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Abstract. In the context of image processing, we study a class of integral regularizers
defined in terms of spatially inhomogeneous integrands that depend on general linear
differential operators. Particularly, the spatial dependence is assumed to be only mea-
surable. The setting is made rigorous by means of the theory of Radon measures and of
suitable function spaces modeled on BV. We prove the lower semicontinuity of the func-
tionals at stake and existence of minimizers for the corresponding variational problems.
Then, we embed the latter into a bilevel scheme in order to automatically compute the
regularization parameters. These parameters are considered to be spatially varying, thus
allowing for good flexibility and preservation of details in the reconstructed image. After
identifying a series of spatially inhomogeneous regularization functionals commonly used
in image processing that are included in our framework, we substantiate its feasibility
by performing numerical denoising examples in which the spatial dependence of the in-
tegrand is measurable. Specifically, we use Huber versions of the first and second order
total variation (and their sum) with both the Huber and the regularization parameter
being spatially varying. Notably, the spatially varying version of second order total vari-
ation produces high quality reconstructions when compared to regularizations of similar
type, and the introduction of the low regularity spatially dependent Huber parameter
leads to a further enhancement of the image details. We expect that our theoretical
investigations and our numerical feasibility study will support future work on setting
up schemes where general differential operators with spatially dependent coefficients will
also be part of the optimization scheme.

1. Introduction

In this contribution we study a general bilevel training scheme for the automatic se-
lection of spatially varying regularization weights in the framework of variational image
reconstruction. Specifically, given a suitably defined class Adm of admissible weights α,
we look for solutions to the problem

(1.1) α∗ ∈ argmin {F (uα) : α ∈ Adm} ,
where F is an assigned cost functional and uα is an image reconstructed by minimizing

(1.2) I[u;α] := Φg(u) +R(u;α).

Here, Φg is a fidelity term that penalizes deviations of u from the datum g, whereas R(u;α)
is a regularization functional whose strength can be tuned by an appropriate selection of
the regularization parameter α belonging to the admissible set Adm. The datum g is
typically a corrupted version of some ground truth image ugt. Often, one has

g = Tugt + η,

with η denoting a random noise component and T being a bounded linear operator that
corresponds to a certain image reconstruction problem. For instance, T is a blurring
operator in the case of deblurring, a sub-sampled Fourier transform in magnetic resonance
imaging (MRI), the Radon transform in tomography, or simply the identity in denoising
tasks, on which we will be focusing here. The aim of solving a problem of the type (1.2) for
suitable Φg, R and α is to obtain an output u which represents as well as possible the initial
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ground truth image ugt. We concisely point out here that the main contributions of the
present paper consist in establishing existence of solutions to the scheme for inhomogeneous
regularizers of the type

(1.3) R(u;α) =

ˆ
Ω
α(x)f(x, dBu),

drawing examples from the literature that fit this framework, and presenting numerical
results for some of these examples when the x-dependence in f has low regularity. Here,
Ω ⊂ Rn is the image domain, α ∈ Adm ⊂ L∞(Ω, [0,+∞)) belongs to a class of admissible
weights, f is a Carathéodory integrand that is convex in the second entry, and B is a
linear, k-th order, homogeneous differential operator with constant coefficients. Before we
report further on our contribution, and for the sake of readability, we proceed with a brief
review of standard regularization functionals in image reconstruction.

Among classical regularization functionals we find the total variation (TV) [46, 16], as
well as higher order extensions of it, like the second order total variation (TV2) [44, 4] and
the total generalized variation (TGV) [8]. For a function u ∈ L1(Ω), these functionals are
defined by duality as follows:

TV(u) = sup

{ˆ
Ω
udivϕ dx : ϕ ∈ C∞

c (Ω,Rn), ∥ϕ∥∞ ⩽ 1

}
,(1.4)

TV2(u) = sup

{ˆ
Ω
udiv2ϕ dx : ϕ ∈ C∞

c (Ω,Rn×n), ∥ϕ∥∞ ⩽ 1

}
,(1.5)

TGV(u) = sup

{ˆ
Ω
udiv2ϕ dx : ϕ ∈ C∞

c (Ω,Sn×n), ∥ϕ∥∞ ⩽ α0, ∥div2ϕ∥∞ ⩽ α1

}
.(1.6)

Here Sn×n denotes the space of n × n symmetric matrices. Note that the scalar regular-
ization parameters α0, α1 > 0 are inserted within the definition of TGV, while the other
functionals admit a single weighting parameter α acting in a multiplicative way, i.e., αTV
and αTV2. If the supremum in (1.4) is finite, then we say that u ∈ BV(Ω), the space of
functions of bounded variation [2], and TV(u) = |Du|(Ω), where |Du| is the total variation
measure associated with the distributional derivative Du ∈ M(Ω,Rn). Similarly, if the
right-hand side in (1.5) is finite, then u ∈ BV2(Ω), the space of functions of bounded sec-
ond variation [44, 4], and TV2(u) = |D2u|(Ω), with D2u ∈ M(Ω,Sn×n). Finally, it turns
out that if the supremum in (1.6) is finite, then u ∈ BV(Ω) as well and

TGV(u) = min
w∈BD(Ω)

{
α1

ˆ
Ω
d|Du− w|+ α0

ˆ
Ω
d|Ew|

}
,

see [9, 6]. In the previous formula, BD(Ω) is the space of functions of bounded deformation
and Ew denotes the symmetrized gradient of w. The advantage of higher order regular-
izers lies in their capability to reduce an undesirable artifact typical of TV, the so-called
staircasing effect, that is, the creation of cartoon-like piecewise constant structures in the
reconstruction [43]. Additive versions of these regularizers have also been considered in the
literature, e.g. the direct sum of TV and TV2 [44], the more general TVk1-TVk2 case [7],
or anisotropic versions of those, tuned to regularize along specific directions [35, 38, 45].

Grounding on the concept of convex functions of Radon measures [24], variants of the
above regularizers involving convex integrands have also been considered in the literature
[44, 49, 34]. A widely used example is the one of Huber total variation TVγ , which is
defined for u ∈ BV(Ω) as

(1.7) TVγ(u) =

ˆ
Ω
fγ(dDu) =

ˆ
Ω
fγ(∇u)dx+

ˆ
Ω
d|Dsu|,
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with ∇u and Dsu denoting respectively the absolutely continuous and the singular part of
Du with respect to the Lebesgue measure. The function fγ : Rn → R is given for γ ≥ 0 by

(1.8) fγ(z) =


|z| − 1

2
γ, if |z| ≥ γ,

1

2γ
|z|2, if |z| < γ.

This modification of TV, which corresponds to a smoothing of the ℓ1 norm in the discrete
setting, is typically considered in order to employ classical smooth numerical solvers for the
solution of the minimization problem (1.2). In this specific case, however, it also leads to
a reduction of the staircasing effect by penalizing small gradients with the Tikhonov term
(2γ)−1

´
Ω |∇u|2dx, which promotes smooth reconstructions [34, 12]. A less trivial example

of regularizer that can be regarded as convex function of the total variation measure is the
structural total variation arising in multimodal imaging problems [25, 28], see Section 4
for more details.

In all these models, the choice of the weights in the regularization term is crucial to
establish an adequate balance between data fitting and denoising. On one hand, the re-
constructed u may remain too noisy or have many artifacts if the regularization is too
weak. On the other hand, a very strong regularization may result in an unnatural smooth-
ing effect. In the last years, bilevel minimization methods have been employed to select
these weights automatically. A subfamily of these methods assumes the existence of one or
several training pairs (ugt, g) consisting of the ground truth and its corrupted counterpart
[14, 22, 21, 20, 41]. In these works the energy in the upper level problem (1.1) is usually
given by

(1.9) FPSNR(u) := ∥u− ugt∥2L2(Ω),

and its minimization essentially corresponds to finding reconstructions that are closest
to the ground truth in the least square sense. Since typical images generally feature
both homogeneous regions and fine details, it is reasonable to assume that the optimal
regularization intensity is not uniform throughout the domain. This matter of fact has
prompted researchers to consider bilevel schemes that output space-dependent weights,
i.e., functions α : Ω → [0,+∞) [18, 23]. A recent series of papers [32, 33, 29, 31] deals with
schemes for TV and TGV that yield such weights without resorting to the ground truth.
If the corrupted datum g is obtained by some additive Gaussian noise η with variance σ2,
this is achieved by the introduction of the statistics-based upper level objective

Fstat(u) :=
1

2

ˆ
Ω
max(Ru− σ2, 0)2dx+

1

2

ˆ
Ω
min(Ru− σ2, 0)2dx,(1.10)

where σ2 := σ2 − ϵ, σ2 := σ2 + ϵ, and

Ru(x) :=

ˆ
Ω
w(x, y)(u− g)2(y)dy for w ∈ L∞(Ω× Ω),

ˆ
Ω

ˆ
Ω
w(x, y)dxdy = 1.

The idea is that if the reconstructed image u is close to ugt, then it is expected that on
average the value of Ru(x) will be close to σ2. This justifies the use of Fstat, since its
minimization forces the localized residuals Ru to fall within the tight corridor [σ2, σ2].

Our contribution. The contribution of this paper is connected to the aforementioned
literature on several levels. Starting from an arbitrary k-th order, homogeneous, linear
differential operator B between two finite dimensional Euclidean spaces U and V, we
introduce the general regularizer

(1.11) R(u;α) =

k−1∑
i=1

ˆ
Ω
αi(x)fi(x, dD

iu) +

ˆ
Ω
αk(x)fk(x,dBu),
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αi : Ω → [0,+∞) being for i = 1, . . . , k the spatially dependent weights. The functions fi
are of linear growth and convex in the second variable. We assume them to be Carathéodory
integrands, so that, in particular, their dependence on the spatial variable x is only mea-
surable. More details about the setting are to be found in Section 2.

As a first contribution, we prove lower semicontinuity of the functional in (1.11) with
respect to a suitable weak-∗ convergence, a necessary step towards the existence of solu-
tions of the corresponding variational image reconstruction problem (1.2). Secondly, we
introduce and prove existence of solutions to the bilevel scheme, which provides an optimal
spatially dependent weight α := (α1, . . . , αk) and an associated reconstructed image u.

From the theoretical point of view, one of the main advantages of our approach is the
fact that we can allow for spatially dependent weights and for general convex integrands in
the regularizers. Since we require very low regularity of fi( • , z), there is room for a lot of
flexibility in choosing the convex functions fi(x, • ). We are thus in a position to adjust the
regularization effects according to the characteristics of the specific problem at stake, as in
the case of structural total variation or Huber versions of TV with spatially varying Huber
parameter, see Section 4. Our hypotheses on the convex integrands are optimal, due to the
use of Young measures for oscillation and concentration (see Appendix A). Indeed, in spite
of the generality of the integrands, the use of these powerful tools enables us to prove our
main results by short and elegant arguments. In the same vein, we can moreover consider
TV-type integrals that depend on arbitrary differential operators (not just gradients and
Hessians), without any extra assumptions on the regularizers. We expect that this will
play a role in future work, as we explain below. It is also the case that our regularity
assumptions on the weights are minimal, as can be seen from the discussion in Section 2.3,
as well as from the numerical justification for this regularity, see Section 5.

