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Abstract

An extension of abelian complexity, so called k-abelian complexity, has been
considered recently in a number of articles. This paper considers two particular
aspects of this extension: First, how much the complexity can increase when
moving from a level k to the next one. Second, how much the complexity of a
given word can fluctuate. For both questions we give optimal solutions.
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1. Introduction

Counting the factors of fixed lengths provides a natural measure of complex-
ity of infinite words. Doing that modulo some equivalence relation gives other
variants of complexity. For example, abelian complexity counts the number of
factors of length n which are commutatively pairwise inequivalent. As an exten-
sion of abelian equivalence, k-abelian equivalence can be defined. Two words u
and v are k-abelian equivalent if they possess the same number of each factor
of length & (and as a technical requirement, start with the same prefix of length
k — 1). This then leads to the definition of the k-abelian complexity function
Pk which counts the number of equivalence classes of factors of w of length n.

Among the first questions asked about k-abelian equivalence was the ques-
tion of avoidability of repetitions. As is well known, and proved already by
Thue [19, 20], the smallest alphabets avoiding squares (resp. cubes) in infinite
words are of size three (resp. two). For abelian repetitions the corresponding
values are four and three, as shown by Kerénen [I12] and Dekking [5].

Do k-abelian repetitions behave like ordinary repetitions or like abelian rep-
etitions? This question was raised in the Oberwolfach minisymposium Combi-
natorics on Words in August 2010, and written down in [8]. It turned out that
with respect to squares 2-abelian repetitions behave like abelian repetitions:
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There are only finitely many words avoiding 2-abelian squares over a ternary
alphabet. However, the longest such word is of length 537, see [§]. The prob-
lem of avoiding cubes was more challenging. Step by step, it was shown that
k-abelian cubes could be avoided over a binary alphabet for smaller and smaller
values of k, see [7, [14, [13]. Finally, Rao [18] showed that 2-abelian cubes can be
avoided over a binary alphabet, closing the problem. Hence, the avoidability of
cubes in the k-abelian case is similar to the conventional case. The same is true
for k-abelian squares if k > 3: These are avoidable over a ternary alphabet, as
proved in [I8].

Another natural research area is factor complexity. How are factor complex-
ity, abelian complexity and k-abelian complexity related? For factor complexity,
two fundamental results are as follows. First, the smallest complexity achieved
among aperiodic words is n + 1, see [I5] 6], which characterizes so-called Stur-
mian words. Second, there is a complexity gap from bounded complexity to the
complexity of Sturmian words. In other words, if the complexity of a word is
lower than the complexity of Sturmian words, then it is bounded by a constant.
For abelian complexity, there also exists a minimal complexity for aperiodic
words, namely the constant complexity 2. This follows from the results in [I6],
see also [4]. Again this characterizes Sturmian words (among aperiodic words),
but there does not exist a similar complexity gap above bounded complexities.
In other words, there are arbitrarily slowly growing but unbounded complexity
functions.

For k-abelian complexity the situation is more challenging. It is shown in [10]
that there exists a minimal complexity among the aperiodic words. This is given
over binary words by the function f(n) = min(n+1, 2k), and again the Sturmian
words are exactly those aperiodic words which reach this. On the other hand, no
gap, whatsoever, exists above bounded complexities. Indeed for any monotonic
unbounded function g(n) there exists an infinite word of unbounded complexity
such that its complexity is bounded by g(n), for all large n, see [I1].

We continue research on k-abelian complexity concentrating on the following
two questions:

Question 1. How much higher can the (k+1)-abelian complexity of an infinite
word be compared to its k-abelian complexity? In particular, if the latter is
bounded, how large can the former be?

As shown in [I1], this question is motivated by the properties of the Thue—
Morse word, whose abelian complexity is bounded by a constant (in fact, it
takes only the values 2 and 3), while its 2-abelian complexity is unbounded,
fluctuating between an upper limit of O(logn) and a lower limit of (1). The
2-abelian complexity of the Thue-Morse word is also known to be 2-regular,
see [6] and [I7].

Actually, we can find much bigger fluctuations. Let nec,, x(n) be the function
giving the number of k-abelian equivalence classes of words of length n over an
m-letter alphabet (this is also the maximal k-abelian complexity an infinite word
can have). Then we can find an infinite word w such that its k-abelian complex-
ity is bounded but its (k + 1)-abelian complexity is O (necy, x+1(n)/necy, k(n)).



Our other question asks about the fluctuation of the k-abelian complexity
of a given word. As we already said, for the Thue-Morse word 2-abelian com-
plexity, or in fact also k-abelian complexity, for k£ > 2, takes a constant value
infinitely often, and infinitely often a value of order logn. Hence its complex-
ity values fluctuate from O(1) to Q(logn). For ordinary factor complexity, the
fluctuation can be very high, see Theorem 9 in [I].

Question 2. How much can the k-abelian complexity of a word fluctuate?

