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THE FIRST ABSOLUTE MOMENT FOR SOME OPERATORS
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Abstract. In this paper we will determinate the first absolute moments for
Bernstein, Szász-Mirakjan, Bleimann-Butzer-Hahn, Meyer-König and Zeller op-
erators. For the Szász-Mirakjan operators we give some properties with the
absolute moment of high order.
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1. PRELIMINARIES

Let N be the set of positive integers and N0 = N ∪ {0}. For any m ∈ N, let
Bm : C([0, 1])→ C([0, 1]) be the Bernstein operators, defined by

(1.1) (Bmf)(x) =

m∑
k=0

pm,k(x)f
(
k
m

)
,

where pm,k(x) are the fundamental Bernstein’s polynomials, given by

(1.2) pm,k(x) =
(
m
k

)
xk(1− x)m−k,

for any x ∈ [0, 1] and any k ∈ {0, 1, . . . ,m} (see [3] or [11]).
For any m ∈ N, let Sm : C2([0,+∞)) → C([0,+∞)) be the Szász-Mirakjan
operators (see [4], [7], [11] or [12]), defined by

(1.3) (Smf)(x) = e−mx
∞∑
k=0

(mx)k

k! f
(
k
m

)
,

for any x ∈ [0,+∞).
The operators Zm : B([0, 1])→ C([0, 1]) defined by

(1.4) (Zmf)(x) = (1− x)m+1
∞∑
k=0

(
m+k
k

)
xkf

(
k

m+k

)
,
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2 The first absolute moment for some operators 157

for any x ∈ [0, 1) and (Zmf)(1) = f(1), m ∈ N, are called Meyer-König and
Zeller operators (see [6] or [11]).
For m ∈ N, let the operators Lm : CB([0,+∞))→ CB([0,+∞)), defined by

(1.5) (Lmf)(x) = (1 + x)−m
m∑
k=0

(
m
k

)
xkf

(
k

m+1−k

)
,

for any x ∈ [0,∞). These operators are called Bleimann-Butzer-Hahn opera-
tors (see [2] or [11]).
In what follows, let I ⊂ R be an interval. We recall that the functions
ϕx, ψx :I→R are defined by

ϕx(t) = |t− x| , ψx(t) = t− x,

for any (x, t) ∈ I × I. For a sequence of operators (Lm)m≥1, define Tm,i by

(1.6) (Tm,iLm)(x) = mi
(
Lmψ

i
x

)
(x),

for any x ∈ I, any m ∈ N and any i ∈ N0.

2. MAIN RESULTS

In [5] is proved the following result contained in Theorem 2.1.

Theorem 2.1. Let m ∈ N and 0 ≤ x ≤ 1. If i = [mx], then

(2.1) (Bmϕx) (x) = 2x(1− x)pm−1,i (x) .

Theorem 2.2. Let m ∈ N and 0 ≤ x. If i = [mx], then

(2.2) (Smϕx) (x) = 2xe−mx (mx)i

i! .

Proof. From i = [mx] it results i ≤ mx < i + 1, equivalent with
i

m
≤ x <

i+ 1

m
. We get

(Smϕx)(x) = e−mx
∞∑
k=0

(mx)k

k!

∣∣ k
m − x

∣∣
= 2e−mx

i∑
k=0

(mx)k

k!

(
x− k

m

)
+ e−mx

∞∑
k=0

(mx)k

k!

(
k
m − x

)
= 2e−mx

[
x

i∑
k=0

(mx)k

k! − x
i∑

k=1

(mx)k−1

(k−1)!

]
+ (Sme1) (x)− x (Sme0) (x)

= 2xe−mx (mx)i

i! ,

so (2.2) is obtained. �
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Theorem 2.3. Let m ∈ N and 0 ≤ x < m. If i =
[

(m+1)x
x+1

]
, then

(2.3) (Lmϕx)(x) = x(1 + x)−m
(
2
(
m
i

)
xi − xm

)
.

