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There is a vast literature showing the connection between a deformed relativistic kinematics and
a curved momentum space, and, in particular, how the former can be obtained from the geometrical
properties of the latter. However, there is not any mention about the geometry of a multi-particle
system making manifest a possible modification in the metric of one particle due to the presence
of others. In this work we explore how a curved momentum metric depending on the particles
involved in an interaction arises when considering a process. We also show that the principle of
relative locality obtained in doubly special relativity from an action is achieved in this geometrical
framework in a direct fashion. Moreover, this formalism allows us to generalize this principle when
a curvature of spacetime is present in a natural way. Furthermore this geometrical setup allows us
to define a new momentum dependent space-time coordinates for a multi-particle system in which
locality of interactions is recovered.

I. INTRODUCTION

One of the challenges of theoretical physics nowadays is the formulation of a quantum gravity theory (QGT). The
main difficulty in merging quantum field theory (QFT) and general relativity (GR) is the different role that spacetime
plays in these theories: it is a static frame in QFT and a dynamical entity in GR. One would expect that the classical
notion of spacetime should change when considering small scales. A completely new structure would arise, leading to
a “quantum” spacetime, with novel properties we are not able to imagine nowadays.

This is a matter of study in the last years. For example, in loop quantum gravity [II 2], such structure takes the
form of a spin foam [3H6], that can be interpreted as a “quantum” spacetime, and in causal set theory [7H9] and string
theory [IOHI2], non-locality effects appear [13, [14]. A different proposal of a “quantum” (modular) spacetime in the
context of string theory was recently developed in [I5], which is fully consistent with Lorentz symmetry. All these
approaches differ completely from the notion of Einstein spacetime [I6], which is constructed via the exchange of light
signals. Moreover, if there is a “quantum” spacetime, the propagation of massless particles with different energies could
vary, for example, through an energy dependent velocity, and Einstein’s construction looses sense. Furthermore, the
description proposed by Einstein is useless when non-locality effects arise.

However, the aforementioned theories are not fully satisfactory in the sense that they do not have well defined
testable predictions, which might serve us as a guidance in building a theory of quantum gravity. So, instead of
starting from a possible fundamental QGT, one could consider a different approach starting by its low energy limit.

Since the structure of the spacetime should change for high energies, also its usual symmetries of it would be
different. Regarding Lorentz invariance, there are two main scenarios: one can consider that for high energies a
Lorentz invariance violation (LIV) [I7, 18] can arise, or that this symmetry is deformed, leading to the theories known
as deformed special relativity (DSR) [I9]. These theories are not formulated as a QGT but as its possible a low
energy, allowing us to explore possible phenomenological implications which might serve us as a guidance in building
a fundamental theory of quantum gravity.

LIV scenarios modify the kinematics of special relativity (SR) with the introduction of a deformed dispersion
relation. New terms proportional to the inverse of a high-energy scale (normally considered to be the Planck scale)
are added to the usual quadratic expression of SR. However, in DSR theories, besides the possibility of a deformed
dispersion relationﬂ there are some deformed conservation laws for the momenta implying that the total momentum
of a system of two (or more) particles is not derivable as the trivial sum of the initial momenta as in SR, but involves
instead additional terms depending on both momenta and on the high-energy scale. Furthermore, in order to have
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a relativity principle present in these theories, it is mandatory to have deformed Lorentz transformations for the
multi-particle system, making the deformed dispersion relation compatible with the conservation laws.

As commented above, a “quantum” spacetime could induce some unexpected features in particle kinematics; for
example, the velocity of massless particles could depend on their energy, or the interactions become non-local. The
first possible effect can be parametrized by a deformed dispersion relation, an ingredient that appears in both LIV and
DSR scenarios. However, the lack of locality of interactions is only present in DSR theories due to the deformation
of the conservation law of momenta, an effect known as relative locality [2I]. This can be easily understood just
regarding the momentum as the generators of translations in spacetime: since the total momentum is a nonlinear
function of the momenta of the particles, translations are different for each particle involved in the process.

The idea of a curved momentum space was first proposed by Born [22] in the 30’s in order to get rid of the ultraviolet
divergences appearing in QFT. But some years ago, it started to be considered as a way to go beyond SR. In this
context, a different perspective of a deformation of SR kinematics based on the Born geometry (studied within string
theory context in [23H25]) of a doubled phase space has led to replacing the classical model of a free relativistic
particle by a metaparticle model [26], following the metastring scenario proposed in [I5]. Lorentz symmetry is in
this case realized in a different way as a group of transformations that leave the constraints which define the model
invariant. The modified dispersion relation is identified from the poles of the momentum integral representation of
the metaparticle quantum propagator instead of directly considering the constraint in the classical action. The loss
of absolute locality associated with the modified energy-momentum conservation law which defines the interaction of
particles in the classical model appears in the model of metaparticles as due to the different notion of spacetime for
different metaparticles with different values of the doubled momentum variables. The extension of the metaparticle
model to include interactions is an open problem.

