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ABSTRACT: We present the colourful antenna subtraction method, a reformulation of
the antenna subtraction scheme for next-to-next-to-leading order (NNLO) calculations in
QCD. The aim of this new approach is to achieve a general and process-independent con-
struction of the subtraction infrastructure at NNLO. We rely on the predictability of the
infrared singularity structure of one- and two-loop amplitudes in colour space to generate
virtual subtraction terms and, subsequently, we define an automatable procedure to sys-
tematically infer the expression of the real subtraction terms, guided by the correspondence
between unintegrated and integrated antenna functions. To demonstrate the applicability
of the described approach, we compute the full colour NNLO correction to gluonic three-jet
production pp(gg) — ggg, in the gluons-only assumption.
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1 Introduction

Precision measurements of benchmark cross sections are an important pillar of the LHC
physics program. In combining these measurements with equally precise theory predictions,
fundamental Standard Model parameters are measured to high accuracy, and indirect con-
straints on physics beyond the Standard Model are obtained. The success of the LHC
precision physics program relies crucially on a close interplay between theory and exper-
iment, which calls in particular for highly accurate theoretical predictions. These predic-
tions are obtained through a perturbation theory expansion to sufficiently high order. The
workflow for the computation of next-to-leading order (NLO) perturbative corrections in
QCD and in the electroweak theory combines the automated generation of one-loop virtual
corrections [1] with multi-purpose event generator programs [2-5], enabling NLO-accurate
predictions for any collider process.

Calculations at next-to-next-to-leading order (NNLO) and beyond are performed on a
case-by-case basis [6] and are mostly limited to final-states corresponding to an underlying
two-to-two scattering kinematics. This limitation to low-multiplicity processes arises from
two causes: missing two-loop virtual corrections to higher-multiplicity scattering ampli-
tudes and computational complexity of the real radiation corrections. The real radiation
contributions develop infrared singularities related to soft and collinear particle emissions,
which become explicit only after phase space integration, and which require an infrared
subtraction method for the extraction of the singular contributions, thereby enabling the
numerical implementation of the finite remainders. Several subtraction methods have been
developed for NNLO calculations [7-14]. Implementations using these methods are largely
made on a process-by-process basis, and most methods scale either poorly or not at all to
higher multiplicities.

Important progress has been made most recently on the derivation of two-loop 2 — 3
scattering amplitudes [15-23], which already entered the calculations for three-photon pro-
duction [24, 25], diphoton-plus-jet production [26, 27] and three-jet production [28]. Among
these, only three-jet production contains three final-state QCD objects at Born level and
displays the full complexity of real radiation corrections to 2 — 3 processes. Its NNLO
infrared subtraction has been performed with a sector-improved residue subtraction ap-
proach [10, 29]. The large variety of phenomenologically relevant high-multiplicity pro-
cesses for with NNLO predictions will be in future demand highlights the importance to
automate the workflow of infrared subtraction leading to an algorithmic construction of
the subtraction terms in a form directly suitable for numerical implementation.

It is the objective of this paper to enable the automation of the NNLO antenna sub-
traction method [8, 9], which is based up to now on the identification of single and double
real radiation patterns in colour-ordered subprocess contributions. This method has been
applied successfully in computing NNLO corrections to a variety of hadron-collider pro-
cesses [30-38]. Working towards a fully automated workflow, we propose a complete refor-
mulation, named colourful antenna subtraction, based on a colour-space representation of
parton-level subprocesses and subtraction terms. We fully formulate the new method for
gluonic processes, and demonstrate its implementation by generating and computing the



NNLO gluons-only contribution to three-jet production at hadron colliders.

The paper is structured as follows. In section 2 we introduce our notation and sum-
marize the colour space techniques. In sections 3 and 4 we delineate the application of
the colourful antenna subtraction method for the construction of the subtraction terms
at NLO and NNLO. The proof-of-principle application to gluonic three-jet production at
NNLO is presented in section 5, where we test the behaviour of the generated subtraction
terms in single and double unresolved limits and we report the computation of the NNLO
correction for a selection of observables. We conclude in section 6 with an overview of the
remaining steps required to include quarks in this new approach.

2 Colour space

2.1 Gluon amplitudes in colour space

We summarize here the colour space formalism (also called colour dipole formalism) and
the associated notation. We choose to treat the QCD amplitudes as objects in colour
space since the singularity structure of QCD loop amplitudes is best described working in
this framework, as discussed in [13, 39-41]. In colour space, a ¢-loop amplitude with n
external partons is represented by an abstract vector |A5({p},)). If a set of generating

vectors {Cﬁ,i} is defined, which span the n-parton colour space, any amplitude can be
decomposed as:
AL ({ph)) = STl AL (), (2.1)
il
where I indicates a suitable subset of generating vectors. The scalar quantities Afl’i({p}n)
are colour-ordered partial amplitudes. In equation (2.1), the dependence on the helicities
of the external partons is implicit and in the following a sum over helicity configurations is
always assumed when squared quantities are considered. For £ > 1, the dependence on the
renormalization scale u, is understood. Our convention is to strip the partial amplitudes
of overall coefficients such as couplings and incoming particles average factors, which are
inserted later at the cross section level. In particular, we strip an f-loop amplitude of
an overall factor <%ﬂ<e))e
C(e) = (4m)ce 5B,
We focus on amplitudes involving only gluons, for which a convenient choice of gen-

with respect to the corresponding tree-level amplitude, where

erating vectors is given by the so-called trace basis or Chan-Paton basis, which consists
of traces of SU(N.) generators in the fundamental representation [42, 43]. For tree-level
amplitudes, the basis corresponds to:

Cp,=Tr(T%0 . T%w), with o€ Sy/Z, (2.2)

where S,,/Z, represents the group of non-cyclic permutations of n objects. The SU(N,)
generators are normalized according to:

1
Tr(TT?) = 55“. (2.3)



With this choice, a tree-level amplitude with n external gluons is given by [44]:

A{e)) = D Te(T% . T%m) AN (a(p1), .., 0 (pa)), (2.4)

JGSTL/ZTL

and the corresponding squared matrix element M can be computed as its squared norm

in colour space:

M, ({p},)

(A0 ({p} )| AS ({p}))
= 3 (€)' e Ao ({p},)) AL ({p})), (2.5)
0,0'€Sn/Zn

where a sum over colour indices is assumed.
For one-loop amplitudes with gluons only, both as external and internal particles, we
have an analogous colour decomposition [45]:

[n/2|+1

‘Al {p} Z Z Cnco nc ( ) "'7U(pn))7 (26)

c=1 o€Sy,/Sn,c
where the generating one-loop vectors in colour space are given by:

= N.C), = N Tr(T%0 .. . T%w),
= Tr(T%® .. . T%C0)Te(T% @ .. T%m)  for c>1, (2.7)

cn,l,a
Cl

n,c,o

and Sy, . represents the subgroup of \S;, which leaves the trace structure of Cl unaffected.
We notice that C}
matrix element ./\/1711 is given by:

M ({p},) = (An({p} )AL {p})) + (An (e}, AL ({p),))
[n/2]+1
ZQRG{ Z > el A p), )TAi,c(U'({P}n))}-a(Q-S)

— chSn/Zn
c'€Sn/Sn,c

n2.0 = 0, since the SU(N,) generators are traceless. The squared one-loop

We note that, both for £ = 0 and ¢ = 1, the colour-ordered partial amplitudes are not
all independent quantities. Several relations can be defined among them such as reflection
identities or decoupling equations [43, 45-47].

2.2 Gluon exchange in colour space

The coherent emission of a gluon between a dipole formed by parton ¢ and parton j in a
tree-level amplitude is described in colour space by colour correlators as

(AL (P} )| T2 T [ AR ({p},)) (2.9)
where T; - Tj = T{*T}'. These properties hold:

T,-T;, =T;- T, (2.10)
T, -T; = T? = C;1d, (2.11)



where C; is the Casimir coefficient for the SU(N,) representation associated to parton i
and Id represents the identity operator in colour space. For gluons we have Cy; = Cjy.

For tree amplitudes with only gluons in the trace basis representation, it is possible to
compute colour correlators in (2.9) using:

(€T - Ty|CY ) = (Te(T% ) .. T ) T - T T (T 0 T%' )
= (Te(T% W ... T% . ..T% ... T% ) (T2 (T))%

a;b;

X Tr(T%'® . T .. T% . T%' ™), (2.12)
where, for either incoming or outgoing gluons, T; is in the adjoint representation:
(T = i foae. (2.13)

In fact, for the purpose of an NNLO calculation, the single colour dipole insertion at
tree-level in (2.9) is not sufficient. The computation of colour correlators representing the
exchange of a gluon at one-loop level

(An({py )N (T T) AL ({p})) + (AR} ) | (T - T)) LA ({p},) (2.14)

and the exchange of two gluons at tree-level

(An({p}) | (Ti - T)(Ti, - Th) | AR ({p},,)) - (2.15)

is necessary. It is straightforward [13] to extend (2.12) to compute (2.14) and (2.15) when
both k£ and [ are different from 4 or j, namely the gluons are exchanged between two
separated dipoles. When a radiator in the second dipole coincides with one in the first
dipole, the two gluons are emitted from the same leg, and the colour algebra must be
computed accordingly. The same applies if both partons in the second dipole coincide with
the ones in the first. For example, if kK =4 and [ # j one has:

(Te(T 0 ... T%) (T, - Ty)(T; - T) Te(T' ). T )

= (Te(T0 T T T o) (T (TS, | (T, (T,

X Te(T%' @ ... T% ... T% . . Tb% . . T%' ™). (2.16)

Finally, we point out that each state |A%({p},)) is a colour singlet and so by colour
conservation:

> T AL({p},) = 0. (217)

Since in what follows we always consider colour singlet states, we can employ the previous
identity as >, ., Tj = —T.
2.3 Leading and subleading colour

When squared matrix elements like (2.5) and (2.8), or colour operator insertions such
as (2.9), (2.14) and (2.15) are computed, the result is a real function of the external



momenta and possibly the renormalization scale. At tree-level, the general form of such a
function is given by:

fofpd) = > oo ap(o.o’ {p},), (2.18)

0,0'€Sn/Zn

where the coefficients % (o, 0’) are colour factors which depend on N, and the number of
gluons n and

|A0 ({r}, ))} if o = 0o,
A (c({py NTAY (o' ({p},) if o # 0.

This quantity represents the squared interference of two colour-ordered partial amplitudes,

ap (0,0 {p},) = { (2.19)

with generic colour orderings dictated by o and ¢/. When o = ¢/, we have squared coherent
partial amplitudes, while we refer to the case o # ¢’ as incoherent interference. We notice
that even in the case o # o/, a2 (o, 0’; {p},) is a real quantity, since a sum over helicities is
assumed. Indeed, if we consider a helicity configuration for the external particles {h},, the
opposite configuration where the helicities are all swapped, denoted by {—h},, also appears
in the sum. Restoring the helicity dependence in partial amplitudes, by charge conjugation
at tree level we have:

A(o({p}, {=h}n)) = AR (o ({p}, , {P}a)), (2.20)

and so

A0 (P} DAL (P} {B3n) + AL (0 ({0}, - {=h}n)) A0 (P - {—D}n)
= A% ({ph,  (h}) A0 (P} (1)) + A% ({p},, . (R}) A" ({0}, - {h}n))]
= 2Re [A%(o({p},,» {h})) AS (0" ({0}, {B}))] (221)

which implies that the sum over helicities is indeed real. Analogously, at one loop we have:

[n/2]+1

{p} Z Z 071176(07 Jl) a}z,c(gv UIQ {p}n)7 (2.22)
c=1 Uesn/sn c
o'€Sn/Zn

where
@ (0,0'+{p},) = 2Re [AL(o({p},) 1AL (0" ()] (2.23)
The N, dependence of (2.18) ad (2.22) is in general given by:

P(Ne)

o= (224)

where P(N,) is a polynomial in N.. The degree of P(N.) and the integer m depend on ¢
and the number of gluons n. It is indeed possible to predict which is the highest power of
N, appearing in a large N, expansion of the squared quantities, as shown in Table 1.



f highest N, power
MO N
M}L Ng-i—l
(AD(T; - Ty)|A) NpH
(AL - T)|AD) + (AD|(T; - Ty) | A) N2
(AT - T;)(Ty - Th)| A7) Nt

Table 1: Highest power of N, appearing in the squared quantities.

The leading colour approximation is defined retaining only the terms coming with the
power of IV, indicated in Table 1. Our convention is actually to incorporate an overall factor

]\][\C,C L in the definition of the leading colour contribution since this factor is ubiquitous in

our calculations and partially retains subleading terms without affecting the complexity.

