
Chapter 10
Inversion Methodology of Ground Level
Enhancements

B. Heber, N. Agueda, R. Bütikofer, D. Galsdorf, K. Herbst, P. Kühl,
J. Labrenz, and R. Vainio

Abstract While it is believed that the acceleration of Solar Energetic Particles
(SEPs) is powered by the release of magnetic energy at the Sun, the nature, and
location of the acceleration are uncertain, i.e. the origin of the highest energy
particles is heavily debated. Information about the highest energy SEPs relies
on observations by ground-based Neutron Monitors (NMs). SEPs with energies
above 500 MeV entering the Earth’s atmosphere will lead to an increase of the
intensities recorded by NMs on the ground, also known as Ground Level Event
or Ground Level Enhancement (GLE). A Fokker-Planck equation well describes
the interplanetary transport of near relativistic electrons and protons. An NM is an
integral counter defined by its yield function. From the observations of the NM
network, the additional solar cosmic ray characteristics (intensity, spectrum, and
anisotropy) in the energy range &500 MeV can be assessed. If the interplanetary
magnetic field outside the Earth magnetosphere is known (see Sect. 10.3.2) a
computation chain can be set up in order to calculate the count rate increase of
an NM for a delta injection at the Sun along the magnetic field line that connects
the Sun with the Earth (Sect. 10.3.3). By this computations, we define a set of
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Green’s functions that can be fitted to an observed GLE to determine the injection
time profile. If the latter is compared to remote sensing measurements like radio
observations, conclusions of the most probable acceleration process can be drawn.

10.1 Introduction

The Earth is constantly bombarded by high-energy particles, also known as cosmic
rays. Those who are not deflected by the geomagnetic field, as discussed in Chap. 5,
enter the atmosphere and undergo interactions with atoms and molecules as well
as with the nuclei of the atmosphere. Low-energy cosmic rays (<500 MeV) are
absorbed in the atmosphere, i.e. no secondary particles can be observed at sea level
from primary particles as described in Chap. 6. Most of the primary particles are
of galactic origin and are known as Galactic Cosmic Rays (GCR). In solar eruptive
events, such as solar flares and Coronal Mass Ejections (CMEs), protons and other
ions can be accelerated to high energies (>30 MeV). The acceleration mechanisms
are thought to be related to magnetic reconnection in solar flares (Aschwanden
2012) and the shock waves generated by CME (Cliver et al. 2004).

According to the review by Reames (1999) impulsive events are small, electron
rich, tend to be enriched in heavy ions and are 3He-rich (3He/4He�1). They are
associated with small magnetic loops in the lower corona with heights smaller than
104 km and have ionization states typical of solar flare temperatures, i.e., 107 K
(Mason 2007). The emission is generated at low altitudes, and fast drift (type III)
radio emission, which reflects the electron escape into the interplanetary medium
(Klein and Trottet 2001), is observed as well.

Gradual SEP events, in contrast, are believed to originate high in the corona from
a CME-driven shock whose extent is consistent with the observations of such SEP
over relatively wide longitudinal ranges (Rouillard et al. 2011; Dresing et al. 2014).
The association of CMEs with type II emission (see Chaps. 1 and 2 for details) also
confirms the conclusion that gradual SEP events are accelerated by large CME-
driven shocks (Reames 1999). These events produce some of the highest intensity
events observed at Earth at energies up to several GeV (Mewaldt et al. 2012; Kühl
et al. 2016).

While this two class picture appears to describe the origin of <50 MeV ions
with some success, the origin of SEPs that cause GLEs is less studied due to the
lack of detailed observations (Moraal and McCracken 2012). It was found that the
GLE spectra tend to be slightly harder than non-GLE spectra and that they are
consistent with double power laws (Mewaldt et al. 2012; Kühl et al. 2016). Also,
the authors found that the composition of GLEs tends to have higher Fe/O ratios,
enrichments in 3He (Wiedenbeck 2013) and highly-ionized charge-states of heavy
elements such as Fe. This lead to the conclusion that GLE ions may be accelerated
by CME-driven shocks, with quasi-perpendicular shock geometry and the presence
of suprathermal ions from previous flares playing a key role (Tylka et al. 2005).
Moraal and Caballero-Lopez (2014) found different scenarios for different GLEs
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having a prompt component from the impulsive phase and a gradual one indicating
shock acceleration. To gain further insight the interplanetary and magnetospheric
transport of high energy charged particles needs modeling (Bieber et al. 2004).
While a Fokker-Planck equation well describes the interplanetary transport of near
relativistic electrons (Dröge 2003; Dröge et al. 2010) the processes that need to be
included at high energies have not been fully explored (Dalla et al. 2013, 2015).

Gradual particle events tend to be larger, typically associated with large 105 km
X-ray emitting structures, last much longer than impulsive events, are proton-
rich without significant enrichment in 3He/4He, electron poor, and have elemental
abundances and charge states representative of solar coronal or solar wind material
and temperatures, i.e., 106 K (Klecker 2013).

