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Abstract

The main focus of this thesis is to search for low-frequency solar acoustic and gravity
modes of oscillation of the Sun. Low-frequency modes are sensitive to the structure
of the solar core and so provide stringent tests for models of the internal structure of
the Sun. In this thesis we develop and use statistical techniques that aim to detect
low-frequency modes by searching for statistically significant features in frequency-power
spectra. Frequency-amplitude spectra are compared for coincident prominent features.
The amount of common noise shared by two data sets affects the probability that a
coincident prominent feature is noise and so the statistical tests were non-trivial to derive.
The optimum condition for comparing frequency-amplitude spectra is when no common
noise is present. The power and source of the common noise is dependent on the data
that are compared.

Statistical tests are used to search contemporaneous and non-contemporaneous ob-
servations made by the Birmingham Solar Oscillations Network (BiSON) and the Global
Oscillations at Low Frequencies (GOLF) instrument. We also searched contemporaneous
and non-contemporaneous sets of BiSON data. Many different combinations of BiSON
data are compared to find contemporaneous BiSON timeseries that contain as little com-
mon noise as possible. Detection threshold levels are significantly reduced by searching
for coincident prominent features, however, no new mode candidates are detected.

To investigate whether the gaps in the list of detected modes are expected, given
the reduced threshold levels, predictions on the detectability of low-frequency modes
are made, based on estimates of the modes’ powers and damping times. The fraction
of modes detected in Monte Carlo simulations is small at low frequencies. Significantly
more detections would be made if the power signal to noise could be increased by a factor
of 2, which could be achieved by lengthening timeseries and by reducing the amount of
noise in the data.

The quality of solar observations is affected by instrument stability. We consider
three effects that mean unresolved Doppler velocity observations are not homogenous
across the solar disc; solar rotation, limb darkening and the position of a detector. The
results indicate that observations made by BiSON instruments do not represent a uniform
average across the solar disc. Different detectors are weighted towards different regions
of the solar disc, and so observe different realizations of the solar noise. The calculated
weightings are compared to BiSON observations. Agreement between the calculations
and the observations is improved by altering various parameters, such as the observed
size of the solar image. We find that the weighting varies with epoch and so can have

consequences for the quality of BiSON data.
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1. INTRODUCTION

1.1 Introduction to global he]ioséismo]ogy

The detection of solar oscillations has vastly increased our knowledge of the workings of
the solar interior. Helioseismologyiis the study of the solar interior using observations of
waves that propagate within the Sun. The development of helioseismology has dramat-
ically improved our understanding of the internal properties of the Sun by testing the
physical inputs that are used to model stellar interiors and by providing a detailed map
of the Sun’s structure and internal rotation.

Solar oscillations were first definitively observed by Leighton et al. (1962) when they
detected oscillations of localized regions of the solar surface with periods of approximately
5minutes. As the observations were made over a limited spatial extent it was initially
thought that these ‘five-minute modes’ were a local phenomenon. However, it was not
until Ulrich (1970) and Leibacher and Stein (1971) suggested that the five-minute modes
might be acoustic modes, which are excited and trapped within the solar interior that
a satisfactory theory to explain the observations was produced. The global nature of
the modes was not revealed until 1979 when Claverie et al. detected low-degree modes
with well-defined frequencies in unresolved solar data. It is now known that the Sun
can support wave motions, which set up global resonaﬁt modes. Properties of the solar
interior, such as temperature and composition, influence the periods of the oscillations.
Accordingly, properties of the solar oscillations, such as their frequency, can yield valuable
information about the internal structure of the Sun.

The first major discovery that was made because of the emergence of helioseismology

was a determination of the depth of the solar convection zone. Observations by Deubner
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(1975), Gough (1977) and Ulrich and Rhodes (1977) showed that the convection zone was
actually 50% deeper than implied by conventional models. The depth of the convection
zone can be determined by observing the discontinuity in the sound speed profile between
the convection zone and the radiative core. Christensen-Dalsgaard et al. (1991) found
the base of the convection zone to be 0.713 +0.003 solar radii from the centre of the Sun.
This is in very good agreement with the more recent results of Basu and Antia (2004),
who found the base of the convection zone is at a radius of 0.7133 4 0.0005 solar radii.
The value of the depth of the convection zone can only be constrained this tightly using
helioseismology.

Helioseismology has also helped to uncover the solar rotation rate beneath the pho-
tosphere (see for example Rhodes and Ulrich 1977; Gough 1981; Thompson 1990). It
has been determined that the differential rotation that is observed at the Sun’s surface
continues to the base of the convection zone. Below this the interior rotates like a solid
body. This causes a region of intense shear at the base of the convection zone, known as
the tachocline.

The composition of the solar interior, especially the abundance of helium, is important
not only for solar modelling but also for modelling the solar system and the galaxy. The
helium abundance cannot be inferred from spectroscopy as the necessary spectral lines
are formed in the chromosphere and so are not in thermal equilibrium. Christensen-
Dalsgaard and Gough (1980) used helioseismic data in comparison with the standard
solar model to infer that the helium abundance is not vastly different from the model
value assumed at the time. One recent estimate of the helium abundance that can be
determined by helioseismology, which gives the proportion of the total mass of the Sun
that is helium, is 0.2485 £ 0.0034 (Basu and Antia, 2004).

Until recently this value was in good agreement with the helium abundance deter-
mined by standard solar models. The values determined by the solar models are de-
pendent on the heavy element abundance. However, new determinations of the heavy

element abundance have recently been performed by Asplund et al. (2005). They deter-
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mined the ratio of the mass fraction of heavy elements to hydrogen, Z/X, to be 0.0176.
This can be compared to the value found previously by Grevesse and Sauval (1998) of
Z/X = 0.0229. Recent studies, such as Basu and Antia (2004) and Zaatri et al. (2007),
have compared seismically determined properties of the solar interior with those deter-
mined by solar models, constructed with both the old and the new abundances. The
properties that were compared included the sound speed profile, the density profile, the
hélium abundance and the depth of the convection zone. The studies found that there
was a large discrepancy between the seismic determinations and those found when the
new abundances were used in solar models. Significantly better agreement was found
when the old abundances were used. Basu et al. (2007) compared frequency properties of
the modes themselves with those determined by solar models and concluded that lower
abundance models have core structures that do not match the Sun’s. Chaplin et al.
(2007) obtained a seismic value for the metallicity of between 0.0252 to 0.03103, with er-
rors of between +12 and 19%. These values are significantly larger than the metallicities
derived by Asplund et al. (2005). The disparity between the seismically obtained results
and those given by solar models, constructed with the new abundances, means that these
new abundances have produced a real, and as yet unsolved problem.

Until recently one of the biggest unsolved conundrums was the solar neutrino prob-
lem. The neutron flux observed from the Sun was approximately % of the value predicted
by nuclear physics and solar models (Davis et al., 1968). However, now a possible solu-
tion has been found: the neutrinos change flavour as they travel from the Sun to Earth.
Detectors are only sensitive to one flavour of neutrino but the neutrino itself could be any
one of three different flavours by the time it reaches Earth, and so only % of the neutri-
nos that reach Earth can be detec;ced. Helioseismology provided very precise oscillation
frequencies, which implied that the problem was with the neutrino physics and not the
solar models that predicted the number of neutrinos that were expected to be observed
on Earth (Elsworth et al., 1990).

Clearly observations of the solar oscillations have led to many important discoveries.
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We now describe the solar oscillations in more detail.

1.2 Solar oscillations

Solar oscillations can be observed in 2 ways: by line-of-sight Doppler velocity measure-
ments over the visible disc; or by measuring variations in the contihuum intensity of
radiation, which are caused by the compression of the radiating gas by the waves. Some
instruments observe the integrated light from the whole of the solar disc as a single time-
series. This is known as observing the ‘Sun as a star’. Only wave motions with the largest
horizontal scales are detectable in unresolved, Sun-as-a-star observations. .Spatially re-
solved measurements of the Sun determine the simultaneous motion of the solar surface
with a high spatial resolution. Using spatially resolved measurements, observations can
be made of oscillations that are only visible if a portion of the solar disc is considered,
as opposed to the whole disc. The amplitude of an individual mode observed in Sun-as-
a-star data varies from 0.2ms™! for the strongest modes, to less than 0.01 ms~! for the
weaker modes. The total oscillatory signal that is observed is of the order of 1 —2ms™!.
The modes with the largest amplitudes have frequencies of ~ 3000 xHz, and periods of
~ 5mins. Consequently these modes are known as the ‘five-minute modes’. The so-
lar oscillations that we observe in the Sun are acoustic waves that are sustained by a
pressure-gradient restoring force and, consequently, are known as p modes.
Approximately the outer 30% of the Sun is known as the convection zone. It is
generally believed that solar oscillations are stochastically excited by turbulent convective
motions in the upper part of the convection zone, which generate acoustic noise. This
noise is a broadband source, however, only waves that satisfy the appropriate resonant
conditions are able to constructively interfere and become resonant modes. It is broadly
accepted that the majority of mode excitation occurs in the downward plumes, where
material, previously brought to the surface by the convection, has cooled and so flows back

into the solar interior. Large excitation events, such as solar flares, may also contribute
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to the modes’ excitation. Oﬁce excited the modes are intrinsically damped by their
interaction with the convection.

The simplest approximation of the Sun is a self-gravitating spherical ball of plasma
that is in hydrostatic equilibrium. The horizontal structure of the modes can be expressed
in terms of spherical harmonics, ¥;(6, ¢), where  is the colatitude and ¢ is the longitude.
The degree of the mode, [, represents the total number of surface node circles on the
sphere. The azimuthal order, m, gives the number of surface node circles that intersect
with the poles. The azimuthal order takes values in the range —l < m <1l. Whenm =0
the angular degree is given by the number of surface nodes around the Sun’s observed
circumference. When m = =£I the angular degree gives the number of nodes around the
Sun’s equator. The structure of the eigenfunction in the radial direction is described by
the radial order, n. The radial order is the number of nodes between the upper and the
lower turning points of the mode. The upper turning point varies slightly with frequency
but the lower turning point depends strongly on a mode’s angular degree, I. At fixed [
and m the mode frequency is a monotonic increasing function of n. If the Sun was wholly
symmetric the frequency of a mode would be independent of m. However, any deviations
from spherical symmetry break the degeneracy and cause the mode to become split in
frequency, thereby introducing a frequency dependence on m. In the Sun the largest
departure from the symmetrical state is due to the solar rotation,‘ although the Sun’s
magnetic field is also important. Modes with the same [ and n but different m are known
as a multiplet. By convention, acoustic p modes have positive values of n (whereas solar
gravity modes, which are introduced later in this section, have negative radial erders).

Only modes with [ < 3 can be easily detected in Sun-as-a-star observations. Around
the five-minute modes there is some evidence for [ = 4 and 5 modes, but the power
observed in these modes is very small. The perturbations of high—degree modes cancel
when they are averaged over the solar disc as small regions of outward motion can be
paired with small regions of inward motion. Therefore, high-degree modes cannot be

observed in Sun-as-a-star data. Furthermore, spherical harmonics imply that unresolved
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Figure 1.1: The propagation of sound waves through a cross-section of the solar interior. The
path a wave takes through the interior is bent, by the increasing sound speed, until it reaches
an inner turning point (indicated by the dotted circles). At the surface the waves are reflected
by a rapid decrease in density. Image from Christensen-Dalsgaard (2003).

observations are only sensitive to modes where | + m is even because of Earth’s near-
equatorial view of the Sun. On the other hand, spatially resolved observations have been
able to detect modes with degrees of several thousands.

Acoustic waves travel from their excitation point near the surface to deeper in the
Sun. As the pressure and sound speed in the Suﬁ increase with depth, refraction causes
the oscillations to follow a curved path which takes them back towards the surface (see
Figure 1.1). Note that this is true for all waves except for those that propagate exactly
vertically inward. The radius of the lower turning point increases with [ and so only the
low-I modes sample the deep interior. Furthermore, the | = 0 radial modes are the only
modes that penetrate to the solar core. It is, therefore, very important to observe low-!
modes as they allow us to infer conditions deep in the solar interior.

When the modes reach the photosphere they are reflected because of the sharp de-
crease in the density of the plasma. If the density scale height is smaller than the length
scale of a mode the pressure changes required to make the wave cannot be maintained
over a length of time that matches the wave period. Therefore, the compressions are
smoothed as the gas can readjust on a timescale that is much shorter than the longer
wave period and so the wave is reflected back into the interior. The maximum frequency

at which modes are reflected back into the solar interior is known as the acoustic cut-off
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frequency. For the Sun the acoustic cut-off frequency is approximately 5500 uHz. As
waves with frequencies higher than the acoustic cut-off are not reflected back into the
solar interior they never become standing waves. Hence, there is a limit on the high-
est frequency modes that can be detected in solar observations. As the density scale
height decreases rapidly with altitude in the outer regions of the Sun the depth at which
modes with different periods are reflected varies. Low-frequency modes are reflected back
into the solar interior at a lower altitude than high-frequency modes as the density scale
height is greater at low altitudes. Therefore, the power in the low-frequency modes is
more attenuated at the height in the photosphere at which the observations are made.
This makes low-frequency modes harder to observe than high-frequency modes.

Another classification of mode that are thought to exist in the Sun are known as
g-modes as their restoring force is gravity. These g modes rely on buoyancy and so
they can only exist in regions of stable stratification. Therefore, they are trapped in the
radiative interior, below the convection zone. As they are evanescent in the convection
zone g modes are predicted to have very small amplitudes in the photosphere, where the
observations are made. Consequently, at the time of writing, these modes have not been
incontrovertibly observed. Solar g modes have very low frequencies and negative radial
orders, n.

As mentioned already in this chapter solar observations can be either resolved, allow-
ing the signal from high-l modes to be detected, or unresolved, enabling low-/ modes to be
observed. Furthermore, observations can be made of the Doppler velocity shifts or varia-
tions in the intensity of light can be measured. A brief description of some observational

programs, designed to observe solar oscillations, will now be given.

1.3 Solar observational programs

To obtain a clean, well resolved frequency-power spectrum, in which modes can be ob-

served, it is important to obtain long, preferably uninterrupted timeseries. One way of
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doing this is to observe the Sun from space, outside of the Earth’s atmosphere. The SOlar
and Heliospheric Observatory (SOHO) is a satellite positioned at the L1 Lagrangian point,
1.6 x 10°km from Earth. The SOHO mission is jointly funded by the European Space
Agency (ESA) and the National Aeronautics and Space Administration (NASA) and was
launched in 1995. Onboard SOHO are many instruments, three of which were designed
to observe solar oscillations. The Global Oscillations at Low Frequencies (GOLF) instru-
ment makes unresolved Doppler velocity observations of the Sun using the neutral sodium
doublet at 589.0 nm and 589.6 nm. The Michelson Doppler Imager (MDI) makes spatially
resolved Doppler velocity observations of the Nickel I line. Finally, VIRGO (Variability
of solar IRradiance and Gravity Oscillations) has two Sun PhotoMeters (SPM) that mea-
sure disc integrated intensities in three wavelength regions. Another part of VIRGO is
the Luminosity Oscillations Imager (LOI), which measures solar intensities with lifnited
spatial resolution.

Another way of obtaining continuous observations is to observe the Sun by means of
a network of telescopes, that are strategically positioned around the globe in order to,
potentially, obtain continuous observations of the Sun. This is the method employed by
the Global Oscillations Network Group (GONG), which is a ground based network of 6
sites (Harvey et al., 1996). GONG makes resolved observations of the Sun and so can
observe high-degree modes. The GONG instruments observe the Doppler velocity shifts
in the Nickel I line at 676.8 nm. The Birmingham Solar Oscillations Network (BiSON)
is a network of 6 sites that observe the Doppler shift in the potassium D1 line (Elsworth
et al., 1995). BiSON makes Sun-as-a-star observations and so observes low-degree modes.

The majority of the work in this thesis uses BiSON data, although some GOLF data
are used. The six BiSON stations are at Izafa, Tenerife; Carnarvon, Western Australia,;
Sutherland, South Africa; Las Campanas, Chile; Mount Wilson, California; and Narrabri,
New South Wales. The data from the different sites are coherently cofnbined, taking
proper account of the relative quality of the data from each site. As mentioned it is

important to create a timeseries with a high duty cycle. However, this requirement must
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be balanced against the possibility that if the data were of poor quality it could drive
up the overall level of noise by an amount greater than if the data were not included in
the first place. Therefore, a ‘figure of merit’ is used to determine whether data should be
included in the final timeseries or not (Chaplin et al., 1997). We will now briefly describe

the basic principles behind the BiSON instrumentation.

1.4 BiSON observations

The stations in the BiSON network were established at different times using various
instrument designs. However all of them are based on the same physical principles. We

will now give a basic description of how the BiSON observations are made.

1.4.1 Choice of Fraunhofer line

The BiSON instruments use resonant scattering spectrometers to observe Doppler veloc-
ity shifts in the neutral potassium D1 spectral line, which has a wavelength of ~ 769;9 nm.
We observe the solar potassium resonance line as it is narrow, deep and not blended with
other lines, which are related to transitions in other elements. The solar potassium line
has two components, however, the large separation in wavelength between the compo-
nents (3.5nm) means they can be easily isolated. The D2 potassium component is blended
with the telluric molecular oxygen line and so would confuse any solar observations. Thus
the BiSON instruments observe the D1 potassium component. In comparison the sodium
lines, which are observed by the GOLF instrument, are only separated by 0.6 nm. Fur-
thermore one of the sodium components is blended by the atmospheric water vapour line.
Obviously this is not a concern for the GOLF instrument as it is positioned above the
Earth’s atmosphere, however, it would be a problem for the ground-based observations.
The solar potassium D1 line has steeper sides than both of the sodium lines, which means
that observations of the potassium line are more sensitive to lineshifts. In fact Isaak et al.

(1989) found that the potassium D1 line is ~ 2.3 times more sensitive to lineshifts than
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Figure 1.2: A simple schematic representation of a resonant scattering spectrometer. Light
from the Sun enters the instrument from the left. The vapour cell is positioned in a uniform
longitudinal field of strength B.

the sodium D1 line. .

In a BiSON resonant scattering spectrometer potassium is heated to approximately
100°C, so that it becomes a vapour, and is enclosed ‘in a small cell. Another reason
for observing potassium is that atomic vapours are relafively easy to produce with all
alkali metals such as potassium and sodium. However, a cell containing sodium must
be heated to a higher temperature than a cell containing potassium to obtain the same
optical depth.

A description of a resonance scattering spectrometer can be found in Brookes et al.
(1978a). A brief but more up-to-date description of the BiSON instruments will now be

given.

1.4.2 BiSON instrumentation

A simple schematic of a resonant scattering spectrometer is shown in Figure 1.2. Incident
solar radiation passes through a coarse filter with a bar;dwidth of a few tens of nanometres.
This is done to reduce the chances of overheating and the possibility of stray light being
detected. The filtered radiation then passes through an interference filter, which has a
much smaller passband, typically 1nm centred on 769.898 nm. This narrow bandwidth
removes any radiation from the D2 line at 766.4 nm. The light then enters a combination
of a linear polarizer and a Pockels cell, which produce circularly polarized light that is

allowed to enter the vapour cell. An alternating current is applied to the Pockels cell
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which causes a rapid switching between left and right circularly polarized light. The
handedness of the polarization is switched at a higher frequency than that associated
with atmospheric fluctuations, thus minimizing the atmospheric noise observed. The
light then passes into a vapour cell, which contains a heated potassium vapour and is
enclosed in a longitudinal magnetic field.

Under the influence of an external magnetic field the single potassium absorption line
is split into two and the separation between components is dependent on the strength of
the field. These passbands lie at equal distances in wavelength from the unperturbed line
centre. BiSON vapour cells are positioned within a uniform magnetic field of ~ 0.18 kG,
which corresponds to a separation of 0.013nm. Each component is only sensitive to
either left-handed or right-handed circularly polarized light. The right-handed circularly
polarized component is shifted to a longer wavelength and so will now be referred to as the
red instrumental component. The left-handed circularly polarized component is shifted
to a shorter wavelength and so will be referred to as the blue instrumental component. As
the light that enters the vapour cell is already circularly polarized, only one component
of the split absorption line will be present. The handedness of the filtered light that is
allowed to enter the vapour cell, therefore, determines which passband is observed.

The solar Fraunhofer line is broader than the potassium lines in the cell due to the
Sun’s rotation and because the Sun’s turbulent atmosphere is significantly hotter than
the vapour in the cell. Therefore the two shifted instrumental components are located
on either side of the solar line. Recording the intensities of radiation scattered into each
passband will give the relative solar flux at the wavelength of eéch passband on the
solar resonance line. If the line-of-sight velocity between the cell and the Sun is zero the
intensity observed by the two components will be the same (left panel of Figure 1.3).
However, if the solar line is Doppler shifted the intensity of the scattered light in each
component will differ (right panel of Figure 1.3). The scattered radiation is then detected
using photodiodes that are orientated at 90° to the incident beam.

If the Doppler shifts in the wavelength of the solar line are sufficiently small the
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Figure 1.3: The Fraunhofer line observed by a resonant scattering spectrometer. The black
solid line represents the solar Fraunhofer line, the red dot-dashed line represents the red instru-
mental component, and the blue dashed line represents the blue instrumental component. In
the left hand panel there is no line-of-sight velocity between the Sun and the instrument and
so the red and blue components observe the same intensities. In the right-hand panel-there is
a line-of-sight velocity between the Sun and the instrument and so the intensities observed by
the red and blue components are different.

portion of the solar line over which the left and right circularly polarized components
observe can be considered to be linear. Assuming the line is symmetric the observed

velocity, veps, is given by
Ip — Ig

obs T, 7 1.1
vbocIB-i-IR ( )

where Ip is the intensity observed in the blue wing of the solar line, which corresponds
to the left circularly polarized light and Iy is the intensity observed in the red wing of
the solar line, which corresponds to the right circularly polarized light. The constant of
proportionality is obtained from a daily calibration, which makes use of the calculated
velocity between the Sun and the Earth. The proportionality constant is known as the
velocity sensitivity and is of the order of ~ 3000ms~! per unit ratio. The observed

velocity can be split into several different components, which will now be described.

1.5 Factors Contributing to the line of sight velocity

The velocity of the Sun’s surface relative to a point on the Earth, vy, can be broken up

into several component parts and so can be written as (e.g. Brookes et al., 1976)

Uobs = Vorb + Uspin + Vgrs + Vosc T Vother; (12)
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where v, describes the line-of-sight velocity due to the Earth’s orbit around the Sun,
Uspin gives the line-of-sight velocity brought about because Earth spins on it’s own axis,
Vgrs Tepresents the gravitational redshift velocity and v, is the velocity due to the solar
oscillations. Any line-of-sight velocities introduced by instrumental noise and atmospheric
and solar effects are included in vy,er. For all of these terms receding velocities are taken
to be positive, as is the convention.

The velocity due to the oscillations, ves, is the cumulative velocity observed from
a large number of modes. Over the entire Sun the superposition of high-order modes
averages out and so only the lower-degree modes actually contribute to the observed
velocity. The oscillation velocity signal only constitutes a small proportion of vops.

