one.

Proposition 2.4.6. There exist By, 51,82 > 0 independent of € such that for 5 : R — R
given by

B(x) =14 o + b1z + faz?, (2.4.38)

the operator Ur,,

_[2h+8So(Rh + AR . V,h+ S1IA 1V, A)

U, (h) : 5 7 + B(T; Y)hIn(h)
(2.4.39)
for h € C°, satisfies
h 2
Lrex vy, (h) > VA (2.4.40)

forall0 <e<1.

Remark 2.4.3. fo, By, B depend on A2 := max (]A%, NT[%, A1 %, A2 AT]), D20
and |A|. H satisfying property (2.4.40) is crucial for proving dissipation in Proposi-
tion 2.4.10.

Proof. Let ®1,®5,®5 be the terms in ¥,

[2Vh 4 88y(V,h + AL

oy (h) ; , (2.4.41a)
V,h+ SIAIVLA[

Dy (h) = [Vh + 2 | : (2.4.41b)

®3(h) := hin(h). (2.4.41c¢)

Note that the I'g operator is linear in the ® argument by linearity of L{*, so that (2.4.40)
2
can be written as I'ze« o, (h) + e 0, (R) + BTy ) Les a5 (R) > %

> . Consider I'pex 5,
first. Using the definition (2.4.6) of I'z¢ ¢, the product and chain rule (2.4.8) and (2.4.7)
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for L§*, and the coercivity property of A, we get

1 1
Pugaa(h) = 5 ((m R DL h+ Ve (AVR) = (1+In h)L;*h)

~ Lon. (avn) >

o (e|Viuh|? + €|Vyh|* + A|V.h)?). (2.4.42)

€
2h

Since the goal is to show (2.4.40), the availability of (2.4.42) counteracts any negative
contributions in the z-derivative term, and any order e contributions in the z- and y-
derivatives, from I" Li* @, and I Li* @55 this counterweight materialises as (.

For 'pex o, and Crex a,, So > 0 and S; > 0 as in (2.4.37) are used. Beginning with
Lemma 2.4.5, we have

AT e @, (h)
> (V, + SIAT'V)h - [LE5, Y, + S1ATIVL R
=(Vy + SIN V)R- (Ve = ATV, + €TV, + 51V, + SiT, ' AHAV, A
= Voh -Vyh =Vyh - (N V.R) + €TV, h)? 4 S1|Vyh|*+ S1 TV, h - (ALAV,h)
+ 81 Veh - ATIVLR) — Si(ATIVLR) - (AT VLA) + €T 1SV h - (ATEVLA)
+ SEV,h - ATIVLR) + ST H(ATIVLA) - (A TEAVLA).

In order to get a bound in terms of (9;h)? terms rather than 9;hd;h terms, we bound the

0;h0;h terms in the following ways,

1 1
V.h-V,h > —§|WL|2 - i\Vyh|27
1 3
“Vyh- (NV2h) 2 = |V, = ST VL0,

1
SIT Wy (ATTAVLR) > — oVl — %sz;2yxl|2|A\2|vzh|2,
1 1
$1Voh - (\TVah) 2 =2 |[Vih|” - 5sf|x1|2|vzh|2,
T SV h - (ATIVLh) > —eTy Vb — iszt—lyxlﬁvth,

1
S?V,h - (A\"'V,h) > —6|Vyh|2 = gsf|x1|2|vzh|2
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and using (2.4.3) gives

hlpew o, (h) > —|Voh|? + (1 4 2852 + 102453)|V, h|?
1~
- 5/\2 (3 + 287 + S§ + 35} + SiT; ! <A| + ;) + 3S§T;2|A|2) IV.h|%.
(2.4.43)

The last term I're+ , compensates for the negative z-derivative. Again, beginning with

Lemma 2.4.5, we have

hL' L+ @, (h)

> (2V, +8S0(V, + A VL) h - [L§*, 2V, + 8S0(V, + A" 'V.)]h

= (2V, + 850(V, + A"V )h - (—2(D2U)(V, — €T, V)
+8S0(Ve + €T, 'V, = ATV, +V, + T, 'ATLAV,))h

= ((16So1I,, + 4€T, ' D2U)V,h) - Vioh 4 2V, h - ((—=2D2U + 8So(1 + €T, ) 1,,)V, )
+ 2V, h - (8So(—=AT + T, " ATLA)V,h) + (64531, + 16SoeTy ' D2U)V,h) - V,h
+8S0V,h - ((—2D2U + 8S5)Vyh) +8S0V,h - (8So(— A" + T, ' A7 A)V.h)
+ ((64S21,, + 16SpeT, * D2U)V,h) - (A" 'V, h)
+ ((—16SyD2U + 64S2(1 + €T, ) I,,)V,h) - (A1 V,h)
4+ 64SZ(ATIVLR) - (AT + TP ATA)VLA).
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Bounding the 0;h0;h terms as for ®q, using (2.4.3) and (2.2.3) yields
hT e @, (h)
> (1650 — 4€T; Y| DU o0 )| Vih|®

— (2AVhl + 2\D2U Vbl + 8(1 + €T, VLhl* + 8S3(1 + €171 Vb
(2|v h|? +3250/\2(1 FT2AP )\vzm?)
( (1 4+ 8SoeT V[ D2U 2 )|,k + (102454 + 8SoeTt_1)|Vyh|2>
(16SO|D2U|OO\V h|?—64S2|V, | )
(3250\v h|?+ 325272 (1 FT2A >|Vzh|2>
( (1+ 8SoeT; | D2U 2 )| Voh|? + (102452 + 8SOeT;1)2\2\VZh|2)
((2|D§U|§O +3252(1 + GT;I)) IV, + (3252 + 326T;153)X2|Vzh|2)

- 4505\2(1+Tt_2|A|2)|Vzh|2

> (2 —42+ 1+ 4S§)So)€Tt_1) IV, k)
+

/N

S2(—28 — 102452) — 8S,(1 + 550)67’;1) IV, h|?

- (535\2(160 12877 2| A + 102452) + 8SpA2(1 + 4SO)GT;1) V.42,
so that

hT s+ @, (h)
> (2 —42+ 1+ 4S§)So)eTt_1) IV, h)?
+ (sg(—zs ~102452) — 8Sp(1 + 5SO)ET;1) IV, h|?

- (585\2(160 12877 2| A + 102452) + 8SpA2(1 + 4SO)ET;1) IV, h)%.
Matching powers in T, " to take

(SZA2(160 + 102452) + A2(3 +25, + 52 +35%)

using € < 1 and putting together the bounds for I'zex ¢,, e @,, Irex @, gives (2.4.40).

fo =

4(2 4 (1 +452)S0) 4 856(1 4 550) + 8SoA2(1 + 4S50 + A2<51<A|+ >))

%\HHHHH

1285202|A]* + >\251|A>
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2.4.5 Log-Sobolev Inequality

Proposition 2.4.7. Under Assumption 1, 2 and for e > 0, there exists constants t;s, Ay >
0 and a finite order polynomial r : (0,00) — (0, 00) with coefficients depending on U and
A but independent of € such that the distorted entropy (2.4.36) satisfies

Vhe|?
He(t) < Cy %dm, (2.4.44)
t
where for t > ts,
Cp= A+ r(Tt_i)eETt_l. (2.4.45)

Proof. Given Proposition 2.2.1, only the first two terms in the integrand of H¢(t) are left,
which lead directly to the inequality corresponding to A.,. O

2.4.6 Proof of Dissipation

Lemma 2.4.8 below constructs a sequence of compactly supported functions that are
multiplied with the integrand in H(t). It gives sufficient properties for retrieving a bound
on 9. H (t) after passing the derviative under the integral sign and passing the limit in the
sequence of approximating initial densities. The key sufficient property turns out to be
(2.4.46) below.

Let ¢, be given as in (2.4.1) and vy, := @ * 1 (o0 2] < 1 for k > 0.

Lemma 2.4.8. For k > 0, define the smooth functions n, : RZ"tm+1 R
M = vp(—In(R + 2d)),

where d > 0 is the same as in (2.4.23). The following properties hold:
1. ng is compactly supported;
2. m, converges to 1 pointwise as k — oo;

3. for some constant C > 0 independent of k, t and 0 < € < min(1,€)

-1

Lin, < Czl;t : (2.4.46)

Proof. By the quadratic assumption (2.2.7) on U and the bound (2.4.23) on R, R grows
quadratically and in particular for an arbitrarily large constant Ry > 0, a compact set
K can be chosen such that R > R(g) in R27+tm \ K; along with the support of v, being

49



bounded below, the first statement is clear. The second statement is also trivial to check.
The third statement is an application of (2.4.4), (2.4.5) and (2.4.24); by (2.4.4) and (2.4.5),

we have

Liny, = —v),(—In(R + 2d))L§ In(R + 2d)
+ v (= In(R +2d))(VIn(R + 2d)) " A°V In(R + 2d).

It can be seen that v/, and v/ are estimated by terms at most of order m™1; to see this,
for all x € R,

2

@) = [ enla=ity= [ enz)ie

—o0 z—m?2

1

so that 0 > v/, (2) = —pm(z —m?) > —m ' maxe and |V, (2)] = |¢},(z —m?)| <

2

m~2max ¢’. Therefore there exists a constant C' > 0 such that

Liny, < —v),(—In(R + 2d)) max (0, L{ In(R + 2d))
+m 2 max¢'|(VIn(R + 2d)) " A°V In(R + 2d)|
< é(mfl max(0, L§ In(R + 2d)) + m~2|(V In(R + 2d)) T A°V In(R + 2d) |).
A calculation using property (2.4.24) with (2.4.4) and (2.4.5) for L{ reveals

LR (VR)TA*VR

L1 2d) = —
B+ 2) = o~ TRt 20
—cLR+dT"  €(VoRI* + |V, RI*) + A|V.R?
= R+2 (R + 2d)?
—cl(R+d) + cTd+dT;7"  e(|VuR|* +|V,R[°) + A|V.R)?
- R+2d (R +2d)?
and
T e 2 VR ’
(VIn(R +2d))T AV In(R +2d) < (J4] +2)|VIn(R +2d)|* = (|A] +2)| == |

which are bounded above as claimed considering (2.4.23) and that VR grows linearly in

space and is uniformly bounded in time.
O

Remark 2.4.4. Lemma 2.4.8 is different to Lemma 16 in [139]. We believe the first few
equations in the proof of Lemma 16 in [139] contain a sign error; as a consequence the
proofs in [139] beyond that point require significant modifications. Here we address this

by modifying the truncation arguments we require, proving (2.4.46) instead of Lemma 17
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of [139]. In addition, the finiteness of the distorted entropy is required, which is not
a readily available result for our dynamics. This is the reason for using the perturbed
dynamics in (2.4.3), so that the square integrability Theorem 7.4.1 in [20] can be used,
which applies only to solutions of PDEs with uniformly elliptic operators. We prove the

dissipation result for the original dynamics (2.1.3) by using a limiting argument.
For the convenience of the reader, we state here the corollary of Theorem 7.4.1 in [20]

that will be used.

Theorem 2.4.9. Under Assumptions 1, 8 and 4, for any €,T > 0, it holds that m§ €
WLYR™) for all t > 0 and

T € 2
\Y
/ FmiOF jegt < oo

0 mg(C)
The proof of Proposition 2.4.10 follows in the direction of Lemma 19 of [139].
Proposition 2.4.10. Under Assumption 1, 2, 8 and 4 and for 0 < € < min(1,¢€), it

holds that for any 0 < a < %(1 - %), there exists some constant B > 0 and some tg > 0
both independent of €, such that for all t > ty,

He(t) < B(i)l_g_za. (2.4.47)

Proof. Consider for t > 0 the auxiliary distorted entropies

. |2V, 5 + 880 (V,hs + A2VLAE)|° |V, ks + SiAIVLAG
Hi(t) = [ nk he + he
t t

BT R ln(h§)>dun

= / M (P1(R5) + Po(h) + BT, ) ®s(hf))dur, = / eV, (h)dpr,,  (2.4.48)

where recall hy = mg,uil, Oy, $y, O3 is as in (2.4.41) and 7, are as in Lemma 2.4.8. Due
to the appearance of 7, the function Hj is differentiable and the order between the time

derivative and the integral can be exchanged:

d

GHI® = [ md (U (0))dum, + 17 [ i, (U, () dodydz. (2:049)

The terms will be considered separately. Since mg is the density of the law of (2.4.3)
and L¢* is the L%(ur,) adjoint of L§, by Ito’s rule for smooth compactly supported f
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on R2n+m,

/ foms = o, / fms = / L fn = / L f ™y, = / fLi*(mt
My My

The first term in (2.4.49) is then bounded as follows.

)NT,,. (2.4.50)

oyms
/ﬂkat(‘I’Tt(hi))duTt = /de‘I’Tt(hi)-athiduTt = /led‘I’Tt(hﬂﬁdﬂTt

= / nkdVr, (hy). Ly hydpr,

—/277kTL;*,\I/Tt (ht)dpr, +/77kL§*(‘I’Tt(h§))dMTt
=~ [ T, (i, + [ L (2 (1) + BT e Y,

Vhs|? cT ! 1y -
< _2/77]6' t| d/j/Tt + Tt/(\DTt(hg) +B(Tt 1)6 1>duTta

hi
(2.4.51)

using Proposition 2.4.6 and Lemma 2.4.8, where B(T; ')e™! [ L{*nidur, = 0 is added to
force
BT (Wi Inh +e71) >0, sothat g, (hS) + B(T, et > 0.

For the second term in (2.4.49), consider the ®; and ®; terms in the integrand
me0r, (U, pr,) = O, (21 + 2 + B(T; 1) ®3)pr,)

of Hy,(t) with the forms

2
t ’

8Tt ((I)l(hi)MTt) = 6Tt

M;VIn < M )
ur,

for the corresponding matrices M; and Ms depending on Sy, S1 and A. Applying the

partial derivative in T,

8Tt (@z(hg),uTt) = —Q(sz In h: . MivaTt In ,U,Tt)mi, (2452)
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and using definition (2.2.2) for pg, and Z7, = fR2n+m e T
N EY S
Or, Inpr, = MilaTt (ZTtle_%t (U(l)+2+2))
iy Zr,! R | PR R )
= M _ZT 8TtZTt+ 2 U(l‘)+7+7 e T 2 2
t t Tt 2 2
—1 —1 T, ly El
= Hr, \ = Hr 2y, OrZr, + T | Ul2) + 75+ -
t

1 P 1 s
=— [ =|U — |d — | U “—— 4+ —1. (2.4.53
/ 3( (x) + =— 5 + 5 MT”LTE (x) + 5 + 5 ( )

Note the exchange in differentiation and integration is justified by the bounds (2.2.7)

on U. Integrating by parts in y and z (or simply using formulae for second moments)

n+m
2T

dealt with using assumptions (2.2.4) and (2.2.5), to be specific:

for the |y|? and |z|? terms in the first integral. The integral over U can be

gives

2
/Ud,m < /(aﬁﬂxﬁ + Upr)dur, < / (C;M(VU cx+Uy) + UM> dur,
1

2
—aM(nTt+U)+UM

2
/thf/ mW+U>wn/( m<wm2IJ+m> )@n

+1
a2
> m e )
> / (7"2 " 1(2VU x )d/th (2nTt Ug) +Un,

Plugging into (2.4.53) gives

_ 1 22 n+m —
P1 (Tt 1) S 8Tt ln,uTt - ﬁ <U(.’L’) + % + % - 2Tt> S D2 (Tt 1) . (2454)
t

2 2 2 2
where p;(z) = — "7 — (% + UM)JJ2 and po(z) = — 2"y 4 (ang - Um)xQ.

T1 ro+1 ro+1
Substituting (2.4.53) back into (2.4.52),
2 212\ |2
(w1 9 ) Yo

< &;(hS)pr, + CT, (1 Fla + Jy? + |z|2)m§ (2.4.55)

Or, (®i(hy)pr,) < <|Mivm hel? + 17

for a constant C' > 0 independent of k and € by the quadratic assumption (2.2.5) on |V, U|*
and 7, < 1.
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For the last integrand in the last term of the right hand side of (2.4.49), namely the

derivative over ®5(hé)ur, = 2 In %MTt? the left inequality of (2.4.54) gives

My

O, (B(T; M) ®s(hf)pr,)

_ _ _ m
= -1 2ﬁ/(Tt 1)¢3(h’1€5)/’LTt + B(T; 1)(C)Tt In —* mg

T
= _T;Zﬂ/(T;l)(q)S(hg) + e_l)lth + T;QB/(T;I)@_IMB - 5(Tt71)aTt In pog, m
< Tt_26/(Tt_1)e_1/’(’Tt + B(Tt_l)
_ 1 n+m
1 JR— —_——
P (Tt ) t T2 ( 2

where in the last step ®3 +e~! > 0, 31,82 > 0 and (2.2.7) have been used. Putting
together the bounds (2.4.55) and (2.4.56) and applying Corollary 2.4.4 yields

2, [y 2P

[ mr ) < a(77) (Hi(o) + B[+ X7 4 P+ 1261
<p(17") (Hi() + €), (2.4.57)

where p and ¢ are some finite order polynomials with nonnegative coefficients, C > 0,
both independent of k£ and e.

Returning to (2.4.49), collecting (2.4.51) and (2.4.57) then integrating from any s > 0
tot > s gives

t he 2 -1
g0 - i <2 [ (= [ + S + s e

+ |T,;|p(T;1) (H,:(u) + é))du. (2.4.58)

Fix an arbitrary S > 0. By Theorem 2.4.9, the log-Sobolev inequality (2.4.44), (2.2.5)
and the finiteness of second moments (2.4.10), it holds that

s s 2
hE
/He(u)dug/ C, |Vh7:‘du;pudu
0 0 u
/Sc /|VmZ+Tu_1m;(VIU+y+z)|2
0

€
mu

drdydzdu < co.  (2.4.59)

Then in (2.4.58) the k — oo limit can be taken. Due to (2.4.59), the term denominated
by k goes to zero. Applying Fatou’s lemma (adding and subtracting 3(T, ")e™! [ nndur,
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wherever necessary for positivity) and using 7, < 1, it holds that for s < ¢,

AR

HE(t) — He(s) < _2/ e

AT du+/|T’|p )(H( )+é)du (2.4.60)

and for® ¢t;, < s < t,

HE(t) — He(s) < /:((Tup(Tul) _ 20;1>H6(u) +O|T |p( ))du (2.4.61)

Since t* > (lnt)g for any p,a > 0 and large enough ¢t > 0, for any o > 0, there
exists t1 > max(ts, to), where g is as in Assumption 3, and ¢y, ¢y > 0 independent of k, €
such that for all ¢t > ¢,

\T’Ip( ) < q(i)l_a, (2.4.62)

1\ 5%
—2ct g@(t> , (2.4.63)

where the assumption T} > ﬁ and (2.4. 45) have been used. Using further that £ > E
by Assumption 3, then taking a < (1 — 7) there exists to > t; independent of € such
that for t > to,

1\ Fte
ITt'Ip(Tfl) —-2C;, ' < —c:;() (2.4.64)
t
and from (2.4.61), for t3 < s < ¢,
¢ 1 Lo R 1\
He() — HY(s) < / (— 03<u) He () + Cer (u) )du. (2.4.65)

To obtain the corresponding differential inequality for all time, (2.4.65) can be divided

6 t,5 from Proposition 2.4.7

55



by ¢t — s, mollified with (2.4.1) for 0 < k < 1 and the limit s — ¢ can be taken:

t+1
limi/ or(t —u)(H(u+ €) — H (u — €))du

=0 2€ J,_4

t+1 u+é
<1 i/ (t— )/ A
=eae ), wmw )\ T\ w
t+1 ) 1 u+é 1 %+a ., . 1 1—a /

S/t—l Spk(t_u)%l—%%/u_é <_c3(u/> H (U)+CC1(U/> )du du

t+1 1 Eia A 1\ e
:/ Sﬁk(tu)(%‘() He(u)+ Ceq <) >du

t—1 u ”

for t > to + 2, where the second-to-last line follows from Fatou’s lemma and dominated

convergence (adding and subtracting 3(7,,")e~! to H¢ for Fatou); the last equality follows

by the Lebesgue differentiation theorem. Therefore

d 1

(o x HY)(t) < —c3 (t+11) fJra((pk HO) + C"(H)l_a

for some constant ¢’ > 0 independent of k, e. Setting

1 %-&-a . 1 l—«o
. - NPSTd
71() -—C3<H_1> ) Ya(t) : C(t—l)

and following the argument as per [139] from Lemma 6 in [138], there exists ¢35 > t3 +

2, ¢4, C5,c¢ > 0 independent of k£ and € such that for t > t3,

B
i B (t) _ (t + 1) E Cq _ Cs Z —66t717
dt \ v t—1)—\t4+1 t—1

so that there exists t4 > t3 independent of £ and e such that for ¢ > t4,

d 22 272(t)
— H— —=)(t) < —(¢t He(t) —
(o= 220 < ) (v (0 - 228
and consequently
27 (t s w)du
o+ HE() < Jfé)) i % HE(tg)e™ Ja 1100 (2.4.66)

Finally, from (2.4.65) (adding and subtracting 8(T),,")e™! to H¢), it holds that for ¢ >
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He(t) = / pr(t —k —s)dsH(t) < / oR(t —k—s)H(s)ds+ g(2k)  (2.4.67)
t—2k t—2k

for some g : R — R satisfying g(k') — 0 as &’ — 0, so that (2.4.66) yields

He(t) < 2’>/2(7f — k)

t—k
~ nt—k) F oo x He(ty)e ™ Jua e | 50k,

where ¢y * H(t4) can be bounded independently of k in a similar spirit to (2.4.67), and
taking k£ — 0 concludes the proof. O

Remark 2.4.5. The annealing schedule T} is chosen to satisfy the relationship (2.4.64)
between C; ' and |Tt’\p<Tt_1).

2.4.7 Degenerate noise limit

After taking advantage of the square integrability Theorem 7.4.1 in [20] for the case with
a nondegenerate diffusion term in the proof of Proposition 2.4.10, the ¢ — 0 limit is taken

to obtain the same dissipation inequality in this section.

Proof of Proposition 2.2.4. From (2.4.60), for any 0 < s < t and 0 < € < min(1,€’), it
holds that

)~ 6) < [ () (e + )

where p is a finite order polynomial with nonnegative coefficients and C > 0 is a constant
both independent of e. Therefore, mollifying in time and taking s — ¢ as in the end of the
proof by Proposition 2.4.10, it is straightforward that H€ is uniformly bounded in” 0 <
t <ty and 0 < e <min(1,€). Moreover by Proposition 2.4.10, the entropy [ h§ Inh{dpur,
is bounded uniformly in ¢ >t and 0 < € < min(1, €’). Therefore for any ¢t > 0 by the de
la Vallée-Poussin criterion (see for example [49]), the subset {h{ : 0 < € < min(1l,€)} C
L' (ur,) is uniformly integrable and consequently the Dunford-Pettis theorem implies the

existence of a weak limit g; € L (ur,) for a (sub)sequence (¢;);en such that €; — 0,
RSt — g;, in L'(ug,) asi— oo.

For any S > 0, any compactly supported smooth test function ¢ : [0,5) x RZ"t™ — R,

omitting the dependence on the space variable { = (x,y, z) wherever convenient, denoting

7ty from Proposition 2.4.10
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Ds = (0,8) x R?"*™ and using 1to’s rule,

0= lim (my* — gepr, ) (—0r — Ly)ddtdC

1—00 Dg

= lim emy (SP + S )pdtd¢ —|—/

i—00 Dg Ds

g, (D + L)gadtdC + / mo(0, C)dtd,

R2n+m

- / gepar, (O + Lo)bdtdC + / mo(0, ¢)dtdC, (2.4.68)
Ds

R2n+1n

so that in the distributional sense of [20],

P =LT on R2+m vt > (),
H(genim,) = Ly (gepr,) (2.4.69)

(gouTo) = Mmy-.

By Proposition 2.4.1, the solution to (2.4.69) is unique in the class of integrable solutions

and since m; belongs in this same class, it holds that
geMT, = My
for all t € [0,.5], which is that
m§t — my, in L'(up,) asi— oo.

for all 0 < t < S. By Corollary 3.8 in [25], there exists a sequence (1});cy made
up of convex combinations of mj’ that converge strongly to m; in L', hence a subse-
quence (7’ )jen that convergences pointwise almost everywhere. By Fatou’s lemma,

convexity of f(z) = xlnz > e~! for 2 > 0 and Proposition 2.4.10, for t > tg, we get

my . i 1 1-£_2a
/ht In hpdpr, = /mt In (> < li_minf/mtj 1n< ¢ > < B<) .
My j—o0 My t

2.5 Some additional results

Before concluding, we complement our results about convergence to the global minimum
with the analog of Proposition 2.4.10 for the 7; = T > 0 sampling case and a result about
the choice of the annealing schedule.

For completeness, we also show exponential convergence to equilibrium for the generalised
Langevin equation (2.1.3) with constant temperature. Part of the analysis used in the

proof of Proposition 2.4.10 can be used for the sampling case and T3 = T, i.e. working
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only with the partial time derivatives mentioned above for the invariant distribution.

Proposition 2.5.1. Let Assumption 1 and 4 hold and let Ty = T for all t for some
constant T > 0. There exist constants C°¢,C, > 0 such that

—1

ccht
/\ht—1|duT§Ce 2 v

for allt > 0.

Proof. After Pinsker’s inequality (2.2.12) and consideration of the definition (2.4.36) of
H, what remains is the partial time derivative part of the proof of Proposition 2.4.10. The
proof concludes by the same calculations as in Proposition 2.4.10, keeping in mind 7} = 0,
until (2.4.61) followed by the Gronwall argument. Note that (2.4.45) and (2.4.63) are not
required and a log-Sobolev constant (in ¢ also) works, in which case (2.4.44) and hence
the current argument follow without requiring Assumption 2. The limiting ¢ argument

as in Proposition 2.2.4 is the same. O

Proposition 2.5.2. Under Assumption 1, 8 and 4, the schedule Ty = ﬁ, E>FEis

optimal in the sense that for any differentiable f : Ry — Ry, if

T, = % (m(iﬂ) (2.5.1)

Cy is the log-Sobolev factor (2.4.45) and p is the finite order polynomial with nonnegative
coefficients from the proof of Proposition 2.4.10, then the relation

2071 > |Tg|p(T;1) (2.5.2)
holds for large times only if limsup,_, . f(t) < 1.
Proof. Suppose there exists a constant 6 > 0 and times (¢;);en such that 0 < t; — co and
ft)=1+48 Vi

From (2.4.45),
Cit~O(e TN,

which after substituting in (2.5.1) gives

e BT T = (e +t)*f<t>% ~ Ot W f(t)Int). (2.5.3)
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Compare this to

(1) o 2 1) (10

(ft)In(e +1))2 \ e+t

which has order at least (¢f(¢))~*(Int)~2. For t = t;, i large enough, f(t) > 1+ and so

+ [/ (#)| In(e + t)), (2.5.4)

O fyInt < (tf(t) " (Int) 72, (2.5.5)

which violates (2.5.2). O

Remark 2.5.1. One can strengthen the proposition by making precise the form of p from
Proposition 2.4.10, which will determine how slowly f(¢) is allowed to converge to 1; in
fact p should be at least sixth order. This seems inconsequential with respect to optimality

and so is omitted.

2.6 Conclusions

We explored the possibility of using the generalised Langevin equations in the context
of simulated annealing. Our main purpose was to establish convergence as for the un-
derdamped Langevin equation and provide a proof of concept in terms of performance
improvement. Although the theoretical results hold for any scaling matrix A given the
stated restrictions, we saw in our numerical results that its choice has great impact on
the performance. In Section 2.3, As, A3 or Ay seemed to improve the exploration on
the state space and/or the success proportion of the algorithm. There is plenty of work
still required in terms of providing a more complete methodology for choosing A. This
is left as future work and is also closely linked with time discretisation issues as a poor
choice for A could lead to numerical integration stiffness. This motivates the development
and study of improved numerical integration schemes, in particular, the extension of the
conception and analysis on numerical schemes such as BAOAB [119] for the Langevin
equation for (2.1.3) and the extension of the work in [143] for non-identity matrices A and
A. See [121] for work in this direction.

In addition, the system in (2.1.3) is not the only way to add an auxiliary variable to the
underdamped Langevin equations in (2.1.2) whilst retaining the appropriate equilibrium
distribution. Our choice was motivated by a clear connection to the generalised Langevin
equation (2.1.4) and link with accelerated gradient descent, but it could be the case
that a different third or higher order equations could be used with possibly improved
performance. Along these lines, one could consider adding skew-symmetric terms as
in [56]. As regards to theory, an interesting extension could involve establishing how the

results here can be extended to establish a comparison of optimisation and sampling in
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a nonconvex setting for an arbitrary number of dimensions similar to [130]. We leave for
future work finding optimal constants in the convergence results, investigating dependence
on parameters and how the limits of these parameters and constants relate to existing
results for the Langevin equation in (2.1.2) in [139, 159]. Finally, one could also aim to
extend large deviation results in [107, 131, 169] for the overdamped Langevin dynamics

to the underdamped and generalised case.
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Fig. 2.3.1: Dynamics in order from top: (2.3.2), (2.3.1) with A = Ay, ..., A4. Left: One instance
of noise realisation. Right: Log histogram of 20 independent runs. See Section 2.3.2
for comments.
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Fig. 2.3.2: Proportion of simulations close to the global minimum for the Alpine function as
U. Panels from top to bottom: Langevin (2.3.2), generalised Langevin (2.3.1) with
A = Ay, Az, Az, Ay. Left: Final position. Right: time-average of last 5000 iterations.
We use v = 3 for improving colour contrast, plots are visually similar for v = 1.
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Fig. 2.3.3: Cross entropy between prediction and target over iterations of (2.3.1).
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Fig. 2.3.4: Both proportion of success and numerical transition rates for U = Us. Panels from
top to bottom: (2.3.2), (2.3.1) with A = A, Az, A3, As. Left: Proportion satisfying
the optimality tolerance for time-average of last 5000 iterations. Right: Average
number of crossings of position averages over 5000 iterations across {1 = 0} for each
independent run. The remaining details are as in caption of Figure 2.3.2.
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Fig. 2.3.5: Results for U = Us. Details are as in caption of Figure 2.3.4.
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Optimal friction for underdamped Langevin

sampling

The contents of this chapter are from the paper [36] written in collaboration with N.

Kantas, T. Lelievre and G. Pavliotis.

3.1 Introduction

Let @ be a probability measure on R™ with smooth positive bounded density, also de-
noted 7, with respect to the Lebesgue measure on R” and let f € L?(7) be an observable
or test function. In a range of applications including molecular dynamics [23, 120, 124]
and machine learning [146, 191, 193], a quantity of interest is the expectation of f with

respect to m,

w(f)i= [ fim,

which is analytically intractable and is numerically approximated most commonly by
Markov Chain Monte Carlo (MCMC) methods, whereby 7 is sampled by simulating an
ergodic Markov chain (Xj)i<gx<ny with 7 as its unique invariant measure and m(f) is
approximated by the empirical average % Zi\;l f(Xk). MCMC methods enjoy central
limit theorems for many Markov chains employed, the most well-known (class) of such
methods being the Metropolis-Hastings algorithm [89, 136]. Recent efforts have been to
develop MCMC methods suited to settings where n > 1 and where point evaluations of
or its gradients are computationally expensive; these methods include slice sampling [54,
147], Hamiltonian Monte Carlo [14, 53, 148], piecewise-deterministic Markov processes [16,
24, 189] and those based on discretisations of continuous-time stochastic dynamics [60,
124, 129] together with divide-and-conquer and subsampling approaches [8].