However, the relative roles of both components and how we can discriminate
them remains a key problem in solar and solar-terrestrial physics, especially
regarding the diverse interest in GLEs. There is a practical interest in GLEs owing
to their significance for space weather. Solar cosmic rays can damage spacecraft
electronic components and are a significant radiation hazard to astronauts. To
quantify these risks, the full particle distribution in energy and pitch angle as a
function of time needs to be determined from the NM observations. A method to
derive the “physical quantities” is based on forward-modeling of SEP transport
(Sects. 10.3.1 and 10.3.2) in interplanetary space and the Earth’s magnetosphere (see
also Chaps. 4 and 5) by utilizing a power law spectrum in rigidity at the injection
point of the Sun (see Chap. 3) and the response/yield function of the NM (see
Sect. 10.3.2 and Chap. 6). The forward modeling is utilized in Sect. 10.4 to derive an
inversion methodology that is applied to observations in Sect. 10.5. To validate our
model chain, results are compared to spacecraft measurements that are described in
Sect. 10.2.

10.2 Space and Ground Based Measurements of GLEs

SEP events, where protons are accelerated to energies above 500 MeV, occur a few
times per solar cycle. Protons with such energies penetrate the Earth’s atmosphere
and produce secondary particle showers which can increase the intensities recorded
by NMs on the ground. Such intense SEP events are also known as Ground
Level Events or GLEs. Initially designed by Simpson (1948), NMs are used for
precise monitoring of spectral and directional variations in the cosmic-ray flux. The
detection of a GLE event by an NM on average occurs a few times per solar cycle.
The first GLE was observed on February 28, 1942 and the first GLE observed by
NMs was the one on February 23, 1956 (see gle.oulu.fi).

Since 1942 until the end of 2015 a total of about 70 GLEs have been observed, i.e.
�one GLE per year. Each GLE has its typical characteristics (amplitude, spectrum,
duration, spatial distribution of flux, etc.). During a GLE the measurements of the
ground-based NM network show an increase in the count rate within typically a
few minutes and decreasing intensities to background levels within hours. In some

gle.oulu.fi
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cases, GLEs show a double-peaked time structure, with an initial fast rise and an
anisotropic particle population—called “prompt component”—followed by a more
gradual and less anisotropic “delayed component” (McCracken et al. 2012).

SEP events causing GLEs are restricted to events that accelerate ions to energies
above �500 MeV/nucleon. Experiments on board spacecraft located close to
Earth such as the Geostationary Operational Environmental Satellites (GOES), the
Solar and Heliospheric Observatory (SOHO), the Payload for Antimatter Matter
Exploration and Light-nuclei Astrophysics (PAMELA) and the Alpha Magnetic
Spectrometer 02 (AMS-02) aboard the International Space Station (ISS) can observe
protons below and above this threshold in differential energy channels. These data
serve to fill an observational gap between the few hundred MeV and less, typically
monitored by other satellite instruments on board e.g. the Advanced Composition
Explorer (ACE) (Gold et al. 1998) and Wind (Lin et al. 1995). This latter spacecraft
allows us to determine the chemical and isotope abundance (Mewaldt et al. 2007;
Nitta et al. 2015), the charge states (Mason et al. 1995; Kartavykh et al. 2007) and
to study the lepton component i.e. electrons (Dröge 2000; Dresing et al. 2012, 2014;
Agueda et al. 2014) during SEP events. As discussed in Chap. 4 it is important to
know not only the intensity-time profiles but also the evolution of the PAD. The
pitch angle is defined as the angle between the magnetic field and the velocity
vector ˇ. A particle instrument with a limited opening angle and a pointing direction
n in interplanetary space is sensitive to a pitch angle range around cos.#/ D � B�n

B
with B the interplanetary magnetic field vector. Spacecraft like ACE, Wind, and
the International Monitoring Platform (IMP) 8 outside the Earth’s magnetosphere
provide us with measurements of the interplanetary magnetic field vector B near the
first Lagrangian point L1. Contrary to IMP 8 neither GOES nor SOHO measures
B. The OMNI dataset1 maintained by the US National Space Science Data Center
provides us with the magnetic field, and plasma data sets from ACE, Wind and the
IMP-8 shifted to the Earth’s bow shock nose. For an observer in the magnetosphere,
(PAMELA and AMS-02) the viewing direction n is the asymptotic direction that
has to be calculated as described in Chap. 5.

10.2.1 dE/dx-dE/dx-Method

This method is utilized by EPHIN aboard SOHO and is based on the energy loss
in two detectors. Figure 10.1 right illustrates the measurement principle of the
EPHIN instrument (Müller-Mellin et al. 1995). Plotting the energy loss in two

1http://omniweb.gsfc.nasa.gov/owmin.html.

http://omniweb.gsfc.nasa.gov/owmin.html
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Fig. 10.1 The left and right panels display a sketch of the Electron Proton Helium INstrument
(EPHIN) aboard SOHO (Müller-Mellin et al. 1995) and the dE/dx-dE/dx measurement principle
applied to it, respectively

adjacent detectors against each other, the mean energy losses of H and He follow
the characteristic tracks. This is used to identify the particle species in certain areas
of the two-dimensional pulse height plane. In these regions, the energy loss in both
detectors is attributed to the incoming energy of the particle. Both Goddard Medium
Energy (GME) experiment and the Medium Energy Detector (MED) (Meyer and
Evenson 1978) utilize this technique.