We define the operator £C(-) which extracts the leading colour part of a given quantity. At

leading colour, (2.18) and (2.22) have a particularly simple form, since only the coherent

contributions with ¢ = ¢’ survive. This convenient behaviour follows from the fact that

the trace basis behaves as an actual orthogonal basis at leading colour:

Ne (N2 — 1)
2n

which is a direct consequence of Fierz identity for SU(N.) generators in the fundamental

£e [(Te(To%w ... 7o )Y Te(To% o .. .T%'<n>)} - Soor- (2.25)

representation:

1 1
T = <5,-15jk - Ncaijakl) . (2.26)

Using (2.25), it is straightforward to obtain the expression for squared matrix elements at
leading colour:

comipn)) = o) S e e
0€Sn/Zn
and
2 _
ce [Mu(i})] = (o DS aRe [A0(a(p),) AL o (0}, (2.28)
0c€Sn/Zn

This simplicity is the foundation of the efficient application of the antenna subtraction in
the leading colour approximation. The antenna functions are directly derived from squared
matrix elements [8, 48, 49] and are therefore well suited to describe the infrared behaviour of
matrix elements when these are expressed as a sum of coherent squared partial amplitudes,
as it happens in the leading colour approximation. The same simple structure arises in
colour correlators too:

N\ N*2(N2_-1
LC [(Ch T - THICY 5)] = —050rXo(i, ) (2> (2) (2.29)
LC [(Ch 1 ,|T; - Ty|CY )] = N.LC [(C),|T; - T;|C) )] (2.30)



and

Ne

2 atn—2/n12 _
LC [(C5 (T Tj)(Ty - T)ICY 1)) = b0 Xo (i 5)Xo (K, 1) () NeTJ(Ne — 1)

2.31
2TL ) ( )

2
where x,(i,7) is 1 if partons ¢ and j appear adjacent to each other in the colour ordering
represented by o and 0 otherwise.

At the subleading colour level, the emergence of incoherent interferences between dif-
ferent colour orderings spoils the pattern observed at leading colour. As pointed out in [9],
this represented an obstacle to the application of the antenna subtraction method beyond
leading colour. When the number of considered partons at the Born level n, is small, in
particular for n, < 4, relations among partial amplitudes can be conveniently exploited to
convert incoherent interferences into combinations of squared coherent partial amplitudes
and proceed as in the leading colour case. However, for n, > 4 this is not possible any
more and the treatment of the subleading colour part requires a significant effort. As we
show in the rest of this paper, working in colour space allows us to retain the full N,
dependence in a straightforward way and to consistently approach leading and subleading
colour contributions with the same techniques.

In the following sections, we drop the explicit dependence of the amplitudes on the mo-
menta {p}, to ease the notation. Moreover, in general we consider Born-level (n + 2)-parton
amplitudes, to keep n as the number of final-state partons. Indices 1 and 2 correspond to
initial-state partons, while ¢ > 3 indicates a final-state parton.

3 Colourful antenna subtraction at NLO

The NLO QCD correction to an n-jet partonic cross section with parton species a and b in
the initial state is given by:

. AV ~MF
Ao o = / (d%b,NLo + d%b,NLo) + /
n

46 nros (3.1)
n+1

where the symbol fn indicates an integration over the n final state particles. dé’(‘l/b’ ~NLo and
d&fb’ N Lo respectively represent the virtual and real corrections, while d&%ﬁv Lo is the NLO
mass factorization counterterm. The NLO cross section in (3.1), despite being well defined
and finite, is not suitable for numerical integration in this form. The virtual correction and
the mass factorization contribution contain explicit e-poles and the real correction diverges
in soft and collinear infrared (IR) limits. These singularities cancel in the final result,
but a proper subtraction procedure is needed to separately remove the singularities in the
real and virtual corrections and make both integrals in (3.1) computable with numerical
methods.

In the context of antenna subtraction, this is achieved constructing a real subtraction
term dc}f@ ~Lo 9], which locally removes the singular behaviour of d&ﬁ)y ~ro in the IR limits
and can be analytically integrated over the phase space of the unresolved radiation. This
latter feature is required to obtain from d&fb, nrLo the virtual subtraction term d&g},’ NLO>



which cancels the explicit poles of the virtual correction and contains the mass factorization
contribution. The NLO cross section can then be reformulated as:

A AV AT ~R ~S
dUab,NLo = / [d%b,NLo - dUab,NLO] +/ . [dUab,NLo - dUab,NLo] ) (3.2)
n n+
with
AT .S ~MF
d%b,NLo = —/1d%b,NLo - daab,NLO' (3.3)

Both contributions in (3.2) are now free of IR singularities and suitable for a numerical
integration through Monte Carlo methods. The procedure we have just depicted represents
the traditional antenna subtraction approach: the real subtraction term is constructed first,
studying the behaviour of the real radiation matrix elements in soft and collinear limits,
and then it is integrated and combined with the mass factorization contribution to obtain
the virtual subtraction term.

In the following we give an overview of the colourful antenna subtraction approach
at NLO. General subtraction schemes for automated NLO calculations have long been
available [39, 50], so the purpose of this section is mainly to introduce important concepts
concepts behind the new approach, which will be crucial for its application at NNLO.
Indeed, despite posing a significantly simpler task with respect to NNLO, some key obser-
vations can already be made at the NLO level. The main idea behind the colourful antenna
approach is to exploit the predictability of the singularity structure of virtual amplitudes
in colour space to directly construct the virtual subtraction term in a general way and
subsequently derive the real subtraction term with a systematic procedure.

3.1 IR singularity structure at one loop

The singularity structure of renormalized (n + 2)-parton one-loop amplitudes in QCD can
be described in colour space with [40]:

AL o) = IO (e, 12) |AO L) + [ALTS (12)) (3.4)

where p, is the renormalization scale, \A}lfg(m» is a finite remainder and IV (e, 1) is

the Catani’s IR insertion operator given by [40]:

1 9 1 e T2 —sii\ ¢
I () = S Y i T () (35)

i=1 "¢ J#i Hr

The singular functions V;(e) contain double and single e-poles. The previous expression
can be rewritten as

n+2

I(1 e,ur = ZZT Tj) (e,u,r)

i=1 j#i

= Z (T; - T;) T} (e, 12) | (3.6)



where in the last line the sum runs over pairs of partons. For the gluons-only case that is
considered here, we only need the expression of I,L»(;;g (e, u%) at Ny = 0:

1 ooy €77 1 bo| (=sii\ "
Iigjg (evur) - F(l _ 6) |:€2 + € /«L% 9 (37)

where by is the gluon component of the one-loop QCD S-function:

bo = - (3.8)

Using (3.4) it is possible to extract the poles of one-loop matrix elements in the fol-
lowing way:

Poles (Mqlz-i-z) = Poles (< n+2|“4n+2> ( 711+2|A9z+2>)
= Poles((AY [TV (€) + IWT (e) |AT 1)) . (3.9)

The appearance of the sum I(}) (e) + (ORI (e) indicates that only the real part of the inser-
tion operator affects the description of the poles at the matrix element level, as expected.
In the gluons-only case we can write the previous expression as

Poles (M,,,5) = Poles Z (AS | Ts, - T, | AS L) 2Re< (g), (e, Mr)) , (3.10)

(ig:Jq)

where we moved the colour sandwich outside the real part, since, as argued in section 2.3
it is a real quantity. At the cross section level we have

Poles ( Ogg, NLO) = -/\/’]‘V/LO /d(I)n<p37 s 7pn+27p17p2) ({p}

xPoles | S (AL,|T, - T, \An+2>2Re< " (e, M)) L(3.11)

(ig,Jq)

In (3.11), d®,, denotes the standard (2 — n)-particle phase space and Jim ({p} ) is the
jet algorithm which selects n jets from m final-state parton momenta. The factor NV NLO 1S
given by B
asC
Nyro = ( 52 (e )>NLOa (3.12)
where N0 contains the overall factors appropriate for the LO process, such as the strong
coupling, symmetry factors and factors coming from the spin- and colour-average over the
initial-state partons.

3.2 NLO mass factorization

For processes involving initial-state partons, it is necessary to treat the singularities arising
when a final-state parton becomes collinear to the initial-state ones. These singularities

~10 -



are removed defining physical parton density functions which are obtained from the bare
ones by means of mass factorization counterterms. At NLO this counterterm is given by

Oés dl’l dl‘z
Ao Nro = — ( o > Z/Fab «d(71,22) A0 10 (3.13)

where x1 and 9 represent the momentum fractions transferred to the hard process and
F((I?, «q (T1,72) denotes the NLO mass factorization kernel:

T0) g (@n,e2) = T (21) 6au8(1 — @) + TG (1) 8ead (1 — 1), (3.14)

The Fg)full (z;) contain the LO Altarelli-Parisi splitting kernels p%, (z;) [51] and can be
organizea into several layers corresponding to different colour factors (the subscript ‘full’
precisely indicates this). In principle, equation (3.13) has both identity preserving and
identity changing contributions, respectively when (¢, d) = (a,b) and (c,d) # (a,b). In the
gluons-only case, we have (¢,d) = (a,b) = (g,9), so only gluon-to-gluon splitting kernels

contribute:
11519)99 (w1, 29) = FE;;),fun (1) 0(1 — z2) + Fég)full (w1)6(1 — 1), (3.15)
where we only extract the gluon component of the splitting kernels at Ny = 0:
PE]Z),full (2:) = Ne Félg) (zi) = —% cpgg(»’vi), (3.16)
with [51]:
pgg(x):bgé(l—x)—i-Q<1im>++i—2332—1—21‘—4. (3.17)

It is possible to express the identity preserving mass factorization kernels in colour space, in
analogy to the formalism used in the previous section to represent the singularity structure
of the one-loop amplitudes. We define:

Ly (11,22) = I‘glg),full (21)0(1 —x2) + Fg(]g)full (z2) 0(1 — 21), (3.18)
where
1 1)
Lo (@) = ~Thga ( ZT T, i=1.2 (3.19)
A

This colour operator is proportional to the identity in colour space when it acts on a colour
singlet vector, due to colour conservation (2.17) and (2.11), therefore

Fé;)gg (1, 22) ‘Afz+2> = ]'—‘t((]i]),gg (z1,22) ‘A£+2> ) (3.20)

which restores the original result, namely that the mass factorization counterterm factorizes
onto the full corresponding LO matrix element. We can then rewrite (3.13) in the gluons-
only case as

. dxq darg
d6gyivro = —Nxzo / D (p3,- .. Ptas 2101, 22p2) IS ({p},,)

<A9L+2|Fgg 99 (331, 1‘2) |An+2> : (321)

- 11 -



3.3 NLO virtual subtraction term

The virtual subtraction term at NLO 63;7 ~ro has to reproduce the explicit poles of the
virtual matrix element as well as include the mass factorization contribution. Traditionally
this was achieved summing the mass factorization counterterm with the real subtraction
term after analytical integration over the phase space of an unresolved parton, as indicated
by (3.3). In this approach we exploit a combination of equations (3.11) and (3.21) to
directly construct 69Tg7 nro- JTo do so, we define a NLO singularity dipole operator in
colour space for an (n + 2)-parton process:

TV = Y (T T) BV g, dg) + S (T1-To) Ty (1, )

(i,5)>3 i#1,2
+ 30 (@ T) T3V (29 g) + (Th - T2) T3 (14,2) (3.22)
i#1,2

The first sum runs over all pairs of gluons in the final state, the second and the third sums
include all pairs with an initial-state gluon (respectively 1, and 2,) and a final-state one
and the last term addresses the configuration where both gluons are in the initial state.
The scalar functions Jz(l)(i, j) are colour stripped one-loop integrated dipoles [9, 52], given
by a combination of integrated three-parton tree-level antenna functions and NLO mass
factorization kernels. The explicit expressions of the gluon-gluon integrated dipoles for
final-final (FF), initial-final (IF) and initial-initial (IT) configurations are the following:

o 1
T3 g, dg) = 373 (517),

1 . 1
TS Wgrdg) = 53 (515) — 5T ().

1 1
TV (14,2) = F9 1 (s12) — =T (21) 62 — T8 (22) 61, (3.23)

2 92799

where 0; = §(1—z;). The structure of the integrated dipoles is chosen in such a way that the
singularities carried by the mass factorization kernels cancel with poles in the integrated
initial-final and initial-initial antenna functions associated with initial-state collinear diver-
gences. The remaining e-poles exactly match the ones of the virtual matrix element, once
the operator in (3.22) is evaluated on the corresponding Born-level amplitude in colour
space. In particular, at one loop the following relation holds:

Poles [jz(l)(ig,jg)} Poles {Re( (g). (e, MT))} ; (3.24)

where the integrated dipole on the left-hand side can be in the FF, IF or II configuration.
Therefore, exploiting the dipole operator defined in (3.22), it is possible to express the
NLO virtual subtraction term as

dxy dz
dffgg NLO = NNLO/12d‘I’ (D35 - - - > Puv2; 2101, T2p2) ISV ({P},,)

X2 (A) o] TV ()| A 1) - (3.25)

This virtual subtraction term describes in a general way the singularity structure of an
(n + 2)-gluon one-loop matrix element and includes the mass factorization contribution.
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Once this is subtracted from d&;f% NLo» an e-finite quantity is obtained, which can be in-
tegrated via Monte Carlo techniques. The explicit expression for the subtraction term
in (3.25) is obtained computing the colour sandwiches (A% ,|T; - T;|A%,,) and dressing
them with the associated colour stripped integrated dipoles, as indicated by the struc-
ture of (3.22). We remark that (3.25) is a completely general result in the case of gluon
scattering: it is valid for any number of external legs n and retains the full N, dependence.

