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Abstract: Relativistic deformed kinematics are usually considered a way to capture the residual
effects of a fundamental quantum gravity theory. These kinematics present a non-commutative
addition law for the momenta so that the total momentum of a multi-particle system depends on
the specific ordering in which the momenta are composed. We explore in the present work how
this property may be used to generate an asymmetry between particles and antiparticles through a
particular ordering prescription, resulting in a violation of CPT symmetry. We study its consequences
for muon decay, obtaining a difference in the lifetimes of the particle and the antiparticle as a function
of the new high-energy scale, parameterizing such relativistic deformed kinematics.

Keywords: quantum gravity; matter–antimatter asymmetry; relativistic deformed kinematics

1. Introduction

The generation of a tiny (of the order of 10−9 [1]) baryonic asymmetry (and, more
generally, an asymmetry between particles and antiparticles) in the early universe is one of
the most important open problems in fundamental physics.

In his well-known work [2], Sakharov pointed out three basic conditions for the
cosmological formation of a baryonic asymmetry. The first one is the existence of processes
that generate a net baryon number. The other two were established to guarantee that such
a net baryon number is maintained.

One of these additional requirements (the “third” Sakharov condition) asks for a de-
parture from thermal equilibrium since the equality of masses of particles and antiparticles
(a consequence of CPT symmetry) implies that their numbers have to be the same [3].

The remaining “second” Sakharov condition asks for the occurrence of a C asymmetry
(that is, an asymmetry between the behavior of particles and antiparticles) in the evolu-
tion of the universe. Indeed, there must be a difference between two charge-conjugated
processes, that is, those related by changing all particles into antiparticles (and vice versa).
If this were not the case, the net baryonic number generated in one of the processes would
be compensated by the generation of an equal amount of a net antibaryonic number in the
second one.

Usually, the occurrence of such C asymmetry is associated to the violation of C and CP
symmetries. A violation of C is not enough since one could have a difference between the
partial probabilities (the angular dependence of differential cross-sections) of the charge-
conjugate reactions, reflecting a violation of C, while the total cross section could still
be the same. In such a case, the combination of both processes would not generate a C
asymmetry. For example, a leptonic decay, such as µ− → e− + ν̄e + νµ, is not C-invariant,
neither is it P-invariant, but the invariance under the combination of both operations,
charge conjugation and parity, guarantees that the total decay rates of this process and
its charge-conjugated one are the same. A source of CP violation in the dynamics of the
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interactions besides a possible violation of C is then normally thought to be necessary to
generate a C asymmetry, which could produce a difference in the number of particles and
antiparticles. A CP violation is indeed present in the standard model of particle physics
but in a quantity that is not large enough to account for the observed baryon asymmetry [4].

In this paper, we explore another possibility for such a C asymmetry, that is, that the
two charge-conjugate processes have not the same probabilities because of a difference
in the kinematics of these processes, instead of a difference due to the dynamics. We do
this by introducing a new, fundamental asymmetry between particles and antiparticles,
which reflects the interactions in which they participate. As a consequence, it is possible
to generate a matter–antimatter asymmetry by the substitution of the second and third
Sakharov conditions by this new “kinematic asymmetry”, which implies a violation, not
only of C invariance, but also of CPT invariance.

In order to introduce the kinematic asymmetry, one needs to go beyond the framework
of the kinematics of special relativity (SR), where particles and antiparticles are treated
on an equal footing. In fact, deviations from SR have been considered to be a possible
low-energy phenomenological footprint of a quantum theory of gravity [5–19]. This is seen
as a natural hypothesis because of the special role that spacetime would have in a theory
aiming to incorporate the effects of the gravitational interaction at a quantum level [20].

Lorentz invariance is, however, a good symmetry of nature at the energies we have
explored so far, so we hypothesize that the kinematics of SR should be deformed with correc-
tions parameterized by a high-energy scale Λ, which would reflect the unknown ultraviolet
physics in such a way that the standard kinematics is recovered in the Λ→ ∞ limit. In the
quantum gravity phenomenology scenario mentioned above, a natural guess for the value
of Λ could be the Planck mass, although we should not be guided by naturalness since
there are many possible scenarios in which the scale responsible for these corrections could
have a difference of many orders of magnitude from the Planck scale [18,21–26].

