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1. Introduction

Coherent states have become a standard tool in quantum optics and many other areas
[1]. In this paper we are interested in their relation to positive operator valued measures
(POVMs). Every student of quantum mechanics learns some examples of positive
operator valued measures related to coherent states, perhaps even without hearing this
term. The most prominent example is the Q-function, first introduced by Husimi [2].
The coherent states in this case are the minimal uncertainty states of position and
momentum, and the related POVM is defined by an integral over the corresponding
rank-1 operators [3].

Another common example is the spin direction observable [4]. Suppose that we
choose a direction randomly and measure a spin component in that direction. We
repeat this procedure, and as a result we have implemented a measurement of the spin
direction. The corresponding POVM is related to SU(2)-coherent states [5].

In these two examples the coherent state structure of the POVMs involved is
transparent. One could think that these are very special examples and that POVMs can
have quite diverse structure. However, the canonical coherent states can be generalized
in various ways [6], and it turns out that any POVM arises from a set of generalized
coherent states.

The set of all POVMs with a fixed outcome set and taking values in a fixed Hilbert
space is convex. A mixture of two POVMs corresponds to a procedure where two
measurements are randomly alternated. An extremal POVM is free from this type of
randomization. Their importance has been emphasized e.g. in [7].

In this paper we present a correspondence between POVMs and sets of generalized
coherent states. We show how this structure leads to a useful characterization of
extremal POVMs. Various aspects of extermal POVMs have been studied e.g. in [§],
9], [10], [11].

We start by fixing the notation and recalling some concepts in Section 2. In Section
3 we show that the POVM corresponding to the Husimi Q-function is extremal but
that there are also other extremal POVMs related to the Weyl-Heisenberg group. In
Section 4 we explain how every POVM arises from a set of generalized coherent states,
and in Section 5 we show the consequences of a covariance property under symmetry
transformations.

2. Preliminaries

In the following we will need several different vector spaces and they are all assumed
to be complex vector spaces. Throughout this article, H and M are separable Hilbert
spaces. For any Hilbert space H we let L(H), U(H), T(H), S(H) denote the set of
bounded, unitary, trace class, and density operators on H, respectively. Elements of
S(H) are identified with the states of a quantum system with the Hilbert space H. The
identity operator of a Hilbert space H is denoted by Iy.
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Let (2,%) be a measurable space (i.e. 3 is a o-algebra of subsets of a set Q).
As usual, we define an empty sum to be 0, e.g. 22:1(. ..) =0, N:={0,1,...}, and
Ny := NU {oco}. A mapping M : ¥ — L(H) is called operator valued measure if it is
(ultra)weakly o-additive. We say that M is

e positive if M(X) > 0 for all X € 3,
e normalized if M(Q) = Iy
e projection valued if M(X)?* = M(X)* = M(X) for all X € ¥.

Commonly, a normalized projection valued measure is called a spectral measure.
Normalized positive operator valued measures (POVMs) are identified with
quantum observables, whereas normalized projection valued measures (PVMs) are called

sharp observables [3]. For any POVM M : ¥ — L(H) and p € T(H), we define a
complex measure pM : ¥ — C by

PM(X) = tr [pM(X)], XeX. (1)

If p € S(H) then pM is a probability measure and it describes the statistics of a
measurement of M in the state p.

We denote by O(3, H) the set of all POVMs M : ¥ — L(#). This set is convex;
if My, My € O(X, H), then tM; + (1 —t)My € O(E, H) for every 0 < t < 1. An element
M e O3, H) is extremal if it cannot be written as a nontrivial convex decomposition,
ie, if M =tM; 4+ (1 —t)My for 0 < t < 1, then My = My = M. From the physical
point of view extremal observables describe quantum measurements that are free from
any classical randomness, just in the same way as pure states describe preparation
procedures without classical randomness.