In this chapter, the underdamped Langevin dynamics (1.0.1) are considered as noted in

the introduction of the thesis, with the generality of a friction matrix. Denoting S, as



the set of real symmetric n x n positive definite matrices, the underdamped Langevin
dynamics with mass M € S, and friction matrix I' € S, is given by the R2"-valued

solution (g, p¢) to

dg, = M~ 'p,dt (3.1.1a)
dp; = —VU(q;) — TM ™ 'p,dt + V2I'dW,, (3.1.1b)

where v/T' € R"*" is any matrix satisfying
-
VIVT =T,

the function U : R™ — R is the associated smooth potential or negative log density
such that m oc e~Y and W; denotes a standard Wiener process on R”. The probability
distribution from underdamped Langevin dynamics converges under general assumptions
to the invariant probability measure given by

pM~lp

7(dq,dp) = Z e VD= dqdp (3.1.2)

for a normalising constant Z and there have been numerous recent works [41, 47, 57,
65, 90, 117, 141, 173] on its discretisations in terms of the quality of convergence to 7
over time; in this chapter, the goal is to optimise I' € S} , directly with respect to the

asymptotic variance in the convergence of

m()i= g [ raar

to 7(f) for any particular f (or a finite set of observables) depending on ¢ as T' — oc.

We mention that parameter tuning in MCMC methods is a widely considered topic [4, 196]
(and references within). Specifically for underdamped Langevin dynamics, tuning the
momentum part of 7 with respect to reducing metastability or computational effort was
considered in [166, 181, 188]. The choice of friction (as a scalar) has been a subject of
consideration as early as in [96], then in [3, 26, 110, 178] within the context of molecular
dynamics and also in [47, 56]. Most of these works make use of different measures for effi-
ciency. The present work constitutes the first systematic gradient procedure for choosing

the friction matrix in an optimal manner, with respect to an appropriate cost criterion.

3.1.1 Outline of approach

Complementary to the introduction of the thesis, we give here a concise description of

our approach, precise statements can be found in the main Theorems 3.3.1 and 3.3.3. It
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is known using results from [172] and [15] that, under suitable assumptions on U and f,

a central limit theorem

\;T/()T(f(qt) —w(f)dt BN(©0,0%)  asT — oo (3.1.3)
holds and that o2, the asymptotic variance, has the form
ot =2 [o(f ()i (3.1.4)
where ¢ is a solution to the Poisson equation
—Lo=f—n(f) (3.1.5)

and L denotes the infinitesimal generator associated to (3.1.1). Two key observations
are then made. Firstly, at any I' € " | and for any direction 6" € R"*™ in the friction
matrix, the directional derivative of o2 evaluated at I in the direction 6T, denoted do2.6T,

is given by the formula
do?.6T = —2 / (V,0) TOT'V, pd, (3.1.6)

where ¢ is the solution to (3.1.5) at T' and ¢ is given by

o(q,p) = ¢(q,—p). (3.1.7)

A direction 6T that guarantees a decrease in o2 is then
AT := / V,6 @ Vpodi (3.1.8)
where ® denotes the outer product. Similarly, taking dI" to be the diagonal elements
of (3.1.8) or 0T =1, [V, - Vpgi;dfr give in both cases a negative change in asymptotic

variance respectively for diagonal I" and I" of the form cI,,. The second observation is

that since the solution ¢ to the Poisson equation (3.1.5) is known to be given by

o(q,p) = / T EL (a0)ldt, (3.1.9)

where (g, pt) solves (3.1.1) with initial condition (qo,po) = (¢,p), given convexity condi-

tions on the potential U and under suitable assumptions, we have

Vo= [ EIVHa) Dyl (3.1.10)
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where D,q; denotes the R™*"-matrix made of partial derivatives of ¢; with respect to
the initial condition p in momentum. In this case, D,q; satisfy the dynamics that result
from taking partial derivatives in (3.1.1), which are susceptible to algorithmic simulation.
Moreover, under strong enough convexity assumptions on U, the process also decays to
zero exponentially quickly, so that the infinite time integral (3.1.10) can be accurately
approximated with a truncation using short simulations of D,q; for adaptive estimations
of the direction (3.1.8) in I'. This leads to an adaptive algorithm involving the selection
of I' in an appropriate constrained set, of which we illustrate the performance with nu-

merical examples.

Examples where improved I' can be found analytically are presented in Section 3.4. Nu-
merical illustrations making use of (3.1.6) and (3.1.10) are presented in Sections 3.5.
In particular, the algorithm is applied on the problem of finding the posterior mean in
a Bayesian logistic regression inference problem for two datasets with hundreds of di-
mensions, where the best friction matrices found in both cases are close to zero (for
example I' = 0.11,, performs well compared to I' = I,,, demonstrating reduced variance
of almost an order of magnitude in Tables 3.5.2 and 3.5.3).

To use the asymptotic variance for a particular observable (or a set of them) and to use
measures for the quality of convergence to 7 or to minimise an autocorrelation time as
considered in [3, 26, 47, 96, 110, 178] can be conflicting goals. To elaborate, in [96], the
autocorrelation time was used as the point of comparison in the Gaussian target measure
case for the optimal friction. For n =1, w,y > 0, U(q) = sw?¢?>, M =1, I = ~, the

autocorrelation functions for (3.1.1) satisfies

da (E(QtCIO)> _ ( 0 1 ) <E(QtCIO)> ] (3.1.11)

dt \ E(p:qo) ~w? —y) \E(peao)
By considering the eigenvalues, the conclusion in [97] is that the optimal v for minimising
the magnitude of E(g:qo) is given by the critical damping v = 2w, see Figure 3.1.1. A
similar conclusion can be made when considering the spectral gap[158]. On the other
hand, if f(q) = ¢ in our setting, formally, the quantity % = foooo E(qg1q0)dtd7(qo, po)
is the asymptotic variance due to (3.1.4) and (3.1.9). Despite the appearance of E(g;qo)
as before, Corollary 3.4.8 asserts that v = 0 is optimal for the asymptotic variance. A
more detailed discussion about Corollary 3.4.8 is given in Section 3.4.2. This difference
emphasizes that, at the cost of generic convergence to 7, the tuning of I" here is directed
at variance reduction for a particular observable, in this case f(q) = q. However, multiple
asymptotic variances can be used for the objective function to minimise, so that I' can

be optimised with respect to several observables of interest simultaneously. Remark 3.5.1
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5

Fig. 3.1.1: The values min;(|Re(\;)|), where A; are the eigenvalues of the matrix appearing in
the square matrix on the right-hand side of (3.1.11), also the spectral gap for the
generator of (3.1.1) with n = 1, w > 0, harmonic potential U(q) = sw?¢®>, M =1
and I' = ~. Critical values of  are given by 2w.

describes the implementation for a linear combination of asymptotic variances at no extra
cost in terms of evaluations of 7 or its gradients.

The rest of the chapter is organised as follows. In Section 3.2, we provide a mathematical
setting in which the underdamped Langevin dynamics with a friction matrix and in
particular (3.1.1) has a well-defined solution and satisfies the central limit theorem for
suitable observables, together with notations used throughout the chapter. In Section 3.3,
prerequisite results and the main formulae (3.1.6) and (3.1.10) are precisely stated. Exact
results concerning improvements in I" including the quadratic U, quadratic f and linear f
cases are given in Section 3.4. Numerical methods in approximating (3.1.8) together with
an algorithm resulting from (3.1.6) and (3.1.10) is outlined and detailed in Algorithm 1
and 2 respectively in Section 3.5, alongside examples of U and f where improvements
in variance are observed. In Section 3.6, deferred proofs are given. In Section 3.7, we

conclude and discuss future work.

3.2 Setting

Let (Q, F,P) be a complete probability space, (F;)¢>0 be a normal (satisfying the usual
conditions) filtration with (W,);>0 a standard Wiener process on R™ with respect to the
filtration (F;)i>0 and let 7 be a probability measure given by (3.1.2) for some potential
function U : R® — R and mass matrix M € S% .

The set of smooth compactly supported functions is denoted C2°. Following the notation
of [62], we denote the infinitesimal generator (see (3.6.5) for a definition) associated
to (3.1.1) as L, which is given formally by its differential operator form, denoted £, when
acting on the subset C°(R?"),

L=p MV, —VU(q)'V, —p' M™'TV, + V, L'V, (3.2.1)
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Its formal L?(R™)-adjoint £ satisfies
LT7=0, (3.2.2)

so that 7 (see (3.1.2)) is an invariant probability measure for (3.1.1) for a normalisation
constant Z. Let

Li(n):={g € L*(7): /gdw =0}

and similar for L3(7). The notation D?U will be used for the Hessian matrix of U. As in
the introduction, I,, € R™*™ denotes the identity matrix. For a matrix A, |A| denotes the
operator norm associated with the Euclidean norm. e; is used to denote the i*" Euclidean
basis vector. For A,B € R"*", A: B:=3_, ; A;;B;; and Ag = 1(A+AT). (-,-)# denotes

the inner product in L?(7) and similar for 7.

3.2.1 Semigroup bound, Poisson equation and central limit theorem

In this section, a central limit theorem for the solution to (3.1.1) is established, where the
resulting asymptotic variance will be used as a cost function to optimise I' with respect
to. Specifically, it will be shown that under some weighted L°° bound on the observ-
able f € L?(m), the estimator w7 for the unique solution (g:,p;) to (3.1.1) converges
to w(f) as T — oo such that (3.1.3) holds with (3.1.4).

It is well known that the asymptotic variance can be expressed in terms of the solution
to the Poisson equation (3.1.5) using the Kipnis-Varadhan framework, see for example
Chapter 2 in [113], Section 3.1.3 in [124], [29] and references therein. In order to show
that the expression (3.1.9) is indeed a solution to the Poisson equation (3.1.5), the expo-
nential decay of the semigroup (see (3.6.4)) is used. In Theorem 3.2.1 below, we establish
convergence in law to the invariant measure for the Langevin dynamics (3.1.1).

We will pose the following assumptions on U:

Assumption 5. The function U € C*°(R") satisfies U > 0. Moreover, there exist
constants 1, B2 > 0 and « € R such that

Vg € R™, (q,V,U(q)) > B1U(q) + Bala|* + o (3.2.3)

The following Lyapunov function K; : R?” — R for all [ € N will be used:

Ki(z) = Ki(g,p) = (cU(q) + alq|® + blg, p) + ngl2 + 1)l (3.2.4)

for constants a, b, ¢ > 0. The well-posedness of equation (3.1.1) is stated in Theorem 3.6.1.
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Theorem 3.2.1. Under Assumption 5, T is the unique invariant probability measure for
the SDE (3.1.1) and for all Il € N, there exist constants k;,C; > 0 depending on | and
constants a,b,c > 0 independent of | such that the solution zf = (g, p:) to (3.1.1) with
initial condition z satisfies

[Elp(2)] = 7(p)] < Cre™"™ Ky (2) (3.2.5)

’so—ff(so)
Ki

Lo

for Lebesgue almost all initial z € R?™, K; > 1 given by (3.2.4) and all Lebesgue measur-

able ¢ satisfying
¥

— e L™ 3.2.6
z (3:26)
Moreover for any |l € N, K; satisfies
/ICldfr < o0 (3.2.7)
and
LK < —aiK;+ b (3.2.8)

for some constants a;,b; > 0.

For the sake of brevity we omit the proof. The fact that 7 is invariant is thanks to (3.2.2).
For the rest of the statements, the proof is contained in [172, Theorem 3], which is based
on [133]. In the latter the setting is more general than (3.1.1) in that the friction matrix is
dependent on g and the drift is not necessarily conservative, i.e. the forcing term is not the
gradient of a scalar function and the fluctuation-dissipation theorem (see equation (6.2)

in [158]) does not hold, but of course, [172, Theorem 3] applies in particular to our setting.

Remark 3.2.1. Inequality (3.2.5) holds for all initial z € R?", as opposed to almost all z,
given any bounded measurable . This is a consequence of combining (3.2.5) together

with the strong Feller property given by Theorem 4.2 in [51].

The following corollary holds by taking ¢ as indicator functions and Remark 3.2.1.

Corollary 3.2.2. Under Assumption 5, for all initial z € R?™, the transition probabil-
ity p; of (3.1.1), given by p7(A) = P(zf € A), satisfies

lpi — #|lrv — 0 ast — oo

where || - || v denotes the total variation norm.

The solution to the Poisson equation is given next following the direction of [29], see the

paragraph before Corollary 3.2 there.
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Theorem 3.2.3. Under Assumption 5, if f € L3(7) satisfies ,CLZ € L*> for somel € N,
then there exists a unique solution ¢ € L3(7) to the Poisson equation (3.1.5). Moreover,

the solution is given by

¢=/O Py(f)dt. (3.2.9)

Proof. For T > 0, let gp := fOT P;(f)dt. Note that gr € L?(7) for T € Ry U {cc} and by
Theorem 3.2.1

gr — /000 Py(f)dt (3.2.10)

in L2(7) as T — oo, specifically (3.2.5) with ¢ = f and using (3.2.7) for 2[ in place of [.
Applying L, it holds that

= lim —

Ps _ 1 T+s
Lgr = lim 7(QT) gr i (
s—0 S s

B /OT>Pu(f)du = Pr(f) - f,

where the exchange in the order of integration is justified by Fubini, (3.2.5) and the
last equality follows by the strong continuity of (P;);>¢ (given by Proposition 3.6.2).
Inequalities (3.2.5) and (3.2.7) (with 27 in place of ) also give

Pr(f) =0  in L*(%) (3.2.11)

as T — oo, so that since L is a closed operator, equations (3.1.5) and (3.2.9) hold.
In addition, f ¢dm = 0 follows from the invariance of 7, Theorem 3.2.1 and Fubini’s

theorem. 0
We proceed to state the central limit theorem for the solution to (3.1.1).

Theorem 3.2.4. Under Assumption 5, if f € L*(%) satisfies Kil € L™ for somel € N,
the random variable % fot(f(zs) —m(f))ds converges in distribution to N'(0, %) ast — oo

for any initial distribution, where

o} = 2/¢(f —m(f))dr (3.2.12)

and ¢ € L3(7) is the solution to (3.1.5).

Proof. By Corollary 3.2.2 and Theorem 3.2.3, the result follows by Theorem 2.6 in [15].
Note that the joint measurability assumption in [15] of the transition probability is verified
in Theorem 3.6.1. See also Theorem 3.1 in [29]. O
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3.3 Directional derivative of o2

In this section, we give a number of natural preliminary results that pave the path for
the main result in Theorem 3.3.2, in which a formula for the derivative (3.1.6) of o2 with
respect to I' is provided. The derivative formula is based on the fact that the invariant
measure 7 is independent of I' appearing in the Langevin equation (3.1.1), yet on the other
hand that the asymptotic variance varies as I' changes. It gives a systematic method to
find an optimal parameter in our dynamics, in contrast to the numerical comparison in
the previous Chapter 2 (see Figure 2.3.2). The proofs of Lemma 3.3.1 and Theorem 3.3.2

are deferred to Section 3.6.

3.3.1 Preliminary results and the main formula

In order for the integral in a formula like (3.1.6) to be finite, control on the derivatives
in p is required. This will also be used in the proof of Theorem 3.3.2 and it is given
by the following Lemma 3.3.1. Note that the results in the seminal work of Pardoux
and Veretennikov are not relevant for our derivative bounds for a number of reasons, for
example results in [154] may not be applied because the diffusion matrix in (3.1.1) is

degenerate.

Lemma 3.3.1. Under Assumption 5, if f € LE(7) satisfies ,Cil € L™ for somel € N, then
the weak derivative in p of the solution ¢ to —L¢ = f, denoted V,¢, satisfies f\Vp¢\2dﬁ <

Q.

The main result of this section is the expression for the directional derivative of the
asymptotic variance and is given next. Since Lemma 3.3.1 is available only for observable
functions of position ¢, the formula for the derivative is given for such observables. The
directional derivative of E': S, — R at I' € S, in a symmetric matrix direction JI" €
R™*™ is denoted by dE(T").6T = lim_,o *(E(I' + €6') — E(T')) whenever the limit exists.

The explicit dependence on I is omitted in the notation when it is clear from the context.

Theorem 3.3.2. Under Assumption 5, if f = f(q) € L3(w) is continuous, satisfies Kil €
L for some | € N and there exists € > 0 such that I',T' 4 €6T" € S}, for |e] < €, then
the directional derivative of the asymptotic variance o2 at T in the direction 6T € R"*"
has the form

do?(T).0T = —2 / (V,0) T 6TV, pd7, (3.3.1)

where ¢ is the solution (3.2.9) to the Poisson equation for the dynamics (3.1.1) at T and ¢
is given by (3.1.7).

As mentioned in the introduction, from (3.3.1), the direction (3.1.8) guarantees a decrease
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in asymptotic variance; similarly the scalar change in I" given by (3.1.8) where the outer

product is replaced by a dot product guarantees a decrease in o2.

3.3.2 A formula using a tangent process

The directional derivative do?.6T" of the asymptotic variance (3.3.1) can be written in a
more useful form for simulation based approximation. The first variation process of (3.1.1)
is used here to calculate (3.1.10); this will be the main methodology used in the numerical
sections. This alternative formula given in Theorem 3.3.3 provides a way to avoid using a
finite difference Monte Carlo estimate of the derivative of an expectation. For simplicity,
we set M = I, here. The first variation process (with respect to initial momenta p)
associated to (3.1.1), denoted by (D,q, Dpp;) € R™ 2" for t > 0, is defined as the

matrix-valued solution to

o, [Pr) = 0 In) (Pt (3.3.2)
Dypy —D?*U(q;) —T) \Dyp:

with the initial condition Dpqop = 0, Dppg = I,. By Theorems V.39 in [165], the partial
derivatives of (g, p;) with respect to the initial values in p is the unique solution to (3.3.2)
and (Dpqi, Dppy) is continuous with respect to those initial values. The aim in setting the
various assumptions in the following Theorem 3.3.3 is to ensure the exponential decay of
these derivative processes, as opposed to exponential decay of derivatives of the associated
semigroup as in [45]. We omit in the notational dependence of (g, p:) on its initial

condition (go,po) = (¢,p) = z whenever convenient in the following.
Theorem 3.3.3. Let Assumption 5 hold. If in addition,

e there exist Uy > 0 and Q € S such that for all g € R, v € R,
v D?U(g)v > Uplvl®, D*U(q) = Q+ D(q),

where D : R™ — R™ ™ 4s small enough everywhere in the following sense:

>

A AnUE Amlo Us

D < A:=min | —
D) < = min (5, g, 220 T

omin(Q)> , (3.3.3)

where A, Ayr > 0 are respectively the smallest and largest eigenvalue of T' and omin(Q)

denotes the smallest eigenvalue of Q;

o f=f(q) € Li(m)NCHR") and satisfies %‘Yﬂ € L*> for somel € N,
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then the weak derivative V,¢ has the form

Yota.n) - [ " B[V (¢)) T Dyadt, (3.3.4)

where g, solves (3.1.1) with initial condition (qo,po) = (¢,p) and Dypq, solves (3.3.2), the
latter satisfying
|qut|2 + |Dppt|2 <Cle (3.3.5)

for some constants C,C" > 0 independent of (qo,po) and w € Q.

The additional assumptions on U are made in order to ensure that the process (Dpg:, Dppt)
converges to zero exponentially quickly so that the integral in (3.3.4) is finite. In par-
ticular, (3.3.3) requires U to be close to a quadratic function ¢' Qg; see also [21] for a
situation where a similar assumption is made for the long time behaviour for the Vlasov-

Fokker-Planck equation.

Remark 3.3.1. Exponential decay of the first variation process is not required for the in-
tegrability of the integrand on the right-hand side of (3.3.4), only some uniform (in initial
condition (go,po)) integrability in time of D,q, together with a boundedness assumption
on Vf. On the other hand, Proposition 1 in [47] and Proposition 4 in [142] explores
more detailed conditions under which contractivity holds and does not hold for scalar
friction I' = v > 0; our result places the focus on conditions on U such that contractivity
holds for all ' € 5%, .

Proof. Let b > 0 be the constant

Y Vo @) (3.3.6)

. . bl,
so that A\ reduces to A = min ()‘2”” , b(ff) and, since b < %\/ Omin(Q), the matrix (b? I )
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is positive definite. We have the following bound.

.
1 D bl, D
*87& |:€1T Pt Q pat 6,‘:|
2 D,p; bvl,, I, D,p;
= ¢ Dpg) QDyppre; + b|Dpptei|2
—¢; (bDpar + Dypy) ' (D*U(q) Dpae + T Dypy)e;

= *bez—'l—qut DQU( )DPQtei + ezTqu;r(*br - D(‘Jt))Dthei
— ¢ Dpp; (T —bl,)Dypye;

Uy A A2, )
<_bUO+O+ )DPQt62| +<_)\m+b+M+ )Dppt€z|

2 2U,
bU, Am
< —*O\DthezF 1 2 Dypee?
T
D oI\ (D
< —Ce/ pit @ pdt e (3.3.7)
Dppt b—[n In Dppt

for some generic constant C' > 0 independent of the initial values (go,po) and w € .
Consequently, using the weighted boundedness assumption on |V f| (that % € L for

some | € N) and for each index i,

((V£(a:) " Dpar)i| < C'eCHV f(qr)]
< C'e V(@) = m(IVf]) + C'e” (3.3.8)

for a generic C' > 0 independent of (go,pp) and w € . Due to (3.3.8) together with
Fubini’s theorem, it holds for 7' > 0 and a test function g € C2°(R?") that

// F(qF)]dtV,pg(2 )dz:/OTE[/f(qf)Vpg(Z)dZ} dt
= /OTE [/Vf(qf)Tqufg(z)dz] dt
= //OT]E[Vf(Qf)Tquf]dtg(z)dz.

Using Theorem 3.2.1, (3.3.8) again and dominated convergence to take T — oo on both

sides concludes the proof. O

The following is a brief discussion about how equation (3.3.4) can be used in practice
to approximate the gradient direction [ V,¢ ® Vpgi;dfr from realisations (g, p¢) of (3.1.1).
We have in mind at first setting (¢*,p*) = (g0, Po), where (go,po) is the initial condition
from equation (3.1.1), so that equation (3.3.4) implies V,¢(q*,p*) ® V,o(¢*,p*) can be
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approximated using
T T
ST = [ VR Dy s [Vl Dyl s, (339
0 0

where (¢8 "), p{« ")) solves (3.1.1) with initial condition (¢*, p*), and (¢{? "7, p{? "7P7))
denotes a parallel solution of (3.1.1) with initial condition (¢*, —p*) and independent re-
alisations for W. Moreover, (Dpgs)o<s<7 denotes corresponding solutions to (3.3.2) for
both initial conditions. At time T one can then update I' using equation (3.3.9), up-
date (¢*,p*) = (¢r, pr) and repeat using (3.3.9) in the same way until some satisfactory T’
has been reached. There are sources of bias from not being at stationarity and using finite
T, but both these can be mitigated in practice with careful and adaptive choice of T'. The

overall approach is summarised in Algorithm 1 and given with more detail in Algorithm 2.

The next result is that the estimator (3.3.9) has finite variance.

Theorem 3.3.4. Let the assumptions of Theorem 3.5.8 hold. For Lebesgue almost-
all (¢,p) € R?™, each entry of 6T defined in (3.3.9) has finite variance.

Proof. 1t suffices to show that (3.3.9) has finite second moment, for which it suffices to
show that each element in the vector of time integrals fOT Vf(qt(q’p))Tqut(q’p)ds has finite

second moments by independence. For each index 4, using (3.3.7),

(V£(ar) T Dyae)i|” < 22NV f(q0)
< C?e 2NV f(q0)]” — 7(IV 1) + C2e 2 (IV 1),

so that using the (weighted) boundedness assumption on |V f| together with Theorem 3.2.1

and Fubini’s theorem, the proof concludes. O

3.4 Gaussian cases

Throughout this section, the target measure 7 is assumed to be Gaussian, when 7 is
mean zero this is m o eXp(—% Ty-1g) for © € S%,, in other words, the potential is
quadratic, U(q) = %qTE’lq. For polynomial function observables, we look for solutions
to the Poisson equation (3.1.5) by using a polynomial ansatz and comparing coefficients
in order to obtain an explicit expression for the asymptotic variance. The results provide
benchmarks to test the performance of the algorithms that arise from using the gradient
in Theorem 3.3.2 as well as intuition for how I' can be improved in concrete cases. We

will consider the following cases for the observables:

1. Quadratic f = %qTUOq under the assumption of commutativity between Uy and X

(Proposition 3.4.5), also f = %qu2 + lg in one dimension (Proposition 3.4.6);
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2. Odd polynomial f, where the asymptotic variance will be shown to decrease to zero
as I' = 0 (Proposition 3.4.7, Corollary 3.4.8 and Proposition 3.4.9);

3. Quartic f in one dimension, in which case the situation is similar to quadratic f
(Proposition 3.4.10).

4. Quadratic f, but with polynomial I'. This is not the setting above, but the difficulty
of any such extension to the case of variable friction I" is demonstrated by a negative
result about the form of optimal I' in polynomial settings, in which one hopes for

analytical solutions to the Poisson equation.

All of the proofs and derivations for the results in this section can be found in Section 3.6.
We proceed with stating in more detail the general situation of this section.

Let ¥ € S}, Uy € S}, and I € R". The Gaussian invariant measure 7 and the
observable f : R2® — R are given by

- 1 _ 1 B 1
7ro<exp(—2q-2 1q—ip-M 1p>, f(q)ziq-qu—i—l-q (3.4.1)

and the value 7(f) becomes
1 1
m(f) :/fdw:/gq-qudw: AR (3.4.2)

The infinitesimal generator £ becomes in this case

0 M1 q
L= (—Z_l —FM_1> (p) -V+V,-TV,

:M_lp'vq—E_1Q'Vp—FM_lp'vp+Vp‘va~ (3.4_3)
Consider the natural candidate solution ¢ to the Poisson equation (3.1.5) given by
1 1 1
o(a:p) = 54-Ga+q-Ep+gp-Hp+g-q+h-p—5(G: X+ H: M) (3.4.4)

for some constant matrices G, E, H € R™*™ and vectors g, h € R". Note that we allow G
and H not to be symmetric and specify Gg and Hg as the respective symmetric parts in

order to make a clear distinction.

Lemma 3.4.1. Given f in (3.4.1), n(f) in (3.4.2) and L of the form (3.4.3), it holds
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that ¢ given by (3.4.4) is a solution to the Poisson equation (3.1.5) if and only if

1 1
27l (ETq+h) ~T:Hs — 5q-Uog —1-q+ 5Up: B =0, (3.4.5)
~MYGsq+g)+ HsX g+ M'T(ETqg+h) =0, (3.4.6)
—ETM '+ HsTM ™! = Ay, (3.4.7)

for some antisymmetric A; € R™*™.

3.4.1 Quadratic observable

Similar calculations in this situation have appeared previously in Proposition 1 in [55],
where explicit expressions analogous to G, E, H and for o2 are given. For our purposes of
finding an optimal I', the approach take here is different. Instead of taking these explicit
expressions, we keep unknown antisymmetric matrices (such as A;) as they appear as
an alternative to the aforementioned explicit expressions. Eventually the commutativity
property between 3 and Uj is used to show that the antisymmetric matrices are zero.
We continue from (3.4.5), (3.4.6) and (3.4.7) with finding explicit expressions for the
coefficients G, E, H of ¢.

Lemma 3.4.2. Given [ in (3.4.1), w(f) in (3.4.2), L of the form (3.4.3), ¢ given
by (3.4.4) is a solution to the Poisson equation (3.1.5) with (3.4.3) if and only if there

exist antisymmetric matrices A1, As such that

Gs = %M(EUG — YAy - 24, M) TR 4 %F(UOE — ApY), (3.4.8)
E = %UOZ + %Am (3.4.9)
Hg = %(EUO — YAy —2A,M)TH (3.4.10)
h =Xl and g=TXI. (3.4.11)

The asymptotic variance from Theorem 3.2.4 can be given by a formula in terms of 3, Uy
and the coefficients of ¢. Before substituting the expressions from Lemma 3.4.2 into the
formula, we give the formula itself, which is adapted from the proof of Proposition 1
in [55].

Lemma 3.4.3. Let f be given by (3.4.1), ©(f) be given by (3.4.2) and L be given
by (3.4.3). If the solution ¢ to the Poisson equation (3.1.5) is of the form (3.4.4), then

the asymptotic variance o given by (3.2.12) has the expression
2, f — (s = T(GsXUpX) + 2¢g - Xl. (3.4.12)
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From the expressions (3.4.8) and (3.4.10) for Gg and Hg respectively, it is not straight-
forward to check that there exist antisymmetric A; and As such that the right hand
sides are indeed symmetric at this point, which is necessary for the ansatz (3.4.4) for ¢
to be a valid solution. On the other hand, if X, Uy, I';, M all commute, then the right
hand sides of (3.4.8) and (3.4.10) are symmetric for A; = Ay = 0 and the coefficients G
and H become explicit, which allows taking derivatives of o2 with respect to the entries
of I'. Moreover, the explicit coefficients allow optimisation of M, which is given by the

following proposition.

Proposition 3.4.4. Suppose X2, Uy and T all commute. Let f be as in (3.4.1), w(f) be as
in (3.4.2), L be of the form (3.4.3) and ¢ be the solution to the Poisson equation (3.1.5).
It holds that

MEeSy,

M a0 / O(f —m(f)dr =  inf / o(f — = (f))dr, (3.4.13)
where Sy, is the set of symmetric positive definite matrices commuting with X.

Remark 3.4.1. The limit (3.4.13) in Proposition 3.4.4 is, together with a rescaling in
the velocity space, the overdamped limit of the Langevin dynamics, see Section 2.2.4
in [123]. However, (3.4.13) does not necessarily mean overdamped dynamics are better
in practice. For example when T is a small scalar, the overdamped limit corresponding
to (3.4.13) results in a time speed-up inversely proportional to I' over the overdamped
limit corresponding to I' = I,,. Consequently, any such comparison between Langevin
dynamics and the overdamped limit should include constraints such as those in [81] for

both sets of dynamics. We focus on the optimisation of I and fix M = I, in the following.

As before, we denote Sy to be the set of symmetric positive definite matrices commuting
with X.

