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APPROXIMATION OPERATORS
CONSTRUCTED BY MEANS OF SHEFFER SEQUENCES

MARIA CRACIUN

Abstract. In this paper we introduce a class of positive linear operators by
using the “umbral calculus”, and we study some approximation properties of
it. Let @ be a delta operator, and S an invertible shift invariant operator. For
f € C[0,1] we define

(L2 N@ = 2 D (Qpe@s-n(t=a)f (£),
k=0

where (pn)n>o0 is a binomial sequence which is the basic sequence for @), and
($n)n>0 is a Sheffer set, s, = Silpn. These operators generalize the binomial
operators of T. Popoviciu.

MSC 2000. 41A36, 05A40.

1. INTRODUCTION

Let P be the linear space of all polynomials with real coefficients, and P,
the linear space of all polynomials of degree at most n.

We will consider some linear operators defined on P. We will denote by
I the identity and by D the derivative. The shift operator £E* : P — P is
defined by E%(x) = p(z + a).

A linear operator T which commutes with all shift operators is called a shift
tnvariant operator. In symbols, E*T = T E®, for all real a.

Let us remind that if 77 and T5 are shift invariant operators, then 7175 =
1.

DEFINITION 1. A shift invariant operator for which Qx = const # 0 is
called a delta operator.

By a polynomial sequence we shall denote a sequence of polynomials p,,(z),

n=0,1,2,... where p,(x) is of degree exactly n for all n.
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A sequence of binomial type is a polynomial sequence (py,)n>0 with po(z) =1
and satisfying the identities

n

pn(@+y) = Mok (@) poak (),
k=0

forall z,y and n=20,1,2,....

DEFINITION 2. Let Q be a delta operator and (pp(x))n>0 a polynomial se-
quence. If

1) po(l’) = 1;
i)  pa(0)=0,n=12,...,
iii)  Qpn=npp—1, n=12,...,
then (py) is called the sequence of basic polynomials for Q.

PropOSITION 1. [§].

i)  Bwvery delta operator has a unique sequence of basic polynomials.
ii) If pu(x) is a basic sequence for some delta operator @, then it is
binomial.
iii)  If pn(x) is a binomial sequence, then it is a basic sequence for some
delta operator Q).

Let X be the multiplication operator defined as (Xp)(z) = xp(x) for every
polynomial p.

For any operator T defined on P, the operator 7" = TX — X T is called the
Pincherle derivative of the operator T.

PROPOSITION 2. [§].

i) If T is a shift invariant operator, then its Pincherle derivative is
also a shift invariant operator.

ii) If Q is a delta operator, then its Pincherle derivative Q' is an in-
vertible operator.

ProrosITION 3. [8], [11]. If (pn(z))n>0 is a sequence of basic polynomials
for the delta operator Q then

i) pu(x) :X(_C%’)_lpn,l(x), n=12,...,
i) pu(z) = xkgo(”gl)pn,l,k(x)p;CH(0), n=12...

DEFINITION 3. A polynomial sequence (Sp(x))n>0 s called a Sheffer set
relative to the delta operator Q) if:

i)  so(z) = const #0
i) Qsp=mnsp_1,n=12,...

An Appel set is a Sheffer set relative to the derivative D.
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PROPOSITION 4. [I1]. Let Q be a delta operator with basic polynomial set
(Pn(2))n>0 and (sn(x))n>0 a polynomial sequence. The next statements are
equivalent:

i) sp(x) is a Sheffer set relative to Q.
ii)  There exists an invertible shift invariant operator S such that s, (z) =

S~ pn ().
iii) Forallz,y€e R andn =0,1,2,..., the following identity holds:

n

sn(@+y) = ()pr (2) sni (y).

k=0

From the previous Proposition it results that the pair (@Q,S) gives us a
unique Sheffer set.

2. THE OPERATORS CONSTRUCTED BY MEANS OF SHEFFER POLYNOMIALS AND
THEIR CONVERGENCE

In 1931 in [9] Tiberiu Popoviciu has used binomial sequences in order to
construct some operators of the form

(1) (Ln f)(z Z 2)pn—k(L —2)f(})

where f € C[0,1] and x € [0, 1]. These operators are called binomial operators.