In the DSR context it was rigorously shown that all the ingredients of a relativistic deformed kinematics can be
obtained from a maximally symmetric momentum space [27]. In particular, x-Poincaré kinematics can be obtained
identifying the isometries (translations and Lorentz isometries) and the squared distance of the metric with the
deformed composition law, deformed Lorentz transformations and deformed dispersion relation respectively (the last
two facts were previously contemplated in Refs. [21], 28]). In [29] the proposal of [27] was generalized so allowing
the metric to describe a curved spacetime, i.e. a generalization of GR including a deformed relativistic kinematics,
which leads to a metric in the cotangent bundle depending on all the phase-space variables. This is a generalization
of previous works in the literature, in which a metric that depends on the velocities (Finsler geometries) [30H32] and
momenta (Hamilton geometries) [33H35] were regarded.

Following the relative locality idea, the study of the propagation and interaction of particles considering a curvature
in both momentum and space-time spaces was carried out in Ref. [36]. In that paper an action with some nonlocal
variables (defined by the space-time tetrad) is considered (differing from the approach of the aforementioned works
in which the space-time coordinates are the canonical conjugated variables of the momentum), allowing them to
generalize the relative locality action [21] when a curvature in spacetime is present.

In another vein, in some recent works [37, B8] it has been shown that one can construct some noncommutative
coordinates in a two-particle system in such a way that in these coordinates one recovers locality of interactions.
In [39] the relationship between a curved momentum space and these generalized coordinates (in the one particle
system) was explored. In particular, it was shown that the functions characterizing the noncommutative coordinates
can be identified with the (inverse of the) tetrad in a momentum space metric.

In this work, we will see how one can describe an interaction described by DSR kinematics in the geometrical
approach of [29, [40], from which we can deduce the relative locality principle. This forces us to consider a metric for
the phase space of two particles, depending in general on all the momenta involved in the process. Moreover, we are
able to establish a relationship between this momentum metric and the noncommutative coordinates of a two-particle
system in which the interactions are local. It is important to note that, since the relative locality principle is derived
from a relativistic deformed kinematics, Lorentz covariance is present in this loss of absolute locality of interactions,
and then also in the geometrical construction proposed in this work.

The structure of the paper is as follows. We start by explaining how the principle of relative locality arises from
geometrical considerations for a flat spacetime in Sec.[[I} In this section, we see that this defines a momentum metric
depending on all the momenta involved in the interaction. In Sec. [[TI} we observe that the construction of a metric
in the phase space of a two-particle system leads to a definition of spacetime in which interactions are local. We will
apply this model to x-Poincaré kinematics in Sec. [[V] showing how it is possible to extend this work to a system of
more than two particles, and to the most general kinematics at first order in a Taylor expansion on the high-energy
scale deforming the kinematics in Sec. [V] In Sec. [VI] we show how to generalize the relative locality principle for a
curved spacetime. Finally, we see the conclusions in Sec. [VII]



II. RELATIVE LOCALITY IN FLAT SPACETIME

In this section we start by resuming the original proposal of relative locality from the following action [21]
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where @ = (da/dr) is a derivative of the variable a with respect to the parameter 7 along the trajectory of the
particle, x_(;) (x4 (;)) are the space-time coordinates of the in-state (out-state) particles, p~ @ (pt()) their four-
momenta, m_; (m4(j)) their masses, P~ (P*) the total four-momentum of the in-state (out-state) defining the
deformed composition law, C(k) the function of a four-momentum k defining the deformed dispersion relation, £#(0)
are Lagrange multipliers that implement the energy-momentum conservation in the interaction, and N_¢;) (Ny(j))
are Lagrange multipliers implementing the dispersion relation of in-state (out-state) particles.

Applying the variational principle to the action , one obtains the end (starting) space-time coordinates of the
trajectories of the in-state (out-state) particles
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We see from the previous equation that only an observer placed at the interaction point (£#(0) = 0) will see the
interaction as local (all z/;(0) coincide, being zero). One can choose the Lagrange multiplier £#(0) so the interaction
will be local only for one observer, but any other one will see the interaction as non-local. This shows the loss of
absolute locality, effect baptized as relative locality.

A. Relative locality from geometry: the right particle

We are going to obtain the relative locality principle from the geometrical approach of a metric in the cotangent
bundle used in [29] [40]. In [4I] a line element in the cotangent bundle is defined as

G = gu(z, k)dx"dx” + g" (x, k)ok, 0k, , (3)
where
Ok, = dk, — Ny, (x, k) dz” . (4)

Here, N, are the so-called coefficients of the nonlinear connection. In GR, the coefficients of the nonlinear connection
are given by

N (2, k) = kI, (2), (5)

where I'f, () is the affine connection. Then, when the metric is such that it does not depend on the space-time
coordinates, these coefficients vanish, making that becomes

G = gu(k)dztdz” + g* (k)dk,dk, . (6)

It is important to note that x and k are canonically conjugated variables, having then the usual structure of Poisson
brackets

{ky, "'} = 6. (7)