We are able to give an exhaustive answer to this question. Our results are
as follows. Let g(n) = o(necy, x(n)). We can construct words w; and wsy such
that their k-abelian complexity functions P¥ and P satisfy

Pun (an) = Qg(an)), Py, (ba) = O(1)

and

Pr,(cn) = Qnecm k(cn)),  Pi,(dn) = O(dy)
for infinite strictly increasing sequences aq, as, as, ..., by, ba, b3, ..., c1,co,C3,. ..
and dy, da, ds, .. .. Moreover, we show that the above g(n) cannot be replaced by

nec,, x(n), and O(d,) cannot be replaced with o(d,,). In other words, we show
that the fluctuation can go from minimal to almost maximal, or from maximal
to almost minimal, but cannot go all the way from minimal to maximal.

A brief summary of this paper is as follows. In Section [3| we show that k-
abelian equivalence classes are actually defined by a suitably chosen subset of
factors. This auxiliary lemma turns out to be very useful, e.g., in the next section
where a short proof to estimate k-abelian equivalence classes is given. Section [3]
contains also another independent lemma which relates abelian equivalence of
words to k-abelian equivalence of their much longer morphic images. With
these lemmata, and some simple observations made on k-abelian complexity in
Section [B] we move to the main considerations of this paper. In Section [6] we
deal with Question [I] and Section [7] contains results on Question [2]

2. Preliminaries

For m > 1, let ¥, = {0,1,...,m — 1} be an alphabet of m letters. The
empty word is denoted by . For n > 0 and a word u, let pref,, (u) be the prefix
of u of length n and let suff, (u) be the suffix of u of length n. If n > |ul, it is
convenient to define pref,, (u) = suff,,(u) = u. For words u and v, let

5(u, v) 1 ifu=w,
U, v) =
' 0 ifu##w.

For functions f,¢ : Zy — R4, we use the usual definitions for O(g(n)),
Q(g(n)), ©(g(n)), and o(g(n)), and the following definitions that might be less
common:



e f(n)=0'(g(n)) if there exists a > 0 such that f(n) < ag(n) for infinitely
many 7.

o f(n) =0 (g(n)) if there exists & > 0 such that f(n) > ag(n) for infinitely
many 7.

For k > 1, words u and v are k-abelian equivalent if |u|; = |v|; for all words ¢
such that |¢| < k (Julc is defined to be |u|+1). Equivalently, u and v are k-abelian
equivalent if pref,_;(u) = pref,_;(v), suffp_1(u) = suffx_1(v), and |u|; = |v];
for all words ¢ such that |t| = k. The equivalence of these definitions, together
with many other properties of the k-abelian equivalence, is proved in [10]. The
k-abelian equivalence class of u is denoted by [u].

For n > 0 and an infinite word w, let F,,(w) be the set of factors of w of
length n. The factor complezity of w is the function

Puw:Zy — Ly, Py(n) = #F,(w).
For k > 1, the k-abelian complexity of w is the function
PE Ty oy, Ph(n) = #{[uli | u € Fu(w)}.

Now we give some background for the results in this article. Generalizations
of the results of Morse and Hedlund form a starting point for our considerations.
The well-known theorem of Morse and Hedlund [I5] can be stated as follows.

Theorem 2.1. If P,(n) < n+1 for some n, then w is ultimately periodic. If
w s ultimately periodic, then Py, is bounded.

This was generalized for k-abelian complexity in [10].

Theorem 2.2. If P(n) < min(2k,n + 1) for some n, then w is ultimately
periodic. If w is ultimately periodic, then PE is bounded.

A particular consequence of the theorem of Morse and Hedlund is that there
is a gap between bounded complexity and complexity n + 1. For k-abelian
complexity there is no such gap above bounded complexity; this was proved
in [I1].

There are many equivalent ways to define Sturmian words. We give three
such definitions (here k > 2):

e w is Sturmian if P, (n) = n+ 1 for all n.
e w is Sturmian if P} (n) = 2 for all n and w is aperiodic.
e w is Sturmian if P¥(n) = min(2k,n + 1) for all n and w is aperiodic.

The first two characterizations were proved in [I6] and the third one in [10].



3. Characterizing an Equivalence Class

From now on, we assume that m > 2 is fixed. We mostly study words over
the alphabet X,,. We ignore the unary case m = 1, although many of the
theorems would trivially work also in this case.

The k-abelian equivalence class of a word v € X3, is determined by the num-
bers |ul,, © € Uf:o 3¢, or equivalently by the words pref,_; (u) and suffx_1(u)
and the numbers |u|,, z € ¥ . However, both these characterizations contain
a lot of redundant information. For example, if m = 2 and pref, (u) = suff; (u),
then |u|or = |u|1p. In this section, we give a set Yj of minimal size such that
the equivalence class of every w is determined by the words pref,_;(u) and
suffy_1(v) and the numbers |u|,, y € Y;. The fact that Yj, is minimal will be
shown later (see the remark after Theorem [4.3)).

For n > 0, let

X, =(Zp\05;)\ 250 and Y, =X,

In other words, X, is the set of words of length n that do not begin with 0 and
do not end with 0, and Y;, is the set of words of length at most n that do not
begin with 0 and do not end with 0. These sets will be used in many proofs in
this paper. The sizes of these sets are

1 if n=0,

1 if n=0,
Xo=4m-1 ifn=1, Y, =
# " o # {(ml)m”lJrl ifn>1.

(m—1)2m"=2 ifn > 2,

The following theorem gives another equivalent definition for k-abelian equiva-
lence, that is extensively used in this paper.

