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Fairness in penalty shootouts:
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Abstract

The sequence of moves in a dynamic team tournament may distort the ex-ante
winning probabilities and harm efficiency. This paper compares seven soccer penalty
shootout rules that determine the kicking order, from a theoretical perspective.
Their fairness is evaluated in a reasonable model of First Mover Advantage. We
also discuss the probability of reaching the sudden death stage. In the case of
stationary scoring probabilities, dynamic mechanisms are not better than static
rules. However, it is worth compensating the second-mover by making it the first-
mover in the sudden death stage. Our work has the potential to impact decision-
makers who can guarantee fairer outcomes in dynamic tournaments by a carefully
chosen sequence of actions.
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1 Introduction

Soccer penalty shootouts—used to decide a tied match in a knockout tournament—offer
a natural laboratory to test whether teams with equally skilled players have the same
probability of winning. Since the same team kicks the first penalty in all rounds, mental
pressure might imply that the second-mover has significantly less than 50% chance to win.

Previous research has shown mixed evidence and resulted in an intensive debate. While
most authors find that there is a First Mover Advantage (Apesteguia and Palacios-Huerta,
2010; Palacios-Huerta, 2014; Da Silva et al., 2018; Rudi et al., 2020), other papers do
not report such a problem (Kocher et al., 2012; Arrondel et al., 2019). According to
Kassis et al. (2021), the order of kicking does not influence the winning probabilities, but
the right to choose the sequence of moves (being preferred by the coin toss) does matter.
This disagreement is probably due to inadequate sample sizes (Vandebroek et al., 2018),
thus the straightforward solution would be to design and implement an appropriate field
experiment—which would take years and wide support from the decision-makers.

However, almost all stakeholders recognise that penalty shootouts are potentially un-
fair. According to a survey, more than 90% of coaches and players want to increase the psy-
chological pressure on the other team by kicking the first penalties (Apesteguia and Palacios-Huerta,
2010). With the increasing use of information technology in soccer games such as the video
assistant referee (VAR), the fairness of penalty shootouts will probably emerge as a topic
of controversy in the future.

An alternative mechanism, the Alternating (ABBA) rule, has already been trialled in
some matches (Csató, 2021a). Even though this sequence does not favour any player in a
tennis tiebreak (Cohen-Zada et al., 2018), and Monte Carlo simulations show that it sub-
stantially mitigates the bias in soccer (Del Giudice, 2019), there are other suggestions to
improve fairness. Palacios-Huerta (2012) has argued to follow the Prouhet–Thue–Morse sequence,
where the first 2n moves are mirrored in the next 2n, hence the shooting order be-
comes A|B|BA|BAAB|BAABABBA . . . . Recent proposals include the Catch-up rule
(Brams and Ismail, 2018), its variant called the Adjusted Catch-up rule (Csató, 2021a),
and the Behind-first rule (Anbarcı et al., 2021).

We contribute to the topic by evaluating several penalty shootout mechanisms (policy
options) in a reasonable mathematical model (state of nature), which reflects the potential
advantage of the team kicking the first penalty. In particular, a standard approach from
the literature is adopted (Vandebroek et al., 2018; Lambers and Spieksma, 2021), namely,
the team lagging behind is assumed to score with a lower probability.

The novel results can be summarised as follows:

• Dynamic (history-dependent) sequences are investigated first in this setting.

• Two prominent dynamic mechanisms, the Catch-up rule (Brams and Ismail, 2018)
and the Behind-first rule (Anbarcı et al., 2021) are found to be equally (un)fair
(Proposition 1).

• The fairness of the penalty shootout designs is compared under a wide set of
parameters. The idea of Csató (2021a), reversing the first- and the second-mover
at the beginning of the sudden death stage, improves the fairness of dynamic
sequences (Section 3.3).

• The probability of reaching the sudden death stage is proved to be independent
of the shooting order (Proposition 2).
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To summarise, the known dynamic designs have no advantage over the static rules from
any perspective, at least in the mathematical model considered here. Consequently, our
findings can filter out poor alternative penalty shootout mechanisms and save the re-
sources for theoretically attractive policy options.