Another technical novelty is that we allow for abstract differential operators modeled on
total variation schemes. The employment of such a general theoretical framework brings
several advantages. Firstly, by considering general differential operators we can aim to
obtain a unifying umbrella for the models previously discussed [44, 7, 38, 45, 28]. These
can also include nonstandard choices for the operator B like the symmetrized gradient and
the Laplacian, which have already been discussed in the literature both in the context of
additive and infimal convolution-type regularization [7, 11]. Secondly, the wide generality
in which our proofs hold lays the foundations for future work. We aim at developing our
theory to include optimization problems over linear PDE operators B with spatially de-
pendent coefficients. While this task seems gargantuan at the moment, we expect that our
lower semicontinuity result, Theorem 3.2, and the existence result for the bilevel schemes,
Theorem 3.7, will serve as preliminary work in this direction. In fact, there has been
work done concerning functionals depending on general differential operators. One exam-
ple comes from the recent paper [19], where a bilevel scheme for first order differential
operators B is developed. Interestingly, the authors identify classes of C-elliptic operators
B such that the scheme outputs an optimal reconstructed image and an optimal B for the
upper level problem. In their analysis one always obtains minimizers that lie in the space
of maps of bounded variation. In contrast, in our method the operator B is fixed, but it is
allowed to be arbitrary (see Theorems 3.2 and 3.7). Of course, the difference comes from
the fact that BV ⊊ BVB in general, see [42, 37].

Before performing numerical experiments, we proceed by revising some examples from
the literature that are encompassed by our theoretical approach, that is, we identify regular-
izers that can be considered as integrands of spatially inhomogeneous functionals. Specifi-
cally, we discuss the cases of structural and directional total variation, as well as its (higher
order) Huber versions with the Huber parameter being spatially dependent. Motivated by
the facts that in the latter case the x-dependence of the integrand f is nontrivial (it is
only measurable) and that such a case has not been considered in the imaging literature,
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we conclude the paper with a series of corresponding numerical examples. In particular,
the examples deal with versions of the Huber TV and TV2 in which both the Huber and
the regularization parameters are spatially dependent and we also provide examples with
the sum of those (Huber TV-TV2). We devise a strategy to prefix the Huber parameter
in a way that is adapted to the image, while the regularization parameter is computed
automatically by the bilevel scheme. We also provide numerical justifications for the reg-
ularity (continuity) of these regularization weights. While the purpose of these examples
is to support the applicability and versatility of our framework, they also lead to two new
observations that are interesting from the reconstruction point of view. The first one is
that the bilevel TV2 and TV-TV2 with spatially varying weights, in combination with the
statistics-based upper level objective Fstat, are able to produce high quality reconstruc-
tions, even outperforming TGV (both in its scalar and spatially varying versions). The
second one is that the introduction of the spatially varying Huber parameter can further
enhance the detailed areas in the reconstructed images.

Structure of the paper. In Section 2 we introduce the spaces of functions of bounded
B-variation, which provide the functional setting for our analysis. We then state the as-
sumptions under which the general bilevel scheme is studied, and we justify our choice of
admissible weights. In Section 3 we first prove lower semicontinuity and existence theorems
concerning the lower level of the bilevel scheme, then we turn to the main existence result
for optimal weights and reconstructed images. The connections between our work and the
existing literature are presented in Section 4, where we show that our theory encompasses
several regularization functionals already used in the literature. Eventually, numerical ex-
periments for the Huber TV, TV2 and TV-TV2 regularizers with spatially varying weights
are performed in Section 5, where we briefly describe the algorithmic set-up and present a
series of numerical examples.

Acknowledgements. The authors are very grateful to Elisa Davoli for preliminary dis-
cussions at the early stage of the project. VP acknowledges the supports of the Austrian
Science Fund (FWF) through project I4052 and of the BMBWF through the OeAD-WTZ
num. CZ04/2019.

2. Mathematical setup

We collect in this section all the assumptions and the notations to be used in the sequel.
We also include some heuristic motivation for the definition of the class of admissible
weights.

2.1. Functional setting: BVB
p spaces. We work in the n-dimensional Euclidean space

Rn, n ⩾ 2, that we endow with the Lebesgue measure L n. We let Ω ⊂ Rn be a fixed open
and bounded set with Lipschitz boundary, which stands as the image domain. In typical
applications n = 2 and Ω is a rectangle. We suppose that the image functions take values
in a finite dimensional inner product space U, which, for instance, is R for grayscale images,
R3 for RGB images, or it can be even more structured like e.g. Sn×n for diffusion tensor
imaging [48]. In order to describe further the functional setting in which our analysis is
carried out, we need to introduce the class of differential operators that we consider.

Let V be another finite dimensional inner product space and let Lin(U,V) be the space of
linear maps from U to V. Hereafter, for k ∈ N\{0}, B denotes a k-th order, homogeneous
and linear differential operator with constant coefficients. Explicitly, given Bi ∈ Lin(U,V)
for any n-dimensional multi-index i = (i1, . . . , in) ∈ Nn, we define for a smooth function
u : Rn → U

Bu :=
∑
|i|=k

Bi∂
iu.
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(recall that |i| := ∑
j ij). When u is less regular, we interpret Bu in the distributional

sense. In particular, we are interested in the case in which Bu is a finite Radon measure.
Given a generic open set O ⊂ Rn, we recall that a finite (U-valued) Radon measure

on O is a measure on the σ-algebra of the Borel sets of O. We denote the space of such
measures by M(O,U), and, by means of the classical Riesz’s representation theorem, we
can identify it as the dual of the space

C0(O,U) :=
{
u : O → U : {|u| > δ} is relatively compact for all δ > 0

}
,

equipped with the uniform norm. The dual norm induced on M(O,U) turns out to be the
one associated with the total variation, which we denote by | • |. We refer to [2, Chapter
1] for further reading on measure theory.

In the case we consider, given µ ∈ M(Ω,U), we have that Bµ ∈ M(Ω,V) if and only if
there exists ν ∈ M(Ω,V) such that

⟨ν, ϕ⟩ =
ˆ
Ω

B∗ϕ dµ for all ϕ ∈ C∞
c (Ω,V),

where ⟨ • , • ⟩ denotes the duality pairing and B∗ is the formal adjoint of B, i.e.

B∗ϕ := −
∑
|i|=k

B∗
i ∂

iϕ for all ϕ ∈ C∞
c (Rn,V),

B∗
i being the transpose of Bi.
It is convenient to have at our disposal a specific notation for the spaces that we are

going to work with. For Ω, U and V as above, and for p ∈ (1,+∞), we set

BVB
p (Ω) := {u ∈ Lp(Ω,U) : Bu ∈ M(Ω,V)},

and we abbreviate BVB(Ω) := BVB
p (Ω) when p = 1. The spaces above are naturally

endowed with weak-∗ notions of convergence, namely

uj
∗
⇀ u in BVB

p (Ω) if and only if uj ⇀ u in Lp(Ω) and Buj
∗
⇀ Bu in M(Ω,V).

Stronger convergences may be retrieved if the class of differential operators is restricted.
We give a brief account on this point in the following lines.

Due to the interaction between Fourier transform and linear PDE, often analytic prop-
erties of BVB spaces (and of the equation Bu = v in general) can be expressed in terms
of algebraic properties of the characteristic polynomial. We recall that the characteristic
polynomial, or symbol, of B is

B(ξ) :=
∑
|i|=k

ξiBi ∈ Lin(U,V), ξ ∈ Cn,

where ξi := ξi11 · · · ξinn . The following property, ensuring higher integrability for the mini-
mizers of the lower level problem can be singled out, cf. Theorem 3.5:

Definition 2.1 ([47, 10, 27]). An operator B is said to be C-elliptic if

kerC B(ξ) = {0} for all ξ ∈ Cn \ {0}.

It was shown in [47] that C-ellipticity is equivalent with full Sobolev regularity for the
equation Bu = v on domains, provided that v ∈ Lp(Ω,V), p ∈ (1,+∞). For p = 1 we
have the counterpart:

Theorem 2.2 ([27]). Let Ω ⊂ Rn be a Lipschitz domain. An operator B is C-elliptic if
and only if

∥u∥Wk−1,n/(n−1)(Ω) ⩽ c
(
|Bu|(Ω) + ∥u∥L1(Ω)

)
for u ∈ BVB(Ω),

where |Bu| is the total variation measure associated with Bu.
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2.2. The bilevel scheme. We are now in a position to formulate our problem rigorously.
Let us fix p ∈ (1,+∞). As we have touched upon in the introduction, our goal is to provide
an existence result for solutions to the following training scheme: given g ∈ Lp(Ω,U),

find α∗ ∈ argmin {F (uα) : α ∈ Adm}(L1)

such that uα ∈ argmin
{
I[u;α] : u ∈ BVB

p (Ω)
}
,(L2)

where

(2.2) I[u;α] := Φg(u) +

ˆ
Ω
α(x)f(x, dBu).

All the due definitions and assumptions are collected below.

– Cost functional: As for the upper level problem (L1), F : Lp(Ω,U) → R is a proper,
convex and weakly lower semicontinuous functional. Typical choices for this functional
are the PSNR maximizing FPSNR in (1.9), which makes use of the ground truth ugt,
and the statistics-based, ground truth-free Fstat in (1.10), in the spirit of supervised and
unsupervised learning respectively.

– Fidelity term: The assumptions on the functional Φg : L
p(Ω,U) → R in (2.2) are

similar to the ones on F , namely Φg is a proper, convex and weakly lower semicontinuous
functional that is also coercive. This means that

lim
j→+∞

∥uj − g∥Lp(Ω,U) = +∞ implies lim
j→+∞

Φg(uj) = +∞.

In particular,
Φg(u) = ∥uj − g∥pLp(Ω,U)

is a simple instance of fidelity term.

– Weights: Given α, α ⩾ 0 with α < α, the scalar fields α ∈ C(Ω̄, [α, α]) are supposed
to share the same uniform modulus of continuity ω, that is, an increasing function
ω : [0,+∞) → [0,+∞) such that ω(0) = 0. As a consequence, the class of admissible
weights

Adm :=
{
α ∈ C(Ω̄, [α, α]) : |α(x)− α(y)| ⩽ ω(|x− y|) for every x, y ∈ Ω̄

}
(2.3)

is compact with respect to the uniform norm by Arzelà–Ascoli theorem. We will motivate
the definition of the set Adm below, see Subsection 2.3.

– Integrand: The function f : Ω×V → [0,+∞) is a Carathéodory integrand such that
z 7→ f(x, z) is convex for L n-a.e. x ∈ Ω. Here, Carathéodory integrand means jointly
Borel measurable and continuous in the second variable. We also suppose that the
integrand satisfies the linear coercivity and growth bounds

c(| • | − 1) ⩽ f(x, • ) ⩽ C(1 + | • |) for L n-a.e. x ∈ Ω,(2.4)

for some c, C ⩾ 0.

In order to make sense of (2.2), we are still left to define the applications of convex
functions to measures, as in the term f(x, dBu). For an integrand f : Ω × V → [0,+∞)
satisfying (2.4), we define the recession function

(2.5) f∞(x, z) := lim
(x′,z′,t)→(x,z,+∞)

f(x′, tz′)

t
for (x, z) ∈ Ω̄× V,

which we assume to exist. We then set for µ ∈ M(Ω,V)

(2.6)
ˆ
Ω
f(x,dµ) :=

ˆ
Ω
f

(
x,

dµ

dL n
(x)

)
dx+

ˆ
Ω
f∞

(
x,

dµs

d|µ|(x)
)
d|µ|(x),
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where µs denotes the singular part of µ with respect to Lebesgue measure and dµ/dν is
the Radon-Nikodým derivative of µ with respect to the measure ν.

2.3. Rationale for the definition of the set of admissible weights. In order to high-
light the main technical obstacles that are encountered in the analysis of bilevel training
schemes with space-dependent weights, we start with an example involving the total vari-
ation with spatially varying weight, which, in spite of its simplicity, exhibits the typical
features of such class of problems. The model we address has been already studied in [32]
(with a different approach from the one we outline).

