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The ZpZ,2-additive codes are subgroups of Zg' x ZZ;, and
can be seen as linear codes over Z;, when az = 0, Zp-
additive codes when a3 = 0, or ZyZ4-additive codes when
p = 2. A Z,Z,2-linear generalized Hadamard (GH) code is a
GH code over Z, which is the Gray map image of a Z,Z,.-
additive code. In this paper, we generalize some known results
for ZyZy2-linear GH codes with p = 2 to any p > 3 prime
when a; # 0. First, we give a recursive construction of Z,Z -
additive GH codes of type (a1, az;t1,t2) with ¢1,t2 > 1. We
also present many different recursive constructions of Z;,Z -
additive GH codes having the same type, and show that we
obtain permutation equivalent codes after applying the Gray
map. Finally, according to some computational results, we
see that, unlike Z4-linear GH codes, when p > 3 prime, the
Z,2-linear GH codes are not included in the family of Z,Z -
linear GH codes with a1 # 0. Indeed, we observe that the
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constructed codes are not equivalent to the Z,s-linear GH
codes for any s > 2.
© 2022 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Let Z, and Z,> be the ring of integers modulo p and p?, respectively, where p is a
prime. Let Zj and ZZQ denote the set of all n-tuples over Z,, and Z,2, respectively. In
this paper, the elements of Z; and ZZZ will be called vectors of length n.

A code over Z,; of length n is a nonempty subset of Z7, and it is linear if it is a
subspace of Z;. Similarly, a nonempty subset of Z;lz is a Z,2-additive if it is a subgroup
of Zy,. A ZyZ2-additive code is a subgroup of Zg* x Z3. Note that a Z,Z,»-additive
code is a linear code over Z, when as = 0, a Zy2-additive code when oy = 0, or a
ZsZs-additive code when p = 2. The order of a vector u € Z;* x Z;}, denoted by o(u),
is the smallest positive integer m such that mu = (0,...,0|0,...,0).

The Hamming weight of a vector u € Zj, denoted by wt # (), is the number of nonzero
coordinates of u. The Hamming distance of two vectors u,v € Zj, denoted by dp (u,v),
is the number of coordinates in which they differ. Note that dg (u,v) = wtg(u —v). The
minimum distance of a code C over Z, is d(C) = min{dy (u,v) : u,v € C,u # v}.

In [2], a Gray map from Z4 to Z3 is defined as ¢(0) = (0,0), ¢(1) = (0,1), ¢(2) = (1,1)
and ¢(3) = (1,0). There exist different generalizations of this Gray map, which go from
Zse to Z2 " [3-7]. The one given in [6] can be defined in terms of the elements of a
Hadamard code [7], and Carlet’s Gray map [3] is a particular case of the one given in
[7] satisfying >- \;0(2) = ¢(D° \i2%) [8]. In this paper, we focus on a generalization of
Carlet’s Gray map from Zps to ngjl, also denoted by ¢, which is a particular case of
the one given in [9]. Let ® : Zgt x Zgg — Zy), where n = a1 + pas, be an extension of
the Gray map ¢ given by

(1Y) = W o) - 0(Ya,)),

for any y € Z3* and y' = (y1,...,Ya,) € Zg‘?.

Let C C Zp* x ng be a Z,Z,-additive code. We say that its Gray map image
C = ®(C) is a ZpZye-linear code of length oy + pas. Since C can be seen as a subgroup
of Z;‘;+°‘27 it is isomorphic to an abelian structure Z;lz X fo, and we say that C, or
equivalently C = ®(C), is of type (a1, az;t1,t2). Note that |C| = p?'1 7?2, Unlike linear
codes over finite fields, linear codes over rings do not have a basis, but there exist
generator matrices for these codes having minimum number of rows, that is, ¢; + 2 rows.

A generalized Hadamard (GH) matrix H(p, \) = (h;;) of order N = pX over Z,, is a
PA X pA matrix with entries from Z, with the property that for every 7,7, 1 <1 < j < pA,
each of the multisets {h;s—hjs : 1 < s < pA} contains every element of Z,, exactly A times
[10]. An ordinary Hadamard matrix of order 4y corresponds to a GH matrix H (2, \) over
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Zy, where A = 2p [11]. Two GH matrices H; and Hs of order N are said to be equivalent
if one can be obtained from the other by a permutation of the rows and columns and
adding the same element of Z,, to all the coordinates in a row or in a column.

We can always change the first row and column of a GH matrix into zeros and we
obtain an equivalent GH matrix which is called normalized. From a normalized GH
matrix H, we denote by Fg the code consisting of the rows of H, and Cy = Usez, (Fu +
al), where Fy +al = {h+al: h € Fy} and 1 denotes the all-one vector. The code Cy
over Z,, is called generalized Hadamard (GH) code [12]. Note that C'g is generally a non-
linear code over Z,. Moreover, if it is of length IV, it has p/N codewords and minimum
distance N(p —1)/p.

The Z,7Z,2-additive codes such that after applying the Gray map ® give GH codes
are called Z,Z,>-additive GH codes and the corresponding images are called Z,Z,,-
linear GH codes. The classification of Z,Z4-linear Hadamard codes of length 2! with
ap =0 and a3 # 0 is given in [13,14], showing that there are | (¢ —1)/2] and |t/2] such
non-equivalent codes, respectively. Moreover, in [15], it is shown that each ZsZ4-linear
Hadamard code with oy = 0 is equivalent to a ZsZ4-linear Hadamard code with oy # 0,
so indeed there are only [¢/2] non-equivalent ZZ4-linear Hadamard codes of length 2°.
Later, in [8,16-18], an iterative construction for Z,s-linear GH codes is described, the
linearity is established, and a partial classification is obtained, giving the exact amount
of non-equivalent non-linear such codes for some parameters.

This paper is focused on Z,Z,2-linear GH codes of length p* with a1 # 0 and p > 3
prime, generalizing some results given for p = 2 in [14,19] related to the construction
of such codes. For p = 3 and 2 < t < 8, these codes are compared with the Z,Z,,-
linear GH codes of length p' with a; = 0 studied in [16]. This paper is organized as
follows. In Section 2, we recall some properties of the Gray map considered in this
paper. In Section 3, we describe a recursive construction of Z,Z.-linear GH codes of
type (aq,a9;ty,te) with t1,t9 > 1, oy # 0, and p prime. In Section 4, we present many
different recursive constructions of Z,Zp2-linear GH codes having the same type, and
show that they give permutation equivalent codes. Finally, in Section 5, we show some
computational results for p = 3, which point out that, unlike Z4-linear and Z,Z4-linear
Hadamard codes, when p > 3 prime, the Z2-linear GH codes are not included in the
family of Z,Z-linear GH codes with a; # 0. Moreover, we observe that, for p = 3, the
codes constructed in this paper are not equivalent to the Z,s-linear GH codes with s > 2
considered in [16] using the same Gray map.

2. Preliminary results

In this section, we give the definition of the Gray map considered in this paper for
elements of Zp>. We also include some of its properties used in the paper.
We consider the following Gray map ¢, given in [3,20], for s = 2:
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¢ Ly — L4 0
1
u > (ug,u1) M,
where u € Z,2; [ug, u1]p is the p-ary expansion of u, that is, u = uo+uip with ug, u; € Zp;
and M is the following matrix of size 2 x p:

012 -+ p-1
111 - 1 /]

Let ', v’ € Z,2 and [ug, u}]p, [v), v]]p be the p-ary expansions of " and v/, respectively,
ie w =uj+ujp and v = vj + vip. We define the operation “©,” between elements v’
and v’ in Z,2 as v’ ©p v = & + &1p, where

& =

1 it w4+ >p,
0 otherwise.

Note that the p-ary expansion of v’ ®, v’ is o, &1]p, where &, &1 € {0, 1}. For u,v € Z,,

we define u ©, v = 1 if u+v > p and 0 otherwise. We denote in the same way, “©,”,
Q2

7, we denote
p

the component-wise operation. For u = (u [ v'),v = (v [ v') € Zg* X Z

u®,v=(ud,v|u ©pv). Note that p(u®, v) = (0 | p(v' ©®, v")).
From [16], we have the following results:

Lemma 2.1. [16] Let u € Zy2 and X € Zy,. Then, ¢(u+ Ap) = ¢(u) + (A, A, ..., A).

Corollary 2.1. [16] Let A\, u € Z,. Then, ¢(Aup) = Ap(up) = Aug(p).

Corollary 2.2. [16] Let u,v € Z,2. Then, ¢p(u) + ¢(v) = ¢(u+v — p(u ©p v)).

Corollary 2.3. [16] Let u,v € Z,2. Then, ¢(pu+v) = ¢(pu) + ¢(v).

Corollary 2.4. [16] For u,v € Zy2, ¢(u+v) = ¢(u) + ¢(v) + (&0, o, - - -, &0), where § =1
if ug +vg > p and 0 otherwise.