It turns out that there are two different ways of considering a deformation of the
kinematics of SR. A possibility is that the Lorentz invariance is a low-energy approximate
symmetry, which, in fact, is broken, either fundamentally or in a spontaneous symmetry-
breaking scenario. We speak then of Lorentz invariance violation (LIV). In this framework,
the modification at the kinematic level is a modification of the dispersion relations, where
new terms that violate Lorentz symmetry are added to the dispersion relation of SR [27].
A difference in the dispersion relation of a particle and its antiparticle has, indeed, been
explored in a LIV context to account for the observed matter–antimatter asymmetry [28–34].

In addition to LIV theories, there is a different scenario in which the Lorentz sym-
metry is not violated, but changed into a new symmetry. In contrast to the LIV case, this
framework maintains a relativistic principle by a suitable deformation of the standard
Lorentz transformations.

A realization of this scenario is the celebrated doubly special relativity (DSR) theo-
ries [35], which were initially motivated by the idea of introducing a length (the Planck
length) as an additional invariant in the theory besides the speed of light. There have been
a number of proposed DSR theories with different properties, such as the presence of a
maximum energy or momentum scale [36–39].

Generally speaking, this possibility can be referred to as the case of relativistic de-
formed kinematics (RDK). While a modification in the dispersion relation was the only
kinematic signature in the case of a LIV, an essential feature of an RDK, apart from modified
Lorentz transformations and a possible deformed dispersion relation, is a non-additive com-
position of momenta in the conservation laws of a process. The appearance of non-linear
Λ-dependent terms in the composition of momenta is a necessary ingredient in an RDK
required by the compatibility of the deformed kinematics with the relativity principle [40].

We consider a non-commutative composition of momenta to ensure that the con-
sidered RDK is not simply the kinematics of SR rewritten in non-standard momentum
variables [40] (a non-commutative composition of momenta cannot be turned into a com-
mutative one by a non-linear change of momentum variables). As we will see, this non-
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commutativity of the composition law provides us with a natural way of introducing an
asymmetry between particles and antiparticles. The purpose of the present paper is just to
illustrate this possibility in a particular example, leaving the potential consequences for the
problem of baryogenesis for further work.

We now explain the structure of the paper. In Section 2, we define what we understand
by relativistic deformed kinematics and frame the specific RDK that we are going to
consider. In Section 3, we explain how the deformed composition law can be used to
define an asymmetry between particles and antiparticles in a rather natural way; its
implications with respect to the standard C, P and T operations and their combination
are then considered in Section 4, where we conclude that such an asymmetry implies
a violation of the CPT invariance. The observable consequences are then explored in
Section 5.

Ours is not the first attempt to introduce a particle–antiparticle asymmetry in a
relativistic theory beyond special relativity. Other approaches have recently appeared
in the literature [41,42], although with essential differences and disparate implications.
A comparison with these works is made in Section 6.

We conclude and summarize our results in Section 7. Details of the computations are
included in the Appendix A.

2. Relativistic Deformed Kinematics

The kinematics of a process is the set of relations which determine the possible values
of the momenta of the particles in the final state of an scattering of two particles (the decay
of a particle) for the given initial state of the two particles (particle). Those relations are a
dispersion relation for each particle, which determines the energy of each particle from
its momentum, and a momentum–energy conservation law due to the invariance under
translations in space-time.

We refer to relativistic kinematics when one has a set of observers (or reference frames)
connected by a six-parameter continuous group of transformations, which describes the
kinematics with the same set of relations. The kinematics of special relativity is an example
of relativistic kinematics where the transformations between observers are the Lorentz
transformations acting linearly on the energy and momentum of each particle. By relativis-
tic deformed kinematics, we understand a set of relations depending on a new energy scale
Λ such that, in the limit where the energies of all the particles are much smaller than the
scale Λ, the relations defining the kinematics reduce to the relations of special relativity and
the transformations between the observers reduce to the linear Lorentz transformations.