Proposition 3.4.5. Let X, Uy, I, M be such that
YUy = UpZ, =0, M =1,, (3.4.14)

the function f be as in (3.4.1), n(f) be as in (3.4.2), L be of the form (3.4.3) and ¢ be
the solution to the Poisson equation (3.1.5). It holds that

min 2/¢(f —n(f))dF = Tr(UOQZ%),

I'eSy
where the minimum s attained by I' = IS

In the scalar case, we can remove the restriction on .
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Proposition 3.4.6. Ifn=1, Uy #0,1#0, f: R — R is given by (3.4.1), w(f) is given

by (3.4.2), L is of the form (3.4.3) and ¢ is the solution to the Poisson equation (3.1.5),

then minpso 2 [ ¢(f — w(f))dw = M3Y2UR(S + 412U %)2 and the minimum is attained
M3

byl = —22—=——+.
4 (S+412U; %) 2

3.4.2 0Odd polynomial observable

Another special case within (3.4.1) where the solution ¢ can be readily identified is
when Uy = 0, that is, for linear observables. More generally, (almost) zero variance

can be attained in the following special case.

Proposition 3.4.7. Under Assumption 5, for a general target measure < e~V on R",
if the observable f is of the form f(q) = a- VU, for a = (a1,...,ay), a; € R, L is of
the general form (3.2.1) and ¢ is the solution to the Poisson equation (3.1.5), then the

asymptotic variance satisfies

inf 2 — dm = 0. 3.4.15
st 2 fotf — a(pyan (3415
Corollary 3.4.8. Given a Gaussian target measure with density m oc e=U on R™, observ-
able f : R™ = R as in (3.4.1) with Uy = 0, that is, f(q) =1-q, wherel € R™, w(f) =0, L
of the form (3.2.1) and ¢ the solution to the Poisson equation (3.1.5), equation (3.4.15)
holds.

Note that Corollary 3.4.8 is also a consequence of (3.6.19) in the proof of Lemma 3.4.3.
Furthermore, the setting in Corollary 3.4.8 is included in Proposition 3.4.4, which sug-
gests that the overdamped limit (see Remark 3.4.1) for some fixed small T' (used to
obtain arbitrarily small asymptotic variance in the proof of Proposition 3.4.7) also has
small asymptotic variance. One can readily check, at least formally, that the smallness
of I' corresponds to a speed up in time for the overdamped limit.

We give here some intuition for the situation in Corollary 3.4.8. First note that the
Langevin diffusion with I" = 0 reduces to deterministic Hamiltonian dynamics and that it
is the limit case for the I' attaining arbitrarily small asymptotic variance in the proof of
Proposition 3.4.7. The result indicates that this is optimal in the linear observable, Gaus-
sian measure case (i.e. (3.4.1), Uy = 0) and this aligns with the fact that the value (3.4.2)
to be approximated is exactly the value at the ¢ = p = 0, so that Hamiltonian dynam-
ics starting at ¢ = 0, staying there for all time, approximates the integral (3.4.2) with
perfect accuracy. A similar idea holds for when the initial condition is not ¢ = p = 0,
where (3.4.2) is approximated exactly after any integer number of orbits in (g, p) space.
Continuing on this idea, it seems reasonable that the same statement holds more generally

for any odd observable. At least, the following holds in one dimension.
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Proposition 3.4.9. Ifn =1, k € Ny and f R —= R is an odd finite order polynomial

observable given by
k
flg) = aig®™, (3.4.16)
i=0

also(f) =0, L is of the form (3.4.3) and ¢ is the solution to the Poisson equation (3.1.5),
then the asymptotic variance satisfies (3.4.15).

3.4.3 Quartic observable

The situation in the quartic observable case, at least in one dimension, is similar to

quadratic observable case.

Proposition 3.4.10. Ifn =1 and f : R — R is a quartic observable given by

fla) =4, (3.4.17)

also 7(f) = 3%2 for some X > 0, L is of the form (3.4.3), M =1 and ¢ is the solution
to the Poisson equation (3.1.5), then there exists oguar > 0 such that minp— o2 [ ¢(f —

7(f))dT = oquar

3.4.4 Polynomial '

The final consideration in this section is variable friction I' : R™ — R in the case of (3.4.1).
Although Langevin dynamics with variable friction is not the setting of this chapter, a
natural class of functions for I' where the Poisson equation might be expected to have a
closed form solution is when I is polynomial; we demonstrate the difficulty of this setting
by presenting here the negative result that no finite order polynomial ¢ solves the Poisson

equation for n = 1.

Proposition 3.4.11. Ifn=1, f: R — R is given by (3.4.1) with Uy # 0, w(f) is given
by (3.4.2), L is given by (3.4.3), T is given by a nonconstant finite order polynomial, then

finite order polynomials in q,p cannot be a solution ¢ to the Poisson equation (3.1.5).

The proof of Proposition 3.4.11 can be found in Section 3.6.

3.5 Computation of the change in I

Throughout this section, the M = I, case is considered. As mentioned, the formula (3.3.1)
gives a natural gradient descent direction (3.1.8) to take I' in order to optimise o2 from
Theorem 3.2.4. In Theorem 3.3.2 and in the form (3.1.8), the expression for the gradient
is already susceptible to a Green-Kubo approach in the sense that the form (3.2.9) for ¢
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can be substituted in to obtain a trajectory based formula, where finite difference is used
to approximate V,, and independent realisations of (g, p;) is used for the expectations.
However, this is too inaccurate in the implementation to be useful. The more directly
calculable form as stated in the introduction in (3.1.10) is used involving the derivative
of (g¢, pt) with respect to the initial condition in Section 3.3.2.

We focus the discussion on a Monte Carlo method to approximate V¢ and gradient di-
rections in ' (e.g. (3.1.8)) based on Theorem 3.3.2, but a spectral method to solve (3.1.5)
and compute the change in I is given in Section 3.5.5, which is computationally feasible in
low dimensions. Algorithm 1 summarises the resulting procedure, where all expectations
within (3.1.8) are approximated by single realisations; further justifications, refinements
and a concrete implementation (Algorithm 2) can be found in Section 3.5.1, whilst alter-

native methods are given in Section 3.5.5.

Algorithm 1 Continuous-time outline of T' update using (3.1.6) and (3.1.10)
Result: I' € %
Start from arbitrary (qo,po) € R?" and set (Go,p0) = (¢°, —p°), Dgo = DGy = 0,
Dpo = Dfg = I, ( = (= 0,T = I,, t = tg = 0;
for N epochs do
simulate one time-step in ¢, ¢; then in D,q; and D,g;;
add to ¢ ,5 to approximate the row vectors

t t
¢= Vf(QS)Tqusta ¢= vf(dS)TDpstdSQ

to tO

if (Dpgt, Dppy) is small enough in magnitude then
update T' with the gradient direction —¢ ® ¢ — C® CN)T; 5
reset (G, pt) < (qt, —p1); (Dpqs, Dppt), (DpGe, Dppe) < (0, 1n); to = t; ¢, ¢ < 0;
end if
t+—t+ At
end for

Section 3.5.2 contains the simplest one-dimensional Gaussian case where the optimal IT" is
known and it is shown that the algorithm approximates it quickly. A different Gaussian
problem extracted from a diffusion bridge context is explored in Section 3.5.3, where the
algorithm is shown to approximate a I' matrix that exhibits an even better empirical
asymptotic variance than the one given by Proposition 3.4.5. Finally, the algorithm is
applied to finding the optimal I' in estimating the posterior mean in a Bayesian inference
problem in Section 3.5.4, where the situation is shown to be similar to Proposition 3.4.8,
in the sense that the optimal I' is close to 0; after and separately from such a finding, the
empircal asymptotic variance for a small I' is compared that for I' = I,,, with dramatic

(about tenfold) improvement in both the full gradient and minibatch gradient cases.
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3.5.1 Methodology

Here we describe an on-the-fly procedure! to repeatedly calculate the change (3.1.8) in T’
by simulating the first variation process parallel to underdamped Langevin processes. The
discretisation schemes used to simulate (3.1.1) and (3.3.2) are given in Section 3.5.1. Two
gradient procedures, namely gradient descent and the Heavy ball method, for evolving I'
given a gradient are detailed in Section 3.5.1. Then iterates from Section 3.5.1 are used
to approximate each change in T' in Section 3.5.1 (see also Section 3.5.5). The key idea
linking the above is that if equation (3.3.4) holds, then

AT = /vp¢®vp¢3 di

— [ ([T Ewsa D) ([T B G D )ar, @5

where (g¢, pt) and (G, pt) denote the solutions to (3.1.1) with initial values (g, p), (¢, —p)
respectively, (Dpgt, Dpp:) and (DpGe, Dpp:) denote the solutions to (3.5.3) with G; replac-
ing q; for the latter and the integral in (3.5.1) is with respect to (g, p).

Splitting

We split the dynamics (3.1.1) by a so-called BAOAB splitting scheme, see [117, 118], in
order to integrate the Langevin dynamics (3.1.1). This is given explicitly by

Pt =pt - VU(¢) 4t

qi+% _ qi +pi+%%

ptE = exp(—At)pitE 4+ /1 — exp(—2A7)¢! (35.2)
gt = qi-&-% +pi+%%

pi+1 _ p”% _ VU(q”l)%

for i € N, At > 0, where ¢ are independent n-dimensional standard normal random
variables and I'! € S, are a sequence of friction matrices to be updated throughout
the duration of the algorithm. We mention again recent developments, e.g. [41, 47, 65,
141, 173, 177], on discretisations of the underdamped Langevin dynamics; the majority
of the numerical error involved in updating I' is expected to come from the small number
of particles in approximating the integrals in the expression (3.1.8) for AT, so that no

further deliberation is made about the choice of discretisation for the purposes here. The

! meaning that this procedure occurs simultaneously to the MCMC procedure to approximate 7(f)
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first variation process (3.5.3) together with its initial condition is

t
Dyq = / D,psds, (3.5.3a)
0
t
Dypy = I, — / (D?U(qs)Dpgs + T'Dpps)ds. (3.5.3b)
0
In order to simulate (3.5.3), an analogous splitting scheme is used:

Dpts = Dpi — D?U(q")Dg' 4t

in+% = D¢t +Dpi+%%

Dpti = exp(—Atl)Dpits (3.5.4)
D¢+t = qu‘+§ _’_Dpi-i-%%

Dpitl = Dpz‘+§ _ DQU(qi-‘rl)in%_

In the case where the second derivatives of U are not directly available, the &' column

of (for example) D2U (qi)in% can be approximated by
i At i
-VU| ¢" + 7(Dq )& | +VU(q") (3.5.5)

where (Dgq'); denotes the k*™ column of Dgq’, so that (3.5.3) can still be approximated
in the absence of Hessian evaluations. The approximation (3.5.5) will be used only when

explicitly stated in the sequel.

Gradient procedure in I’

Suppose we have available a series of proposal updates (bg,...,br_1) € R"™*"*L for T,
each element of which being noisy estimates of the same gradient direction in I'. Given
stepsizes o’ = a € R and an annealing factor r € R, the following constrained stochastic
gradient descent (for ¢ where proposal updates are produced)
o L=l
it =11k (ri +57 > b+ b})) (3.5.6)
§=0

can be considered, where L € N and Hgd is the projection to a positive definite matrix,
for some minimum value p > 0 that we choose arbitrarily in order to ensure ergodicity,
given by

I (M) =" max(\;, pviv,” (3.5.7)
=1
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for symmetric M € R™ "™ and its the eigenvalue decomposition
n
M= Z )\i’UiUtT.
i=1

Alternatively, a Heavy-ball method [162, 75] (with projection) can be used. The method

is considered in the stochastic gradient context in [40], given here as

Fi+1 = 1 1'\1 + ai@i-‘rl ;
» pal o i) . . (3.5.8)
Ol =(1-a'r)e' + g > j—o (bj +b;).
The heavy-ball method offers a smoother trajectory of I over the course of the algorithm.
Under appropriate assumptions on b;, in particular if
L L
2L

J

|
—

(bj +b]) ~ N(Vo?(I), 03 12),

I
o

for some gradient Vo?(T'%) and variance o7 > 0, then the system (3.5.8) has the interpre-

tation of an Euler discretisation of a constrained Langevin dynamics, in which case —=

ato}
is the inverse temperature. By increasing r, the analogous invariant distribution ‘sharp-

ens’ around the maximum in its density and in this way reduces the effect of noise at

equilibrium; on the other hand, decreasing r reduces the decay in the momentum.

A thinning approach for AT

The most straightforward way of approximating the integral in (3.5.1) is to use inde-
pendent realisations of (3.5.2), as described at the end of Section 3.5.5, but we draw
alternatively a thinned sample [153] from a single trajectory here in order to run only
a single parallel set of realisations of (3.5.2) and (3.5.4) at a time. More specifically,
we consider a single realisation of (3.5.2) and regularly-spaced points from its trajectory
(possibly after a burn-in) as sample points from 7. Starting at each of these sample
points and ending at each subsequent one, the process is replicated albeit starting with a
momentum reversal and simulated in parallel. In addition, for each of the two processes, a
corresponding first variation process (3.5.4) is calculated in parallel. A precise description

follows.
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Let K =1 for simplicity. The I" direction (3.5.1) is approximated by

1 M At
7,+Tl+BT i+Tl+B
YD) > <Z va Gy ) Dag )®

=0 i=1

At ~i ~i
<Z va +Tl+B)TD (;:)TZ—O—B), (359)

i=1

where L € N, ((qék)apék;)))iEN, ((dék)’ﬁzk)))iEN denote solutions to (3.5.2)
e fori#AB+TlI—1,1eNifk#1and
o foralliif k=1

with initial condition (0, 0), noise £ = 5@, égk) for all i € N satisfying {fk) = ffk,) = égk) =
§Ek/) foralli < B,1 <k <K, 1<k <K, independent otherwise as i and k vary, along
with corresponding (quk), Dpék)), (Dq%k), Dﬁi('k)) satisfying (3.5.4) fori # B+Tl—1,1 €
Ny (regardless of k), and where the k # 1 processes are ‘reset’ at i = B+T1 corresponding
to the values of the k = 1 chain if the first variation processes have converged to zero,
that is,

Ti+B _ _Kl+B TI+B _  TI+B TI+B TI+B __

duy ~ =4q) - Pwy =Pay o Dagy T =0, Dppyt =1, (3.5.10a)
~TI+B _ TI+B ~TI+B __ TI+B ~TI+B ~Tl+B __

dwy = =4ny > Pwy = Pay o+ Digy " =0, Dpyy =1y (3.5.10)

for all 1 < k < K if for some Dcopy > 0,

max’(Dq( 85| < Deony max‘(Dq(Tl) B) .| < Deony, (3.5.11a)
mJaX’(Dpal)"FB)ij < Deonvy, mjax‘(DpZZ)"_B)lj < Deony (3.5.11Db)

and L* € N is such that the number of elements in {{ € N: 1 <[ < L + L*} satis-
fying (3.5.11) is L. The approach is summarised in Algorithm 2. Of course, the above
for generic K € N constitutes improving approximations to AI'. Note that as I' changes
through the prescribed procedure, the asymptotic variance associated to the given ob-
servable f is expected to improve, but on the contrary, the estimator (3.5.9) for the
continuous-time expression (3.5.1) may well worsen, since the integrand (of the outer-
most integral) in (3.5.1) is not f. Increasing L is expected to solve any resulting issues;

on the other hand extremely small L have been successful in the experiments here.

Remark 3.5.1. If it is of interest to approximate expectations of P € N observables with
respect to m, the quantity ZP o? for example can be used as an objective function,

where o2 is the asymptotic variance from the i*" observable. In the implementation
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Algorithm 2 Gradient procedure in I'

Result: T%, 1 <i< N +1;
Start from arbitrary (¢°,p°) € R*" and set D¢° = D¢’ = 0, Dp° = Dp° = I,,,
(=¢=0,k=0,IV=1, V1<j<B
fori=1:B—-1do
compute ¢'*1 according to (3.5.2);
end for
if i = B then
set (¢",9") < (¢', —p")
end if
fori=DB:N do
compute ¢'*1 and ¢*! according to (3.5.2);
compute D¢t DGt from (3.5.4) corresponding to ¢'*1, ¢t! respectively;
compute the row vectors ¢ < ¢ + Vf(¢"™) " D¢t At;
(—CH+ Vi@ DGt A
if [:=¢— B e TN and (3.5.11) hold (ignoring appearances of (k)) then
save the matrix b(%ﬂ%])c =—(® 5;

reset as follows: ¢, ¢« 0, (@, P (¢, —ph);
in+17Dq~i+1 — O7 Dpi+1,Dﬁi+1 — I’n
and update the counter k < k + 1;
end if

if k € GN then
compute [+ according to (3.5.8);
set T+l =17,
end if
end for

in Algorithm 2, instead of only the vectors (, C~ , this amounts to calculating at each
iteration the vectors ¢, E () corresponding to the i*® observable and taking the sum of
the resulting update matrices in I' to update I'. This calls for no extra evaluations of VU

over the single observable case.

Remark 3.5.2. (Tangent processes along random directions) We mention here the situation
where simulating the full first variation processes (D,gt, Dpp:) in R"*2" is prohibitively
expensive, namely when n? is large. In order to calculate changes in I', a directional
tangent process can be used instead of (D,gq, Dpp:). Consider for a randomly chosen

vector v € R™ with |v] = 1, the pair of vectors (D,gv, Dypiv) € R™*2. Multiplying on
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the right of ((3.5.3) and) (3.5.4) by v, one obtains the system

Dpvits = Dpv' — D2U(¢") Dquv' At
Dquits = Dqu' 4+ Dpvits At
Dpvit3 = exp(—AtI) Dpvits (3.5.12)
Dquitt = Dquvitz + Dpyiti At
Dpvit! = Dpyits — D2U (¢t Dgv' At

where the first term involving the Hessian of U in (3.5.12) can be approximated by
i At i i
-VU(q" + 7qu )+ VU(¢")

and similarly for the last such term. The advantage of this approximation is that
it is no longer necessary to work with D2?U, which is an n-by-n matrix, and instead
only with VU, a length-n vector. In continuous time, the resulting direction in T' is
Ik ng)TvV(;Tvdfw ® v and from (3.3.1) the rate of change in asymptotic variance in this
direction is —2( [ ngTvVgZ;Tvdfr)Q. However, the trade-off is that the resulting gradient
procedure in I" turns out to be very slow to converge in high dimensions in comparison to
simulating a full first variation process; it is illustrative to think of the situation where the
randomly chosen vector v is taken from the set of standard Euclidean basis vectors, where
only one diagonal value in I' is changed at a time. See also [187, 82] for such directional

derivatives under a different context.

3.5.2 One dimensional quadratic case

Here the algorithm given in Section 3.5.1 is used in the simplest one dimensional

Ulg) =+, fl@) =359, (3.5.13)

for Vj > 0, case to find the optimal constant friction. Since commutativity issues dis-
appear in the one-dimensional case, the optimal constant friction is known analytically
and is given by Proposition 3.4.5 to be I' = 1/V;, with the asymptotic variance Vofg.
Moreover, the relationship between the asymptotic variance and I' is explicitly given by

equations (3.4.8) and (3.4.12), which reduces in this case to

1 1
M= —|(rt+=1).
(D) 4V02( +VO>
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The case Vj = 5 is illustrated in Figure 3.5.3. In the middle and right plot of Figure 3.5.3,
the procedure in Section 3.5.1 is used for 5 - 10* epochs, with At = 0.08, block-size T' =
125, L = 1 and D¢ony = 2 - 1074, Changing the observable to the linear

fla)=q (3.5.14)

gives that the ‘optimal’ (but unreachable in the algorithm due to the constraints) friction
is 0 by Corollary 3.4.8. The right plot in Figure 3.5.3 shows that the procedure arrives

at a similar conclusion in the sense that the I' hits and stays at pu = 0.2.

25 |
08 Y T o)
\ 2 [ v |
N 0.6 \. o |
o N — ( ~ 0.6
04 f
151t / |
0.2 / 0.4
]
0 1 0.2
0 1 2 3 4 5 0 100 200 300 400 0 100 200 300 400
r updatesto I updatesto I

Fig. 3.5.1: Left: Relationship between asymptotic variance and I" for (3.5.13). Middle and right:
Trajectory of T' for (3.5.13) and (3.5.14) respectively by (3.5.8) with o = 1, G = 1,
r = 0.5 and g = 0.2. Middle: the red line is the optimal value I' = /5 given by
Proposition 3.4.5. All plots are for Vp = 5.

3.5.3 Diffusion bridge sampling

The algorithm in Section 3.5.1 is applied in the context of diffusion bridge sampling [86, 88]
(see also for example [13, 48, 87]), where the SDE

dzy = —VV (z¢)dt + /28~ 1dW, (3.5.15)

for a suitable V : R? — R, 8 > 0 and W/ standard Wiener process on R¢, is conditioned
on the events

xo=2x- and zp=zx4 (3.5.16)

for some fixed T > 0,20,z € R? and the problem setting is to sample from the path
space of solutions to (3.5.15) conditioned on (3.5.16). For the derivation of the following
formulations, we refer to Section 5 in [86] and Section 6.1 in [12]; here we extract a
simplified potential U to apply our algorithm on after a brief description.

Let

1
V(z) = §|x|2, r_=xy =0, B=1, d=1, T=1.
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Using the measure given by Brownian motion conditioned on (3.5.16) as the reference

measure o on the path space of continuous functions C([0,1],R), the measure p asso-
ciated to (3.5.15) conditioned on (3.5.16) satisfies ;%(ac) xexp| — 1 OT|x|2dt , where
the left hand side denotes the Radon-Nikodym derivative, so that discretising p on a grid
in [0, 1] with grid-size § > 0 gives the approximating measure 7(qy, ..., qp) o e~ U(@1an)

where U is given by

3+1 -3
) -3 3+§ -
Ulg)= 54" g =54 q
-3 5+1 -
3+ -5

From here the Langevin system (3.1.1) can be used to sample from 7 and the algorithm
given in Section 3.5.1 is applied. For this purpose, the observable f(q) = %|q|2 is used
together with the parameters 6 = %7 n =20, K =1, L =5, T = 60, B =100
and Doy = 0.01. Only the diagonal values of I' are updated and their trajectories are

shown in Figure 3.5.2.

0 100 200 300 400

Fig. 3.5.2: Diagonal values of T' over iterations of (3.5.8) with o' = 0.2, G = 5, » = 1 and
w=0.2.

At the end of 300000 epochs, I" is given by

Tnar = diag(1.2129, 1.5673,1.8199, 1.8055, 1.2858,0.9013, 0.3588, 0.2631,
0.2000, 0.2000, 0.2252, 0.2579, 0.3621, 0.4715, 1.3842, 1.9467,
1.9289, 1.6326, 1.3730, 1.1153).

This T' is fixed and used for a standard sampling procedure for the same potential and

observable. The asymptotic variance is approximated by grouping the epochs after B =
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100 burn-in iterations into Np = 999 blocks of T' = 300 epochs, specifically,

Np—1

gapprox:i Z {\/TTZ ( i+Ti+B) i F+E )}27

where ¢* are iterates in the numerical approximation of ¢;, and this is compared to the
estimate from the same procedure using different values of fixed I' in Table 3.5.1. Note
that I = 72 is the optimal I" in the restricted class of matrices commuting with ¥ given

by Proposition 3.4.5, where the asymptotic variance is known to be Tr(E%) = 6.4785.

O approx

T =1, | 6.9834
=3 | 6.5096
T = Tfipal | 6.1667

Tab. 3.5.1: Empirical asymptotic variances with Ng = 999, T' = 300, B = 100, N = 299700.

3.5.4 Bayesian inference

We adopt the binary regression problem as in [58] on a dataset? with datapoints encod-
ing information about images on a webpage and each labelled with ‘ad’ or ‘non-ad’. The
labels {Y;}1<i<p, taking values in {0, 1}, of the p = 2359 datapoints (counting only those
without missing values) given in the dataset are modelled as conditionally independent
Bernoulli random variables with probability {p(8" X;)}1<i<p, where p is the logistic func-
tion given by p(z) = e®* /(1 + ¢e%*) for all z € R, ¢ € R is given by (3.5.18), {X;}1<i<p, B,
both taking values in R™, are respectively vectors of known features from each datapoint
and regression parameters to be determined. The parameters § are given the prior dis-
tribution N (0, %), where 71 = 1 5P X TX, € R"*", and the density of the posterior

P
distribution of 3 is given up to proportlonahty by

p
75 (BH{(Xs, Yi) h<i<p) o exp (Z{CYzﬂTXi —log(1 + BCBTXi)} B ;57215)

i=1

so that the log-density gradient, in our notation —VU, is given by

p
—VU (s :}3 —(I4e P Xy _n1g,

2 http://archive.ics.uci.edu/ml/datasets/Internet+Advertisements. Note that besides missing values
at some datapoints, the dataset comes with many quantitatively duplicate features and also some linear
dependence between the vectors made up of a single feature across all datapoints; here features have been
removed so that the said vectors remaining are linearly independently. In particular, n = 642.
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The observable vector f;(¢) = gi, 1 < i < n, corresponding to the posterior mean is used.
The coordinate transform B = E’%B is made before applying the symmetric precondi-
tioner X2 on the Hamiltonian part of the dynamics so that the dynamics simulated are
as in (3.1.1) with M =TI, and

~ 1

p 1 A
~VUB) =58 eXy(Y; — (1 +e <=0 X)) (3.5.17)
=1

We use the observable vector fZ(B) = Bi, 1 <4 < n and the sum of their corresponding
asymptotic variances as the value to optimise with respect to I', but show in Figures 3.5.3
and 3.5.4 the estimated asymptotic variances for both sets fi(B), fi(B) of observables,
where the estimation is calculated using the vector on the left of the outer product
in (3.5.9) in accordance with 2 [ V¢ I'Vgdr which follows from the formula (3.2.12)
after integrating by parts with truncation. The approximation (3.5.5) for the term(s)
including the Hessian in (3.5.4) has been used to test the method despite the explicit
availability of the Hessian. During the execution of Algorithm 2, the constant ¢ has been

set to
5

c=CcC:= T .
maxi(Zi Z] X]}/J)l

(3.5.18)

In detail, 30000 epochs are simulated; after 100 burn-in iterations of the Langevin dis-
cretisation (3.5.2), 2 parallel simulations of (3.5.2) and 2 of the first variation discretisa-
tion (3.5.4) are run according to Section 3.5.1 with time-step At = 0.1, block-size T =
100, L = 1 block per update in I', K = 1 and tolerance Do,y = 0.01.

1.2 400" 12000
11§ 10000
08 300 8000
~N
) ©
06 200 : 6000
0.4 \ 4000 \
\ > |
02 : 100 2000
0 20 40 60 0 20 40 60 0 20 40 60

Fig. 3.5.3: Left: Diagonal values of T' over iterations of (3.5.8) with o® = 0.1, G =1, r =1 and
u = 0.2. Note that the mean of the absolute values of all entries of I" at the end of
the iterations is 0.0039. Middle: Sum over i of estimated asymptotic variances for

fi(B); right: for fi(B).
In Figures 3.5.3 and 3.5.4, " starts initially from the identity I,, and descends towards 0.21,,
(restricted as in (3.5.7)), as expected for a linear observable and potential close to a
quadratic (see Proposition 3.4.9). We note that in the gradient descent procedure for T,

using the minibatch gradient does not change the behaviour shown in Figures 3.5.3
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x10*

0 20 40 60 0 20 40 60

Fig. 3.5.4: The same as in the caption of Figure 3.5.4, except r = 0.5 and a different dataset
(https://archive.ics.uci.edu/ml/datasets/Musk+(Version+1)) is used where n = 167
and p = 476. The mean of the absolute values of all entries of I' at the end of the
iterations is 0.0210.

and 3.5.4. In addition, although the trajectory of I' seems to go directly to zero, we
expect the optimal I" to be close but away from zero since the potential is close but not
exactly quadratic.

Next, the value for I' is fixed at various values and used for hyperparameter training on
the same problem for the first dataset, using both the full gradient (3.5.17) and a mini-
batch? version where the sum in (3.5.17) is replaced by 4 times a sum over a subset S
of {1,...,p} with 10 elements randomly drawn without replacement such that S changes
once for each ¢ in (3.5.2). In the minibatch gradient case, ¢ is set to a fraction of (3.5.18),
specifically 6(1%)’1. In Tables 3.5.2 and 3.5.3, variances for the posterior mean estimates
are shown (similar variance reduction results persist when using the probability of success
for features taken from a single datapoint in the dataset).

In detail, for each row of Tables 3.5.2 and 3.5.3, N = 29700 epochs of (3.5.2) are simulated
with the same parameters as above. The asymptotic variance for each observable entry
is approximated using block averaging (Section 2.3.1.3 in [123]) by grouping the epochs
after B = 100 burn-in iterations into Np = 99 blocks of T' = 300 epochs, that is,

1 Np—1 1 T 1 N 2
2 _ i+TI+B j+B
o rox = —— — At - —
k,appro Np ; {\/m; (fk(q ) sz:;fk(q ))}
and N = 3 blocks of T = 9900 epochs (respectively for each column of Tables 3.5.2
and 3.5.3); the values 0.8667 and 0.1571 approach and correspond to values in the middle
plot of Figure 3.5.3 after multiplying by n = 642. The variances are compared to those

using a gradient oracle: unadjusted (overdamped) Langevin dynamics[58] and with an

3 The control variate stochastic gradient on underdamped dynamics [39, 149] is not directly considered
here but the benefits of an improved I' is expected to carry over to such variations of the stochastic
gradient.
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irreversible perturbation[55], where the antisymmetric matrix J is given by

1 ifj—i=1or1l—n,

Jij=4—-1 ifi—j=1lorl—mn,

0 otherwise

for 1 < 4,7 < n and the stepsizes are the same as for underdamped implementa-
tions. In addition, the Euclidean distance from intermediate estimates of the poste-
rior mean to a total, combined estimate is shown for each method. Specifically, dj :=
TooE ngik flgt?) — fr(f)’ is plotted against k in Figure 3.5.5, where #(f) is the mean
(over the methods listed in Tables 3.5.2 and 3.5.3) of the final posterior mean estimates.
A weighted mean with unit weights except one half on the I' = 0.2], and T" = 0.11,

methods also gave similar results, though this is not shown explicitly.

block-size T' = 300 | block-size T" = 9900
r=1, (1.2669,0.0320) (0.8667,0.7190)
T =02I, (0.2939,0.0018) (0.1571,0.0243)
T =011, (0.1739,0.0007) (0.0890,0.0092)
overdamped (1.2298,0.0319) (0.8687,0.8662)
irreversible overdamped (0.5642,0.0077) (0.3835,0.1614)

Tab. 3.5.2: (2 37_, oF

1 n 2
k,approx», p Zk:1(0k,approx -

1 n 2 2 1l :
= > 1 Oiapprox)~) - Empirical asymptotic
variances, mean and variance over observable entries, where full gradients have been

used.
block-size T'= 300 | block-size T" = 9900
r=1I, (1.9575,0.0744) (1.3338,1.6650)
I'=0.21, (0.4600,0.0042) (0.2781,0.0784)
I'=0.11, (0.2646,0.0016) (0.1335,0.0208)
overdamped (1.9137,0.0791) (1.3065,1.9714)
irreversible overdamped (0.8764,0.0150) (0.5778,0.3266)

Tab. 3.5.3: The same as in Table 3.5.2, except for minibatch gradients

These figures demonstrate improvement of an order of magnitude in observed variances
for I" close to that resulting from the gradient procedure over I' = I,,. The improve-
ment is also seen when compared to overdamped Langevin dynamics with and without

irrreversible perturbation.
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Fig. 3.5.5: Euclidean distances to a combined posterior mean estimate over time. Left: full
gradient. Right: minibatch gradient.