The paper proceeds as follows. Section 2 presents the penalty shootout rules to be
compared, as well as the mathematical formulation of psychological pressure. The results
are detailed in Section 3. Section 3.1 computes the probability of winning in the sudden
death stage. Section 3.2 reveals the equivalence of two dynamic sequences from the
perspective of fairness, while Section 3.3 contains the numerical analysis for a large set
of parameters. Section 3.4 deals with some questions beyond fairness. Finally, Section 4
offers concluding remarks.

2 Shootout mechanisms and First Mover Advantage

Denote the team that kicks the first penalty by A and the other team by B. The penalty
shootout consists of five rounds in its regular phase. In each round, both teams kick
one penalty. The shooting order in a round can be (1) independent of the outcomes in
the previous rounds (static sequence); (2) influenced by the results of preceding penalties
(dynamic sequence). The scores are aggregated after the five rounds, and the team which
has scored more goals than the other wins the match. If the scores are level, the sudden
death stage starts and continues until one team scores a goal more than the other from
the same number of penalties.

Any rule that determines the shooting order, some of them presented in Section 2.1, can
be regarded as a policy option to be chosen by the decision-maker. The probability model
in Section 2.2 represents a reasonable state of nature by describing how psychological
pressure affects performance in a penalty shootout.

2.1 Penalty shootout designs

We examine three static procedures:

• Standard (ABAB) rule: team A kicks the first and team B kicks the second
penalty in each round. This is the official penalty shootout design in soccer.

• Alternating (ABBA) rule: the order of the teams alternates, the second round
(BA) mirrors the first (AB), and this sequence continues even in the possible
sudden death phase.

• ABBA|BAAB rule: the order in the first two rounds is ABBA, which is mirrored
in the next two (BAAB), and this sequence is repeated.

The “double alternating” ABBA|BAAB mechanism is considered because it takes
us one step closer to the Prouhet–Thue–Morse sequence than the Alternating (ABBA)
design. In our opinion, it is unlikely that the organisers want to move further along this
line.

There are two basic dynamic designs, both of them having two variants:

• Catch-up rule (Brams and Ismail, 2018): the first kicking team alternates but the
shooting order does not change if the first kicker missed and the second succeeded
in the previous round.
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Table 1: An illustration of the penalty shootout mechanisms

Mechanism Team
Penalty kicks in the regular phase Sudden death

1 2 3 4 5 6 7 8 9 10 11 12 13 14

ABAB A ✗ ✔ ✗ ✔ ✗ ✔ ✔

B ✔ ✔ ✗ ✗ ✗ ✔ ✗

ABBA A ✗ ✔ ✗ ✔ ✗ ✔ ✔

B ✔ ✔ ✗ ✗ ✗ ✔ ✗

ABBA|BAAB A ✗ ✔ ✗ ✔ ✗ ✔ ✔

B ✔ ✔ ✗ ✗ ✗ ✔ ✗

Catch-up A ✗ ✔ ✗ ✔ ✗ ✔ ✔

B ✔ ✔ ✗ ✗ ✗ ✔ ✗

Adj. Catch-up A ✗ ✔ ✗ ✔ ✗ ✔ ✔

B ✔ ✔ ✗ ✗ ✗ ✔ ✗

Behind-first A ✗ ✔ ✗ ✔ ✗ ✔ ✔

B ✔ ✔ ✗ ✗ ✗ ✔ ✗

Adj. Behind-first A ✗ ✔ ✗ ✔ ✗ ✔ ✔

B ✔ ✔ ✗ ✗ ✗ ✔ ✗

• Adjusted Catch-up rule (Csató, 2021a): the first five rounds are designed accord-
ing to the Catch-up rule, however, team B kicks the first penalty in the sudden
death stage (sixth round) regardless of the outcome in the previous round.

• Behind-first rule (Anbarcı et al., 2021): the team having less score kicks the first
penalty in the next round, and the order of the previous round is mirrored if the
score is tied.

• Adjusted Behind-first rule: the first five rounds are designed according to the
Behind-first rule, however, team B kicks the first penalty in the sudden death
stage (sixth round) regardless of the outcome in the previous round.