Proposition 2.1. [16] Let u,v € Z,2 be two distinct elements. Then, ¢p(u) — ¢(v) =
dlu—v) = (A\...;N) ifu—v = Ap € pZ,2, and ¢(u) — ¢(v) contains every element
of Z, exactly once if u—v € Zy2 \ pZ,2.

Proposition 2.2. [16] Let u,v € Z,2. Then, dg(¢(u), (v)) = wtg(p(u —v)).
From [21], the homogeneous weight of an element u € Z,2 is defined by

0 if uw=0,
wt*(u) =< p if wepZy\ {0}, (2)
p—1 otherwise,
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and the homogeneous weight of a vector u = (u1,...,up) € Ly, is wt*(u) =
>, wt*(u;). The corresponding homogeneous distance of u = (u1,...,u,) and v =
(v1,...,vn) € Z7, is defined as follows:

d* (u,v) = Zwt*(ui — ;). (3)

The Gray map ® over Zgz is an isometry which transforms homogeneous distances
defined in Z7; to Hamming distances defined in Zj? [20].

Then, we define the homogeneous weight of u = (u | v') € Zj* x Z73 as wt*(u) =
wtp (u) + wt*(u'). From (3), the corresponding homogeneous distance of u = (u | v’
and v = (v [v') € Zg* x Z3 is defined as follows:

d*(u,v) = wtg(u —v) + wt* (v’ —0'). (4)

Note that the extension of the Gray map ® over Zj* x ZZ‘% is also an isometry by using
this homogeneous metric, that is, d*(u,v) = du(®(u), ®(v)) for all u,v € Z3* x Z73.
Moreover, the Z,Z»-linear codes obtained from this Gray map ® are distance invariant
by Proposition 2.2.

3. Construction of Z,Z ,2-linear GH codes

The description of a generator matrix having minimum number of rows for ZsZ4-
additive GH codes with a; # 0, as long as an iterative construction of these matrices, is
given in [14,19]. In this section, we generalize these results for Z,Z,2-additive GH codes
with a1 # 0 and any p > 3 prime. Specifically, we define an iterative construction for
the generator matrices and establish that they generate Z,Z,2-additive GH codes. The
proof that the codes are GH is completely different from the binary case.

Let 0,1,2,...,p% — 1 be the vectors having the elements 0,1,2,...,p%> — 1 repeated
in each coordinate, respectively. Let

Al,lz . 5

Any matrix AJb" with ¢; > 1,tp > 2 or t; > 2,t3 > 1 can be obtained by applying
the following iterative construction. First, if A is a generator matrix of a Z,Z,:-additive
code, that is, a subgroup of Zj* x ng, then we denote by A; the submatrix of A with
the first oy columns over Zj,, and Ay the submatrix with the last ay columns over Z 2.
We start with A}>'. Then, if we have a matrix A = A1, we may construct the matrices

ot [ A1 AL Aq Ay Ay - Ao
A - ~ (6)
0O 1 .-~ p-1(p-0 p-1 -+ p-(p—1)
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and

Atﬁl,tz:(Al A o A
P

0 1 -~ p—-1

pA; - PA; Ay Ay - Ay
- p 0 1 - p 1

Example 3.1. Let

11 113 3
Ayt =
01 21 2

be the matrix described in (5) for p = 3. By using the constructions described in (6) and

(7), we obtain Aé’g and Ag’l, respectively, as follows:

1o 1111111113 3333 3
A3’ =|{012012012121212],
00011122 2/003 3 6 6
01 1111111111333 333 3 3 3 3
Ag’ =101 2 012 01 2|0 3 6 03 6 1 2 1 2.
00011122 2|1 11222200 8 8

In this paper, we consider that the matrices A;ht? are constructed recursively starting
from All;l in the following way. First, we add t; — 1 rows of order p?, up to obtain A;l’l;
and then we add to — 1 rows of order p up to achieve A;,ht?. Note that in the first row
there is always the row (1 | p).

The Z,Z,2-additive code generated by A’* is denoted by H!!»**, and the correspond-
ing Z,Zy2-linear code ®(H}*2) by H}*2. We also write A"*2, H{"-*2 and H'"'"'* instead
of A1tz H!vt2 and H[V', respectively, when the value of p is clear by the context.

Proposition 3.1. Let t1,t5 > 1 and p prime. Then, ’H;l’t? is a ZpZy2-additive code of
type

t1
(P (p— 1) ph T ), (8)
i=1

Proof. First, we prove this proposition for the code ’Hf}’l by induction on t; > 1.
Note that, if ¢; = 1, the code is of type (p,p — 1;1,1), which coincides with (8) since
Zf;lptl‘*‘tﬁi—?’ =1 when t; =ty = 1. Asspme that the type of Hiv! is (af, a;t1, 1),
where o} = p't and a} = (p — 1) 3;1, p'1+1~2. By using construction (7), Hi+11 is of
type (a1, a2;t1 +1,1), where oy = p-af =p-p't = phithand ag = (p—1)a) +p?-ab =
(p—Dp" +p2(p— DXL p" T2 = (p— 1) i p T = (p - 1) L ph iR,
Therefore, for t; > 1, the type of the code "Hf,l’l is (p', (p—1) Zf;lptl‘”_Q; t1,1).
Next, from the type of the code ’Hf,l’l, we prove the proposition for the code ’H;l’tz
by induction on t5 > 1. Assume that the type of Hf}’” is (af,ab;ty,t2), where of =

phtland of = (p — 1) 0L, phr 23 By using construction (6), we have that

1=
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H;l’t”l is of type (v, ao;ty,ta + 1), where ap = p-af = p-ph =1 = phitlta+1)=1 5pq
ay=p-ah=p-(p—1) XL, prHeti=t = (p— 1) 3L, phHEFDF=S This completes
the proof. O

When we include all the elements of Z,, (resp. Z,2) as coordinates of a vector, we
place them in increasing order. We denote by N, the set {0,1,...,p — 1} C Z,2 and
N, = N, \ {0}. As before, when including all the elements in those sets as coordinates
of a vector, we place them in increasing order. For a set S C Z,> and A\ € Zp,2, we
define AS = {Aj : j € S}. For example, N3 = {0,1,2} C Zg, Ny = {1,2} C Zy,
ON; = {2,4}, 3Zg = {0,3,6}, (Zs,Z3) = (0,1,2,0,1,2) € Z$ and (Z3 | Zo,2N; ) =
(0,1,210,1,2,3,4,5,6,7,8,2,4) € Z3 x Z3L.

Lemma 3.1. Let A € N, and pn € Zy2. Then,

1. )\sz +u= ZPQ,

DLy if i € pLy2,
2. A\pZyp2 + = P P
Povr Lz + 1 if € L2 \ pLyz,
3. ApZy2, 27t pLy2) + p(1,...,p — 1) is a permutation of (Zy2 \ pZy2) if p€ N, .

e

(U, .T’.z., pN, ) + A0, ... . p? — 1) is a permutation of (Z,2,?71, Z,2).

Proof. Items 1 and 2 follow from the fact that Z, is a ring and pZ > is a proper ideal
of sz.

For Item 3, first, we have that A\pZ,> = pZ,> since A € N, . Then, note that all
coordinates of v = (pZ,2,27Y, pZ,2)+pu(1,...,p — 1) are distinct elements of Z 2 \ pZ 2.
Since v is a vector of length p?—p and |Z,2\pZ,2| = p*—p, we have that v is a permutation
of the vector (Z,2 \ pZ,2).

For Item 4, let uN,” = {a1,az,...,a,-1} C Zy2. By Item 1, we have that \Z,2 = Z,:.

P
Then, (uN,, .1’.2., pN, ) + A0, ..., p? — 1) is a permutation of

(sz,i?f.l,sz)+(a1,az,-~-,ap71)7 (9)

where a; = (a;, 7., a;) for all i € {1,...,p — 1}. Again, since Zp> +a; = Ly, (9) is a
permutation of (Zy2,271 Z,2). O

Lemma 3.2. Let 7—[;1’1 be the Z,Zy2-additive code generated by the matrix A]tgl’1 with
t1 > 2 and p prime. Let vi,va,..., Vv, be the row vectors of Afal’l of order p?. Let
v=(v|v)e My such that v = S \ivi, where N; € Ny, and at least one \; # 0.
Then, v' contains every element of pZ,> the same number of times and one of the
following conditions is satisfied:

L. There exist X € N, such that v' contains every element of AN, the same number
of times and every element of Zy2 \ (pZy2 U AN, ) zero times.
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2. There exist A € N, such that v’ contains every element of AN, the same number
of times and every element of Z2 \ (pZy2 U )\Np_) the same number of times.
3. Bvery element of Z,2 \ pZ,> appears in v’ the same number of times.

