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1. Introduction

Gas bearings are widely employed in high-precision devices and in high-speed appli-
cations, such as in micro turbomachinery and micro machining tools. In metrology and
high-tech industry, the absence of contact between the surfaces that are in relative motion
is appreciated due to the possibility of obtaining high-precision motion. Recent trends in
small-scaling turbomachinery demand increasingly higher rotational speeds; the advantage
is the ability to operate with higher power to weight ratios. Additionally, in this case, gas
bearings represent the only solution due to their simplicity and long operating life, with no
need for maintenance.

This issue collects research and review papers covering the modelling, design, and
application of gas bearings. Each published paper distinguishes itself from the others in the
sense that it deals with the problem from an original point of view. Some papers analyze
several prototypes to improve their performance, while others concentrate more on the
mathematical modelling of bearings, developing analytical or numerical formulations with
lumped or distributed parameters. These different approaches show how complex the
analysis of gas bearings can be, but they also show how fascinating the process of finding
simple solutions to complex problems is.

2. Outline of the Issue

The papers published in the Special Issue are here summarized in the order of their
publication dates. Most of them investigate gas bearings using theoretical and experimen-
tal approaches. Numerical models, after they have been experimentally validated, are
important tools for the design and optimization of gas bearings. Current models are able
to consider multi-physical problems such as fluid–structure interaction, thermal effects,
and porous materials. In some cases, tailor-made software is written to solve the equations,
and in other cases, commercial software is employed. The experimental results confirm the
validity and accuracy of multi-physical numerical models.

In high-precision devices, such as fly cutting machine tools or rotary tables, the
deformation of solid parts is often not negligible, as it influences the performance of the
aerostatic bearings. In [1], the fluid–structure interaction effect is considered to investigate
the static and dynamic performance of an aerostatic spindle. In particular, the thickness of
the thrust plate is optimized to reach a compromise between the reduction of the spindle
mass and the increase in the thrust bearing stiffness.

Foil gas bearings are particularly useful in turbomachinery, as they are able to sustain
high-speed blowers, compressors, and turbochargers without the requirement of an external
air supply. Paper [2] describes the thermo-hydrodynamic model of a bump foil thrust gas
bearing. The cooling models of the foil structure and thrust plate as well as the influence of
temperature on the thermal expansion of the bearing structure are considered. The effects
of the bearing speed, thrust load, and external cooling gas on the bearing temperature field
are calculated and analyzed.

Appl. Sci. 2022, 12, 9048. https://doi.org/10.3390/app12189048 https://www.mdpi.com/journal/applsci1
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Paper [3] reviews the state-of-the-art of gas foil bearings in China, many of which have
been developed for use in high-speed turbo machinery. Different types of foil bearings
are described (bump, multi-leaf, wire, viscoelastic, spring and protuberant), as are their
different applications (e.g., fuel cell air compressors, blowers, turbo-expanders, and oil-free
turbochargers). The addressed challenges concern thermal management, rotor-dynamic
stability, and wear-resistant coatings.

High-tech industry products such as solar panels, chips, and displays are composed of
very thin layers of brittle materials that need to be handled with care. An original solution
to handle the thin substrates without mechanical contact is proposed in [4]. The system
works by floating the substrate on a thin film of air and by creating a viscous traction force
on it. The actuator is improved to reach a bandwidth of 300 Hz, while the position control
loop of the substrate reaches a bandwidth of 10 Hz with a position error of less than 13 μm.
It is a good example of the so-called tribotronics discipline.

It was shown in the literature that the radial error motion of an aerostatic journal
bearing is mainly influenced by the shape errors of the shaft. The influence of the shaft
roundness and the cylindricity errors on the aerostatic spindle’s rotation accuracy is evalu-
ated in [5]. The research proposes an index that is more effective in predicting the spindle’s
rotation accuracy than the roundness and cylindricity.

Paper [6] presents an elegant analytical model of a porous gas journal bearing after
a literature survey on the topic. The analytical model is able to predict the flow and the
dynamic force coefficients. An FE model is compared to the analytical one, and a perfect
match is found. A validation of the static results with experimental data from the literature
is also carried out. The paper represents a useful design guide for the quick selection of
physical parameters, both for static performance and for stability analysis.

A partial arc annular-thrust porous journal bearing that can carry both radial and axial
loads is investigated in [7]. The analysis is carried out using commercial multi-physical
software in order to evaluate the pressure distribution for low eccentricity as well as for
low tilting angles and tilting speeds. The dynamic coefficients of tilting motion are then
determined using the finite difference technique.

Finally, the modal parameters of an aerostatic spindle are identified experimentally
based on the impulse response in paper [8]. Different methods are proposed to identify the
damped natural frequencies and the damping ratios of the conical and cylindrical modes
of the spindle. The same modal parameters are also evaluated with a non-linear numerical
model, and a comparison with experimental results is provided to validate the model.

3. Future of Gas Bearings

The different gas bearing solutions require accurate mathematical models and cannot
be easily standardized due to the complexity and variety of the problems. Despite gas
lubrication being a well-established discipline since the 1970s, the ever-rising demands of
modern technology offer new challenges to obtain higher precision and higher rotational
speeds, stimulating researchers to broaden the frontiers of gas lubrication.
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Abstract: The fluid–structure interaction (FSI) effect has a significant impact on the static and dynamic
performance of aerostatic spindles, which should be fully considered when developing a new product.
To enhance the overall performance of aerostatic spindles, a two-round optimization design method
for aerostatic spindles considering the FSI effect is proposed in this article. An aerostatic spindle
is optimized to elaborate the design procedure of the proposed method. In the first-round design,
the geometrical parameters of the aerostatic bearing were optimized to improve its stiffness. Then,
the key structural dimension of the aerostatic spindle is optimized in the second-round design to
improve the natural frequency of the spindle. Finally, optimal design parameters are acquired and
experimentally verified. This research guides the optimal design of aerostatic spindles considering
the FSI effect.

Keywords: aerostatic spindle; fluid–structure interaction; restrictor geometrical parameters; struc-
tural dimension; optimal design

1. Introduction

Aerostatic spindles are widely employed in various kinds of precision equipment
for their distinct advantages of ultra-high precision, negligible friction, and wide rotat-
ing speed range [1]. However, the drawbacks of low capacity, low stiffness, and poor
high-speed stability restrict their possible application significantly. Many factors have a
great impact on the overall performances of aerostatic spindles, such as the geometrical
parameters of the aerostatic bearing, the supply pressure, the rotating speed, and the
restrictor type, etc. Hence, it is difficult to optimize the design parameters of aerostatic
spindles comprehensively.

Numerous research studies have been conducted to facilitate the design of aero-
static bearings by investigating the impact of the air film geometrical dimensions on
their static performance [2,3]. Li et al. [4] numerically studied the performances of the
orifice-type restricted aerostatic thrust bearings with varying geometrical parameters based
on computation fluid dynamics, and the effect tendency of geometrical parameters to
the bearing performances was acquired. Belforte [5] and Du et al. [6] investigated the
stiffness, load-carrying capacity (LCC) of aerostatic thrust bearings and journal bearings
with pressure-equalizing groove (PEG), and found that the PEG can enhance the static
performance of aerostatic bearing dramatically.

Many studies also have been carried out on the optimal design approach of air
bearings [7–9]. Wang et al. [10] proposed an optimal design approach based on a genetic
algorithm, and a hybrid selection scheme was adopted when selecting the mating groups,
which is more efficient. Federico et al. [11,12] optimized the orifice diameter, orifice position,
and orifice number of inherently compensated rectangular aerostatic pad bearings based

Appl. Sci. 2021, 11, 3017. https://doi.org/10.3390/app11073017 https://www.mdpi.com/journal/applsci5



Appl. Sci. 2021, 11, 3017

on a multi-objective genetic algorithms optimization approach. To optimize the design
parameters and supply pressure of a rectangular aerostatic thrust bearing, Nikhil et al. [13]
proposed a Pareto optimization method to avoid the variation of the optimal results
with different initial populations; the trial points are therefore distributed in the design
space uniformly.

However, the structural deformation caused by pressurized air film was neglected
in the aforementioned researches. Since the performance of the aerostatic bearings is
significantly impacted by the air film thickness, this phenomenon may induce great error
when calculating the performance of the aerostatic, and the initial design requirements
may not be satisfied by the actual performance of the aerostatic bearing. This phenomenon
is especially dramatic in the design of aerostatic bearings with high stiffness and high
LCC, such as the spindle of fly cutting machine tools, rotary tables, etc., and has drawn
increasing attention in recent years [14,15]. Lu et al. [16,17] numerically and experimentally
investigated the performance of an air spindle considering the fluid–structure interaction
(FSI) effect. They found that the LCC curve declines slightly due to the FSI effect, and the
axial stiffness declines with the decrease of the thrust thickness plate. In a study by
Gao et al. [18], the performance of an aerostatic spindle was investigated by a two-way FSI
simulation model. It showed that the air film thickness changes about 7.65 μm due to the
structure deformation and the stiffness of the spindle declines about 34%.

According to the above literature review, it can be seen that the design of aerostatic
bearing includes the design of the air bearing parameters and the design of the crucial
dimensions of the solid parts. Even though many optimal design approaches of air bearings
have been proposed, the FSI effect is seldom considered, and the crucial structural dimen-
sions are usually decided empirically. Therefore, the aerostatic spindle cannot be optimized
comprehensively from its LCC, volume flow rate (VFR), stiffness, natural frequency, etc.

To overcome this issue, a two-round optimization design method for the aerostatic
spindle with consideration of the FSI effect is proposed in the current study. The design
parameters for the aerostatic bearing and the solid parts can be optimized by the proposed
approach. As an application case, an aerostatic spindle is optimized. The impact of the
crucial parameters of air film and the structural dimensions on the performances of the aero-
static spindle are investigated based on the finite element method (FEM). The performance
of the aerostatic spindle is enhanced from the aspects of LCC, VFR, stiffness, natural fre-
quency, etc. Furthermore, experiments were implemented to validate the reliability of the
calculation results.

2. A Two-Round Optimization Design Method of Aerostatic Spindles Considering the
FSI Effect

According to the existing design philosophy of aerostatic bearings [19–21], the design
of air bearing is usually first carried out based on its performance requirements and
design restrictions, and then the crucial solid parts are designed empirically based on the
dimensions of air film. The elastic deformation of crucial parts caused by high air pressure
and its impact on the overall performance of the aerostatic spindle are ignored. However,
when the FSI effect is considered, the design of the aerostatic spindle consists of the design
of the geometrical parameters of air bearing and the design of key structural dimensions.
Both aspects impact the overall performance of the spindle system significantly. To facilitate
the optimal design of aerostatic spindles considering FSI, a two-round optimization design
method is proposed in this research, as shown in Figure 1. Its basic idea is to optimize the
geometrical parameters of aerostatic bearing and the key structural dimensions of solid
parts sequentially so that the static and dynamic performance of the spindle system can be
optimized comprehensively.

In the first-round design stage, the static performances of the aerostatic bearing are
improved by optimizing its geometrical parameters. The FEM model of aerostatic bearing
is built in this stage. Then, the influence of the crucial design parameters (such as the orifice
diameter, the air film thickness, and the orifice number) on the static performance of the
aerostatic bearing can be acquired. Finally, the optimized design parameters for air bearing
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design can be acquired by selecting a good combination of LCC, stiffness, and volume flow
rate (VFR).

 

Figure 1. A two-round optimization design method for aerostatic spindles considering the fluid–structure interaction (FSI).

In the second-round design stage, the static and dynamic performances of the aero-
static spindle are further investigated with consideration of the FSI effect. A two-way
FSI simulation model is built to calculate the structural deformation of the spindle and
its impact on the static performance of the aerostatic bearing. The crucial structural di-
mensions that greatly influence the structural rigidity and weight of solid components are
analyzed. Furthermore, to clarify the effect of structure dimension on the natural frequency
of the spindle, modal analysis with varying structure dimensions is carried out, and finally,
the optimal structural dimensions are acquired.

In the following sections, the optimal design of an aerostatic spindle is implemented as
a case study to elaborate the detailed procedures of the proposed two-round optimization
design method.

3. The Configuration of an Aerostatic Spindle

Figure 2a presents the configuration of an aerostatic spindle that is employed in an
ultra-precision fly cutting machine tool. Its rotating parts consist of a shaft and two thrust
plates. Two air thrust bearings and a radial bearing are adopted to separate the rotating
parts from the shaft sleeve and resist the external load. In ultra-precision fly cutting
machining, the axial direction of the spindle is the error-sensitive direction. Therefore,
the axial vibration and tilt vibration of the rotating parts has a significant impact on the
machined surface quality [22]. It indicates that enhancing its axial stiffness and angular
stiffness is beneficial to reduce its vibration amplitude and the machined surface quality.

Figure 2b demonstrates the geometrical parameters of the aerostatic thrust bearing.
The restrictor of aerostatic thrust bearings is a pocketed orifice-type restrictor. The inner
diameter of the thrust bearing is D1, and the outside diameter of the thrust bearing is D3.
There are n orifices distributes equally along the circumferential direction of the thrust
bearing, and the diameter is D2. d and h are the diameter of the orifice restrictor and the
thickness of air film, respectively. d1 and h1 are the diameter and the depth of the recess,
respectively. Table 1 shows the initial values of these parameters.

7
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Figure 2. The configuration of an aerostatic spindle and the design parameters of its thrust bearing.
(a) The configuration of the aerostatic spindle and (b) the design parameters of the thrust bearing.

Table 1. The design parameters of the aerostatic thrust bearing.

D1 (mm) D2 (mm) D3 (mm) d (mm) h (μm) d1 (mm) h1 (mm) n L (mm)

60 88.3 130 0.2 16 6 0.05 6 30

4. The First-Round Optimal Design of Aerostatic Thrust Bearings

The static performances of an aerostatic bearing are greatly impacted by the geo-
metrical parameters of the orifice-type restrictor, such as the orifice diameter, the air film
thickness, and the orifice number. Therefore, its performances can be improved by optimiz-
ing these parameters. In this section, a numerical model of the aerostatic thrust bearing is
built first based on the FEM. Additionally, then, the impact of the above three parameters
on the static performances of aerostatic thrust bearing is calculated based on the FEM
model. Finally, the static performances of the aerostatic thrust bearing are improved by
optimizing these three design parameters.

4.1. FEM Modeling of Aerostatic Bearings

The flow status of an orifice restrictor is simplified as the compressible flow through
an ideal nozzle, and the orifice is simplified as a point. When the air flows through the
orifice, the air pressure drops from Ps to Pd immediately. Considering the difference
between the actual mass flow rate of the orifice restrictor and the ideal theoretical mass
flow rate, a constant called discharge coefficient Cd = 0.8 is introduced to correct the mass
flow rate. The mathematical models for calculating the theoretical mass flow rate of the
orifice restrictor are Equations (1) and (2) [20].

m = Cd Aps

√
2ρa

pa
ψs, (1)

ψs =

⎧⎪⎪⎨⎪⎪⎩
[

k
2

(
2

k+1

)(k+1)/(k−1)
]1/2

;
(

pd
ps

≤ βk

)
{

k
k−1

[(
pd
ps

)2/k −
(

pd
ps

)(k+1)/k
]}

;
(

pd
ps

> βk

) (
βk = (2/(k + 1))(k+1)/k

)
(2)

where A = πd2/4 is the cross-section area of orifice, Pa is the atmosphere pressure, ρa is the
density of air under standard state, ψs is flow rate function, and k is the specific heat ratio
of air.
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The fluid domain of the aerostatic thrust bearing is described using the governing
equation in the cylindrical coordinate system [20] below:

∂

∂ξ

(
h3 ∂p2

∂ξ

)
+

∂

∂θ

(
h3 ∂p2

∂θ

)
+ r2Qδi = Λr

∂

∂θ

(
hp
)

, (3)

where h is the dimensionless thickness of air film, p is the dimensionless pressure, ξ is the
dimensionless coordinate in the radial direction, r is the coordinate in the radial direction,
and θ is the coordinate in the circumferential direction. Q is the mass flow rate factor of
the orifice restrictor. δi is a constant coefficient with a value of 1 or 0 (in the computational
domain where there is an orifice, it equals 1; otherwise, it equals 0.) Λ is the dimensionless
bearing number.

h =
h

hm
, r =

r
r0

, ξ = ln r, p =
p
ps

, Q =
24ηr2

0 pa

h3
m p2

s ρa
ρṽ, Λ =

12ηvθ2r0

h2
m ps

, (4)

where h is the thickness of air film. r0 is the characteristic length, hm is the reference air film
thickness, p is the gas pressure distribution function, ρ is the air density, η is air dynamic
viscosity,

∼
v is the velocity of orifice gas flow, and vθ2 is the velocity components in the

circumferential direction. In this paper, the performance of aerostatic thrust bearing is
analyzed under motionless conditions, and therefore, Λ = 0.

The pressure square function is defined as follows:

f = p2
(
ξ, θ

)
= f

(
ξ, θ

)
. (5)

Taking the pressure square function f as the variable, the functional Φ can be con-
structed based on Equation (3) as follows:

Φ
(

f
(
ξ, θ

))
=
∫

Ω

⎧⎨⎩h3

2

⎡⎣(∂ f
(
ξ, θ

)
∂ξ

)2

+

(
∂ f
(
ξ, θ

)
∂θ

)2
⎤⎦− Q f

(
ξ, θ

)
δi

⎫⎬⎭dξdθ (6)

where Ω denotes the computational domain of the air film. It has been mathematically
proved that, under certain boundary conditions, the extremum of Equation (6) can only be
acquired by a certain pressure square function f that is the solution of Equation (3).

The triangular finite element is employed to solve Equation (6) in this paper. i, j, m are
the three nodes of triangular finite elements. The interpolation function of triangular finite
element is defined as

f = NeTfe (7)

fe =
[

fi f j fm
]T (8)

Ne =
[

Ni Nj Nm
]T , (9)

where fe represents the pressure square of the nodes. Ne is the shape function of the
triangular element, which can be calculated by Equation (10).

Ni =
1

2Δe
(
ai + biθ + ciξ

)
, (i = i, j, m) (10)

⎧⎨⎩
ai = θjξm − θmθj

bi = ξ j − ξm

ci = θm − θj

, (11)

where Δe is the area of the triangular element. By changing the subscripts of Equation (11)
in the order of i, j, m sequentially, and Nj and Nm can be obtained.

By substituting Equation (7) into Equation (6) and applying it to the finite elements of
the entire computational domain, Equation (12) can be derived as follows:
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Φ( f ) =
m

∑
e=1

1
2

∫
Δe

h3

[[
∂

∂x

(
NeTfe

)]2
+

[
∂

∂z

(
NeTfe

)]2
]

dξdθ

−
m

∑
e=1

∫
Δe

Q f dξdθδi

. (12)

The partial derivative with respect to f should be zero to obtain the solution of
Equation (6); thus, we can obtain Equation (13). The solution of Equation (13) is the
pressure square function f , which makes the functional Φ reach the extremum.

∂Φ
∂ fi

= ∑
e∈Δi

(
cic

eT + bib
eT
)

fe ∫
Δe h3dξdθ/(2Δe)2 − k1μr

.
mrδi = 0

(i = 1, 2, . . . , n)
. (13)

Additionally, Equation (13) can be rewritten in the matrix form as follows:

KF = T, (14)

where F = [f1 f2 fn]T is a column vectors with n×1 dimensions. T is composed of three
types of elements: 0, K1

.
mrμr and −

(
c(k)i c(k)j + b(k)i b(k)j × ∫

Δk h3dξdθ/(2Δk)
2 .

.
mr is the real

mass flow rate of the orifice restrictor. K is a square matrix with n×n dimensions, and its
elements can be acquired by

Kij = ∑
e∈Δi∧Δj

(
cicj + bibj

) ∫
h3dξdθ(2Δe)2. (15)

Then, the LCC, the stiffness, and the VFR of the aerostatic thrust bearing can be
calculated by the equations below. The LCC of the aerostatic thrust bearing is the sum of
the integration of the pressure on each element. Then, the stiffness of the aerostatic thrust
bearing can be calculated by Equation (17). The VFR can be acquired by Equation (18).

WLCC = psr2
0

m

∑
e=1

∫
Δe

pdξdθ (16)

Kstiffess =
WLCC(h + Δh)− WLCC(h)

Δh
(17)

QVFR = m/ρ. (18)

Figure 3 presents the FEM model of the aerostatic thrust bearing. Since the thrust air
film is symmetric in the circumferential direction, a basic sector is built and the periodic
boundary conditions are employed to save calculation time. The computational domain is
equally divided into nθ parts along the circumference direction, while it is divided into nξ

parts along the radial direction.

4.2. Optimal Design of the Geometrical Parameters of the Restrictor

To optimize the orifice diameter, the air film thickness, and the orifice number of the
thrust bearing, their impact on the performance of aerostatic thrust bearing is investigated
in this section. Except for these three variables, the values of other geometrical parameters
of the air bearing are the same as shown in Table 1.

Figure 4 presents the performance curves of aerostatic thrust bearings with varying
orifice diameter d and air film thickness h. It can be seen that with the increase of the
air film thickness, the stiffness curve ascents first and then descends, which has a peak.
However, the LCC curves decline, and the VFR curve increases monotonically. Moreover,
with the increase of the orifice diameter, the LCC and the VFR of the aerostatic thrust
bearing increase dramatically. However, for the stiffness curves, the maximum stiffness
declines greatly with the increase of orifice diameter. Moreover, the air film thickness,
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which is corresponding to the peak position of stiffness curves, declines gradually along
with the decline of orifice diameter. It indicates that a higher stiffness can be acquired by
the combination of smaller orifice diameter and a smaller air film thickness.

Figure 3. The finite element method (FEM) model of the air thrust bearing.

 
Figure 4. The performance curves of aerostatic thrust bearing with varying d and h.

Figure 5 presents the performance curves of the aerostatic thrust bearing with different
orifice numbers n. It shows that the LCC and stiffness of aerostatic thrust bearing can be
improved by increasing the orifice number. However, it can also cause a dramatic increase
in VFR. In addition, the LCC and stiffness only rise slightly when the orifice number
increases to 12, while the VFR increases greatly. This means that the performance of
aerostatic thrust bearing cannot be enhanced continuously with increasing orifice number.

 
Figure 5. The performance curves of aerostatic thrust bearing with varying orifice number n.

According to the above investigation, the combination of smaller orifice diameter and
a smaller air film thickness helps improve the stiffness, and increasing the orifice number
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can also improve the stiffness. To improve the performance of aerostatic thrust bearing,
the orifice diameter of 0.15 mm, the air film thickness of 13 μm, and the orifice number of
8 are selected in this section. Compared with the initial design, the LCC is improved by
28.3%, from 781.0 N to 1001.8 N, the stiffness is improved by 44.2%, from 72.7 N/μm to
104.8 N/μm, and the VFR is reduced by 27.2%, from 9.2 L/min to 6.7 L/min.

5. The Second-Round Optimal Design of Crucial Structural Dimensions

The geometrical parameters of air film determine the design of structural dimensions.
After the design parameters of the aerostatic thrust bearing are optimized, the structural
dimensions thrust plates are designed empirically based on the dimensions of thrust
air film. For example, the outer diameter of air thrust film D3 should be less than the
diameter of thrust plates. However, the thrust plate thickness has a dramatic impact
on its bending rigidity and it is generally designed empirically. When the FSI effect is
considered, the bending deformation of the thrust plate caused by the air film force could
increase the air film thickness and change the stiffness of the aerostatic bearing. Generally,
improving the thickness of the thrust plate is beneficial to strengthen its bending rigidity.
However, it will also improve the weight of rotating parts, which decreases the natural
frequency of the spindle. Therefore, the thrust plate thickness that greatly influences
the structural rigidity and weight of rotating parts should be further optimized from the
perspective of the natural frequency of the spindle.

5.1. FSI Modeling of Aerostatic Thrust Bearing

To calculate the performance of aerostatic thrust bearing with consideration of elastic
deformation of the thrust plate, a two-way FSI modeling method [23] of aerostatic thrust
bearing is adopted, as illustrated in Figure 6. It consists of the FEM model of the thrust plate
and the FEM model of the aerostatic thrust bearing. The elastic deformation of the thrust
plate can be calculated by the FEM model of the thrust bearing. The pressure distribution
of the air film can be acquired by the FEM model of the aerostatic thrust film. Since the
modeling method of the aerostatic thrust bearing has already been detailed in the previous
section, it is not detailed again in this section, and only the modeling method of the thrust
plate is explained below.

 

Figure 6. The FSI model of the aerostatic thrust bearing. (a) The FEM model of aerostatic thrust bearing; (b) the pressure
distribution of air film; (c) the pressure load applied on thrust plate; (d) the FEM model of thrust plate; and (e) the structure
deformation of the thrust plate.

Considering the structure feature of the thrust plate, a two-dimensional FEM model is
built in this section to save calculation time, and the shell element is employed to simulate
the bending deformation of the thrust plate. It is usually to simulate the thin-walled to
moderately thick-walled structures, which can acquire excellent calculation accuracy and
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high computational efficiency. As shown in Figure 6d, the inner edge of the thrust plate
is constrained by fixed support, and the symmetrical boundary condition is adopted to
further save calculation time. The air film pressure is applied on the bearing surface of the
thrust plate.

The governing equation for the FEM model of the thrust plate can be written as below.

[K]{u} = {F} (19)

where {u} and [K] represent the displacement vector and stiffness matrix, respectively.
{F} donates the pressure load applied on the bearing surface of the thrust plate. According to
the Mindin–Reissner shell theory, the stiffness matrix of the shell element can be acquired
by Equation (20) [24].

Ke =
h3

e
12

∫ ∫
BT

b DbBbdxdy + he

∫ ∫
BT

s DsBsdxdy (20)

where he is the thickness of the shell element. D is the elastic matrix as follows:

Db =
E

1 − μ2

⎡⎣ 1 μ 0
μ 1 0
0 0 (1 − μ)/2

⎤⎦, Ds =

[
κG 0
0 κG

]
(21)

where E denotes the elasticity modulus. μ is the Poisson ratio. κ denotes the shear correction
factor. G is the shear modulus. B can be calculated by Equations (22) and (23).

Bb =
[

Bb1 Bb2 . . . Bn
]
, Bs =

[
Bs1 Bs2 . . . Bsn

]
(22)

Bbi =

⎡⎢⎣ 0 0 ∂Ni
∂x

0 − ∂Ni
∂y 0

0 − ∂Ni
∂x

∂Ni
∂y

⎤⎥⎦, Bsi =

[
∂Ni
∂y −Ni 0

∂Ni
∂x 0 −Ni

]
(23)

where N is the shape function of rectangular elements.

Ni = (1 + ξiξ)(1 + ηiη)/4(i = 1, 2, 3, 4) (24)

where ξi and ηi are the coordinates of nodes in the local coordinate system of the shell element.
A crucial part of the two-way FSI modeling is to build the bidirectional data exchange

interface between the FEM model of the aerostatic thrust bearing and the FEM model
of the thrust plate. To realize it, the data exchange procedure is designed and it can be
decomposed into the following steps:

(1) Based on the FEM model of the aerostatic thrust bearing, as shown in Figure 6a,
conducting a steady-state analysis of air film and the pressure distribution of air film can
be acquired, as shown in Figure 6b;

(2) Exporting the air film pressure data to the two-dimensional FEM model of the
thrust plate, as shown in Figure 6d, and applying it as pressure load, as shown in Figure 6c;

(3) Conducting steady-state structure analysis based on the two-dimensional FEM
model of the thrust plate, in which the deformation of the thrust plate can be acquired,
as shown in Figure 6e;

(4) Transferring the deformation data of the thrust plate to the FEM model of the
aerostatic thrust bearing and updating the air film thickness of each element;

The bidirectional data exchange can be accomplished by the above procedures. By im-
plementing the above process repeatedly, the static performance of aerostatic thrust bearing
can be acquired.

13



Appl. Sci. 2021, 11, 3017

5.2. Optimal Design of the Structural Dimensions of the Aerostatic Spindle

Figure 7 presents the axial stiffness and the first-order natural frequency of the aero-
static spindle with varying thrust plate thickness and air film thickness considering the
FSI effect. It can be derived from Figure 7a that with the increase of thrust plate thickness,
the maximum stiffness increases sharply in the range of 5–15 mm and then increases slowly
in the range of 15–30 mm. This phenomenon can be explained as follows. The structural
rigidity of the thrust plate is directly related to its thickness. By increasing its thickness,
its structural rigidity will be improved, and the deformation of the thrust plate will be
smaller. When the thickness of the thrust plate is larger than 15 mm, the stiffness trends
to steady gradually with the increase of the thrust plate. It is because that the structural
rigidity of the thrust plate is high enough to resist the air film force. The stiffness is im-
proved slightly by further increasing its thickness. Therefore, the range of 15–30 mm is
recommended for the thrust plate thickness for higher stiffness.

Figure 7. The performance of aerostatic spindle with varying thrust plate thickness L and air film thickness h. (a) The
axial stiffness of the spindle with different thrust plate thickness L and air film thickness h and (b) the first-order natural
frequency of the aerostatic spindle with varying thrust plate thickness L and air film thickness h.

However, the mass of the thrust plate is also directly related to its thickness. To increase
the natural frequency, the designer generally hopes to reduce the mass of the rotating parts
in the design stage. It means that the thickness of the thrust plate cannot be increased
blindly. As shown in Figure 7b, with the increase of the thrust plate thickness, the first-order
natural frequency first increases sharply and then declines quickly. A maximum region
for the first-order natural frequency can be observed around the thrust plate thickness of
10–15 mm. This phenomenon can be explained as follows. According to the calculation
result shown in Figure 7a, the stiffness first increases sharply and then trends to steady,
while the mass increases linearly with the increase of the thrust plate thickness. Generally,
the natural frequency is proportional to the stiffness and is inversely proportional to the
mass. In the region where the stiffness increases sharply, the natural frequency increases
with the increase of the thrust plate thickness. In the region where the stiffness increases
slowly, the natural frequency decreases with the increase of the thrust plate thickness.

Considering the stiffness and natural frequency comprehensively, a thrust plate thick-
ness of 20 mm is selected in this paper. Comparing with the initial design, the first-order
natural frequency of the aerostatic spindle increases by 45.3%, from 167.4 Hz to 243.3 Hz.

6. Experimental Validation of the Calculation Result

To validate the above calculation result, the performance of the aerostatic spindle
with optimized design parameters is measured in this section. Since the machining error
and assembly error is unavoidable, the actual geometry size of the aerostatic bearings
may deviate from the design value. The performance of aerostatic bearing is susceptible
to orifice diameter and air film thickness. To minimize the errors introduced by the
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manufacturing and assembly process on the measurement results, the orifice diameter and
air film thickness are first measured in this section.

6.1. Measurement of Orifice Diameter

An optical image measuring instrument (Hexagon Optiv Classic 321GL tp) is em-
ployed in this research for orifice diameter measuring, as shown in Figure 8a. It has a
CCD (Charge Coupled Device) image system to capture the image of the tiny object to be
measured, which is capable to measure the contour and dimensions of various complex
parts accurately and efficiently. Figure 8b presents a tested image of the orifice. As can
be seen from the figure, the round outline of the orifice is clear, and no obvious burr can
be observed. These orifices were acquired by micro-drilling machining. The image of the
orifice indicates that excellent shape accuracy can be acquired by micro-drilling machining.

Figure 8. Experimental setup for orifice diameter measuring. (a) The Experimental apparatus for orifice diameter test and
(b) the tested image of an orifice.

Table 2 lists the tested data of eight orifices. It shows that the actual diameter of the
orifice diameter has a good consistency. The nominal size of the orifice diameter is 0.15 mm,
and all the measured orifice diameter is around 0.15 mm with a dimension deviation less
than ±5 μm, which indicates that the orifices have high dimensional accuracy.

Table 2. Experimental result of the orifice diameter.

Orifice Number 1 2 3 4 5 6 7 8

Orifice diameter (mm) 0.148 0.147 0.154 0.148 0.153 0.152 0.151 0.151

6.2. Measurement of Air Film Thickness

Generally, to ensure the static performance of the aerostatic bearing and the motion
accuracy of a spindle, a serial of stringent machining accuracy requirements (including flat-
ness, parallelism, and perpendicularity, etc.) are proposed for each part of the spindle
system (the shaft, sleeve, and thrust plates). Nevertheless, the real air film thickness may
deviate from the design value due to unavoidable machining errors and assembly errors.

Figure 9a presents the experimental setup for air film thickness measuring. By measur-
ing the displacement of the thrust plate under the condition of the air supply valve closing
and opening, the actual air film thickness can be acquired. A capacitive displacement
sensor (Micro-Epsilon capaNCDT6500) with a resolution of 1 nm and a measurement
range of 50 μm is employed in this research to record the displacement of the thrust plate.
The experimental setup is mounted on a vibration isolation worktable to avoid the impact
of external vibration.

Figure 9b shows the displacement curve of the thrust plate before and after the
opening of the air supply valve. It can be seen that the thrust plate moves upward due
to the support of pressurized air film. The above measuring process is implemented at
eight points. These points are equally spaced along the circumferential direction of the
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thrust plate, and the tested data is detailed in Table 3. It can be inferred that the measured
average air film thickness is about 12.84 μm, which is slightly less than the design value of
13 μm. It may result from the machining error of the shaft, sleeve, and thrust plate.

 
Figure 9. Experimental setup for air film thickness measuring and test result. (a) The Experimental
setup for air film thickness measuring and (b) a test result of the air film thickness test.

Table 3. Measuring result of the air film thickness.

Test Point 1 2 3 4 5 6 7 8

Air film thickness (μm) 12.86 12.72 12.89 12.78 12.93 12.84 12.86 12.84

6.3. The Axial Stiffness Test of the Aerostatic Spindle

To verify the calculation result, the axial stiffness of the spindle with different thrust
plate thicknesses is tested in this section. The stiffness test is conducted by applying
different loads along the axial direction of the spindle and measuring the axial displacement
of the spindle by a displacement sensor. The experimental apparatus mainly consists of a
computer, a displacement sensor, and an aerostatic spindle, which is shown in Figure 10.
The displacement of the thrust plate can be acquired by the displacement sensor with
varying axial loading.

 

Figure 10. Experimental apparatus for the stiffness test.

The experimental result is compared with the simulation result, as shown in Figure 11.
It can be seen that the experimental curve and the simulation curve show the same trend.
According to the test date, the axial stiffness of the spindle with the thrust plate thickness
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of 10 mm is 176.2 N/μm, which is much lower than the ideal stiffness of 209.6 N/μm.
It proves that the stiffness will be declined due to structural deformation. By increasing
the thrust plate thickness to 20 mm, the stiffness increases to 201.8 N/μm. It indicates
that the structural rigidity of the thrust plate can be improved by increasing its thickness.
With further increase of the thrust plate thickness to 30 mm, the axial stiffness of the spindle
increases slightly to 204.2 N/μm. It means that the stiffness is close to the ideal stiffness
with the further increase of the thrust plate thickness. The experimental result validates
the accuracy of the FSI model.