As we commented in the introduction, the composition law is defined as the isometries of the momentum metric,
ie [27]

9" (@)dgudg, = ¢" (p@q)d(p®q),d(p©q), , (8)
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Then, we can apply such transformation to the line element of Eq. @ for the flat space-time case for the sake
of simplicity (the curved space-time case will be considered in Sec. . Since it is an isometry, we would have in
principle

G = gu(k)datdx” + g"" (k)dk,dk, = g, (e ® k)dz"dx” + g"" (e D k)d(e ® k) d(e D k), , (10)

being € the parameter of the translation. However, it is easy to see that the previous equation cannot hold due to
Eq. @ This means that the composition law is only an isometry for the vertical line element but not for the whole
line element, and in particular, not for the space-time line element. Then, we need to consider that, in order to have
an isometry of the complete phase-space line element, the space-time coordinates changes when applying a momentum
translation

G = g (k)dztdz” + g"" (k)dk,dk, = gu.(e ® k)dEHdE” + g (e @ k)d(e d k), d(e B k), , (11)

Due to the relationship of Eq. @D involving the composition law and the metric, one can find the following differential
equation
ozt 0(e®k),

% = (12)

Then, one can solve it finding that
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Without loss of generality one can set the constant to be zero and then, one can particularize the previous equation
for a given phase-space point (x(0), k(0)), obtaining
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This shows that under an isometry in momentum space the space-time coordinates must also change in order to have
an isometry for the whole phase space.

Now, we are going to study what happens with space-time coordinates when an interaction takes place. We start
by considering a 2 — 2 scattering process (for simplicity) with two incoming particles with phase-space coordinates
(y,p) and (z,q) and two outgoing particles with phase-space coordinates (u, k) and (w,!). We consider that the total
momentum of the system of these two particles before and after the interaction is given by

(p(0) @ ¢(0)), = (k(0) ®1(0)),, , (15)

where 0 is representing the value of the momentum when the interaction takes place. This total momentum is
conserved through a nonlinear composition law.

We firstly consider that the particle with momentum ¢ in the initial state corresponds to the one with momentum
[ after the interaction. This is a very particular case used in order to illustrate the feature of relative locality. As we
will see in Sec. [[TB] this simple implementation leads to some problems for the left particle, forcing us to consider a
more general scenario in Sec. [[TC]

The crucial assumption we are going to consider is that, in an interaction, the initial and final points for each
particle are depicted by isometries in phase space of the kind of Eq. . Then, the momentum of each particle
changes through the momentum composition law (defined as isometry in momentum space), and the space-time
coordinates changes according to it, as we saw in Eq. . Then, the phase-space line element for the right particle
(with momentum ¢ before the interaction and I after it) is

G (q)dz"dz" + " (q)dgudq, = g (D)dwtdw” + g** (1)dl,dL, . (16)

In order to make things easier, we can define an intermediate state with phase-space coordinates (¢, (p @ q)) between
the previous line elements, making that

9uv(q)dz"dz" + ¢""(q)dauday = g (p © q) dEHdE” + 9" (S q)d(p D q),d(p&q), =
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where £ and (p @ q) are canonical conjugated variables and also § and (k @ (), since Eq. holds.

Applying the same procedure of Eq. we can relate the coordinates z# with £: if £°(0) is the vertex of the
interaction, i.e. a given particular coordinate defining where the interaction takes place, then the z#(0) coordinates
of the right-ingoing particle corresponding to such vertex is

9 (1(0) © 4(0)), _,
)0, (18)

and in a similar way for the right-outgoing particle coordinates after the interaction
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This is the same result obtained in [21] for one of the particles. We are going to see that for the other particle involved
in the interaction this result cannot be obtained in a direct way.

B. Relative locality from geometry: the left particle

One could naively look for a similar derivation of the relative locality principle for the left particle, imposing

g (P)dy"dy” + g (p)dpudpy = gy (p © q) dEHdE” + g" (@ @) d(p @ q),d(p B q), =
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G (K@ 1) deHde” +g" (k) d(k® l)# dkel), = gu(k)dudu” + ¢"" (k)dk,dk, . (20)
However, in order to obtain the relation between the z# and £* we have used Eq. , making use explicitly of the
isometry condition of the composition law @[) A similar equation for the momentum of the left particle cannot be
addressed since
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which does not hold due to the non-symmetricity of the composition law. This impedes us to obtain the expected
result

9 (p(0) ®q(0)),
0. (22)

Therefore, we need to propose a more general scenario than the one considered above.

y"(0) =

C. Relative locality from geometry: metric in phase space for two particles

Instead of regarding a line element for each particle separately, we can consider a line element for the whole phase
space of both particles at the same time. While this could seem strange, note that the Lorentz transformation of
the right particle in k-Poincaré kinematics depends on the left momentum [42], implying that one must regard the
Lorentz transformations of the two-particle system as a transformation in the whole phase space