In the following, we consider a relativistic deformed kinematics such that the disper-
sion relation, and then the relation between the energy and the momentum of each particle,
does not depend on the new scale Λ. This choice allows us to illustrate in the simplest way
the idea that a relativistic deformation of the kinematics provides a new way to introduce a
particle–antiparticle asymmetry.

We also restrict ourselves to the deformed relativistic kinematics where the rotations
acting linearly on the momenta of the particles are transformations among observers
with the same kinematics. All the effects of the deformation (dependent on the scale
Λ) are introduced through the replacement of the addition of four-momentum, which
defines the energy–momentum conservation of special relativity, by a deformed associative
non-commutative composition law of the following four-momenta (⊕):

(p⊕ q)µ = pµ + qµ + . . . , (p⊕ q)µ 6= (q⊕ p)µ . (1)

The non-commutativity of the composition law guarantees that we are not simply
considering the kinematics of special relativity in a peculiar choice of energy–momentum
variables. The associativity reduces the arbitrariness in the explicit form of the deformed
kinematics relations in terms of the deformed composition law ⊕.

The dots in Equation (1) refer to terms that can be neglected in the limit where all
the energies are much smaller than the scale Λ and such that the deformed composition
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law is compatible with the invariance under rotations acting linearly on the momenta.
Compatibility with the invariance under boosts, however, requires that they act nonlinearly
on at least one of the momenta (that can be taken, for example, as the one which is on
the right in the composition law). The momentum of the other can be taken to transform
linearly, as well as the total momentum [43]. The associativity of the composition law
allows one to generalize this property to the case of a composition of an arbitrary number
of particles so that the total momentum can always be taken to transform linearly. We use
this property in Section 5.

Examples of deformed composition laws (⊕) can be obtained from an algebraic perspec-
tive through the relation between a relativistic deformed kinematics and a κ-Poincaré–Hopf
algebra [44], or alternatively from the relation of a relativistic deformed kinematics and the
geometry of a maximally symmetric-curved momentum space [45,46] (see also [47–49] for
different geometrical interpretations of a RDK).

In particular, an example of deformed kinematics in which the dispersion relation is
the one of SR and all the modification is introduced at the level of a deformed composition
law is the classical basis of κ-Poincaré kinematics [50]. Here, while at the level of one particle
there is not any modification of the kinematics, the multi-particle sector shows a completely
new behavior due to the presence of the deformed composition law. This implies that, at the
phenomenological level, the crucial difference with the SR scenario should be observed in
scattering processes, instead of considering only free propagating particles.

The deformed composition law in this basis reads as follows:

(p⊕ q)0 = p0 Π(q) + Π−1(p)
(

q0 +
~p ·~q

Λ

)
, (p⊕ q)i = pi Π(q) + qi , (2)

being

Π(k) =
k0

Λ
+

√
1 +

k2
0 −~k2

Λ2 , Π−1(k) =

√1 +
k2

0 −~k2

Λ2 − k0

Λ

(1−
~k2

Λ2

)−1

, (3)

where Λ plays the role of the high-energy scale deforming the kinematics.
In the language of Hopf algebras, a deformed composition law, such as Equation (2),

corresponds to a non-trivial form of the mathematical structure known as the coproduct [51].
Although it is a conjecture that the low-energy limit of a quantum theory of gravity includes
such mathematical construction, a modified composition law of energy and momentum is a
necessary ingredient in any attempt to deform special relativity in a way that is compatible
with relativistic invariance. The modified composition law that we use in the present work
is just one example where there is no modification of the energy–momentum relation,
and then the strong constraints on the energy scale of the deformation due to observable
consequences of a modification of the energy–momentum relation do not apply.

3. Particle–Antiparticle Asymmetry in a Relativistic Deformed Kinematics

In order to illustrate the details of how the non-commutativity of the deformed
composition law ⊕, which defines the relativistic deformed kinematics, allows one to
introduce a particle–antiparticle asymmetry, we consider the kinematics of the decay of
a muon:

µ(p) → νµ(p′) + e(q) + ν̄e(q′) . (4)

This is a simple enough process not to involve irrelevant complications. Moreover, it is
an interesting process from a phenomenological perspective to look for possible observable
effects of a deformed relativistic kinematics.

