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Abstract. In this paper, we obtain sufficient conditions for existence of solutions of a third order
m-point impulsive boundary value problem on time scales. To the best of our knowledge, there
is hardly any work dealing with third order multi point dynamic impulsive BVPs. The reason
may be the complex arguments caused by both impulsive perturbations and calculations on time
scales. As an application, we give an example demonstrating our results.
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1. INTRODUCTION

Time scales theory was initiated by Stefan Hilger [5] to combine the analysis over
continuous and discrete sets (see also [0]). Later, this theory was rapidly developed
by many mathematicians and scientists working in other disciplines such as mechan-
ics, electronics, neural networks, population models, economics, etc. [2]. In recent
years impulsive dynamic equations have also attracted huge interest because the non-
impulsive equations are usually insufficient for modelling evolutionary processes. In
this work, we focus on multi-point dynamic impulsive boundary value problems.
They are more adequate for modelling many real-world phenomena as it is more
likely for a dynamical system to have multi-points of freedom. We may refer the
reader to the book [1] which offers an excellent review and several examples of ap-
plications modelled by boundary value problems, and to the famous book of Bainov
and Simeonov [! 1] for extensive knowledge about impulsive differential equations.
Many good papers in literature deal with third-order m-point impulsive boundary
value problems, however most of them have focused on differential BVPs on the real
line R, see for example [4,7, 12, 13]. Regarding to dynamic BVPs on arbitrary time
scales there are very few studies some of which are mentioned below.
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In [9], Li and Li studied the following boundary value problem for the nonlinear
third order impulsive dynamic system on time scales

—u® (1) = f(t,u(t),ut(1),u* (1), 1€[0,T]r\,

Au(tk) =1, AMA(l‘k) =Ji, AMAZ (l‘k) =Ly k=12,...,m,

u(0) = hu(a(T)), u(0) =hut(o(T)), u(0) = (o(T)).
They obtained some sufficient conditions for the existence of solutions by using
Schauder’s fixed point theorem.

In [10], Liang and Zhang studied the third order m-point impulsive boundary value
problem

(o(—u (t))) () (w(t)) =0, 1#u, 0<r<l,
M(O) = Z’": oLt (&:), W'(1 )
where @ : R — R is an increasing positive homomorphism with ¢(0) = 0. By us-
ing the five-functionals fixed point theorem, they provided sufficient conditions for
existence of three positive solutions.

Later, Karaca and Fen [8] studied the following nonlinear third order m-point im-
pulsive boundary value problem on time scales

(022 (1))2 + q(t) £ (1, u(t),ud (1), u (1)) =0, t € J = [0, 1|7, t £ 1, 0 <t < 1,
Au(ty) =L (u(ty)), k=1,2,...,n,
ANt (1) = —Ji(u(ty), A(fk)) k=1,2,.
au(0) — bu(0) = X1 oyu(&,), (1)+du (1) = X7 Biue(&s),
qu(O):O,

u”(O) =0,

where ¢ : R — R is an increasing positive homomorphism with ¢(0) = 0. They
obtained sufficient conditions for existence of solutions by using four functionals
fixed point theorem to reach existence of at least one positive solution.

Motivated by the above studies, in this work we deal with the third order multi-
point boundary value problem for impulsive dynamic equations of the form

(X (1) = f(1,x(1),x2(2), ¥ (1)), 1 € J,
(1) = ¥ (0) + I (x(0), 2 (1), (1)), ke {1,...,m},
A(0) = %xAz(T)y (1.1)
xA(0) = jgl o (€),
x(0) =0,

where z(;") = lim, ,,2(t), 2(t) = z(0). k € {1,...,m}, and t, k € {1,...,m}, are
right dense.
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We define Jo = [0, 7|7\ {#}{", and assume the following:
(Al): feC([0,T]r x RxRxR),
(A2): e C(RxRxR),ke{l,...,m},
(A3): 0<&1 <8 <...<E, <T,
(A4): there exist nonnegative constants o and Y, k € {1,...,n}, so that

t
o= limsup (max f(,u,v,w)>7

-+ hol oo \€0.7Tr ] V] 4w

I
Ve = limsup k(u,v,w)

R e {1, ),
| ]+ | oo (2] V] + W]

(A5): b o €R, je{l,...n, AL 1— ¥ o, #0.
i=1

Using an integral representation of the solutions of the BVP (1.1), sufficient condi-
tions for the existence of at least one positive solution is obtained.

