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INTERPOLATION BETWEEN FTNCTIONS OF MEANS

C.E. v. PEARCE, J. PEÕARIÓ

I.INTROÐUCTION

THE.REM A. For 
'<a<b, 

let f:[a,b]._>R be a Riemann-integrable,
posifive function and g:[(ab)t/2 , (a + b) I 2]__> R a strictly monotonically increas_ingfunction. Then the inequality

s(@b),,' ). I f (t) s(h(t)) dt t 
bl 

f (t) dt < s((u + b) / 2)
<a

holds, where h(t) = (t(0 + b - t))t/2 .

Arithmetic and geometric means arise as particular instances of.a speet.unof means, the power mean of orde, , or two posiiive 
",*r;;:; being defined by

M,(o,øl=l!ço, +b,.)],, +0.l)'rL)

Mo(o,Ð = Jo-t, ¡.= 0.

The provide lhe arifhr¡eiic r¡ean through .4@,b)= Mt(q,b) andthc geometricmean through G(a,b) -- lz[o(a,b).
This suggesfs trraf seiffert's result may be generaiizeci by 

'raking 
frr'er r-rse

;:":}]u)ï,iï:î.'if;_ilea 
is in4ire;;;;;á t" 

-ú;;;;;, 
,id" we prese'r a

In Section 3 we pru..sue a diffèr.ent
of extendecl lclgarithrnic rneans, which

_developrnent of this iclea through the use
have found a useful unifying -f* in tfr.

AMS Subject Classifìcation: 41A05

146 D. Occorsio, A. C. Simoncelli 20

8. G. Mastroianni and M. R. Occorsio, Una generalizzazione dell'operolore di Bernslein, Rend'

dell'Accad. di Scienze Fis. e Mat. Napoli (Serie IV) 44 (1977) pp' 151-169'

9. G. Mastroianni and M. R. Occorsio, I ne,,r operator of Bernstein type, Rev. Anal. Numér' Theotie

Approximation (Cluj-Napoca) 16 (1987) pp. 55-63.

10. G. Mastroianni and M. R. Occorsio, Una generalizzazione dell'operalore di Stancu, Rend.

<lell'Accad. di Scienze Fis. e Mat. Napoli (Serie IV)'
11. D, Occorsio and A. C. Simoncelli, Hotv to go from Bézier to Lagrange arrves by means

of generalized Bëzier curues, Facta Universitatis - Ser, Math. Inform. (NiÐ, 11 (1996)'

pp. l0l-111,
12.Ã. C. Simoncelli, About effcient evaluation of B^,t,(f,l), Rerrd' Accad. Scienze Fisiche e

Matematiche Napoli. 61 (1994), pp. 189-201.

13.D. D. Stancu, Approximation of functions by a new class of linear polynomial operalors, Rev.

Roumaine, Math. Purcs etAppl., 13 (1968) pp'1179-1184'

14, D, D, Stancu, Approximation of functions by mean,s of a new generalized Bernstein operator,

Calcolo (1983), pp. 211229.

ReceivedAptil 15, 1997 D. Occorsio
Díp ar tim en t o d i Mal ematic a,

(lniversít à del I a B asilic at a,

Via N, Sauro, 85, 85100 Potenza, ItalY

E-m ail : oc c orsi o\@unib as' it

'4. C. Simoncel!Ì
Dipartinten!o di Matenarica ed A¡tplicazioni,

Universil à Fed eri c o Ii,
Via Cinthia, Monte S. Angelo, 80126 Napoli, Italy

E-ntail' simoncel\@matna2.dma.unina it



148 C. E. M. Pearce, J. Peðarió

literature. The extended logaritmic mean of order r of two positive nurnbers, a, b is
def,rned for a+b by

f x' ^r 1t/(r-r7L,.(a.b)=l:--:-1, r+0,1,'\ ' / lr(b-a)l

Lo@,b)=L(a,b')= b-o
logb - loga'

L,(a,b) = I(a,b) = !6u ¡ oa ¡tt(b 
- u),

e

and for a=b by
L,.(a,b) = þ.

We note that A(a,b) = Lz(a,b).