3.4 NLO real subtraction term

In the traditional approach, the NLO real subtraction term, describing the divergent be-
haviour of the real emission matrix elements in the IR limits, is constructed combining
unintegrated NLO antenna functions with reduced matrix elements. In the colourful an-
tenna approach, as explained in section 3.3, the starting point is the virtual subtraction
term, while the real subtraction term is obtained in an automated way from it. The key
concept is the cancellation of the IR singularities between real and virtual corrections.
Apart from the mass factorization counterterm, each term in d(}ng7 NLo must have an un-
integrated counterpart in d&jg, ~ro- Therefore, it is possible to define a correspondence
between integrated and unintegrated structures appearing at the virtual and real level
respectively:

X?,D(SZJ> a2+2(0—7 0/7 {'7 ia -7j7 }) A Xg(lv ka.j)a2+2(0—7 J,a {'7 Z%7 9 k]a })7 (326)

where XJ(s;;) is the integrated tree-level antenna function obtained integrating X3 (i, k, j)
over the phase space of the unresolved parton k. The notation ik and fk; indicates a suitable
momentum mapping {p;, pi,pj} — {pﬁc,p/];;} [53] from the (n + 1)-particle phase space to
the n-particle phase space, obtained after the integration over the phase space of the unre-
solved gluon k. Due to this correspondence, once the virtual subtraction term is obtained,
the structure of the real subtraction term can be completely determined by inserting an
unresolved gluon between each pair of hard radiators appearing in the integrated dipoles.
This involves a transition from an integrated NLO antenna to an unintegrated one and
from a genuine LO colour interference to a reduced one where the n-particle momenta are
meant to be obtained from a (n + 1)-particle phase space through a suitable mapping.
The right-hand-side of (3.26) reproduces the divergent behaviour of the real interference
a2+3(0, o's{.,i,.,k,.,7,.}) when gluon k is unresolved between the hard pair (i, 7).
The procedure to obtain d&i, LO.gg from d&% LO,gg €N be summarized as follows:

e remove the splitting kernels from the expression of the integrated dipoles J2(1) in
AT .
doy LO,gg’

e replace each integrated gluon-gluon Fg with its unintegrated version inserting an
unresolved gluon:

FF:  F(sy) — 350 k.j),
IF: Fy(su) — 2f3,(1k0), (3.27)
I 7Y ,,(s12) — F3g.(1,k,2),
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where the numerical coefficients are symmetry factors related to the antenna phase
space;

e suitably replace the momenta in the colour interferences, according to the accompa-
nying integrated antenna:

a9L+2(Ua 0/7 {’7 iv '7j7 }) - a9L+2(07 UI? {‘7 ﬁfa ©y k]? })7 (328)
e apply the same momenta relabelling to the jet function:
T Dy Dy ) = J,gm>(...,pi~k,...,pg,...); (3.29)

e the obtained expression is now a function of n 4+ 3 momenta, so the phase space has
to be adjusted accordingly:

d®,(p3, ..., Pnt2; 21p1, T2p2) — APuy1(P3, - ., Pnys; T1P1, T2p2) (3.30)
and a sum over suitable permutations of these momenta is needed to have the full

real subtraction term;

e the overall factor used at the virtual level needs to be replaced by the appropriate
one for the real correction:

Nx1o = Nipo = sr (4mas) Nro, (3.31)

where s compensates the different final state symmetry factor for the real radiation
and for a process with n final-state gluons at the Born level we have:

n! 1
_ _ , 3.32
BT 1) n+l (3:32)

With this procedure for the derivation of the real subtraction term, the cancellation
of IR singularities between the real and virtual correction is trivially guaranteed. What is
left to check is that the constructed d&ﬁ, LO,gg COrTectly reproduces the divergent behaviour
of the real correction matrix element in each unresolved limit once and only once. If
one inserts an unresolved gluon between each pair in the (n + 2)-gluon set and correctly
sums over the relevant permutations of the resulting set of n 4+ 3 partons (with n + 1 in
the final state), it is clear that all possible unresolved limits at the real level are taken
into account. The double-counting of any unresolved configuration is avoided since the
unintegrated antenna functions in (3.27) are explicitly constructed to only reproduce the
divergence arising when gluon k is unresolved between the two hard radiators ¢ and j. In
other words, each unintegrated fg addresses one and only one configuration of unresolved
gluon and hard radiators pair.

We introduce the following notation for the procedure that we have just illustrated to
convert integrated quantities into their unintegrated counterparts:

d%gg,NLO = —Ins [d&;;],NLO] . (3.33)

The action of the Zns [-] operator on its argument is comprehensive of the steps discussed
above and can be systematically formulated as follows:
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1. Removal of the splitting kernels from the integrated dipoles;

2. Transition from integrated three-parton antenna functions to unintegrated ones, as
indicated by (3.27);

3. Momenta relabeling within colour interferences and jet functions according to the
accompanying antenna function;

4. Sum over permutations of the n + 3 momenta to cover all possible IR limits;

5. Dressing of the obtained expression with the appropriate phase space and overall
coefficient factor.

The minus sign in (3.33) is explained in (3.3) and is needed to make the virtual subtraction
term cancel with the integrated real subtract term once the full result is computed. This
set of operations is sufficient at NLO, while it needs to be extended to be applied at NNLO.
Nevertheless, as we show in section 4, the majority of the NNLO subtraction terms can be
generated through the application of Zns|[-] to integrated quantities, namely through the
very same insertion used at NLO. The only exception is represented by configurations that
require a simultaneous double insertion of unresolved gluons.

A clear parallelism can be identified between the colourful antenna approach at NLO
and the Catani-Seymour dipole formalism [39]. In both schemes, the real subtraction term
is obtained as a combination of dipole contributions exploiting the general factorization
properties of QCD in soft and collinear limits. However, in the Catani-Seymour dipole
formalism, as well as in other subtraction schemes both at NLO and NNLO, the principal
effort precisely lies in the construction of the subtraction term for the real emission. The
integrated version of such subtraction term eventually cancels the e-poles in virtual correc-
tion. On the opposite, the peculiarity of the described colourful antenna method consists
in prioritizing the construction of the virtual subtraction term, from which the real sub-
traction term is then systematically inferred. As in the traditional subtraction schemes
the key requirement is the analytical integrability of the real subtraction term over the
phase space of the unresolved radiation, here it is crucial that the virtual subtraction term
is expressed in a language suitable for the unintegration procedure. The correspondence
between integrated antenna functions, collected in (3.22), and their unintegrated versions
guarantees this property.

On a practical standpoint, both the computation of colour operators insertions like
(A 5| T W (€)]A%,,) and the application of Zns[] can be performed with any symbolic
algebra program such as FORM, Mathematica or Maple. Once the symbolic expressions for
the subtraction terms are generated, they can be implemented in a numerical code which
performs the Monte Carlo integration.
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4 Colourful antenna subtraction at NNLO

The NNLO QCD correction to an n-jet cross section is given by:

~ o ~VV ~MF2
Ao NNLO = / (daab,NNLO+ d%b,NNLO)
n

~RV ~MF,1 ~RR
+ / (dUab,NNLoJr dUab,NNLo> + / do44 NN LOS (4.1)
n+1 n+2

where d&;/,;zv ~Lo represents the double virtual correction, d&ﬁYN nro the real virtual cor-
rection and d&ﬁﬁv ~ro the double real correction. The mass factorization counterterm
is split into two terms associated with n- and (n + 1)-particle final states, respectively
do %,?\}%VLO and dg %,f\ﬁvw‘

As for the NLO case, the quantity in (4.1) cannot be directly computed with numerical
methods. The singular behaviour of both the double real and real virtual corrections in the
IR limits must be subtracted and the explicit poles in the double virtual and real virtual
matrix elements need to be properly removed. To achieve this, the NNLO cross section is
rewritten in the context of antenna subtraction as [9]:

N _ ~VV AU
d%b,NNLo = / [d%b,NNLo - d%b,NNLO]
n

~RV AT
+ / [do-ab,NNLO - dUab,NNLO]
n+1
~RR S
+ /+2 (624 Nro — 462 NN Lo) 5 (4.2)
n

where the subtracted quantities are the double virtual, the real virtual and the double real
subtraction term. These contributions have the following form:

A S . S,1 5,2
dogy, NNLo = 404, yvro T A0 NN Lo 5

~T _ aVS ~ 5,1 ~MF,1
dUab,NNLo = dUab,NNLO - /1 d%b,NNLo - daab,NNLO’

U _ VS 5.2 L MF2
dog, NnNLO = — /1 doay NNLO — /2 d5,i ynro = 0 N Lo - (4.3)

The double real subtraction term has been decomposed into two contributions which con-
tain single and double unresolved IR limits. In the real virtual subtraction term, dfr;/b*?N NLO
cancels the implicit singular behaviour of the real virtual correction in the soft and collinear
limits, while the remaining contributions remove the explicit e-poles.

Analogously to NLO, in the traditional antenna subtraction approach the IR lim-
its [54-57] of the double real and real virtual matrix elements are studied first to construct
d&fa NNLo and d&&?N ~Lo- These terms are then integrated and combined with the mass
factorization contributions to obtain the full infrastructure in (4.3).

The application of the colourful antenna subtraction method at NNLO begins by ad-
dressing the double virtual correction in colour space. The singularity structure of two-loop
amplitudes can be predicted in a general way and therefore the construction of the double
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d&U,a da.U,b d&U,c

\AY U, ag U, a; 2(U,b) i —(U,b) 909 X Bo XS X9

c.u. a.c.c.| |-xdx J— 2X99

=]
¢

T’Cl = T7CO = Tch
A 4 v u
RV My pelN Iy
I L
da.T,a d&T7b1 dé’T’c da.T,bg d@'T’b3
A 4 A A y h 4 v
RR d&S,a dé’s’d da.S,c da.S,bg da‘S’bl

Figure 1: Structure of colourful antenna subtraction at NNLO. Descendant red arrows
represent the transition from an integrated quantity to its unintegrated counterpart via
single insertion (single arrow), double iterated insertion (two disjoint arrows) or double
simultaneous insertion (two connected arrows) of unresolved gluons. The definitions of
each component are listed in Table 2.

virtual subtraction term can be achieved without the need of studying the real emission
corrections first. The predictability of the poles of two-loop amplitudes in colour space is
neither limited by the number of partons in the process nor conceptually more involved
beyond leading colour. For this reason, if one aims at a general application of antenna
subtraction at NNLO, starting from the construction of d6<[1]177 NNLo in colour space is sig-
nificantly more convenient. Once the double virtual subtraction term is constructed, the
real virtual and double real subtraction terms are generated by the insertion of unresolved
partons, exploiting the relations between integrated and unintegrated blocks in the sub-
traction terms in (4.3) and removing any spurious singularity.

In the rest of this section we show how this can be achieved in the case of gluon
scattering. To support the explanation, we summarize the procedure in Figure 1. Single
descendant red arrows represent the transition from an integrated quantity to its unin-
tegrated counterpart by means of the insertion of an unresolved gluon. Two disjoint red
arrows indicate the iterated insertion of two unresolved gluons, while two connected red
arrows indicate the simultaneous insertion of two unresolved gluons.
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Ua eq (438) U, ag eq. (4.41) T,a eq. (4.44)
U, a1 eq. (4.42) T,b1 eq. (4.51)
Ub eq (4.39) U,b,cu.  eq. (4.59) T,by, X  eq. (4.53)
U,b,a.cc. eq. (4.60) T,by eq. (4.56) | T,by, Jx section 4.4.2
U eq. (4.40) T by, Mx  eq. (4.54)
S,a eq. (4.69) T,b3 eq. (4.58)
S,b1 eq. (4.74) T, c1 eq. (4.61)
S,by eq. (4.71) T,c eq. (4.64)| T,cp eq. (4.62)
S,c eq. (4.75) T, co section 4.4.3
S,d eq. (4.78)

Table 2: Definitions of each term appearing in Figure 1.

