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Abstract

We introduce a variant of the Shortest Path Problem (SPP), in which we impose
additional constraints on the acceleration over the arcs, and call it Bounded Accel-
eration SPP (BASP). This variant is inspired by an industrial application: a vehicle
needs to travel from its current position to a target one in minimum-time, following
pre-defined geometric paths connecting positions within a facility, while satisfying
some speed and acceleration constraints depending on the vehicle position along the
currently traveled path. We characterize the complexity of BASP, proving its NP-
hardness. We also show that, under additional hypotheses on problem data, the prob-
lem admits a pseudo-polynomial time-complexity algorithm. Moreover, we present
an approximation algorithm with polynomial time-complexity with respect to the
data of the original problem and the inverse of the approximation factor e. Finally,
we present some computational experiments to evaluate the performance of the pro-
posed approximation algorithm.

Keywords Shortest path - Speed planning - Complexity - Approximation algorithms

1 Introduction

The Shortest Path Problem (SPP in what follows) is one of the best known within
the field of combinatorial optimization. Let G = (V, A) be a directed graph and ¢;; be
the cost of an arc (i,j) € A. Let n = |V|and m = |A|. Let o,d € V, 0 # d, be an ori-
gin and a destination node, respectively, and let P_, be the set of all directed paths in
G from o to d. Each P € P, is a subset of A made up of adjacent arcs, the first one
starting at o and the last one ending at d. In the SPP the minimum cost path between
o and d is searched for, that is, formally:
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It is well known that SPP is solvable in polynomial time for nonnegative costs, in
particular with O(m + nlog(n)) operations by the Fibonacci heap implementation of
Dijkstra’s algorithm, and also if no negative cycle exists, for instance by the Bell-
man-Ford algorithm. In both these cases, one can restrict the search of optimal solu-
tions to elementary paths (paths with no node repetitions). If negative cycles are
present, then the problem has been proved to be NP-hard.

After the introduction of SPP, many variants have been proposed, together with
the related complexity results and solution approaches. In what follows, we discuss
some of these variants, warning the reader that the literature about such variants is
so vast that the list is certainly incomplete.

Some variants do not add further input data with respect to those of SPP, but
change the objective function. Many of these variants are reviewed in [21]. These
include bottleneck SPP, where the objective function is the largest cost of an arc
along the path, that is, max jep Cyj» balanced SPP, where the objective function is
the difference between the largest and smallest costs of arcs along the path, that is,
Max yep C;; — MiN jep ¢, minimum deviation SPP, where the objective function is
the sum of the difference between the largest cost among all arcs of the path and
the cost of each arc along the path, that is, Z(h,k)ep[max(i‘j)elg cj— cpils k-sum SPP,
where the objective function is the sum of the k largest costs along the path. While
some of these problems are solvable in polynomial time, such as bottleneck SP
(see [11, 20]), some others are NP-hard, such as some variants of k-sum SPP (see
[13]). In [7], the SPP with forbidden paths is addressed, where the shortest path is
searched for with the additional constraint that some sub-paths cannot be part of
feasible solutions. In k-SPP not only the shortest path is searched for, but also all
paths from the second shortest up to the k-th shortest one (see, for instance, [2] and
references therein).

Other variants add additional input values to the description of the problem. For
instance, in resource constrained SPPs, given resources k € {1, ..., K}, each with a
limited availability y, and a consumption value rf; along each arc, we search for a

minimum cost path P which satisfies all the resource constraints

(Vke{l,...,K}) Z <.

@i)ep

Resource constrained SPPs have been proved to be NP-hard (see, for instance, [14,
15]). A detailed discussion of these problems and the related solution approaches
can be found in [12].

Another interesting variant of SPP, is time-dependent SPP. Here, the cost asso-
ciated to an arc is the time needed to traverse the arc, and such time depends on
the departure time along the arc. Such variant is particularly important for road
networks, where the time needed to traverse an arc varies according to traffic con-
ditions. In this case, given a time horizon 7, the cost associated to an arc is not
a fixed value but is a function c [0,T] — R*, where c; (1) is the time needed to
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traverse arc (i, j) when departing from i at time ¢. In these problems the first-in first-
out (FIFO) property is usually assumed. This states that along any arc (i, j) an ear-
lier arrival at node j can never be attained by a later departure at node i (that is, for
¢ > t it always holds that ¢’ + c;(t') > t + ¢;(¢)). Many variants of this problem are
presented, for instance, in [6]. In [18], it is shown that a variant where there is a con-
straint on the waiting time at each node is NP-hard. Further variants are discussed in
[16]. In these variants a penalty or a limit is imposed on the total waiting time spent
at a given subset of the nodes. It is proved that some variants are polynomially solv-
able, while some others are NP-hard depending on the subset of nodes, on the fact
that a penalization or a limit is imposed, and on the magnitude of the penalty param-
eter or of the waiting limit parameter.

Another interesting variant is SPP with time windows. In this case we associate
to each node i € V an interval [a;, b;], and to each arc (i, j) a time 1; to traverse it.
Only paths in P,; where each node of the path is visited within the allowed time
window are feasible. The case where only elementary paths are feasible has been
proven to be strongly NP-hard in [10]. The problem is still NP-hard if we remove
such restriction and, thus, if we allow multiple visits to the same node. However, in
such case pseudo-polynomial time algorithms have been proposed (see, for instance,
[8]). A variant with additional costs associated to the departure times at the differ-
ent nodes of the path is studied in [17]. In fact, a polynomial time algorithm exists
if the FIFO property holds (see [9]). Moreover, if waiting is allowed at a node, then
each instance for which the FIFO property does not hold can be transformed into an
equivalent one for which the property holds, thus making the problem solvable in
polynomial time (see [19]).

In previous work [1], we introduced a further variant of SPP called BASP
(Bounded Acceleration SP) and proposed a solution algorithm. The interest for
BASP arises from an industrial application, namely the optimization of automated
guided vehicles (AGVs) motions in automated warehouses (see also the descrip-
tion in Sect. 2). Typically, AGVs follow pre-assigned routes associated to a graph,
in which nodes represent operating positions and arcs represent connecting paths.
AGVs motions must satisfy constraints on maximum speed, and tangential and
transversal accelerations. BASP consists in finding the path in P,, and the speed
profile that allows travelling in minimum-time. The speed profile must satisfy maxi-
mum speed, acceleration and deceleration constraints, associated to each arc. In [1],
we presented a solution algorithm (adaptive A*) for k-BASP, a subclass of BASP.
Roughly speaking, a BASP instance is a k&-BASP, with k£ € N, if the maximum num-
ber of nodes of a path that can be traveled with a speed profile of maximum accel-
eration, followed by one of maximum deceleration, starting and ending with null
speed, without violating the maximum speed constraint, is smaller than k (see [1]
for details). In [1], we proved that k-BASP has polynomial time-complexity with
respect to the graph size. The algorithm introduced in [1] computes the optimal tra-
jectory between a pair of nodes and adaptively determines the value of k.

In some applications, AGVs can freely move within the facility, without having
to follow any predetermined circuit. In such cases, the motion planning problem is
usually addressed employing environmental representations such as cell decomposi-
tion methods. Among these, [5] presents an algorithm based on a modification of
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Dijkstra’s algorithm, in which arcs weights depend on previously visited edges. Note
that k-BASP in [1] has some similarities with the problem discussed in [5]. Indeed,
in both problems, the incremental for adding an edge to a path does not depend
on the complete path, but only on the k last visited nodes. However, the problem
addressed by Cowlagi and Tsiotras [5] is different from BASP. Indeed, the goal of
the problem in [5] is to obtain a feasible path taking into account the vehicle maxi-
mum curvature radius. On the other hand, in our work, we focus on selecting the
optimal path among a set of possible paths which are already known to be feasible,
while, at the same time, obtaining the optimal speed profile. Moreover, we do not
assume that the incremental cost depends only on the last k visited nodes, but pre-
sent conditions on problem data under which this property holds.

In this paper we discuss BASP in further detail, presenting two novel complexity
results. Namely, we show that BASP is NP-hard and that, under additional assump-
tions, BASP admits a pseudo-polynomial time algorithm. We also introduce an €
-approximation algorithm based on the discretization of the admissible speeds at the
nodes of the graph and show computational experiments comparing the e-approxi-
mation algorithm with the solution algorithm presented in [1].

The paper is structured as follows. In Sect. 2 we describe and motivate BASP. In
Sect. 3 we discuss how to compute optimal speed profiles along a single arc (with
given initial and final speeds), and along a fixed path belonging to P,;. In Sect. 4
we present the aforementioned complexity results. More precisely, in Sect. 4.1 we
prove that BASP is NP-hard, while in Sect. 4.2 we prove that, under the assumption
of integer data, BASP admits a pseudo-polynomial time algorithm. In Sect. 5 we
present the e-approximation algorithm. Finally, in Sect. 6 we present some computa-
tional experiments.