The paper is organized as follows. In the next section, we give some preliminary
results. In Section 3, we formulate and prove our main result and we give an example
that illustrates our main result.

2. PRELIMINARIES

In the sequel we give some basic definitions for time scales extracted from [2, 3]
and discuss further the models introduced above.

A time scale T is any closed subset of the real numbers. Some very well known
examples are R, Z, N, Ny and the Cantor set.

Definition 1. For r € T, the forward jump operator 6: T — T is defined by
o(t) = inf{s€T:s>t}, and the backward jump operator p: T — T by
p(t) =sup{s € T:s <t} Wenote that 5(r) > and p(z) <t for any ¢t € T.

Definition 2. 7 is said to be right scattered if 6(r) > t; right dense if t < supT
and o(¢) = t; left scattered if p(r) < ¢, and left dense if # > infT and p(z) =¢. The
graininess function u: T — [0, o) is defined by u(t) = o(¢) —¢ for any r € T.

Definition 3. Assume that a < b. Then we define the interval [a,b]T in T by
[a,blr ={t€T:a<r<b}.

Definition 4. If T has a left scattered maximum m, then T* =T — {m}. Otherwise
T* = T. In other words,

T — T\ (p(supT),supT], ifsupT < oo
T, ifsupT=T.

Definition 5. For a function f: T — R we define f°: T — R by f°(¢) = f(o(¢)).
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Definition 6. If f: T — R and 7 € T*, we define f2(¢) to be the number with the
property that given any € > 0 there is a neighbourhood U of t such that

|[f(a(t) = f($)] = fA[o(r) —s]| < €lo(t) — ]

for all s € U . Here, f2(¢) is called the delta derivative of f at¢, and f is called delta
differentiable in T provided that f2 () exists for all # € T¥. We shall talk about the

second derivative f4" provided f2 is differentiable on T* = (T¥)* with derivative
fAZ ( f A) T S R. Similarly, we define higher order derivatives /2" : T¥' — R.

Definition 7. A function f: T — R is called regulated provided that its right-sided
limits exist at all right-dense points in T and its left-sided limits exist at all left-dense
points in T.

Definition 8. A function F': T — R is called an antiderivative of f: T — R if
FA(t) = f(¢) for all t € T*.
We define the indefinite integral of f by

/f At = F(1)+C,

where C is an arbitrary constant. We define the Cauchy integral by
N
/ f(t)At=F(s)—F(r) for any s,reT.
-

Definition 9. f: T — R is said to be rd-continuous provided that f is continuous
at each right-dense point of T and has a finite left-dense limit at each left-dense point
of T. The set of rd-continuous functions will be denoted by C,4(T) and the set of
differentiable functions that posseses rd-continuous derivatives is denoted by C }d(T).

In the following theorem, we list some properties of differentiation and integration
on time scales that will be utilized in the paper. Its proof can be found in [2].

Theorem 1. Let a,b,c € T, a € Rand f,g € Cyy. Then,
(i) fb[ F(0)+g(0)]Ar = [7 F()AL+ [} g(1)At

(i) [ (0f)(0)Ar = o [y f(1)Ar

(iii) [ f(O)A = — [ f(£)AL;

() fy SN = [ 0N+ 2 (1)

00 T2 7008 (008 = (£)(b) — (f)(@) — [ F*(0)ele)v

(vi) 2 £(1)g ()t = (R)0) = ()l [ A 0)g(o(r))Ar,

(vii) 12 F(1)A(r) =

(vii) if!f(t)\<g()0n[ab) then | 2 (1) | < ! i
t>0

(ix) iff()>0f0ralla<t<bthenf f()Ar
(x) if t € T then [ f(1)A(r) = u(t) £ (1)
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3. INTEGRAL REPRESENTATION AND EXISTENCE OF SOLUTIONS

This section consists of our main results and their illustrative examples. First,
an integral representation of solutions is obtained and then, by an application of the
Schauder fixed point theorem, the existence of the solutions is proved.