In the case when m ∈ N and x ≥ m, then

(2.4) (Lmϕx)(x) = xm+1(1 + x)−m.

Proof. From i =
[

(m+1)x
x+1

]
it results i ≤ (m+1)x

x+1 < i + 1, equivalent with

xi+ i ≤ mx+ x < xi+ x+ i+ 1, from where i
m−i+1 ≤ x <

i+1
m−i . Taking that

x < m into account, one obtains i =
[

(m+1)x
x+1

]
≤ (m+1)x

x+1 < m.

We get

(Lmϕx)(x) = (1 + x)−m
m∑
k=0

(
m
k

)
xk
∣∣∣ k
m−k+1 − x

∣∣∣
= 2 (1 + x)−m

i∑
k=0

(
m
k

)
xk
(
x− k

m−k+1

)
+ (1 + x)−m

m∑
k=0

(
m
k

)
xk
(

k
m−k+1 − x

)
= 2 (1+x)−m

(
x

i∑
k=1

(
m
k

)
xk −

i∑
k=1

(
m
k

)
xk k

m−k+1

)
+(Lme1) (x)−x (Lme0) (x)

= 2 (1 + x)−m
(
x

i∑
k=1

(
m
k

)
xk − x

i∑
k=1

(
m
k−1

)
xk−1

)
− x

(
x

1+x

)m
= 2x(1 + x)−m

(
m
i

)
xi − x

(
x

1+x

)m
= x (1 + x)−m

(
2
(
m
i

)
xi − xm

)
,

so (2.3) is obtained. If x ≥ m, we have that k
m−k+1 ≤ x, for any k ∈

{0, 1, . . . ,m} and then

(Lmϕx)(x) = (1 + x)−m
m∑
k=0

(
m
k

)
xk
(
x− k

m−k+1

)
= x (Lme0) (x)− (Lme1) (x) = xm+1(1 + x)−m,

so (2.4) holds. �

Theorem 2.4. Let m ∈ N and 0 ≤ x < 1. If i =
[

mx
1−x

]
, then

(2.5) (Zmϕx)(x) = 2xi+1(1− x)m+1
(
m+i
i

)
.
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Proof. From i =
[

mx
1−x

]
it results i ≤ mx

1−x < i + 1, equivalent with i
m+i ≤

x < i+1
m+i+1 . We get

(Zmϕx)(x) = (1− x)m+1
i∑

k=0

(
m+k
k

)
xk
∣∣∣x− k

m+k

∣∣∣
= 2(1− x)m+1

i∑
k=0

(
m+k
k

)
xk
(
x− k

m+k

)
+ (1− x)m+1

∞∑
k=0

(
m+k
k

)
xk
(

k
m+k − x

)
= 2(1− x)m+1

(
x

i∑
k=0

(
m+k
k

)
xk −

i∑
k=1

(
m+k
k

)
xk k

m+k

)
+

+ (Zme1)(x)− x(Zme0)(x)

= 2x(1− x)m+1

(
1 +

i∑
k=1

((
m+k
k

)
xk −

(
m+k−1
k−1

)
xk−1

))
= 2xi+1(1− x)m+1

(
m+i
i

)
,

so (2.5) is obtained. �

It is known the result contained in Lemma 2.5.

Lemma 2.5. If m,n ∈ N0,m 6= 0, then (Bmψ
n
x) (x), with x ∈ [0, 1] is a

polynomial in variable x.

Lemma 2.6. If m,n ∈ N and n is even, then

(2.6) (Bmϕ
n
x) (x) = x(1− x)qm,n(x),

for any x ∈ [0, 1], where qm,n(x) is a polynomial in variable x and qm,n(x) > 0,
for any x ∈ [0, 1].