The deformation of the composition of four-momenta can be associated with the
locality of the interaction responsible for the decay. Hence, it is natural to express the
energy–momentum conservation relation in terms of the composition of the momenta
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(q, q′) and in terms of the composition of the momenta (p, p̂′), where k̂ is the antipode of a
four-momentum k, defined by the following:

k⊕ k̂ = k̂⊕ k = 0 . (5)

We now introduce the particle–antiparticle asymmetry in the deformed relativistic
kinematics by selecting the composition (q ⊕ q′) of the momenta (q, q′). In this way,
the total momentum of a particle–antiparticle system is defined as the composition of
the momentum of the particle (which appears on the left of the composition law) with
the momentum of the antiparticle (which appears to the right). This rule leads to the
consideration of two alternatives for the deformed energy–momentum conservation law
as follows:

(1) (p⊕ p̂′)µ = (q⊕ q′)µ , (2) ( p̂′ ⊕ p)µ = (q⊕ q′)µ . (6)

The associativity of the composition law allows to rewrite the deformed energy–
momentum conservation as follows:

(1) pµ = (q⊕ q′ ⊕ p′)µ , (2) pµ = (p′ ⊕ q⊕ q′)µ . (7)

The first choice has on the right-hand side the composition of the momentum of
an antiparticle (the momentum q′ of the electron antineutrino) with the momentum of
a particle (the momentum p′ of the muon neutrino). This goes against the rule selected
for the total momentum as composing the momenta of particles with the momenta of
antiparticles and not the other way round. The second alternative, however, leads to
an expression for the total energy–momentum of the final state with a definite ordering
of the momenta, with the momenta of particles appearing to the left of the momenta of
antiparticles. We then define the relativistic deformed kinematics of the decay of the muon
by the energy–momentum conservation relation as follows:

pµ = (p′ ⊕ q⊕ q′)µ , (8)

together with the energy–momentum relation of special relativity for each of the four
(anti)particles.

If we repeat the same arguments for the decay of a µ+,

µ+(p) → ν̄µ(p′) + e+(q) + νe(q′) , (9)

we would select the composition (q′ ⊕ q) of the momenta (q, q′), and the two alternatives
for the deformed energy–momentum conservation would be as follows:

(1) (p⊕ p̂′)µ = (q′ ⊕ q)µ ⇒ pµ = (q′ ⊕ q⊕ p′)µ ,

(2) ( p̂′ ⊕ p)µ = (q′ ⊕ q)µ ⇒ pµ = (p′ ⊕ q′ ⊕ q)µ . (10)

In this case, the alternative that involves a definite ordering of the four-momenta of
particles and antiparticles in the expression of the total four-momentum of the final state is
the first one. Then, it defines the relativistic deformed kinematics of the decay of µ+ by the
energy–momentum conservation relation as follows:

pµ = (q′ ⊕ q⊕ p′)µ , (11)

which differs from the energy–momentum conservation relation (8) of the decay of a µ−.
In summary, we introduce a particle–antiparticle asymmetry at the level of the de-

formed composition of four-momenta by postulating a definite order in which the momenta
of particles and antiparticles appear in the non-trivial four-momentum conservation law in
the interaction vertex. This means that specific and different conservation laws apply to
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charge-conjugated processes among the different possible “channels”, corresponding to
permutations of momenta in the composition law, which results in a different kinematics
for the decay of a particle and its antiparticle.

Our proposal, based on the introduction of a definite ordering of the momenta of
particles and antiparticles, implicitly assumes that an implementation of the relativistic
deformed kinematics does not need to treat all channels on an equal footing. Such a
proposal lies outside of previous attempts to formulate an interacting quantum field theory
on the κ-deformed momentum space in the path-integral formalism in which each of the
possible channels contributes equally to the amplitude of a given process [52,53].