3.5.5 Alternative methods

Here we complete the section on numerical methods by detailing alternative ways to

approximate the gradient value for our friction optimisation procedure.

Solving the Poisson equation with a Galerkin method

Throughout this section 2.3.1, M = I, is assumed. In low dimensions, it is feasible to
approximate V,¢ and a change in I' using Hermite polynomials. This approach gives an
approximation in a finite subspace of L?(7) at the level of ¢, as opposed to estimates
of V,¢ at particular points in space as in the Monte Carlo approach in Section 3.5.

Specifically, the polynomials given by

H(z) = (}?lef(f;(ef)

for I € Ny and their products in the multidimensional case

n
Hyp) =[] H,(ox).  p=(p1.....pa) ER"
k=1

for multiindices [ = (I, ...,l,) € N} are considered in the weighted L?(w) space, where w

)
is given by w(p) = ¢ 217!

= e I A property of the Hermite polynomials that is repeatedly
iy

used here is that
0. Hy(2) = VIH;_1(z).

For the application of Hermite polynomials in solving the Poisson equation associated
to Langevin dynamics (in the case of scalar friction), we refer to [168]. See also Chap-

ter 5 in [84] for Hermite polynomials in the multidimensional setting. In the case of a
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non-quadratic potential U, the same polynomials are used here after a Gram-Schmidt

procedure in L?(7), which are denoted (ﬁl)leNSv so that

3 k
1= ) opHy

|E| o <K

where |k| = max(k,,...,k,), K € N, for some constants ai € R calculated numerically.

s vy

Their products with H, are considered on L?(7). Similarly, Fourier approximations can
be used in the case of an n-torus (in ¢).

The observable f € L3() is approximated by the projection defined by

e f= Y fIL/f}AIde: Z Hlal/fHEdw. (3.5.19)

|2 o <K L 1A

Since the generator has the form
L=V V=V -V, — (V) TV,

where
V;:quJrVU, V;:—Vp+p

are the respective formal L?(7)-adjoints of V, and V,, the negative of the generator in the
Poisson equation applied on functions of the form (3.5.19) is the (K + 1)*"-by-(K + 1)

matrix given by

Ly = (HieHi, —C(HHy))
_<ﬁEVpr Vqﬁ];H[>7”r + <VqﬁEHb ﬁkval‘>7} + <];AIEVPHL, FﬁEVP‘HDﬁ'

— _Zuffﬁ, g, ;)= (v/1; 51 “ 4 Z (8, Hy, H 5— )
+ Zd 51 VLT (3.5.20)
where § denotes the Kronecker delta here, the dependences of H s H i and H,;, H, jongq

and p respectively have been suppressed, (v, w) denotes ), (v;, w;) forv = (v1,...,v,), w =

(wi,...,wy,) and (-,-) denotes the inner product on L?(7). Note further that

(Ol Hp)r = > ap/I(Hp o H

loos]l] <K
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so that since ai are derived from the inner products in L?(7) between the original Hermite
polynomials (Ijl 1)1, these inner products are the only values to be computed numerically
other than those for the projection II% f of the observable onto the finite dimensional
subspace of L?(7) spanned by the first K + 1 Hermite polynomials given by (3.5.19).
Solving the Poisson equation then reduces to finding the coefficients ¢5; € R of

" g = > waHpH;

] o 5|2 o K

solving the linear system

Sl ox 0k [ fHudr if1=0
ST Lygppg =TT = LSRR (3.5.21)

k| _Ji| <K 0 otherwise,

where note Lg 00 = Ly, 47 = 0 so that only ¢p,; for (k,I) # (0,0) are determined
by (3.5.21) and ¢y = 0 is enforced independently. Finally, the gradient direction in I is
given by

(Ar)i,j:/ Z ¢lek\[Hl D N i, \/7H dr

ool I <x

= Z ¢kl¢kl\/7( )| |5 5l e

Ikl oIl oo | B]__LJT] <K
= Y bribri-ete\/LL—ei+ej);(—1)H (3.5.22)
k| U <K

where m = L + .- +Zn and ¢p,; = 0 if there is some ¢ such that k;, > K or [; > K.
More robustly, the asymptotic variance can be discretised first, followed by taking the
gradient direction with respect to the approximate asymptotic variance. Namely, (half
of) the asymptotic variance [ Vp¢TFqu§dﬁ can be approximated by

Z Praly ) 1%k (3.5.23)

Ikl oIl oo | E|__WJT] <K

(or simply the last term in (3.5.20) replacing L, ; ; ;), so that the derivative with re-
spect to the entries I'; ; can be taken as follows. With abuse of notation, let L= €
RE+D”"—1x(K+1)*"~1 6 the inverse of the matrix depending on I' given by (3.5.20)
with the Ly 00 = Ly = 0 entries removed. Let also ¢ € REHD* he the vector

100



made up of the coefficients ¢y ; for k+1 # 0 so that equation (3.5.21) can be rewritten as

¢ =L (TP g, (TP £) e pryn) T

By (3.5.20), the derivative of L, , ; ; with respect to the entry I'; ; is

0,7 k cl—e; >
LY =638 T/l
0 k,Lk,L 6E6£—€i ljéz

Let 9L" € RKFD* =1x(K+1)*" =1 {anote the matrix with entries aij‘ . . except that

k,LEL

the 6LZ’,2,0,0 and 8Lé’{) i entries are deleted. The derivative of (3.5.23) with respect to

the entry I'; ; is then

$TOLM p+ > 200" ) k1L 1 1.i%000 (3.5.24)

Ikl oo Ml oo | E|__WJT] <K
where 9¢7 € RE+D™" ig the vector given by

0 iftk=1

(0¢"7)y = -
—(L7*OL" ¢)p—1 otherwise,

so that the gradient direction in T' is given by the negative of (3.5.24).

It’s also possible to approximate ¢ using a finite difference in ¢, Hermite projection in p
approach in the case when the state space in ¢ is the n-torus; we omit further descriptions
but refer to [64] for this direction.

Approximation of AT" using independent realisations

One can use the ending values of a number of independent realisations of (3.5.2) to
approximate the integral with respect to 7 in (3.5.1) and, for each of those realisations,
to use two additional sets of realisations of (3.5.2) and (3.5.4) to approximate each of the
expectations under the integral in (3.5.1). This is alternative to the thinning approach
described earlier.
Fix a starting point (g, p); the first of the expectations in (3.5.1) (and similarly for the
second) can be approximated at time s = iAt with
1« : .

Ve Z V f(a(r)) " Dajy

k=1
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where K € N, (qék),pfk))ieN denotes the solution to (3.5.2) with initial condition (g, p),
noise ¢ = ffk) for all ¢ € N and where §ék) are independent as k = 1,..., K, i varies
and (Dqék), Dpl('k)) is the corresponding solution to (3.5.4). Subsequently, introducing an
additional population of independent realisations of (3.5.2) to draw from 7 after some

burn-in period, the change (3.5.1) in I' can be approximated by

1 L B+T At K . ) T B+T At K ) )
L < > szf(qfl,m)Tquz,k)) < > szf@fl,m)TD%k))
=1 i=B+1 k=1 i=B+1 k=1

where B € Nj is some burn-in number of iterations, T' € N is some a posteriori number of
iterations depending on whether the magnitude of the entries of Dqg Z)T are smaller than
some fixed value for all k,[; furthermore L € N, ((qu,k)apéz,k)))iGN denotes the solution
to (3.5.2) with initial condition say (0,0), noise £ = le 5 for all 7 € N satisfying

gél,k) = gélvk‘/) VZ < B, 1 S k,k, S K
and are independent otherwise, ((c}'él k),ﬁzl k)))izB denotes the solution to (3.5.2) with
‘initial’ condition
~B =B B B
(Q(z,k)ap(z,k)) = (‘J(z,k)» —P(z,k))

forall 1 < k < K, 1< < L, independent noise ¢ = égl yy for i > B independent also
to (ggl,k))iEN‘ The notation (quhkprfl’k)), (Ddél’k),Dﬁfhk)) represent the correspond-
ing solutions to (3.5.4).

3.6 Proofs

Theorem 3.6.1. Let Assumption 5 hold. For any Fo-measurable zo : Q — R2", there
exists an almost surely continuous in t solution (q,pt) = z¢ : @ — R?™ to (3.1.1) that is
Fi-adapted and unique up to equivalence. Furthermore, for any z € R®", t > 0, let p? be

the probability measure given by
pi(A) =P(zf € A) (3.6.1)

for any Borel measurable A, where zf denotes the solution to (3.1.1) starting at zop = z,

then p;
1. is a transition probability in the sense that

(a) (t,2) — p3(A) is Borel measurable on (0,00) x R?",

(b) the Chapman-Kolmogorov relation [67] holds and

102



2. admits a density denoted p(z,-,t) : R?" — R with respect to the Lebesque measure
on R?" at every (t,z) € (0,00) x R2" such that p is a measurable function satisfying

for every z € R*™,
p(z,-,-) € C®(R?™ x (0,00)). (3.6.2)

Proof. Theorem 3.5 in [111] together with (3.2.8) yields existence and uniqueness of the
solution to (3.1.1). Theorem 3.1 and 3.6 in Section 5 of [67] give that p}(A) given by (3.6.1)
is a probability kernel, that is, p(A) is Borel measurable in z for fixed A4, t, is a probability
measure in A for fixed z,t and satisfies the Chapman-Kolmogorov relation. For Borel
measurability of (¢,z) — pi(A) for fixed A, consider £} given by

5 (w) = zf(w) fw: zf(w) € C([0,00)), (3.6.3)
0 otherwise.

The process 27 is continuous in ¢ and F-measurable in w, therefore P(27 € A) = P(zf € A)
is continuous in ¢ hence Borel measurable in (¢, z). Finally, p7 admits a density at every
(t,2) € (0,00) x R?" satisfying (3.6.2) due to Ito’s rule and Hérmander’s theorem [95];
measurability with respect to the starting point z and therefore jointly in all of the
arguments [2, Lemma 4.51] follows by the strong Feller property given by Theorem 4.2
in [51], because p(-,(,t) is the pointwise limit of the continuous functions ([ (¢ —
(-, ¢, t)dC ) k>0, where 1 denotes the standard scaled mollifiers. O

For all t > 0, all z € R?" and all f : R?*" — R integrable under the law £((2¢)¢>0]20 = 2)

of z; starting at z, let
PAf) + 2 B(S(58)) = B(f (1)) 20 = 2). (3.6.4)

The family (P;);>o forms a strongly continuous (by Proposition 3.6.2) semigroup (by the
Markov property; Theorem 3.5 in [111]) on L?(7) with unit operator norm. Denote by L

the infinitesimal generator associated to this semigroup, given by

Lu = i D) =0

lim —== (3.6.5)

for all functions u € D(L) C L?(7), where the domain D(L) consists of the functions for

which the above limit in L?(7) exists.
Proposition 3.6.2. The family (P;):>o is strongly continuous in L*(7).

Proof. Fix € > 0. For any f € L?(7), there exists g € C%° such that ||f — g2 < 5
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By triangle inequality, it holds that

IPef = flleezy S NPef — Pegllez) + I1f — gllzz) + 11Peg — gllz2z)- (3.6.6)

The last term on the right hand side converges to 0 as ¢ — 0 by Itd’s rule. Since the mea-
sures [E[1.(27)]7(dz) solve the associated Fokker-Planck equation in the distributional
sense, it is equal to the unique solution 7, therefore the first term on the right-hand side

of (3.6.6) can be bounded by £ after Jensen’s inequality. O

Proposition 3.6.3. The differential operator —L defined on Cg° has a mazimally accre-

tive closure in L*(7).
Proof. Let K denote the differential operator
K = e 30@HE) (o3 U@+5)

_ 1 1
=p ' M7V, -VU(q)'V, + 5Tl — ZpTrp +V, TV,

acting on C°. By a straightforward adaptation of the proof of Proposition 5.5 in [91],
the closure of —K in L?(R?") and therefore the closure of —£ in L?(7) are maximally

accretive. O

Proof of Lemma 3.3.1. By Proposition 3.6.3, there are ¢y, € CS° such that (¢r, — Lok ) ken

is an approximating sequence to (¢, —L¢) in L?(7)%. We have

Am / Von = Voo ["di < / Vi (0r = dr) 'TVp(n — B )
== / (Pk — O ) (Ldr — Lo )dT, (3.6.7)

so that V¢ is Cauchy, with limit denoted as g € L?(7). For any h € C2°,
'/gm/wph < ‘/gh—/wkh +‘/¢vph—/¢kvph

Voor — g = Vpop € L (7). (3.6.8)

9

hence

O

Some additional preliminaries are presented here for the proof of Theorem 3.3.2. For
small ¢ € R and some direction 6I' € R™*™ such that I' + edI' € S% |, let L. be the
infinitesimal generator of (3.1.1) with the perturbed friction matrix I 4+ €T in place of T',
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given formally by the differential operator
—Lo=—p' M 'Vy+VU(q) 'V +p" M 1T + &)V, — V, (T + €dT) V.
The formal L?(7)-adjoint of £, is denoted

—Li=p' M7'Vy=VU(q) 'V, +p M~ (I'+ &)V, — V, (I + €T)V,

€ =
just as for L£*.

Proof of Theorem 3.3.2. For € < €, by Theorem 3.2.3 there exists a solution ¢ + d¢. €
L3(7) to the Poisson equation with the perturbed generator —L.(¢ + d¢.) = f — 7(f).
By Theorem 3.2.4, the directional derivative of o%(T) in the direction §T" : R™ — R™"*" is

1 1
Zdo?.6T = lim - / 5o fd. (3.6.9)
2 e—0 €

By Proposition 3.6.3, there are ¢k;¢k,e € C2° such that (¢k7 _£¢k)kEN7 (Qbk,a —E5¢k7€)
are approximating sequences to (¢, f — w(f)), (¢ + d¢c, f — w(f)) respectively in L?(7)2.
Furthermore, in the same way as in the proof of Lemma 3.3.1 to obtain (3.6.8), it holds
that

Vot — Vpdll2zy + [[Vpdr,e — V(@ +00c) |l 2z) — 0 as k — oo. (3.6.10)

Using the obvious extension on the notation from (3.1.7),

JGre= 00t = (D) = [(0nc = 00 = 7(0) + £00)d7 ~ [ (o= )L dur,

(3.6.11)
where the first term on the right hand side is negligible as k — oo for any fixed € due
to £*¢~>k = Z?&C and the second term is

- / (ke — du)L*Gudit = / (=Lodroe + Low) Pt — / ((M~'p — V) 6TV, by« bl

Again, the first term on the right hand side is negligible for any fixed € as k — oo since
both terms in the bracket converge to £(f — 7(f)). Integration by parts on the last term
gives

- / e(M™tp —V,) T 6TV, g crdic = — / eVyoop STV, drpdi

105



Collecting the above, for any fixed e, taking k — oo and using (3.6.10),
/ 8¢ fdi = — / Vo STV, (¢ + 6 )drt
holds. Plugging into (3.6.9), the directional derivative becomes
%doQ.éI‘ =~ lim / V0 0TV, ( + 66, )d. (3.6.12)

From here, for any ¢, the unwanted term under the limit can be controlled by approxi-

mating again with ¢y, ,
o [ |96 = 60| [an

< [ Wyl = 60T + STV~ Gu)d

— [ Gr = GO p = V) + 1) (G — i),
= [ = 3L G~ du)i

= ¢ [(Gre = G0~ ) STV, dudn

= / o (Oke — Ok) T ST VpPrpdit

<60/< 0 ’2>d7~n

where A, = infocc<er A5, A5, is the smallest eigenvalue of I'+-€dI" and C' > 0 is a constant

(D, — )’ +

depending on ¢T" and independent of k. Therefore taking k — oo and using (3.6.10) gives

iz

holds for small enough e and putting into (3.6.12) concludes the proof.

eC' MK
- -
dﬂ'_i)\m_ec/'vpgb’ drm

O

Proof of Lemma 3.4.1. Substituting (3.4.3), (3.4.4) and (3.4.1) into the Poisson equa-

tion (3.1.5), one obtains

(0 M= (q\ [ Gsa+Eprg ) L
—»t M) \p) \ETqg+Hsp+1 e

1 1
= —q- U l-g—=Uy: X2
2q 0oq+1l-q 570
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Comparing the constant, first order and second order coefficients in p give respectively

the sufficient conditions (3.4.5), (3.4.6) and (3.4.7) as stated.

Proof of Lemma 3.4.2. Comparing coefficients in ¢ in equation (3.4.5) gives

2I' : Hg =Up : X
Rttt =0T
2EX "L =Uy+ A,

and the same for condition (3.4.6) gives

M 'Gs=Hsx '+ M 'TET,
M~tg=M"'Th.

O

(3.6.13)
(3.6.14)
(3.6.15)

(3.6.16)
(3.6.17)

Condition (3.6.15) yields (3.4.9). Together with (3.4.7), this gives (3.4.10). From the
expression (3.4.10) and by symmetry of Uy , condition (3.6.13) is in turn satisfied:

oT: Hg =T : ((BUy — XAy — 24, M)T 1)
= Z Li(Zik(Uo) it — Sin(A2) i — (A1)in M) (T 1)y
igkl

> (Uo)kiShi = U : 3,
ik

where symmetry of ¥ and M have been used. Substituting (3.4.9) and (3.4.10) into equa-

tion (3.6.16) then gives (3.4.8). Equations (3.6.14) and (3.6.17) give the equations
for g and h.

Proof of Lemma 3.4.3. Denote

_ E _ - X -
G = GS ) UOZ UO 0 ) Y= 0 ) g: g ) l=
ET Hg 0 0 0 M h

Each of ¢ and f — 7(f) are given by

(b(z):%z-éz—g-z—%G':E
f(z)—ﬂ'(f):%z-Uoz—i-z—%_O:i

(3.4.11)
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for z = (q,p) € R?". Substituting into 02 = 2(¢, f — 7(f)) gives

oo
2/(2 Gz)(z-Uoz)dﬁ—%/(z =)o Zdﬂ+2/(g~z)(f-z)d7?

_7/G Y(z - Upz)d7 + = (G ) (U : %),

where
/(z G2)(z - Upz)di = Z Gij(Uo)u /zzzjzuzvdﬂ'
1,7,U,V
= Y Gi00)un (S Zuw + SiuSio + ST )
1,7,U,V
= (G :5)(Ty : D) + 2Tr(GETLE).
As a result,

/¢ e ;(G:E)(U E)+Tr(G‘SUS)—%(G:2)(UO:E)

O

Proof of Proposition 3.4.4. Let
G = %MEUOI‘AZ*I + %FUOE, E= %UOE, H= %ZUoFfl, (3.6.18a)
g=TI3l, h=%I (3.6.18b)

so that by Lemma 3.4.2, ¢ given by (3.4.4) is the solution to the Poisson equation (3.1.5)
and inserting G, g into (3.4.12) gives

1
2o, f—m(f))s = iﬂ(MZUOF_lUOZ +TUX2UpY) + 21T ST51. (3.6.19)
The result follows since A: B >0 for A,B €S . O

Proof of Proposition 3.4.5. Let ¥ = PTX4P be the eigendecomposition of ¥ for orthog-

onal P. Since all symmetric matrices in the set commuting with ¥ share eigenvectors
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with X, it suffices to find a unique extremal point of the asymptotic variance with respect
to the eigenvalues of T', call them (X\;)i<i<n, A; > 0. Setting again (3.6.18), ¢ given
by (3.4.4) is the solution to the Poisson equation (3.1.5) and the asymptotic variance o2
given by (3.2.12) becomes

1
2, f —m(f))z = ETY(EUOF_onE +TU XU, %), (3.6.20)

which reduces to a sum of functions of the form ai)\;1 +b;\i, a;, b; > 0 after diagonalising
with P and the result follows. O

Proof of Proposition 3.4.6. By Lemma 3.4.2, the solution (3.4.4) to the Poisson equa-
tion (3.1.5) is

UL MUy 5  UpZ Upx 2 UI'Y2  MUX
= STlq + Xip — —
¢<4+4F> g WP R Sy o7
By Lemma 3.4.3, the asymptotic variance is given by
Ugy Ugx
2 —~ dic = 2%%( 2= + 12
[ots ~ara ( 0% 0
which attains the stated minimum at the stated T'. O

Proof of Proposition 3.4.7. Let T = ~I,,, v € R. Note there is a unique solution ¢ € L3(7)
to (3.1.5) by Theorem 3.2.3. The solution ¢ to (3.1.5) has the expression ¢ = >, a;(v¢; +

p;). The asymptotic variance is equal to
26, ~r(f)e =2 ey | @, U@t
= —272 / qi0q,m(q)dq — 272%0@/ qi04;7(q)dg
R

i#]
B / (¢)dg,dg—;

_272 / dq—QV;aza]/R
i£]
:2'720‘1'-

where dq_; denotes dqi ...dgj—1dg;+1 . ..dg,. Taking v — 0 gives (3.4.15). O
Remark 3.6.1. In the proof of Proposition 3.4.7, either of

1 1402 1 .
(g) = —=e 2 or A(g) = e
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for I' = 1, also work for large a > 0 in place of v(q) = e.

For the proof of Proposition 3.4.9, some notation is introduced. For k € Ny, let the
tridiagonal matrix M; € REFDX(H+D he given by its elements

i ifi+1=j,
i—1)y ifi=j,

(Mp)ij = ( ~)7 ’ (3.6.21)
i—k—2 ifi—1=j

0 otherwise
for indices 1 < i,j < k+1.
Lemma 3.6.4. Let m € N. Any tridiagonal matriz M € R™*™ of the form
bi ifi+1=j,
iy ifi=j,

v ifi—1=j,

3

0 otherwise

for constants b;, b, b € R, has an order v determinant as v — 0 if m is odd and a

1) 7

determinant that is bounded away from zero as v — 0 if m is even.

Lemma 3.6.4 is straightforwardly proved by repeatedly taking Laplace expansions. An
explicit proof is not given here.

Proof of Proposition 8.4.9. Only a standard Gaussian and M = 1 is considered, the argu-

ments for the general centered Gaussian case are the same. First consider the observable

fla)=4" (3.6.22)

for some odd k € Ny. Take the polynomial ansatz

k
$(a,p) = Y aiqd'D’ (3.6.23)

1,5=0

for a; ; € R and I' = v > 0. It will be shown that arbitrarily small asymptotic variance
is achieved in the v — 0 limit. Note that only pairs (¢,j) with odd ¢ and even j make
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nonzero contributions to the asymptotic variance. Applying —L to the ansatz,

k
—Lé=Y —ia;;q P+ jai g TP T+ viai ja'p — i — Daiq'p’
i,j=0
= Z (= +Dajy1,j—1+ G+ Dai—1j+1 +vjai;
i,j=0

— v +2)(J + Daij2)q'p .

where
a;; =0 Vi,j <0andVi,j>k. (3.6.24)

Comparing coefficients in (3.1.5),
—(i+Daip1j-1+ (G + ai—141 +7iai; =70 +2)(0 +Daijra =0 (3.6.25)
for all (¢,7) # (k,0). It holds by strong induction (in j') that
i1y =0 Vi'j' >0 (3.6.26)

because of the following. The base case j/ = 0 follows by (3.6.24), the induction step
follows by taking (¢,7) = (i'+j' —1,k+2—4") for i’ > 0 in (3.6.25) and again using (3.6.24)
where necessary. Comparing coefficients in the Poisson equation (3.1.5) for (z,7) = (k,0)
and using (3.6.24), (3.6.26) yields*

Ak—1,1 = 1. (3627)

Combining (3.6.27) with setting (i,7) = (j/ — 1,k +1—j4) for 7/ =1,...,k in (3.6.25),

the entries aj/ ,—; satisfy the linear system
M T _ T
k(ak0,ak-11,---,a0k) = (1,0,...,0)", (3.6.28)

where Mj, € R¥1Xk+1 g the tridiagonal matrix given in (3.6.21). In order to find the
order in v as v — 0 of the elements of (ax.o,...,a0x)' appearing in (3.6.28), it suffices
to find the order of the entries in the leftmost column of M, L. For this, let C; € R be
the i*" minor appearing in the top row of the cofactor matrix of Mj,. On the corresponding
submatrix, repeatedly taking the Laplace expansion on the leftmost column until only
the determinant of a (k + 1 — i)-by-(k + 1 — ) square matrix from the bottom right

corner of M}, remains to be calculated, then using Lemma 3.6.4 for this (k + 1 — 4)-by-

41t is illustrative to imagine a grid of coefficients and the relations (3.6.25) and (3.6.27) as L-shaped
chains on the grid, where (3.6.26) and (3.6.24) leave only a triangular area of nonzero coefficients.
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(k 4+ 1 — i) matrix gives that C; is of order v as v — 0 for odd ¢. Furthermore, the
determinant of Mj is bounded away from zero as v — 0 by Lemma 3.6.4. Therefore
the elements of (a.o,...,a0) in the left hand side of (3.6.28) with an odd index, that
is ayp—;; for even j, have order v and at most order 1 otherwise as v — 0. These
elements with odd indices are exactly those from the vector (ayo, ..., ao,k)—'— that make
a contribution to the asymptotic variance. The ‘next’ set of contributions come from the

vector (ak—2.0,ak—3,1 ---,00,k—2). Using again (3.6.24) and (3.6.25), the vector satisfies
M—o(ak—2,0,Ak—3,1, -, Q0 k—2) = Vk_2,

for some vector vg_o (from the last term on the left hand side of (3.6.25)) of order y as v —
0 and since the determinant of Mj_o is of order 1 (by Lemma 3.6.4), the contributions

here to the asymptotic variance are again of order v. Continuing for

T .
(Ak—25,0, Ak—2j—1,1 ---,Q0,k—25) >, JEN,

it follows that all contributions are of order « as v — 0. The resulting coefficients indeed
make up a solution ¢ to the Poisson equation because the matrices My are invertible and
because the coefficients a; ; for even i 4 j are equal to zero from repeating the above
procedure for the coefficients associated to My_1, My _3 and so on.

For the general case of (3.4.16), since L is a linear differential operator and the contri-
butions to the value of [ ¢(f — m(f))d® come from exactly the same (odd 4, even j) a; ;
coefficients from the corresponding solution ¢ to each summand in (3.4.16), the proof

concludes. O

Proof of Proposition 3.4.10. Take the polynomial ansatz

4
$(a,p) = Y aiqd'p’ (3.6.29)

i,j=0
for a; ; € R, where a; ; not appearing in the sum are taken to be zero in the following.
Again, only the standard Gaussian is considered, it turns out the arguments follow sim-
ilarly otherwise. Comparing coefficients in (3.1.5) and using the same strong induction
argument as in the proof of Proposition 3.4.9 leads to (3.6.25) for all (¢, j) # (4,0), (0,0)
and equation (3.6.26). Taking (i,7) = (' — 1,5 —j') for 1 < j/ < 4 in (3.6.25) and

comparing the ¢* coefficients in the Poisson equation, it holds that

M4(a4,0, 013"1, a2’2, al,g, a074)T = (1, 0, ey O)T (3630)
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and taking (i,7) = (' — 1,3 —§) for 7/ > 1 in (3.6.25) yields
Ms(as,0,a1,1,a02)" = 7(2a2,2,6a1,3,12a0,4) " . (3.6.31)

Equations (3.6.30), (3.6.31) can be solved explicitly and the asymptotic variance is a

weighted sum of the resulting coefficients. Those in (3.6.29) that make contributions

12(21~9*4-55+%427)
(372 +4)

finity as v — 0 or v — oco. Comparing constant terms in the Poisson equation yields

are a4,0, 02,2, a2,0, which gives the asymptotic variance that goes to in-

2
a —i 46%d—i
0’2_21" q o Q—2F,

which turns out to be satisfied by the solution for ag 2, so that (3.6.29) is indeed a solution;
note that the coefficients associated to M3 and M; are zero by a similar procedure as
above. O

Proof of Proposition 3.4.11. Note for a quadratic ¢, it can be read immediately from

condition (3.4.7) that the nonconstant part of I' must be equal to zero. Therefore consider

$(a,p) = Y aid'p’ (3.6.32)

4,7=0

where a; ; € R for all 4,j > 0. The function I' is given by

T(g)= > brg" >0 (3.6.33)
keNy
for by € R, k € N, by > 0 and

—L$=— Z ((Z + Daiy1j-1 — G+ D)5 a1 jp1 — Zaifk,jbk

i,j=0 k=0

+(+2)(+1) Zai—k,j+2bk>qipja

k=0

where if either ¢ < 0 or j < 0, we set a;; = 0. Comparing coefficients in ¢,p in the
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Poisson equation (3.1.5), we obtain

1
20,072{)0 = §U02 (3634)
1
S lagn — 2 ar_gobe =1 (3.6.35)
k=0
2 1
Ytay, — 2;a2_k,2bk =50 (3.6.36)

7
(i+Daiv1j1— G+ DS 101 =5 Y aikjbe
k=0

+E+2G+ DD aik b =0 V(i,j) #(0,0),(1,0),(2,0).  (3.6.37)
k=0

Suppose for contradiction there exists a finite order polynomial solution to (3.1.5). Let
J =min{J eNg:a;; =0 Vj>Ji>0} (3.6.38)
and k* € Ny be the order of the polynomial I', that is,
br=0 Vk>k"+1, b~ # 0. (3.6.39)
Note that k* > 2 since I' must be positive. First of all, ¢ clearly cannot be a function
of just ¢. If j* = 2, then condition (3.6.37) applied to i = 0, j = 2 gives a;,1 = 0 which
contradicts with equation (3.6.36). Therefore j* > 3. In this case, condition (3.6.37)

applied to j = j* yields
Qig1,5%—1 = 0 Vi 2 0, (3640)

which in turn by condition (3.6.37) this time applied to j = j* — 1 yields
ip15+—2=0 Vi>Fk"+1.
A strong induction argument yields for all 1 < j < j* — 1 the equation
aip1j-1=0 Vi> (5" —j)(k" +1),
or equivalently, using the definition (3.6.38) for j*, for all j > 1 the equation

Ajt1,5—1 = 0 Vi> max{—l, (]* —j)(kj* + 1)} (3641)
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and in particular
Aj41,2 = 0 Vi> (]* — 3)(/€* + 1)

Now with this and (3.6.39), applying condition (3.6.37) for (4, j) = ((*—2)(k*+1)+1,0)
gives

age—2)(k*+1),1 = 0,

but then condition (3.6.37) for (i,j) = ((j* — 2)(k* + 1) — 1,2), together with (3.6.41)
for j = 2,3,4 gives

aggr—3)(k+1),2 = 0-

If j* = 3, then this contradicts already since a;2 = 0 for all ¢ > 0 and so j* < 2
by definition. Carrying on from this for j* > 3, in a similar way, condition (3.6.37)
for (i,7) = ((j* — 3)(k* + 1) — 1, 3), with (3.6.41) for j = 3,4, 5, gives

agj«—a)(k=+1),3 = 0

and so on, where the last equation from the induction, which use condition (3.6.37)
for i =k*, j =7 —1and (3.6.41) for j = j* — 1,7%,5* + 1, is

ag,j*—1 = 0.