The gravitational redshift velocity, vgs is not a true velocity signal but is indistin-
guishable from one. A photon of light detected by an instrument on Earth has to do
work to escape the Sun’s gravitational field before it can be observed. This manifests
itself in a redshift of the light, and so by the time the photon is observed it has a longer
wavelength than than when it left the Sun. The magnitude of the shift depends mostly
on the solar mass and radius, but also on the wavelength of the emitted light. The offset
observed by BiSON instruments corresponds to a velocity of vgs = +632ms™'. It should
be noted that the size of the offset is wavelength dependent and so this value of the
gravitational redshift velocity is specific to the observations of the solar potassium line,
which has a wavelength of 769.9nm. The gravitational redshift velocity is always present
and essentially constant.

The orbital velocity, vorb, is due to the radial component of the Earth’s orbit around
the Sun. It arises primarily because of the slight eccentricity in the Earth’s orbit. The
magnitude of vy, is also influenced by the effect on Earth’s orbit of the moon and the
other planets, especially Jupiter. The value of this component can be found using a
standard Almanac. The BiSON group use look-up tables that are taken from the JPL
ephemeris, which are available through the JPL Horizons system. The value of v

varies between ~ +500ms~! in April and ~ —500ms~! in October and is predicted to



1. Introduction 14 -

a precision of less than 0.01 ms™!. The change in v, from day to day can be as large as
~ 10ms~! but is generally much less than this.

The line-of-sight velocity component of Earth’s spin, denoted by vy, varies through-
out a day. In the morning an observer on Earth is approaching the Sun and so vspin is
negative; at local noon vepin is zero; while in the afternoon an observer on Earth is moving
away from the Sun and so vgpip is positive. The line-of-sight spin velocity is dependent on
both the altitude and latitude of the observing site as well as the declination of the Sun
(Brookes et al., 1976). It can be described by the equation (e.g. Elsworth et al., 1994)

Vspin = WRE(A) cos Acosdsin [17r_2 (t — to)} , (1.3)
where w is the angular velocity of the Earth, Rg()\) is the observers distance from the
Earth’s centre, A is the observers latitude, tq is the time of local noon in hours, ¢ is the
time of the observation in hours and 4§ is the declination of the Sun. The value of vgpi,
varies sinusoidally throughout a day. For a mid-latitude site the maximum change in
velocity in any one day is about 800 ms™!.

The term vosher covers a wide range of effects. These include velocity noise introduced
by solar, instrumental and atmospheric effects (see Chapter 2 for more details). Also,
as discussed in Chapter 8, the Sun’s rotation and limb darkening can alter the total
line-of-sight velocity that is observed.

To gain information about the oscillation velocities many different analysis techniques
are required. A brief description of some of the techniques that are used most frequently

in this thesis will now be given.

1.6 Data analysis techniques

Much of the work for this thesis has involved analysing data in the frequency domain,
rather than the time domain. The raw data are recorded in the form of a timeseries and

so we begin this section by describing the technique used to convert the data between
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time and frequency domains.

1.6.1 Fourier analysis

The Fourier transform defines a relationship between a signal in the time domain and
its representation in the frequency domain. The standard Fourier transform, F(v), of a

function in the time domain, f(t) is defined as

F(v) = /_ 7 F(t)e- gy, (1.4)

oo

where v is frequency in Hertz. Consider a signal, such as the one from the Sun, which
is a superposition of many different oscillatory signals. The Fourier transform effectively
allows this complicated signal to be separated out into individual frequency components,
which appear as narrow peaks in the power spectrum. For discrete sets of data, such as
those observed by the‘BiSON instruments, an approximate form of the Fourier transform
is used, known as the fast Fourier transform (FFT). Using the FFT allows the transform

to be calculated quickly and efficiently. An example of an FFT calculation is

GW) =5 2 gl@)e™ v, (1.5)

where N is the number of points in the timeseries. G(v) then provides the approximate

Fourier transform up to the Nyquist frequency, vpq, which is defined as
= — (1.6)

where At is the cadence of the timeseries. BiSON data is normally stored with a cadence
of 40s and so the frequency domains extends to a frequency of 12,500 uHz. However,
some of the data used later in this thesis (Chapter 5) has a cadence of 120s and so
the observations are only sensitive up to a frequency of 4167 uHz. G(v) is the frequency-

amplitude spectrum, which is complex. During this thesis we will also consider frequency-
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Figure 1.4: Frequency-power spectrum obtained from 10yrs of BiSON data observed between
15t January 1996 and 1%t January 2007.

power spectra, P(v), which are given by
P(v) =G> (1.7)

The resolution in frequency, Av, of a frequency-power or frequency-amplitude spectrum
is determined by the length of the timeseries, 7"

Av = (1.8)

L
T
Figure 1.4 shows an example of a frequency-power spectrum constructed from 10yrs of
BiSON data and so Av = 0.003 uHz. The plotted spectrum has been restricted to the
frequency range 1000 < g < 5000 uHz to clearly demonstrate the individual resonant
peaks that are visible in the spectrum. Notice that the strongest peaks are found in the
five-minute range, at ~ 3000 zHz.

We now move on to describe how different sets of data can be compared, in the
frequency domain, to obtain information about any data that may be common to both

sets of observations.
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1.6.2 Cross-spectral analysis

Cross-spectral analysis is often used when looking for low-frequency modes as it can
improve the signal to noise of modes by combining two spectra and retaining any power
that is detected by both instruments, while any contributions from independent noise
sources are reduced. One of the main aims of this thesis is to develop the means by which
contemporaneous sets of solar observations can be compared for coincident prominent
features (Chapters 4, 5 and 7). To do this we must take proper account of the amount of
noise that is common to the two sets of data. To determine the amount of common noise
present we perform a cross-spectral analysis. Furthermore, in Chapter 7, detailed cross-
spectral analyses are performed on different sets of BiSON data. These were done in an
attempt to understand the common noise present, with the ultimate aim of producing two
sets of BiISON data that contained a minimal amount of common noise. As cross-spectral
analyses are a common theme throughout this thesis we now provide a brief introduction
to the methodologies that are used.

The averaged cross-amplitude, X4 g, of two sets of data, denoted by a(t) and b(t) in

the time domain, is given by

Xap = (A(v) - B*(v)), (1.9)

where A(v) is the frequency-amplitude spectrum of timeseries a(t) and B*(v) is the
complex conjugate of the frequency-amplitude spectrum of timeseries b(t). Any power
that is present in both sets of data will be retained in the cross-amplitude spectrum. As
we will see later in this thesis (Chapter 7) this power could be solar in origin, atmospheric
noise and/or instrumental noise. The exact origin of the common noise depends on the
data that are compared.

The cross-amplitude can then be normalized to give the coherency, which is a measure

of the proportion of commonality shared by the two sets of data. The coherency is given
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Xan
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and is zero when the frequency-amplitude spectra, A(v) and B(v), are completely in-

Yap = (1.10)

dependent and unity when the frequency-amplitude spectra are identical. Effectively,
the coherency represents the ratio of the coherent power and the total power in the two
spectra. In both equations the angled parentheses indicate that the mean value is de-
termined. It is necessary to average when calculating the coherency. If no average is
taken the numerator and denominator of the coherency will cancel and the determined
coherency will be unity at all frequencies. This average can be calculated in two ways,

which will now be described in turn:

e Method 1: Frequency-amplitude spectra can be found for short contiguous 2 hr
segments, which are contained in the timeseries, a(t) and b(t). As the 2 hr timeseries
are short it is important that they all have a 100% fill as otherwise severe noise will
be introduced by the window function. The FFT of these short timeseries can be
taken to produce low-resolution frequency-amplitude spectra. The average at each
frequency bin in all of the 2 hr frequency-amplitude spectra can then be taken over

all such spectra that are produced.

e Method 2: The FFT of both complete timeseries, a(t) and b(t), can be performed to
produce two high-resolution frequency-amplitude spectra. The mean over a given

range of frequencies can then be determined.

The phase spectrum, ¢, of the two sets of data can be found using the cross-amplitude
spectrum. We can see from equation 1.9 that the cross-amplitude spectrum has both real

and imaginary parts. The phase, ¢, is given by

_ Re(X4,8)
¢ = arctan (X 4 5) (1.11)

'

When comparing two sets of contemporaneous data the phase of any individual mode
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should be approximately zero as the oscillations observed in two sets of contemporaneous
data should be approximately in phase. However, when a time shift is introduced to

make the data non-contemporaneous the observed oscillations will no longer be in phase,

thus ¢ # 0.

1.7 Motivation for searching for low-frequency p modes and g modes

The main aim of this thesis is to detect low-frequency p modes and g modes. Therefore
a valid question to ask is why do we want to find evidence for these modes?

To date a multitude of p modes have been observed over a wide range of frequencies.
However, no independently confirmed detections of low-degree p modes, with 'frequen-
cies below ~ 973 uHz, have been made (e.g. Garcia et al., 2001a; Chaplin et al., 2002a;
Broombhall et al., 2007). As low-frequency p modes are expected to have very long life-
times (see for example Houdek et al., 1998, 1999; Houdek et al., 2001; Chaplin et al.,
2004a) their detection would allow their frequencies to be measured to very high accura-
cies and precisions. This in turn means that the physical quantities that can be inferred
from the mode frequencies can also be determined more accurately and precisely. This
is crucially important as the properties of low-l p modes are affected by conditions deep
in the solar interior and so their frequencies act as a probe of these regions, allowing
rigourous constraints to be placed on the structure of the solar core. However, as men-
tioned earlier, the depth beneath the photosphere of the upper turning point of a p mode
decreases with mode frequency. Since the modes are evanescent in the photosphere the
signal from low-frequency p modes is very weak. This results in a very small signal-to-
noise ratio,'meaning low-frequency p modes are very difficult to observe. Therefore, we
have developed different analysis procedures in attempté to detect these modes.

As already mentioned, gravity (g) modes can only be sustained in regions that are
stable against convection and so those of interest for studying the solar core are confined

to the radiative interior. They would, therefore, provide a far more sensitive probe of the
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deep solar interior than p modes. However, since the g modes are evanescent outside the
radiative interior their signatures are significantly attenuated by the time they reach the
photosphere. Furthermore, g modes have very low frequencies (below ~ 450 pHz) but
the noise in a frequency power spectrum is largest at low frequencies. Hence g modes are
predicted to have very small signal-to-noise ratios. It is, therefore, a major observational
challenge to observe these modes. To date, there have been no independently confirmed
observations of g modes.

Some of the low-I p-mode overtones, with frequencies below ~ 450 uHz, are thought
to be mixed in character (Provost et al., 2000). This means that their sensitivity of
the internal structure is similar to that of a g mode in the core, giving them excellent
diagnostic potential. However, they behave like a p mode near the surface, which means,
potentially, they should be easier to detect than g modes.

Therefore, the main focus of this thesis is the detection of low-frequency p modes and

g modes. A brief description of the rest of this thesis will now be given.

1.8 Thesis synopsis

The main aim of this thesis is to develop and use techniques that search for low-frequency
p modes and g modes. The techniques that are developed make use of the statistical
structure of the noise in Doppler velocity observations. Therefore, they rely on a sound
knowledge of the background noise. The structure of the observed noise can be split
into three segments: solar noise, atmospheric noise and instrumental noisé. Chapter
2 describes each of these factors in turn before considering the overall structure of the
noise. The statistical structure of the background noise continuum is then used to develop
various statistical tests, with the aim of detecting low-frequency p modes and g modes.
Chapter 3 develops statistical tests that can be used to search a single frequency-power
spectrum. The simplest test searched for an individual statistically prominent spike in

a frequency-power spectrum. However, other tests are developed that take advantage of
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known properties of the modes to search for prominent structures in a frequency-power
spectrum. To investigate the effectiveness of these statistical tests they were applied to
‘data that were simulated to mimic Sun-as-a-star observations.

Chapter 4 moves on to consider how advantage can be taken of the numerous sets
of Sun-as-as-star data that are available by comparing contemporaneous. observations
for coincidences. This involved deriving the probability of observing a prominent spike
or structure of spikes in the same frequency bins in each of two frequency-amplitude
spectra. When calculating the probability proper account must be taken of the amount
of common noise present between the two sets of data, as this alters the probability that
any detections are.due to noise. The pfesence of this common noise means that the
probability is non-trivial to derive.

In Chapter 5 the statistical tests derived in Chapters 3 and 4 are used to search
BiSON and GOLF data for low-frequency p modes and g modes. The data are searched
individually and they are compared for prominent coincidences. Both contemporaneous
and non-contemporaneous data are searched.

Comparing the sets of data allows detection threshold levels to be reduced. However,
there are still many gaps in the list of modes that are detected at low frequencies in Chap-
ter 5. Chapter 6 investigates whether the number of recorded candidates is consistent
with expectations based on estimates of the powers of the modes. These estimates were
obtained by assuming the functional relationships observed at higher frequencies can be
extrapolated down to low frequencies.

The positioning of the stations in the BiSON network means that there can be as
many as 4 instruments making observations of the Sun at any one time. Also, many
of these instruments take two sets of measurements. Chapter 7 aims to take advantage
of the many sets of contemporaneous BiSON data that are available to search for low-
frequency modes. When comparing two sets of data, detection threshold levels are lowest
when the amount of common noise shared by the data is zero. The observed common

noise could be solar, instrumental or atmospheric in origin. Therefore, in Chapter 7 we
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strategically combine BiSON observations to create two sets of contemporaneous data
that contain a relatively small amount of common noise. These data are then searched,
using the statistical tests derived in Chapters 3 and 4, for low-frequency p modes and g
modes.

In Chapter 7 we observe that the amount of common solar noise shared by two sets of
data varies depending on the origin of the data that are being compared. This variation
is due to Doppler imaging, which is investigated in Chapter 8. Unresolved measurements,
such as those made by the BiSON instruments, are not homogenous across the solar disc
and so the observed data do not represent a uniform average over the entire surface. Two
effects that influence the inhomogeneity are due to the solar rotation and limb darkening.
In Chapter 8 a further effect is considered that originates from the instrumentation itself.
The intensity of light observed from a particular region on the solar disc is dependent
on the distance between the detector and that region on the image of the solar disc
formed in the instrument. As mentioned the majority of BiSON instruments have two
detectors positioned on opposite sides of the image of the solar disc. The observations
made by each detector are weighted towards differing regions of the disc. The effect of
the line-of-sight velocity between the Sun and an instrument on the weighting of the |
solar disc is also investigated. We compare the calculated results with a velocity offset
that can be observed in the BiSON data. This velocity offset varies with the line-of-sight
velocity between the Sun and an observer. Therefore, the presence of the velocity offset
in the BiSON data has consequences for the long-term stability of the instruments, and

ultimately the quality of the BiSON data.



2. CHARACTERISTICS OF THE NOISE SPECTRUM

A frequency-power spectrum, constructed from Doppler velocity observations of the Sun,
contains information about the solar modes, noise from the solar continuum, atmospheric
noise and instrumental noise. At low frequencies the noise dominates a frequency-power
spectrum making it extremely difficult to observe solar modes. This is because the
power of the noise increases with decreasing frequency while the power of the modes
decreases at low frequencies. The power of the total noise increases at low frequencies
predominantly because the power in the solar noise increases at low frequencies (see
Section 2.1). Characterizing the noise spectrum can, therefore, aid the search for low-
frequency modes as it will enable simulations of the noise to be produced and may lead to
the non-solar noise sources being reduced in power. Furthermore, the background solar
noise can contain information about convection processes and wave propagation in the
solar atmosphere. We will now describe the main factors that contribute to the total
background noise. We start with the solar background continuum, which is the most

dominant source of noise at low frequencies.

2.1 The solar background continuum

The noise from the solar continuum can be modelled, simply, as the superposition of
noise due to the temporal evolution of active regions and the various types of granula-
tion, namely normal granulation, mesogranulation and supergranulation (Harvey, 1985).
The contribution to the velocity field of each component over time can be described by
exponential decay functions where the characteristic times for active regions and the var-

ious scales of solar convection are different. The general form of the power contributed
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Figure 2.1: An estimate of the solar background power spectrum for Sun-as-a-star Doppler
velocity observations as predicted by the Harvey model (Harvey, 1985). The orange long-
dashed curve, labelled ‘SUM’, is the sum of the spectra for the individual physical processes,
which include granulation (solid black line, labelled ‘G’), mesogranulation (short-dashed red
line, labelled ‘MG’), supergranulation (dot-dashed green line, labelled ‘SG’) and active regions
(triple-dot-dashed blue line, labelled ‘AR’). For reference the frequency of a day has been marked
(purple, long-dashed line).

to the solar continuum, F,.,,, by the various components can be modelled as

2027;1

1+ (2wv7y)*’ 21)

cont =

where 7y is the characteristic decay timescale and ¢ is the root mean square velocity of
the solar surface for full-disc observations (Elsworth et al., 1994). Equation 2.1 has been
divided by a factor of 2 compared to the equation that appears in Harvey (1985). This
was done to ensure the normalization is consistent as throughout this thesis the spectra
are normalized by considering both the positive and negative frequencies, thus satisfying
Parseval’s theorem. In other words the data are normalized as double-sided spectra. An
estimate of the power spectrum of each source of solar noise is depicted in Figure 2.1.
Above ~ 400 pHz the normal granulation provides the greatest contribution to the total
solar noise. Although the level of the noise produced by the normal granulation remains
constant below ~ 400 zHz the amount of noise due to the supergranulation still increases

and thus becomes the most dominant source of solar noise below 2 x 10~4 Hz.
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The solar continuum noise is statistically random in nature and can be well represented
with Gaussian statistics, taking a x?, two degrees of freedom (2 d.o.f.) distribution in
the power spectrum. Between 400 and 1500:Hz approximately half of the total observed
noise in a frequency-amplitude spectrum is thought to be solar in origin. However, as
yet the exact proportion of the total observed noise that can be attributed to the solar
continuum is uncertain. Elsworth et al. (1994) performed a least squares fit to low-
frequency regions of the cross-amplitude spectrum produced using data from the Izafa
and Sutherland sites of BiSON to find the characteristic velocity (o) and time constant
(74) for the granulation. Notice that it was possible to find the characteristic properties
of the granulation alone as this dominates the solar noise frequency-power spectrum until
very low frequencies. Elsworth et al. found the following values for the rms velocity and

characteristic decay times:

o = 0.3194+0.009ms™}, (2.2)

T4 = 260%23s. (2.3)

These can be compared to the values suggested by Harvey (1985), which were ¢ =
0.7ms™! and 7, = 372s. Elsworth et al. found that between 400 and 1500 uHz the
power of noise in BiSON data was a factor of 5 below the level predicted by Harvey’s
noise model. It should be noted, however, that the results found by Elsworth et al. are
specific to the potassium line, which is used by BiSON instruménts, whereas the values
quoted by Harvey are for a more generalized ‘strong photospheric line’. Harvey notes that
the strength of the various components may vary with spectral line choice as different
lines observe at different depths in the solar atmosphere.

The background solar noise is frequency dependent and will be very similar for ob-
servations made simultaneously with two different BiSON instruments. However, slight
differences will occur in the solar noise observed by two instruments because of Doppler

imaging. This will be dealt with in more detail in Chapter 8. Essentially, Doppler imag-



2. Characteristics of the noise spectrum 26

ing means that Sun-as-a-star data does not represent a uniform average over the whole
solar disc (Brookes et al., 1978b). This weighting will vary from instrument to instru-
ment as their position and motion relative to the Sun changes. This means that different
instruments will observe at slightly different heights in the solar atmosphere and each
instrument will be observing the granulation slightly differently. Both of these effects
lead to slightly differing realizations of the solar noise in a frequency-power spectrum.

The realization of the granulation observed by an instrument depends on the depth
in the photosphere at which the observations are made, which, in turn, depends on the
wavelength observed by the instrument. A full calculation of the depth of formation
of a solar Fraunhofer line is very complicated. However, an estimate can be made by
assuming that all radiation with a given wavelength originates from the height at which
unit optical depth, at that wavelength, is reached. Underhill and Speake (1996) estimated
that from the centre to the wings of the potassium line, observed by BiSON instruments,
the formation altitude varied by ~ 400km. Each BiSON instrument analyses a certain
range in wavelength on the the blue and red wings of the solar line profile. Given that
the formation altitude varies with wavelength the blue wing will observe at a different
depth to the red wing. Therefore, the granulation observed by the red-wing and blue-
wing instrumental profiles will be slightly different. The depth of observation will also
vary throughout the year as the observed solar line profile is Doppler shifted because of
the line-of-sight velocity between the Sun and the Earth.

BiSON observations are made by examining Doppler shifts in the soiar potassium
line at 769.9nm. However, other instruments, such as GOLF, make their observations
using the neutral sodium doublet at 589.0nm and 589.6nm. The altitude at which the
optical depth reaches unity is dependent on the wavelength at which the observations
are made and the solar abundance of the element being observed. As sodium is far more
abundant in the solar atmosphere than potassium (see for example Grevesse and Sauval,
1998; Grevesse et al., 2007) the solar sodium line will be formed at a higher altitude

than the potassium line. Palle et al. (1992) estimated that the difference between the
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formation heights of the sodium and potassium lings is ~ 200 km. However, a more recent
estimate of the observation depths is given by Baudin et al. (2005), who calculated that
the BiSON instruments observe 280 km above the photosphere, while GOLF observes
340km above the photosphere. However, Baudin et al. comment that these values are
only an estimation as it is very difficult to define the height of formation physically
given the variation in formation altitude from the centre to the wings of the solar line.
However, it is still true that the BiSON and GOLF data observe different depths in the
solar photosphere and so the granulation noise detected by each instrument will not be
identical.

Overall, some of the observed solar noise will be coherent between two instruments
taking contemporaneous data but not all of it. The amount of coherent noise will depend
on which instruments are being compared. For example, the Las Campanas A and B
instruments that are separated physically on an astronomical mount by ~ 60cm will
share a higher proportion of common solar noise than GOLF data will share with any of
the BiSON instruments.

As we will see later the amount of common noise present between two sets of data af-
fects the statistical mode detection techniques that are developed in this thesis. However,
more fundamentally, the ability to detect low-frequency modes is limited by the amount
of solar noise present in a set of data, as this is the dominant source of noise at low fre-
quencies. One source of noise that will not be common between the ground-based BiSON
instruments and the space-based GOLF instrument is atmospheric noise. Although not
present in GOLF data, atmospheric noise does contribute towards the noise observed by

the BiSON instruments and so the nature of the atmospheric noise will now be described.

2.2 Atmospheric noise

Atmospheric noise is evident in Earth-based solar observations in many different ways.

The Sun’s zenith angular distance will affect the amount of atmospheric extinction in a
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non-random manner. If the Sun is close to the horizon the light from it will have to travel
through more of the atmosphere than if the Sun is observed close to the zenith. This effect
can be modelled and the modelled effect can be removed from the data. Furthermore,
the optical path length through the atmosphere from different parts of the solar disc will
vary, meaning that the amount of atmospheric extinction will vary across the solar disc.

Random atmospheric noise can also be caused by fluctuations in the atmosphere’s
transparency and seeing. Transparency fluctuations occur because of variations in the
extinction coefficient of the atmosphere over the solar disc. These fluctuations can be
caused by unevenly spread water vapour, dust or aerosols.