Proof. We prove this lemma by induction on ¢;. Let vi = (v1 | v]) and vo = (va | v5)
be the row vectors of Af;l of order p?. We have that

Vi _ Zp Z]) e Zp pr2 e pr2 N; e év; - (10)
Let v = (v | v') € Hp' such that v = Ajvy + Apva, where A, Ay € N, and (A1, Ao) #
(0,0). Thus, v = Av] + Agvh. If Ay = 0, then v’ satisfies the first condition since
MpZy> = pZye by Lemma 3.1. If Ay = 0, then v satisfies the second condition since

MoZy2 = Zp2 by Lemma 3.1. If A\ # 0 and Ap # 0, then after applying a suitable
permutation of coordinates, we can write v’ as

Al(prz,I.’T.l,prz, 1,....,p—1)+ X(1,...,p— 1,Zp27PT.I,Zp2). (11)

By Lemma 3.1, we have that A\ (pZ,2,27Y,pZ,2) + A2(1,...,p — 1) is a permutation of
the vector (Zy2 \ pZ,2) and A\i(1,...,p — 1) + Xo(Zp2,271, Z,2) is a permutation of the
vector (Zyz,%27}, Z,2). Therefore, v’ is a permutation of the vector (Z,2 \ pZy2, Zy2, 271,
Z,2), so it satisfies the third condition. Hence, the statement is true for t; = 2.

Assume that the lemma holds for the code 7—[;1’1 with ¢; > 2. Now, we have to show
that it is also true for #J+1. Let w1, ..., wy, 11 be the row vectors of Al'*! of order
p? such that wy, 1 = (0,...,p—1|1,....,p—1,0,...,p2 —1). Let w = (w | w') =
Zf:{l Aiw;, where \; € N, and at least one A\; # 0. We have to show that w’ contains
every element of pZ > the same number of times and satisfies one of the three conditions.

Let {v; = (v; | v})}1<i<s, be the set of all row vectors of AL
v=(v]|v)= 221:1 A;v;. By construction, note that v = 0 or v contains every element

of order p?. Let

of Z, the same number of times. Indeed, v is a codeword of a simplex code of length

p't over Z,. Therefore, v =0 or v = (Zp,pfl._.l, Z,) up to a permutation of coordinates.
On the one hand, if A; = 0 for all i € {1,...,¢1}, then Ay, 41 # 0. In this case, w’ =
Ai+1(1,...,p—1,0,...,p% — 1) and it satisfies the second condition since A\, +1Z,2 =
Zp2 by Lemma 3.1.

On the other hand, if there exists ¢ € {1,...,t1} such that A\; # 0, then v = (Z,, pfl.fl,
Zp). If we consider v over Z,2, we have that v = (NN, fl.il,Np). In this case, up to a

permutation of coordinates, we can write w’ as
(V2L Vo P + Ay (1,...,p—1,0,...,p2 — 1), (12)

where V = pv = (pr2,pf1.7.l,pr2) since pN, = pZy2. If Ay, 11 = 0, then w’ satisfies
the same condition as v’. Finally, we consider the general case, when A\, 41 # 0. Since v’
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satisfies one of the three conditions, there is a permutation of coordinates m and A € N,
such that

m(v') = (pLy2, ™, pLy2, AN, .2 AN Iy, T ),

where Iy = (Zy2 \ (pZy2 U AN,;)), for some integers m,n,r > 0. Note that r = 0 if v’
satisfies the first condition, and n = r if v’ satisfies the third condition. Thus, we can
write (12) as

(V2L V,m(0'), P w(0) + Ays1(1,...,p—1,0,...,p% — 1). (13)
First, by Lemma 3.1, we have that (pZy2,27Y,pZ,2) + Ay+1(1,...,p—1) is a per-
mutation of (Zyz \ pZ,2), so (V,27LV) + Ay41(1,...,p—1) is a permutation of

ty—1

(Zp2 \ pZyy2,?... \Zp2 \ pLy2). Next, by Lemma 3.1, we have that (pZ,, .17.2.,pr2) +
At;+1(0,...,p% — 1) is a permutation of

(prz,.?.,pr2,Zp2 \pr2,.1.’.,Zp2 \prz), (14)

and (AN, .”.2.,)\]\7];) + Ay 41(0, ..., p? — 1) is a permutation of (Z,2,27},Z,2). Again
by Lemma 3.1, (In, 2, 1) + Aty 11(0, . . ., p? — 1) is a permutation of (Zz,?" ~221L Z,)
since |I| = p* — 2p + 1. Therefore, (13) is a permutation of

(sz \prQ7 .k.l., Zp2 \prz,pr2, .’“.%,prz s Zp2, .’“’.3., Zp2>
for ky = p'* — 1+ mp, ks = mp, and ks = n(p — 1) + r(p?> — 2p + 1), so it satisfies the
third condition. Note that the elements in pZ,> appear ko + k3 times and the elements

in Zy2 \ pZ,2 appear ki + k3 times. 0O

Example 3.2. Let v = (v | v}) and vy = (va | v}) be the row vectors of A>" of order 9.

We have that
vi\ (%3 Z3 Z3
vo/ L0 1 2

Let v=(v]|v) € Hg’l such that v = A;vy 4+ Agva, where A\, Ay € N3 = {0,1,2} and
(A1, A2) # (0,0). Thus, v = A1v] + A2vh. Now,

1 2 o ... 8

3Zy 3Zy N;j - N;)

S U {A1v] + Aavh}
A1,A2EN3
(Ah}‘?)#(O#O)
= {v], 207, vh, 20, v} + vh, 207 + vh, v] + 205, 207 + 205}

={(0,3,6,0,3,6,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2,1,2),
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(0,6,3,0,6,3,2,4,2,4,2,4,2,4,2,4,2.4, 24,2 4,2 4),
(1,1,1,2,2,2,0,0,1,1,2,2,3,3,4,4,5,5,6,6,7,7,8,8),
(2,2,2,4,4,4,0,0,2,2,4,4,6,6,8,8,1,1,3,3,5,5,7,7),
(1,4,7,2,5,8,1,2,2,3,3,4,4,5,5,6,6,7,7,8,8,0,0, 1),
(1,7,4,2,8,5,2,4,3,5,4,6,5,7,6,8,7,0,8,1,0,2,1, 3),
(2,5,8,4,7,1,1,2,3,4,5,6,7,8,0,1,2,3,4,5,6,7,8,0),
(2,8,5,4,1,7,2,4,4,6,6,8,8,1,1,3,3,5,5,7,7,0,0,2) }.

Note that v] and 2v] satisfy the first condition of Lemma 3.2, v5 and 2v4 satisfy the
second condition, and the remaining vectors the third condition. Therefore, v’ satisfies
Lemma 3.2.

Corollary 3.1. Let H." be the Z,7,2-additive code generated by the matriz AL with
t1 > 2, ty > 1, and p prime. Let u = (u | v') € HIV™ such that o(u) = p*. Then, v/
contains every element of pZ, the same number of times and the remaining coordinates
are from Zy> \ pZLyy> .

Proof. Let {vi}1<i<i, be the set of row vectors of Al*2 of order p?. Since o(u) = p?,
u can be expressed as u = 221:1 Aivi +w, where A\; € N, at least one \; # 0, and w
is a codeword of order at most p. If w = 0, then from Lemma 3.2 and construction (6),
u’ holds the property. If w # 0, then from Lemma 3.2, construction (6), and Item 2 of
Lemma 3.1, v’ also holds the property. O

Lemma 3.3. Let 7—[;171 be the Z,Zy2-additive code of type (o1, ao;ty, 1) generated by the
matrix A;l’l with t1 > 2 and p prime. Let v1,Vva,..., Vs be the row vectors of A;,l’l of
order p*. Let v = (v | v') € HIV! such that v = SOiL Nipvi, where \; € N, and at least
one A\; # 0. Then, v = (0,2.,0), and v’ contains every element of pZ,> \ {0} exactly
a1/p+ (pag — (p — 1)aq)/p? times and (pag — (p — 1)) /p? times the element 0.

Proof. We prove this lemma by induction on t;. Let vi = (v1 | v]) and vo = (va | v})
be the row vectors of A2! of order p®. Recall that A2 is the matrix given in (10). Let
v=(v|v)e 7—[12,’1 such that v = X\pvi+Xapva, where A1, Ay € N, and (A1, A2) # (0,0).
Thus, v = (0, .p.g., 0), and v = Apv] 4+ Aopvh. If Ao = 0, then the first p(p —1) coordinates
of v" are 0 and the remaining p?(p — 1) coordinates contain every element of pZ,2 \ {0}
exactly p? times. If \; = 0, then the first p(p — 1) coordinates of v’ contain every element
of pZ,2 \ {0} exactly p times and the remaining p?(p — 1) coordinates contain every
element of pZ,» exactly p(p — 1) times. Therefore, every element a € pZ,2 \ {0} appears
p+p(p — 1) = p? times in v/, and the element 0 appears p(p — 1) times. If A\; # 0 and
Aa # 0, then after applying a suitable permutation of coordinates of v/, we can write v’
as
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)\1(07‘/7 p7 V) + )\2(‘/7 VVv p7 W)v

where 0 is the all-zero vector of length (p — 1)p, V = p(1,...,p — 1) of length (p — 1)p,
and W = (pZ,2,271,pZ,2). Therefore, by Lemma 3.1, we have that every a € pZ,2 \ {0}
appears p + (p — 1)p = p? times in v/, and the element 0 appears (p — 1)p times. Since
a1 = p? and ay = (p — 1)(p + p?) by Proposition 3.1, the statement is true for ¢; = 2.
Assume that the lemma holds for the code ’H;l’l of type (o, ag;t1,1) with t1 > 2.
Now, we have to show that it is also true for 7—[;1“’1. Note that the type of ’H;}'H’l is

(o, ab;ty +1,1), where o) = pa; and oy = (p — 1)ay + p?as. Let wy, ..., Wy, 11 be the
row vectors of ALth1 of order p?. Let w = (w | w') = Ziil Aipw;, where \; € N, and

at least one A\; # 0. Let {v; = (v; | v})}1<i<s, be the set of all row vectors of AL! of
order p2. Let v = (v | v/) = Y201, \ivi. We have that

2
w' = (0,270, pv", 27 pv)) + Ay 1p(1, ..., p—1,0,...,p% — 1).