Together with (3.6.40), this contradicts with the definition (3.6.38) of j*. O

3.7 Discussion

3.7.1 Relation to literature

The infinite time integral (3.1.9) has been used for the calculation of transport coefficients
in molecular dynamics [120, 157] and the derivative of the expectation appearing in (3.1.9)
with respect to initial conditions is a problem considered when calculating the ‘greeks’
in mathematical finance [66]. On the topic of the latter and in contrast to [66], there is
previous work dealing with cases of degenerate noise in the system, but the formulae de-
rived were done so under different motivations and do not seem to improve upon (3.1.10)
in our situation; some of these references are given in Remark 3.5.2.

Taking I' — oo together with a time rescaling, the dynamics (3.1.1) become the over-
damped Langevin equation [158]. An analogous result holds [98] when I' = T'(q) is
position dependent, where a preconditioner for the corresponding overdamped dynam-

ics appears in terms of I'"!; see Section 3.7.3 for a consideration of our method in the
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position dependent friction case. On the other hand, the Hessian of U makes a good
preconditioner in the overdamped dynamics because of the Brascamp-Lieb inequality, see
Remark 1 in [3].

On the application of underdamped Langevin dynamics with (variance reduced) stochas-
tic gradients alongside the related Hamiltonian Monte Carlo method, [197] presents a
comparison with convergence rates for the latter. In [39], convergence guarantees are
provided for variance reduced gradients in the overdamped case and the control variate
stochastic gradients in the underdamped case, along with numerical comparisons in low
dimensional, tall dataset regimes. Furthermore, the underdamped dynamics with single,
randomly selected component gradient update in place of the full gradient is considered
in [50].

Variance reduction by modifying the observable instead of changing the dynamics has
been considered for example in [7, 9, 180]. The methods there are incompatible with the
framework in the present work due to the improved observable being unknown before the
simulation of the Markov chain. Although useful, their applicability are limited in large n
cases due to storage requirements [7], not to mention either escalating computational cost
for improvements in the observable or requirement of a priori knowledge [180].

On the topic of adaptive MCMC, we refer the reader to the review in [79].

3.7.2 The nonconvex case

In the case where U is nonconvex, the Monte Carlo procedure in Section 3.5.1 may
continue to be used as presented, however the first variation process could easily stray from
the case of exponential decay as in Theorem 3.3.3. Transitions from one metastable state
to another cause the tangent process to increase in magnitude. In a one dimension double
well potential U(q) = % —¢*+ 4, linear observable f(g) = ¢ case, these transitions occur
frequently enough during the gradient procedure in I' that Dq blows up in simulation.
Even in cases for which the metastabilities are strong, so that transitions occur less
frequently, simulations show that I' dives to zero in periods where no transitions are
occuring (as if the case of Corollary 3.4.8), but increase dramatically in value once a
transition does occur, causing the trajectory in I' to decay over time but occasionally
jumping in value, so that there is no convergence for I'. On the other hand, the Galerkin

method presented in Section 3.5.5 tends to give good convergence for I' in such cases.

3.7.3 Position-dependent friction

It is possible to adapt the formula (3.3.1) to the case of position-dependent gradient
direction in I'. The gradient direction is the same as (3.1.8) with the change that the

integral is replaced by the corresponding marginal integral in p. Ideas using such a
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formula need to take into account that the first variation process retains a non-vanishing
stochastic integral with respect to Brownian motion, so that the truncation in calculating
the corresponding infinite time integral in Section 3.5.1 is not as well justified, or rather,
does not happen in the execution of Algorithm 2 due to (3.5.11) not being satisfied.
Moreover, the work here raises the same question under the setting where the friction
matrix depends on both position and velocity, which is the original motivating factor for

the next chapter.

3.7.4 Metropolisation

Throughout Section 3.5, the implementation has not involved accept-reject steps. Metropoli-
sation of discretisations of the underdamped Langevin dynamics was given in [97], see
also Section 2.2.3.2 in [123] and [141, 174]. The systematic discretisation error is removed
with the inclusion of this step but the momentum is reversed upon rejection (to avoid
high rejection rates [174]), which raises the question of whether friction matrices arising
from Algorithm 1 improve the Metropolised situation where dynamics no longer imitate
those in the continuous-time. For example the intuition in the Gaussian target measure,

linear observable case discussed in Section 3.4.2 no longer applies.

3.7.5 Conclusion

We have presented the central limit theorem for the underdamped Langevin dynamics
and provided a formula for the directional derivative of the corresponding asymptotic
variance with respect to a friction matrix I'. ' A number of methods for approximating
the gradient direction in I' have been discussed together with numerical results giving
improved observed variances. Some cases where an improved friction matrix can be ex-
plicitly found have been given to guide the expectation of an optimal I'. In particular,
in cases where the observable is linear and the potential is close to quadratic, which is
the case when finding the posterior mean in Bayesian inference with Gaussian priors, the
optimal friction is expected to be close to zero (due to Corollary 3.4.8). This is consistent
with the numerical conclusion from the proposed Algorithm 2. Moreover, it is shown that
the improvement in variance is retained when using minibatch stochastic gradients in a
case of Bayesian inference.

We mention that the gradient procedure using (3.1.6) and (3.1.10) can be used to guide
I" in arbitrarily high dimension by extrapolation; that is, given a high dimensional prob-
lem of interest, the gradient procedure can be used on similar, intermediate dimensional
problems in order to obtain a friction matrix that can be extrapolated to the original
problem. In particular, for the Bayesian inference problem as formulated in Section 3.5.4,

the algorithm recommends the choice of a small friction scalar, which can be expected to
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apply for datasets in an arbitrary number of dimensions.
Future directions not mentioned above includes well-posedness of the optimisation in T,
extension to higher-order Langevin samplers methods as in the previous chapter or [144]

and gradient formulae in the discrete time case analogous to Theorem 3.3.2.
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4

Regularity preservation in Kolmogorov equa-

tions under Lyapunov conditions

The contents of this chapter are from the paper [35].

4.1 Introduction

Consider for b : [0,00) x R" — R™, 0 : [0,00) x R" — R™ " and a standard Wiener
process Wy, the SDE on R"™ given by

The underlying results of this work are moment bounds of derivatives of X; with respect
to initial condition in the case that the coefficients b and o are not globally Lipschitz
continuous in space. These estimates are used to validate an It6-Alekseev-Grobner for-
mula [99] and differentiability of semigroups associated with (4.1.1), which enable the
existence of twice differentiable-in-space solutions to Kolmogorov equations [114], solu-
tions to corresponding Poisson equations, weak error estimates of numerical approxima-
tions [112, 185, 192] and related derivative estimates [46]. Similar moment bounds on the
first and second derivative with respect to initial value in the non-globally Lipschitz case
have recently been studied in [100] using the stochastic Gronwall inequality [101, 175],
where related ideas for the non-globally monotone case had appeared earlier in [44, 103].
In this work, it is shown that the above consequences hold for the case that the coef-
ficients b, o are non-globally monotone, where higher derivatives of b, o are bounded by
Lyapunov functions and loosely that b and o admit Lipschitz constants which are o(log V)
and o(y/log V) respectively for a Lyapunov function V. The results are applicable to all of
the example SDEs in [105] except in Section 4.7, in Section 4.7.2 we consider specifically



the stochastic Duffing-van der Pol equation given by

dzy = ydt (4.1.2a)
dy; = [onzy — oy — a3yt$? — xf’]dt + Bz dWy + Bgth, (4.1.2b)

where oy, s, 81, 83 € R, ag > 0 and W, Wt are independent standard Wiener processes.
In particular, for the first time, weak convergence rates of order one are shown for a
numerical scheme approximating SDEs with non-globally monotone coefficients including
the stochastic Duffing-van der Pol oscillator as given above, stochastic Lorenz equation
with additive noise, underdamped Langevin equation with variable friction, overdamped
Langevin dynamics with a non-globally monotone potential gradient and the stochastic
Ginzburg-Landau equation.

In contribution to regularity analysis of SDEs, the results give criteria for the positive
case of regularity for semigroups beyond the settings of globally Lipschitz coefficients or
ellipticity and against the counterexamples of [85] with globally bounded smooth coeffi-
cients. For example, one of the counterexamples given in the aforementioned reference is

the SDE

dxy = cos(ztey?)dt
dyr = V2dW,
dZt = Odt,

which turns out to have the property that E[o(x¢, yt, 2¢)] is not locally Holder continu-
ous in initial value for some compactly supported smooth ¢. In the present work, the
coefficients b and o are not directly imposed to be in any weighted L°° spaces for spatial
differentiability of semigroups, note however the coefficients are indirectly bounded by
the aforementioned local Lipschitz bound. More generally, the regularity with respect
to initial condition demonstrated here under our assumptions has further counterexam-
ples for SDEs with constant diffusion coefficient and drift with polynomially growing first
derivatives [109]. On the other hand, in the globally Lipschitz case [114] and the globally
monotone (or one-sided Lipschitz) case [34], moment bounds on derivatives with respect
to initial condition are known. In addition, for infinitely differentiable b and o satisfying
Hormander’s bracket condition [95], infinite differentiability of the associated semigroup
is given by Proposition 4.18 in [85].

Our basic result about semigroup differentiability can be summarised as follows.

Assumption 6. There exists V : [0,7] x R" — R twice continuously differentiable

in space, continuously differentiable in time and constant C' > 0 such that 9,V (¢t,z) +
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Sy it )8, V() +5 307 iy ot @)o(t, ) T 0y, 00,V (t,2) < CV(t,x) forallt € [0,T],x €
R™ and lim|,|o V(t,7) = co. The functions f,c: [0,T] x R — R, g : R® — R are
measurable functions and p € Ny. For any R > 0, it holds that fOT SUP,e gy, (|e(t, )| +
|f(t,z)])dt < oo, b0, f(t,-),g,c(t, ) € CP, and

e there exists measurable G : [0, 7] x R™ such that G(t,-) = o(log V'(¢,-)) uniformly

in t and satisfying

[b(t, ) = b(t, y)| < (G(t,x) + G(t,y)) |z —yl,
lo(t,x) = ot y)|I* < (G(t,x) + G(t, y)|z — y|”

for all t € [0,T], x € R™,

e for every k >0, h € {b, f, g, c}, there exists C’ > 0 such that
0°h(t, Az + (1= Ny)| + 1070 (t, Az + (1= M) < C'(1+ V(t,2) + V(ty)*

for all t € [0,T], z,y € R™, A € [0,1] and multiindices «, § with pp < |a] < p, 2 <
|8] < p, where pg = 2 if h = b and py = 0 otherwise.

To comment on Assumption 6, the first assertion about the existence of G is our main
assumption about the Lipschitz constant of the coefficients of the SDE and generalises
the global Lipschitz condition; the second assertion about the higher derivatives is less
stringent in term of the right-hand side, but more so in the sense that the bound should

hold in between two points z,y as A varies.

Theorem 4.1.1. Let Assumption 6 hold. For any s € [0,T] and stopping time 7 < T —s,
the expectation of the random function u(s, 7, ) : R™ — R given by

Buls,7i0) =B [ (s 4 X i er XMy g g(xpmge i v X
0

(4.1.3)
is continuously differentiable in x up to order p, where for any s € [0,T], x € R", X**
is the solution to X" =z + fot b(s+r, X5%)dr + fot o(s+r,X>*)dW, ont e [0,T — s|.
Moreover, if p > 2, the function given by v(t,x) = Eu(t,T — t,x) is locally Lipschitz in t

and satisfies
ov+a:D*v+b-Vo—cv+ f=0 (4.1.4)

almost everywhere in (0,T) x R™.

Results assuming instead local estimates on the derivatives of b, o, f, ¢, g in the case of
time-independent b, o are given in Section 4.5. Theorem 4.1.1 follows as corollary to The-

orem 4.4.2 and the assertion about Kolmogorov equations can be found in Theorem 4.4.5.
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The latter appears to be the only result against the literature about almost everywhere
twice differentiable-in-space solutions to Kolmogorov equations in the non-hypoelliptic,
non-elliptic diffusion coefficient and non-globally Lipschitz coefficients case.

Our basic result about weak convergence rates of a numerical approximation is as follows,
assuming a deterministic initial condition for (4.1.1). The scheme considered here is the

stopped increment-tamed Euler-Maruyama scheme from [105] and it is given by

) b(Y5)(t = k6) + o (V) (Wy — Wie)
(155l <exp(log 81} \ 1+ [b(Y) (£ — kd) + o (Y5) (Wr — Wig)|*

Y =Y5+1 ) (4.1.5)

Theorem 4.1.2. Let Assumption 6 hold with p > 3. Suppose b, are independent of t
and suppose V' is of the form V (t,x) = eU@e™" for U € C3(R™,[0,00)), p > 0, such that
there exist ¢ > 1 satisfying

2|7+ |0%b(x)| ¢ + [|0% ()| + |0°U (2)] < e(1 + U ()t *,

for all x € R™, multiindices o, B with 0 < |a| <2 and 1 < |B] < 3. If h € C3(R™,R) is
such that
0%h(2)| < e(1+ |2[%)

for all x € R™ and multiindices o with 0 < |a| < 3, then there exists a constant C > 0
such that
|E[R(Xr)] - E[a(Y7)]] < C6, (4.1.6)

for all 0 < & < 1, where Y° : [0,T] — R™ is the approzimation given by Y3 = X,
and (4.1.5) for all t € [kd, (k +1)d], k € Ng N[0, L).

Theorem 4.1.2 is corollary to Theorem 4.6.3. The numerical scheme (4.1.5) from [105] has
the key property of retaining exponential integrability properties of the continuous time
SDE, which is used throughout the proof for Theorem 4.6.3. As is well documented [104],
the classical Euler-Maruyama scheme may diverge in both the strong and weak sense for
superlinearly growing, non-globally Lipschitz coefficients without this property. The proof
of Theorem 4.6.3 uses the recent It6-Alekseev-Grobner formula [99] in order to expand the
left-hand side of (4.1.6), instead of using a solution to Kolmogorov equations as in [112]
that is twice continuously differentiable-in-space and once continuously differentiable-
in-time. The Ito-Alekseev-Grobner formula describes in particular the pathwise error
associated to the left-hand side of (4.1.6) in terms of local differences in the coefficients of
the respective SDEs for X; and Y;?, of the derivative processes (of X;) and of derivatives
of h. In order to satisfy the assumptions for the formula, strong completeness using a

result in [44] is shown for the derivative processes; note this property appeared recently
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under the results of [100] using a different approach and different assumptions. Although
weak convergence without rates has been established by way of convergence in probability
in [105, Corollary 3.7] and [102, Corollary 3.19], weak rates of convergence analogous to
the globally monotone case (of order 1 as above) seem to be an open problem for non-
globally monotone coefficients outside of the present work. For weak convergence results
in the former case, see references within [44] and also [192]. On the other hand, strong
convergence rates of order 1 have been established in even the latter case, see [103].
The proofs for the moment estimates underlying both Theorems 4.1.1 and 4.1.2 use di-
rectly the results of [101], where the strongest assumptions that are made here are used
for exponential integrability as in [44, 103]. The core argument is to consider for any
k € R™ processes X;(,) satisfying
sup M = Xim| =0

t€[0,T r
in probability as r — 0, where X7 denotes a solution to (4.1.1) with X% = z. Such
processes exist [114, Theorem 4.10] for b, o continuously differentiable in space satisfying
some local integrability assumption and X f(n) satisfies the system resulting from a formal
differentiation of (4.1.1) (see precisely (4.3.5)). If b and o are independent of ¢ and
the derivatives of b and o are locally Lipschitz, the processes X f(n) are almost surely
continuous derivatives in the classical sense as in [165, Theorem V.39]. Higher derivatives
exist for b and o with higher orders of differentiability. Considering SDEs solved by these
derivatives, it is seen that only the term involving the derivative of the highest order
on the right-hand side of the dynamics requires serious control and that the stochastic
Gronwall inequality of [101] together with our Lipschitz Assumption 7 and an induction
argument suffice to control all of the terms. The bounds for higher derivatives, as required
for twice differentiability of the semigroup in the Kolmogorov equation for example, call
for two-sided Lipschitz conditions as in our Assumption 7 in contrast to the one-sided
conditions in [44, 103]. We use o(log V) and o(v/log V) Lipschitz constants in order to
control the moments for large time T, but the results follow for O(log V') and O(log V)
Lipschitz constants if T is suitably small. In order to establish solutions to the Kolmogorov
equation for the setting here, we prove a number of intermediary results following the
strategy of [114]. In particular, we show by extending an argument in [164] that an
Euler-type approximation converges to solutions of the SDE in probability and locally
uniformly in initial time and space, that is, the SDE is regular [114, Definition 2.1], which
is also used as mentioned for Theorem 4.1.2.
In relation to the previous chapter, our result about the Kolmogorov equation is mo-

tivated by its use in establishing that the semigroup associated to Langevin dynamics
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indeed forms a solution to the Poisson equation in the distributional sense, even when
maximal dissipativity results on the generator are not available and beyond the glob-
ally Lipschitz case. In particular, this is the case for the Langevin equation with po-
sition and velocity-dependent friction. Indeed, we have that given an invariant mea-
sure 7, f € L?(7), h € C°(R?"), generator £ defined for twice differentiable functions,
its L?(7)-adjoint L£*, ¢(t,x) = [~ Ef(X{)dt, Pif(z) = Ef(X{), and an approximating
sequence (fx)ren such that fr, € C°(R?"), fr — f in L?(7), it holds that

L*hodi — | hfdi L*hodi — | LR TPt(f)dtdfr
o= [ngis|<| [ ervoui— feon |

+ / W(f — Py (f) + Pr(f)d7

<

T

+ /E*h/lTPt(f—fk)dtdfr

4| [Py (= ) = Prr — i

. (41.7)

T

T
+| [en [ Ptsaed + 1Py () - Pris)dn

so that, given convergences of the first terms, the semigroup P;f being a solution of the
Kolmogorov equation is enough to conclude that the Poisson equation is solved by ¢ in
the distributional sense.

Alternative to the related Feynman-Kac formula for making the connection between the
SDE and the Kolmogorov equation satisfied by the transition semigroup is to use the
theory of Dirichlet forms. In that context, the order in which one works is reversed, in the
sense that one begins with the partial differential operator acting on the space of smooth
compactly supported functions, shows that the closure of the graph in some Banach
space generates a strongly continuous semigroup and that the semigroup is associated
to the transition semigroup of a Hunt process that is a weak solution to the stochastic
differential equation. In the case of Langevin dynamics in [11, 43], note however that
the Banach space is L?(m) for the invariant measure 7, so that the strongly continuous
semigroup is a classical solution in the sense of an abstract Cauchy problem, where the
transition semigroup is then implied to be in the domain of the infinitesimal generator,
but not necessarily a twice differentiable-in-space function solving the partial differential
equation pointwise nor almost everywhere nor in the sense of distributions.

For solutions in the sense of distributions to the Kolmogorov equation, in Proposition 4.18
in [85], the authors make use of (essentially) Lemma 5.12 in [114] to obtain such solu-

tions in the case of smooth coefficients. In fact, the proof there only makes use of local
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Lipschitz continuity of the coefficients and that oo | admits a derivative which is locally
Lipschitz. The authors in [85] moreover provide existence and uniqueness results for vis-
cosity solutions under a Lyapunov condition, which yield distributional solutions under
Holder regularity on the coefficients [108] and almost everywhere solutions given enough
regularity on the solution, see Proposition 1.4 in [127]. On a similar note, the existence
of a viscosity solution to the Poisson equation with possible degenerate second-order co-
efficients is given by [155], which, to the best of the author’s knowledge, requires the
aforementioned regularity to be interpreted as a solution in the distributional sense. In
the present work, sufficient conditions for the backward Kolmogorov equation to hold in
the distributional sense are presented as a secondary result. In particular, maximal dissi-
pativity of the associated infinitesimal generator defined on smooth compactly supported
functions is shown to be (mostly) sufficient.

The rest of the chapter is organised as follows. In Section 4.2, the setting, notation
and various definitions about what is referred to as Lyapunov functions are given. In
Section 4.3, moment estimates of the supremum over time on the derivative process and
the difference processes in initial value are given. These results are used throughout
for proving the other results in the chapter. In Section 4.4, results on the regularity of
the semigroup associated to (4.1.1) are presented, which are followed by results about
twice differentiable-in-space and distributional solutions to the Kolmogorov equation.
Section 4.6 contains the results about weak convergence rates for the stopped increment-

tamed Euler-Maruyama scheme on SDEs with non-globally monotone coefficients.

4.2 Notation and preliminaries

Just as the previous chapters, let (Q, F,P) be a complete probability space, F;, t € [0, c0),
be a filtration satisfying the usual conditions and (W});>0 be a standard Wiener process
on R™ with respect to F%, ¢t € [0,00). Let T' € (0,00) and || M|| denote the Frobenius norm
of a matrix M. Let b : Q2x[0,00) xR™ — R"™, ¢ : %[0, 00) xR™ — R™*" be functions such
that b(t, -), o(t, -) are continuous for every ¢, w, b(-, x), o (-, ) are F @ B(]0, 00) )-measurable
for every x, b(t,x),o(t,x) are Fi-measurable for every ¢,z and fOT sup,<r([b(t, )| +
|lo(t,z)||?)dt < oo for any R > 0, w € Q. For an open set O C R™ and any x € O, let
X;™ be an Fi-adapted O-valued process such that X;"* is P-a.s. continuous satisfying
for all s,t € [0,T],

¢ ¢
X7t = x—|—/ b(s+r, Xf’r)dr—i—/ o(s+r, X>%)dW,. (4.2.1)
0 0

When the initial conditions are not important or are obvious from the context, simply
X; and similarly X is written. For f € C?(O) and for either b, o as above or (b® :
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QX [0, 7] = R")geo, (6% : @ x [0,T] = R"™"),co that are, for each xz, F @ B([0,t])-
measurable and F;-adapted satisfying P-a.s. that fOT(|bf§\ + |o%|?)ds < 0o, we denote

Lf=b-Vf+a:D*f, (4.2.2)

where a = %UO’T, D? denotes the Hessian and for matrices M, N, M : N = Zi,j M;;Nyj.
Throughout, O is used to denote the convex hull of O, C°((0,T") x R™) denotes the set of
compactly supported infinitely differentiable functions on (0,7") x R, C,(R™) denotes the
set of bounded continuous function on R™, C*2(]0, T] x R™) denotes the set of continuous
functions of the form [0, T]xR"™ > (¢, z) — f(¢,z) that are once continuously differentiable
in ¢ and twice so in z, Br(z) denotes the closed ball of radius R > 0 around z € R",
Br = Bg(0), e; denotes the i*® Euclidean basis vector in R", and C' > 0 denotes a
generic constant that may change from line to line. The expression 1,4 denotes the
indicator function on the set A. We denote Ar = {(s,t) : 0 < s < ¢t < T}. The
notation 0;Z7 ; = 0.,Z; p|. is used and similarly for the higher order derivatives 0*Z7 r
for multiindices a. Moreover, for a multiindex «, we denote

«q times
Ro = (61, N ,61,62,...).

Definition 4.2.1. A positive random function V : Q x [0,T] x O — (0, 00) is referred to
as a (Bj, &, a., B.,p*, Vo)-Lyapunov function if F ® B([0,T])-measurable and F;-adapted
processes b : 2 x [0,T] x O — R", 57 : Qx [0,T] x O = R™" . B : Qx[0,T] —
[0,0], p* € [1,00) and V5 € CY2([0,T] x O) are such that for all y € O there exists
an F ® B([0,T])-measurable, F;-adapted process Y.¥ : Q x [0,7] — O that is P-a.s.
continuous, V(t,y) = Vo(t, YY) and it holds P-a.s. that

T
/ (IBY] + 1572 + |a|)ds < oo,
0
t

t
Vi = y+/ 1[0,7)(U)bﬂdu+/ Ljo,r) ()G dWa, (4.2.3)
0 0

~ 2
p* —1[(E) "VVo(t V)]
2 Vo(t, YY)

(O + L)Vo(t, YY) + < aVo(t, YY)+ By (4.2.4)

for all t € [0,T], y € O and stopping times 7, where L is given by (4.2.2) with b,
replacing b, 0.

Definition 4.2.2. A function V is referred to as a Lyapunov function if there exist 1 € N,
p* € [1,00), open O TR, b : Qx[0,T] x O = R™, & : Qx[0,T] x O = R V; €
CY2([0,T] x O), along with some a. and B. such that V : Q x [0,T] x O — (0,00) is
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a (5:, G, a., p.,p*, Vo)-Lyapunov function and

T
p* dt—|—/
Lr"=1(P) 0

Remark 4.2.1. (i) Smooth functions V satisfying LV < CV for some constant C' as in

Bo

ef[;” aydu

dvdt < oo. (4.2.5)

HefoT|0‘u|du
Lo (B)

[111, Theorem 3.5] form Lyapunov functions with p* =1, oy = C and §; = 0.

(ii) Lyapunov functions satisfy the stochastic Gronwall inequality as in Theorem 2.4
in [101] along with a finiteness condition on the associated processes, which are

properties that will be used many times throughout the chapter.
The following property allows control across families of Lyapunov functions.
Definition 4.2.3. For a family of functions (WS)SE[O,T]; we say that (WS)sE[O,T] is
(n,0,Vp)-local in s if 7 € N, open O C R", V € CH2([0,00) x O) are such that there
exists a constant C' > 0 satisfying that for any s € [0,7], W, : 2 x [0,7] x O — (0, 0)
isa (057,657 o7 g5T psT V(s +-,-)

together with some o®*, 57 p*T where (4.2.5) holds uniformly with bound C, that is,

T
ps T +/
Lr>T=1(p) 0

We say that (W;)sepo, 1) is local in s if there exist 7, 0, V, such that (Ws)sepo,r is (7, O, Vo)-

local in s.

(0,7]x0)-Lyapunov function for some b T, 5T

BS,T
v

efov o Tdu

s, T
ay |du

dv < C. (4.2.6)
LT (P)

T
|e*

A family of Lyapunov functions being local in s allows terms of the form E[W(¢, X;")]
to be bounded uniformly in s after applying Theorem 2.4 in [101]. This is an important
property for twice differentiable solutions to Kolmogorov equations, since such solutions
and many lemmatic terms depend on a time variable via the starting times s. On the

other hand, such a property is in all of the examples mentioned here easily satisfied.

4.3 Moment estimates on derivative processes

The following assumption states our main requirement on the Lyapunov function. Alter-
native assumptions for the main results in the case where b and o are independent of ¢

and admit locally Lipschitz derivatives are given in Theorem 4.5.2.

Assumption 7. There exists G : Q x [0,T] x O — [0, 00) such that G is F ® B([0,T]) ®
B(O)-measurable and G(t,-) is F; ® B(O)-measurable,

b(t, z) — b(t, y)| < (G(t,z) + Gt y))|z -y, (4.3.1)
lo(t,2) = o(t,y)|I* < (G(t,2) + G(t.y)) |z — yI*, (4.3.2)



for all t € [0,T], z,y € O and such that for any s € [0, 7], there exist locally bounded

functions M : (0,00) — (0,00), & and Lyapunov function V satisfying
G(s+t,X,") <mlogV(t,z(z)) + M(m)  P-as. (4.3.3)

for all m > 0, x € O and stopping times t < T — s.

By and large and throughout the chapter, the process Y; associated with Lyapunov func-
tions can be thought of to be equal to X; and in the applications here, it is enough to
take G < mlogVh+ M in place of (4.3.3); the generality is justified by a trick to increase
the set of Lyapunov functions, as exemplified by the inclusion of U in [101, Corollary 3.3].
Note that we may just as easily prove with the same effect most of the results in the

sequel by introducing a weaker condition that is

/ G(s +r, X5%)dr < M(m +m2/ log Vi (r, Z;(x))dr + log V;(t, Z;(x)) P-a.s.
i€ly

in place of (4.3.3), where Iy is some finite set. This in some sense covers the inclusion of U
as mentioned and also the conditions with multiple Lyapunov-type functions as in [44,
Theorem 2.24]. In this thesis, we work with (4.3.3) for simplicity.

Assumption 7 is strictly weaker than assuming globally Lipschitz coefficients, since poly-
nomial Lyapunov functions are easily constructed in that case. In addition, whenever
continuous differentiability up to some order m™* of b and o is assumed, we also assume P-

a.s.

3 / sup (|9°b(t, )| + 0% (t, 2)|)dt < 00, VR >0, (4.3.4)

0END;|0]<m* |lz[<R

For x € O, s € [0,T], let X :( x) be the first ¢-uniform derivatives in probability of X;**

with respect to the initial value in any directions x € R2?, that is, for any € > 0, T > 0,

it holds that
IP’< sup e> —0
te[0,T—s]

asr — 0 with r #0, 2 +rk € O. If b(t,-) and o(¢,-) are once continuously differentiable

on O for all ¢ € [0, 00) and satisfy (4.3.4) with m* = 1, then by Theorem 4.10 in [114], th(’f)

exists for any x € O, s € [0,T] and satisfies the system obtained by formal differentiation
of (4.2.1), that is,

_xse
— = Xyn| >

dXSI (XS(E

i = (Ko - V)b(s + 1, X7%)dt + (X500

5 V)a(s + 1 X)) AW, (4.3.5)
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By induction, if b(t,-) and o(t,-) are continuously differentiable on O up to some order p
for all t € [0, 00) and satisfy (4.3.4) with m* = p, then the p*'-order t-uniform derivative in
probability of X;** with respect to the initial value in directions (k;)1<i<p, ki € R™, |k;| =
1,1 <4 < p exists for any x € O, s € [0,T] and satisfies the system obtained by a
correponding p'"-order formal differentiation of (4.2.1).

First we state a straightforward application of the Lyapunov property to obtain an es-
timate of a time integral, which will be used later and is also demonstrative for many
similar derivations in the following. Throughout and consistent with Assumption 7, we

omit in the notation the dependence of V', Z and M on s.

Lemma 4.3.1. Under Assumption 7, for any constant ¢ > 0, it holds that

T—s v T=s
/ EecCl+tX0 ) gt < M / E[V(t, z(z))]dt
0 0

R T—s
v
0

< CEV(0,z(x)]+1) < 0

Bo

ef()"‘ asds v
ef(;’ aydu

o (E[V(O,f(z))] + /O t

Lr*=1(P)

dv) dt)
Lr™ (P)

for allz € O and T > 0, where M = M(%) and V is a (b,5,a., B., p*, Vo)-Lyapunov

function for some b, &, p*, Vp.

Proof. The first inequality is (4.3.3) with m = %; the second inequality follows by The-

orem 2.4 in [101] with ¢ = 1, g2 = ﬁ, p = p*; the third and last inequalities follow
by (4.2.5). O

Lemma 4.3.2. Under Assumption 7, for any k > 0, s € [0,T], there exists p > 0 such
that

E sup

k
Xt(r) ‘ < oW (z,rr)|r|* (4.3.6)
0<t<T—s

()

forallz € O, r € R\{0}, k € R", |s| =1, z+rk € O, where Xt((g) = XX and
W(z,rk) =14V (0,z(x+rk))+V(0,Z(z)). If in addition b(t,-), o(t,-) are continuously

differentiable for all t > 0 and (4.3.4) holds with m* =1, then

k
E sup th(’lf) < pW (z,0) (4.3.7)
0<t<T—s
k
: s —1y(r) |7
O;IélgoEogfgg,s Xito =7 Xy 0 (4.3.8)

forallz € O, kK € R™ with |k| = 1. If V is local in s, then p is independent of s.

