ﬂ(IT \/ya\/e phenomena

Karlsruhe Institute of Technology ana I YS | San d numer | CS

Breather solutions for a semilinear Klein—
Gordon equation on a periodic metric graph

Daniela Maier, Wolfgang Reichel, Guido Schneider

CRC Preprint 2022/60, November 2022

CRC 1173

- _

phenomena

KIT — The Research University in the Helmholtz Association 2ottt o0

mmmmmmmmmmmmm
nnnnnn



Participating universities

Universitat Stuttgart

EBERHARD KARLS

UNIVERSITAT
TUBINGEN

Funded by

VFG

ISSN 2365-662X



BREATHER SOLUTIONS FOR A SEMILINEAR KLEIN-GORDON EQUATION ON
A PERIODIC METRIC GRAPH

DANIELA MAIER, WOLFGANG REICHEL, AND GUIDO SCHNEIDER

ABSTRACT. We consider the nonlinear Klein-Gordon equation
02u(x,t) — 2u(x, t) + au(x, t) = £|u(x, £)|P u(x,t)

on a periodic metric graph (necklace graph) for p > 1 with Kirchhoff conditions at the
vertices. Under suitable assumptions on the frequency we prove the existence and regular-
ity of infinitely many spatially localized time-periodic solutions (breathers) by variational
methods. We compare our results with previous results obtained via spatial dynamics and
center manifold techniques. Moreover, we deduce regularity properties of the solutions
and show that they are weak solutions of the corresponding initial value problem. Our ap-
proach relies on the existence of critical points for indefinite functionals, the concentration
compactness principle, and the proper set-up of a functional analytic framework. Com-
pared to earlier work for breathers using variational techniques, a major improvement of
embedding properties has been achieved. This allows in particular to avoid all restrictions
on the exponent p > 1 and to achieve higher regularity.

1. INTRODUCTION AND RESULTS
We consider the nonlinear Klein-Gordon equation
(1) o7u(x,t) — 2u(x, t) +au(x, t) = £lu(x, t) [P u(x, t)

on the 27t-periodic necklace graph I with p € (1,00) and & > 0 together with Kirchhoff

conditions at the vertex points. We are interested in breather solutions, i.e., time-periodic,

real-valued, and spatially localized solutions. One of the main features of this problem
42

is that the Laplacian —~- with Kirchhoff conditions at the vertices has a spectrum with

band-gap structure and in particular spectral gaps occur.

Like in any dynamical system, coherent states (such as e.g. breathers and steady states)
are of particular interest. Steady states of (1) solve an elliptic problem on the necklace
graph. Similarly, time-harmonic standing waves of the form u(x,t) = v(x)e'“! also solve

an elliptic problem of the type (—dd—; +a — w?)v = x|v|P~1v on T. Such nonlinear elliptic
problems (arising similarly for standing waves of nonlinear Schrodinger (NLS) rather than
Klein-Gordon equations) have been considered in [21, 22]. The outcome is essentially that
whenever w? — « is positive and lies in a spectral gap of the Laplacian then solutions v

2000 Mathematics Subject Classification. Primary: 35L71, 49]35; Secondary: 35B10, 34L05.
Key words and phrases. semilinear Klein-Gordon equation, breather solutions, time-periodic, variational
methods, metric graph.
1


Christian Knieling


2 DANIELA MAIER, WOLFGANG REICHEL, AND GUIDO SCHNEIDER

of the nonlinear elliptic profile-equation exist in both the “—" and the “+” case. When
w? —a < 0 then the “—” case has no nontrivial solutions decaying to 0 at +co whereas
in the “+” has different types of solutions of the profile-equation exist (solutions with
compact support and solutions with one sign), cf. [22].

If instead of time-harmonic standing waves or stationary solutions one looks for real-
valued breathers then new difficulties arise. By the requirement of the solutions being
real-valued one needs at least two temporal frequencies in the Fourier-decomposition of
any solution. But due to the nonlinearity, new frequencies are generated and hence in
fact infinitely many frequencies are needed. As a result, the Fourier-modes of standing
breathers satisfy an infinitely coupled elliptic system for which the spectral gap condition
becomes more delicate than in the monochromatic case. Finding a method to overcome
this difficulty is one of the main aspects of this paper.

The interest in breather solutions for semilinear wave equations goes back at least as far
as the discovery of the explicit breather solution of the sine-Gordon equation u — tyy +
sinu = 0 on R xR, cf. [I]. Similarly, in spatially discrete Fermi-Pasta-Ulam-Tsingou
(FPUT) lattices the existence of breathers, cf. [2, 12], is an indication that in certain wave-
type equations energy is not always dispersed to infinity. These wave-type equations
are, however, quite rare as many nonexistence results show. For example, due to the
works [3, 7, 27], and more recently [14] it became clear that breathers do not persist in
homogeneous nonlinear wave-type equations if the sin u nonlinearity in the sine-Gordon
equation is replaced by a more general nonlinearity f(u) with f(0) =0, f/(0) > 0.

Therefore, it came as a surprise that heterogeneous wave equations can indeed sup-
port breathers. Examples are nonlinear wave equations on discrete lattices, cf. [12, 15]
or nonlinear wave equations on the real line with x-dependent coefficients, cf. [4, 10].
Whereas the equations considered in [4] and [10] are nearly the same, the methods are
completely different. The former essentially follows a bifurcation approach using spatial
dynamics and center manifold reductions, and produces a family of small breathers bi-
furcating from 0 where all of them have the same time-period. The latter approach uses
variational methods and finds breathers in a larger parameter regime that do not bifurcate
from 0. In both cases a spectral gap near zero of the wave operator acting on time-periodic
functions with a given time-period is vital for the results. Recently, in [23] another exis-
tence result for vector-valued breathers for a 3 + 1-dimensional semilinear curl-curl wave
equation with radial symmetry appeared. It is based on ODE-methods and the fact that
the breather can be found as a gradient of a spatially radially symmetric function.

Yet another way to introduce heterogeneity into a wave equation is to set it up on a
quantum graph. Now the heterogeneity stems from the underlying branched structure
and not from the equation or the operator. While at first [21, 22] standing monochromatic
waves were of interest for NLS equations on quantum graphs, more recently Maier [16]
gave the first existence proof of real-valued breathers for (1). Her method first produced
spectral gaps in the wave operator by the correct choice of the temporal frequency. Then
she used the spatial dynamics point of view and performed a center manifold reduction
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to show the existence of a homoclinic solution on the center manifold which persisted by
going back to the original equation.

Our existence result in Theorem 1.1 for spatially localized, real-valued time-periodic
solutions of (1) is the main outcome of this paper, and it directly compares to the result
from [16]. Methodically, we also use tools from the calculus of variations like in [10].
However, we have much improved the embedding properties of the underlying Hilbert
space H on which breathers arise as critical points of a suitable functional. In fact, we can
cover the whole range of L7-embeddings for g € [2,00), whereas in [10] there were still
some suboptimal restrictions to g € [2,4%) with g* < co.

For the statement of the existence result note that the precise definition of the functions
spaces is given in Section 2. In the time direction we denote by T the 1-dimensional
4rt-periodic torus and by V the set of vertices of . The space H} (T x T) denotes all H'-
functions on I’ x T such that the L?-traces on V x T coincide by approaching from all
edges leading to a particular vertex. Since weak derivatives in the spatial direction on a
metric graph can only be defined edge-wise and not globally, the Sobolev spaces are also
defined edge-wise and thus do not imply continuity of traces at the vertices unless we
explicitly require it.

Theorem 1.1. Let p € (1,00) and « > 0. Then there exist infinitely many distinct weak 27t-
time-antiperiodic solutions u € H}(T x T) N H?(T x T) of (1) in the sense of Definition 1.3. The
solutions are symmetric with respect to the upper/lower-semicircles and satisfy (1) pointwise a.e.
on I' x T and the continuity conditions (7) and the Kirchhoff conditions (8) holds at the vertices
foralmost all t € T.

The results in [16] also produce solutions that are symmetric with respect to the upper/-
lower-semicircles of the metric graph. It remains an open question whether or not one can
find breathers which are not symmetric w.r.t. to the upper/lower-semicircles. The solu-
tions from [16] have the precise temporal period w = %, they exist for small € > 0 when

x = % + €2 and bifurcate from 0 with amplitude O(e). Multiplicities are not given in

this approach. In contrast, we have that infinitely many solutions exist for all values of
« > 0 and in particular do not vanish at the bifurcation points & = ]‘4—2. However, although
our solutions are in fact 27” antiperiodic in time where x € IN,4; is an integer which is
chosen sufficiently large in dependance of A for & € [0, A], we cannot control their min-
imal period. Finally, while the solutions from [16] are exponentially decreasing in space,
the spatial localization of our solutions is characterized in weaker form by integrability
properties of u up to its second derivatives in space and time.