If Ay, +1 = 0, there is at least one ¢ € {1,...,¢;} such that A; # 0, so v’ # 0. By induction
hypothesis, every a € pZ,2 \ {0} appears

paj — (p— 1)a

—(p—-1
201, PO (p— Do d
p

a
3 )=oa1 +paz=—+
p p p

times in w’, and the element 0 appears

as — (p—1a aob — (p — 1)
m@—n+ﬁ@£_%;_ngﬂmzﬁi_%_l;

times. Now, assume that A;, 41 # 0. Note that p(0,1,...,p% — 1) = (pZy2,.P.,pZy2).
Then, by Lemma 3.1, we have that (pv’, .p.Q.,pv’) + A, +1p0(0, ..., p? — 1) contains every
element of pZ,» exactly p?as/p = pas times. Therefore, since every a € pZ,: \ {0}
appears a1 +pas times in w’, and the element 0 appears pas times, the result follows. O

Example 3.3. Let v = (v | v}) and vy = (vs | v}) be the row vectors of A>" of order 9,
which are shown in Example 3.2. Let v = (v | v') € H§’1 such that v = A13vy + A23va,
where A1, A2 € N3 = {0,1,2} and (A1, A2) # (0,0). Thus, v' = A\13v] + A23v5. Now,

v e U {)\13’0’1 + )\23’[)&}
A1,A2€N3
(A1,22)#(0,0)
= {30}, 6v1, 3v}, 6v), 3v] + 3vh, 6v] + 3vh, 3v] + 6v), 6v] + 6vh}
={(0,0,0,0,0,0,3,6,3,6,3,6,3,6,3,6,3,6,3,6,3,6,3,6),
(0,0,0,0,0,0,6,3,6,3,6,3,6,3,6,3,6,3,6,3,6,3,6,3),

(3,3,3,6,6,6,0,0,3,3,6,6,0,0,3,3,6,6,0,0,3,3,6,6),
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(6,6,6,3,3,3,0,0,6,6,3,3,0,0,6,6,3,3,0,0,6,6, 3,3),
(3,3,3,6,6,6,3,6,6,0,0,3,3,6,6,0,0,3,3,6,6,0,0,3),
(3,3,3,6,6,6,6,3,0,6,3,0,6,3,0,6,3,0,6,3,0,6,3,0),
(6,6,6,3,3,3,3,6,0,3,6,0,3,6,0,3,6,0,3,6,0,3,6,0),
(6,6,6,3,3,3,6,3,3,0,0,6,6,3,3,0,0,6,6,3,3,0,0,6) }.

Note that, in any case, every element a € 3Zg \ {0} = {3,6} appears 9 times in v’, and
the element 0 appears 6 times.

Theorem 3.1. The Z,Z,>-additive code H};l generated by the matrix

AL 1 1 .- 1 |p p - p
P 01 -« p—1|12 - p—-1
is a LpLy2-additive GH code of type (p,p —1;1,1).

Proof. Note that 3‘-{,11,’1 can be partitioned into p disjoint sets Ag, Ai,..., Ap—1, where
Ag = {N0,1,...,p =1 ] 1,2,...,p—=1) : X € Zy2} and A; = Ay +i(1 | p),
i € {1,...,p — 1}. Therefore, we can also partition ®(H,') into p disjoint sets
D(Ap), P(A1),...,P(Ap_1), where D(A4;) = ®(Ap)+i-1,i € {1,...,p—1}, by Lemma 2.1.
Thus, it is enough to show that ®(Ap) is a GH matrix H(p,p). We take two distinct
elements u,v € Ay. We have to show that ®(u) — ®(v) contains every element of Z,
exactly p times.

Let u=X(0,1,...,p—11]1,2,...,p—1)and v = X2(0,1,...,p—1]1,2,...,p— 1),
where A\; # Ao € Zp2. Then, u—v = (A — A2)(0,1,...,p =1 | 1,2,...,p— 1) =
(o5 Tp—1 | Y15---,Yp—1). Now. we consider two cases. On the one hand, if \y — A2 €
pZ,2\{0}, then the first p coordinates of u — v are 0, and the last p—1 coordinates contain
exactly all the elements of order p from Z,, that is, the elements pup for p € {1,...,p—1}.
Since ¢(pp) = (t i, ..., ), ®(u—v) contains every element of Z, exactly p times.
Therefore, ®(u) — ®(v) contains every element of Z,, exactly p times, by Proposition 2.1.
On the other hand, if \y — Ap € Zp2 \ pZ,2, then y; € Zy2 \ pZy2, i € {1,...,p—1}. In
the first p coordinates, ®(u) — ®(v) coincides with (A; — A2)(0,1,...,p — 1), so in these
coordinates, it contains every element of Z, once. Since y; € Zy2 \ pZ,2, ®(u) — (v)
contains every element of Z, exactly 1+ 1-(p — 1) = p times, by Proposition 2.1.
Therefore, in any case, ®(Ag) is a GH matrix H(p,p). O
Example 3.4. The Zg3Zg-additive code ’Hé’l generated by the matrix A:l,)’l7 given in
Example 3.1, is a Z3Zg-additive GH code of type (3,2;1,1). Indeed, we have that
Hy' = ®(HY') = Unez, (®(Ao) + A1), where Ay = {)\(0,1,2 | 1,2) : A\ € Zg}, and
then ®(Ag) consists of all the rows of the GH matrix



D.K. Bhunia et al. / Finite Fields and Their Applications 83 (2022) 102093 13

0000O0GO0O0O 00O
012012021
021021120
000111222
H33)=|0 12120210 (15)
021102012
000222 11°1
01220110 2
021210201

The Z37Zg9-linear code Hé’l has length N =9, pN = 3-9 = 27 codewords and minimum
distance N(p—1)/p=9(3—-1)/3 =6.

Proposition 3.2. The Z,Z,>-additive code Hi' generated by the matriz ALY, with t, > 2
and p prime, s a ZpZ,2-additive GH code.

Proof. Let /H;}’l be the Z,Z,»-additive code of type (a1, as;t1,1) generated by Alv!.
We can write that 7! = Uxez, (Ao + A+ (1| p)), where Ag is the set of all codewords
of the code generated by Alb! after removing the row (1|p). Let HivD = ®(HIV!).
By Lemma 2.1, Hi»!' = Uyez, (®(Aog) + A - 1). If we prove that ®(Ag) corresponds to
the rows of a GH matrix H(p, as + a1/p), then the result follows. We take two distinct
elements u,v € Ap. Now, we have to show that ®(u) — ®(v) contains every element of
Z, exactly as + a1 /p times.

We consider two cases depending on the order of u — v. First, let o(u —v) = p. Then,
by Lemma 3.3, the number of 0 in ®(u — v) is

as — (p—1)a o}
a1+p.%:a2+?{

and the number of times an element a € Z,, \ {0} appears in ®(u — v) is

« as — (p— 1) «
p.(_1+1%2)1):a2+_1.
p p p

Thus, in this case, ®(u—v) = ®(u)—P(v) contains every element of Z, exactly as+aq/p
times, by Proposition 2.1.

Second, let o(u — v) = p%. Let u— v = (z | /). We have that 2 contains every
element of Z, exactly o /p times. Moreover, by Corollary 3.1, 2’ contains every element
of pZ,2 exactly « times, o > 0, and the remaining ap — pa coordinates of 2z’ are from
Zy2 \ pZ,2. Therefore, by Proposition 2.1, ®(u) — ®(v) contains every element of Z,
exactly a1/p + pa+ (a2 — pa) -1 = as + a1 /p times. O
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Proposition 3.3. Let H}''" be a Z,Z,2-additive GH code of type (ou, sty ta2) with
ti,to > 1 and p prime. Then, with the above construction (6), ’H;l’tﬁ‘l is 0 Liplip2-
additive GH code of type (paa, pas;ti,ta + 1).

Proof. We can write that H!'"> = Uxez, (Ao + A - (1| p)), where A is the set of all
codewords of the code generated by A" after removing the row (1 | p). Let H/'" =
®(H!-*2). By Lemma 2.1, H*" = Uyez, (®(Ao) + A - 1). Since HV™ is a Z,7,2-
additive GH code of type (aq,as9;t1,t2), then ®(Ag) corresponds to the rows of a GH
matrix H(p, ae + a1/p).