Remark 4.3.1. In the proof of Lemma 4.3.2, only a one sided Lipschitz version of (4.3.1)
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is necessary, see also Section 3.3 in [101] or Corollary 2.31 in [44], which gives similar
estimates to (4.3.6).

Proof. For any r,

X)) = (b(s+ 1, X7"T) = b(s + £, X7"))dt + (o (s + £, X7H™) = o (s + 1, X)) dW,.

(4.3.9)
Since X; is almost surely continuous in ¢, it holds that fg(G(s + u, X5 + G(s +
u, X3%))du < C’fg(log V(u,Z(x 4+ r&)) + logV(u,Z(x)) + 1)du < oo for any w € Q
and finite 0 < ¢t < T — s (for everywhere continuous modifications of X;), therefore

Corollary 2.5 in [101] can be applied with

ar = b(s+ t,XtS’IJrM) —b(s+t,X"), by = a(t,XtS’Hm) —o(t, X;"),

1
ay = ( +kvV 1) (G(s+t, X" + G(s + t, X)),

2
3k
p:2k\/27 615207 Q1:k7 q2:3ka Q3:77
to obtain
k 3
EO<§1<15)1 Xt((TK)’ < C«(EefoT5Bk(;+kv1)(G(s+u,X3’w+m)+G(s+u,X§”))du) |,,,|k. (4310)

By Jensen’s inequality and Lemma 4.3.1, the expectation on the right-hand side of (4.3.10)
satisfies the bound

Fe i~ 3RS +RVI) (G stu, X3 +G (s+u, X 3%)) du
< (T = 5)~12MUGK(E+RV(T—) ) E/ 7 b log V(wa(otre))+ 4 log V(wa(@))) gy,
0
. . T—s
< (AT — 5))~Le2M(GR(E+RV1(T—5)) )E/ (V(% F(x + 1)) + V(u, j(x)))du
0

< CeM (kDT =) (1 4 V(0, 2(z + rk)) + V(0, Z(2))).

which easily gives (4.3.6).
The statement for X, follows along the same lines, where instead X, satisfies (4.3.5)

and Corollary 2.5 in [101] can be applied as above except with

ar = (14 2k)(mlog V (¢, z(x)) + M(m)) > 0 (4.3.11)
m = (6k(1+2k)(T — s))~ L.
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Equation (4.3.8) is a known consequence; it is immediate from the definition of X,

the previous bounds and

E[S*] < eP(S* <€) + B[l gt1 55

k

< eP(S* <€) + ElLgr o |E[S*] T (4.3.12)
with S = supg<,<r_s Xz’(z) - r*1X757('L) . The final assertion follows by noting that the

constants C' above are independent of s. O

The following Assumption 8 states our requirements on the higher derivatives of b and o

for results on the higher derivatives of solutions to (4.2.1).

Assumption 8. There exist p € Ny such that b(t,-)|5,0(t,-)|5 € CP forall t > 0, w € O
and inequality (4.3.4) holds with m* = p. Moreover, for all s € [0,7] and k > 2,
there exist M’ > 0, g € N, open Op C R™ mappings ), : O — O}, and Lyapunov
function V;T :Qx[0,T—s] x Oy — (0, 00) satisfying for any z,2’ € O and multiindices o
with 2 < |a| < p that P-a.s.

0°b(s +t, AXS% + (1= VXS + 0% (s + £, AXS% + (1 — N)X5)| 12

< M'(1+ VT x(2) + VET (¢, d(2))) F (4.3.13)

holds for all ¢ € [0,T — s], A € [0,1].

In the following, for k = (k;)1<i<i, ki € R™, the I*P order t-uniform derivatives in proba-
bility of a process Z{ with respect to initial condition z in the directions k1,...,x; € R"
is denoted by %) ZF.

Theorem 4.3.3. Under Assumptions 7 and 8, for any s € [0,T], constants 1 < [ <
p—1, k1 > 0, there exist i* € N, v > %, {litiequ,....isy C (0,00) and a finite order
polynomial qy, the degree of which is independent of s,T,V, V,:’T, such that

k
E sup |9 X7 _ gle) x5 < (T — s)’q(x,z + re)|r[™ (4.3.14)

0<t<T—s
_ k
E sup |8FXP" ' < (T —9)"q(z,z) (4.3.15)
0<t<T—s
) k1
mE  sup [P X5 — (W XTI _ gle) x 5Ty — (4.3.16)

=0 0<t<T—s

for all initial condition z € O, r € R\{0}, k; € R, |r;| =1, 1 <i <I+1, z+rk;41 € O,
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where k = (Ki)1<i<i, & = (Ki)1<i<i+1 and ¢ : O x O = R is given by

4y, 9') = ao(V(0,2(9)), (V2T (0,21, ())ieq,...ivy» (VT (0, 80, () ieu,.. iy)- (4:3.17)

IfV and V,:T are local in s for every k, then the form of the polynomial qq is independent
of s,T,V, V,:’T.

Remark 4.3.2. Assumption 8 can be weakened if only finite order moments of the deriva-
tives in Theorem 4.3.3 are sought after, that is, if the statements in Theorem 4.3.3 are
only required to hold for k1 up to some finite k1 < K;. In particular, M’, f, Ok, Tr, Vi in
Assumption 8 need only exist for £ up to some finite k¥ < K. In the same vein, Assump-
tion 7 can be weakened (so that the Lipschitz constants are only required to be O(log V)
and O(y/logV)) in this case if T is sufficiently small.

Proof. Fix ky > 0, s € [0,T1], let J be the set of strictly increasing functions from N to
itself and D™)b(s +t, X") denote the formal derivative of b(s + t, X;*") with respect to

z in the directions indicated by . In particular,
Db(s +,X7") = (0X7 -V )b(s + £, X;)

+qb,x:vw(< 11 3“"“”)){?*””,1 <SU<i-1j eJ),

1<i<l/

where the last term denotes a R™-valued polynomial taking arguments as indicated, for
which exactly [ of the operators d"") appear in each term and coefficients are spatial
derivatives between orders 2 and [ of elements of b evaluated at (s + ¢, X;**). The term
DWo(s4t, X)) is similarly defined. Denoting @’ = z 4 r#;, 1, the difference processes

of the derivatives satisfy

AW X — 9W XY = (DWb(s + £, X5%) — DWb(s +t, X57))dt
+ (DWo(s+1, X5%) = DWa(s + ¢, X20))dW,
ontel0,T—s]foralz,a’ €0, reR\{0}, k; € R”, || =1,1<i<I+1.
We proceed by strong induction in [ for (4.3.14). A base case has been established

in Lemma 4.3.2. By the fundamental theorem of calculus on derivatives of b and o,
inequalities (4.3.13), (4.3.1), (4.3.2) and (4.3.3) with m, = ((4k1 V4) — )ma = 7= (& —
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ﬁ), so that M (m1), M (ms2) are locally bounded as functions of T', it holds P-a.s. that

’D(”)b(s 1, XY = DWp(s 4 t, X5

|0ib(s + ¢, X27)| + H(t, X5, X5 )4,

S

< 2‘8(~)Xf’””' — WX (my log V (¢, 2(x)) + M(my)) + Ht, X%, X ),

IDWa(s +t, X5 ) = DWo(s +t, X;7)|?

2 ’
10i0(s + ¢, X )1 + (H (£, X", X777 )Gr)

<230 — 0 xp),

! 2 !
< 4lo X = 00X (malog V(L (@) + M(ma)) + (H (6 X", X)),

on t € [0,7T], where

1
Ik va

H(t, X", X" ) =M (1 + Vigyva(ts Eagyva () + Vag,valt, £4k1v4(1‘/))> (4.3.18)

and ¢; denotes a polynomial with constant coefficients taking arguments from the set

S =51U05,,

s (I o)
1<i<l/
Sy = {’( 11 6<w>>> (X327 — X7

1<i<l’

1<l <l,jeJ X € {Xf’xl,Xf’””}}

|2

:1§l’§l—1,jeJ}U{|X§v’”’—vax

for which exactly I of the operators 9(*:) appear in each term of §, and a factor from S,
appears exactly once in each term. Note for p > 2 and by Lemma 4.3.1, it holds P-a.s.
that
T—s
/ [(m1 + (p — Dma) log V (£, #(x)) + M(m1) + (p — 1)M(mo)|dt
0

T—s
< /0 [(m1 + (p— 1)ma)V(t,z(x)) + M(mq1) + (p — 1) M (mg)|dt < 0o
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ont € [0,T — s]. Corollary 2.5 in [101] can then be applied with
ar = DWb(s +1, X% ) — DWp(s + ¢, X2),
by = D(“)O'(S +t, Xf’z/) — D(“)g(s 4+, th,z)’
1
ay =2(m1 + (p— D)ma) log V (¢, Z(x)) + 2(M(mq) + (p — 1) M (ms2)) + 3> 0, (4.3.19)
Br = /21 V2H (t, X2, X5 )i,

1 1 \!
=4k, V4 =k =(——— =2k V2
p 1 y 41 1, 42 (lﬁ 2k1\/2> y 43 1
to obtain .
E sup [0®Xp" —oWxp| < oA AP
0<t<T—s
where

k1

AN oo 7 202 (mat(p—1)m2) log V (u(2))+242 (M (m1)+(p—1) M (m2))+ G )du | | *
T—s *
a3 k1

By substituting our expressions for go, mi, me, setting V(u,z(z)) =1 forallu >T — s

and using Lemma 4.3.1, the first expectation has the bound

Ay,

k1

1 T—s _ a9 a2
(E [T / o (T=5)(242(m1+(p—1)ma) log V(u,z(x>>+2q2(M(m1)+(p—1)M<m2)>+2)du} )
k1
q2

< C(E[V(0,2(x ))} 1)
where note C'is, here and in the rest of the proof, locally bounded as a function of T" and

also of s, T if V is local in s. On the other hand, by the inductive argument and the form
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of H, ¢s and g3, it holds that

T—s , k1Vv1 ﬁ
@ ofe|( [ axxepa) s @)
0

0<u<T—s

T—s , 2k1V2\ T v
C (E { H(u, X507, X5 )%m} ) (]E sup qﬁ’ﬁv‘*)
0 0<u<T —s

IA

IN

T—s
C((T — 5)kv2)—1 / E(1 + Vg, va(u, Tag, va(x))
0
L51
> ~ / E?E~ / k1
+ Vi, va(u, Tag,va(z')))du g, z")|r[™,

where (2, 2') = do(V (0, 2(2)), (V1 (0, 21, (0)))ieu....i-y> (Vi (0,1, (2")))seqr.. i) for some
i* e N, {li}ie{lng*} C (0,00) and finite order polynomial gy taking arguments as indi-

cated. Therefore, by Theorem 2.4 in [101] with ¢; = 1, it holds that

k1

N N Thy VA
AP < C((T — 5) MY (1 + Vi, va (0, Bk va(@)) + Vi, va 0, 594k1v4(~”€/))))
G, )™,

which concludes the proof for (4.3.14). Inequality (4.3.15) follows along the same lines,
therefore the argument is not repeated. Equation (4.3.16) holds by (4.3.12) with

S = sup 6(R)X5’”” — rfl(a(N)Xiﬁv’ _ 8(“)Xj*””) .
0<u<t

O

Remark 4.3.3. In the proofs of Lemma 4.3.2 and Theorem 4.3.3, the stochastic Gronwall
inequality, that is, Theorem 2.4 and Corollary 2.5 in [101], can be replaced with Lemma 4.2
in [114] and Theorem 3.5 in [111]. For this, one works directly with the SDEs govern-
ing ’(’“)(“)Xt‘kl in the proof and inequality (4.2.4) is to be replaced by (0; + L)V < CVj.
The latter point raises complications in the examples of [44] with domain not equal to
R™.

4.4 Kolmogorov’s equation

Throughout this section, we assume that b and ¢ are nonrandom functions. In Sec-
tion 4.4.1, the moment estimates from Section 4.3 are used to derive p*" differentiability
of a Feynman-Kac semigroup and in particular of z — Eg(X;"") for X;"* solving (4.2.1).

We allow the functions such as g to be bounded by Lyapunov functions. As such, the
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proof, although the approach of which is classical, demands finer attention compared
to [114] for example, in which g and its derivatives are only required to be polynomially
bounded. This regularity is then used to show that the semigroup solves the Kolmogorov
equation in the almost everywhere sense in Section 4.4.2. In Section 4.4.3, we complement
our results with a criterion for the Kolmogorov equation to be solved in the distributional
sense. The criterion is based on the maximal dissipativity of the closure of the infinitesi-

mal generator associated to (4.1.1).

4.4.1 Semigroup differentiability
To begin, we state a condition that will be imposed on functions such as g.

Definition 4.4.1. For p € N, k > 1, h : Q x [0,7] x O — R with h(t,-) € C?(O)
for all (w,t) € Q x [0,T], we say that h has Lyapunov derivatives up to order (p, k) if
there exist (VS’T)SE[07T] local in s, locally bounded Z and constant N > 0 such that for
any s € [0,7] and multiindices o with 0 < |a| < p, it holds P-a.s. that

=

O%h(s + t, AXS" + (1= NXSY)| < N+ VT (4 3(x) + VT (4 E()F (4.4.1)

for all stopping times t <T — s, z,2' € O and X € [0,1].

We make the following mild assumptions about the Lyapunov functions V7 associated to
Lyapunov derivatives in Definition 4.4.1 or otherwise. These are gathered with additional
assumptions on the SDE (4.2.1). Assumption 9 will be referenced only when V7 has

been given in the context.

Assumption 9. For each R > 0, there exists a Borel, locally integrable K.(R) : [0,00) —
[0, 00) such that

2(x —y,b(t,x) = b(t,y)) + |o(t, ) — o(t,y)|* < Ke(R)|x — y|?

forallt > 0, z,y € BN O. For any s > 0, T > 0, x € O, there exists a P-a.s.
continuous O-valued unique solution X;** to (4.2.1) on [0,7]. Moreover, for any 7' > 0,
there exist 7 € N, open O C R", V; € C12([0,00) x O),  : R* — O, G : [0,00) x R™ — R,
constant C' > 0 and 0 < [ < 1 such that

(1) (VS’T)SE[O,T] is (’ﬁﬂ Oa ‘/0)_10(:&1 in S,
(i) for any s >0, V7T is a (5:,&_’, a.,C,p*, VO)—function for some b5, a., p*, Vo,
(iii) for any s > 0, it holds P-a.s. that
VT (0,2(X7) < O+ VT (1, 8(x)))
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for all x € O and stopping times 7 < T,

(iv) for any s > 0, it holds that limy,|_,.. inf,c(o 77 G(t,2) = co and P-a.s. that
Gls+t, X5") < VT (t,&(z))
for all t € [0,T], x € O.

Beside the first two sentences, Assumption 9 is satisfied by the Lyapunov functions con-
sidered for example in [44, Corollary 2.4]. More specifically, taking « and the func-
tions U, U from there, for i = n + 1, one may take Vo = Vo(t, (z,y)) = eV@e v
and 7 = Z(x) = (x,0) € R"™!, then

_ t 0 A —at
b(t, (z,y)) = (b(t,2),U(t,x)), &(t,(z,y)) = (U(O’I) 0) . G(ta) =@
for t > 0, z € R", y € R and the latter statements of Assumption 9 are satisfied by the
conditions on U and U if lim ;|0 U(x) = 00 and U > C for some C' € R everywhere.

Theorem 4.4.2. Let T > 0, let Assumptions 7, 8 hold and let f : Qx [0, T]xR™ = R, ¢:
Q x[0,T] x R™ = [0,00), g : Q@ x R” = R be such that f(-,z),c(-,z) are F @ B([0,T])-
measurable functions for every z € O, satisfying fOT SUpP, ¢ p.no (et @)+ f(t 2)[)dt < oo
for every R > 0 and P-a.s. f(t,-)]5,c(t, )]s, 9lp € CP(O) for all (w,t) € Q x [0,T]. Sup-
pose there exists ko > 1 such that f and g have Lyapunov derivatives up to order (p,ks).
There exists K > 1 such that if for any 1 < k' < K, ¢ has Lyapunov derivatives up
to order (p, k') and all of the Lyapunov functions associated to Lyapunov derivatives are

such that Assumption 9 is satisfied with [ > k;l, K1, then the following statements hold.

(i) For u given by

t
u(s, t,x) = / F(s+ 1, X57)em Jo clstw Xdw gy o o x0) = Jo elstw, X5 dw
0
(4.4.2)
defined for (s,x) € [0,T]x O and stopping timest < T'—s, the expectation Eu(s,t,x)

s continuously differentiable in x up to order p.

(ii) For every multiindex 8 with 0 < |B| < p, there exists a finite order polynomial ¢*, the
form of which is independent of V=T and V,:’T, such that for all stopping times t <
T — s, it holds that

|05 Bu(s, t,z)| < ¢*(V(0,Z(x)), V=T (0,(x)), V> (0,21, (x)) s i € T*)  (4.4.3)

i
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on (s,x) € [0,T] x O, where I* C N is finite, l; > 0 and &, &;,, V>T, VlfT represent
any and all of the functions across h € {f,c, g}, multiindices o with 0 < || < |f|
and k € Ky C (0, K) for some finite K.

(iii) If for each k and multiinder o with 0 < |a| < p, the mappings Ty are indepen-
dent of s and (V;’T)SE[O,T] is local in s, then |0%u| is locally bounded for every
multiindex o with 0 < |a| < p and if p > 2, then for any R > 0, there exists a
constant N > 0 such that

[Eu(s’, T —s',x) — Eu(s, T — s,z)| < N|t — 5]

forall s,s' € (0,T) and x € Bg.

We prove first a lemma that will used in the proof of Theorem 4.4.2. Throughout the
proofs of Theorem 4.4.2, Lemma 4.4.3 and consistent with the statement of the results,

we omit in the notation any dependence of V*7T, Z and ky on k and h.

Lemma 4.4.3. Let the first sentence of Theorem 4.4.2 hold and let ¢ have Lyapunov
deriatives up to order (p, k') for all 1 < k¥ < K, for K from the same theorem. For
any h € {f,c,g}, ks > 0 with ks < ke if h € {f,g}, s € [0,T], z € O, k € R"
with |k| = 1, X € [0,1], multiinder a with 0 < |a| < p and stopping time t < T — s, it
holds that

t
/
0

1
/ O%h(s +t, AXS 4+ (1= NXS%)dA — 0%h(s +t, X%)
0

t
/
0

as ¥’ — x, where the derivatives 0% are in the spatial argument and g(t, ) = g.

’ k
9h(s + v, VX5 4 (1 — X)X5%) — 8%h(s + v, X57)|  dv — 0 (4.4.4)

k3

E —0

ks

1
/ O%h(s + v, AX5" + (1= N)X)dA — 0%h(s + v, X5)| dv — 0
0

Proof. For any € > 0, s € [0,T] and stopping time ¢t < T — s, note that

P( sup |X07 - X5 <) <P(XST - X7 <),
0<u<T—s

so that for any A € [0, 1], by Theorem 1.7 in [114], it holds that )\Xf’w/ +(1=-NX" -
X% = MXP% — XP%) = 0 in probability as 2’ — 2 (sequentially). Therefore for any
multiindex a, J := 8*h(s +, )\th’m, +(1=N)X,") = 0% (s+t,X;"™) — 0 in probability
by Theorem 20.5 in [17]. Moreover, if h € {f,g}, by (4.3.12) with k1 = ks, k = k2
and S = |J|, it holds that E|.J|*s — 0 as 2’ — 2. The same holds for h = ¢ using (4.3.12)
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with some k > k3 instead. By the assumption (4.4.1) and Theorem 2.4 in [101], it holds
that

’ ks
E|0%h(s +u, AX3 + (1= N)X57) | < CE(1+V*7(0,3(z)) + V*7(0,2(x))),

where C here is independent of r, A and u, so that Jensen’s inequality, Fubini’s theorem
and dominated convergence theorem concludes the proof. O
Proof of Theorem 4.4.2. For x € O, s € [0,T], stopping time t < T — s, kK € R*, r €
R\ {0}, |k| =1, let 2’ :=x + 7 € O and for h € {f,c, g}, let

1
hy = / Vh(s+t, AX;"" + (1 = N)X,.")dA, iL(t,:C) =h(s+t, X",
0
1 / t s,z t s,z
CI — / e A IS e(s4u, X5% Ydu—(1=X) [ c(s+u, Xy )dudA, é(t,ﬂ?) — e Jo cls+u, X, )du’
0
where V denotes the gradient in the spatial argument, g(s 4 ¢,-) = g and the same for

its derivatives. For (i), we show first once directional differentiability. Let h € {f, g}; it
holds that

t(k)

‘Ef}(t, o)é(t,2') — Eh(t,z)é(t, x) E

[Vh(s +t, X)) - X2 et x)

t
— h(t, x)é(t, z) / Ve(s + u, X307 -Xi’(%dU}
0

EA Ay / _EA o /
)60 ) “BRODEL) gy o

<

Eh(t,z)é(t, #') — Eh(t, z)é(t, z)

t
+ ’ +Eh(t, z)clr ! (/ (c(s 4 u, X2
0

+ ‘Eh; CXSP ot x) — EVh(s +, XJ7) - X507 é(t, z)

— (s +u, Xi’w))du> t(x) t(x)

¢
+ ‘Eﬁ(t, z)efr? </ (c(s +wu, X{j’“"/) —c(s + u, XZ’I))du>
0

t
_ Eil(t,$)é(t, a:)/ Ve(s + u, XZ,:&) CX5 du
0

u(k)

. (4.4.5)

The first three terms on the right-hand side of (4.4.5) converge to 0 as r — 0 by the

fundamental theorem of calculus, (4.4.1), Lemma 4.3.2 and Lemma 4.4.3. For the last
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term, Holder’s inequality yields

¢
‘]Eﬁ(t, z)elr! </ (c(s+u, X5%) = e(s +u, Xj"”))du)
0

t
— Bh(t, z)é(t, x) / Ve(s +u, X3") - X du
0

T</ | (% +u, Xp") = e(s + u, Xp7)
0

IN

h(t, x)’

G ; — Ve(s +u, X;%)

Lk2(P)

t
.Xiz%)du) + (c;r — é(t,x))/ Ve(s + u, X57) 'Xizi)d“ ) (4.4.6)
0

/

L2 (P)

where & + g = 1. By (4.4.1) and Theorem 2.4 in [101], we have Elh(t,z)|*> < C(1 +
VT (0,%(z)) + VST(0,%(2"))). Moreover, Holder’s inequality yields

ks

t
E|(c] — é(t, ) /O Vels +u, X3%) - X5 du

u(r)
2k} 2 2k 3
< (IE ol —é(t,:c)‘ ) (E ) . (4.4.7)

For the first factor on the right-hand side, note that by (4.4.4) in Lemma 4.4.3, we
have fot (s 4 u, X5 ) du — fot (s + u, X2%)du in probability as r — 0, so that

t
/ Ve(s +u, X3®) - X du
0

’
St — 67>\ fot(c(eru,XfL"T )—(1=X) fot c(s+u,X%))du _ e~ fot c(s+u, X" )du =0

in probability by the continuous mapping theorem and E|c] —é(t, 2)|2%> < fol E|S[?k2d)\ —
0 as 7 — 0 by (4.3.12) with ky = 2k}, k > 2k} and S = S,. By setting K > 2k}, the
second factor on the right-hand side of (4.4.7) is clearly bounded independently of r (and
of t) by Holder’s inequality, our assumption on the derivatives of ¢ and Lemma 4.3.2.
For the remaining term in the second factor on the right-hand side of (4.4.6), the triangle
inequality on L*2(P) yields

t
o / (r~e(s +u, X5%) — ¢(s + u, X5%)) — Ve(s +u, X57) - XZ’(i))du
0

L¥*2 (P)
t
<\ ( TN X0 = Vels + u, X0 - Xiz%)d“
0 L% (P)
t ’
<| [ oo - - xiga
0 L¥*2(P)
t
+ ‘ / (¢, = Ve(s+u, X27)) ~XZ’(i)du (4.4.8)
0 L*2(P)
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For the first term of the right-hand side of (4.4.8), by Jensen’s inequality, Theorem 2.4

in [101], setting K > 2k% and our assumption about the derivatives of ¢, we have

t ’
X5z _ xsT
/ - <“ U —XZ’(‘Z)>du
0 r

T—s s,x’ _ vs,x
< Tké—l]E/ CI X (Xu Xu _Xs,a: )
0

U r w(k)
T—s ,
< Tkt (IE/ c;|2k2du)
0

kg
E

ks
du

Nl

s, r+rK __ S,T
Xu Xu _ XS,E
- . "k

o

25\ 4
du>
< C(1+V>T(0,#") + V>T(0,i(z)))?

2k5N 3
: (E sup > (4.4.9)
0<u<T—s

for C independent of ¢, which converges to 0 as r — 0 by Lemma 4.3.2. For the second
term on the right-hand side of (4.4.8), it holds that

S, x+TK __ s,
Xu Xu o Xs,m
r u(kK)

¢ kg
E / (¢, = Ve(s +u, X3*)) - X du
0

T—s , % T—s , %
< C’(/ Ele, — Ve(s + u, Xj’x)|2k2du) (IE/ \XZ(";) 2k2du> . (4.4.0)
0 0

The last factor in the right-hand side of (4.4.10) is uniformly bounded in 7 by Lemma 4.3.2
and the first factor converges to 0 as r — 0 by Lemma 4.4.3.

Putting together the above in (4.4.5) gives that Eg(Xf’gj)efot elstu, Xy ")du s directionally
differentiable in z. For the other term in (4.4.7), it suffices to check that after integrating

the inequality (4.4.5) in ¢ from 0 to T — s, the same convergences hold as » — 0. This
is true for the first three term on the right-hand side of (4.4.5) by the same reasoning as
before. It is true for the right-hand side of (4.4.6) by dominated (in t) convergence, since
the right-hand sides of (4.4.7), (4.4.9) and (4.4.10) are uniformly bounded in ¢ € [0,T — s]
and r € [0,¢€] for some € > 0. By induction and largely the same arguments as above,
higher order directional derivatives in 2 of Eh(t,2)é(t,z) exist and they are sums of

expressions of the form

E {Wlh(s +t, X7Vt ) ( 11 (a<52>Xf»I)jB2> (4.4.11)

BQEiQ

t
L [ et uxy TT @09xz), ),

Bs€ls Ba€lg,
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where h € {f, g}, 51 is a multiindex with 0 < |3;] < p, jg,f37jg3 are some finite sets of
multiindices each with absolute value less than or equal to p and jg,,jg, € {1,...,n}. A
fully detailed argument for this is omitted.

For differentiability of the expectation of (4.4.2) in x, note that Theorem 1.2 in [114] may
be applied on (4.3.5) due to Vb(s+ ¢, X;"") < C(1+logV(t,Z(z))) < C(1 + V(t,z(x)))
(by Assumption 7 and the same for o) and Lemma 4.3.1, so that the derivatives in
probability X;(,) are unique solutions to (4.3.5) for the initial condition k. Therefore
the first directional derivatives from (4.4.5) indeed form a linear map. The same ar-
guments apply for expressions of the form (4.4.11) that are directionally differentiable,
where additionally Assumption 8, Lemma 4.3.2 and Theorem 4.3.3 are to be used to
control K;(1) from Theorem 1.2 in [114]. Next, we show continuity in z of expressions
of the form (4.4.11) (for multiindices with absolute values bounded by p). Note first
that P(supOSuST75|85XfL"’”/faﬁXfL’ﬂ <e) < ]P’(|5'5Xf’mlfaﬂXf’z| < ¢), therefore 9% X;*
is continuous in probability w.r.t. to z by Theorem 4.10 in [114]. Consequently the prod-
uct w.r.t. By in (4.4.11) and 0P h(s + t, X;™) are sequentially continuous in probability
by Theorem 20.5 in [17]. Lemma 4.4.3 and continuous mapping theorem yield that é(¢, z)
is continuous in probability w.r.t. . For the remaining factors in (4.4.11), for 1 < k < K,

we have

t
/

T—s
<)
0

T—s
“
0

T—s
<c|
0

T—s
+ C/ |02 (s + u, X5%)|du H sup
0 0<u<T—s
Ba€lpy

(s +u, X3™) T 0WIX5™),,, —0%c(s +u, X3") [ 0PIX57);,, |du

ﬂ4efﬁ3 ﬂ4€fﬁ3

0% (c(s +u, X3™) — (s +u, X37) [ 0PI x5");,, |du

/34€fﬁ3

O%c(s +u, Xp7) [ 00 = X37)

B4€iﬁ3

du

j/34

0% (c(s +u, X)) = e(s + u, X)) 9P x5

du H sup
0<u<T—s

Ba Gi[i3

8(54))(5,1’ _ 8(54)X;’”’

By Hoélder’s inequality, Lemma 4.3.2 and Theorem 4.3.3, the first term on the right-
hand side converges to zero in mean, therefore to zero in probability, as 2’ — z. By
Theorem 4.10 in [114] (and continuous mapping theorem), the second term on the right-
hand side also converges to zero in probability. Therefore the left-hand side converges to
zero in probability. By continuous mapping theorem, the term inside the square bracket

in (4.4.11) is sequentially continuous in probability. Consequently, by (4.3.12) with k; =
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1, k = %, S = |J(z') — J(z)|, where J(x) is equal to the term inside the square
brackets in (4.4.11), together with Holder’s inequality, inequality (4.4.1), our assumption
on the derivatives of ¢ with a large enough K, Theorem 2.4 in [101], Lemma 4.3.2 and
Theorem 4.3.3, expectations of the form (4.4.11) are continuous functions w.r.t.  and so
are their integrals in ¢ by dominated convergence, which concludes the proof for (i).

Using the same results and denoting the expression (4.4.11) by 4, it holds that

_1
i< O+ VeT(0,7(x)) <E[ sup |3(52>XZ,I|Q%D k2
0<u<T—s

I a+veToa@) (E[ P la““x;zf”lc“pw

(Ba.Ba)el OsusT-s

for some cg,,cg, > 0, B3, 54 € I and in particular for some constant C' independent of ¢.
The proof for (ii) then concludes by Theorem 4.3.3.
Assertion (iii) then follows by Theorem 3.5(iii) in [114], Lemma 4.8.2 and by noting that C
above is independent of s given that the Lyapunov functions are local in s.

O

4.4.2 Twice spatially differentiable solutions

In this section, we prove that the expectation of (4.4.2) with ¢ = T'— s solves Kolmogorov’s
equation by the approach in [114]. The main ingredient beside differentiability of the
associated semigroups, given in Theorem 4.4.2, is that the SDE can be approximated in
probability by an Euler-type approximation locally uniformly in initial time and space,

which is given in Lemma 4.4.4. Throughout this section, we assume O = R™.