Let Ω ⊂ Rn be a bounded open set with Lipschitz boundary. For p ∈ [1, n
n−1), we suppose

that a training pair (ugt, g) ∈ L2(Ω,R) × Lp(Ω,R) is assigned, where ugt and g encode
respectively the ground truth and the corrupted datum. We also fix two positive parameters
α and α, and we provisionally allow the regularizing weights to vary in LSC(Ω, [α, α]), the
space of lower semicontinuous functions on Ω with range in [α, α].

For u ∈ BV(Ω) and α ∈ LSC(Ω, [α, α]), we introduce the first order functional

(2.7) J [u;α] :=

ˆ
Ω
|u− g|pdx+

ˆ
Ω
α(x)d|Du|(x),

and the ensuing corresponding training scheme:

find α∗ ∈ argmin {FPSNR(uα) : α ∈ LSC(Ω, [α, α])}(2.8)
such that uα ∈ argmin {J [u;α] : u ∈ BV(Ω)} .(2.9)

The functional in (2.7) is reminiscent of the one considered in [3], where, motivated by
vortex density models, the authors studied the property of minimizers, i.e., of solutions to
(2.9).

Before discussing the existence of solutions to the scheme (2.8)–(2.9) as a whole, let us
justify the choice of the class of weights in (2.8). Note that the definition of J itself calls
for some degree of regularity for α. Indeed, if in (2.7) α : Ω → [α, α] is a given function
and u is allowed to vary in BV(Ω) (as it is the case of (2.9)), there might be choices of u
for which the coupling ˆ

Ω
α(x)d|Du|(x)

is not well-defined. Prescribing lower semicontinuity for the admissible weights α allows
to circumvent the issue, because lower semicontinuous functions are Borel measurable and
Du ∈ M(Ω,Rn) is a Borel measure. Besides, for any α ∈ LSC(Ω, [α, α]) the existence of a
solution uα to (2.9) follows by the direct method of the calculus of variations. Indeed, we
firstly observe that the coercivity of J in L1 is deduced by the following standard result
(see e.g. [2, Theorem 3.23]):

Theorem 2.3 (Compactness in BV). Let Ω ⊂ Rn be a bounded Lipschitz domain and let
(uj)j be a bounded sequence in BV(Ω). Then, there exist u ∈ BV(Ω) and a subsequence
(jk)k such that (ujk) weakly-∗ converges to u, that is, ujk → u in L1(Ω) and

lim
k→+∞

ˆ
Ω
ϕ dDujk =

ˆ
Ω
ϕ dDu for all ϕ ∈ C0(Ω).

Secondly, we notice that J [ • ;α] is lower semicontinuous with respect to the L1-convergence,
because, when α ∈ LSC(Ω, [α, α]), general lower semicontinuity results in BV may be in-
voked (see e.g. [26]; and also [1] for lower semicontinuity and relaxation results with BV
integrands).

Once we know that for lower semicontinuous weights, solutions to (2.9) exist, we can try
to tackle the complete scheme. So, let (αj)j ⊂ LSC(Ω, [α, α]) be a minimizing sequence
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for (2.8). Then, by definition, the integrals

FPSNR(uj) = ∥uj − ugt∥2L2(Ω) with uj := uαj

converge, and we deduce that (uj)j is a bounded sequence in L2(Ω). Denote by u ∈ L2(Ω)
the weak L2-limit of (a subsequence of) (uj)j . By lower semicontinuity of the L2-norm,
we obtain

FPSNR(u) ⩽ inf {FPSNR(uj) : α ∈ LSC(Ω, [α, α])} .
If we manage to show that u = uα∗ for some admissible α∗, then the latter is a solution to
(2.8). The natural choice for α∗ would be the weak-∗ limit of (αj)j in L∞(Ω), which can fail
in general to have any lower semicontinuous representative. On the positive side, J [u; • ] is
continuous with respect to a suitable weak-∗ convergence. Indeed, if (αj)j ⊂ LSC(Ω, [α, α])
is bounded and u ∈ BV(Ω), then there exist a subsequence, which we do not relabel, and
α∗ ∈ L∞(Ω, [α, α]; |Du|) such that

lim
j→+∞

ˆ
Ω
αj(x)ϕ(x)d|Du|(x) =

ˆ
Ω
α∗(x)ϕ(x)d|Du|(x) for all ϕ ∈ L1(Ω; |Du|).

In particular,

(2.10) lim
j→+∞

J [u;αj ] = J [u;α∗].

The previous lines suggest that what is missing to solve the scheme (2.8)–(2.9) is a
compactness property for the class of admissible weights. This leads us to reduce ourselves
to the problem

find α∗ ∈ argmin {FPSNR(uα) : α ∈ Adm}(2.11)
with uα ∈ argmin {J [u;α] : u ∈ BV(Ω)} ,

where we assume a priori that Adm ⊂ C(Ω̄, [α, α]) is compact with respect to the uniform
convergence. Under the compactness assumptions on the class of admissible weights, if
(αj)j ⊂ Adm is a minimizing sequence for (2.11), and if (uj)j and u are constructed
as above, we are actually able to prove that u = uα∗ , where α∗ ∈ Adm is the uniform
limit of (αj). In other words, the couple (α∗, u) is a solution to the scheme consisting of
(2.11)–(2.9).

To prove the claim, we need to show that

(2.12) J [u;α∗] ⩽ J [v;α∗] for any v ∈ BV(Ω).

We start from observing that the definition of uj grants

J [uj ;αj ] ⩽ J [v;αj ] for any v ∈ BV(Ω),

and hence, for any v ∈ BV(Ω),

(2.13) lim inf
j→+∞

J [uj ;αj ] ⩽ lim inf
j→+∞

J [v;αj ] = J [v;α∗],

where the equality follows by (2.10). In particular,

lim inf
j→+∞

J [uj ;αj ] < +∞.

Then, the uniform lower bound αj ⩾ α and Theorem 2.3 yield that (uj) converges weakly-∗
in BV(Ω) (again upon extraction of subsequences) to a limit function which is necessarily
u. We thereby infer

u ∈ BV(Ω) ∩ L2(Ω).

From the uniform convergence of (αj) and the weak-∗ convergence of (uj) we obtain

(2.14) J [u;α∗] ⩽ lim inf
j→+∞

J [uj ;αj ].

On the whole, owing to (2.13), we deduce (2.12).
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Even though in our theoretical investigations the admissible set Adm is defined as a
compact subset of C(Ω̄, [α, α]), we already mention that in the numerical examples we will
employ a slightly different class of weights: as we discuss in detail at the end of Section
5.1, Adm will be substituted by suitable H1-projections of the regularization weights along
the iterations of the numerical iterative scheme we will consider. Although the projections
are performed within the numerical algorithm, the outcome is coherent with the analytical
treatment, since a regularity result about the H1-projection combined with a box constraint
will guarantee that the weights belong to a Hölder space C0,β(Ω̄) for some β ∈ (0, 1).

Remark 2.4. In the absence of compactness for the set Adm under uniform convergence,
the analysis becomes more delicate. We outline here some of the issues.

Keeping in force the notation above, let u ∈ BV(Ω) be the weak-∗ limit of (uj) and
let α∗ ∈ L∞(Ω, [α, α]; |Du|) be the weak-∗ limit of (αj). Proving the optimality of u, i.e.
u = uα∗ , means

J [u;α∗] ⩽ J [v;α∗] for any v ∈ BV(Ω).

However, the right-hand side might be not well-defined. Intuitively, the point is that an
ideal class of weights should be a priori “sufficiently compact”, and at the same it should
give rise to “well-behaved” weighted BV functions.

Another passage that is needed in the proof of existence (cf. (3.8), (3.9)) is the following
semicontinuity inequality:

J [u;α∗] ⩽ lim inf
j→+∞

J [uj ;α
(j)].

Knowing that (uj) weakly-∗ converges to u, its validity is undermined if only weak-∗
convergence is available for the weights.

3. The bilevel training scheme in the space BVB
p

We devote this section to the proof of our main theoretical result, that is, the existence
of solutions to the bilevel scheme (L1)–(L2). The study of the lower level problem will be
addressed by Theorem 3.2. A variant involving the regularization in (1.11) will also be
presented, see Theorem 3.5 and Remark 3.8.

We begin with a general lower semicontinuity result for convex integrands with mea-
surable x-dependence, a minimal assumption which is difficult to obtain with analytical
techniques different from Young measures.

Proposition 3.1. Let f : Ω × V → [0,+∞) be a Borel measurable integrand such that
f(x, • ) is convex for almost every x ∈ Ω. Suppose that the recession function f∞ in (2.5)
exists for all (x, z) ∈ Ω̄× V. Then

µj
∗
⇀ µ in M(Ω,V) =⇒ lim inf

j→∞

ˆ
Ω
f(x,dµj(x)) ⩾

ˆ
Ω
f(x, dµ(x)).

Note that the restriction on the existence of the recession function of f implies both the
joint continuity of f∞ and the linear growth of f from above.

Proof. We consider a Young measure ν generated by (µj)j . Bearing in mind that a con-
vex function is continuous in the interior of its domain, by Proposition A.5 and Jensen’s
inequality, we have that

lim inf
j→∞

ˆ
Ω
f(x, dµj(x)) ⩾

ˆ
Ω
⟨νx, f(x, • )⟩dx+

ˆ
Ω̄
⟨ν∞x , f∞(x, • )⟩dλ

⩾
ˆ
Ω
f(x, ν̄x)dx+

ˆ
Ω̄
f∞(x, ν̄∞x )dλ

=

ˆ
Ω

[
f(x, ν̄x) + λa(x)f∞(x, ν̄∞x )

]
dx+

ˆ
Ω̄
f∞(x, ν̄∞x )dλs
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Using the inequality g(z)+ tg∞(w) ⩾ g(z+ tw) which holds for any convex function g and
t ⩾ 0, we have

lim inf
j→∞

ˆ
Ω
f(x,dµj(x)) ⩾

ˆ
Ω
f(x, ν̄x + λa(x)ν̄∞x )dx+

ˆ
Ω̄
f∞(x, ν̄∞x )dλs

⩾
ˆ
Ω
f(x, µa(x))dx+

ˆ
Ω
f∞(x,dµs)

=

ˆ
Ω
f(x,dµ).

where the inequality follows from the nonnegativity of f and Lemma A.4, which implies
that µ = ((ν̄x + λa(x)ν̄∞x )L n + ν̄∞x λs) Ω. □

We next prove two general existence results for convex integrals defined on BVB
p spaces.

The first one holds for arbitrary operators B.

Theorem 3.2. Let us fix p ∈ (1,+∞), g ∈ Lp(Ω,U), α > α > 0 and α ∈ C(Ω̄, [α, α]). Let
f : Ω×V → [0,+∞) be an integrand satisfying the assumptions outlined in Subsection 2.2,
and suppose further that the recession function f∞ in (2.5) exists for all (x, z) ∈ Ω̄ × V.
Then, the functional in (2.2) is weakly-∗ lower semicontinuous and admits a minimizer
u ∈ BVB

p (Ω). If the fidelity term is strictly convex, then the minimizer is unique.