4. Discrete Symmetries

The particle–antiparticle asymmetry introduced through the non-commutativity of
the composition of four-momenta in a relativistic deformed kinematics leads to studying
the relation between the deformation of the kinematics and the discrete transformations of
parity (P), charge conjugation (C) and time reversal (T).

By parity transformation (P), one should compare the kinematics of a process and the
kinematics of the process where one changes the sign of the momenta of all the particles.
For the deformations we have considered in this work, the invariance under parity of the
relativistic deformed kinematics is related to the absence of the third term in the general
expression (compatible with the invariance under rotations acting linearly on the momenta
of the particles) of the spacial components of the composition of two four-momenta:

(p⊕ q)i = f pi + g qi + h εijk pjqk , (12)

where f , g, h are functions depending on the four-momenta (p, q) and the scale Λ, which are
invariant under rotations. Since these functions can depend only on p0/Λ, q0/Λ, ~p2/Λ2,
~q2/Λ2 and ~p ·~q/Λ2, they are invariant under the action of P. However, the symmetry
under parity of the kinematics is lost if h is nonzero. All the examples of relativistic
deformed kinematics derived in the algebraic approach (based on Hopf algebras) or in the
geometric approach (based on the geometry of a maximally symmetric curved momentum
space) have a composition of momenta with h = 0 and then the invariance under P of the
kinematics is not affected by the deformation.

By time reversal (T), one should compare the kinematics of a process and the kinemat-
ics of a process where one exchanges the initial and final states and changes the sign of the
momenta of all the particles. The combination (PT) of time reversal and parity is just the
exchange of initial and final states, something that has no effect on the energy–momentum
conservation law, and then the invariance under PT of the kinematics is not affected by
the deformation. Since the invariance under P is not affected either, we conclude that time
reversal is unaffected.

By charge conjugation (C), one exchanges particles (antiparticles) with antiparticles
(particles). The introduction of a particle-antiparticle asymmetry in the deformation of the
relativistic kinematics leads then to a violation of the invariance under C of the kinematics.

We conclude that a relativistic deformed kinematics with a particle–antiparticle asym-
metry automatically involves a violation of CPT. This is not surprising since a deformed
composition law of four-momenta requires to go beyond local relativistic quantum field
theory, which is the framework where the CPT-theorem applies.

5. Search for Observable Effects

In order to look for possible observable consequences of the difference in the kine-
matics of the decay of a particle and its antiparticle when one has a relativistic deformed
kinematics, we compare their lifetimes or decay widths. For the purpose of this work,
which is the determination of the term proportional to (1/Λ) in the ratio of lifetimes of
particles and antiparticles, one can neglect the dependence on the electron mass since
me � mµ.
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The decay width of µ± in the case of SR kinematics is as follows:

Γ =
1

2Ep

∫
dΦ3(p; p′, q, q′) |M|2 , (13)

where one has a normalization factor (1/2Ep) from the initial state, an integral over the
phase space of the final state of three particles as follows:

dΦ3(p; p′, q, q′) =
d4 p′

(2π)3 δ(p′2) θ(p′0)
d4q

(2π)3 δ(q2) θ(q0)
d4q′

(2π)3 δ(q′2) θ(q′0)

(2π)4δ4(p− p′ − q− q′) , (14)

and the following squared dynamical matrix element:

|M|2 = 64 G2
F(p · q′)(p′ · q) . (15)

In the case of a relativistic deformed kinematics with no modification of the dispersion
relation, one has for the µ− decay width the following:

Γ̃− =
1

2Ep

∫
dΦ̃−3 (p; p′, q, q′) |M̃|2 . (16)

The deformed phase space integral is identified from the condition that the successive
composition of momenta transform as the momentum of one particle under the deformed
Lorentz transformations as follows:

dΦ̃−3 (p; p′, q, q′) =
d4 p′

(2π)3 δ(p′2) θ(p′0)
d4(p′ ⊕ q)
(2π)3 δ(q2) θ(q0)

d4(p′ ⊕ q⊕ q′)
(2π)3 δ(q′2) θ(q′0)

(2π)4δ4[p− (p′ ⊕ q⊕ q′)] . (17)

This is the simplest phase-space integral compatible with the Lorentz transformations,
which act linearly over the variables in the integral (adequately chosen from the compo-
sition of momenta under consideration). It is possible to take a more general expression
for the integral measure, based on a geometric interpretation [54], giving rise to an extra
factor; in any case, this disappears in the quotient of lifetimes, which we discuss at the end
of the section.