To facilitate the navigation through the paper, we list in Table 2 the location of the
definition of each term appearing in Figure 1.
4.1 IR singularity structure at two loops

The singularity structure of renormalized two-loop amplitudes in QCD is known [40] and

can be described in colour space by:

A2 5) = IO (e, 12) AL L) + TP (e, 12) |AS L) + A2 (12)) (4.4)

where, as before, |AZ£§(MT)> is a finite remainder. The two-loop Catani IR insertion

operator has the following expression [40]:
2 2 Bo +a1 2. 1o 2\ 7(1 2
I( ) (G,Hr) = _?I( ) (Eallr’ {p}n) - 51( ) (6,/1,,.) I( ) (67/‘LT)

+66’YEF((11_2:)) <'8€0 + K) )i, (26,#%)

r
+H® (e, ,u,%) . (4.5)
In the gluons-only case with Ny = 0 we have:
11
Po = boNe = FNC, (4.6)
67 7
K =kN.=|-———) N 4.
k() c <18 6 > c ( 7)

The colour structure of (4.5) is more involved than the colour charge dipole structure
of (3.5). As anticipated, products of two colour charge dipoles appear. The last line
of (4.5) contains the hard radiation function H®) (e,,u%; {p}n) [40, 41, 58], which can be
decomposed in the following manner:

(e, 12) ZC?—( (e)Id + HP (¢, p2), (4.8)
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where the sum runs over the n + 2 external partons and C; are the Casimir coefficients.
The first term in (4.8) is proportional to the identity in colour space, while the second term
has a non-trivial colour structure, which can not be in general expressed in terms of colour
charge dipoles. However, the second term vanishes when sandwiched between tree-level
states [41, 58]:

(Ao HO (e, 52) [ A5) = 0. (4.9)

For the purpose of describing the IR singularity structure of the two-loop squared matrix
elements, the hard radiation function H (e, u2 ) needs to be evaluated on tree-level states
and therefore it is possible to neglect H® (e, u2) in its decomposition. As we did for the
splitting kernels in section 3.2, we can express a colour operator proportional to the identity
as a sum of colour charge dipoles using colour conservation. We can then rewrite:

Yoo atd = =3 HP ()Y T T,

i#i
= - Z 1 (4.10)

(4.5)
where, as usual, the sum runs over pairs of partons and Hg) = 7-[1(2) + 7—[;2). In the
gluon-only case we only need HéQ) (€) for Ny = 0:

HP (¢) =

g

TE NC[E) 11 gg}. (411)

AT(1—e) ¢ " T

Using (3.6) and (4.10) and neglecting H®) (e, u2) we can rearrange equation (4.5) as

I® (e, _Bo Z e ,ur T T;

ZZ (e, 12) I8 (e, 422) (T, - T)) (Ti - Th)
()(kl)

Zz@) (e, 2) T, - T3, (4.12)

where (1 2) (5
7 (e,12) = e P "0 (20 i) I (26, 412) — H (o) - 4.1
(e = G2 (B k)1 et - 1P @

We can now use (3.4), (4.4) and (4.5) to express the singularity structure of a two-loop
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matrix element:

Poles (./\/1721) = Poles ((.A,%].Ag) + (Ag]A%) + (.AMA}L})
= 7’016’5{ (ARTD (€) + T (€) |AD) + (AS[TM (€) + TMT () |AL)

5 W (I0 (0 + T () (10 (&) + 104 ()) |42

y 0 (A () + 10 (142

Fr(u_a) @) + K) (AR (26) + 10 (26) | A7)

+(AHS () + HO (6) |40) }. (4.14)

_|_e_5’YE

We see again that only the real part of the insertion operators is needed to describe the
singularity structure. Using (3.6) and (4.12) it is possible to recast equation (4.14) as:

Poles (M2) = Poles{ Z 2Re { Y (e, ,u,,)] [(ALT; - T | AD) + (AS|T; - T | A
(.9

_,ZZQRG [ (e M%)} 2Re { ) (e, ur)} (AT - T))(T. - T) | A)
(6,5) (k.

o ZzRe ) ()] (AT T 0)
+22Re 2P ()| (AT T1A0) . (4.15)

The poles of the double virtual cross section for gluons-only processes are therefore given
by:

POl&S’( ggVNNLO) N]‘\?]‘\/[Lo/dq)n(pfiv"'7pn+2ap1ap2) ({p} )

X Poles{ 3 2Re [zfj}g (e, ui)} [(ALT, - T;,|AQ) + (AO|T;, - Ty, | AL)]

(igng)

5 5 e[ ()] 2Re [7), (e.2)] (AT, - T)(T, T

gfg
(Zgyﬂg) (kgslg)

BOZZR 70, (e )| (AT, - T, 1 AD)

+Z2Re[ (6] (AT, - T, 1 A5) (4.16)
(4,5)
where B )
NxXro = <as2C’7T(e)> Nro . (4.17)
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4.2 NNLO mass factorization

At NNLO, as indicated in (4.2) and (4.3), we have two different contributions to the mass
factorization counterterm: the double virtual and the real virtual mass factorization terms.
The decomposition is meant to separate contributions that are defined on the n-particle
phase space from terms that are defined on the (n + 1)-particle phase space.

4.2.1 Double virtual mass factorization term

We first address the double virtual mass factorization term at NNLO. It can be written
as [9]:

MF2 dxq d asC(e) 1) v T
dJab,NNLO == ?1 72 Zd Ton [Fab;cd (z1,22) (dUcd,NLo - do_cd7NLO)}

2
asCle —(2 Bo (1
+ (277()) [Féb);cd (21, 22) — ?ng);cd (w1, 22)

3 M 2T <m1,x2>}d&cd,w}. (w1s)
a,B

The reduced two-loop mass factorization kernel is defined as [9]:

T (21, 22) = T (1) 8ap0(1 — 9) + T pan (22) 6ead(1 — 1), (4.19)

where the ffl),fuu (x1) can be written in terms of LO and NLO Altarelli-Parisi spitting
kernels [51, 59, 60] and have their own colour decomposition. In the gluons-only case we
simply need:

—=(2 —=(2 —=(2
Toonga (#1,22) = Ty (21) (1 = @2) + Ty g (2) 8(1 — 1), (4.20)

where we discard any contribution in the two-loop splitting kernel except for the gluon-to-
gluon one for Ny = 0. Thus we have:

1

7=(2)
g 2¢

H(2 o Ne
o (0 = V2T ) = g (Moo + BN ) )

where p}]g(x,-) is the Altarelli-Parisi NLO splitting kernel given by [60]:

Pl (x) = [697 ~4ln(x)In(l — 2) + In(z) 7;2] [(1 ! $>+ +o—24a(l- x)]
1285 () [1i$ ;295(1”)}
+§(1 _o)+ % <x2 _ i) - <235 _ %x + 4;#) In(z)
+4(1 + 2) In(x) + (2 +3<3) 51— ), (4.22)
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with
2

Sh(x) = —2Lis(—2) + %m?(x) ~2n(a)In(1 +0) - T (4.23)

As we did in section 3.2, it is possible to express the two-loop identity-preserving mass
factorization kernel in colour space as:

(2 +=(2)
I‘g(]g);gg (5131, xQ) = Fgg,full (xl) 5(1 - wQ) + Fég)full ( ) 5(1 - xl)? (424)
where
(2
Fg(yg),full (z;) = gg full ZT T;, =12 (4.25)
J?fl

We can then write the expression for the required double virtual mass factorization coun-
terterm as:

d&%izm() = NNNLO/CZICl?d‘l’n(l)s,---,pn+2,$1p1,$2p2) ({p} )
{ (A0 aID gy (@1, 72) L] 10) + (Ab oD (@1, 2) 14D o)
~2 (A | [T{hy © TV ()] (01,22) A5 12)
5 (Aol [Ty © T ] (o0, 2) D)
! Aol (o1, 2) LA 1)

<A2+zrrgg oo (@1,22) |40 5) }, (4.26)
where we used the expression of d6%, v, , given in (3.25).

4.2.2 Real virtual mass factorization term

The real virtual mass factorization term is given by [9]:
qeMFL asC(e) da?l dx2 PP 469 197
Oub,NNLO = 27r Z ab cd (71, 72) ( Ocd,NLO — Ucd,NLo) . (4.27)

For later convenience, it can be split into two contributions:

~MF,1 ~MF]1, ~MF1,b
A6, Nnzo = 404 Nazo T d0a NN Lo (4.28)
with
qeMFLa 065 d$1 dﬂ?z F(1 Fp 199
Oub,NNLO = 27r Z abicd (w1, 22) Ucd NLO>» (4.29)
~MF1,b o dxq dzg
do, NNLo = ( SQW )Z/Fabcd (xhx?)dacd NLO- (4.30)
In the gluons-only case, in analogy with (3.21), d&%};\’fﬁ\ﬁzo can be rewritten as:
~MF,1 dz dxg
A6, NXLo = NNLO/ Dy (p3, - - s Prs2; 2101, 22p2) JTV (D))
<A9L+3|Fgg ;99 (1‘1, ‘TZ) ’An+3> ) (4‘31)
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where |42, ;) indicates the real correction to the (n + 2)-gluon Born process and N
is the appropriate overall coefficient at the real virtual level:

C
N]@]‘\/ILO = SRv(47TOéS) (0452 (6)> NLO, with sgy = sp. (4.32)
T
Similarly, ds™M ab N NbLO can be rewritten as:
~MF,1b asCl(e) dry dwg s
A0y NN LO = < SQW )/mmrég);gg (1, 22) db g N O (4.33)

We notice that the terms appearing in this mass factorization contribution have a structure
like I‘ég)X3 a;,o. As we show in section 4.4.2, this term is used to reconstruct one-loop
integrated dipoles that are needed in the real virtual subtraction term to remove the explicit
poles of one-loop reduced matrix elements.

4.3 NNLO double virtual subtraction term

The double virtual subtraction term at NNLO d&g% NNLO» reproduces the explicit poles
of the two-loop matrix element and contains the double virtual mass factorization coun-
terterm. In the following we see how to construct dc}g% NNLo I a general way relying on
the results of the previous sections, in particular equations (4.16) and (4.26). In analogy
with (3.22), we define a two-loop insertion operator in colour space:

TA(e) =N Y (T T) T3 gy jg) + Ne Y (T - T) T3 (g, i)

(4,5)>3 i#1,2
N D (To - T) T3 (29,g) + Ne (Th - T) T3 (14, 2,) (4.34)
i#1,2

The two-loop colour stripped integrated dipoles J2(2) have a more involved structure with
respect to their one-loop counterparts. The expressions of the gluon-gluon j2(2) are given
by [9, 52]:

1 b[) ‘Sij‘

2 o 1
T igr o) = 173+ f3+3€<ﬂg> - Fe R,

25 . 1 Lbo ([s1]\ " 1 1=@)
T (i) = 3785+ 5Fhe + 5 ( 7)) T R0 7] - 3Te (1),

T

(2) 5 0,adj 0,n.adj ’512|
‘7 ( ’ ) ‘7:499]+ ]:499 ]+‘7:3,gg e </~L2) ]:399 [‘7:3gg®‘7:§),gg]

T

2 1—(2
—§r( ) (1) 62 — §r§g> (22) 61, (4.35)

where we omitted the dependence on the scale s;; in the integrated antennae. At NNLO,
as expected, we see the appearance of integrated four-parton antennae, integrated three-
parton one-loop antennae and a convolution of two three-parton integrated antennae, as
well as two-loop mass factorization kernels for initial-final and initial-initial configurations.
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In analogy with (3.24), we can relate the pole structure of (4.35) to the insertion operators
n (4.12):

Poles | N, jQ( (ig,7dq) — @‘72 (7 g,jg)} = Poles [Re ( 7% (e,u2) — BOI(I) (e, u%))} .
(1.36)
Thus, using (3.22) and (4.34) we can construct an expression for the double virtual sub-
traction term in colour space:

. dz; dz n
65y NNLO = N%NLO/Q;qu) (D3, - s P2 T1P1, 22p2) IS ({p},)

x2{ (A0 Al TO(OIAL o) + (A4l T (OIAS )
— (A2l TV () © TV (O)A)0)
Al T 14 )

TP 1 3 (4.37)

The poles of the mass factorization kernels cancel against initial-state collinear poles in the
integrated IF and II antennae and the remaining singularities in (4.37) exactly cancel the
poles coming from the (n + 2)-gluon two-loop matrix element in (4.16).

According to the usual decomposition of the double virtual subtraction term [9], we
conveniently split (4.37) into the following contributions:

Ua dz; dz n
dUZ},NNLo NNLO/le(I) (35 - - - s Pnt2; 11, T2p2) IS ({p},,)
2{ (Aol TO O 2) + (Al TV (A0 )

ol TV (O A0 (4.3)

. dzy dx n
dJZJbNNLo NNNLO/IQd(I) (pS,-~-apn+2;$1pl,$2p2)=]r(z )({P}n)

2{ = (AT D) @ TD (O AS ) . (4.39)
U, dz; d "
daﬁ,];,NNLo =N, NLO/jllxgd‘I’ (D35 - - - s Pnt2; 111, T2p2) ISV ({p},)
X2 (AD o TP ()| A ) (4.40)

We further decompose dé¥? into

.U dz dx "
do gUg]%NLO NNNLO/ F—2de (PS,---,Pn+2;»"31pl,$2p2)=]1§ )({P}n)
r1 T2
Bo
x2{ = B2 (A LT (@140 ) (4.41)
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~U, dl’l d.iL'Q
do_gg[’l]{[NLO = ]‘\?%Lo / Z?qu)n(p& cee 7pn+2;$1p1;x?pZ)Jr(zn)({p}n)

2 { (Aol T (AL o) + (AL ol TV (A1) b, (4.42)

where we separated the contribution of the one-loop amplitude from the Sy term, which

only contains tree-level amplitudes. We also label the contributions in d&;]ng ~NLo according

0 1
to the different terms in the two-loop integrated dipoles (4.34): d&gfj’\i{j{, LO" d&;ijj’\i{]@ LO"

~ U,C,X§®X30 ~U,c,bo
dag%NNLO and daggJVNLO.