3. Covariant phase space observables

In this section we study covariant phase observables on the phase space R x R. We
identify R x R ~ C and thus 2 = C and ¥ is the Borel g-algebra of C. The phase space
shifts are given by the unitary operators D(z), defined as

D(z) = e*' 5, (2)

where a, a are the usual creation and annihilation operators on H = L?(R).

Let h, € L*(R) be the nth normalized Hermite function for every n = 0,1,2,.. ..
They are eigenvectors of the number operator N := afa and usually called number
states. Another important family of vector states are the (canonical) coherent states,
parametrized by the complex numbers z € C and defined as

o) = ho(z) = ;;/ ne = D). (3)

The vacuum state ny = hg is both a number state and a coherent state, but otherwise
these families of vector states are disjoint.
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Using the canonical coherent states we can define a function

Qp(2) = [{pln:)I’ (4)

for every unit vector ¢ € H, and this is known as the Q-function of a vector state ¢.
Alternatively, we can write a POVM

Mo(2) = [ il S = [ Dommiper o zes. o)
Then 2
Mu(2)e) = [ Q) = )

and hence My describes the measurement of the Q)-function.
More generally, for each density operator p we can define a POVM M, by

M, (Z) = /ZD(z)pD(z)* %, Zex. (7)

These are called covariant phase space observables and their properties have been
analyzed in [12], [13]. A covariant phase space observable can be interpreted as joint
measurement of unsharp position and momentum observables [14], and each of them
can be implemented as a sequential measurement of an unsharp position measurement
followed by a momentum measurement [15].

Obviously, a covariant phase space observable M, can be extremal only if p is a one-
dimensional projection since otherwise the spectral decomposition of p gives a nontrivial
convex decomposition of M, into other covariant phase space observables. If p is a one-
dimensional projection, then M, is extremal in the set of all covariant phase space
observables. However, we are interested on the extremality in the set of all POV Ms.

We start with some preliminary observations. Let ¢ € H be a unit vector and
|1) (1| the corresponding one-dimensional projection. We recall from [11] that a POVM
My is extremal if and only if, for every A € L>°(C), we have

[ D@ @D P =0 = a=0, 3)

For A € L(H), we have (n,|An.) = 0 for every z € C if and only if A =0 [16]. We thus
conclude the following.

Lemma 1. Let ¢ € H be a unit vector. A POVM My ts extremal if and only if for
every A € L>(C), we have

/ Mw) [(n| D(w)))? PPw =0 VzeC — A=0. (9)
C
We will now utilize this criterion to see that some covariant phase space observables
are extremal and some are not. For each z € C, we obtain
2 d2w .

/ A(w) | (s D(w)g) 2 L2 = / A(w) | (1ot
C C

™

20 ), (10)

™
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where A\ in the last expression is a tempered distribution defined by the function
A € L*°(C) and x is the convolution. (Note that @, is a smooth rapidly decreasing
function R? — R, hence the convolution can be defined.)

The fact that Mg is extremal has been pointed out already in [17]. We can now
present a full characterization of extremal covariant phase space observables.

Theorem 1. Let iy € H be a unit vector. The following conditions are equivalent.

(i) The covariant phase space observable My is extremal in the set of all POV Ms.

(it) The Fourier transform of QQy is everywhere nonzero.
(111) (V|D(2)Y) # 0 for every z € C.

Proof. (i)<(ii): The condition (A * Qy)(2) = 0 for all z € C equals @/)\\ = 0 where™
means the Fourier transform of a tempered distribution [18]. By Lemma 1 we conclude
that Mgy is extremal if and only if Qw)\ =0, A € L>*(C), implies A = 0. If @ is
everywhere nonzero then Qw)\ = 0 implies that X = 0 and hence A = 0. Suppose then
that Qw( ) = 0 for some w € C. By choosing A(z) = expli(2w + Zw)] one sees that
h) proportional to a Dirac delta distribution concentrated on w and @X = 0 yielding
a contradiction. (ii)<(iii): The Q-function is a Gaussian convolution of the Wigner
function. The Wigner function of a vector state v is the Fourier transform of the
function z — (| D(iz)y). Hence, the Fourier transform @), is everywhere nonzero if
and only if the function z — (| D(z)1) is everywhere nonzero. O