Transparency noise will not be correlated between two well-separated instruments.
The separation required between two instruments so that the transparency fluctuations
are not correlated is frequency dependent. Clette (1993) found that the frequency at
which the noise from transparency fluctuations stops being coherent increases as the
separation between the two instruments, L, decreases. More precisely, Clette found that
the critical frequency, where the noise ceases to be coherent, is dependent on L~%. Above
10,000 1Hz a separation of ~ 77m is required before the transparency fluctuations are
no longer correlated. However, above 300 uHz a separation of ~ 1400m is required.
Therefore the noise from transparency fluctuations will be the same for the port and
starboard observations made by a single BiSON instrument as they observe the same
image of the Sun in the same vapour cell. The transparency noise will also be common to
data taken by two instruments with a small separation. For example, the Las Campanas
A and B instruments will observe coherent transparency noise as they are only separated
by ~ 60 cm. However, the transparency noise will be independent in sets of data observed
by the different BiSON sites. Obviously GOLF data does not suffer from atmospheric
noise and so when the BiSON and GOLF data are compared, as they are in Chapter 5,
this will be a source of independent noise that is only present in the BiSON data.

Another source of atmospheric noise is known as scintillation, which occurs because of

turbulence in the Earth’s atmosphere. The turbulence causes fluctuations in the refractive
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index and airmass. The Kolmogorov model of turbulence (Kolmogorov, 1961) distributes
the energy equally between atmospheric cells at all spatial scales. The power in this noise
then varies as a function of frequency, v. More precisely the power in the scintillation
noise varies as =53 in a power spectrum. This model agrees well with the observed
scintillation noise except at low frequencies (Young, 1974). Fossat et al. (1981) found
that in the frequency range 150 to 3200 xHz the power in the airmass fluctuations varied
as vL

Scintillation variations are coherent over smaller length scales than transparency noise.
The noise created by scintillation is typically coherent over 5 to 15cm (Fried, 1965). This
correspénds to an angular scale of a few seconds of arc, which is only a small fraction
of the angular size of the solar disc. As a result Sun-as-a-star, unimaged, data are less
susceptible to this noise source than resolved measurements. The only time this noise
will be common to two sets of observations is when the port and starboard data from the
same BiSON instrument are considered. It should be noted here that not all instruments
are able to take port and starboard measurements. For example, in the BiSON network
the Carnarvon A instrument and the Izafia instrument only have one detector. The
scintillation noise will not be coherent between the data taken by Las Campanas A and
B because they are separated by ~ 60cm, which is larger than the typical coherency
length scale of the scintillation noise.

In Chapter 7 we compare port and starboard data from the same instrument to
determine the level of noise that is common to both sets of data. In addition to solar
and atmospheric noise some of the coherent data could be due to instrumental noise.

Therefore, we go on to describe the instrumental noise that is present in BiSON data.

2.3 Instrumental noise

Instrumental noise comes from many sources including the finite counting rate of the

detector, electronic noise and imperfections in the instrumental components. Hoyng
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(1989) performed a detailed theoretical study on. the sensitivity of resonance scattering
detectors like the BiSON and GOLF instruments. He found that there are numerous

causes of instrumental noise, each of which will now be described in turn.

1. Guidance errors: Guidance errors occur when light from the edge of the solar
disc fails to pass through the spectrometer and into the vapour cell, which means
that the instrument cannot observe the entire éolar disc. Furthermore, the intensity
of light transmitted by a Pockels cell is a function of the angle of incidence of light
falling onto the cell. Therefore, if the direction of light received at the instrument,
from the Sun, is not parallel to the alignment of the optical components of the
instrument the intensity of light observed will be reduced. Any variation in the

intensity of light observed can be misinterpreted as a Doppler velocity.

2. Stability of the interference filter: The interference filter is sensitive to changes
in temperature. Any thermal fluctuations shift the wavelength response profile of
the filter to higher/lower wavelengths. This in turn leads to a variation in the
relative level of radiation let through the filter for each passband. This light can
get scattered in the vapour cell causing a variation in the relative flux of scattered

radiation, which can be misinterpreted as a Doppler velocity signal from the Sun.

3. Efficacy of the Pockels cells: A combination of a Pockels cell and a polariser can
produce either clockwise or anti-clockwise circularly polarized light. However, the
polarization of light will not be 100% efficient. If the voltage driving the Pockels
cell is not constant a variable amount of radiation intended for the blue passband
may be let through when the instrument is measuring the intensity of radiation
scattered into the red passband and vice versa. This adds noise to the relative

scattered intensity measured by the instrument.

4. Temperature variations in the vapour cell: Temperature variations in the

vapour cell cause variations in the number density of atoms in the cell, which
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changes the optical depth of the vapour. This can alter the amount of radiation
scattered out of the cell to the detectors. If the temperature fluctuations occur at a
faster rate than the passband switching interval, it could result in a spurious scaling
in the relative intensities recorded for each sense of incident circularly polarized

light. This, in turn, would lead to errors in the calculated solar velocity.

. Variations in the magnetic field enclosing the vapour cell: An additional
source of noise associated with the vapour cell is due to variations in the magnetic
field enclosing the vapour cell. Variations in the magnetic field strength lead to
variations in the sensitivity of the instrument as the wavelengths at which the red
and blue passbands observe will be altered. However, the size of the variations and
the level of noise introduced by the fluctuations will be small relative to the other

noise sources described in this chapter.

. Temperature variations in the detectors: The temperature of the detectors
has to be carefully monitored as, in general, the detectors become noisier at higher
temperatures. Temperature variations in the detectors generate variations in the
dark current, which is the relatively small electric current that runs through a
photosensitive device even when no photons are entering the device. The higher
the temperature the larger the dark current that is produced. The magnitude of the
dark current then becomes another variable in addition to the scattered intensities.
It is possible that any temperature variations could alter the gain of the detectors.
However, the magnitude of this variation due to small temperature fluctuations is
likely to be minimal. Work is currently in progress within the BiSON group to

investigate the effect of temperature changes on the gain of the detectors.

. Photon statistical noise: The number of photons entering a BiSON resonant
scattering spectrometer varies between ~ 108 s™!, for the instrument at Izafia, and ~
10'°s~1 for the more recently installed instruments, such as Mount Wilson. Photon

arrival times are governed by Poisson statistics and so there is an inherent variability
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in this rate. However, a Poisson distribution approaches a normal distribution if the
number of photons collected by the instrument is large. The standard deviation of
the photon noise is given by the square root of the the number of photons collected,
so that the signal-to-noise ratio of the photon noise is also given by the square root
of the number of photons collected. Therefore, the low number of photons observed
by the instrument at Izafia means that the shot noise is particularly evident in this
data and in fact it dominates the power spectrum at high frequencies. However,
as the counting rate in the newer instruments has been increased by a factor of
10,000 the shot noise is 100 times lower relative to the signal. The finite counting
rate should produce a flat spectrum with random statistics (x%, 2 d.o.f. in the
frequency-power domain). In a BiSON frequency-power spectrum this source of
noise is not important at low frequencies as other noise sources, like the solar
background, dominate. However, at high frequencies the solar noise has diminished
significantly and so the photon noise contributes a larger portion of the total noise.
Garcia et al. (2005) reported that the GOLF detectors had lost a factor of ~ 4.5
in its counting rate over GOLF’s lifetime, predominantly because of aging effects
in the photomultiplier tubes. This means that the photon noise between 900 and
1500 1Hz in GOLF data is only a factor of ~ 3.5 less than the solar background and

so now constitutes an important part of the low-frequency noise power spectrum.

. Noise in amplifiers, voltage-to-frequency converters and other electronic
components: Scattered photons that are incident on the detectors produce a‘
voltage that is amplified and passed to a voltage-to-frequency converter (VCF). The
VCF's produce puIses that are counted by scalers. A scaler is an electronic circuit
that records the aggregate of a specific number of signals that occur too rapidly
to be recorded individually. The electronic components all have an inherent noise

characteristic that is folded into the measured count rate.
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Figure 2.2: The mean power spectrum of a set of BiSON data. The mean power was found
for regions with widths of 100 uHz. Each point is plotted at the minimum frequency of the
100 uHz region. The size of the error bars were determined by the standard deviation of the
power in the 100 pHz regions. The peak in the mean level at ~ 3100 4Hz is due to the presence
of the five-minute modes, whose signals contain significant power. Below ~ 1500 pHz the mean
power level increases with decreasing frequency. This is because the level of noise in the data
increases and so the spectrum cannot be regarded as white at low frequencies.

We have now described the main features of the background noise individually and

so we move on to discuss the more general features of the total noise background.

2.4 Total noise background

The central limit theorem states that any quantity produced by many independent vari-
ables will have a Gaussian distribution regardless of the distribution of the original
variables, provided the independent variables have a finite variance. For example, a
Lorentzian function does not have a finite variance and so if one of the independent
variables had a Lorentzian distribution the central limit theorem can not be applied.
However, that is not thought to be the case for any of the noise sources present in the
background continuum. Therefore, although not all of the individual components that
contribute to the noise background have a Gaussian distribution, because there are many
independent contributing factors the resulting combination will tend towards a hormal
distribution.

When considered in its entirety a solar power spectrum is regarded as ‘pink’ because

the mean level of the data increases as the frequency decreases. Figure 2.2 shows how the
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mean power of noise in 8.5yrs of BiSON data varies with frequency. The bump in the mean
level that peaks at ~ 3100 uHz is caused by the large éignal-to-noise (S/N) ratio of the
five-minute modes. If a small range of frequencies are considered the total background
noise from solar observations has a Gaussian distribution in the frequency-amplitude
domain. Therefore its power has a negative exponential distribution (x? with 2 d.o.f.) in
the frequency-power domain and can be described as flat and ‘white’. Figure 2.3 shows the
distribution of the power in different frequency ranges in a frequency-power spectrum of
BiSON data. Each frequency range has a width of 100 xHz. The data used was ~ 8.5 yrs
in length, with a cadence of 120s, and will be used later when searching for low-frequency
modes (Chapter 5). The distribution of the noise in the 500 — 600 ¢Hz, 1000 — 1100 uHz
and 1500 — 1600 pHz frequency ranges are well represented by the linear fit until high
powers. The deviation at high powers is particularly noticeable in the 1500 — 1600 uHz
frequency range where the departure from the linear fit is likely to be caused by the
presence of the modes, which have reasonably large powers compared to the noise level
in this frequency range. In general the deviations from the linear best fit line at high
powers are due to the occasional randomly large spike in the frequency-power spectrum.
The probability of observing the most prominent spike seen in the 500 — 600 xHz range
is ~ 0.03. This implies that this spike does not represent a large departure from the
distribution. Similarly the probability of observing the most prominent spike that can be
seen in the frequency range 1000 — 1100 pHz is ~ 0.07. The probability of encountering
the most prominent spike that is observed in the frequency range 1500 — 1600 pHz is
~ 0.01. However, it should be remembered that in this frequency range the modes are
reasonably prominent. Clearly in the frequency range 0 — 100 uHz the noise cannot be
regarded as ‘white’ even over this short frequency range. This is because the level of
noise increases rapidly at low frequencies. |

If we know the statistics of the solar noise background we can determine the probabil-
ity that a prominent feature is due to noise. This allows power and amplitude spectra to

be searched for prominent features that are statistically unlikely to be part of the noise
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Figure 2.3: Distribution of the power in different frequency ranges of a power spectrum of
BiSON data. The frequency ranges are all 100 4Hz in width. The black crosses represent the
observed data, while the red solid line shows a linear fit to the distribution.

background. It is possible that a prominent feature provides evidence of a mode. We
will now go on to describe how the distribution of the noise in frequency-amplitude and
-power spectra can be used to search for prominent features. It is, therefore, vital to have
a good understanding of the noise present in solar observations. Some of the statistical
mode detection techniques described in this thesis involve comparing data from different
instruments. When deriving these statistics proper account must be taken of the amount
of noise that is common to the two sets of data. The amount of common noise varies
depending on which instruments have measured the data. Searches for low-frequency
modes are ultimately limited by the amount of solar noise present in the data as the

level of solar noise increases in power at low frequencies while the power of the modes

decreases.



3. DETECTION OF PROMINENT SPIKES IN ONE SPECTRUM

The signal-to-noise ratio (S/N) of low-frequency modes is small making them very difficult
to observe. The depth beneath the photosphere at which the top of a mode’s acoustic
cavity occurs increases as the frequency of the mode decreases. Since observations of
the modes are made in the photosphere, where the modes are evanescent, the observable
signal is weaker for low-frequency modes than for high-frequency modes. Low-frequency
modes are, therefore, observed with a power/amplitude that may not be much greater
than the background level. Hence methods have been developed for revealing signatures
that might be modes by assessing the abundance of statistically significant spikes that
appear as part of the background noise. Using these methods we can identify prominent
features that are statistically very unlikely to be part of the background noise and so can

be considered as possible mode candidates.

3.1 The detection of individual prominent spikes in a pure noise

spectrum

Consider a frequency-power spectrum created by taking the Fast Fourier Transform
(FFT) of solar velocity data. As we have shown in Chapter 2 over a small range in
frequency (~ 100 zHz) the background of this spectrum can be described as flat ‘white’
noise that has a x? 2 degrees of freedom (d.o.f.) distribution. It should be noted that this
description is not accurate at very low frequencies (below ~ 100 ¢Hz). A spike is defined
as the power that is contained in one frequency bin. Consider a spike at a frequency,

v, with a power, £,. Let the mean background level over a certain frequency range that
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contains £, be given by (£,). The relative height of the spike is then defined as

(3.1)

The probability of observing a spike with a relative height greater than or equal to s, in

any given bin in a spectrum of noise that has a x?, 2 d.o.f. distribution is given by

p(sy) = exp(—s,). (3.2)

The probability of observing at least r spikes with a relative height greater than or equal

to s, across a range of N bins is formally written as
Py(s,) = P[r;p(s,), NJ, (3.3)

where the p(s,) is defined as above and r is the minimum number of spikes that are
required to be greater than or equal to s, in N bins. The probability of observing at
least one spike (r = 1) with a relative height of s, or greater across IV bins is equivalent
to 1 minus the probability of not observing a spike greater than s, across a range of N

bins and so can be written as
P.(s,) = P[1;p(s,), N] =1 —[1 — p(s,)]". (3.4)

An alternative way of writing this expression, which becomes more useful when r > 1, is

in terms of the cumulative binomial (Bernoulli) distribution:

N!

Pi(sy) = PIrsp(sn), N = 3 p(su) 1= ()™ e

r=r'

(3.5)

For a spectrum of length T' the number of bins, N, in a frequency range, A,, is given by

N = A,T. In Chaplin et al. (2002a), it was assumed that p(s,) is small, allowing both
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Figure 3.1: The distribution of a pure noise frequency-power spectrum created by taking
the negative natural logarithm of a uniform distribution. The straight line indicates that this

produces a good x? distribution with two degrees of freedom until high values of the normalized
power.

equation 3.4 and equation 3.5 to be approximated as
Ps(sy) = Np(s,) = ApT exp(—sy). (3.6)

Taking the natural logarithm of this expression allows the relative height for a given

probability and frequency range to be calculated:
8y = InA,T — In Py(s,). (3.7)

This equation can then be used to set threshold heights in the spectrum for given prob-
abilities and frequency ranges.

Pure noise frequency-power spectra were created to test the statistics outlined above in
a set of simple Monte Carlo simulations. Anderson et al. (1990) suggest that a x? 2.d.o.f.
distribution can be created by taking the negative natural logarithm of a set of uniformly
distributed random numbers. Therefore 7 million uniformly distributed numbers were
generated to test the distribution produced by this method. Once the numbers had
been created it was possible to find the relative height, as defined by equation 3.1, of
each number in the distribution that was created. The number of values betweén 2
different relative heights in the entire set of 7 million points was then determined. A
graph of relative height against the natural logarithm of the number of occurrences in

each range of relative heights should give a straight line if a x? 2d.o.f distribution has



3. Detection of prominent spikes in one spectrum 39

Table 3.1: The average number of frequency ranges (A,) containing at least 1 false detection
in the whole spectrum..

Probability (P,) 0.005 0.010 0.050 0.100

Ap(uHz)
90 0.698 1394 6.755 13.122
95 0.659 1318 6.412 12.449
100 0.625 1.243 6.076 11.806
105 0.599 1.198 5.840 11.341
110 0.570 1.139 5.549 10.769

been produéed. Figure 3.1 indicates a good x? 2d.o.f. distribution is produced until
high values of the relative height. The gabs in the distribution mean that there are
no spikes generated for certain high relative heights. Given a x2? 2d.o.f. distribution
the probability of observing a spike with a relative height between 12.825 and 12.900 is
very small. Therefore statistically only 1 or 2 numbers out of the 7 million simulated
points should lie in this range of relative heights. However statistical fluctuations could
mean that no numbers are generated between the relative heights 12.825 and 12.900.
The size and number of gaps in the distribution could be reduced by producing a larger
sample of numbers. However, for relative powers greater than approximately thirteen the
distribution is very hard to test without making the size of the sample significantly larger.
Alternatively the relative height bands could be widened to increase the probability of
producing a number in thaf range. However, the widths would have to be increased
significantly before any effect would be seen and this would disrupt the smoothness of
the straight line that is observed at lower normalized heights. Therefore, it is reasonable
to believe that taking the negative natural logarithm of a uniform distribution does
produce the required x? 2d.o.f. distribution and so this method will be used in the
following simulations.

The method described above for producing a x? 2d.o.f. distribution was used to sim-
ulate 1000 independent spectra containing 7,076,160 random numbers that were assigned

a cadence of 40 seconds. This number of points and value of the cadence were chosen
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to be consistent with the length of the timeseries used in Chaplin et al. (2002a). We
adopted values of A, =~ 100uHz as this value will be used later in the analysis of real
BiSON data. The number of frequency ranges, of width A,, that contained at least one
spike with a relative height greater than or equal to s, in the whole spectrum was counted
for 1000 simulated spectra and the average number of frequency ranges that contained a
detection in each individual spectrum was calculated. In later sections, a spike will be
considered as a mode candidate if the probability.that it is part of the background noise
(Ps) is less than 0.1, and so the same threshold has been applied here. Additionally, in
the later analysis of real BiSON and GOLF data thresholds will also be set at Ps < 0.05
and Ps; < 0.01 and so the number of detections due to noise at these probabilities has also
been investigated. The results are shown in Table 3.1 and Figure 3.2. A false detection
can be defined as a spike with a relative height of at least s, that is due only to noise.
In actual solar data a false detection could be mistakenly considered as a candidate for
a mode. Ffom Figure 3.2 we can see that the number of frequency ranges in the entire
spectrum containing at least one false detection decreases as the probability of finding a
false detection, Ps, decreases but increases as the frequency range, A,, decreases. The

number of frequency ranges of length A, in the whole spectrum is

1

where cad is the cadence, taken to be 40s in these simulations. Therefore, if the cadence
is constant, as A, decreases, L increases. The number of frequency ranges that will
contain at least one spike with a relative height > s, in the whole spectrum can then be

predicted using the equation
Number of A, containing at least 1 false detection = P, L. (3.9)

Hence the number of A, containing at least one false detection is directly proportional to

the number of A, that are searched. Therefore, for a fixed value of P, as A, decreases
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Figure 3.2: The number of A, in a simulated spectrum (7,076,160 points) that contained
at least one spike with a relative height greater than s,. The simulations were performed for

different values of Ap, ranging from 90 ;Hz to 110 zHz and these are represented by the different
lines (see legend).
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and L increases the number of A, containing at least one false detection increases, thus
explaining the observed results. The decision over the width of A, is very important.
As A, increases the probability of detecting a prominent spike by chance in each A,
increases, therefore the size of A, must be limited. However, as A, décreases the number
of frequency ranges of width A, in the spectrum increases. Therefore the probability
that one of these ranges will contain at least one prominent spike also increases and so it
is not desirable to have a small value of A,. Hence, when deciding on the optimum value
of A, a balance between these two requirements must be sought.

The total number of spikes in the entire spectrum with a relative height above the
threshold level can be found by taking N = A,T = 1 bin. Equation 3.9 implies the

proportion of A, in the whole spectrum that contain at least 1 false detection is simply

Proportion of A, containing at least 1 false detection = PZL = P, (3.10)

as expected.

The predicted results agree moderately well with the simulated results as the difference
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Table 3.2: The original probability is the value of P;s used in equation 3.7 to set the threshold,
sy, for the simulations. The recalculated probability was found by substituting this value of s,
into equation 3.4. These probabilities can be compared to the probability of observing at least
one spike with a power greater than s, in 100xHz found by the simulations.

Original Probability 0.00500 0.01000 0.05000 0.10000
Recalculated Probability 0.00499 0.00995 0.04877 0.09516
Probability from Simulations 0.00500 0.00994 0.04861 0.09445

between the predicted and the simulated results is less than 6% of the predicted result
for all values of P; and A,. Interestingly, for P; = 0.005 and P; = 0.01 the majority of
the observed number of detections are higher than the predicted number. This is likely
to be because only a small number of detections are expected, therefore the observed
number is very susceptible to the effect of statistical fluctuations. However, for P; = 0.05
and Ps; = 0.1 the observed numbers of detections are consistently less than the predicted
number. The numbers.of expected detections are larger for these values of P; and so
the results will be less susceptible to statistical fluctuations. This could, therefore, imply
inaccuracies in the equations that pr.edict the expected number of detections (equations
3.6 to 3.9). Hence we go on to investigate the discrepancy between the predicted and

simulated results further.

3.2 Improving the predictions

If the threshold relative height (s,) calculated from equation 3.7 is transferred back
into equation 3.4 a slightly different probability (P;) is found. Table 3.2 shows this
effect becomes increasingly important as Ps increases. This recalculated probability is
. significantly closer to the probability revealed by the results of the simulations, i.e. the
average number of A, found containing at least one prominent spike (given in Table
3.1) divided by the total number of A, searched (125 here). This implies that the value
calculated for the threshold height for a given P is not accurate.

Since the predictions made in Section 3.1 rely heavily on the assumption that Py(s,) =
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Np(s,) it is reasonable to investigate whether the calculated predictions will be more ac-
curate if this approximation is either improved upon or, alternatively, dropped completely.

The binomial expansion of equation 3.4 (and also the expansion for 7 = 1 in equation

3.5) gives
P(s) = 1= 1= Np(s,) + MO =M e NV DIVZ2) o
;. MW= 1)(1\;4_ )WV~ 3)p(s,,)4 — ] (3.11)

It must be noted that this particular expansion is only valid for the case when r =1 as
for higher values of r not all of the terms in the above equation will be present. Equation
3.11 can be simplified to give
( 1) 1 Nl

Z ' (3.12)
where ¢ is simply the integer over which the summation is made and M can be taken
to be any value between 1 and N depending on how many terms of the expansion are
required. For example, the approximation used by Chaplin et al. (2002a) only keeps the

first term of equation 3.12 (approximation 1) and so M = 1. However, by including the

next term in the series (M = 2, approximation 2) the equations for P, and s, respectively

become
P; = Np(s,) — N—(A;;l)p(s,,ﬂ ‘ (3.13)
B 1 N —2P,(N —1)72
sy~—1n{N_1i[ . | } (3.14)

In equation 3.14 we take the negative of the square root and not the positive square
root. This is because, although both are solutions to equation 3.13, only the negative
option produces the correct value of P when substituted into equations 3.2 and 3.4. As
can be seen in Figure 3.3, for a given relative height the inclusion of the second term in

equation 3.11 noticeably alters the probability. However, as more terms are added the
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Figure 3.3: The probability of observing at least one spike in a frequency range A, with a
height greater than s,, as given by equation 3.12, is plotted for different values of M (where M
is the number of terms in the expansion).

series converges to a value only slightly greater than the probability when just two terms
are included. Approximation 2 should therefore predict the number of false detections
expected more accurately than approximation 1.