Theorem 3.1. Let k > 1 and u,v € X} . If pref,_,(u) = pref,_;(v) and
suffp_1(u) = suffy_1(v) and |u|, = |v|y for all y € Yy, then u and v are k-
abelian equivalent.

Proof. We prove that |u|, = |v|; for all t € XF . The proof is by induction on
k. The case k = 1 is easy. Let k > 2. We already know that |u|; = |v]; for
t € Xy, so we have to consider the two cases t = Orb, r € ¥5-2 b € %, \ {0},
and t = 50, s € XK1,

For all r € ¥F~2 and b€ %, \ {0},

|u|7’b = Z ‘ularb + (5(7“(), prefkrfl(u))'
a€X,,
It follows that

[wlors = [ulrs = D [ulars — (b, prefy_, (u))
a€¥,,,a#0



and a similar equation holds for v. It follows from the assumptions of the
theorem and the induction hypothesis that the right-hand side remains the
same if every u is replaced by v. Thus

‘u|0rb = |U|Orb~ (1)
For all s € k-1
uls = Y Jules + 6(s, suffe_1 (u)).
bES,
It follows that
‘u|50 = |u|s - Z |U|3b — 5(8,suffk,1(u))
bEXm ,b#0

and a similar equation holds for v. It follows from the assumptions of the
theorem, the induction hypothesis and that the right-hand side remains
the same if every wu is replaced by v. Thus |u|so = |v]so. This completes the
proof. O

Example 3.2. Consider the case m = 2. Then Y3 = {¢,1,11}. Words u,v €
Yy, are 2-abelian equivalent if and only if

pref; (u) = pref; (v), suffi(u) = suff1(v), |ul- = |v]c, [ulr = [v]1, |u[11 = [v]11.
We get the following formulas:

lulo = |ule = [ulr = 1 = [u] = [uls,
ulor = July — |uf11 — 0(L, pref, (u)),
luli0 = uly — [uf11 — 6(1, suffy (u)),
|uloo = [ulo — [ulor — 6(0, suffy (u))
= |ule — 2|ul1 + |ul11 — 1+ (1, pref, (u)) — §(0, suff; (u)).
Sometimes we are studying factors of length n of an infinite word that does not

contain 11 as a factor. If u, v are such factors, then they are 2-abelian equivalent
if and only if

pref, (u) = pref, (v), suffy(u) = suff(v), |u|; = |v];.

The construction in the following lemma is essential for our results. It will
be used to relate the abelian complexity of a word to the k-abelian complexity
of its image under a certain morphism.

Lemma 3.3. Let k > 1, M = (m — 1)m* ' + 1, and yo,...,ynm—1 be the
elements of the set Yy,. Let h : X3, — X7 be the morphism defined by

h(i) = 402110l forie{0,..., M —1}.

If u,v € X%, then h(u) and h(v) are k-abelian equivalent if and only if u and v
are abelian equivalent and pref,_,(h(u)) = pref,_, (h(v)).



Proof. If u and v are abelian equivalent and pref,_;(h(u)) = pref,_;(h(v)),
then
suffr_1(h(u)) = 0¥~ = suff,_; (h(v)),

|h(u)| = |h(v)|, and

M—1 M—1
ly =Y lulilyily = Y 10lilyily = [h(v)]y
i=0 i=0

for all y € Y \ {€}, so h(u) and h(v) are k-abelian equivalent.

If pref,_;(h(u)) # pref,_;(h(v)), then h(u) and h(v) are not k-abelian
equivalent.

We can assume that |y;| < |yi+1] for all i € {0,..., M — 2}. If v and v are
not abelian equivalent, then let j be the largest index such that |u|; # |v]|;, and
let y = y;. If j = 0, then |u| # |v|, so |h(u)| # |h(v)| and thus h(u) and h(v)
are not k-abelian equivalent. If j > 0, then |y;|, = 0 for ¢ < j and |y;|, =1, so

M-1 M-1
n(w)ly = Y fulilily = [uly+ D Julilyily
i=0 i=j+1
M—1
£l + Y lulilyily

i=j+1

M-1 M-1
=Jolj+ Y Polilyily = D Iolilyily = [R(0)],:
i=0

i=j+1

Thus h(u) and h(v) are not k-abelian equivalent. O

4. Number of Equivalence Classes

Like in the introduction, the number of k-abelian equivalence classes of words
in 37 is denoted by nec,, x(n). It was proved in [I0] that if m and k are fixed,
then necy, x(n) = O(n(m=1m""") (here, and also later in this article, the hidden
constants in the O-notation can depend on the parameters m and k). In this
section, we give an alternative proof for this result. Then we study the relation
between k-abelian and (k + 1)-abelian equivalence classes. The exact numbers
necy, i (n) were calculated by Harmaalaﬂ for small values of k,m,n. It was
proved in [§] that necs2(n) = n? —n + 2. The numbers of equivalence classes
were further studied in [3].

Lemma 4.1. Let k,n > 1. We have the following upper bound for the number
of k-abelian equivalence classes of words in X7, :

-1 k—1

neco, k(n) < m2 2 (n 4 1) — @(pm-nmtTh),

IHarmaala, Eero: Sanojen ekvivalenssiluokkien laskentaa. Manuscript, 2010.