4.4 NNLO real virtual subtraction term

At NLO, once the virtual subtraction term is obtained, it is straightforward to system-
atically construct the real subtraction term. At NNLO, the structure of the subtraction
is significantly more involved, due to the presence of two additional layers besides the
double virtual correction: real virtual and double real. The real virtual subtraction term
d&gqu NNLo must cancel the explicit e-poles in the real virtual matrix element, as well as
remove the divergent behaviour in single unresolved IR limits. The double real subtraction
term d&;q% ~NLo 18 needed to remove the single and double unresolved divergences in the
double real correction. Due to the complexity of the NNLO IR structure, the systematic
generation of the real virtual and double real subtraction terms from the double virtual
one is non-trivial.

In the following, we illustrate how the real virtual subtraction term can be generated for
the gluons-only case. Once again, the correspondence between unintegrated real emission
subtraction terms and integrated virtual subtraction term is the key. The deduction of
d&;{q, NNLO from d&;]% ~NNLo 18 articulated in two main steps:

e integrated terms are translated from d&g% NNLO to d(%g;, NN Lo inserting an unresolved
gluon between a pair of hard radiators, via the application of Zns|[-|, in complete
analogy to what is done at NLO;

e suitable terms are generated to remove spurious e-poles.

Any additional contribution which is added at the real virtual level and does not have a
direct correspondence to terms in d(}g% ~nro Will eventually generate corresponding terms
at the double real level after the insertion of a second unresolved gluon. We note that not
the entirety of dﬁgUg’ ~nLo Will be translated to dc}gT% NNLO» Some terms have to undergo a
double insertion of unresolved gluons and directly move from d(}g% NNLO tO dc?j% NNLO: a8
explained in section 4.5.
We recall the usual decomposition of d&gg’ NNLo in the context of antenna subtrac-
tion [9]:
A6} nyvpo = deT" +de"? 4 deTe, (4.43)

where we dropped the subscript ‘gg, NN LO’ in the right-hand-side. The meaning of this
decomposition is the following:

e d67+® reproduces the explicit poles of the real virtual matrix element;
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e doTb describes the divergent behaviour of the real virtual matrix element in single
unresolved limits;

e doT¢ removes the overlap in the single unresolved behaviour between the two terms
above [9].

4.4.1 doTe

This part of the real virtual subtraction term is needed to remove the explicit poles of
the (n + 3)-particle one-loop matrix element. Moreover, it contains the mass factorization
contribution dUMIJp\’, Mo given in (4.31). The construction of o1 is completely analogous
to the one adopted for the NLO virtual subtraction term in section 3.3, with the difference
that here we have an additional particle. It is clear that this term is not generated by
any integrated contribution at the double virtual level and so, as we show in section 4.5.1
below, its unintegrated counterpart will be added to the the double real subtraction term.

For the gluons-only case we have:

Ta dzy dx n
do"* = NLO/IQd(I) psv---,pn+2;331p1,$2p2)J¢(L+)1({P}n+1)
><2<A0+3‘~7 ()|An+3> (4.44)

4.4.2 doT?

This block of the subtraction term reproduces the divergent behaviour of the real virtual
matrix element in single unresolved IR limits. The subtraction of infrared divergences from
a one loop matrix element is more involved than the one required at tree-level. In partic-
ular, along with tree-level antennae and reduced one-loop matrix elements (tree x loop),
suitable combinations of three-particle one-loop antenna functions and tree-level reduced
matrix elements (loop x tree) have to be used. Both these structures are present, in their
integrated form, in the double virtual subtraction term, since they describe the emission
of soft and collinear gluons from the one-loop amplitude. It is possible to systematically
generate these terms at the real virtual level starting from d(}g% NNLOs @ we show in the
following. According to [9], we introduce a suitable decomposition of d57*?

dOA'T’b — dé‘T’bl + dOA.T7b2 + d&T’b3, (445)

where the elements on the right-hand-side respectively contain (tree x loop) contributions,
(loop x tree) contributions and suitable terms needed to ensure the correct renormalization
of loop quantities in the real virtual subtraction term.

Tb1

We first focus on dé& The respective integrated counterparts appear in the double

virtual subtraction term as a combination of a one-loop integrated dipole and a one-loop

U,a1

reduced matrix element. In particular, these contributions are given by d& The pro-

cedure of inserting an unresolved gluon is the same as the one depicted in section 3.4, with
the tree-level amplitudes replaced by the one-loop ones. The result has the following form:

Tns [d6V ] ~ 3 £k, 5) ab o (0,05 Loy iy Kj D). (4.46)
ijk
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The resulting contribution partially takes care of the divergent IR limits of the real virtual
matrix element. However, the one-loop interferences a}L 42, contain explicit e-poles which
must be removed to ensure the finiteness of the real virtual subtraction term. In fact, it is
possible to systematically generate suitable terms that cancel these poles, exploiting once
again the predictability of the singularity structure of one-loop amplitudes. The following
relation holds:

Poles { 2 Z n+2| (T - T) |An+2> <A711+2| (T; - Tj) |~/42L+2>)

= Poles{ 4> Re ((AS | (T3 - Ty) | A} 1))
(4,9)

= Poles { 43 Re | (Ao (T T) | Y2 (Th - T I (e.12) | 1A4%+0)
(4,) (k,1)

= —27Poles —QZ ZRG [Z,S) (e,u?)} <A2+2| (T; - T;) (T}, - Ti) |-Ag+2> , (4.47)

(4,3) (k,0)
which is analogous to state that the e~* and e~ poles in the first and second lines of (4.15)
are related by the same factor —2 we see in the last line here. Equation (4.47) indicates

U,al]

that the pole structure of Zns [d& can be obtained in a general way by applying the

unresolved parton insertion operator in dé¥?. In particular we have:
Poles {Ins [d&U’al]} = Poles {72 Ins [d&U’b} - d&MF’l’b} . (4.48)

Equation (4.48) requires some comments. First of all, the Zns|-] operator removes the
splitting kernels from both the J®) present in d6V? and d6MF1b, given by (4.33), exactly
reconstructs the one-loop integrated dipole which is not affected by the insertion of the
unresolved parton. Secondly, step 3 of the list in section 3.4 needs to be extended: the
momentum relabelling here affects not only the colour interferences and the jet function,
but also the integrated dipole which is not converted into unintegrated antenna functions.
This applies in general at NNLO, namely the transition to higher multiplicities via mo-
menta relabelling occurs within any function of the external momenta accompanying the
integrated dipole which is converted into unintegrated antennae. The choice of which in-
tegrated dipole to convert into an unintegrated antenna function should be done in such
a way any pair of hard radiators is addressed once and only once. In practise this can be
easily achieved performing the decomposition:

1 1
I3 @) k) = 530 6N Gk + SR kDT Gg) (4.49)

and then fixing the first dipole in each term of the symmetrized expression on the right-
hand-side to be the one converted into unintegrated antennae. Therefore, the structure of
the right-hand-side of (4.48) is given by:

—27Ins {d&U’b}—d&MF’l’b -2 Z 16, k, )T, (l m)al o(0,0'; {., ik, . kj, . 1), (4.50)
ijk,lm

_97 —



where [ and m can represent either ik and E or any other parton not belonging to the
(i,7) dipole. We can thus write down the first contribution to the real virtual subtraction
term as:

46T = ~Tns [a67] — 2Tns |6V | — )R, (4.51)

which is free of e-poles. We observe that, to compensate dé¥? in the double virtual
subtraction term, we should add back a factor +Zns [d&U’b]. This contribution is indeed
added later in the generation of the real virtual and double real subtraction terms.

We consider now dé71-02

, namely (loop x tree) contributions. The core part of this
term is given by unintegrated three-parton one-loop antenna functions X?} combined with
tree-level reduced matrix elements. The integrated counterpart of these terms is contained
U,c,X1

. ~ . . . ~ 1
in dé Once again, we can insert an unresolved gluon and obtain from dg¥“% the

contribution needed at the real virtual level. As it happened for d67**1, if one simply con-

1 . . .
U’C’X?s}, spurious e-poles coming from the one-loop antennae would remain

siders Zns [d&
in the real virtual subtraction term. Therefore, these singularities need to be removed to
obtain a finite subtraction term. This can be done systematically since the singularity
structure of the unintegrated three-parton one-loop antenna functions is known and can
be expressed by means of one-loop integrated dipoles and three-parton tree-level anten-
nae [8, 9]. The construction of the required blocks in the specific case of a fi antenna, the

only one needed for gluon scattering, is achieved through the following replacement:

3
FGk,g) = fRGk )+ Y T m) [k, §) — 203 (i, k) [0 k. ), (4.52)
(Im)=1

where the sum in the second term runs over the 3 pairs of colour-connected gluons in the
fi(i,k, j) antenna. The expression obtained after the replacement in (4.52) is free of poles
and can be used to construct the missing part of the real virtual subtraction term. To
use a similar notation to [9], we label dgT%2%s | d6T%2:/x and dgTP2Mx the three blocks

coming from the three components in (4.52). As we have already stated

d(ﬁ'T’b2’X§ = —1Ins |:d&U7C’X31] ~ Z f?} (7’7 k:,j)a2+2(a, UI; {'7 ﬁi‘, z Ej? }) (453)
ijk

The two remaining blocks are treated differently: dé’"*2Mx comes from deUe 50X after

T,b2,

the insertion of an unresolved gluon, while d67°?2:/x is a genuinely new contribution added

at the real virtual level, which needs to be compensated by its unintegrated counterpart
at the double real level. This can be noticed looking at the arguments of the integrated

T,b2,

dipoles appearing in the two blocks. dg7-?2"™x depends on mapped momenta, which come

from the insertion of an extra unresolved gluon in the n-particle phase space, where the
double virtual subtraction term lives. On the other hand, the integrated dipoles in dg7b2/x
depend on (n + 1)-particle phase space momenta, which are not accessible at the double
virtual level. It is trivial to verify that the mass factorization kernels in the integrated
dipoles in dg7?2/x and dgTP2Mx exactly cancel for any configuration of gluons 4, j and

k. For bookkeeping purposes we label this mass factorization dg™F:1:b2,
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For dgT:b2:Mx one obtains the relation:

AgTMX = —9Tns [agT RS | — aghTLee, (4.54)
The structure of d67*>Mx is indeed the required one, according to (4.52):
doTbeMx o 9N 190, k, )Ty ik, kj)alo(o, 0" ik, kG, ). (4.55)
ijk

The leftover +Zns [d&U’C’XZ*? ®X } is used in d67*¢, as we show in the next section. In the
gluons-only case, the two integrated antennae are identical (see (4.35)), so the choice of
which one has to be translated into its unintegrated form is irrelevant. In general, the same
symmetrization procedure employed for dG¥® can be used here as well. In conclusion, the
(loop x tree) block is given by:

a6 — _Tns [d&U’C»X:sl] +deTbIx _ 9Tps [d&U’C’X?? &3 ] —dgMBLE - (4.56)

which is free of e-poles. We remark again that dg™F 12 is compensated by an identical

T:b2,Jx and no new mass factorization kernels are actually added in dg77b2.

contribution in do

The last contribution to d6™** is required to fix the renormalization of one-loop quan-
tities in dé*1 and déT**2. To fix the correct renormalization of both the one-loop matrix
elements and the one-loop antenna functions it is sufficient to perform the following re-

placement [8]:

T

o o bogo g |sijil\ ~°
ﬁ@hﬁﬁX%%m+€X%%m<<;‘ -1 (4.57)
déT'%s is entirely constructed with terms coming from the double virtual subtraction term:
46T = ~Tns [a67] ~ Tns gV | (4.58)

as can be easily checked keeping track of the QCD S-function coeflicient bg.

4.4.3 doTe

The last block of the real virtual subtraction term is d67¢. This block has two components,
one which is better identified as the integrated version of part of the double real subtraction
term and one which can be obtained as the unintegrated counterpart of contributions
at the double virtual level. In the original antenna subtraction approach [9], d67¢ was
constructed starting from the former contribution and adding the latter subsequently to
remove spurious e-poles and ensuring the finiteness of the full real-virtual contribution.
In particular, d6%¢, the block containing almost colour-connected contributions [61] and
large angle soft terms [62, 63] at the double real level, is integrated over the phase space
of an unresolved parton and used as part of d67°¢. To remove the singularities present in
these results, two blocks denoted as d67¢t and d67>2 in [9] are generated. The integrated
counterparts of these two blocks are then used respectively in dé¥* and de¥=.
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The procedure we present in the following to construct dé7>¢ proceeds in reverse with
respect to the one summarized above. We first deduce dé”>“ and dé7>°2 from the double
virtual subtraction term and then we infer the complete structure of the combination of
integrated almost colour-connected terms and large angle soft terms. Again, the guiding
principle is the cancellation of unwanted e-poles, which, combined with the knowledge of
the general structure of d6°¢, allows for a systematic generation of dgT*°.