Proof. For m = 1, we get

(B1ϕ
n
x) (x) =

1∑
k=0

(k − x)np1,k(x)

= xnp1,0(x) + (1− x)np1,1(x) = x(1− x)q1,n(x),
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where q1,n(x) = xn−1 + (1− x)n−1.
For m ≥ 2, we get

(Bmϕ
n
x) (x) =

m∑
k=0

(
k
m − x

)n
pm,k(x)

= xn(1− x)m +
m−1∑
k=1

(
k
m − x

)n
pm,k(x) + (1− x)nxm

= x(1− x)qm,n,

where

qm,n(x) = xn−1(1− x)m−1

+

m−1∑
k=1

(
k
m − x

)n (m
k

)
xk−1(1− x)m−k−1 + (1− x)n−1xm−1.

For any x ∈ [0, 1], every summand from qm,n(x) is positive. But for k = 1 and

k = m − 1, which means
(

1
m − x

)n (m
1

)
(1 − x)m−2, respectively(

m−1
m − x

)n ( m
m−1

)
xm−2 cannot be simultaneously null.

Taking the above remark into account, it results

(Bmϕ
n
x) (x) = x(1− x)qm,n(x)

is a polynomial in variable x and qm,n(x) > 0, for any x ∈ [0, 1]. �

Corollary 2.7. If m,n ∈ N, with n even, then
(2.7)

(Tm,nBm) (x) = mn (Bmψ
n
x) (x) = mn (Bmϕ

n
x) (x) = mnx(1− x)qm,n(x).

For the Szász-Mirakjan operators, we get

(2.8) (Tm,sSm) (x) = ms (Smψ
s
x) (x) = mse−mx

∞∑
k=0

(mx)k

k!

(
k
m − x

)s
,

where m ∈ N, s ∈ N0 and x ∈ [0,+∞).

Lemma 2.8. If m, s ∈ N , with s ≥ 2, then the following

(2.9) ((Tm,sSm)(x))′ = m
s−2∑
i=0

(
s
i

)
(Tm,iSm) (x)

holds, for any x ∈ [0,+∞).
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Proof. From (2.8), we obtain

((Tm,sSm)(x))′ =

(
mse−mx

∞∑
k=0

(mx)k

k!

(
k
m − x

)s)′

= −ms+1e−mx
∞∑
k=0

(mx)k

k!

(
k
m − x

)s
+ms+1e−mx

∞∑
k=0

(mx)k−1

(k−1)!

(
k
m − x

)s−
− smse−mx

∞∑
k=0

(mx)k

k!

(
k
m − x

)s−1

= −m (Tm,sSm) (x)−ms (Tm,s−1Sm) (x) +ms+1e−mx
∞∑
k=0

(mx)k

k!

(
k+1
m − x

)s
= −m (Tm,sSm) (x)−ms (Tm,s−1Sm) (x)+ms+1e−mx

∞∑
k=0

(mx)k

k!

((
k
m − x

)
+ 1

m

)s
= −m (Tm,sSm) (x)−ms (Tm,s−1Sm) (x)

+ms+1e−mx
∞∑
k=0

(mx)k

k!

s∑
i=0

(
s
i

) (
1
m

)s−i ( k
m − x

)i
= −m (Tm,sSm) (x)−ms (Tm,s−1Sm) (x)+

s∑
i=0

(
s
i

)
mi+1e−mx

∞∑
k=0

(mx)k

k!

(
k
m− x

)i
= −m (Tm,sSm) (x)−ms (Tm,s−1Sm) (x) +m

s∑
i=0

(
s
i

)
(Tm,iSm) (x)

from where, the relation (2.9) follows. �

Lemma 2.9. If m, s ∈ N, with s ≥ 2, then

(2.10) (Tm,sSm)(x) = m

s−2∑
i=0

(
s
i

) ∫ x

0
(Tm,iSm)(t)dt

holds, for any x ∈ [0,∞).