2 Problem description and motivation

In this section, we describe a new variant of SPP. The following values are associ-
ated to each arc (i,)) € A:

the length £;;

i
the maximum speed v;‘?""‘ which can be reached along the arc;

e the minimum acceleration (or maximum deceleration) a;““ < 0 and maximum
acceleration ag‘a" > 0 along the arc.

Moreover, a zero initial speed is assigned to node o and a zero final speed is assigned
to node d. We would like to select a path P € P, minimizing the time needed to run
along the path by fulfilling the maximum speed, the maximum and minimum accel-
eration constraints along the arcs, and the boundary zero conditions on o and d. Note
that SPP is a special case of this problem. Indeed, SPP turns out to be equivalent to
the case ag.la" = +o0 and ag‘i“ = —oo for all arcs (i,j) € A. In this case, the speed can
be changed instantaneously, so that the running time along an arc is minimized by
traversing it at the maximum allowed speed along the arc. Therefore, the minimum
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. R ‘i
time to traverse arc (i, j) is ¢ =

pmax

~ and the problem becomes a standard SPP with

such costs ¢;; associated to the arcs Since SPP corresponds to the case of unbounded
acceleratlon limits, the proposed variant of SPP is also called Bounded Acceleration
SP (BASP in what follows). In the search for an optimal solution of BASP, we
should not only search for an optimal path in P_;, but we should also define the
speed profile along such path. As we will see later on in Sect. 3, the minimum-time
speed profile along an arc (i, j) is fully determined by the initial speed v; at node i
and by the final speed v; at node j. Thus, the speed v; at each node i traversed by a
path P, is also part of the decision process. Such speeds must fulfill a continuity
constraint, that is, if arc (i, j) is followed by arc (j, k) along the path, the final speed
along arc (i, j) must be equal to the initial speed along arc (j, k). Note that the speeds
at the origin node o and at the destination node d are fixed in advance.

Before proceeding, we further motivate the interest for the BASP variant of SPP.
As previously mentioned, the interest comes from an industrial application. In auto-
mated warehouses, an AGV is required to pick some good up at some point of the
warehouse and deliver it at some other point. The AGV moves along predefined
paths and is allowed to choose among different routes at some exchange points.
Formally, the exchange points as well as the points where goods are picked up and
delivered represent the nodes of the graph, while the predefined routes correspond
to the arcs of the graph (see, for instance, Figs. 8, 13). Speed and acceleration limits
differ across the different routes. For instance, if a route is a straight line, its maxi-
mum speed is higher than the maximum speed allowed along a curved route. Moreo-
ver, different speed limits may also be imposed at different points of the warehouse.
For instance, if a route lies in a part of the warehouse where also human operators
are working, then, for safety reasons, a lower speed limit along this route is imposed
with respect to another route lying in a part of the warehouse where human opera-
tors are not allowed to work. Due to various reasons, also acceleration bounds may
differ from arc to arc. For instance, in the same warehouse, flooring materials can
vary from location to location. To avoid wheel slipping, we need to set maximum
acceleration bounds depending on the floor frictional force, that varies according
to the flooring material. Moreover, the presence of ramps along some arcs implies
different acceleration and deceleration bounds. Finally, to reduce lateral oscillations,
we should impose lower acceleration bounds along high-curvature connecting paths.

max

Remark 2.1 In the problem description we imposed a constant speed limit Vi along

each arc (i, j). In a more realistic setting the speed limit should be a functron of the
position along a given route:

¥ [0,;] — RY.

For each s € [0, 7], vma"(s) is the maximum allowed speed at position s along the
route represented by arc (i, j). In particular, along a curve the speed limit varies with
the curvature ray at each position along the curve. For ease of exposition, we only
discuss the case of a constant speed limit along an arc (although different from arc to
arc). However, at the cost of some additional technicalities, the following discussion
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can be extended also to the more realistic case of variable speed limits along each
arc.

Remark 2.2 In a real industrial scenario, the AGV may encounter moving obstacles,
such as human operators and/or other AGVs. For safety, an AGV typically halts or
slows down if it perceives the presence of a human operator. When the obstacle is
no longer sensed, the AGV can compute a new motion by solving a new instance of
BASP, starting from its current location.

The presence of various AGVs leads to a variant of the Multi-Agent Path Finding
(MAPF) problem (see, for instance, [22]), with speed and acceleration constraints.
Due to the simultaneous planning of multiple AGVs, this problem is quite different
from BASP (and in general much more complex), and is outside the scope of the
present work. However, note that some solution approaches for standard MAPF (that
does not consider velocity or acceleration bounds), such as conflict-based search,
make use of sub-procedures that involve the solution of a number of standard SPP
problems. Similarly, one could guess that BASP solutions could be used as basic
building block to solve MAPF with speed and acceleration bounds.

In order to better appreciate the difference between SPP and BASP
we can also consider the example illustrated in Fig. 1. While path
0 — iy = iy, = i3 = iy = i5 — d is shorter than path 0 — j, — j, — d, the latter is
faster in view of the lower number of curves along the path.

Fig. 1 Two distinct paths from
node o to node d: the shorter
path is not the faster one
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3 Minimum traveling time along arcs and paths

As previously pointed out, for a given arc (i, j), we are able to compute the maximum
speed at which we can traverse the arc and, consequently, the minimum time needed to
traverse it, as soon as we know the initial and final speeds v; and V. Indeed, the maxi-
mum squared speed at each position s € [0, £;;] along the arc is given by the following
piecewise-linear function:

w;(s3w;, w;) = min {w‘;"“x w; + Zamaxs w; + Zamm(s - fU)} (1)
where here and in what follows, w denotes the squared speed (so w; = vf, w; = vj?,

and so on). The result is illustrated in Fig. 2a. Starting at node i with squared speed

,» the speed is increased with the maximum possible acceleration a’;“”‘, until the
maximum allowed squared speed w;}“"‘ along the arc is reached. Such maximum
speed is maintained as long as possible (null acceleration) and, finally, the speed is
decreased with the maximum deceleration am”‘ in order to reach squared speed w; at
node j. Note that it might be possible that the maximum speed along the arc is not

reachable. In such case, first the speed is increased with maximum acceleration a‘Jn“"

and then decreased with maximum deceleration ag‘m to reach the final squared speed

w; (no constant speed portion is present in the maximum speed profile). Conse-
quently, the minimum time to traverse arc (i, j) is the following function of the two
(squared) speeds w; and w;

cl](wl, w; ) /_ e — @)

(sw w)

- w
w-,
L max
wmax - u}i]'
Ui B - . ‘
I
: wj e
wj } LW ag
: . I
I
W; 1 : L Wi |
| . !
. I L S
. s li;
bij

(b)A case where the squared speeds w; and w; are

(a) Maximum (squared) speed profile along arc (i, 5) not feasible.

with initial and final squared speed equal to w; and
wj, respectively.

Fig.2 Squared speed profiles along an arc
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whose solution can be derived in closed form. It is worthwhile to remark that w; and
w; cannot be arbitrary values. Indeed, besides the obvious constraints w;, w; < w"lax

i
it must also hold that

wi+ 2070 2wy owy = 20 2w 3)

If, for instance, the first inequality is not fulfilled, then it is not possible to reach the
squared speed w; at node j by starting with squared speed w; at node i even by accel-
erating as much as possible (acceleration am“") This is 111ustrated in Fig. 2b. In this

case we set c; (w w) = +o0.

While we reported above the formula for the minimum time needed to traverse an
arc (i, j), given the initial and final squared speeds w; and w;, we further point out that
a slightly more complicated formula can be derived to compute the minimum time to
traverse a full path in P,,. In particular, let iy =0 - i; —» ... > i, ; > i,=dbe a

path of length pin P_,. Let s, = Oand s, = Zle ;,_,i, be the overall length of the first
h arcs of the path, h € {1, ...,p}. Next, let us define recursively a function F as follows

(VS € [SO’SI]) F(S) = mln{ max o, maxs}’

101 > Tyiy

Vhe{l,....,p—1}) (Vs € [s),, 541 1) F(s) = min {w;‘,‘z’il,F(sh) + Za;:";’il(s - sh)},
and a further function B as follows

(Vs € [s,_1,5,]) B(s) = min {wmi”‘] 240 (s — s )}

ip-tlp

(Vhe{1,...,p—1})(VsE[Sh_l,sh])B(s)=min{ m B(s,) + 2", (s—sh)}

Then, it can be proved (see, for instance, [4] for a proof under more general assump-
tions) that the optimal (squared) speed profile is

(Vs € [sg,5,]1) W(s) = min{F(s), B(s)},
so that the minimum time to travel along the given path is

o ds
W(s)

The result is illustrated in Fig. 3a—c. In Fig. 3a we notice that F; (function F over the
interval [, 5,]) is obtained by starting at node o with zero speed and increasing the
speed with maximum acceleration a‘J““X until the maximum squared speed wm“" is
reached, and then keeping this speed until the end of the arc (as it is the case m the
figure) or, alternatively, until the end of the arc is reached (in which case the maxi-
mum squared speed wrj“a" is not reached). Next, F| (function F over the interval
[s1, s,]) is obtained similarly but with initial speed F(s;), while F, (function F over
the interval [s,, s5]) is constant and equal to the maximum squared speed w};™ since
F(s,) > wi*. In Fig. 3b we notice that B; (function B over the interval [sz, s3]) is
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w
wmax ‘vvlllllll
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(a) Function F along the path i — j — k — h.
w
U}?L’dx [ER N I‘ !
Y 1
. |
Q‘ |
winax .
Zj EEEEEEEEN -‘ ‘ :
| “ |
| PY
wmax | ‘$
k}L | EEEEEN “ |
| | |
| | “ |
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S1 52 53
b) Function B along the path i — 5 — k — h.
g p J
w
max
w]k :
|
|
max |
Wi ‘ !
| |
| |
max |
Wik I |
| | |
| | |
| | |
1 1 S
S1 52 S3

(¢) Maximum (squared) speed profile along the path i — j — k — h.