TP =y TP (p) + 2T (p,q) . (23)
Then, we propose a line element in phase space of the form (for flat spacetime)
Gy = G, (P)dX*dXB 4 GAB(P)dPadPg, (24)

where G 45 (P) is an 8-dimensional metric

_ (9EEp.q) 9iE(p.q)
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XA = (y*, z), Pa = (pu,qu), and A, B run from 0 to 7. Explicitly, this line element can be written as

Gy =ghk (p, q)dy"dy” + 2955 (p, )dy*dz" + giF (p, q)dz"d=" +
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In order to be a symmetric metric, their components satisfy

gpra) = gbr(pq), gk ma) = gfl ), gff(p.a) = 9l (p.q). (27)

Since we are considering only two particles in the initial state, and this is a classical model, we have also two particles
in the final state, with phase-space coordinates (u, k) and (w, ). We want that the relative locality conditions ,
are satisfied. Then, we assume that the phase-space line element is the same before and after the interaction

Gy = Gap(P)dX*dXP 4+ G"(P)dPadPp = Gap(K)dVAdV® + GAB(K)dKAdKp , (28)
where VA = (u#, w") and K4 = (k,,1,). In particular, we can define an intermediate stated as we did in Eq.
Gap(P)dX*dXP + G*P(P)dPadPp = 29, (p ® q) d§"dE” + 29" (p® q)d(p® q),,d(p® q), = 29)
29, (k@ 1) dgHdg” +2g" (k& 1) d (k& 1), d(k®1), = Gap(K)dVAdV? + GP(K)dK 4dK s .

The factor 2 appears since we are asking for the two particles to have the same vertex of the interaction. Otherwise,
we do not obtain the SR limit for which interactions are local.
This problem can be simplified if we use an 8-dimensional tetrad to depict the metric
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It is easy to obtain the relationship between this tetrad and the components of the metric
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Therefore, the momentum part of line element part of Eq. will be satisfied if
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Since we want to recover the metric for a single particle when there is only one momentum, we impose
L)« « L)« R)x R)a a
Pep0) =50 P09 = @00 =0,  eG0,9) = 5 (q) , (35)

being ¢ (p) the (inverse of the) tetrad in momentum space

guv(k) = @i (k)nagel (k). (36)

Then, the desired relative locality condition for the left particle can be obtained from the space-time part of
the line element of Eq. . In terms of tetrads, one can obtain from Eq.

o " (L) 9Z" (L)a " (R)a 92" (Rya
oy (p®aq) = o967 Pl (p,q) + o6 Plre(p.a) = o6 Pl (p,a) + o6 Pl (p:9). (37)

Therefore, due to the conditions one can see that the previous equation is satisfied if

oy 0peq), 9z 0(pe4), (38)
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which is consistent with Egs. ,.




III. DEFINITION OF SPACETIME FROM GEOMETRY

We have seen how to introduce a metric in the phase space of two particles in order to recover the relative locality
principle. In this section we will see that this geometrical construction of such metric leads us to a new definition of
spacetime.

A. Features of noncommutative spacetime

We can now define from the space-time part of the line element @ some new space-time coordinates as a function
of the (inverse of the) momentum tetrad

% = a2l (k). (39)
We can consider now the propagation of a free massless particle in these noncommutative coordinates
ds? = dat g, (k)dx” = d:c“cpz‘(k)na/gcpf(k)dx” =0. (40)
Then, since k=0 along the trajectory, we have
d#%napdi® = 0. (41)

This means that in these coordinates there is an absence of a momentum dependence on times of flight for massless
particles. This fact was previously pointed out in [43] ﬂ In that paper it is shown that, since “physical” distance
(the one defined in terms of the noncommutative coordinates) traveled by a massless particle depends on its own
momentum, there is a cancellation of effects, making that there is not an energy dependent time of arrival for
photons.

Now we can wonder what kind of noncommutativity can arise from this definition of spacetime. In particular, a
very interesting example is the one in which they close the xk-Minkowski algebra [27]

{8} = %(n“i" — Vi) (42)

where n* is a fixed temporal vector (1,0,0,0).
Note that this definition of spacetime differs from the one obtained in Hopf algebras, which in this geometrical
setting would correspond to the generators of translations in momentum space (generators of the composition law) ﬂ

B. Noncommutative spacetime and locality of interactions

One can define a generalized spacetime, depending on all the phase-space variables of the two-particle system, in
such a way that the space-time part of line element (24]) can be rewritten as

ds3 = dj°nasdy® + dz°nasdz? (43)
being
~a L)a L)a ~a R)x R)a
= ol (pa) + e (a), 2 = yrel e (p.a) + 2 e e (p,q), (44)

and where we have used that momenta are constant since we are considering that the metric does not depend on the
space-time coordinates. This defines some noncommutative coordinates in which interactions are local: from what we
saw in the previous section, it is easy to check that

§*(0) = 2%(0) = £%(0) = &"(0)¢% (p®q) - (45)

2 See also [39] [44] [45] for a different perspective of the same result.
3 See [39] for a more complete discussion.



This a more general case of the one considered in [38], in which the noncommutative space-time coordinates in
which interactions are local were defined as
- L ~ R
7= o) + el (), 2 = yhele(p) + 29 (a). (46)
In [38] it was also pointed out that there is not an unequivocal way to define these ¢’s functions given a relativistic
deformed kinematics, even in the restricted case it was considered. Here, starting from a completely general set up,
there are even more possible choices. In the next subsection, we will give a way to select these functions in order to
eliminate this ambiguity.