EPHIN is a multi-element array of solid state detectors with anticoincidence to
measure energy spectra of electrons in the range 250 keV to >8.7 MeV, and of
hydrogen and helium isotopes in the range 4 MeV/n to >53 MeV/n. The instrument
is sketched in Fig. 10.1 left and consists of a stack of silicon solid state detectors
(A-F) surrounded by an anticoincidence (scintillator, G). The method to derive
energy spectra for penetrating particles with energies above 50 MeV/nucleon is
described in detail by Kühl et al. (2015). Since relativistic protons and electrons have
the same energy loss dE=dx in matter, electrons with energies above 10 MeV are
leading to too high fluxes at energies above � 700 MeV for protons when utilizing
the dE=dx � dE=dx-method.

The second instrument utilizing this method is the GME aboard IMP-8 that was
launched by NASA in 1973 into a 35 RE geocentric orbit with a 12 days period.
The spacecraft was in the solar wind for 7–8 days of every 12-day orbit, where it
measured the magnetic fields, plasma, and energetic charged particles (e.g., cosmic
rays). The spacecraft spin axis was normal to the ecliptic plane, and the spin rate
was 23 rpm. PAD information was obtained in eight angular sectors.

In contrast to EPHIN, the MED design consisted of three pulse-height analyzed
CsI detectors with thicknesses of 1 mm, 2 cm and 1 mm, respectively, and a
cylindrical plastic scintillator anticoincidence shield. Penetrating particles have an
energy above 80 MeV and a geometry factor of nearly 5.0 cm2sr (for details see
http://spdf.gsfc.nasa.gov/imp8_GME/GME_instrument.html).

http://spdf.gsfc.nasa.gov/imp8_GME/GME_instrument.html
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10.2.2 dE/dx - C

This method is used for penetrating particles. This method is based on charged
particles completely penetrating the Solid State Detector (SSD) and a Cerenkov
detector (C), which is placed underneath. If the particles penetrate C faster than
with the speed of light in this medium, i.e., with a speed of ˇ > 1

n where
n is the refractive index of the material, they produce a measurable light flash
(Cerenkov radiation). Plotting the Cerenkov detector signal against the energy-loss
by ionization,�E in the SSD results in characteristic curves for protons and helium,
clearly separated with their slopes depending on particle speed. Thus, the method
allows an identification of the penetrating particles and gives their energy above a
threshold speed. This method is utilized by the HEPAD assembly (Rinehart 1978)
aboard a series of GOES satellites in geosynchronous orbit maintained by National
Oceanic and Atmospheric Administration (NOAA), which provides differential
fluxes in three channels between 350 MeV and 700 MeV, and integral flux above
700 MeV (Sauer 1993). HEPAD consists of two 500 �m thick silicon detectors and
a silica radiator. The two surface barrier silicon detectors have an area of 3 cm2 and
define an effective acceptance aperture of �24ı half-angle.

Charged particles, which completely penetrate the two semiconductor detectors,
can be studied with the help of the Cerenkov-detector (McDonald 1956; Linsley
1955), which is placed underneath the semiconductor detectors. The use of a
different detector is necessary since, with energy-loss-measurements alone, the
energy determination is only possible in a narrow energy range above the maximum
energy for stopping particles. The official archive for GOES Energetic Particle data,
including proton flux data, can be found at the National Geophysical Data Center.2

10.2.3 Magnet Spectrometer

In addition we utilize data from the Russian-Italian PAMELA mission (Picozza
et al. 2007) and the AMS-02 aboard the ISS (Aguilar et al. 2013; Kounine 2012).
PAMELA as well as AMS-02 are magnetic spectrometers in Low Earth Orbit,
providing extremely high-quality observations of electrons and ions, which we have
used for validation and cross-calibration purposes. Because the orbits of PAMELA
and AMS are within the Earth’s magnetic field, the two spacecraft do not have
a 100% duty cycle for observing low-energy cosmic rays (Adriani et al. 2011).
Therefore our approach is to use their observations to validate measurements e.g.
from EPHIN.

2http://www.ngdc.noaa.gov/stp/satellite/goes/.

http://www.ngdc.noaa.gov/stp/satellite/goes/
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10.3 Forward Modeling from the Sun to the Observer
at Ground

The project HESPERIA gathered experts in different fields to take into account
interconnections between the solar, heliospheric and NM communities and to
advance our knowledge of GLEs further. The group developed a model chain
allowing to infer the solar release time profile of relativistic SEPs and their
interplanetary transport parameters directly from NM observations. The process
chain starts with the propagation of SEPs from the Sun to the Earth. Utilizing
the local interplanetary field in Geocentric Solar Ecliptic (GSE) coordinates, the
PAD outside the magnetosphere can be converted to an angular distribution in
GSE coordinates. Computing the energetic particle transport in the geomagnetic
field and taking into account the NM yield function the count rate variation of
all NMs that have measured the event can be predicted. Although the physics of
the underlying processes is discussed in detail in Chap. 4 (interplanetary transport),
Chap. 5 (transport through the magnetosphere) and Chap. 6 (ground-based measure-
ments by NMs) we will show in a compact way how the different models need to be
interlinked.