Fig.3 Construction of a maximum (squared) speed profile along a path
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obtained in a way completely similar to F,. Moving backward, we start from the
final node d = h with squared speed w, = 0, and we increase the speed with the
maximum deceleration value azz“ until either we reach the maximum allowed
squared speed wp,*™* along the arc, in which case we keep such speed until the begin-
ning of the arc at node k, or we reach the beginning of the arc without reaching the
maximum speed along the arc (in the figure we are in the first situation). Function B,
(function B over the interval [s;, s,]) is obtained similarly but with initial speed at
node k equal to B(s,). Finally, B, (function B over the interval [s, s;]) is constant and
equal to the maximum squared speed w;j‘.‘a" since B(s;) > wg“”‘. The optimal
(squared) speed profile is illustrated in Fig. 3¢ and is obtained as the point-wise min-
imum of the functions F and B. While Figs. 2a, b and 3a, c give an intuitive illustra-
tion of the optimal speed profiles both for the case of a single arc (7, j) and for the
case of a full path from o to d, we point out that these results can be derived as spe-
cial cases of a more general result presented in [4] for problems with upper speed
limits depending on the position along the arcs, as discussed in Remark 2.1.

We also make the following remark which states two properties of the optimal
speed profile and will be useful later on.

Remark 3.1 Let W(s) be the optimal squared speed profile along a given path
lp=0—1iy = ..—>i, —>i,=dinP,,;, and let w; be the optimal squared speed
at some node i, of the path, i, # 0,d. Moreover, let

W, =min<{ min {w"*, —g™"Z. 1 min {w" gmxg, .} %,

! {(imeA{ W ’h’}’(k,i,»eA{ t, i, O} )
Then,

1. foreachs € [s;, 5,11, W(s) > min{wih,wiﬂl h

2. 0w, >w;.

Iy Iy

According to the previous discussion, the optimal speed profile along a path P
from o to d with |P| + 1 nodes (here and in what follows |PI denotes the length of
path P) is identified once the speeds at nodes of the path are known. Indeed, along
any edge (i, j) with given initial and final squared speeds w; and w;, the optimal
speed profile function is equal to (1) and the traveling time is equal to (2). Then, if
we denote by P(i) € V the node at position i along P, the fastest time 7(P) for tra-
versing P is the solution of the following problem:

1P|

T(P) = LN 1 piiy i1y Wis Wig1)

i=

. Q)
max max .
0<w < mm{wP(i_l)’P(i),wP(l.),P(M)}, ie{2,...,|P|},

Wl = O, W|P|+1 = 0
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We denote by w*(P) the optimal solution of this problem and in Appendix B we will
describe a recursive procedure to find it, similar to the one employed to define the
optimal speed profile function W. According to the discussion above, the problem
of finding the speed law which guarantees to traverse a fixed path from o to d at a
minimum time, under speed and acceleration constraints, is easily solvable even in
closed form. But our aim is to compute the minimum time to move from o to d by
searching within all paths in P ;. This is the BASP problem:

P* =arg 1527131; T(P). (6)

As we will see in Section 4, this problem turns out to be NP-hard.

4 Complexity results

In this section we provide two complexity results for BASP. The first result proves
NP-hardness of BASP, while the second proves that BASP admits a pseudo-polyno-
mial time algorithm.

4.1 NP-hardness

In this section we prove that, differently from SPP, the BASP variant is NP-hard.
We show this by a polynomial reduction of the NP-complete Partition problem to
BASP. In the Partition problem, given a set N = {1, ..., n} of positive integer values
by» ... p,, we would like to establish whether N can be partitioned into two sub-
sets Ny and N, such that Y,y £ = Xy, B = % Given an instance of the Parti-
tion problem, we polynomially reduce it to an instance of BASP as follows. Let

G = (V,A) be such that:
V=NU{0,n+1,n+2}, A={G)|i,jeV\{n+2}Ai<jlu{(n+1,n+2)}.

We set the following lengths for the arcs:

0i=0
f"f_{ﬂi ie{l,...,n},

while £, ., = W2, For what concerns the maximum speed values, we set
V(@,j) € A) vg‘a" = /W, while we set the maximum acceleration ag.l""‘ =1 and the
minimum acceleration a;;‘i“ = —1 for all arcs except (n+ 1,n + 2), while we set

: 1 . . ..
max _ min — _
Lty = 0 and a Y2 = o Note that, according to the imposed restrictions,

a™ _should be strictly larger than 0. However, the result proved with null maxi-
n+1,n+2

mum acceleration can be extended, by continuity, to any sufficiently small and posi-
tive maximum acceleration. The origin node o is node 0, with zero speed, while the

a
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Fig.4 An instance of BASP derived from the Partition problem for n = 3. Along each arc the maximum
allowed speed is \/W (W =B, + B, + B3), a™ is equal to 1 and a™" is equal to -1 along all arcs except
(4,5) where ;2™ = 0 and af‘“;“ = —ﬁ. Finally, vy =vs =0
destination node d is n + 2, with zero speed. An example of BASP instance derived
from the Partition problem with n = 3 is illustrated in Fig. 4.

We prove the following.

Proposition 4,1 The optimal value of the BASP instance introduced above is equal
to VW + 2W2 if and only if the partition problem admits a solution and is otherwise
larger than such value.

The proof of Proposition 4.1 is presented in Appendix A.

Remark 4.1 The complexity result given above shows that BASP is NP-hard even
in case all arcs except one share the same acceleration and deceleration bounds. It
is still an open question whether NP-hardness still holds if all arcs have the same
bound. However, in Sect. 5.1 we will show that optimal solutions for this case are
elementary paths (paths with no node repetition). This allows to derive sharper
approximation results.

4.2 Pseudo-polynomial algorithm

Although BASP is NP-complete, the following proposition shows it admits a
pseudo-polynomial algorithm under the assumption of integer data.

Proposition 4.2 Let us assume that all problem data, ¢ i Yymax - amax gy gmin for all
ij ij ij

(i,)) € A are integer values. Then, BASP admits a pseudo-polynomial algorithm.
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Proof First, we observe that at optimal solutions there is a finite number of speeds
which can be reached at each node and the squares of such speeds are integer values.
Indeed, the squared speed at some node i is:

e cither equal to wg‘a", for some j such that (i,j) € A, which is an integer value by
assumption;

e or equal to w}(‘}"‘", for some k such that (k, i) € A, which is again an integer value
by assumption;

e oriis the end point of a sub-path j, = j, = -+ j,_; = Jji = i, with squared speed
at node j, equal to w'.m‘.X and squared speed at node i

— max+ max
Jov1 Z /m//m J/n//x+1

which is an integer value due to integrality of all the data (see Fig. 5). Note that
Ji may be the starting node o, in which case w; =0 (j, is not included in this
case);

e or i is the starting point of a path j, =i — j, = - j,_; = Jji» With squared speed

at node j,_, equal to wmaxi and squared speed at node i

k=2
max min
! Ji—1Jk Jndner Indner’

which is, again, an integer value due to integrality of all the data (see Fig. 6).
Note that node j,_; may be the destination node d, in which case w; =0 (ji is
not included in this case).

w

max
J0-71

Fig.5 Optimal (squared) speed profile from node j, up to node i (continuous line) when node i is
reached by accelerating as much as possible along all arcs between j, and i. The dashed lines represent
the maximum squared speeds along the arcs
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Jmax
Wig.ia

Fig.6 Optimal (squared) speed profile from node i up to node j, (continuous line) when node j, is
reached by decelerating as much as possible along all arcs between i and j,. The dashed lines represent
the maximum squared speeds along the arcs