Proof. There is no loss of generality in assuming that α ≡ 1. We will employ the direct
method in the calculus of variations. Since I is bounded from below, there exists a min-
imizing sequence (uj)j ⊂ BVB

p (Ω) such that the limit of I[uj ;α] as j → +∞ is finite.
Since Φg is coercive on Lp(Ω,U and f satisfies the growth condition in (2.4), (uj)j must
be bounded in BVB

p (Ω). Thus, on a subsequence that we do not relabel, we have uj ⇀ u

in Lp(Ω,U) and Buj
∗
⇀ Bu in M(Ω,V). By the weak lower semicontinuity of the fidelity

term we have that

Φg(u) ⩽ lim inf
j→+∞

Φg(uj),(3.1)

whereas by Proposition 3.1 we obtainˆ
Ω
f(x, dBu) ⩽ lim inf

j→∞

ˆ
Ω
f(x,dBuj).(3.2)

On the whole, we deduce
I[u;α] ⩽ lim inf

j→+∞
I[uj ;α],

and we conclude that u ∈ BVB
p (Ω) is a minimizer of I.

Uniqueness follows easily when Φg is strictly convex. Indeed, let u1, u2 be distinct
minimizers and u0 := (u1 + u2)/2. Then, 2Φg(u

0) < Φg(u
1) + Φg(u

2), while the convexity
of the second term gives

2

ˆ
Ω
f(x,dBu0) ⩽

ˆ
Ω
f(x,dBu1) +

ˆ
Ω
f(x,dBu2).

By adding the last two inequalities we infer I[u0;α] < min I, a contradiction. □

Remark 3.3. Notably, in the previous theorem uniqueness holds for Φg(u) = ∥u− g∥pLp(Ω).
Indeed, for instance by the uniform convexity of the Lp spaces, we have for u0 := (u1+u2)/2

2

ˆ
Ω
|u0 − g|pdx <

ˆ
Ω
|u1 − g|pdx+

ˆ
Ω
|u2 − g|pdx.
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Remark 3.4. There is no immediate counterpart of Theorem 3.2 when p = 1, because in
general bounded sequences in BVB are not weakly-∗ precompact. One possibility would
be to embed BVB in the larger space of measures {µ ∈ M(Ω,U) : Bµ ∈ M(Ω,V)}. A
second option is to assume B to be C-elliptic, as we do below.

The second existence result involves the smaller class of C-elliptic operators, which was
introduced in Definition 2.1. In this case, we are able to treat regularizers that also involve
lower order terms, see (1.11), and we can obtain much more precise information on the
minimizers. We make the unconventional convention that n

n−k = +∞ if k ⩾ n, and we
denote by symi(Rn,U) the space of symmetric U-valued i-linear maps on Rn. Also in the
following we use the notation α := (α1, . . . , αk).

Theorem 3.5. Let us fix p ∈ [1, n
n−k ), g ∈ Lp(Ω,U), α > α > 0, αi ∈ C(Ω̄, [0, α]) for

i = 1, . . . , k− 1 and αk ∈ C(Ω̄, [α, α]). Let fi : Ω× symi(Rn,U) → R, i = 1, . . . , k− 1, and
fk : Ω×V → [0,+∞) be Carathéodory integrands such that for all i fi(x, • ) is convex and
fi(x, • ) ⩽ C(1 + | • |) for almost every x ∈ Ω. Suppose in addition that fk satisfies the
coercivity bound c(| • | − 1) ⩽ fk(x, •) and that

f∞
k (x, z) := lim

(x′,z′,t)→(x,z,+∞)

fk(x
′, tz′)

t

exists for all (x, z) ∈ Ω̄× V. Then, if B is C-elliptic, the functional

Ĩ[u;α] := Φg(u) +
k−1∑
i=1

ˆ
Ω
αi(x)fi(x,∇iu(x))dx+

ˆ
Ω
αk(x)fk(x,dBu).(3.3)

is weakly-∗ lower semicontinuous in BVB and admits a minimizer

u ∈ BVB(Ω) ∩Wk−1,n/(n−1)(Ω,U).
If the fidelity term is strictly convex, then the minimizer is unique.

Proof. If k = 1 the statement collapses to Theorem 3.2. The C-ellipticity of B is still
needed to make use of Theorem 2.2, which grants that u ∈ Ln/(n−1)(Ω,U). We now turn
to the case k ⩾ 2.

If (uj)j ⊂ BVB(Ω) is a minimizing sequence, then (uj)j is bounded in BVB(Ω) by the
coercivity assumptions, and hence also in Wk−1,n/(n−1)(Ω,U) thanks to Theorem 2.2. Let
u ∈ BVB be a weak-∗ limit point of (uj)j . By the same reasoning as in the proof of
Theorem 3.2 we have that (3.1) and (3.2) with f = fk hold. We now fix 1 ⩽ i ⩽ k− 1 and
look at a Young measure ν generated by (∇iuj)j , which is bounded in Ln/(n−1)(Ω). By the
growth bound on fi and the de la Vallée Poussin criterion, we have that (αifi( • ,∇iuj))j
is uniformly integrable. We can thus employ Proposition A.6 for f = αifi to obtain

lim inf
j→∞

ˆ
Ω
αi(x)fi(x,∇iuj(x))dx =

ˆ
Ω
αi(x)⟨νx, fi(x, • )⟩dx

⩾
ˆ
Ω
αi(x)fi(x, ν̄x)dx

=

ˆ
Ω
αi(x)fi(x,∇iu(x))dx,

where we used Jensen’s inequality and Lemma A.4. We infer that

lim inf
j→+∞

Ĩ[uj ;α] ⩾ Ĩ[u;α],

and we can conclude that u ∈ BVB(Ω) ⊂ Wk−1,n/(n−1)(Ω,U) is a minimizer of Ĩ[ • , α].
The uniqueness follows exactly by the same argument as in the proof of Theorem 3.2,

so the conclusion is achieved. □
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Remark 3.6. If Φg(u) = ∥u− g∥L1(Ω), uniqueness might fail in Theorem 3.5.

Our main result reads as follows.

Theorem 3.7. Let us fix p ∈ (1,+∞) and g ∈ Lp(Ω,U). Let f : Ω × V → [0,+∞) be an
integrand satisfying the assumptions outlined in Subsection 2.2, and suppose further that
the recession function f∞ in (2.5) exists for all (x, z) ∈ Ω̄×V. Then, the training scheme
(L1)–(L2) in Subsection 2.2 admits a solution α∗ ∈ Adm and it provides an associated
optimally reconstructed image uα∗ ∈ BVB

p (Ω).

Proof. Let (αj)j ⊂ Adm be a minimizing sequence for the upper level objective F . Un-
der our assumptions on the admissible weights, we may suppose that αj → α∗ ∈ Adm
uniformly in Ω̄. To prove the result, it suffices to show that

F (uα∗) ⩽ lim
j→+∞

F (uj),(3.4)

where we abbreviated uj := uαj for a minimizer of (L2) with respect to the weight αj ,
which exists in the light of Theorem 3.2.

We firstly show that (uj) is weakly-∗ precompact in BVB
p (Ω). To see this, we observe

that by definition of uj we have

I[uj ;αj ] ⩽ I[v;αj ] for any v ∈ BVB
p (Ω).(3.5)

In particular, by selecting v = 0 and recalling that ∥αj∥L∞ ⩽ α, we find that I[uj ;αj ] ⩽ C
for some C ⩾ 0 independent of j. Then, owing to the coercivity of I, (uj)j is bounded in
BVB

p (Ω) and there exists u ∈ BVB
p (Ω) such that, upon extraction of subsequences, uj

∗
⇀ u

in BVB
p (Ω). If we prove that u = uα∗ , the conclusion is then achieved, since (3.4) would

then follow by the lower semicontinuity of F .
We thus need to show that

I[u;α∗] ⩽ I[v;α∗] for any v ∈ BVB
p (Ω).(3.6)

The uniform convergence of (αj)j along with (3.5) yields

lim inf
j→+∞

I[uj ;αj ] ⩽ lim inf
j→+∞

I[v;αj ] = I[v;α∗] for any v ∈ BVB
p (Ω).(3.7)

Further, in view of the growth condition (2.4) and of the bound of (uj)j in BVB
p (Ω) we

obtain the estimates

|I[uj ;αj ]− I[uj ;α
∗]| ⩽

ˆ
Ω
|αj − α∗|f(x,dBuj)

⩽ C(1 + |Buj |(Ω))∥αj − α∗∥L∞

⩽ C∥αj − α∗∥L∞ ,

whence

lim
j→+∞

∣∣I[uj ;αj ]− I[uj ;α
∗]
∣∣ = 0.(3.8)

Finally, by the lower semicontinuity result in Theorem 3.2,

I[u;α∗] ⩽ lim inf
j→∞

I[uj ;α
∗],(3.9)

so that, collecting (3.7)–(3.9), we obtain (3.6). The proof is thus complete. □

If in the lower level problem (2.9) the functional I is replaced by Ĩ as in Theorem 3.5,
a result in the same spirit of the one above holds. We only sketch it in the next remark,
since it parallels closely Theorem 3.7.
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Remark 3.8. Within the general framework of Subsection 2.2, we introduce a variant of
the scheme (L1)–(L2). For k ∈ N, k ⩾ 2, we define the sets

Admlow :=
{
α ∈ C(Ω̄, [0, α]k−1) : |αi(x)− αi(y)| ⩽ ω(|x− y|) for every i and x, y ∈ Ω̄

}
,

Ãdm := Admlow ×Adm,

where ω is the same modulus of uniform continuity as in (2.3). We consider the bilevel
problem

find α∗ ∈ argmin
{
F (uα) : α ∈ Ãdm

}
(3.10)

such that uα ∈ argmin
{
Ĩ[u;α] : u ∈ BVB(Ω)

}
,(3.11)

where Ĩ is as in (3.3). Under the assumptions of Theorem 3.5, notably C-ellipticity for B,
we are able to prove the existence of a solution, that is, an optimal regularizer α∗ ∈ Ãdm
for (3.10). Let us outline the argument.

If (αj)j ⊂ Ãdm is a minimizing sequence, we may assume that αj → α∗ ∈ Ãdm

uniformly. By Theorem 3.5 we can pick a sequence (uj)j ⊂ BVB(Ω) made of minimizers
for (3.11) associated with (αj)j . As a consequence of the coercivity of Ĩ, (uj)j is bounded
in BVB

p (Ω), and thus, owing to Theorem 2.2, also in Wk−1,n/(n−1)(Ω). Denoting by u ∈
BVB(Ω) the weak-∗ limit (up to subsequences) of (uj)j , the remainder of the proof follows
the one of Theorem 3.8, the most significant difference being the use of Theorem 3.5 instead
of Theorem 3.2 to obtain the analogue of (3.9).

4. Examples of spatially inhomogeneous regularization functionals

In order to clarify how our theoretical setup relates to existing contributions, in this
section we focus on some previously introduced regularizers which can be expressed via a
convex, spatially inhomogeneous function of some differential operator and we show that
they fall within our general framework. For the last family of regularizers we discuss here,
that is, Huber versions of TV, TV2 with spatially varying Huber parameter, as well as for
the sum TV + TV2, we also perform extended numerical examples in Section 5, since no
such examples are available in the literature.

Structural total variation. In certain image reconstruction problems it may be assumed
that some information on the structure of the ground truth is available. It is then reasonable
to take into account regularization terms that encode the prior knowledge, and to this
purpose a suitable functional framework for structural total variation was proposed in [28].
In the case of combined MR-PET reconstructions, for instance, the following regularizer
was put forth for u ∈ W1,1(Ω):

(4.1) J [u] :=

ˆ
Ω

√
1− η2

(
w(x) · ∇u(x)

|∇u(x)|

)2

|∇u(x)|dx.