Lemma 4.4.4. Suppose for any T > 0, there exists a family of functions (VS’T)SG[O’T]
such that Assumption 9 holds. For I = {t;}ren, C [0,00) with to = 0, tp41 > ti, k €
N, tx — 00 as k — 00, Supy>q thr1 — th < 00, 5 € [0,00), x € R, let X"*(I) denote the
Euler approzimation given by X" (I) = z and

t t

X5(D) = X57(D) + / b(s + r, X22(1))dr + / ols -, XS0 (1)dW,,  (4.4.12)

tr tr

ont € [tg,tp+1], K € N. For any R',T' >0, € > 0, it holds that
sup sup P[ sup | X" — X1 > 6:| -0

s€[0,7] |z|<R’  Lt€[0,T7]

as SUPg > tkt1 — te — 0.
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Proof. We extend the proof of Theorem 1 in [164] to obtain convergence that is uniform
with respect to s € [0,T] and « € Bg. Fix the numbers R', 7" > 0. For k € N, let ¢ :
R™ — [0,00) be smooth cutoff functions satisfying ¢r(z) = 1 for x € By, ¢r(x) = 0
for z € R™\ Bgy1 and let b*) : [0,00) x R® — R”, 0(®) : [0,00) x R" — R™ ™ be given
by b%) = by and ¢®) = oy, Let Yts’w’k(f) be the unique solutions to the corresponding
SDE with drift b*) and diffusion coefficient ¢(*). The corresponding Euler approximation
is given by (4.4.12) with Y% = Y™*(I) = 2. Fix w.lo.g. 0 < e < 1. In the same
way as in the proof of Theorem 1 in [164], one obtains that for any s € [0,T'], x € R"
and k> R/ +1,

]P’( sup | X" —X;°(D)| > e) < P( sup ’Yts’z’k — Yts’m’k(l)’ > e> +P(rp_1 <T),
0<t<T’ 0<t<T’

where 7,1 = inf{t > 0: |X;"*| > k — 1}. By Markov’s inequality, Theorem 2.4 in [101]
and Assumption 9(iv), it holds that

Plr_, <T inf G(t,
(T = )te[s,sﬂl%,\y\:k—l (&)
< E[G(s + (Th_1 A T,)vXj;f_l/\T’)]

< E[VS’T/ (o1 AT, ()]

T/
ey <V0(57 Z(x)) + / ) dv).
Le5 T =1 (p) 0 Le= T (p)

For any 0 < ¢ < 1, by the assumption that V7" is local in s and continuity of Vj, there
exists k* such that P(rp«—1 < T7) < %, for all s € [0,T'] and & € Bg/. In addition, for
any R > 0, it holds that

]l[o»Tk—lAT’) (U)ﬁs’Tl

efou ai’T/du

(T 1 AT") ’
eJo k=1 ai’T du

<

2(x —y, b (t,2) — 0¥ (1, ) + [lo* ) (¢, 2) — *D (8, )7
< 2(z =y, b(t, 2) — b(t,y))er- () + 2[b(t, y)|lz = yller- (z) — i~ ()]
+ ot 2) = ot 9)[Per- (@) + ot v) [ *or-(2) — or-(y)
< (Ki(R) + Cyfélgﬂ(lb(t, V)| + o, y) 1)z -yl

i~}

for all x,y € Br and

202,67 (t,2)) + o) (1, 2) > < 201+ Jl) sup  ([b(t,2)] + [lo(t,2”)|I%)

T/ EBpx 41
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for all x € R™. Therefore Corollary 5.4 in [114] can be applied to obtain

sup sup IP’( sup YR Y;s’x’k*(l)‘ > e) -0

s€[0,T"] x€BRr o<t<T"
as Supy g tk+1 — tx — 0, which concludes the proof. O

Theorem 4.4.5. Let all of the assumptions in Theorem 4.4.2 hold. In particular, let ¢
have Lyapunov derivatives up to order (p, k') for any 1 < k' < K, let the mappings &y, be
independent of s, (V,:’T)SE[O,T] be local in s for any k, multiindex o with 0 < |a| < p and
let p>2. Forv:[0,T] x R" = R given by

v(t,x) =Eu(t, T —t,z), (4.4.13)
with u as in (4.4.2), the equation
ov+a:D*v+b-Vo—co+ f=0 (4.4.14)

holds almost everywhere in (0,T) x R™.

Proof. Theorem 4.4.2, Theorem 3.6 in [114] applied on the SDE (4.1.1) appended by (4.8.2)
and Lemma 4.8.2 yield (v +b- Vv +a: D*v —cv+ f)e’””/ = 0 almost everywhere. [J

Note the assumptions in Theorems 4.4.2 and 4.4.5 remain strictly weaker than those in
[114, Lemma 5.10], since Lyapunov functions that are positive polynomials can easily be

conjured under the global Lipschitz conditions there.

4.4.3 Distributional solutions under maximal dissipativity

This section complements our result about Kolmogorov equations by considering a case
where maximal dissipativity of the closure of the generator acting on C2° is known. It
is shown that if there exists an associated semigroup and the coefficients b and o are
regular enough, this is sufficient for a solution of the backward Kolmogorov equation
in the distributional sense. In this section we do not assume our conditions about the
Lipschitz constants or the higher derivatives of the coefficients. Below, £ is used to denote
the differential operator
L=b-V+a:D?

defined on C2°.

Proposition 4.4.6. Assume O =R", a and b are independent of w,t, they admit distri-

butional derivatives of order two and one respectively and that u is a probability measure
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on R™ absolutely continuous with respect to the Lebesgue measure with density p satisfying,

for some p,q € [1,00] with p~! + ¢! =1,

. p_l,p_lafﬁéaij,p_lafbi € LY (u), fori,j€{l,...,n}, k,1 €{0,1}, where p~1 :=

loc

0 whenever p =0,

e the closure L of £ in L(pn) generates a strongly continuous semigroup {T;}¢>0 on
L),

then for any g € D(L) and n € C((0,T) x R™),
T
0
/0 /n Ttg [GZ + Z Giaj (aijn) - Z 8z(bm)} dxdt = 0. (4415)
ij i

In the case when det(a) > 0 and a,b are regular enough, Sections 3.4, 3.5, 5.2 in [20]
and Section 8.1 in [128] provide results sufficient for the assumptions in Proposition 4.4.6.
Otherwise when det(a) > 0 does not hold everywhere, such statements are less generally
available, but hold for example in the settings of [43]! and [11]; note the assumed regularity
on a, b are more than what’s required in these works but are necessary for the formulation
of (4.4.15).

Stationarity of u is not required for the proof of Proposition 4.4.6, but it is the case for the
assumptions to be satisfied in the above references. In addition, {T}};>¢ is not specified
in terms of an expectation as in (4.4.13); for this, there must be some stochastic process
X associated to {1} }+>0, which solves (4.2.1). In [43] and [11] (for example), where such
a process is given, the statement in Proposition 4.4.6 does not amount to a corollary of
(the proof of) Proposition 4.18 in [85] because the probability measures in the associated

Hunt process are not necessarily shared amongst different initial points.

Proof of Proposition 4.4.6. By mean value theorem, there exists constant k, > 0 and
compact set K, C (0,7) xR™ such that Ttgw‘ < |Tiglkylk, for all s, therefore

by the dominated convergence theorem,

T
t— —n(t
/ / T:gOyndxdt = — lim/ / Ttgn( 5:2) = ’x)dxdt.
T, n s—0 0 n S

By the inequality above, strong continuity of T; and the assumption on p~!, the expres-

sions above make sense and the integral under the limit has the same limit as the left-hand

I The state space here is slightly different to R™, but the statement and proof of Proposition 4.4.6 can
be modified accordingly.
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side of

S

T+s T
t— —n(t Tiysg — T
/ / Ttgn( 5:) ~ ’x)dxdt:/ / “hed 7219 tgﬂdxdt,
0 n S 0 n
which can be dealt with by considering
T
Tiyrsg — T -
/ / (t+9t9 - LTtg)ndxdt
0 n S
19t )p ™ I oyt

T
<
0 La(p)

T
Tivsg—Tig -
Sk‘u/ H w9 =T o
0

,TtJrsg - ,Ttg
S

—LT,g

dt (4.4.16)

s La(p)

for some constant &, > 0. The right hand side of (4.4.16) is converging to zero as s — 0

by dominated convergence theorem with constant dominating function since
+ | T2 Lg|| a0

Tsg —
| n(2)
5 La(p)
< Me“T (14 2| Lg|l 1o (u))
for all s € (0,5), t € [0,T], some M,S > 0 and w > 0 by Proposition 1.1 in [63].

Therefore,
T T B
/ / TigOndxdt = — / / LT;gndxdt.
0 n 0 n

By assumption, for each ¢t € (0,T), there exist a sequence (gi)ren C C°(R™) with

Tiysg —Tig
s

— LTyg <

La(p)

gt — Tig and Lg} = Lg} — LT,g in L(p) as k — oc. Since p~1 € L

1o (1), we have for

every t,
/n(iTtg — Lgp)ndz| < ||ILTig — Lgpllag o™ 0l Lo )
[ (g = g nda| < [Tig = i agllo™ £ 0l
where £ denotes the L?(R")-adjoint of £, which concludes the proof. O

4.5 Alternative assumptions for time-independent, nonrandom

coeflicients

In the following, we restrict to the case where b and ¢ are nonrandom and time-independent,

so that we may use Theorem V.39 in [165] in order to rid the need for bounds on function
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values on line segments in terms of the endpoint values. In doing so, more local conditions
are obtained in place of (4.3.1), (4.3.2), (4.3.13) and (4.4.1).

Lemma 4.5.1. Let p € N, b, 0 be independent of w,t and suppose they are continuously
differentiable up to order p with locally Lipschitz derivatives. For every s € [0,T], there
exists @ X A x R" 3 (w,t,z) — XF € R" that is for P-a.a. w € Q continuously
differentiable in x up to order p and indistinguishable from the corresponding derivatives
in probability of X7.

Proof. By Theorem V.38 and V.39 in [165], continuously differentiable Xz up to order p
exists. Moreover, it satisfies (4.2.1) and X? is indistinguishable from X*. The partial
derivatives of X* satisfy the systems given by formal differentiation of (4.2.1). On the
other hand, derivatives in probability of X7 as in [114, Theorem 4.10] and Theorem 3.3
above satisfy the same system. Therefore by uniqueness in the aforementioned references?,
it holds that 9*X® are the unique solutions to their respective systems for all time and
are therefore indistinguishable from the corresponding derivatives in probability 9(%«) X®

for every s € [0,7] and multiindex a with 0 < || < p. O

Theorem 4.5.2 (Alternative assumptions to Lemma 4.3.2 and Theorems 4.3.3, 4.4.2
and 4.4.5). Let b and o be independent of w,t and let O = R™. The following statements
hold.

(i) Lemma 4.3.2 continues to hold with W (x,rk) = (1 + fol V(0,Z(z + Ark))dA) if

e the coefficients b and o admit locally Lipschitz first derivatives and

o in Assumption 7, the inequalities (4.3.1), (4.3.2) are replaced by

Z\@ib(:cﬂ + |8;0(2)||? < G(t, x). (4.5.1)

K2

(i) Theorem 4.3.3 continues to hold with (4.3.17) replaced by

q(y,y') = qa(/o V(0,2(\y + (1 — /\)y’))dA)’/O Vol (0,3, Ay + (1= Ny'))dA,

if

o the coefficients b and o admit locally Lipschitz second derivatives,

2 Alternatively, since these systems have terms on right-hand sides that are continuous functions of the
partial derivatives and are in particular at most linear in the highest order derivative (see the beginning
of proof for Theorem 4.3.3), uniqueness holds by continuity of X7 in ¢, (4.3.7) in Lemma 4.3.2, induction
in the number of derivatives and Theorem 1.2 in [114] with K;(R) = K¢(1) constant in ¢.
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o Assumption 7 is replaced as above and

o in Assumption 8, inequality (4.3.13) is replaced by

B

0 b(XE)| + 0% (XE)I* < M'(1+ VT (8, 21 (y))

(i4i) Theorems 4.4.2 and 4.4.5 continue to hold if

e the second derivatives of b and o are locally Lipschitz,
o Assumption 7 and 8 are replaced as above and

o in Definition 4.4.1, inequality (4.4.1) is replaced by

el

0“h(XP) < N1+ V=T (t,3(x)))F.

Proof. The proof strategies follow largely in the same way as in the previous proofs, the
differences are specified in the following using the same notation as before. For (i), note
first (4.3.7) follows unperturbed. By Lemma 4.5.1, classical derivatives are indistinguish-
able from derivatives in probability and we use the properties of both without changing
the notation in the following. In place of (4.3.9), it holds that

1 1

dx{) =r / (XY™ - Vb(XFHA™)dAdt + 7 / (X - V) (XFHA™)dAdW;.
0 0

Note that since for every ¢ and almost all w, the functions X7, Xf(ﬁ) are continuous

in z, the integrands on the right-hand side are B([0,7]) ® F ® B([0, 1])-measurable by

Lemma 4.51 in [2] and the integrals (in \) themselves are adapted. For any k> 1,

by (4.5.1), the coefficients satisfy

1
2r X () - /O (XN V)X A7) d

2

1
+ @2k — 1) || / (X 7)o (XTHAR)
0

t(x)

(r) 2 THATK\\2
<|x (2G (¢, XTHA))24,

2 1 N
7.2 + ATk
£(r) + 2kr /0 ‘th(ﬁ)r

Consequently, Theorem 2.4 in [101] (in place of Corollary 2.5 in the proof of Lemma 4.3.2)
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can be applied with

ag=r / (XN - VDX ™) dA, by =7 / (XGEN™ - V)a (X d,

p=2kV2 =1, B =4(kV1r /‘th(:)Am

k 2 1\ !
Q@ =z, %Z(-) @3 =kV1, V(z)= |z,

G(t, X;T)2d,

2 k kvl
to obtain
E sup [Xg[°
0<u<t
EVIN oD
<C’e27‘k< {1+4 k\/l/ /’Xsl(j;;m sz*’\m)zd)\ds} )
” 2kv2 [t P awy]
ez ( |: sup ’Xza;))\rn /G( X:v+)\rn)2kv2d8d)\:|)
0 0<u<t 0
,L e | ARV 3
2 IE sup X””(*')m dA
0<u<t

2 % 2(kk\/l)
<]E{ / / G(s,Xf*’\m)%Vstd/\} > > )
0 0

y (4.3.7), the first expectation on the right-hand side has the bound

E sup

+A Ak
xT TR
’Xu

0<u<t

v4 1
d)\ < / p(L+V(0,z(x + Ark)))dA
0

and, by (4.3.3) and Lemma 4.3.1, the second expectation has the bound
1t 2 1 t
E[/ / G<u’Xz+>\rn)2kv2dud)\:| < / t/ EG(U7X$+)\TK)4kV4dud>\
o Jo o Jo
1 t
< C/ t/ E(1 4 log V (u, Z(z + Ark)))*V4dud\
0
1 t
< C’/ t/ E(1 + V(u,z(x 4+ Ark)))dud
0

< Ct/l(V(O, Fo 4+ Arw)) + 1)dA,
0

which concludes the proof of (i).
For (ii), the conclusions of Theorem 4.3.3 follow with differences that have already been

addressed when dealing with (i), using that expressions of the form h(s 4+ u, X5%') —
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h(s+ u, X3%) = fol Vh(s + u, AX5% 4 (1 — X\)X5%) - (X5 — X5%)d\ may be replaced
by fol Vh(t, XEtAre). ng(‘;/)\md)\ and therefore the arguments are not repeated.

For (iii), Lemma 4.4.3 can easily be modified using what has already been mentioned,
so that Theorem 4.4.2(i) holds. Proofs for the other assertions of Theorem 4.4.2 and

Theorem 4.4.5 follow unperturbed. U

4.6 'Weak convergence rates for approximations under Lyapunov

conditions

Here, the results in Section 4.3 are used with the exponential integrability property
of stopped increment-tamed Euler-Maruyama schemes from [105] in order to establish
weak convergence rates for SDEs with non-globally monotone coefficients. Classical
proofs as in [112] establishing weak rates for the Euler-Maruyama scheme approximat-
ing (4.2.1) with globally Lipschitz coefficients require bounds on derivatives of the expec-
tation (4.4.13), the Kolmogorov equation (4.4.14) and moment bounds on the discretisa-
tion. Although analogous requirements have mostly (beside continuous differentiability
of (4.4.13) in ¢, which may be remedied for example by hypoellipticity in some cases)
been shown to hold to an extent in the setting here, the It6-Alekseev-Grobner formula
of [99] is used for a more direct proof, which uses moment estimates on derivative pro-
cesses as the main prerequisites. Along the way, strong completeness (see e.g. [126] for a
definition) of the derivative SDEs as in (4.3.5) (and its higher order analogues) are shown
in Lemma 4.6.2 using a result of [44]. The same assertions as those in Lemma 4.6.2 up to
order 2 have appeared recently in [100] under different assumptions. The approach here
uses the results in [165] for continuous differentiability in initial condition as a starting
point and consequently requires (at least at face value) the underlying space to be all
of R™. Before the aforementioned strong completeness result, a local Holder continuity in
time result in the strong LP(IP) sense for derivatives to our SDE is shown in Lemma 4.6.1.
We begin by stating the numerical scheme and assumptions from [105] (amongst which is
a Lyapunov-type condition) used for its exponential integrability. Assumptions about the
relationship between the Lyapunov(-type) functions there and those in Assumptions 7, 8
are stated alongside, as well as the mild assumptions from [99]. Lemma 4.6.2 serves to
verify the more serious assumptions in [99, Theorem 3.1] for use in proving the main
Theorem 4.6.3.

Assumption 10. (i) The filtration F; satisfies Fz = o(Fo U o(Ws : s € [0,t]) U{A €
F : P(A) = 0}) and that Fy and o(Ws : s € [0,7]) are independent. It holds
that O = R"™ and b, o are independent of w, t.

(ii) There exist v,p > 0,7',¢/ >0, £,¢>1,C € R, U € C*(R™,[0,00)), U € C(R")
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(iii)

such that U > C, U(z) > ¢|1 4+ =" and

sup S0 0,(U@) = U®WY) (k1) - (K,
K1,k ER™\{0}:];

contj=1
Iy ==y |=1 7

(1—ZE)vo

<o y|(1 T+ osup UG+ (1 A>y>|) ,
A€0,1]

0%b(z)| + |00 (z)|| + |U(x)] < c(1+U(x))?,

U(x) = Uy)|
|z =yl

LUG) + o TVU@)IP + U(x) < pU(a).

< (14 |U@)| + |U@®)|),

for all z,y € R™, j € {0, 1,2} and multiindices o with 0 < || < 2.

For any 0 € © := {0 = (tg,...,tn+) : n* € Nty € [0,T),tx < tp+1,k € {1,...,n" —
1},to = 0,t,- = T}, the function Y% : Q x [0,T] — R" is an F;-adapted, P-a.s.
continuous process satisfying supgecg E[eU(YOG)] < oo and
Y =Y+ L iyl <exp(tog supy tk+rtk\%>}(yti)
. b(YE)(t —te) + o (Y)W — Wy,)
L [b(YE)(E = te) + o (V) (We — We )|

ont € [t;, ti+1) for each k € {0,...,n* — 1}, where ¢’ > 3.

Assumptions 7 and 8 hold and p > 3. For any V' € {V, V,:T 15 €[0,7T],2 <ol <
p—1,k > 2}, there exist 0 < [* < 1, 7 > n, O C R™ and b,6 such that V' is
a (b,6:,C,0,1,Vy)-Lyapunov function for some b, &', Vo with b = b(t,Y}), 6¢ =
6(t, YY) for processes Y}! satisfying (4.2.3) and Vo € C?([0,T],0) satisfies P-a.s.
that

0y + L)Vo(t,y) < CVy(t, ), lim Vgy(t,2') = oo, (4.6.1)

|z’ |—o00

V(0,7 (X! <O+ V(-5 ®y), Vol0,&(y) <C1+e/®e ")

for all s,t € [0,T], z € O, y € UpcoRange(Y?), where &’ = z if V/ =V, ¥’ = iy,
otherwise, L is given by (4.2.2) with b, o replaced by b, 6 and X7 is the solution to

t t
XV =y+ / b(XY,)du + / (XY, )dW,,. (4.6.2)
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Remark 4.6.1. By Theorem 3.5 in [111], the first part of Assumption 10(iv) implies that
for all s € [0,T], z € R™, there exists a unique up to distinguishability, F;-adapted, P-a.s.
continuous solution to (4.6.2) and for t € [s,T] it holds P-a.s. that Xj;;’t = X{r. In (i),
the assertions about F; are from [99]. We set O to be the whole space and fix b and o to
be time-independent and nonrandom in order to use continuous differentiability in initial
value from [165] and to use the exponential integrability results of [105]. Items (ii) and (iii)
closely follow the assumptions in [105]. Here, of particular note is that ¢’ is asserted to be
greater than or equal to 3 rather than 1 in the denominator of the expression for Y?; this
assumption is made in order to ensure well-behavedness of some higher order terms in the
It6-Alekseev-Grobner expansion such that weak convergence rate of order 1 is attained.
It is worth mentioning that the Lipschitz estimate on U with j = 0 in (ii) easily gives
that U is polynomially bounded, so that the set under the indicator function in (iii) indeed
satisfies the assumptions in [105], as used in [103, 105]. The last assertions of item (iv)
(and in general Assumption 10) are easily satisfied by all of the examples mentioned here;
they collect properties of the Lyapunov-type function from (ii) required for our argument
without requiring the Lyapunov functions to have Vj be given by eU@e ™ +y (see the
proof of Corollary 3.3 in [101]).

In the following, for any s € [0,7], we extend the definition of any process Z; defined
on [s,T] to [0,T] by setting Z; = Z; for ¢t € [0, s).

Lemma 4.6.1. Under Assumption 10, for any kv > 2(n+ 1), R > 0, there exist con-
stants C' >0, n+ 1 < vy < ki such that

E sup [0 XZ, —0WXT |k < CJt — s

u€ls,t]
for all (s,t) € Ap, x € Br, k € {(Ki)1<i<p, : ki € R™, |ki| = 1,1 <i <p,po € NoN[0,p]}.

Proof. By (4.3.15) in Theorem 4.3.3 (with a time shifted Wiener process and filtration)
and using that (%) X $s = 0 (for x in the following set), the existence of such constants
have already been shown for £ € {(ki)1<i<p, : ki € R™, |ki| = 1,1 <i < p,po € NoN[2, p|}.
Using Assumption 10(ii), Corollary 2.5 and Corollary 3.3 both in [101], it holds that

t—s = LoN
E sup |sz7u o I|k1 < Cekl(tfs) (/ (E |:6U(vas+u)e—9“'2k:1u:|) k1 du) 2
wE([s,t] 0

k1

t—s 5
< Cekl(t—s) (/ eUk(f) du) 2
0

k1
<Clt—s|?
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for all (s,t) € Ap, x € Br. Using instead Assumption 7, it holds that

E sup \(’9(’“)X§u - /<;i|k1
uE[s,t] ’

»

t—s 1

_ 2k1 3 t— 1
< C(E[e 0 2k1T10gV<“’m<z>>} ) (/ (]E[logV(u,x(:c))+1]2’“1)k1du>
0

k

< CO+V(0,8(2)((t = 8)(V(0,5(x)) +1)5) 7

k1
<Clt—s|?

for all (s,t) € Ap, x € Bg, k; € R" with |k;| = 1. =

The following lemma shows that the assumptions of Theorem 3.1 in [99] hold under
Assumption 10. Moreover, it is shown that the estimates therein hold uniformly with

respect to the discretisation 6 € ©.

Lemma 4.6.2. Let Assumption 10 hold. There exists a function  x Ar x R™ >
(w, (s,t), @) = X7, (w) € R"™ such that

e it holds P-a.s. that for any (s,t) € Ap, R" 5 z — X7, € R" is continuously
differentiable in x up to order p — 1 and the derivative Ap x R™ > ((s,t),z) —

9*XZ, € R"™ is continuous for all multiindices o with 0 < |a] < p—1,

e for any s € [0,T], x € R™, the function 3‘1X§,, is indistinguishable from 9%=) X®

)

for all multiindices o with 0 < |a| < p —1.

Moreover, for any pt > 0, it holds that

GYZ | pt Y2\ pt S X
sup sup sup  BI[B(X )P+ o(X )P + 107X, ¢
0<|a|<p—10€0 0<r<s<t<T

;
p}<oo.

Proof. By Lemma 4.5.1 (with time-shifted Wiener process and filtration), derivatives in
probability Hlra) X ;’3 are indistinguishable from classical derivatives 02X f .. In order to
use the strong completeness Corollary 3.10 in [44], we show that for each R > 0, k1 >
2(n + 1), it holds that

E sup;eo,7) |0“ X5, — 00‘X§,t|k1
sup sup sup

2 < oo, (4.6.3)
0<|a|<p—1z,a'EBp s,5'€[0,T] (|l' — |2+ 18" —s]?) 2

where v is the same constant from Lemma 4.6.1. The marginal differences in x and s in

the numerator are considered separately. By Lemma 4.3.2 or Theorem 4.3.3, the difference
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term in  in the numerator of (4.6.3) has the bound

IE{ sup [9°X% , — 9° X%, t|k1} < Cla’ — z|™
te[0,T)] ’ ’
for all s € [0,T], z,2’ € Bg, which is the desired Holder bound for (4.6.3). For the

difference term in s in the numerator of (4.6.3), it holds that

E[ sup |0°X%, a“X;;tV“] < E[ sup  [0°KT, 8X|’“}

te[0,T] te[sAs’,sVs']

+ ]E[ sup [0°XZ% , — auX;t’fl] : (4.6.4)
te[svs’,T)

where the first term on the right-hand side has the desired Hélder bound for (4.6.3) by
Lemma 4.6.1. For the second term, by Assumption 10(iv) and Lemma 4.4.4, combined
with Theorem 5.3 in [114], the joint system solved by (9%XY,)o<|a|<p—1 is regular [114,
Definition 2.1] and the same holds for the sum (0°Xg ;, — 0%X¥,)o<|a|<p—1 by an easy
argument; therefore the strong Markov property (Theorem 2.13 in [114] with Proposi-
tion 4.1.5 in [63])? yields for any R’ > 0 that

IE{ sup |8°‘X§,7t - 5‘O‘X§t\k1 A R/}
te[svs’,T]

= ]EH sup |0QX§¢ — 8O‘Xfyt|k1 AR
te[svs’,T]

e
telsvs’,T]

-FsVs’:|:|
L (97 XY 1(w))s

~ k
a(X‘Xvs\/s’,;/\s,’Svs (w/) - 80‘X§\/s’,t(w/) 1 A R/ dP(w/)dP(w)7

(4.6.5)

S (OPXT o (W))s
o sAs!,sVs
where 0 sts,’t

but with initial conditions aBXfAs/,svy(W) for 0 < |B] < p —1 for each respective partial

(w’) denotes the solution to the same (joint) system as aan\/s,’t(w’)

derivative in place of the initial conditions x, e; or 0. Then the proofs of Lemma 4.3.2 and
Theorem 4.3.3 may be slightly modified in order to obtain analogous statements for the
expectation in w’ in (4.6.5); the modification is namely that the initial condition (fixed

with respect to w’) as mentioned can be added with no complications when Corollary 2.5

3 Alternatively, we have uniqueness in the joint system by Theorem 3.5 in [111] and Theorem 1.2
in [114], so that Theorem IX.1.7 in [167], Itd’s rule, Theorem 4.4.2 and Proposition 4.1.5 both in [63] give
together the same required Markov property.
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in [101] is applied. Given this, it holds that

| =1

E sup |8an’,t - aO(‘)(;K,t|k1 A Rl:| < C Z IIE|aﬁ)(;lc/\s’,sVs’ - 86X§VS’,SVS’|k15
te[svs’, T 8=0

|a]—1
% % k
=C § E|85X;E/\s’,sVs’ - aﬁXSm/\S/,S/\S" 1’
B=0

for all z € Bg, s,s €[0,T], 0 < |a| < p— 1, which, by Lemma 4.6.1 and dominated con-
vergence in R’, implies that the last term on the right-hand side of (4.6.4) has the desired
Holder bound for (4.6.3). Gathering the above and using the triangle inequality, (4.6.3)
holds. Consequently, using on the way Lemma 4.3.2 and Theorem 4.3.3, Corollary 3.10
in [44] may be applied with 8 = Z—i, D=[00T xR E=F =C(0,T],R"), X =
(Qx[0,T]xR"™ > (w, s,x) = 0°X{ (w) € C([0,T],R™)) to obtain for 0 < |a| < p—1 exis-
tence of an FQB(R™)-measurable Qx X [0, T]xR"™ 3 (w, s,z) — W:(w) € C(]0,T),R™)
such that for all w € Q, the function [0,T] x R"™ 5 (s, ) — 80‘7X: € C([0,T],R™) is con-
tinuous and for any (s,z) € [0,T] x R™, 80‘in is indistinguishable from a@f(g

Since partial integrals of (jointly) continuous functions are still continuous, we may par-
tially integrate || times each Ap x R™ 3 ((s,t),z) — Wﬁt € R” from 0 to z; in
order to obtain for each a,w a continuous function Ar x R® 3 ((s,t),x) — X;ﬁf‘ € R",
where along the way the continuous functions of the form ((s,t),z) — 8575? """ Orvsn)
are to be added in line with the fundamental theorem of calculus. For any (s,t) € Ar,
by definition of 30‘7:,75 and its continuity in z, it holds P-a.s. that W:,t = 80‘)2;%
for all z € R™, so that their partial integrals in = are also P-a.s. equal for all x € R™
and in particular it holds P-a.s. that X7 = )A(;’ta, for all x € R™. Therefore, by
continuity in (s,t),x, these functions coincide P-a.s. across «, that is, it holds P-a.s.
that X" = X;’to‘/ and thus 9° X" = 555(2’{1/ for all (s,t) € Ap, x € R™ and multi-
indices a, o/, f with |al, |&/],|5] € [0,p — 1]. Let this P-a.s. defined function be denoted
by XZ,, then the assertions about X7, in the statement of the lemma have been shown
beside indistinguishability with the corresponding derivatives in probability, which holds
by continuity in ¢ for both functions.