C. New geometrical constraints to spacetime

As commented in [38] [39], there are different ways to implement locality of interactions given a kinematics even
in the one-particle system, despite imposing that they form a x-Minkowski algebra. However, when considering this
geometrical approach it is natural that, given a deformed relativistic kinematics, the ¢ of one particle must be the
(inverse of the) tetrad corresponding to the metric which has the Lorentz transformations of the one-particle system
as the Lorentz isometries (as it was noted in [39]).

Moreover, we can follow this approach and select the ¢’s functions of the two-particle system in such a way that
the Lorentz transformations of the two-particle system are the isometries of the 8-dimensional metric. As we will see,
this is a really strong condition that determines completely the non-commutative spacetime of a two-particle system.

IV. APPLICATION TO x-POINCARE KINEMATICS

In this section, we apply our method for constructing a metric for a two-particle system to the kinematics of k-
Poincaré, and we see how this procedure can be generalized to three particles, being this easily generalizable to any
number of particles.

A. Simple basis of k-Poincaré

In [38] a really simple basis of x-Poincaré kinematics was found. The composition law reads

(p®q), = pu+(1—po/A) qu. (47)
The Lorentz transformations for the left particle are
T’ (k) =0, T (k) = & ki — 6}, k;
TV (k) = —k;(1 - ko/A), JY = gl (—ko n (kg - EQ) /2A) + ki /A (48)

while for the right one

I (p,q) =(1—po/A) TV(a),
T (pq) =1 —po/AN) T (@) — (515 §—pjai) /A,

T’ (p.q) =T5°(q), T (p,q) = T (q). (49)

In order to have a relativity principle, the total momenta of the system for two observers must be related by a
Lorentz transformation, and then the next equation holds

/ o / ~
r®q), =00, (50)
where
p;; = pu"'eaﬂj;?ﬁ(p): q~u = q;t+€a6j;?ﬁ(paQ)' (51)
From Eq. , given the Lorentz transformations of Eq. , one can check that the following expression holds [27]
o PP Dy a 0P DDy 7a
T q) = Q02D gon) 1 OO D gos, o). (52)
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having then the relativity principle present in a relativistic deformed kinematics.
The momentum metric with these isometries can be defined by a tetrad which satisfies Eq.

@ﬁ(k) = 5ﬁ (1 —ko/A) . (53)
One can obtain the Casimir as the squared distance of the metric constructed with the previous tetrad
2(ko—A)A
C(k) = —A*arcsec? f o= 4) . (54)
—kE+k2+2(ko—A)A

As it was shown in [38], this basis can be obtained from the well-known bicrossproduct basis [42] considering the
change of momentum basis k, — k,

ki = ki, (1—ko/A) = e Fo/A (55)

being the hatted variables the one corresponding to the bicrossproduct basis. This particular basis will be used in the
following due to its simplicity both on the kinematics and the corresponding metric.

Due to the associativity of the composition law, there is a simple way to define the kinematics for more than two
particles. In particular, for a system of three particles (which will be useful in the following) the generalization of the
composition law is given by

(k®(dq), =k+ 1 —ko/A) pDq), , (56)

and the Lorentz transformations are

kit = k#‘i’eaﬁjfﬁ(k), ﬁ# = pu+6aﬁj;?ﬁ(k7p)a qu = qu+6aﬁj;ﬁ(k@pa(n' (57)
It is easy to see that these transformations satisfy the generalization of Eq. for three particles

o(k®(p@q))

d (k .
L OkS &), e LI ke R, (59)

T (ke (p®q) = 5 LT (k,p) +

This can be generalized for any number of particles in an easy way.

B. Metric for the two-particle system

As it was shown in [27], when considering a tetrad satisfying and the associative composition law of x-Poincaré,
the following relation between tetrad and composition law is satisfied

erp®q) = (9(]?;?’)” o) (). (59)

Then, for the particular case of x-Poincaré, the right particle satisfies the relative-locality condition . This
allows us to consider a simplified version of the 8-dimensional tetrad

(L) (L)«
o (p7 q) = (p(L)M (p’ q) (p(R)p,(pa q) ; (60)
' 0 e (a)

having then that the second equation of is automatically satisfied.
Now we can impose that the Lorentz transformations must be an isometry of the metric