 

Figure 11. Comparison between the simulation result and experimental result.

7. Conclusions

This paper proposes a two-round optimization design method for aerostatic spindles
considering the FSI effect. The optimal design of an aerostatic spindle is implemented as a
case study to detail the design process of the proposed approach. A set of optimal design
parameters are acquired, and experiments are implemented to verify the simulation results.
The main conclusions are drawn as follows:

1. A two-round optimization design method is proposed to facilitate the design of
the aerostatic spindle with consideration of the FSI effect, and an aerostatic spindle is
optimized as a case study that validates the effectiveness of the proposed design method;

2. In the first-round design stage of the two-round optimization design method, a set
of optimized design parameters of the aerostatic thrust bearing is acquired by analyzing
the performance of the aerostatic thrust bearing with varying geometrical parameters of the
restrictor. Compared with the initial design, the LCC is improved by 28.3%, the stiffness is
improved by 44.2%, and the VFR is reduced by 27.2%;

3. In the second-round design stage of the two-round optimization design method,
a recommended range for the design of thrust plate thickness is acquired by calculating
the stiffness and natural frequency of the spindle with different thrust plate thicknesses.
Compared with the initial design, the first-order natural frequency of the aerostatic spindle
increases by 45.3%;

4. Experiments are conducted, and the experimental results agree well with the
simulation results, which verifies the accuracy of simulation results.
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Abstract: In this paper, a thermo-hydrodynamic model of the bump foil thrust gas bearing is
developed, which solves the coupled gas film three-dimensional energy equation, non-isothermal
Reynolds equation, and the foil deformation equation. The effects of bearing speed, thrust load, and
external cooling gas on the bearing temperature field are calculated and analyzed. The test rig of foil
thrust gas bearing was built to measure the bearing temperature under different working conditions.
Both simulation and experiment results show that there exist temperature gradients on the top foil
both in the circumferential and radial directions. The simulation results also shows that the top foil
side of the gas film has the highest temperature value in the entire lubrication field, and the position
of highest temperature moves radially inward on the thrust plate side as the rotor speed increases.
The gas film temperature increases with the increasing rotor speed and bearing static load, and rotor
speed has greater effects on the temperature variation. Cooling air flow passing through the bump
foil is also considered in the simulations, and the cooling efficiency decreases as the mass of gas flow
increases.

Keywords: bump foil gas bearing; thermo-hydrodynamic model; temperature field;
thermal characteristics analysis

1. Introduction

Dynamic bump foil gas bearings have been developed since 1960s, and numerous
scholars have conducted the researches of related lubrication theories and experiments [1,2].
Nowadays, requirements of larger power density performance are put forward for the
turbomachinery, such as blowers, air compressors, and turbochargers, which indicates
that gas dynamic thrust bearings need to work under the conditions of higher speeds,
larger axial loads, and harsher environments [3]. Compared with traditional gas bearings,
bump foil type gas bearings have many significant advantages, such as long operating
life, high reliability, large carrying capacity, high speed and high temperature resistance,
and good impact resistance. As the rotational speed gradually increases, the elastic foil
structure of the bearing deforms, thereby forming the corresponding air film thickness,
which has strong adaptability. Therefore, more and more researchers pay attention to the
dynamic bump foil gas bearing, which are widely used in a variety of high-speed rotating
machinery [4]. Under operating conditions, the ultra-high speed of the rotating thrust
plate drives the gas in the clearance to move fast. Due to the viscous friction and gas
compression effect between the gas films, the temperature of the bearing will increase
sharply. It is insufficient to maintain an ideal temperature inside the bearing only by relying
on the bearing self-cooling effect. With the accumulation of high temperature, the air film
gap will decrease obviously due to the effect of thermal expansion of the structure, and
the wear-resistant coating of the top foil will be damaged, which will eventually cause
disastrous damages to the whole rotor system.

In recent years, many impressed studies on the thermal characteristics of gas bearings
have been published. Salehi et al. applied the Couette approximation method to solve the
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temperature field distribution of journal foil gas bearing by coupling the simplified energy
equation and the Reynolds equation. However, the calculation model did not consider the
heat transfer between the foil structure and rotor [5]. Lee et al. coupled solved the non-
isothermal Reynolds equation, gas film thickness equation that considers foil deformation
and thermal expansion, and the gas film energy transfer equation. The simulation results
of temperature field distribution under the symmetric arrangement of two thrust bearing
are obtained, and the influences of rotor speed, bearing load, and cooling air pressure
on the bearing temperature are explored [6]. Dickman conducted the thermal-influenced
loading experiments based on three corrugated foil thrust bearings with the same size. It
was pointed out that the bearing load capacity increases almost linearly with the increase in
rotating speed without thermal failure and decreases with the increasing rotor speed when
the thermal runaway occurred [7]. GAD et al. calculated the temperature field of thrust
bearing by using Couette approximation method, and pointed out that the gas leakage of
bearing clearance mostly occurs in the inclined area and leads to the lower temperature. In
addition, the study pointed out that more than 70% of the heat generated by gas film can
be removed by controlling the cooling flow rate. Meanwhile, the simulation results were
compared with Dickman’s experimental results, the bearing loading curves in comparison
are more consistent when the rotate speed is lower, and there are certain errors when rotor
speed is higher. The author speculates that bearing thermal runaway occurred at higher
speeds, resulting in a lower load capacity with speed increased [8]. Andreas Lehn et al.
present the formulas for calculating the thermal resistances between the bump foil and
top foil, and between the bump foil and bearing housing. The authors also considered the
thermal expansion of the thrust disc, and the temperature field distribution was solved by
multi-field coupling methods. It was pointed out that the bearing load capacity decreased
with the increase in rotating speed when the speed increased to a certain value. This trend
was due to the bending deformation of thrust disc caused by the high gas film temperature,
which leads to the decrease in gas film thickness and the final thermal runaway [9]. Li
Changlin established conduction and convection heat transfer models for the bearing
sleeve and rotor of the journal bump foil gas bearing, which coupled the non-isothermal
Reynolds equations, gas film energy transfer equations, and foil deformation equations.
The simulation results compared the THD model with the isothermal model, analyzed the
static characteristics and dynamic characteristics of the gas foil bearing [10]. Luo Yixin
applied the commercial software to simulate the temperature field of thrust bearing, and
studied the influences of different boundary conditions, rotor speeds, inlet pressure, and
temperature on bearing thermal characteristics [11]. Peng and Khonsari simplified the foil
structure as a line spring model, considered the forced convection cooling outside the flat
foil, calculated the multi-dimensional distribution of gas film temperature, but ignored
the heat transfer from temperature to rotor and sleeve [12]. Aksoy’s research results show
that the maximum temperature of the film increases with the grow of load and rotational
speed, in which the influence of the rotational speed is greater. At the same time, it is
found that the temperature gradient along the axial direction of the rotor can easily cause
structural and thermal instability [13]. Andres and Kim found that the viscosity of the gas
film increased with the temperature rises, which enhanced the effect of dynamic pressure.
The influence of the temperature of the gas film on the structure stiffness of the foil is small.
The closer to the shaft end, the greater the gas film temperature gradient, and the axial
temperature gradient grew with the increase in the rotational speed [14]. Talmage and
Carpino found that the axial temperature gradient will cause the flat foil warping in the
end region of the bearing, resulting in uneven axial distribution of the film gap, which
makes the flat foil easy to grind with the rotor [15]. Kim and Ki studied the complete
heat transfer in a 50KW turbine. It was found that the dynamic stiffness and damping
coefficient of the bearing would decrease due to the decrease in the elastic modulus of the
foil structure at high temperature [16]. Keun and Andres et al. heated the rotor without
cooling gas flow, and the bearing failure occurred when the rotor temperature reached
251 ◦C [17]. Therefore, the heat control and temperature control strategies, such as injecting
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cooling gas flow in high temperature environment are very necessary. In this study, a
detailed 3D thermal model of bump foil thrust gas bearing is considered. The temperature
field distribution of the thrust bearing is solved by coupling the three-dimensional energy
equation, non-isothermal Reynolds equation and gas film thickness equation. The cooling
models of foil structure and thrust plate, as well as the influence of temperature on the
thermal expansion of bearing structure are considered. The thermal characteristics of the
bearing under different working conditions are analyzed. Finally, the test rig of the foil
thrust gas bearing is built to measure the bearing temperature distributions of bearing
under different working conditions.

2. Numerical Simulation Research

The aerodynamic bump foil thrust bearing mainly consists of three parts: the top foil
is used to provide lubricating surface; the bump foil plays the role of elastic support; the
bearing housing is applied to fix the top foil and the bump foil. The structure of bump foil
thrust gas bearing is shown in Figure 1.

Figure 1. Structure of thrust bump foil gas bearing.

As shown in Figure 2, the entire structural system is divided into six areas along
the gas film thickness direction to describe the heat flow. From area A to area G, heat
is generated inside the gas film (area C), and one part of the heat is transferred to the
ambient or cooling air (area A) through the thrust disc (area B). Another part is transferred
to the top foil (area D), and then to the bearing housing (area F) by heat conduction or heat
convection (area E) and finally transferred to the open air (area G). When there is cooling
air passing through the bump foil channel, only a small part of the heat is transferred to
the surrounding air through the bump foil and bearing sleeve.

 

Figure 2. Heat flow transfer model.
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2.1. Calculation Process and Parameters

In this paper, the energy equation of the gas film in cylindrical coordinate system is
established as follow:
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where cp is the specific heat capacity of gas at constant pressure (J/(kg·K)); ka is the thermal
conductivity of the gas (W/(m·K)); μ is the gas viscosity which changes with temperature,
according to the reference [5], the relationship between μ and temperature is expressed as:

μ = a
(
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)
(2)

where the slope a = 4 × 10−8, when the unit of temperature T is degrees Celsius, Tref = −458.75.
The energy equation is nondimensionalized as follow:
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where k1, k2, k3, k4 are expressed as follows:
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and the dimensionless coefficients in Equation (3) are defined as follows:
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The velocity components vr, vθ , vz could be solved by the continuity equation of
hydrodynamics and the boundary conditions assumptions in Reynold’s equation.

2.2. Non-Isothermal Reynolds Equation of Gas Film

When the rotor is running at a higher speed, the heat generated by gas viscous
dissipation and compression will increase the gas film temperature. Meanwhile, gas
properties such as density and viscosity will change, which can have important impacts on
the bearing performance. The non-isothermal gas film Reynolds equation applied in this
paper is formulated as:
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where μ(T) represents gas viscosity. In the calculation process, the average temperature of
the gas film is used to update its viscosity.

2.3. Gas Film Thickness Equation

According to the structure form of the thrust bearing, considering the influence of
temperature on the thermal expansion of the bearing structure, the gas film thickness
distribution is shown in Figure 3, and its equation is as follows:

h = h2 + g(θ) + w(r, θ)− Δthermal (7)
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g(θ) =
{

δh[1 − θ/(bβ)] 0 ≤ θ < bβ
0 bβ ≤ θ ≤ β

(8)

w(r, θ) =
F(r, θ)

Kb × Δl
, Kb =

Etb
3

2(1 − v2)l3 (9)

where h2 is the gas film thickness in the plane area (m); g(θ) is the initial gas film thickness
distribution which minuses the value of h2 (m); β is the angle of top foil (◦); b is the pitch
ratio; w(r, θ) is the deformation of top foil under aerodynamic force, and Kb is the stiffness
of the bump foil per unit of transverse length (N/m2) [18]; Δthermal is the total thermal
expansion of all bearing structures (m).

Figure 3. Gas film thickness distribution diagram.

2.4. Bearing Load Capacity and Friction Loss Power

Load capacity (F) and friction loss power (W) are the main static characteristics to
measure bearing performance, their calculation formulas are as follows:
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where n is the rotational speed of the thrust plate, Tr is friction torque.
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2.5. Heat Transfer Model of Bearing Components
2.5.1. Heat Transfer Model of Top Foil Side

In this paper, the equivalent thermal resistance is applied to calculate the overall heat
transfer processes when cooling air is introduced or not.

Figure 4 is the heat transfer model on the top foil side. The figure on the left shows
that when cold air is not passed into the foil, the heat generated in the gas film passes
through the top foil through conduction. Part of the heat is conducted to the base plate
through the bump foil, and the other part is conducted to the base plate through the air
in the gap between foils. As the base plate is in close contact with the bearing housing,
the heat is transferred to the bearing housing through heat conduction, and finally spread
out through natural convection. The figure on the right shows that when the cooling air
flow is introduced into the foil, the heat generated in the gas film transferred through a
different way. The heat passes through the top foil through conduction and part of it is
transferred to the bump foil through heat conduction, and another part is taken away by
the cold air directly. The heat transferred to the bump foil is conducted to the base plate
partly, and the rest of it is taken away by the cold air which passed through the upper and
lower surfaces of the bump foil. Then, part of the heat transferred to the base plate is taken
away by the cooling air flow on the upper surface of the base plate through convection,
the other part is transferred to the bearing housing through heat conduction, and finally
spread out through natural convection. Correspondingly, the equivalent thermal resistance
models of these two situations are established, respectively.

Figure 4. Heat transfer paths near the top foil.

Figure 5 is the schematic diagram of thermal resistance model established based on the
ways of heat transfer in the foil structures, where T1 is the air film temperature on the top
foil side; T0 is the ambient temperature. The remaining parameters are the corresponding
equivalent thermal resistance.

When there is no cooling air flow injected, the equivalent total thermal resistance is
calculated as follows:

Ra = R_t +
1

1
R_bp + 1

R_tb
+ R_b + R_w + R_e (13)

when the cooling air flow is introduced into the bump foil, the equivalent total thermal
resistance is calculated as follows:

Ra = R_t +
1

1
R_bp+ 1

1
R_hbc +

1
R_i

+ 1
R_c

(14)

where R_i is calculated as follows:

R_i = R_b +
1

1
R_hb +

1
R_w+R_e

(15)
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the calculation formula for each thermal resistance is as follows:

R_t, R_bp, R_tb, R_b, R_w = ti/ki Ai
R_c, R_hbc, R_hb, R_e = 1/Ajhj

(16)

where i,j are the serial number of the thermal resistance; t is the thickness on heat trans-
mission direction (m); k is the thermal conductivity of the material (W/K·m); h is the
coefficient of heat convection(W/m2·K); A is the heat transmission area (m2). Under nor-
mal circumstances, the parameters t and A are determined by the geometric features of the
components, exceptionally, the Ai of R_bp is contact area between the bump foil and base
plate, and the Aj of the R_hbc is approximated obtained by straight inclined segments of
the bump foil.

 

Figure 5. Equivalent thermal resistance model diagram.

When the gas film temperature reaches equilibrium, the heat transferred into the top
foil from the gas film will be in dynamic balance with the heat transferred from the top foil
side to the outside. Therefore, the heat balance equation between T1 and T0 considering
the total thermal resistance of the foil structures Ra will form the:

− ka A
∂T1

∂Z
=

T1 − T0

Ra
(17)

2.5.2. Heat Transfer Model of the Thrust Plate

Figure 6 is the assembly diagram of a single side thrust bearing. Considering that
the thrust plate has high rotating speed, it is assumed that the surface temperature of the
thrust plate is consistent along the circumferential direction in the calculation process.

The governing equation of the one-dimensional thrust plate heat conduction model in
the radial direction is formulated as:

1
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+
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•
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where kdisc is thermal conductivity of thrust plate (W/K·m); Tdisc is the thrust plate surface
temperature (K); hconv_disc is the convection coefficient of air and thrust plate (W/K·m); tdisc
is the thrust plate thickness (m).

Figure 6. Single side gas thrust bearing configuration.

The last two items represent the heat flux density from the gas film to the thrust plate
and from the thrust plate to the ambient environment through the inner and outer radial,
respectively. The heat transferred from the air film to the thrust plate is expressed as:

.
q f ilm_disc =

kair
tdisc

dT
dz

(19)

In this paper, when considering the heat transfer condition on the other side of the
thrust plate, the heat dissipation model of the backside of the rotor thrust plate is regarded
as the convection heat dissipation of the rotating plate in static air. When calculating the
heat dissipation coefficient of convection between the back of the thrust plate and the
environment, the calculation formula in reference [19] is used in this article:

Nu = 0.015Reω
0.8 (20)

hconv_disc = Nu × k/L (21)

where Nu represents the Nusselt number of the fluid, which is used to describe the convec-
tive heat transfer intensity, and Reω represents the Reynolds number, and k is the thermal
conductivity of thrust plate (W/K·m), and L is the characteristic length (m).

In order the calculate the convective heat dissipation from the thrust plate outer
surface to the surrounding air, the convection coefficient on the outer surface of a rotating
cylinder is used in this paper [20]:

hconv_out = 0.133Re2
2/3Pr1/3(kair/DR) (22)

where Re2 is the Reynolds number with DR being the characteristic length, and DR is equal
to 2r2; r2 is the outer radius of the thrust bearing (m); Pr is the Prandtl number of air; kair is
the thermal conductivity of gas (W/K·m).
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.
qdisc_sur is the heat flux density transferred from the thrust plate to the environment in

the radial direction, which is calculated as follows:

.
qdisc_sur =

hconv_out

Δr
(Tdisc − T0) (23)

2.5.3. Temperature Boundary Condition in the Gas Film Inlet Area

For bump foil thrust gas bearings, the pressure in the gas film area is higher than the
ambient atmospheric pressure, thus leading to the leakage of air from the radial boundaries.
Meanwhile, the same amount of air Qsuc is brought into the gas film at the top foil leading
edge, which will mix with recirculation air Qrec to achieve the conservation of the total
amount of gas Qin.

The temperature of the inlet mixed air is calculated as follows based on the energy
balance condition of the controlled gas volume:

Tin =
TrecQrec + TsucQsuc

Qrec + Qsuc
(24)

where Tin is the mixed gas temperature at the leading edge of the top foil (K); Trec is the
circulating air temperature at the rear edge of the top foil (K); Tsuc is the temperature of the
intake cooling air (K).

3. Thermal Analysis

3.1. Calculation Process and Parameters

Figure 7 shows the calculation algorithm of the air-thermoelastic coupling simulation,
and Table 1 lists the bearing parameters used in the numerical and experimental studies.

 

Figure 7. Algorithm of the air-thermoelastic coupling simulation.
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Table 1. This is a table. Tables should be placed in the main text near to the first time they are cited.

Parameters Values

Bearing inner radius r1 (mm) 16
Bearing outer radius r2 (mm) 32
Pitch ratio b 0.4
Sector tiles number N 6
Slope height δh (μm) 40
Top foil thickness td (mm) 0.2
Bump foil thickness tb, height hb (mm) 0.15, 0.5
Bump half length l, Bump pitch s (mm) 0.98, 3
Elastic modulus Eb (GPa) 214
Poisson’s ratio vb 0.31
Housing thickness tk (mm) 16
Foil thermal conductivity kt (W/K·m) 16.9
Thrust plate thickness tz (mm) 5

3.2. Analysis of Influence Factors of Bearing Temperature

Figures 8 and 9 present the top foil deformations and the dimensionless gas film
pressure distributions when the rotor speed is 50 krpm and the initial minimum gas film
thickness is 7 μm. Figure 8a,b show the calculation results of the isothermal model and THD
model, respectively. It can be seen that the basic variation trends of the top foil deformations
calculated by different models are the same, but the top foil deflection calculated by the
THD model is larger. This is because the gas film pressure is larger when the temperature
effect is considered. The top foil deformation in the inclined section is larger than that of
the plane section due to the absence of the corrugated bump foil underneath. The larger
foil stiffness in the plane section helps increase the bearing load capacity.

 
(a) (b) 

Figure 8. Deformation distribution of top foil under different thermal model. (a) Isothermal model; (b) THD model.

It can be seen from Figure 9 that the pressure distribution under the two calculation
models is basically the same. Along the circumferential direction, the gas film pressure
increases sharply from the inlet area, and reaches the maximum value when the gas film
transits from the inclined area to the horizontal area. Then it slowly decreases, and finally
the air pressure drops to atmospheric pressure in the gas outlet area. In the radial direction,
both the inner and outer outlet area are atmospheric pressure, so the pressure presents
a trend of increasing first and then decreasing from the inner radius to the outer radius
boundaries. There is continuous leakage of gas from the radial boundaries when the
bearing is under working condition because of the pressure distribution characteristics.
Compared with the isothermal model, the gas film pressure calculated by the THD model
is larger than that by the isothermal model. This is due to the fact that the gas viscosity
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continues to increase as the temperature rises, and the gas film thickness is reduced to a
certain extent due to the thermal expansions of the thrust plate and the foil structures.

 
(a) (b) 

Figure 9. Dimensionless gas film pressure distribution under different thermal model. (a) Isothermal model; (b) THD model.

Figure 10 shows the change of bearing load capacity and friction loss power with
the initial minimum gas film thickness calculated by the isothermal and THD models. It
can be seen from the Figure 10a that bearing load capacity decreases with the increase in
the initial minimum gas film thickness. When the initial minimum gas film thickness is
increased to 30 μm, the gap between the thrust plate and the top foil is too large. Thus, the
lubricating gas film is difficult to form, and the bearing almost has no load capacity. It can
be seen from Figure 10b that the frictional loss power decreases as the initial minimum
gas film thickness increases, which is because the gas film pressure is very small when
the initial minimum gas film thickness is large. However, there is no obvious difference
between the values of friction loss power calculated by the isothermal model and the THD
model. When the initial minimum gas film thickness is the same, the bearing load capacity
and friction loss power both increased when the rotor speed goes up, and the difference
between the values of the bearing load capacity calculated by the THD model and the
isothermal model increased significantly when the speed reach to higher value. This is due
to the rapid rise of the gas film temperature caused by the increased rotational speed, and
the gas viscosity increases with the temperature rising up.

 
(a) (b) 

Figure 10. Static characteristics under different thermal model. (a) Load capacity; (b) Friction loss power.
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Figure 11 is the temperature distribution diagram of top foil under the rotor speed of
50 krpm and the static load of 100 N. Similar with the distribution of gas film pressure, the
surface temperature of the top foil experiences, firstly, increasing along the rotor rotating
direction and then maintaining at a certain value. In the entrance area, the temperature of
the ambient gas that is brought into the gas film is relatively low, and it will rise sharply
after mixing with the recirculation hot air. The top foil temperature in the plane section is
almost the same, which is obviously higher than that in the inclined region. In the radial
direction, the temperature increases first and then decreases slightly as the radius increases.
This is because the larger radius indicates the larger linear velocity of the gas film and the
larger amount of heat generated due to viscous friction. The decreasing trend near the
edge can be explained as the heat is dissipated by the forced convection on the thrust plate
outer radius surface.

 

Figure 11. Top foil temperature distribution.

Figure 12 shows the relationship between bearing temperature and the static load at the
rotor speed of 50 krpm. The temperatures of top foil and thrust plate are the average values
in the simulations. It can be seen from the figure that as the bearing load increases, the gas
film temperature increases almost linearly. Additionally, when the bearing load increases,
the differences between the maximum air film temperature, the top foil temperature and
the thrust plate temperature are almost kept constant. The increase in bearing static load
means the gas film is compressed, and the heat generated by the viscous dissipation and
the compression in the gas film is larger, resulting in the rise of overall temperature.

Figure 12. Relationship between bearing temperature and load.
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Figure 13 shows the variation of bearing temperature influenced by rotor speed under
the bearing static load of 100 N. As the bearing speed increases, the temperatures of gas
film, top foil, and thrust plate all increase exponentially. Therefore, rotor speed has a greater
influence on the bearing temperature compared with the influence of static load. At low
rotor speeds, the difference between the top foil and the thrust plate average temperatures
is relatively small, and the maximum temperature of gas film is also relatively small. As
the rotational speed increases, the differences between the temperatures of the top foil,
thrust plate, and the maximum gas film temperature also increase.

Figure 13. Relationship between bearing temperature and speed.

Figure 14 shows the temperature distributions at various radial positions of the thrust
plate at different rotor speeds under the same static load of 100 N. It shows that the
temperature of the thrust plate first increases and then decreases in the radial direction,
and the highest temperature position is closer to the outer radius boundary. With the
increase in rotor speed, the distance from this position to the outer radius boundary tends
to become larger.

 

Figure 14. Relationship between thrust plate temperature and speed.

This is because part of the heat is dissipated through forced convection from the
cylindrical surface at the thrust plate outer radius, so the gas film temperature will decrease
in this area to some extent. As the rotor speed increases, the convective heat exchange effect
between the outer edge of the thrust plate and the environment becomes much stronger.
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Figure 15 shows the relationship between bearing temperature and the flow rate of
cooling gas under the rotor speed of 100 krpm and static load of 100 N. The results show
that when the flow rate of cooling gas gradually changes from 0 to 0.2 m3/min, the bearing
temperature drops rapidly. If the gas flow rate is further increased, the cooling effect
will be weakened gradually. Therefore, in engineering applications, the appropriate flow
of cooling gas passed into the foil structure should be designed to decrease the bearing
temperature with the maximum efficiency.

Figure 15. Relationship between bearing temperature and cooling gas flow.

4. Experimental Study

In this paper, the test specimen of the bump foil thrust gas bearing is manufactured
and assembled, as shown in Figure 16. The K-type thermocouple is applied to measuring
the bearing temperature. A number of thermocouples are stick to the top foil on the
back side with copper foil tape. Figure 17 shows the positions of these thermocouples for
measuring the local temperature. The thermocouple wire is buried in the bump channel.

The same number and position of thermocouples are pasted under the two centrosym-
metric top foils. The temperature measuring points 1–4 are arranged at the radius of 30 mm,
and points 5–6 are arranged at the radius of 25 mm. The temperature measuring point 1 is
arranged under the slope section, and the remaining temperature measurement points are
in the loading region. The assembly of the bearing is completed by a spot-welding machine.

The test bench in this paper is shown in Figure 18. The actual working process of the
bearing can be realized by actively controlling the speed of the motorized spindle and by
loading the thrustmeter on the other side of the thrust bearing. The displacement between
the rotating plate and the bearing is measured by the eddy current displacement sensor.
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Figure 16. Physical image of experimental bearing.

 

Figure 17. Temperature measuring point bonding.

 

Figure 18. Thrust bearing temperature test bench.

In this experiment, the axial load, which is provided by the SN-500 pointer thruster
produced by SUDOO company, is applied on the side of the thrust bearing to simulate the
actual axial force of the system. The structure of pointer thruster is shown in Figure 19,
where the limit load is 500 N and the resolution is 2 N, the pointer thruster is fixed to the
antivibration platform through the supports, and the axial force to the bearing is applied
by rotating the button.
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Figure 19. Picture of pointer thruster.

Figure 20 shows the relationship between the tested top foil temperature and the
bearing static load at the rotor speed of 15 krpm. During the loading process, the bearing
temperature increases continuously. It can be seen from the figure that the measured
temperatures on points 2, 3, and 4 are significantly higher than the temperatures on points
5 and 6, and the temperature on point 1 in the slope section is lower compared with the
temperatures measured on the points of the same radius. These distribution characteristics
of the foil thrust bearing temperature are consistent with the simulation results. Compared
with the simulation results, the measured top foil temperatures are relatively lower, which
is mainly due to the unclear boundary conditions in the experiments which should be
clarified in the simulations.

Figure 20. Relationship between bearing top foil temperature and load.

Figure 21 shows the relationship between the measured top foil temperature and rotor
speed under the static load of 80 N. It shows that the temperature distribution regularities
of the measuring points are similar with the regularities demonstrated in Figure 20, and the
overall trend of the measured temperature is the same with the simulation results, which is
the temperature will rise up almost linearly with the rotational speed going up. However,
the experimental data are relatively higher than the simulation data, which is probably
caused by the unclear boundary conditions in the experiments which should be clarified in
the simulations or due to the measurement error during the experiment.
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Figure 21. Relationship between bearing top foil temperature and rotational speed.

5. Conclusions

In order to study the thermal characteristics of the aerodynamic bump foil thrust
bearing, the air-thermoelastic coupling model is developed in this paper with the heat
transfer models of the bearing and thrust plate, and the thermal expansion effect of the
bearing structure being considered. The temperature field of the gas thrust bearing is
solved through the multi-field coupling algorithm. Finally, the experiments of bearing
temperature measurement are carried out under different working conditions. Based on
the simulation results, the following conclusions are obtained:

(1) The simulation results show that the surface temperature of the top foil experiences
firstly increasing along the rotor rotating direction and then maintaining at a certain
value. In the entrance area, the temperature is relatively low, and it will rise sharply
after mixing with the recirculation hot air. The top foil temperature in the plane
section is almost the same, which is obviously higher than that in the inclined region.
In the radial direction, the temperature increases first and then decreases slightly as
the radius increases;

(2) The value of bearing load capacity calculated by the THD model is higher than the
value calculated by the isothermal model, and the differences of them will become
more and more apparent as the rotational speed increased and the initial gas film
thickness decreased. Compared to the bearing load capacity, the rotational speed has
more effect on the temperature. There is little influence on the friction loss power
calculated by different models. Injecting the cooling gas flow under the top foil can
reduce the bearing temperature, and its efficiency will decrease with the increase in
cooling gas flow. For example, under the situation of and the rotor speed of 100 krpm
and static load of 100 N with bearing structure parameters used in this paper, when
the gas cooling flow rate of increased up to 0.2 m3/min, the cooling effect reach to
the maximum;

(3) The variation trends of test bearing temperatures with respect to bearing load and ro-
tor speed are similar with those of simulation results, which verified the reasonability
of the THD model to some extent. However, the experimental results are relatively
higher than the simulation, which is probably caused by the unclear boundary condi-
tions in the experiments which should be clarified in the simulations or due to the
measurement error during the experiment.

The current simulation ignored some factors, which makes the simulation results are
not exactly the same with the experiment results. The further research will consider more
accurate structure model and thermal model, including the surface roughness of the foils
and the friction between them, and more complex heat transfer models, etc.
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Nomenclature

vr, vθ , vz Radial, azimuthal, and axial velocity component of the gas flow
ω Angular velocity of thrust plate
b Pitch ratio (Ratio of slope section angle to plane section angle)
h Real gap height in the lubricating gas film
h2 Prescribed minimal gap height in the lubricating gas film
δh Slope height of the top foil
p Pressure of the lubricating gas film
pa Reference pressure at boundaries
n The rotational speed of thrust plate
N Number of pads in the foil thrust bearing
T Temperature of the lubricating gas film
T0 Temperature of the enviroment
T1 Temperature of air film on the top foil side
r1 Inner radius of the thrust plate
r2 Outer radius of the thrust plate
td Thickness of top foil
tb Thickness of bump foil
tk Thickness of housing
tz Thickness of thrust plate
THD Thermohydrodynamic
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Abstract: Gas foil bearing has been widely used in high-speed turbo machinery due to its oil-free,
wide temperature range, low cost, high adaptability, high stability and environmental friendliness. In
this paper, state-of-the-art investigations of gas foil bearings are reviewed, mainly on the development
of the high-speed turbo machinery in China. After decades of development, progress has been
achieved in the field of gas foil bearing in China. Small-scale applications of gas foil bearing have
been realized in a variety of high-speed turbo machinery. The prospects and markets of high-speed
turbo machinery are very broad. Various high-speed turbomachines with gas foil bearings have
been developed. Due to the different application occasions, higher reliability requirements are
imposed on the foil bearing technology. Therefore, its design principle, theory, and manufacturing
technology should be adaptive to new application occasions before mass production. Thus, there
are still a number of inherent challenges that must be addressed, for example, thermal management,
rotor-dynamic stability and wear-resistant coatings.

Keywords: foil bearing; turbo machinery; gas bearing; industrial application

1. Introduction

Gas foil bearing has the distinct advantages of cleanliness, low friction, low tempera-
ture rise, and cost effectiveness [1]. These advantages make it applicable in most advanced
turbo machinery systems, for instance, aerospace, energy and power engineering, etc. [2–4].

Compared with sliding bearing and ball bearing, gas foil bearings have a high running
speed and a wider operating range, from tens of thousands rpm (round per minute) to
hundreds of thousands rpm. Its power ranges from several kilowatts to more than 100 kilo-
watts, as shown in Figure 1. It is especially suitable for micro–small high-power density
turbo machinery, such as fuel cell air compressors, turbo-expanders, oil-free turbochargers,
etc. In comparison, sliding bearings are favored to be used in low-speed applications due
to their oil lubricating properties, which are an important support component in large
capacity power machinery [5]. As for magnetic bearings, their speed is between that of foil
bearings and sliding bearings. Most are used in turbine generator, aeroengine, high-speed
CNC (computer numerical control) machine tools, wind power equipment and other cases.

For gas foil bearings, their stability and reliability depend largely on elastic support.
Under the elastic top foil, an elastic supporting structure provides additional damping,
which conforms to the variable load and speed [6]. Through the damping effect, vibration
energy can be absorbed due to Coulomb friction dissipation between the foils and bearing
housing. Even if there is impact force or unstable whirl motion, the rotor maintains its
stability [7].

In order to improve the bearing performance, different types of gas foil bearings
have been proposed. According to the underlying elastic structure, the most-used gas
foil bearings are bump foil type, multi-leaf type, protuberant type, and so on [8]. The
lubrication mechanisms of a gas foil journal and thrust bearings are basically the same.
Herein, a gas foil journal bearing is chosen as an illustration, shown in Figure 2. The basic
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structure of a bump foil bearing is shown in Figure 2a [9], which consists of a flexible flat
foil and an elastic bump foil. The bumps of the supporting foil are evenly distributed along
the circumferential direction. The top foil is stacked over corrugated foil, and both foils are
fixed at one end and are free at the other end. As for multi-leaf foil bearing, it is composed
of a bearing housing and several cantilever foils [10], as shown in Figure 2b. The leading
edge of the cantilever foil is fixed in the bearing, while the trailing edge is freely overlapped
on the next cantilever foil. The extension direction of the cantilever foil is consistent with
the rotation direction of the rotor. A wire can also be used for elastic support. In the
wire supporting foil bearing, a certain number of copper wires are fixed on the back of
the foil, as shown in Figure 2c [11]. The rigidity of the foil element can be adjusted by
changing the number of copper wires and thicknesses of the copper wires. A viscoelastic
supporting gas foil bearing is another kind of foil bearing, as shown in Figure 2d. In
1999, the Institute of Refrigeration and Cryogenics of Xi’an Jiaotong University proposed a
viscoelastic supporting gas foil bearing [12]. The foil element is a combination of a metal
foil and a piece of viscoelastic supporting sheet. The spring supported foil bearing is a
new type of foil bearing, as shown in Figure 2e. Hunan University presented a theoretical
and experimental study on a novel nested compression spring [13,14]. The stiffness and
damping of the support can be adjusted by varying the number and size of springs. In the
protuberant foil structure, as shown in Figure 2f, there are multiple layers of protuberant foil
between the top foil and the bearing housing [15]. The supporting foil element is composed
of a top foil and two protuberant foils. In the assembly process, the bearing performance
and stability of the bearing can be improved and the wear on the bearing surface is reduced
due to the effective elastic pre-deformation of the protuberant foils [16,17].