The first block d67*“! comes from the leftover +Zns [d&U’b] that we did not use in
section 4.4.2. However, we can identify in d6¥? two types of structures: almost colour-
connected contributions and colour-unconnected contributions [9, 61]. These latter terms
do not need to be included at the real virtual level and can actually be moved from
the double virtual to the double real subtraction term directly. The reason is that the
integration over the phase space of two unresolved colour-unconnected partons can be
performed independently. In our top-down approach (see Figure 1), this means that two
unresolved partons can be iteratively inserted to produce a contribution to the double real
subtraction term, as we show in section 4.5.4. The colour-unconnected contribution in
déU?, which we label as dgUb¢% can be easily identified since, in the convolution of two
one-loop integrated dipoles, the two partons that form the first dipole are both different
from either of the two partons appearing as arguments of the second. Namely:

devben o g6 5y @ T3 (k,1), with i #£k,land j # k, L. (4.59)
For the purpose of constructing d67>°!, we can then decompose dé¥? into

da,U,b — da,U,b,a.c.c. + dé’U’b’c'u', (460)

U,b,a.c.c.

where d& contains almost colour-connected contributions and is identified removing

from déV"* contributions with a structure like (4.59). d7>! is then obtained as
46T = +Zns [dgUbeee | aghiLe, (4.61)

The structure of this term is the same as the one in (4.50), where the contribution with
! and m both different from ik or kj have been removed. To generate d67:¢2, we directly
use the leftover +Zns [dé’U’C’X?? ®X3 } :

a6Te: — 1 Tns [d&U,c,X§)®X§] FdgMEPLe (4.62)

which has a structure analogous to (4.55). In the previous expressions, the two contribu-
tions deME1et and dgMFbe2 contain the mass factorization kernels needed to reconstruct
integrated dipoles, however they will be immediately subtracted back again and are in-
cluded explicitly here only for consistency of notation. As we said, the sum dg7>¢1 4+ dgT>e2
exhibits explicit singularities that need to be cancelled adding a suitable block which repre-
sents the integrated counterpart of almost colour-connected contributions and large angle
soft terms in the double real subtraction term. The systematic generation of this contribu-

tion is a crucial step in the colourful antenna subtraction method and in the gluons-only
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case can be achieved through the following replacements in the combination dg’>¢ +dgT>e2:
130k, )T Gk, k) — $9G,k, )| T30 (i, k) = 37 G )

+S8(sij, sirj1, 1) — S(S(ik) 1g)» Sit5» x(ik)(kj),i’j’)} ,

13,k ) T3 (i a) = J(3,k,5) | T3V ik, @) = T3 (i, a)

+8(Sias Sirjts Tia,ij) — S(S(ik)as Sitjts $(ik)a,i’j’)] ,

F3i ko )T (0, kg) = £ k) | T30 0. k5) = T30 (8, )

+8(sv5, 50157, Tojig) — S(Spky) Si’j/vxb(kj),i’j’)]a (4.63)

where S denotes the integrated large angle soft terms [62, 64]. These replacements cover
all possible structures appearing in d7>* + dg7*2. The expressions on the right-hand-
side of (4.63) are free of poles, since the residual singularities in the difference of one-
loop integrated dipoles are removed by the integrated large angle soft terms and this
cancellation is in fact the guiding principle through which (4.63) is constructed. Moreover,
as we anticipated, the mass factorization kernels needed for the newly introduced integrated

dipoles exactly cancel the ones present in dgMher and dgMFb

€2 in such a way that the
resulting expression is actually free of mass factorization kernels. Partons i and j' can
be chosen arbitrarily since there is a priori no singular behaviour associated with them.
They appear as reference momenta in a phase space mapping for a soft gluon radiation
between other momenta 7 and j that can but do not have to be different from i and j’
(all arrangements of 4, j and ¢, j* are discussed in Section 4.5.3 below). In particular, for
process involving four or more partons at the Born level, i’ and j’ can be chosen to be two
final-state partons [64]. This implies that the integrated large angle soft terms appearing
in (4.63) are obtained through the integration of soft eikonal factors over a FF configuration,
which requires a simpler momentum mapping with respect to IF or II configurations. The
identification of ¢/ and j must be inherited properly to the double real level, where the
unintegrated counterpart of the large angle soft terms in (4.63) is needed to compensate
for the oversubtraction of large angle soft gluon radiation [62, 63, 65]. We label d67*% the
new block generated through (4.63) and we can finally construct dé”*¢ as:

d6T¢ = dgTe0 4 dgTer + dgTee. (4.64)

This last step completes the construction of the real virtual subtraction term. We
notice that almost the entire double virtual subtraction term has been converted into
its unintegrated counterpart and has been used at the real virtual level, with the only
exceptions being dg¥?c* and dgUeXd , which are directly converted to the double real
subtraction term via the insertion of two unresolved gluons. Moreover, new components
had to be added at the real virtual level to cancel unwanted singularities and need a
corresponding counterpart in the double real subtraction term. These components are
degTe, dgTb2/x and dgT o,
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4.5 NNLO double real subtraction term

The last ingredient for an NNLO calculation is the double real subtraction term d&;?% NNLO*
which removes the divergent behaviour of the double real matrix element in single and
double unresolved limits. In the colourful antenna subtraction approach, the generation of
d6597 ~NLo is performed at the end, with the significant advantage of avoiding to deal with
the involved IR structure of the matrix elements arising from the large number of partons.
Once the double virtual and the real virtual subtraction terms are available, it is indeed
straightforward to complete the subtraction procedure with the missing blocks needed to
cancel the unmatched contributions in those two layers. The double real subtraction term
is constructed inserting a second unresolved gluon in contributions coming from d&gT% NNLO
and two unresolved gluons in terms coming from d(}g% ~ynLo- The only non-trivial step,
as we show later in this section, is related to these latter contributions, in particular to
the insertion of an unresolved gluon pair in the integrated four-parton antennae XY. The
appropriate overall coefficient to be used to dress the double real subtraction term is given
by:

N]]\}zﬁ[/o = SRR(47T045>2NLO, (4.65)

where, in the gluons-only case we have

n! 1

= = ) 4.66
SRR T it D(nt2) (4.66)

We recall the usual decomposition of dé’*;% NvLo 19
A6, nvro = A6 + de? + dgc 4 dg>e. (4.67)

The first term dé>® removes single unresolved limits and it is analogous to an NLO real
subtraction term for an (n + 3)-particle Born process. The remaining terms respectively
reproduce the divergent behaviour of the double real correction in colour-connected, al-
most colour-connected and colour-unconnected configurations [9, 61]. Moreover, d* also
contains the large angle soft terms. In the following, we describe how to systematically
generate each contribution.

4.5.1 do5°

T,a

This part of the subtraction term can be straightforwardly generated from dé&* ¢, since it

can be seen as its corresponding real NLO subtraction term. Indeed, the following relation
holds:
deTe = — / de* — qeMEbLe, (4.68)
1

which reflects equation (3.3) and therefore, following what is done in section 3.4 for the
NLO real subtraction term, we can write:

A% = —~Ins [d6T]. (4.69)
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4.5.2 doS?t

In the colour-connected configuration, the two unresolved gluons are emitted between the
same pair of hard radiators. According to [9], we further decompose dé5? into two contri-
butions:

dg™ = dgSh + deS2, (4.70)

where d65! contains four-parton antennae X9, while dé%?2 contains suitable convolutions
of two three-parton antennae X3 ® X9 needed to remove single unresolved limits from the
XJ. The generation of dé9b2 is straightforward, since its integrated counterpart is exactly
déT02/x and so:

465% — _Tns [da—TvvaJX} : (4.71)

where the momenta relabelling due to the insertion of an unresolved parton must occur
within the unintegrated antenna functions which appear in dé7*2/x too. On the other
hand, d6%?! comes from the insertion of two unresolved gluons in deUeX? . We therefore
define a new transformation which acts on the integrated four-parton antennae as:

XL (sip)ad 00,0 { i, 4, }) & X0, k1, j)ad o (0,07 {, ik, . 1kG, . }), (4.72)

where partons k£ and [ are unresolved between the pair of hard radiators ¢ and j. The
considered momentum mapping maps the final state (n+ 2)-particle momenta to n-particle
momenta, possibly together with a rescaling of the initial state momenta [53]. As it happens
in the case of a single insertion, after the replacement described by (4.72), a suitable sum
over the permutations of the external momenta is needed to construct the full contribution.
The conversion of the XY to their unintegrated counterparts is less trivial than the one
needed for the Xg?, given the more involved structure of four-particle antenna functions.
For gluon scattering the required replacements are given by:

FF:  F)(si) = A [FP (i, k, 1 §) + Fy (i, k, 1 )]
IF: F),(s1i) —  FY(1,k,1,9),
I 7o (s5) — FY(1,k,1,2),

—

4,99
Fo,n.ad].(Sw) Ff(l,k,zl)a

4,99

(4.73)

where the sub-antennae Fﬁa and Fﬁb are defined in [61]. We notice that the order of
the unresolved gluons k and [ in (4.73) matters, since different orderings are associated to
different colour connections within the unintegrated four-parton antennae. This must be
properly taken into account when the sum over permutations of the external momenta is
performed, in such a way that both the (a, k,l,b) and (a,l, k,b) orderings are considered.
We introduce a new operator Znss [-] to indicate the simultaneous double insertion of two
unresolved gluons, in the sense indicated by (4.72). The application of Znss [-] occurs
through the following steps:

1. Removal of the splitting kernels from the integrated dipoles;

2. Transition from integrated four-parton antenna functions to unintegrated ones, as
indicated by (4.73);
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3. Momenta relabelling within colour interferences and jet functions according to the
accompanying antenna function;

4. Sum over permutations of the n + 4 momenta to cover all possible IR limits;

5. Dressing of the resulting expression with the appropriate phase space and overall
coefficient.

We can then obtain dé5%1 as
A6 = _Tns, {da—U’C’Xf ] . (4.74)

Since the integrated version of a four-particle antenna is obtained after analytic integration
over the double unresolved antenna phase space, in principle the simultaneous insertion of
a pair of unresolved gluons can not be equated to the iterated insertion of a single gluon.
Nevertheless, as shown by the instructions above, on a practical standpoint the action
of the Znsy [-] operator is very similar to the application of Zns || with two unresolved
partons, provided the appropriate momentum mapping is used and the correct sum over
external momenta is performed. In Figure 1, we denote the action of Znsg [-] with two
connected descendant red arrows.

We notice that the two contributions d6*** and dé%%2 are obtained here from a priori
independent blocks, while a precise relation between these two terms should hold to ensure
the removal of single unresolved limits from the four-particle antenna functions at the
double real level. In fact, the structure of dG**2 directly descends from the one-loop three-
parton antennae appearing in the two-loop integrated dipoles, which are in turn related
to the four-parton antenna functions. Therefore, the relation among dé%? and dé5? is
actually mirrored by the inner structure of the two-loop integrated dipoles and the interplay
between the XY and the X, which gives the correct e-poles at the double virtual level,
manifest here in the form of the correct arrangement of X and X{ ® X3 contributions.

4.5.3 doS5c

In the almost colour-connected configuration, the unresolved gluons are emitted between
two pairs of hard radiators which share one common hard radiator. The structure of the
blocks needed to remove the divergences associated to these configurations is shared by
the large angle soft terms too, which are thus naturally incorporated in dg5-° [9, 61]. The
integrated counterpart of d6°¢ is generated at the real virtual level and it is part of dg”"c,
as depicted in section 4.4.3. In particular we have:

d¢%¢ = —Ins [deT] . (4.75)

The action of the Zns [-] operator on d67*“ actually requires the insertion of an unresolved
parton within integrated large angle soft terms. Calling k£ and [ respectively the previously
inserted unresolved gluon and the newly inserted unresolved gluon at the double real level,
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the required replacements are:

S(s1y,spy,x)  — S(I,1,J) for (I,J)#(I',J),
S(spy,spy,x) — SI’l,l,J for J#J,
(s, 81707, %) ( ) a (4.76)
S(S[J/,S]/J/ x) — S(I,l,lJ/) for I#I/,
S(S]/J/ S11 gty l’) — S(I’l,l,lJ/),
where S(a, b, c) is the eikonal factor:
S(a,b 2 4.77
(a,b0) =222 (@.77)

I and J represent any unmapped or mapped parton and I’, J' indicate either ', j' or 'k,
kj’. In this latter case, namely when parton ¢’ or j' acts as a hard radiator for both partons

%k and [, the correct order of the momentum mapping is i — i1 — 7/lk or j' — 'l — j'lk,
since the first parton which is integrated over at the double real level is [. The eikonal
factors generated via (4.76) remove the remnant soft gluon divergent behaviour associated
to colour-connected and almost colour-connected contributions at the double real level
[9, 61-63, 65].