Such operators and their generalizations have been studied by the Roma-
nian mathematicians as: D. D. Stancu, A. Lupas, L. Lupag, G. Moldovan, C.
Manole, O. Agratini, A. Vernescu, and others.

Let @ be a delta operator and S an invertible shift invariant operator.
Let (pn(x))n>0 be the sequence of basic polynomials for @, and (s,(x))n>0 a
Sheffer set relative to Q, s, = S™'p, with s,(1) # 0 for any positive integer
n.

In this note we want to study the operators L& : C[0,1] — C[0, 1],

(2) (L f) (@

VZ: #)sn-i(1—2)f (£)

Because pi(0) = 6x0 (from the definition of basic polynomials), we have
(L35 1)(0) = £(0).

In order to evaluate expression (L% e,,)(x), where e,,(z) = 2™ we shall
make use of C. Manole’s method for binomial operators (see [5]) Wthh we
have adapted to our purposes.
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Let us introduce the polynomials

n

(3) Smlw,y,m) = 3 (Dpr(@)sni(y) (£)”

k=0

From Proposition 4 iii) we have So(z,y,n) = s,(x + y).

In the following we consider that x is the variable. Let us denote 6 =
X(@) .

From Proposition 3 i) it results that 6pg(z) = pr11(z) and consequently the
linear operator 6 is called the shift operator for the sequence (pp)n>0 (see [10]).
Therefore 0Qpy(z) = 0(kpr—1(x)) = kpr(x); consequently k is an eigenvalue
for the operator 0Q, with its eigenvector pi(x). We have

(4) (0Q)™ = k" pi(z)

for every positive integer m, and then

Sm({L‘, Y, n) = n%(eQ)m Z (Z)pk(x)sn—k(y)

k=0
= 2= (0Q)™So(x,y,n) = 7= (0Q)"sn(z +y).

In this way we obtain

(5) Sm(,y,n) = 7w (0Q) " EVsy(2)
Using the operational formula (see for instance [10])

n

(0Q)™ = _ S(m, k)0*Q",

k=0

where S(m, k) =1[0,1,...,k;ey] are the Stirling numbers of the second kind,
relation (5) becomes:

n

(6) Sm(z,y,n) = = Z S(m, k)O*QFEY s, (x).
k=0

Because @ is shift invariant and Q*s,,(z) = n(n—1)...(n—k+1)s,_x(z) =
nl¥ls, _1(z) we obtain

n

(7) Sz, y,n) = = (MKIS(m, k)0FEYs,_i(z), Ym € N*
k
k=0
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THEOREM 1. If L@ is the linear operator defined by (2) then

(L?eo)(x) = eo()

(8) (LYSer)(x) = a 6’1( )
(LY 5 er)(w) = bpa® + x(an — by — cn),

where

. (@) sn—a](1)

" sn(1) ’

_ n—1[(Q)*sn-](1)

o) b, = o2 el

e L[(@) (57 S0 (1)

" n sn(1)

Proof. Using the notation (3) we can write

(10) (L em) (@) = Sm(,1 = 2,1) /50 (1).

Because Sp(x,1 — z,n) = s,(1) we have (L,?’Seo)(:n) = ¢p(x).
As we have

(11) OEYs, 1(z) = X(Q') 'EYs,_1(z) = XEY(Q) 's,_1(x),
we obtain from (7): Si(z,1 —z,n) = 2[(Q") " 's,_1](1); consequently we get:

QS0 )(x [(Q") sna( )x
(L ”er)(x) = (D) -

Using the Pincherle derivative of the shift operator EY
(12) (EYY =yEY = EYX — XEY
we can write
OB s (x) = EYX(Q) (@) — yEU(Q) " 50i (@)
Then
(13) 02EYs, (z) = XEY(Q) " EYX(Q)  sp_4(x) — yX EY(Q) 25 _x(2)