Simulations the same as those performed in Section 3.1 were repeated here, except
equation 3.14 was used to determine the threshold height. When approximation 2 is
used to calculate the threshold height, s,, for certain values of P, and A, the difference
between the simulated and predicted number of frequency ranges containing at least 1
false detection is less than when approximation 1 is used. For probabilities of 0.005 and
0.01 the observed numbers of detections are still greater than the predicted numbers
of detections for the majority of A,. Again this is likely to be because only a small
number of detections are expected. Also the validity of approximation 1 improves as the
probability that a single spike is above a threshold level, p, decreases. However, when
P; = 0.05 and 0.10 the observed numbers of detections are now greater than the predicted
numbers for only half of the different A, examined. The threshold height calculated using
approximation 2 represents the data better than the original threshold height (see table
3.2) and so will be used in all that follows.

Until now we have been describing the statistics of observing a single prominent spike.
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However, solar p modes are damped and so the width of a mode can be resolved in a
frequency-power spectrum. Furthermore the rotation of the Sun means that some modes
exhibit a multiplet structure in the frequency-power spectrum. It is possible to exploit
these properties in order to develop more sophisticated detection techniques. We begin
by taking advantage of the width in frequency of a mode that is observed in a frequency-

power spectrum.

3.3 The detection of peaks in a single noise spectrum

Solar p modes are excited stochastically by turbulence in the outer regions of the convec-
tion zone and damped intrinsically by the convection. If a timeseries is of sufficient length
this dampihg will mean that the resonant peaks of the modes will have an observed width
in a frequency-power spectrum. The full width of a peak can then be used to provide a
measure of the damping each mode undergos. The width of a mode, Av, is relatéd to

the mode lifetime (e-folding time), 7, by

Av

—. (3.15)

If the length of a timeseries is significantly greater than the lifetime of a mode the
timeseries will extend over several realizations of the mode and so the modal peak will be
resolved across several bins in the frequency domain. It is therefore desirable to search for
a concentration of prominent spikes over a range of bins similar to the expected modal
line width (Chaplin et al., 2002a). A peak is regarded as several spikes with relative
heights > s, that cover a range of frequencies.

The lifetimes of modes increase as the frequency of the modes decreases. Below
~ 2500 uHz the widths of the mode peaks decrease rapidly with frequency. If the length
of the timeseries is less than the lifetime of a mode the width of the mode will be narrow
enough to confine the majority of the mode’s power into one bin. The signal will behave

like an undamped sine wave, however, the finite length of the observations will mean
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that the frequency-power spectrum of the signal will actually be a sinc squared function
centred on the frequency of the mode. If the acoustic signal from the mode is not
commensurate with the time bins the power of the mode may lie in more than one bin
even if the underlying width of the mode cannot be resolved. Furthermore, although any
solar-cycle variation of low-n eigenfrequencies would be small it could be enough to split
the signal between two bins. Therefore, even at low frequencies, where the lifetime of
modes may be longer than the length of the timeseries, it is still possible to search for
more than one spike that contains power from a mode.

In Section 3.5 artificial data will be used to assess how effective statistical tests are
at detecting modes. The artificial spectrum will be 9.5 artificial years in length. In a
spectrum of 9.5 years the width of the peaks is expected to be less than the bin width
for modes with a frequency of less than ~ 950uHz. Therefore in the artificial frequency-
power spectrum modes cannot be resolved at frequencies of less than ~ 950uHz. So a
spectrum can be searched, at frequencies above ~ 950uHz, for at least two spikes, both
of which are greater than some relative height, s,;, and both of which are separated by
less than twice the expected full width at half maximum (FWHM) of the mode.

Let N; be the number of bins that cover twice the FWHM of a mode. The probability,
Pwidth, Of finding at least two spikes that are less than N; bins apart anywhere in the

spectrum is given by

Pwidth = P(8u1) [1 -(1- p(sm))N’—l] . (3.16)

In other words pwiatn iS given by the probability that an individual spike is greater than
s,1 and that at least one spike in N7 — 1 bins has a relative power of at least s,;. The

probability of then observing at least one of these structures over IV bins is
Puigen = 1 — (1 — puiam) M+ (3.17)

A special case of this arrangement occurs when the prominent bins are forced to be

in consecutive bins. As mentioned previously the power from an unresolved mode may
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lie in two consecutive bins if the frequency of the mode is not commensurate with the
window function of the timeseries. Therefore searching for two consecutive prominent
spikes is relevant even when the power of a mode should be confined to one bin only.
Furthermore this would provide a more stringent test for any ’fnode whose power is spread

across several bins. The probability of observing 2 spikes in consecutive bins is simply
P2bins[2;p(3u1): 2] = p(su1)2- (318)

The number of bins in A, is N and so the number of arrangements of pairs is N — 1.’

The probability that a range, A,, contains at least 1 pair.of such spikes is therefore

Pay[l; Popinss N = 1] = 1= [1 — Poping]V !

N-1(N-2
( )2( )P22bins

(N - 1)2(N -2)

(N - 1)P2bins -

Q

(N = 1)p(si)* —

&

(SV1)4. (319)

This can be rearranged to give

o [ (ER ]
e[ o)y

As with equation 3.14 the negative square root is taken. Incidently this is approximately
half the height required when looking for a single spike at a given threshold probability
(Pay or P;). These equations, along with equation 3.9, were then used to predict the:
number of A, containing at least 1 pair of prominent consecutive spikes in a spectrum
of noise. Once again simulations were performed to test the accuracy of these equations.
The predictions agree with the simulations to an accuracy of better than 0.5%.

When searching the spectra for statistically prominent features a low threshold value
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of P is set so that there is a very small probability of observing a prominent feature at
least once in N bins. Using this threshold probability and equation 3.21 it is possible
to determine threshold relative heights, such that if a feature is observed to be greater
than this threshold height it is considered to be statistically significant. The width of
a mode is not the only property that can be used to search for low-frequency modes.
We now investigate how the multiplet structure exhibited by some modes can be used to

construct a statistical test.

3.4 The detection of multiplet structures in a single pure noise spectrum

The rotation of the Sun splits modes with [ greater than zero into 2! + 1 components,
each of which are described by a different azimuthal order, m. The azimuthal order can
take any value between +I. However, in Sun-as-a-star data only ! + 1 components are
observed, instead of 2l + 1, as the near-equatorial view of the Sun limits the visibility of
certain modes. In fact modes are only clearly visible in Sun-as-a-star data when [ +m is
even. Chaplin et al. (2001) found the separation between adjacent m for the [ = 1; 2 and
3 modes, at frequencies above 1500uHz, is approximately 400nHz. At mode frequencies
greater than 400uHz theoretical modelling implieé that the magnitude of the frequency -
splitting of p-mode multiplets is relatively insensitive to the poorly understood rotation
at less than 0.2 solar radii (Provost et al., 2000). It is therefore reasonable to assume that
the synodic splitting in the searched-for low-frequency modes is similar to that observed
at higher frequencies. However, magnetic fields introduce asymmetries in the splitting
which become apparent in full-disc data for modes with [ > 2. If the magnetic field
originates near the surface the magnitude of the [ = 2 and [ = 3 mode asymmetry is
only of the order of a few nHz at low frequencies. The effect of a deep-seated field on
the asymmetry of the splittings is less straightforward to predict as the magnitude of
the asymmetry varies in a quasi-oscillatory manner with frequency. Current data implies

this variation is also small, but the evidence is by no means conclusive. The possibility
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of an asymmetric arrangement needs to be taken into account when defining a multiplet
structure. Therefore we take the uncertainty in the difference in frequency between .
any two components of a multiplet, v, to be £100nHz. The number of bins, Nj, in a
frequency range dv is given by N5 = 6vT, where T is the length of the timeseries. In the
frequency range that will be searched this is always greater than the width of the mode,
Av. As |+ m must be even for the modes to be observed the difference in m between
observable modes of a given [, dm, will always be a multiple of 2. The aim is therefore
to search for prominent spikes that lie at multiples of ~ 800£100nHz from each other.
The probability of finding at least one spike by chance with a relative height above

8,2 over the uncertainty range 2Nj is
Ps = P[1;p(s,2),2N5) = 1 = [1 — p(s,,2)]*"e. (3.22)

Therefore, the probability of finding 2 spikes above s,, that satisfy the requirements for

a multiplet pair is

P = p(sv2) Ps = p(s,2){1 = [1 — p(5,2)]*" }. (3.23)

The number of possible arrangements of the structure over a range A, is dependent
on the synodic splitting, Ngyn = 400nHz, and the uncertainty allowed (Nj). In a well
resolved spectrum Ngyn and Nj are both significantly less than the number of bins in A,
N. Therefore, the number of arrangements can be taken to be approximately N. Hence

the probability of observing at least one multiplet pair in a frequency range A, is
Pouti = P[1: P, N} =1—[1 - P,]". (3.24)

Simulations were performed in the same manner as in Section 3.1, except that multiplets
containing two prominent spikes were searched for. In this case there is no simple,

accurate expression for s,, and so in the simulations s,, was fixed and used to calculate
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the corresponding probability. The simulated results are approximately 2% lower than
the predicted results.

For | = 2 and 3 modes it is possible that three components of the multiplet could be
observed. It is therefore viable to search for triplets, where a central component is flanked

by two outer components that are 800+100nHz away. The probability of observing a

triplet, P, is given by
Po = p(s) P} = plsua) (1~ [1 — plsa) P (329)
The probability of observing at least one triplet structure in a frequency range of A, is
Puipler = 1 —[1 = BN, (3.26)

We have now developed the tools with which frequency-power spectra can be searched
for both multiplet pairs and triplets that contain two or three prominent spikes respec-
tively. We go on to determine how effective the statistical tests that we have developed
in this chapter are at detecting simulated modes. We therefore search a set of simulated

data for prominent single spikes, peaks of spikes and multiplet structures.

‘3.5 Detection of mode candidates in FLAG data

The Solar Fitting at Low Angular degree Group (FLAG) is an international collaboration
that aims to improve analysis techniques for low-I solar p modes. FLAG data are artificial
data that are designed to mimic unresolved Doppler velocity observations of the visible
disc with a S/N per unit time characteristic of BiSON and GOLF measurements. The
FLAG data, therefore, represent Sun-as-a-star observations. A timeseries containing
low-frequency modes was investigated as a blind test of the statistics developed in this
chapter. The data were made by W.J. Chaplin and the frequencies of the modes he

included in the data were only revealed after the statistical tests were performed. Modes
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with angular degrees between 0 < ! < 3 were included in the timeseries along with the
appropriate level of broadband noise. The timeseries contained 7,464,960 points, with a
cadence of 40s, and so spanned approximately 9.5 artificial years. No gaps were included
in the timeseries and so the duty cycle was 100%. The data mimic observations that
were made near the ecliptic plane, and so only modes where | +m ils even are visible.
Since | m |< | a mixture of different m will only be observed when [ > 1. In all of the
following searches the minimum threshold height for a spike to be considered a candidate
corresponded to a probability of P; = 0.1. This threshold was chosen as it means that
there is less than a 10% chance that any detected mode candidates are part of the noise
background and so the confidence level is 90%. However, more detailed discussions on
whether this is an appropriate threshold level are included later in this section and in
Chapter 5.

The statistical predictions of the distribution of noise that were described in Sections
3.2, 3.3 and 3.4 have been used to look for prominent spikes in the FLAG data. It should
be noted that the statistical predictions give the probability that a prominent spike or
structure of spikes is due to noise, which is the HO hypothesis. Five tests were performed

on the frequency-power spectrum produced by taking the FFT of the FLAG timeseries:

Test 1: The frequency-power spectrum was searched for prominent individual spikes. The

probability that a spike is due to noise was calculated using equations 3.2 and 3.4.

Test 2: A test was performed to search for two prominent spikes in consecutive bins. The
power of the least prominent of the two spikes was used in equation 3.2 to calculate
p. This was then used with equation 3.19 to find the probability that a peak is due

to noise.

Test 3: The spectra were searched for two prominent spikes that are separated by less than
twice the predicted width of the mode. A power-law extrapolation, used in Chaplin
et al. (2002a), was used to predict how the width of a mode varies with frequency.

Equations 3.2, 3.16 and 3.17 were then used to determine the probability that any
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Test 4:

Test §5:

such structures are due to noise.

A test was performed to search for pairs of spikes in multiplets. Each pair of
spikes must be separated by 800 + 100nHz, 1600 + 100nHz or 2400 + 100nHz whiéh
correspond to separations in the azimuthal order of 2, 4 or 6 respectively. This
ensures that [ + m is even for both components of the multiplet. Therefore, when
the spikes are separated by 800 = 100nHz modes with | = 1, 2 or 3 can be revealed
as each exhibit components that are separated by dém = 2. However, when the
spikes are separated by 1600 & 100nHz only modes with | = 2 or 3 can be detected
as the required difference in m is now dm = 4. Only | = 3 modes can be detected
when the spikes are separated by 2400 £ 100nHz as the required difference in m is
dm = 6. The probability that each multiplet is due to noise was calculated using

equations 3.2, 3.23 and 3.24.

This test searched for multiplets containing three spikes. The central spike is sep-
arated from the outer components of the triplet by 800 & 100nHz. Therefore this
test can search for modes with £ = 2 or 3 as these modes contain at least 3 visible
components. Equations 3.2, 3.25 and 3.26 were then used to find the probability

that each triplet would occur in pure noise.

Disregarding noise the power of a peak can be reduced to approximately 40% of its

maximum value depending on how commensurate the phase of the signal is with the

frequency spectrum bins. Noise can interfere both constructively and destructively with

the signal from the mode and so can increase (or decrease) the severity of this effect. One

possible solution to this is to oversample the spectrum by zero-padding the timeseries.

Alternatively removing successively appropriate small numbers of data from the end

of the main timeseries will shift the absolute frequency locations of the bins, thereby

allowing the observer to scan for the frequency at which the signal is commensurate.

Removing different numbers of bins from the end of a spectrum alters the location of

the bins and therefore allows the spectrum to be evaluated at different locations. If a
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sufficient number of shifts are made different realizations of the noise background will be
given. Monte Carlo simulations have shown that shifting the spectrum 25 times will give
the equivalent of 3 realizations of the noise (Chaplin et al., 2002a). However, the Monte
Carlo simulations also showed that little is gained by performing more shifts. Therefore
the length of the timeseries was altered 25 times and the same analysis was performed
on each of the resulting 25 spectra. The length of the timeseries was altered by removing
a different number of bins from the end of the original timeseries. The largest number
of bins removed was 1460 and so a timeseries.containing 7,463,500 bins was produced.
The smallest number of bins removed was 85, creating a timeseries containing 7,464,875
bins. These numbers were chosen because they ensure the sum of the prime factors of
the remaining number of points in the timeseries is small as this has repercussions for the
time taken to perform the FFT. As the numbers of bins to be removed only constitute a
small fraction of the base line in its entirety the 25 spectra should provide a fairly even
sampling across a range of bin shifts.

The solar spectrum is, in fact, only locally regarded as being flat (‘white’). A ‘white’
spectrum can be approximated by calculating a running mean for the data over regions of
approximately 100uHz. However, this approximation falls short at very low frequencies
as the level of noise across a 100uHz bin cannot be regarded as constant. Hence a
running mean was taken to ensure that any prominent spikes or structures are central
to the 100uHz region for which the mean level is calculated. By using a running mean
we are effectively pre-whitening the spectrum. To test whether this has an effect on the
underlying statistics the simulations described in Section 3.1 were repeated but using
this method of searching for modes. The results of this simulation were the same as the
results found in Section 3.1 and so taking a running mean does not affect the statistics.

The FLAG frequency-power spectrum was searched at frequencies between 1000 and
1500uHz for statistically significant spikes and structures. Althoﬁgh the exact frequen-
cies of the modes that were included in the FLAG data were not known it had been

acknowledged that they all had frequencies greater than 1000 uHz. The frequency, v,
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Figure 3.4: The possible candidates uncovered when searching for prominent spikes and
structures in the FLAG data. The black symbols at the centre of each row represent the
detections made for a 10% threshold. Different symbols are used to distinguish between the
different tests. The red vertical lines indicate the frequencies of the input modes. The blue
squares denote the detections that lie within 0.5uHz of an input mode frequency.
was recorded for any spike or structure that had less than a 10% chance of being due to
noise. However, a more stringent threshold was also set at P; < 0.01 to investigate the
reliability of the tests. It is important to note that any spikes found by this method are
not definitely evidence of a mode. There is simply a large probability they are not due
to noise and therefore any spikes detected will be referred to as mode candidates.
Figure 3.4 shows all of the mode candidates that had a less than 10% chance of
occurring in a pure noise spectrum in an echelle diagram. The entire frequency range
that was searched has been split into strips of 147uHz and these strips have been placed
one above another. The length of the baseline of the echelle diagram was chosen to be
147uHz so that the overtones of modes with a given [ lie in near-vertical lines. The
red vertical lines show the central frequency of the input modes. The different symbols
represent the different tests that were performed (see the legend on Figure 3.4). Mode
candidates that lie less than 0.5uHz from any components of the input modes have been

highlighted with a blue square. In the case of the multiplet and triplet tests all of the

components of the detected structure must correspond to input mode frequencies. Table
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Table 3.3: Candidates found to be closer than 0.5uHz to the input frequencies.

Il n m Frequency Probability = Number of tests Number of tests
(uHz) (P) passed (Ps = 0.1) passed (P; = 0.01)
2 6 42 1105.950+0.003 6.7 x 10~2 1 0
0 7 0 1118.150 + 0.003 9.6 x 10~ 3 2
1 7 -1 1185.211+0.003 1.9x 103 4 2
1 7 +1 1186.0184+0.003 1.9x 1073 1 1
2 7 -2 1249.927+0.004 2.0x 10°° 5 4
2 7 0 1250.724 + 0.004 2.4 x 10~3 1 1
2 7 42 1251.528+0.004 2.4x 1073 3 2
0 8 0 1263.510 + 0.004 3.2 x 10~10 3 3
3 7 =3 1305.590+0.005 1.7 x 10~2 1 0
3 7 41 1307.200+0.005 1.7 x 10~2 1 0
1 8 —1 1329.2114+0.004 2.3x 1011 4 4
1 8 +1 1330.0184+0.004 2.3 x 10~11 4 4
2 8 -2 1393.891+0.005 7.4x 10°10 5 3
2 8 0 1394.722 + 0.005 7.4 x 10~10 5 5
2 8 +2 1395.513+0.005 7.4 x 10710 5 5
0 9 0 1407.616 % 0.005 0 3 3
3 8 -3 1449.893+0.006 9.8 x10° 4 3
3 8 41 1451.437+0.007 1.1 x1072 1 0
3 8 43 1452.291+0.006 9.8 x 10~° 4 4
1 9 -1 1472.441 £ 0.005 0 4 4
1 9 +1 1473.213+0.005 0 4 4

3.3 shows those candidate detections that are found within 0.5uHz of the frequencies of
the input modes. Notice that there are six clear false detections made (not including the
multiplet tests that contained one false detection and one candidate mode component).
We have searched 5 frequency ranges of width 100 xHz with a threshold of P, = 0.1.
By altering the length of the timeseries 25 times we have created 3 realisations of the
noise. Furthermore, we have performed 5 different tests. Therefore the number of false
detections we would expect is 0.1 x 5 x 3 x 5 = 7.5. Hence the number of false detections
observed is in line with expectations.

This method is not very effective for finding the exact frequency of peaks that have
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a large width as there are significant numbers of spikes that are greater than s, even
when P; is extremely small and s, is very large (e.g s, > 30). At frequencies greater
than 1500uHz the power of the modes is spread over many bins and the powers in the
majority of these bins is greater than the threshold height. Therefore the search was
limited to frequencies less than 1500p4Hz. Even so some of the higher-frequency modes in
this range were detected in more than one bin, therefore, the probability that the most
prominent spike (or structure of spikes) is (are) part of the background noise has been
recorded.

In a timeseries of this length all of the input modes are oversampled and so have a
resolved width in frequency. Therefore the errors on the observed frequency quoted in
Table 3.3 have been calculated following the method described in Chaplin et al. (2002b).

The error on the frequency, dv,, is given by

s - (M) -

where Avy,, is the width of the line, T is the length of the timeseries and f[G,] is a
function that is dependent on the noise-to-signal ratio, G,. The function, f[B,] takes

the form

1B = (0 + ¥ [+ )t + 8] (3.29)

while G = 1/s,.

Only 1 of the 12 included modes was not detected in some capacity, meaning that at
least one component of the mode passed at least one test. The completely undetected
mode is the | = 3, n = 6 mode at 1161.69uHz. However, as can be seen from Figure 3.4
there are a lot of detections that do not correspond to the input modes. These are known
as false detections. It is therefore useful to introduce the further requirement that the
candidate modes pass at least two of the tests that were performed. When this constraint
is introduced the number modes that are not detected increases to three as the [ = 2,

n = 6 mode at 1105.17uHz and the [ = 3, n = 7 mode at 1306.80pHz do not pass this
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requirement. However, the number of false detections is reduced from 6 to 1. This is
still not ideal as the false detection could be mistaken for a real mode in actual solar
data. It is therefore worth considering reducing the threshold limit to P, = 0.01. This
disqualifies all of the false detections and it does not reduce the number of modes that
are detected. Therefore it is definitely advantageous to reduce the threshold levels to a
1% chance that any candidates could occur in noise. However, it should be noted that
one of the false detections has a probability of being noise of less than 1% and so it is
important to combine this more stringent threshold level with the requirement that each
detection passes at least two of the tests.

Overall the statistical tests have proved to be reasonably effective at detecting the
simulated modes. However, a significant number of false detections were also made. It
is important to minimize the number of false detections as they may be mistaken for
modes. Therefore in the future the threshold probability was set at P; = 0.01 and each

mode candidate was required to pass at least two tests.

3.6 Summary

The statistics that describe the noise background in a frequency-power spectrum have
been used to develop various statistical tests. These tests can be used to search for
prominent spikes or structures of spikes that are statistically unlikely to be part of the
noise background. The tests are based on those developed in Chaplin et al. (2002a).
However, here we have added an extra term in the approximation of P, to produce
a more accurate description of the background statistics. We have taken advantage of
some of the physical properties of a mode observed in a frequency-power spectrum. These
properties include the width of a mode, which is observed because the power of a mode
is damped, and the multiplet structure of a mode, which is observed because of the solar
rotation. Therefore, in addition to searching for individual prominent spikes tests can be

performed that search for prominent peaks of spikes, multiplet pairs and triplets.
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A blind test was performed on FLAG data to determine how effective these tests are
at finding low-frequency modes. When the threshold probability was set at P, =01
all but one of the input modes were found but a substantial number of false detections
were also made. -However, the number of false detections was reduced, without signif-
icantly lowering the number of mode detections made, when the threshold probability
was reduced to P; = 0.01 and each candidate was required to pass at least two tests.

As the statistical tests were successful at finding the simulated modes they have been
used to search real Sun-as-a-star data for low-frequency modes (Chapter 5). However, it
is necessary to stress here that any mode candidates are still not definitely modes, there

is just a large probability that they are not due to the background noise.



