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Fuzzy Minimal and Maximal /-Open Sets

S. JOSEPH and D. R. KIRUBAHARAN

ABSTRACT. The aim of this article is to introduce fuzzy minimal §-open and fuzzy maximal §-open sets in
fuzzy topological space. Further, we investigate some properties with these new sets.

1. INTRODUCTION

Zadeh [6] established fuzzy set in 1965 and Chang [2] introduced fuzzy topology in
1968. Ittanagi and Wali [3] instigated the notions of fuzzy maximal and minimal open
sets. The notion of fuzzy J-open set introduced by Supriti Saha [5]. In this paper , we
introduce fuzzy minimal J-open and fuzzy maximal J-open sets. Further some of their
related results investigated.

A proper nonempty fuzzy open set U of Xis said to be a fuzzy minimal open [3] set if
U and Ox are only fuzzy open sets contained in U.

A proper nonempty fuzzy open set U of Xis said to be a fuzzy maximal open [3] set if
1x and U are only fuzzy open sets containing U.

A fuzzy subset K of a space X is called fuzzy regular open [1] (resp. fuzzy regular
closed) if K = Int(Cl(K)) (resp.KX =Cl(Int(K))).

The fuzzy §-interior of a fuzzy subset K of X is the union of all fuzzy regular open
sets contained in K. A fuzzy subset K is called fuzzy d-open [5] if K = Ints(K). The
complement of fuzzy J-open set is called fuzzy d-closed (i.e, K = Cls(K)).

2. Fuzzy MINIMAL §-OPEN SETS

Definition 2.1. A proper nonzero fuzzy J-open set U in fts (X, 7) is said to be fuzzy
minimal J-open if fuzzy J-open set contained in U is 0x or U.

Lemma 2.1. Let (X, 7) be a fts.
(i) If Uy is fuzzy minimal 6-open and Us is fuzzy §-open in X, then Uy N Uy = 0x or Uy C Us.
(ii) If Uy and U, are fuzzy minimal §-open , then Uy N Uz = 0x or Uy = Us.

Proof. (i) Let us assume that Us is fuzzy J-open in X such that U; N Uy # 0x. Since U; is
fuzzy minimal J-open , and U; N U, C Uy, then Uy N Uz = Uy implies that U; C Us.

(ii) Suppose that U; N Uz # 0Ox, then clearly from(ii), Uy C Uy and Uy C U; as U; and
Us are fuzzy minimal é-open . Hence U; = Us. O

Theorem 2.1. Let U and U, are fuzzy minimal 6-open sets for any i € M. IfU C |J U, then
ieM
U=U,foranyje M.
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Proof. SupposeU C |J U;, thenU = Uﬁ( U UZ-) = U (UNU;). By deploying lemma

i€M ieM i€M
2.1(3i), UNU; = 0x or U = U; as U and U; are fuzzy minimal d-open sets. If U N U; = 0Ox,
then U = 0x which contradicts that U is a fuzzy minimal J-open set. Hence if UNU; # 0x
then U = Uj forany j € M. O

Theorem 2.2. If U and U; are fuzzy minimal é-open sets for any i € M and U # U, then
un ( U Ui) = 0x foranyi € M.
€M

Proof. Let U N ( U Ui> # 0x, then U NU; # Ox for any ¢ € M. By deploying lemma
i€M

2.1(ii), U = U; contradictory to U # U;. Hence U N ( U Ui> =0x. O
ieM

Theorem 2.3. If U; is a fuzzy minimal §-open for any i € M (|M| > 2) and U; # U; for any
distinct i,5 € M, then U Ui |NU; =0x foranyj € M.
i€M\{j}
PTOOf. Let < U Uz> N Uj 75 0x. Then U (Uz ﬂUj) 7é Ox = (UIL N Uj) 75 Ox. By
ieM\{j} i€M\{j}

lemma 2.1(ii), U; = Uj, a contradiction. Hence U Ui |NnU;j=0xforanyjec M. O
ieM\{j}

Theorem 2.4. If U; is a fuzzy minimal §-open for any i € M, (|M| > 2) and U; # U; for any

distinct i, j € M. If K is a proper fuzzy set of M, then U U)N < U Us> = 0x.
iEM\K seK

Proof. Let U U N ( U US> # Ox. It implies that | J (U; N Us) # Ox fori € M\K

iEM\K seK
and s € K implies that U;NU, # Ox for some i € M and s € K. By lemma2.1(ii), U; = Us,
which is a contradiction. Hence U U N ( U Us> = Ox. O
€M\ K seK

Theorem 2.5. If U; is a fuzzy minimal d-open for any i € M such that U; # U; for any distinct
N {U U/{l =0x.

keS

i,j € M. If S is a proper nonzero fuzzy set of M, then [ U U
i€M\K

Proof. Assume that U [U; N U] # Ox fori € M\k,k € S. Clearly, for some i € M,k € Swe
have [U; N U] # 0x. By deploying lemma 2.1(ii) U; = Uy, a contradiction. |