The Adjusted Behind-first mechanism applies the idea underlying the Adjusted Catch-up
rule for the Behind-first design. According to our knowledge, it is first defined here.

Table 1 illustrates the seven penalty shootout designs. Since the scores are 2-2 after
five rounds, the shootout goes to sudden death, where both teams succeed in the sixth
round. However, in the seventh round only team A scores, hence it wins the match.

Note that the four dynamic mechanisms lead to different shooting orders. Team B
kicks the first penalty in the third round under the Catch-up rule because both teams
score in the second round where team A is the first-mover. On the other hand, the
Behind-first rule favours team A in the third round as it is lagging in the number of goals.
Both designs give the first penalty in the sixth round to team A because team B is the
first-mover in the fifth round. The Adjusted Catch-up and Behind-first rules compensate
team B by kicking first in the sudden death for being disadvantaged in the first round of
the shootout.
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2.2 A model of First Mover Advantage

According to Apesteguia and Palacios-Huerta (2010, Figure 2A), the first kicking team
scores its penalties with a higher probability in all rounds. A possible reason is that
most penalties are successful in soccer, thus a player whose team is lagging behind in
the number of goals faces greater mental pressure (Apesteguia and Palacios-Huerta, 2010;
Vandebroek et al., 2018; Lambers and Spieksma, 2021). Consequently, each player is as-
sumed to have a probability p of scoring, except for the kicker from a team having fewer
scores, who succeeds with probability q ≤ p.

Example 1. Consider a penalty shootout that stands at 2-3 with the first-mover in the
fourth round lagging behind. Then the 7th penalty is scored with probability q, and the
8th penalty is scored with probability p.

Naturally, our framework is only an idealised version of reality because each player
may have a different skill level. There is some evidence for this: stronger teams have a
higher chance to win a soccer penalty shootout (Krumer, 2020; Wunderlich et al., 2020),
and small but statistically significant talent gaps can be observed between shooters in ice
hockey (Lopez and Schuckers, 2017).

Furthermore, the introduction of two consecutive penalties by the same team may
lead to other types of psychological pressure. For example, if the goalkeeper defends a
penalty, it may influence the probability of scoring the next penalty by the same team
since there is no time to “calm down”. However, in the absence of adequate experiments
with alternative shootout designs, it makes no sense to consider such effects.

3 Results

The fairness of the soccer penalty shootout is usually interpreted such that no team should
have an advantage because of winning or losing the coin toss. Therefore, a mechanism
is called fairer than another if the probability of winning is closer to 0.5 for two equally
skilled teams.

3.1 The probability of winning in the sudden death

The first five rounds of a shootout can be represented by a finite sequence of binary
numbers as each penalty is either scored or missed. But the sudden death has no definite
end, thus it is necessary to calculate the winning probabilities in this phase by hand.
With a slight abuse of notation, denote by W (A) the winning probability of the team
kicking the first penalty in the sudden death. For the Standard (ABAB) rule, W S(A) =
p(1 − q) + [pq + (1 − p)(1 − p)] W S(A), which leads to

W S(A) =
p(1 − q)

2p − pq − p2
.

The Alternating (ABBA), (Adjusted) Catch-up, and (Adjusted) Behind-first mech-
anisms coincide in the sudden death where they imply an alternating order of kicking.
The first penalty in the second round of the sudden death is kicked by team B, hence
W R(A) = p(1 − q) + [pq + (1 − p)(1 − p)]

[

1 − W R(A)
]

, that is,

W R(A) =
1 − p + p2

2 − 2p + pq + p2
.
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The sudden death stage of the ABBA|BAAB rule is the most complicated one. Here
there are two different cases: (a) the winning probability is W (AA) when team A kicks
the first penalty in the first two rounds of this phase, which is followed by two rounds with
team B being the first kicker; and (b) the winning probability is W (AB) when team A
kicks the first penalty in the first round of the sudden death, continued with two rounds
where team B is the first kicker. W (AA) or its complement should be used if the regular
phase of the shootout consists of an odd number of rounds, and W (AB) should be used
if this is an even number.