We do not have a dynamical framework (deformed quantum field theory) to derive
the deformed squared matrix element. All we can do is to use the compatibility with the
relativistic invariance to attempt to identify the deformed squared matrix element. We use
the following relations:

p · q′ = 1
2

(
p2 + q′2 − (p− q′)2

)
=

1
2

(
m2

µ − (p′ + q)2
)

p′ · q =
1
2

(
(p′ + q)2 − p′2 − q2

)
=

1
2
(p′ + q)2 , (18)

so that the SR squared matrix element can be written as follows:

|M|2 = 16 G2
F

(
m2

µ − (p′ + q)2
)
(p′ + q)2 . (19)

We define |M̃|2 by the replacement (p′ + q)2 → (p′ ⊕ q)2 for the µ− decay, and (p′ +
q)2 → (q⊕ p′)2 for the µ+ case. This choice comes from the way the variables p′ and q
appear in the energy–momentum conservation relations (8) and (11). In fact (see [43]),
the nonlinear implementation of the Lorentz transformations on the momenta is fixed
by the condition that both the composition law between the momenta and the dispersion
relation of the momenta which are being composed (which, in this case, is simply their
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square) have to be invariant (relativity principle). This means that the square of the
composition of momenta (p′ ⊕ q) in the µ− decay, and (q⊕ p′) in the µ+ case, are invariant
under Lorentz transformations. Therefore, the deformed matrix elements defined in this
way are the simplest choice of a deformation of the SR matrix element compatible with the
deformed relativistic invariance.

Introducing the variable
k .
= (p′ ⊕ q) , (20)

one can write the following:

q = ( p̂′ ⊕ k) , q′ = (k̂⊕ p) , (21)

and then the following:

Γ̃− =
G2

F
2 π5

1
2Ep

∫ d3 p′

2Ep′
d4k δ[( p̂′ ⊕ k)2] θ[( p̂′ ⊕ k)0] δ[(k̂⊕ p)2] θ[(k̂⊕ p)0] (m2

µ − k2) k2 . (22)

Appendix A contains the details of the derivation of the final result in the reference
frame in which the muon is at rest. We find that, at first order in an expansion in the powers
of (1/Λ), there is no change with respect the SR result, so we need to turn to second order,
as follows:

Γ̃− =
G2

Fm5
µ

192 π3

(
1−

9 m2
µ

20 Λ2

)
. (23)

In the case of the µ+ decay, one has the energy–momentum conservation relation (11)
instead of (8). One introduces, in this case, the following variable:

k .
= (q′ ⊕ q) (24)

instead of (20), and then one has the following:

q = (q̂′ ⊕ k), p′ = (k̂⊕ p). (25)

The µ+ decay width is given by the following:

Γ̃+ =
G2

F
2 π5

1
2Ep

∫ d3q′

2Eq′
d4k δ[(q̂′ ⊕ k)2] θ[(q̂′ ⊕ k)0] δ[(k̂⊕ p)2] θ[(k̂⊕ p)0] (m2

µ − (q̂′ ⊕ p)2) (q̂′ ⊕ p)2 (26)

instead of (22) for the µ− decay width. The phase–space integral in the expressions for the
decay widths of µ− and µ+ are identical but the deformed matrix elements differ. In the
µ− decay matrix element, one has the square of the variable of integration k while in the
µ+ case one has the square of the composition of the antipode of the variable of integration
q′ and the momentum p of the µ+. Indeed, we find (see Appendix A) a different result for
the µ+ decay width:

Γ̃+ =
G2

Fm5
µ

192 π3

(
1−

m2
µ

2 Λ2

)
. (27)

From (23) and (27), one obtains the following:

τ̃+

τ̃−
=

Γ̃−

Γ̃+
=

(
1 +

m2
µ

20 Λ2

)
(28)

for the ratio of lifetimes of µ+ and µ−, to be compared with the experimental result [1](
τ+