As an easy consequence of Theorem 1 we see that all covariant phase space
observables related to coherent states are extremal. Namely, if ¢ = n,, for some w € C,
then

Qo (2) = |(nalm) | = 701" (11)

Since @, is a Gaussian function, its Fourier transform is also Gaussian and therefore
everywhere nonzero. More generally, let 1) be a squeezed state, in which case 9 is a
Gaussian function. Then again @)y is a Gaussian function, its Fourier transform is
Gaussian and thus everywhere nonzero. We conclude that My is extremal if ¢ is a
squeezed state.

Let us then have examples of covariant phase space observables that are not
extremal even if they are extremal in the set of covariant phase space observables.
The Fourier transform of f € L'(C) can be written in the form

N 1 o 1 |
f(w) = _ / f(z)e—l(zw—i-zw)d?z = / / f<2_1/2((] + ip))e—l(uq+vp)dqdp
C 2m Jr Jr

m
where w = (u +iv)/v/2 and z = (¢ + ip)/v/2. Thus, for

—|z? 2n
e z
On(z) = T

n!
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we obtain
Qn, (W) = Ly (Jw|*)e "
where » .
e’ d"t"e”
L,(t) = —
(*) n! dt®

is the nth Laguerre polynomial which has n (real) strictly positive roots. For example,
Qn (w) = Ly(juwl)e ™ = (1 = Jwf?)e F

so that é;(w) = 0 when |w| = 1.
We can also find a convex decomposition of M y,. For A(z) = cos(z + Z) one
gets

/ Mw) [(n:]| D(w)hy)|? d*w = / cos(w +E)e_|z_w|2 |z — w|> d®w =0
C C
so that we may write My, = $My + $M_ where the (unequal) POVMs M, are
defined by

1

My (Z) = _/ 1+ cos(z +2)] D)) |D(z)d%,  Zex.
mJz
Finally, we notice a connection of extremality to the informational completeness

[19]. A POVM M is informationally complete if pM # pM for two states p; # po. It was
proved in [20] that a covariant phase space observable M, is informationally complete if
tr [pD(z)] # 0 for almost all z € C. Hence, from Theorem 1 we conclude the following,.

Corollary 1. Lety € H be a unit vector. If the covariant phase space observable My |
is extremal in the set of all POV Ms, then it is informationally complete.

Obviously, a POVM can be extremal without being informationally complete. For
instance, any projection valued measure is extremal but not informationally complete.

4. Generalized coherent states for POV Ms

As we have seen in Section 3, the extremality question for covariant phase space
observables turns out to be tractable due to their simple mathematical structure. Here
we show that a similar approach can be developed also in the general situation.

Let h = {h,}dm% he an orthonormal basis of H and denote V4, := lin {h,, }. Then

Vh is a dense subset in . Let V.© be the algebraic antidual of the vector space V.
dimH

Recall that V; can be identified with the linear space of formal series ¢ = > ™" ¢, h,
where ¢,’s are arbitrary complex numbers. Hence, V;, C H C V<.
For all ¢ € V4, and ¢ € V|*, we denote their dual pairing by
dim H
(Wley = "> (Wlha)en and (c|t)) := (P[c). (12)

n=1
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We say that a mapping

c: Q=W clx)= Z cn(x)hy

is (weak*-)measurable if all its components = +— ¢,(z) are measurable. Note that, if
c: Q—H C V) is weak*-measurable then the maps = — (¢|c(x)) are measurable for
all v € H.