4.5.4 doSd

In the colour-unconnected configuration, the two unresolved gluons are emitted between
two distinct pairs of hard radiators. As we explained in section 4.4.2, these terms do
not appear at the real virtual level but can be inherited directly from the double virtual
subtraction term to the double real one. This is achieved inserting two unresolved gluons
in dg¥%¢% one in each of the two one-loop integrated dipoles. Since the two pairs of hard
radiators are distinct, the two insertions can be performed independently. Therefore dg5¢

is actually generated through the iterated application of the Zns [-] operator:
4654 = +Ins [Ins [d&U’b’c'“'H . (4.78)

In Figure 1, we indicate the iterated insertion of two unresolved gluons as two disjoint
descendant red arrows, to differentiate it from the simultaneous double insertion discussed
in section 4.5.2.

5 Gluonic three-jet production at NNLO

To assess the applicability of the colourful antenna subtraction scheme, we compute the
NNLO QCD corrections to the hadron-collider all-gluons three-jet production process:

pp(99) — 999 (5.1)

We set Ny = 0 and we only consider gluons both as internal and external particles, as if
no quarks were present in the theory (pure Yang-Mills). To be consistent with this choice,
the renormalization of one- and two-loop amplitudes is performed setting Ny = 0 and the
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mass factorization counterterms only contain gluon-to-gluon splitting kernels. The NNLO
correction in the gluons-only scenario is theoretically well defined and all IR divergences
cancel in the sum of virtual and real corrections. We perform the calculation in full colour,
with the only exception represented by the finite remainder of the two-loop five-gluon
amplitude [16], which is only available at leading colour.

From a phenomenological point of view, this calculation is part of the NNLO cor-
rections to three-jet production (which were computed recently [28, 29] using a residue
subtraction technique [10], with the same leading-colour restriction on the finite remain-
ders of the virtual two-loop amplitudes). However, our result can not be considered a
faithful approximation of the full calculation, due to the absence of quarks. Both the
Ny # 0 contributions to gluonic scattering and the quark-induced channels have a large
impact, both in terms of the final numerical result and of the scale variation behaviour
of the theoretical predictions. Indeed, as we discuss in more detail in section 5.4 below,
the gluons-only picture exhibits pathological issues when one assesses the theoretical un-
certainty by means of the usual renormalization and factorization scale variation analysis.
This is not surprising, given the unphysical nature of the gluons-only scenario.

For these reasons, our calculation should be considered as a proof of concept for the
automated implementation of the colourful antenna subtraction formalism, and not yet as
a precision phenomenology prediction.

5.1 Computational setup

The computation is performed within the NNLOJET framework. NNLOJET is a Monte
Carlo event generator which implements the antenna subtraction method to compute
NNLO QCD corrections to a series of processes. For gluonic three-jet production at NNLO,
high multiplicity tree and loop gluonic amplitudes are needed. The computation relies on
a mixture of analytical results and numerical implementations for the amplitudes. The
tree-level helicity amplitudes for the scattering of five, six and seven gluons [44, 66], corre-
sponding to the LO, real and double real contributions, are incorporated in an analytical
form in NNLOUJET. This is also the case for the five-gluon one-loop helicity amplitudes [67],
which represent the virtual correction.

The planar five-parton two-loop amplitudes have recently been computed [15] using a
basis of pentagon functions [68-70]. We rely on a public C++ code [16] which implements
the aforementioned amplitudes and computes the renormalized infrared-finite remainder
of the five-gluon two-loop matrix element in the leading colour approximation. According

o [16], for a given configuration of external momenta and helicities, the two-loop infrared-
finite remainder is defined as [40]:

R =A%) — 10 (6)|AY) — I? () |A©), (5:2)

where the A® represent the renormalized two-loop (¢ = 2), one-loop (¢ = 1) and tree-level
(¢ = 0) amplitudes. The quantity in (5.2) is evaluated in the leading colour approximation.
For the e-poles of the two-loop matrix element we use the full colour result and we checked
their complete cancellation against the full-colour double virtual subtraction term. We
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notice that in (5.2), not only the singularities, but also finite contributions are subtracted
from the two-loop amplitude. Our numerical implementation is suitably designed to take
this into account and restore the correct finite result in the combination d&;/gYNNLO —
do gl]Jg,NNLO‘

The six-gluon one-loop matrix elements are computed with the OPENLOOPS genera-
tor [71-73]. In particular we use a new version of OPENLOOPS [74] which implements the
original algorithm of [71] in combination with the helicity summation technique of [72] as
well as a new tensor reduction algorithm [74, 75]. The latter is based on the reduction tech-
niques of [72], which are implemented at the level of tensor integrals in a way that yields
improved numerical stability in the deep infrared regions together with a very significant
speedup of quadruple-precision evaluations. Internally, OPENLOOPS uses double-precision
scalar integrals that are provided by COLLIER [76, 77], as well as quadruple-precision scalar
integrals provided by ONELOOP [78]. As explained in the following sections, to validate the
generated subtraction terms and to estimate the impact of the subleading colour contribu-
tion, we had to extract the leading colour part of the six-gluon one-loop amplitude. This
was possible since OPENLOOPS allows for the computation of partial amplitudes, which
can be suitably combined to construct the leading colour contribution, according to (2.28).

The subtraction terms needed for the NNLO calculation are constructed in a systematic
way with the colourful antenna subtraction method, as described in sections 3 and 4. The
subtraction terms only depend on five- and six-gluon tree-level amplitudes and five-gluon
one-loop amplitudes, so they are implemented in a completely analytical fashion within
NNLOJET. The real, double real and real virtual subtraction terms have been extensively
tested against the corresponding matrix elements to check the pointwise cancellation of IR
divergences in single and double unresolved limits, as discussed in section 5.2.

The NNLO correction to this process is very challenging from the computational point
of view. The stability over the whole phase space of the numerical implementations of dou-
ble virtual and real virtual matrix elements must be ensured exploiting quadruple-precision
arithmetic when the standard evaluation fails. Moreover, due to the high multiplicity, the
numerical integration of real virtual and double real corrections and their respective sub-
traction terms requires a very substantial number of evaluations to reach a satisfactory
precision.

5.2 Tests of the subtraction terms

Before presenting the results for the NNLO corrections to differential three-jet cross sec-
tions, we first assess the pointwise convergence in all single and double unresolved IR limits
of the NNLO subtraction terms at double real and real virtual level that we generated using
the colourful antenna method against the respective squared matrix elements. We do so in
a similar way to what is done in [61]: we generate a sample of 10’000 phase space points
at /s = 13 TeV close to a given infrared limit and we compute:
~ RV ~RR

dUgg,NNLo dUgg,NNLo ’ (5.3)

~T ~S
dagg,NLO dagg,NLO
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Configuration Soft Collinear x Y
Single soft i - (s —s_i)/s -
Single collinear - i//j Sij/s -
Double soft i,7 - (s —s_ij)/s -
Triple collinear - i//j]/k Sijk/s -
Soft and collinear i Jl/k (s —s-;)/s Sjk/s
Double collinear - i//3, k/]l Sjk/s Ski/s

Table 3: Variables z and y used to test the IR limits. The first two lines refer to single
unresolved limits, the remaining ones to double unresolved limits.

for the real virtual and double real case respectively. We then bin the events as function
of the following quantity:

ti =1logo (|1 — Ri|), with =RV, RR, (5.4)

which provides an estimate of the number of correct digits reproduced by the subtraction
terms. We probe each unresolved limit through the variables x and y, which parametrize
the IR depth at which each limit is tested. The definition of x and y varies according to
the considered configuration and is given in Table 3. The squared centre-of-mass energy is
s, while the other invariants are defined as:

Siqiy = (Diy + -+ +pim)2 small when i1, ...,1%,, are collinear,

2
(5.5)

Sy iy = E Dj close to s when i1, ..., 14, are soft.

>3, i1 eim

The smaller x and y are, the more enhanced the divergent behaviour of matrix elements
is. For configurations that require both x and y we choose to fix z = y.

We perform the test independently for the leading colour (LC) and the subleading
colour (SLC) part of the real virtual and double real matrix elements, to assess the correct
behaviour of the subtraction terms in both cases. Indeed, as can be noticed in the plots in
section 5.3, the subleading colour contribution for gluon scattering has a very small numer-
ical impact on the full colour result. Therefore, the inspection of the ¢; distributions in full
colour might give no insights on the correct behaviour of the subtraction at the subleading
colour level. Since the systematic treatment of the subleading colour contribution is a ma-
jor achievement of the new formalism described in this paper, we focus on it specifically.
To remove angular correlations and achieve a proper subtraction in IR limits with collinear
partons, a point-by-point angular average is considered, as described in detail in [61].

We start by addressing the single unresolved limits of the real virtual correction. There
are two IR regions that we test: single soft emission and single collinear emission. The
results are shown in Figure 2. The pairs of numbers reported in the plots under the label
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Figure 2: Test of the real virtual subtraction term in single soft (left) and single collinear
(right) limits for the leading colour (upper plots) and subleading colour (lower plots) con-
tributions.

‘outside’ respectively indicate how many events fell on the left and on the right of the
displayed range in ;.

We observe that the agreement between the squared matrix elements and the sub-
traction terms increases the deeper the IR regions are tested, with the single soft limit
exhibiting more peaked distributions with respect to the single collinear one. Reasons for
this are the more divergent behaviour of matrix elements and the exact locality of the sub-
traction in soft limits. For a given value of x, both in the soft and in the collinear limit, the
subleading colour contribution is characterized by broader distributions, centred around
higher values of ¢; with respect to the leading colour counterpart. This can be explained by
an enhanced numerical noise for this contribution. The expressions for subtraction terms
and squared matrix elements at subleading colour are considerably larger compared to the
leading colour case, and each IR limit receives contributions from a substantial number
of individual terms. The numerical cancellations between these terms induce rounding er-
rors in the final expressions for the squared matrix element and subtraction term, thereby
leading to the observed deterioration of convergence. Nevertheless, the observed agree-
ment between the subtraction terms and the matrix elements is largely satisfactory both
at leading and subleading colour. In general, we remark that the excellent performance of
the OPENLOOPS implementation of the six-gluon one-loop amplitudes is crucial to probe
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Figure 3: Test of the double real subtraction term in double soft (left) and soft and
collinear (right) limits for the leading colour (upper plots) and subleading colour (lower
plots) contributions.

the IR limits of the real virtual correction for such small values of x.

For the double real correction, we have both single and double unresolved limits. Con-
cerning double unresolved limits we have double soft emission, soft and collinear emission,
triple collinear emission and double collinear emission. The results for the double soft and
soft and collinear limits are presented in Figure 3, while in Figure 4 we report the results
for triple collinear and double collinear limits. Finally we present the results for the single
unresolved limits of the double real correction in Figure 5.

In double and triple collinear limits, the subleading colour contribution does not exhibit
a divergent behaviour. This is motivated by an argument analogous to the one adduced
in [52] to explain why the six-gluon tree-level matrix element is not divergent in single,
double and triple collinear limits at subleading colour. For the seven-gluon tree-level matrix
element considered here, one can express the subleading colour contribution as a sum of
incoherent interferences within which the two colour orderings share at most a single pair
of adjacent gluons. This implies that the subleading colour part of the matrix element is
indeed divergent in single collinear limits, but is finite in double and triple collinear limits.

In general we observe that the subtraction terms correctly reproduce the divergent
behaviour of the double real correction in both double and single unresolved configurations,
with the quality of the agreement increasing with the infrared depth. Once again, the
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Figure 4: Test of the double real subtraction term in triple collinear (left) and double

collinear (right) limits at leading colour.
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Figure 5: Test of the double real subtraction term in single soft (left) and single collinear
(right) limits for the leading colour (upper plots) and subleading colour (lower plots) con-

tributions.
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subleading colour contribution presents some numerical noise with respect to the leading
colour part, for the same reasons explained in the real virtual case.

5.3 Results

In this section we present the results of our NNLO calculation. The considered centre-of-
mass energy for the colliding protons is 13 TeV and the applied kinematical cuts are the
same used for the three-jet production NNLO calculation in [28]. The cuts are as follows:

e minimal transverse momentum of a jet: pp(j) > 60 GeV;
e maximal jet rapidity: |y(j)| < 4.4;

e minimal sum of the transverse momenta of the first two leading jets : pr(j1)+pr(j2) >
250 GeV.