Theorem 2.6. If U; and Uy, are fuzzy minimal -open sets for any i € M and k € S and if 3 an

n € S such that U; # U, forany i € M, then [ JUnl | U UZ}.
nekK €M

Proof. Assume that 3 an n € S such that U; # U, for any i € M, then [ U Un} -
neK

Ly

i€ M
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= U, C [ U Uz} for somen € K.
€M

= U; # U, for any ¢ € M, by theorem 2.1, which is a contradiction. Hence [ U Un] o4
neK

uul 0
ieM
Theorem 2.7. If U; is a fuzzy minimal §-open for any i € M such that U; # U; for any distinct

i,j € M, then [ U Uk] S { U Ui] for any proper nonzero subset K of M.
keEK ieM

Proof. Let m € M\K, then U,, is a fuzzy minimal J-open set of the family {U,,|m €

M\K?} of fuzzy minimal §-open sets. Clearly U,,, N [ U Uk] = U [UnNUy =0x. Also
kEK kEK

Upm N { U U,»] = U [UnNU] = Upn.
€M €M

If { U Uk} = { U UZ}, then U,, = Ox which is a contradiction that U,, is a fuzzy
kEK ieM

minimal J-open set. Hence { U Uk} S [ U Uz}. O
ke K €M

Theorem 2.8. If U; is a fuzzy minimal §-open set for any i € M such that U; # Uj for any
distinct i,5 € M, then

(i) U; C U Uil forsomeje M.
ieM\{j}
(i) U U #1x foranyj e M.
ieM\{j}

Proof. (i) By hypothesis, U; # U; for any distinct i, j € M.
By theorem 2.2, | | Ui] NU; = 0x which is true for any j € M.

ieM

= U [UiﬂUj} =0x

ieM
= U; NU; = 0x (By Lemma 2.1(ii))
= U, C ch
= U U; C Uj“. Hence proved.

i€M\{j}

(ii)Letj € Msuchthat | U;=1x

i€M\{j}
= U, =0x
= U, is not a fuzzy minimal J-open set, a contradiction. Hence |J U; # 1x for any
ieM\{j}

j € M. O

Corollary 2.1. If U; is a fuzzy minimal -open set for any i € M such that U; # Uj for any
distinct i, j € M, then U; UU; # 1x for any distinct i,j € M.

Proof. Similar to that of “Theorem 2.8 (ii).” O

Theorem 2.9. If U; is a fuzzy minimal -open sets for any i € M such that U; # U; for any
U U

distinct i,j € M, then U; = [ U Ui] N
i€eM\{j}

i€M

forany j € M.
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Proof. ForanyjeM:>[U Ui:|ﬂ U U Zl U :UU; U U
ieM . ieM\{j} ieM\C{j} ieM\{j}
(o) ()
i€eM\{j} ieM\{j} i€eM\{j}
=0x U Uj
=Ujforany j € M. 0

Proposition 2.1. Let G be a fuzzy minimal é-open set. If xo € G, then G C Gy for any fuzzy
open neighbourhood G1 of .

Proof. Let G1 be an fuzzy é-open neighborhood of z, such that G ¢ G;. Clearly G NG, is
an fuzzy d-open such that G NGy € G and G N Gy # 0x. This implies that G is a fuzzy
minimal J-open set which a contradiction. O

Proposition 2.2. Let G be a fuzzy minimal §-open set. Then
G = N {G1 : G1 fuzzy e-open neighbourhood of x, for any x, € G} .

Proof. By deploying proposition 2.1 and as G is an fuzzy §-open neighborhood of z,,
we have G C ({G: : G; fuzzy e-open neighbourhood of z, C G} . This completes the
proof. O

Theorem 2.10. Let G be a fuzzy minimal 6-open set. Then the following conditions are equivalent.
(i) G is fuzzy minimal 6-open set.

(ii)G C eCl(K) for any nonzero fuzzy subset K of G.

(iii)eCl(G) = eCIl(K) for any nonzero fuzzy subset K of G.

Proof. (i) = (i1): By deploying “proposition 2.1”for any x, € G and fuzzy J-open neigh-
borhood M of z,, we have K = (GN K) C (M N K) for any proper nonzero fuzzy subset
K C G. Therefore, we have (M N K) # 0x and z, € eCI(K). It follows that G C eCI(K).

(#4) = (4i1): For any proper fuzzy subset K of G, eCl(G) C eCIl(K). Alsoby(ii) eCl(G) C
eCl (eCl(K)) = eCI(K). Hence proved.

(#4i) = (i): Let us assume that G is not fuzzy minimal §-open . Then there exists
a proper fuzzy §-open D such that D C G.Then 3 y, € G such that y, ¢ D. Then
eCl({y}) € D° implies that eCl({y.}) # eCl(G), a contradiction. This completes our
proof. O

3. FuzzY MINIMAL 6-OPEN SETS AND ITS PROPERTIES

Definition 3.2. A proper nonzero fuzzy §-open set V of a fts (X, 7) is said to fuzzy maxi-
mal J-open if any fuzzy §-open set which contains V' is either V or 1x.