For the last assertion, the Markov property as used earlier (this time only Theroem 2.13
in [114]) will be applied repeatedly without further mention. Since Assumption 10(ii)
implies in particular for any p’ > 0 that

b(2)|” + (@) < CeV @
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for all z € R™, t € [0, 7], by Corollary 3.3 in [101] and Assumption 10(ii), it holds that

7Yse P* 7Yse pf
sup sup E[[b(X ;)" + [[o(X )" ]
0cO 0<s<t<T

TYE ) emplt=s)
<Csup sup E[eVXsi)e ]
0€0 0<s<t<T

oY —p(t—s) t o Ys \ . —p(u—s)
< Csup sup E[eVXei)e T[S UXT3)e du
0€6 0<s<t<T
U
)

< Csup sup E[e
0€0 0<s<T

which is finite by Theorem 2.9 in [105]. For any p’ > 0, by Assumption 10(ii), Corollary 3.3
in [101] and that e=?(*~") e~P" < 1, it holds that

_y 0 ot
SXon p
sup E’Xt T
0<r<s<t<T ’
Y7 ~ 7XYT9
<C sup E[eU(X‘ ;S )E*P(T*i)e*P(S*T)E*PT+ftT U(Xt’:’s )E*P(u*t)e*p(S*T)e*PTdu]
T 0<r<s<t<T

SV Vo pls=7) g—pr
<C sup E[eVHXrS)e <]
0<r<s<T

<C sup E[eU(X'K’f)ef"(b'*'r)efpr+f: 0()?3:{)67"(“7”67"’"(11;]
0<r<s<T
< C sup E[e"OD],
0<r<T
for all # € ©, which is finite uniformly in 6 by Theorem 2.9 in [105].
For the higher derivatives, first note that for Vj satisfying (4.6.1) and 0 < < 1, (4.6.1)
is also satisfied with Vol in place of V. Moreover, the respective Lyapunov functions
they generate satisfy Assumptions 7 and 8. Therefore, for any I € NN [L,p—1], k €
{(ki)izy 7 @ & € R |k;| = 1}, we may choose | = 2 with gy from Theo-

degree(qo)’
rem 4.3.3, so that for 5 > 0, by Lemma 4.3.2 or Theorem 4.3.3, Young’s inequality,
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Assumptions 10(ii)(iv) and Theorem 2.4 in [101], it holds that

v 5t

P
(k) xXr's
sup E‘B X, T
0<r<s<t<T

<C sup E[1+V(0, r7s 2l*+ZVOT (0,2, (X ))QI*]
0<r<s<T

<C sup E[14V(s—rz¥)" +ZV0T — a1, (V)]
0<r<s<T

< C sup E[1+V(0,z(Y?))! +ZVOT a1, (V)]

0<r<T P

<C sup E[1+ eU(Yf)eﬁT],

0<r<T
where C'is in particular independent of x € {(ri),—,  j:x: € R",|x;[ =1} and 0 € ©, so
that the right-hand side is finite uniformly in § by Theorem 2.9 in [105] and also uniformly
in I.

O

The main theorem of this section about weak convergence of order 1 for the stopped

increment-tamed Euler-Maruyama scheme is as follows.

Theorem 4.6.3. Let Assumption 10 hold. For f € C3(R™ R), if there ewist con-
stants q*,Cy > 0 such that
0 f(@)] < Cy(1+ Ja]) (4.6.6)

for all x € R™ and multiindices o with 0 < |a| < 3, then there exists a constant C > 0
such that

]
Ef(Xo%) — Ef(YL) <c s )(tkﬂ — 1)
€Np n*

for all 6 € O, where 6 = (to,...,tn+).

Proof. Throughout the proof, we write Djg| = {y : |y| < exp(|logsupy, tr41 — tk|%)}. To
begin, we rewrite the approximation Y? as an SDE. For every k € Ng N [0,n* — 1], § =
(to,-..,tnx) € O, consider

0 if t <ty
0,k .
Zy" = 4b(Y)(t = te) + o (V) (W — Wa,) if ¢, <t <tpys
bV ) (thgr — tr) + o(Y) Wiy, — Why) i trgn <t

t t
:/0 n[tkml)(u)b(yti)dw/o L tp i) (W) (Y )dW,, (4.6.7)
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defined for all t € [0, 7], then Y, solves

0 0 — 0 z)*
Y/ =Yy + kZ:O ]lD‘e\(}/tk)W; (4.6.8)
where by Ito’s rule, for f : R — R™ given by f(z) = wa, it holds that
e [ e 0000 4, 22
1+ |Zf’k|q/ o [t tht1) th tyr Lu
t
+ /0 Lyt (oY) + 0" (Y], Z0F))dw, (4.6.9)

and b* : R” x R" — R™ and ¢* : R" x R™ — R"*™ are given by

* _ |Z|q/ / |Z|q/_2 1 . £
1709 = <000 (1 ) = (= ) )+ (00T ) D)
(4.6.10)

’

ks

o*(y,2) = —a(y)<1 n |Z|"> —q'z (zTa(y)u'iIT:';,)Q). (4.6.11)

Note that using ¢’ > 3, there exists a constant vy > 2 such that the second order
derivatives satisfy \8%]3(2)\ < C|z|*2 for all z € R", 4,5 € NN[1,n].
By Theorem 3.1 in [99] and Lemma 4.6.2, for any 6 € ©, it holds that

E[f(X0%)] — ELF (VD))
=Y (0 - 10,000
k=0 123

_ 0 _ 0
LU Z0) V) ) V) S

1 e & 6 oNT [ 0 * 0 0,k [
H5E [ 30 (d0De )T~ (V) (0(V) + 0" (Y, 21 ()
k=1

+ot (V20T

)

— }/fG _ Yte — }/te — the _ }/tg
((@.X5 ©0,X)%) : DOF(RT) + (02X} - V) F(X5) e
(4.6.12)

For the first terms on the right-hand side of (4.6.12), denoting

0" (v y,2) = b(y") = Lpy, () (b(y) + 0" (y, 2)), (4.6.13)
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it holds that
(((rot v, 20ty 9)X)5) - 9) ()
= (oo 22y 9) (R0 - 0
_|_

(((b*(Y" Yy, 20y - V)X:t;’f) -V)
)

+ (o v, 20h- v)Xﬁe) V) FEE), (4.6.14)

The first part of the factor involving b has the form

ﬂD\e\ (Y )b(Yti)

b(Y,
[w@ —bye} 6072~ 10, 00|

/ L0, (Vi) (((0V0) + 5 (v 20%)) - 9 )b(v?)
+

0

(0 <Yti>+o— (Y8, Z0) oY) + 0" (¥, Z0*)T) - D?)b(x!) ) du
1p,

Vi) (V) + o (V0 Z05)) - ¥ )b(v s )aw,,

u

Y21 —1p, (YY), (4.6.15)

where the integral w.r.t. u is uniformly bounded in 6 by C(t — t;) in L?*(P) norm, the
stochastic integral is uniformly bounded in 6 by C(t — #;)2 in L2(P) norm and the last
term has the same property as the integral-in-u (and in fact of arbitrary order in ¢t — t)
by the calculation of inequalities (47), (48) in [103]. Using the definition (4.6.10) for b*
along with ¢’ > 3, there exists a constant v > 2 such that the remaining part of the
factor involving b from (4.6.14) has the bound

L, (YIb* (Y, Z0M)] < CIb(Y)||12)* | (4.6.16)
for all # € ©. Putting (4.6.15) and (4.6.16) into the first term on the right-hand
side of (4.6.14) and using Holder’s inequality, Assumptions 10(ii)(iv), together with
the equalities (4.6.7), (4.6.8), (4.6.9), (4.6.10), (4.6.11), inequality (4.6.6), Lemma 4.6.2,
Lemma 4.3.2, Theorem 4.3.3, Markov property (Theorem 2.13 in [114]; see also justifica-

tion in the proof of Lemma 4.6.2) and exponential integrability for U as in Theorem 2.9
in [105] yield

E‘(((b*(YG Y0 0% V) (X5 - X)) V) )| <




for all ¢ € [tg, txt1), 0 € ©. The same arguments can be used for the second term on the
right-hand side of (4.6.14), along with the additional estimate

0 ,Yt" -
E|0: f(X, %) — 0if(X, )]

r

! vy SV S oY
<i| [vosromi+ - nxho -
0
') _Y9 - —_ 0 —Yte r
< CO+EIX) 5P +EIX, #2)5 (BIX) — X, 4 [2)%

IN

C
C(EGU(Yte) + ]EeU(Ytsk))E|Y;0 _ Y;:i |7“
Ct—t)?

IA

where 7 > 1, in order to obtain the same right-hand bound as (4.6.17). For the last term
on the right-hand side of (4.6.14), we rely more prominently on the Markov property. For
any R > 0, it holds that

| (((roev 20 9) %05 ) s ]

= (o v. 2 ©) ) ) 2|

I

E ZA)* 0 0 0,k El (o, *Yt,ek. . *Yti
(Y Y Z) iXo V)X, 1) AR|F

=1

|

E {E [0 ni,zka)‘ftk}E[(aiXZ;? - V)f()_(:;’f) A R\ftkH,

i=1

so that (4.6.13), (4.6.15) and (4.6.16), where the only order § term in ¢ — ¢;, from (4.6.15)
has vanished, together with the same arguments as before and dominated convergence
in R yields

4

E[(((i’*(lffﬁivzte’k) .V)X:;Z) .V)f()_(:f})] <C(t—ty) (4.6.18)

for all t € [ty, tkt1), @ € O©. Gathering the arguments from (4.6.17) onwards, the integrals
involving b in (4.6.12) have been shown to be of order ¢ —t;. For the integrals involving o

in (4.6.12), after rewriting

o(Y))o(Y))" = 1p, (V) (oY) + 0" (Y, 20" ) (0 (V) + o™ (V]

tr? Zf’k))—r
= (00) = 10y, ()0 (V2) + 0" (¥, 20%)) )0 (v) T

+ 10, (V) oY) + 0" (V2. Z0F) (o) = (0(¥2) + 0" (V2 21M)T)
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and similarly
— }/te — Yte . 9 _ Ytg 2 - Y;S — Y{,e
((aiXt,T ® ant,T) :D )f(Xt,T) + (aint,T ’ v)f(Xt,T)

_ 6 ,yte _ 0 _ 6 _ 0 ,yt?‘ _ te

= (0 X — 0: X, 4) @ 0, X, 0) : DY) F(X)5) + (03X, — 03X, ) - V) F(X) )

ov! Y5, o Yi ov! oY oYS Vi

+ (0K — 0 X, ) @ 0 X, ) D)X ) + 03X, - V) (F(X ) — F(X )
*Ytg *Ytg, v te *Yte *Yte, *Yte,
F(OX, 3 ©0:X, ) DY(F(X) ) — (X, 3)) + 03X, 4 - V) (X, )

_vy _vS Y,
+ ((62Xt71’2 ® 8th,:[I:) : D2)f(Xt,7]S)v

the same bound as (4.6.18) holds for all of (4.6.12) by the same treatment as for (4.6.18).
O

4.7 Examples

In this section, specific examples are provided where the results presented above are ap-
plicable. As stated in the introduction, most of the examples in [44, 105] are viable
and many Lyapunov functions have already been given in these references (applicable
here after a simple transformation, see Remark 4.6.1). Here, the focus is placed on two
particular examples differing in some considerable way to the aforementioned references.
In Section 4.7.1, our results are applied to the (underdamped) Langevin dynamics with
variable friction, which, by definition, does not have globally Lipschitz (nor monotone)
coefficients.In Section 4.7.2, a Lyapunov function of the classical type (that is, V; sat-
isfying LVy < CVp) is given for the Stochastic Duffing-van der Pol equation; moreover,
this is given in consideration of a limiting parameter case that has not fallen under the

assumptions in previous works mentioned above.

4.7.1 Langevin equation with variable friction

Here, the backward Kolmogorov equation and Poisson equation associated with the
Langevin equation are shown to hold even in cases where the friction matrix depends
on both position and velocity variables. The pointwise solution to the Kolmogorov equa-
tion is used to obtain a distributional solution to the associated Poisson equation and in
doing so the derivation of a gradient formula for the asymptotic variance as in the previous
chapter is made viable; the last part is not explored further here. Note that the case where
the friction matrix depends on the velocity variable was considered in [11]. We allow the

potential to not be infinitely differentiable and do not make use of hypoellipticity.

Assumption 11. The function U € C3(R") is such that there exists k, K > 0 with
VU(q) - q > klz|> — K for all ¢ € R™. The friction matrix I' € C°°(R2" R"*") ) [
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is symmetric positive definite everywhere such that there exist* 5, < 1, m, M > 0 with
IV T(a.p)| < M(1+ g™ +|p|™) and T(g,p) = 1] for all ¢,p € R".

Note Assumption 11 implies for R > 1, ¢ € R™ with |¢| =1,

U(Rq) - Ul(q) = /1R VU(A\q) - %dk > /1R(l~<rAq|2 — K)A™"dA

k(R2-1) -
:%—KlOgR,

which yields U(q) > §|q\2 — C for all ¢ € R™ and some constant C' > 0. Consider

R2"-valued solutions (qe.pe) to

dg; = pdt (4.7.1a)
dpy = —VU(q)dt + V, - T(q, pe)dt — T(qe, pe)pedt + VT (qr, pe) AW, (4.7.1b)

where /T denotes some matrix satisfying VIVT' =T and (V-I)i =32, Vp,Lij. Forb=
min (k= (supgz. [0]) 1, 0, k2), a = %min(k, m), let

V,(q,p) = V(U (@)+alq*+bg-p+p|*) (4.7.2)

In the following, |M| denotes the operator norm of M € R"*™.
Proposition 4.7.1. Under Assumption 11, there exists constants ¢y, co,c3 > 0 such that
for all v satisfying
1 -
0 < <~*:= - min((kbsup|T|)~*, m(4sup|T|)~ 1), (4.7.3)
8 RZn R2n
it holds that
LVy(q,p) < (e1 — calal® = eslp*)7V5 (4. ) (4.7.4)
for all (q,p) € R?™, where L is the generator (4.2.2) associated with (4.7.1).
If in addition there exist 0 < B < 1, M > 0 such that
10:(V, - T(a,p) = VU(9))] < M(1—infU +U(q) + [p|")"
0.0 (¢.p)| < M(1 ~inf U* + U(q)* + |p])”
9:0;(V, - Ta,p) = VU(9))| + [0:0,T(q,p)| < M(1+ VD)

for all ¢,p € R™, i,5 € {1,...,2n}, then Assumption 8 (with p = 2) is satisfied with

4 1t is possible to allow for 81 = 1, but at the cost of more stringent bounds on the coefficients.
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Vi = V., with any v satisfying (4.7.3), G(q,p) = C(1 —inf U + U(q) + |p|*)?* for some
constants C > 0 and B2 < f3 < 1.

Proof. The left-hand side of (4.7.4) calculates as
(P Vg = VU(q) - Vp + (Y - T(g;p)) - Y — (T(g:p)p) - Y + (g, p) : D*)V;,(q,p)

= (2aq - p+blp|* = bV,U(q) - ¢ + (V, - T(q,p) — T(q, p)p) - (bq + 2p)
+2TiT(q, p) + vT(q, p) : (®qq" + 4pp " ))VV4(q, p)

b 1 1 -
< ((a= g+ 50r1+ 22i0il®+ (a 04 5Ir) = 2+ 401 )
SN+ ™+ 7)o + 2]+ + 2107 )97, 0.0

b 5 Mmoo
< - -z V- 4.7.5
< <C 16qu\ 16Ipl )v (g, p) (4.7.5)

for some constant ¢ > 0. The last assertion follows by straightforward applications of

Young’s inequality. O

For U with locally Lipschitz third derivatives and by Theorem 4.5.2 (iii), the associated
Poisson equation with right-hand side f = f—fR% fdu € L?(p) holds in the distributional

sense if in addition

’Ef(z,;)‘ n S0 in L2(p) as ¢ — oo, (4.7.6)

/ TEf(z;)ds

t

where for any z € R?", 27 = (g, p¢) solves (4.7.1), P((qo,po) = 2) = 1 and u(dgq,dp) =
Z _16_U(Q)_é dqdp is the invariant probability measure with normalizing constant Z. We
obtain (4.7.6) in the following by using the ergodicity results of [52], see alternatively
Theorem 2.4 in [194]. The proof of Proposition 1.2 in [194] can be modified for (4.7.1) to

obtain

Proposition 4.7.2. For every x € R*", t > 0, the measure P(z,-) admits a density
pe(x, ) satisfying pi(z,y) > 0 Lebesque almost every y € R®™ and

(x> pe(x,-)) € C(R*™, L} (R?™)). (4.7.7)

Proof. For the Markov property, see the proof of Lemma 4.6.2 just before (4.6.5). The
proof in the aforementioned reference follows through except in the proof of Lemma 1.1
in [194], where the Lyapunov function (4.7.2) is to be used in place of H(z,y) = %|y|2 +

V(x) — infge V + 1 and R? in the ensuing calculations is replaced as needed. O

Proposition 4.7.2 implies the existence of an irreducible skeleton chain, see [52]; together

164



with Theorem 3.2 in the same reference (with ¥ = (U}, Uy), Uy (x) = Uy(z) = (2/2)2,
p(x) =22,V = Vi,.), Theorem 3.4 in [52] (compact sets are petite by Theorem 4.1(i)
in [137]) and Proposition 3.1 in the same reference (with ¢(x) = z, V' = V,.), this
yields (4.7.6) for f satisfying f/ Vi,. € L. Note that the Foster-Lyapunov condition for
geometric ergodicity suffice as well.

In addition, maximal dissipativity of the closure of the generator defined on C¢° is also
enough to conclude a distributional solution to the Poisson equation, which motivates the
question of whether there is a relationship between this property and the Kolmogorov
equation; a partial answer is given by Proposition 4.4.6. However, maximal dissipativity
is not generally available and for example not established for (4.7.1) with I' dependent
on both ¢ and p, see [11] on the other hand.

4.7.2 Stochastic Duffing-van der Pol equation

We show here that the Stochastic Duffing-van der Pol oscillator admits a Lyapunov func-
tion satisfying the assumptions of Theorem 4.3.3. Note that in doing so, the difficult parts
of Assumption 10 are shown to be satisfied, so that our Theorem 4.6.3 about weak numer-
ical convergence rates applies. In particular, the logarithm of the Lyapunov function de-
scribed below may be used for U in Assumption 10. The version of the equation considered
is from [102] with 83 = 0, which is less general than in [102] but still includes the setting
of Section 13.1 in [112] and [5] for example. Moreover, it is more general than Section 4.3
in [44], which is reflected in the form of the Lyapunov function here. Note on the other
hand, it is not more general than in [103]. Specifically, for (W™, W) :[0,T] x Q — R?
a standard (F):efo,r)-adapted Brownian motion, ai,as, 31,03 € R, az > 0, consider

R2-valued solutions to (4.1.2), restated here for convenience:

ax® = xPat, (4.7.8a)
dX? = [ X — X — azxP(xV)? - (xM)3dt
+ B XM AW + Badw ). (4.7.8b)

For a3 > 0 (see Remark 4.7.1 for the case az = 0, V is chosen here with regard to this

1 |0¢2\)
Bi’ 853

case), let a = min(1, 6%3)7 b=(2—a3)lagc1 + 31ag>1, ¢ = 6lag|, ¥ < min(fﬁ,

1+|a—2a2b+2ﬂ§'yb2|

and let n : R — [0, 1] be a C<° cut off function satisfying n(y) = 1 for y* < Sasb—2 17

Define

V(z1,z2) = Vi(z1, z2) + Va(z1, 22)

= (1 _ n(x1>)e'y(w‘1l+az1z2+bmg) + e'y(—cwlwz-i-%xg).
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Proposition 4.7.3. If ag > 0, then there exists a constant C* > 0 such that LV <
C*V, where L is the generator (4.2.2) associated with (4.7.8). Moreover, Assumptions 7
and 8 are satisfied with G(t,z) = (342 ,]a;| + B7)(1 + z1) + |x2\%) and Vi(t,z) =
(XM + 2 XP 12+ 1) fort >0, 2 = (21,22) € R™, where (XY, X)) solves (4.7.8)
with (XY, X?) = (21, z2).

Proof. The functions V7 and V5 satisfy

1
LVi(z1,22) = [(2a1b — asa)z129 + (@ — 200b + 263762):53 + (na + 5637(12 + ﬁfb)x%

1
+ (2ﬁ%7b2 — 2a3b)x%x§ — (aza+2b— 4).%‘?.%‘2 + (§ﬂ127a2 — a)ac‘l1

T20,, (1)

+033 — L= () WVi(zy, 22)

1 1 1
LVy(x1,22) = [(553%7 —c—ag)zs + (§CQﬁ§W —ac+ 5512)93%

1
+ (age+ ar)zrzs + (aze — Dates + (c+ 5027512)90?

1 1
+ (§ﬂ%7 — ag)rial + 55?%]7‘/2(9317902)-

17771(11) := 0 whenever 1 — n(x1) = 0. In order to see LV < C'V, consider sepa-

1+|a—202b+233 b7 |
2a3b—2B7~b2
Vi(zy,x9) = LVi(21,22) = 0 and by our choice of ¢ and +, there exists a generic constant

C > 0 such that LV, < CVs, therefore LV < CV. Otherwise in the complementary case
where |z1] is bounded below, we have LV; < CV;j and when in addition z; € suppnUBj(0),
it holds that LV, < CV5,. It remains to estimate LV, when x1 ¢ suppn U B;(0), in which
case we have |x\i67(’“112+%x§) < Cer(37i+ie8) < CVi(x1,z2) for ¢ < 4, from which
LVy < CV;.

For the second assertion, it is straightforward to see that (4.3.1), (4.3.2) hold and that

the higher derivatives of the coefficients of (4.7.8) are bounded above in terms of Vi

where

rately the regimes z? < and its complement in R2. In the former case,

for any k,p as called-for in Assumption 8; for (4.3.3), consider separately the cases
|z1| < sup{|x| : = € suppn} and otherwise. In the former case, it holds that

G(a1,72) < C(1+ [2a] ),
which yields that for any m > 0, there is M = M (m) > 0 continuous in m such that
G <mlog(V2) + M <mlog(V) + M. (4.7.9)

When |z1| > sup{|z| : = € suppn}, inequalities (4.7.9) continue to hold with V; replacing

Vo and a corresponding continuous function m +— M (m). O
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Remark 4.7.1. When ag = 0, the arguments of Proposition 4.7.3 fail to adapt, but one
can consider (4.7.8) and its derivative dynamics appended with das = 0 with initial
condition as a positive function in R in order to obtain the statements of Theorem 4.3.3.
To elaborate, for almost all w € €, the solution to the appended derivative dynamics is
continuously differentiable with respect to ag by Theorem V.39 in [165] and in particular

is continuous, so that Fatou’s lemma can be used to obtain

E lim sup 8(“)X”” o X " <liminfE sup 8(“)X§/ — o xe .

a3 =0 0<s<t az3—=0  0<s<t
Therefore the same bounds in Lemma 4.3.2 and Theorem 4.3.3 apply if they are uniform
with respect to small as; since v is proportional to s (for small ), it follows that M
in (4.3.3) and subsequently in «; in both the proofs of Lemma 4.3.2 (in Lemma 4.3.1
and (4.3.11)) and Theorem 4.3.3 (equation (4.3.19)) blows up as ag — 0. This can be

addressed by increasing m accordingly so that M is uniformly bounded.

4.8 Proofs of some auxiliary results

Just as in the case of globally Lipschitz coefficients in [114, Lemma 5.10], the regularity of
an extended system and the harmonic property of the expectation (4.4.13) are required.
These properties are established for our setting in the following.

Throughout the section, we assume O = R™ and b, 0 are nonrandom functions. More-
over for the functions f,c, g, we assume nonrandomness and all of the presuppositions
about them made in Theorem 4.4.2 regarding Assumption 9. In particular, f : [0,00) X
R - R, ¢ : [0,00) x R" — [0,00) and g : R® — R are Borel functions satisfy-
ing that f(¢,-),c(t,-),g(-) are continuous for every t € [0,T], fOT SUp,ep, (lc(t, )| +
|f(t,x)])dt < oo for every R > 0 and such that for h € {f,¢c,g}, R > 0, there exists
C > 0,0 <[ <1, Lyapunov functions V7' locally bounded Z for which for any s € [0, T]
it holds P-a.s. that

(s +t, X% < CA+VT(t,i(x))) (4.8.1a)
|h(s+t,y) —h(s+t,9)| < Cly — /| (4.8.1b)
VT (0, 7(X3) < C(1+ VT (r,7(x))) (4.8.1¢)

forall s € [0,T],t < T —s, stopping times 7 < T, x € R™ and y,y’ € Bg, where continuity
of the underlying Vj for the relevant Lyapunov functions have been used for (4.8.1b).
For any s > 0, T > 0, z € R", 2/,2” € R, consider solutions X;"* to (4.2.1) appended
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with the corresponding R-valued solutions Xt("H)’S"T/ and Xt(n+2)’s’zl to

t

Xt(n+1),s,z’ :a:’+/ (s +r, X5%)dr, (4.8.2a)
0
" t n s,x!
XD g / Fls+r Xpm)e X5 ar (4.8.2b)
0

on [0, 7], denoted X = (X, X"V XD by = (2 0”). Let X2V(1) be
the corresponding Euler approximation analogous to (4.4.12) with I as in the beginning
of Lemma 4.4.4.

Lemma 4.8.1. Under the assumptions of this section, for every R,T > 0, it holds that

sup sup IP’( sup ‘X:y —Xf’y(l)’ > 6) —0
s€[0,T)yeBRr t€[0,T

as supy, tp+1 — tx — 0.

Proof. For any R' > 0, let RY"(I, R') € F denote the event

RY(I,R) = { sup | X} < R’} ﬁ{ sup |X;7*(I)| < R’}.
te[0,T] te[0,T)

For any ¢, R’ > 0, it holds that
IP’( sup | XY — X7V(D)| > e) < ]P’( sup | X} > R’> —HP’( sup |X;7*(I)| > R’)
t€[0,T) t€[0,T] t€[0,T)

-HP’( sup | XY — XPY()| > e
t€[0,T]

Rgf(f,R')).

Fix ¢ > 0. For any T, R > 0, we may choose R’ = R* so that, by Lemma 2.2 in [114],
the sum of the first and second term on the right-hand side is bounded above by €' /2
uniformly in s € [0,7] and © € Bgr. For the last term on the right, note that by our

assumptions on ¢, there exists locally bounded G : R™ — [0, 00) such that

sup |e(s +1, X;) — (s + ¢, X,(1))]
t€[0,T

< s[lépT]le’m = XTGP + GXP(I))) (4.8.3)
€10,
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and such that for Iy := max{ty : t > t},

sup |c(s +t, X)) — (s + t,X;t’I(I))|

t€[0,T]
gtes[%r;]|Xf””( ) = XpH(D|(GX () + G(XE" (1))
= sup /c(s+r,X‘Zz(1))dr (G(X" () + G(X" (1))
te[0, T/ T
<2 tes[tépﬂ@ — I)(G(X" (1) + G(X77(1))) (4.8.4)

for all s € [0,7], y = (z,2',2") € R"*2, where we have used that ¢ is uniformly bounded
on [0,27] x Bgr by the continuity of the underlying V; for the Lyapunov function that
forms an upper bound for ¢. By (4.8.3), it holds that

€

{ sup X5 - X2(D)| <

= NRY (I, R
t€[0,T) 124/3T SUp,e g . G(z)} X )

€
- sup le(s +t,X)") —c(s+t, X ()] < ——
{ o [eto 0,07 —clo 0, X070 €

T €
C +u, Xo") —e(s+u, X%(I))|du < ——= ¢ N RY" (I, R*
[ ket i) = o w Xz lan < A e,

and by (4.8.4), there exists 6* > 0 such that sup, tx+1 — tp < 6* implies

} N R (I, R*)

RYE(I,R*) C {/ |e(s +u, X5 (1)) — e(s +u, X" |du<6f}

As a result, by Lemma 4.4.4 and our assumptions on b and o, there exists 0 < § < §*

such that for I satisfying supj>otk+1 —tx < 4, it holds that

P sup ‘X(nJrl),s x’ o X(n+1),s,x ‘Ré T [ R* )
(te 0,7 K \f
- € €
<P( sup | X" - X)) > = ) < — 4.8.5
(oum e = X0 > e ) < (185

for all s € [0,7] and y = (z,2,2") € Bg C R"*2, By a similar argument and using the
above, (4.8.5) holds with n+1 replaced by n+2 and 2’ by z”. Together with Lemma 4.4.4,

the lemma is proved. O

Next, the harmonic property (see [114, Definition 3.1]) of (4.4.13) is shown. Let g given
by gly) = 2’ + g(x)e ™ for all y = (z,2’,2”) € R"?2 and for T > 0, s € [0,T],

169



let ¥ : [0,00) x R""2 — R be given by

(n+1),s,2’
_XTfs

o(s,y) = E[g(X52,)] = 2" + (s, 2)e = EXEHD 0 4 g(X57 e J. (4.8.6)

for v given in (4.4.13). In addition for a bounded subset Q C (0,7) x R"*2, let 7 be the
stopping time
=inf{u>0:(s+u, X>Y) ¢ Q}. (4.8.7)

The next lemma establishes the equality v(s,y) = E[0(s+ (T At), X2%,)] under our setting.

Lemma 4.8.2. Under the assumption of this section, for any T > 0, any bounded sub-
set @ C (0,T) x R"*2 (s,y) € Q, t € [0,T — s|, it holds that

s, 7s+ (T(w)At), X: yw /\t( w)
95520 = [ a5 @),
where T is defined by (4.8.7).

Proof. For any R, T > 0, ¢ € [0,T], (s,y) € Q with y = (z,2',2"”), by Theorem 2.13
in [114] together with Lemma 4.8.1, it holds for P-a.a. w that

N st @), X2 (w)
E[(ﬂBRg)(X;7Es)|fT/\t] = /(]IBRg)(XT_(S+(7—(w)/\t)()) (w '))dIP’(w’), (4.8.8)

so that the right-hand side is F,s;-measurable. Moreover for P-a.a. w, by (4.8.1), the
absolute value of the integrand in the right-hand side is bounded independently of R as

3+(T(W)At) (w M( w) n+2 ,s,w”
(Waalg) (X TGO () s )
T—s—(1(w)At) s+ (T(w)AL
</ (s + (r(@) A + 7,2, TN
0

o ) ar

s+(7’(w)/\t),Xf’(z)M (w) (w/))‘

Xt (r@n)

T—s—(1(w)At) _
< c< / (L4 VT (G e G0 () dr
0
+ (1 VIHTERT () T — s — (7(w) A ), B(XI  (w ))))l'). (4.8.9)

Since [*"-powers of Lyapunov functions are still Lyapunov functions (but with different

auxiliary processes), the expectation in w’ of the right-hand side of which is bounded by
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Theorem 2.4 in [101] and (4.8.1¢) as in

Tma=(r(@)An) (T (W)AL), T ¢, 1 ~ s,T l
L/(A (14 VFHE@OMT (1 (X5 () dr

(L VDN T — s — (r(w) A1), <Xi<iw<“>”>l)dp<“/)

|ai+(r(w)/\t),T(w/)‘dUH

< Clledo

psT(T(@)AD,T
Lps T (@AY, T (dP(w’))

/(1+Vs+(r(w)/\t)T(w 0, (X5, (W) dP(w)

T(w)At

<01t [V An )

< C(1+ V=T (0,%(x)))
< 0. (4.8.10)

Therefore by dominated convergence, the right-hand side of (4.8.8) converges to the same

expression but without 1p,, for P-a.a. w. Moreover, by (4.8.1) and Theorem 2.4 in [101],
TAL ., T
BN | = <B I Xl < C [ B+ VT (e
0
< C(1L+VaT(0,2(2"))).

Consequently, together with (4.8.9), (4.8.10) and dominated convergence (in w), it holds
that

75+(T(w)/\t) XT v M(
// ]IBR.‘] T— (s+(.,_(w)/\t)()) (w /))dﬂp(w/)dﬂb(w)
7s+(7'(w)/\t) X2V (W)
%// T (s+(T(w)At)()) ‘ ( '))dP(w’)d]P’(w)

as R — o0o. On the other hand, by a similar argument as above, the expectation of the
left-hand side of (4.8.8) has the limit

EE[(15,9) (X7 ) Frnell = E[(15,9)(X7Y,)] = E[g(X72,)]

as R — oo. ]
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