Thus, the set W of different possible squared speeds can be taken equal to the set
of all integers between 0 and W = max ;e w;“”‘. Now we create a new graph with
node set V X W, that is, each node is a pair made up by a node in V and one of the
possible squared speeds in W. Thus, the number of nodes is W|V|. For what con-
cerns the arc set, in this graph an arc between node (i, w;) and node (j, wj) exists if
there exists an arc (i,j) € A and, moreover, cij(wi,wj) < 400, that is, there exists a
feasible speed profile along arc (i, j) with initial squared speed w; and final squared
speed w;. Then, the number of arcs is limited from above by W?2|A|. The distance
associated to this arc is the minimum time for a path from i to j with the boundary
conditions w; and w;, which can be easily computed through (2), as discussed in
Sect. 3 (recall that, in case w; and w; are not feasible, as illustrated in Fig. 2b, then
the arc is removed). Then, we can solve our problem by applying, for instance, Dijk-
stra algorithm to this graph. Dijkstra’s complexity is O(m + nlog(n)) and is, thus,
polynomial with respect to the size and the data of the original problem, which
proves pseudo-polynomiality. O

Remark 4.2 While Proposition 4.2 has been proved under the assumption of inte-
ger data, it can also be extended to rational data. In such case the squared speeds
which can be reached by optimal solutions are not integer values but are multiple of
a rational number 1, where f depends on the problem data. Of course, the size of the
extended graph increases with ¢. The approximation algorithm discussed in the fol-
lowing Sect. 5 is motivated by the need to consider a discretization step larger than %
in order to have a graph of manageable size.
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5 Approximation algorithm

In this section we present an approximation algorithm for BASP with a complex-
ity that is polynomial with respect to the size and the data of the original problem
and the inverse of the approximation factor. The idea is to discretize the squared
speeds in order to obtain a finite set of possible squared speeds at each node of
the graph. In this way, imposing that the initial and final squared speeds along
each arc belong to the discretized set of squared speeds, the set of possible speed
profiles over each arc becomes finite. Hence, we can define an extended graph
that enables us to solve this discretized version of the problem by means of Dijk-
stra’s algorithm. Differently from Proposition 4.2, here arc lengths, accelerations
and speed bounds need not be integer values (actually, the approach could also
be extended to the case of non-constant speed bounds along arcs as discussed in
Remark 2.1). In this case, we just discretize the squared speeds and impose the
additional constraint that the squared speeds at the beginning and at the end of
each arc belong to the set of discretized squared speeds. Let

Q, = {we[0,W] | @k € N)w = kh},

with W = MaXx; e wma" be the set of discretized squared speeds with discretization

step h. Then, || = [W/h] The discretized problem is defined over a graph that
extends graph G of the original problem. Namely, the extended graph G’ = (V’,A’)
is defined as follows:

V=3@Gw|ieVAweQ, A w<maxq max wi™ max wi* ,
jlapea ¥ Tkl(kiea M

where we notice that we bound from above the possible squared speeds at node i by
the maximum squared speeds along the incoming and outgoing arcs of node i, while

A= {((bw), G, @) €V X V' | (i,)) EA N w;, w; <wmax A cilw;, ;) < +eo},

where we recall that c; (a) w; ) = 400 means that no feasible profile is able to travel
from i to j with initial and ﬁnal squared speeds equal to ; and w;, respectively, while
¢;j(@;, ®;) < +00, as defined in (2), is the optimal travel time along arc (i, j) with the
given 1n1t1a1 and final squared speeds.

Remark 5.1 The cost for constructing the extended graph G’ is O(|A| - |, |?). Indeed,

the number of arcs of the extended graph |A’| is bounded from above by |A| - |Q,|?
and the cost for checking whether an arc exists or not in the extended graph, that is
the cost for checking conditions (3), is constant.

Once the extended graph has been defined, the proposed approximation algo-
rithm is nothing but the application of Dijkstra’s algorithm to solve the discre-
tized problem. More precisely, we search for the shortest path connecting nodes
(0,0),(d,0) € V" over graph G, where the cost of arc ((i, ®;), (j, ®,)) € A" is equal
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to the value cil@;, a)j) < +oo defined in (2). Then, we have the following complex-
ity result for the approximation algorithm.

Proposition 5.1 The complexity of the approximation algorithm is

-2 - -
w nW nW
0] — ] +—1 — )]
() e ()
Proof The approximation algorithm is Dijkstra’s algorithm applied on the
extended graph G’, so that its complexity is O(]A’| + |V’|log|V’|). Then, the

result immediately follows by observing that |V'| < |V||Q,| = n[W/ h] and
|A"] < A1, 1° < m([W/h]) O

As a next step, we want to obtain an estimate of the absolute error in terms of
travel time of the discretized solution returned by the approximation algorithm with
respect to the continuous solution of the original BASP problem. To this end, let us
consider the optimal path P* € P,

0= i =iy > —d,

of the original BASP problem, with the corresponding squared speeds at each node
{w, =0, Wi Wi, s Wy = 0}. Our aim is to build a feasible solution of the discre-
tized problem traversing the same arcs as path P* and whose speed profile is not
above the optimal speed profile of the original BASP problem but is as close as
possible to it. Building such solution requires some care. It is tempting to proceed as
follows: for each node i in the optimal path P*, with squared speed w; in the optimal
speed profile of BASP, replace w; with

w; = max{kh | kh <w;, k € N}, )

that is, with the largest discretized speed bounding from below w;. Unfortunately,
this does not work. Indeed, let us consider some arc (i, j) € P* with the related opti-
mal squared speeds w; and w;, and let w; and w; be chosen as in (7). Unfortunately, in
the extended graph, arc ((i, a)) 3, o; )) may not exist, since a situation like the one
displayed in Fig. 2b may occur. Formally, according to (3), it may happen that either
w; + 2ag.“‘"‘fij <w; orw; — 2a;.‘i"fij < w;. Therefore, we need to proceed differently
to build a solution of the discretized problem starting from the optimal solution of
BASP. For x,h € R, h > 0, we denote by (x) = max{i € Z | ih < x} the maximum
multiple of & lower than or equal to x. First, we reformulate the discretized problem
as follows. Let P be an assigned path from o to d. The minimum time 7"(P) to trav-
erse P in the discretized problem is:
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|P|
h _ .
T'(P) = Jmin Z CpGp Py (Wis Wit 1)
i
s max max .
0<w; < mln{WP(i—l),P(i)’WP(i),P(i+1)}’ ie{2,....,|1P|}, (8

wy =0, wppy =0,
wpy=w;, ie{l,...,|P|+1}

Problem (8) is obtained by adding to Problem (5) the last constraint, imposing that
the coordinates of w have to be multiples of 4. We call w"(P) € RIPI*! a vector that
corresponds to the solution of (8). Note that Problem (8) always admits at least one
feasible solution with finite objective function value, for instance the solution w; = 0

foralli € {1,...,|P| + 1}. The solution of discretized BASP corresponds to path
ho_ -
P" =arg 5271’?4 T"(P). )

Recall that this problem can be solved by the application of Dijkstra’s algorithm to
the extended graph described above. The following lemma compares the optimal
values and solutions of Problems (5) and (8).

Lemma 5.1 For any path P and any h > 0,

(i) T'(P)>T(P),
(ii) W'(P) < w*(P) (vector inequalities are intended component-wise).

Proof Statement (i) is a consequence of the fact that Problem (8) is obtained by add-
ing a constraint to Problem (5). For Statement (ii), first note that, if w;, w, € RIPI+1
are feasible values for w in Problem (5), then also their component-wise maxi-
mum w = max{w,;,w,} is feasible (see, for instance, [4]). By contradiction, if
w'(P) £ w*(P) then w = max{w"(P), w*(P)} is feasible for Problem (5). Note that
the objective function f(w) = E!le Cpeiy pi+1)(Wis Wiyy) of Problem (5) is strictly
decreasing, that is, if w; > w, and w; # w,, then f(w;) < f(w,). Since w > w*(P)
and w # w*(P), it follows that f(w) < f(w*(P)), contradicting the optimality of
w*(P). O

Next, the following lemma, whose proof is given in Appendix B, gives an upper
bound on the components of the difference vector w*(P) — w"(P). Note that such
components are nonnegative in view of part ii) of Lemma 5.1.

Lemma 5.2 The following holds for alli € {1,...,|P| + 1}:
w*(P), — wh(P), < h|P|.