Because s, = S 'py_p, XSt = 871X — (S71Y (from the definition of
Pincherle derivative) and (Q')'p,_x(z) = pn_gr1(x)/z (from Proposition 3
i), we obtain

(14) 02EYs,_j(z) =XEY(Q) 'sn—ps1(x) — XEY(Q')2(S™Y) Sspp(z)—
—yXEY(Q) %sp_p(x).
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Replacing (11) and (14) in (7) we can write

Sa(x,y,n) =zEY(Q') sp1(x) — 2 [ BY(Q)2(S ) Sspa(x)—
— yzEY(Q) Psn—a(w)]

From (10) and the previous relation one obtains expression L&eqy from
theorem’s conclusion. O

LEMMA 1. Let Q be a delta operator and S an invertible shift invariant oper-
ator. Let (pn(x))n>0 be the sequence of basic polynomials for Q and (sn(x))n>0
a Sheffer set relative to Q, s, = S™'p, with s,(1) # 0 for any positive integer
n. Ifp\.(0) > 0 and s(0) > 0 forn =0,1,2,... then the operator LY defined
by (2) is positive.

Proof. If p}.(0) > 0 using Proposition 3 ii), it is easy to prove by induction
that px(z) >0,V k € Nand Vz € [0, 1].
If we consider = 0 in Proposition 4 iii) we obtain

accordingly, for s;(0) > 0 and pg(z) > 0, V k € N, Vz € [0,1], we have
sp(z) >0,V k € Nand Vz € [0, 1]. Therefore the operator L% is positive. [

LEMMA 2. If the operator L is positive, then a, € [0,1], b, < 1 and
0 < ¢, < min{ 1_2b” ,an — a2}, Yn € N, where an, b, and ¢, are defined by (9).

Proof. Since 0 < e(t) < 1, V t € [0,1] and the operator L is positive,
we have 0 < (L@%¢1)(z) < 1,V 2 € [0,1], and as (LE%e1)(x) = anx, we
get a, € [0, 1].

From t(1—t) > 0 it results that (L@Se;)(z) — (L@Ses)(x) > 0, which leads
to (1 — )by, + x¢, > 0,V z € [0, 1] and choosing z = 1, we get ¢, > 0.

Since t2 —t+41/4 > 0, we obtain (L@Se)(x) — (LY5ey)(x) + (LY eo) () /4
>0,V z € [0,1], relation equivalent to 2b,, — b, — zc, +1/4 > 0,Vx € [0, 1].
If we consider z = 1/2, it results that ¢, < (1 — b,)/2 and because ¢, > 0 we
get b, < 1.

Finally, from the Schwarz’s inequality,

(L 7en)(2)]? < (LF5e2) (@) (LT eo) (x),

n
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we have a22? < b,2® + z(an — by — ¢,),Vz € [0,1]. For z = 1 that implies
en < a, — a2 ]

n*

THEOREM 2. Let Q be a delta operator and S an invertible shift invariant
operator. Let (pn(z))n>0 be the sequence of basic polynomials for Q, with
ph(0) > 0,Yn € N, and (sn(x))n>0 a Sheffer set relative to Q, s, = S~ 1p,
with sp(1) # 0 and s,(0) > 0,¥n € N. If f € C[0,1] and lim, o0 an, =
lim, o0 b, = 1, where a,, and b, are defined by (9), then the operator LS’S
converges to the function f, uniformly on the interval [0,1].

Proof. If lim,, s a, = 1 then limn%m(Lg’Sel)(gL‘) = e1 (z). From Lemma

2, cn < ap — a% so we have lim,_ o, ¢, = 0,and as lim, ... b, = 1, we get

limy, 00 (L& e0)(x) = eg (z). Therefore lim,, .oo(LY%€;)(z) = ¢; (z) for i =
0,1,2 so we can use the convergence criterion of Bohman—Korokvin. O

3. REPRESENTATIONS OF THE OPERATOR L%
THEOREM 3. The operator LS’S can be represented in the form
n
S _ k! k.
(15) (L)@ =D 50 (0.5, B f| den(a),
k=0

where

Qi (@) = 15 (0FE 5,1 (@).