Remark 1.2. Following [28] one can generalize the right hand side f(s) = |s|P~1s to more general
functions f = f(x,t,u) as follows: assume that
(H1) f: T x R xR — R is a continuous function, which is 27t-periodic in the first and 27-
antiperiodic as well as symmetric w.r.t. the upper/lower-semicircles in the second variable,
with |f(x,t,u)| < c(14 |u|P) for somec > 0and p > 1,
(H2) f(x,t,u) =o(u)asu — Ouniformlyinx €T, t €T,
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(H3) f(x,t,u)isoddinu € Rand u — f(x,t,u)/|ul is strictly increasing on (—oo,0) and
(O oo) forallx € Tandall t € T,

(H4) Xt”) — 00 as u — oo uniformly in x € T, t € T where F(x,t,u) == [ f(x,t,0) do.

Definition 1.3. A time-periodic function u € H:(T x T) is called a weak solution of (1) if
(2) / (axuax¢ — 0ot + aug F |u]p*1ucp> d(x,t) =0
I'xT

holds for every time-periodic ¢ € H}(T x T).

Our second theorem describes that the breathers found in Theorem 1.1 are also weak
solution to the initial value problem with their own induced initial values.

Theorem 1.4. Any weak solution u from Theorem 1.1 has the property that u € L>(T; H:(T)) N
H?(T; L2(T)) and it solves (1) in the sense that for almost all t € (0, 0)

3) /r (8%1/14) + 0 Udxp + aug F \u]pflu(;)) dx=0, ¢c¢c Hcl(I’)

with its own initial values u(-,0) € L*(T), dsu(-,0) € L*(T) in the sense of traces. As a con-
sequence of (3) the continuity conditions (7) and the Kirchhoff conditions (8) hold for almost all
teT.

Finally, we mention that spatial heterogeneity is not a necessary condition for breathers.
In fact, it was shown in [17, 26] that weakly localized breathers exist for an entire class
of nonlinearities for constant coefficient nonlinear wave equations in space dimensions
higher or equal than 2.

Our main tool for proving existence of breather solutions for (1) is the use of variational
methods for indefinite functionals, cf. [20, 28]. Such functionals arise typically for wave
equations. On spatially bounded intervals, where the Laplacian has discrete spectrum,
breathers for nonlinear wave equations were indeed found variationally, cf. [5, 6, 11].
These approaches build strongly on the discreteness of the spectrum of the Laplacian,
which fails for unbounded spatial domains like the necklace graph. Therefore, the careful
building and investigation of the functional framework as described in Section 4 is the key
to our result.

The paper is structured as follows. In Section 2 we describe the periodic necklace graph
and define on it the Laplacian with Kirchhoff conditions. In Section 3 we give a char-
acterization of the spectrum of the Kirchhoff Laplacian on the necklace graph and we
introduce the Bloch transform and the representation of functions in Bloch variables. Sec-
tion 4 contains the definition of an appropriate Hilbert space H on which we can define
the functional whose critical points will be the breathers. In particular, we show that H
embeds into the whole range of L7(I" x T) spaces for 2 < g < oo. This is a major improve-
ment compared to [10]. The existence result of Theorem 1.1 is given in Section 5, where
we rely on variational methods developed in an abstract setting in [28]. The regularity
part of Theorem 1.1 and the connection to the initial value problem for (1) as explained
in Theorem 1.4 is shown in Section 6 by making use of the method of differences, cf. [5,
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Fn Pn.+

FIGURE 1. Periodic necklace graph

Chapter 7.11]. Finally, in the Appendix we show the concentration compactness result of
Lemma 5.5. This is nonstandard since our functional framework is not in Sobolev spaces.

2. PROPERTIES OF THE PERIODIC NECKLACE GRAPH
The periodic necklace graph is of the form
(4) I'= @nezrn/ rn - 1—'n,O S¥ rn,—l— S rn,—-

The edges I', o correspond to the horizontal links and the edges I';, + are parallel edges
that are visualized by the upper and lower semicircles in Figure 1. In order to get a
metric graph we identify each edge with a closed interval of length 7. In particular,
I'yo is identified isometrically with the interval I,o = [27tn,27tn + 7] and T, 4+ with
I+ = [2rtn + 7w, 2m(n + 1)]. Hence, it makes sense to define differential operators on
the edges. A function u : T — C can be represented by a triple of functions u; : R — C,

j € {0,+, —} with

(5) ulr,; = ujl1, and supp(u;) C | J I; forj e {0,+, —}.
nez

Function spaces. A function u : I' x T — C, depending on x € I' and periodically on
t € T, is continuous and belongs to CO(T x T), if it is continuous on each edge T nj X T,
j € {0,+,—}, n € Z and the following relations at the vertices are fulfilled for alln € Z
and all t € T:

ug(2en 4+, t) = uy2un+ m,t) =u_(2nn+ 1, t),
up(2e(n+1),t) =u2n(n+1),t) =u_(2n(n+1),t).

Sobolev spaces are defined "edge-wise". If we set u;, = uj‘lj,,,xT then we define for
k € INg the space

(6)

HYT x T) := {u:FxT—HC ;€ HY (I, x T)Vn € Z, j € {0,+,—}

w1th2|]u]n||Hk ) <)
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with norm Hu||Hk = Zjnﬂu]n”Hk Clearly, H*(T x T) = L?(T' x T). For k = 1 we

[jyxT)"
define the coupled Sobolev space H; [ (T x T) by adding continuity of traces at the vertices,
ie.,

HYT x T) = {u € HY(I' x T) : (6) holds in the sense of traces for all n € Z}.

This means that H!(T' x T) consists of functions which belong to H! on every edge x Tt
and which have additionally traces on V' x T that are equal independently from which
edge one approaches the vertex. We will also need spaces of functions with the additional
symmetry between the upper and lower semicircles, i.e., functions u : I' x T — C with
uy = u_. Spaces of functions with this additional symmetry will be denoted by H}(T x
T)symm, L2(T x T)symm, and CO(r x T) symm- Whenever we consider spaces of functions,
which are independent on time, then we write H*(T'), C%(T), L*(T), HX(T) = HYT) N
C(T), and likewise for their symmetric versions H}(F)Symm, LZ(F)symm, and CO(F)symm.

For functions in H} (T') the conditions (6) simplify to true continuity conditions
) ug(rn+ ) =uy(2nn+ ) =u_2nn+ ),
up(2re(n+1)) =us(2n(n+1)) =u_2n(n+1))

foralln € Z.

Laplace operator and Kirchhoff conditions. For functions, which are time-independent,
we define the Kirchhoff Laplace operator A as the second derivative operator on the edges
with domain D which consists of all functions u € H?(T') N H}(T) together with Kirchhoff
conditions at the vertex points (conservation of fluxes at the vertices), i.e., foralln € Z
@) d”O 2 (2 + ) = d”* L2+ ) 4+ 5= du (27m + 71),
i;;o 2r(n+1)) = d;; (2m(n+1)) + %= (2m(n +1)).
Then A : D(A) C L*(T) — L?(T) is a self-adjoint operator, cf. [9], on the domain
D(A) = {u € H*(T) N HY(T) : u satisfies (8)}.

For time-dependent functions u € H2(T x T) N H}(T x T), the Kirchoff-conditions are
defined as
©) a”0(27m—|—7r )= a5‘—x+(27rrz—|—7r,-)—|—L;(Znn-i—n,-),

o (or(n41),-) = Bt 2m(n+1),-) + %= (2r(n+1),).

in the sense of traces for alln € Z.

3. SPECTRUM OF THE KIRCHHOFF LAPLACIAN

3.1. Floquet-Bloch spectrum of the Kirchhoff Laplacian. We recall the spectral proper-
ties of the Kirchhoff Laplacian on the necklace graph, cf. [9]. We begin with the definition
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of the Bloch waves ¢ = g(I, x) of the Kirchhoff Laplacian with x € T and [ € (—1,1] as
solutions of the quasiperiodic eigenvalue problem

2 .
(10) — %g(l,x) =A(l)g(l,x), xeTandg(l,x+2m) = g(l,x)elmT

with continuity (7) and Kirchhoff (8) conditions at the vertices.

The spectrum of the Kirchhoff Laplacian consists of the discrete and the absolutely
continuous part. The discrete part is given by the eigenvalues m?, m € IN, of infinite

multiplicity, and the corresponding eigenfunctions u(") = (u(()m), ui"”, u&m)) are given by

periodicity-shifts of the function u(") defined by u(()m) = 0and u(i”” (x) = £sin(mx)on I +

and uS_Lm) =0on I, foralln € Z\ {1}. The absolutely continuous part is found by using

Floquet-Bloch theory and consists of U, 11 Unez Am (I), where for each quasiperiodic-
ity parameter | € (—%, 1] the set {A,(I)} mez is the set of eigenvalues of (10) with conti-
nuity (7) and Kirchhoff (8) conditions at the vertices. As an enumeration of A, () we use
m € Z (the reason for the indexing with Z is given below). Clearly, the spectrum of the

Kirchhoff Laplacian is nonnegative.

Instead of computing all eigenvalues A, (I) one can also obtain the spectrum of the
Kirchhoff Laplacian by considering the Hill discriminant, which we will define next. For
A€ Rlet¢o(A, ), ¢1(A, -) be the fundamental system of solutions of

(11) — dd—;¢ = A¢ satisfying (7), (8)
with
(¢0(A,0),¢p(A,04)) = (1,0),  (¢1(A,0),¢1(A,04)) = (0,1).
Then the monodromy matrix M(A) is given
_( $o(A27)  ¢1(A,27)
M) = (S o)

and satisfies for any solution ¢ of (11) that

(g’,) (x +27) = M()) ( ;’,) (x), xel.