4. DETECTION OF PROMINENT SPIKES IN TWO SPECTRA

BiSON data are just one of many sets of solar observations that are currently available.
Another example is the data recorded by the GOLF instrument on board the SOHO
spacecraft. Like BiSON, GOLF measures spatially unresolved solar Doppler velocities.
BiSON and GOLF data can, therefore, be searched for prominent spikes or structures of
spikes using the statistics described in the previous chapter. The BiSON network and
GOLF have both been making near-continuous observations of the Sun for more than 10
years. Therefore it is possible to compare contemporaneous observations made by the
BiSON network and GOLF. Contemporaneous data should show a common signal from
solar oscillations. This chapter will describe how the probability of observing promi-
nent spikes (or patterns of spikes) that are found in the same bin (or bins) in each of
two frequency spectra can be found. The statistics developed in Chapter 3 have been
adapted so that they can be applied to two sets of contemporaneous observations. This
problem is trivial when the data are completely independent (Section 4.1). However, the
background noise in the two sets of observations will not be completely independent as
there will be some common noise from the solar granulation. There will also be inde-
pendent instrumental noise and any data taken by ground-based instruments, such as
BiSON data, will contain atmospheric noise. Furthermore, some of the solar noise will
be independent. The amount of noise common to the two sets of data will affect the
probability that any prominent structures present at the same frequencies in both sets of
data are due to noise. Section 4.2 will calculate this probability taking into account the
amount of common noise present.

It should be noted that comparisons are not limited to BiSON and GOLF data.



4. Detection of prominent spikes in two spectra 60

Observations from other instruments, such as MDI, which is also onboard SOHO, can be
used. The BiSON data are measured by a network of instruments that are positioned
at different longitudes around the world. The positioning of the BiSON instruments
allows near-continuous solar observations to be made, éssuming that the instruments are
fully operational and that the weather permits observations to be made. However, the
separation in longitude between some of the BiSON sites means that it is possible that
the Sun will be above the horizon, and so observable, at more than one site. In fact
at certain times as many as four BiSON instruments could be taking contemporaneous
observations of the Sun. It is, therefore, possible to compare contemporaneous data
from different BiSON instruments and this will be done in Chapter 7. The remainder of
this chapter will describe a method for comparing data in a generalized manner that is

independent of the instruments from which the data being compared originate.

4.1 Detection of prominent spikes in two independent spectra

As an initial, simplistic example we will describe the statistics governing two timeseries
that contain completely independent Gaussian noise. Assuming the noise in the power
spectra created from the independent timeseries can be described by a x2 2 d.o.f. distri-
bution the probability that a frequency range of width A, will contain at least one false
detection in the same bin, in each of the two independent spectra, can be found. The
probability that two spikes in the same bin in two independent spectra will have relative

heights greater than or equal to the relative height s,3 is

P, = p(s,)? = exp(—25,2), (4.1)

where s, is defined as the ratio between the height of a spike and the mean level of noise
surrounding that spike. Therefore, the probability that a frequency range, A,, which

consists of N bins, will contain at least 1 pair of spikes with a relative height greater
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than s, in the same frequency bin is
Psg[l; P2, N] =1- [1 — PQ]N. (42)

Using an expansion similar to the one given in equation 3.13 it can be shown that

N(N —1)

Py[1; Py, N] = Np(s,2)* — 5

p(su2)4v (43)

which can then be rearranged to give an expression for a threshold relative height, s,,,

for given values of N and Piy:

1 lN—QPsz(N— 1)]%}_ (4.4)

1
vz = _§ID{N— il e
As with equation 3.14 the negative square root is taken. Comparing this equation with
equation 3.14 shows that when looking for coincident spikes in two independent power
spectra the threshold height is half that required when looking for prominent spikes in
just one spectrum.

Simulations that counted the number of detections made in pairs of completely in-
dependent noise spectra were performed to check the validity of this equation. The
simulations were performed for various frequency ranges, A,, and probabilities, Ps;. A
false detection was made if a frequency range of width A, contained at least one pair of
spikes that had a relative height greater than s,s positioned in the same frequency bin in
each of the two simulated spectra. There was only a 1% difference between the predicted
and the simulated number of false detections for all values of A, and Py, for which the
simulations were performed.

As mentioned in Section 3.3 the modes of the Sun do not usually appear as a single
spike in a single bin, but rather as a peak of spikes that cover several bins. For some of
the modes this is because the energy of the mode is heavily damped over time. However,

the power from modes with long lifetimes can also be spread over two consecutive bins if
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the frequency of the mode is not commensurate with the frequency bins in the frequency-
power spectrum. It is therefore usually necessary to look for spikes larger than the
threshold height over several bins. The probability of observing a prominent spike in the
first spectrum and a prominent spike in the second spectrum which lies either in the same

bin as the spike in the first spectrum or 1 bin either side is given by

Py = P[1;p(s.2),1] x P[1;p(502), 3]

= p(5u2) [p(3v2)3 = 3p(3v2)2 + 3p(5u2)] . (4-5)

The value of P; can then be substituted into equation 3.4 to find the probability of such
an arrangement of spikes occurring at least once in N bins.

Once again simulations were performed to ensure equation 4.5 represents the statistics
accurately. A false detection was made if there were at least one pair of spikes, one spike
from each spectrum, that both had relative heights greater than s,,. This time the spike
in the second frequency-power spectrum had to be either in exactly the same frequency
bin as the spike in the first frequency-power spectrum or one bin either side of that
frequency bin. The simulated and predicted number of false detections were in good
agreement as the difference between them was less than 0.6% for all A, and s,, that were
used in the simulations.

The statistics described in this section only apply when the noise in two sets of data
are completely independent. However, the assumption that two spectra are completely
independent is very simplistic and, when considering contemporaneous data, often inac-
curate. It is far more likely that two sets of contemporaneous data will contain some
common noise and so we begin the next section by discussing the possible origins of the
common noise. The presence of the common noise alters, in a non-trivial manner, the
probability of observing a prominent feature at the same frequency in two frequency-
power spectra. The remainder of this chapter is, therefore, dedicated to discussing the

statistics governing two sets of data with a known amount of common noise.
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4.2 Statistics of coherent noise spectra

Any two instruments that are making contemporaneous observations of the Sun will not
only be observing the same oscillations but some of the solar background continuum
observed by both instruments will be common to both sets of data. The granulation that
can be continually observed on the Sun produces noise in Doppler velocity observations
(see Chapter 2). This source of noise is particularly important when looking for low-
frequency p modes and g modes as the level of solar noise increases as frequency decreases.
Real data will contain some solar noise that is common to two sets of contemporaneous
observations and some solar noise that is characteristic to each individual set of data
and therefore not commoﬁ. This is because the instruments making the observations
may have slightly different views of the Sun meaning the observations will be weighted
to different parts of the solar disc (see Chapter 8 for more details). Also the height
in the photosphere at which the observations are made is likely to be different both
because of Doppler ifnaging and because different instruments may observe different
Fraunhofer lines. For example, BiSON uses the neutral K line at ~ 770 nm but GOLF
observations use the neutral sodium doubiet at ~ 590 nm. When BiSON and GOLF data
are compared there will also be noise due to instrumental effects and, for the BiSON data,
atmospheric effects that will not be common to both sets of observations. In chapter 7
we compare many different sets of contemporaneous BiSON data. In some cases much of
the instrumental noise and some of the atmospheric noise are also common to both sets
of data.

The amount of common noise will vary depending on frequency and the instruments
from which the data have been taken. It is, however, possible to determine the probabil-
ity that a spike in the same frequency bin in each of two spectra, which contain a known
amount of common noise, has a relative amplitude greater than a given threshold ampli-
tude. Until now we have considered the statistics that are relevant to frequency-power

spectra. However, in this section we will be considering frequency-amplitude spectra.
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This is because the statistics that we are now going to develop assume the noise has a
Gaussian distribution. The noise in frequency-amplitude spectra is normally distributed,
however, this in not the case in frequency-power spectra, as we have already seen. To
calculate the probability of observing a coincident prominent spike the amount of com-
mon noise must be determined. Therefore, we go on to describe the manner in which the
common noise affects the probability and how the amount of common noise shared by
two sets of data can be found.

Let the proportion of noise in two sets of data be represented by « such that when
a = 0 there is no coherent data but when o« = 1 the two sets are identical. The ‘coherency’
of the two data sets can be related to o in a manner that will be described later (see
equation 4.70).

We will assume that the real and imaginary frequency-amplitude spectra contain
normally distributed noise. We define z, and y, as the real and imaginary amplitudes of

the first spectrum. They are given by the equations

1 = a+ab, (4.6)

1 = c+ad, (4.7)

where a, b, ¢ and d are arrays of normally distributed random numbers. Then we define
z9 and y, as the real and imaginary amplitudes of the second spectrum. They are given

by the equations

T3 = aa+b, (4.8)

Yo = ac+d. (4.9)

The equations for the real part of the observed noise, x; and s, can then be expressed
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in the form

Ty = aa+ab+ (1 - a)a, (4.10)

T2 = oaa+ab+(1—a)b - (4.11)

Clearly aa + ab represents the common ‘solar noise’ and (1 — a)a and (1 — a)b in z; and
x4 respectively represent all ‘other noise’ that is not common to both sets of observations.
The variance of the distributions, a, b, c and d are taken to be equal (i.e. 62 =07 =02 =

02). However, the two spectra may contain different amounts of ‘other noise’. Therefore

a multiplying factor of k is included to alter the variance of the ‘other noise’ in x,. Hence

1 = aa+ab+ (1-0a)a,

zo = aa+ab+k(l—a)b. (4.12)

The variance of the other noise in z, is, therefore, k? times the variance of the other noise
in z,. Note that it is reasonable to assume that the variance of the real and imaginary
parts of each spectrum will be equal. Therefore a multiplying factor of k can also be

included to alter the variance of the other noise in y;. So we now have

yn = ac+ad+(1-—a)c

y2 = ac+ad+k(l—a)d. (4.13)

The variance of the other noise in ¥, is now k? times the variance of the other noise in
y1. It is also necessary to multiply the whole of z, and y; by a factor of j to allow for

differences in the variance of the overall distributions. This gives

Ty = aa+ab+(l1-a)a=a+ab, (4.14)

yn = ac+ad+ (1-a)c=c+ad, (4.15)
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T2 - Jjlea+ab+ k(1 —a)b], . - (4.16)

Y2 = jlac+ad+k(l —a)d). (4.17)

The general expression for a probability density function is given by

1 1 1
P(X)= —————=exp (——XTC_1X>, - (4.18)
(2m)z /|| 2 ,
where z is the number of variables, C is a coherency vector and X is a matrix of the

variables. In this case the variables are the real and imaginary amplitudes of both spectra

and so z = 4. The column vector of the variables, X, is given by

[2)

1

x=|"1 - (4.19)

T2

v )

and the coherency matrix, C, is given by the following expectation values:

[ E@) E@w) E@z) B@w)
C= E(y111) E(U%) E(yiz2) E(n1%2) . (4.20)
E(z2r1) E(z211) E(z%) E(z2y2)

\ E(ez1) E(v2t1) E(yeze) E(y3)

Now the expectation value of 22 can be determined as follows:

E(z?) = (a®+ 2cab+ a’b?),

= (a®) + 2a(ab) + o?(b?). - (421)

For any variable, z, with a given probability density distribution, P(z), the function f(z)
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has an expectation value given by
()= [ f()P@)dz. L (a22)

Therefore, for a Gaussian distribution, such as a,

(a®) = /_ _ a20 \1/2_1re‘“2/ 2ida = 02 (4.23)

Also, as a and b are both normally distributed (ab) = 0. Therefore equation 4.21 reduces

to _ v
E(z?) = 02+ a%02 = (1 + a?)o?, _ - (4.24)

as o2 = of. Using equation 4.22 to find the eXpectation value of z, gives

E(z?) = j° (a2(a2) +2 [a2 + ka(1 —ra)] (ab) + [a2 + k(1 - a)z] :(bz)) \

72 (o + [k(1 - @) + of?) o2, (4.25)
Similarly

E(r122) = j(e(a®) + [0® + o + k(1 — )] (ab) + a[k(1 — @) + 0] (+2)),

= ja[l+k(l—a)+a]d? S (4.26) -

The symmetry of the real and imaginary parts of each spectrum means that

B@) = (+a)dd o u
E@}) = 7 (a+[k1-0a)+a]")d? —  (4.28)
E(ny:) = ja[l+k(1-a)+a]al, o -~ (429)

E(a:lyl) = E(niy2) = E(zan) = E(zoy2) = 0. A (4.30)

Letting A = (1 + o?), B = 52 (a2 +[k(1 —a) + a]2) and D = ja[l + k(1 — a) + a] and
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substituting equations 4.27 to 4.30 into equation 4.20 then gives
A 0 D O w
,| 0 A 0 D
C =o; (4.31)
D 0 B 0 :
0 D 0 B )
It is now possible to find |C| as follows:
A 0 D 0 A D
IC|] = o3|Al 0 B 0|+D|D 0 0
D 0 B 0 D B
= 0%(A’B® — ABD? — ABD?* + D*%),
= 0%(A’B? - 2ABD? + D*). (4.32)

Substituting back in to equation 4.32 for A, B, and D then gives

ICl = o2 {721 +0?) (o + k(1 — @) + o) — % [L + k(1 — @) + 042}2 , (4.33)

— 40 (o — 20* [k(1 — o) + o] + k(1 — o) + "),

= j'od(o® — k(1 —a) +a])".

Finally, this can be rearranged to give

C] = 508 [ +alk—1) — K]

(4.34)

(4.35)

Using equation 4.18 we can see that the probability that a spike at the same frequency in

each of two frequency-amplitude spectra will have an amplitude of z;, + iy, and 2 + iy,
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in each spectrum, respectively, is then given by

. 1 .
B (2m)20%52 [@? + a(k - 1) — k]

1 -
m 5 exp [—EXT C-IX] . (4.36)
To allow us to evaluate equation 4.36 we now need to find an expression for C~1. Once.

again using the expressions defined earlier for A, B and D and taking advantage of the

fact that CC~! is equal to the identity matrix, the inverse of C can be found using the

equation
A 0D o) woow o) 1000)
0 40 DI|lowow 0100
- , (4.37)
D 0 B 0 v 0 w 0 0010

\ODOB/\OUOw/ \0001)

where u, v and w are the non-zero components of C~! that need to be found. Equation

4.37 gives us four simultaneous equations,

Au+ Dv = 1, (4.38)

Av+Dw = 0, ' (4.39)

Dv+Bw = 1, (4.40)

Du+Bv = 0, (4.41)

that can be solved to give
B -D A
= - =" = 4.42
“=AB-p 'TAB-Dp> “TAB-D? (4.42)

Therefore
{ B 0 -D 0 \

-1 0 B 0 -D
o UZ(AB - D2) -D 0 A 0

KO—DOA)

Cc! (4.43)
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Hence using equations 4.19 and 4.43 an expression for X7C~1X can be found as follows

- ) Bzxy — Dz,
- By, — D
XX = Xt
Ua( - ) A$2 _ D:L‘l
Ays — Dy )
1
= AE =D B+ ) + Al + ) ~ 2D (g + )] - (444)

We can now replace A with (1 + a?), B with j?(a?+ [k(1 —a)+a]) and D with
ja[l + k(1 — @) + a]. This allows equation 4.44 to be written as

et U o) ol D)

+(1+0?) (a3 +43) — 2jer 1+ (1 — ) + o] (w22 + Yiw2) ] (445)

XTC7 X =

We can now define p as the probability that, in a given frequency bin, the real amplitude
T; is greater than some threshold &; and the imaginary amplitude y; is greater than some
threshold x;. In practice these amplitudes will be set to high values so that p is small.

The above equations show that

B 1 o0 /oo /oo ' /oo
B (2’/T)202j2 [012 + Oz(k - 1) - k]2 /yz=xz yn=x1 Jz2={2 JZ1=£1
1

P {202 2[a + alk— 1) — k]’ [

—3? (o + [k(1 — @) + of’) (&} + v}) — (1 + o®)(a5 + 13)] }dxldmgdyldyg. (4.46)

2ja(l+ k(1 — a) + of (z122 + y1y2)

Substitutions for z; = p; cosf; and y; = p; sinf; can be made to give

- 1 s
P (2%)20’2]' [612 +a(k —1) 02=0 J61=0 Jpo=r2 Jp1=11

1
271+ k(1 —a)+ 6, —0
exp{20332[a2+a(k_1)_k]2[]a[ ( ) a]p1p2cos( 1 2)
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—j2 (a2 + k(1 —a)+ a]z) P —(1+ az)pg)] }p1p2dp1dp2d01d02. (4.47)

Now p gives the probability that, in a given frequency bin, p; is greater than some
threshold r; for all 6; between 0 and 27 radians. As we are interested in the difference
between 8; and 6, only we can change these variables to the difference between the two
angles, 6. Hence, we can substitute 8 = 8; — 6, into equation 4.47 and multiply equation

4.47 by 2r, to give

- 27!'0'3]' [a2 + CY k] / -/132—7‘2 ‘/l;l_'rl

1
2ja[L+ k(1 — ) + cos §
exp{203j2 [02+a(k—1)—k]2[ jo ( ) + o] p1p2

—3% (o + [k(1 — @) + o) g2 — (1 + 0*)p})] }plpzdmdpad@- (4.48) .

The Modified Bessel Function of the First Kind is defined, in the integral form, as
(Abramowitz and Stegun, 1972)

Io(z) = -71; [ exolz cos6}as. (4.49)

Iy(z) may also be expressed as a summation:

1,2 1,22 1.2\3
Lh(z)=1+ (“1')2 + 6’2!)1 + (g!)l +... . (4.50)

Comparing equation 4.50 with equation 4.48 shows that

i

Iy 1+< [1+k(1—a)+a]p1p2>2 __( [1+k(1—a)+a]p1p2)4

202j [a? 4+ a(k — 1) — k]? 202j [a2 + a(k — 1) — k)?
1 ( [1+k(1—a)+a]p1pz)
(312 \ 202j [a2 + a(k — 1) — k}°

_ 1l (al+k(—a)+a]pmp ". 451
2y (2azj[a2+a(k—1)—kl2) (450
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Substituting this equation into equation 4.48 gives

a[l+k(1—a)+a]pipy
[a2+a(k‘—1) ]rl/ n_o(n')2p1p2( 1+k(1—-a)+ ]PP)

20%] (a2 + a(k — 1) — K
exp{ ‘ -1 [ (a + [k(1 — a)+a])p‘f

20252 [? + a(k — 1) — k]

+(1 + a2)p§] }dpldpg. (4.52)

It is now possible to integrate this expression term by term. Let

(kA -a)+ of*)

202 [a2 + a(k — 1) — k) (4.53)
and _
(1+a?)
Ay = . 4.54
> 2022 [0 + alk — 1) — k] (4:54)
The n = 0 term of equation 4.52 is given by
= = / > exp{—A2p2) pad ]°° exp{—A12}pudpr.  (4.55)
Pn=0 = 742 (o + alk— 1) — k]2 - P 2P2 5 242 ry 101 s/ dpr. .
Breaking this equation down, it can be shown that
*° 2 1 2 |
[ exp{—Ai?}oido; = w2}, (4.56)
T 2A,,
and so
1 1 2 9
Dr=0 = exp{—Ar; — A2r5)}. (4.57)

0452 [0? + a(k — 1) — k> 44142

The n =1 term of equation 4.52 is given by

DPn=1

1 ( a[l + k(1 —a)+a] ]2)2

- 0452 [a2 + a(k — 1) — k]* \202j [0? + a(k — 1) —
X / 05 exp{—Asz}dpgf p3 exp{—A;p2}dp;. (4.58)
T2 1
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Now, with the help of equation 4.56, it can be shown that

2

00 T 1 joo
/r - p}exp{—Aipi}dp; = 5A exp{—Air}} + T /T P exp{—A;p}}dp;
_ L. 1 2
= 4 <ri + Ai) exp{—A;r’}. (4.59)
Therefore
N 1 ( all+k(l-a)+a] \°
Pt = 42102 ¢ alk — 1) — K \2027 [a® + a(k — 1) — kJ°
1 1 1
Xm‘; (7‘% + A_l) ('I‘% + '14—2) exp{—Alrf - AQT%}. (460)
Similarly
_ 1 l( al[l+k(1—-a)+a )4
Pr=2 = 4202 + alk — 1) — k24 \20% [a® + a(k — 1) — A]"
X/; /r 303 exp{—A10; — Azp3)}dpidp,
_1(_altki-a)+a] \' 1 (r} f 1
4\202j [02 + a(k —1) —k]*] 4A1A \2 A A}
s, T3 1 2 2
X\ 5 + A + Y exp{—A17m{ — As15}, (4.61)
and
B 1 1 all + k(1 —a)+aj )6
Pr=s = 452 (02 + ak — 1) — K236 \202j [a® + a(k — 1) — k]’

X / f p1pyexp{—A1p; — Azp3)}dpr1dpy
r2 T1
_1( el+kil-a)+a] \° 1 (rf3f 3P 3
36 \202j [a® + a(k — 1) —k]*) 44142 \ 224, A} A}
(rg_:’ﬁ 3ri

3 2 2
5 24, + A—% + Ag) exp{—A17{ + Ao73}. (4.62)
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More generally it can be shown that

B 1 1 ( all+k(1-—a)+a] \*
Pr=n = 542102 + a(k — 1) — k2 () \202) [0? + a(k — 1) — K
1 i n!Tf(n_m) Zn: n!rg(n—Q) exp {_AITQ _ AQT'Z} . (4 63)
441 Az | fzo (n — m)AT | | =5 (n — q)!A] ! 2 '

By combining equations 4.57, 4.60, 4.61, 4.62 and 4.63 an expression for the probability
that a spike in the first set of data has an amplitude greater than r; and that a spike in

the same frequency bin in the second set of data has an amplitude greater than r, can

be found:

&1 (_al+k(l-0a)+d] )2" 02+ alk — 1) — K2
P (2asj[a2+a(k—1)—k]2 (1+02) (a2 + k(1 - @) +af)

n=0
{z": T omg2min2 4 ok — 1) — k]gm] [ " ra02152052002 4 gk — 1) — k]Qq}

(n —m)(a® +[k(1 —a) + o)™ =0 (n —gX1+ o)

m=0

(4.64)

B (a2 + [k(1 — a) + a]2) r2 ~ (1+ a?)r2
P ot ak—1) — K 2022 [ +alk— 1) — K[|

Equation 4.64 converges to a limit as n — oo. It was found that, at most, 20 terms (so
n = 19) were needed to find an accurate value of p.

To ensure that this equation correctly predicts the probability some simulations for
different values of o were performed. The results of one such simulation are shown here.
This example takes k =2, j = 2,02 =1,71, =2 < p; > and 1 = 2 < py >. Figure 4.1
shows that the predictions and the simulations for this example are in good agreement.

Equation 4.64 gives the probability that prominent spikes that are found in the same
frequency bin in each of two frequency-amplitude spectra. The probability of observing

at least 1 pair of prominent spikes in a frequency range A, is
Pe1l—(1-p>T, (4.65)

where T is the length of the timeseries. In equation 4.64 « accounts for the amount of
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Figure 4.1: The probability that spikes in the same frequency bin in each of two spectra have
amplitudes greater than twice the mean level for different values of a. In this simulation k = 2,
j =2 and 02 = 1. The crosses represent the probabilities found by simulations and the black
line represents the probabilities found using Equation 4.64.

common noise in the two frequency-amplitude spectra. We will now relate « to the more

commonly used measure, coherency.