10.3.1 Interplanetary Particle Transport: From the Sun
to the Magnetosphere

Here we give a summary of Chap. 4 in which we model the particle transport
from the Sun (ri D 2 rSun) in an unperturbed solar wind with constant velocity
v. The Interplanetary Magnetic Field (IMF) can be described as a smooth average
field, represented by an Archimedean spiral, with superposed magnetic fluctuations.
The quantitative treatment of the evolution of the particle’s phase space density,
f .z; �; t/, can be described by the focused transport equation (Roelof 1969):

@f
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�
D q.z; �; t/ (10.1)

Here z is the distance along the magnetic field line that depends on the solar
wind velocity v, � D cos˛, is the cosine of the particle pitch angle, ˛, and t
is the time. The systematic force is characterized by the focusing length, L.z/ D
�B.z/=.@B=@z/, in the diverging magnetic field B, while the stochastic forces are
described by the pitch-angle diffusion coefficient D��.�/. As discussed in detail in
Chap. 4 the pitch-angle diffusion coefficient has the same form as in Agueda et al.
(2008).

Another approximation was introduced by Hasselmann and Wibberenz (1970). If
we take the particle radial mean free path, �r, to be spatially constant, then the mean
free path parallel to the IMF line is given by �jj D �r sec2  , where  is the angle
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between the field line and the radial direction. As shown in Chap. 4 it is sufficient
to compute a database of “Green’s-functions” for particles moving with the speed
of light (ˇ D 1). The database consists of 30 different values of the radial mean free
path, from �r D 0:1 to �r D 2:0 AU and for solar wind velocities ranging from
300 to 700 km/s. The intensity spectra at the source are given by the solar spectrum
that is typically a power-law with N.R/ / R�� , where � is the spectral index of the
solar source. Results of this modeling have been discussed in Chap. 4 and (Agueda
2008). There the results could be directly compared to spacecraft measurements.
However, observations in the magnetosphere and ground-based measurements need
to take into account the geomagnetic filter as described in Chap. 5 and the shielding
by the atmosphere and the specific response of the NM (Chap. 6).

If we assume for each energy interval a number of delta injections in time at
the source region the phase space density f .z; �; t/ can be calculated for any
time t at 1 AU corresponding to a distance z.v/ depending on the solar wind
velocity v for every� if the mean free path �r, the solar wind speed v and the
direction of the interplanetary magnetic field are known. Acceleration theories
(see Chap. 3), as well as measurements, suggests that the source spectrum is
given by a power law described by the spectral index � . Thus three free
parameters describe the temporal evolution of a SEP event caused by a
single ı-injection at the Sun.

10.3.2 From the Interplanetary Particle Distribution to
Neutron Monitor Measurements - Magneto- and
Atmospheric Transport of Charged Energetic Particles

The transport of cosmic ray particles in the geomagnetic field and in the Earth’s
atmosphere are described in detail in the Chaps. 5 and 6. Here we refer to the objects
that are relevant to the investigations of NM data during solar cosmic ray events.
The asymptotic viewing directions for each NM station are often computed only
for primary cosmic ray particles that penetrate into the Earth’s atmosphere from a
vertical direction. The contribution of obliquely incident particles is often neglected
in GLE analysis as their contribution to the counting rate is assumed to be small
because of the soft spectrum of the solar cosmic rays.

The minimum rigidity that a charged energetic particle must have to reach
a location within the magnetosphere and from a given direction of incidence is
expressed by the geomagnetic cutoff rigidity RC. This cutoff rigidity varies from
a minimum at the magnetic poles (RC � 0 GV) to a value of about 15 GV in
equatorial regions. The asymptotic direction for a NM, for a given direction of
incidence into the Earth’s atmosphere above the location of the NM and a selected
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particle rigidity, is defined as the direction of motion of the primary cosmic ray
particle before penetrating the Earth’s magnetosphere. In contrast to previous work
by e.g. Bieber et al. (2004), neither the shape of the PAD nor the incoming direction
is a free parameter in the High Energy Solar Particle Events forecasting and Analysis
(HESPERIA) approach. The PAD of SEPs outside the Earth’s magnetosphere is
calculated as described in Sect. 10.3.1. To assign for each rigidity the pitch angle
range of a NM we need to know the Interplanetary Magnetic Field (IMF) direction
close to the Earth magnetopause and the asymptotic direction in GSE coordinates.
In HESPERIA, we make use of the 5-min averaged OMNI data to prepare a set of
magnetic field directions outside the magnetosphere, to be used as the directions
of the symmetry axis of the directional relativistic proton distribution. The field to
which the distribution tends to become gyro-tropic is not the momentarily measured
field at the particle position but rather the field it averages over. Although the
timescales of the gyro motion are relatively small, the spatial ones are not. A first
order estimation, rL=.uSWt/ � 1, leads to t D 1670 s for the averaging time of
the fluctuating field for a 1-GV particle in a 5 nT field and a solar wind speed of
400 km/s. However, it should be noted that particles would need a rigidity-dependent
averaging time of the field direction. As an example, Fig. 10.2 displays on the left the
rigidity-dependent vertical asymptotic directions for a stationary observer in Kiel
from 1:30 to 3:00 UT on May 17, 2012. The colored triangles show the direction of
the interplanetary field for each period. From these two directions, the pitch angle
for each rigidity and time can be calculated. The right panel of Fig. 10.2 displays
the corresponding results.