Let H/t>th = ®(HL-"2+1). By applying a suitable permutation on the coordinates
of the elements of H}»*>*!, we can get an equivalent code H. fot2 4l of Jength pag + p2as
such that H*"*! = U,cz (®(Bo)+p-1), where ®(By) = {(®(Ag), ®(A), ..., ®(Ag))+
A-(0,1,...,p—1) : A € Z,}. Since ®(A) corresponds to the rows of a GH matrix
H(p, a9 + a1/p), then ®(By) corresponds to the rows of a GH matrix H(p, a1 + pas).
Therefore, Hi-"2 1! is a 7,7, ,2-additive GH code of type (pay, pag;ti, ta +1). O

Theorem 3.2. The Z,7Z,:-additive code ’Hf,ht? generated by the matrix A;l’t% with t1,ty >
1 and p prime, is a Z,Z,2-additive GH code.

Proof. It follows from Theorem 3.1, and Propositions 3.2 and 3.3. O

Example 3.5. Let Hé’2 be the Zs3Zg-additive code generated by the matrix Aé’Q given
in Example 3.1. By Theorem 3.2, H§’2 = (I>(7-[:1,)’2) is a ZsZg-linear GH code of type
(9,6;1,2). Actually, we can write H§’2 = Unez, (Fu + A1), where Fy consists of all the
rows of a GH matrix H(3,9). Also, note that H;"> has length N = 27, pN = 3-27 = 81
codewords and minimum distance N(p —1)/p =27(3 —1)/3 = 18.

Example 3.6. Let ’Hg’l be the Z3Zgy-additive code generated by the matrix Ag’l given
in Example 3.1. By Theorem 3.2, H32’1 = @(Hg’l) is a ZgzZg-linear GH code of type
(9,24;2,1), which has length N = 81, pN = 3-81 = 243 codewords and minimum
distance N(p —1)/p=81(3 —1)/3 = 54.

Proposition 3.4. Let H;,l’tz be a ZpZ,2-additive GH code of type (ou,as;ty,ta) with
ti,to > 1 and p prime. Let H;,ht? be the corresponding Z,Z 2 -linear GH code of length
pt, witht > 2. Then, oy = p' =, ap =pt~t —pt=8 =1 and t = 2t; +t5 — 1.

Proof. Since H/''"* is a Z,Z,»-linear GH code of length oy + pag = p*, then |H}V*2| =
p-p' = p'tt. Note that [HIVP2| = [HIv?| = p?+%2 and hence t = 2t; + ¢y — 1.

titta—1 — pi—ta t—1 _

By Proposition 3.1, a; = p . Then, since o + pag = pt, as = p

pt—tl—l_ 0O
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Remark 3.1. Let H = H}}''* be a Z,Z2-additive GH code of type (a1, ag;ty,t2) with
t1,t2 > 1 and p prime. Let H = ®(H}!"**) be the corresponding Z,Z>-linear GH code
of length a1 + pas. Then, since H is a GH code, its minimum distance is

(p —1)(a1 + pas)
5 .

Let Hi be the punctured code of ‘H by deleting the last ap coordinates over Z,». Note
that, by construction, H; is a GH code over Z, of length o; and minimum distance

(p—1aa/p.

Remark 3.2. Since the length of the Z,Z,-linear GH code @(H;’l) is p?, its minimum
distance is (p — 1)p?/p = p(p — 1) by Remark 3.1.

Remark 3.3. The above constructions (6) and (7) give always Z,Z,2-linear GH codes
with ag # 0 since the starting matrix A[l;l has ap # 0. If ap = 0, the Z,Z2-linear GH
codes coincide with the codes obtained from a Sylvester GH matrix, so they are always
linear and of type (p*271,0;0,¢2) [12]. Therefore, we only focus on the ones with ag # 0
to study whether they are linear or not.

4. Same type equivalent Z,Z,>-linear GH codes

In this section, we see that if we consider other starting matrices, instead of the matrix
Al' given in (5), and apply the same recursive constructions (6) and (7), or (6) and a
new construction more general than (7), we also obtain Z,Z,2-additive GH codes with
aq # 0. Indeed, the corresponding Z,Z p»-linear GH codes, after applying the Gray map
®, are permutation equivalent to the codes @(H]t,l’tz) of the same type constructed in
Section 3.

Let S,, be the symmetric group of permutations on the set {1,...,n}. A permutation
m € S, acts linearly on vectors (c1,...,¢,) € Z,, by permuting their coordinates as
follows: 7(c1,...,¢n) = (Cr-1(1),--+,Cr1(ny)- Given two permutations m; € S, and
o € Sp, we define (m1|m2) € Sp4m, where mp acts on the coordinates {1,...,n} and my
on{n+1,....,n+m}.

Two codes C; and Cy over Z,, of length n are said to be monomially equivalent (or just
equivalent) provided there is a monomial matrix M such that Cy = {¢M : ¢ € C1}. Recall
that a monomial matrix is a square matrix with exactly one nonzero entry in each row
and column. They are said to be permutation equivalent if there is a permutation matrix
P such that Co = {cP : ¢ € C;}. Recall that a permutation matrix is a square matrix
with exactly one 1 in each row and column and 0s elsewhere. A permutation matrix
represents a permutation of coordinates, so we can also say that they are permutation
equivalent if there is a permutation of coordinates 7w € S,, such that Cy = {7(c) : ¢ € C }.
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Remark 4.1. Let 7 = (71 | 2) € Say+a,- Then, there is a permutation 7 = (11 | 74) €
Sai+pa, such that, for all u € Zy1 x Z;‘ﬁ,

Example 4.1.Let p = 3 and oy = a2 = 2. Let 7 = (1,2)(3,4) € S4. Then,
7 = (1,2)(3,6)(4,7)(5,8) € Ss. For u = (uj,ug | uj,ub) € Z2 x Z3, 7(u) =
(uz,ur | uy,uj) and we have ®(7(u)) = (ug,ur,uy 1, usq,us 3, 1,u) 9,u) 3), Where
P(u;) = (] 1, uf 9, u; 5) for i € {1,2}. It is easy to see that ®(7(u)) = 7'(®(u)).

7

Remark 4.2. Let a; = i + p;p € Zyp2, where i € N, and p; € N,. Since ¢(a;) and ¢(i)
contain every element of Z, exactly once by the definition of ¢, there is a permutation
m; € Sp such that m;(¢(a;)) = ¢(¢) for all 4 € {1,2,...,p — 1}. Moreover, from this
permutation m;, we can define a permutation o; € Sp2 on the set of the elements of
Z,2 such that o;(c) = b if and only if 7; '(¢(c)) = ¢(b). Then, T (4(b)) = ¢(c) and
mi(P(oi(c))) = é(c), or equivalently,

(mi |-+ [ ) (@(0i(w))) = B(w), (16)
where w = (0,1,...,p? — 1).
Example 4.2. Let p = 3. Recall that the Gray map from Zg to Z3 is defined as
$(0) = (0,0,0), ¢(1) = (0,1,2), ¢(2) = (0,2,1),

¢(3) = (1717 1)7 ¢(4) = (17270)5 ¢(5) = (17072)5
#(6) = (2,2,2), ¢(7) =(2,0,1), ¢(8) = (2,1,0).

For ay = 4 € Zy, since ¢(4) = (1,2,0) and ¢(1) = (0,1,2), m = (1,2,3) € S3. For
ay = 5 € Zy, since ¢(5) = (1,0,2) and ¢(2) = (0,2,1), 72 = (1,3,2) € S3. The
permutation o1 € Sy satisfies (16), that is,
®(01(0,1,2,3,4,5,6,7,8)) = (my " | -+ | 71 1)(2(0,1,2,3,4,5,6,7,8)) =
(0,0,0, 1,2,0, 2,1,0, 1,1,1, 2,0,1, 0,2,1, 2,2,2, 0,1,2, 1,0,2) =
©(0,4,8,3,7,2,6,1,5).
Therefore, 01(0,1,2,3,4,5,6,7,8) = (0,4,8,3,7,2,6,1,5), that is, o9 = (2,8,5)

(3,6,9) € So. Similatly, 02(0,1,2,3,4,5,6,7,8) = (0,7,5,3,1,8,6,4,2) and o, =
(2,5,8)(3,9,6) € Sg. Then, for i € {1,2}, we have that

(mi | -+ | mi)(®(04(0,1,2,3,4,5,6,7,8))) = (0,1,2,3,4,5,6,7,8).

Lemma 4.1. Let a,a’,b € Z,2, such that a = ' mod p. Then, p(a ®, b) = p(a’ ®p b).
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Proof. Let [ag, a1]p, [ag, a}]p, and [bo, b1], be the p-ary expansions of a, a’, and b, respec-
tively. By definition, we have that a ©®, b =&, + &1p and o’ ©, b = £ + £1p, where

L — — d I 7 — M
& { 0 otherwise an & { 0 otherwise.