We denote by fQ x)du(x) a direct integral Hilbert space where p is a o-finite
nonnegative measure on (Q ¥) and {M(z )}xeg is a (pu-measurable) field of separable
Hilbert spaces. Recall that for any ¢ € fQ z)dp(z) one has ¢¥(z) € M(z) for all z €

Qand [[¥* = [, [I¥(2)[[340du(). In addltlon, the mapping > x — dim M(z) € Ny,
is p-measurable. For example, the Hilbert space L3,(p) of square p-integrable functions
from Q toM is of the direct integral form where now M(x) = M.

We denote by L>°(u) the Abelian von Neumann algebra of p-essentially bounded
complex functions on 2, and for any f € L*(u), we denote by f the multiplicative (i.e.
diagonalizable) operator (fv)(z) := f(z)y(x) on féa M(z)du(x). Especially, we have
the canonical spectral measure

$3X ey, € ,c(/j/w(x)du(x)),

where x, is the characteristic function of X € 3. A bounded operator D on

féa M(z)dp(z) is decomposable, ie. D = fQ ), if D(x) € E(H (x)) and
(DY)(z) = D(x)¢(x) for p-almost all z € and for all ¢ € [J M(x)du(z), and
|D|| = esssup,cql|D(z)|| < oo. Obviously, any f € L*>(u) deﬁnes a bounded

decomposable operator f.
The results proved in [21, 11] can be now stated in the following form.
Theorem 2. Let M : ¥ — L(H) be a POVM, pn : ¥ — [0,00] a o-finite measure
such that M is absolutely continuous with respect to u, and h be an orthonormal
basis of H. There exists a direct integral Hilbert space M® = fg? M(z)dp(z) (with
dim M(x) < dimH) such that for all X € ¥,
(i) M(X) = Y"X Y where Y = S (| is an isometry and {1y, Y52 H is an
orthonormal set of M® such that the set of linear combinations of vectors X Um is

dense in M® (a minimal Naimark dilation of M). Hence,
dim H

-y / (@) [ (2)) ey (&) [ lim]  (weakly)

n,m=1

(it) There are measurable maps dy : Q — V. such that, for all x € Q, the vectors
di(z) # 0, k € Zaim m(z), are linearly independent, and

dim M (z

(eM(X / Z (@) (e )dpu(z), @, ¥ € Vi

(a minimal diagonalization of M ).
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(iii) M is a spectral measure if and only if {1y, }3™7 is an orthonormal basis of M®.

Then'Y is a unitary operator and M® can be zdentiﬁed with H.

i is extremal if and only if for any decomposable operator
M [ d onl d bl D = Q x)dp(zx
(/\/l@), the condition Y*DY = 0 implies D = 0.

Remark 1. As shown in [21, Section 6], V}, can be extended to a Banach space B such
that the vectors di(z) in (2) of theorem 2 can be viewed as elements of the topological
antidual B> of B. Hence, throughout this article, one can replace V4, and V. with B
and B*, respectively. Especially, we have a triplet of Banach spaces B C ‘H C B*.

Definition 1. ([11]) We say that YH C M is an M-representation space. It is unique
up to a decomposable unitary map so that we may choose

M(z) =lin {h, |n < dim M(z)}.

The elements of YH are called M-wave functions. The vectors di(x) in (2) of theorem
2 are called generalized coherent states associated with the POVM M. If, for p-almost
all z € Q, n(z) € {0,7} where r € Ny, we say that M is of a constant rank, and denote
rank M :=r.

If a POVM M is of a constant rank then, by defining
Quupp = {z € Q| dim M(z) > 0},

we can write

rank M

HUCLEDY /X (AR @A), e € V.

Notice that one can always define di(z) := 0 for all £ > dim M (x) so that one may let
the k—index in (2) of theorem 2 run from 1 to oo and then take the summation out from
the integrand as above. Finally, we note that the relation between vectors di(z) € Vi
and ¢, (x) € M(x) can be chosen to be

(di(x)|hn) = (b (@) |t0n (7)) M2y = (b (2)|(Y D) (2)) Mia)

where z — {bg(x) 22/\4("”) is a measurable field of orthonormal bases of féB M(z)dp(z).