Figure 1. Application range of different kinds bearings.
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Figure 2. Typical gas foil journal bearings. (a) bump foil bearing; (b) multi-leaf foil bearing; (c) wire
supporting foil bearing; (d) viscoelastic supporting gas foil bearing; (e) spring supported foil bearing;
(f) protuberant foil bearing.

Before large scale industrial application of the gas foil bearing can be achieved, there
are still some practical problems that should be considered. For example, gas foil bearings
need to operate stably between takeoff speeds and landing speeds. During starting and
stopping processes, the foil will wear poorly in the long run due to the contacting dry
friction and the large friction torque. On the other hand, larger power density turboma-
chinery might lead to a larger axial force, which imposes harsh working requirements on
the thrust bearing [18]. In addition, due to the interaction of the foil support structure
and the nonlinearity, challenges still exist in accurate theoretical analyses and numerical
predictions on foil bearing performance.

The research on gas foil bearings has been carried out relatively early abroad, and
mainly used in micro gas turbines [19,20], turbo-expanders [21,22], turbochargers [23–25],
fuel cell air compressors machines [26,27], air cycle machines [28], and other options [29].
In recent years, in order to catch up with advanced technology, gas foil bearing technology
has been developing rapidly in China. In the 1970s, domestic scholars conducted research
on double-row orifice hydrostatic gas journal bearings. Subsequently, a large number of
theoretical and experimental studies were carried out in other forms of radial and thrust
gas bearings. A series of in-depth studies were conducted in Xi’an Jiaotong University and
other institutions, such as, Harbin Institute of Technology, and Beijing Precision Engineer-
ing Institute Aircraft industry, etc. [30] For example, a low-temperature turboexpander
using rubber-stabilized hydrostatic gas bearings was successfully developed by Xi’an
Jiaotong University in 1981. Currently, a series of theoretical and experimental research
experiments on gas foil bearings has been conducted at Xi’an Jiaotong University [31],
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Hunan University [32,33], the Harbin Institute of Technology [34], Nanjing University
of Aeronautics and Astronautics [35–37], the GREE company, and other institutions [38].
Although some progress has been achieved in foil bearings and their applications, a cer-
tain number of breakthroughs are still anticipated before large-scale application. In this
paper, the progress of domestic gas foil bearings and their applications in high-speed
turbo machinery are reviewed, which could provide a reference and guidance for further
developments and applications of gas foil bearings.

2. Applications of Gas Foil Bearings

2.1. Application in Low Temperature High-Speed Turbo-Expander

The working temperature of a cryogenic expander is always lower than 120 Kelvin. In
order to enlarge the mass flow rate and maintain a relatively high adiabatic efficiency, its
rotor needs to run at a high speed under low temperatures. By using the gas foil bearing,
the unstable whirl motion of the rotor bearing system can be suppressed and effectively
attenuated. Its stability and reliability can be improved notably. In the 1990s, theoretical and
experimental research on air foil bearings for turbo-expanders was initiated by the Institute
of Refrigeration and Cryogenics of Xi’an Jiaotong University. The rated air volume of the
turbo-expander is 600 Nm3/h@1.15 MPa, and it can work between 0–110 krpm (overspeed
to 150 krpm) according to the air supply pressure [39]. The research work on the wire
support, viscoelastic support, bump foil support, protuberant support, and multi-leaf foil
bearings has been carried out successively, and some progress has been made.

In China, foil bearings were first used in cryogenic turbo-expanders, and then grad-
ually extended to other fields. In 1998, a wire support elastic structure foil bearing was
first proposed [40]. In the experiment, a stable speed of 120 krpm or more was reached,
and the maximum amplitude was less than 12 μm. The experimental results showed
that the turbo-expander ran smoothly at an overspeed of 120% at 118 krpm. In 1999, a
turbo-expander supported by viscoelastic foil bearings achieved an excellent performance
of 40% over-speeding at 148 krpm [21]. The test used MoS2 powder and two methods of
plating Cr and Tic to enhance the hardness of the foil, and over 50 start–stop performance
tests were carried out. The test results showed that the surface-treated elastic foil thrust
bearing had better start–stop performance and stability. The Institute of Refrigeration and
Cryogenics of Xi’an Jiaotong University also conducted a theoretical study on viscoelastic
foil bearings [41] and compared the experimental results with wire supported foil bearings.
It was found that the stiffness distribution of the viscoelastic bearings was more uniform
and had a better stability during ultra-high-speed operations [42]. In 2006, considering
the influence of friction, a simplified formula of structural stiffness was obtained, and the
structural stiffness of bump foil bearing was analyzed [43]. By comparing two types of
foil journal bearings with foil thicknesses of 0.05 mm and 0.07 mm, the vibration char-
acteristics and stability of a turbo-expander were studied. The maximum speed of the
turbo-expander using 0.05-mm bump foil bearings was 93,336 rpm. For the turbo-expander
using a 0.07-mm bump foil bearing, rotor whirl motion appeared when its maximum speed
reached 93,161 rpm. The results showed that when the turbo-expander reached 93 krpm,
the maximum amplitude of the rotor was less than 20 μm [44]. In 2012, in order to analyze
the feasibility of the application of protuberant foil journal bearings in a turbo-expander,
another experimental study was carried out. The results showed that the maximum speed
of the turbo-expander reached 99,044 rpm, and the low-frequency whirl motion was small
during the entire speed-up and speed-down process [45–47]. In the total protuberant foil
bearing test (both journal and thrust bearings are protuberant type), the gas foil bearing
ran smoothly and had high repeatability during the operation of the turbo-expander [15].
Subsequently, the multi-leaf foil journal bearing and thrust bearing were simultaneously
applied to this high-speed turbo-expander. Transient acceleration and high-speed opera-
tion tests of the rotor bearing system were carried out, and the transient characteristics and
the stability of the rotor bearing system were analyzed. The experimental results showed
that the starting friction torque and running resistance torque of the multi-leaf foil journal

42



Appl. Sci. 2021, 11, 6210

bearings were small, and the turbo-expander could reach 93,900 rpm. The rotor bearing
system had the advantages of a smaller main frequency amplitude (<6 μm) and a low
frequency whirl amplitude (<0.5 μm). The rotor locus was clear and had good repeata-
bility [48,49]. For a cryogenic working fluid turboexpander, as shown in the Figure 3, a
helium turbo-expander (500 W) supported by foil journal bearings was designed with a
rated speed of 220 krpm. The speed could exceed the design speed by 12% in the test with
a normal air temperature. In addition, a series of hydrogen turbo-expanders supported by
gas foil journal bearings was also developed, with power ranging from more than 20 to
40 kW. The turbo-expander (39.7 kW) with a rated speed of 74.5 krpm was tested in an air
environment. The speed could reach 60 krpm, and the amplitude was less than 0.023 μm.
Due to their large thrust force, hydrostatic bearings are currently used as thrust bearings in
hydrogen and helium turbo-expanders. Meanwhile, a carbon dioxide turbo expander with
a rated speed of 125,000 rpm has been designed, as shown in Figure 4. Its rated speed could
reach 80,722 rpm in the experiment. The inlet and outlet pressures of the turbo expander
were 10 MPa and 7.3 MPa, respectively.

Figure 3. Helium turbo-expander and hydrogen turbo-expander by Xi’an Jiaotong University.

Figure 4. CO2 turbo-expander by Xi’an Jiaotong University.

2.2. Application in Air Cycle Machine (ACM)

An air cycle machine is always used to adjust the environment in an aircraft cabin,
which is the core component of the air conditioning system. It is also widely used in ar-
mored vehicles abroad for their high reliability, long service life, and oil-free characteristics.
Rotor systems with gas foil bearings have become popular. At present, the main domes-
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tic research institutions engaged in ACM research are the Institute of Refrigeration and
Cryogenics of Xi’an Jiaotong University, the 16th Research Institute of China Electronics
Technology Group Corporation, Hunan University, and other institutions.

Since 2014, domestic research work has been carried out on the ACM system, and some
progress has been made. The Institute of Refrigeration and Cryogenics of Xi’an Jiaotong
University developed an airborne turbo cooler supported by gas foil bearings [50]. The
structure of airborne turbo cooler is shown in Figure 5. The rotor mass is 900 g and the rated
speed is 40 krpm. A series of tests have been carried out on its low temperature repeating
start–stop and reliability performances. In vibration tests and extreme temperature (−55 ◦C
and 70 ◦C) start-up tests, its performance was better than expectations. In the tests, the
coating did not peel off after a hundred start–stop and over-speed operations. In addition,
a 13-kW ACM supported by gas foil bearings was designed and developed by Hunan
University, and experimental research was conducted on its rotor bearing system [51]. The
critical speed and unbalanced response of the ACM rotor bearing system were analyzed,
and the structural parameters of the rotor bearing system were modified according to the
analyses. The vibration amplitude of the prototype rotor was finally reduced to about
10 μm. In addition, a performance test on the turbo cooler prototype with foil bearings was
conducted by Deng [52]. After 10,000 start–stop life tests and vibration tests, it was found
that this machine had a good working performance. So far, the total running hours of this
type of turbo cooler exceeded 1000 h.

Figure 5. Airborne turbo cooler by Xi’an Jiaotong University [50].

2.3. Application in Centrifugal Blowers

The centrifugal blowers are important in industrial ventilation, which are widely
used in many situations, such as medical, chemical, and sewage treatment. Due to the
advantages of the high adaptability of the gas foil bearings, the service life and reliability of
the blowers are greatly improved under extreme conditions, such as in a dusty environment.
On the other hand, blower with gas foil bearings have the merits of low noise, high
efficiency, and no pollution. In view of above advantages, centrifugal blowers supported by
gas foil bearings have become the first choice for energy-efficient blower. Since the 1970s,
foreign blower companies have tried to apply foil bearings in centrifugal blowers. By the
end of the last century, highly efficient, energy-saving and highly integrated gas foil bearing
blower products have come out on the market. Although domestic theoretical research on
gas foil bearings has already been carried out, due to constraints such as materials and
process levels, mature products are not yet available on the market. The main domestic
research work in this area is the Institute of Machinery Manufacturing Technology, CAEP
(China Academy of Engineering Physics) and Shijiazhuang Kingston Bearing Company.
Shu X J developed a high-speed air foil bearing with a load capacity of 12.5 kg and tested
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the bearing performance [53]. By assembling air foil bearings, high-speed motors, and fan
impellers, a prototype centrifugal blower was designed and manufactured. The centrifugal
blower is shown in Figure 6. The diameter of the rotor is 80 mm and the maximum speed
of the original machine is 30 krpm.

Figure 6. Centrifugal blower by the Institute of Machinery Manufacturing Technology, CAEP [53].

2.4. Application in Oil-Free Turbocharger

In the vehicular industry, an engine’s output power can be greatly improved by
increasing the air–fuel ratio of a turbocharger. Up to now, oil lubricated bearings have
mostly been used in automotive turbochargers. Due to the high working temperature,
there will be oil quality deterioration and coking, which may lead to catastrophic failure.
These problems can be solved effectively by foil bearings. At the same time, the weight,
size and complexity of the devices are greatly reduced. In addition, fuel economy and
exhaust emissions are greatly improved. At present, domestic studies on turbochargers
have also been carried out.

In order to improve turbocharger performance and solve problems, such as oil leakage,
Hunan University conducted theoretical and experimental research on oil-free turbocharg-
ers supported by air foil bearings, as shown in Figure 7. Subsequent acceleration and
deceleration test showed that the rotors exhibited large sub-synchronous vibrations at
20–60 krpm, but the sub synchronous vibration of the rotor was significantly reduced at
68 krpm. The rotor trajectory and FFT analyses showed that the main vibration of the
rotor at a steady speed of 68 krpm originated from the synchronous vibration, and the
turbocharger could operate stably at 68 krpm [54,55].

Figure 7. Oil-free turbocharger host machine by Hunan University [54].
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2.5. Application in High-Speed Gas Compressor

Recently, high-speed compressors supported by gas foil bearings have become an
indispensable part of fuel cell systems. Air compressors are mainly used to provide
pressurized clean air. The performance of a fuel cell system is directly related to the
pressure of the oxygen provided. When the air pressure is increased, the energy density of
the fuel cell system can be improved and a higher output power and power performance
can be obtained. Up to now, high speed air compressors with gas foil bearings have been
put into use in some renewable energy automotive fuel cell systems, for example, Toyota
and Honda in Japan, Garrett in the United States, etc.

After nearly ten years of hard work, prototype compressor products can be produced
in China. An air compressor with a maximum speed of 120 krpm (10 kW) was developed
by the Institute of Refrigeration and Cryogenics of Xi’an Jiaotong University for automotive
fuel cell systems. Subsequently, prototype trial production and preliminary tests were
completed. The high-speed air compressor is shown in Figure 8. The test results showed
that the air compressor operated stably, and the overall technology reached the leading
level in China. In addition, the State Key Laboratory for Strength and Vibration of Me-
chanical Structures (Xi’an Jiaotong University) developed a 11-kW, 70-krpm high-speed
experimental air compressor system supported by gas foil bearings. Experiments including
loss, rotor transient temperature, and critical speed were carried out and a stable operation
of the system under 70 krpm was realized [56,57]. In addition, Hunan University processed
and built an oil-free high-speed air compressor experiment test rig [58]. After many test
cycles, a diagram of the rotational speed and the temperature characteristics of foil bear-
ings were drawn. Under different experimental conditions, two time-domain waveforms
were used to configure the orbit of the rotor system. Meanwhile, the Dalian University of
Technology designed a high-speed two-stage air compressor with gas foil bearings [59,60].
Using DyRoBes-Rotor software, the dynamic characteristics of the rotor bearing system
were analyzed. The results showed that the rotor-bearing system performances had good
repeatability. The maximum bearing force was 60 N, which was much lower than the bear-
ing capacity of 100 N. For refrigerant compressors supported by foil bearings, a centrifugal
compressor (630 kW) was produced by the GREE company with a rotor amplitude of less
than 12 μm. The unit energy efficiency coefficient of performance (COP) reached 6.35, and
the integrated part load value (IPLV) reached 10.15. Meanwhile, the R134a high-speed
refrigerant compressor with a rated speed of 80,000 rpm was developed by Xi’an Jiaotong
University, and is shown in Figure 8. Its pressure ratio is 2 × 2, but its size is only one third
that of conventional compressors.

Figure 8. High-speed compressors and gas bearings by Xi’an Jiaotong University (a) air compressor;
(b) refrigerant compressor.
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3. Challenges and Prospects

3.1. Load Capacity of Gas Foil Bearing

At present, domestic research on gas foil bearings is mostly focused on gas foil journal
bearings, and the research content is mainly on static and dynamic performance, such
as bearing capacity and stability. In a rotor bearing system, the foil thrust bearing also
plays an equally important role in high-speed turbo machinery. From the perspective
of the working principle, there are many similarities between the gas foil journal and
trust bearings. Due to the increase in the rotational speed and the power density of turbo
machinery, higher requirements are imposed on the bearing capacity and stability of gas foil
thrust bearings. Compared with gas foil journal bearings, gas foil thrust bearings require a
greater carrying capacity. The bearing capacity and reliability of gas foil thrust bearings
have become a bottleneck for turbo machinery. Due to insufficient bearing capacity of
the foil thrust bearings, turbo machinery is prone to instability and failure. Research on
thrust bearings mainly focuses on experimental research. It is essential to research and
develop new high-precision manufacturing and high-performance gas foil thrust bearings.
In the development of foil bearing, the operation reliability and the practicability of the
manufacturing process also need to be considered. At present, efforts are being made to
improve the bearing capacity of journal and thrust foil bearings to 0.6 MPa and 0.4 Mpa,
respectively, in China.

3.2. Design Criteria of Gas Foil Bearing

Due to the diversity of industrial applications, higher requirements are put forward
for the variety and performance of high-speed turbo machinery. Therefore, design criteria
for gas foil bearings and appropriate foil structure parameters are crucial for their actual
application; for example, the trade-off relationship between foil stiffness and Coulomb
damping. In some cases, a large Coulomb damping is formed due to the high foil flexibility,
which is beneficial for improving the stability of the rotor bearing system and lessening the
whirl vibration amplitude. However, the large flexibility will cause a large deformation of
the foil and rupture the gas film. In addition, the dynamic analysis method of the foil rotor
bearing system also needs to be improved. Efforts are being made to increase the operating
DN value of the foil bearing to 4.5 × 106 mm · r/min, in China.

3.3. The Stability of Gas Foil Bearing

The supporting force provided by the gas foil bearings is nonlinear due to the influence
of geometric and structural parameters. At the same time, the high-speed rotor system
also has relatively complicated dynamic characteristics, which makes stability analysis
of the rotor bearing system very complicated. Larger vibration amplitudes are prone
to appear in the rotor system. Subsynchronous vibration may cause serious accidents
with rotating machinery. At present, a great deal of research has been carried out on
subsynchronous vibration of foil bearings. However, the in-depth mechanism of the
emergence of subsynchronous vibrations has not yet been found. In order to reveal the
influencing mechanism of foil bearing stability, some researches could be carried out from
various points of view, such as establishing a complete dynamic solution model considering
gas film, foil thickness, and rotor structure, and improving experimental conditions. It is
significant to analyze the formation mechanism of the non-linear bearing capacity of the
gas foil bearing through experiments and theoretical calculations.

3.4. Thermal Management of Gas Foil Bearing

During high speed operation, a large amount of heat is generated in the foil bearing
due to viscous dissipation or high-temperature working environments in some special
cases, such as with micro gas turbines. The heat needs to be dissipated or discharged in
time, otherwise it will cause a gas foil bearing failure. Therefore, various measures have
been taken to transfer heat to prevent heat accumulation, such as processing multi-layer
gap foils, adding holes, and adding heat dissipation channels on the bearing housing that
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can be used to guide cooling air. Apart from this, the development of phase coatings and
supporting materials with a high heat capacity is also very beneficial for gas foil bearing
thermal management. At present, a great deal of research on the thermal management of
foil bearings has been carried out in China. Efforts are being made to increase the maximum
operating temperature of foil bearings to 650 ◦C.

3.5. The Failure Protective Measures and Applications in Extreme Condition

During the operation of the high-speed turbo machinery supported by gas foil bear-
ings, high temperature failure caused by the accumulation of heat and the transient load
in the complex environment will cause a sudden stuck of the rotor-bearing system. If the
scratches are severe, it will be necessary to replace the rotor with a new one, which would
cause a certain amount of economic loss and wasted time. Therefore, failure mechanisms,
failure protection, and preventive measures for gas foil bearings need to be considered,
which are of great significance to a stable operation. During the operation of turbo ma-
chinery, more attention should be paid to the foil temperature and rotor vibration. The
temperature of a foil surface can be monitored using temperature sensors in the prevention
of bearing failure due to excessively high temperatures. In addition, rotor vibration is an
important parameter reflecting the operating stability of high-speed turbomachinery. The
vibration displacement, velocity, or acceleration signals can be obtained by data acquisition
system. When the rotor amplitude is too large, turbo machinery should be slowed down
in time to prevent sudden instability and shutdown. It is a trend to equip foil bearings in
aeronautical and astronautical devices. The bearing capacity of foil bearings are greatly
affected by working environment, for instance in rarefied air and extreme temperature
situations. At the same time, the reliability of foil bearings is required to be higher for
aeronautical equipment. The challenge is how to improve the reliability, service life, and
load capacity of the foil bearing. Compared with ball bearings and rolling bearings, the
load capacity of foil bearings is relatively small. Due to the influence of manufacturing
materials, coating technology, and turbine mechanical thermal management, the reliability
and service life of foil bearings could be greatly affected.

4. Conclusions

The development of applications for gas foil bearings in China was summarized in
this paper. Related challenges during the development process were discussed, including
analyses of static and dynamic characterizations, thermal characterization, and lubricating
coatings. Based on the above review and discussion, the following conclusions could
be drawn:

(1) Gas foil bearing technology developed rapidly in China because of application
prospects in high-speed turbo machinery. The diversity of gas foil bearing applications
also put forward higher requirements on bearing design. Currently, the design criteria of
gas foil bearings need to be configured for different application considerations, especially
for high-performance gas foil journal and thrust bearings.

(2) Advances in foil coating technology could greatly improve the reliability and
service life of turbo machinery. Research on solid lubricating coating of gas foil bearings
was closely related to solid lubricating technology and coating technology. Limited by
the temperature range of coating materials, friction pair selection and feasibility of man-
ufacturing and processing, further foil coating technology research is thus needed for
bearing applications.

(3) One of the major failure modes for gas foil bearing was due to thermal instability.
Research is needed to develop suitable predictive tools to address this problem at the design
stage. A detailed non-linear thermo-elastohydrodynamic analysis is needed, considering
thermal, hydrodynamic, and structural deformation. In the design and application process,
different measures should be adopted to reduce heat accumulation and bearing failure
during bearing operation.
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Featured Application: In this paper an improved contactless handling and positioning method

for thin substrates is proposed based on air bearing technology. Being fully contactless, the

potential application of this work can be found in the high-tech industry where thin, flexible,

but at the same time fragile substrates need to be handled with minimal risk of contamination,

damage, or even breakage.

Abstract: This paper presents the development of a contactless sensing system and the dynamic
evaluation of an air-bearing-based precision wafer positioning system. The contactless positioning
stage is a response to the trend seen in the high-tech industry, where the substrates are becoming
thinner and larger to reduce the cost and increase the yield. Using contactless handling it is possible
to avoid damage and contamination. The system works by floating the substrate on a thin film of
air. A viscous traction force is created on the substrate by steering the airflow. A cascaded control
design structure has been implemented on the contactless positioning system, where the inner loop
controller (ILC) controls the actuator which steers the airflow and the outer loop controller (OLC)
controls the position of the substrate by controlling the reference of the ILC. The dynamics of the ILC
are evaluated and optimized for the performance of the positioning of the substrate. The vibration
disturbances are also handled by the ILC. The bandwidth of the system has been improved to 300 Hz.
For the OLC, a linear charge-coupled device has been implemented as a contactless sensor. The
performance of the sensing system has been analysed. During control in steady-state, this resulted in
a position error of the substrate of 12.9 μm RMS, which is a little more than two times the resolution.
The bandwidth of the OLC is approaching 10 Hz.

Keywords: air-bearing; precision positioning; tribotronics

1. Introduction

In the high-tech industry products such as displays, solar panels, and chips are
produced. These products are made out of brittle materials where thickness is an important
factor. The thickness of the raw material is a factor in the total costs. Additionally, the
efficiency of the production process can be increased by increasing the size of the substrates.
This is why there was a trend where the substrates increased in size while decreasing in
thickness [1]. However, this trend came to a halt due to the percentage of damaged and
broken wafers during the manufacturing process.

A possible solution is to handle the products without mechanical contact, floating
the substrate on a layer of air. This type of air-based levitation is known from air-bearing
technology, where pressurized air forms a thin air film that separates the two surfaces. This
concept is an alternative to mechanical contact, where friction, stick-slip, and wear have to
be minimized. Furthermore, the layer of air can support the whole surface of the substrate.
This is an improvement over the point contact that is currently being used [2], since an air
bearing limits particle generation and resulting contamination and forces on the substrate.
This will increase the yield from a single wafer.
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Research at the Delft University of Technology has generated multiple concepts where
substrates are controlled on a controlled layer of air. The concepts vary in the way the air is
controlled, i.e., by variation of the pressure inlet [3], deformation of the surface to control
the airflow [4], or variation of the outlet restriction [5]. This technology has also been used
to levitate and transport different kinds of materials [6,7], because the air-based levitation
is not limited to specific substrate material properties.

When the substrate is floating in a positioning system it is necessary to measure and
control its position. In the research cited above, the substrates were modified to measure
their position. For example, gratings were added to the wafers. Research has been done on
contactless positioning [6,8], but sensing systems that do not require any modifications to
the substrate have been limited in either bandwidth or resolution.

This paper presents an air-bearing positioning system where no modifications are
made to the substrate, in line with how such an air-bearing motion system is to be used
in the high-tech industry. The implementation of a charge-coupled device (CCD) is pro-
posed for noncontact position measurement. The sensing concept is implemented in the
contactless actuation system and the results are presented.

In Section 2, the state of the art is presented. Section 3 continues with a focused and
detailed description of the existing contactless actuation concept based on deformable
surfaces as is relevant for the rest of the paper. The dynamics response of the actuator is
evaluated and a controller is designed in Section 4. Section 5 shows the proposed sensor
concept with performance analysis. The sensor is implemented in the contactless actuation
system and the results are presented in Section 6.

2. State of the Art

A survey of recent developments in the field of contactless manipulation is presented
in [9]. The use of airflow for manipulation and control of the localised deformation of
wafers has also been studied in [10], while a pick-up head for wafers has been designed
using similar concepts in [11]. Ultra-sound air film technology has also been studied for
this application in [12]. However, while this technology provides a viable alternative for
contactless pick-up of wafers, it is mainly foreseen to be used in a pick-up head and not for
complete manipulation and/or transportation of wafers using airflow.

The start of the development of the new contactless actuation concept at TU Delft was
in 2007 [3]. The concepts use the same physics to control the position of the substrate. First,
the substrate is levitated on a layer of air. Subsequently, the substrate is preloaded in the
out of plane direction with a controlled vacuum source. This increases the out of plane
stiffness at the fly height. This height can be adjusted by changing the force the vacuum
and pressure source are applying.

The in-plane actuation is achieved by creating an airflow tangential to the substrate
surface. The air is flowing from the high-pressure area to the lower pressure following the
path of the least resistance. This flow of air exerts a viscous traction force on the substrate.
This innovative idea has lead to multiple concepts that will be discussed in this section.

2.1. Variable Inlet Pressure

In 2007, Wesseling designed a contactless positioning system based on a fixed ge-
ometry and a variable inlet pressure to control the thin film airflow in his PhD thesis
“Contactless Positioning Using an Active Air-Film” [3]. Figure 1a shows a cross-section of
one of the actuator cells, where a substrate is floating on top of the pressurized air.

The air will flow from the inlet p+ with high pressure to the outlet p-, where the air is
removed from the cell at a sub-ambient pressure. The viscous shear of the airflow creates
a traction force on the substrate. The direction of the flow within a cell is controlled by
changing the pressure at the different inlets. Four actuator cells have to work together to
actuate the substrate in three degrees of freedom. The flow of the different cells is separated
by dams. Four actuator cells are shown in Figure 1b.
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The final system was used to position a 4-inch silicon wafer, a demonstrator as shown
in Figure 1c. A bandwidth of 50 Hz was realized using a PID controller. The system
had a maximum acceleration of 600 mm/s2, with an error of 6 nm (1σ), while using an
external active vibration isolation system. The concept’s performance was limited by the
manufacturing tolerances of the system, since this placed a lower limit on the fly height
of 15 μm. A lower fly height would result in a higher actuation force. The other limiting
factor was the time delay caused by the pressure lines between the control valve and the
pressure inlet in the cell.

Figure 1. Working principle of the first generation. (a) Shows the cross-section of an actuator cell.
(b) Top view. (c) The pressure variation demonstrator. For reference, the size of 6 × 6 actuator array
in the centre of the image is 60 mm × 60 mm [3,13].

2.2. Variable Outlet Restriction

In 2017, Verbruggen designed the third generation of the contactless actuator which
uses an outlet restriction to create the traction force. The dams can be actuated to restrict
the flow at one side, while the flow is opened up at the other side. The concept is similar
to the variable inlet pressure design. The advantage of this system is that the restriction
is close to the chamber. This is an improvement, because there is no delay present at the
supply lines, which limited the variable inlet pressure stage.

A demonstrator was built to prove the concept. Seven circular pockets have been
produced. The substrate was controlled in open-loop. Using feedforward average angular
accelerations have been measured of 11 rad/s2.

2.3. Transportation

Besides positioning a substrate on a stage, this technology can also be used for trans-
portation thus further reducing the need for mechanical contact in a typical production
system. In 2016, Vagher investigated the construction of a passive contactless conveyor [6].
In this research, a cost-effective manufacturing technique for the passive conveyor surface
was explored.

Vagher’s conveyor concept moves substrates in 2D and measured the position of the
substrate using an automated vision system. The vision system resulted in a resolution
of 30 μm at 60 Hz. In continuation, Snieder investigated the transition between active and
passive surfaces, which makes the transportation concept more versatile [7].

2.4. Deformable Surface

In 2011, Vuong explored a new concept regarding contactless positioning, “Air-based
contactless actuation system for thin substrates” [4]. The concept is based on multiple tilted
surfaces to steer the airflow, and therefore the force on the substrate. The advantage of the
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tilting surface is that a change in the geometry directly generates a change of the shear force
on the substrate. This concept does not suffer from the delay between the controlling action
and force as seen in the first generation. In this concept, the in- and outlet pressure can be
kept constant. The concept where the surfaces are tilted by bending the shafts is shown in
Figure 2. This concept is used in this paper for the precision contactless positioning of the
wafer and is explained in detail in the next section.

Figure 2. The tilting surface concept, the surfaces are titled by bending the shafts [4].

3. Flowerbed

A demonstrator was built based on the bendable shaft concept. However, instead of
bendable shafts, two membranes are used which allows the shafts to tilt. This reduces the
force requirement of the actuator. The concept is shown in Figure 3. The top membrane
connects the flowers to the world. The bottom membrane is attached to the movable plate,
which is connected to an actuator. The top membrane also functions as a seal for the upper
chamber, which is connected to the vacuum pressure outlet. The inlet pressure comes in
through the hollow centres of the shafts.

Figure 3. Schematic of the second generation contactless actuator, showing the flow of air through
the system, for a displacement d of the movable plate [13].

Figure 4 shows a cut-through view of the Flowerbed. The Flowerbed has 61 hexagonal
heads, with an in-radius of 14 mm. It is nicknamed the Flowerbed because the surface looks
like flowers that tilt towards the sun. The hexagon shape of the flowers was selected because
it provides a full packing of the surface in combination with an optimal circumference to
surface area ratio, and thus a maximum force for a given airflow. Furthermore, the figure
also shows the fixed plate and movable plate, where both consist of two plates that are
clamped together with a 50 μm thick membrane in between. The membrane is also clamped
in the flowers. To better align the flowers, the movable plate is preloaded downwards with
three springs, with a force of approximately 100 N. After assembly, the final step was the
spark erosion of the surface with wire-cut EDM technology to further level the surface.

56



Appl. Sci. 2021, 11, 7588

Figure 4. A cross-section of the Flowerbed showing the fixed plate, flowers, and movable plate.
Source: [13].

Figure 5 shows a single flower in both a neutral and actuated position. The thin
film airflow is visualized in the area between the effective surface of the flower and the
substrate. The combination of the positive and negative pressures provides stiffness in the
out-of-plane direction at the fly-height h.

Figure 5. Schematic of a single flower of the Flowerbed in (a) neutral position and (b) actuated
position. The force on the wafer is visualized in the actuated position [13].

The flowers are tilted with an angle α, through a displacement of the movable plate,
as shown in Equation (1). Where dp is the displacement of the movable plate and L is the
distance between the movable plate and the fixed plate.

sin(α) =
dp

L
≈ α (1)

when tilted the majority of the airflow will follow the path of least resistance. This flow will,
in turn, exert a viscous traction force Fw on the wafer in addition to the out of plane stiffness.
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The tilting angle of the flower has been measured to be proportional to the displace-
ment of the movable plate up to 1000 Hz, without delay. The tilt response between the
individual flowers is similar, there is only a small deviation in the gain. The values of
gain vary between 71 rad/m and 80 rad/m, where the predicted value is 77 rad/m [4].
Furthermore, Vuong experimentally validated that the pneumatics can be modelled by a
proportional gain, up to at least 400 Hz. This means that if the movable plate position is
known, the force exerted on the wafer is known.

The stiffness of the Flowerbed is different for the translation and rotation of the
movable plate. Each flower has an elastic hinge at the top and bottom, which provide
stiffness against rotation. Figure 6, shows the behaviour of the Flowerbed during the
translation and rotation of the movable plate. The stiffness and inertia values for translation
and rotation result in two suspension eigenvalues. These values have been calculated
and experimentally validated by Jansen [13]. The important properties are summarized
in Table 1.

Figure 6. Schematic of the flowerbed during (a) translation and (b) totation [13].

Table 1. Flowerbed properties.

Property Value

Translational stiffness keq 200 kN/m
Rotational stiffness kθ 2.1 kNm/rad
Equivalent mass meq 1.9 kg
Equivalent inertia Ieq 5.2 × 10−3 kg m2

Translational eigenmode f0,d 51.6 Hz
Rotational eigenmode f0,θ 101 Hz

3.1. Flowerbed Actuation

In 2016, Krijnen designed a reluctance actuator to actuate the movable plate of the
Flowerbed [14,15]. Reluctance actuators can provide a high force, but they also have a high
mass. With the use of fractional order control, this resulted in a control bandwidth for
the Flowerbed of 100 Hz. The bandwidth was limited by the eigenmodes caused by the
actuator as shown in Figure 7. Figure 8 shows the flapping mode of the actuators that was
limiting the bandwidth. The position of the wafer is measured using optical sensors. This
required that gratings are attached to the wafer. The position of the wafer is controlled
with a bandwidth of 60 Hz.
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Figure 7. The simulated and measured frequency response function of the Flowerbed with the
reluctance actuator [14].

Figure 8. Flapping modeshape of the actuators at 1080 Hz (measured) [14].

To increase the bandwidth of the system, Jansen redesigned the actuator in 2018.
The new actuator was designed with special care for dynamic performance. Instead of
traditional hinges, a design with notch flexures is chosen. The flexures provide a high
stiffness in the out of the plane direction and work without backlash. The reluctance
actuators have been replaced with Lorentz actuators, because they have a linear force
current relation. Furthermore, the permanent magnets were placed on the stationary frame,
and the coils on the mover, resulting in a minimal moving mass.

Figure 9 shows the chosen guidance for the movable plate. In the figure, the application
point of the force and sensor are shown, as well as the notch flexure and guide linkages.
The sensors that measure the actuator displacement are placed close to the actuator.
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Figure 9. Compliant mechanism design used to house the Lorentz actuators. Adapted from [13].

Figure 10 shows the Flowerbed including the realized actuator. From top to bottom it
shows the connection between the actuator and movable plate. The coil is used to generate
the force on the movable plate. The sensor is placed directly behind the actuator. The
actuators have a relatively small motion range thus the wires running from the coil to the
base plane are no problem. Furthermore, the stiffness is small compared to the stiffness of
the movable plate [13].