Since a = o’ mod p, we have that ap = a(, and hence &, = . Therefore, p(a ®, b) =
§op =&§p =pla’ ©pb). O

Corollary 4.1. Let a,b,a,b € Zy2, such that @ = a mod p and b=0b mod p. Then,
pla®pb) =p(a o, 6)

Lemma 4.2. Let a; = i + pu;p € Zp2, where i € N]; and p; € Np. Let m; € Sp such
that m;(¢(a;)) = ¢(i). Let b,c € Z,2 satisfying m;(p(b)) = ¢(c). Then, b =c mod p and
i (d(AD)) = @(Ac) for all X € Ny,

Proof. First, we show that b = ¢ mod p. Let y = (0,1,...,p—1) € Zb. By the definition

of ¢, ¢(a;) = iy + p; - 1. Thus, mi(¢(a;)) = i(mi(y)) + pi - 1. Since m;(p(a;)) = ¢(i), we
have that

i(mi(y)) + pi - 1= 0(0). (17)

Let b= j + pjp and ¢ = k + pgp, where j, k, 1, pp € Np. By the definition of ¢, ¢(b) =
Jy+pj -1 and ¢(c) = ky + px - 1. Thus, m;(¢(b)) = jmi(y) + p; - 1. Since m;(¢(b)) = (),
we have that jm;(y) + pj - 1 = ky + g - 1. Then, ijm;(y) + ipj - 1 = iky +ipi - 1. By
(17), we have that ji(m;(y)) + ju; - 1 = jé(i) and then

Jo(i) — jpi - 14 ipj - 1 = iky +ipg - 1. (18)

By the definition of ¢, ¢(7) = ¢y. Thus, from (18), we have that (j — k)iy + (ip; — jpi —
ipg) -1 =0, and therefore, j = k, that is, b = ¢ mod p.

Now, we prove that m;(#(Ab)) = ¢(Ac) for all A € N,,, by induction on A. For A =0, it
is true trivially, and for A = 1, it is true by the condition given in the statement. Assume
that the lemma is true for A € N, . By Corollaries 2.1, 2.2, and 2.3, ¢((A + 1)b) =
BB) + 6(8) + 6(p(Ab ®, b)). Then,

Ti(G((A + 1)b)) = mi(d(Ab)) + mi((b)) + mi(S(p(Ab ©p )))
= ¢(Ac) + ¢(c) + mi(d(p(Ab ©p b)), (19)
by induction hypothesis. By the definition of ¢, m;(¢(p(Ab ®, b))) = ¢(p(Ab @, b)). Since
b = ¢ mod p, we have that p(Ab ©®, b) = p(Ac ®p ¢) by Corollary 4.1. Therefore, from

(19), mi(d((A+1)b)) = d(Ae) + ¢(c) + p(p(Ae @p ¢))) = d((A + 1)c). This completes the
proof. O
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Corollary 4.2. Let a; =i+ p;p € Zp2, where i € Np_ and u; € Np. Let m; € Sp such that
mi(d(a;)) = ¢(1). Then, mi(dp(Aa;)) = d(Ai) for all X € Np.

Proposition 4.1. Let a = (a1,...,ap—1) € Zg;l such that {pay,...,pap—1} = pZy2 \ {0}.
Consider the matriz

A 1 1 --- 1 p p - p
pa 01 -+ p—1fa az - ap-1)
The code generated by All):}l, denoted by ’H;:}l, is a ZpLy-additive GH code of type

(p,p — 1;1,1). Moreover, the corresponding Z,Z,>-linear code is permutation equivalent
to ®(H,").

Proof. First, note that there is a permutation & € Sp,_1 such that o(a1, ..., ap—1) =
(a1,...,a,_1), where (paj,...,pa, 1) = (p,2p,...,(p — 1)p). Thus, there is a permu-
tation 0 = (Id | ) € Sap—1 such that o(H}p) = H;:}l/, where o’ = (a},...,a, ;). By
Remark 4.1, o induces a permutation in the corresponding Z,Z,-linear code. There-
fore, we can assume that the coordinates of a = (ay,...,az2) are in such an order that
(pai,...,pay—1) = (p,2p,...,(p—1)p), that is, a; = i + p;p, where i € N~ and p; € Np.
For any i € N, by Remark 4.2, there is a permutation m; € S, such that m;(¢(a;)) =
¢(i). Let 1y = (Id | mp | w2 | --- | mp—1) € Sp2, where Id € S, is the identity
permutation. Next, we show that 711 (®(H,})) = ®(H,"'). Consider the matrices

1 |p u; 1 P
ALl — (V1) = ALl = = :
b, <V2 Zy | a and 4, uy Zy| N,

Note that vi = uj and pvy = pus. If x € 7—[11):[11, then x can be expressed as x = avi+vs,
where & € N, C Z,2 and € Z,2. By Corollary 2.3, we have that ®(x) = ®(av;) +
®(Bvz) and also ®(Bva) = P(Ava) + ®(upvs), where § = XA+ up and A\, u € N,. By
Corollary 2.1, ®(upve) = u®(pva) and ®(avy) = a®(vy). Therefore, ®(x) = ®(Avq) +
u®(pva) +a®(vy). Note that m1 1 (®(pvse)) = ®(pve) and 71,1 (®(v1)) = (v1). Thus, in
order to show that m 1(®(H, ) = ®(H, "), we only need to check that 7,1 (P(Avy)) =
®(Aug). Since 7y ;1 is the identity in the first p coordinates, we just need to prove that

mi(p(Aa;)) = ¢(Xi) for all i € N~ and X € N, which is true by Corollary 4.2. O

Example 4.3. Let p = 3. Let S = {(a1,a2) : (3a1,3az2) = (3,6) = 3Zg \ {0}}. Note that
S =1{(1,2),(1,5),(1,8),(4,2),(4,5),(4,8),(7,2),(7,5),(7,8)} and it can also be written
as {(1+3z,2+3y) € Z3 : 7,y € N3}. Therefore, in this case, we can consider 9 different

starting matrices
1 1 13 3
ALl
3.a <O 1 2|a1 as > ’
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where a = (ay,a2) € S. By Proposition 4.1, these matrices generate 9 different Z3Zg-
additive codes ”H;,i of type (3,2;1,1) whose corresponding Z3Zg-linear codes, @(Héji),
are permutation equivalent to each other. Note that if ¢ = (1,2), we obtain the matrix
Aé’l given in Example 3.1. Moreover, it is clear that if we permute the coordinates of a,
we also obtain Zs3Zg-linear codes which are permutation equivalent to the previous ones.

Example 4.4. Let p = 2. Consider a = (a1) € Z4. We have that the possible values for
ap such that {2a;} = {2} are 1 and 3. If a; = 1, then the matrix A;}I = Ay'. In the
case that a; = 3, then A%i is the matrix Aé’l after multiplying by 3 the last row, so
Hyo =My

Theorem 4.1. Let a = (a1,...,ap—1) € 25;1 such that {pai,...,pap—1} = pZ,2 \ {0}.
Let AlLt> be the matriz obtained by using constructions (6) and (7), starting with the
following matriz

A 11 .- 1 P p - p (20)
p,a 0 ]_ p_]_ aq a apfl ’
instead of AL'. Then, the codes generated by AL\t denoted by L' .2, are 2,7, -additive

GH codes of type (a1, as;ty, te) with ay # 0. Moreover, the corresponding Zip L2 -linear
codes are permutation equivalent to ®(HL*2).

Proof. As in the proof of Proposition 4.1, we can assume that the coordinates of a =
(a1,...,ap—1) arein such an order that (pas,...,pay—1) = (p,2p, ..., (p—1)p). Therefore,
a; =i+ p;p, where i € N, and p; € Np. For each @ € N, by Remark 4.2, there is a
permutation m; € S, such that m;(¢(a;)) = ¢(i) and o; € Sp2 on the set of the elements
of Z,2 such that o;(c) = b if and only if ; '(¢(c)) = ¢(b). Again, by Remark 4.2, we
also have (16), that is, (m; | - | m)(®(0;(w))) = ®(w), where w = (0,1,...,p*> — 1).
Let Alit> = (A; | Ay) be the matrix Ay} if ¢ = to = 1, or the matrix obtained by

,a
applying (6) and (7) recursively from Azlj:}lpif t1 > 1 or ty > 1. Let Afv*2 = (A; | Ag) be
the matrix defined in Section 3. By construction, the second row of Af';> contains the
block of coordinates a1, ...,a,_1 repeated p2=1(p?)t1 =1 = p?1+12=3 times. For the (-th
block of coordinates ay, ..., a,_1, where £ € {1,...p*11273} 'define I, as the coordinate
positions corresponding to ®(a1,...,ap—1) within the Gray map image of this second
row. Let 74, 4+, € Sa,+pas be the permutation such that it coincides with (1 | -+ - | mp—1)
when it is restricted to the coordinates Iy, for all £ € {1,...,p*1 7273} and it is the
identity elsewhere. Note that m; 1 = (Id | 71 | -+ | mp—1) € Sp2, where Id € S,,.