According to our assumption on First Mover Advantage: (1) in any round, the winning
probabilities of the first and second kickers are p(1 − q) and (1 − p)p, respectively; and
(2) the probability of reaching the next round is pq + (1 − p)2. Therefore,

W (AA) =
p(1 − q) + (1 − 2p + pq + p2) p(1 − q) + (1 − 2p + pq + p2)

2

1 + (1 − 2p + pq + p2)2
,

and

W (AB) =
p(1 − q) + (1 − 2p + pq + p2) (1 − p)p + (1 − 2p + pq + p2)

2

1 + (1 − 2p + pq + p2)2
.

3.2 The dynamic sequences are equally (un)fair

Despite the relatively simple mathematical model, deriving analytical statements is non-
trivial because five rounds of penalties mean 210 = 1024 different scenarios and the prob-
ability of each contains ten items from the set of p, q, (1 − p), and (1 − q). In practice,
the shootout is finished if one team has scored more goals than the other could score, but
this consideration does not decrease significantly the number of cases to be considered.

The two basic dynamic designs turn out to be equally (un)fair.

Proposition 1. The Catch-up and Behind-first rules lead to the same winning probabil-
ities.

Proof. The likelihood of each possible outcome is shown to be the same under both designs.
This probability is the product of the individual probabilities in every round.

Assume that the two rules differ in the probability of the kth round. Hence the shooting
order of the teams in the kth round is different under the two mechanisms, CD for the
Catch-up and DC for the Behind-first. If the scores of the teams differ at the beginning
of the kth round, then the team lagging behind has the probability q of scoring, and the
other team has the probability p of scoring. The commutative property of multiplication
implies that the probability of the kth round is independent of the shooting order, which
contradicts the assumption above. To conclude, the teams should be tied at the beginning
of the kth round and their shooting order should be different under the two mechanisms.

Consider the case when the shooting order in the (k − 1)th round was CD by the
Catch-up rule. Consequently, team C missed, while team D succeeded in the (k − 1)th
round—otherwise the Catch-up rule would imply the alternated order DC in the kth
round. Therefore, team D was lagging behind (by one goal) at the beginning of the
(k − 1)th round, thus the shooting order in the (k − 1)th round was DC by the Behind-
first rule. It is a contradiction since no team is lagging behind at the beginning of the kth
round and the order of the previous round was DC under the Behind-first design, thus it
should be CD in the kth round according to this mechanism.

Consider the case when the shooting order in the (k − 1)th round was DC by the
Catch-up rule. Then there are three possibilities:
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• Team C scored and team D failed in the (k − 1)th round
This contradicts the assumption that the shooting order in the kth round is CD
under the Catch-up rule as this procedure implies the unchanged order DC in
the kth round.

• Team C failed and team D scored in the (k − 1)th round
Since the teams are tied at the beginning of the kth round, team D was lagging
in the number of goals at the beginning of the (k − 1)th round. The shooting
order in the (k − 1)th round was DC under the Behind-first rule, contradicting
the shooting order DC in the kth round by the Behind-first rule as this design
implies an alternated order if the score is tied, which is the case for the kth round.

• Both teams failed or both teams scored in the (k − 1)th round
Since the scores were level at the beginning of the (k − 1)th round, too, the
shooting order was CD under the Behind-first rule. The repetition of the argu-
ments above reveals that the teams should have been tied at the beginning of the
penalty shootout, which holds trivially, and the shooting order in the first round
is different under the two mechanisms, which is impossible.

The proof is completed as the assumption yields a contradiction in each possible
case.

Corollary 3.1. The Adjusted Catch-up and Adjusted Behind-first rules imply the same
winning probabilities.

Proof. The Adjusted Catch-up and Adjusted Behind-first rules coincide with the Catch-
up and Behind-first rules, respectively, in their regular stage. Both of them give the
first penalty of the sudden death to team B, and they follow an alternating order in this
phase.

3.3 The analysis of fairness

The probability of winning can be accurately determined by a computer code for any
values of p and q. It is carried out by brute force, calculating the likelihood of all the 22n

cases where n is the number of rounds preceding the sudden death stage. Even though
the computation can be stopped if one team has scored more goals than the other could
score, this trick is not worth implementing because the running time is moderated for any
reasonable length of the regular phase.