Fig. 10.2 Left: Calculations of the asymptotic direction at different rigidities during the onset of
the May 17, 2012 SEP event as function of time for an observer at Kiel. The triangles indicate the
direction of the interplanetary magnetic field. The right panel shows the pitch angle coverage for
the same period. For details see text
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If we assume that only protons are accelerated in a SEP event to sufficient
rigidities R that NMs can measure, then the count rate N caused by solar cosmic
ray protons at the NM station x and at time t can be expressed by:

Nx.t/ D
Z Ru

Rc

I.R; ˛; t/ � Sx.R; h/ � dR; (10.2)

where Rc and Ru are the cutoff and upper (Ru D 20 GV) rigidities, ˛ the pitch
angle of the incoming proton, Sx.R; h/ the yield function of the NM station x at
the atmospheric depth, h (for details see Chap. 6). Here Eq. (10.2) is approximated
by the sum of discrete values covering the full rigidity and pitch angle range. The
upper value of Ru D 20 GV was chosen because there is no observational evidence
for SEP protons with rigidities above 20 GV.

Given the IMF vector B in GSE coordinates and the asymptotic directions n
in the same coordinate system, we compute the pitch angle, ˛ coverage, for
each NM. Together with the yield function described in Chap. 6 the count rate
increase for each NM is computed.

10.3.3 Combined Greens-Function

As part of HESPERIA, the two models described in the previous two sections were
combined. The first step is to compute the additional count rate, N, caused by
SEPs for a given NM station with cutoff rigidity RC at the time t1, based on the
computed rigidity and cosine of the pitch angle (�) dependent intensity I1.�; t1; r/
of relativistic protons at time t1. This spectrum I1 results from an energy spectrum
I0 / R�� injected as a ı-function at a time t0 before t1. The two parameters
determining the injection function are the power-law index � and the number of
particles injected at a rigidity R D 1 GV. The particle transport in the IMF is
described by Eq. (10.1) using �0 as the only free parameter. The path length of the
particles is determined by the solar wind speed measured at 1 AU (see Sect. 10.3.1).
The IMF outside the Earth’s magnetosphere together with the asymptotic direction
calculated for t1 gives the pitch angle coverage for the NM. Within HESPERIA
the Green’s function Gˇ.t; z; �; v/ are derived from the ones Gc.t; z; �; c/ that
are available from SEPServer (http://server.sepserver.eu) for relativistic protons
(ˇ D 1). For near relativistic particles the energy loss in the IMF can be neglected
and therefore the Green’s function for a lower velocity ˇ is given by:

Gˇ

�
1

ˇ
t; z; �; ˇ

�
D ˇGc.t; z; �; c/ : (10.3)

http://server.sepserver.eu


10 Inversion Methodology of Ground Level Enhancements 189

We consider near relativistic protons with rigidities from 0.5 to 20 GV (kinetic
energies from 0.12 to 19 GeV) and following a power law in rigidity I.R/ D I0 �R��
with the spectral index � .

The proton mean-free path is taken to increase with rigidity following the
standard model. The resulting pitch angle dependent energy spectra at 1 AU are
transported through the magnetosphere and atmosphere as described above.

10.4 Inversion Methodology

The previous two sections are describing the forward modeling of energetic particles
from the Sun through the inner helio-, magneto- and atmosphere. Up to now, the
inversion has only been attempted in two separate steps:

Inversion of NM data: The standard analysis of GLE events is based on solving
an inverse problem where data by the worldwide network of NMs is used to
determine the spectral and angular characteristics of SEPs near Earth but outside
the magnetosphere causing the GLE.

Inversion of spacecraft data: The injection time profile of SEPs at the Sun and the
characteristics (mean free path) of their transport in the interplanetary medium is
inverted from 1 AU spacecraft measurements.

In what follows we review first the two inversion approaches used so far and then
describe the HESPERIA approach.

10.4.1 Inversion of Spacecraft Data to the Sun

Numerical simulations of the propagation of SEPs along the IMF are a useful tool
to understand SEP events and their sources. We currently have a good theoretical
understanding of the transport processes that affect SEPs in the interplanetary
medium (see Chap. 4). In Sect. 10.3.1 we discussed a model that simulates the
processes undergone by SEPs during their propagation from their source to the
observer with the critical parameters summarized in the gray box on page 186.

The approach introduced by Agueda et al. (2008) is to utilize the computed
response of the “system” to an impulsive (delta) injection at the Sun, i.e. the Green’s
function of particle transport. A convolution of some delta injections allows us to
compute different pitch angle dependent proton intensity time profiles that are used
as input to the second step in the chain (see Sect. 10.3.2).