Figure 10. Photograph of the Flowerbed with the compliant mechanism and Lorentz actuator
design [13].
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The position of the actuators is measured using Micro-Epsilon CapaNCDT CS08 ca-
pacitive sensors, which have a range of 800 μm. With the 16 bits ADC this resulted in a
resolution of 24.4 nm. The noise is measured at 0.6 μm peak-to-peak, with an RMS value
of 72 nm.

4. Flowerbed Dynamics and Control

In the previous sections, the state of the art has been presented. The bandwidth of the
compliant actuator design was placed on 233 Hz. No sensor was implemented to measure
the position of the wafer. In this section, the dynamic response of the system is presented.
A controller is designed and the closed-loop results are discussed. At last, the possibilities
for improvement are discussed.

4.1. Flowerbed Dynamics

Figures 11 and 12 show the results from the identification where all the straight
transfers and cross transfers are plotted. The directions of force and position sensor are
inverted and account for the 180◦ phase seen. Both transfers show a quick drop in phase
which is the limiting factor for the bandwidth. Jansen suggested this could be the effect of
the capacitive sensing system [13]. This large phase drop was investigated as part of this
work. After investigation of the delay sources in the system— amplifier, capacitive sensors,
sampling time, and coil dynamics—the main sources of the delay have been identified.
The phase lag is due to a combination of the 20 kHz sampling which produces a phase
lag and the magnetic field which is lagging the current. The lagging field is due to the
eddy currents in the mover which will create a magnetic field opposing the movement.
When the magnetic field of the coil and eddy current are summed the field lags that of
the coil alone. This provides a time delay seen in the bode diagram as a lagging phase.
Furthermore, the eddy current damping provides damping of magnitude proportional to
the velocity of the mover.

Figure 11. Frequency response function from actuator force to actuator displacement, the phase is
shifted upwards by 180 degrees since the position is measured in opposite direction to applied force.
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Figure 12. The cross-coupled frequency response functions of the Flowerbed, the phase is shifted
upwards by 180 degrees since the position is measured in opposite direction to applied force.

Figure 13 shows the mover in the magnetic field of the permanent magnets. The
mover consists of an aluminium plate with spaces cut out for the coils and a top plate
to hold them in place. A solution to limit the intensity of the generated eddy currents is
to laminate the mover. Another method is to look at the possibility of flux feedback for
the amplifier of the system, to compensate for the effects of the eddy current [16]. These
solutions have not been implemented in this work and are left for future work.

Figure 13. Simulation showing the magnetic flux density (in T on the colorbar) and the eddy current
density (arrows) [13].

4.2. Flowerbed Control

The controller of the inner loop will control the position of the actuator to the corre-
sponding sensor. The measured position will be controlled using a feedforward controller
and feedback controller. The diagram is shown in Figure 14.
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Figure 14. Movable plate control strategy (ILC).

For the feedback controller, a PID controller is designed for a bandwidth of 300 Hz.
The parameters are shown in Table 2, the gain for actuator 2 is different to compensate for
the slightly different stiffness at the bandwidth. The controller creates a phase margin of
27◦, gain margin of 32.7 dB, and a modulus margin of 11.3 dB.

Table 2. ILC-PID parameters.

Parameter Actuator 1 Actuator 2 Actuator 3

K N/m 15.2 14.8 15.2
fi Hz 10 10 10
fd Hz 50 50 50
ft Hz 2000 2000 2000
f f Hz 2500 2500 2500

The feedforward controller has been designed using a simplification of the plant. The
feedforward controller is the inverse of this plant made proper with two second-order low
pass filters at the frequency of the bandwidth. The closed-loop response of the system
with the PID controller and feedforward is shown in Figures 15 and 16. The feedforward
controller is given in Equation (2).

FF =

( s
2π300 + 1

) ( s2

(2π49)2 +
0.1 s
2π49 + 1

)
0.37

(
s2

2π3002 +
2 s

2π300 + 1
)2 ·

(
s2

(2π75)2 +
0.17 s
2π75 + 1

)
(

s2

(2π60)2 +
2 s

2π60 + 1
) (2)

Figure 15. Closed loop frequency response of the actuators, from actuator reference position to
measured position.
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Figure 16. Closed loop cross coupled frequency response of the actuators, from actuator reference
position to measured position.

The closed-loop response of the system is similar for all three actuators. The response
provides a good basis for the outer loop controller up to, at least 100 Hz. The system
shows strong coupling at 470 Hz, this could be improved using a decoupling filter or by
prefiltering the input. Because the bandwidth of the outer loop is limited, it is chosen to
use the outer loop controller to prefilter the reference signal.

5. Wafer Sensing

The wafer floating on air is a floating mass with a viscous damping system, thus to
gain control over the position of the wafer it is necessary to have a collocated sensor. For
this sensor in the outer loop, there are some restrictions, that influence the sensor choice.
For the high-tech industry, it is unappealing to use a wafer modified to accommodate the
sensing solution. Thus, it is preferred that the wafer is not altered.

As discussed in the state of the art, different sensor techniques have been used in the
past, such as techniques based on capacitive sensors, edge detection using charge-coupled
devices (CCD), and vision and optical encoders. The best speed and resolution was
achieved using optical encoders with gratings on the wafer. However, this is an alteration
to the wafer. Without altering the wafer edge detection using the linear CCD sensor array
is the best choice. Edge detection can reach sampling speeds up to multiple kHz while
having a sub-micrometre resolution that can be achieved using sub-pixel interpolation.
This will be discussed later in this section.

5.1. Linear Sensor Array

A linear CCD has been selected to measure the edge position of the wafer. It consists
of an array of pixels that measure the intensity of the light. The change from light to dark is
used to find the edge of the wafer. The concept is shown in Figure 17. As discussed in the
state of the art, Wesselingh had implemented CCD sensors but used a somewhat different
concept where noise from stray light limited the performance [3].

The selection of the CCD sensor is based on a trade-off between the resolution, sam-
pling time, and range. The sampling time is limited by the available modules for the
National Instruments CompactRio. The NI9201 is used which supports 500 kS/s. The
TCD1103GFG has 1500 pixels of 5.5 μm by 64 μm on a 5.5 μm center. It supports a data
rate of 2 MHz. With 1500 pixels and a low integration time this results in a sampling rate
of almost 1.3 kHz, and with the limitation of the 500 kS/s this is lowered to 320 Hz. High
power cool white LEDs are used as the light source. The intensity of the light is tuned to
maximize the dynamic range.
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Figure 17. Linear CCD sensor concept to measure the edge of a wafer.

In this paper, the sensor output is compared to a threshold. This threshold is used
to detect the transition from light to dark. Instead, a threshold a sub-pixel interpolation
method could also be used. Using this method it is possible to increase the resolution of
the sensors to better than 0.05 of the pixel size, while at the same time reducing the effects
of noise [17–20]. Using the sub-pixel interpolation method the theoretic resolution of the
chosen CCD could be as low as 0.11 μm. However, to limit the calculation time on the
FPGA, it was chosen to implement the threshold model. Figure 18 shows the output of
the CCD sensor. The threshold is placed at 0.6. When the threshold is reached the pixel
number corresponds to the position on the CCD where the shadow ends.

Figure 18. Output of the CCD sensor. It shows the edge of the wafer. The edge is a curve over
10 pixels.

When using a point light source, the measured position should be adjusted to get the
real position. Figure 19 shows that the distance between the shadow and the wafer position
is dependent on the position and height of the wafer. The wafer position is calculated
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using Equation (3a). Because the height of the wafer is not fixed a disturbance could enter
the system through a variation in the height. The size of the disturbance can be estimated
by Equation (3a).

The difference in fly-height is estimated to be in the order of micrometers. When
minimizing the height between the wafer and CCD the disturbance is estimated to be
within 0.1 of the pixel size for large movements, which is acceptable when using the
threshold model, if sub-pixel interpolation is used it is better to remove the height by
using a collimated light source or by adding another LED. With two LEDs, another data
point is known which can be used to eliminate the height from the equation as shown in
Equation (3b) [21].

Figure 19. A CCD sensor with 2 LEDs, showing the actual position of the wafer xw, the shadow
created by the first led xs1 and second led xs2.

Xw =
hwa f er

hled
(xL1 − xs1) + s1 (3a)

Xw =
xL2xs1 − xL1xs2

−xL1 + xL2 + xs1 − xs2
(3b)

5.2. Performance Analysis

Before the implementation of the CCD sensor inside the contactless actuator, a per-
formance analysis experiment was done. In these tests, the linearity of the sensor was
tested, as well as the steady-state behaviour. The performance test was performed in
an environment where disturbance sources from the external lighting, vibrations, and
the electrical side were not removed. The steady-state response shows no drift and high
precision, since the position returns to the same position. Figure 20 shows the performance
analysis test where the position of the CCD is compared to a stage that has a resolution of
100 nm. The figure shows no drift and follows the position of the stage with an error of
3.0 μm RMS.
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Figure 20. Performance of CCD sensor analysed for linearity. RMS error value 3.0 μm.

5.3. Metrology

The kinematics are used to convert the measured position from the sensors into the
position of the wafer. Figure 21, shows the placement of the sensors. The kinematic
equations are shown in Equation (4), where r is the radius of the wafer and 41.5 mm the
distance between the sensors. The input of the kinematic equations is in millimetres and
the output is in millimetres and radians. The photograph of the Flowerbed system with
the integrated contactless sensing is shown in Figure 22.

Figure 21. The sensor placement in reference to the wafer to be controlled.
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y =
d2 + d3

2
(4a)

x = d1 −
(

r −
√

r2 − y2
)

(4b)

Rz =
d3 − d2

41.5
(4c)

The validation of the outer loop control was performed using a 200 mm dummy
wafer. The dummy wafer was cut out of a 750 μm thick aluminium sheet according to the
JEIDA standard. This means a circle with a radius of 100 mm with a flat of 57.5 mm. The
aluminium wafer had a mass of 63 g, which is 8 percent more than a comparable 8 inch
silicon wafer.

Figure 22. Photograph of the Flowerbed system with the implemented contactless sensing system
without the wafer. The position of the sensors has been annotated according to Figure 21, and for
reference, the diameter for the inscribed circle in each of the 61 hexagonal flowers is 14 mm.

6. Wafer Control

To control the position of the wafer, a second controller needs to be added to the inner
loop Flowerbed control. This leads to a cascaded control structure as shown in Figure 23.
The Flowerbed controller will be called the inner loop controller (ILC) from now on. The
ILC will provide a stiff connection between the Flowerbed and actuator. The setpoint of the
ILC will be controlled by the wafer controller, which is also called the outer loop controller
(OLC). The kinematics and inverse kinematics are placed in the loop of the OLC, because
the OLC has a lower bandwidth and thus more time for the calculations.
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Figure 23. The control strategy for the flowerbed.

6.1. Pressure Control

For the operation of the Flowerbed, constant pressure and vacuum are crucial, even
more so because of the non-uniform behaviour of the flowers on the surface for a given
supply and vacuum pressure. As a result, setting a higher pressure will cause an extra
force in the negative y-direction, whereas a lower vacuum will create an extra force in the
positive y-direction.

To control the pressure, sensors and valves are placed in the supply lines. The dynamic
behaviour of the pressure and vacuum supply has been identified around the operation
pressure of 240 kPa supply and 6 kPa vacuum. The controller design is a proportional gain
together with a second-order low pass filter with the values provided in Table 3. The lower
bandwidth has been chosen because of the limitations of the solenoid valves, increasing
the bandwidth further does not improve the performance. The closed-loop frequency
responses for the pressure controls are shown in Figure 24. During control the steady-state
error is measured, the error for the vacuum controller is 0.01 kPa(σ) and for the pressure
controller 0.3 kPa(σ).

Table 3. Pressure controller properties.

Parameter Pressure Vacuum

Kp 5000 −1000
f f 90 150

Figure 24. The closed loop frequency response of the Flowerbed pressure control.
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6.2. Pneumatics

Previous experiments by Vuong showed that the air film dynamics can be described
as a pure proportional gain up to at least 400 Hz, after which the measurement became
unreliable [4]. The proportional gain of the system was determined at 1.4 mN/μm. In short,
this means that if the position of the movable plate is known, the viscous traction force on
the wafer can be calculated up to at least 400 Hz. This value of the proportional gain has
been verified during the experiments of Krijnen [14]. Furthermore, Krijnen provided the
displacement force graph for different supply pressures while maintaining the vacuum
supply at ambient pressure minus 7 kPa.

Multiple experiments were done as part of this work with the values provided by
Krijnen, however, the previously measured pneumatic gain could not be replicated again
without mechanical contact. Multiple factors play a role here, the Flowerbed has been taken
apart and reassembled multiple times to replace the actuators. Upon close inspection, it
was noticed that multiple flowers were out of alignment. Furthermore, the supply pressure
was leaking between the pressure sensor and the Flowerbed. This made the readings from
the pressure sensor unreliable. The combination of these factors resulted in the fact that the
noncontact criteria could not be guaranteed for a given pressure. Therefore, in this work,
the pressure was manually tuned to obtain the best performance while maintaining the
no-contact condition for a full movement of 60 μm for the movable plate. The optimum
was found at a vacuum pressure at minus 6 kPa and a supply pressure of 245 kPa. As
a result, the value of the pneumatic gain was less than optimal and was approximated
at 0.3 mN/μm.

6.3. Outer Loop Controller

In the outer loop, two separate controllers have been designed, one for controlling
the rotation at lower bandwidth and one for positioning the wafer in x and y at a higher
bandwidth to maximize the performance of the total system. The parameters of the
controller will be discussed later in this section.

The outer loop could not be identified using the open-loop response because the
system consists of a floating mass with viscous damping. The identification of the system
could be done by adding stiffness to the mass or through simulation. The simulated open-
loop transfer function could be described by the transmissibility of the inner loop controller
(TILC), the pneumatic gain of the system and the wafer, which is a mass system. This is
shown in Equation (5), where COLC is the outer loop controller.

PC =
TILCCOLC

mwa f ers2 (5)

For the controller, it is decided to use a PD controller with a low pass filter. The
low pass filter must be placed before 300 Hz to cancel out the coupling in the inner loop.
Because of the high gain of the mass-line, it was chosen to leave out the integrator.

Kp =
mwa f erω2

bw
kpn ∗ 4

; (6)

The gain of the system was calculated using Equation (6). The factor 4 accounts for
the frequency range of the derivative part of the controller as given in Table 4, which adds
a gain of the same value. To start, the pneumatic gain kpn values calculated by Krijnen
were used. This gives an initial place to start after which the controller has been tuned
iteratively. After the initial measurement, the new controller gain could be calculated to
compensate for the lower pneumatic gain.
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Table 4. Outer loop controller properties.

Parameter Translation Rotation

Kp 0.207 2.842
fd 2.5 2.5
ft 40 40
f f 150 200

6.4. Performance

After tuning the controller for the inner loop, outer loop, and pressure, the perfor-
mance of the positioning of the wafer has been measured. Figure 25, shows the closed-loop
response of the system. The measurements for the cross-coupling between the x and y-axis
are insignificant and thus not presented in the frequency domain. The error of the x and
y-axis during tracking is presented in Figure 26. Furthermore, when tracking a sine wave
with an amplitude of 0.33 mm at 0.5 Hz, the RMS error of x and y remained under 9 μm.

The error at steady-state is shown in Figure 27 with the RMS error values provided
in Table 5. The periodic movement is caused by the correlation between the rotation
and translational degrees of freedom. This is expected because the dummy wafer is not
perfectly round. It must be noted that less rotation was observed during tracking than
under steady-state.

Figure 25. The closed loop frequency response of the Flowerbed—T from the reference position to
the measured position for the translations.
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Figure 26. Tracking response of the wafer.

Figure 27. The steady state error during control of the wafer in x and y.

Table 5. Wafer position control-steady state performance.

DOF RMS Error

x 12.4 μm
y 12.9 μm
Rz 3.1 mrad
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7. Conclusions

The push for thinner and larger wafers has substantially increased the need for
contactless handling of the substrates. The Flowerbed and other concepts were developed
for this purpose using an air-bearing concept. This paper has presented an air-bearing
contactless wafer handling system where the wafer’s position is sensed without any
alterations to the wafer.

The performance of the inner loop has been improved from 233 Hz to 300 Hz by
improving the controller. This is an improvement of almost 30 percent compared to
previously published results [13]. The inner loop creates a stable platform for the outer
loop controller which controls the position of the wafer. External disturbances are handled
in the inner loop, since the air does not transmit the vibrations from the floor.

With the use of three charge-coupled devices (CCD) the position of the wafer could be
measured by detecting the edge of the wafer. This is done without any alteration of the
wafer. The CCD sensors have a resolution of 5.5 μm.

Due to the unforeseen lowering of the pneumatic gain than attained in previous
studies, the bandwidth for control has not been improved. However, the wafer has been
controlled using the new sensor’s design, resulting in a bandwidth of 10 Hz. The wafer
can be positioned with a high accuracy of 13 μm RMS, which is under 3 resolution counts
of the sensor. This showcases the high precision positioning capability of the Flowerbed.

Further improvement of the inner loop could be achieved without redesign of the
actuator. This improvement can be made by laminating the mover such that the effect from
the eddy currents is removed. If lamination is not an option switching to flux feedback
could remove the effect from the eddy currents, which are lowering the phase and thus
the bandwidth. Additionally, decoupling filters could be used to improve the closed-loop
sensitivity function of the inner loop. However, even in the current state the inner loop is
no longer limiting the performance of the outer loop.

The resolution of the CCD could be improved to sub-micrometre resolution using sub-
pixel interpolation techniques. Additionally, using improved data acquisition hardware it
is possible to increase the sampling frequency of the current CCD from 320 Hz to 1.2 kHz.
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Abstract: The rotation accuracy of the aerostatic spindle can easily be affected by shaft shape errors
due to the small gas film clearance. Thus, the main shaft shape errors with the largest scale—that is,
the roundness and cylindricity errors—are studied in this paper, and a dynamic mathematical model
is established with the consideration of the roundness, cylindricity errors, and spindle speed. In order
to construct the shaft model, the discrete coefficient index of the shaft radius based on roundness
measurement data are proposed. Then, the simulation calculations are conducted based on the
measured cylindricity data and the constructed shaft model. The calculation results are compared
with the spindle rotation accuracy measured using the spindle error analyzer. The results show that
the shaft with a low discrete coefficient is subjected to less unbalanced force and smaller rotation
errors, as obtained by the experiment.

Keywords: rotation accuracy; aerostatic spindle; roundness; cylindricity; dispersion coefficient

1. Introduction

In contrast with traditional spindles, an aerostatic spindle uses compressed gas to
form a gas film, which has the characteristics of high precision, high speed, and low noise.
The film thickness of an aerostatic spindle is usually about 10 micrometers, which meets the
high requirements regarding manufacturing errors relating to the shaft [1]. Manufacturing
errors can be classified as dimensional errors and shape errors, which include roundness,
cylindricity, waviness, and roughness. Shape errors of the shaft will cause the uneven
distribution of the gas film in the bearing. When the shaft rotates, the thickness of the
gas film in the bearing will change continuously, which will cause pressure fluctuation,
and then produce an unbalanced force on the shaft. The unbalanced force will affect the
stability and rotation accuracy of the spindle.

Pande et al. [2] pointed out that the shape errors of journal bearings can generally
reduce the load-carrying ability and increase the flow rate. Song et al. [3] calculated the
half frequency whirl phenomena and the instability threshold speeds for the bearings with
shape errors. They found that the precision of the shaft is much more important than
that of the bearing. Sun et al. [4] studied the effects of shape errors of a shaft-bearing
system on dynamic characteristics, and results show that the rotating speed at which the
fluid whip occurs increased when shape errors existed. In order to reduce the radial error
motion, Cappa et al. [5] analyzed the influence of several manufacturing errors, bearing
parameters and feeding geometries of an aerostatic journal bearing and suggested that
the radial error motion is mainly influenced by the shape errors of the shaft. Cui et al. [6]
presented research on the manufacturing errors of aerostatic porous journal bearings,
and found that the circumferential waviness errors caused the obvious inhomogeneity
of the flow field and the transformation of the morphology of the high-pressure region.
Zhang et al. [7] established a new approximate model to predict the radial error motion of
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hydrostatic journal bearings, and pointed out that the main working harmonic components
in roundness errors had a major influence over rotation accuracy. Wang et al. [8] proposed
a numerical model using linear perturbation theory for the research on the influence of
journal rotation and bearing surface waviness on the dynamic performance of aerostatic
journal bearings. Lee et al. [9] examined the influence of the waviness errors of a hydrostatic
journal bearing by considering the rotational and bearing installation angles, and revealed
that the load-carrying capacity varied according to the amplitude and phase angle of
the waviness functions. Li et al. [10] investigated the effects of different forms of surface
waviness on the stability of the hydrodynamic journal bearing system by using non-linear
dynamic analysis and calculation method, and the results show that the existence of the
surface waviness causes the oil film of the system to wave and increases the energy loss
of the system. In order to study the surface roughness effects in hydrodynamic bearings,
Quiñonez et al. [11] developed an analytical solution method based on the Reynolds equa-
tion using perturbation techniques under the assumption of waviness coupled with linear
superposition that can be used in wide exponential land slider bearings. Lin [12] analyzed
the effect of surface roughness on the dynamic stiffness and damping characteristics of
hydrostatic thrust bearings; according to the results, the mean stiffness and damping be-
haviours are significantly affected by the roughness pattern and the height of the roughness.
Kumar et al. [13] studied the effect of stochastic roughness on performance of a Rayleigh
step bearing operating under thermo-elastohydrodynamic lubrication. The results show
that the directional orientation of the surface roughness could affect the performance of a
bearing significantly. Based on the stochastic method and the Ng–Pan turbulent model,
Zhu et al. [14] calculated the turbulent lubrication performance of a journal bearing with
an isotropic rough surface. Kim et al. [15] proposed an approach with both stochastic
and contact characteristics to evaluate the effects of surface roughness for a slider bearing
operating under partial or boundary lubrication, and found that the influence of roughness
parameters on friction and load capacity increased rapidly upon the application of asperi-
ties contact. Maharshi et al. [16] proposed a stochastic analysis of hydrodynamic journal
bearings including the effect of surface roughness and development of the efficient radial
basis function based uncertainty quantification algorithm. By using Galerkin’s technique
to solve the Reynolds equation, Rajput [17] indicated that the performance of a journal
bearing system is significantly deteriorated due to the geometric imperfections.

In the above references, the waviness and roughness in the shaft shape errors are
mostly studied. However, the roundness and cylindricity are the largest errors among
the shaft shape errors, usually between 1 and 4 micrometers. These errors have the most
obvious impact on the aerostatic spindle’s rotation accuracy. Although Zhang et al. [7]
studied the radial error motion of the bearing in a quasi-static state considering roundness
errors of the shaft, the rotation accuracy of the aerostatic spindle will change with rotation
speed, which is not considered in the present study. Therefore, it is necessary to study the
dynamic rotation accuracy of the aerostatic spindle under the effects of roundness and
cylindricity errors.

Therefore, a dynamic mathematical model considering roundness, cylindricity er-
rors and spindle speed is established by using the finite difference method based on the
Reynolds equation in this paper. The roundness and cylindricity errors of the shaft are
measured by Taylor Hobson 585 LT cylindricity meter. The measured data are resampled
and filtered and then brought into the model for calculation. Through the comparison of
the simulation and the experiment, it is proved that the shaft roundness and cylindricity
errors will produce an unbalanced gas film force on the shaft and affect the spindle’s
rotation accuracy. Based on the measurement data of roundness error, the evaluation index
of the dispersion coefficient is proposed. The research shows that this discrete coefficient
is a more effective index to predict the spindle’s rotation accuracy compared with the
roundness and cylindricity.
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2. Mathematical Model

2.1. Modeling of the Aerostatic Spindle

The schematic illustration of the aerostatic journal bearing with shaft shape errors is
shown in Figure 1. This bearing has two column orifice restrictors at the front and rear,
and each column includes eight orifices. The compressed gas flows into the clearance
between the bearing and the shaft through the orifice, and then flows out from both ends
of the bearing.

Due to the shape errors of shaft surface, the film thickness of different positions in
the circumferential and axial directions of the bearing is different. In Figure 1b, O0 is the
bearing center, O1 is the shaft center, and R is the bearing radius. h is the film thickness at
point A on the shaft surface that can be denoted as

h = R −
∣∣∣−−−→O0O1 +

−−→
O1 A

∣∣∣ (1)

When θ is the angle between
−−→
O0 A and the x-axis,

−−−→
O0O1 = (ex, ey), and

−−→
O1 A =

(cxθ , cyθ), the film thickness at θ is

hθ = R −
√
(cxθ + ex)

2 +
(
cyθ + ey

)2 (2)

If the shaft is rotating clockwise at a constant angular velocity ω, then at t time,⎧⎨⎩
θ′ = θ + ωt + α − 2Nπ

cxθ = xθ′
cyθ = yθ′

(3)

where α is the initial angle of the shaft, N is the integer number of rotations of the shaft,
and the values of xθ′ and yθ′ come from the measurement results of the cylindricity meter.

Figure 1. Illustration of the aerostatic journal bearing with shaft shape errors: (a) axial direction;
(b) circumferential direction.

By combining Equations (2) and (3), the film thickness at any angle at any time can
be obtained.

In order to study the pressure distribution of the gas film in the bearing, the circumfer-
ential cylindrical coordinates system is used to reconstruct the journal bearing. Figure 2 is
the partial schematic illustration of aerostatic journal bearing in circumference cylindrical
coordinates. The circumferential direction of bearing’s inner surface is the x-axis and the
y-axis points and is perpendicular to the bearing axis, and the z-axis is parallel to the
bearing axis.

This spindle system incorporates the following assumptions:
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1. The spindle is cooled sufficiently—that is, the bearing, shaft and gas film is isothermal;
2. There is no axial and angular movement of the shaft;
3. The gas flow is laminar.

Figure 2. Circumference cylindrical coordinates.

The modified Reynolds equation for this type of aerostatic journal bearing [18] is

∂

∂x

(
ph3 ∂p

∂x

)
+

∂

∂z

(
ph3 ∂p

∂z

)
= 6ηu

∂(ph)
∂x

+ 12η
∂(ph)

∂t
+ 12ηpVin (4)

where p is the gas film pressure, η is the dynamic viscosity of the gas, u is the velocity of
the gas in x direction, and Vin is the injection velocity at the orifice entrance and can be
expressed by Equation (5) [19]

Vin = −Ps − p
4ηl

[
d2

4
− (x − xi)

2 − (z − zi)
2] · δi (5)

where δi = 1 at the orifice entrance, whereas it is zero elsewhere.
By employing the dimensionless parameters

x = x0X, z = z0Z, h = h0H, t = τ
x0

u
, p = paP, Λ =

12ηux0

h2
0 pa

, Q =
24ηx2

0

h3
0 p2

a
Vin (6)

Equation (4) can be written as:

∂

∂X

(
H3 ∂P2

∂X

)
+

x2
0

z2
0

∂

∂Z

(
H3 ∂P2

∂Z

)
= Λ

∂PH
∂X

+2Λ
∂PH
∂τ

+ QP (7)

2.2. Numerical Analysis

With reference to paper [20], some items in Equation (7) are rewritten as follows by
using the finite difference method:

∂

∂X

(
H3 ∂P2

∂X

)
=

H3
i+0.5,j

ΔX2

(
P2

i+1,j − P2
i,j

)
−

H3
i−0.5,j

ΔX2

(
P2

i,j − P2
i−1,j

)
(8)

∂

∂Z

(
H3 ∂P2

∂Z

)
=

H3
i,j+0.5

ΔZ2

(
P2

i,j+1 − P2
i,j

)
−

H3
i,j−0.5

ΔZ2

(
P2

i,j − P2
i,j−1

)
(9)

∂PH
∂X

=
Hi+0.5,j − Hi−0.5,j

2ΔX
Pi,j +

Hi+0.5,j

2ΔX
Pi+1,j −

Hi−0.5,j

2ΔX
Pi−1,j (10)

∂PH
∂τ

=
Hi,j

Δτ
Pi,j −

H(τ−Δτ)(i,j)

Δτ
P(τ−Δτ)(i,j) (11)

where H(τ−Δτ)(i,j) and P(τ−Δτ)(i,j) in Equation (11) are Hi,j and Pi,j in (τ − Δτ) time, respectively.
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By substituting Equations (8)–(11) into Equation (7), the equation is simplified as

Ei,jP2
i,j + (Fi,j + Ii,j)Pi,j − Ki,j = 0 (12)

with

Ai,j =
H3

i+0.5,j

ΔX2 (13)

Bi,j =
H3

i−0.5,j

ΔX2 (14)

Ci,j =
x2

0
z2

0

H3
i,j+0.5

ΔZ2 (15)

Di,j =
x2

0
z2

0

H3
i,j−0.5

ΔZ2 (16)

Ei,j = Ai,j + Bi,j + Ci,j + Di,j (17)

Fi,j = Λ
Hi+0.5,j − Hi−0.5,j

2ΔX
(18)

Gi,j = Λ
Hi+0.5,j

2ΔX
(19)

Hi,j = −Λ
Hi−0.5,j

2ΔX
(20)

Ii,j = 2Λ
Hi,j

Δτ
+ Q (21)

Ji,j = −2Λ
H(t−Δτ)(i,j)

Δτ
(22)

Ki,j = Ai,jP2
i+1,j + Bi,jP2

i−1,j + Ci,jP2
i,j+1 + Di,jP2

i,j−1 − Gi,jPi+1,j − Hi,jPi−1,j − Ji,jP(t−Δτ)(i,j) (23)

The dimensionless gas film pressure in τ time is given by

Pi,j =

√
(Fi,j + Ii,j)

2 + 4Ei,jKi,j − Fi,j − Ii,j

2Ei,j
(24)

3. Data Acquisition and Processing

In addition to the basic parameters of the spindle, it is necessary to know the initial
distribution of the gas film to solve the pressure distribution using Equation (24). That
is, the H of any node at τ = 0 time is needed, which is very critical. It can be seen from
Equations (2), (3), and (6) that in order to calculate H, the shape errors of the shaft should
be measured. A cylindricity meter was used to measure the roundness and cylindricity
errors for study in this paper.

3.1. Roundness and Cylindricity Errors Measurement of Shaft

In this paper, we processed 4 shafts with the same parameters and technique. The round-
ness and cylindricity errors of the working area of these shafts corresponding to the journal
bearing was measured using the Taylor Hobson 585 LT cylindricity meter, and 21 sections
of each shaft were collected. The section interval was 5 mm, and the number of sampling
points was 18,000 points per section. Figure 3 shows the roundness and cylindricity error
measurement process, and the cylindricity error results of shaft 1 are shown in Figure 4.
The data on the left-hand side represent the runout of each section, which is equal to
the roundness errors under the least square method. The data on the right side repre-
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sent the measured height. The cylindricity errors of four shafts are 4.00, 4.50, 4.25, and
4.15 μm, respectively.

Figure 3. The roundness and cylindricity errors measurement process.

Figure 4. The cylindricity error measurement results of shaft 1.

3.2. Data Processing

Since the data collected by the cylindricity meter were based on relative coordinates,
it was necessary to calibrate the measured data with the actual radius of the shaft. The cal-
culation method is shown in Equation (25)⎧⎪⎪⎪⎨⎪⎪⎪⎩

xθ′ = xcθ′
Rc√

x2
cθ′+y2

cθ′

yθ′ = ycθ′
Rc√

x2
cθ′+y2

cθ′

(25)

where xcθ′ and ycθ′ are the data collected by cylindricity meter, and Rc is the shaft radius
measured by micrometer.

In the data measured by cylindricity meter, each section had 18,000 data points.
The average value of each adjacent 50 data points was taken to save the computing time,
and the number of data points was reduced to 360. Gaussian filter was used for roundness
filtering with 150 UPR (undulations per revolution) cut-off [21]. The number of axial nodes
increased from 21 to 41 by using Equation (26)

hi ,k+0.5 =
hi ,k + hi ,k+1

2
(k = 1, 2, . . . , 20) (26)
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3.3. Calculation Settings

Programs were compiled according to Equations (7)–(24); Table 1 shows the parame-
ters of the spindle. The measured data of shaft 1, shaft 2, shaft 3, and shaft 4 were used for
calculation, respectively. The initial eccentricity was (ex, ey) = (0, 0), and the speed range
was [500, 10,000] r/min.

Table 1. Spindle parameters.

Parameters Value

Bearing diameter (D/mm) 32
Bearing length (L/mm) 100

Nominal radius clearance (h0/mm) 0.01
Orifice diameter (d/mm) 0.16

Orifice length (l/mm) 2
Column number of feeding orifices 2
Number of orifices on each column 8

Atmospheric pressure (patm/Pa) 1.013 × 105

Supplied pressure (ps/Patm) 4
Gas dynamic viscosity (η/Pa·s) 18.448 × 10−6

Shaft Material Ti-6Al-4V
Shaft density (ρsha f t/kg/m3) 4.51 × 103

4. Results and Discussions

4.1. Simulation Results

First of all, an ideal shaft without shape errors is used for the calculation to verify the
correctness of the numerical model and the simulation program; Figure 5 shows the result
of dimensionless pressure distribution when the shaft rotates 180◦ at 6000 r/min. It can be
seen that the pressure distribution on the shaft surface is very regular, which is consistent
with the calculation results in reference [22]. In this ideal case, the gas film force acting on
the shaft is zero.

Figure 5. Dimensionless pressure distribution of ideal shaft.

Figure 6a–d show the dimensionless pressure distribution of shaft 1 at 6000 r/min
when it rotates 90◦, 180◦, 270◦ and 360◦ with the same coordinate scales, respectively.
Due to the roundness and cylindricity errors, the gas pressure on the shaft surface varies
greatly. As the shaft rotates, the pressure changes obviously. Thus, the shaft will produce
an unbalanced gas film force, which changes both in size and direction, and then affects
the rotary accuracy of the spindle.
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Figure 6. Dimensionless pressure distribution of shaft 1 at 6000 r/min at different angles: (a) 90◦;
(b) 180◦; (c) 270◦; (d) 360◦.

Figure 7a–d are box charts of the surface pressure distribution of shaft 1, shaft 2, shaft 3,
and shaft 4 at different speeds with the same coordinate scales. With the increase in rotating
speed, the distribution of pressure value becomes more and more divergent. By comparing
the interquartile range (IQR) and the range within 1.5IQR of the dimensionless pressure
in Figure 7a–d, it can be observed that the pressure fluctuation of shaft 2 is significantly
greater than that of the other three shafts.