Proof. By Theorem the equivalence class of v € X7 is characterized by
pref;,_; (u), suffy_;(u), and |ul, for y € Y). There are at most m*~! possible
values for each of pref,_;(u) and suff;_; (u), one possible value for |u|. = n+1,
and at most n+1 possible values for every other |u|,. Multiplying these numbers
gives the claimed bound, because there are (m — 1)m*~1 different words y €

Lemma 4.2. Let k,n > 1 and n = 2k — 1)n' + j with n’ > 0 and 0 <
j < 2k — 2. We have the following lower bound for the number of k-abelian
equivalence classes of words in X :

k—1
TI,/ =+ (m/r:l l)m ) _ @(n(m_l)mk—l).

necy, kx(n) > (

Proof. Let M = (m — 1)mF~1 + 1. Let uy,...,ux be representatives of all
abelian equivalence classes of words in X%;. Then

N = (n’—J—M—l).
n/

If b is as in Lemmal[3.3] then, by the same lemma, no two of h(u1), ..., h(uy) are

k-abelian equivalent, so no two of h(u1)07, ..., h(uy)0’ are k-abelian equivalent,
and their length is (2k — 1)n/ + j = n. O
Theorem 4.3. Let k > 1. The number of k-abelian equivalence classes of words
mn Xr is

nec, x(n) = OnM-Hm"h),
Proof. Follows from Lemmas and O

Note that if the set Y could be replaced by a smaller set, then the exponent
(m — 1)m*~! in Lemma could be replaced by a smaller number, and this
would contradict Lemma [£.2] This shows that the set Y} is minimal, as was
claimed at the beginning of Section

Every k-abelian equivalence class is a disjoint union of (k+ 1)-abelian equiv-
alence classes. In other words, for every word u there is a number r and words
U1, ..., U, such that

[ule = [ua]k41 U+ Uur]psa 2)
and [w;]k+1 # [uj]k+1 for all ¢ # j. For some words u, the number r of equiv-
alence classes in the union is one (for example, if u is unary or shorter than
2k), but usually it is much larger. Because the number of k-abelian equivalence
classes of words in X7, is @(n(m_l)mkﬂ), it follows immediately that there are
words u € X7, such that the number r in , interpreted as a function of n, is
lower bounded by a function that is in

(m—1)m*
n _1)\2,, k-1
9<<m>m) = B,

The next theorem gives a more precise result.



Theorem 4.4. Let k,n > 1 and u € X7,. The number of (k + 1)-abelian
equivalence classes contained in [u]y is at most m2p(m=1m" "

Proof. By Theorem the (k + 1)-abelian equivalence class of v € [u]y is
characterized by pref, (v), suffy(v), and |v|, for y € Yi41. Because pref,_;(v) =
pref,_;(u) and suffy_; (v) = suffy_1(u), there are at most m possible values for
each of pref; (v) and suffy(v). Because |v|, = |ul, for all y € Y}, there is one
possible value for every |v|,, y € Y;. There are at most n possible values for
every |ulz, @ € Yiy1 \ Y = Xg+1. Multiplying these numbers gives the claimed
bound, because there are (m — 1)?m*~! different words z € Xy 1. O

Theorem and its proof are convenient because they work for all values of
m, k,n. If we were willing to do some more work and make some assumptions
about m, k,n (e.g., assume that n is large enough), we could improve the bound
(specifically, replace m? by a fixed constant). Namely, we could use the fact
that > [v]l < m — k. Thus the number of ways to choose the |v|, is at
most

TEX k11

( )2 E—1 (m—1)2m}"71
n—k+(m—1)>°mk- ) H n—k
(
( i=1

1).
(m —1)2mk-1 i +1)

This product could then be analyzed (depending on the values of m, k, n).

5. Lemmas About k-Abelian Complexity

In this section we prove some simple lemmas about k-abelian complexity.
Lemma 5.1. Let k,n > 1 and w € X%,. Then PE(n+1)/PE(n) < m.

Proof. Let N = PF(n). There are words u, ..., uy such that every factor of w
of length n is k-abelian equivalent to one w;. The w; are pairwise non-equivalent,
and can be chosen in Fy,(w). If v € 37, a € 3,,, and va is a factor of w, then
v is equivalent to some u;, and wva is equivalent to u;a because the k-abelian
equivalence relation is a congruence. Thus PF(n + 1) is at most the number of
words u;a for 1 < ¢ < N and a € 3,,, which is Nm. O

Unlike factor complexity, k-abelian complexity need not be increasing. The
next lemma states that it cannot decrease too much.

Lemma 5.2. Let k,n > 1 and w € X%. Then PF(n+1)/Pk(n) > 1/m.

Proof. Let N and wuq,...,uy be as in the proof of the previous lemma. For
each i, there is a; € X,, such that w;a; occurs in w. If w;a; and uja; are
equivalent with ¢ # j, then there is a word t of length at most k such that
|wile # |ujle (because u; and u; are not equivalent) but |u;a;|; = |uja;¢. Thus
suff|y (usa;) # suff |y (uja;) (one of these words is ¢ and the other is not). Then
also suffy(u;a;) # suffy(uja;), but suffy_;(u;a;) = suffy_q(uja;) because u;a;
and uja; are equivalent, so pref (suffy(u;a;)) # pref; (suffx(uja;)). So at most
m of the words uiaq,...,unyan are in the same class. O



Often it is easier to estimate the k-abelian complexity of a word for some
particular values of n than for all n. In general, this is not sufficient for de-
termining the growth rate of the complexity: If there is a strictly increasing
sequence of positive integers ny,ng,n3, ... such that Pk(n;) = O(f(n;)), then
it does not necessarily follow that PX(n) = ©(f(n)), even if the function f is
reasonably well-behaving. This is discussed in Section [7/} However, if n;,;1 — n;
is bounded (in particular, if the sequence is an arithmetic progression), then we
have the following lemma.