Hence, by remark 1, when V| is replaced by B* we have

{di(2)|9) = (bx ()| (YY) (2)) M) (13)

for p-almost all z € 2 and for all ¢ € B.

Remark 2. Let S be a (bounded or unbounded) selfadjoint operator on H and M its
spectral measure (defined on the Borel o-algebra B(R) of R). As shown in [21], there
exists an orthonormal basis h of H such that SV, € W, and, if S* : V[ — V. is an
extension of S, one gets S*di(x) = xdi(x) for p—almost all z in the spectrum of S.
Hence, theorem 2 can be viewed as a generalization of Dirac formalism for POVMs and
we may call dim M (z) the multiplicity of a measurement outcome x € €.



Generalized Coherent States and POV Ms 9

5. Generalized coherent states for covariant POV Ms

In the following we study a situation where a symmetry group G is a separable locally
compact unimodular group of type I. Examples of such groups are compact groups (e.g.
SU(n)), locally compact Abelian groups (e.g. R™), connected semi-simple Lie groups
and nilpotent Lie groups (e.g. Heisenberg group) so that the usual symmetry groups
used in physics fall into this class.

The behavior of a POVM under the symmetry group determines to a large extent
its structure and this idea goes back to Mackey [22]. For simplicity, we assume that G
acts on itself from left, hence the value space of consider POVMs is GG and the Borel
o-algebra of G is denoted by . Our results on covariance systems is based on theory
developed in [23, 24, 25, 26].

Let V: G — U(H), g — V,, be a strongly continuous unitary representation of
G on a separable Hilbert space H. Recall that V' is always decomposable, that is, H
can be represented as a direct integral of Hilbert spaces and the representation ‘maps a
fiber into the same fiber’. More specifically, we assume that

= / THOA0), HO) = KO @ L0V, (14)

where G is the unitary dual of G, that is, for any A\ € G, the map ¢ — Ay 1s an
irreducible representation acting in a Hilbert space IC(\) and £(\) is the multiplicity
(Hilbert) space of A. Moreover,

V= [V, )=, L, (15)

It is necessary for the existence of a covariant POVM that the measure v is absolutely
continuous with respect to the Plancherel measure and hence we may and will assume
that v is the Plancherel measure on G associated with the Haar measure of G. We say

that a POVM M : ¥ — L(H) is covariant if
VgM(X)Vg* =M(gX), geG, Xeig.

For any separable Hilbert space M we define L3,(G) := L%,(u) where p: g —
[0,00] is a Haar measure of G denoted briefly by du(g) = dg. Let T : G —
L{(L%(G)), g — T,, be the strongly continuous unitary representation of G' defined
by

(Tew)(¢) =v(97'9). 9,9 €G. e Liy(G). (16)
We have f/g)/(;f/g* = )/g;/(. Now (1) of theorem 2 can be replaced by the following
covariant version of a minimal Naimark dilation [23, Proposition 2].

Theorem 3. For any covariant POVM M, there exist a separable Hilbert space M (with
dim M < dimH) such that, for all X € ¥g, M(X) = Y*X, Y where Y is an isometry
from H into L%, (G) for which

YV, =T,Y, g€Gq,
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and the set {XXY¢ ‘ X eXg Ve ’H} is total in L3,(G).

Immediately we see that now féB M (z)du(z) of Theorem 2 is L},(G) and thus any
covariant POVM is of constant rank. More specifically, rankM = dim M. Next we
determine the generalized coherent states di(g) of theorem 2 for a covariant POVM M
with the isometry Y of Theorem 3.