Now, we consider the matrix AL2 = (A; | Az) constructed with the following re-
cursive construction. We start with the matrix ALl = A}l and if AL = (A; | Ay),
then

Atrte+l Ay Ao Ay Ay Ay - Ay
p,a 0 1 e pf]_ p.o p.]_ N p'(pil)
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and

A - Ay

Atitlta — Oty 11t
D,a 1+1,%2 0 p—1

pAr -+ pAr Ay oo 2A2 (22)
1 - p-1 0 - p2-1

where 0¢, 11,4, permutes the columns as follows. Let B be the matrix A% 142 before
applying o, 41,+,. For each block of coordinates aq,...,a,—1 in the second row of B and

the corresponding coordinates of the last row of B, we consider the following submatrix
of B:

al ... ap—l al ... a'p—l ... a‘l .. ap—l
. 23
<0 0 1 ... 1 ceopP—1 e p2_1> (23)

Note that there are p'2=1(p?)i1=1 = p2h+i2=3 guch submatrices, named Si,...,
S’pztﬁtrs. Then, 04,41, is the permutation such that it coincides with o; when it
is restricted to the p? columns corresponding to the columns having a; in the first row
of the submatrix Sy for all i € N, and ¢ € {1,...,p*'""273} "and it is the identity
elsewhere. By (16) and the definition of 7y, 41 ¢,, we have that

7Tt1+1,t2((1)(0-t1+1,t2(0717"'ap_ 1 | 17"'7p_ 170a17"'7p2 - 1)) =

(0717"'7p_1|17"'7p_170a17'~'7p2_1)' (24)

Let 7—2;{52 be the code generated by fl;l’;lt? Since 7-_12,1’;1752 is permutation equivalent to
HI1o2, we also have that ®(H!!.!?) is permutation equivalent to ®(#}';/2) by Remark 4.1.
Therefore, to prove the statement, we just need to show that @(H;};Z) is permutation
equivalent to ®(Hj}*?). We proceed by induction. Let v; = (v; | v}) be the j-th row of
At = (Ay | Ag) and u; = (uy | uf) be the j-th row of Alv'2, j € {1,...,t1 +t2}.

First, assume t; = to = 1. Note that v5 contains the coordinates as, ..., a,—1 exactly
once and, we recall that 717 = (Id | 71,1) € Sp2, where Id € S and 71y = (7 | -+ |
Tp—1). By the proof of Proposition 4.1, m1 1 (®(A1vi + Aava)) = @(Au; + Aaup) for all
A A2 € Zye, s0 w1 (P(HL)) =m0 (P (7—[1 2) = ®(Hy'), and 711 (P(Arv] + Agvh)) =
D(Auf + Aauby).

Now, assume that the permutation 7y, ¢, = (Id | 7¢, +,), where Id € S,,, satisfies

t1+t2 t1+t2

7Tt17t2 Z i V] Z A u]

for all \; € Zy2, s0 m, 1, (P(HL12)) = ®(HL*2) and in particular
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t1+to t1+t2

Tt (R0 D Ajv))) = (D Ajus)). (25)
j=1 =1

Note that 7, s, is defined from the second row of All.>, which coincides with the second
row of All:'2 by construction.

First, consider the code Hi.'>T! generated by ALL2T! given in (21) and Hi>H!
generated by (6). Note that, for j € {1,...,t; +t2}, the j-th row of flﬁ,{;f/?*l and Alt2t!
are (vj,...,v; | v5,...,v}) and (uj,...,u; [ u}, ..., u}), respectively, where v; = u;. By
the construction of All2*1 we have that my, 4,41 = (Id | 7y, 4,41), Where Id € Spq,
and Ty, y41 = (Tey 00 | - | Tty ,t0) € Sp2a,- Moreover, since the first pa; coordinates are
exactly the same in both codes ®(H.2+1) and ®(HE-2T1), and 7y, 4,41 is the identity
in these coordinates, we can focus on the last ones. Let v = (v | v) € HE 2T We
have that v’ = Z;flb Aj (V) oo, v5) + Aw, where w = (p-0,p-1,...,p- (p —1)). Then,

d(v) = o3I Aj (V.. 05)) + @(Aw) by Corollary 2.3. Applying (25) and since

j=1
Ty ta+1(P(Aw)) = ®(Aw), we have that

titto

Tty 041 (P(V")) =Tt 111 (D( Z Aj (V- 05)) + Ty 1 (P(Aw))
j=1

t1+t2

= Z A, uh)) 4+ @ (Aw).

Applying again Corollary 2.3, we have that @(7:[21,52'“) and ®(H!-P2 1) are permutation
equivalent by using the permutation m, ¢,41.

Second, consider the code HI'¥''> generated by Al'f'*2 given in (22), and
Hi1 Tt generated by (7). We have that, for j € {1,...,t1 + to}, the j-th row
of /_1;17;‘1@ and AL are (vj,...,v5 | opug,..,pg,vf,.,0)) and (ug, . ug |
PUj, - .., DU , u;, . ,u;), respectively, where v; = u;. Moreover, the (t1 + 1 + t2)-th row
of ;1;172'1’“’ and A;ﬁ'l’t? are 04,+14,(0,1,...,p—1|1,...,p—1,0,1,...,p? — 1) and
(0,1,...,p—1]1,...,p—1,0,1,...,p% — 1), respectively. The first pa; + (p— 1)a; =
(2p — 1)ag coordinates are exactly the same in both codes ﬁ;ﬁjl’tz and Hp b2,
and hence the first pa; + p(p — 1)a; = p?a; coordinates are also the same in both
codes ®(H!1 ') and ®(HLH12). By the definition of 7y, 4, and oy, ,, we have that
Tt 41ty — (Id ‘ 7?t1+1,t2), where Id € Sp2a1 and ﬁ-t1+1,t2 = (ﬁ-tl,tQ | ‘ ﬁt1,t2)7 and
Ot,41,t, = (Id | 7), where Id € S(3p_1)a,. Therefore, we can focus on the last coordi-
nates, that is, we consider

t1+t2
> AW + Ao (w), (26)

Jj=1

where w = (0,1, ...,p2 — 1). From (26), by Corollaries 2.2 and 2.3, we have that
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t1+t2
Z/\ V5 0) + Aa(w))
t1+t2 t1+t2 (27)
Z/\ v, 0)) + @G (w ZA v, 0)) @p AT ().
. = = t14+to / _ t1+t2 /
Applying (25), Fe,1. (B(XUH2 A (0. 0)))) = B(TIH? A (..., ) and, from
(24) and Lemma 4.2,
T 41,62 (P (AT (w))) = @(Aw). (28)

By Lemma 4.2, note that ¢(w) = w mod p. Moreover, v; = u} mod p for all j €
{1,...,t1 4+ t2} by construction. Thus, we also have that

t1+t2

Tty 41,8, (P Z Aj (V5,5 05)) ©p Aa(w)))

t1+t2

= D(p(( Y Aj(u)y. - su)) ©p Aw)), (29)

Jj=1

by Corollary 4.1 and because 7y, 41+, fixes the Gray map image of elements of order p
by construction. Therefore, from the previous equations, we have that

t1+t2

771—t1+1,t2 Z >\ J?"'? ] +>\U( )))

t1+t2 t1+t2

Z/\ uh, o)) + @(Aw) + @ (p( Z)\ L)) @p Aw))

t1+t2

:fb(z Aj(uf, .o ul) + dw),

by Corollary 2.3. Therefore, the codes ®(7{%:2) and ®(HLT142) are permutation
equivalent by using the permutation 7, 41 +,, and the result follows. O

Theorem 4.2. Let a = (a1,...,ap-1),b = (b1,...,bp_1) € Zg;l such that {pay,...,
pap—1} = {pb1,...,pbp_1} = pZy \ {0}. Let Al};l> be the matriz obtained by using
constructions (6) and (7), starting with the matriz AL given in (20). From All> =
(A1 | A3), we apply the following construction

ALt _ A - Ay
p,a,b - 0 . P— 1

pA1 pA1 A2 A2
b, - bp_1 o .- p2,1 ’ (30)
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Then, the codes generated by A;l_:é’tz, denoted by H;{Ié’t"‘, are ZpZy2-additive GH codes
of type (a1, a3t + 1,t2) with oy # 0. Moreover, the corresponding Z,Z 2 -linear codes

@(’H;ljé’b) are permutation equivalent to ®(HT1"2).

Proof. Let Al''*2 be the matrix obtained from Al!.'> by using construction (7). Let
HiLFL be the Z,Z2-additive GH code generated by A2, By Theorem 4.1, we just
need to show that @(H;ljé’tz) is permutation equivalent to ®(HLF112).