3.1. Integral representation

To find an integral representation of the solutions for the BVP (1.1), we first intro-
duce the following BVP for the sake of brevity. Consider

(X2 (1) = h(t), 1€ Jo,
() = X (1) + L (x(0), 2 (1), (1)), ke {l,...,m},

2(0) = M (7),
xA(0) = ,Zl oA (&),

=
x(0) =0,
where it is assumed that
(A6): he C([0,T]r).

3.1)

n
For convenience, we introduce the notation B=1— Y ;.
Jj=1

Lemma 1. Suppose that the hypotheses (A2), (A3), (A5) and (A6) hold. Then x
is a solution to the BVP (3.1) if and only if it is a solution to the integral equation

ializ
x(t)_lfk<t<"lﬁ > ></h As—l—ZI x(t)), 2(5))>

rpral [[@-cwmoas ¥ @-o) <<->,xA<rj>,xA2<rj>>}

0<t;<g

+ [ oA+ T ala)liiale) d) ¥ ) (2

O<tj<t

where p(t) = [y sAs and q(t,s) = p(t) — p(s) — (t —5)s.

Proof. (1) Let x be a solution to the BVP (3.1). We integrate step by step both
sides of the first equation of (3.1) from O to ¢ to find

(1) h(s)As 24
0)+ [ #6s) +0<,Z,<, (1))
+/ h(s)As+ Y Li(x(t),x2(1),5% (1)), 1 € [0,T]r,  (3.3)

O<tj<t
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which implies that
+/ $)As + 21 1), 1), (1))

Using the boundary condition
(0) = ™ (T)

in the equation above, it follows that
2
(1— x/ h(s As+x21 x(t), (1), 52 (1))

Then, setting the last equation in (3.3), we ﬁnd

&)= (/h As—I—ZI x(t;), 0 (g)))

+/h )As+ Y Lix t)),X8(t;)), t€[0,T]r. (3.4)

0<1;<t

Now, integrating the last equation from O to ¢ leads to

() =x2(0 —H(/ h(s As—{—ZI l‘j 2(’1)))

+ /0 (t —o(s))h(s)As

+ Y L), 22 (1), 5 (1)) (e — 1), 1€[0,T]y (3.5)

0<t;<t

which implies that
Y o () = x4(0) f o
=1 =1
n T m )
+ Za1§z> (/0 h(s)As + Z,llj(X(fj),xA(fj)axA (G)))
+:1a, [ [ & otsac)as

Y G ) A ), xA2<rj>>].

0<1;<§

Applying the boundary condition
n
= Z OCIXA (&)
=1
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one has

Z o
xA(O)Zlb»( > (/ h(s As+Zl x(tj),x (U)))

+ Y (@l—fj)lj(x(fj)yxA(fj)vaz(fj))]'

Hence, using the above equation in (3.5), we obtain

Z oy,
ﬁ(r):&( )(/ (s As+21 x(17),x xAz(t]))>
1 n
) oc,[ /0 (& — o(s))h(s)As
Y (& ) ) <r,~>>]

0<tj<§1

+ [=otDhas+ T 1=, 20, 1), 1€ 0Tk,

O<tj<t

Finally, integration of the last equation results in

A f‘. (X[E_,l T m 5
()= (r("lﬁ ) +p<z>> ( [} s L) ) <rj>>>

zaz[/ (&~ o(5)h(s)As
£ T G0 )

0<t;<&

+f ’q<z,c<s>>h<s>As+ Y 5(al)) 1) [ (5 1),

0<t;<t j

where 7 € [0, T|t. In view of
t t .
q(t,tj):p(t)—p(tj)—(t—tj)tj:/sAs—/tjAs:/t. (s—1;)As
] ] !

we obtain the integral representation of x(¢) defined by (3.2).
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(2) Let x be a solution to the integral equation (3.2). Then, from p(0) = 0, we have
x(0) =0.