Figure 7. Box charts of surface pressure distribution: (a) shaft 1; (b) shaft 2; (c) shaft 3; (d) shaft 4.
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If the pressure is known, the gas film force acting on the shaft can be calculated using
Equation (27) [23]: (

Fx
Fy

)
=
∫ L

0

∫ 2π

0
(p − patm)

(
cos θ
sin θ

)
rdθdz (27)

Figure 8a shows the gas film force (with 5 revolutions) of shaft 1 at 6000 r/min.
With the rotation of the shaft, the direction and size of the force change, and the shaft
adopts an unsteady state. Plotting the average force of the shaft at different speeds
in Figure 8b, it can be seen that with the increase in speed, the force on the shaft in-
creases basically. The force of shaft 2 at each speed is significantly higher than that of
the other three shafts. According to the force from large to small, the order is as follows:
shaft 2 > shaft 1 > shaft 4 > shaft 3.

Figure 8. Gas film force of shaft: (a) gas film force of shaft 1 (5 revolutions) at 6000 r/min; (b) gas
film force of shafts in different speeds.

4.2. Comparison with Experimental Results

The aerostatic spindle used in this paper to validate the simulation results is mainly
used for precision milling. For ensuring the stability of continuous running, the spindle
is water-cooled. The four shafts are fitted into the spindle in turn, and the bearing, motor
and other parts are installed. The motor is a Kollmorgen KBMS-10X01 frameless motor
with the rated speed of 18,600 r/min. The driver belongs to Sieb and Meyer’s SD2S series.
After two stages of drying and filtering, the gas supply pressure is set to 0.4 Mpa (same as
the numerical calculation). This system is mounted on a natural granite cubic base with a
side length of 200 mm. For the consistency of the measurement results, other parts and
related configurations remain unchanged throughout the test, except for the replacement
of the shaft.

Using sensors to measure the standard gauge installed on the spindle, the rotation
errors are usually measured without load, and the track of the ideal axis of the rotation of
the spindle is fitted as the basis of the analysis. Due to the small size of the spindle, there is
not enough space to install the standard gauge and there is a section of finish-machined
cylinder in the front of the shaft as an alternative.

The dynamic radial rotation errors were measured using the Lion Precision CPL290
spindle errors analysis instrument. The bandwidth of the sensor is 15 kHz and the reso-
lution is 0.01 μm. The spindle speed range is set to 500 to 10,000 r/min, and the data are
collected every 500 r/min. Figure 9 is the test rig of the spindle rotation error measurement,
and the results of shaft 1 at 1000 r/min are shown in Figure 10. Following measurement,
the data of the four shafts are plotted in Figure 11.
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Figure 9. Test rig of spindle rotation error measurement.

Figure 10. Result diagram of spindle radial rotation errors.

Figure 11. Spindle radial rotation errors of four shafts.

As can be seen from Figure 11, in the rotation speed range of [500, 10,000] r/min, the ro-
tation radial errors of shaft 1, shaft 3 and shaft 4 are always close to each other, except for
individual speeds. When the speed exceeds 2000 r/min, the errors of shaft 2 are obviously
larger than those of the other three shafts, and the “particularity” of shaft 2 in Figure 11 is
consistent with that in Figures 7 and 8b. In the analysis results of Figures 7 and 8, the origi-
nal data are obtained from the measurement of the roundness and cylindricity errors of the
shaft. It can be seen that there must be a correlation between the measurement results of
the roundness and cylindricity errors of the shaft and the rotation errors.

The roundness errors of all shaft sections measured using the cylindricity meter are
plotted, as shown in Figure 12. It can be seen that the roundness error lines of the four shafts
overlap with each other and the difference is not obvious. For example, the roundness error
values of section 11 of shaft 1 and section 15 of shaft 2 are both 2.69 μm, and the roundness
error values of section 19 of shaft 2 and section 10 of shaft 4 are both 2.25 μm. Figure 13 is a
composite drawing of roundness errors for section 19 of shaft 2 and section 10 of shaft 4. It
can be seen that although the roundness errors values are the same (2.25 μm), their actual
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shapes are quite different. Therefore, the roundness error values cannot reflect the shape of
the shaft.

Figure 12. Roundness errors of four shafts.

Figure 13. Composite drawing of roundness error for section 19 of shaft 2 and section 10 of shaft 4.

4.3. Evaluation with Dispersion Coefficient

The shape of the shaft determines the gas film thickness between the shaft and the
matched bearing. The more uniform the film thickness, the smaller the pressure fluctuation
in the shaft; therefore, the discrete coefficient index of shaft radius can be used to quantify
the section shape of the shaft. The calculation is conducted by means of Equation (28):

VS =
1
r0

√
1

n − 1

n

∑
i=1

(ri − r0)
2 (28)

where n is the node number of single section, ri is the radius of the shaft at the i-th node,
and r0 is the average radius of the shaft in the current section.

The radius dispersion coefficients of all sections are calculated using Equation (28)
and the results are plotted in Figure 14. It can be seen that the dispersion coefficients of all
sections of shaft 2 are significantly larger than those of the other three shafts, which indicates
that there are great fluctuations in radius for each section of shaft 2. The particularity results
here are consistent with those shown in Figures 7, 8 and 11. Although the roundness errors
of section 19 of shaft 2 and section 10 of shaft 4 are identical, the differences in the dispersion
coefficients shown in Figure 14 are significant. Therefore, it is not reliable to infer the shaft’s
rotational accuracy based on only its roundness and cylindricity errors.

To further study this problem, sections with similar roundness errors (see Table 2) and
similar discrete coefficients (see Table 3) are found from all cross sections of four shafts
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to construct the ideal shafts (Figure 15 is a schematic diagram), and then the unbalanced
gas film forces are analyzed in Figure 16. Because the shaft is constructed with a single
section, the roundness errors are equal to the cylindricity errors. Figure 16a,b have the
same coordinate scales to ensure the comparability of data.

Figure 14. Dispersion coefficients of four shafts.

Figure 15. Schematic diagram of an ideal shaft constructed by single section.

Table 2. Sections with similar roundness.

Shaft-Cross Section S1-C7 S2-C19 S3-C1 S4-C10

Roundness (μm) 2.27 2.25 2.24 2.25
Dispersion Coefficient (×10−5) 3.07 4.57 2.34 2.60

Table 3. Sections with similar discrete coefficients.

Shaft-Cross Section S1-C2 S1-C8 S4-C13 S4-C18

Roundness (μm) 2.87 2.11 2.46 2.69
Dispersion Coefficient (×10−5) 2.96 2.99 2.97 3.01
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Figure 16. Unbalanced gas film force of ideal shaft: (a) ideal shaft with similar roundness; (b) ideal
shaft with similar discrete coefficients.

It can be observed from Figure 16a that, although these shafts have the same roundness,
the unbalanced film forces of these four shafts are quite different. The order of the force from
large to small is section 19 of shaft 2 > section 7 of shaft 1 > section 10 of shaft 4 > section 1 of
shaft 3, which is consistent with the order of the discrete coefficients in Table 2. As presented
in Figure 16b, for the similar dispersion coefficient, the forces of the four shafts are generally
similar, the lowest of which is for section 2 of shaft 1. In Table 3, the roundness errors of
section 2 of shaft 1 is the largest among the four ideal shafts, but its discrete coefficient is the
smallest. It can be proved that, compared with roundness errors, the discrete coefficient can
be used more reliably to predict the unbalanced film force generated by the shaft due to the
shape errors. In addition, when the results are combined with the data in Tables 2 and 3, it
can be seen that if the roundness is similar, the discrete coefficient may be very different,
but if the discrete coefficient is similar, the roundness difference is not large, so the discrete
coefficient can be used to evaluate the processing quality of the shaft.

5. Conclusions

In this paper, the roundness and cylinder error data of the shaft are collected by the
Taylor Hobson cylinder meter as the data source of FDM simulation. The influence of shaft
shape errors on spindle rotation accuracy is verified by comparing the simulation results
with experimental results. The following conclusions have been drawn.

1. Because of the errors of roundness and cylindricity in the shaft, the film thickness
inside the spindle will be different at different places, resulting in an uneven distribu-
tion of film pressure. With the rotation of the shaft, the pressure of the gas film will
keep changing, resulting in an unbalanced film force, which will affect the stability of
the spindle;

2. The errors of roundness and cylindricity of the shaft can not adequately reflect the
distribution of film thickness inside the spindle. Shafts with similar errors may have
large differences in unbalanced film force and rotation errors;

3. The dispersion coefficient reflects the fluctuation of the shaft radius. Shafts with
similar discrete coefficients will not demonstrate much difference in their roundness
error values, and the unbalanced film forces acting on the shaft during rotation are
close to each other. Compared with roundness and cylindricity errors, the discrete
coefficient is a better index to predict the spindle rotation accuracy. Therefore, dur-
ing the design and manufacturing process of the spindle, the shaft radius dispersion
coefficient should be controlled and measured for better spindle rotation accuracy.

87



Appl. Sci. 2021, 11, 7912

Author Contributions: Conceptualization, G.Z.; methodology, J.Z.; software, G.Z. and H.Y.; val-
idation, R.Z. and W.S.; formal analysis, J.Z. and H.Y.; investigation, J.Z. and H.Y.; data curation,
G.Z. and J.W.; writing—original draft preparation, G.Z.; writing—review and editing, J.Z. and J.W.;
visualization, R.Z. and W.S.; funding acquisition, J.Z. and H.Y. All authors have read and agreed to
the published version of the manuscript.

Funding: This research was funded by the National Natural Science Foundation of China, grant
number 51875586; training plan for young backbone teachers in colleges and universities of Henan
province, grant number 2018GGJS105.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: The data presented in this study are available on reasonable request
from the corresponding author.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Gao, Q.; Chen, W.; Lu, L.; Huo, D.; Cheng, K. Aerostatic bearings design and analysis with the application to precision engineering:
State-of-the-art and future perspectives. Tribol. Int. 2019, 135, 1–17. [CrossRef]

2. Pande, S.; Somasundaram, S. Effect of manufacturing errors on the performance of aerostatic journal bearings. Wear 1981,
66, 145–156. [CrossRef]

3. Song, M.; Azam, S.; Jang, J.; Park, S.S. Effect of shape errors on the stability of externally pressurized air journal bearings using
semi-implicit scheme. Tribol. Int. 2017, 115, 580–590. [CrossRef]

4. Sun, F.; Zhang, X.; Wang, X.; Su, Z.; Wang, D. Effects of Shaft Shape Errors on the Dynamic Characteristics of a Rotor-Bearing
System. J. Tribol. 2019, 141. [CrossRef]

5. Cappa, S.; Reynaerts, D.; Al-Bender, F. Reducing the radial error motion of an aerostatic journal bearing to a nanometre level:
Theoretical modelling. Tribol. Lett. 2014, 53, 27–41. [CrossRef]

6. Cui, H.; Wang, Y.; Yue, X.; Huang, M.; Wang, W.; Jiang, Z. Numerical analysis and experimental investigation into the effects of
manufacturing errors on the running accuracy of the aerostatic porous spindle. Tribol. Int. 2018, 118, 20–36. [CrossRef]

7. Zhang, P.; Chen, Y.; Liu, X. Relationship between roundness errors of shaft and radial error motions of hydrostatic journal
bearings under quasi-static condition. Precis. Eng. 2018, 51, 564–576. [CrossRef]

8. Wang, X.; Xu, Q.; Huang, M.; Zhang, L.; Peng, Z. Effects of journal rotation and surface waviness on the dynamic performance of
aerostatic journal bearings. Tribol. Int. 2017, 112, 1–9. [CrossRef]

9. Lee, S.M.; Lee, D.W.; Ha, Y.H.; Lee, S.J.; Hwang, J.H.; Choi, Y.H. A study on the influence of waviness error to a hydrostatic
bearing for a crankshaft pin turner. Tribol. Trans. 2013, 56, 1077–1086. [CrossRef]

10. Li, B.; Zhou, D.; Xu, W.; Zhang, Y. Effect of Surface Waviness on Stability of Hydrodynamic Journal Bearing Systems. J. Mech.
Eng. 2019, 55, 51–59. [CrossRef]

11. Quiñonez, A.F.; Morales-Espejel, G. Surface roughness effects in hydrodynamic bearings. Tribol. Int. 2016, 98, 212–219. [CrossRef]
12. Lin, J.R. Surface roughness effect on the dynamic stiffness and damping characteristics of compensated hydrostatic thrust

bearings. Int. J. Mach. Tools Manuf. 2000, 40, 1671–1689. [CrossRef]
13. Kumar, R.; Azam, M.S.; Ghosh, S.K. Influence of stochastic roughness on performance of a Rayleigh step bearing operating under

Thermo-elastohydrodynamic lubrication considering shear flow factor. Tribol. Int. 2019, 134, 264–280. [CrossRef]
14. Zhu, S.; Sun, J.; Li, B.; Zhao, X.; Wang, H.; Teng, Q.; Ren, Y.; Zhu, G. Stochastic models for turbulent lubrication of bearing with

rough surfaces. Tribol. Int. 2019, 136, 224–233. [CrossRef]
15. Kim, M.; Lee, S.M.; Lee, D.W.; Park, S.; Kim, S. Tribological effects of a rough surface bearing using an average flow analysis with

a contact model of asperities. Int. J. Precis. Eng. Manuf. 2017, 18, 99–107. [CrossRef]
16. Maharshi, K.; Mukhopadhyay, T.; Roy, B.; Roy, L.; Dey, S. Stochastic dynamic behaviour of hydrodynamic journal bearings

including the effect of surface roughness. Int. J. Mech. Sci. 2018, 142–143, 370–383. [CrossRef]
17. Rajput, A.K.; Sharma, S.C. Combined influence of geometric imperfections and misalignment of journal on the performance of

four pocket hybrid journal bearing. Tribol. Int. 2016, 97, 59–70. [CrossRef]
18. Pierart, F.G.; Santos, I.F. Active lubrication applied to radial gas journal bearings. Part 2: Modelling improvement and

experimental validation. Tribol. Int. 2016, 96, 237–246. [CrossRef]
19. Morosi, S.; Santos, I.F. On the modelling of hybrid aerostatic-gas journal bearings. Proc. Inst. Mech. Eng. Part J J. Eng. Tribol. 2011,

225, 641–653. [CrossRef]
20. Wang, X.; Xu, Q.; Wang, B.; Zhang, L.; Yang, H.; Peng, Z. Effect of surface waviness on the static performance of aerostatic journal

bearings. Tribol. Int. 2016, 103, 394–405. [CrossRef]
21. Muralikrishnan, B.; Raja, J. Computational Surface and Roundness Metrology; Springer Science & Business Media: Berlin/Heidelberg,

Germany, 2008.

88



Appl. Sci. 2021, 11, 7912

22. Lo, C.Y.; Wang, C.C.; Lee, Y.H. Performance analysis of high-speed spindle aerostatic bearings. Tribol. Int. 2005, 38, 5–14.
[CrossRef]

23. Morosi, S.; Santos, I.F. Active lubrication applied to radial gas journal bearings. Part 1: Modeling. Tribol. Int. 2011, 44, 1949–1958.
[CrossRef]

89





applied  
sciences

Article

Porous Gas Journal Bearings: An Exact Solution Revisited and
Force Coefficients for Stable Rotordynamic Performance

Luis San Andrés 1, Jing Yang 1,* and Andrew Devitt 2

Citation: Andrés, L.S.; Yang, J.;

Devitt, A. Porous Gas Journal

Bearings: An Exact Solution Revisited

and Force Coefficients for Stable

Rotordynamic Performance. Appl. Sci.

2021, 11, 7949. https://doi.org/

10.3390/app11177949

Academic Editors: Terenziano

Raparelli, Andrea Trivella, Luigi

Lentini and Federico Colombo

Received: 5 July 2021

Accepted: 26 August 2021

Published: 28 August 2021

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

1 J. Mike Walker ’66 Department of Mechanical Engineering, Texas A&M University,
College Station, TX 77843, USA; lsanandres@tamu.edu

2 New Way Air Bearings, Aston, PA 19014, USA; DDevitt@newwayairbearings.com
* Correspondence: yangjing@tamu.edu

Abstract: Having come of age, gas film bearings enable high-speed oil-free (micro) rotating machinery
with gains in efficiency and reliability, longer maintenance intervals, and a reduction in contaminants
released to the atmosphere. Among gas bearing types, porous surface gas bearings (PGBs) have
proven successful for 50+ years and presently are off-the-shelf mechanical elements. This paper
reviews the literature on PGBs since the 1970s and reproduces an exact solution for the performance
of cylindrical PGBs. Both the analytical model and an accompanying finite-element (FE) model
predict the performance for two PGBs, a commercially available 76 mm diameter bearing and a
smaller 25 mm diameter laboratory unit whose experimental performance is available. As expected,
the FE model results reproduce the analytical predictions obtained in a minuscule computing time.
For a set external supply pressure, as the radial clearance increases, the flow rate through the bearing
grows until reaching a peak magnitude. The PGB load capacity is a fraction of the product of the
set pressure difference (pS − pa) and the bearing projected area with a significantly large centering
static stiffness evolving over a narrow region of clearances. Operation with shaft speed enhances
the bearing load capacity; however, at sufficiently high speeds, significant magnitude cross-coupled
forces limit the stable operation of a PGB. At constant operating shaft speed, as the whirl frequency
grows, the bearing effective stiffness (Keff) increases, while the effective damping (Ceff) becomes
positive for whirl frequencies greater than 50% shaft speed. Similar to a plain hydrodynamic journal
bearing, the PGB is prone to a half-frequency whirl, albeit the system natural frequency can be high,
mainly depending on the external supply pressure. In essence, for the cases considered, PGBs are
linear mechanical elements whose load capacity is proportional to the journal eccentricity.

Keywords: gas bearings; porous materials; rotordynamics; force coefficients

1. Introduction

Gas bearings support oil-free high-speed turbomachinery with significant savings in
drag power losses and a reduction in system footprint [1]. Bearings constructed with a layer
of porous material offer an alternative to other bearing types, such as orifice compensated
bearings and foil bearings [2]. Porous surface gas bearings (PGBs) are commercially
available for industrial use, in particular in linear guide systems and in the health imaging
industry [3].

The contemporary approach to the modeling of PGBs relies on the numerical solution
of the flow equations, using to advantage desktop computational resources [4]. However,
the expedience in obtaining numerical predictions often dispenses the flow physics, avoids
dimensional analysis, and disregards the effects of physical parameters that carry infor-
mation on limiting solutions. Hence, this paper carefully reviews the abundant published
literature on PGBs and recreates elegant theoretical analyses developed in the 1970s. The
predictions from the analytical model are compared against those of a computational finite
element (FE) model as well as some published experimental results.

Appl. Sci. 2021, 11, 7949. https://doi.org/10.3390/app11177949 https://www.mdpi.com/journal/applsci91
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2. The Governing Equations for a PGB and Derived Operating Parameters

The performance of PGBs is determined by their geometry (radial clearance c, length
L, and diameter D = 2R), the gas physical properties (density ρ and viscosity μ), the magni-
tudes of supply pressure (pS) and ambient pressure (pa), the porous material permeability
coefficient (κ) and the liner radial thickness (tp), and the operating conditions of shaft
angular speed (Ω and precessional frequency (ω).

Figure 1 displays a schematic diagram of a cylindrical PGB with the journal spinning
with speed Ω. The film thickness is h = (c + eX cosθ + eY sinθ), where (eX, eY) are the
components of the journal static eccentricity. Consider an ideal gas with density ρ = p/(RgT),
whose temperature T is constant. Then, the film pressure (p) is governed by (Gargiulo,
1979) [5]. A detailed investigation on the influence of non-zero slip flow condition and
tangential flow within the porous material is out of scope in the current analysis.

→
∇·
(

p h3

12μ

→
∇p

)
=

ΩR
2

∂(ph)
∂x

+
∂(ph)

∂t
+

κ

2μ tp
(p2 − p2

S) (1)

where
→
∇ is the vector gradient operator, μ is the gas viscosity, and pS is the pressure of

the pressurized gas supplied through the porous layer. The field p is periodic around
the bearing circumference,p(θ, z,t) = p(θ+2π,z,t), and on the axial ends of the bearing
p(θ, 1

2 L,t) = p(θ,− 1
2 L,t) = pa.

Figure 1. Schematic diagram of a cylindrical journal and bearing with porous material layer (not to
scale). Coordinate system noted for reference.

Note the supplied mass flow rate through the porous material follows Darcy’s law [6–8].

.
m =

ρ

μ

κ

tp
(pS − p) ∼ 1

2
1

μ RgT
κ

tp

(
pS

2 − p2
)

(2)

Flow unsteadiness, circumferential flow through the porous media, and inertial ef-
fects due to the volume in the porous material are not particularly important in modern
commercial products such as carbon graphite [3,9,10].

The PGB geometry, porous material properties, and operating conditions combine to
produce three fundamental (dimensionless) parameters,

Λκ =
12κ

tp c

(
R
c

)2
; ΛΩ = 6

μ Ω
pS

(
R
c

)2
; Λω = 12

μ ω

pS

(
R
c

)2
, (3)
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known as the flow feeding number, the speed number, and the frequency number, respec-
tively. Clearly pS > pa for the pressurized gas to flow through both the porous layer and
then through the film clearance to exit at the bearing sides. Most PGBs have a large slen-
derness ratio, L/D > 1, hence giving enough surface area for the pressure field to produce a
significant bearing load.

The ΛΩ aerodynamic effects due to shaft rotation dominate over aerostatic effects
(~pS). Similarly, squeeze film effects (high frequency) dominate for Λω > 1. Incidentally,
the porosity parameter Λκ relates the flow conductance across the porous layer (κ/tp) to the
conductance through the film, which is proportional to (c3/R2).

3. An Appraisal of the Past Literature

The archival literature on PGBs is abundant with a sound beginning in the early
1960s and continuous developments through the 1980s. Only in the 2000s did commercial
applications abound, in particular in the flat panel manufacturing industry, semiconductor
manufacturing industry, coordinate measuring machines, computed tomography imaging
machines, and precision machine tools and spindles [3].

From 1965 to 1967, Sneck et al. publish three seminal papers [6–8] to introduce
the theoretical framework for the analysis of gas lubricated PGBs. The authors derived
analytical solutions for the flow rate and load capacity of PGBs under aerostatic conditions
and produced experimental verification for both the load capacity as well as the flow
coefficients. The authors noted the importance of surface roughness that modifies the
PGB nominal clearance to produce agreement with the measured load and flow. The later
reference [8] noted that shaft surface speed aids to increase the load capacity of PGBs
and presents ultimate solutions for operation under very large speed numbers (ΛΩ >> 1).
Sneck et al. [6–8] did not study the effect of frequency on the bearing stiffness coefficients,
and altogether ignored damping coefficients.

At about the same time, in 1968, Mori et al. [11,12] developed a similar solution,
albeit for an incompressible fluid, and produced predictive formulas for load capacity
and gas flow that agreed well with experimental results for finite length PGBs (L/D ~ 1/2).
Both Sneck et al. and Mori et al. found that the PGB load capacity was a fraction of
W* = ((pS − pa) × (L D)), i.e., the product of the pressure difference (pS − pa) times the bear-
ing projected area. Having introduced an equivalent clearance for the layer of porous mate-
rial, cκ = (12 κ tp)1/3, Mori et al. reported a maximum aerostatic load capacity ~(0.7 × W*)
for the range (cκ/c) ~ 0.6–1.0; hence, the practical flow feeding number Λκ ~ (R/tp)2 >> 1.

A decade later (1978), Rao and Majumdar [13] presented a perturbation analysis
and numerical solution to calculate the stiffness (K) and damping (C) force coefficients
of aerostatic PGBs (ΛΩ = 0). The unique predictions showed C < 0 for small frequency
numbers (Λω). Interestingly enough, the analysis did not include the volume of the porous
material, which, if large enough and under dynamic conditions, traps the gas to produce a
pneumatic-hammer effect, i.e., a self-excited instability due to the absence (even negative)
of effective damping [14].

Just a year later, in 1979, Gargiulo [5] presented a comprehensive analysis that in-
cluded both steady-state performance parameters and the dynamic force coefficients via a
perturbation analysis that produces analytical expressions as a function of ΛΩ, Λω , and Λκ ,
and includes the effect of the material porosity volume. For very small porous volumes,
Cargiulo [1] reported a hardening bearing stiffness as frequency grows while the damping
coefficient decreases steadily. The findings are similar to those for orifice-compensated
aerostatic gas bearings, as published by Lund [15] in 1968. Large porous volumes could
lead to a negative direct stiffness but not negative damping, in opposition to Rao and Ma-
jumdar’s findings [13]. Under hybrid operations, i.e., operation with shaft speed (ΛΩ > 0),
the analysis reports cross coupled stiffness and damping coefficients, growing in propor-
tion to the shaft speed until ΛΩ → 10, to then drop for operation at higher shaft speeds.
Cargiulo [5] left for the future (the 21st century) the dynamic stability of PGBs operating in
a hybrid mode.
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In a companion paper, Cargiulo [16] described the outcome of experiments that for
the most part validated the theoretical predictions, in particular the PGB load capacity
and the direct force coefficients. The test bearing has L = D = 50.4 mm and a porous
liner with thickness tp = 6.4 mm and permeability κ = 2.3 × 10−9 mm2 (cκ = 5.6 μm). The
experiments also revealed the onset of unstable behavior characterized by vibrations of
the test system at its natural frequency. The tests conducted with various radial clearances,
c = 3 to 17 μm, demonstrated that the test aerostatic PGB produced a journal displacement
directly proportional to the applied load, even up to the point of journal contact with the
porous liner surface. Hybrid operation, i.e., with shaft rotation (ΛΩ > 0), increases the
PGB load capacity and its stiffnesses, direct and cross-coupled. Incidentally, the higher the
supply pressure, the larger the bearing centering stiffness (and natural frequency), and
hence the more likelihood of a PGB to be tailored for dynamically stable operation.

After a long hiatus, in 2006, Miyatake et al. [17] assessed the stability of a rotor
supported on PGBs coated with a surface layer that was ~300 times more restrictive than
that of the porous media itself. The manufacturing of surface loaded porous materials is
a major breakthrough in PGBs, as they practically eliminate the potential for pneumatic
hammer; see Otsu et al. [18].

In practice, PGBs are mounted in series with elastomeric supports (o-rings) to add
more effective damping, albeit the soft mounts also reduce the system natural frequency.
See for example the synopsis by Hwang [14]. Most recently, various publications de-
tail the application of tilting pad PGBs to enable oil-free turbomachinery operating at
high speeds; see San Andrés et al. [2,4,19,20] and Feng et al. [21–23]. Tilting pad journal
bearings effectively eliminate the cross-coupled stiffness coefficient that could easily ex-
cite a hydrodynamic instability and thus extend the maximum operating shaft speed of
rotor-bearing systems.

At Texas A&M University, since 2015, San Andrés et al. have been conducting measure-
ments of the rotordynamic response of solid rotors supported on carbon-graphite PGBs: one
rotor of small diameter (29 mm) and operating at a high shaft angular speed (55 krpm) [19],
and another with large diameter (100 mm) and turning at 18 krpm maximum [4,20]. The
rotors’ surface speeds (Us = ΩR) equal 82 m/s and 94 m/s, respectively. Rotordynamic
tests show stable responses, free of sub synchronous whirl frequencies. Imbalance mass
induced synchronous whirl speed rotor motion amplitudes show peak magnitudes while
crossing critical speeds largely determined by the pressure (pS) supplied to the bearings.
Derived from recorded amplification factors, the system damping ratio is larger than 10%,
uncharacteristically high for gas bearing supported rotors. The computational analysis
in [4] solves the Reynolds equation and Darcy’s diffusion equation that couple the flow in
the PGB film land to that through the porous layer. The model produces force coefficients
that agree well with experimentally-derived effective damping and stiffness coefficients
and shows that the magnitude of supply pressure (pS), the permeability coefficient (κ),
the pad-pivot stiffness, and the assembly clearance affect significantly the performance,
static and dynamic, of the test bearings. In addition, just published in 2021, [2] describes
an experimental campaign and the results that quantify the force coefficients of a large
size, four tilting pad PGB. From dynamic load experiments conducted with shaft speeds
at 6 and 9 krpm (32 and 64 m/s surface speed), the identified PGB’s direct stiffness and
damping coefficients are practically invariant with excitation frequency (to max 200 Hz),
The pads’ pivot compliance largely determines the bearing direct stiffness coefficients. The
experiments also reveal that the load capacity of the bearing is mainly aerostatic, mostly
determined by the supply pressure and the bearing preload assembly.

Feng at Hunan University leads an extensive research program whose objective is to
develop oil-free bearing technologies applicable to high speed rotating machinery. Feng’s
group has effectively tackled bump-type foil GBs, metal mesh foil GBs, and most recently,
PGBs since 2018. Feng et al. develop computational analyses for tilting pad PGBs [21,22]
and cylindrical PGBs [23] and present model validations against their own experimental
results as well as those in [20].
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Other minor recent computational developments by Bohle [24] and Lawrence and
Kemple [25] provide numerical steps toward modeling aerostatic PGBs while ignoring
the vast prior literature reviewed above. Li et al.’s recent work on cylindrical PGBs [23]
is particularly of notice, since the recorded static load performance of the test PGB agrees
with numerical predictions. However, the identified test bearing force coefficients are
rather unique since they follow a trend opposite to prior knowledge, both experimental
and analytical [5,16]. That is, the PGB direct stiffness coefficient drops with frequency,
while the direct damping coefficient increases.

The recent literature from 2018 through 2021 [2,21,24,25] focuses on building complex
comprehensive computational tools with model verifications specific to a tailored configu-
ration for oil-free machinery. The literature misses careful dimensional analysis, physical
scaling, and dimensionless number representation that could help improve the selection of
the numerical method and its validation.

This paper reworks the classical analyses of Gargiulo [5], Sneck [6], and Mori [11] to
derive an exact solution for the ultimate flow rate and flow coefficient, static load capacity,
and dynamic force coefficients of a generic cylindrical PGB. In the last stage of the analysis,
the evaluation of integrals, the current development relies on modern mathematical soft-
ware capable of symbolic algebra processing. The authors wish the engineering student
and neophyte researcher appreciate the art of fundamental physical analysis, while staying
for a short time away from the mundane routine of number crunching.

4. A Close Form Solution to the Flow and Dynamic Force Coefficients in a PGB

In reference to Figure 1, consider journal center motions with small amplitude (δeX,
δeY) and frequency (ω) about an equilibrium position (eX0, eY0). The film thickness (h) and
pressure (p) fields equal the sum of zeroth-order fields (h0, p0) and first-order or perturbed
fields (hσ, pσ)|σ = X, Y,

h = h0 + δeX hX eiωt + δeY hY eiωt → p = p0 + δeσ pσ eiωt, σ = X, Y (4)

where hX = cos(θ) and hY = sin(θ). Above, σ = X, Y, i =
√−1.

Substituting Equation (4) into the Reynolds Equation (1) produces the zero-order
equation for p0

→
∇·
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p0h0
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)
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and the first-order equation
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Following San Andrés [26], the equations above are integrated in a typical finite
element (FE) and assembled over the flow domain to produce sets of algebraic (nonlinear)
equations for solution of the pressure fields; and subsequent calculation of the PGB reaction
force, drag torque and power, and dynamic force coefficients. Details of the FE model are
omitted for brevity.

For operation at a centered condition, h0 = c, Equation (5) reduces to

→
∇·
(→
∇p0

2
)
=

12 κ

c3 tp
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)
(7)
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That dispenses with the effects of gas viscosity (μ) and shaft speed (Ω). Let ψ0 =(
p2

0 − p2
S
)
, then Equation (7) reduces to the simple ordinary differential equation,

d2

d z2 (ψ0)− Λκ ψ0 = 0. (8)

Above, z =
( z

R
)
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tp c
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c

)2
as the feed flow parameter. The solution

of Equation (8) with ambient pressure (pa) at the bearing sides z = ±
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The mass flow rate (
.

M) supplied to the bearing through the porous layer equals
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Note that
.

M is proportional to
√
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, the average gas density ρ∗ = 1

2
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RgT , and the
pressure difference (pS − pa). If the bearing clearance (c) is very large (as when there is no
shaft inserted in the bearing), then p = pa over the flow domain, and the supplied flow rate
is the largest and equal to
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The ratio of flows is only a function of the bearing geometry and the permeability
coefficient (κ), since

(
γ L

D

)
=
√

3κ
tpc

L
c . Equation (11), known as the flow coefficient for

PGBs [6,7], serves to estimate the permeability coefficient (κ) from measurements of the
supplied flow (

.
Mmax) for various supply pressures, as will be shown later.