Given a system impulse response, g.t/, and the input injection profile q.t/, the
output, I.t/, is the convolution of g.t/ and q.t/:

I.t/ D
Z 1

0

g.t0/q.t � t0/dt0 (10.4)
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Fig. 10.3 Convolution of different ı-injections close to the Sun on April 15, 2001 (GLE60) from
13:45 h to 14:15 h (left panel) with a set of ı injection � D 5:5 at the Sun, and a mean free path
� D 0:1 AU in interplanetary space leads to intensity increases at the Apatity, Athens, McMurdo
and South Pole NM (right panel)

i.e., I.t/ is the sum of responses resulting from a series of impulses at the Sun,
weighted and shifted in time according to q.t/. For simplicity, here we assumed that
the response is only time-dependent, but the same holds if one includes the energetic
and directional dependence in the Green’s function.

Particle intensities measured in the heliosphere as a function of time, energy and
direction, are obtained as a temporal convolution of the source function (particle
injection profile) and the Green’s function of particle transport at the spacecraft
location. The origin of SEP events can be unfolded by solving the inverse problem
(deconvolving the in-situ measurements). The measurements are used to infer the
values of the model parameters. It is a deductive approach, and it has the advantage
that a systematic exploration of the parameters’ space is possible. A simulated GLE
time profile with a proton injection from 13:45 h to 14:15 h at the Sun as displayed
in the left panel of Fig 10.3 leads to a proton event observable close to Earth by
intensity increases at Apatity, Athens, McMurdo and the South Pole displayed in
the right panel. A convolution of a ı-injection with � D 5:5, and a mean free path
�0 D 0:1 AU has been used.

Let’s consider an arbitrary function q.t/—to be determined—that represents the
injection function of SEPs close to the Sun. The modeled directional intensities, Mk

j ,
resulting from a series of impulse solar injections can be written as

Mk
j .tI�/ D

Z T2

T1

dt0gk
j .t; t

0I�/ q.t0/; (10.5)

where gk
j .t; t

0I�/ represents the impulse response in a given direction j and energy
interval k, at a given time t, when particle injection took place at time t0 and assuming
an interplanetary mean free path �. The duration of the injection function, t0 2
ŒT1;T2�, is determined by the SEP event time interval selected for fitting, t 2 Œt1; t2�,
that is, T1 D t1 � �t and T2 D t2 � �t, where �t is the transit time of the first
arriving particles at the spacecraft location, assuming a given value of the scattering
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mean free path. The number of time points in the event time interval selected for
fitting is equal to nt D .t2 � t1/=ıt C 2, where ıt is the time resolution of the data.

Taking discrete values of time, we have

Mk
j .thI�/ D

ntX
lD1

gk
j .th; t

0
lI�/ q.t0l/ (10.6)

where j D 1; 2; : : : ; ns are numbers representing the directions (sectors or bins)
observed by the telescope, k D 1; 2; : : : ; nc numbers for the energy channels and
h D 1; 2; : : : :; nt numbers of the time intervals.

Equation (10.6) can be written as

Mk
j .thI�/ � Mi.�/ D

ntX
lD1

gil.�/ ql D .g � q/i (10.7)

where i D k C . j � 1/ � nt D 1; 2; : : : ; nT numbers the total number of observational
points and nT D nt ns gives the total number of observational points in all sectors; g
is an nT � nt matrix with .g/il D gil.�/.

In matrix form,

0
BBB@

M1

M2

:::

MnT

1
CCCA D

0
BBB@

g11 g12 � � � g1nt

g21 g22 � � � g2nt

:::
:::
: : :

:::

gnT1 gnT2 � � � gnT nt

1
CCCA �

0
BBB@

q1
q2
:::

qnt

1
CCCA (10.8)

The goal is to compare the modeled intensities with the observations. Let Ji be
the observations (background subtracted). We want to derive the nt-vector q that
minimizes the length of the vector J � M, that means minimizing the value of

jjJ � Mjj � jjJ � g � qjj; (10.9)

subject to the constraint that ql � 0 8l D 1; 2; : : : ; nt. Thus, the best-fit
q D .q1; q2; : : : ; qnt/ corresponds to a combination of delta-function injection
amplitudes. To obtain the best-fit values, we use the NNLS method developed by
Lawson and Hanson (1974), which always converges to a solution.

Note, that if each energy channel is fitted separately, the total number of
observational points considered in the fit is ntns and the total number of independent
fitting parameters (injection amplitudes) is nt. Since ntns 	 nt, the number of
degrees of freedom is clearly much larger than the number of model parameters
and the inversion problem is well constrained. If one instead neglects the directional
information in the data and uses the modeled omnidirectional intensities to fit the
omnidirectional event, then the number of observational points and the number of
independent fitting parameters is equal, and the problem is not well constrained
(multiple injections and transport scenarios can provide an explanation for the data).
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The goodness of fit describes how well the model predictions fit a set of
observations. One way to evaluate the goodness of the fit, in case the measurement
errors are known, is to construct a weighted sum of squared residuals (for details see
Agueda 2008). The �2 estimator does not work very well for SEP events because
during impulsive events the maximum intensities can be several orders of magnitude
higher than the intensities observed during the decay phase, thus emphasizing the
peak period. Therefore a better goodness-of-fit estimator is provided by the sum
of the squared logarithmic differences between the observational and the modeled
data. This estimator gives an equal weight of all relative residuals instead of just
emphasizing the goodness of fit at the time of maximum. By evaluating the goodness
of the fit under different interplanetary transport conditions (different values of �),
one can objectively discern the “best fit” scenario (�-value and associated injection
profile) by minimizing the values of the goodness-of-fit estimator.