4.2.1 Comparison between coherency and o

It is useful to compare a with the more commonly used coherency. The coherency of two

sets of data is defined as (from equation 1.10, Chapter 1)

((z1 +iy1) - (22 — iy2))

Vi@ + i) - (@1 = iy){(@2 + ig2) - (22~ iz2)
Using equations 4.22 to 4.30 it can be shown that
(1 +i31) - (22 — igp)) = 2ja [l + k(1 — @) + o] 75, (4.67)
{(z1 +31) - (z1 — 1)) = 2(1 + a?)o?, (4.68)

and

((z2 + iy2) - (z2 — i) = 2% (® + [k(1 — @) + of*) 02, (4.69)
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Therefore, the coherency is given by

_ afl+ k(1 —a)+al
Y \Rl +a?)(a? + [k(1 — a) + a]2)’ (4.70)

which can be rearranged to give a for known values of k. Notice that j and o, are not
in this equation because of the normalization.

We now have an equation for the probability of observing coincident prominent spikes,
which is related to the coherency of the two frequency-amplitude spectra. The coherency
of the spectra is related to a and k. Before we can determine the probability that a pair
of p_rominent spikes are noise we must determine «, k, 7 and o,. We therefore move on

to discuss how these parameters can be found from the data.

4.2.2 Calculating the variables in equation 4.64

Equation 4.64 contains four variables that need to be found from the data, namely a, k,
j and o2. These parameters may not be constant throughout the frequency-amplitude
spectra and so we will now show how these variables can be found for a frequency range
of width A,. Let Vi be the variance of the real part of the first spectrum, defined by
equation 4.14. Since z; is the sum of two Gaussian distributions it has a zero mean and

the variance is given by the mean of z%:
Vi = (z?) = (1 + a®)o?. (4.71)

Let V, be the variance of the real part of the second spectrum, defined by equation 4.16.

As z, is also the sum of two Gaussian distributions V3 is given by
Va = (23) = (0 + [k(1 — @) + o)) (4.72)

In practice the variances may be estimated by measurement of the mean power in each

spectrum in the N = A,T bins being searched. Additional information is provided by
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calculation of the mean cross-amplitude (Elsworth et al., 1994), over the same N bin

slice. The mean cross-amplitude is given by

X2 = {(z1+iy) - (z2 — i),

2jac(1+ k[l — o] + a). (4.73)

We now have three equations but four variables that need to be found. However, if the
data comes from observations made using a similar method it is reasonable to assume
that the overall level of noise between the two spectra is of approximately the same order
of magnitude. This implies that the magnitude of the common noise observed by the two
instruments is the same. Note that the magnitude of the observed independent noise can
still be different. If both sets of observations come from Doppler velocity measurements
or if they both come from intensity measurements this is a reasonable assumption. Figure
4.2 shows the ratio of the mean absolute amplitude observed in contemporaneous BiSON
and GOLF data. The ratio of the observed absolute amplitudes is always between 2.5
and 1.0 in the frequency range of interest in this thesis (below ~ 1500 1Hz), and so it
is reasonable to assume that the overall noise level is of the same order of magnitude.
Therefore, any variations in the total noise level between the two sets of observations
occur because the amount of independent noise in the data is different i.e. k # 1. If this
is the case we can assume that j = 1. Therefore equations 4.71, 4.72 and 4.73 may then
be used to find values for o, 02 and k. Equation 4.71 may be rearranged to find o2 in

terms of a and V;:

| %
2 _ 1
aa - 1 + a2‘ (4-74)
Equation 4.74 may be substituted into equations 4.72 and 4.73 to give
Vo= (a2 +[k(1l—a)+ a]2) N (4.75)
1402’
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Figure 4.2: Ratio of the mean absolute amplitude of 8.5years of BiSON and GOLF data.

and
2aVy
= 1- . .
X1.2 1+a2(1+k[ al + a) (4.76)
From equation 4.76 it can be shown that
Xl 2 (1 + a2)
—a)= —"———"—-1-— .
k(1 —a) 20V o, (4.77)

which may be substituted into equation 4.75 to give

Vo = daVi (14 0?) (aVi — X1 2) + X7,(1 +o?)?
2= 402V, (1+ a?) '

(4.78)

Now the only unknown left in equation 4.78 is a. Equation 4.78 may be used to find a

quartic in terms of a:

(4V2 + X2, — 4ViV3) o — 4Vi X1 507 + (412

+2X7, — AViV) o® — 4y Xy pa + X7g = 0. | (4.79)

This equation has four roots, however, by definition o should take a value between 0
and 1. Therefore, when calculating a we have found the real root of equation 4.79 that
lies between 0 and 1. Use of equations 4.74 and 4.77 then yields estimates of ¢2 and k
respectively.

We finish by stressing that these statistics are relevant for searching frequency-amplitude
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spectra but not frequency-power spectra, as was done when looking at the spectra indi-
vidually. This is because the statistics have been derived assuming real and imaginary
normally distributed noise, which is the case for frequency-amplitude spectra. However,
the noise in a power spectrum has a x? 2d.o.f distribution. These statistics can now
be applied to the frequency-amplitude spectra of contemporaneous sets of data, such as

BiSON and GOLF data, to search for low-frequency modes.

4.3 Summary

We began this chapter by discussing the probability of observing prominent spikes in
the same frequency bin in each of two frequency-power spectra (equation 4.1). This
equation is based on the assumption that the noise in the two frequency-power spectra
is independent. However, this is unlikely to be the case if the data are contemporaneous.
The amount and source of any common noise shared by the data vary depending on the
instruments that are used to make the observations. However, there will at least be some

solar noise, from the solar granulation, which is common to both sets of data.

Equation 4.64 gives the probability that a coincident, prominent spike in two frequency
amplitude spectra is due to noise. Derivation of the probability is non trivial and it takes
proper account of the level of common noise in the frequency-amplitude spectra. The
amount of common noise is given by «, which is related to the coherency (equation 4.70).
The probability that a coincident prominent spike is due to noise (equation 4.64) is also
related to k, which determines the difference in the amount of other noise, which is not
coherent between the two frequency-amplitude spectra. The other parameters in equation
4.64 are o,, which determines the variance of the noise in the two frequency-amplitude
spectra, and j, which allows the total amount of noise in the two frequency-amplitude
spectra to be different.

To determine the probability that a coincident prominent spike is due to noise we

need to know the values of o, k, 0, and j. Assuming the observations that are being
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compared are both Doppler velocity measurements or both intensity measurements we
can take j = 1. We have then shown that a, k and o, can be found from the data
using the variances of the real parts of the two frequency-amplitude spectra and the
cross-amplitude spectrum.

So, in this chapter we have derived an équation that can be used to search for coinci-
dent prominent spikes in two frequency-amplitude spectra that contain a known amount.
of common noise. In the next chapter we use this probability to compare BiSON and
GOLF data with the aim of detecting low-frequency p modes and possibly even g modes.
We will also use equation 4.64 to compare two sets of contemporaneous BiSON data

(Chapter 7) and to discuss the visibility of low-freQuency p modes (Chapter 6).



5. RESULTS OF SEARCHING BISON AND GOLF DATA

!

The previous two chapters have discussed various statistical properties of the noise in
solar power (Chapter 3) and amplitude spectra (Chapter 4). The statistics developed
in Chapter 3 can be used to calculate the probability that a prominent feature in a
frequency-power spectrum could occur by chance, while the sfatistics derived in Chapter
4 can be used to search for coincident prominent features in a pair of frequency-amplitude
spectra. Therefore, statistical techniques can be used to search the frequency-power and
frequency-amplitude spectra of Sun-as-a-star data for features that are statistically sig-
nificant compared to the background noise, with the aim of uncovering potential mode
candidates. Sun-as-a-star data are taken by the BiSON network and the GOLF instru-
ment onboard SOHO. Various statistical tests have been applied to BiSON and GOLF
data. This chapter goes on to describe how these statistical tests were applied and the

results of the tests. However, we begin by describing the data used.

5.1 Observational data

BiSON and GOLF timeseries were created for the Phoebus collaboration, which is én
international group of helioseismologists who aim to detect low-frequency solar g modes.
Each timeseries contains 3071d of Sun-as-a-star Doppler velocity observat/ions that were
made between 20" April 1996 and 15" September 2004. BiSON data are normally stored
with a cadence of 40s while GOLF data usﬁally has a cadence of 20s. The data were
re-binned to a common cadence of 120s. This cadence was chosen so that the BiSON
and GOLF data were also compatible with other sets of data that have a cadence of 60s.

For the BiSON data this was done by taking the average over three original 40s bins.
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However, this average was found only when all three bins contained useful data. Take,
for example, the first three time bins in the original BiSON data set. If at least one of
the three bins contained null data the newly binned data point was set to zero. This only
decreased the fill of the timeseries very slightly as, when creating timeseries from BiSON
data, if a single point of data is missing this point is interpolated. Hence there were
very few instances when data were lost because not all of the bins contained useful data.
The re-binned timeseries contain 2,211,120 points and the bin width in the frequency
spectrum is 3.77 nHz. The duty cycle of the BiSON timeseries is 78.6%, while the duty
cycle of the GOLF timeseries is 93.4%. The frequency spectra of these timeseries were
then searched for prominent spikes. The spectra were both compared with each other
and searched individually. We will now describe the tests that were applied to search for

low-frequency modes.

5.2 'The tests applied to the data

Frequency-amplitude spectra were created from both the GOLF and the BiSON time-
series. Both frequency-amplitude spectra were searched in slices of 100pHz for the pres-
ence of prominent spikes or prominent patterns of spikes that occurred in the same
frequency bin in each spectrum. BiSON and GOLF frequency-power spectra were also
searched individually. When the BiSON and GOLF frequency-power spectra were search-
ed individually the tests that were applied to the FLAG data in Section 3.5 were again
applied here. The noise in a frequency-power spectrum exhibits a x2 2 d.o.f. distribution
while the noise in a frequency-amplitude spectrum is distributed normally. The statistics
governing the testsrdescribed in Section 3.5 assume a x? 2d.o.f. distribution. Hence it
was the frequency-power spectra that were searched when the BiSON and GOLF data
were considered separately.

Wheﬁ it comes to comparing the spectra we will use the statistics described in Chapter

- 4. These statistics assume that the noise is distributed normally and is complex, as is the
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case in a frequency-amplitude spectrum. Therefore, when the BiSON and GOLF data

are compared to look for coincident prominent features it was the frequency-amplitude

spectra that were searched.

A brief summary of the tests applied when comparing the data will now be given. The

tests that were applied when comparing the two spectra are similar to, but not identically

the same as the tests described in Section 3.5.

Test 1:

Test 2:

Test 3:

The frequency-amplitude spectra were searched for prominent, individual spikes
that were found in the same frequency bin of each frequency-amplitude spectrum.
We call this a ‘pair of spikes’. Substituting the observed amplitudes into equation
4.64 gives the probability of observing such a pair of spikes by chance in the same
frequency bin of each frequency-amplitude spectrum. The probability that this pair

of spikes occurs at least once over a range of N bins is then given by equation 3.4.

A test was performed to search for two prominent spikes in the same two consecutive
bins in each frequency-amplitude spectrum. The amplitude of the least prominent
of the two spikes in each frequency-amplitude spectrum was used in equation 4.64

to calculate p, the probability of a pair of spikes occurring by chance. This was

_then used with equations 3.18 and 3.19 to find the probability that a peak is due

to noise.

The spectra were searched for two or more pairs of prominent spikes that were
separated by less than twice the predicted width of the mode. The width of a
mode was predicted by extrapolating to low frequencies the widths of well-observed
higher-frequency modes. Each prominent spike must, once again, lie in the same
frequency bin in each frequency-amplitude spectrum. Equations 4.64, 3.16 and 3.17
can be used to determine the probability that any such structures are due to noise.
It should be noted that this test is only different to Test 2 above ~ 950 uHz, as
below this frequency the extrapolation implies that the lifetime of a mode is greater

than the length of the timeseries. Therefore the width of a mode with a frequency
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Test 4:

Test 5:

below ~ 950 uHz is not resolved and all of the power should be contained in one

bin.

A test was performed to search fbr multiplets that contained two spikes. Each con-
stituent spike in the multiplet must lie in the same frequency bin in each frequency-
amplitude spectrum. It was assumed that the rotationally split components of a
mode are separated by 400+100nHz in frequency (see Section 3.4 for more details).
However, as the only components visible in Sun-as-a-star data are components for
which [ + m is even, for two spikes to constitute a multiplet they must be sep-
arated by multiples of 800 £ 100nHz. If the multiplet’s spikes are separated by
800 =+ 100 nHz they could belong to an [ = 1, 2 or 3 mode. If the spikes are Sep—
arated by 1600 = 100nHz they could belong to an [ = 2 or 3 mode. If the spikes
are separated by 2400 £ 100 nHz they could be the outer components of an [ = 3
mode. The probability that each multiplet is due to noise can be calculated using

equations 4.64, 3.22, 3.23 and 3.24.

This test searched for multiplets containing three spikes. Once again the spikes that
formed the triplet must be in the same frequency bins in each frequency-amplitude
spectrum. The components of the triplet must again be separated by 800+ 100 nHz.
Therefore this test can only observe | = 2 and 3 modes. Equations 4.64, 3.25 and
3.26 can be used to find the probability that each triplet would occur at least once

in 100 uHz of pure noise.

The threshold levels were set so that the probability of any noise detections in a

100 uHz range was less than 0.01. This lower threshold was used following the results

in Section 3.5, which showed that reducing the threshold probability to 1% from 10%

significantly reduced the number of false detections made. Once again the bin shifting

strategy described in Section 3.5 was used to scan the frequency bins in an attempt to

force the frequency bins to be commensurate with the signal from a mode. The same

number of points were removed from the BiSON and the GOLF data. As before, 25
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differing numbers of points were removed from the end of both timeseries. This time
the smallest number of points removed from the end of the timeseries was 15, while the

largest number of points removed was 1458.

5.3 Finding a, k and o2

As stated in Section 4.2.2 there are three variables required to calculate the probability
that any prominent spikes are noise. These variables need to be found from the data. The
parameters are «, which provides a measuré of the amount of noise that is common to the
two sets of data, k, which allows one of the sets of data to contain more independent noise
than the other, and o2, which provides a measure of the overall level of noise in the data.
The procedure for finding these parameters is also described in Section 4.2.2. Let the first
spectrum described in Section 4.2 represent the BiSON data and the second spectrum
described represent the GOLF data. So z; and y,; represent the real and imaginary parts
of the BiSON frequency-amplitude spectrum respectively while o and y, represent the
real and imaginary parts of the GOLF frequency-amplitude spectrum. To find «, k and
o2 it was necessary to find the variance of the real amplitude in the BiSON and the
GOLF spectra and these are V; and V, respectively (see equations 4.71 and 4.72). It
was also necessary to compute the BiISON-GOLF cross-amplitude spectrum (equation
4.73). Estimates of the variances of the two frequency-amplitude spectra and the cross-
amplitude can be seen in Figure 5.1. The BiSON data have a much higher variance than
the GOLF data at low frequencies, however, above ~ 1000uHz the variances become very
similar. At low frequencies BiSON spectra become contaminated by artifacts related
to the window-function. In particular, the daily harmonics are very prominent at low
frequencies in a BiSON spectrum. Also there is a known artefact in BiSON data that is
thought to occur because BiSON instruments are placed on an equatorial mount, which
simplifies the automation of the instruments, but produces a quasi-oscillatory signal

that is particularly visible below 1000 uHz. A low-frequency function can be fitted to
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the data to remove much of the unwanted low-frequency noise but some evidence of
of the artefact still remains (Chaplin et al., 2002a). A cross-amplitude spectrum will
suppress any uncommon noise and it gives an indication as to the amount of common
noise present in two sets of data. The level of the cross-amplitude spectrum decreases
with increasing frequency implying that the amount of common, solar noise is reduced
at higher frequencies.

The values found for «, using equation 4.79, can be seen in the upper panel of Figure
5.2. As can be séen the shape of « is closely related to the shape of the coherency (red
dashed line), although the values found for o are consistently smaller than the coherency.
The middle panel of Figure 4.79 shows the values found for k. As the variance of the
BiSON data is larger than the GOLF data at low frequencies k is significantly less than
1. However, as the variances of the noise in the two data sets converge k approaches a
value of unity. If the amount of uncommon noise in the two data sets was exactly the
same k would equal unity. The bottom panel of Figure 4.79 shows that the shape of o,
follows closely the shape of V; and V; (shown in Figure 5.1). This is expected as o, is a
measure of the level of noise in the two sets of data and we have already seen that the
amount of noise in the BiSON and GOLF amplitude spectra decreases with increasing
frequency.

As an aside, one assumption that is~ crucial to determining the probability that any
coincident spikes are due to noise (equation 4.64, section 4.2) is that the variances of the
real and imaginary parts are equal. Figure 5.3 shows the ratio of the variances of the
real and imaginary amplitudes over the range of frequencies searched in both the BiSON
data (top panel) and the GOLF data (bottom panel). The average ratio over regions
of 100 uHz has been plotted. The ratio of the real and imaginary variances is always
between 0.98 and 1.02 for both the BiSON data and the GOLF data in the frequency
range of interest here (i.e. below ~ 1500 uHz). This implies that it is valid to assume

that the variances of the real and imaginary parts are equal.
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Figure 5.1: The variances of the real part of each frequency-amplitude spectrum and the
cross-amplitude spectrum are plotted. The black solid line shows the variance of the BiSON
data, which is equivalent to V; in Section 4.2. The red dashed line represents the variance of
the GOLF data, which is equivalent to V5. The blue dotted line shows the cross-amplitude of
the two spectra, which is equivalent to X2 in equation 4.73.

5.4 Results

The left panel of Figure 5.4 shows the absolute threshold levels (in units of mm s!

per root bin) for the BiSON data, as a function of frequency, for each of the five tests.
The threshold levels have been calculated for a 1% chance of passing the tests at least
once anywhere in 100uHz. The levels are specific to the BiSON data even though the
thresholds are calculated using the joint BiISON and GOLF probabilities, as the plotted
thresholds are dependent on the mean amplitude level, which is different for the BiSON
and GOLF data. The right panel of Figure 5.4 shows the percentage reduction in the
threshold amplitudes with respect to the amplitudes given by the analysis of the BiSON
data alone. The reduction in threshold levels is clearly frequency dependent. Nonetheless
use of two data sets has allowed the threshold levels to be reduced by ~ 28%. The shape
of this graph can be compared to the results for « in Figure 5.2. When « is lower the
decrease in the threshold levels is larger. Therefore, the amount of noise common to both
sets of data is crucial in determining the effectiveness of comparing two sets of data.

The best-case scenario, leading to the largest reduction in threshold levels, would
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Figure 5.2: The upper panel shows how a varies with frequency (the black line). To allow a
comparison to be made the coherency for the same frequency region has been plotted as a red
dashed line. The middle panel shows k for different frequency ranges. The lower panel shows
the variation of o, with frequency.
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Figure 5.3: Top panel: The ratio of the variances of the real and imaginary parts of the
BiSON amplitude spectrum for different frequencies. Bottom panel: The ratio of the variances
of the real and imaginary parts of the GOLF amplitude spectrum for different frequencies.
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Figure 5.4: Left panel: threshold amplitudes (for BiSON) needed to record P < 1% in each of
the five tests (see figure legend). Right panel: percentage reduction in the threshold amplitudes,
with respect to the amplitudes given by analysis of the BiSON data alone.
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Figure 5.5: An Echelle plot, modulo 147 uHz, marking the locations in frequency of occur-
rences uncovered by the test searches. Locations in frequency where spikes, or patterns of spikes,
were found in the same bin, or bins, of each spectrum at levels sufficient to record P < 1%
are marked by the black symbols in the middle of each row. A different symbol has been used
for each test (see figure legend). We have also recorded prominent spikes or patterns of spikes
found by searching both the BiSON frequency-power spectrum (red symbols at top of each row)
or the GOLF frequency-power spectrum (blue symbols at bottom of each row) alone. Symbols
surrounded by a green square represent the prominent occurrences listed in Table 5.1. The
green vertical lines mark locations of the p-mode frequencies predicted by the Saclay seismic
model (Turck-Chiéze et al., 2001). The navy blue vertical lines show the g-mode frequencies
predicted by the M1 model from Provost et al. (2000). The vertical dashed red lines mark
locations in frequency that are overtones of the 11.57 uHz diurnal frequency.

occur when a = 0. In other words it is most advantageous to compare two completely
independent frequency-amplitude spectra with no common background noise. At a par-
ticular frequency, v, the threshold height in the BiSON frequency-amplitude spectrum
is given by some value times the mean noise level in the BiSON data, s,, say. At the
same frequency the threshold height in the GOLF data is given by the mean level of
noise times this same value, s,. Therefore, when a = 0 the threshold amplitudes would
be reduced by a factor v/2, implying a ~ 29% reduction in size.

Figure 5.5 is an Echelle diagram that shows the locations in frequency where promi-
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nent spikes or patterns of spikes were found. Strips of length 147 uHz are placed one above
another. The strips are 147uHz in length as consecutive overtones‘of low-{ p modes are
separated in frequency by approximately this amount. The green vertical lines indicate
the frequencies of the modes predicted by the Saclay seismic model (Turck-Chiéze et al.,
2001). As can be seen the choice of the lengths of the strips has allowed these green lines
to be arranged in four near-vertical strips, one strip for each [ in the range 0 < [ < 3.
The navy blue vertical lines represent the g-mode frequencies predicted by the M1 model
(Provost et al., 2000).

The vertical red dashed lines indicate the frequencies of the daily harmonics that
occur at multiples of 11.57uHz. These harmonics are particularly prominent in the low-
frequency BiSON data. The daily harmonics are caused partially by periodic gaps in the
data that are separated by 24 hrs and partially due to the fitting procedure that aims to
remove the daily effect of the Earth’s spin from the Doppler velocity residuals. There are
also diurnal frequencies present in the GOLF data due to spacecraft operation signatures.

The black symbols in the middle of each row represent the frequencies of spikes or
patterns of spikes that were found in the same bin in each of the frequency-amplitude
spectra, which had less than a 1% chance of occurring by chance. Each of the different
symbols show results for the different tests. Also shown are the frequencies of prominent
spikes or patterns of spikes that passed the tests when the BiSON data were searched
alone (represented by the red symbols at the top of each row) and the spikes or patterns
of spikes that passed the tests when the GOLF data were searched alone (represented
by the blue symbols at the bottom of each row). The symbols surrounded by a green
square indicate that the frequency of the feature is less than 0.5 uHz from the location
of one of the frequencies predicted by the Saclay seismic and M1 models (Turck-Chieze
et al., 2001; Provost et al., 2000). The prominent spikes or patterns of spikes that lie
within 0.5 uHz of a model frequency have been recorded in Table 5.1. The occurrences '
listed in Table 5.1 have been identified with particular p-mode components on the basis

of their placement in frequency. The errors quoted in Table 5.1 have been calculated in
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the manner described in Section 3.5.

When the outer components of a rotationally split mode have been found the mean of
these components has been calculated to give an estimate of the frequency of the centroid
of that mode. However, this can only be taken as an estimate because taking the straight
mean ignores the possibility that the components are not an equal distance in frequency
from the centre. During epochs of high solar magnetic activity it has been observed that
the components of the | = 2 modes are not distributed symmetrically (Chaplin et al.,
2003b). However, the data examined here covers epochs of both low and high activity
and so this effect will be diminished. Furthermore the Moreno-Insertis and Solanki (2000)
model implies that the observed asymmetry decreases with decreasing frequency. Moreno-
Insertis and Solanki modelled the magnetic field near the surface. The altitude of the
upper turning point of a mode’s path through the solar interior decreases with mode
frequency. In the Moreno-Insertis and Solanki hodel low-frequency modes sample less
of the region of the solar interior that contains the model magnetic field. Therefore
the presence of the magnetic field has a smaller effect on the observed frequencies of
low-frequency modes than modes at higher frequencies. These predictions appear to be
supported by observations of both BiSON and GOLF data (Chaplin et al., 2003b). As
only frequencies less than 1500uHz were considered here it is unlikely that any multiplet
asymmetry will be significant. Therefore, at these frequencies, and, given the length of
the observations, it is reasonable to simply take the mean of the two components.