In order to use Lemma 5.2, we need to find an upper bound on | P*|, the number of
arcs of the optimal path. This can be done as follows.
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Lemma 5.3 An upper bound for the number of arcs |P*| of the optimal path P* is
given by

, (10)
Amin fmin

|P*| < <—"ﬂ(PSP") + 2ﬂ> il

where

e Pgpp is the shortest path connecting o to d over the original graph, when the cost
of each arc (i,) € A is equal to fij;

°
Q

— i : max __,min .
=ming ey mln{aij s —ay; } >0,
® W =minigy(,4 W;, Where w; > 0 is defined in (4);

—_ max,
e W =maxg ey Wi

)

min

o Cin =Mingjey &y

Proof A feasible solution for BASP is obtained by the arcs of path Pgpp, along
which, starting from null speed at node o, we first accelerate with acceleration a,;,
until we reach speed w, then we keep the speed constant and, finally, we decelerate
with deceleration a,;, until we reach the final null speed at node d. The time #gpp to
travel along path Pgpp with the given speed profile, is an upper bound for the travel
time of the optimal path P*. We have that

Vi EPse) VR

+

Amin \/1/?1) Apmin

Next we need a lower bound for the time needed to travel along any arc (i,j) € A. We
denote this time with 7,,;, and a lower bound for it is #,,;,/ V W. Then, the ratio of tgpp

is an upper bound for the number of arcs | P*| in the optimal path, that is,

Py < e o (L) NP WU
\/5 Amin z

Ispp <

min

tot

min

min min

O

In the following, we estimate the difference T"(P")— T(P*) >0 between
the optimal values of the discretized BASP (9) and BASP (6) (nonnegativ-
ity follows form part i) of Lemma 5.1). Path P", corresponding to the solution
of the discretized BASP, can be different from P* and T"(P") < T"(P*). Hence,
T"(P") — T(P*) < T"(P*) — T(P*). Quantities T(P*) and T"(P*) correspond to the
optimal values of Problems (5) and (8) on the same path P*. In order to bound the
difference T"(P*) — T(P*), we need a further lemma, giving, for some arc (i, j),
an upper bound for the difference c;(w,z) — ¢;(W,2) (that is, the time difference
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between the times needed to travel arc (i, j) with boundary speeds w, z and W, Z,
respectively, with w < W and z < 2). The lemma will be proved in Appendix C.

Lemma 5.4 For any arc (i, j) and any w,z,w,Z € R, with 0 <w,z,w,Z <w

max

i

w<Ww,z<LZ, and cij(w, 2), cij(ﬁ/, 2) < 400, the following bound holds:
4max{|w—w|,|z—Z|}

Amin \/V_V

where a,,;, and w are defined in the statement of Lemma 5.3.

)

¢ii(w,2) — c;(W,2)| <

Then, we can provide an estimate on T"(P*) — T(P*) (which also bounds
T"(P") — T(P*)) by summing up the contributions of all arcs of P*,

Proposition 5.2 The following bound holds:

Z(Pspp) +2ﬁ>2 AW
\/_ frzninamin \/5

where Pgpp is the shortest path connecting node o to node d.

T"(P") — T(P*) < ( h,

w Amin

Proof First observe that, for any arc e = (P*(i), P*(i + 1)), it holds that

WP W (P9) = e (Wl (PO, i (PY)
dmax{[Wi(P*) = wH PO IWE (P —wh (POIY a4 (D)
< <

Amin \/; Ain \/;

as a consequence of Lemma 5.4 (first inequality) and of Lemma 5.2 (second ine-
quality). Then, it follows that

s

1P| *
TP - TP <T' (P - TPy < Y 1

k=1 amin\/"TV
2
PP _ (f(PSPP) +2\/Fv> AW
Ain \/"TV - ﬁ min Z’ﬂrzninamin ﬁ

where the first inequality derives from (11), whilst the second one follows from
Lemma 5.3. o

h’

We can also provide an estimate of the relative error.

Proposition 5.3 Given € € (0, 1), the relative error of the approximated problem
with h = Ce, where C is a constant that depends on the problem data, is 1 + €, that

Th(P")
is, ™) <l+e
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Proof Let t,;, be the travel time of the arc of shortest length £, ;, assuming that the
squared speed along it is constantly equal to W (this is a lower bound for the travel
time along any arc). Then, by Proposition 5.2, we have the following estimate over
the relative error:
TP | TED TP TEY TP e ey YW
T(P*) T(P*) min I’ﬂmin

2 ,
<l+<f(PSPP)+2ﬁ> 3W3
\/VTV %min fr?;nn mmﬁ

h=1+e,

with

2 ;
Z(P n V>
h=Ce, C= ( (SPP)+2\/;> L (12)
ﬁ Ymin finn mmﬁ

O

The following theorem states a time-complexity and an error estimate result
for the approximated problem.

Theorem 5.1 Given € € (0,1), let h=Ce with C defined as in (12). Then,

h ¢ ph
TT((: )) < 1+ ¢, that is the solution returned by the approximation algorithm has rela-

tive error at most €, and the approximation algorithm has time-complexity

of (&) me L2112,

Proof The thesis directly follows from Propositions 5.1 and 5.3. O

5.1 The case of uniform acceleration bounds

As previously mentioned in Remark 4.1, it is still unclear whether the case where
all arcs share the same acceleration and deceleration bounds, denoted with a™**

o =1 3 4+1 d

Fig.7 Two distinct paths from node o to node d: z and z’ = CU n
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and @™, respectively, is NP-hard or not. However, we can prove the following
result.

Proposition 5.4 If

(V(i,j) c A) a;}lax = gmax A aglin — amin’
that is, all arcs have the same acceleration and deceleration bounds, then the opti-
mal solution of BASP is an elementary path (a path that does not contain loops).

Proof Let us consider two distinct paths 7 and z’ from node o to node d such that =
is elementary and = C #’. Since #’ contains the entire path 7, it must contain a cycle
C, as shown in Fig. 7.

We will show that the time needed to traverse z is lower than the time needed
to traverse ', so that we can restrict the attention to elementary paths. Let j be the
first node of cycle C in n’ as indicated in Fig. 7. Let v; be the initial speed at node
Jj along path 7. Along cycle C we can speed up. If, after traveling cycle C, the new
speed at node j is v¢ > v; , then there is a time gain 7 in traveling the final sub-path
Jj — d, since the new initial speed at j is higher. However, there is also a loss of time
1 to travel along cycle C, We prove that the latter is always greater than the former.
Indeed, a lower bound 7,,;, for the time needed to travel along cycle C is obtained by
assuming that the maximum acceleration a™** can be kept along the cycle without
hitting maximum speed bounds:

- Ve =V

~

min = qmax

Now, let £ be the length of the sub-path j — d. An upper bound Af,,, on the time
difference between the time to travel along the sub-path j — d with starting speed v
and the time to travel along the same sub-path with starting speed v is obtained by
assuming that we can keep the maximum acceleration along the sub-path:

,/v +fama"—v ,/v +fama"—vc
At

max
qgmax

It follows that

Tnin > At & v2C + famx > \/vj2 + Lamax,
which holds true in view of v > v;.

The same reasoning applies to max1mum deceleration ™. Indeed, suppose that
along path 7 the agent has to decelerate before j to reach the speed v;. In this case,
along cycle C we could speed down, allowing to maintain a higher speed along the
sub-path o — j. However, it is possible to prove that the lost time 7 to travel along
cycle C is always larger than the time gain 7 in traveling the initial sub-path 0 — j

with a higher final speed, and so r is faster than z’ in any case. O
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This result is important because it allows us to state that in this sub-case the upper
bound for the number of arcs of the optimal path P* depends only on the number of
nodes 7. In particular

|P*| <n-1.

Therefore, we can use this bound rather than the one derived in Lemma 5.3 in all

subsequent results. So, for instance, the upper bound in Proposition 5.2 can be set
2

equal to 222

Amin ﬁ

6 Computational experiments

In this section we test the approximation algorithm introduced in Sect. 5. We con-
sider two real-life industrial scenarios of warehouses. The problem data have been
provided by packaging company Ocme S.r.1., based in Parma, Italy. The simulations
have been performed on a 2.7 GHz Intel Core i5 dual-core with 8GB of RAM. The
acceleration and deceleration bounds on both scenarios are given by a* = 0.28 m

s72 and = = —0.18 m s72, for arcs with mean curvature smaller than or equal to
0.25. Whilst on arcs whose mean curvature is larger than this value, the bounds are
given by a* = 0.14 m s72 and @~ = —0.09 m s~2. The first scenario is modeled as a

graph G = (V, A) with 368 nodes and 679 edges and is depicted in Fig. 8.

The speed bounds on both scenarios are constant for each arc but vary from arc to
arc, according to the associated paths curvatures. For the first scenario they take val-
ues in interval [0.136, 1.7] m s~', whilst the arc-lengths take values between 0.628
and 10.87 m and have an average value of 2.863 m.

Fig. 8 First real-life industrial scenario

@ Springer



Shortest path with acceleration constraints: complexity...

T

—o— Approximation algorithm mean time El
Adaptive A* algorithm for k-BASP mean time 1

il
i

B

Computational time [s]
o T
+
‘o
R
,
H
Hifpwrss+
3 e+
.
+
+
+
+
+
+
um ol

0.009437 f—

016152 [T

0.054132 -

0063448 - |

Discretization step h [m?/s?]

Fig. 9 Approximation algorithm computational times for different values of 4 on the first scenario
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Fig. 10 Approximation algorithm relative error for different values of / on the first scenario

In what follows, we compare the approximation algorithm of Sect. 5 with the
adaptive A* algorithm for k-BASP presented in [1]. Note that the adaptive algorithm
solves a k-BASP instance in polynomial time complexity with respect to the number
of edges and vertices of the associated graph, but its complexity is exponential with
respect to k. In the following, the adaptive A* algorithm for k-BASP is initialized
with k = 3. Again, we refer the reader to Ardizzoni et al. [1] for a more in depth
discussion.