Lemma 5.3. Let k> 1 and w € ¥%,. Let n1,n2,ns3,... be a strictly increasing
sequence of positive integers such that the difference n;41 — n; is bounded from
above by a constant. Let f : Z, — Ry be a function such that f(n)/f(n+1) =
o(1).

o If Py(ni) = O(f(ns)), then Py (n) = O(f(n)).
o If Pi(ni) = Q(f(n:)), then Py (n) = Q(f(n)).

Proof. We prove the first claim; the proof of the second one is similar. There
are numbers N, «, 8, such that n;41 —n; < «, 1/8 < f(n)/f(n+1) < 8, and
PE(n;) < ~f(n;) for all n,n; > N. Let N <n; <n <n;y1. Then

Piy(n) < m" M Py (ng) < m" My f(ng) < mtTMyB T f(n) < mEy B f(n),
where the first inequality follows from Lemma[5.1] This proves the claim. [

If there is a construction that works for abelian complexity on all alphabets,
then it can often be generalized for k-abelian complexities by the following
lemma.

Lemma 5.4. Letk >2, M = (m — 1)mF1 +1, and W € X%,. There exists a
word w € X%, such that Pk(n) = O(PY,(n/(2k — 1))) for n divisible by 2k — 1.

Proof. We can let h be the morphism in Lemma and w = h(W). Let
n=(2k—1)n'.
IfUy,..., Uy € F,,(W) and no two of them are abelian equivalent, then

h([]l)7 .. ,h(UN) c Fn(w)

and no two of them are k-abelian equivalent by Lemma Thus PF(n) >
Pl (n).

On the other hand, if u € F,,(w), then there are p,q € X%, and U € F,,,_1 (W)
such that u = ph(U)q and |pg| = 2k — 1. By Lemma the k-abelian equiva-
lence class of u depends only on p, g, pref,,_; (h(U)), and the abelian equivalence
class of U. The number of different possibilities for p, ¢, and pref;,_, (h(U)) does
not depend on n’, while the number of different possibilities for the abelian
equivalence class of U is Pji,(n' — 1) = O(P},(n’)) by Lemmas and
Thus P (n) = O(P},(n)). O

10



6. k-Abelian Complexities for Different k

In this section we study the relations between the functions P}, P2 P23 ...
First we give bounds for the ratio P51 (n)/PF (n).

Theorem 6.1. Let k,n > 1 and w € ¥%,. Then

P (n)

1 < < 2 (M71)2mk_1'
= P -

Proof. Follows directly from Theorem [£.4] O

The bounds of Theorem are optimal up to a constant. In fact, there are
infinite words w such that k+1< )
PitH(n
i = 0) (3)
Pi(n)
for all k (for example, ultimately periodic words and Sturmian words). There
are also infinite words w such that
Putt(n)

Sy = O @

for all k (words w that have every word in %, as a factor satisfy (4)).

It is also possible to construct infinite words w such that for some k we have
and for some k we have . In fact, if we are considering only a finite number
of different values of k, then the growth rates of the ratios PX*%(n)/Pk(n) can
be chosen quite freely and independently of each other. This is made precise in
the following theorem.

Theorem 6.2. Let K > 1 and 0 < Ny <m —1 and 0 < Np < (m — 1)2mk—2
forke{2,...,K}. There exists w € X% such that

Piy(n) = ©(nM )
forke{l,...,K}.

Proof. Let Z be a subset of Yy that contains ¢ and exactly Nj elements of X
for k € {1,...,K}. Let M, = Ny +---+ N+ 1 for all k, M = Mg, and
Z ={z0,...,2m-1}. We can assume that zp = € and |z;| < |z;41] for all i. For
ie{l,...,M—1}, let

05K —5 if zi=a,a€X,,
U; =
05 —1as0BE—1gp0BE—1+2(K=[=))  if 2 = qsb, a,b € %,y,,
0K —1g0*K—5 if zi=a,a€X,,
v =
05 -1asb0BE 150K —1+2(E~l=il)  if 2 = asb, a,b € X,p,.
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Let L = (M —1)(5K —5) and let h : ¥%;, — X% be the L-uniform morphism
defined by

-1

M j—1 M—1
:Hui and h(j):Hui-vj~Hu¢ (1<j<M-1).

i=1 i=1 i=j+1

Let W € ¥4, be an infinite word that has a factor in every abelian equivalence
class. We show that we can take w = h(W).

First we make some observations about the words u;,v; and the morphism
h. If1 <i<M—1andy € Yk, then |v;|, — |u;|y = 0(y,2;). If U € ¥}, and
y € Y \ {¢}, then

= (- 0+ D) Zn\uzly { G

i=1

For U,V € ¥%, and k € {1,..., K}, h(U) and h(V) are k-abelian equivalent
if and only if [U]; = |V|; for all j € {1,..., M, — 1}. This follows from (F)),
Theorem and the fact that h(U) and h(V) begin and end with 0¥~1 and
have the same length.