As in the proof of Proposition 4.1 and Theorem 4.1, we can assume that the coordi-
nates of b = (b1,...,bp—1) are in such an order that (pb1,...,pbp—1) = (p,2p,...,(p —
1)p). Therefore, b; = i + u;p, where i € N, and p; € Np. Then, by using the same
argument as in the proof of Theorem 4.1, we have that the Z,Z2-linear code obtained
from A;f;})’b is permutation equivalent to ®(Hi, 1), O
Example 4.5. Let p = 2. As in Example 4.4, we have that the possible values for b; such
that {201} = {2} are 1 and 3. If b3 = 1, then A;I})’tz — A;:l’“. Otherwise, if b = 3,
then Agljé’b is the matrix Aé{:l’h after changing the sign of the columns where b;
appears in the last row of Atzf;;’tz. In this last case, the Z,Z4-additive codes ’Hgf[;;’h
and ’Hél; L2 are monomially equivalent [22], hence their corresponding Z»Z4-linear codes
are permutation equivalent.

By following the same arguments as in the proofs of Theorems 4.1 and 4.2, we can
construct Z,Z>-linear codes that are permutation equivalent to ®(#}*2), by starting
from Apl, a = (a1,...,a,-1) € Zi;l satisfying {pai,...,pap—1} = pZy2 \ {0}, and by
using constructions (6) and (30) recursively. Moreover, each time the construction (30)
is applied, the vector b can be different as long as it satisfies that {pby,...,pb,—1} =

pZy2 \ {0} as shown in the following corollary.

Corollary 4.3. Let a = (a1,...,a5-1) € Zi;l such that {pai,...,pap—1} = pZy2 \ {0}.
Let L =[by, ..., by, 1] such that b; = (bi1,...,bip-1) € Zs" and {pbi 1, ..., pbip 1} =
pZy2 \ {0} foralli e {1,...,t; —1}. Let A2 be the matriz obtained by using (6) and

p,a,L ST -
(30), starting with Ay} given in (20) and using b; in (30) to construct Azfa{i from AV
forie{l,...;t1 —1},5 € {1,...,ta}. Then, the codes generated by A;;ji, denoted by

H;fc’i'i, are LyZLy2-additive GH codes of type (on, ag;ty, ta) with aq # 0. Moreover, the

t1,t2

corresponding Z, 7Ly -linear codes ®( poa L

) are permutation equivalent to ®(H,1*2).

Note that if a = (1,2,...,p — 1), then HIL 2 = HIV*2 for all t1,ty > 1. If
b=1(1,2,...,p— 1), since matrix (30) coincides with matrix (7), then 7—[;1(’;% = MLt

Similarly, if L = [b,...,b], where b= (1,2,...,p — 1), then H,!:'3 = Hiyt.

Example 4.6. Let S be the set given in Example 4.3. By Theorem 4.2, from each one of
the possible starting matrices Aé:;, described in Example 4.3, we can construct different
ZsZg-linear GH codes of type (a1, ag;2, 1), which are all permutation equivalent to each
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other. Specifically, for any a = (a1,a2) € S and by = (by11,b12) € S, the Z3Zg-linear
codes corresponding to the ZgZg-additive codes generated by

111 111 111333 333 33 .- 33
Ao, =012 012 012|036 036 aia2 - @i |, (31)
000 111 222 |by; bip 00 -~ 88

where by 1 = (b1,1,b1,1,b01,1) and by o = (b1,2, b1 2, b1 2), are all permutation equivalent to
each other. Similarly, by Corollary 4.3, for any a,b1, by € S, by = (b2.1,b2.2), L = [b1, b2]
and Aﬁ:i,bl = (A; | A2) asin (31), the Z3Zg-linear GH codes obtained from the following
matrix

B A Ay Ay | 3AL 341 Ay Ay oo A
3a,L 0 1 2 |by; by, 0 1 .- 8 )
where ba 1 = (ba1,...,b21),bao = (baa,...,b22) € Z3, are all permutation equivalent

to each other.

Remark 4.3. Let 1,6, > 1, a € Z% " and L = [by,..., b, 1], where b; € ZP;" for all
i€ {l,...,t; —1}. From Theorem 4.1 and Corollary 4.3, we have that if a and b; € Zg;l
satisfy the condition given in these results for all i € {1,...,¢;—1}, then the Z,Z2-linear
codes obtained from matrices A;{&@ and A;f(fi are GH codes, and they are permutation
equivalent to the codes obtained from A;htz. It is easy to prove that if a or b;, for some
i € {1,...,t1 — 1}, do not satisfy that property, then the Z,Z,.-linear codes obtained
from Al'.f> and A;l);fi are not GH codes. Indeed, ®(u) — ®(0) would not contain every

element of Z, the same number of times, if u was a multiple of the row containing a or
b;.

5. Conclusions and further research

In this paper, we have seen that there are many different ways to construct Z,Z,.-
linear GH codes of type (a1, ag;t,te) with t1,to > 1, a3 # 0, and p prime. However,
we have proved that for all of them we obtain permutation equivalent codes. Thus, to
study these codes, we can always focus on the construction given in Section 3. This
construction generalizes the known recursive construction of ZsZ4-additive Hadamard
codes with ag # 0 given in [19].

Two structural properties of codes over Z, are the rank and dimension of the kernel.
The rank of a code C' over Z, is simply the dimension of the linear span, (C), of C.
The kernel of a code C over Z,, is defined as K(C) = {x € Z : x + C = C} [23,24]. If
the all-zero vector belongs to C, then K(C) is a linear subcode of C. Note also that if
C is linear, then K(C) = C = (C). We denote the rank of C' as r and the dimension of
the kernel as k. The parameters (r, k) can be used to distinguish between non-equivalent
codes, since equivalent ones have the same value of rank and dimension of the kernel.
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Table 1
Type and parameters (r,k) of Zg-linear and ZgZg-linear GH
codes.
p t Zg-linear GH codes Z3Zg-linear GH codes
(0, az;5t1,t2) (v, k) (a1, az;ts, t2) (r, k)
32 (0,31,1) (3,3)  (9,0,0,3) (3.3)
G1211) 4,2)
3 (0,9:1,2) (4,4) (27,050, 4) (4,4)
(0,9;2,0) (5,2) (9,651,2) (5,3)
4 (0,21:1,3)  (5,5)  (81,0;0,5) (5,5)
(0,27;2,1) (6,3) (27,18;1,3) (6,4)
(9,24;2,1) (10, 3)
5 (0,81;1,4)  (6,6)  (243,050,6) (6,6)
(0,81;2,2) (7,4) (81,5451, 4) (7,5)
(0,81;3,0) (11,3)  (27,72;2,2) (11, 4)
6 (0,243;1,5) (7,7)  (729,0,0,7) (7,7)
(0,243;2,3)  (8,5)  (243,162:1,5) (8,6)
(0,243;3,1)  (12,4) (81,216;2,3) (12, 5)
(27,234;3,1) (20,4)
7 (0,729;1,6)  (8,8)  (2187,0;0,8) (8,8)
0,729;2,4)  (9,6) (729, 486;1,6) 9,7)
(0,729:3,2)  (13,5) (243,648;2,4) (13,6)
(0,729;4,0)  (21,4) (81,702;3,2) (21, 5)
8 (0,2187;1,7) (9,9)  (6561,0;0,9) (9,9)
(0,2187;2,5)  (10,7) (2187,1458;1,7)  (10,8)
(0,2187;3,3)  (14,6) (729,1944;2,5)  (14,7)
(0,2187;4,1)  (22,5) (243,2106;3,3)  (22,6)
)

(81,2160; 4, 1) (35,5

In [13,14], the rank and dimension of the kernel are used to classify ZoZ4-linear
Hadamard codes with o = 0 and a3 # 0, respectively. Moreover, it is also known that
the family of Z5Z 4-linear Hadamard codes with a; # 0 includes the family of Z5Z 4-linear
Hadamard codes with ay = 0 [15], since each ZyZ4-linear Hadamard code with a; =0
is equivalent to a Z,Z4-linear Hadamard code with a7 # 0. The rank and dimension of
the kernel have also been used to classify Z,:-linear GH codes of length p’, with s > 2
and p prime [8,16-18].

Table 1 shows the type (aj,as;t1,t2) and parameters (r, k) for all Z3Zg-linear GH
codes of length 3!, with a; # 0 and 2 < ¢ < 8, considered in this paper. It also includes
the type (0, awo; t1, t2) and parameters (r, k) for all Zg-linear GH codes of the same length
considered in [16].

By looking at Table 1, we have that all Z3Zg-linear GH codes of length 3!, with
a1 # 0 and 2 < t < 8, are pairwise non-equivalent since all of them have a different
value of the kernel. This means that there are at least [¢/2] + 1 such codes for 2 < ¢ < 8.
Moreover, we can see that these non-linear codes are also non-equivalent to any Zg-linear
GH code of the same length. Similar results can be obtained computationally for p =5
and p = 7. This means that, unlike for p = 2, in general, for p > 3 prime, the Z2-linear
GH codes are not included in the family of Z,Z 2-linear GH codes with a; # 0. More
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generally, we can also observe that the Z3Zg-linear GH codes of length 3t, with oy # 0
and 2 < t < 8, are not equivalent to any Zss-linear GH code of the same length with
s > 2, by comparing the values of (r,k) given in Table 1 with the ones given in [16,
Tables 4 and 5]. Further research on this topic would be to prove these results for any
t > 2 and p > 3 prime.
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