Given the graphs associated to the considered automated warehouses, we gener-
ated the extended graphs associated to them for different values of the discretiza-
tion step h of the squared speeds. For the first scenario, step & takes values in a
set H of thirty logarithmically spaced values between 0.005 and 0.5 m? s~2, hence,
we considered thirty different sets of discretized squared speeds €2, and extended
graphs G} = (V;,A}). We generated 1000 random pairs of source-target nodes
{Gsi»2)}ieq1.. 1000y 1IN V X V. Then, for each of the previous pairs of source-target
nodes, we considered the corresponding pair (sf.’, tf’) = ((s;,0), (#,,0)) € V,g X V;, on
extended graph G) and ran Dijkstra’s algorithm on Gj in order to obtain a trajectory
starting at node s; with null speed and ending at node #; with null speed, for h € H.
Figure 9 shows the box-and-whisker plot of the computational times of Dijkstra’s
algorithm for different values of the discretization step 4 for solving the 1000 ran-
domly generated instances and compares them with those of the adaptive A* algo-
rithm for k-BASP on the same set of instances.

Note that, as the discretization step % increases, the number of discretized squared
speeds decreases, hence, the number of nodes and edges in graph GZ decreases as
well, making Dijkstra’s algorithm explore a smaller graph and run faster. Also,
observe that, for values of & greater than 0.015159 m? s~2, the mean computational
times of Dijkstra’s algorithm on extended graphs G;l (represented by a green line with
circles) are better than that of the adaptive A* algorithm for k--BASP (represented by
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Fig. 11 Approximation algorithm and speed planning algorithm computational times for different values
of h on the first scenario
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Fig. 12 Approximation algorithm and speed planning algorithm relative error for different values of /# on
the first scenario

a dashed line). On the other hand, as the discretization step / increases, so does the
relative error on the travel time, which, for values of 4 > 0.19283 m2 s72, is larger
than 10~". Figure 10 represents the box-and-whisker plot of the relative error. Note
that we set a tolerance on the relative error of the trajectories obtained with the
approximation algorithm, relative errors smaller than 10~ are not considered. This
roughly corresponds to an absolute error of the order of 1072 s.

A good compromise for this scenario could be i = 0.063448 m? s~ which is
associated to a mean computational time that is 5.76 times faster than that of the
adaptive A* algorithm for k-BASP, while at the same time maintaining a mean rela-
tive error of the order of 2 - 1072, We could also exploit the approximation algorithm
just for obtaining a path and then compute the optimal speed profile along such a
path by the procedure described in Sect. 3. In this way we could employ a bigger
discretization step 4 for achieving small computational times while maintaining high
precision. The speed planning algorithm described in Sect. 3 has linear-time compu-
tational complexity with respect to the number of nodes of the path. Figure 11 shows
the box-and-whisker plot of the computational times of the approximation algo-
rithm, as in Fig. 9, summed with those of the speed planning algorithm applied on
the obtained paths for the 1000 randomly generated instances on the first scenario.

Figure 12 shows the box-and-whisker plot of the relative error on the travel time
of the trajectories obtained coupling the approximation algorithm of Sect. 5 with the
speed planning one. Again, we set a tolerance on relative errors of 10, In this case
the mean relative errors are on average two orders of magnitude smaller than those
presented in Fig. 10 and the percentage of solutions with a relative error smaller
than 10~* ranges from 93.1% with & = 0.5 m? s72 to 100% for & = 0.005 m? s>,
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For this scenario, if we fix # = 0.5 m? s2, we get a mean computational time that

is 46.35 times faster than that of the adaptive A* algorithm for k-BASP, while obtain-
ing a solution with a mean relative error of 4 x 1073, which is one order of magni-
tude smaller than that of the approximation algorithm alone with /& = 0.063448 m?
s

It is worthwhile to remark that there always exists a sufficiently small value &
such that the optimal path of the discretized problem coincides with the optimal path
of the continuous problem. Indeed, if % is chosen in such a way that the absolute
error of the approximation algorithm, bounded from above as discussed in Propo-
sition 5.2, is lower than the difference between the traveling times of the best and
second-best path, then the approximation algorithm returns the best path (that is,
according to the notation introduced in Sect. 5, Pis equal to P*). However, the dif-
ference is not known in advance and even in case it were known, the choice of A
based on the upper bound stated in Proposition 5.2 may lead to an excessively small
value.

The second scenario is modeled as a graph with 2419 nodes and 4255 edges and
is depicted in Fig. 13.

For this scenario the speed bounds take values in interval [0.1, 1.7] m s7L
whilst the arc-lengths take values between 0.2 and 18.15 m and have an aver-
age value of 4.24 m. For the first scenario, step % takes values in a set H of ten

Fig. 13 Second real-life industrial scenario
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Fig. 14 Approximation algorithm computational times for different values of / on the second scenario

logarithmically spaced values between 0.03 and 1 m? s~2, hence, we considered ten
different sets of discretized squared speeds €, and extended graphs G, = (V;,A)).
As for the previous scenario, we generated 1000 random pairs of source-target nodes
{Gsi ) Yieq1.. 1000y iIn V XV and tested the approximation algorithm on such pairs.
Figure 14 shows the box-and-whisker plot of the computational times of Dijkstra’s
algorithm for different values of the discretization step 4 for solving the 1000 ran-
domly generated instances and compares them with those of the adaptive A* algo-
rithm for k-BASP on the same set of instances.

Observe that, for all values of A, the mean computational times of Dijkstra’s algo-
rithm on extended graphs G}’1 (represented by a green line with circles) are better than
that of the adaptive A* algorithm for k~-BASP (represented by a dashed line). However,
note that the median computational time of the latter is almost the same as that of the
approximation algorithm with 2 = 0.03 m? s~2 (both represented as horizontal red lines
within their corresponding blue boxes). This is due to the fact that the adaptive A* algo-
rithm for ~-BASP presents a small group of outliers with very high computational times
compared to its median. On the other hand, as the discretization step & increases, so
does the relative error on the travel time, which, for values of 4 > 0.45876 m? s72, is
larger than 10~!. Figure 15 represents the box-and-whisker plot of the relative error for
which we set a tolerance of 107,

A good compromise for this scenario could be 2 = 0.21046 m which is associ-
ated to a mean computational time that is 107.3 times faster than that of the adaptive A*
algorithm for ~-BASP, while at the same time maintaining a mean relative error of the

2 S—2

order of 3 - 1072, Figure 16 shows the box-and-whisker plot of the computational times
of the approximation algorithm, as in Fig. 14, summed with those of the speed planning
algorithm described in Sect. 3 applied on the obtained paths for the 1000 randomly
generated instances on the first scenario.

v [—= Approximation algorithun mean relative crror] | ‘ ‘ ! s i =
E T i i i
v b i 4 o A = i
£ i i = = ] i |
K L =6 i it i |
-4 'Eyi' i i
b=k 1 1 1 | 1

0.065394 [—
0.096549 [—

0.044202 [~

|
[m?

Discretization step h [m?/s%]

Fig. 15 Approximation algorithm relative error for different values of / on the second scenario
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T T T T T T T T
Approximation algorithm and speed planning mean time
Adaptive A" algorithm for k-BASP mean time

Computational time
km.}..w ]
-
-

o vl o o oo

mj

0.03

0
s %’M
e

s e e S SR

i
i
ol

A" k-BASP |-
0.044202 [~
0.096549 [—

021046 {—
031072 |—

Discretization step h [m?/s?]

Fig. 16 Approximation algorithm and speed planning algorithm computational times for different values
of h on the second scenario
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0014202
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Fig. 17 Approximation algorithm and speed planning algorithm absolute error for different values of A
on the second scenario

Figure 17 shows the box-and-whisker plot of the relative error on the travel time
of the trajectories obtained coupling the approximation algorithm of Sect. 5 with the
speed planning one. Again, we set a tolerance on relative errors of 10, In this case
the mean relative errors are on average two orders of magnitude smaller than those pre-
sented in Fig. 15.

For this scenario, if we fix 4 = 0.21046 m? s~2, we get a mean computational time that
is 99.24 times faster than that of the adaptive A* algorithm for ~-BASP, while obtaining
the exact solution up to a tolerance of 10~* on the relative error in 97.6% of the cases.

Observe that the construction of the extended graphs can be a time-consuming opera-
tion. One could alternatively run a dynamic programming approach by generating arcs
only when (and if) needed. However, the construction has to be performed only once
and the extended graphs can be stored for future use. The memory occupancy of the
extended graphs of the scenarios we considered varies from 36 KB for G}’1 withh =0.5

m? s~2 to 258 MB for G;l with 2 = 0.005 m? s~2 for the first scenario, and from 78 KB

for G} with i = 1m? s~ to 56.1 MB for G/, with h = 0.03 m? s~ for the second scenario.