For the rest of the proof, let £k € {1,..., K} be fixed. If Uy,...,U; €
F,(W)NXY},, and no two of them are abelian equivalent, then A(Uy), ..., h(U;) €
Frn(w) and no two of them are k-abelian equivalent. We assumed that W has
a factor in every abelian equivalence class, and the number of classes of words
of length n on Xy, is ©(n™+~1), so we can assume that j = O(n**~1). Thus
PE(Ln) = Q(nMr-1).

On the other hand, if u is a factor of w of length Ln, then there are p,q €
Y and U € F,,_1(W) such that v = ph(U)q and |pg| = L. The k-abelian
equivalence class of u depends only on p, ¢, and the numbers |U|; for i €
{1,.... M}, — 1} The number of different possibilities for the pair (p,q) is at
most (L +1)m" = O(1), while the number of different possibilities for each |U|;
is n. Multiplying these numbers gives the upper bound P¥ (Ln) = O(n»—1).

We have proved that PX(Ln) = ©(n**~1), and the claim follows from
Lemma [5.3] O

The answer to Question [T]is given by Theorem [6.1] and the following special
case of Theorem [6.2]

Corollary 6.3. Let k > 2. There exists w € X% such that

'Pllz—l(n) =0() and ’PZZ(n) _ @(n(m_1)2mk—2).

Proof. Take K =k, Ny = --- = Ny_; = 0 and N, = (m — 1)?>m*~2 in Theo-
rem [6.2] O

Theorem cannot be directly generalized to the case where infinitely
many k’s are considered at the same time. If w € X% is such that Pk(n) =
O(nN1F+Nk) for all k, then in addition to the basic restriction 0 < N, <

12



(m — 1)2m*=2 (for k > 2), there are other restrictions. For example, if Ny <
(m —1)2m*=2 for at least one k, then there is a word which is not a factor of w,
and then it follows from the next theorem that Ny < (m — 1)2m*~2 for all suffi-
ciently large k. It remains an open problem whether some weaker generalization
exists.

Theorem 6.4. If z € 3} is not a factor of w € X, then

7)5)+1 (n) _ O(n(mfl)ka_lf(mfl)m

Phn)
for all k > |z|.

k—|z|

_1)2mk-t
) = o(n™Y )

Proof. We can assume that the first letter of z is not 0. Let v € F,(w). By
Theorem the (k 4 1)-abelian equivalence class of v € [u]y N F,,(w) is char-
acterized by pref; (v), suffx(v), and |v|, for y € Yi+1. The number of possible
values for each of pref; (v) and suff(v) is at most m = O(1), since pref;,_;(v)
and suffy_q(v) are given by u. Because |v|, = |u, for all y € Y}, there is one
possible value for every |v|y, y € Yi. There are at most n possible values for
every |vlg, © € Yis1 \ Y = Xg11. However, if x € zEfn_Izl(Zm \ {0}), then
|v|, = 0, and the number of these words z is (m — 1)m*~1?l. Thus we get the
upper bound
Putt(n)
Ph(n)

which proves the theorem. O

O(n(m—l)ka’1 —(m—1)mF~1%l )

)

7. Fluctuating Complexity

In [I1], words w were given such that lim inf P¥ < co and P¥ (n) = Q/(log n).
For example, the Thue—Morse word has this property for £ > 2. Thus the num-
bers Pk (n) can fluctuate between bounded and logarithmic values. In this sec-
tion, we study how big these kinds of fluctuations can be. We give an “optimal”
answer to Question [2 More specifically, we consider three questions:

1. If Pk is unbounded, then how small can lim inf PX be?

2. If P = O'(1), then for how fast-growing functions f can we have Pk (n) =
(f(n)?

3. If Pk = Q’(n(m_l)mkfl), then for how slowly growing functions f can we
have P (n) = O'(f(n))?

Recall that the number of k-abelian equivalence classes of words in X7, is
O(n(m=Dm"") 50 Pk (n) = O(n(m=Dm"") for all words w € X%

m*

For the first question, it was proved in [I0] that if lim inf P¥ < 2k, then w is
ultimately periodic and thus P is bounded. We prove in Theorem that it
is possible to have liminf P¥ = 2k but P% unbounded. The constructed word
is a morphic image of the period-doubling word. In [I0] it was proved that an

aperiodic word w is Sturmian if and only if P¥(n) = 2k for all n > 2k — 1.
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A particular consequence of our result is that having P¥ (n) = 2k for infinitely
many n is not sufficient to guarantee that w is Sturmian, or even that Pk (n) is
bounded.

For the second question, we prove in Theorems @ and [7.5] that we can take
any f = o(n™m=Dm") but not f = U (nm=V™" ") Here a Toeplitz-type
construction is used. For Toeplitz words, see, e.g., [9] and [2].

For the third question, we prove in Theorems [7.4] and that we can take
f(n) =n, but not f = o(n).

Theorem 7.1. Let k > 1. There exists w € X% such that
liminf P = 2k and  PF(n) = Q' (logn).