τ−

)
exp

= 1 + (2± 8) 10−5 . (29)
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From this comparison, we obtain a lower bound on the scale Λ of RDK as follows:

Λ > 2.4 GeV . (30)

Had we chosen the other ordering option (where the total momentum of a particle–
antiparticle system is the composition of the momentum of the antiparticle with the mo-
mentum of the particle), the results of the µ− and µ+ decay widths would have been
interchanged. The lower bound on the scale Λ of RDK would be, in this case, the following:

Λ > 3.1 GeV . (31)

Usually, the scale of a deformation of the kinematics of SR is considered to be of the
order of the Planck scale, which is far above the bound (30). However, one should take into
account that all the bounds on the scale of departures from the SR kinematics that are of the
order of the Planck scale are obtained assuming a modification of the dispersion relation.
Therefore, they do not apply in the proposal of relativistic deformed kinematics considered
in this work, which does not modify the dispersion relation. Another argument for such a
choice for the typical scale is the possible origin of the deformation of the kinematics in the
quantum fluctuations of spacetime in a theory of quantum gravity. However, as we have
mentioned in the introduction, there are many scenarios where the fundamental scale of
such a hypothetical theory is many orders of magnitude below the (Planck) scale of the
classical theory of gravity.

A relativistic deformed kinematics that does not modify the dispersion relation will
not affect the masses of particles; then, one does not obtain any bound on Λ from the
different limits on the difference of masses between a particle and its antiparticle. Other
tests of CPT involve hadrons, which are not elementary particles, and there is no clear way
to give a theoretical prediction of the possible effects due to a relativistic deformation of
the kinematics.

There are other possible observable effects of a relativistic deformed kinematics be-
yond those involving a violation of CPT symmetry, which may well give more stringent
bounds on Λ than the bound (30) obtained from the lifetime measurements of µ− and µ+.
We have used the muon decay and its C-conjugated process as a very simple example,
allowing us to obtain a well-defined result for an observable effect, independently of its
phenomenological relevance.

6. Comparison with Previous Approaches

In Refs. [41,42], a different way in which a CPT violation could be present in the
context of a RDK was considered, and, in particular, also in the classical basis of κ-Poincaré.
In these works, it was assumed that particles and antiparticles satisfy the same dispersion
relation, but the description of the momentum states of the antiparticles are depicted by the
antipode of the composition law. Due to this takeover, different Lorentz transformations of
particles and antiparticles were obtained, leading to different lifetimes when they do not
decay at rest. In fact, in [41] it was claimed: “It should be noted that the deformation of
CPT symmetry we propose here leads to a subtle violation of Lorentz symmetry”. This
goes against the relativity principle present in DSR theories in which the Lorentz symmetry
is deformed but not violated.

Indeed, one finds some peculiarities in the proposed scenario. Particles and antiparti-
cles, which are both at rest for an observer, have different momenta for a boosted reference
frame. Therefore, accepting the usual relationship between velocity and energy and mo-
mentum, i.e., ~v = ~p/E, it means that the velocity of the antiparticle differs from the one
of the particle under a boost. This goes against the physical intuition of a relativistic
theory for which both the particle and antiparticle should move at the same velocity for
the boosted observer.

The necessity to have a different action of boosts on particles and antiparticles appears
inevitable in a geometric context to try to maintain some form of Lorentz invariance [55].
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However, from a purely kinematic perspective, and avoiding any interpretation on the
geometry of momentum space, it is completely plausible to consider that both particles and
antiparticles are subject to the same linear Lorentz transformations. This is the most natural
scenario that keeps the relativity principle. Then, with this consideration, the conclusion
that a relativistic deformed kinematics leads to a difference of lifetimes for a particle and
its antiparticle due to a difference in the Lorentz transformation, can be avoided.

Instead of considering the consequences of a possible CPT violation in a RDK regard-
ing the symmetries of the one-particle system, in this work we present a model in which
this violation arises when taking into account a multi-particle system involving the DCL,
which is the main ingredient of a RDK. Moreover, we obtain that the difference in lifetimes
arises when considering the decay at rest; since we are considering a deformed kinematics
satisfying the relativity principle, this difference exists in any reference frame.