Vandebroek et al. (2018) derive the winning probabilities for the Standard (ABAB)
and Alternating (ABBA) mechanisms, as well as for the Prouhet–Thue–Morse-sequence.
In particular, the winning probability of the first team does not depend on the number
of rounds in the regular phase under the Standard (ABAB) rule Vandebroek et al. (2018,
p. 735). Lambers and Spieksma (2021) find the least unfair static sequence and empir-
ically compute the winning probabilities for relevant values of p and q if n = 5 and for
various values of n if p = 3/4 and q = 2/3. However, neither study consider dynamic
sequences.

First, similarly to recent papers (Brams and Ismail, 2018; Csató, 2021a; Lambers and Spieksma,
2021), the parameters p = 3/4 and q = 2/3 are considered as they are close to the empir-
ical scoring probabilities. Table 2 presents the probability of winning for team A, which
kicks the first penalty, for the seven penalty shootout mechanisms.
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Table 2: The probability in percentages (%) that team A wins
including the sudden death stage (p = 3/4 and q = 2/3)

Mechanism Number of rounds

1 2 3 4 5 6 7 8

ABAB 57.14 57.14 57.14 57.14 57.14 57.14 57.14 57.14
ABBA 52.00 51.62 51.45 51.38 51.24 51.23 51.12 51.14
ABBA|BAAB 51.04 50.44 50.74 51.00 50.66 50.41 50.65 50.80
Catch-up 52.00 51.50 51.49 51.30 51.27 51.18 51.15 51.10
Adjusted Catch-up 52.00 50.07 51.25 50.58 50.96 50.73 50.85 50.77
Behind-first 52.00 51.50 51.49 51.30 51.27 51.18 51.15 51.10
Adjusted Behind-first 52.00 50.07 51.25 50.58 50.96 50.73 50.85 50.77

Except for the Standard (ABAB) rule, increasing the number of rounds in the regular
phase would improve fairness as there remains more scope to balance the advantages
between the two teams. Naturally, organising more rounds requires more time and the
number of players is also limited. Crucially, the dynamic rules are not fairer than the
already tried Alternating (ABBA) rule. However, the minor amendment proposed by
Csató (2021a) in the first round of the sudden death stage consistently makes them fairer.

The calculations reflect the theoretical results: (1) the fairness of the Standard (ABAB)
rule is not influenced by the number of rounds (Vandebroek et al., 2018); (2) the (Adjus-
ted) Catch-up and the (Adjusted) Behind-first designs lead to the same winning probab-
ilities (Proposition 1).

In order to extend these findings, Figure 1 plots the winning probability of team A
as the function of parameter q for four values of p. The Standard (ABAB) rule is not
depicted due to its high level of unfairness. The main messages can be summarised as
follows:

• Fairness is difficult to achieve because the disadvantage of team B cannot be
balanced by providing it with a higher scoring probability as the first kicker in a
later round.

• The straightforward Alternating (ABBA) rule is not worse than the dynamic
sequences, the use of the latter cannot be justified by the need of improving
fairness. This finding considerably decreases the value of the contribution by
Brams and Ismail (2018).

• The adjustment of the dynamic designs, suggested by Csató (2021a), robustly
improves fairness. It is worth guaranteeing the first penalty of the sudden death
stage for team B. Nonetheless, the effect of this modification decreases when the
advantaged kicker becomes more successful (p grows).

• The ABBA|BAAB rule is the closest to fairness among all mechanisms con-
sidered here. If the Alternating (ABBA) rule is judged inadequate, a further
step towards the Prouhet–True–Morse sequence can be effective with respect to
fairness.
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Figure 1: The probability that team A wins a penalty shootout
over five rounds including the sudden death stage

3.4 Further aspects of comparison

In the following, we discuss three other topics: the expected length of the sudden death
stage and the probability of reaching it, as well as the strategy-proofness of the mechan-
isms.

Denote the expected length of the sudden death by ε and the probability that it finishes
in a given round by R. Then

ε = R + (1 − R)(1 + ε)

because the expected length of the sudden death is 1 + ε if it is not decided in the first
round. Consequently, ε = 1/R where R = p(1 − q) + (1 − p)p = 2p − pq − p2, which does
not depend on the mechanism used to determine the shooting order.