Proof. Tt was proved in [I1I] that the period-doubling word S € %Y, defined
as the fixed point of the morphism 0 — 01,1 — 00, satisfies the require-
ments for £ = 1. For k > 2, we cannot use Lemma [5.4] because we want
to prove liminf P*¥ = 2k and not just liminf P* < oo. Instead, we prove
that we can take w = h(S), where h : ¥5 — X% is the morphism defined
by h(0) = 0*~11 and h(1) = 0¥1. No factor of w of length k contains two 1’s, so
it follows from Theorem that factors w and v of w are k-abelian equivalent
if and only if pref;,_;(u) = pref,_; (v),suffp_1(u) = suff,_1(v), and |u|; = |v]|1.
In particular, this means that Pk (n) = ©(PL(n)).

First we prove that liminf P¥ = 2k. It was proved in [II] that for all I,
PL(2!) = 2, so there is a number n; such that every factor of S of length 2! has
either n; or n;+ 1 occurrences of the letter 1 (actually, n; = (2/+1 +(—1)!—3)/6,
but the exact value is not important for the proof). We prove that PF(2!k +
n; + k) = 2k. Let u be a factor of w of length 2'k 4+ n; + k. Then u begins with
01, where 0 < i < k. In w, this is followed by h(v)0*~!, where |v| = 2! and
thus |h(v)| = 2'k +n; + ¢, ¢ € {0,1}. There are the following possibilities:

e If i =0, then u = 1h(v)0¥~1=¢ and
(pref),_ (u),suff,_1 (u), [ul) = (10F72 1°0% =17 2! 4 1).
o If 1 <i<k—2, then u=0"1h(v)0F"17¢ and
(prefy,_y (u),suffy_q(u), |ul;) = (07105277 oitet1ork—i=1=c 2l 1 1),

Ifi=k—1and ¢ =0, then u = 0*"'1h(v) and

(prefy_y (u), suffy_1 (w), July) = (0*~",0521,2 +1).

e Ifi=k—1andc=1, then ul = 0*"'1A(v) and

(prefk—l(u)7 Sugk—l(u)7 |u|1) = (Ok_la Ok_la 2l)

If i = k and ¢ = 0, then ul = 0*1h(v) and

(pref,_q(u),suffx_1(u),|ul1) = (Ok_l,Ok_1,2l).
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e If i = k and ¢ = 1, then u01 = 0F1h(v). If it were v = v'0, then 1v’ would
be a factor of S of length 2! with |1v'|; = n; + 2, which is a contradiction,
so v =101 and

(pref,_q(u),suffx_1(u),|ul1) = (Ok_l,Ok_1,2l).

In total, there are 2k different possibilities for (pref,_;(u),suffx_1(u),|ul1), so
PE(2k+n;+k) = 2k. As already stated, it is proved in [10] that lim inf P¥ (n) >
2k for aperiodic w. It follows that liminf P¥ (n) = 2k.

We have already seen that PF(n) = O(PL(n)), so it is sufficient to show
PL(n) = Q' (logn). We will need the following simple fact, which is used fre-
quently when studying abelian complexity of binary words: For any infinite
binary word W,

P (n) = max{|u|y | v € F,(W)} — min{|u|, | u € F,(W)} + 1. (6)
We know that Pi(n) = Q'(logn), so there is a strictly increasing sequence
ni,n2,ns, ... such that PL(n;) = Q(logn;) (actually, PL((2%T14+1)/3) = i+2).
By the definition of i and (6), for every i there are u;, v; € F,,(S) such that
[h(vs)| = [h(ui)| = |vils = |uily = Q(log ny).

Then |h(v;)|1 = |vi] = ns, and w has a factor x = h(u;)y such that |z| = |h(v;)]
and

|21 = [h(ui)1 + |yl1 > |ui| + \‘leJ =n; + Q(log n;).
This means that P} (|h(v;)|) = Q(logn;), which proves that PX(n) = Q/(logn)
because kn; < |h(v;)| < (k+ 1)n,. O

k—1

Theorem 7.2. Let k > 1. Let f be a function such that f(n) = o(n(™m=Dm"""),
There exists w € X%, such that

Pu(n)=0'(1)  and  Py(n) =2 (f(n)).

Proof. Let us first prove the claim for £k = 1. We define w by a Toeplitz-type
construction. Let l1,12,13,... be a strictly increasing sequence of positive inte-
gers. For every i, let u; be a word that has a factor in every abelian equivalence
class of words in Eﬁ;l Let vg = ¢ and, for ¢ > 1, let v; be the word obtained
from vllfl‘ﬂ by replacing the hole symbols ¢ with the letters of u;o. Because
f(n) = o(n™1) and |v;_1| depends only on Iy,...,l;_1, we can define the se-
quence lq,lo,1l3,... so that f(|vi—1]l;) < lim_1 for all 7. Let w be the limit of the
sequence vg, U1, V2, . . . .

For every i, let v; = v[o. Then w € (v;3,,)“, so every factor of w of length
|v;| is a conjugate of a word in v}%,,. Conjugates are abelian equivalent, so
PL(|lvi]) < #vi%,, = m. This proves that PL(n) = O'(1).
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Ifay,...,a;, € ¥, and aq - - - ay, is a factor of u;, then H;;l v_,a;j is a factor
of w. If two factors of the form a; ---a;, are not abelian equivalent, then the
corresponding factors H?’Zl vi_,a; are also not abelian equivalent. Thus

Po([vi-1lli) = Py, (1) = Q) = Q(f(Jvia|li))
for all i. This proves that Pl (n) = Q'(f(n)).