No new candidates were found but all of the listed candidates correspond well with
previous claimed detections of p modes such as those made in Toutain et al. (1998),
Bertello et al. (2000), Garcia et al. (2001a), Chaplin et al. (2002a). Thel=1,n =7
mode was not detected by Chaplin et al. (2002a). However, they did detect a component
of the Il = 2, n = 7 mode at 1250.564 yHz in BiSON data, which is not seen here.
However, closer inspection reveals Chaplin et al. found that the m = 2 component of the
| =2, n =T passed the single spike test with a probability of 0.04, which is above the

threshold probability of 0.01 that was set here. Furthermore, the observed S/N of a mode
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Table 5.1: Candidates found to be closer than 0.54Hz to predicted frequencies of modes from
the Saclay seismic model and the M1 model.

Il = m Frequency Probability = Number of Distance from model
(uHz) (P) tests passed  in frequency (uHz)
0 6 0 972.613 £0.002 3.4 x 10~¢ 2 0.132
1 7 -1 1185196+0.005 1.9 x 1073 4
1 7 +1 1185.981 +0.005 3.0 x 1073 1
mean 1185.589 4 0.004 0.027
8 0 1263.210 +0.007 6.0 x 1074 3 0.314
1 8 -1 1329.236 + 0.005 0.0000 4
1 8 +1 1330.037 £0.007 1.7 x 1073 1
mean 1329.637 4 0.004 0.060
2 8 —2 1393.8714+0.007 4.0x10~* 1 0.036t1
0 9 0 1407.479 +0.007 4.0 x 1078 3 0.149
1 9 - 1472.432 +0.008 3.8 x 10~1! 4
1 9 41 1473.26940.009 3.7x1078 4
mean 1472.851 + 0.006 0.122
t: Difference with model frequency assumes m = —2 component lies —0.8 4Hz from central
frequency.

can be altered by beating with the solar noise background. The interaction between the
mode and the noise can act both constructively, so as to increase the S/N of the mode,
or destructively, so as to decrease the S/N of the mode. It is, therefore, possible that the
S/N of a mode in two different sets of BiSON data will be different. This means that
the mode can be detected in one set of data but not the other. It should be noted that
the power in | = 2 modes is suppressed in GOLF observations because of the response of
the instrument over the observed solar disc. This makes [ = 2 modes difficult to detect
in GOLF data.

Clearly some of the prominent features that are observed lie away from the model
frequencies. The majority of these lie close to the diurnal frequencies demonstrating the
possible impact of the daily harmonics on both sets of data. However, despite the reduced
level of the thresholds allowed by comparing the data there are still a large number of
modes that remain undetected. Chapter 6 goes on to investigate whether this is consistent
with the number of detections expected from simulations based on predictions of powers

and damping rates. These predictions will be made by extrapolating the powers and
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widths present in well-observed modes to low frequencies.

Turck-Chieze et al. (2004) found a prominent structure in GOLF data with 5 com-
ponents at ~ 220 uHz. They postulate Athat this structure could be a detection of a g
mode, possibly the [ = 2, n = —3 mode or the | = 3, n = —5 mode, or a combination
of components from the two modes. These modes are predicted to have frequencies at
222.02 pHz and 217.07 uHz respectively, while the detected components have frequen-
cies of 218.31 uHz, 218.95 uHz, 219.59 uHz, 220.12 yHz and 221.26 yHz. No prominent
structures were detected at or close to these frequencies here.

Although the statistical methods used by Turck-Chiéze et al. (2004) are fundamentally
the same as the statistics outlined here the actual application of these statistics to the
data is different in many ways. Firstly no searches were performed for quintuplets here
for reasons that follow. In order to observe a quintuplet whose components are signals
from one mode only the rotation axis of the core must be different .to the rotation axis
of the rest of the Sun. This possibility was not considered here. BiSON and GOLF
both take Sun-as-a-star observations, which means that the measurements are averaged
over the whole disc. The visibility of a mode, therefore, depends on the average of its
displacement pattern over the whole disc. As a result high-degree modes are averaged
out as their positive and negative fluctuations cancel. In Doppler velocity observations
made by a resonance scattering instrument, such as the BiSON instruments, this means
that there is no net shift in the wavelength of the observed spectral line. Therefore, in
full-disc observations only [ = 0, 1, 2, and 3 modes are clearly visible. There is evidence
for { = 4 and 5 modes at higher frequencies but the observed powers of these modes are
very small. When observations are made close to the ecliptic plane, as is the case for
the BiSON and GOLF instruments, only those components with [ + m even are visible.
Therefore, the maximum number of components that are visible in a multiplet in Sun-as-
a-star data is 4 (the m = =3, -1, +1, +3 components of an [ = 3 mode). Furthermore the
visibility of the different components is éensitive to azimuthal order, with the outermost

components of any multiplet being the most prominent. In BiSON data the [ = 1,
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m = +2 peaks are 1.8 times more prominent in power than their m = 0 counterpart.
Similarly m = +3 components are 2.6 times larger than the m = 41 components in an -
| = 3 mode (Chaplin et al., 2004b). Therefore, even though it is possible that an | = 4
mode might just be visible it is likely that only the outer components will be prominent
enough to be observed. Moreover, the separation of the components of the quintuplets
that Turck-Chiéze et al. (2004) search for is ~ 400nHz. Therefore, they are searching for
modes with consecutive m. In this thesis it was assumed that only modes with {+m even
would be visible and so the separation of visible components was taken to be a multiple
of ~ 800nHz.

The threshold level was set by Turck-Chiéze et al. (2004) so there is a 10% chance of
making a false detection in a frequency range of A, = 20 uHz. A more stringent threshold
of a 1% chance of making a false detection was used here. Additionally we have looked at
frequency ranges of A, = 100 uHz. While restricting the frequency range to A, = 20 uHz
does allow a lower threshold level to be set it increases the total number of A, being
searched. For example, in the frequency range 0 to 1500 zHz the number of 100 xHz bins
is 15 but the number of 20 uHz bins in 1500 pHz is 75. Therefore, in this thesis, where
the threshold was set for a 1% chance of a false detection in 100 Hz, the number of false
detections expected when searching a frequency range of 1500 uHz should be less than 1
(0.15 to be precise). However, in Turck-Chiéze et al. (2004), where the threshold was set
for a 10% chance of making a false detection in 20 uHz, one would expect at least 7 false
detections when searching a frequency range of 1500 uHz (7.5 to be precise).

Therefore the threshold levels set in this thesis require the power or amplitude of
any modes to be larger than in Turck-Chiéze et al. (2004) for a prominent structure to
be considered as a candidate mode. However, it was decided that ensuring as few false
detections as possible are made was paramount. In hypothesis testing a Type 1 error
occurs when the null hypothesis is wrongly rejected. Here that would mean wrongly
rejecting the hypothesis that a prominent structure is due to noise. In other words

saying a prominent structure is not due to noise. A Type II error occurs when the null
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hypothesis is not rejected when, in fact, it is false. In the statistics used in this thesis
this would mean accepting that a feature is just noise when it is not. Generally, Type
I errors are considered to be more serious than Type II errors. For this reason, in this
thesis, we have opted to err on the side of caution and set very stringent requirements
that need to be passed before a structure is considered to be a mode candidate.

The photon noise level in GOLF data has been steadily increasing over time as the
instrument’s components, mainly the photomultiplier tubes, age. Garcia et al. (2005)
reported that GOLF’s photon counting rate had decreased by a factor of ~ 4.5. This
means that the photon noise is becoming increasingly important at the low-frequency
end of a spectrum of GOLF data. As the data used in Turck-Chieze et al. (2004) are
from a slightly earlier epoch than the data used here the fact that the structure observed
by Turck-Chieze et al. is not detected in this thesis could simply be due to the ever
decreasing quality of the GOLF data. Therefore the structure could now be swamped by
noise that was less prominent over the time span Turck-Chieéze et al. searched.

Garcia et al. (2007) detect a significant periodic structure that is compatible §vith
the periodic separation predicted by the theory for gravity modes. The separation in
periods between g modes with the same [ and consecutive n is approximately constant
and Garcia et al. (2007) take advantage of this to look for periodic structures in the power
spectrum. To do this they take the Fourier transform of the frequency-power spectrum
of GOLF data between 25 and 140 uHz to produce a periodogram. They find a broad
structure in the region centred on a period of ~ 24mins that they show to be statistically
significant using Monte Carlo simulations. The period of this feature is synonymous with
the expected separation between dipolar g modes from n = —4 to —26. Figure 5.5 shows
that no detections are made in the region 25 to 140 #Hz here. Simulations have been
performed (by W.J. Chaplin) to determine how the detectability of modes varies as a
function of lifetime and S/N. Artificial spectra containing ! = 1 modes were created. The
! = 1 modes included in the spectra were given a period spacing that matched the period

separation described in Garcia et al.. These simulations determined that modes with the
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Figure 5.6: The coherency of the BiISON and GOLF data found when the GOLF observations
start 24hrs after the BiSON observations.

lifetimes and S/N ratios similar to the modes detected by Garcia et al. should be seen
in our spectra. Therefore these simulations imply that our results contradict those found

by Garcia et al..

5.5 Use of non-contemporaneous data

Until now contemporaneous BiSON and GOLF data have been compared as this means
that the signal from the modes should be common to both sets of data. However, as the
data are contemporaneous the solar noise, from granulation, is also common to the two
data sets. A small shift in the start time of one of the data sets would mean that the data
are no longer contemporaneous and so the amount of low-frequency common noise could
be reduced. As we have seen in Chapter 4 the advantage gained by using two sets of data
is greatest when the level of common noise is zero. Furthermore at low frequencies the
lifetimes of the modes are similar to, if not longer than, the length of the observations.
Therefore, if only a small shift in the start times is implemented, the majority of the
signal from low-frequency modes should remain commensurate. This is demonstrated in
more detail in Section 7.2.1.

Figure 5.6 shows the coherency of the BiSON and GOLF data used in the previous
section. However, the data from the first day in the GOLF timeseries has been removed.

Therefore the GOLF observations commence 24 hrs after the BiSON data. As the length



5. Results of searching BiSON and GOLF data 98

X Testt + Test2 © Test3 * Test4 A Test5s

I TT T v I T T 7 I T m T II T ERY PR ' L T m TTr T T
| | | | | |
|

1617

3
_*f
| x

I

/;1470_ \ ¥ L T 'l ‘l ll T ]I |I |] ]
o _i;g I I I I |§ I él I I I I =
2 1323F BRSO RIRERS IR e T B
=y I I [ I I I % I I I I 1
2 1176 R - e S MM U
x - I I I I I T I I | I i ]
w 1029f—m—t—t—t o L L 0 b 3
= I [ I X X I I b d I I | et
? 882_)5' ] i 25 | i 5 : | i ')g i =
o [y I I I I I I I I I I | H
g 735 = 1 27 e W A iy ke o u i
o N I XK H I I RS ) %y I * | ]
8 588—1 1 | i S I L | o i o 1 o) ]
= = | )‘P( 2( I | | | |+( I Al I D o
E 441_ 1 —1 I 1 S ] ol =1 ] v st ]
o 311 [ [ I [ s 'y I I [ A
g 294 O I TLAATR SR Y SRl : de s o]
E EI | I ® I | % I 'HB#BEJ

S 1477 ALl 1 I i A (] O 1 o I CER N
- [ [ [ [ [ [ [ [ [ x| K Fg:
oc O g b ) 3 ) R I Y 1 1) o ot Sy | TG

0 20 40 60 80 100 120 140

Frequency (uHz)

Figure 5.7: An echelle diagram showing the results when the start of the GOLF observations is
24hrs after the start of the BiSON observations. The lines and symbols have the same meaning
here as in Figure 5.5.

of the timeseries still needs to be the same for both timeseries the data from the last
day of observations have been removed from the end of the BiSON data. The data now
contain 3070 days of data or 2,210,400 time bins with a cadence of 120s. Figure 5.6
shows that separating the start times of the BiSON and GOLF data has reduced the
low-frequency coherency to zero. Again, this is because the solar noise, which was the
source of the low-frequency coherent noise in the contemporaneous data, will no longer be
coherent. It is also interesting to notice that the coherency of the five-minute modes has
also been reduced. The amount by which the coherency of a particular mode is reduced is
related to the lifetime of that mode. This will be covered in more detail later, in Section
7.2.1. Suffice to say that as the low-frequency modes, which we are searching for in this
thesis, have significantly longer lifetimes than the five-minute modes they should still be
coherent even when the start times of the two timeseries are separated by 24hrs. The

methods of searching for the modes described in Section 5.2 were applied to these new



5. Results of searching BiSON and GOLF data 99

Table 5.2: Candidates found to be closer than 0.51Hz to predicted frequencies of modes from
the Saclay seismic model or the M1 model when the GOLF observations start 24hrs after the
BiSON observations. :

Il n m Frequency Probability =~ Number of Distance from model
(uHz) (P) tests passed  in frequency (uHz)
1 1 -1 284.665 + 0.004 6.1 x 1073 1 0.065¢%
0 6 0 972.613+0.002 1.4 x 104 1 0.132
1 7 -1 1185.196+0.005 1.4x 10~° 3
1 7 +1 1185.981 +0.005 1.9x 1073 1
mean 1185.589 + 0.004 0.027
0 8 0  1263.210+0.007 7.874 1 0.314
1 8 -1 1329.236 %+ 0.005 0.0000 4
1 8 +1 1330.037 + 0.007 1.0 x 1073 1
mean 1329.637 £ 0.004 0.060
2 8 —2  1393.871+0.007 2.0 x 1074 1 0.036%
0 9 0 1407.479 £ 0.007 9.4 x 10~4 3 0.149
1 9 -1 1472.432 + 0.008 0.0000 4
1 9 +1 1473.269 +£ 0.009 2.3 x 10~° 4
mean 1472.851 + 0.006 0.122
f: Difference with model frequency assumes m = —1 component lies —0.4 Hz from central
frequency.
I: Difference with model frequency assumes m = —2 component lies —0.8 puHz from central
frequency.

timeseries, including the bin shifting strategy.

The results of this search can be seen in Figure 5.7. Once again the results are
displayed in the form of an echelle diagram. The candidates shown have less than a 1%
chance of being due to noise. The symbols and vertical lines have the same meaning as
in Figure 5.5. Candidates that lie within 0.5 uHz of the predicted frequencies are again
highlighted by a green square. These candidates are also shown in Table 5.2. There is
one new candidate found at 284.665 % 0.004 uHz. This is close to the frequency predicted
by the Saclay seismic model for the m = —1 component of the [ = 1, n = 1 mode, which
is expected to be found at 284.730 uHz. This candidate passes Test 2 with a probability
that it is due to noise of 6.1 x 10~3. However, this does not necessarily mean that the
candidate is a mode. For us to have more confidence it should pass more than one test

because, as shown in Section 3.5, this requirement significantly reduces the number of false
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detections. It should be pointed out that this mode is detected by Garcia et al. (2001b)
in GOLF data as a single peak, with a 10% confidence interval. However, this does not
improve confidence in the detection as it just indicates that this spike is prominent in

GOLF data, which were used in both analyses.

5.6 Summary

In this chapter we have used the statistical tests developed in Chapters 3 and 4 to search
BiSON and GOLF data for low-frequency p modes and g modes. More precisely, we
have searched the BiSON and GOLF frequency-power spectra individually for prominent
spikes/structures of spikes that are statistically unlikely to be part of the background
noise. We have also compared contemporaneous BiSON and GOLF frequency-amplitude
spectra for statistically prominent features that occur in the same frequency bin in each
spectrum.

When comparing the frequency-amplitude spectra three variables must be determined
from the data before the statistics can be calculated. These variables are «, which
provides a measure of the amount of common noise present in the data, k, which allows
one set of data to contain more independent noise than the other and o,, which acts as a
measure of the overall level of noise. The variables were found using the variances of the
real parts of the BiSON and GOLF frequency-amplitude spectra and the cross-amplitude.
The values of o, k and o, all vary with frequency and so are specific to the region of the
frequency-amplitude spectra that are being searched.

The amplitude thresholds levels were calculated for a 1% chance of a false detection
in 100 uHz. When comparing the frequency-amplitude spectra the threshold levels for
the five different tests that were performed were all less than 10mms~!bin'/? for the
BiSON data. This constitutes a ~ 28% reduction in threshold levels compared to the
threshold amplitudes required when searching one spectrum alone. The threshold levels

can be reduced by the greatest amount if there is no common noise shared by the two
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sets of data at low frequencies. In this case the threshold levels can be reduced by ~ 29%.
This is only slightly more than the reduction achieved here. All of the mode candidates
that were found correspond to previously claimed detections of p modes (see for example
Garcfa et al. 2001a, Chaplin et al. 2002a). However, despite the reduction in threshold
levels no new mode candidates were revealed.

In addition to searching the contemporaneous data we have also shifted the start time
of the GOLF timeseries so that it begins 24 hrs after the start of the BiSON timeseries,
meaning that the data are no longer contemporaneous. This reduced the coherency of
the noise at low frequencies to zero, which is the optimal condition as the thresholds are
lowest. One new potential candidate is found at ~ 285 uHz. However, this candidate
only passed one of the tests and so cannot be considered as a detection.

Clearly there are gaps in the list of candidate detections. We know that the S/N
ratios of low-frequency modes are small. Although we cannot yet observe many low-
frequency modes we can estimate their powers and widths based on extrapolations to
lower frequencies of the powers and widths of observed modes with large S/N ratios. In
the next chapter we go on to investigate whether the number of candidates observed here
is consistent with these estimates of the powers and widths of modes or whether it is a
puzzle that, giveh the decrease in threshold levels obtained by looking for coincidences,

we have not observed more low-frequency modes.



6. THE VISIBILITY OF LOW-FREQUENCY P MODES

To date a multitude of solar acoustic (p) modes have been observed over a wide range
of frequencies. However, no independently confirmed detections of low-degree (low-1) p
modes, with frequencies below ~ 973 uHz, have been made (e.g. Garcia et al. 2001a,
Chaplin et al. 2002a, Broombhall et al. 2007 and Chapter 5 of this thesis).

In Chapter 5 we used statistical techniques to search for coincident prominent features
in BiSON and GOLF frequency-amplitude spectra. We found that despite reducing am-
plitude detection thresholds to less than 10 mm s~ 'bin~"/2 many low-frequency p modes
remained undetected. However, we did find the | = 0, n = 6 mode at ~ 973 pHz to be
extremely prominent. The [ = 0, n = 6 mode has also been detected in other studies
such as Garcia et al. (2001a) and Chaplin et al. (2002a). The prominence of this mode is
conspicuous because of the lack of evidence for higher-frequency modes such as the [ = 0,
n = 7 mode at ~ 1118 uHz. As yet the [ = 0, n = 7 mode has only been observed in
Sun-as-a-star data by Garcia et al. (2001a). These higher-frequency modes should be eas-
ier to observe as theoretically they should exhibit larger amplitudes in the photosphere,
where the observations are made. It is therefore of interest to investigate how prominent
the { = 0, n = 6 mode, and the modes surrounding it in frequency, should be. This will
provide an indication as to whether we should be observing modes that we are not; or
whether some effect makes the [ = 0, n = 6 mode more prominent than the rest.

How easy low-frequency modes are to detect depends upon their power and width in
a frequency-power spectrum. As many low-frequency modes have not yet been detected
their powers cannot be determined from solar data directly. Here, predictions of the

power in very low-frequency modes have been made by extrapolating the power observed
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in well-defined, higher-frequency modes. The height of a mode in a frequency-power
(amplitude) spectrum also depends upon the width in frequency over which the power is
spread. As the power in the signal from a mode is damped over time the signal from the
mode may be spread over several bins of a frequency spectrum. The lifetime of a mode
varies with frequency and so it is also possible to infer from extrapolation the width that
a mode at a particular frequency is expected to exhibit from results for well-observed
modes. We begin this chapter by discussing how the extrapolations were made. To make
the extrapolations we have assumed that the simple functional relationships that turn
out to describe the powers and heights of the well-observed modes are still valid at low
frequencies. The validity of this assumption was tested using predictions of the powers
and widths of low-frequency modes made by the Cambridge stochastic excitation and

damping codes (e.g. Houdek et al., 1999).

6.1 Predicting the widths and powers of modes

Various properties of modes can be found by fitting frequency-power spectra. These
properties include the width of a mode, and therefore its damping time, and the height
of a mode, i.e. its maximum power spectral density. The product of the height and width
is proportional to the total power in the mode. A BiSON spectrum, consisting of 3071d
of Sun-as-a-star Doppler velocity observations, was fitted using the methods described in
Fletcher (2007). This procedure involved fitting a Lorentzién—like model to the various
mode peaks in a frequency-power spectrum. The data were the same as the BiSON data
used in Chapter 5 except that, instead of being rebinned to have a cadence of 120s, the
data were left with the nominal 40s cadence on which the BiSON data are stored.

The visibility of a mode in a frequency-power spectrum will depend on the power and

lifetime of the mode. We will now briefly discuss how these properties affect the visibility.
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6.1.1 How the power and width of a mode affect its visibility

The width of a mode, Av, is related to its lifetime, 7, by
Al/ = -—, (6.1)

In this thesis we refer to the maximum power spectral density per bin of a mode as its
height, H. When the power spectrum is fitted it is actually the maximum power spectral
density, H, which corresponds to the height of the Lorentzian, that is determined. The
height of the most prominent spike of a resonant peak in a frequency-power spectrum
will be greater than the height of the fitted Lorentzian. This is because of the random
nature of the excitation of the modes, which means that the power will have a x? 2d.o.f.
distribution abo.ut the underlying Lorentzian. Therefore, the power in some of the bins
across the width of the mode will be greater than the height of the Lorentzian. These
are the spikes that are most likely to be detected.

If the length of a timeseries, T, is significantly longer than the lifetime of a mode, 7,
the timeseries will extend over several realizations of the méde and so the modal peak will
be resolved across several bins in the frequency domain. However, if a mode’s lifetime
is significantly longer than the length of a timeseries all of the mode’s power will be
contained in a single bin!. It is, therefore, necessary to use two different equations to
describe H that depend on whether or not the width of the mode can be resolved. Hence,
H is given by

2V2(1/T) for T >> 27

V2 for T << 271

where V2 is the total power of the mode. However, this does not describe H when T ~ 27.

Fletcher et al. (2006) used Monte Carlo simulations to investigate the height, H, when

1 The power can be split between 2 bins if the frequency of the mode is not commensurate with the
spectrum’s frequency bins. Also the finite length of a timeseries means that the mode will appear in a
frequency-power spectrum as a sinc squared function.
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Figure 6.1: The height of a mode, as given by equations 6.2 and 6.3. Here we have taken
T = 27 at 1000 uHz. The red and blue vertical lines highlight sharp changes in the gradient of
the slope as we change which equation is used to calculate the height. Below the red vertical
line T << 27, between the two vertical lines T' =~ 27 and above the vertical blue line T' >> 27.