Moreover L2%(Py,) C Py, Vm € N.

Proof. From the Newton interpolation formula we have

P =3 A P bt

J=0

If we denote wy n(x,y) = (})Pk(x)sn—k(y) then

D wjn(x,y).
k

S wnnleaf (£) =30 B0 d k] Y
k=0 =

k=0 j

But
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n
Z w]nx y Z - kp] sn,j(y)

J=k

= (1) > (" k(@) snr—s(v)

_ (Z)ek Z (”;k)pj(l‘)sn—k:—j(y)

= (Z) OkEysn_k(x)

Since (L@ f)(x) = ﬁ > oo Wi (x, 1 — l’)f(%) we obtain (15).
In order to show that LZ(P,,) C P, we shall prove that deg(dg,(z)) = k.
We remind that if (p,) is a basic sequence for @@ = ¢(D) and h(t) is the
compositional inverse of ¢(t), then the generating function for (p,) is

(16) Zpk(x)g = e7h(®)
k=0
and if s, = S~!p,, with S = s(D) then

- zh
(17) Z ti? = (t))e “

If we differentiate the relation (16) m times with respect to ¢, we get
(18) kgopk+m(x)% = L (D) = (why () + 2®hy(t) + - -+ 2" hi ()™,

where every h;(t) is a product of derivatives of h(t).
Let us denote r(k,m,x) = Z?:o (];.)pﬁm(a:)sk,j(l — z). Expanding
mhi(t)eh(t) = Zkzo aik%, from (17) and (18) we get r(k,m,x) = zay; +

ook + -+ 2" .
Because dj, () = r(n — k,k,x)/s, (1) we obtain deg(dyn(x)) = k.
Suppose that p € P,,. Then [O, %, ce %;p} =0 for K > m + 1, and using

(15) we get LZ(P,,) C Pp,. O
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REMARK 1. For Q = D (it means that s, is an Appell set A,) we have § =

X, therefore in this case dy , = Aj}“fl()l ) k. This representation for operators

constructed with Appell sequences was given by C. Manole in [5].

THEOREM 4. Suppose that all the assumptions of Theorem 2 are true, then
there exists 01y, O2n, O3, € [0,1] such that Vx € [0,1] and Vf € C[0,1] we have

(Lg’sf)(x) = f(anx) + a(az,n) [9171,’ 92n’ 0371; f]
where a(x,n) = x2(by, — a2) + x(an — by — ).

Proof. First we shall prove that f(a,z) < (L9 f)(z) for every convex func-
tion f.
Let us denote ¢, = ﬁ(l)(@pk(:p)sn_k(l — ) and 7}, = %, k=0,1,...,n.

We have ¢, > 0, > }_gcr =1 and z, > 0, Vk € N. If f is a convex function
then f(>-p_ockrr) < D p—ockf(zk); but

Z ey = (L9%1)(2) = apz  and Z enf(zp) = (LYY f) ()
k=0 k=0

therefore we get f(anz) < (LS f)(x).
If we consider the formula

flane) = (LF° f)(@) + (Ro f)(z)

we have (R, f) < 0 for every convex function f.

Since (Rpe;)(x) = 0 for i = 0,1, the degree of exactness of the previous for-
mula is one and then there exist 61,,, a2y, 03, € [0, 1] such that the remainder
can be represented in the following form

(Rnf)(l') = (Rne2)(x)[91na 92n> 031 f]

where (Rpe2)(z) = 22 (a?—by,)+2(by+cn—ay), so we obtain the conclusion. [

4. EXAMPLES

1. If S = I then s, = p, and in this case the operator defined by (2)
becomes the binomial operator (1) introduced by Tiberiu Popoviciu in [9].
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1.1. For Q = D the basic sequence is p,(z) = 2" and LD is the
Bernstein operator B,,.