Here, w ∈ L1
loc(Ω,R2) is a vector field that records information on hand (in this case a

reconstructed MR image) and has modulus strictly smaller than 1, whereas η ∈ (0, 1) is a
parameter that ensures coercivity:

J [u] ⩾
√
1− η2

ˆ
Ω
|∇u(x)|dx.

For a general w, such regularizer is outside the scopes of our theory. However, upon
mollification, we can suppose that w ∈ C(Ω̄,R2), and it is easy to see that under this



BILEVEL SCHEMES FOR TV-TYPE FUNCTIONALS IN IMAGING 15

assumptions the integrand

fw(x, z) :=
[
|z|2 − η2

(
w(x) · z

)2] 1
2

=
[
1− η2 (w(x) · ẑ)2

] 1
2 |z|, with ẑ :=

z

|z| ,

admits a recession function as in (2.5), which coincides with fw itself. Therefore, when
w is continuous, by relaxation results in BV (see e.g. [2, Theorem 5.54] and references
therein), the L1-relaxation of the functional in (4.1) is given for u ∈ BV(Ω) by

J̄ [u] =

ˆ
Ω
fw

(
x,∇u(x)

)
dx+

ˆ
Ω
fw

(
x,

dDsu

d|Du|(x)
)
d|Du|(x).

Different interesting aspects emerge from our approach to this specific example. Firstly, by
taking into account the explicit formula for the relaxation, which was instead left implicit in
[28], we can integrate the functional in (4.1) into our general theory. Secondly, Theorem 3.2
provides an alternative proof of the existence of solutions to the primal problem in [28,
Theorem 5.4]. Lastly, by Theorem 3.7, we are able to embed such problem in a bilevel
scheme and solve it.

Directional total variation. Still in the spirit of employing prior information on data, a
notion of directional total variation was introduced in [38] in relation to fibered materials.
Pictorial representations of such materials feature textures with a specific alignment and
call for regularizations that feature directionality. Given the parameters a ∈ (0, 1] and
θ ∈ [0, 2π), for u ∈ BV(Ω), Ω ⊂ R2, the authors of [38] addressed this issue by introducing
the functional

DTV(u) := sup

{ˆ
Ω
uB∗

a,θϕ dx : ϕ ∈ C∞
c (Ω,R2), ∥ϕ∥∞ ⩽ 1

}
,

with

B∗
a,θϕ := −

(
cos(θ)

−a sin(θ)

)
· ∂1ϕ−

(
sin(θ)
a cos(θ)

)
· ∂2ϕ

= − trace

[(
cos(θ) −a sin(θ)
sin(θ) a cos(θ)

)
∇ϕ

]
.(4.2)

In image reconstruction problems the parameters a and θ are encode the prior information
about the geometry of the datum g and are suitably fixed before running the restoration
algorithm [38]. We note that, in wider generality, DTV may be defined analogously for
u ∈ Lp(Ω). Then, it easy to see that DTV(u) is finite if and only if u ∈ BV

Ba,θ
p (Ω), where

Ba,θu :=

(
cos(θ)

−a sin(θ)

)
∂1u+

(
sin(θ)
a cos(θ)

)
∂2u. for every u ∈ C1

c(R2,R).

Therefore, our theory encompasses image reconstruction problems in which the regulariza-
tion term is DTV.

Note that we could replace the matrix that weights ∇ϕ in (4.2) with any another matrix
M , thereby obtaining a weighted divergence operator in the spirit of [45]. The fundamental
difference with this contribution is that our treatment does not cover the case of space-
dependent fields M : Ω → R2×2, because that would give rise to an operator B with
nonconstant coefficients. Investigations in this direction are surely an attractive topic for
future research. On the positive side, we point out that we can however deal with some
sort of directional total variation. Indeed, for u ∈ BV(Ω), regularizers of the formˆ

Ω
f(x,dDu) with f(x, z) := |M(x)z|,M : Ω → R2×2 measurable,

are included in our theory, provided a recession function exists.



16 V. PAGLIARI, K. PAPAFITSOROS, B. RAIT, Ă, AND A. VIKELIS

Spatially varying Huber versions of TV and TV2. Huber versions of total variation
have already been used, either to reduce the staircasing effect of TV or to facilitate the use
of second order numerical solvers for the corresponding minimization problem [12, 13, 34].
However, in all the previous approaches the Huber parameter γ is always considered to be
a fixed scalar quantity. Here we describe how our framework can accommodate definitions
of Huber versions of the TV and TV2 functionals where the Huber parameter is spatially
distributed.

Let γ ∈ L∞(Ω), with γ ≥ 0, be fixed. We define the spatially varying Huber function
fγ : Ω× Rn → [0,+∞) as follows:

(4.3) fγ(x, z) =


|z| − 1

2
γ(x), if |z| ≥ γ(x),

1

2γ(x)
|z|2, if |z| < γ(x).

Obviously, for all z ∈ Rn and for almost all x ∈ Ω, fγ satisfies the coercivity and growth
conditions in (2.4), namely

(4.4) |z| − ∥γ∥L∞(Ω) ≤ fγ(x, z) ≤ |z|.

Then, if u ∈ BV(Ω), we define the ensuing convex function of the measure Du with the
alternative notations

TVγ(u) := |fγ(Du)|(Ω) :=
ˆ
Ω
fγ(x, dDu).

An easy check shows that the recession function of fγ (cf. (2.5)) is f∞
γ (x, z) = |z|. Thus,

all the assumptions of Theorem 3.7 are trivially satisfied. Consequently, TVγ is indeed
well-defined as

TVγ(u) =

ˆ
Ω
fγ(x,∇u)dx+

ˆ
Ω
d|Dsu|,

and for α ∈ C(Ω̄) with α(x) ≥ α > 0 we can define its weighted version

(4.5) TVα,γ(u) =

ˆ
Ω
αfγ(x,∇u)dx+

ˆ
Ω
αd|Dsu|.

Note that TVα,γ(u) can be equivalently defined via duality [24]:
(4.6)

TVα,γ(u) = sup

{ˆ
Ω
udivϕ dx− I{| • (x)|≤α(x)|}(ϕ)−

1

2

ˆ
Ω

γ

α
|ϕ|2 dx : ϕ ∈ C∞

c (Ω,Rn)

}
.

This is an immediate extension of the standard Huber TV functional mentioned in the
introduction. Similarly, for a function u ∈ BV2(Ω) := {u ∈ W 1,1(Ω) : D2u ∈ M(Ω,Sn×n)}
and α ∈ C(Ω̄) with α(x) ⩾ α > 0, we define the spatially varying Huber TV2 functional
as

(4.7) TV2
α,γ(u) =

ˆ
Ω
αfγ(x,∇2u) dx+

ˆ
Ω
α d|(D2)su|,

where fγ now is a function defined on Ω×Rn×n defined by the natural analogue of (4.3).
Again via duality, we find the equivalent expression
(4.8)

TV2
α,γ(u) = sup

{ˆ
Ω
udiv2ϕ dx− I{| • (x)|≤α(x)}(ϕ)−

1

2

ˆ
Ω

γ

α
|ϕ|2 dx : ϕ ∈ C∞

c (Ω,Rn)

}
.
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5. Numerical examples for spatially varying Huber versions of TV and TV2

Grounding on the analysis above, in this section we provide some numerical results for
image reconstruction. Specifically, since this case has not been considered in the literature,
we focus on the last class of examples of the previous section, that is, Huber versions of
TV and TV2 with spatially varying Huber parameter γ, as well as their sum TV + TV2.
We stress that, while the purpose of our numerical examples is to show the applicability
and versatility of our bilevel framework involving spatially inhomogeneous regularization
functionals, it also turns out that our regularizers are able to yield results that are compa-
rable, and in certain cases even better, than the ones obtained by using some standard high
quality regularizers, such as the Total Generalized Variation (TGV) [8] and its version with
spatially varying weights [31]. Since our main target here is to evaluate the performance
of these regularizers, we restrict ourselves to three particular cases of image denoising.
Firstly, in the class of first-order functionals, we consider the Huber-type TV regulariza-
tion, with both the regularization parameter α1 and the Huber parameter γ being spatially
dependent. As we saw in the previous section, this can be thought as a functional that
incorporates a local choice between TV and Tikhonov regularization. The second example
is a Huber TV2 regularization again with both the regularization parameter α2 and the
Huber parameter γ being spatially dependent. TV2 was introduced in the literature as a
second-order functional with the capability to eliminate the undesirable staircasing effect
of TV [4, 44]. Even though in theory the TV2 regularization is not able to preserve sharp
edges, we will see that its spatially varying version produces high quality results and can
even outperform both the scalar and the spatially varying versions of TGV. Finally, to be
consistent with the analytical results above, which also deal with sums of regularization
functionals, we provide numerical examples for the sum TV + TV2 with spatially vary-
ing regularization parameters α1 and α2, whose scalar version was introduced in [44]. In
summary, our examples concern the following lower level image denoising problems:

I1γ [u;α1] :=

ˆ
Ω
(u− g)2dx+TVα1,γ(u),(5.1)

I2γ [u;α1] :=

ˆ
Ω
(u− g)2dx+TV2

α2,γ(u).(5.2)

I1,2γ [u;α1, α2] :=

ˆ
Ω
(u− g)2dx+TVα1,γ(u) + TV2

α2,γ(u).(5.3)

5.1. The bilevel problems. The family of bilevel problems for the automatic computa-
tion of the spatial regularization parameter α1, α2 associated with the functionals above
are

find α∗ ∈ argmin {F (uα) : α ∈ Adm}(5.4)

such that uα = argmin
{
Iγ [u;α] : u ∈ BVi(Ω)

}
.(5.5)

where Iγ is either of the functionals I1γ , I2γ , I1,2γ , i = 1 for the TVα1,γ and i = 2 for either
of TV2

α2,γ and TVα1,γ + TV2
α2,γ cases respectively. Correspondingly, α denotes either set

of regularization weights {α1}, {α2} or {α1, α2}.
In view of (4.4), the lower level problems (5.5) are well-defined, while from Theorem

3.7 we know that the overall schemes (5.4)–(5.5) admit a solution for the two alternative
upper level objectives F considered next. As we discussed in the introduction and repeat
here for the sake of reading flow, we take into account two alternatives for the upper level
objective functional F :

FPSNR(u) =

ˆ
Ω
|u− ugt|2dx,(5.6)
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Fstat(u) =
1

2

ˆ
Ω
max(Ru− σ2, 0)2dx+

1

2

ˆ
Ω
min(Ru− σ2, 0)2dx,(5.7)

where Ru(x) :=

ˆ
Ω
w(x, y)(u− g)2(y)dy for w ∈ L∞(Ω× Ω),

ˆ
Ω

ˆ
Ω
w(x, y)dxdy = 1.

The first cost functional corresponds to a maximization of the PSNR of the reconstruction
and requires the knowledge of the ground truth ugt [14, 22, 21, 20, 41], while the second
enforces the localized residuals Ru to belong in a certain tight corridor [σ2, σ2] := [σ2 −
ϵ, σ2 + ϵ], σ2 being the variance of the noise η, which is assumed here to be Gaussian, see
also [32, 33, 29, 31]. The latter option has the advantage of being ground truth free, but
knowledge or a good estimate for the noise variance σ2 is needed. For the discrete version
of the averaging filter w in the definition of the localized residuals (5.7) we use a filter of
size nw × nw, with entries of equal value that sum to one.