10.4.2 Inversion of NM Data to the Border of the Earth’s
Magnetosphere

In general, the standard analysis of GLE events is based on an inverse problem,
where data by the worldwide network of NMs is used to determine the spectral and
angular characteristics of SEPs near Earth causing GLEs for selected times (Shea
and Smart 1982; Mishev et al. 2014). Analysis of the characteristics of the primary
solar particles causing GLEs from ground-based data records is a serious challenge
(Bütikofer and Flückiger 2013). Data from stations with different cutoff rigidities
(geomagnetic latitudes) provide information necessary to determine the spectral
characteristics. Responses of stations over a wide range of geographical locations
are required to determine the axis of symmetry. Data are fitted to directional
distributions that are rotationally symmetric about one direction in space. This,
in principle, is close but not exactly the direction of the instantaneous magnetic
field measured close to the Earth but outside the Earth’s magnetosphere (Bieber
et al. 2013). Therefore, axis-symmetry is assumed, but the direction of the axis of
symmetry is optimized to fit the data.

The PADs of relativistic solar protons in space are assumed to follow a given
functionality. A variety of functions has been used in the literature. These include
a linear form, an exponential plus a constant, a parabola, two Gaussians, and two
exponentials plus constant. The latter three are expected to provide better fits to
bidirectional fluxes, if present (Bieber et al. 2013; Mishev et al. 2014).

Similarly, the spectra of relativistic solar protons during a GLE are assumed to
follow a power law in rigidity, or energy with extensions that describe the softening
of the spectrum at higher energies by multiplying a power law with an exponential
cutoff.
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The parameters of the rigidity spectrum, the PAD and the direction of symmetry
are determined by minimizing the sum of squared differences between the modeled
relative change in the NM count rate at the station x�

�Nx
Nx

�
mod.

and

the corresponding observed relative count rate change�
�Nx
Nx

�
obs.

F D
mX

xD1

��
�Nx

Nx

�
mod.

�
�
�Nx

Nx

�
obs.

�2
(10.10)

for the set of selected NM data. The Levenberg-Marquardt algorithm (LMA)
(Marquardt 1963) provides a numerical solution to the problem of minimizing a
nonlinear function over the space of parameters of the function. The goodness of the
fit is commonly expressed by a weighted sum of squared residuals or by computing
a correlation coefficient, 	 between measurements and the model.

10.4.3 The HESPERIA Approach

For the first time, models of the transport of SEPs in the interplanetary medium,
the Earth’s magnetosphere and atmosphere, and the response of NMs are linked
to each other. The first goal is to compute the expected additional count rate, N,
caused by SEP for a given NM station, based on the intensities of the primary cosmic
rays near Earth, I.R; ˛; t/, as function of rigidity, R, pitch angle, ˛, and time, t. As
detailed above the interplanetary transport is described by Green’s functions repre-
senting characteristics of the SEP interplanetary transport conditions. To ascribe the
magnetospheric transport, the magnetic field direction outside the magnetosphere
is computed from interplanetary measurements, and the asymptotic directions are
calculated utilizing the PLANETOCOSMICS code in GSE coordinates. The latter
can be found at the HESPERIA webpage during each GLE in the past and for the
NMs of the worldwide network.

Since the parameters are the same than the ones used by Agueda et al. (2008)
the differences lie in the indirect measurement of the pitch angle dependent count
rate and the integration over wide energy ranges: For all NM stations, the counting
rate increases can then be computed for a series of delta injections from the Sun
and for selected times. Note that the hardness of the source spectra described by
� is assumed to be constant in the HESPERIA approach for all ı-injections. The
amplitudes of the source components, for a given scenario, are inferred by fitting
the NM observations with the modeled NM counting rate increases. The NNLS
algorithm described in Sect. 10.4.1 is used to determine the best set of parameters.
Regularized inversion approaches will be explored for refinements. The goodness
of the fit will be evaluated by computing a weighted sum of the squared residuals.
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The result of the inversion problem is a detailed time profile of the injection process
at the Sun. The shape of this profile is presumably determined by details of the
acceleration process and possible transport processes in the corona (see Chap. 3 for
details).

In contrast to a classical approach with a total number of at least 10 fit
parameters to derive the injection function at the Sun (see Sect. 10.4.2) the
HESPERIA approach relies on several well-documented assumptions (see
Chaps. 3, 4, and 5) reducing the number of free parameters. Assuming for
each rigidity a number of delta injection at the source region the phase
space density f .z; �; t/ close to Earth can be calculated for any given time
t corresponding to the distance z.v/ that depends on the measured solar wind
velocity v. The mean free path �0, the number of particles, the injection time
profile and its rigidity spectrum described by a power law with index � are
utilized to derive f .z; �; t/. The cosmic ray particle trajectories through the
Earth’s magnetosphere are computed for selected rigidities Rc, Rc C 0:1 GV
. . . 20 GV as a function of GSE coordinates of the NM station, for a selected
time. Applying the Tsyganenko 1989 (Tsy89) model and the yield function
for each NM we can ascribe the SEP time profiles for the NM network by a
minimum of free parameters.