The Floquet-Bloch theory states that A € U(—d—z) if and only if trM(A) € [—2,2] (or

dx?
equivalently: the C-eigenvalues of M(A) have absolute value < 1). The function A —

trM(A) is called Hill discriminant. In the case of the necklace graph, see [7], it takes the
particular form

(12) trM(A) = }I(%os(zm/i) —1).

Since a quasiperiodic eigenvalue A(!) can also be characterized by
det(M(A) —e27) =0
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I
zx

FIGURE 2. The spectral band functions A, (1) for m € {0,+1, £2, £3} plot-
ted versus the quasiperiodicity-parameter | € (—%, %] The integer values
m € NN generate the band functions above m?, whereas m € —IN generate
the band functions below m2. The band functions with indices m, —m meet

atm? forl = 0.

I+

FIGURE 3. Besides the /-dependent Kirchhoff vertex conditions we require
continuity of the functions f; , in x = 7 and periodicity between x = 0 and
x = 27.

we obtain the defining equation for A(I) as

2
(13) Am(l) = <% arccos <é(8cos(2nl) + 1)> + m) , meZzZ

where m € Z is therefore the natural index-set for Ay, (I). In Figure 2 we illustrate the
band-gap structure of the spectrum by showing the first seven band functions I — A, (1)
for m € {0,£1, £2, £3}. Notice that we have in particular

(14) Aﬂz(l> _p arccos(=7/9)  arccos(~7/9)’

2 T o MEs
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Alternatively to the quasiperiodic Bloch waves ¢ = g(I, x) one can also consider func-
tions f = f(I, x) by setting

11

(15) f(Lx):=e™g(l,x), xeT,le (_5’5

Since the quasiperiodicity of ¢ implies periodicity of f we find that the functions f(I,-) =
(fo, f+, f=)(1,-) solve the periodic eigenvalue problem

16) (i f(,x) = ADf(Lx), x e Tand f(lx+27) = f(L,x)
subject to continuity (here we use periodicity)

W Al =flm) =), foll0)=fr,2m) = f-(1,27),

and /-dependent Kirchhoff boundary conditions (here we use periodicity), cf. Figure 3

) G +iDfo(l,m) = (3 +il) fr (L) + (& + i) f- (L, 70),
(& D) fo(1,0) = (AL +il) f(1,27) + (AL +il) f—(1,2m).

In view of (17) we can rephrase (18) as

9 DPumy=Tram s Cn, Y0 = Priom+ U on)

We shall define — (4 + il)? on a suitable domain, which will be a subspace of

Le(T) = {f:T>C: fin€L2(Uj,) and fiu1 = fju¥n € Z, j € {0,+}}

with scalar product

27

_ T 27 - N
(20) U Bpers = / Fhdx = / fohodx + / Fihrdx+ [ foh_dx
T27T 0 7T 7T

and norm

Hf”%)er,Z - <f/f>per,2
for f,h € L2, (T). If we set

per
D((% + 11)2) — {f e leaer(r) . f]',o c HZ(I]/())\V/] c {O, j:} and (17), (19) hOId}

then by direct verification one sees that — (L +il)? : D((4& +il)?) C L%er(l") — L%er(l“)

is self-adjoint with discrete spectrum consisting of the eigenvalues {A,,(1) } ez given by
(13).
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3.2. Bloch transform and Plancherel’s identity. The Fourier transform on the real line
diagonalizes the Laplacian with the help of the generalized eigenfunctions ¢¢*. A Fourier
transform on the necklace graph cannot be properly defined due to periodic branching
of the graph. However, the Bloch transform is a suitable substitute that will also diago-
nalize the Kirchhoff Laplacian on the necklace graph. For a function u € L2(T), its Bloch
transform i : R x I' — C is defined by

(21) a(lx) == Y u(x +2mn)e 0 +2m)
nez
By construction, i is periodic in x and semi-periodicin/, i.e.,

(22) a(l,x) = a(l,x+2mr), a(l,x)=a(l+1x)e",
and supp(ﬁj) C Unez Injforj € {0,+,—}.
Lemma 3.1. The Bloch transform is an isomorphism between

L*(T) and L*((—3, 3], Ly (T))

with the inverse given by
1

(23) 1 (x) = /_ L elal,x)dl, je {0+, -}

2
In particular, Plancherel’s formula

(24) (1,0} = / “(a(l, ), 501, ) ) perp dl = (7, 5),

holds for u € L2(T).

Remark 3.2. For u € HY(T) we have |94, = H%M = ||(L +il)il|p. Foru € D(A) we
have ﬁ( l) € D((dx +il)?) for all 1 € (—%,1], and thus, if additionally v € L2(T), then

dxz, f_{ (L +i1)%(-,1),5(-, 1)) perp dl.

3.3. Expansion in eigenfunctions of the Laplacian. Since for every fixed | € (—%
operator — (4 + il)? is self-adjoint on D(— (L +il)?) C L%er i
L2-normalized eigenfunctions qu(l ) = ¢m(l,x) of — (L 4 il)? as follows

(25) =Y du()pm(l, x)

meZ

3], the
1,

‘) in

(T') we can expand 7 (

with coefficients i, (1) = fT27‘r i(l,x)pm(l,x)dx € C, m € Z. In particular this expansion
diagonalizes the Kirchhoff Laplacian in the following way for u € D(A):

d? d
(26) — Wu(x) = (d +i1)? = Y n(D)Am (D (1, x).

meZ.
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Using (24) and Remark 3.2 we obtain

@7) = [ T P, 1205~ [ F 1an P

2 meZ 2 me-Z.

The eigenfunctions ¢, (I, -) can be chosen in such a way that they depend in a measurable
way on [, cf. [25, XIIL.16, Theorem XIIL.98]. As a consequence of the min-max principle,
the eigenvalues then also depend on | measurably.

The result stated next, which will be used in a crucial way when we study embedding
properties cf. Theorem 4.3, is about the uniform boundedness of the 27-periodic eigen-
functions and follows from a result in [13].

Lemma 3.3. The 27t-periodic eigenfunctions ¢y, (1, -) of the operators — (dix + il)?, normalized by
lpm (L, ) HL%W(F) = 1, are uniformly bounded in m,l and x, i.e.,

12
(28) ||‘Pm(l/')||L°°(r) < ﬁ
Proof. On each edge I, ; withn € Z and j € {0, +, —} we see that the function ¢, (I, -) :=
Pm(l, ')eilx’Tn,j satisfies —¢"" = A, (1) on an interval of length T with Ay, (l ) > 0. Hence

we may apply Theorem 2.1. in [13] and obtain H4)||Loo(l"n \/2? 1l r2(r \1/2% O

4. THE FUNCTIONAL ANALYTIC FRAMEWORK FOR BREATHERS

Since we are looking for time-periodic solutions of (1) it is natural to make an ansatz by
Fourier-expanding w.r.t. time

(29) u(x, t) =Y, ug (x) ekt

kexZ,44
where w = 27/T is the temporal frequency, T the temporal period of the ansatz, and
K € Zyy is an integer to be chosen later. For u to be real we require 1y = u_j for all
kK € Zo44, and furthermore we require the symmetry u; . = uy_, i.e., the coefficient
functions uj are symmetric w.r.t. the upper and lower semicircles of the necklace graph.

Aswe shall see, T will be chosen as an integer fraction of 47t so that all our solutions will
be 47t-periodic. For reasons we will explain later here we have chosen k € kZ,;; C Z,44
instead of k € Z. This implies that u is %-antiperiodic in time, which is compatible with
the odd nonlinearity in (1). The above ansatz decomposes the Klein-Gordon operator
L = 9? — 92 + a into a family of shifted Kirchhoff Laplacians

d2
dx?
with domain D(L;) = D(A)symm. Notice that the symmetry between the upper and
lower semicircles of the necklace graph is built into the domain of the operator L. Then,
Ly : D(Ly) C L*(T)symm — L?(T)symm is again a self-adjoint operator. However, now
Ly has lost its discrete spectrum, since the discrete eigenvalues (of infinite multiplicity)

(30) L= —— —w’k*+a, kExZyu,
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from Section 3.1 have eigenfunctions which are antisymmetric w.r.t. to the upper/lower-
semicircles. Moreover, the quasiperiodic eigenvalues of Ly are given by Ay, (1) — w?k? + a
with Ay, (I) from (13). For I # 0 the quasiperiodic eigenvalues have multiplicity one and
the corresponding eigenfunctions ¢, (1, -) in the expansion (25) are symmetric w.r.t. the
upper/lower-semicircles. For I = 0 the quasiperiodic eigenvalue is in fact a periodic
eigenvalue given by m? — w?k? + a with m € Z and without symmetry restrictions it has
multiplicity three. One periodic eigenfunction is antisymmetric with ¢g = 0 on I';, 9 and
¢+(x) = £sin(mx) on T, . Two linearly independent symmetric periodic eigenfunctions
are given by ¢o(x) = 2sin(mx) on I'y o, ¢+ (x) = sin(mx) on 'y, + and ¢o(x) = cos(mx)
on Ty 0, p+(x) = cos(mx) on Ty 1. By applying the symmetry, the operator Ly has only
continuous spectrum where the quasiperiodic eigenvalues Ay, (1) — w?k? + & have multi-
plicity one for I # 0 and multiplicity two for [ = 0. Our choice of &, w and « will be such
that the following key assumption is satisfied