Incidentally, the shear drag torque (To) and power loss (Ploss) for the laminar flow in a
centered journal bearing equal

To = μ ΩR (R/c) (π D L), Ploss = To Ω. (13)

Note that for an air film, the drag friction coefficient f = To/(W* R) << 1.
As the analysis considers small amplitude motions about the centered condition

(e = 0), then from p = p0 + (δeX pX + δeY pY)ei ω t, deduce

p2 = p2
0 + 2 p0 (δeX pX + δeY pY ) ei ω t ; ψ =

(
p2 − p2

S

)
= ψ0 + (δeX ψX + δeY ψY ) ei ω t. (14)

Hence, ψX = 2p0 pX; ψY = 2p0 pY. Presently, for small amplitude motions about
e = 0, let

ψX = ψXc(z) cos θ +ψXs(z) sin θ, ψY = ψYc(z) cos θ +ψYs(z) sin θ. (15)
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Then, write the first order Equation (6) for the perturbed pressure fields as

d2

d z2

[
ψXc
ψXs

]
− A

[
ψXc
ψXs

]
= C1 cosh(γz) + C2;

d2

d z2

[
ψYc
−ψYs

]
− AT

[
ψYc
−ψYs

]
= C1 cosh(γz) + C2

(16)

where A =

[ (
1 + γ2)+ iΛω ΛΩ

−ΛΩ
(
1 + γ2)+ iΛω

]
,

C1 =

[
i 2Λω − 3 γ2

−2ΛΩ

]
ψas

c
1

cosh(γ L
D )

and C2 =

[
i 2Λω

−2ΛΩ

]
p2

S
c

(17)

with ψas =
(

p2
a − p2

S

)
, ΛΩ =

12μ Ω
2p0

(
R2

c2

)
; Λω =

24μ ω

2p0

(
R2

c2

)
(18)

using average pressure p0 = 1
L
´ L

0 p0 dz. The boundary conditions for the perturbed fields
are homogeneous, i.e.,ψX(z=± L

D ) = ψY(z=± L
D ) = 0. Then,

ψXc = ψYs = ψXs = ψYc = 0 at z = ± L
D

. (19)

Note that Equation (16) reveals that ψXc = ψYs, ψXs = −ψYc.
Once found, integration of the pressure field (p) acting on the rotor surface gives the

bearing reaction force (F) with components

−
[

FX
FY

]
=

˛ (
P0 − Pa + (δeX PX + δeYPY) ei ω t

)[ cos θ
sin θ

]
Rdθdz. (20)

As the bearing is centered, the zeroth order pressure field does not produce a static
force, i.e., F = 0. The first order pressure fields produce the matrix of complex dynamic
stiffnesses H, where Hij =

(
Kij + i ω Cij

)
i,j = X,.[

HXX
HYX

]
=

[
HYY
−HXY

]
=

˛
−pX

[
cos θ
sin θ

]
R dθdz = −

˛ (
ψX
2 p0

)[
cos θ
sin θ

]
R dθdz. (21)

Then substituting Equation (15) above leads to

HXX = HYY = −πR2
L/Dˆ

0

ψXc(z)

p0(z)
dz; HXY = −HYX = −πR2

L/Dˆ

0

ψYC (z)

p0(z)
dz. (22)

The exact solution for the first-order fields is as follows: Let ψX =
[
ψXc ψXs

]T ,
then Equation (16) has the general solution

ψX = ψX P1 cosh(γz) +ψX P2 + ψX H (23)

where the coefficients of the particular solution are

ψX P1 = −
[
A − Iγ2

]−1
C1 = − 1

Δ

[
1 + iΛω −ΛΩ

ΛΩ 1 + iΛω

][
i 2Λω − 3 γ2

−2ΛΩ

]
1

cosh
(

γ L
D

) ψas
c

(24)

ψX P2 = −A−1C2 = − 1
Δγ

[ (
1 + γ2)+ iΛω −ΛΩ

ΛΩ
(
1 + γ2)+ iΛω

][
i 2Λω

−2ΛΩ

]
p2

S
c

(25)
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with Δ =
[
1 + iΛω

]2
+ ΛΩ

2 and Δγ =
[(

1 + γ2)+ iΛω

]2
+ ΛΩ

2 as determinants of the

system of equations. ψXH =
�
ψHesz, the homogenous solution of Equation (16), satisfies[

I s2 − A
]�
ψH = 0 (26)

whose roots are x1,2 = (s1,2)
2 =

(
1 + γ2)+ i

(
Λω ± ΛΩ

)
, and with corresponding eigen-

vectors
�
ψH1

=
[

1 i
]T ,

�
ψH2

=
[

1 −i
]T . Thus,

ψXH =
�
ψHesz = d1c

�
ψH1c

cosh(
√

x1z) + d2c
�
ψH2c

cosh(
√

x2z). (27)

Satisfying the end condition ψX(z= L
D ) = 0 leads to

[
d1c
d2c

]
= −

⎡⎣ cosh
(√

x1
L
D

)
cosh

(√
x2

L
D

)
i cosh

(√
x1

L
D

)
−i cosh

(√
x2

L
D

) ⎤⎦−1[
ψX P1 cosh

(
γ

L
D

)
+ψX P2

]
. (28)

Finally, the exact solution is

ψX =
[
ψXc ψXs

]T
= ψX P1 cosh(γz) +ψX P2 + d1c

[
1
i

]
cosh(

√
x1z) + d2c

[
1
−i

]
cosh(

√
x2z). (29)

Equation (22) implements the functions above, and using symbolic mathematical
software, produces the force coefficient in a very short time (fractions of a second). In 1979,
Gargiulo [5] produced a nearly identical analysis, albeit he used an influence coefficient
method to obtain the solution of the ordinary differential equations (the authors were un-
ware of the original solution in [5] until later in their work when searching for examples to
validate their FE and analytical models. There is no excuse for the ignorance of past work).

5. PGB Aerostatic Operation

It is of interest to quantify the bearing operation under aerostatic conditions (without
shaft speed), in particular to predict the PGB static stiffness (KS). Let Ω = ω = 0, then
ΛΩ = Λω = 0, and Equation (16) reduces to

d2

d z2

[
ψXc
ψXs

]
−
(

1 + γ2
)[

ψXc
ψXs

]
=

[ −3 γ2

0

]
ψas

c
cosh(γz)

cosh
(

γ L
D

) (30)

whose solution is

ψXc(z) =
3
c

γ2
(

p2
a − p2

S

)⎧⎨⎩ cosh(γz)

cosh
(

γ L
D

) −
cosh

[(
1 + γ2)0.5z

]
cosh

[
(1 + γ2)

0.5 L
D

]
⎫⎬⎭, ψXs = 0. (31)

Since ψX = 2p0 pX ; ψY = 2p0 pY, then

pX =
1

2p0

[
ψXc(z) cos θ

]
, pY =

1
2p0

[
ψYs(z) sin θ

]
. (32)

Substitute into Equation (21) to obtain the static stiffnessKS = KXXS = KYYS , and
KXYS = KYXS = 0.

6. Experimental Estimation of Porous Material Permeability Coefficient (κ)

Figure 2 displays a photograph of a cylindrical PGB with physical dimensions listed
in Table 1. The table also details the conditions for measurement of the supplied flow rate
and estimation of κ. A product specification sheet is available in [27].
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Figure 2. Photograph of a porous material cylindrical journal bearing.

Table 1. Dimensions of porous journal bearing and operating conditions.

Bearing Length, L = 1.17 D 88.8 mm (3.5 inch)

inner diameter, D 76.2 mm (3.0 inch)
outer diameter, Dout 99.5 mm (3.9 inch)

Carbon-graphite permeability, κ 8.2 × 10−16 m2

Porous layer radial thickness, tp 2.71 mm (0.11 inch)
Equivalent clearance for porous layer, cκ 3 μm

Supply pressure, pS 2–8 bar
Exit pressure, pa 1 bar
Temperature, T 294 K

Air density at (pa, T), ρa 1.2 kg/m3

viscosity at (pS, T), μ 18.3 × 10−6 Pa-s
gas constant, Rg 287.05 J/(kg·K)

Parameters For c = 0.010 mm

Feed flow parameter Λκ= 3 κ
tpc

(
D
c

)2
= 5.3

At pS = 6 bar, and Ω = ω = 22,618 rad/s (25 krpm)

Speed and frequency numbers ΛΩ= 6 μ Ω
pS

(
R
c

)2
= 7, Λω= 12 μ ω

pS

(
R
c

)2
= 14

Without a shaft installed in the bearing, measurements of the air supply pressure (pS)
and ensuing mass flow rate (

.
Mmax) deliver an estimation of the permeability coefficient

(κ) [20]. From Equation (11),

κ =

.
Mmax
c →∞

π D L
2 tp μ RgT
(pS

2 − pa2)
. (33)

In the measurements, the supply pressure (pS) increases from 2.4 bar to 6.5 bar (ab-
solute), and an accurate turbine type meter records the flow. Figure 3 shows

.
Mmax vs.

(pS
2 − pa

2), and the line fitting the data has a correlation factor R2 = 1.0. From the experi-
mental data, κ = 8.2 × 10−16 m2, which is typical for the product.
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Figure 3. PGB measured mass flow rate
.

Mmax vs. (pS
2 − pa

2) and a line fit (no shaft installed).

7. PGB Mass Flow Rate, Peak Pressure, and Aerostatic Stiffness vs. Clearance

From Equation (9), the pressure at the bearing mid-plane (z = 0) is

p(z=0) =

√
p2

S +
(

p2
a − p2

S
)[

cosh
(

γ L
D

)]−1
. For the PGB with geometry listed in Table 1

and e = 0, Figure 4 depicts the mass flow rate (
.

M),p(z=0)and the aerostatic stiffness
KS (= KXXs = KYYs) vs. clearance for the PGB supplied with air at pS = 6 bar. Note the
equivalent clearance for the porous layer cκ = (12 κ tp)1/3~3 μm.

The graphs include results from the exact solution and the FE computational model
(1872 elements = 72 circumferential × 26 axial). Note that shaft speed has no effect on
both parameters; see Reynolds Equation (7). The FE model flowrate is almost identical
to the exact solution (difference less than 1%). For small clearances (c < 0.040 mm),

.
M

decreases quickly, p(z=0) → pS, KS reaches a maximum (184 MN/m) at c = 0.010 mm, and

then sharply decreases as c → 0. On the other hand, for c > 0.06 mm,
.

M → .
Mmax
c→∞

= 0.73 g/s,

p(z=0) → pa, and KS → 0, i.e., a complete loss of load carrying capacity. Note c = 0.010 mm
(D/c = 7610) ~ 3.3 cκ , though appearing to be tight (too small bearing clearances increase
cost and make installation difficult), is quite appropriate for a gas bearing. Hence, the
selection of the PGB clearance is most important to both keep a low flow rate while also
providing enough load capacity and centering ability.

Having established the validity of the analytical solution versus a numerical solution,
Figure 5 depicts p(z = 0)/pa, mass flow rate, and the (centering) aerostatic stiffness (KS) vs.
clearance (c) for operation with supply pressure (pS) = 2, 4, 6, and 8 bar. The clearance
ranges from a thin c = 0.002 mm (D/c = 38,105) to c = 0.1 mm (D/c = 762). Clearly, the film
peak pressure, mass flow, and aerostatic stiffness increase with pS. As noted earlier, too
large clearances (c > 0.040 mm → D/c < 1,900) produce no film pressure (p → pa); hence,
the PGB leaks too much (→ .

Mmax
c →∞

) and is devoid of load capacity (KS → 0). For a very tight

clearance (c < 0.005 mm), the mid-plane pressure pz=0 → pS, the flow (
.

M) is small, and the
direct stiffness is along a decreasing path. Independent of the supply pressure, the peak
aerostatic stiffness appears at the same (narrow) clearance, c ~ 0.010 mm = 3.3 cκ . At this c,
pz = 0/pa = 0.92 and

.
M/

.
Mmax = 0.37.
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Figure 4. PGB mass flow, pressure at bearing mid-plane, and aerostatic stiffness vs. clearance (c);
(a) Mass flow rate; (b) Pressure at mid-plane p(z = 0)/pa; (c) Static stiffness KS. Analytical and FE
predictions. Air supply pressure pS = 6 bar. Aerostatic operation at e = 0.
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Figure 5. PGB static pressure at mid-plane, mass flow rate, and aerostatic stiffness vs. clearance (c).
Air supply pressure ps = 2, 4, 6, and 8 bar; (a) Mass flow rate; (b) Pressure at mid-plane p(z = 0)/pa;
(c) Static stiffness KS. Aerostatic operation (Ω = 0) and null eccentricity (e = 0). Vertical lines denote
clearance c = 0.01 mm for largest stiffness.
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Although not shown for brevity, a dimensionless aerostatic stiffness scaled as
K = (KS c/W∗) clusters the data in Figure 5c. At c = 0.010 mm, K ~ 0.6 for all pS. Be-
ing of order (1), the parametrization of K allows one to quickly estimate the (maximum)
centering stiffness of any PGB having the same (κ/tp). The finding is nearly the same as
that reported by Mori et al. [11,12] in 1968, K ~ 0.7.

The PGB product specification sheet [27] recommends a PGB with clearance
c = 0.010 mm and, for operation with pressure supply pS = 5.15 bar [60 psig], quotes
a static stiffness KS = 159 MN/m and flow of 13.2 L per minute (LPM) at standard condi-
tions. For the same conditions, the current analysis predicts KS = 155.5 MN/m and a flow
rate equaling to 9.86 LPM. The agreement in stiffness is remarkable, while the difference
in flows indicates differing clearances. For example, for c = 0.012 mm (~20% larger), the
analysis predicts 13.2 LPM flow and KS = 149 MN/m. Since the porous layer is affixed
to the bearing housing using an adhesive, the manufacturer [27] specifies a maximum
operating supply pressure of 7.9 bar (100 psig).

8. PGB Force Coefficients vs. Rotor Speed (Synchronous Frequency Condition)

The analysis continues for the PGB with dimensions in Table 1 and for clearance
c* = 0.010 mm, the one providing the peak aerostatic stiffness (KS). The operating speed
range covers 0 to 30 krpm, with a mean operating speed (MOS) Ω* = 25 krpm (417 Hz);
hence the shaft surface speed ΩR = 120 m/s. The pressure supply pS = 2 bar → 8 bar,
and the ambient pressure pa = 1 bar. Note the feed flow parameter Λκ = γ2 = 5.3; and at
the lowest supply pressure and MOS, ΛΩ∗ = 6 μ Ω∗

pS

(
R2

c2

)
~21, thus indicating a moderate

aerodynamic effect will assist with the generation of load capacity.
Figure 6 depicts the PGB force coefficients vs. shaft speed (Ω) and four pS. The

coefficients are evaluated at a whirl frequency coinciding with shaft speed (ω = Ω),
namely a synchronous speed condition. Note that at the centered condition, KXX = KYY,
KXY = −KYX, CXX = CYY, and CXY = −CYX; see Equation (22). Effective force coefficients are

Keff = KXX + CXY ω, Ceff = CXX − KXY/ω. (34)

In general, the magnitude of the PGB force coefficients increases as the supply pressure
grows. For hybrid operation (aerostatic plus aerodynamic effects), the direct stiffness (KXX)
increases with rotor speed (Ω), whereas the direct damping CXX drops rapidly. At the top
speed (30 krpm), KXX is approximately two times larger than at the low speed (aerostatic)
condition. On the other hand, CXX reduces to ~1/5 in magnitude at low shaft speed. The
cross-coupled stiffness KXY (<<KXX) is peculiar, as it reverses sign at a certain shaft speed.
The larger pS is, the higher the speed at which KYX changes from positive to negative.
Note −CXY << CXX with a peak magnitude at a certain shaft speed. Since CXY < 0, then
Keff < KXX for all shaft speeds. At a low shaft speed condition, the effective damping is
~50% of CXX. On the other hand, at the high end of shaft speeds, Ceff is slightly larger than
CXX since KXY < 0.
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Figure 6. PGB (synchronous frequency) force coefficients vs. shaft speed: (a,b) stiffnesses (KXX, KXY), (c,d) damping
coefficients (CXX, CXY), (e,f) effective stiffness (Keff) and damping (Ceff) coefficients. Excitation frequency ω = Ω (synchronous
with speed). Supply pressure pS = 2 to 8 bar; MOS = 25 krpm.

9. PGB Force Coefficients vs. Excitation Frequency

Figure 7 displays the PGB force coefficients vs. frequency ratio (ω/Ω*) for the bearing
supplied with air at increasing pressures. In general, KXX grows (hardens) as the whirl
frequency increases, whereas the direct damping (CXX) quickly drops. The magnitude of
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all force coefficients increases with an increase in gas supply pressure. In addition, at the
cross-over frequency, ω = 1/2 Ω, half-frequency whirl, the effective stiffness (Keff) has a
dip, and the effective damping turns positive, Ceff > 0. Hence, the PGB has the identical
aerodynamic stability characteristics as a plain journal bearing. The predictions reveal that
the cross-coupled stiffness (KXY) reverses sign for ω > 1/2 Ω, this frequency increasing as
the supply pressure grows. Incidentally, for a low-pressure supply, pS < 4 bar, the direct
damping is negative, CXX < 0, at low whirl frequencies (ω << Ω*). This effect is remarkable
and a precursor to a pneumatic hammer; see [13].

Figure 7. PGB force coefficients vs. frequency ratio (ω/Ω). Mean operating speed Ω* = 25 krpm (417 Hz); (a,b) stiffnesses
(KXX, KXY), (c,d) damping coefficients (CXX, CXY), (e,f) effective stiffness (Keff) and damping (Ceff) coefficients. Supply
pressure pS = 2 to 8 bar.
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In sum, shaft whirl motions at super synchronous motions (ω > 1/2 Ω), produce
stiffness hardening and a marked reduction in effective damping. On the other hand, SSVs
are likely to occur at 1/2 frequency whirl since Ceff = 0.

10. Stability of PGB

The stability of a point mass rotor (Mr) supported on one PGB is derived from∣∣∣H(ω) − ω2Mr I
∣∣∣= 0 , where I is the 2 × 2 identity matrix. Following San Andrés [1],

the instability threshold occurs at frequency �s defined when the equivalent complex
stiffness He has its imaginary part Im (He) = 0 and its real part > zero. The equivalent
complex stiffness (He) is defined as

He(�)
=

1
2

(
HXX(�)

+ HYY(�)

)
−
[

1
4

(
HXX(�)

− HYY(�)

)2
+ HXY(�)

HYX(�)

]1/2
. (35)

Recall that at the centered condition (e = 0), HXX = HYY, HXY = −HYX. Hence, He
becomes

He(�)
= HXX(�)

− i HXY(�)
= (KXX + �CXY)(�) + i(�CXX − KXY)(�) = Ke f f(�)

+ i �Ce f f(�)
(36)

Im
(

He(�)

)
= 0 → Ce f f

(�)
= 0 ; Re

(
He(�)

)
> 0 → Mcr =

Ke f f(�)

�2 . (37)

When � = 1
2 Ω → Ce f f

(�)
= 0 , and taking the operating speed as being the threshold

speed of instability (ΩT = Ω* = 2�), then the largest mass the rotating system can hold

is Mcr =
Ke f f

( 1
2 Ω T )

( 1
2 Ω T)

2 . Table 2 lists the critical rotor mass for operation at various supply

pressures and at MOS = 25 krpm. Mcr increases from 26.2 kg to 146.1 kg as pS = 2 bar →
8 bar. Note the weight of Mcr is much smaller than the PGB load capacity of ~(KΩ × c).

HereKΩ =
√

K2
XX + K2

XY is a hybrid mode operation stiffness evaluated at the MOS (Ω*)
and a zero whirl frequency (ω = 0).

Table 2. Aerostatic and hybrid stiffnesses for PGB at the centered condition and rotor speed Ω = 0 and 25 krpm. Air supply pressure
pS = 2, 4, 6, and 8 bar. Clearance c = 0.010 mm (Λκ = 5.3).

Pressure Aerostatic (Ω = 0) Hybrid Ω = 25 krpm Attitude Angle Critical Mass

pS KS KXX KXY KΩ β KΩKS Mcr
Bar MN/m MN/m MN/m MN/m degrees kg

2 bar 43 156 41 162 14.6 3.76 26.2
4 bar 116 271 96 288 19.6 2.48 68.8
6 bar 184 354 155 387 23.6 2.10 107.7
8 bar 250 418 201 464 25.7 1.85 146.1

KXY = 0

11. PGB Load Capacity and Attitude Angle

Predictions of the load carrying ability of the PGB for off-centered operation (e > 0)
follow. Figure 8 depicts the load (W) vs. eccentricity ratio (e/c) for aerostatic operation
(0 rpm) and at the mean MOS, Ω* = 25 krpm, and increasing magnitudes of air supply
pressure. The results from the FE computational model (1872 elements = 72 circumferential
× 26 axial), shown with dark symbols, reveal W increases with pS and is proportional to
journal eccentricity (e). The graphs include light-colored lines that represent an approximate
load derived from the product of the (exact) static stiffness at e = 0 times the journal
eccentricity, i.e., Wapprox = (KS × e) when Ω = 0 (left graph), and Wapprox= (KΩ × e) at the
MOS. Table 2 lists the magnitudes of the analytical force coefficients for the aerostatic
(Ω = 0) and hybrid (Ω*) conditions.
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Figure 8. FE model of PGB load (W) vs. journal eccentricity ratio (e/c) at 0 rpm and 25 krpm shaft speed. Air supply
pressure pS = 2, 4, 6, and 8 bar; (a) Load at 0 rpm; (b) Load at 25 krpm. PGB clearance c = 0.010 mm. (Light colored) straight
lines represent approximate load capacity derived from the exact solution at e = 0.

Note the remarkable agreement between the analytical solution and the FE numerical
solution for operation with journal eccentricity (e) as large as 70% of the bearing clearance.
In short, the load capacity of the cylindrical PGB is proportional to the journal displacement
(e). Furthermore, for the hybrid mode operating condition, the attitude angle (β) between
the eccentricity vector and the applied load vector remains constant. As seen in Table 2, β
increases from 14.6◦ to 25.7◦ as the supply pressure increases from two bar to eight bar.

The analysis and predictions demonstrate that the PGB is a linear mechanical element.
Presently, based on the results shown in Figure 8, an estimation for the bearing load capacity
equals W

W∗ = W
(pS−pa)L D ∼

[
0.5 + 0.3 pa

pS

]
(1 + 0.13ΛΩ).

12. An Example of Validation for the Static Performance of a PGB

Li et al. [23] detailed an investigation of the static and dynamic performance of an
(in-house constructed) cylindrical PGB. As in the current paper, the authors of [23] built a
computational finite difference (FD) model for prediction of performance of simple PGBs
and to make pertinent distinctions for operation as purely aerostatic (Ω = 0), aerodynamic
(pS = pa), and hybrid (Ω > 0, pS > pa). Authors in [6] also detailed a handful of experimental
results for the measurement of applied load vs. journal eccentricity for a PGB with two
distinct clearances, small (16 μm) and large (31 μm). Table 3 details the geometry, porous
layer physical properties, and the operating conditions of the test PGB in [23]. Note that
the reference has many clerical errors including dubious captions in several of the figure
captions. In addition, the direct force coefficients presented in [23] follow trends not in
accordance with the theory, the direct stiffness not agreeing with one derived from the static
load (ω → 0). The work also gives a cursory review of the cross-coupled force coefficients.

Figure 9 presents comparisons of the current analytical solution and FE model predic-
tions vis-a-vis those in [23], experimental and numerical. As Figure 9a shows, the analytical
solution and FE prediction of journal eccentricity (e) agrees well with the FD prediction [23]
for pS = 4.7 bar, c = 31 μm and three static loads, 5 N to 15 N. For the top load of 15 N,
the specific load W/(LD) = 0.1 bar; hence W/(LD)/(pS − pa) = 0.029, i.e., a very small
load. The model predictions are slightly larger than the experimental results (ref. [23] does
not report uncertainty or variability for the measured parameters nor variability for the
force coefficients).
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Figure 9. Predictions from current models (analytical and FE) compared to experimental results and
predictions reported in [23]. (a) Journal eccentricity (e) vs. static load (W); (b) eccentricity (e) vs. shaft
speed (Ω); (c) eccentricity (e) vs. supply pressure (pS).
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Table 3. Operating conditions and dimensions of a cylindrical PGB reported in Ref. [23].

Bearing Length, L 57 mm

Inner diameter, D 25 mm (*)
Radial clearance, c 16 μm, 31 μm

Porous layer radial thickness, tp 2.5 mm
permeability coefficient, κ 1.0 × 10−15 m2

Equivalent clearance porous layer, cκ 3.1 μm

Supply pressure, pS 4–6 bar (*)
Exit pressure, pa 1 bar

Ambient temperature, T 293 K

Air density at (pa, T), ρa 1.2 kg/m3

viscosity at (pa, T), μ 18.5 × 10−6 Pa-s

Parameters For c = 0.031 mm, pS = 4.7 bar, and
Ω = 2513 rad/s (24 krpm)

Feed flow parameter Λκ = 0.025
Speed number ΛΩ = 0.097

(*) Assumed since [23] has many clerical mistakes, as confirmed by one of the authors [28]. Ref. [23] also uses
gauge pressure to report ps.

As per the journal eccentricity (e) vs. shaft speed and a fixed load (W = 15 N) (see
Figure 9b), the current analytical and FE model predictions agree well with the experimental
result at the top speed of 24 krpm. For pure aerostatic operation (Ω = 0), the current model
predictions are ~32% smaller than the experimental result. Figure 9c displays eccentricity
(e) vs. supply pressure (pS) for operation at 24 krpm (ΛΩ = 0.097 at pS = 4.7 bar). For
pS = 5.5 and 6.3 bar, the current predictions match the experimental values, the difference
<2%. For pS = 4.7 bar, the models produce a slightly larger (e) than the measured one.

Comparisons of predictions of the experimental force coefficients are omitted. As fre-
quency grows, the test coefficients follow differing paths and have lower physical mag-
nitudes than the model predictions, current and those in [23]. Feng [28] attributes the
difference to the absence of a surface restrictive layer in the constructed PGB. Otsu et al. [18]
explain difference in the performance of PGBs with and without the said restrictive layer.
Interestingly enough, the current predictive model as well as that in [23] do not apply to
PGBs with restrictive layers.

13. Conclusions

Porous surface gas bearings (PGBs) have come of age to enable high-speed, near
friction free rotating machinery with improved reliability and availability. In the last
decade (2012 and onward), numerous computational analyses for calculation of PGB forced
performance, static and dynamic, have appeared. Most analyses, however, tackled the
flow physical equations by computer while ignoring the vast body of archival literature on
the subject.

The paper reviews the archival literature on PGBs and reproduces, using modest
analytical means, an exact solution to the flow field and forced performance of a cylindrical
PGB. This solution has been available since 1979 [5].

Predictions from the analysis serve to validate the results of a finite element compu-
tational model. Further comparisons to recent experimental results validate the analysis
results and serve to elucidate the effect of external pressure and shaft speed on PGB
performance. The learning from this work is as follows:

• For a given external pressure, the supplied flow rate increases quickly as the bearing
clearance enlarges and ultimately reaches a flow limit.

• There is a narrow clearance region that ensures the maximum centering stiffness
for a PGB. Selecting the appropriate clearance is necessary and rather difficult to
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achieve when also considering manufacturing costs and devising procedures for
easy installation.

• The load capacity of a PGB under aerostatic conditions is a fraction of the imposed
pressure difference and the bearing projected area (L × D). The bearing load is propor-
tional to the static eccentricity.

• Under aerodynamic conditions, i.e., operation with shaft speed, the PGB load capac-
ity still remains proportional to shaft eccentricity and can be much larger than the
aerostatic load. That is, shaft speed shear flow effects increase the PGB load capacity.

• For operation as the shaft speed varies from low (start-up) to the mean operating
speed (MOS = Ω*) and above, the PGB bearing shows synchronous excitation (ω = Ω)
force coefficients that increase in magnitude as pS increases. Most importantly, as the
shaft speed increases, Keff increases (hardens) while Ceff decreases rapidly.

• For operation at a constant (high) speed, the bearing effective stiffness (Keff) decreases
at low whirl frequencies, reaches a dip or minimum at 1/2 whirl frequency operation
(ω = 1/2 Ω), and then increases (hardens) as the frequency approaches synchronous
speed (ω → Ω) and surpasses it. The bearing effective damping coefficient Ceff < 0 at
low frequencies and equals zero at ω = 1/2 Ω. For larger ω, Ceff > 0 and reaches a peak
at a certain frequency; the larger the external pressure pS, the higher the frequency at
which Ceff is a maximum. For larger frequencies (ω >> Ω), Ceff → 0.

• Note a PGB operating with shaft rotation (hybrid mode) has the same stability restric-
tion as a plain cylindrical hydrodynamic bearing, i.e., a 50% whirl frequency ratio.
However, a rigid rotor–PGB system natural frequency is rather large, since the bearing
centering stiffness grows with both external pressurization and shaft speed. Hence,
the threshold speed of instability, equal to two times the system natural frequency, can
be tailored to exceed the system operating speed.

The authors hope other analysists, engineering students in particular, appreciate the
effort to obtain the solution, the one that exactly predicts bearing performance and allows
quick assessment of trends and selection of physical parameters. In a world ruled by
complex numerical models attacking physics with computers, fundamental mathematics
does bring meaning to an engineering endeavor as well as personal solace.
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Nomenclature

c Bearing radial clearance (m)
cκ (12 κ tp)1/3. Equivalent clearance for layer of porous material (m)
Ceff Ceff = (CXX − KXY/ω). Effective damping coefficient (N-s/m)
CXX, CYY Direct damping coefficients (N-s/m)
CXY, CYX Cross-coupled damping coefficients (N-s/m)
D 2R. Rotor diameter (m)
e Journal eccentricity (m)
(eX, eY) Components of journal eccentricity (m), e =

√
eX2 + eY

2

(FX, FY) Bearing reaction force components along X and Y directions (N)
He Equivalent complex stiffness at threshold speed of instability (N/m)
HXX, HYY Direct complex stiffness coefficients (N/m)
HXY, HYX Cross coupled complex stiffness coefficients (N/m)
h Film thickness (m)
KS PGB aerostatic (zero frequency) stiffness coefficient (N/m)
Keff Keff = KXX + CXY ·ω. Effective stiffness coefficient (N/m)

KΩ

√
K2

XX + K2
XY . PGB hybrid (zero frequency) stiffness coefficient (N/m)

KXX, KYY Direct stiffness coefficients (MN/m)
KXY, KYX Cross-coupled stiffness coefficients (MN/m)
L Bearing axial length (m)
Mr Mass of point rotor (kg)
Mcr Mcr = Keff/�2. Rotor critical mass (kg)

.
M Mass flow rate through a porous gas bearing (kg/s)
.

Mmax Maximum mass flow rate for a porous gas bearing as c → ∞ (kg/s)
p Absolute pressure (bar)
pS, pa Supply and ambient absolute pressures (bar)
Rg Gas constant (J/(kg K))
T Supply/ambient temperature (K)
To Drag torque (Nm). Power loss = (To Ω)
tp Porous layer radial thickness (m)
W Applied load (N)
W* ((pS − pa) L D). Nominal load for aerostatic operation
x = Rθ, z Coordinate system on bearing surface
X, Y Cartesian coordinate system
β Attitude angle (deg)

Λκ = γ2 3 κ
tpc

(
D
c

)2
. PGB feed flow parameter

ΛΩ 6 μ Ω
pS

(
R
c

)2
. PGB speed number, ΛΩ = ΛΩ

(
pS
p0

)
Λω 12 μ ω

pS

(
R
c

)2
. PGB frequency number. Λω = Λω

(
pS
p0

)
κ Permeability coefficient for the porous material (m2)
μ Gas absolute viscosity (Pa-s)
ρ p/(RgT). Gas density (kg/m3)
θ Circumferential coordinate (-)
ω Whirl frequency (rad/s)
� =ωn = 1/2 ΩT. Whirl frequency = natural frequency at threshold speed of

instability (rad/s)
Ω Rotor speed (rad/s)
ΩT Threshold speed of rotor stability (rad/s)
Abbreviations

FE Finite element
FD Finite difference
LPM Liter per minute
MOS Mean operating speed
PGB Porous gas bearing
SSV Subsynchronous whirl vibration
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Abstract: Aerostatic bearings are widely used in high-precision devices. Partial arc annular-thrust
aerostatic porous journal bearings are a prominent type of aerostatic bearings, which carry both
radial and axial loads and provide high load-carrying capacity, low air consumption, and relatively
low cost. Spindle shaft tilting is a resource-demanding challenge in numerical modeling because it
involves a 3D air flow. In this study, the air flow problem was solved using a COMSOL software,
and the dynamic coefficients for tilting degrees of freedom were obtained using finite differences.
The obtained results exhibit significant coupling between the tilting motion in the x-and y-directions:
cross-coupled coefficients can achieve 20% of the direct coefficient for stiffness and 50% for damping.
In addition, a nonlinear behavior can be expected, because the tilting motion within 3◦, tilting
velocities within 0.0012◦/s, and relative eccentricity of 0.2 have effects as large as 20% for direct
stiffness and 100% for cross-coupled stiffness and damping. All dynamic coefficients were fitted
with a polynomial of eccentricity, tilting, and tilting velocities in two directions, with a total of six
parameters. The resulting fitting coefficient tables can be employed for the fast dynamic simulation
of the rotor shaft carried on the proposed bearing type.

Keywords: aerostatic journal bearings; porous bearing; annular-thrust bearing; numerical simulation;
finite element method; dynamic coefficients; eccentricity; tilting; tilting velocity; partial arc

1. Introduction

Porous aerostatic bearings are widely used in machinery, owing to their relatively
high load-carrying capacity and low air consumption [1–3]. Similar to other types of
aerostatic bearings, owing to their high accuracy and zero contamination, they are suitable
for high-precision devices. In addition, the friction drag of a porous aerostatic bearing is
low [4,5], its motion accuracy is higher than that of a conventional orifice-type aerostatic
bearing [5,6], and its load thresholds at high rotation speeds are the highest among other
types of aerostatic bearings [5,7]. The production of porous materials with desirable
permeabilities is relatively complicated. However, the amount of porous material required
can be reduced via design optimization [8].

The optimal governing equations required for porous air bearing analysis remain un-
der discussion. Zhong et al. [9] experimentally determined Ergun’s equation coefficients for
the pressure drop in sintered metal porous media for air bearings. Belforte et al. [10] exper-
imentally verified Forchheimer’s law for porous air bearing applications. Zhong et al. [11]
verified the accuracy of Forchheimer’s law for air flow through sintered metal porous
media and Darcy’s law, under slight pressure drops. Recently, it has been reported that a
deep learning-based approach can be employed for high-precision and low-cost analysis of
the 3D flow state inside a porous material [12].

Various numerical methods and engineering packages have been adopted for air
pressure calculations in porous bearings. Huang et al. [13] analyzed the pressure in a
porous conveyor air bearing using the FLUENT software. Cui et al. [14] used FLUENT
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software to numerically analyze the effect of manufacturing errors on the load-carrying
capacity and stiffness of an annular-thrust porous aerostatic bearing. In addition, the
deformation of porous thrust bearings was numerically investigated based on the fluid–
solid interaction method by Wang et al. [15]. Van Ostayen et al. [16] used the COMSOL
software for active aerostatic bearing analysis. Hwang and Khan [17] conducted 3D finite
element analysis, while Plante et al. [18] proposed the shed 1D generalized flow theory.
Otsu et al. [19] and Hosokawa et al. [8] used the FDM.

Several papers [19–22] deal with the numerical calculation of stiffness and damping
coefficients corresponding to eccentricity or parallel shaft displacement (Figure 1a). How-
ever, insufficient data are available on stiffness and damping for shaft tilting (Figure 1b) in
porous air bushing. Cui et al. [14,23] analyzed the non-flatness effect of the air-bearing sur-
face on the stiffness and damping of an aerostatic porous bearing, which is computationally
similar to modeling the tilting.

Figure 1. Two spindle motion modes: (a) eccentricity; (b) tilting. sb and sr denote the bearing and rotor axes, respectively.

The rotor in ultraprecision devices is usually supported by journal and thrust bearings,
which share a common air supply system but separate porous pads [14,23]. Annular-
thrust bearings share the same porous pad carrying loads in both the annular and thrust
directions (Figure 2). This dual role decreases the manufacturing cost while triggering
flow coupling [23–27]. A partial arc bearing has a higher load-carrying capacity but lower
stiffness than a full-arc bearing [27].

Figure 2. Annular-thrust porous aerostatic bearing.
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The numerical modeling of the rotor motion, including the effect of shaft tilting, as
well as the modeling of a partial arc annular-thrust porous aerostatic bearing is substantially
time-consuming, because it requires a 3D air flow solution. Dynamic modeling can be
performed in a less resource-consuming manner if the full bearing model is replaced
with stiffness and damping coefficients. The nonlinear dynamic motion can be modeled,
provided the influences of eccentricity, tilting, and velocities on the dynamic coefficients are
included. In this study, the air flow in the porous pad and air lubrication film between the
porous pad and solid surface of the shaft were numerically modeled using the COMSOL
Multiphysics® software. The pressure distribution and total forces and moments were
calculated for low eccentricity, low tilting angles, and tilting speeds. The stiffness and
damping coefficients were determined using finite differences.