Example 3.1. Let X = {a,b,c,d}. Then fuzzy sets F; = 03 + 01;4 + 03 + 0d4, Fo =
05 4 05 4 05 4 05, 7y — 0.1 + 06 4 07 4 06; are defined as follows: Consider the
fuzzy topology T = {OX,}"l,]-"g, Fs,1x}. Here JFi is fuzzy minimal J-open and F3 fuzzy
maximal J-open set.

Lemma 3.2. Let (X, 7) be a fts. Then

(i) If V1 is a fuzzy maximal J-open and V5 is fuzzy d-open in X, then V; UV, = 1x or
Vo V.

(ii) If V7 and V3 are fuzzy maximal J-open sets, then either V; U Vs =1x or V; = Vs.

Proof. (i) Assume that V5 ¢ V;. Clearly, Vi C (V4 UV3) a contrary to V; is a fuzzy maximal
d-opensetif V1 UV, # 1x. Hence, V1 UV, = 1.

(ii) Let V5 and V3 are fuzzy maximal J-open sets. Then from(i) V3 € V; and V; C V3
implies that V; = V3. O
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Theorem 3.11. If Vi, V5 and V5 are fuzzy maximal d-open sets such that V7 # V5 and
(Vi V) C Vs, then either V; = Vi or V, = Vs.

Proof. Suppose that V1, V5 and V; are fuzzy maximal 6-open sets with Vi # V; , (ViNV;) C
V3 and if V; # V3, then

(VanVs) = Vo (Vanlx)

= V2N [VaN (V1 U V)], by lemma 3.2(ii)

— VN [(Van V1) U (VanTh)

=[VanVsnNnWiu[VanVsna]

= [Va NV U [Va N V3]

=VoN[V1 U V3]
=V Nlx
=V
(VanVz) = Vo = Vo C Vs. As V, and V3 are fuzzy maximal d-open sets, Vs C Va.
Hence V5 = V3. O

Theorem 3.12. For any distinct fuzzy maximal é-open sets Vi, Va, V3
VinVa] & [Vin V).

Proof. Consider [Vi N3] C [Vi N V3] for any distinct fuzzy maximal d-open sets Vi, V5 and
V3. Then

[%mVQ]U[V20V3] C [Vlﬂ‘/é}U[VgﬂVé}

=ViuWBInVh Cc ViUV NV;

=1lxNVWCclxnNVs

= V5 is contained in V3

a contradiction to V1, V5 and V3 are distinct . Hence [Vi N V3] ¢ [Vi N V). O

Remark 3.1. Proofs of “Theorem 3.13, Corollary 3.2, Theorem 3.14 and Theorem 3.15” are
similar to proofs of “Theorem 2.8, Corollary 2.1, Theorem 2.9 and Theorem 2.7” respec-
tively. Hence the proofs are omitted.

Theorem 3.13. If V; is a fuzzy maximal §-open sets for any ¢ € M, M is a finite set and V; # V;
for any distinct i, j € M, then

(i)l N Vi| cVjforanyje M
ieM\{j}
(i) () Vi#O0x foranyje M.
ieM\{j}

Corollary 3.2. If V; is a fuzzy maximal é-open sets for any i € M, M is a finite set and V; # V
for any distinct i, j € M then,V; NV} # Ox for any distinct i,j € M.

Theorem 3.14. If V; is a fuzzy maximal §-open sets for any i € M, M is a finite set and V; # V;
n v

ieM\{j}

for any distinct i, j € M, then V; = [ N VZ} U forany j € M.

ie M

Theorem 3.15. If V; is a fuzzy maximal §-open sets for any i € M, M is a finite set and V; # V

for any distinct i, j € M and if K is a proper nonzero fuzzy subset of M, then (\ V; G (] Vj.
ieM keK

Theorem 3.16. If V; is a fuzzy maximal §-open sets for any ¢ € M, M is a finite set and V; # V;

for any distinct i,j € M and if (| V; is a fuzzy subset, then V; is a fuzzy subset for any j € M.
ieM
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Proof. By “Theorem 3.14”, we have V; = { N Vi] U N Vi| foranyj e M.
ieM i€M\{j}
v-lnv]u| U vl
i€M i€ M\{j}
Since M is finite, |J Vj°is fuzzy d-closed. Hence V; is fuzzy d-closed for any j €
ieM\{j}
M. |

Theorem 3.17. If V; is a fuzzy maximal §-open set for any i € M, M is a finite set and V; # V;
for any distinct i,j € M. If (| V; = Ox,then {V;/i € M} is the set of all fuzzy maximal 6-open

ieM
sets of fts X.
Proof. Suppose that 3 another fuzzy maximal §-open V;, of a fts X such that V}, # V;,Vi € M.

Clearly, 0x = (| Vi = N Vi # 0x, by Theorem 3.13(ii), a contradiction.
i€ M i€(MUK)\{k}
Hence {V;/i € M} is the family of all fuzzy maximal §-open sets of fts X. O
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