Since a numerical projection to the admissible set Adm is not practical, here we also
follow [32, 33, 29, 31] and add instead a small H1 term of the weight function α in the
upper level objective, together with a supplementary box constraint C := {α ∈ H1(Ω) :
α ≤ α ≤ α} for some α, α ∈ R with 0 < α < α. On the whole, we will use the following
upper level objectives:

FPSNR(α, u) =

ˆ
Ω
|u− ugt|2dx+

λ

2
∥α∥2H1(Ω),

Fstat(α, u) =
1

2

ˆ
Ω
max(Ru− σ2, 0)2dx+

1

2

ˆ
Ω
min(Ru− σ2, 0)2dx+

λ

2
∥α∥2H1(Ω),

for some small λ > 0. We will denote by F̂ the corresponding reduced objective functionals,
that is F̂PSNR/stat(α) := FPSNR/stat(α, uα). That leads us to the bilevel minimization
problems that we tackle numerically:

find α∗ ∈ argmin
α

FPSNR/stat(α, uα)(5.8)

such that

{
uα = argmin

u
Iγ [u;α],

α ∈ C.
(5.9)

Note that in this setting it is not guaranteed that α ∈ C(Ω̄), since H1(Ω) does not
embed in that space for dimensions higher than 1. However, one can take advantage of the
following regularity result of the H1-projection onto C, denoted by PC see [33, Corollary
2.3] for a proof.

Proposition 5.1. Let Ω ⊂ Rℓ with ℓ = 1, 2, 3 be a bounded convex set and let C = {α ∈
H1(Ω) : α ≤ α ≤ α}, where α, α ∈ H2(Ω) are such that α ≤ α and ∂α

∂ν = ∂α
∂ν = 0 in

H1/2(∂Ω). If

ω ∈ H2(Ω) and
∂ω

∂ν
= 0

and if

ω∗ := PC(ω) := argmin
α∈C

1

2
∥α− ω∥2H1(Ω),

then it holds
ω∗ ∈ H2(Ω) and

∂ω∗

∂ν
= 0.

The projection PC is applied to every iteration of the projected gradient algorithm, which
is to be used for the numerical solution of (5.8)–(5.9) and is described next, see Algorithm
1. In that case, if α, α as well as the initializations for the weights α0 are constant functions,
it is ensured that the computed weight αk at the k-th projected gradient iteration belongs
to H2(Ω), which for n = 2 embeds compactly into any Hölder space C0,β(Ω̄), β ∈ (0, 1).
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Huber TV denoising (left) with discontinuous weight α1 (right)
PSNR=26.84, SSIM=0.7547

Tikhonov denoising (left) with discontinuous weight α̃ (right)
PSNR=27.87, SSIM=0.8361

Figure 1. TV and Tikhonov denoising with discontinuous regularization
weights computed via the bilevel framework using Fstat as upper level ob-
jective. In the case of Huber TV denoising, the computed weight function is
too irregular, having small values in arbitrary places, preserving part of the
noise. On the other hand, in Tikhonov regularization, the weight remains
large in parts of the edge set and as a result the edges are not preserved there.

As observed in [31, 33], where this type of upper level objective is also used, we also remark
that in order to produce a meaningful spatially varying weight, its regularity should not
be too strong, and hence a relatively small value for λ should be chosen. As long as it is
chosen relatively small, its precise value is not crucial and does not significantly affect the
computed regularization weight, hence neither the image reconstruction.

We commented in Subsection 2.3 on the need of continuity for the regularization weights
from the theoretical perspective. It is worth of note that such regularity is also relevant
from the numerical point of view. From a practical imaging standpoint, we found that this
regularity for the weights produces more stable reconstructions. For instance, in Figure 1
(left) we see the denoised image u and the weight α that are computed by solving the bilevel
problem with Fstat as an upper level objective upon substituting the H1 regularization for
α with a simple L2 term. In that case, the corresponding projection is just a L2 projection
(pointwise thresholding), and the regularity result of Proposition 5.1 does not hold. We
thus observe that the computed weight turns out to be too irregular, having small values
in arbitrary points, and as a result part of the noise is preserved and the staircasing effect
is pronounced. The relationship between the regularity of the weight in TV regularization
and the creation of artifacts in the reconstruction was also studied in detail in [30, 36].

5.2. Strategy for fixing γ. Since in our set up the function γ is not part of the minimizing
variables, it has to be fixed from the start. Our rationale for fixing γ is that we would
like to regularize high detailed areas with a Tikhonov term with a spatially varying weight
1
2

´
Ω α̃|∇u|2dx, with α̃ having as low regularity as possible, e.g. L∞(Ω), in order to increase

flexibility in the regularization. In the other areas we would like to regularize using a TV or
TV2 term with a spatially varying weight α. This will happen if γ is large in such detailed
areas in order to allow for the second case in (4.3) and small otherwise. We thus adopt the
following strategy: We first solve an auxiliary bilevel problem with a weighted Tikhonov
regularizer using the upper level objective Fstat. The output is a spatially varying α̃ that
essentially acts as an edge detector, see Figure 1 (right), since it is small on the edges and
on the detailed areas of the image. We then invert this weight and set

(5.10) γ = s
1

α̃

for some constant s > 0. By choosing the function γ as in (5.10), we have that when α̃ is
small (fine scale details), γ will be large and thus the second case in (4.3) will be selected
with a weight 1

2γ(x) =
s
2 α̃ in front of the term |∇u|2. On the other hand, when α̃ is large,
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then γ will be small and thus a TV or TV2 term will be preferred, i.e., first case in (4.3).
In the third images of the top rows of Figures 2 and 4, we see how the resulting γ function
looks like for the example images. Details for the computation of α̃ via the auxiliary bilevel
Tikhonov problem are given in the next section. We note however that, instead of solving
a bilevel weighted Tikhonov problem to compute α̃ and hence γ, one could alternatively
employ some standard edge detector algorithms, like for instance the Canny method [15].

We finally remark that an attempt to combine the best characteristics of TV and
Tikhonov regularization by considering their direct sum, that is, by considering the follow-
ing lower lewel problem

(5.11) min
u∈H1(Ω)

ˆ
Ω
(u− g)2dx+

ˆ
Ω
α1 d|Du|+ 1

2

ˆ
Ω
α̃|∇u|2dx,

and employ a bilevel framework to automatically compute α1 and α̃, would not work
in practice. This can be seen already in Figure 1, where the lower level problem that
corresponds to (5.11), by fixing α1 = 0, i.e., purely weighted Tikhonov, is considered.
There, even though the computed (discontinuous) weight α̃, takes small values in the
detailed part of the image, it does not do so in the whole edge set. As a result, at some
part of the edge set, α̃ is significantly large and thus there the reconstruction is smooth.
This can not be remedied by simply adding a TV term, since that term cannot reduce the
regularity of the image. Nevertheless, as we described above, this computed α̃ can still be
used in order to define an appropriate spatially varying γ.

5.3. Numerical algorithm for solving the bilevel problems. In this section we de-
scribe the algorithm that we use for the numerical solution of the discrete versions of the
bilevel problems (5.8)–(5.9). Similar algorithms were presented in [33, 31], so we limit
ourselves to a brief description of the procedure, still providing all the necessary details to
ensure reproducibility.

The lower level problems (5.1), (5.2) and (5.3) are substituted by their primal-dual
optimality conditions, see [34, 31], and they respectively read:

u− g − divp1 = 0,(5.12)
max(|∇u|, γ)p1 − α1∇u = 0,(5.13)

u− g + div2p2 = 0,(5.14)

max(|∇2u|, γ)p2 − α2∇2u = 0,(5.15)

and

u− g − divp1 + div2p2 = 0,(5.16)
max(|∇u|, γ)p1 − α1∇u = 0,(5.17)

max(|∇2u|, γ)p2 − α2∇2u = 0,(5.18)

with p1, p2 denoting the corresponding dual variables of each problem. For notation ease,
we compactly write each of the above equations as G(u, p) = 0, where p denotes either p1,
p2 or both of these for the third problem. The application of the max function as well the
multiplication in (5.13) and (5.15) are regarded component wise; note that here both α and
γ are spatially (i.e., pixel) dependent. We use standard forward and backward differences
for the discretizations of ∇ and div, see e.g. [31], and similarly for the discretizations of
∇2 and div2, see [44]. For the numerical solution of each of the problems (5.12)–(5.13),
(5.14)–(5.15) and (5.16)–(5.18), we use a semismooth Newton algorithm as it is described
in [31] for the TGV case. Note that we do not add an additional Laplacian term for u as in
[34, 31], and we do not smooth the max function. We terminate the semismooth Newton
iterations when the Euclidean norm of both residuals is less than 10−4.
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In order to solve the minimization problems in (5.8)–(5.9), where the lower level problems
are substituted by either of (5.12)–(5.13), (5.14)–(5.15) and (5.16)–(5.18), we employ a
discretized projected gradient approach with Armijo line search as it is described in [31],
originated from [33]. The algorithm is summarized in Algorithm 1. We comment on the
components that have not been clarified so far. The term ∆N denotes the discrete Laplacian
with zero Neumann boundary conditions. These are the desired boundary conditions for α,
as dictated by the regularity results for the H1-projection PC . This projection is computed
exactly as in [31] by using the same method and parameters mentioned there. In our
numerical computations we set a = 10−8, a = 5, nw = 7, λ = 10−11, τ0 = 10−3, c = 10−12,
θ− = 0.25, θ+ = 2. As initializations for α1 and α2, we use the constant functions α0

1 = 0.5

and α0
2 = 1. Regarding σ, σ, we use the formulas σ2 = σ2(1 −

√
2

nw
) and σ2 = σ2(1 +

√
2

nw
),

which are based on the statistics of the extremes, see [33, Section 4.2.1]. In all our noisy
images, the Gaussian noise has zero mean and variance σ2 = 0.01. We terminate Algorithm
1 after a fixed number of iterations maxit = 100, after which no noticeable reduction in
the reduced objective function is observed, see also Figure 7.

In order to produce a spatially varying Huber parameter γ as described before, we
solve an auxiliary bilevel Tikhonov problem where the lower level problem corresponds to
GT (u) := u − div(α̃∇u) − g = 0, i.e., the first order optimality condition of a variational
denoising problem with 1

2

´
Ω α̃|∇u|2dx as regularizer and L2 fidelity term. In order to do

so, we utilize again the projected gradient algorithm described in Algorithm 1, adjusted to
this regularizer. We use no additional H1 regularization for γ and the H1-projection PC is
substituted by a simple L2 projection, that is, α̃k+1 = max(min(α̃k − τk∇α̃F̂(α̃k), α), α).
We use 100 projected gradient iterations with nw, σ, σ, τ0, c, θ−, θ+ as before, as well as
α = 10−8, α = 15, α0 = 15. The equation GT is solved exactly with a linear system solver.
We use again 100 projected gradient iterations to get an output weight ã. Then, as we
mentioned in (5.10) we define γ = s/α̃. In all our experiments, we set s = 0.1.

For comparison purposes, we also report TV and TV2 denoising results with a scalar
Huber parameter γ, which is always set γ = 10−3. We do that for both scalar and
spatially varying regularization parameters α1 and α2. In the first case, we manually
select the parameter α that maximizes the PSNR of the denoised image, computed with a
semismooth Newton method as previously mentioned. The second case is computed exactly
as in Algorithm 1. We also report the TGV reconstructions, both scalar and spatially
varying versions, which are computed with the Chambolle-Pock primal-dual method [17] as
described in [5]. For the scalar case, again we manually select the TGV parameters (α0, α1)
that maximize the PSNR. For the spatially varying case, we use the weights (α0, α1) as
produced in [31] for the same image examples we are considering here. In that work, these
weights were computed via the ground truth-free bilevel approach but using a regularized
lower level problem, i.e. with additional H1 regularizations in the primal variables of the
TGV minimization problem. We remark that it turns out that when these weights are
directly fed into the Chambolle-Pock algorithm for the non-regularized problem as we do
here, they produce a result of higher quality, hence the discrepancy between the PSNR
and SSIM values we report here and then ones reported in [31].