(Spec) 0¢ |J o(Ly)
kexZ 44

where (L) is the spectrum of Ly. Knowing the structure of the spectrum of L in terms
of quasiperiodic Bloch eigenvalues the condition (Spec) is equivalent to

(31) 6" = inf (‘Am(l) — w?k? —|—zx’ e (—%,%],m €Z,ke KZodd> > 0.
The associated semi-bounded, closed, Hermitian sesquilinear form of Ly is given by
(32) by, (v,w) = / V' + (—w?k® + a)vw dx

r

with domain D(b,) = H!(I)symm. Functional calculus, cf. [24, Chapter VIIL6], also
provides the bilinear form by, : Hcl(lﬂ)Symrn x H} (T')symm — C and (27) implies

(33) by, (v,w) = T (D W (1) (A (1) — w0k + ) dI,
2 meZ
(34) by, (v,w) = /21 (DB (DA (1) — WK + | dI
T2 meZ

forallo,w € H}(F)symm.
Definition 4.1. Define the Hilbert space H by

(35) H = {u — Z ukei“’kt DUy € Hcl(F)Symm, U = u_ Vk € kZ,gq with ||ully < 00}
keKZOdd

and where the norm is given by

3= Y bpgeu) =" L T @) PAn(l) — 0 + L.

1
kEKZOdd T2 meZ keKZodd
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Remark 4.2. Let us explain why there is a dense subset of H, whose members have compact

support. First note that functions u = Y rexz,,, Uke ekt with uy, € Hcl(l”)symm and 1w = u_y for
K| <K

all k € KZpaq with |k| < K and K € N arbitrary, are dense in H. Since H}(T)symm-functions

can be approximated by functions with compact support, the claim follows.

On the space H we define the functional

T 1
Tl = % b i) F 53y [ [uCe o dxr

keKZodd

and we shall apply critical point theory from variational calculus to show the existence
of u € H such that J'[u] = 0. This function u is then shown to be a weak solution of (1)
in the sense of Definition 1.3. In order to have | as a well-defined Fréchet-differentiable
functional we need to show the embedding from # into LP™!(T x Tr), where Tt is the
one dimensional torus of length T. This is shown in the subsequent embedding theorem.
The abstract condition on the quasiperiodic Bloch eigenvalues is validated afterwards in
Lemma 4.5 by the particular choice of the admissible values of « and the frequency w.

Theorem 4.3. Assume that (Spec) holds and suppose o > 1 and K € xIN,,, is such that
(36) / Y (D) — w?k% + |~ dl < oo,
2 meZ keKZodd
|k|>K

Then there is a continuous embedding H — L1(T x Tt) for q € [2, 2%5], and for any finite
subgraph Iy = @/, <N the embedding H — L1(T'y x Tr) is compact.

Proof. First note that (Spec) implies the embedding H — L?(T x Tr).

For s E [1,00) let L¥(kZ,44 X Z % (—3, 3]) be the space of measurable maps 1 : kZ,44 X
Z x (—1,1] — C withnorm

=[5 X Ik

2 mEZ keKZodd

NI—=

Then the map

1
T u — u with u X, t /21 Z Z (ﬂk)m(l)cpm(l/ x)ei(lx+wkt) dl

2 mezZ keKZodd

is an isometry from L2(kZ,44 X Z x (—3, 3]) to L?(T x Tt) by (27). It extends as a bounded

t
linear operator from L!(kZ,4g x Z x (—%,1]) to L®(T x Tr) if we make use of Lemma 3.3
and estimate as follows

wOl =1 [ 8 T @n@ul et

2 mGZ keKZodd
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/ D DRICAMOET!

2 mez kGKZ odd

14

By applying the interpolation theorem of R1esz Thorin we see that 7 extends as a bounded
linear operator from L (kZygq X Z. X ( 3 2]) to L"(T x T) forall € |2, 00]. Next we fix
q as in the theorem and first split il = ii; + tip and then u = u; + u» as follows

ur(x,t) =T (@) (x,t) = Y ug(x)e™™

kEKZOdd

K .
up(x,t) = T(a)(x, 1) = ), wﬁ—/ Y X @) u)pm(l,x)e R gl
kGKZOdd 2 meZ kEKZOdd
|k|>K k|>K

For the u;-part we use that (Spec) implies that b‘ Ll (ug, uk)% is equivalent to the H'-norm
of u; so that we have the estimate

1 K
<TT Y, Nl <C Z (byr, | (i 1))

k=K
kEKZodd

NI—=

|11 ||Lq*(r><er)
ke;zodd
1

2

K
< C(K) kZ b (ueur) | = C(K)|[ua]ly < C(K)|[ull-
=—K

ke;iodd
For the up-part we use the Riesz-Thorin result for 7 with r = g 2#'1 and Holder’s

inequality and get
7
||u2||Lq*(rXTT)
< CHﬁZHq !
= c/ Z

2 meZ kEKZodd
|k|>K

(Zaaa < Z(~3,3))
Y @007 A1) — Beo? + ] T[4 (1) — Beo? + a7 al

*/

_ 9
<CH”HH / Y Y Aw(l) — KRo? a0 dl ,

2 meZ keKZodd
|k|>K

where the last integral-sum over |A, () — k?w? + a| =7 is finite due to our assumption
(36). This establishes the continuity of the embedding 7 oS : H — L7 (T x Tt), where
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Su := (ﬁk)m ( l)) kexZommeZ,ie(~ 1] The continuity of the embedding extends to all values

q € [2,q9%]. Concerning the local compactness of the embedding for q* we proceed as
follows. First, we truncate the embedding 7 as follows:

T : 1 — uwith u(x, t) / Z 2 (D) (1, x)e! ekt gp.
2 m=—M k=—M
kexZ 44

One can then verify that in the operator norm 7j1 — 7 as M — co. Then we inspect the
truncated embedding and we show that 73; o S maps H continuously into H}(T x Tr)
which then embeds compactly into L(I'y x T7). Thus the limiting embedding 7 o S =
limp1—ye Tm © S has the same local compactness property. It remains to show that 7j; 0 S
maps H continuously into Hl(F x Tr). We use the estimate |\, (I)| < L(M) forallm € Z
with |m| < Mand alll € (—3,3]. Ifw = Tp 0 Su with u € H then

1 M M
2 _
0oy =T [, X X (@)n(PAn(t)dl
“2m=—M k=—M
kEKZodd

< LM )HuHLz mrT) < C(M)ully,

Py =T [° 3 L (@m0

2 m=—M k=—M
kEKZodd

< M2 [[ull2ppop,y < CM)[Jull3

which is what we claimed for 7Ty o S. The continuity of the traces at the vertices is passed
on from ¢y, (1, -)e!!"*“k) to w since on each finite subgraph w = (T o S)(u) is a Bochner-
integral.

Lemma 4.4. A sufficient condition for the convergence of (36) is that for sufficiently large K &
KINogq
(37)

= inf (‘\/ \/wzkz—oc’ —%,% m € Z,k € k2,44 with |k| > K) > 0.

Proof. We assume K so large that w?|k|?> > a + ag for some &y > 0 and all k € xZ,4; with
|k| > K.

Next we make the following observation: if 6 := dist(A,Z) > 0 and ¢ > 1 then there
exists B = B(c) > 0 such that },,cz |A —m|™" < B+ 7. In particular B does not
depend on A or 6. This can be seen as follows: let my € Z be such that § = |A — my].
From the inequality § < 1 < 1 < |m —mg| for k € Z\ {my} we find that |[A — m| >
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m—mg| —|A—mp| = |m—mg| — 8 > L|m —mp| form € Z\ {mo}. This implies
Y lA-—m|77<5 7+ Y. 27 m—mp|°

mez meZ\{mo}
—B i
as claimed.
From (13) with
(38) a(l) = La1rccos(1(8cos(27rl) +1)) € [0,1)
27T 9 2

we use the representation /A (l) = m+a(l) if m > 0, \/A = —m —a(l),m < 0and

in particular /A, (1) > % for m # 0. Next we estlmate the sum in (36) with the help of the
above observation as follows:

/ YO () — K+l dl

ZWIEZkEKZOdd
|k|>K
1
g/ ‘m+al)—\/w2k2—zx‘ )m+a +\/w2k2—¢x‘

2 meNy kezodd
|k|>K

+/ Y X |mal) vk —a| |m—a) +ve2k2 | a

2 meNkeZ, 44

k[>K 21/220
—0 212 _ \—0/2
<2(677+B) ), (wk” —a) < o
kEZyy4 >ap
|k|>K -
which proves the claim. [

By the previous lemma we can finally give specific values of a and w for which both
(Spec) holds and (36) converges.

Lemma 4.5. Let w = "2—0, a € [0, A] for some A > 0and kg € Nyyy. Then we can choose
x € INygg sufficiently large (depending on A) such that both (Spec) is true and the embedding
H — LI(T x [0,47]) holds for every q € [2, ).