Jets are reconstructed using the anti-kr algorithm [79] with a radius R = 0.4. We use the
NNLO set of the NNPDF3.1 parton distribution functions [80] and we evaluate the PDF's
using LHAPDF [81]. The same PDF set is used for the predictions at LO, NLO and NNLO.
LHAPDF is also used to evaluate the strong coupling constant, with as(mz) = 0.118.
We notice here that these quantities are the only ones in the entire calculation which
are evaluated in the full QCD theory, namely with the complete bosonic and fermionic
degrees of freedom of QCD. As we explicitly show in section 5.4, this is the origin of an
inconsistent estimation of the uncertainty on our theory prediction, which is assessed with
a seven-point variation of the renormalization and factorization scales. The central value
is chosen dynamically for each event and is given by the scalar sum of transverse momenta
at parton level:

pr=p=Hr= Y pr(i). (5.6)

i€partons

We consider distributions in the Hp observable:

Hr = Z pT(j)7 (5'7)

JEjets

in the three-jet invariant mass mje3, in individual jet transverse momenta and rapidities,
jet-pair differences in rapidity |Ay| and azimuthal angle |A®| as well as three-jet rapidity
variables y7y; and |ymax|, defined as:

Yios = 1 — 2| + |y2 — y3| + |y3 — w1,
[Ymax| = max(|y1], |y2|, [yal])-

The calculation is performed in full colour, however, the subleading colour contribution
to this process at NNLO has an exiguous numerical impact and the inclusion of the missing
subleading colour part of the finite reminder of the double virtual matrix element might
significantly affect the value of the subleading colour correction. For this reason, in the
plots presented here, we focus on the leading colour NNLO correction (NNLO-LC), which

— 492 —



NNLOJET pp(gg)-ggg Vs =13TeV NNLOJET pp(g9)—g9g9 Vs =13TeV

10° — L0 — NLO —— NNLO-LC —— NNLO-FC 105+ — L0 — NLO —— NNLO-LC —— NNLO-FC
10* NNPDF31_nnlo_as_0118
NNPDF31_nnlo_as_0118 —_
a 3 Fel 7-point scale variation
L2 10 7-point scale variation = N
= . - He=py=Hr
£ 1 Hr=pr=Hr & 10%
3 g
3 3
(S)
T 0! 3
10°
10°
107!
15 1.2
_,_r—'__—*_‘_,_,_‘*’_‘____]— 10 . - T
2 o 1.0 S le) :
o 2308
5= 5=
BHL———— 06
0.4
500 1000 1500 2000 2500 3000 400 600 800 1000 1200 1400 1600 1800 2000
Hr [GeV] mis [GeV]

Figure 6: Gluons-only three-jet production cross section differential in Hp (left) and
mi23 (right) up to NNLO. The NNLO-LC band corresponds to the leading-colour only
contributions at NNLO, the NNLO-FC line includes subleading colour contributions except
for the finite parts of the two-loop virtual corrections.

is a well defined and complete quantity. We then superimpose the full colour result without
the finite two-loop remainder pieces (NNLO-FC) to provide an estimate of the impact of
the subleading colour contribution. The Monte Carlo integration error is reported for the
NNLO correction at leading colour. A consistent effort on the computational side would be
required to significantly reduce the statistical uncertainty on the presented results. Since
this computation serves as an assessment of the colourful antenna subtraction method at
NNLO more than a high-precision phenomenological study, we did not invest additional
resources in the reduction of the integration error.

Figures 6-9 show differential distributions related to gluons-only three-jet production
in terms of various variables derived from the three-jet system (Figures 6 and 8), from
individual jets (Figure 7) and from jet pairs (Figure 9) at LO, NLO and NNLO. The
LO and NLO predictions are obtained at full colour and NNLO-LC corresponds to the
NNLO predictions at leading colour, which is our default prediction that is also used to
determine the scale uncertainty bands at NNLO. To estimate the potential impact of the
yet incomplete subleading colour contributions, these were computed discarding the finite
parts of the two-loop virtual corrections and added to the leading colour contributions
(only for the central scale setting), yielding the NNLO-FC lines. In most distributions,
the difference between NNLO-LC and NNLO-FC is at the per-cent level or below and can
hardly be resolved, thereby indicating the small numerical impact of subleading colour
effects at NNLO in gluonic jet production.

Except for the high- Hy tail of the Hy distribution, Figure 6 (left), and the distributions
in azimuthal opening angles, Figure 9 (lower panels), we observe the NNLO corrections to
be quite moderate in all distributions, typically ranging between +10%. The error bars
on the NNLO-LC central values indicate the numerical integration errors on the NNLO
coefficients. FExcept for the very tails of the distributions, we managed to obtain quite small
numerical integration errors on these NNLO coefficients, leading to total integration errors
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Figure 7: Differential distributions in individual jet transverse momenta (upper row)
and rapidities (lower row) for gluons-only three-jet production up to NNLO. Definition of

NNLO-LC and NNLO-FC as in Figure 6.
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Figure 9: Differential distributions in geometrical jet-pair variables: rapidity differences
(upper row) and azimuthal angles (lower row) for gluons-only three-jet production up to
NNLO. Definition of NNLO-LC and NNLO-FC as in Figure 6.

on the NNLO-LC predictions at the level of 2% or below. These are already sufficient to
establish the numerical convergence of the predictions and could be lowered further with
more Monte Carlo integration statistics.

The differential three-jet distributions that we presented here demonstrate the appli-
cability of the colourful antenna approach to the construction of NNLO subtraction terms
for a highly non-trivial high-multiplicity process, and illustrate the quality of numerical
convergence that can be obtained with these subtraction terms in the NNLOJET frame-
work.

As anticipated, a notable feature is the increase in the scale uncertainty bands from
NLO to NNLO-LC that is observed across all distributions. This effect is an artefact of
the gluons-only simplification and we further investigate it in the following section.

5.4 Comments on scale variation

In this section we investigate the anomalous scale variation behaviour observed in the NLO
and NNLO correction to gluonic three-jet production. As pointed out above, the coupling
constant ag(p,-) sees the full content of QCD, since its determination relies on experimen-
tal measurements and scale evolution equations which incorporate the dependence on the
number of light quark flavours. On the contrary, the matrix elements we implemented
in our calculation only contain the gluonic degrees of freedom and are then evaluated for
Ny = 0. This mismatch breaks the interplay between the renormalization scale variation
of the running coupling and the virtual corrections at higher orders. An analogous obser-
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vation can be done for the factorization scale y1y. The scale dependence of the PDF's takes
into account the presence of light quark flavours. To correctly compensate the PDF’s fac-
torization scale variation at higher orders in QCD, the inclusion of quark-induced channels
is necessary. Therefore, the scale variation analysis should provide a consistent estimate
of the uncertainty of theoretical predictions for a given process only when the entire set of
subprocesses is considered and included in the final result.

We illustrate the effect of the inclusion of quarks on the scale variation analysis with a
dedicated study on dijet production. We implement the same setup and cuts described in
section 5.3 and we compute the NNLO corrections with the traditional antenna subtraction
approach in the leading colour approximation [32, 52|, for three different scenarios:

e pp(gg) — jj with Ny = 0, gluons-only;

e pp(gg) — jj with Ny =5, where we include the contribution coming from fermionic
loops in virtual corrections as well as gluons splitting into quark-antiquark pairs in
real emission corrections, but we keep the restriction to gluon-initiated subprocesses
only;

e pp — jj, where we consider the whole set of sub-processes that contribute to dijet
production, both gluon- and quark-initiated.

The first scenario reflects the same implementation we used for gluonic three-jet pro-
duction and we expect to observe a similar pattern, namely an anomalous size of the NNLO
scale variation bands with respect to NLO. Allowing gluons to split into quark-antiquark
pairs should restore the correct compensation at higher orders of the renormalization scale
dependence of the strong coupling. Finally, with the inclusion of quark-induced sub-
processes, we expect to correctly balance factorization scale variation effects due to the
evolution of the PDFs.

In Figure 10 we compare the total cross section in the three cases, normalized with
respect to the corresponding NLO result. As expected, the size of the NNLO scale variation
bands with respect to the NLO ones significantly reduces when the full QCD degrees of
freedom are considered. This can also be noticed in the Hp distributions in Figure 11. The
total cross section is dominated by the low-Hp region, for which we observe the same scale
variation pattern as in the total cross section.

Analogously, we have a similar adjustment of the scale variation bands in observables
which are largely dominated by the low-Hrp region, such as y* = |y(j1) — y(j2)|/2, as shown
in Figure 12. For the pp(j1) distribution in Figure 13, the transition from pp(gg) — jj
with Nt = 0 to pp(g9g) — jj with Ny = 5 does not seem to reduce the relative size of the
NLO and NNLO scale variation bands to the same extent observed in other distributions.
However, this happens if the NNLO correction to the full process pp — jj is considered,
which indicates that p ¢ variation effects dominate in the studied range of pr(j1).

These results demonstrate the inconsistency of the scale variation analysis when specific
sub-channels of a given process are considered. The effect on differential distributions is
not uniform and may vary according to the considered observable, range, kinematical cuts
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Figure 12: y* distribution for pp(gg) — jj with Ny =0 (left), pp(gg) — jj with Ny =5
(centre) and pp — jj (right).

and choice of central scale. We can confidently conclude that the considerably larger scale
variation bands observed at NNLO in the differential distributions in section 5.3 are an
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artefact of missing fermionic contributions and quark-induced sub-processes.

6 Conclusions and outlook

The antenna subtraction method for the construction of infrared subtraction terms at
NLO and NNLO has originally been formulated based on colour-ordered amplitudes and
squared matrix elements. This formulation results in very compact subtraction terms for
low-multiplicity processes, but extends very poorly to higher multiplicities and requires
complicated constructions beyond the leading-colour contributions. This paper overcomes
these constrictions by reformulating the antenna subtraction in a new colour space basis.
The resulting colourful antenna subtraction method allows for a systematic construction
of antenna subtraction terms. Starting from an analysis of the colour structure of purely
virtual corrections at NLO and NNLO, we were able to devise an algorithm that translates
infrared poles of virtual corrections into real radiation dipole insertions that constitute the
subtraction terms for single real radiation up to one-loop level and for double real radiation
at tree level. We remark once again that the main advantage of this perspective consists
in avoiding the direct treatment of the divergent behaviour of real emission corrections.
In the case of an NNLO calculation, this feature represents a major simplification, since
the double real subtraction term is obtained as the last step of a completely automatable
procedure, with no need of dealing with the involved infrared structure of double real
radiation matrix elements.

We fully formulated the colourful antenna subtraction method for gluons-only pro-
cesses and automated its workflow. As proof-of-principle applications, we rederived the
NNLO antenna subtraction terms for gluons-only dijet production [52] and newly derived
these terms of gluons-only three-jet production. We verified the pointwise convergence of
these subtraction terms towards the respective matrix elements and demonstrated the nu-
merical stability of the predictions in computing various differential three-jet distributions.
As a by-product, we also assessed the reliability of the gluons-only approximation to dijet
production, demonstrating in particular the large impact of missing fermionic contributions
and quark-induced subprocesses onto the renormalization and factorization scale depen-
dence of the predictions. The gluons-only predictions for three jet production are thus not
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yet of phenomenological relevance, but should only be considered as proof-of-principle ap-
plication of the newly developed coloured antenna subtraction method and of its automated
implementation. We also were able to quantify the numerical impact of subleading colour
contributions at NNLO, which were found to be small throughout most distributions, thus
lending support to a recent computation of NNLO corrections to three-jet production at
leading colour [28] obtained with a residue subtraction method.

The next step towards a complete, process-independent subtraction scheme at NNLO
consists in the inclusion of quarks in the presented formalism. To treat these contributions
in the context of the colourful antenna subtraction approach, a crucial distinction must
be made between the identity-preserving (IP) and identity-changing (IC) sectors of the
subtraction infrastructure. The IP sector contains infrared limits for which the real emission
corrections factorize onto a lower multiplicity process with the same initial-state parton
species. On the contrary, the IC sector refers to the configurations where a final-state quark
becomes collinear to an initial-state gluon or same-flavour quark, effectively changing the
initial-state parton species of the associated reduced matrix element in the collinear limit.

After integration over the unresolved radiation, the IP contributions generate e-poles
which cancel against the explicit singularities of the corresponding virtual contributions
and IP mass factorization counterterms. Therefore, the whole IP sector would be system-
atically constructed at NNLO following the procedure summarized in Figure 1, in complete
analogy to what was done in the simplified case of pure gluonic scattering. Of course, ap-
propriate colour stripped one- and two-loop integrated dipoles need to be defined to include
quark-antiquark and quark-gluon configurations, as well as the correct translation between
integrated and unintegrated antenna functions. Nevertheless, these steps do not represent
a major issue and most of the ingredients for the extension to the IP sector of sub-processes
involving quarks have already been constructed and assessed.

The IC infrared divergences cancel against e-poles in IC mass factorization countert-
erms and do not communicate with the singularity structure of the virtual corrections. For
this reason, these contributions can not be straightforwardly generated with the method
we described in this paper, thus requiring an extension of the approach. The starting point
for the construction of the IC sector will be the IC mass factorization structure at one and
two loops, which can be written down in a general way from (3.13), (4.18) and (4.27). The
main issue is then to dress the splitting kernels with the appropriate IC integrated antenna
functions, in such a way suitable universal IC integrated dipoles can be constructed and
the entire generation of the subtraction layers can proceed in the same way as it does for
the IP sector. At NLO, IC integrated dipoles have already been defined, for example in [9],
while at NNLO this task still requires additional work.
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