The bounds arising in Section 3 rnay be viewed as arising from the use of
integlal power'rneans with a fi.urction LY(x)=x, For a positive, Riernann-inte-

grable function l4/:la,b)+ R, the integral power mean of order r is defined by

iy i fr': ;:;'::;:;,1 i! :::,;::;^ " 
ine q uat ities ho td w hen g ís de c r e as ins For

Proof,If g is increasing, then

(2.2) s@) < I ,u, s(h(t)) at r j trtl dt < s(M),

where m= ryin h(t) and M= max h(t\.at e[t,bl r e[t,bl
Hence, we only need to prove in thrs case that m = M ,.(a, b) arñ, M = A(a , b)when r<l and lhat ful=A(a'b),M=M,.(a,ó) 

when r>l.Agansìnce M,.(a,b)== M , (b, a), we can restrict or.u attention to the interval [a , ((a + b) / 2)].Since a+b_t>f and

2 3 Interpolation

t'+(a+b-t
2

Between

llr-1' 
t,-t -@+b_t

Functions of Means

2
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h'(t) = )' ),-t

exp

In Section 4 we show that the results of Section 3 may be further extended to

a class of positive, continuous functions lZ for which either ll' or log II¡ has
appropriate convexity or concavity properties.

2. POWER MEAIYS

ln this section we establish the following generalization of Theorem A.

TtmoRnu l. For 0 1 a 1b,let f :la,å] + rR be a positive, Riemann-integra-

ble function. For

A = min{M,.(a,b), A(a,b)}, B = rnâX {M,(o,b), A(a,b)},

let g:fA,B] -+ R be a strictly monotonic function and put h(t¡ = M,(t, a +b - t).
If r <7, then

bl)
(2.r) s(M,.(a,ó)). I f(Ð s(h(t)) dt t [ Íu) dt < s(A(a,b))

we have h,(t)>0 fo¡ r<l and h,(t)<0 for r>1, Hence m=h(a)= M,(a,i,)and M = h((a+b) /2) = tr10,b) for r < 1, while for r >l we have n= h((a+r:) /2)and M = h(a) = M,.(a,å). Thus (2,1) foilows from (2.2).
A similar argument applies for g decreasing,

3. EXTENDED LOGARITHMIC MEANS

THsoREtvf 2. For 0<a<b, teÍ f :[a,bl-+ R be a positive Riemrnn_inte-grable function. For

A=min{L,.(o,b), A(a,b)}, .B= max {L,(a,b), A(a,b)},

,T.fr;:îr,:t-+ R be astrictlymonotonicfunctionanclput h(r¡= ¿,(t,a+b _ r). If

h

s(1, (a,Ð. 
I fØ g(h(t)) dt t Ï f(t) dt < s(A(a,b))

',':îîr':,:,ï;:;,:;:,i!,n,,rr"'in'quotin'i" hotctwhen g is ctecreasing F-or

! ,rror' *]"',b-a

l*i '",*"n*f

r +0,

M ,.(14/; a , b) =

r 0.



That is, h(t) is an increasing function on fa,(a + b) / 21. Thus

m= h(a)= L(a,b) and, = r(ry) = A(a,b)
For r' : 1, we have

h'1t¡= z [a+b -a+b-2t | 2

Between Frurctions of Mea¡rs

a+b-2t
Iog(a+b-r)-log/

so we have again that å is increasing on fa,(a + b) I 2l and, so

5
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m=h(a)=I(a,b), M=h
The proof is completed as before.

)0,

(u+b\
L )= A(a,b).

4.INTEGRÄL POWER MEANS

h(t¡= M,(W;t,a+b_t).
If g is an increastngfunction, then yye have the inequality

i) ¡'> 0 end Il , i.t conc,pe,
ii) r.< 0 and l(' is convex;
iii) r : 0 artcl log [,1/ Ìs concctve.

¡,r,,"r,ÏTlí'lion 
(4 1) crpplies with the inecluctlities t'ever'ecr irequctritt,íf cin,rl.the

ir,) r > 0 ancl I(, is convex,.

1r) r'< 0 and l4/' is conccve;
vi) r'= 0 and log 14/ is convax.