Proof. We use the representation Ay, (I) = (m + a(l))? for m € Z and a(l) as in (38). I

particular 0 < & := 1 —2a(3) < 1—2a(l) forall | € (—%,1]. Next let us consider the

expression v w?k? — a for k € kN, (w.l.o.g. we can restrict to positive integers k). By the

mean value theorem there is ¢ € (1 — k‘;—%, 1)c(1- %, 1) such that

kko 4 k 4 kk(] 0 kk() 5()
\/wzkz—a:—ﬂl——: W, A Y
2 k2k3  kkoE T K\E 2
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provided « € IN,4, is chosen sufficiently large. In order to show (31), which is equivalent
to (Spec), and (37) from Lemma 4.4 we distinguish two cases for m € Z.

Case 1: |m| > k2ﬁ Since m is an integer and kky is an odd number, we see that |m| > kk02_+1
and consequently |m + a(l)| > |m| —a(l) = |m| — 3 + 3 —a(l) > kko + so that
k2k3 S 03 ka2 0
Au(l) — %+ a| = |m+a()]? — 0?,* +a > 20 + kkg = 0 0 4> g2,
4 4 4 2
Likewise

2[1/Am(l) — vV w?k? — a| > 2|m + a( ”_k%+kk¢_
> 2|m| —2a(l) — kkog > 1 —2a(l) > .

Case 2: |m| < kzﬁ Then |m| < kk"T_l and

k23 K2k
A1)~ @ 4 o] = 0 —a— (- a(1) 2 0 (] + (1))
k*k3
= T —a—m?—2|mla(l) — a(l)?
> Ky — 411 — (kko — D)a(l) — & — a(1)?
— kko(1—a(l)) — > + a(l) —a(l)? —a
4 L o~
>0 <1/4
1 1 5o
> — A > Kby — = — A> k2
> kko(1—a(l)) 5 a > Kkdy 5 A_K2
provided x € N,y is chosen large enough. Similarly
/ T o
9o
>1-2a(l) — ——= > —
- a(l) - K\/E 2
provided « € IN, 4, is sufficiently large. O]

Due to the assumption (Spec) there are two spectral projections PkjE HY(T)symm —
H! (Iﬂ)Symm and two further projections P* : H — H*. By Lemma 4.5 we know that

An() — @ +a >0 < |m| > “{lkOT—Fl
and
|k|ko —1

An(D) =>4+ 0 <0< |m| < >
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Therefore for v € H} (T ) symm with

T2 me”z
we have
1
j .
vt i=Pv= ¥ 2 ﬁm(l)(pm(l,x)ellx dl,
2 me-.
| |>\k\kg+1
3 .
v =P v :/ ) ) G (1) (1, x) e dI
-2 mez
| < g1
and thus H! (T)symm = H{ (1) §mm © He (T)symm- Likewise, for u € H with
u(x, t) =Y, g (x)ekw
kEKZodd

we can now explicitly write down the spectral projections by
ut=PFu= Y PFup(x)e™!
kGKZOE]d

and hence H* = P*H with P* having the above explicit representation of the projection
operators.

5. EXISTENCE PART OF THEOREM 1.1

In this part we closely follow the existence proof given in [10]. However, compared
to [10] Theorem 4.3 and Lemma 4.5 provide improved embeddings which allow us to
simplify the arguments. Let J: H — R be given by

JTu} = Jolu) F Jiu]
with
Jo[u] := B(u,u) := 2 br, (ug, ug), Ji(

kGKZodd

i}

2 T
) = _/ /|u(x,t)\v+1dxdt.
p+1Jo Jr

Here, F in the definition of | corresponds to the sign &+ in (1). By Lemma 4.5 and conse-
quently Theorem 4.3 the functional | is well-defined on H. We will find a time-periodic
solution of (1) as a minimizer of the functional | on the generalized Nehari manifold de-
tined as

M={ueH\H :J[u](u) =0and J'[u](v) =0forallv € H }.

The idea to use M as a constraint for minimization goes back to [18, 19] and in its general-
ized form to [20]. It was then systematically explored in an abstract form in [28]. One finds
that M is a natural constraint in the sense that it does not generate Lagrange multipliers.
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We make use of an abstract result from [28] that guarantees the existence of minimizing
sequence for an indefinite functional | on M. For this purpose we check next the assump-
tions of Theorem 35, Chapter 4 from [28].

We first treat the “+"-case in (1). At the end of this section we explain how the ”—"-case
can be treated. Moreover, for u € H we set

Hu)=RTudH =RTutaoH,

where Rt = [0, c0). Finally, let S denote the unit ball in H and define ST := SNH™. By
standard calculations (compare Proposition 1.12 in [29]) we deduce | € C'(H) and

J1ul(e) = Jolul(0) ~ Ji[u)(0) = Blu,0) — [ [ultNumdvat.
We start verifying the assumption (Bj), (i) and (ii) of Theorem 35 in [28].

Lemma 5.1. The following statements hold true:
(a) ]1 is weakly lower semicontinuous,

1
(39) RO =0 and JJiful(u) > hilu] > 0foru # 0
(b) lim,_,o IIHH] = 0 and lim,_,9 ||h[|\2] =0.
(c) For a weakly compact set U C H \ {0} we have lim; ]15[2”] = oo uniformly w.r.t.
ue U

Proof. (a) The inequality in (39) follows from p > 1. The weak lower-semicontinuity of J;
follows form convexity and the continuity of the embedding # — LF1(T x Tr).

(b) Both claims are immediate by the embedding provided by Theorem 4.3.

(c)Let U C H \ {0} be weakly compact. To prove the claim it is sufficient to show that

for every sequence (u,),enN in U and every sequence s, — oo we have liminf, ¢y % =

co. Up to a subsequence we have that u, — ua.e.inI' x Trasn — coand u # 0 on a set
A C T x Tt of positive measure. Clearly
|spttn(x, £)|PH1

lim > >— =00 ae on A
n—oo 21, (x, 1)

so that by Fatou’s Lemma

i’ p+1
lim in f]1 [Suttn] > hmmf suttn (%, 1)] un(x,t)2d(x,t) = 0.
neN s2 neN s2uy(x, t)2

Assumption (B;) of Theorem 35 in [28] is guaranteed by the next result.

Lemma 5.2. The following statements hold true:
(a) For each w € H \ H™ there exists a unique nontrivial critical point my(w) of J|3(q)-
Moreover, my(w) € M is the unique global maximizer of ] |3y, as well as J[my(w)] > 0.
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(b) There exists § > 0 such that ||my(w) ™|y > 0 forallw € H\ H ™.

Proof. (a) We can directly follow the lines of proof of Proposition 39 in [25].

(b) First, consider v € H*. Then we have lim,_, JIL — 1 due to Lemma 5.1 (b). Thus

loll7,
there is pg > 0s.t. J[v] > 3||v||3, forallv € HF with |[v]% < po. Hence for p € (0,p0) we
find y = 72 with J[v] > 5 forallv € Ht with ||v|| = p. Now, letw € H \ H ™. Due to the
structure of | we infer that
(40) [ (o) 13, 2 Tl (w)].

Since m1(w) is the maximizer of ]|y, we conclude

) (@) >  [pr
Jim ()] = || >
1 Tt Te) ="
and the combination of (40) and (41) finishes the proof of part (b). (]

Lemma 5.3. Any Palais-Smale sequence (i, )neN of | is bounded.

Proof. The following proof is similar to the proof of Theorem 40 in [25].

Step 1: Suppose for contradiction that (i, ),cN is an unbounded Palais-Smale sequence for
J. By selecting a subsequence we may assume that ||u,||y — oo and that v, := u,,/ ||ux||%
has the property that v, — vasn — co. Note that

) o< ] hllt o]
4l a3,

If v # 0 then we can apply Lemma 5.1(c) to the weakly compact set U = {v, : n €

Jullltn]|3¢0n]

([ 13,
This is not compatible with (42) and hence the weak limit is v = 0.

Step 2: Next, let us show that v;} — 0in LP*}(T x Tr) is impossible. Since J; > 0 we
conclude from (42) that ||v;||3, < ||v;} ||3, which together with v, |13, + [[v |3, = 1 im-
plies that |[v;} |2, > 1/2. Since v, is a positive multiple of u, (which itself belongs to M)
Lemma 5.2(a) together with [|v} ||, > 1/2 imply that for any s > 0

= lloif 113, — o 113, —

IN} U {v} which does not contain 0 and find that the expression — 00 asn — 0.

g2 2|g|P+1 11
@) T = fsod] = Rt - i) = 5 = 2 o1

The left hand side is bounded since (u,),enN is a Palais-Smale sequence. Thus, choosing

+1 .
ZPH(FXTT) — 0asn — ooin (43).

Step 3: Shifting v;. By Step 2, i.e., v, not converging to 0 in LP™(I" x T7), Lemma 5.5
applies and we find § > 0, a sequence of integers (11,,),cN and a subsequence of (vy,),eN
(again denoted by (vy),eN) such that

s > 0 large, we cannot have ||v;! ||

(44) / o} [2dxdt > 6 > 0 foralln € N.
l"m,,x"JI"T



BREATHER SOLUTIONS ON A PERIODIC METRIC GRAPH 21

Next we shift v} in such a way that we can make use of compact embeddings for the
shifted sequence. To this end we define new functions v}, by

v (x, 1) == vy (x + 27Tmy, ).