By using the unitary Fourier-Plancherel transform F of the representation 7" and
defining W := FY, U, .= F1,F*, and P(X) := ]-“;?;(]-"*, we have

o M(X) = W*P(XW, X € Ye,
o« WV, =U,W, g€ G.

Since L3,(G) = L*(G) ® M we may write the Fourier-Plancherel transform F of the
form F = Fy ® I where Fy is the Fourier-Plancherel transform from L?*(G) onto the
direct integral

@

K= [ 1) @ () v,

G
where KC(A)* is the dual of IC(\) and, hence, K(A) ® KC(A)* is isomorphic to the Hilbert
space of Hilbert-Schmidt operators|| on C(A) and

H =K@ M= FL2,(G) = /@ KA ® KA @ M]dr(A).

é N Y 7
=:H(N)

Recall that, for each integrable 1) € L*(G) one has (Fo))(A) = [, Ag1(g)dg for (almost)
all A € G. In addition, (F;p)(g) = Jatr [4,0(/\))\;] dv(X\) where ¢ € K{jg is such that
Je leW) [[edv(A) < oo and || - ||y is the trace norm. Let {b;}™™ be an orthonormal

basis of M. Since any ¢ € H can be written in the form ¢ = Zii:mlM L b, or € Kis,

1815 = I8ll7 + / POSERRTRTCS

and a Banach space B := {3 € H | [|2]l5 < oo} which is dense in H.
It is easy to verify that, for

we may define

52} ~
U, = / N ® Ty @ Inddu(A) € UH),
G

the condition U, F = FT, holds and the restriction Ug‘g - B — B is continuous. Now

the isometry W : H — H is decomposable, that is,

W:/@ [Ty ® W(A)]dr(N), (17)

|| Via o @ n* = |n) (| where p, n € K(X) and n* = (5] € KL(N)*.
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where W(A) : LX) = K(A\)* ® M is an isometry for v-almost all A € G [26, Lemma 1]
and, for all g € G,

WV, = /j Loy ® WM [Ag @ Loy | dv(A)

@
= / [)\g®I)C()\)* ®IM} [IK(/\) ®W(/\)}dl/(>\) = UQW
G
In the spirit of remark 1, we define a Banach space
B:— {;be%]%beé}

equipped with the norm |[¢||z = [[W4||5, ¥ € B, so that W‘B . B — B is trivially
continuous. Now B is dense in H (and thus contains an orthonormal basis h of H) and,
for each g € G, ||V,¢||s = ||| for all ¢ € B, so that the restriction VH‘B : B— Bis
continuous.

Let k € Zgimm, g € G, and ¢ € B. Since YV, =T,Y and Y = F*W, according to
(13), we define

(di(g) W) = (Ou[(FWVP)(€)) m

where e is the unit of G. Indeed, since VQ‘B : B — B and W‘B . B —>~l’>~’ are
continuous one needs only study innerproducts (by|(F*¢)(e))p where ¢ € B: Let
Y= ZdlmM or @ by € B where ¢ € Kb are thus such that

||90||B—\/Z / tr [r(N) (V)] du (A /‘/ank JIBdv(x

Now (bi|(F*p) = (Fyer)(e) = [otr[pp(N)] dv(X) so that

|<bk|<fso D] < / [ (V)] [ (A / lor M lladr() < oz

and, hence, the linear mappings B > ¢ — (di(g)|¢)) € C are continuous and their
conjugate (antilinear) maps di(g) : B — C, ¥ — (¥|dx(g)) := (dx(g)|?)) belongs to B*.
To conclude, we have

Theorem 4. For any covariant POVM M there exist a dense Banach space B C H
for which VQ‘B : B = B is continuous for all g € G and linearly independent vectors
dy € B*, k € Zyankm, such that

rank M

(oM(X Z/ “old) (i Vovddg, o, € B, X € S

(a minimal covariant diagonalization of M).