2. Materials and Methods

The porous air bearing was modeled using the COMSOL Multiphysics software,
“Darcy’s law”, and “Thin-Film Flow, Shell” modules. Here, the static solution is sufficient
in determining the response of the displacement and velocity of the spindle. In addition,
the porous bushing is a hollow cylinder parallel to the z-axis with a cut sector α. Figure 3
illustrates the different boundary conditions.

(a) 

x 

y 
z 

α 

(d) 

(b) 

(c) 

Figure 3. Porous pad boundaries: (a) airbearing surface carrying both radial and axial loads; (b) air supply surface;
(c) outflow to atmospheric pressure; (d) outflow to atmospheric pressure in xy-plane with axes and bearing partial arc.
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The pressure in the porous pad is modeled with the “Darcy’s law” module:

−∇
(

ρ
κ

μ
∇p

)
= 0 (1)

where p, ρ, κ, and μ denote the air pressure, air density, permeability coefficient, and
dynamic viscosity of air, respectively. ∇ is the gradient operator in three-dimensional
space. The pressure at the air-bearing surface (see Figure 3a) is modeled with the “thin-film
flow, shell” module:

∇t

(
ρh
(

1
2

vt − h3

12μ
∇t p f

))
= −ρ

∂

∂t
h + Q (2)

where p f , h, vt, and Q represent the air film pressure, air film thickness, tangential spin-
dle surface velocity, and air flux, respectively. ∇t is the gradient operator in the two-
dimensional space of the air film surface and ∇ is the partial derivative operator. At the
interface between the porous pad and the air-bearing surface, the pressure and air flux
must be continuous. In the “Darcy’s law” module, the “Pressure” boundary condition is
adopted at the surfaces that open to the air lubrication film, which is expressed as:

p = p f . (3)

In the “Thin-Film Flow, Shell”, the continuity of the air flux is expressed by admittance
Y in the “Perforation” interface, which is expressed as:

Y =
Q·n
ρ p f

(4)

where n =
(
nx, ny, nz

)
is the air-bearing surface normal vector. The air film thickness in the

“Thin-Film Flow, Shell” module depends on the spindle eccentricity (εx, εy), tilting (tx, ty),
and tilting velocities (

.
tx,

.
ty) (refer to Figure 1):

h = c + u·n − u·∇th (5)

∂

∂t
h = v·n − v·∇th (6)

u =
(
cεx + tx(z − L/2); cεy + ty(z − L/2);−txx − tyy

)
(7)

v =
(
−yω +

.
tx(z − L/2); xω +

.
ty(z − L/2);− .

txx − .
tyy
)

(8)

where u is the spindle surface displacement, and v is the spindle surface velocity.
The isothermal compressibility of the air was modeled using the user-defined density

in both modules. Here, the density is related to the air pressure in the “Variables” block
as follows:

ρ =
ρ0 p
p0

, (9)

where the subscript 0 refers to the atmospheric conditions, and p0 = 1 bar. The air supply
is modeled by another “Pressure” interface in the “Darcy’s law” module with a constant
pressure of ps (see Figure 3b). The outflow at the air-bearing edges is given by the “Border”
interface in the “Thin-Film Flow, Shell” module with a fixed pressure of p0 (see Figure 3c).
The other boundaries were sealed.

After the static problem was solved and the air pressure was calculated, the moments
in the x and y tilt directions were calculated, using the “Surface Integration” in the “Derived
Values” block, according to the following expressions:

Mx =
�

p(nx(z − L/2)− nzx)dx′dy′ (10)
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My =
�

p
(
ny(z − L/2)− nzy

)
dx′dy′ (11)

where x′ and y′ are the local coordinates of the air film surface.
Stiffness and damping for tilting degrees of freedom were calculated by using fi-

nite differences:

Ktx,tx = −
(

Mx

(
εx, εy, tx + Δtx, ty,

.
tx,

.
ty

)
− Mx

(
εx, εy, tx, ty,

.
tx,

.
ty

))
/Δtx (12)

Ktx,ty = −
(

Mx

(
εx, εy, tx, ty + Δty,

.
tx,

.
ty

)
− Mx

(
εx, εy, tx, ty,

.
tx,

.
ty

))
/Δty (13)

Kty,tx = −
(

My

(
εx, εy, tx + Δtx, ty,

.
tx,

.
ty

)
− My

(
εx, εy, tx, ty,

.
tx,

.
ty

))
/Δtx (14)

Kty,ty = −
(

My

(
εx, εy, tx, ty + Δty,

.
tx,

.
ty

)
− My

(
εx, εy, tx, ty,

.
tx,

.
ty

))
/Δty (15)

Dtx,tx = −
(

Mx

(
εx, εy, tx, ty,

.
tx + Δ

.
tx,

.
ty

)
− Mx

(
εx, εy, tx, ty,

.
tx,

.
ty

))
/Δ

.
tx (16)

Dtx,ty = −
(

Mx

(
εx, εy, tx, ty,

.
tx,

.
ty + Δ

.
ty

)
− Mx

(
εx, εy, tx, ty,

.
tx,

.
ty

))
/Δ

.
ty (17)

Dty,tx = −
(

My

(
εx, εy, tx, ty,

.
tx + Δ

.
tx,

.
ty

)
− My

(
εx, εy, tx, ty,

.
tx,

.
ty

))
/Δ

.
tx (18)

Dty,ty = −
(

My

(
εx, εy, tx, ty,

.
tx,

.
ty + Δ

.
ty

)
− My

(
εx, εy, tx, ty,

.
tx,

.
ty

))
/Δ

.
ty (19)

3. Results

The airbearing moments, tilting stiffness, and damping were calculated for εx = 0.1,
0.2, 0.3 , εy = 0.0, 0.1, tx = −0.003◦, −0.00275◦, . . . , 0.003◦, and ty = 0.0◦, 0.00025◦,. . . ,
0.003◦ , respectively; with ps = 8 bar, bearing length L = 0.11 m, shaft diameter D = 0.1 m,
porous cylinder thickness b = 0.01 m, clearance c = 10 μm, rotation speed = 1000 rpm,
bearing arc α = 240◦, porosity = 0.4, and permeability = 8.33 × 10−17 m2. The film variation
due to tilting in the given range does not exceed 57% for simultaneous change of tx and ty.
Together with 30% variation due to eccentricity, it gives a minimal film thickness of 13% of
clearance, or 1.3 μm. The air-bearing pressure, forces, and moments were calculated for all
combinations of parameters tx, ty, εx, and εy, and their combinations with the following

pairs of tilting velocity values:
( .

tx,
.
ty

)
∈
{
(0, 0),

(
Δ

.
tx, 0

)
,
(

2Δ
.
tx, 0

)
,
(

0, Δ
.
ty

)
,
(

0, 2Δ
.
ty

)}
.

The total number of cases was 13000. The steps in the differences (12–19) were Δtx =

Δty = 0.00025◦, and Δ
.
tx = Δ

.
ty = 0.00573◦/s. The maximum and average absolute errors

of the finite differences are presented in Table 1.

Table 1. Finite difference errors.

Stiffness (kN·m/rad) Damping (kN·m·s/rad)
Ktx,tx Ktx,ty Kty,tx Kty,ty Dtx,tx Dtx,ty Dty,tx Dty,ty

max 0.124 0.066 0.089 0.120 0.011 0.008 0.003 0.003
average 0.022 0.006 0.010 0.016 0.003 0.002 0.0004 0.0003

3.1. Preliminary Analysis

As illustrated in Figure 4, the direct stiffness coefficient Ktx,tx has values in the range
of 80–140 kN·m/rad. Within the range under consideration, Ktx,tx depends linearly on
εx and nonlinearly on tx, ty,

.
tx,

.
ty. The parameters tx,

.
tx, and εx exhibit significant effects

(more than 10%). Ktx,tx is almost insensitive to tx at low negative tilting angles; however,
it decreases linearly with tx at positive and high negative tilting angles (see Figure 4a).
The effect of the x-tilting velocity

.
tx is the diminishing of Ktx,tx, which is more significant

at negative tilting angles. Ktx,tx increases with decreasing ty, increasing
.
ty and εx, and is

insensible to εy (see Figure 4b,c).
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(a) 

(b) 

(c) 

Figure 4. Parameter sensitivity of the direct stiffness coefficient Ktx,tx: (a) Effects of the tilting
angle and tilting velocity in the x-direction; (b) Effects of the tilting angle and tilting velocity in the
y-direction; (c) Effects of relative eccentricities. All unreferenced parameters have zero values.

The cross-coupled stiffness coefficient Ktx,ty is approximately 10 times smaller than
the direct stiffness coefficient Ktx,tx, and lies in the range of 6–15 kN·m/rad (see Figure 5).
It is highly sensitive to all parameters, except for

.
tx. Ktx,ty increases with decreasing tx

and
.
ty, and increasing ty (see Figure 5a,b). Eccentricity εx can increase or decrease Ktx,ty,

depending on εy (see Figure 5c).
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(a) 

(b) 

(c) 

Figure 5. Parameter sensitivity of the cross-coupled stiffness coefficient Ktx,ty: (a) Effects of tilting
angle and tilting velocity in the x-direction; (b) Effects of the tilting angle and tilting velocity in the
y-direction; (c) Effects of relative eccentricities. All unreferenced parameters have zero values.

Kty,tx, which is another cross-coupled stiffness coefficient, is of the same order of
magnitude; however, it is negative, and falls in the range of −18–0 kN·m/rad (refer to
Figure 6). It is not sensitive to

.
tx, and the

.
ty effect on it is also negligible (see Figure 6a,b).

The magnitude of Kty,tx is higher at lower tx and εy and at higher ty and εx.
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(a) 

(b) 

(c) 

Figure 6. Parameter sensitivity of the cross-coupled stiffness coefficient Kty,tx: (a) Effects of the tilting
angle and tilting velocity in the x-direction; (b) Effects of the tilting angle and tilting velocity in the
y-direction; (c) Effects of relative eccentricities. All unreferenced parameters have zero values.

The direct stiffness coefficient Kty,ty is higher than that of Ktx,tx. Kty,ty falls in the range
of 110–140 kN·m/rad (refer to Figure 7). This is triggered by the cut arc, which increases
force and decreases the stiffness in the x-direction [27]. The y-tilting angle ty exerts a strong
nonlinear effect on Kty,ty. The stiffness coefficient Kty,ty is almost constant for a low positive
ty, and then increases with increasing ty. In contrast to Ktx,tx, which is primarily sensitive
to “its own” parameter tx and significantly less sensitive to ty. Kty,ty is equally sensitive to
both tx and ty. In addition, it is equally sensitive to both higher εx and εy, with a negligible
.
ty effect, and no

.
tx effect. Furthermore, it is higher for lower tx and higher ty, εx, and εy.
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(a) 

(b) 

(c) 

Figure 7. Parameter sensitivity of the direct stiffness coefficient Kty,ty: (a) Effects of the tilting
angle and tilting velocity in the x-direction; (b) Effects of the tilting angle and tilting velocity in the
y-direction; (c) Effects of relative eccentricities. All unreferenced parameters have zero values.

Because the simultaneous variation of tilting velocities was not studied, the effect of
.
tx

was solely studied for Dtx,tx and Dty,tx, while the effect of
.
ty was solely studied for Dtx,ty and

Dty,ty. Instead of the missing parameter, the coupling between tx and ty is comprehensively
presented in Figures 8–11.

The direct damping coefficient Dtx,tx is positive and falls in the range 0.2–2.2 kN·m s/rad
(refer to Figure 8). It is higher for lower tx, and higher ty and higher

.
tx (see Figure 8a,b).

The effect of eccentricity is also substantial, nonlinear, and strongly coupled between εx
and εy (see Figure 8c).
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(a) 

(b) 

(c) 

Figure 8. Parameter sensitivity of the direct damping coefficient Dtx,tx: (a) Effects of the tilting angle
and tilting velocity in the x-direction; (b) Effects of the x and y tilting angles; (c) Effects of the relative
eccentricities. All unreferenced parameters have zero values.

The cross-coupled damping coefficient Dtx,ty does not exceed 1 kN m s/rad in mag-
nitude, being mostly negative (see Figure 9). Dtx,ty rapidly decreases with decreasing tx
or increasing ty in the negative tx range, while in the positive tx range, it is much less
sensible both to tx and ty (see Figure 9a). Dtx,ty decreases with increasing ty and is almost
insensible to

.
ty (see Figure 9b). The dependence of Dtx,ty on eccentricity parameters is

highly nonlinear. Dtx,ty can take relatively high positive values for zero εx. and positive εy,
but in most of the range, the sensitivity to εx and εy is low (see Figure 9c).
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(a) 

(b) 

(c) 

Figure 9. Parameter sensitivity of the cross-coupled damping coefficient Dtx,ty: (a) Effects of x and
y tilting angles; (b) Effects of the tilting angle and tilting velocity in the y-direction; (c) Effects of
relative eccentricities. All unreferenced parameters have zero values.

The cross-coupled damping coefficient Dty,tx falls in the range −0.6–0.13 kN m s/rad
(see Figure 10). It is negative for positive ty and negative tx, otherwise it is positive. Similar
to Dtx,ty, Dty,tx rapidly decreases with decreasing tx or increasing ty in the negative tx range,
while in the positive tx range, it is much less sensible both to tx and ty. However, for
tx > 0.002 ◦, Dty,tx increases with increasing ty (see Figure 10b), while Dtx,ty decreases with
increasing ty for any tx (see Figure 9a). For zero ty, Dty,tx decreases with increasing tx and
decreasing

.
tx. Similar to all previously considered damping coefficients, the dependence of

Dty,tx on the eccentricity parameters is highly nonlinear.
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(a) 

(b) 

(c) 

Figure 10. Parameter sensitivity of the cross-coupled damping coefficient Dty,tx: (a) Effects of the
tilting angle and tilting velocity in the x-direction; (b) Effects of x and y tilting angles; (c) Effects of
relative eccentricities. All unreferenced parameters have zero values.

In contrast with all other damping coefficients, the direct damping coefficient Dty,ty
does not significantly depend on εx and εy (refer to Figure 11). It falls in the range
0.6–2.0 kN·m s/rad. It is higher for lower tx, and higher ty, similar to Dtx,tx. Dty,ty is
almost insensible to the y-tilt velocity

.
ty. It slightly increases with increasing εx and

increasing εy.
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(a) 

(b) 

(c) 

Figure 11. Parameter sensitivity of the direct damping coefficient Dty,ty: (a) Effects of x and y tilting
angles; (b) Effects of the tilting angle and tilting velocity in the y-direction; (c) Effects of relative
eccentricities. All unreferenced parameters have zero values.

In summary, the direct stiffness and damping coefficients were positive. The cross-
coupled stiffness coefficients are approximately 10 times smaller than the direct stiffness
coefficients, and the cross-coupled damping coefficients are approximately 2–3 times
smaller than the direct damping coefficients. Hence, a stable tilting motion was expected.
However, information on the rotor inertia and the bearing at the other end is required to
make precise conclusions on the dynamic behavior. Moreover, the results above exhibit
a strong coupling between the eccentricity and tilting motion, including the nonlinearity
of the moments relative to the position parameters. This can make the rotor motion
severely complicated.
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3.2. Regression

Although it is possible to obtain the direct solution of the time-dependent problem in
the model described above, the process is significantly time consuming because the air flow
problem must be solved at every step. Conversely, the air-bearing forces and moments
can be calculated using the interpolated stiffness and damping coefficients. In this study,
each dynamic coefficient for each combination of εx, εy,

.
tx, and

.
ty was first fitted with a

quadratic polynomial of tx and ty, and then each coefficient of the polynomial was fitted
with a linear function of εx, εy,

.
tx, and

.
ty. The accuracy of the fitting is expressed in the

form of determination coefficients, as presented in Table 2. The accuracy is relatively good,
although it can be improved for K̃tx,ty, D̃tx,tx, D̃tx,ty, and D̃ty,tx by providing more points
and increasing the fitting order in εx and εy degrees of freedom.

Table 2. Coefficients of determination for dimensionless dynamic coefficient fitting.

Stiffness (kN·m/rad) Damping (kN·m·s/rad)
~
Ktx,tx

~
Ktx,ty

~
Kty,tx

~
Kty,ty

~
Dtx,tx

~
Dtx,ty

~
Dty,tx

~
Dty,ty

R2 0.99 0.77 0.97 0.96 0.89 0.83 0.91 0.96

The fitting results are presented in Tables 3–10. An example of the table interpretation
is given below for Ktx,tx:

K̃tx,tx =
(

1.09533 + 1.49129εx + 0.17719εy − 0.02161
.
Tx

)
+(

−0.30745 − 3.94666εx + 0.10915
.
Tx + 0.00478

.
Ty

)
Tx+(

−0.15003 + 0.09324εx − 1.16823εy + 0.01582
.
Tx + 0.0114

.
Ty

)
Ty+(

−0.3232 + 2.45267εx + 2.42515εy + 0.16265
.
Tx − 0.28434

.
Ty

)
TxTy+(

7.99445εx − 0.26854εy − 0.35236
.
Tx + 0.14364

.
Ty

)
T2

x+(
0.34256 + 0.41188εx + 1.09915εy − 0.13117

.
Tx + 0.17535

.
Ty

)
T2

y

Table 3. Fitting results for K̃tx,tx.

1 εx εy
.
Tx

.
Ty

1 1.09533 1.49129 0.17719 −0.02161 0
Tx −0.30745 −3.94666 0 0.10915 0.00478
Ty −0.15003 0.09324 −1.16823 0.01582 0.0114

TxTy −0.3232 2.45267 2.42515 0.16265 −0.28434
T2

x 0 7.99445 −0.26854 −0.35236 0.14364
T2

y 0.34256 0.41188 1.09915 −0.13117 0.17535

Table 4. Fitting results for K̃tx,ty.

1 εx εy
.
Tx

.
Ty

1 0.10973 0 0.51941 −0.00802 −0.02162
Tx −0.13722 −0.006 −0.80745 0 −0.02419
Ty 0 −1.68577 −0.42286 0.08025 0.193

TxTy 0.22904 3.62763 −2.10164 0 0.74463
T2

x −0.1213 1.02097 1.42966 0.06678 −0.15351
T2

y 0.50093 3.62374 −2.3118 0 −0.34029
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Table 5. Fitting results for K̃ty,tx.

1 εx εy
.
Tx

.
Ty

1 −0.07381 −0.09673 0.78029 −0.00428 −0.00686
Tx 0.11042 0.41995 −1.26002 0.01449 0.00965
Ty −0.24779 −1.11043 0.33455 0.02062 0.02685

TxTy 1.06605 2.90228 0 −0.20887 0.24493
T2

x −0.72174 −0.86434 1.50162 0.07247 −0.11828
T2

y −0.6127 0.69547 0.93397 0.10771 −0.20109

Table 6. Fitting results for K̃ty,ty.

1 εx εy
.
Tx

.
Ty

1 1.42569 0.47905 0.29851 0 0.0155
Tx −0.30423 −1.10565 0 0.0651 0.12299
Ty −0.64244 0.25697 −3.21467 0 −0.10432

TxTy −1.01131 0 5.08434 0.17214 −0.52047
T2

x 0.43263 1.33588 0 −0.03328 0.27025
T2

y 3.53634 1.57983 2.17612 −0.13259 0.69417

Table 7. Fitting results for D̃tx,tx.

1 εx εy
.
Tx

.
Ty

1 0.0097 0.00358 0 0.00156 0
Tx −0.02028 −0.05093 0 −0.00117 0
Ty −0.00168 −0.00288 −0.01683 0.00023 0

TxTy −0.01595 −0.04394 0.09286 0.00158 0
T2

x 0.03404 0.19438 0 −0.00225 0
t2
y 0.01708 0.04876 −0.01605 −0.0015 0

Table 8. Fitting results for D̃tx,ty.

1 εx εy
.
Tx

.
Ty

1 0.0024 −0.00962 0.01265 0 −0.00171
Tx −0.00299 0.01579 −0.02654 0 0.00227
Ty −0.00896 −0.01581 0 0 0.00029

TxTy 0.03654 0.10701 −0.05103 0 0.00167
T2

x −0.00931 −0.05237 0.05414 0 −0.00165
T2

y −0.01297 −0.03191 0.06242 0 −0.0018

Table 9. Fitting results for D̃ty,tx.

1 εx εy
.
Tx

.
Ty

1 0.00072 0.00114 0.00674 0 0
Tx −0.00151 −0.00441 −0.01802 0 0
Ty −0.00833 0 −0.01345 −0.00208 0

TxTy 0.03325 0.08433 −0.02828 0 0
T2

x −0.00695 −0.01593 0.04641 0 0
T2

y −0.00795 −0.01552 0.0475 0.00093 0
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Table 10. Fitting results for D̃ty,ty.

1 εx εy
.
Tx

.
Ty

1 0.00987 0.00426 0.00289 0 −0.00014
Tx −0.00619 −0.01127 −0.0017 0 0.00026
Ty −0.00943 0.01182 −0.04927 0 0.00208

TxTy −0.01952 −0.05093 0.10336 0 −0.00248
T2

x 0.01514 0.04059 −0.01941 0 0.0007
T2

y 0.06967 0.05133 −0.07676 0 0.00259

Here, the dimensionless variables are adopted:

Ki,j

K̃i,j
=

p0DL3

16 c
= 83, 187

N m
rad

(20)

Di,j

D̃i,j
=

p0DL2

2
(

0.0001 rad
s

) = 1.51 × 105 N m s
rad

(21)

tx

Tx
=

ty

Ty
=

c
L
= 0.000182 rad = 0.0104◦ (22)

.
tx
.
Tx

=

.
ty
.
Ty

= 0.0001
rad

s
= 0.00573◦ 1

s
(23)

4. Discussion

The tilting stiffness and damping analyzed in this study could be significant for the
spindle shaft tilting motion, provided the shaft length is not significantly longer than the
bearing length. Otherwise, the shaft tilting will be controlled by the air-bearing force
applied at a long distance from the shaft center, while the tilting stiffness and damping
will influence the shaft bending. In addition, bending can also significantly influence
the air-bearing forces, moments, and dynamic coefficients, because of the convexity and
concavity of the bearing surface [14,23]. Based on the obtained results, the tilting motion
is independently stable because the direct stiffness and damping coefficients are positive
and significantly higher in amplitude than the cross-coupled coefficients. However, the
tilting dynamic coefficients were substantially influenced by shaft eccentricity. Hence, the
stability of the shaft parallel and tilting motions must be analyzed together. The increased
rotor speed would result in a more pronounced hydrodynamic component in the bearing
forces, moments, stiffness, and damping components, as well as in more significant x-y
coupling, that is typical for the journal bearings.

5. Conclusions

The problem of tilting stiffness and damping analysis is hardly ever addressed in the
literature since the fundamental books on rotodynamic and tribology where the theoretical
analysis was presented for idealized types of bearings. This ignorance can be explained by
the minor role of individual bearing moments, compared to the total shaft-bearing systems
moments in most applications. However, the tilting moments exist, and they become more
and more important in high-precision machinery. Besides the bearing moments, the tilting
motion greatly affects the bearing forces, as well as other types of air film distortions, which
are widely considered in recent publications.

The purpose of this study was to predict the behavioral characteristics according to
the design and operating parameters of porous aerostatic bearings that can be utilized in
applications requiring high-precision positioning, such as semiconductor manufacturing
equipment. Most importantly, the highly efficient and reliable numerical analysis approach
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proposed in this study can contribute to increasing system stability and reducing costs and
risks at the product level prior to the actual manufacturing process.
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Featured Application: Aerostatic spindles are used in high-speed micromachining applications.

The main goal of the work is to validate the developed non-linear numerical model through the

proposed identification procedure and the performed experimental tests.

Abstract: This paper proposes a method to experimentally identify the main modal parameters, i.e.,
natural frequencies and damping ratios, of an aerostatic spindle for printed board circuit drilling.
A variety of methods is applied to the impulse-response function of the spindle in the presence
of zero rotational speed and different supply pressures. Moreover, the paper describes the non-
linear numerical model of the spindle, which consists of a four-degree-of-freedom (DOF) rigid and
unsymmetrical rotor supported by two aerostatic bearings. The main goal of the work is to validate
the developed non-linear numerical model through the proposed identification procedure and the
performed experimental tests. The comparison proves satisfactory, and the possible sources of
uncertainty are conjectured.

Keywords: aerostatic journal bearings; PCB spindles; dynamic identification; logarithmic decrement
method; complex exponential method; half-power method; damping factor identification; rigid rotor;
modal analysis

1. Introduction

Gas bearings, owing to their properties, play an essential role in turbochargers, gyro-
scopes, turbo blowers, gas turbines and micromachining spindles. In particular, microma-
chining spindles are widely used in surface finishing, printed circuit board (PCB) drilling,
micro-processing, micro-milling, micro-grinding and, in general, for micromachining mate-
rials with low shear resistance. This is because compared to oil and rolling bearings, gas
bearings can reach higher rotation speeds while simultaneously reducing the amount of
machine maintenance required.

The aim of research on spindles supported by gas bearings is to develop systems
with excellent dynamic stability and stiffness, along with very low runout of the tool,
even at very high rotation speeds. Poor damping is one of the main disadvantages of
journal gas bearings, which can compromise the accuracy of high-precision machining.
Moreover, friction power losses in motors and bearings can be a non-negligible source of
heat at high speeds. The contribution of thermally induced deformations of a machine
tool can exceed 50% of the total machining error [1], which is very significant in precision
milling. To reduce these problems, an efficient and precise refrigeration system is required.
Recent developments in manufacturing technologies have made it possible to realize
innovative high-precision devices that can even be miniaturized. Research has therefore
been enriched by numerous experimental contributions, some of which are discussed
below. Machine tools of 4 mm and 1/8” diameters used for micro-milling can now be
supported on aerostatic bearings up to 400 krpm and 450 krpm [2,3]. Experiments on
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dynamic characterization of air-bearing spindles are described in [4,5], where the frequency-
response function (FRF) of the spindle is measured. Impact tests have been carried out with
an impact hammer [4] or with a custom-designed impact excitation system able to provide
excitations up to 20 kHz [5]. Ref. [6] describes a test rig used to measure the dynamic
stiffness and damping coefficients of a hemisphere spiral groove hybrid gas bearing. In
this rig, the excitation is provided by means of two electromagnetic exciters.

Mathematical models have long been used as a valuable tool to investigate the dy-
namic performance and stability of high-speed rotors. Early attempts at modelling this kind
of system were aimed at gaining a better insight into the half-whirl instability, known today
as asynchronous whirl instability [7]. At the time, this was one of the most troublesome
problems in journal bearings. The first attempts to actually solve the equations of motion
and the gas-lubricated equation simultaneously were reported by Sternlicht [8], Poritsky
and Arwas [9]. In their solution, they linearized the equations of motion of a 2 DOF rotor,
along with the Reynolds equation, to obtain lubricant pressure distribution. However, in
the Reynolds equation, they omitted the time derivative of pressure, and therefore, the
resulting quasi-static solutions do not adequately represent the squeeze-film effects. In the
same period, the literature presented many other models based on the “p-h” linearization
of the time-dependent Reynolds equation and the equations of motion of a 4 DOF rigid
rotor [10,11]. However, in most cases, these kinds of simplified models cannot replace more
costly trial-and-error experimentation since they do not represent a reliable theory.

The results obtained from these models have become ever more accurate with the
use of finite-difference and finite-element models, where the perturbation method can be
used to compute stiffness and damping coefficients for rotordynamic models. Ref. [12]
investigates the impulse response of an ultra-precision raster milling spindle under the
simplified hypothesis of constant coefficients. In [13], critical speeds and modal shapes
of a micro-spindle machine tools were evaluated, but this analysis is limited because it
only considers bearings with constant stiffnesses and neglects their damping properties.
A rotordynamic model of an air spindle with a diameter of 1/8” was considered [14],
which involves coefficients that depend on the rotational speed. Here, the critical rotational
speeds were calculated as a result of the rotordynamic analysis. A test rig to measure the
rotordynamic response of a spindle supported on porous gas bearings is described in [15].
In [16–19], the dependence of stiffness and damping properties on both rotational speed
and perturbation frequency is expressed with analytical formulations. With this technique,
it is possible to calculate the critical speeds and verify the stability of rigid or flexible rotors.
During the design process of a spindle supported on gas bearings, it is of great importance
to estimate the conical and cylindrical natural frequencies. A clear design guideline is
illustrated in [20] to avoid critical speeds within the operating speed range. The influence
of temperature on the dynamic behavior of the spindle is also discussed. Conical and
cylindrical modes are investigated in [21] for a non-uniform slot-clearance journal bearing,
together with the onset speed of whirl instability.

The orbit method is an alternative to the linearized coefficient analysis employed in the
aforementioned papers. It includes the complete nonlinear equations of the rotor and the
bearings, which are integrated numerically to obtain the shaft center orbits corresponding
to any set of geometrical, running, and initial conditions. This technique essentially uses
the computer as an accurate experimental rig; it operates exactly in accordance with
the assumed governing equations [22]. This method is currently used to calculate the
unbalance response, the onset speed and the non-linear rotor behavior in case of large
displacements [23]. Ref. [24] makes use of this method for a spindle with herringbone-
grooved journal bearings. Ref. [25] highlights the differences between linear and non-linear
analyses of a rotor supported by plain journal bearing. Past research by the authors
concerns an electro-spindle of 50 mm shaft dia. supported on aerostatic bearings [26],
a textile spindle [27] and a mesoscopic spindle of 10 mm diameter [28]. However, the
experimental campaigns to validate the models are not always time- and cost-effective.
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This paper proposes a cheap and simple experimental identification procedure for
aerostatic spindles. Impulse and static tests are performed to identify the natural fre-
quencies, damping ratio and static stiffness evaluated at the nose of an electro-spindle for
PCB drilling. The natural frequencies and damping factors are measured by considering
the impulse-response function of the system, whereas the stiffness at the nose spindle is
detected through the application of static forces. These spindle features are evaluated at
zero rotational speed and with different supply pressures. Moreover, the paper describes
the non-linear numerical model of the spindle, which consists of a 4 DOF rigid and unsym-
metrical rotor supported by two aerostatic bearings. The equations of motion of the rigid
rotor are solved simultaneously with the isothermal time-dependent Reynolds equation
through Euler’s explicit method to obtain the lubricant pressure distribution. The main
goal of the work is to validate the developed non-linear numerical model through the
proposed identification procedure and the performed experimental tests.

2. Experimental Setup

2.1. The Prototype

Figure 1a,b show the investigated electro-spindle. During tests, the system was kept
in horizontal position by means of a nylon block and a clamp. The spindle is driven by
a permanent magnet (PM) synchronous motor that is placed between the rear and front
aerostatic journal bearings. A sketch of the rotor-bearings system is shown in Figure 2.
The bearings have slightly different diameters: 25 mm (front bearing) and 22 mm (rear
bearing). Their axial length is 30 mm. They are supplied by means of two series of supply
orifices of diameter ds = 0.15 mm, located at 7 mm from the borders of the bearings. Each
series includes 12 holes equally spaced along the circumferential direction. Downstream
each supply hole, a small pocket of dia. 1.1 mm and depth 0.2 mm is present. Considering
the manufacturing tolerances, the radial air-film thicknesses are h f = 17.5 ± 1.5 μm and
hr = 21.5 ± 1.5 μm on the front and rear bearings, respectively. Table 1 lists the mass
properties of the rotor. The spindle is equipped with a water-cooling system to ensure
temperature stability during operation.

Table 1. Mass properties of rotor.

Rotor mass: mr = 382 g

Transversal inertia moment: I = 666.1 × 10−6 kg m2

Polar inertia moment: Ip = 31.1 × 10−6 kg m2

  
(a) (b) 

Figure 1. (a) Photo of the electro-spindle in horizontal attitude; (b) photo of the test setup.
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Figure 2. Sketch of the rotor-bearings system.

2.2. Shaft-Displacement Detection

Figure 2 shows the cartesian reference system, Oxyz, used to define the rotor center
of mass and its position with respect to the bearings. The origin, O, is located at the front
edge of the front journal bearing. Axis z is along the axial direction and directed from the
front to the rear bearing. The axial coordinates of journal centers are indicated with z f and
zr for front and rear bearings, respectively.

The rotor displacement is detected by means of two couples of capacitance probes
located at z1 = −21 mm (front plane) and z2 = 91.5 mm (rear plane). The center of mass of
the shaft is located at zG = 41 mm. The shaft center-of-mass displacements and the rotations
about x and y axes are obtained from the sensor readings on front (x1, y1) and rear planes
(x2, y2), as below:

xG = x1(z2−zG) − x2(z1−zG)
z2−z1

yG = y1(z2−zG) − y2(z1−zG)
z2−z1

ϑy = x2−x1
z2−z1

ϑx = y1−y2
z2−z1

(1)

The shaft displacement at the spindle nose (z = znose = −40 mm) can be extrapolated
using Equation (2):

xnose =
x1(z2−znose) − x2(z1−znose)

z2−z1

ynose =
y1(z2−znose) − y2(z1−znose)

z2−z1

(2)

2.3. Static Stiffness on the Nose

The static stiffness on the nose was evaluated by extrapolating the displacement
produced through the application of a 30 ± 1 N load at z = znose. A dynamometer was em-
ployed to impose the load, and the spindle displacement at z = znose was computed by using
Equation (2). Table 2 lists the resulting stiffness, measured at different supply pressures.

Table 2. Resulting static stiffness on the nose.

ps (MPa) knose (N/μm)

0.3 1.14
0.5 2.9
0.7 4.0
0.9 4.6
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2.4. Experimental Characterization at Null Rotational Speed

The damped natural frequencies, ωd, and the damping factors, ζ, were experimentally
investigated by means of impulse response tests. A vertical impulse was applied to the
nose in correspondence of the tool artifact, and the spindle trajectory was detected by
the capacitive sensors (capaNCDT CS05 by Microepsilon) (see Figure 1a). The tests were
performed at null rotational speed and absolute supply pressures ps = 0.3, 0.5, 0.7 and
0.9 MPa. Each test was repeated four times, and signals were sampled with sampling
frequency fs = 50 kHz.

The spectra of signals y1 and y2, measured by sensors on the front and rear measuring
planes, were evaluated through fast Fourier transform (FFT) in order to visualize the
number of modes captured and their frequencies. Figure 3 shows one of the computed
spectra (at 0.5 MPa supply pressure), while the related time signals are depicted in Figure 4.
In all the investigated cases, only one rigid mode shape is visible. Meanwhile, the higher
frequency can be attributed to the flexural mode of the spindle since it does not depend on
the supply pressure of the air bearings. As can be seen from Figure 4, the first mode shape
is conical since y1 and y2 present a 180◦ phase shift.

Figure 3. Example of spectra measured at 0.5 MPa supply pressure.