Finally' we introduce a function w intoour upper and lower bounds.
TT".REM 3' Let f :[a,b]-+ R be a positive, Riemann-integrable functionand W:lct,bl--ì R* apositive, continuousJunction. For

t
.r = rnù{ M, (w: 

", u.w(t:!)}, a = ^u*{u,(w: a, Ð. *(y!)},
let g :l A,Al -+ n be a strictly monotonic function ancÌ put
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Proof. As in the previous theorem, (2.2) holds for increasing g. Further, we

have for r +0,I that

(2- r)l(a + b - t)' - t'' f + rt(a +'b - t) f(a + b - t)'-t - t'-t l

4

(r - 1) l(a + b - t)' - t' lfa + b - 2t]

_ (2 - r) (x'' - l) + rx(x''-2 - l)
t(r -l)(x'' - 1) (x - 1) )

where x = (ã + b - t) I t(> lonfa,(a + b) I 2)).

Let us consider the function

G(x) = (2 - r) (x' - 1) + rx(x'-z - I).
We have

G'(x) = (2 - r) rx'' | + r(r - l) x''-2 - r,

G"(x) =r(r_ 1)(2-,),'' t (x-1),

so that G(l) = G'(1) = 0.

Ftuthelmore, G"(x)>0 for re(0,1)U(2,oo), rvlúle G"(x)<0 for

re (0,1)U(2,ø:). Therefore G'(x)>0 for re(-'a,0)U(1,2) and G'(x)<0 for

re(0,1)U(2,"o). Hence G(x)>0 for re(-co,1)U(1,2) and G(x)<0 for

x e (0,1) U (2.co). Returning to (3.i), we carl see thaf h'(t)> 0 for

re(-"o,2)\{0,1}, that is, /z increases on la,(a+2)121, while h'(t)<0 for

r e(2,oo), that is, ft decreases on [4, (a + b) I 2].

I-lence for r e (-*,2) \ {0, U we have

,(+)= A(a,b), M = h(a)= r.,(ct,b)

These results nray bc extencled to the special cases r = 0,1.

Fot'r=0 r,vehave

It,(t\- 

-2 

F- JLnl'-2t\(o+h)tt \I l- 
log(n+ b_ t)-Iogt t(o+b_ t)[og(n +b_ r) logl]r

=h(
q+lt I

)nt = h(a) = L,.(a,b), M = '4(ct, b)
2

and fol r e(2,rn)

/n

ZL(a-t b t,t)
(a+b-2t)G2(a rb t,t) {A(a+b- r.r¡ L(a rb- t.r) G21a+b- t,r;¡>0'
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that is' å is increasing on fa,(a-rb)/2r if (iiÐ holds, white his decreasing on[a,(a + b) / 2] if (vi) holds, by Hadarnarj,s inequality 1+.2;.The proof is completed as before.

Remark. For l't/(x) = x, Theorem 3 gives Theorem 2.
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If g ß a decreasin ¡ function, these results hold with the inequalities

reversed.

Proof. Let g be increasing. For r' * 0 , we have

l- a+b-t 1(t/t)-t
h,(t)=Z; Ll 1 [ rwr*¡, arl x

r (a +b -U¡'zla +b -2t t J

+b

j W, dx -l4t' 
(a + b - t) +W' (t\\

2)

We employ the wel-known Hadamard's inequality for convex function {,
that is,

(4.2) *io(x)dx'9@Y@'
while the reverse inequality is valid for a concave ftrnction Q.

If either (i) or (ii) holds, then h(t) is an increasing function on

la,(a + b) I 2) and

m = min h(t) = ¡ço', = M, (W ; a, b),

while

M=sup h(ù=h(+)=-(+)

Further, if either (iv) or (v) holds, we have tha| h is a decreasing function on

la,(a + b) I 2l and that

m = inax h(t) = ¡1r¡ = M, (W; a, b),

M=inrhØ=h(+)=-(+)

Using (2.2), we get (4.1).

For r:0, we have

h'(r¡= ? ^..pi-=L 
a+h-¡ I

a+b-2t ' lo*b-u i 
t"* I/('r) dir-].

1
a +b

I
loglV(a+b-t)+logllt( )

LogW(x) dx -X
a+b-2t 2