The probability of reaching the sudden death stage can be influenced by the penalty
shootout design, see Csató (2021b, Chapter 4.5). However, this is not the case in our
model.
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Table 3: Transition probabilities between the states of a penalty shootout

To → Possible states
From ↓ Score diff. k = 0 Score diff. k = 1 Score diff. k = 2 · · ·

Score diff. k = 0 pq + (1 − p)(1 − p) p(1 − q) + (1 − p)p 0 · · ·
Score diff. k = 1 (1 − p)q pq + (1 − p)(1 − q) p(1 − q) · · ·
Score diff. k = 2 0 (1 − p)q pq + (1 − p)(1 − q) · · ·
...

...
...

...
. . .

Proposition 2. The probability of reaching the sudden death stage is independent of the
shooting order.

Proof. We focus on the standing of the penalty shootout after some rounds. The possible
states can be distinguished by the difference k between the number of goals scored by the
two teams. The transition probabilities from any round to the next round can be easily
computed:

• The score difference is k = 0
The scores will remain tied if both teams fail in the next round with probability
(1 − p)(1 − p), or both teams succeed in the next round with probability pq.
Otherwise, the shootout goes to state k = 1.

• The score difference is k 6= 0
The score difference will remain k if both teams fail in the next round with
probability (1−p)(1−q), or both teams succeed in the next round with probability
pq. The shootout goes to state k+1 if the team lagging behind misses its penalty,
while the other team scores. This has the probability p(1 − q), independently of
the shooting order. Otherwise, if the team lagging behind scores and the other
team misses, the penalty shootout goes to state k − 1 with probability (1 − p)q.

Table 3 overviews the possible moves between these states. Since the transition prob-
abilities are independent of the shooting order, the probability that the penalty shootout
finishes in the state k = 0 at the end of its regular phase—and continues with the sudden
death stage—is determined only by the parameters p and q.

For instance, it has a probability of 0.215 that a penalty shootout over five rounds
reaches the sudden death stage.

In static mechanisms, the shooting order cannot be controlled by the teams. However,
under a dynamic rule, the team kicking the second penalty might gain from deliberately
missing it if the rewards outweigh the loss of an uncertain goal, see Brams and Ismail
(2018). In our mathematical model, the scoring probabilities are independent of the
shooting position, thus a deliberate miss cannot yield any profit.

4 Conclusions

Seven soccer penalty shootout rules have been studied in a reasonable model of First
Mover Advantage. Under the stationary scoring probabilities considered here, it remains
sufficient to use static rules in order to improve fairness since the Catch-up and the Behind-
first designs have no advantage over the ABBA|BAAB mechanism from any perspective.

10



On the other hand, compensating the second-mover by making it first-mover in the sudden
death stage seems to be a reasonable modification for the dynamic sequences.

There are obvious extensions to our paper. One can introduce the Adjusted ABBA
or Adjusted ABBA|BAAB mechanisms by providing the first penalty for team B in the
sudden death phase and attempt to prove their dominance over the unadjusted variant.
Since the dynamic mechanisms tend to be more adaptive, they might perform better in
non-stationary settings where the scoring probabilities vary across rounds.

The example of the National Football League reinforces that the decision-makers may
be keen to reduce a considerable difference in winning probabilities when it is implied
by a pure coin toss: the new rules for overtime, introduced in 2010 for playoff games
and extended in 2012 to all games, better balance out the coin toss advantage without
significantly increasing the expected length of the game (Jones, 2012; Martin et al., 2018).
While the experiments with fairer penalty shootout systems have recently been stopped
in soccer, the debate will probably continue as advancing to the next round in a knockout
tournament has huge financial implications and sporting effects. In addition, the aboli-
tion of the away goals rule in the European club soccer competitions from the 2021/22
season (UEFA, 2021) has obviously enhanced the role of penalty shootouts. The theor-
etical results above can help to decide what policy options are worthwhile to choose for
implementing in the field. Hopefully, our paper might also inspire further research on
penalty shootouts.
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