Consider now the case k > 2. Let M = (m — 1)m*~! + 1, so that f(n) =
o(n™=1). By the first part of this proof, there exists W € X%, such that
Pl (n) = O'(1) and Pjy,(n) = Q' (f(n)). We apply Lemma to get a word
w € ¥ such that Pk (n) = O(P},(n/(2k — 1))) when n is divisible by 2k — 1.
It follows that P (n) = O'(1) and P¥(n) = Q'(f(n)). O

Example 7.3. We illustrate the construction in the previous proof in the case
k=1, m=2and f(n) = v/n. We can define Iy = 1, l;;1 = [;(2l; + 1), and
u; = 041%. Then |v;| = l;11 and f(|v;_1]l;) = I;. The first words vg, vy, vo are

vo=0, vy =01lo, wvy=(010)3(011)>010 = 01001001001101101101c.
Then PL(l;) =2 and PL(I?) =1; + 1.
Theorem 7.4. Let k> 1. There exists w € X%, such that

PE(n)=0'(n)  and  PE(n) = (MM,
Proof. By Lemmas [5.4] and it is sufficient to prove the claim for k = 1 (like
in Theorem . We define a sequence ug, u1,us, ... of finite words and show
that w = ugujug - - - satisfies the requirements of the theorem. Let ug = 0 and,

for j >0,
m—1
wem T1 L
(no,---;nm—1) =0
where the outer product is taken over all sequences (ng,...,n;—1) of non-

negative integers such that Z;Z_Ol n; = m|u;| (the order in the product does
not matter). Clearly, |u;| > 2|u;—1| and thus |u;| > |ug---u;—1| for all j > 1.

The number of the sequences (ng, ..., n,—1) in the product is

<m|uj| +m— 1)
mlu,| ’

and each one of them gives a factor of u;j;1 of length 2m|u;| with a different
abelian equivalence class. Thus

mlu;| +m—1
ﬁﬂmM)ZHM@meZ< :

) = eltmligh™)
and PL(n) = Q' (n™~1). On the other hand, every factor of w of length |u;]

either begins within the prefix ug - --u; or is in a*b* for some letters a,b € X,,.
Thus

mlu|

P (Juil) < Juo - - uzl +m?fuj| = O(|uy)
and PL(n) = O'(n). O
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Theorem 7.5. Let k > 1. There does not exist f(n) = o(n) and w € 3%, such
that

k—1

Pi(n)=0'(f(n))  and  Pl(n) = (nm=Hm ),
Proof. We assume that Pk(n) = O’(f(n)) and f(n) = o(n), and prove that
Pk(n) = o(n(mfl)mk_l). For every number n and word ¢, let

pe(n) = min{|ul; | v € F,(w)} and qt(n) = max{|ul; | u € F,,(w)}.

Because Pk (n) = O'(f(n)) and f(n) = o(n), there is a strictly increasing se-
quence ni,ns,N3,... such that

q¢(ni) — pe(ni) < P (ni) = o(ns)

for all ¢ of length at most k. For n > n?, let g(n) = max{n; | n; < v/n}. Every
factor of w of length n can be written as u = ug - - - u,, where ug,...,u._1 €

»9m = [n/g(n)], and |u,| < g(n) < v/n. For every factor ¢ of length at most
k,

r—1 T r—1

rpe(9(n)) <D fugle < Jule < fugle + ) |suffp— (wy)prefy_ (ujia)ls

=0 =0 §=0
< 7(qe(g(n)) + 2k) + |u,| < r(q:(g(n)) + 2k) + V/n.

Because rpi(g(n)) < |ul; and w is an arbitrary factor of length n, pi(n) >
rpe(g(n)). Because |u|; < r(q:(g(n)) + 2k) + +/n and u is an arbitrary factor of
length n, ¢:(n) < r(g:(g9(n)) + 2k) + /n. Therefore

q:(n) —pe(n) < r(a(g(n)) —pe(g(n)) +2k) +v/n = r(o(g(n)) +2k) +v/n = o(n).
Thus

Ph(n) <m?* =2 H (qt(n) —pe(n) +1)

tevi\{e}
— m2k—2 H o(n) — O(n(m—l)m"'*l)
teYr\{e}
by Theorem O

8. Conclusion

As the main topics of this paper, we have studied the relations between k-
abelian complexities for different values of k£, and the maximal fluctuations of
these complexity functions. We have also given a new definition for k-abelian
equivalence, which is, in a sense, “optimal”, and we have proved some helpful
lemmas about k-abelian complexity.

Several interesting problems remain open. We mention two broad questions:
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e For every k and m, there is a polynomial p(n) and constants « and 3 such
that ap(n) < necy, x(n) < Bp(n). However, the ratio of the constants
and « that can be derived from the proofs is rather large. More precise
estimates would be welcome.

e Perhaps the most interesting questions are related to maximal fluctuation.
We gave rather comprehensive answers for the family of all words, but
these same questions could be studied for some subclass, e.g., for morphic
words.
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