Gap(P)dX*dXP + GAB(P)dPsdPg = Gap(P)dX'*dX'? + GAB(P")dP\dPy, (61)
where X'4 = (y'*, 21), being
Y=yt ey P TS 0) + 2T ()}, B = 2t eap{ yP TP (p) + 22 T2 (p,0)} (62)

and P}y = (p),,qu), both defined in 1.
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Using this and the conditions —, we obtain the following expressions for the tetrad components of when
using the kinematics described at the beginning of this section

o o o nq q*n 1"q
PO p.9) = 0501 (.0) + 0 (0,0) + — 85 (p.a) + T 0 (p.0) + T3 0 (P a)

a a @ n-q, qn q 'm
ey (P:0) = 167 (p.q) + 10, 6f (p.q) + B8 (p.0) + T 0 (p.0) + 5 0 (p.a)
being
2l—po/N) (@ -7 ¢ i (pa) 4(po— M)A
¢1(pg) = 1—po/A, ¢5(p,q) = . 95(pg) = = —2¢ ==
Hp.o) o/As obpa) = = RS ok =~y = atng) = S
2 (%5 — %) 4(g0 — M)A
Rio) = —qo/N, oR(q) = —268(q) = — 0 C oR(q) = —268(q) = .
o1 (q) q0/ b3 (q) ¢35 (q) 7 — (g0 — 2A)2 ¢4 (q) o5 (q) 7 — (g0 — 2A)2
(64)
Note that all the functions ¢ depend only on the second momentum.
This completely determine the metric (25 in the two-particle system
LL 1 2 LR _ LR _ (Po = M)(g3 — ) (A = q0)
9 (0) = (L =po/N) "0y 9207 (0,0) = 9,'(pq) = 2n,LnVA2(4A(A_ PRy
(po — M) (A — qo) (po — A)(4q0A — 3¢5 — ¢*) o (po — A)
+ 2 v 471,, v + v 9
Gt =400 ) AR g0 v - ) “qMMMA<m+% 2)
2q0 243 2A (3 + @) + qo (g3 — 3° — 47?)
RR 1—— - =2 v v v
g;u/ (p7Q) ( A A2 7];4 +(n qu+nuq ) A2(4A(A_q0)+q0— )
(45 — @*)(q0 — A) (490A — 345 — &°)
—dnyn, 3 + 4y 55 2N -
A(4A(A = q0) + 45 — ¢°) A2(AA(A = q0) + 4§ — ¢7) )
65

Therefore using Egs. and one can define, without ambiguity, the spacetime of a two-particle system given
that the noncommutativity for the one-particle system is xk-Minkowski. The crucial ingredient which eliminates this
ambiguity in defining the spacetime of a two-particle system of [38] is the strong condition 7 which imposes that
the Lorentz transformations in the two-particle system are the isometries of the 8-dimensional metric.

C. DMetric for more than two particles

For an interaction involving more than two particles in the initial state (and then also in the final one, since we
are considering a classical model), the previous study can be generalized in a simple way when the composition law
is associative. We will study the particular case of three particles the procedure, being able to be generalized to any
number of particles.

Since we have to consider the line element of three particles (with momenta k, p, ¢ and total momentum (k®p®q)),
we will use a generalization of the tetrad

el kv, 0) wééﬁ“(k- 2:4) @) (k,p,9)
« 2)a 2)a
Pulk:pr0) = 0 Play (.0) ‘Pégiu(q) : (66)
0 0 Py (@)

We take the tetrad of the two last particles p, q to be independent of the momentum k& identifying

L)a 2)a L)a 3 «
Pe(pg) = e a), e = eRe@,  whe@) = ¢ (67)

Now Eq. is generalized to

Gap(P)dX*dXP + GAP(P)dPadPp = 3g,, (p@® q) d§"dg” + 39" (p© q)d(p @ q),d(p&q)” (68)

7
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where now the indexes A, B, run from 0 to 11 and X4 and P4 represent the phase-space coordinates of a system of
three particles. The factor 3 appears since we are considering three particles involved in the interaction. This leads
to the generalization of Eq. for the tetrads for the first particle (with momentum k)

Ok&r®a), OEEPEDy oy, oy, OFEPDDy )

aqy (3)]/(k7p? q) . (69)

Then, we can solve order by order the equations and the generalization of for three particles for the
kinematics described in Sec. obtaining (up to second order in the inverse of the high-energy scale)

k (0% e} k (6% k (0%
EBZ(kp’ )_53(1())]9 Pu v Pu <1 0+Po+qO>PA (10>P Qu

A 2A2 A A A A2
. 7+ D* = (po+ 00)° P " Y (Ko=) _ " ([ Fotpo) 4%
" 2A2 A A A A A 2A2° (70)
Do _ Po , podo—D-q\ PPy po +2pogo — P2 — 204 | P°qu  nqu Do
Play, (P a) = — 0 (A+ e ) A2 +P A E+n SA7 TR A

S 2 a a
(D _ Podo — P-4 q —4q q Pp @y G qu
Lp(?))u(p, q) =4, (— + A2> +nn, A2 + - .

A A2 A 2A2

We can see that there is not an easy way to extend the tetrad for the two-particle system to a generic multi-particle
system. However, following this prescription, one can generalize this construction for a system with any number of
particles.