1.2. If Q is Abel operator A = E=8D we have p,(z) = z(z + np)" !
and LZ! is the second operator introduced by Cheney and Sharma in [I],

(L f) () =
= g 2 (M@ + kBF (1 =) (1 -z + (n - k)B)" 1 (£)
k=0
1.3. For Laguerre delta operator L = DLH the basic sequence is I, (x) =

> k=0 (’k})%xk and the coresponding binomial operator has been considered
by T. Popoviciu.

1.4. The delta operator Q) = éva = é
pu(z) = 2P = z(x 4+ a)...(z + (n — 1)a) and in this case we obtain the
operator

(I — E~?) has the basic sequence

1

(Snf)(x) = T=a] ST (a1 — gyl hel p(ky
=0

which has been introduced and investigated in detail by D. D. Stancu in [14],
[16] and other papers.

1.5. The exponential polynomials t,(z) = S7_, S(n, k)z* =
e "> o W;c—”fk, where S(n, k) denote the Stirling numbers of the second kind,
are basic polynomials for the delta operator 7' = In(/+ D). The approximation
operator construct by means of the exponential polynomials

1 -,
(D) 2 W@kl =2 fG)

(Lnf)(@) =

was studied by C. Manole in [5].
1.6. If we take the delta operator QQ = G = éE‘ﬂva = é(E_B —

E‘O‘_ﬁ) its basic sequence is p,(z) = z(x + a + nﬁ)[n—l,—a} and the operator

G _ 1 '

(Ln f)(x) - (1 + nﬁ)[”ﬁa]

Y (el +a+ k)1 —2) (1 -2+ (0= k)B) R elf ()
k=0

was investigated by D. D. Stancu, G. Moldovan. In [I8] D. D. Stancu and M.

R. Occorsio have studied this operator with the nodes %r}, 0<~<9.
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2. If @ = D and S is an invertible shift invariant operator then p,(z) = 2"
and s, = A, = S~'a" is an Appell set. The operator of the form

(L2 ) = e D2 (e el = 017 (E)

k=0

was introduced and investigated by C. Manole in [5].
2.1. If S = (I+D)~! the coresponding Appell set is A, (z) = 2" +naz"!
and then

(RO @) = s 3 (k-2 K- k4 1= 2)f(8)
k=0

3. If we take Q = A = E7PD and S = EPQ' = I — 8D then p,(z) =
z(z +nB)" ! is the basic sequence for Q and s, (z) = (z + nB3)" a Sheffer set
for @ we obtain the first operator introduced by Cheney and Sharma in [1]:

n

(L2 (@) = iy D (Da(@+ kAF (1 =2+ (0 — k)B)"Ff (&)

k=0

4. FOI' Q — éE_ﬂva =
BEY) we have p,(x) =
therefore the operator LY

L(EF —E~F)and § = E*TFQ" = L((a+ B)I -
z(z 4+ o+ nB)P~bl and s,(x) = (z 4 np)l»—
S in this case is

(L)) =

= arara 2 (el +a+ kPN —a 4 (n = k)g)n el f (&)
k=0

If we replace = with s(z) we obtain a operator which has been studied by G.
Moldovan in [6]. He has found the value of this operator for the monomials e;
for ¢ = 1,2 using some generalized identities of Vandermonde type.

We want to find the sequences a,, b,, c,, which appears in (LL? P ]ei)(az),
using relations (9).
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The Pincherle derivative of @ is
Q=-LEP+(1+ )P =pf(1-La,)

SO

(@)L = EotB Zﬂk (%y

k>0

Since s,_1(z) = (z + (n — 1)g)P~b=el = pr=2at(r=1Byn—1a] gnq glnel =

z(x—1)...(x — (n—1)a) is the basic sequence for the delta operator %, we

have (AQ)’“ Sp_i1(z) = Em—Da+(n-1)8 (@)"3 zn—1al = (n—1)k pn—2at(n-1)8.