10.5 Results and Validation

Since the HESPERIA approach depends on the knowledge of the IMF outside the
Earth’s magnetosphere that is provided by OMNI since November 4, 1973, our
investigation is restricted to GLEs with numbers larger than number 26 occurring on
April 30, 1976. To validate the results, pitch angle dependent intensity time profiles
of protons with energies above 500 MeV are needed. Here we utilize SOHO/EPHIN
and Wind 3DP measurements. The latter are needed in order to estimate the pitch
angle coverage of SOHO/EPHIN.

Since SOHO was launched in December 1995, we restrict our validation to GLEs
with numbers �55 (GLE55 occurred on November 6, 1997). Kühl et al. (2015,
2016) showed that EPHIN is capable of measuring the proton spectra in the range
from 100 MeV to above 1 GeV. Since no magnetic field measurements are available
on SOHO, we compare the intensity-time-profiles of near relativistic electrons
measured by EPHIN and Wind 3DP with each other. In Fig. 10.4 different colored
curves show the pitch angle dependent time-profiles for Wind 3DP with energies
between 230 and 646 keV. Three thick black lines show the EPHIN measurements
with energies between 0.25 and 0.7 MeV multiplied by different factors (0.05,
0.08, and 0.1 as solid, dashed, and dashed-dotted lines) to take into account cross
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Fig. 10.4 From top to bottom: Hourly averaged intensity time profiles of 234–646 keV electrons
measured by Wind 3DP. The different colors give the pitch angle coverage for the WIND
observations shown in the bottom panels. Also the solid, dashed and dashed-dotted lines represent
the 0.25–0.7 MeV EPHIN electron measurements multiplied by a factor 0.05, 0.08, and 0.1
respectively

calibration. Only the dashed-dotted line agrees with all Wind sectors when the flux
becomes isotropic. Thus we assume that the curve that agrees best with the dashed-
dotted line ascribes the viewing direction of EPHIN. In our example, the purple
curve describing the measurements at a pitch angle of 120ı fulfills this criteria best.

Figure 10.5 is an extension of Fig. 10.3 that only showed predicted intensity time
profiles close to Earth and by different NMs. It compares the results computed
with the GLE inversion software with measurements of other facilities as radio
telescopes, NMs and particle detectors in space. The parameters used in the
prediction were derived by the inversion of the NM data for GLE 60. The middle
panel of Fig. 10.5 compares the simulated and measured intensity time profiles of
the Apatity, Athens, McMurdo and South Pole NMs with each other showing a good
agreement between measurements and the model. The injection profile close to the
Sun is shown in the left panel together with the micro wave profile measured by the
Radio Solar Telescope Network (RSTN) showing a good agreement between the
particle component injected into interplanetary space and towards the lower corona.
Note, that the injection profile is in very good agreement with the one derived by
Bieber et al. (2004). For details on micro waves and their importance, the reader is
referred to Chap. 2.

The middle bottom panel displays the energy spectrum between 100 MeV and
1 GeV predicted by the model (red curve) and measured by EPHIN (black curve).
Note, that the prediction was scaled down by a factor of �20. From the figure, it
is evident that the model predicts the same spectral index when taking into account
the contribution of electrons at 900 and 700 MeV, respectively (for details see Kühl
et al. 2017).
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measured increases
model (γ = 5.5, λ

0
= 0.1 AU)

SOPO MCMU APTY ATHN

Fig. 10.5 Predicted ı-injections (upper left panel), NM increases (upper right panel) and differ-
ential intensity spectrum (lower panel) for GLE60 (see also Fig. 10.3) in comparison to actual
measurements (for details see text)

10.6 Concluding Remarks

A new approach has been presented here that allows computing the injection
function of SEP close to the Sun based on the data of the worldwide NM network
during a GLE. This injection function is described by a power law in rigidity R with
two parameters that are the intensity at R0 D 1 GV and the spectral index � . For the
interplanetary transport, we utilize a 1-dimensional model with the mean free path
�r as free parameter. The solar wind speed taken from interplanetary measurements
determines the length of the magnetic field line connecting the Earth back to
the Sun. The IMF direction is taken from the OMNI data set using appropriate
accumulation periods. The transport through the Earth’s magnetosphere is computed
with the PLANETOCOSMICS software using the Tsy89 model for the outer
Earth’s magnetic field. The NM yield function describes the passage of the cosmic
ray particles through the atmosphere and the detection of the secondary nucleon
component by the NMs. Using this model chain GLE 60 could be reproduced very
well. A discrepancy between the prediction and the measurements in interplanetary
space exists that needs further investigations. Especially the whole number of
observed GLEs should be analyzed and validated by using GOES HEPAD data that
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go back to the 1970s. Further improvements like utilizing more sophisticated models
of the magnetosphere and the interplanetary transport, as well as different NM yield
functions, should be taken into account in order to improve the model presented
here.
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