So, differentiation of (3.1) gives

Z o &
A = lfk( ) (/ h(s)As + Z’ x(t)),x xAz(zj))>

+ESI_Z]OCI |:/O§I(§] —G(S))h(s)As—|—0<§<£llj(x(tj),xA(tj),xAz(tj))(E-,; —tj):|

—Hlf;\‘ </Th(s)As—|—jiI,(x(t,),xA(tj),xAz(t,))>

4 O[(t—c(s))h(s)As—i— Y (- i) xe) ) (1), (3.6)
O<tj<t

Then, setting ¢t = 0 and ¢ = &;, respectively, it is seen that

2061@1
xA(O)Zle( ></ h(s As+21 x(t)), 2(’1)))

1 &
r5Lo [ JACROEN
Y L)) ) G 1) Y o xz}
0<t;<;
— Y o ()
=1

Also, it is not difficult to see that differentiation of (3.6) results in (3.4). Thus, setting
t =t in equation (3.4), one has

() = (/ (s As—i—Zl x(t7), 6 xAz(tj))>
+/ h(s)as+ Y L), 2216 (1)),

O<t;<tf

ke {l,...,m}. Hence,

) =X (1) = R(x(t), ¥ (0), X (), ke {l,...,m}
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holds, as well. Finally, note that
A () =h(t), t€[0,T]r.
Therefore, x is a solution to the BVP (3.1). This completes the proof. O

3.2. Existence of solutions

Lemma 2. Suppose (Al),(A2) and (A4) hold. Then there exist positive constants
QO and R such that

|f(tu,v,w)| < OJul + [v] + [w]) + R,
(v, w)| < Q(Jul +[v[+[w]) + R, ke{l,....m},
where t € [0,T]r and u,v,w € R.

Proof. By the first condition of (A4), it follows that there exists a positive constant
N such that

)] < olul + W +1wl), 1€ 0,1], Jul 4+ [v] +]w] > Ni.

On the other hand, since f € C([0, 7]t x R x R x R), there exists a positive constant
0, such that

|f(t,u,vw)| < Q1, te€][0,1], |ul+|v|+]|w| <N
Therefore
If(t,u,v,w)| < a(lul+|v|+|w])+Q1, t€[0,T]r, u,v,weR.

Similarly, from the second condition of (A4), there exist positive constants N, s
j€{l,...,m}, such that

11 (v, w)| < 8j(ful + [+ wl), | +[v]+[w] > Noj,je{L,...,m]},

and from /; € C(R x R xR), j € {1,...,m}, there exist positive constants Q,j,
j€{l1,...,m}, such that

(v, w)| < Qo |u[+[v[+[w] <Npj,  je{l,...,m}.
Consequently
(v W) < 8j(ful + ]+ W)+ Qajy  u,vweR,
jeA{l,...,m}. If we define
Q0 =max{a,8;, je{l,...,m}},
R=max{Q1,0j, je{l,...,m}},

we get the desired inequalities. This completes the proof. O
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In order to prove the existence of solutions, we will utilize the Schauder fixed point
theorem. For this purpose, we first introduce the function spaces

PC([O,T]T):{xEC(JO), Flim x(z), limx(r),x(t;) =x(t;), je{l,...,m}}7

- +
1=t 1=t

T
t~>tj

PC'([0,T]r) = {x € PC([0,T]r) : x* € C(Jo), I lim x*(¢),

tlir?_xA(t),xA(tj‘) =xMt)), Jje€ {1,...,m}}

and

PC([0,T]r) = {x e PCY([0,T)r) : X € C(Jy), Tlimx¥ (), lim ¥ (r),

xAz(t;) :xAz(tj)7 j€ {17""’"}}7

endowed with the norms

M E——
t€0,T]r
||x||=max{ sup [x(r)],  sup |xA<r>|},
t€[0,T| t€[0,T]r
and
ol =max{ sip Wl s B0l sup [ 0]}
t€[0,T]r t€[0,T] t€[0,T |

respectively. Let x € PC([0, T]r) and define the operator

A él(xz&l
Tx(t) = l—k(t< B >+p(t)>

x ( X <s,x<s>,xA<s>,xA2<s>>>As+iI<,~<x<r,->,xA<z.,->7xAz<r‘,->>>

Jj=

! & &
+gl;0°z [/0 (& —0(5)).f (5,x(s),x%(5), 2% (s))) As
+ Z (& tj)Ij(x(tj),xA(tj),xA (z]))]

0<t;<&;
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+ Y (et (x(t), 22 (1), (1)), 1€ (0,7

O<zj<t

Take a sufficiently large A > 0 such that

i oy |E;
A> max{ 1—}Lx <G(T)l_l + (o(r))2> (m+c(r))

Bl
ch;I(BTI),iO”'[E-'l*Z (& +1) } +4(o(T))’ + (o(T))?,
s L oy

(' +1> (m-+o(r (‘ +1) m+c<r>),1}.