Figure 4. Example time signals at 0.5 MPa supply pressure.
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2.4.1. Single-DOF Modal-Identification Analysis through LDM and HPM

In view of these considerations, as a first approach, two single-DOF methods were em-
ployed to identify the modal parameters of the system: the logarithmic decrement method
(LDM) [29] and the half-power method (HPM) [30]. Table 3 lists the mean values of the
estimations of the damped frequencies, ωd, and the damping ratios, ζ, computed through
HPM and LDM. The values of the damped natural frequencies increase with the supply
pressure, whereas the damping ratios exhibit an opposite trend. The accuracy of these
estimations was verified by comparing the experimental signals with those reconstructed
through the identified modal parameters (see Figure 4) by making use of the following
1 DOF analytical formula:

yrec(t) = [a cos(ωdt) + b sin(ωdt)] · e−ζωnt

a = yrec(0)

b =
.
yrec(0) + ζωnyrec(0)

ωd

(3)

where constants a and b depend on the initial conditions, and the undamped natural
frequency is ωn = ωd/

√
1 − ζ2.

Table 3. Experimental natural frequency and damping ratio of signal y2 at different supply pressures;
the results were obtained with HPM and LDM.

ps
(MPa)

HPM LDM

ωd
(krpm)

ζ
ωd

(krpm)
ζ

0.3 70.23 0.2611 72.82 0.3928
0.5 87.63 0.1464 86.50 0.2347
0.7 95.42 0.1084 92.60 0.1497
0.9 100.3 0.1125 97.64 0.2325

Unfortunately, as can be seen from Figure 4, the reconstructed signals do not exhibit
a satisfactory degree of accuracy if the estimated parameters are not manually corrected
with a trial-and-error procedure. This mismatch was mainly due to the fact that in some
cases, the analyzed modes presented a relatively high damping factor (small number
of oscillations in the time signal) and a flat peak in the spectrum. In fact, despite the
large amount of energy provided by hammering the spindle nose, in most cases, the rotor
stopped after a few oscillations. To overcome these problems, the estimations were repeated
by means of the least-squares complex exponential method (LSCEM).

2.4.2. Multi-DOF Modal Analysis with LSCEM

This is a multi-DOF method that works in the time domain [31]. It is based on the
impulse-response function (IRF) of the MDOF system with N couples of complex and
conjugate poles:

hij(t) =
2N

∑
r=1

Ar,ij · esrt (4)

where sr = ζrωn,r ± i ωn,r
√

1 − ζ2
r and Ar,ij are the rth poles and the modal constants

of the system and i and j refer to the nodes where the impulse is applied and where
the system response is measured, respectively. The advantage of this method is that the
nonlinear solution for the eigenvalues is computationally very straightforward since it
performs an exponential fitting that requires no starting values. To obtain a solution, it is
only necessary to supply the algorithm with the impulse-response function, hij(t), and the
order of the model (N). A particular solution strategy was adopted in these cases. In order
to provide the algorithm with the possibility to fit-noisy signals, the order of the model
was chosen equal to 20, and frequency stabilization diagrams were used to distinguish the
“computational modes” from the real ones. This kind of diagram was obtained by iterating
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the LSCEM from a minimum (3) to a maximum order (20) and superimposing the obtained
frequencies on the obtained spectrum.

In order to obtain a cleaner stabilization diagram, before plotting the obtained damped
frequencies, ωd, they were filtered by considering only the first 4 modes presenting the
higher modal constant (ω1,N , ω2,N , ω3,N and ω4,N). Figures 5 and 6 show the spectrum and
time signal reconstructed by using the modal parameters obtained from this procedure.
In Figure 5, the results correspond to the “+” symbols, and they are coloured in blue, red,
cyan and black from the higher to the lower modal constant. A further filter was imposed
by considering a threshold of 5% on the values of the normalized modal constants in
an attempt to exclude the computational modes. The results that satisfied this threshold
are circled in green (see Figure 5). Figure 5 also shows the comparison between the
experimental spectrum and that reconstructed through the LSCEM. Figure 6 shows the
same comparison in the time domain.

Figure 5. The experimental and reconstructed spectra at 0.5 MPa supply pressure.

Figure 6. The experimental and reconstructed time signals at 0.5 MPa supply pressure.
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As can be seen, in this case, the accuracy of the method is satisfactory. The results
obtained with the LSCEM method are summed up in Table 4, where the damped natural
frequencies and damping ratios are reported, together with their phase, φ, and modal
constant, A. Only the first rigid mode was considered, as the second mode exhibited a
natural frequency of about 220 krpm, which was almost constant with the supply pressure
and had modal constants much smaller than the first mode. The evaluation of the phase
shifts, Δφ = |φ(y1) − φ(y2)|, confirms that the mode identified is of the tilting type.

Table 4. Experimental natural frequency and damping ratio of signals y1 and y2 at different supply
pressures (only the first rigid mode is reported); the results were obtained with LSCEM.

ps (MPa) Signal ωd (krpm) ζ (−) φ (deg) A1 (−)

0.3
y2 73.44 0.1483 3.474 3.400

y1 70.21 0.2578 169.8 7.963

0.5
y2 89.50 0.1072 9.420 5.305

y1 87.23 0.1632 178.0 7.673

0.7
y2 99.75 0.00762 −3.336 5.223

y1 95.46 0.1060 153.6 8.461

0.9
y2 103.8 0.07330 19.69 3.150

y1 107.0 0.09230 −154.6 4.102

2.4.3. LSCEM vs. LDM and HPM (Experimental)

The damped frequencies obtained with the 1 DOF methods are in good accordance
with those obtained with LSCEM; the error is less than 4%. The damping factors, apart
from cases with ps = 0.3 MPa, differ by less than 36% for HPM and 61% for LDM.

3. Numerical Model

In this section, the numerical model of the spindle described in Section 2.1 is presented.
The effect of the double-face thrust bearing is not taken into account, as it is negligible
in the determination of radial and tilting stiffness with respect to the contribution of
journal bearings.

The time-dependent Reynolds equation is considered in the fluid domain of journal bearings:

∂

∂z

(
ph3

12μRT
∂p
∂z

)
+

∂

r∂ϑ

(
ph3

12μRT
∂p
r∂ϑ

)
+ gin =

ωr
2RT

∂(ph)
r∂ϑ

+
1

RT
d(ph)

dt
(5)

where gin is the input flow per unit surface that crosses the supply orifices. The input flow
is estimated using the analytical expression of the supply hole’s discharge coefficient [32]
without considering the Reynolds number dependence:

cd = 0.85
(

1 − e−8.2 h
ds

)
(6)

where ds is the supply hole’s diameter and h is the local air gap under the orifice. The RE is
discretized with finite difference technique, and the pressure distribution at time t + 1 is
obtained from the previous pressure distribution with the Euler explicit method:

pt+1
ij = pt

ij + Δt · f
(

pt, pt+1
)

(7)

where f is a non-linear function that involves the pressure values in node i,j and in the
adjacent nodes. The pocket downstream of each supply orifice is also considered, as it
influences the dynamic characteristics of bearings. Once pressure pij is calculated at time
t + 1, this value is immediately used to calculate pi+1,j at the same time. This improves the
stability of the numerical scheme, as it facilitates the transmission of the information in the
adjacent nodes. The film thickness depends on the rotor center-of-mass position (xG, yG)
and on the rotor axis orientation (ϑx, ϑy):
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h(z, ϑ) = h0 −
[
xG + ϑy(z − zG)

]
cos ϑ − [yG − ϑx(z − zG)] sin ϑ (8)

Once the pressure distribution is calculated, the shear stress on the rotor surface is
given by:

τ =
h
2

∂p
r∂ϑ

+ μ
ωr
h

(9)

The 4 DOF equations of motion for a rigid rotor are considered:

mr
..
xG − Fcx − Fext, x = mreω2 cos ωt

mr
..
yG − Fcy − Fext, y = mreω2 sin ωt

I
..
ϑx + Ipω

.
ϑy − Mcx − Fext, y(zG − znose) =

(
Ip − I

)
γω2 sin(ωt + ϕ1)

I
..
ϑy − Ipω

.
ϑx − Mcy + Fext, x(zG − znose) =

(
I − Ip

)
ω2γ cos(ωt + ϕ1)

(10)

where e and γ are the static and the dynamic rotor unbalances, respectivelye; ϕ1 is the
angle that locates the dynamic unbalance plane with respect to the static unbalance plane;
Fext,x and Fext,y are the external-force components acting on the rotor at coordinates znose;
Fcx, Fcy, Mcx and Mcy are the reaction forces and moments of the bearings, calculated by
integrating the pressure distribution and the shear stress in the fluid domain.

The moments are expressed with respect to the rotor center of mass:[
Fcx
Fcy

]
=
∫ L

0

∫ 2π

0

(
−p

[
cos ϑ
sin ϑ

]
+ τ

[
sin ϑ

− cos ϑ

])
rdϑdz (11)

The moments are expressed with respect to the rotor center of mass:[
Mcx
Mcy

]
=
∫ L

0

∫ 2π

0

[
(z − zG)(p sin ϑ + τ cos ϑ)
(z − zG)(−p cos ϑ + τ sin ϑ)

]
rdϑdz (12)

The time integration of these equations of motion are carried out with the first order
Euler method:

qt+1 = qt +
.
qtΔt (13)

where q is the state-space vector defined by

q =
[

xG yG ϑx ϑy
.
xG

.
yG

.
ϑx

.
ϑy

]
The algorithm performed for the coupled integration of the ODE and the PDE system

is described below. After assuming an initial pressure distribution, for each time iteration,
the following steps are followed:

1. The reaction forces and moments are calculated using Equations (11) and (12);
2. The center-of-mass accelerations and the angular accelerations of the rotor are com-

puted from the equations of motion (10);
3. The state-space vector at time t + 1 is obtained from Equation (13);
4. The film thickness at time t + 1 is updated from Equation (8);
5. The pressure and shear-stress distributions at time t + 1 are updated by solving RE

(2) and using Equation (9);
6. Go back to point 1.

This method is known as the “orbit method” and has the advantage of also taking
into account the non-linearities of bearings [22]. Conversely, it is more time-consuming
compared to linearized methods.

For static problems, the rotor position is fixed, and only the pressure distribution is
considered time-dependent. In this case, only steps 1 and 5 are considered in order to find
the steady-state solution. The iterative process is stopped when the load-capacity relative
variation decreases below a given tolerance:∣∣∣∣ Ft+1

c − Ft
c

Ft
c

∣∣∣∣ < 10−6 (14)
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4. Numerical Results

The numerical model developed was validated using both literature benchmarks
and numerical results. In particular, the numerical load capacity, W, and attitude angle,
Φ, were compared with the analytical values for plain dynamic journal bearings. In the
comparison, the static stiffness of the spindle measured in correspondence of the nose was
also considered, together with the damped natural frequencies and the damping ratio at
null rotational speed.

4.1. Static Validation with Analytical Solution of Plain Dynamic Journal Bearings

The mathematical model was validated in static conditions, comparing it with the
analytical solution that exists for the plain dynamic journal bearing [7]. The dimensionless
load capacity is expressed with a real and imaginary parts, which represent the in-phase
and the out-of-phase components with respect to the line of centers:

W =
W

εpaLD
=

iΛ
1 + iΛ

π

2

⎡⎣1 −
tanh

(√
1 + iΛ L

D

)
√

1 + iΛ L
D

⎤⎦ (15)

where
Λ =

6μω

pa

( r
C

)2
(16)

is the bearing number, and

ε =
e
C

(17)

the eccentricity ratio. The front and rear journal bearings were simulated with no supply
orifices for comparison with the dynamic-bearing analytical solution. Figure 7 shows a
perfect match, both regarding the load capacity and the attitude angle, Φ.

 

Figure 7. Dimensionless load capacity and attitude angle of plane dynamic journal bearings; compar-
ison between the analytical formulation and numerical results.

4.2. Choice of Grid Resolution

The influence of the grid-point number on the numerical solution is evaluated both in
static and dynamic conditions. A total of 31 nodes were chosen along the axial direction
for each bushing. Along the circumferential direction, 48 or 96 nodes were considered.
Figures 8–10 compare the pressure distribution, load capacity and air consumption ob-
tained with these computational grids in the presence of an eccentricity of e = 1 μm. As
can be seen, the difference is minimal. As a result of these considerations, a 31 × 48 grid
was used.
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(a) 

  
(b) 

Figure 8. Axial (a) and circumferential (b) pressure distributions obtained with different numbers of
grid points along the circumferential direction (48 and 96); ps = 0.5 MPa.

Figure 9. Load capacity vs. number of iterations obtained with different grid numbers along the
circumferential direction.
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Figure 10. Air flow vs. number of iterations obtained with different grid numbers along the
circumferential direction.

4.3. Static Stiffness of Journal Bearings

The stiffness of journal bearings at zero speed was obtained from static simulations. A
given displacement was imposed on the shaft (1 μm on radius), and the reaction forces in the
bearings were computed in order to estimate the radial stiffness, k f and kr, of the front and
rear bearings, respectively. The stiffness values are listed in Table 5, considering minimal
and maximal radial clearances and taking into account the manufacturing tolerances,
as shown in Section 2.1. Of course, stiffness values increase with supply pressure and
decrease with increasing air gaps. The front bearing shows an increment of stiffness
with the air gap only with ps = 0.3 MPa. The following explanation can be given after
investigating the pressure distribution: the reason is that the front bearing is near the
saturation condition; that is to say that the pressure drop through the input orifices is quite
small (less than 0.03 MPa).

Table 5. Radial stiffness of journal bearings at different supply pressures and radial clearances.

ps (MPa)
hf = 16 μm, hr = 20 μm hf = 19 μm, hr=23 μm

kf (N/μm) kr (N/μm) kf (N/μm) kr (N/μm)

0.3 4.51 4.57 5.53 4.22
0.5 12.6 9.37 11.8 7.45
0.7 20.3 13.0 16.7 9.5
0.9 27.0 15.8 20.6 10.9

The tilting stiffness of each journal bearing, calculated with respect to its center, is also
evaluated in order to investigate whether its contribution to the overall tilting stiffness of
the rotor bearings system is negligible or not. Table 6 compares the contribution of each
bearing to the tilting stiffness obtained from the radial stiffness (left column) with the tilting
stiffness of each bearing with respect to its center (right column). From this comparison, it
is evident that in this case, this last bearing can be neglected so the overall tilting stiffness
can be estimated from the radial stiffness of each journal bearing.
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Table 6. Comparison between different contributions to tilting stiffness; results refer to geometrical
configuration with h f = 19 μm, hr = 23 μm and supply pressure ps = 0.7 MPa.

Tilting Stiffness of Journal Bearing with
Respect to the Shaft Center of Mass

Tilting Stiffness of Journal Bearing
Respect to Its Center

kf·(zG−zf)/θx (Nm/rad) kr·(zG−zr)/θx (Nm/rad) kϑf (Nm/rad) kϑr (Nm/rad)

33507 57166 925 534

4.4. Stiffness on the Nose

The overall stiffness, knose, measured on the nose at z = zF = −40 mm, is a function of
the bearing stiffness according to:

knose = k f
zr − z f

zr − zF
(18)

Table 7 lists the radial stiffness on the nose extrapolated from the journal bearings
stiffness calculated in the centered position, with 1 μm rotor eccentricity. In case an external
radial load of 30 N is applied on the nose, the eccentricities on bearings are greater and the
resulting nose stiffness is lower. Table 8 lists these values.

Table 7. Radial stiffness on the nose at different supply pressures and radial clearances, calculated at
small eccentricity (1 μm).

ps (MPa)
knose (N/μm)

hf = 16 μm, hr=20 μm
knose (N/μm)

hf = 19 μm, hr=23 μm

0.3 2.87 3.51
0.5 8.01 7.50
0.7 12.9 10.6
0.9 17.1 13.1

Table 8. Radial stiffness of the nose at different supply pressures and radial clearances; these values
were obtained with a 30 N load applied on the nose.

ps (MPa)
knose (N/μm)

hf = 16 μm, hr=20 μm
knose (N/μm)

hf = 19 μm, hr=23 μm

0.3 1.32 1.29
0.5 4.02 3.79
0.7 6.59 5.36
0.9 8.82 6.52

4.5. Simplified Natural Frequencies

At null rotational speed, in case the damping effects are neglected, the cylindrical
natural frequency is expressed by:

ωcyl =

√
k f + kr

mr
(19)

The conical natural frequency is given by:

ωcon =

√√√√(
k f l2

f + krl2
r

)
I

(20)

where l f and lr are the distances between the rotor center of mass and the centers of
the front and the rear journal bearings, respectively. In this formulation, the eventual
tilting stiffness of each journal bearing is neglected. Table 9 reports the undamped natural
frequencies of the rigid rotor-bearings system at null rotational speed.
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Table 9. Undamped natural frequencies at different supply pressures and radial clearances.

ps (MPa)
hf = 16 μm, hr = 20 μm hf = 19 μm, hr = 23 μm

ωcyl (krpm) ωcon (krpm) ωcyl (krpm) ωcon (krpm)

0.3 46.6 58.9 48.2 57.7
0.5 72.4 86.2 67.8 78.0
0.7 89.2 102.8 79.1 88.9
0.9 101.1 114.3 86.7 95.9

4.6. Choice of the Time Step

The optimal time step, dt, must be chosen for simulations in order to guarantee a stable
solution and independence of the dynamic solution on the time step. The entity of the
damping factor was found to be dependent on the time step, dt, and on the grid refinement.
Figure 11 compares the values obtained for the damping factor at different rotational
speeds and time steps, dt, with a 31 × 96 grid. As shown, the convergence is reached with
a time step of dt = 10−8 s, and a further decrease does not significantly change the damping
factor. The effect of the grid on the damping factor is visible in Figure 12. When doubling
the grid nodes along the circumferential direction, it is sufficient to halve the time step, dt,
in order to obtain a very similar solution. As a result of these considerations, a 31 × 48 grid
with dt = 2 × 10−8 s was chosen for dynamic simulations, as it was found to be a good
compromise between accuracy and computational time.

Figure 11. Damping ratio vs. rotational speed obtained with different time steps; the grid is 31 × 96.

Figure 12. Cont.
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Figure 12. Comparison of vibrations obtained on front and rear bearings with 31 × 96 and
31 × 48 grids; the two curves match fairly well in case the time step is halved when doubling
the grid points.

4.7. Damped Natural Frequencies and Damping-Factor Identification

The damped natural frequencies and the damping factors were evaluated for the
displacements along the x and y directions by the rotor in correspondence of planes at
z = 0 (at the right edge of the front journal bearing) and at z = zL = 126 mm (at the left
edge of the rear journal bearing). Moreover, to better identify both the cylindrical and the
conical modes, the center-of-mass displacement, yG, and the tilting angles, ϑx and ϑy, were
considered. Two different initial conditions were simulated since the frequency content of
the spectra of the system response may depend on how the system is excited. Condition 1
is defined by:

x(z = 0, t = 0) = 0 , y(z = 0, t = 0) = 0
x(z = zL, t = 0) = 0, y(z = zL, t = 0) = 0

.
x(z = 0, t = 0) = 0 ,

.
y(z = 0, t = 0) = −0.01 m/s

.
x(z = zL, t = 0) = 0 ,

.
y(z = zL, t = 0) = 0

Condition 1 was adopted in an attempt to reproduce the performed experimental
tests. Vertical impulses were applied to the spindle nose, and the rotor oscillations were
measured on the rear and front plane. Since the results obtained with the initial conditions
(condition 1) were mainly governed by the conical mode, a second condition (condition 2)
was simulated in an attempt to better figure out the cylindrical mode-shape of the rotor.

x(z = zG, t = 0) = 1 μm, y(z = zG, t = 0) = 0
ϑx(t = 0) = 0, ϑy(t = 0) = 0

.
x(z = zG, t = 0) = 0 ,

.
y(z = zG, t = 0) = −0.01 m/s

.
ϑx(t = 0) = 0 ,

.
ϑy(t = 0) = 0

Condition 2 was chosen to simultaneously produce a whirl and a translation of the
rotor. Due to the non-symmetry of the rotor-bearings system, both modes were visible both
with initial condition 1 and with condition 2. The frequency content of rotor displacements
puts in evidence the general presence of two natural frequencies, as seen in Figure 13. The
prominence of one with respect to the other depends on the initial condition.
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Figure 13. Examples of frequency spectra of signals yG, y0, θx and yL obtained from the orbit method.

4.7.1. Logarithmic Decrement Method (LDM)

Although the LSCEM proved to be the most reliable method, for the sake of complete-
ness, the LDM method was also used to identify the main damping factors (with the largest
modal constant) and natural frequencies of the numerical signals y0, yL, yG and θx. The
LDM was used, considering time intervals ΔT of 5 and 10 ms. The resulting values of the
damping factors were compared to evaluate the sensitivity of the method with respect to the
signal length. The main frequency of each signal was also evaluated by measuring the av-
erage period of the oscillations present in the considered time intervals. This frequency can
be compared with the peaks visible in the related spectrum. Tables A1–A4 in Appendix A
list both the natural frequencies resulting from the FFT analysis and the frequencies and
the damping factor of the signal resulting from the logarithmic decrement method. When
the oscillation was highly damped (ps = 0.3 and 0.5 MPa), only a 5 ms time window was
considered. The following considerations can be made based on the data analysis:

• The frequency obtained from the average period of the oscillation is quite similar to
one of the two frequencies detected in the FFT spectrum; in particular, the higher
frequency is visible only on the rear plane (signal yL), while the lower frequency is
present on the other signals (y0, yG and ϑx);

• in most cases, the application of LDM to signals with durations of 5 and 10 ms does
not influence the results;

• depending on the initial condition, one of the two modes prevails;
• due to the short duration of the vibration at ps = 0.3 MPa, which is highly damped,

the FFT algorithm does not provide a good estimation of the frequency spectra;
• the frequency increases with the supply pressure, while the damping factor decreases;
• by increasing the air gap, the frequency decreases, as well as the damping factor.
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4.7.2. LSCE Method

The frequency content of the numerical signals yL and y0 was investigated by adopting
a procedure similar to that adopted in Section 2.4. To obtain more reliable frequency-
stabilization diagrams, the adopted procedure was slightly different than that used for the
experimental data. In this case, to favor the exponential fitting, the model order used in
the LSCEM was 80, and a random noisy signal was added to the numerical signals [31].
Figures 14 and 15 show the comparison obtained between the original and reconstructed
data. The damped frequencies and damping factors evaluated on signals y0 and yL are
listed in Table 10, together with their phase shift and modal constants.

Figure 14. Stabilization diagram.

Figure 15. Comparison in time domain of the reconstructed signal with the numerical signal.
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Table 10. Modal parameters resulting from LSCEM.

ps (MPa) hf/hr Signal
ωd,1

(krpm)
ζ1
(-)

ϕ1
(deg)

A1
(-)

ωd,2
(krpm)

ζ2
(-)

ϕ2
(deg)

A2
[-]

0.3 16/20
yL 80.51 0.1675 −19.07 0.0737 n.a. n.a. n.a. n.a.
y0 58.28 0.3427 −54.14 0.9738 n.a. n.a. n.a. n.a.

0.3 19/23
yL 70.00 0.1556 −18.80 0.1224 n.a. n.a. n.a. n.a.
y0 50.00 0.2044 −70.50 1.115 n.a. n.a. n.a. n.a.

0.5 16/20
yL 100.6 0.0804 −21.40 0.0618 n.a. n.a. n.a. n.a.
y0 74.82 0.1394 −76.58 0.7109 n.a. n.a. n.a. n.a.

0.5 19/23
yL 86.97 0.0620 −21.69 0.0710 66.22 0.0667 100.1 0.0377
y0 65.86 0.0629 82.46 0.7587 n.a. n.a. n.a. n.a.

0.7 16/20
yL 113.3 0.0365 21.8 0.029 87.83 0.0604 −50.2 0.0135
y0 87.69 0.0652 115.17 0.3245 n.a. n.a. n.a. n.a.

0.7 19/23
yL 96.09 0.0356 −23.30 0.0496 75.80 0.0193 79.62 0.0218
y0 75.81 0.0166 −85.73 0.6339 n.a. n.a. n.a. n.a.

0.9 16/20
yL 122.3 0.0124 4.855 0.0251 97.46 0.0281 −14.7 0.0104
y0 97.30 0.0265 157.25 0.3423 n.a. n.a. n.a. n.a.

0.9 19/23
yL 102.5 unst. unst. unst. 82.03 unst. unst. unst.
y0 82.03 unst. unst. unst. unst. unst. unst. unst.

4.7.3. Comparison of LSCEM and LDM for Numerical Simulations

When LDM and LSCEM are compared for the numerical simulations, the damped
frequencies obtained with LSCEM differ by less than 1.6% with respect the frequencies
obtained with LDM, apart from the case with ps = 0.3 MPa. The estimations of damping
factors differ by much more—up to 80%. This parameter is more sensitive to variations in
the air gap and pressure.

5. Comparison between Experimental and Numerical Results

The first critical speed of the spindle was experimentally measured by analyzing the
amplitude of the synchronous whirl at different rotational speeds. It was found to be
72 krpm and 94 krpm at gauge supply pressure ps = 0.5 and 0.7 MPa, respectively. If com-
pared with the theoretical frequencies resulting from the simplified model of Section 4.5,
the difference is less than 6%.

The experimental stiffness on the nose at different pressures is lower than the the-
oretical value calculated near the rotor-centered condition (between 27% and 39% with
respect to the theoretical value). Considering that the 30 N external load imposed on
the nose involves non-negligible eccentricity ratios on bearings (especially on the front
bearing and with low pressure), a non-linear estimation of the stiffness is preferred (see
Section 4.4). If compared with the stiffness obtained in this case, the experimental stiffness
is more in accordance with the prediction (between 52% and 86% with respect to the
theoretical value).

The experimental damped frequencies and the damping factors evaluated on the shaft
vertical vibration at z = zL are compared with the numerical frequencies in Figure 16.
The experimental damped natural frequencies are in good accordance with the numerical
frequencies, as they fall in the range defined on the basis of the tolerance considered on
the front (h f = 17.5 ± 1.5 μm) and rear (hr = 21.5 ± 1.5 μm) clearances. Conversely, the
computed experimental damping factors are higher than the numerical simulations. The
single-DOF methods were found to be less accurate than LSCEM to capture the modal
parameters of experimental signals, especially the damping factors.
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(a) 

 
(b) 

Figure 16. Comparison of experimental and numerical damped frequencies (a) and damping factors
(b) on rear plane.

6. Conclusions

This paper describes the experimental and numerical investigation of an electro-
spindle supported by aerostatic bearings. The numerical model was validated against
literature results in the case of plain aerodynamic bearings and against static and dynamic
experimental tests carried out on the electro-spindle at null rotational speed. Both single-
DOF methods and a multi-DOF method were proposed to estimate the damped natural
frequencies and the damping factors. The accuracy of the model results with respect to
the experimental data was discussed. In particular, the damping factor evaluated with
LSCEM was in good agreement with the experimental data, while the single-DOF methods
overestimated it. Future investigations will regard the dynamic behavior of the spindle at
different rotational speeds in order to study its unbalance response and stability.
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Nomenclature

Ar: ij rth modal costant
C Bearing radial clearance
D Journal bearing diameter
dt Time step
ds Supply holes diameter
e Static rotor unbalance
Fc Bearing reaction force
Fext External force applied on rotor
fs Sampling frequency
gin Input flow per unit surface through the supply orifices
hi,j Impulse-response function (IRF)
h f Radial-film thickness for the front journal bearing
hr Radial-film thickness for the rear journal bearing
I Transversal inertia moment of rotor
Ip Polar inertia moment of rotor
k Radial stiffness of journal bearings
k f Radial stiffness of the front journal bearing
knose Radial stiffness of the spindle evaluated on the nose
kr Radial stiffness of the rear journal bearing
kϑ f

Tilting stiffness of front journal bearing with respect to its center
kϑr Tilting stiffness of rear journal bearing with respect to its center
L Journal bearing length
l f , lr Axial distance between the rotor center of mass and the centers of the front

and rear journal bearings
Mc Reaction moment in bearings
mr Mass of rotor
N Order of the least squared complex exponential (LSCE) fitting
p Absolute pressure
pa Ambient pressure
ps Supply absolute pressure
r Journal bearing radius
sr rth pole of the system
x Generic position measured along the x-axis
xG Center-of-mass position measured along the x-axis
xnose Spindle nose position measured along the x-axis
x1 Position measured along the x-axis in the front plane
x2 Position measured along the x-axis in the rear plane
y Generic position measured along the y-axis
yG Center-of-mass position measured along the y-axis
ynose Spindle nose position measured along the y-axis
yrec Signal reconstructed by means of the identified modal parameters
y1 Position measured along the y-axis in the front plane
y2 Position measured along the y-axis in the rear plane
z Generic position measured along the z-axis
z f Front-bearing center axial coordinate
zG Rotor center-of-mass axial coordinate

150



Appl. Sci. 2021, 11, 11462

zL Axial coordinate of the rear end of the rotor
znose Spindle nose position measured along the z-axis
zr Front-bearing center axial coordinate
z0 Axial coordinate of the front end of the rotor
z1 Axial position of the front measuring plane
z2 Axial position of the rear measuring plane
W Dimensionless load capacity
t Time
ΔT Time inteval used for LDM
ε Eccentricity ratio
φ Phase angle
ϕ Angle identifing dynamic unbalance of the rotor
Φ Attitude angle
Λ Bearing number
μ Air viscosity
γ Dynamic unbalance of the rotor
ϑx, ϑy Rotations around x and y axes
τ Shear stress
ζ Damping factor
ω Angular speed
ωcon Conical mode-shape frequency of the spindle
ωcyl Cylindrical mode-shape frequency of the spindle
ωd Damped natural frequency
ωn Undamped natural frequency

Appendix A

Tables A1–A4 report both the natural frequencies resulting from the FFT analysis,
both the frequencies and the damping factor of the signal resulting from the logarithmic
decrement method.

Table A1. Damped frequencies and damping factors resulting from FFT analysis and from LDM;
ps = 0.3 MPa.

hf/hr
(μm)

T
(ms)

Initial
Condition

Signal
ωd LDM
(krpm)

ζ LDM
(krpm)

ωd, 1/2
(krpm)

16/20

5 1

y0 55.556 0.345

49.80
82.03

yL 78.125 0.219

yG 55.046 0.361

θx 56.250 0.325

5 2

y0 55.556 0.346

49.80
82.03

yL 78.125 0.220

yG 55.046 0.361

θx 56.426 0.326

19/23

5 1

y0 49.180 0.171

48.40
68.80

yL 69.971 0.151

yG 49.180 0.174

θx 49.315 0.167

5 2

y0 49.180 0.171

48.00
71.60

yL 70.175 0.151

yG 49.180 0.174

θx 49.315 0.167
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Table A2. Damped frequencies and damping factors resulting from FFT analysis and from LDM;
ps = 0.5 MPa.

hf/hr
(μm)

T
(ms)

Initial
Condition

Signal
ωd LDM
(krpm)

ζ LDM
(krpm)

ωd, 1/2
(krpm)

16/20

5 1

y0 74.534 0.119

73.60
100.8

yL 99.448 0.100

yG 73.846 0.115

θx 75.710 0.125

5 2

y0 74.257 0.143

73.20
101.1

yL 99.291 0.078

yG 73.892 0.142

θx 75.567 0.145

19/23

5 1

y0 65.934 0.063

66.00
86.60

yL 86.331 0.027

yG 65.934 0.065

θx 65.753 0.059

5 2

y0 65.934 0.063

66.00
86.60

yL 86.331 0.027

yG 65.934 0.065

θx 65.753 0.059

10 1

y0 65.934 0.059

66.00
86.60

yL 80.488 0.073

yG 65.854 0.059

θx 65.854 0.060

10 2

y0 65.934 0.059

66.00
86.60

yL 80.685 0.071

yG 65.854 0.059

θx 65.854 0.060

Table A3. Damped frequencies and damping factors resulting from FFT analysis and from LDM;
ps = 0.7 MPa.

hf/hr
(μm)

T
(ms)

Initial
Condition

Signal
ωd LDM
(krpm)

ζ LDM
(krpm)

ωd, 1/2
(krpm)

16/20

5 1

y0 87.72 0.053

87.6
113.4

yL 112.9 0.052

yG 87.21 0.052

θx 88.50 0.057

5 2

y0 87.60 0.047

87.6
113.4

yL 113.2 0.042

yG 87.27 0.046

θx 88.13 0.049
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Table A3. Cont.

hf/hr
(μm)

T
(ms)

Initial
Condition

Signal
ωd LDM
(krpm)

ζ LDM
(krpm)

ωd, 1/2
(krpm)

10 1

y0 87.464 0.064

87.6
113.4

yL 113.6 0.041

yG 87.71 0.034

θx 114.13 0.053

10 2

y0 86.44 0.049

87.6
113.4

yL 113.3 0.047

yG 95.00 0.038

θx 113.5 0.035

19/23

5 1

y0 75.71 0.019

75.60
96.00

yL 95.24 0.010

yG 75.71 0.019

θx 75.95 0.019

5 2

y0 75.76 0.019

75.60
96.00

yL 84.41 0.026

yG 75.76 0.019

θx 75.85 0.019

10 1

y0 75.95 0.021

75.60
96.00

yL 95.74 0.031

yG 75.71 0.014

θx 76.19 0.028

10 2

y0 75.76 0.020

75.60
96.00

yL 96.33 0.031

yG 75.85 0.015

θx 75.76 0.028

Table A4. Damped frequencies and damping factors resulting from FFT analysis and from LDM;
ps = 0.9 MPa.

hf/hr
(μm)

T
(ms)

Initial
Condition

Signal
ωd LDM
(krpm)

ζ LDM
(krpm)

ωd, 1/2
(krpm)

16/20

5 1

y0 97.297 0.024

97.40
122.0

yL 121.390 0.036

yG 97.297 0.024

θx 97.826 0.025

5 2

y0 97.297 0.031

97.40
122.0

yL 122.245 0.023

yG 97.035 0.013

θx 124.030 0.040
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Table A4. Cont.

hf/hr
(μm)

T
(ms)

Initial
Condition

Signal
ωd LDM
(krpm)

ζ LDM
(krpm)

ωd, 1/2
(krpm)

10 1

y0 97.335 0.025

97.40
122.0

yL 122.160 0.025

yG 97.222 0.024

θx 97.561 0.025

10 2

y0 97.110 0.028

97.40
122.0

yL 122.450 0.019

yG 97.335 0.019

θx 123.010 0.024

19/23

5 1

y0 82.645 −0.001

82.80
102.6

yL 87.209 −0.019

yG 82.645 −0.001

θx 82.873 −0.002

5 2

y0 83.102 0.001

82.80
102.6

yL 102.560 0.022

yG 82.418 −0.005

θx 83.565 0.009

10 1

y0 82.759 −0.002

82.80
102.6

yL 85.511 −0.007

yG 82.759 0.002

θx 82.854 −0.002

10 2

y0 82.854 0.001

82.80
102.6

yL 103.330 0.035

yG 82.664 −0.004

θx 82.949 0.004
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