V. METRIC FOR A GENERIC RELATIVISTIC DEFORMED KINEMATICS

In Sec. [[TC| we proposed a systematic way to obtain the metric in phase space for a system of two particles. In this
section, we are going to apply it to the most general kinematics at first order in the high-energy scale obtained in [46].

The deformed dispersion relation compatible with rotational invariance as a function of the components of the
momentum is parametrized by two adimensional coefficients oy, as:

(5] [6%)
C(p) = pg — 1" + <0 + — pop” = m?, (71)
A A
while the deformed composition law is parametrized by five adimensional coefficients g1, 52,71, 72,73,

—

b1 Ba 7 Vo
p®dql, = po+Q0+XPOQO+XP 7, p®dq,; = Pi+ di + - Podi + Apzqo+ A €ijkDjk (72)

where €;;, is the Levi-Civita symbol.
The most general form of the Lorentz transformations in the one-particle system is

—

[T(p)ly = po+ (&) + po(p 6)

A A A =
Mt 22+ 2%) 5.8, (73)

Ao
[T'(p)], = pi +po&i + N P& + —= *2&

where 5 is the vector parameter of the boost, and the \; are dimensionless coefficients.
The invariance of the dispersion relation under this transformation, C(T'(p)) = C(p), requires the coefficients of the
deformed dispersion relation to be a function of those of the boosts

o] = — 2()\1 + )\2 + 2)\3) 5 Qg = 2()\1 + 2)\2 + 3)\3) . (74)
As we have mentioned previously, a modification in the transformations of the two-particle system is needed in order

to have a relativity principle, making the deformed Lorentz transformations to depend on both momenta. Then, we
are looking for a transformation such that (p,q) — (TX(p), T (q)), where

T)(p) = T(p) + T (p), TR (q) = T(q) + T, (q).- (75)
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When one considers the most general transformation in the two-particle system and imposes that they are Lorentz
transformations and that they leave the deformed dispersion relation invariant, one finally finds:

L . L .
[TE )]y = - 0068 + = GAd) €,
L L L .
[T} (p)], = %Po%fi N 2 (qo€ijepi&r — Poijrd;i&r) + 73\ (qz(ﬁ ) — (17'67)&') ;
- R -
T, = (& + 1 @A) €.
R R R R
[T(q)], = 1 qopo&i — A (Po€ijrqi&k — qo€ijkpi&k) + 77; (‘pi(tf'f) - (@'ﬁ)&) .
(76)

Using Eq. one finds the following relations between the coefficients of the composition law and those of the
deformed Lorentz transformations

B1 = 2(A1 + A2+ 2)3), By = —2X3 —nF —nft, (77)
Y= A A2 208 -nF, e = M 20+ 20—l 43 =gk -l (78)

The most general tetrad for one particle making the corresponding metric invariant under the Lorentz transformation

of one particle is

ko k, ke i
ou(k) = oy <1 + €1 A) +e znA“ +63% + 64]60% + ji) €7 Nopkpny (79)
where
€1 = A+ 22+ 2A3, €3 = —€a+ A +2)s + 43, €4 = —2Xy — 2)3, (80)

and €5 and €5 are free parameters.
We construct now the more general tetrad of two particles at first order in the high-energy scale

(M) M) (M) P (M) 4o () NP () PO (M ) Po
i ,0) =05 (00 + eMh L + (VR ) + e Loy e £t nC e et

(N)l A (N)2A (N)3 A (N)4 A (N)5 A (81)
(M) " (M) 4 (M) (M) _aopv (M) _aopv
(N6 Al + €vy7 AM 1 nuE ) N C e €0 NoplpTw + €(ny10€" " Noudpv »

where M, N can be L, R.

Therefore, using the procedure explained in Sec. [[IC] one obtains the following expressions for the tetrads as a
function of the coefficients of the Lorentz transformations of the two-particle system and the free coefficients of the
tetrad of one particle

I =€ € =00 €Dy =@ Gon= @ € = &

EB =ea+0f — A —2X2 — 23, EB? = _EEBES’ EB =0, 622;9 = 6 62310 = s+,

B =0, il =0, =0 =0

s =00 mr =~ ms = 00 o = B (o = 0 )
W =M e = 00 € = 00 €@ = s oy = 0,

éf)) =0, 6EIL%))7 =0, EIL%))S =0, 6EIL%))Q = -y, GEIL%))IO =0,

egggl =0, 65232 = €, 652;3 = €9 +77{% — A1 —2X — 2)3, 2234 = —6§§§3, 65;;5 =0,

(R) _ (B _ (B _ (R _ (R) _ R
€Rrie — €2 €RyT = €5 fRri = %y R = s fRruo = €+ 1y,

It is important to note that with this construction we have two free parameters, ¢; and e5. They can be fixed
by imposing a particular algebra for the one-particle system. For example, the noncommutative coordinates defined
in satisfy the k-Minkowski algebra when e5 =l =nlf =0 and e = 1+ ¢;.
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Then, we see that the way in which we obtained the principle of relative locality can be used for any kinematics (in
a generic way order by order in an expansion series on the high-energy scale): following the systematic way described
in Sec. [[IC] one can define a metric in phase space for a system of interacting particles with any kinematics. In
particular, for the interesting cases of Snyder kinematics [47] and the so-called hybrid models [48].