In summary, the two proposals have completely different sources of CPT violation, ei-
ther by considering that antiparticles are described by antipodes in the case of Refs. [41,42],
or the prescription in the momenta ordering for particles and antiparticles in the present
work. Due to the difference in the two approaches, there is also a big difference in the
constraint one obtains on the high-energy scale. While in [41,42], it was obtained that
Λ > 4× 1011 TeV, here, we obtain a result which is fourteen orders of magnitude lower.
A large softening of the constraints in particle processes with respect to the Lorentz invari-
ance violation case is, in fact, a feature of deformed theories that maintains a relativity
principle [56].

7. Conclusions

In this work, we have shown how an RDK allows us to introduce a new way to
consider an asymmetry between particles and antiparticles at the kinematic level. The as-
sumption that the total momentum of a particle–antiparticle system is the composition
(with a non-commutative deformed composition law) of the momentum of the particle
and the momentum of the antiparticle leads to a violation of CPT. One consequence of
this violation is a difference in the lifetimes of a particle and its antiparticle, which, in the
particular example explored in this work, muon decay, is proportional to the inverse of the
square of the energy scale of the deformed kinematics. A comparison of the results with
the experimental bounds on the ratio of lifetimes of muon and antimuon led us to obtain a
constraint on the high-energy scale of the order of GeV.

This work opens the window to a completely new phenomenology related to an
asymmetry between particles and antiparticles in the kinematics. The compatibility of the
deformed transformations between different observables with the dynamics can be used to
identify the simplest possible deformation of the dynamical matrix elements consistent
with relativistic invariance. This offers the possibility to explore the possible observable
effects of a relativistic deformed kinematics in different processes of high-energy particle
physics or, alternatively, to derive bounds on the associated new energy scale.

Another important conclusion of this work is that time delays may not necessarily
be the best phenomenological window to RDK theories, as they are usually assumed for
doubly special relativity scenarios, since there may be examples that show no effect on time
delays (such as in the case where the dispersion relation of special relativity is not modified)
but can have (depending on the value of the high-energy scale) observable consequences
in particle physics experiments.
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Appendix A. Computation of the Decay Width

In this appendix, we explicitly show the computations of the decay widths. We
consider the reference frame in which the muon is at rest; then, the four-momentum of
the muon is p = (mµ, 0, 0, 0). Along the computation, we keep only first and second order
contributions in an expansion in powers of the inverse of the high-energy scale Λ. Then,
we need only the first and second order terms of the composition law of two momenta
(l, r) (2) as follows:

(l ⊕ r)0 = l0 + r0 +
~l ·~r

Λ
+

l0r2 − r0l2 + 2l0(l · r)
2Λ

, (l ⊕ r)i = li

(
1 +

r0

Λ
+

r2

2Λ

)
+ ri , (A1)

and of the antipode of a momentum l, as follows:

l̂0 = −l0

(
1 +

~l2

Λ2

)
+
~l2

Λ
, l̂i = −li

(
1− l0

Λ
+

l2
0 +

~l2

2Λ

)
. (A2)

The modification due to the deformed composition law in both decays requires
considering the composition of the antipode of a momentum with another momentum.
From (A1) and (A2), one finds the following:

(l̂ ⊕ r)2 = (r− l)2 +
(r2 − l · r)(l2 − l · r)

Λ2 . (A3)

This shows that there are no corrections at the first order to the decay widths of µ−

and µ+. Then, we need to go to the second order in the computations to see a difference
with respect to the SR result.

One can use the Dirac delta functions to reduce the expression of the decay width
to a double integral over an energy variable E (the energy Ep′ of the νµ in the decay of a
µ−, or the energy Eq′ of the νe in the decay of µ+) and over an angular variable. Taking
into account that the interval of the integration over the energy variable is 0 ≤ E ≤
(mµ/2−m3

µ/8Λ2), we obtain the results of the decay widths (23) and (27).
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