« «

n=1=kal | Because a, = W we get
n—1 &
_ K1
ap = Z (nkl) —
k=0 (1 +np)lk+t,—al
Since by, = 2=11@)%sna]) g

n sn(1)
(Q)2 = E2o+28 (I B gAa)_Q _ p2a+28 Z (k+1)p* (%)k
k>0

we obtain

n—2 k

_ _ k+1)8
bn —_ n—1 2 : n—2 ( ]
" k:O( g )(1+n5)[k+2’_°‘}

The Pincherle derivative of S™! may be written in the form

(571 == (a+ BEP(@) ! - BoH(@) Q"
=-EP(Q) (o +8)Q +Q").
Because Q" = 1(B2E7% — (a+ B)?E~*7F) and (a+ B)Q' + Q" = —BE~F this
implies
(@) (57 S =B(@Q) B
_ 5E3a+25(1 _ gAQ)fg

—_ pRot2B Z (k+1)2(k+2)5k+1 (éAoJk.
k>0
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From (9) and the previous relation we get

_n- 1 n—3 2 (k‘ + 2)!5k+1 n!ﬁn_l
Cn = m ((1"‘710{‘{'77//6)];]( k )(1+n,8>[k+37_0‘] +(1+n5)[n,—a}>

5. EVALUATION OF THE ORDERS OF APPROXIMATION

Now we establish some estimates of the order of approximation of a function
f € C[0,1] by means of the operator LY, defined by (2).
According to a result of O. Shisha and B. Mond [13], we can write

[F@) = (285F) ()| < [1+ HLES (¢ —2)*52) [wi (£:9), deRY
Using the relations (8) we have
L2 ((t—2)*52) = 22(by — 200 + 1) + 2(an — by — )
50 we get
|£(@) = (LE5F) @)] < [1+ & [2%(bn — 200 + 1) + 2(an — bo — )] w1 (£39).

One observes that if b, —2a, +1 < 0 then z2(b, — 2a, +1) +z(a, — b, —c,)

Ay —bp,—Cn )2
< Wa Vz € [0,1].

By choosing § = ﬁ we can state

THEOREM 5. If f € C[0,1] and 3k € N such as b, — 2a,, + 1 < 0, Vn > k,
then we can give the following estimation of the order of approximation, by
means of the first modulus of continuity

|7 =125 < (e 3Gt o (15 05) - nz ke
where ap, by, ¢, are defined by (9).

In the case of binomial operators of positive type defined by (1), since
S’ =TI = O we have

n=1((Q) pusl(1).

19 an=1, ¢, =0, b, =
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Then b, — 2a, +1 =05, —1 < 0, Vn € N therefore the previous inequality
reduces to

1= Lnfll < (3 + 2dn) wn (£ ),

a1, 1) (@) sl
i b <1 o )

We mention that this inequality was established by D. D. Stancu in [I§].

In order to find an evaluation of the order of approximation using both
moduli of smoothness w; and ws we can use a result of H. H. Gonska and R.
K. Kovacheva included in the following

LEMMA 3. [2]. If I = [a,b] is a compact interval of the real axis and I; =

[a1,b1] is a subinterval of it, and if we assume that L : C(I) — C(I1) is a
positive operator, such that Ley = ey and 0 < § < %(b —a), then we have

@) = LY@ € 3L — x2)|wn(f56) +
+3 [1+ L Lt — 232) | + g L((t - 2)52)| wal£:9).

Using the relations (8) we obtain the inequality

|£(2) = (2@5F) (0)| < 2 l(an — Valwi(f:6) +

+% {1 + % |(an - 1)x| + # |:x2(bn - 2a, + 1) + m(an — by — Cn)} }WQ(f;é)'
If b, — 2a, + 1 < 0 the previous inequality implies

| £ =225 < 30—anor(£56)+ 3 [1+ 10— an) + g G220 | wal56).

By choosing § = % we get

n

|£ 2857 < 2va( —awen(ri ) +
3 (14 VA — ) + 3t el ).
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If we consider the binomial operator introduced by Tiberiu Popoviciu, using

(19) and the previous relation, we arrive at an inequality which has found by

D.

D. Stancu (see [18])
Hf - Lnf” < 1% (9 + ndn) WQ(f; ﬁ)a

where d,, is defined by (20).

il

10
[11

[12
13
14
15
16

17

18
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