7 Conclusions

Motivated by an industrial application, in this paper we addressed a variant of the
Shortest Path Problem (SPP). The variant is called BASP (Bounded Acceleration SP)
since speed and acceleration constraints are imposed over the arcs. Differently from
SPP, where the traveling time of an arc is constant, in BASP the traveling time depends
on the initial and final speed along the arc and, thus, due to the speed and acceleration
constraints, it also depends on the arcs preceding and following it along a path. We
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proved that BASP is NP-hard but also that, under the assumption of integer data, it
admits a pseudo-polynomial time algorithm. We also proposed an approximation algo-
rithm based on the solution of an SPP problem over an extended graph. The extended
graph is defined by discretizing the admissible speeds at the nodes of the graph. Finally,
we performed different computational experiments on two real-life industrial scenarios
in order to evaluate the performance of the approximation algorithm.

Appendix

A Proof of Proposition 4.1

Each path P from node O to node n + 2 has the following structure

O0-i,-i>—>i.->n+l->n+2,

with i; <i, < -+ <i,. Let us denote by Np = {i,i,,...,i,} the set of intermediate

nodes in P. The length of path P is W? 4 #(P), where £(P) = ZZENP p; is the length
of the path up to node n + 1.

Before proceeding with the proof we give the intuition behind it. We will show that
for each path with length £(P) > % up to node n + 1, the traveling time from node 0
to node n + 2 is larger than the traveling time of a path with length £ (P) = % up to
node n + 1 (if any). This will simply follow from the fact that the former path is longer
and the speed along the final arc (n + 1,7 + 2) is the same in both cases. Moreover,

we will show that also for a path with length £(P) < % up to node n + 1, the traveling
time from node O to node n + 2 is larger than the traveling time of a path with length
Z(P) = % up to node n + 1 (again, if any). In this case this will be proved by observ-
ing that the speed reached along this path at node n + 1 will be lower than \/W (the
speed reached by any path with length £(P) > %V). Since it is not possible to accelerate
along arc (n + 1,n + 2), the traveling time along this arc will be higher with respect

to paths with length £(P) > % up to node n + 1. In particular, we will show that the
increase of the time needed to travel along arc (n + 1, n + 2) will be larger than the time
saved along the sub-path from node O to node n + 1 with respect to a path for which
£(P) = . In conclusion, we will show that the Partition problem has a yes answer if
and only if the optimal value of the BASP instance is the traveling time of a path with
length Z(P) = % up to node n + 1. In what follows we prove the result in a formal way.
Let us first assume that Z(P) < Y In this case, according to the discussion in Sect. 3,
the maximum speed which can be reached at node n + lisv, = a where a,,, =1

maxtP’
and 1, fulfills Z(P) = 1a,,,./% that is, 1, = /2Z(P). Thus, v, = /22(P) < YW.
Along the final arc of the path (n + 1,7 + 2) the maximum acceleration is null, while

the maximum deceleration is ——. Then, the optimal speed profile along this arc is
obtained by keeping the speed v, = 4/2£(P) for a portion of the arc with length
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W? —2£(P)W, while in the last portion, with length 22 (P)W, the speed is decreased
with the maximum possible deceleration —ﬁ. Now we denote by til (Z(P)) the time to

run along the first portion of the arc, while we denote by 7; (£(P)) the time to run along
the second part of the arc. We have that

W2 —2£(P)W
V2P

while th(f (P)) fulfills the following condition

o, (£(P)) =

V2EPIW = V20 Pt (£(P) = o, (P,
that is,
1, (£(P)) = 2WA/24(P).

Thus, the overall time to traverse such paths is

W2 —2£(P)W w2
T.(6(P) = V22 (P) + ——=LW Ly (e(P)) = V22 (P) + + W\22(P).
: \22(P) b \22(P)

Now, let us consider paths P such that £(P) > % A lower bound for the time needed
to run along the path up to node n + 1 is given again by the solution of the fol-
lowing simple equation ¢(P) = %amaxtz, which is #, = 1/27(P). Note that this
is a lower bound since with the maximum acceleration we would reach the speed
V, = anadp = V2£(P) > \/ W, so that we stop accelerating as soon as we reach the

maximum speed /W. Since £(P) > %, we have that the lower bound can be fur-

ther bounded from below by \/W . Finally, we observe that such lower bound can be
attained if and only if £ (P) = %, that is, if and only if the Partition problem admits a
solution. Now, over the last arc (n + 1, n + 2) we can decrease the speed to O at node
n + 2 by keeping the maximum deceleration —ﬁ over the whole arc. Then, the time
needed to traverse this arc, denoted by I, fulfills

1
W2 = \/WIL3 - W(Z‘LS)Z,

so that 7; = 2W?3/2, Then, a lower bound for the time needed to traverse such paths
isT, =vVvW+ 2W3/2 and, as already pointed out, such lower bound is attained if and
only if Z(P) = %V Figure 19 illustrates the optimal speed profiles for three distinct

paths Py, P, and Py, fulfilling #(P,) < %, £(P,) = %, and #(P5) > =, respectively.
The three profiles are depicted, respectively with a dashed, a continuous and a dot-
ted line (up to distance #(P;) they are overlapping). We notice that for the short-
est path P, we are unable to reach the maximum squared speed W, so that along
arc (n+ 1,n + 2) we first increase the speed as much as possible with acceleration
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a;“f’l"n . (in fact, we keep the speed constant since anmj’l"n +» = 0), and then we decrease
the speed as fast as possible with deceleration a™? . For the intermediate path P,
n+1,n+2

we reach the maximum squared speed exactly at the end of the path and then, along
arc (n + 1,n + 2) we decrease the speed as fast as possible with deceleration a:l“i“l’n 42
Finally, for the longest path P; we reach the maximum squared speed before the end
of the path, and we keep the speed constant in the last part of the path, while along
arc (n + 1,n + 2) we decrease the speed as fast as possible with deceleration a;“i‘} Y
Now, if we are able to prove that 7, < T,(Z(P)) when £(P) < % — 1, then we

are done. We have that

T, — T,(£(P)) = VW + 2W3/% — WA/22(P) — \/2¢(P) — W
\27(P)

By the change of variable x = 4/2Z(P), this can be rewritten as

—(W + D2 + (VW +2W32)x — W2

X

which can be easily seen to be negative for all x < % Now, recalling the definition
of x, this means that 7, — T, (¢(P)) is negative if

3
£(Py < ——
2(W + 1)?
Then, the result follows by observing that
w3 14
—_— > — -1
20W+ 12 2
B Proof of Lemma 5.2
For i € {1,...,|P|}, set a;r = 2a;‘,‘gip(i+l)fp(i)’P(i+l), a: = 2a?}(‘;;’P(i+l)fp(,»)’P(m). For
ie{2,...,|P|}, set w:r = min{w%’il)’m),w%il,aﬂ)}. It is convenient to rewrite
Problem (5) as:
|P|
T# = wéﬁjﬁ}ﬂ 2 ¢pey Py Wis Wiz 1)
OSWISW;'—’ 16{27-'7|P|}’ (13)
W,‘+]Swi+a;—’ 16{177|P|}’
w; Swiy —a;, ie{l,....|P|},

Wy =O, W|P|+l =0.

Problem (13) belongs to the class of Problem 5 in [3] (nondecreasing right-hand
side of the constraints and strictly monotonically decreasing objective function) . As
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reported there, the solution of Problem (5) can be found as follows. Define vectors
F,B,W e R+l such that:

F, =0

F=min{F,_, +a* wt), i€ (2...,|Pl+1},
[6pt1B pp,; = O

[6p1]B; = min{B;,, — a7, wi}, i € {1,...,|P|},
[6pt]W = min{F,B}.

Note that the components of vector W are equivalent to the values of function W(s)
defined in Sect. 3 evaluated at nodes of the path, while along each arc of the path
function W(s) is defined according to (1). As a consequence of Theorem 2 of [3]
the solution of Problem (13) is w*(P) = W. On the other hand, Problem (8) can be
rewritten in the following form:

|P|
h _ .
T'(p)= min Z Cpap Pty Wis Wit 1)
0<w, <(wh), ie{2,...,|Pl},
i <,>+ . { |P[} (14)
Wi+l S<M}i-i_ai >’ 16{177|P|}a
w; Wiy —a; ), ie{l,...,|P|},

wq =0, W|P|+1 =0.