Proof. It yields immediately, taking that (Tm,sSm)(0) = 0 into account and
integrate the relation (2.9). �

For any m ∈ N and any x ∈ [0,∞), it is well known that (Tm,0Sm)(x) = 1,
(Tm,1Sm)(x) = 0, then the following holds:

Corollary 2.10. If m, s ∈ N , with s ≥ 4, then

(2.11) (Tm,sSm)(x) = mx+m

s−2∑
i=2

(
s
i

) ∫ x

0
(Tm,iSm)(t)dt

for any x ∈ [0,∞).
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Let m ∈ N and x ∈ [0,∞). We obtain

(Tm,0Sm)(x) =(Sme0)(x) = 1,

(Tm,1Sm)(x) =m(Smψx)(x) = m((Sme1)(x)− x(Sme0)(x)) = 0,

(Tm,2Sm)(x) =m
(

2
0

) ∫ x

0
(Tm,0Sm)(t)dt = mx,

(Tm,3Sm)(x) =m

((
3
0

) ∫ x

0
(Tm,0Sm)(t)dt+

(
3
1

) ∫ x

0
(Tm,1Sm)(t)dt

)
= mx,

(Tm,4Sm)(x) =mx+m
(

4
2

) ∫ x

0
(Tm,2Sm)(t)dt = mx+ 3m2x2.

Lemma 2.11. If m, s ∈ N, with s > 3, then exist a
(s)
2 , a

(s)
3 , . . . , a

(s)
[s/2] ≥ 0,

a
(s)
[s/2] 6= 0, such that

(2.12) (Tm,sSm)(x) = mx+m

[s/2]∑
k=2

a
(s)
k xk,

for any x ∈ [0,∞), where a
(s)
k depends of m and k ∈

{
2, 3, . . . ,

[
s
2

]}
.

Proof. We prove by mathematical induction.

For s = 4 we get (Tm,4Sm)(x) = mx+ 3m2x2, so that a
(4)
2 = 3m > 0.

We assume that

(Tm,jSm)(x) = mx+m

[j/2]∑
k=2

a
(j)
k xk,

for a
(j)
2 , aj3, . . . , a

(j)
[j/2] ≥ 0, a

(j)
[j/2] 6= 0, for any j ∈ {4, 5, . . . , s}. Taking relation

(2.11) into account, we obtain

(Tm,s+1Sm)(x) =

= mx+m

((
s+1

2

) ∫ x

0
(Tm,2Sm)(t)dt+

(
s+1

3

) ∫ x

0
(Tm,3Sm)(t)dt

+

s−1∑
i=4

(
s+1
i

) ∫ x

0

(
mt+m

[i/2]∑
k=2

a
(i)
k tk

)
dt

)

= mx+m

((
s+1

2

)
mx2

2 +
(
s+1

3

)
mx2

2 +

s−1∑
i=4

(
s+1
i

)(
mx2

2 +m

[i/2]∑
k=2

a
(i)
k

k+1x
k+1

))
= mx+ 1

2

(
m
(
s+1

2

)
+m

(
s+1

3

)
+ . . .+m

(
s+1
s−1

))
mx2

+

(
m
(
s+1

4

)a(4)2
3 +m

(
s+1

5

)a(5)2
3 + . . .+m

(
s+1
s−1

)a(s−1)
2

3

)
mx3+
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+ . . .+m · a(s+1)[
s+1

2

]x
[
s+1

2

]

where:

• if s is even,

then for k ∈
{

2, 3, . . . ,
[
s−3

2

]}
we get k + 1 <

[
s−2

2

]
+ 1 =

[
s−1

2

]
+ 1 =

[
s+1

2

]
and

a
(s+1)[
s+1

2

] = m
(
s+1
s−2

) a
(s−2)[
s−2

2

]
[
s−2

2

]
+1

+m
(
s+1
s−1

) a
(s−1)[
s−1

2

]
[
s−1

2

]
+1

> 0;

• if s is odd,

then for k ∈ {2, 3 . . . ,
[
s−2

2

]
} we get k + 1 <

[
s−1

2

]
+ 1 =

[
s+1

2

]
and

a
(s+1)[
s+1

2

] = m
(
s+1
s−1

) a
(s−1)[
s−1

2

]
[
s−1

2

]
+1

> 0.

And now, the proof is done. �
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