5.4. Numerical results. We focus initially on the Huber versions of TV and TV2. In
Figure 2 we report our numerical results on the Parrot image, see also Figure 3 for zoom-in
details. Here the spatially varying regularization weights α1 and α2 are produced with the
ground truth-free bilevel approach, i.e., using Fstat as an upper lever objective. Among the
regularizers with scalar parameters, second row, first three images, the best reconstruction
both in terms of PSNR and SSIM is achieved by the scalar TGV. The bilevel Huber TV
reconstruction with spatially varying α1 and scalar γ is able to better preserve the details
around the eye of the parrot, third row first image. When we use the spatially varying
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Algorithm 1
Projected gradient for the bilevel Huber TV / TV2 / TV + TV2 problems

Input: g, α, α, σ, σ, λ, γ, nw, τ0, 0 < c < 1, 0 < θ− < 1 ≤ θ+
Initialize: α0 ∈ C, and set k = 0.
repeat

Use Semismooth Newton to solve (5.12)–(5.13) or (5.14)–(5.15) or (5.16)–(5.17), i.e.

G(uk, pk) = 0

Solve for (u∗, p∗) the adjoint equation

(D(u,p)G(uk, pk))⊤(u∗, p∗) = −DuF(uk, αk)

Compute the derivative of the reduced objective w.r.t. α as

F̂ ′(αk) = (DαG(αk))⊤(u∗, p∗) +DαF(αk)

Compute the reduced gradient

∇αF̂(αk) = (I −∆N )−1F̂ ′(αk)

Compute the trial points

αk+1 = PC
(
αk − τk∇αF̂(αk)

)
,

while

F̂(αk+1) > F̂(αk) + c
(
F̂ ′(αk)⊤(αk+1 − αk)

)
do (Armijo line search)

Set τk := θ−τ
k, and re-compute

αk+1 = PC
(
αk − τk∇αF̂(αk)

)
end while
Update τk+1 = θ+τ

k, and k := k + 1
until some stopping condition is satisfied

γ, the details in that area become even more pronounced, compare the first two images
in the third row of Figure 3. This is also accompanied with a slight increase of the SSIM
index but also with a decrease in PSNR. Observe that the weights α1 that are computed
in these two cases are quite different, see first two images of the last row of Figure 2. The
bilevel Huber TV2 approach with spatially varying α2, produces similar reconstructions
for both the scalar (slighly higher SSIM) and the spatially varying γ case (slightly higher
PSNR). These reconstructions are of very good quality and even outperform the spatially
varying TGV in terms of SSIM, having also the same PSNR. This is due to the fact that
the combination of the statistics-based upper level objective and the second order TV is
forcing the weight α2 to drop significantly in the detailed areas of the image, see the last
two images of the last row of Figure 2. It is characteristic that while the PSNR of scalar
TV2 is only 0.03 dB higher than the one of scalar TV, the PSNR of bilevel Huber TV2

with spatially varying α2 and scalar γ is 0.61 dB higher compared to the corresponding
Huber TV result.

The superiority of the bilevel Huber TV2 with spatially varying weights, is even more
evident in the second image example Hatchling, Figures 4 and 5. Here the reconstruction
is more challenging due to the oscillatory nature of the ground truth image. The bilevel
Huber TV2 with scalar γ gives by far the best result with respect to both PSNR and SSIM.
Again, the automatically computed regularization weights α2 have much lower values in
bilevel TV2 than in bilevel TV, compare the first two versus the last two figures of the last
row of Figure 4. In this example, the spatially varying γ leads to a reduction of PSNR
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Ground truth
PSNR=∞, SSIM=1.000

Gaussian noise, σ2 = 0.01

PSNR=20.04, SSIM=0.2773
Spatially varying γ

scalar Huber TV
PSNR=29.25, SSIM=0.8354

scalar Huber TV2

PSNR=29.28, SSIM=0.8305
scalar TGV

PSNR=29.50, SSIM=0.8509
Bilevel TGV

with spatially varying α and β

PSNR=29.84, SSIM=0.8606

Bilevel Huber TV
with spatially varying α1

and scalar γ

PSNR=29.20, SSIM=0.8549

Bilevel Huber TV
with spatially varying α1

and spatially varying γ

PSNR=28.92, SSIM=0.8571

Bilevel Huber TV2

with spatially varying α2

and scalar γ

PSNR=29.81, SSIM=0.8705

Bilevel Huber TV2

with spatially varying α2

and spatially varying γ

PSNR=29.84, SSIM=0.8700

Weight α1 of Huber TV Weight α1 of Huber TV Weight α2 of Huber TV2 Weight α2 of Huber TV2

Figure 2. Parrot image: Huber TV and TV2 denoising with spatially
varying Huber parameter γ and regularization parameters α1 and α2 re-
spectively. The weights α1 and α2 are produced with the ground truth-free
bilevel approach using Fstat. The highest PSNR and SSIM values are high-
lighted in bold font.

and SSIM in all cases, but nevertheless also to more highlighted details in the eye area, see
second and fourth images of the last row of Figure 5.

In order to verify further the regularization capabilities of these regularizers, we make
another series of experiments with these two example images, using the ground truth-based
upper level objective FPSNR, see Figure 6. In both images, the highest PSNR and SSIM is
achieved by the bilevel TV2 with spatially varying α2 and scalar Huber parameter γ, third
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Ground truth
PSNR=∞, SSIM=1.000

Gaussian noise, σ2 = 0.01

PSNR=20.04, SSIM=0.2773

scalar Huber TV
PSNR=29.25, SSIM=0.8354

scalar Huber TV2

PSNR=29.28, SSIM=0.8305
scalar TGV

PSNR=29.50, SSIM=0.8509
Bilevel TGV

with spatially varying α and β

PSNR=29.84, SSIM=0.8606

Bilevel Huber TV
with spatially varying α1

and scalar γ

PSNR=29.20, SSIM=0.8549

Bilevel Huber TV
with spatially varying α1

and spatially varying γ

PSNR=28.92, SSIM=0.8571

Bilevel Huber TV2

with spatially varying α2

and scalar γ

PSNR=29.81, SSIM=0.8705

Bilevel Huber TV2

with spatially varying α2

and spatially varying γ

PSNR=29.84, SSIM=0.8700

Figure 3. Details of images shown in Figure 2

images of first and third row, with the corresponding the regularization weight α2 having
again smaller values compared to the TV one. Nevertheless, we observe that the spatially
varying γ results in higher SSIM in the Huber TV examples in both images, again with
more pronounced features around the eye.

In Figure 7, we have plotted the values of the reduced objective F̂(uk) along the projected
gradient iterations, for all bilevel Huber TV and TV2 examples. The top row shows these
plots for the reduced statistics-based upper level objective F̂stat. We observe that in both
images, the introduction of the spatially varying γ in both Huber TV and Huber TV2

functionals, helps towards a further reduction of this objective, compare red versus green
and blue versus black plots. We observed already that in some cases this is accompanied
with a larger SSIM index and more pronounced details in the images, but in most cases the
PSNR in decreased. This is in accordance with the plots of the second row, where we see
that the reduced PSNR-maximizing upper level objective F̂PSNR is not further decreased
by the introduction of the spatially varying γ, compare again the red versus green and blue
versus black plots.

Finally, we provide numerical examples using (5.3) as a lower level problem, that is,
the direct sum of TV and TV2, each one weighted with a spatially varying parameter,
respectively α1 and α2. We did so for a scalar choice of γ = 10−3 and for both choices of
the upper level objectives, Fstat and FPSNR. As we see in Figure 8, for the parrot image,
this TV-TV2 approach produces the best PSNR and the best SSIM among both the ground
truth-free (using Fstat) and the ground truth-based (FPSNR) reconstructions. This is not
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Ground truth
PSNR=∞, SSIM=1.000

Gaussian noise, σ2 = 0.01

PSNR=20.00, SSIM=0.3349
Spatially varying γ

scalar Huber TV
PSNR=27.75, SSIM=0.7701

scalar Huber TV2

PSNR=28.22, SSIM=0.8142
scalar TGV

PSNR=28.20, SSIM=0.8132
Bilevel TGV

with spatially varying α and β

PSNR=28.33, SSIM=0.8145

Bilevel Huber TV
with spatially varying α1

and scalar γ

PSNR=27.50, SSIM=0.7702

Bilevel Huber TV
with spatially varying α1

and spatially varying γ

PSNR=27.15, SSIM=0.7688

Bilevel Huber TV2

with spatially varying α2

and scalar γ

PSNR=28.66, SSIM=0.8367

Bilevel Huber TV2

with spatially varying α2

and spatially varying γ

PSNR=28.44, SSIM=0.8285

Weight α1 of Huber TV Weight α1 of Huber TV Weight α2 of Huber TV2 Weight α2 of Huber TV2

Figure 4. Hatchling image: Huber TV and TV2 denoising with spatially
varying Huber parameter γ and regularization parameters α1 and α2 re-
spectively. The weights α1 and α2 are produced with the ground truth-free
bilevel approach using Fstat. The highest PSNR and SSIM values are high-
lighted in bold font.

the case for the hatchling image, where the spatially varying TV2 result is equally good
to the TV-TV2 one (both with PSNR=29.09) when the ground-truth based upper level
objective is used. This is also reflected in the corresponding computed weights, see last
images of the second and third row in Figure 8. The weight α1 of TV is significantly
smaller than the one of TV2, essentially rendering the TV regularization effect negligible
and suggesting that the TV2 regularization is preferred. On the other hand, when using
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Ground truth
PSNR=∞, SSIM=1.000

Gaussian noise, σ2 = 0.01

PSNR=20.04, SSIM=0.2773

scalar Huber TV
PSNR=27.75, SSIM=0.7701

scalar Huber TV2

PSNR=28.22, SSIM=0.8142
scalar TGV

PSNR=28.20, SSIM=0.8132
Bilevel TGV

with spatially varying α and β

PSNR=28.33, SSIM=0.8145

Bilevel Huber TV
with spatially varying α1

and scalar γ

PSNR=27.50, SSIM=0.7702

Bilevel Huber TV
with spatially varying α1

and spatially varying γ

PSNR=27.15, SSIM=0.7688

Bilevel Huber TV2

with spatially varying α2

and scalar γ

PSNR=28.66, SSIM=0.8367

Bilevel Huber TV2

with spatially varying α2

and spatially varying γ

PSNR=28.44, SSIM=0.8285

Figure 5. Details of images shown in Figure 4

the ground-truth free upper level objective Fstat, the pure TV2 reconstruction has a higher
PSNR than the one of TV-TV2 (28.66 versus 28.41). We stress again that minimization
of Fstat does not necessarily correspond to maximization of the PSNR and the TV-TV2

result could still have less Fstat-energy than the the pure TV2 one.
An overview of the PNSR and SSIM values for all the different reconstructions is provided

in Table 1. In general, we conclude that the bilevel Huber TV2 and sometimes the additive
version of TV-TV2 are able to produce remarkably good results. This is perhaps even
surprising, as the use of their scalar versions is not that popular due to its inability to
preserve sharp edges. We showed that the use of a spatially varying Huber parameter γ
can bring about improved results both quantitatively and qualitatively. We also stress that
by no means our strategy for setting γ is necessarily the optimal one. In fact, future work
will involve setting up a bilevel framework where also this parameter is included in the
upper level minimization variables along with the parameter α, adding further flexibility
to the regularization process. Finally we remark again that the purpose of this numerical
section was to justify our rigorous analytical study on spatially inhomogeneous integrands
acting on TV-type regularizers by choosing a particular example from the ones that were
identified in Section 4. As we pointed there, several regularizers commonly used in image
processing fit in our theoretical framework.
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Bilevel Huber TV
with spatially varying α1

and scalar γ

PSNR=29.95, SSIM=0.8610

Bilevel Huber TV
with spatially varying α1

and spatially varying γ

PSNR=29.66, SSIM=0.8644

Bilevel Huber TV2

with spatially varying α2

and scalar γ

PSNR=30.27, SSIM=0.8736

Bilevel Huber TV2

with spatially varying α2

and spatially varying γ

PSNR=30.19, SSIM=0.8651

Weight α1 of Huber TV Weight α1 of Huber TV Weight α2 of Huber TV2 Weight α2 of Huber TV2