Note that shifting does not change norms in ‘H and shifting commutes with the spectral
projections P* since the operators Ly are shift invariant, i.e., vy = v, Then (44) entails

/ |v?;'+|2dxdt:/ | [2dxt > S foralln € N.
roxTT mnX T

We know that (up to a subsequence) v;, — v* € H as n — oo. The compact embedding
into L2(Ty x Tt) from Theorem 4.3 yields 10" N 2rxmy) # 0, i€, " # 0 and hence
v* # 0. This, however, contradicts the observation v* = w-lim,_, v}, = 0 from the
beginning of the proof. This contradiction finishes the proof of the boundedness of Palais-
Smale sequences of J| 4. O

Finally, we can turn to our overall goal of this section and verify the following statement.

Theorem 5.4. The functional | admits a ground state, i.e., there exists u € M such that J'[u] =0
and J[u] = infoe g J[0]
The proof requires the following variant of a concentration-compactness Lemma of

P. L. Lions, cf. Lemma 1.21 in [29] for a similar result in Sobolev-spaces. Its proof is
given in the Appendix.

Lemma 5.5. Let g € [2,00) be given and let (u,),en be a bounded sequence in H and

(45) sup |un|Tdxdt — 0asn — oo.
meZz me"ﬂ"T

Then uy, — 0in L1(T x Tr) asn — oo forall § € (2, 00).

Proof of Theorem 5.4: Conditions (B1), (B2) and (i) and (ii) of Theorem 35 in [28] are fulfilled,
and only (iii) does not hold, so that | does not satisfy the Palais-Smale condition. As a
consequence, Theorem 35 in [28] only provides a minimizing Palais-Smale (u,,),en in M
with J'[u,] — 0 as n — co. Lemma 5.3 guarantees that (1, ),eN is bounded. Thus, there is
u € H, and a subsequence (again denoted by (u,),en) such that u, — 1 asn — co. We
now proceed in four steps:

First claim: J'[u] = 0. Let k € Z,44. By Remark 4.2 it is enough to check J'[u](v) = 0 for
v € ‘H with compact support. For such v we conclude by weak convergence that
Jolun](v) = B(uy,v) — B(u,v) = Jo[u](v) asn — oo
and due to the compact support property of v and the compactness of the embedding
H — LPT1(Tx x T), 1 < p < oo, for any compact subgraph I'y C T, cf. Theorem 4.3, we
obtain

Rlud @) = [l o dxt > [u](o) asn — eo
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Combining the two convergence results we deduce J'[u] = 0. Note that this chain of
arguments only uses that (u,),en is a Palais-Smale sequence for | and not u, € M.

Second claim: Here we show the existence of a new Palais-Smale sequence (vy),eN
such that J[v,] — infy ] and that its weak limit v belongs to M (we do not claim that
vy, € M). For this purpose we can repeat Steps 2 and 3 from the proof of Lemma 5.3.
First we obtain that u;} does not converge to 0 in LP*!(T" x Tr). From this we obtain (via
Lemma 5.5) that

(46) lim inf sup |u, |2 dx dt > 0.

n—oo mez rmXTT
Therefore we find 6 > 0, a sequence (1, ),cN in Z and a subsequence of (u,),ecN (again
denoted by (uy),en) such that

(47) / u |>dxt > 6 > 0foralln € N.
anx"ﬂ”T

Setting
Un(x, 1) = uy(x + 27tmy,, t)

we obtain that (v, ),cN is again a Palais-Smale sequence for | with limy, e J[0,] = Infpy |
and (as in Step 3 of Lemma 5.3) that

/ o [2dxdt > 6 > 0 foralln € N.
r()XTT

By making use of the compact embedding to L?(Ty x Tr) from Theorem 4.3 up to a sub-
sequence we find that v, — v € H as n — oo with v # 0. The property J'[v] = 0 follows
from the first claim. It remains to show v # 0. Assume by contradiction that v = 0, i.e.,
v = v~ . By testing J'[v] = 0 with v we infer

oI = [l axa,
T

a contradiction since the two expressions have different signs. Thus, v € M.

Third claim: v minimizes | on M. Since v € M we obviously have J[v] > inf J. Since
for a suitable subsequence v, — v pointwise a.e. on I' x Tt the reverse inequality is a
consequence of Fatou’s Lemma as follows:

. T . ]- ! _ p_l . p+1
inf) = Jim Jloa] = 3 lenl(0n) = 277 Mim, [ Jeal™ divdt
p— 1 +1 1 !
> p = —_ = = .
2P0 o e dxdt = o) = 51l (0) = Jlo

Fourth claim (infinitely many critical points): It remains to show the multiplicity re-
sult. Recall that Lemma 4.5 and hence Theorem 4.3 guarantees the embedding of H into
all L7(T x T)-spaces for 2 < g < oo provided ¥ € N,z is chosen sufficiently large.
Here xZ,;; selects the admissible frequencies kw with k € xZ,;; in the Fourier expan-
sion in time of elements in H. These elements are then 27”-antiperiodic in time. If we
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consider our construction of a minimizer of J| for all sufficiently large ¥ € N, then
we obtain a sequence of minimizers (ux)xen,,,, and in particular u, # 0. Some of the
elements in this sequence may be equal, but we will see that infinitely many are mu-
tually different. For this purpose, assume for contradiction that the set of minimizers
{ux : © € Ny, sufficiently large} is finite. But since u, — 0 as k — oo and none of the
is equal to 0 this is impossible. This contradiction shows the existence of infinitely many
distinct critical points of the function | and finishes the proof of the theorem. O]

7.

Remark 5.6. Let us explain how the case of "—" in (1) can be treated. In this case one keeps the
functional ]y but replaces Jo by —Jo and flips the spaces H* and H~. Since ]y is an indefinite
functional this is without relevance for the proof strategy. All proofs of this section can be carried
over with no change.

6. REGULARITY PART OF THEOREM 1.1 AND THEOREM 1.4

Here we first prove the regularity part of Theorem 1.1. The claimed regularity follows
from Lemma 6.2, where we show that every critical point u € H of the functional | is a
weak solution u € H!(T x Tr) of (1), and from Lemma 6.5, where we show that weak
solutions belong to H?(T' x Tr) and are strong solutions which fulfill (1) pointwise a.e. as
well as the Kirchhoff conditions (8). Finally, we show Theorem 1.4.

We begin by first analyzing solutions of the linear problem

(48) Lo=f with L = 97 — 9.

Here we let f € H', setv(x,t) = Yz, v (x)e*“t and consider a solution v € H of (48)
in the sense that

Y. br(on ) =(f,¢) forallpeH

kGKZDdd

where (-, -) is the duality bracket between H' and H.

Lemma 6.1. For f € H' there exists a unique solution v € H of (48) with ||v||ly = ||f |3 If
additionally f € L*(T X Tt)symm then v € HX(T X T )symm, |10l g rwry) < Clfli2arsrs)
and v satisfies (48) in the sense that

! d _ [ d 1l 1
/0 /F(—vtc,bt+vx¢x+ocv<p) (x,t)—/o /rf4> (x,t) forall ¢ € H O HLT X T1)symm-

Proof. The splitting H = H* & H ™~ transfersto H' = (H1)' @ (H )" and hence f € H' can
be splitas f = f + f~ with f= € (H*)". If we denote by (-, -)3 the inner product in H
then by the Riesz representation theorem there exist v* € H* with (v*,¢)y = +(f*, )
for all ¢ € H. Hence

Y (o) = (07 ¢ ) — (0, ¢ )u="_f"9")+(f,¢7) = (f.¢)

keKZodd



24 DANIELA MAIER, WOLFGANG REICHEL, AND GUIDO SCHNEIDER

for all ¢ € H. This finishes the existence part of the lemma. If we know additionally
f € L*(T' X Tt )symm then using the Floquet-Bloch-Fourier expansion we have

1

fet) =78 ¥ GnDgu(l,x)e = al

2 kEKZodd meZ

and hence
1 ~
2 (f)m (D) i(Ix+wkt)
(49) o(x, 1) = / (L, x)e dl
7% kegodd m;z /\m(l) - k2w2 +a "
=v1(x,t) + va(x, 1)
where

1

vi(x,t) = /21 Z Z Am(lgfi);{nz(lw)z - “(Pm(l/ x)ei(lx—i-wkt) dl

-2 kGKZodd meZ
k| <K

vz(x,t) — /21 Z Z Am(lgfi)lr{nz(i)z - chbm(l’x)ei(laﬁ—wkt) dl

2 kEKZadﬂl meZ
|k|>K

and where K is chosen so large that k?w? — a > "22—“’2 for |k| > K. Clearly, by (Spec) we
have |A (1) — K2w? + a| > 6*. Additionally, if [k| < K and |m| > mg(K) then |A,(I) —
Kw? + a| > 8o(Am(l) +1). For |k|] < K and |m| < mg(K) then the same holds by (Spec)
by possibly diminishing éy. Hence for all [k| > K and all m € Z we have |A(I) — k*w? +
a|> > 650(Am (1) +1). Thus