From Theorem 2 we see that, if rank M < oo one gets a simple characterization of
extremality in terms of coherent states: M is extremal if and only if, for any (essentially)
bounded p-measurable functions Ay @ 2 — C,

rank M

> [ oyl v vidg 0. v e B,

k=1
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implies A\y; = 0 for all &, [. Next we consider an easy special case.

Example 1 (Abelian group). Assume that G is Abelian group. Now G is the dual
group consisting of characters A : G — T with the (dual) Haar measure d\. Hence
dv(A) = dA and, since any irreducible representation is one dimensional, K(\) = C,
one has H(\) = L(A\) in H = fg? H(A)dA. Moreover, g — V, = fg? Vy(A)dA where
VoMY (X) = Ag)yp(N) for d)\-almost all )\ e G. By using the Fourier-Plancherel
transform F : L2,(G) — L3,(G) (i.e. = [, Mg)¥(g)dg) and a spectral measure
X = P(X) = Fx F*, one gets for any covarlant POVM M : X¢ — L(H) that
M(X) = W*P(X)W where the isometry W : H — H = L3%,(G) is decomposable (i.e.
W = ffa W (A)dA where the operators W (A) : H(A) — M are isometries). In addition,

[l = \//GIlw(k)ll?%u)dwr/GHw(A)H%(A)dA

and B = {¢ € H‘ 4|l < oo}. Hence, for all ¢, ¢ € B and X € Y,

(PIM(X)) = (Wep|P(X W¢>

/ / / (MWW (X) (X)) mdAd N dg

- / WV oWV 40) pedg
X

where W : B = M, ¢ — Wy = (FFWy)(e) = [W A)dA is linear and
continuous (since [|[Wvllm < ||¢]|5). Since (Y )( ) = WV*¢ for all v € B and
(almost) all g € G and the set {XXY¢|X € Xg, ) € 7-[,} is total in L3,(G) one
sees that WEB is total in M.

Let {b,}}*kM be an orthonormal basis of M. Using the fact that the restrictions
Vg’ 5 are continuous on B one can define, for all ¢ € G and k£ < rank M, a continuous
linear map (dx(g)| : B — C by

(de(9)10) := (b (FWVFY) (€)= (e WV, ¢ €B,

so that di(g) € B* where [di(9)](v)) = (¥|dk(g)) = (dr(g)|®)) (see, remark 1). Note
that (d(g)|¥) = (Ok|(Y)(9))aa (see, (13)) and (di(9)[¢) = (di(e)[V4)). To conclude,

we have a minimal diagonalization for M:

rank M

CUSTEDY / (Ve oldi(e)) (&) [VIp)dg, o, € B,

For example, when G = R (and hence G =2 R") one has A\(g) = ¢*9 where we have
identified X € G and g € G with A € R" and g € R", respectively. The Haar measures
d\ and dg are now the scaled n-dimensional Lebesgue measures d\ and (27) "dg,
respectively. Identifying G with the position space and choosing H(\) = H, we get the
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covariant position observables M : Ygn — L%(G) of a nonrelativistic particle with a
spin s (i.e. 2s + 1 = dimH,) in the momentum space G. For the canonical position
observable Q, M = H,, rankQ =2s+ 1, W = IL% (@) and

(X)) = /X /G /G e“A’>'9<w<x>rw<x>>MdAdx(;Tgyb

— oiA=X)-g g (bl , dg
S [ LA el X anx G 5

2s+1
d
Y

= > [ o) @) g, v eB X €%

where the generalized coherent state di(g) € B* is defined by

(du(g) 1) = / PN edA = (b (F ) (). o € B.

In the position representation, (dx(g)| is the evaluation (b|¢(g)) of (bx|p) at the point g
which is well-defined, e.g., for the elements ¢ of the Schwarz space of rapidly decreasing
functions. Then ¢ — ©(g) is just the (vector valued) Dirac d-distribution at g. As a
spectral measure, Q is extremal.
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