Bilevel Huber TV
with spatially varying α1

and scalar γ

PSNR=28.23, SSIM=0.7979

Bilevel Huber TV
with spatially varying α1

and spatially varying γ

PSNR=27.86, SSIM=0.8016

Bilevel Huber TV2

with spatially varying α2

and scalar γ

PSNR=29.09, SSIM=0.8494

Bilevel Huber TV2

with spatially varying α2

and spatially varying γ

PSNR=28.96, SSIM=0.8492

Weight α1 of Huber TV Weight α1 of Huber TV Weight α2 of Huber TV2 Weight α2 of Huber TV2

Figure 6. Huber TV and TV2 denoising with spatially varying Huber
parameter γ and regularization parameters α1 and α2 respectively. The
weights α1 and α2 are produced with the ground truth-based bilevel ap-
proach using FPSNR. The highest PSNR and SSIM values are highlighted
in bold font.

Appendix A. Convex integrands and generalized Young measures

This section loosely follows [39], where most proofs can be found. Let Ω ⊂ Rn be a
bounded open set with L n(∂Ω) = 0 and consider the space of integrands

E(Ω,V) :=
{
Φ ∈ C(Ω× V) : Φ∞(x, z) := lim

t→∞, x′→x

Φ(x′, tz)

t
∈ R uniformly in Ω̄× SV

}
,
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Figure 7. Values of the reduced objective F̂(uk) along the projected gra-
dient iterations. The inner boxes show zoom-in plots of the last 10 iterations.

which is naturally equipped with the norm

∥Φ∥E := sup
(x,z)∈Ω×V

|Φ(x, z)|
1 + |z| .

It will thus be convenient to work with the coordinate transformations

S : ẑ ∈ BV 7→ ẑ

1− |ẑ| ∈ V, S−1 : z ∈ V 7→ z

1 + |z| ∈ BV,

where we wrote BV to denote the open unit ball in V. With this notation, the space of
integrands E(Ω,V) can be identified with C(Ω×BV) via the linear isometric isomorphism

(TΦ)(x, ẑ) := (1− |ẑ|)Φ
(
x,

ẑ

1− |ẑ|

)
, for x ∈ Ω, ẑ ∈ BV.

It follows that its adjoint, T ∗ : E(Ω,V)∗ → C(Ω×BV)
∗ ∼= M(Ω×BV) is also a linear

isometric isomorphism. We embed M(Ω,V) into E∗ via

εµ(Φ) :=

ˆ
Ω
Φ(x, dµ) =

ˆ
Ω
Φ(x, µa(x))dx+

ˆ
Ω
Φ∞

(
x,

dµs

dµ
(x)

)
d|µ|(x),

where µ = µaL n Ω+ µs is the Radon–Nýkodim decomposition of µ ∈ M(Ω,V). By the
sequential Banach–Alaoglu theorem, we can infer that bounded Lp sequences are weakly-*
compact in E∗ under the above identification. In particular, if (µj) is bounded in M(Ω,V),
we know that along a subsequence we have εµj

∗
⇀ ν in E(Ω,V)∗. We define σ := (T−1)∗ν ∈

M(Ω×BV) and write for Φ ∈ E(Ω,V)
⟪Φ,ν⟫ := ⟨Φ,ν⟩E,E∗ = ⟨TΦ, σ⟩
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Bilevel Huber TV-TV2 (Fstat)
with spatially varying α1 & α2

PSNR=29.93, SSIM=0.8750

Bilevel Huber TV-TV2 (FPSNR)
with spatially varying α1 & α2

PSNR=30.52, SSIM=0.8803

Bilevel Huber TV-TV2 (Fstat)
with spatially varying α1 & α2

PSNR=28.41, SSIM=0.8205

Bilevel Huber TV-TV2 (FPSNR)
with spatially varying α1 & α2

PSNR=29.09, SSIM=0.8466

Weight α1 of Huber TV Weight α1 of Huber TV Weight α1 of Huber TV Weight α1 of Huber TV

Weight α2 of Huber TV2 Weight α2 of Huber TV2 Weight α2 of Huber TV2 Weight α2 of Huber TV2

Figure 8. Huber TV-TV2 denoising with spatially varying regularization
parameters α1 and α2 and scalar γ. The weights α1 and α2 are produced
both with the ground truth-free and the ground truth-based bilevel ap-
proach using Fstat and FPSNR respectively.

=

ˆ
Ω̄×BV

(1− |ẑ|)Φ
(
x,

ẑ

1− |ẑ|

)
dσ(x.ẑ) +

ˆ
Ω̄×SV

Φ∞(x, ẑ)dσ(x, ẑ).

From this formula we derive two necessary conditions for the weakly-* limits of εµj , namely
that σ ⩾ 0 in the sense of M(Ω×BV) andˆ

Ω
φ(x)dx =

ˆ
Ω̄×BV

φ(x)(1− |ẑ|)dσ(x, ẑ) for all φ ∈ C(Ω̄).(A.1)

Conversely, these conditions are sufficient to enable us to disintegrate σ into appropriately
parametrized (generalized Young) measures that detect both oscillation and concentration
behavior of a weakly-* convergent sequence (µj). We define:

Definition A.1. A parametrized measure ν =
(
(νx)x∈Ω, λ, (ν

∞
x )x∈Ω̄

)
is said to be a Young

measure (or generalized Young measure) whenever

(a) (νx)x∈Ω ⊂ M+
1 (V) is weakly-* L n-measurable (the oscillation measure).

(b) λ ∈ M+(Ω̄) (the concentration measure).
(c) (ν∞x )x∈Ω̄ ⊂ M+

1 (V) is weakly-* λ-measurable (the concentration-angle measure).
(d)
´
Ω

´
V |z|dνx(z)dx < ∞ (the moment condition holds).

Then ν acts linearly on E(Ω,V) via

⟪Φ,ν⟫ :=
ˆ
Ω

ˆ
V
Φ(x, • )dνxdx+

ˆ
Ω̄

ˆ
SV

Φ∞(x, • )dν∞x dλ(x) for Φ ∈ E(Ω,V).
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Parrot Hatchling
Upper level Regularizer PSNR SSIM PSNR SSIM

-
TV sc. α1, sc. γ 29.25 0.8354 27.75 0.7701
TV2 sc. α2, sc. γ 29.28 0.8305 28.22 0.8142
TGV sc. α0, sc. α1 29.50 0.8509 28.20 0.8132

Fstat

TGV s.v. α0, s.v. α1 29.84 0.8606 28.33 0.8145
TV s.v. α1, sc. γ 29.20 0.8549 27.50 0.7702
TV s.v. α1, s.v. γ 28.92 0.8571 27.15 0.7688
TV2 s.v. α1, sc. γ 29.81 0.8705 28.66 0.8367
TV2 s.v. α1, s.v. γ 29.84 0.8700 28.44 0.8285
TV-TV2 s.v. α1, s.v. α2, sc. γ 29.93 0.8750 28.41 0.8205

FPSNR

TV s.v. α1, sc. γ 29.95 0.8610 28.23 0.7979
TV s.v. α1, s.v. γ 29.66 0.8644 27.86 0.8016
TV2 s.v. α1, sc. γ 30.27 0.8736 29.09 0.8494
TV2 s.v. α1, s.v. γ 30.19 0.8651 28.96 0.8492
TV-TV2 s.v. α1, s.v. α2, sc. γ 30.52 0.8803 29.09 0.8466

Table 1. Summary of the PSNR and SSIM values for all the previous
results. The abbreviations “sc.” and “s.v.” mean “scalar” and “spatially
varying” respectively. The highest values for every upper level objective are
highlighted with bold font.

We write Y(Ω,V) for the set of all such ν.

It is then easy to check that a Young measure ν actually lies in E∗ and, moreover, that
the inclusion Y(Ω,V) ⊂ E(Ω,V)∗ is strict. We have the disintegration theorem:

Theorem A.2. Y(Ω,V) = T ∗{σ ∈ M+(Ω×BV) : equation (A.1) holds}.

Consequently, Y(Ω,V) is weakly-* closed in E(Ω,V)∗ and convex, therefore:

Theorem A.3 (Fundamental Theorem of Young measures). Let (µj) be a bounded se-
quence in M(Ω,V). Then there exists ν ∈ Y(Ω,V) such that, along a subsequence, εµj

∗
⇀ ν

in E(Ω,V)∗, i.e.,

lim
j→∞

ˆ
Ω
Φ(x,dµj) =

ˆ
Ω

ˆ
V
Φ(x, z)dνx(z)dx+

ˆ
Ω̄

ˆ
SV

Φ∞(x, z)dν∞x (z)dλ(x)

for all Φ ∈ E(Ω,V). In this case, we say that (µj) generates ν.

In our analysis we repeatedly use the following:

Lemma A.4. Let (µj) ⊂ M(Ω,V) generate a Young measure ν. Then

µj
∗
⇀ ν̄xL

n Ω+ ν̄∞x λ in M(Ω̄,V).

The limit measure is refered to as the barycentre of ν.

This follows simply by taking Φ(x, z) = φ(x)zi for φ ∈ C(Ω̄), where we wrote

ν̄x =

ˆ
V
zdνx(z) and ν̄∞x =

ˆ
BV

zdν∞x (z)

for the expectations of the probability measures νx and ν∞x .
We also employ a general convergence result for Young measures:
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Proposition A.5. [40, Prop. 2(i)] Let Ω ⊂ Rn be bounded and open, and f : Ω × V →
R be a measurable integrand such that f(x, • ) is continuous for almost every x ∈ Ω (a
Carathéodory integrand). Suppose in addition that f has a regular recession function, i.e.,

f∞(x, z) := lim
(x′,z′,t)→(x,z,+∞)

f(x′, tz′)

t
for (x, z) ∈ Ω̄× V

exists. Let (µj) ⊂ M(Ω,V) generate ν ∈ Y(Ω,V). Then

lim
j→∞

ˆ
Ω
f(x, dµj(x)) =

ˆ
Ω
⟨νx, f(x, • )⟩dx+

ˆ
Ω̄
⟨ν∞x , f∞(x, • )⟩dλ(x).

Finally, we cite a variant of the fundamental theorem of Young measures:

Proposition A.6. Let Ω ⊂ Rn be bounded and open, and F : Ω×V → R be a measurable
integrand such that f(x, • ) is continuous for almost every x ∈ Ω (a Carathéodory inte-
grand). Let (vj) ⊂ L1(Ω,V) generate ν ∈ Y(Ω,V) be such that (f( • , vj))j is uniformly
integrable. Then

lim
j→∞

ˆ
Ω
f(x, vj(x))dx =

ˆ
Ω
⟨νx, f(x, • )⟩dx.
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