; FmD)P
oorlarry =T [, T 8 i e rar

2 kEKZOdd meZ
\k|<K

S Y I ARG

2 keKZodd mEZ
k| <K

and

1 ~
2 l)|2)‘m(l)

a v T/2 |(fk)m( dl

|| 1||L2 FXTT) 7% kegodd meZ ’/\m(l) - k2w2 + DC|2

k|<K
1
T =

2
< o 55 / Z Z | fk |2dl
0 2 kexZ,30 meZ
|k| <K
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In a similar way for v, we can use the estimate (37) of Lemma 4.4 for the lower bound
A (1) = K2w? + al? > 82(\/An(l) + VK2w? — a)? so that

T |<fk> ()P
9102 < / di
I HL2 (DxTr) = 52 2 kEKZZ:odd m;z VAn(l) + View? —a)?
|k|>K
1

S D M MT AU

-2 keKZodd meZ
|k|>K

and

T [z |(fk) (DPAm (D)
19x02[7 < / di
AT = 52 -3 kegodd m;Z (VA () + VK202 — a)?
|k|>K

<5 [T TGP,

2 keKZodd meZ.
|k|>K

2 2
so that altogether we have |\atv||i2(mm < (K5*2 + (52)|]f||L2 I'xTy) and ||axv||%2(rxTT) <

b 2|2 L2(I'xTy) . Our calculation also shows that v given by (49) is an H!(T'y x Tt)-Bochner-
mtegral for every compact subgraph I'y. This means that for a vertex P with adjoining
edges I'p, ', I'_ we know that trace v (-, t)|x—p,, trace v(-,t)|y—p, and tracev(-,t)|,—p ex-
ist. Since for any of theses traces we have (due to the properties of the Bochner integral)

trace v (-, t)|y=p —/ (fk)m(l) trace (<pm(l,')ei(l'+Wkt))|x:p dl

2 kex”Z odd TI’ZGZ (l) - kzwz + X

the equality of the three traces at the vertex P is passed on from ¢, (1, el +wkt) 1o the
solution v. Hence v € HC1 (T x TT)Symm, and therefore it is easy to verify that

Z bLk(vkr (Pk) = /()T/l“ (—Ut(Pt + UxPy + IXZ)QD) d(x,t) for all ¢ € H N I‘IC1 (F X TT)symm-

k€exZ a4
This finishes the claim. U

The next lemma transfers the linear result to the nonlinear regime.

Lemma 6.2. Let u € H be a critical point of the functional J. Then u € HX(T X Tt)symm and u
satisfies (1) in the sense of Definition 1.3.

Proof. The proof consists in applying Lemma 6.1 to u with f = 4-|u|P~'u. Note that f €
L?(T X T1)symm because u € LI(T X Tr)symm for all g4 € [2,00) by Lemma 4.5. Any
time periodic test function ¢ € H!(T x Tr) can be split into a symmetric part belonging
to H (I X Tt)symm and a corresponding antisymmetric part. Whereas testing with the
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symmetric part is covered by Lemma 6.1, testing with the antisymmetric part trivially
yields 0 in every integral. O

In order to reach higher time regularity we apply the method of differences and define
for u € H and h # 0 the function

u(x, t+h) —u(x,t)
p :

Dyu(x,t) :=
Note that Djyu € H.

Lemma 6.3. Let v € H.
(i) Ifv; € L*(T x Tr) then HDhUHLZ(Fx"JFT) < ||atU||L2(rx1rT)-
(ii) If supy,~q | Duoll 2(r ) < o0 then dpv € L2(T x Tr).

In both cases Dyv — 9;v in L>(I' x T1) as h — 0.

Proof. The estimate in (i) follows from |e®* — 1| = 2|sin §| < |s| and thus

dt

2 , T | gikw(t+h) _ ikt |*
R S A sy | i
kexZ 44

< Y ol TR = 190 Ly
kexZy4q

Moreover, by dominated convergence we find that

, , T [eikoltth) _ gkt 2
1Dy~ 30lapryy = L HkaLZ(F)/ - — ikewe™ | dt
kexZ 44 0
. 2
T ezkwh_l .
- v Hvkuiz(r)/ C— —ike| dt—0
keKZodd 0

as h — 0. In case (ii) there is a weakly convergent subsequence Dj, v — w in L*(T x Tr)
as n — 0. Starting from the identity for ¢ € H} (T x Tr)

T T
Dy, v dtd :—// D, ¢dtd
/r/o hnUCP X s v han X

and taking the limit n — co we get

T T
dtd:—//adtd,
/1_/06()4) X rovtgb X

i.e., 9;v exists and = w € L?(T x Tt). The convergence result then follows from (i). O

The previous lemma will now be applied to weak solutions of the nonlinear wave equa-
tion (1) in the following way.



BREATHER SOLUTIONS ON A PERIODIC METRIC GRAPH 27

Lemma 6.4. Let u € H be a weak solution of (1) and let w := |u|P~u. Then

sup || Dpw|[3 < o, sup || Dpwl|12(r 1) < 00,
h>0 h>0

sup || Dpu|3 < oo, sup | 0: Dyt | p2(rxryy < 09,
h>0 h>0

sup |[9x Dyt 2 (r ) < 0

h>0

which implies 9%, 00;u € L*(T x Tr).
Proof. Note that Djw(x,t) = g, (x, t)Dyu(x, t) where
lu(x, t +h) [P Yu(x, t +h) — Ju(x, t)]P~Tu(x, t)
u(x, t +h) —u(x,t) .
By using the inequality ||s|P~1s — [t[P~1t| < p[¢[P~Y]s —t| < p(|s|P~1 + [t[P~1)[s — ¢| for
s,t € R and ¢ between s and t, we see that
80 (x, B)| < p(Ju(x, b+ 1) [P+ fu(x, £)[P71).

Moreover, Dju € H N HY(T x Tr) is a weak solution of LD,u = +Djw in the sense of
Lemma 6.1. Let r > 2 be such that (p — 1)r > 2. Then with g := (3 + 1)~! € (1,2) and
Lemma 6.3(i) we find

gn(x,t) =

IDvwl|tarsrr) < N8nllr @ IPnull 20 xry)
1
<2pllul?,, o ey IPH 20ty
<2plull?,}, 0 ey 198l 20y

and hence sup,,_ || Dyw||3y < co. With the help of the first statement in Lemma 6.1 we
see that sup;,, || Dput||3 = sup;, || Dpw||3y < co. Now we apply Holder’s inequality one
more time with % + % =1,t>1and get

HthHB(rxTT < thHLzH (TxT7) HDh”HL2t (IxTr)
< 29l o | Dot -

Incase 1 < p < 2 we choose t' = ﬁ € (1,00)and t = ﬁ € (1,00) and get

sup || Dy || 2 (rxry) < 2p||uHLz rry) SUP I Dute| 2t (1 1y
h>0 h>0

< 2pClJul2 e, )Sup [IDyull3 < oo
h>
Inthe case p > 2weuset, ' >1,(p—1)2t' > (p —1)2 > 2to get

p—
?}i}g HthHL2 (I'xTr) < ZPHMH L(r—-1) Zt/(rXT )ilip ”DhuHL2t (I'xTr)
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-1
< 2pCllullh, " sup ||Dyull3 < co.
h>0

In both cases we have established sup;,. , || Djw|| 12(rxTy) < ©°- Since Dy is a solution of
LDyu = +Dyw we can use Lemma 6.1 and get supj,.q [|9xDp||2(rx1,) < o° as well as
supy,.g |9t Dptl| r2(rx1,) < 0. And since D; commutes with dx, d; we get by Lemma 6.3
that 0?1, 9,0;u € L?(T x Tr) as claimed. O

The final piece of the regularity statement of Theorem 1.1 is given in the next lemma.

Lemma 6.5. Let u € H be a weak solution of (1). Then in addition to dxu, dsu, G%u, 0,0:u also
02u € L*(T x Tr). Moreover, the solutions satisfy (1) pointwise a.e. on T x Tt and the Kirchhoff
conditions (8) holds at the vertices for almost all t € Tr.

Proof. First we note that with w := |u|P~'u we have that by, (ug, ¢x) = [ Twidy dx for all
k € xZ,44 and all ¢ € H. In particular

/ Uy dx = / ((wzk2 — &)Uy + wk> ¢r forallp € H
r r
which shows that 1y € D(A) = {v € H?(T') N H} (T )symm : v satisfies (8)}. Moreover

/MFT xudrpd(x, 1) = /FXTT(\:I:M’?lu; wit — Fu)pd(x, )
€L2(TxTr)

for all ¢ € H N HL(T x Tr) implies that 92u € L?>(T x T) and that
27t(n+1) . 27‘( (n+1)
/ / D Ruid(x) + / il dt

(2n+1) m(2n+1)
Je{i}

+Z//22n+1 azuocpdxt—FZ/au(p‘

= O udepd(x,t) = / (£|u|Ptu — au — ?u)pd(x, t).
I'xTr I'xTr

(2n+1)

2mtn

From this we deduce that (1) holds pointwise a.e. in I' x Tt as well as the Kirchhoff
conditions

Oxut (2mn—, t) 4+ 9yu~ (2mn—, t) = 0,u’(2mn+, t),
Ot (m(2n + 1)+, t) + 0xu™ (m(2n + 1)+, 1) = 9,u’(w(2n +1)—, t)

for all n € Z and almost all t € T as claimed, cf. (8). This finishes the proof of the
lemma. U]

Now we finish the proof of Theorem 1.4.