Note that, strictly speaking, this is a relaxation of Problem (8), since we have not
included the last constraint, namely (w;) = w;,i € {1, ..., |P| + 1}. In fact, as shown

in [3], at least one constraint is active at each component wff(P), ie{l,...,|P|+1},

of the optimal solution of (14). Since 0 = (0) and, for all x € R, {{x)) = (x), neces-
sarily (W'(P)) = w'(P), i € {1, ..., |P| + 1} (which means that the optimal solution
of (14) fulfills the last constraint in (8)). Also Problem (14) belongs to the class of
Problem 5 in [3]. Hence, its solution can be computed with the same procedure used
for Problem (13). Namely, define vectors F”, B!, W" € RIPI*! such that:

F’£=0

FZ = (min{F! +a' .w'}),ie{2, ... |P|+1},
BJP|+1 =0

B! = (min{Bf.’H —a ,wil), i€ (l,...,|P|},

W" = min{F", B"}.

Again, by Theorem 2 in [3], w"(P) = W". Note that, by their definitions, B" < Band
F'" <F.
Now we are ready to prove Lemma 5.2. We first prove that for alli € {1, ..., |P| + 1}

F,—F! <hi-1).
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Set 6; = F; — F". By the definition of F" we may have that F!' = (F! +a ) or
F'" = (w'). In the first case, ; < F;_, — FI'  +af  —(a’ ) <6, +h. In the sec-
ond case, §; < w;“ - (wl+) < h. Hence, & satisfies

51=0
Si1 S6;+h, ie{l,....|Pl}

and it follows that §; < h(i — 1). Proceeding in the same way as above, setting
n,=B,— B?’, n satisfies

Mpj+1 =0
r’isrli+l+h’ le{l”|P|}a

and, consequently:
B, — B! <h(|P| +1—).
Finally, we observe that
w*(P); — w"(P); = min{F;, B;} — min{F!', B!} < max{F, — F", B, — B"} <h|P|,

as we wanted to prove.

C Proof of Lemma 5.4

Given an arc (i, j) and squared speeds w,z, W,z € R, with 0 < w,z,W,Z < wi®,

ij
w < Wand z < Z, for an interval [a, b] C [0, £;], define

ds|,

b 1 1
Clab) = -
¢ \/ wii(s3w, 2) \/ wi(ssw, 2)

where w; is defined in (I). Our goal is to find an upper bound for
cj(w,2) = c;(W, 2)‘ = ¢|,¢.;- We consider only the case W < Z (the converse case in
: i

which W > Z is analogous).

We find a bound on |cl-j(w, z) — ¢;(W, 2)| by splitting the integration interval [0, Z]
into three parts: the initial part [0, 5], with 5 € [0, fﬁ], in which both the speed pro-
files starting at w and w are growing, the second part [5, 5], with § € [5, 7 ii] in which
the speed profile starting at w keeps growing whilst the one starting at w starts
decreasing, and the final part [3, £;;], in which both speed profiles are decreasing (see
Fig. 18). In case the first profile never decreases, we set § = £, and in case the sec-
ond profile never decreases, we set §=5=¢; In this way,
'Ci/‘(w’ 2) — ¢;(w, 2)' =5 + €55 + € We will need the following technical

remark.
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0

Fig. 18 Comparison on a generic arc between the optimal speed profile starting from W and ending at 2

and the one starting from w and ending at z

VI/ ......

£(Py) £(P2) £(P3)

o(Py) + W?
0Py + w2 0(Pg) + W2

Fig. 19 Maximum (squared) speed profiles along three paths P, P,, P, fulfilling £(P,) < %, (P, = %,

. w
and £(P5) > >

Remark C.1 Givenc¢ > 0 and x € [0, c], it holds that

—$+\/Es\/ms—2—\/z+\/2.

Next lemma establishes a bound from above for the error along the first part of

the arc.
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Lemma C.1 Given arc (i, j) and 0 < w, W, z,Z, with w < W and z < Z the following
bound holds:

oy =0 ifw=0,
W otherwise .

o < —F—
[05] = aq]a\xﬁ

Proof If w = 0, then also w = 0, hence

o5 = / L - ! ds = / ! - ! ds = 0.
o \/w + Za;jf“”‘s \/W + 2a3"“"s o \/Za;“”‘s \/ZaWa"s

y

Otherwise, if W > 0, we can bound the error over [0, 5] as follows

5 | | \/ w+ Za“‘a" \/ w4+ 2ama"

ds =

/ WA 2a™s W+ 2a™s a5 a
0 ij ij

1 maxg A, max g N
ﬁ<,/w+2a1j —\/_—,/w+2aij —\/;)

y

w—w w—w
e l | ,/w+2am“"s+| I \/_ ,/w+2amaxs+\/_
a4 2‘/w+2am‘”‘

o5 =

0

|w w| [w—W|
\/T 2 /W+2amdx— - max\/;

where, in the first inequality, we used the fact that, for |w — W| < W + 2a2.m§, in view
of Remark C.1 it holds that:

w—=w - —
\/w + 2475 = \/w — w = W] + 2075 < o wew VW + 205,
2,/ + 2475

and that, for |[w —Ww| < W
w—w
ﬁ:x/w—m—wz——' 7 LV
w

O

The error over the second part [5, 5] of arc (i, j) can be bounded from above as
follows.

A

Lemma C.2 Given arc (i, j) and 0 < w,w,z,Z, with w < <z, the following
bound holds:
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ez < max{|w—Ww|, |z — 2]}

_2
- )

min >
|ain] /2

where Z = w;(5;:W, 2) is the squared speed at 3 for the profile with boundary speeds
w, 2.

Proof We can bound from above the error over [5, 5] as follows

s

1 1
€55 = / ' - ds
J \/z— |2 = 21 + 2al"(s — 5) \/w+2aglaxs
K

S

<

/ ds
\/ — o= 2 +2a7"(s = 5)

g

Vi -2+ 2 -5)

min
Cli.

S

= mml <\/z— |z — 7| +2am‘“(s—s) VZi- |Z-2I)

s S +,/z+2awin(s—§)+lz_z|—\/%
mlnl min v \/:
z+2a (s 5) Z
< z+2amm(s 5+ 2 =1l - \/%
- m1n| \/%
-2 -
S g <\/Z+max{|w wl, |z—z|}+I '—\/Z
| Vz

max{|w—w|, |z — 2|} |z —2| -
< + + — z
|a;;m| 2 v Vz v

<max{|lw—-w|,|z—2
< max(|w = W, |z - 2} ——— mm|\[

where, in the second inequality, we used the fact that, for [z — 2| <7+ Za?i“(fv -3),
in view of Remark C.1, it holds that

i -2 -
Vil At 26 < Dy e amG )
' 2,/Z4 247G - 3)
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and that, for |z — 2| < Z,

Vi-lz—1 Z_lzx_le +z

<

whilst, —in  the  fourth  inequality, ~we used the fact that
2a§j‘.“"(§ —3%) < max{|w —Ww|, |z — 2|}. Indeed, the following equations hold (see also
Fig. 18)

2+ 2a3?in(s - ;)
[6pt]z + 2a;‘i“(§ - fl-j)

W+ 2a3‘ax§
w+ 2ag"‘”‘§.

Taking the difference between the second and the first equation, we end up with
2ag.““(§ =5 =lz—2 = Iw—W| +2a* G - 3)
<lz=Zl = |w—=w| < max{|lw—W|, |z -Zl},

where the first inequality comes from ag‘a" >0ands <5. O
Finally, we establish a bound for the error along the third part of the arc.

Lemma C.3 Given arc (i, j) and 0 < w,Ww,z,2, with w < W, 7 L2, the following
bound holds:

€le,) = 0 ifz=0,
lz—2|

ey < otherwise.
[S’fij] |a/r_;|m | \/E

Proof The proof of Lemma C.3 is analogous to that of Lemma C.1. O

Now, we can prove Lemma 5.4, that is, we can provide an estimate on the
absolute error over the entire arc (i, j).

Proof By Lemmas C.1-C.3, we have the following cases. If w = Z = 0, then
c;i(w,2) = ¢;(w,2) =0
(note that in this case § = §, so that ;) = 0). If w = 0, then:

| .2 + IzA—zl <
a2l vz ez

where the last inequality follows from Z > Z. Similarly, for Z = 0:

|z—2|;

" 5
min 5

cj(w,2) — c;(W,2) = ef55 + e, S lz—2

c;(w,z) — ¢;;(W, 2) =ej5 + €55

w—w R 2 R 3
<g+|w—w|—<|w—w|

— . - . ’
am \/5 Iaglln | \/E min{a;™, —az"} \/@

i
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where the last inequality follows from Z > w. Finally, if w,Z > 0:
cij(w, 7) — cij(w, 2) =€z tess T €.z,
w—wW N . 2 -2
< maxfw = - 2 —— +
max A min > min 5
aj \/; Iaij I\/Z |aij |\/Z
w4+ Zmax{lw — W], |z - 2]} + |z -2
B min{alr.]',‘a", —ag.‘i“} y/min{w, 2}
4max{|w—w|,|z—2|}

min (@™, —} \/min{, 2}

Now the results immediately follows from the fact that, by the definitions of a,,;, and
w, it holds that a7, || 2> @y, W 2 wif W > 0, and 2 > wif 2 > 0. O

min®
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