Lemma 3. Suppose (A1)-(AS) hold. Then, T : PC*([0,T]r) — PC?([0,T]r) is a
completely continuous operator.

Proof. Let D C PC*([0,T]t) be a bounded set. Then, there exists a positive con-
stant B such that
Il <B, xeb.

Take x € D arbitrarily. Then

Y [oulE
\Tx(r)\s{ ] (o0 (otr)?) (otr) )
+ 250 ol [+ X (1) + 400 +(G(T))2}(3QB+R)
=1 j=1

<AQBQB+R), tel0,T]r,

and

E loufg
(T < { ' 1 i}»‘ <l=1‘B|l l —l—G(T)) (G(T) —|—m)

B Z"’”'[ ’*Z &) +G(T)<G(T)+m)}(3QB+R)

<A(3Q0B+R), re[O,T],
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and
(Tx)Y (1)] < <'1§x‘+1> (G(T)—I—m) (30B+R) <A(BQB+7r), t€[0,T]r.
Consequently
|Tx|| <A(3QB+R). (3.7)
Moreover,

(T)™ ()] = £ (,x(0), 2 (1), ()| <30B+R <A(3QB+R), 1€[0,T]r.
Hence, by the Arzela-Ascoli theorem, the operator T : PC2([0,T]t) — PC*([0,T]1)
is completely continuous. O

Theorem 2. Suppose that (A1)-(A5) hold, and the nonnegative constants A, B, Q
and R satisfy
A(BQOB+R) <B.
Then, the BVP (1.1) has at least one solution.
Proof. Let
S={x e PC*([0,T]t) : ||x|| < B}.
By Lemma 2, T : § — PC?([0,T]r) is a completely continuous operator, and from
(3.7), it is seen that
|7+l <A(30B+R) <B, xeD,
which means T : § — S. Thus, applying Schauder fixed point theorem, we conclude
that the operator 7" has a fixed point in S. This completes the proof. O
3.3. An example

We provide the following example in order to show that our main result is applic-
able for impulsive dynamic boundary value problems of the form (1.1).
Example 1. Let

1 1 1 11 1
= {O’n]u[m’s}uhw]u M’

where [O, %], [i 1], [%,%] and [%, 1} are the real-valued intervals. Let also,

1673
T ! 4 3
= — m = n=
37 b )
th=0, t 1 t 1 t*i t*l t Tf1
0—VY, 1_36’ 2_]67 3_107 4_4a 5 — _37
1 1 1 1 11
J—M’ ’°—<°’sz>u(m’s>“(4’s]’
1 3 7
§1—§7 ‘:2—3*27 Eﬁ_ﬂ'
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Consider the BVP
Ay x(0) 1 (1) 4 (1)
X Z(I) - 1020(21+(x(t))2)(1+(xA(t))2)(1(+ng2(t))z)7 t € Jo,
X)) = (1) + ady: . ke{l,....4},
R TS (s N N
0 = 1 (4), |
xA(0) = 3x4(&1) + 324 (&2) + 1622 (83),
x(0) =0.
Clearly,
Uu+v+w
= R
[t u,v,w) 100(1 +22)(142) (1 £ w2)’ trel, u,v,weR,
u
I = R
k(u,v,w) 1040(1+V4)(1+W8)’ u,v,w € K,
3) 2 Ty Ty BTie o
Thus, we have
1
[f (v )] < g (lul + ]+ [wl), (3.9
[ (u, v, w)| < W\u! (3.10)
which implies that
1
If we take |
A=10" and B=2,
then we obtain
1 1 1
A(BOB+R) = 3A0B = 3-101°. —_ .- < - = B. 3.11
(30B+R) 0 007 < 3 (3.11)

Therefore, by (3.9)-(3.11) it follows that all the hypotheses of Theorem 2 hold.
Hence, the BVP (3.8) has at least one solution.
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