Proof of Theorem 1.4. By the regularity properties of Theorem 1.1 we already know that
u, O¢u, 071, dxu, 021, 0,0:u € L?(T x Tr) and hence u € L*(Tr; HX(T) N H2(T)), o?u €
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L2(TT; L*(T)) as claimed. Moreover, using Definition 1.3 with ¢(x,t) = ¢(x)(e** +
e~y @ € HY(T) and setting w(x, t) = |u(x,t)|P~u(x,t) we get

/—kaZukgo—{—u]’C(p’—i—ocuk(pdx: :t/wkgodx
r T

Multiplication with et and summation over k € xZ,;4 implies
(50) Z ( k2w2u ezkwt(P + U €lkth0/ + au ezkwt(P) dy = + Z zkwt(de
keExZ 44 I keExZ 44

We may use that in the sense of L?(T' x Tr)-convergence we have the identities

Y —RPu(x)e™ = tu(x,t), Y up(x)e™ = du(x,t),

kEXZ 44 keEXZ pa4
Y. i (x)eRt = wu(x, t), ) wi(x)e*t = w(x, t) = |u(x, )P u(x, t)
kexZ 44 kexZ,44

which together with (50) implies the claimed identity (3). Also, since u € H}(T x Tr)
we have u(0,-) = trace u(t, -)|;=o. Likewise, since 9%, d;9xu € L?(T' x Tr) we have d;u €

HY(T x T) so thatalso 9;1(0, -) = trace d;u(t, -)|;—o. Using that Y ke, Jruy Jelkwt dy =

02u(x,t) in the L2-sense we may integrate edge-wise by parts with respect to x in (50) and

obtain (as in the proof of Lemma 6.5) the Kirchhoff conditions (8). U
APPENDIX

Here we give the proof of the concentration compactness result of Lemma 5.5. The
proof differs rather largely from the usual proof in the case where Sobolev spaces are
involved. Sobolev spaces with Hilbert space structure have a locality property: functions
with disjoint support are orthogonal. A similar statement, i.e., || T ¢k || jymp = L ||l fyms
if supp ¢; N supp ¢; = @ for i # j, also holds for Sobolev spaces W™F, m € IN, p > 1 with
only a Banach space structure. The locality property is used heavily in the proof of the
concentration compactness principle - but our Hilbert space H does not seem to have the
locality property since it is based on the nonlocal Bloch transform. Therefore we introduce
a new Hilbert space H, which has the advantage of having the locality property but the
disadvantage of embedding only in L7(T x Tt) for 2 < q < 4. Together with the better
embedding properties of H this is, however, sufficient for the proof of the concentration
compactness principle.

Definition 6.6. Define the Hilbert space H by

(51)

H = {u(x,t) = Z u(x)e ket DU € H (D) symm, Uk = u_Vk € KZ,q4 with ||ul|g < oo}
kexZ 44

and where the norm is given by

1
It = ) W!\%Hiz(rﬁ!k!HMkHizr

keKZodd
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Lemma 6.7. The Hilbert space H has the following properties: H embeds continuously into H
and H embeds continuously in L1(T' x Tr) for2 < q < 4.

Proof. The first embedding statement follows once we have verified the two inequalities
(52) b, (v,0) = Clkl[ol T2y, by, (0,0) 2 |||U 172,

for all v € HY(T)symm and a constant C > 0 which is independent on v. For the first
inequality we use (37) from Lemma 4.4 and get

Am(]) — W0’k + | = w?k? — o w?k? — a| > 5CJk|

if |k| is sufficiently large. Then, the first inequality in (52) follows from this estimate using
the expression of by, | in terms of the Bloch variables. For the remaining small values of

|k| the first inequality in (52) follows from (Spec). For the second inequality in (52) let us
first consider small values of |k|. Then the second inequality in (52) is just a consequence
of the fact that due to (Spec) the bilinear form by, | generates a norm which is equivalent
to the H!-norm of the domain of b‘L - Now we consider the second inequality in (52) for
large values of |k|. We first take v € HL(T')J;
have

Then, by the first inequality in (52), we

symm:*

0P = (@ — )P dx 2 clk| [ oPdvz = C (@ —a) [ Jofdx
r [k]—C

for C > 0 small enough and |k| sufficiently large. Hence we find for || large

/ |k||k_| C|v’|2 — (W —a)|v)?dx >0

from which the second inequality in (52) follows. Next we take v € Hl(l“)symmm In this
case [1.|0|* — (w?k* — a)|o|* dx < 0and hence [[¢/[| ;2(r) < wlk|[|]|;2(r)- Thus, in this case,
the second inequality in (52) directly follows from the first

Now we turn to the embedding of H into LI(T" x T) spaces. For g € [2,00] and g4’ = q

being the conjugate exponent, let us define the space

Xg={u= ) we™ :ulx, < oo}

kexZ 44
with the norm
1/q
/
||”||Xq = ( 2 ||“k||6£q(r)> .
kEKZOdd
To see the relation between L7(I" x T) and X, we observe that |[u[| 2,1,y = [[u]/x, and

[l rxTy) < |l#lx.. Hence the Riesz-Thorin Theorem implies that X; embeds into
L9(T x T) forall 2 < g < co. To complete our embedding statement for H we need to see
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that it embeds into X, for 2 < g < 4. This will be done next. For g4 = 2 the embedding is
clear. For 2 < g < 4 we use the Gagliardo-Nirenberg inequality

(53) ||U||Lfi(r) < CGNHU/HgZ(r)Hm iz_(er)/ vE Hcl(r)symm
with 0 = % — % Next we use (53) and estimate

L q'(3+3)

/ / l
Y el <Chy T il ™ el 2

kexZ 44 keEXZ 44
/ 1 el _1 1 l 1
= Cly X (K Hllzry) 50 Okl ey 50
kEKZOdd
. } : . . 4(-1) 4(g—-1) 2(g-1)
A triple Holder inequality with exponents 2 a¥z and = leads to
Z ||”kqu(r)
keEXZ 44
q-2 q+2 q=2
q PN 4(q-1) ) 4(9-1) o\ 261
< Gov| X IK il 72 )3 [kl 72y Y, [k
kexZ 44 kexZ 44 kexZ 44
!/ /
< Conlulic
= 2(L7q:21)
where C = (Zkexzo y |k|q*2> < oo since 2 < g < 4. The finishes the proof of the
embedding result. O

Proof of Lemma 5.5. 1t is enough to prove the result in the case g = 2. Further, it suffices
to treat the case where § € (2,3). Once this has been accomplished, the remaining case
of § can then be obtained by Hélder-interpolating the L7-norm between two values q; €
(2,3) and g € (g, c0) and using from the previous case that the L71-norm of the sequence
(Un)nen tends to 0 while its L72-norm stays bounded since it is controlled by the #-norm,
see Lemma 4.5.

Ifwelet2 <s <qg<4andsetf:= 2%2 - 1 then Holder interpolation yields

0
||u||LS (TuxTr) = ||“| L2( r xTr) ||u||L‘7(I“n><”JFT)'

If we make the choice s = % then s varies in (2,3) if g varies in (2,4) and s < g.

Moreover, 0 = % so that after taking it to the power s, the previous inequality becomes

< [lu

||u||SLs(rn><1rT ||L2 T, XTT ||”||Lq(rn><1rT)'

Summing over 7 yields

(54) ||u||Ls (TxTr) < SUP ||u||L2 T, XTT Z ||”||Lq (TyxTr)*
nezZ
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If we use this inequality for the sequence (u,),en form the assumption of the lemma,
then the first term of the right-hand side tends to 0. Thus, we need to find a bound for the
second term. Since g € (2,4) we can use Lemma 6.7 in the following argument. We take a
cut-off function ¢, : I' — [0,1], n € Z with the properties

1 inT,

Pn(x) =1 0 in Ty, with |m —n| > 2,

€[0,1] inT, with |m —n| =1.
We can assume that ¢ grows linearly and that ¢ € H!(T)symm with 0 < |¢/| < 1 onT.
Then

Z ””H%q(rnxm) < Z ||”4’n|‘%q(rx7rT)

nez nez

< C Y |lu¢n|/F; by Lemma 6.7
neZ

1
=C Y L Klluagull + ) W

TZGZkEKZOdd
2
< ¥ aklluldm+ XX W(Hui%lﬁz(rﬁHukcpzlliz(r))
keKZodd nEZkGKZDdd
4 6
<C ), (3|k\+m)”“k||%2(r)+|7|H”§<H%2(r)
kGKZodd

< Cllully < Cllul,

Applying these inequalities to the sequence (uy),cN from the assumption of the lemma
and inserting it into (54) establishes the claim that [|uy[rs(rx) — 0 as n — oo. This
finishes the proof of the concentration compactness lemma. [
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