Also, it is important to note that one cannot obtain the most general kinematics from the geometrical approach
of [27]. However, using this geometrical approach for a multi-particle system defining an eight dimensional momentum
dependent metric, one is able to use any kind of composition law and Lorentz transformations satisfying the relativity
principle. This procedure allows us to define, for a given relativistic kinematics, the spacetime of a multi-particle
system without ambiguity. Moreover, there is a crucial difference between both approaches. The construction of [27]
allows us to define in a simple way a family of relativistic kinematics (in which the generators of Lorentz transformations
and translations close an algebra), with a deformed composition law, a deformed Casimir, and deformed Lorentz
transformations in the two-particle system. The aim of the here presented approach is not to define a relativistic
kinematics but, given any deformed kinematics (even the ones that are not obtained in [27]), to construct the metric
which implements the principle of relative locality, and then, the spacetime of a multi-particle system.

VI. RELATIVE LOCALITY IN CURVED SPACETIME

We can obtain the relative locality principle for a curved spacetime as we did in Sec. [[I] for the flat case. As showed
in [29)], the isometries in momentum space when the metric depends also on the space-time coordinates are defined
by a modified composition (&)

(PO = € ()P D)y - (83)

where p — p, = €, (§)py, ¢ = G = €,,(§)qu, being el (x) is the inverse of the space-time tetrad e)(z), satisfying
e\ (z)ep(z) = .
Then, we apply this transformation on line element

G = guw(x, k)da"da” + g" (x, k)0k.0k, = g, (€, eDk)dEHdE” + 9" (€, €Dk)(eDk),6(eDk)y (84)

where 6k, = dk, — N,,(x, k)dz” and §(edk), = d(eBk), — Nop (€, (eBk))dE”.

The difficulty that arises here is that the composition law depends also on the space-time coordinates, making
impossible to find a simple relation between the variables (z, k) and (&, (e®k)) as we did in Sec. [IIl The only way in
which this relationship can be obtained is by considering a particular geometry, from which a differential equation
involving the space-time coordinate will arise, leading to the analog version for a curved spacetime of . Also, one
can realize that, since everything is defined through a metric in the cotangent bundle, all the previous results are
invariant under space-time diffeomorphisms (see |29} [40] for a discussion about diffeomorphisms in a cotangent bundle
metric).

It is important to note that, while the result in flat spacetime can be derived from the action , the case for a
curved spacetime has not a direct derivation. This is due to the fact that the composition law depends on the vertex
of the interaction, which in the action is regarded as a Lagrange multiplier and not as a free parameter.

Notice also that this realization of relative locality in curved spacetime is completely different from the one obtained
in [36]. In that paper it was considered an action and introduced some nonlocal variables (defined by the space-time
tetrad). In this case, we are able to describe the relative locality principle in presence of a curvature on spacetime
with the canonical variables, as it is done for the flat spacetime case.

VII. CONCLUSIONS

It is well known that a deformed relativistic kinematics can be obtained from a curved momentum space. This
curved momentum space can be understood as a particular metric in the cotangent bundle geometry, leading to a
momentum dependent space-time metric.

Relative locality of interactions was understood from an action which involves the deformed composition law of
momenta. Here, we proposed a novel way to obtain this principle from a geometrical point of view. Translations in
momentum space depicted by a deformed composition law provokes modifications on the space-time coordinates when
regarding the line-element in phase space. Then, since during interactions momenta change following this composition
law, one can finally find the result of relative locality. This forces us to consider a metric for the phase space of two
particles depending on all momenta involved in the interaction.
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From this metric, one can define some noncommutative coordinates in a multi-particle system recovering locality
of interactions for all observers. While this construction was found to be ambiguous in other works, our geometrical
perspective selects one particular implementation.

Since the relative locality principle is derived from a deformed composition law, the results of this work cannot be
applied in general for LIV kinematics, in which the usual relativistic addition law of momenta is considered. Moreover,
due to the fact that in DSR scenarios there is a relativity principle, the geometrical construction proposed here is
invariant under deformed Lorentz transformations compatible with the deformed composition law.

In this work we have studied how to construct a metric of two particles when considering a two-particle system
for the k-Poincaré kinematics in particular, showing how this work can be generalized for any relativistic kinematics.
Moreover, we have shown that the procedure can be generalized for a system composed of more than two particles.
This construction is not straightforward, so that the only way in which this can be done in general is in a series power
expansion in the high-energy scale parametrizing the momentum dependence of the metric.

We have also shown how to generalize the relative locality principle for a generic curved spacetime. This can be
done thanks to our geometrical approach, since from an action there is not a simple generalization it in order to take
into account a curvature on spacetime.

We hope to study some phenomenological consequences of this geometrical implementation of relative locality and
go deeper in the notion of spacetime in future works.
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