T ~ 27 and found that H is well modelled by the following equation:

212

H=grts

(6.3)

It should be noted that it is the power that we are going to extrapolate and not the peak
height of the mode. This is because the height of the mode is not a smooth function
of frequency, as it depends on whether the power of the mode is spread over more than
one bin or whether the mode’s power is confined to one bin only. On the other hand
the power of a mode is a smooth function of frequency and so can be extrapolated more
easily. This can be clarified by taking a simple example where the power of a mode, V2,
is approximately equal to the frequency of the mode. Figure 6.1 then shows how the
height varies with frequency in this example. The height is given by equations 6.2 and
6.3. We have arbitrarily taken T = 27 at 1000 zHz and 7 to be inversely proportional
to the mode frequency. Clearly the height of a mode, H, is not a smooth function of
frequency in spite of the fact that V? is. Therefore, when determining the properties
of low-frequency modes it is better to extrapolate the powers, V2, of modes rather than
their height, H. The width, Av, and height, H, of the mode can be used to find the
power of the mode.

A well-defined mode is one with a power and a width that are sufficiently large for
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Figure 6.2: Results for method 1. Left panel: The black crosses show how the natural
logarithm of the observed width of a mode varies with frequency. The errors of the widths are
those associated with the fits. The red solid line shows the linear line of best fit for the widths
at frequencies between ~ 1530 uHz and ~ 2400 yHz. The blue dashed lines indicate the errors
on this linear fit. Right panel: The black crosses show how the natural logarithm of a mode’s
power varies with frequency. The red solid line shows the linear line of best fit for the powers
at frequencies between ~ 1540 pHz and ~ 2500 zHz. The blue dashed lines indicate the errors
on this fit.

the mode to be detected easily, allowing the shape of the mode in a frequency-power
spectrum to be fitted accurately. In the case of the Sun, when fitting a set of data that
spans ~ 8.5yr, well-defined modes have frequencies greater than ~ 1500 uHz. Here we
are concerned with modes at low frequencies that cannot be observed clearly. Therefore
it was necessary to extrapolate the widths and powers of well-defined modes to obtain
estimates of the widths and powers of low-frequency modes. We have assumed that simple
functional relationships, which describe the variation of the parameters with frequency at
higher frequencies, persist to lower frequencies. In section 6.1.5 we have used predictions
from a stochastic excitation model to test the validity of this assumption. Extrapolations
and simulations were performed to determine how often [ = 0, 1 and 2 modes can be
detected in the artificial data. However, the general trends in the results were very similar
for each [ and so in the rest of this chapter we will only show the results found for [ = 0
modes. The extrapolation can be performed in two different ways, each of which will now

be described in turn.
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6.1.2 Method 1: The In-linear relationship

An approximately linear relationship is observed between the natural logarithm of a
mode’s width and its frequency for well-defined modes with frequencies below ~ 2400 pHz
(see the left panel of Figure 6.2). The well-known plateau in the mode widths above
~ 2400 uHz (see for example Chaplin et al. 2005) means that the linearity does not
extend to higher frequencies. The observed widths have been fitted using data from
modes with different degrees. In Sun-as-a-star observations only low-l modes can be
clearly observed. Here widths from [ = 0, 1 and 2 modes have been used. The width of a
mode is not independent of degree as high-l modes have a lower inertia than low-I modes
and so high-l modes have faster damping rates. However, the difference in damping rates
is minimal over the confined range of [ used here.

We now move on to discuss in more detail how we used the fitted values of the height,
H, and width, Av, of a mode to determine the power, V2, of a mode. If the width of a
mode can be resolved the power of that mode, V2, can be obtained from its height, H,
and width, Av:

V2= gTAuH, (6.4)

where T is the length of the timeseries. Here H is in units of power per bin (rather
than power per Hz) but the width, Av, has units of Hz. Therefore, to give the width in
terms of the number of bins, rather than Hz, we have multiplied Av by a factor of T.
This equation has been obtained by rearranging the upper part of equation 6.2 (when
T >> 27). Modes with frequencies greater than 1500 uHz have a well-resolved width in
the frequency-power spectrum that was fitted to determine the heights and widths of the
modes. We can, therefore, use equation 6.4 to determine the powers of the modes from

the fitted heights and widths. Equation 6.4 can be expressed in logarithmic form as

InV?=In g +InAv+InH. (6.5)



6. The visibility of low-frequency p modes 108

Let p=InP, w = InAv and h = In H. The variance of the natural logarithm of the

power is given by
12, =o0i + o:‘:, — 2p(w, h)ahaw, (6.6)

where p is the correlation coefficient and is given by

cov(w, h wh — Wh
p= (w, h) = . (6.7)

OwOh OwOh

Notice that this term is subtracted in equation 6.6 as the coherency in the height and
width should reduce the error of the power. The width and height of a mode have a
negative correlation of p =~ 0.95 and so the resulting error bars on the calculated powers
are small.

The relationship between the natural logarithm of a mode’s power and its frequency
is also approximately linear for well-defined modes with frequencies below ~ 2500 pHz
(see the right panel of Figure 6.2). The power of a mode is dependent on its degree and
so the values of the coefficients of the linear relationship are specific to each value of [.
The right panel in Figure 6.2 shows the results for = 0 modes only.

For both the power and the width a linear, least-squares fit was performed to deter-
mine the gradients and the zero-frequency intercepts. The gradients and zero-frequency
intercepts of these fits and the errors associated with them can be seen in Table 6.1. This

method of fitting the data will be referred to as method 1.

6.1.3 Method 2: The In-In relationship

An approximately linear relationship is also observed between the natural logarithm of
the width of a mode and the natural logarithm of its frequency (see the left panel of
Figure 6.3). Once again the linearity is only found at frequencies below ~ 2400 uHz.
Likewise an approximately linear relationship is found when the natural logarithm of
the power of a mode is plotted against the natural logarithm of the frequency of that

mode (see the right panel of Figure 6.3). As with method 1 a linear least squares fit was
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Figure 6.3: Results for method 2. Left panel: The black crosses show how the natural
logarithm of the observed width of a mode varies with the natural logarithm of its frequency.
The errors bars shown for the widths are those associated with the fits. Right panel: The black
crosses show how the natural logarithm of the mode power varies with the natural logarithm
of mode frequency. As in Figure 6.2 the red solid lines in both panels represent the linear best
fits and the blue dashed lines represent the errors on the fits.

Table 6.1: Gradients and zero-frequency intercepts found by least squares fits for method 1
and method 2. The reduced x?2 value for each fit is also given.

Gradient Zero-frequency intercept  x2
Width
Method 1 (2.5+0.1) x 1073 —6.0+0.2 0.91
Method 2 (5.24+0.2) x 10° —40+2 0.70
Power
Method 1  (4.68 £ 0.06) x 1073 -17.2+0.1 6.5
Method 2 (9.8 £0.1) x 10° —82.3+0.9 6.9

performed to find the gradients and the zero-frequency intercepts for both the width and
the power. The gradients and zero-frequency intercepts resulting from fitting the powers
and widths in this manner can be seen in Table 6.1. This approach to fitting the data

will be referred to as method 2.

6.1.4 Extrapolating method 1 and method 2 to low frequencies

To determine the value of the width and power of a mode at very low frequencies the
gradients and zero-frequency intercepts were used to extrapolate the linear relationships

from method 1 and method 2 to lower frequencies. The widths found using both method
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Table 6.2: Predicted widths of various ! = 0 modes found by extrapolating both the relation-
ship found in method 1 and the relationship found in method 2.

Frequency Width found using Width found using

(uHz) method 1 (uHz) method 2 (uHz)
1407.627 0.091 £ 0.008 0.068 +0.011
1263.524 0.064 £+ 0.006 0.039 £ 0.008
1118.15 0.044 £ 0.005 0.021 £ 0.005
972.745 0.031 £ 0.004 0.010 = 0.003
825.365 0.021 + 0.003 0.0044 + 0.002

Table 6.3: Predicted powers of various | = 0 modes found by extrapolating the relationship
found in method 1 and the relationship found in method 2.

Frequency  Power found using Power found using
(uHz) method 1 (ms™2) method 2 (ms™2)

1407.627  (2.38£0.09) x 1075 (1.32£0.08) x 10~°
1263.524  (1.21£0.05) x 1075 (0.46 £0.03) x 10~°
1118.15  (0.61£0.03) x 10™°  (0.14£0.01) x 10~°
972.745  (0.31£0.02) x 1075  (0.035 4+ 0.002) x 10~°
825.365  (0.16 £0.01) x 1075  (0.0078 4 0.0008) x 10~3

1 and method 2 for | = 0 modes, in the frequency range 800 to 1450 uHz, can be seen
in Table 6.2; and the powers for the same modes, also found using both method 1 and
method 2, can be seen in Table 6.3. Some of these modes have not yet been observed
and so we have used the mode frequencies predicted by the Saclay seismic model (Turck-
Chieze et al., 2001).

As can be seen the widths extrapolated using method 2 are consistently smaller than
the widths extrapolated using method 1. In fact the widths inferred by the two methods
do not agree to within their associated error bars at any frequency. The difference
between the estimated width of a particular mode increases as the frequency of the mode
decreases. Below 1000 uHz the widths predicted by method 1 are ~ 3 times larger than
the widths predicted by method 2. Additionally method 2 consistently predicts lower

powers than method 1. Again the difference between the two extrapolations increases as
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the frequency of the mode decreases and at no time do the powers predicted by the two
methods agree to within their respective error bars. At the higher frequencies the powefs
predicted by method 2 are just under half the powers predicted by method 1. However,
below 1000 zHz the powers predicted by method 1 are approximately a factor of 10 larger
than the powers predicted by method 2. Clearly there is a significant discrepancy between
the powers and widths predicted by the two methods.

Table 6.1 gives the reduced x2 values of the linear fits. The lower the reduced x>
value the better the fit is at representing the data. However, if the reduced x2 value is
significantly less than unity either the model used to fit the data is too complicated or
the errors on the data have been overestimated. The x2 values are very similar for each
method with method 2 providing a slightly better fit for the widths, but with method 1
giving a better representation of the powers. Both methods appear to give very good fits
to the width. The values of the reduced x?2 determined for the linear power fits are large
becéuse of the small error bars associated with the observed powers.

Monte Carlo simulations were performed using the results of both extrapolations.
These simulations will be described in Section 6.2. However, before we describe the
simulations it is interesting to compare the extrapolated parameters with theoretical

predictions that can be found using a stochastic excitation model.

 6.1.5 Comparing the results of the extrapolation with theoretical predictions

Model mode damping and excitation rates can be calculated using various analytical
models, which describe the interactions between the convection and the oscillations. The
power of a mode, V2, is given by

v? P

= ZnaiT (68)

where P is the energy supply rate, I is the mode inertia and Av is, as defined previously,

the width of the mode. The mode inertia determines how easily a mode is excited and
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Figure 6.4: A comparison between observed, modelled and extrapolated linewidths. The solid
line represents the modelled linewidths, the black crosses represent the linewidths found by
fitting BiSON data, the red diamonds show the widths found using extrapolation method 1 and
the blue triangles show the widths found using extrapolation method 2.

damped. The inertia can be defined in terms of the mode’s total (kinetic + potential) en-
ergy, E, and the mean-square value of its surface velocity, Vs, i.e. E = IV? (Houdek et al.
1999, also see Christensen-Dalsgaard and Berthomieu 1991 and Christensen-Dalsgaard
2003 for more details). In what follows we will compare the powers and linewidths that
have been predicted by one such model with the linewidths and powers that are observed
in and can be extrapolated from BiSON data. Chaplin et al. (2005) calculated model en-
ergy supply rates and linewidths using the Cambridge stochastic excitation and damping
codes. Figure 6.4 shows that the model widths drop off more rapidly than the observed
widths at low frequencies. This is a known, and as yet unresolved problem, with the
modelling of the linewidths (see for example Chaplin et al., 2005). It is therefore en-
couraging to note that both extrapolation methods predict larger widths than the solar
excitation model.

The left panel of Figure 6.5 shows a comparison between the model, observed and
extrapolated powers. As we are interested in the frequency dependence of the power
the model powers have been scaled to ensure that the maximum model power and the
maximum observed power are equal. The model powers decrease less rapidly than the
powers observed in the BiSON data. Therefore the powers estimated by both method
1 and method 2 are smaller than the model powers at low frequencies. However, this

is understandable as the model widths decrease more rapidly than the observed widths.
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Chaplin et al. (2005) note that the model widths are too narrow at low frequencies, which
implies that the extrapolations performed tend in the right direction.

It is also of interest to find the model powers using the observed widths. The right
panel Figure 6.5 shows that using the observed widths produces a far better agreement
with the powers observed in the BiSON data. This indicates that the majority of the
discrepancy between the observed and model powers seen in the left panel of Figure 6.5
is due to the smaller model widths. The extrapolated powers also appear to agree better
with the model values calculated using the observed widths (right panel of Figure 6.5).
However, it is difficult to tell which extrapolation method produces the best agreement
with the model powers. Also plotted in the right panel of Figure 6.5 are the model powers
that are found when the widths estimated by both extrapolation methods are used. The
agreement between the extrapolated powers and the model powers is poor when method
1 is used. However, the agreement between the extrapolated and model powers is better
when method 2 is used. It is interesting that, when method 1 is used, the model powers
are lower than the extrapolated powers. However, when method 2 is used the model
values are greater than the extrapolated powers. This is likely to be because the widths
extrapolated by method 1 are significantly larger than the widths estimated by method
2.

6.2 Simulating the modes

In this section we describe how we made artificial p-mode timeseries. These timeseries
were analyzed, and results on detections of their artificial modes compared with the
results of Chapter 5, on real p-mode data. In Chapter 5 BiSON and GOLF frequency-
amplitude spectra were searched for coincident prominent structures that occurred at the
same frequency in each spectrum. Here we needed to simulate pairs of timeseries, which
both contained the signal from a mode and normally distributed noise. The statistical

tests described in Chapter 5 were then applied to the simulated data to determine how
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Figure 6.5: Left panel: A comparison between the observed, modelled and extrapolated
powers. The solid line represents the modelled powers, the black crosses represent the powers
found by fitting BiSON data, the red diamonds show the powers found using extrapolation
method 1 and the blue triangles show the powers found using extrapolation method 2. Right
panel: A comparison between the observed, modelled and extrapolated powers, however the
model powers have been found using the observed widths. The symbols and lines have the
same definitions as in the left panel. Also plotted are the model powers found using the widths
estimated by extrapolation method 1 (red dotted line) and the model powers calculated using
the widths extrapolated using method 2 (blue dashed line).

often the simulated modes could be detected.

Modes of a given frequency and width were simulated by randomly exciting an oscil-
lator that was damped over the extrapolated lifetime. The mode’s lifetime was predicted
by rearranging equation 6.1 and using the extrapolations described in Section 6.1 for
linewidth. The simulations produced timeseries that contained the signal from a simu-
lated mode. The total power of the simulated mode was scaled to the power predicted
by the simulations.

Two timeseries containing normally distributed random noise were created. The signal
from two sets of contemporaneous real Sun-as-a-star data taken by different instruments,
such as BiSON and GOLF, contains some coherent noise. The level of coherent noise is
frequency dependent and at around 1000 zHz the coherency between BiSON and GOLF
data is ~ 0.1. Therefore 10% of the noise in the two simulated timeseries was set so it
was common to both sets of simulated data. The timeseries containing the signal from
the simulated mode was then added to each noise timeseries.

Solar modes are excited stochastically by turbulence in the convection zone, which is

caused by the solar granulation. As the coherent noise in two sets of Sun-as-a-star data
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is from the granulation it is possible that the coherent noise found between the BiSON
and GOLF data is also correlated to the amplitude of excitation of the mode. In the
simulations the amplitude of the excitation was determined by a normally distributed
array. For some of the simulations the correlated noise that was added to the simulated
data was taken to be the array that determined the amplitude of the excitation of the
mode. Simulations were also performed when the noise that was coherent between the
two simulated sets of data was independent of the amplitude of excitation of the mode.

The simulations have been performed for the [ = 0 modes between ~ 800 and
~ 1450 uHz, the extrapolated properties of which are given in Tables 6.2 and 6.3. The
timeseries were simulated to contain 2,211,120 points with a cadence of 120s to be con-
sistent with the sets of BiISON and GOLF data used in Chapter 5. The simulated and
BiSON timeseries used in this chapter cover the same length in time (~ 8.5 yrs), despite
having different cadences and containing a different number of points. This means that
the power of a mode in the simulated and observed timeseries is the same. Furthermore,
the number of frequency bins that cover the width of a mode in the simulated frequency-
power spectra is the same as in the fitted BiSON frequency-power spectrum. Therefore,
the height of the mode in a simulated frequency-power spectrum will be the same as the
height predicted by the extrapolations. The level of noise in the simulated spectra was
scaled to mimic the mean level of noise observed in the BiSON frequency-power spectrum
in the 100 uHz surrounding the frequency of the mode that was simulated.

Each extrapolated power and width has an error associated with it. To obtain an
upper limit on the fraction of times a simulated mode could be detected Monte Carlo
simulations were performed using the 1o values of the extrapolated widths and pow-
ers. As we were interested in determining an upper limit on the number of detections,
simulations were performed using the maximum power predicted by each extrapolation
method. The effect of varying a mode’s width on its visibility is not obvious. Figure
6.6 shows various Lorentzian profiles that can be constructed using the properties, and

their associated errors, which were estimated from method 1 for the [ = 0, n = 6 mode.
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Figure 6.6: The Lorentzian profiles of the | = 0, n = 6 mode that can be produced using
extrapolation method 1. The black solid line represents the Lorentzian profile produced using
the power and width predicted by method 1. The red dashed line depicts the Lorentzian profile
created using the maximum predicted power and the minimum predicted width. The blue
dashed line shows the Lorentzian profile produced using the maximum predicted power and the
maximum predicted width.

The general properties of the Lorentzian profiles that are observed in Figure 6.6 are the
same for all of the modes that were simulated. Clearly the height of the Lorentzian is
largest when the maximum power and minimum width are used. This is because the
height, H, is proportional to the power, V2, and inversely proportional to the width, Av.
As a larger height, H, should make a mode easier to detect simulations were performed
using the maximum power and the minimum width allowed by the error bars on the
extrapolations. Although the Lorentzian profile in Figure 6.6 that is plotted using the
maximum power and the maximum width has a smaller height, H, there is more power
in the wings of this profile. It is unclear how the increased power in the wings will affect
a mode’s visibility and so simulations were performed using the maximum power and
maximum width allowed by the errors associated with the extrapolations.

As the Sun is continually being observed the length of timeseries available containing
good quality data is ever increasing. Therefore, for comparison purposes, simulated
timeseries were created that were twice as long as the original timeseries and so contained
6142 d of simulated data. In these simulations we have assumed that the total power in
the timeseries, V2, is twice the power predicted by the extrapolations, whilst the width,

Av, in units of frequency, was assumed to be independent of the length of the timeseries.

As the width, Av, of all of the simulated modes will be resolved in a timeseries of this
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length, equation 6.2 implies that the height of the modes, H, will be the same. The
power of the noise in a frequency-power spectrum is inversely proportional to the number
of data points in the timeseries. As the timeseries is twice as long the mean power of the
noise will be halved. Therefore, the mean S/N ratio of the simulated modes is potentially
doubled.

Once timeseries containing a mode and noise had been created several tests were
performed on the resulting frequency-amplitude spectra to determine whether the mode
could be detected. For each mode 1000 pairs of timeseries were simulated. The number
of pairs of frequency-amplitude spectra in which a mode was detected was then counted.

We will now outline each of the statistical tests that were performed in turn.

6.3 Statistical tests

The tests performed are based on the statistics described in detail in Chapters 4 and 5.
Here we summarize the statistical tests that were used to search the simulated spectra.
The simplest test (Test 1 in Chapter 5) involves searching for a single prominent spike that
is above a given threshold level in the same bin in each of the two simulated frequency-
amplitude spectra. The threshold level for detection was set at a 1% chance of getting
at least one false detection anywhere in 100 uHz. This level and frequency range were
chosen to maintain consistency with the detection methods employed in Chapter 5. A
detection was considered to have been made if it was positioned within one linewidth of
the input mode frequency. The linewidths were determined by the extrapolated values
and so varied between modes. The second test involves searching for two prominent spikes
in the same consecutive frequency bins of each frequency-amplitude spectrum (Test 2 in
Chapter 5). Both spikes must lie within one peak width of the mode’s input frequency
for a detection to be counted. The third test performed also searched for two prominent
spikes but this time the spikes did not need to be in consecutive bins (Test 3 in Chapter

5). These two spikes are known as a two-spike cluster. Each spike in the cluster had to
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lie less than one linewidth from the mode’s input frequency for a detection to be counted.
The two prominent spikes in the cluster needed to be in the same bins in each frequency-
amplitude spectrum. This test was then extended to search for clusters containing three,
four and five prominent spikes. Furthermore, each prominent spike in the cluster had to
be in the same frequency bin in each frequency-amplitude spectrum. All spikes in the
clusters needed to lie within one linewidth of the mode’s input frequency for a detection
to be counted.

The simulated spectra were searched to determine how often these statistical tests

were passed for each mode. The results of these tests will now be described.

6.4 Results of the simulations

Figure 6.7 shows the fraction of the 1000 simulations that were performed in which
the mode being simulated was detected when looking for a single spike in the same
bin in each frequency-amplitude spectrum. The results are shown for both types of
extrapolation (method 1 and method 2). The displayed results are for the simulations that
were performed where the noise that was correlated between the two datasets was coherent
with the amplitude of the excitation of the mode for each extrapolation method. The
results are also shown for the simulations in which the correlated noise was indepeﬁdent
of the amplitude of excitation.

First let us consider Panel (a) in Figure 6.7. It shows three clusters of lines. The
solid, black line in the cluster labelled sf=1 represents the results from simulations where
the power and width of the input mode were predicted by method 1. The results show
that the number of detections decreases rapidly as we move to lower frequencies. As
each of the .statistical tests are looking for prominent spikes it is the height the mode
exhibits in the frequency-amplitude/power spectra that determines whether or not it can
be detected. The height of a mode in a frequency-power spectrum is proportional to

V2/Av (see equation 6.4). The upper limit on the number of detections is given by the
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Figure 6.7: Results of searching for a single spike. The different panels represent different
sets of simulations. The black solid lines show the results for the actual extrapolated values.
The red dashed lines show the results when the maximum power and minimum widths are
used in the simulations. The blue dashed line shows the results of the simulations that used
the maximum powers and the maximum widths. The three clusters of lines are present as for
each set of parameters the power was scaled by a different amount. The clusters labelled sf=1
represent the true predicted values. The clusters labelled sf=2 show the results when the power
was increased by a factor of 2 and the clusters labelled sf=3 are the results when the power was
increased by a factor of 3.
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case when the maximum power and minimum width is used. Using the maximum power
and minimum width means that the height of the mode, H, is, potentially, larger and so
the signal-to-noise ratio of the mode should be increased. It is therefore understandable
that using the maximum power and minimum width leads to more detections. When
the simulations were performed using the maximum width the power is spread over a
larger number of bins and so this negates the effect on the signal-to-noise of the mode of
increasing its power.

Simulations were also performed to investigate the effect of increasing the observed
signal-to-noise ratio. The power given to each simulated mode was increased by factors of
2 (labelled sf=2 in each banel of Figure 6.7) and 3 (labelled sf=3 in each panel of Figure
6.7). This significantly increases the number of detections made at low frequencies. The
fraction of spectra in which the [ = 0, n = 6 mode was detected when the scale factor
was 1 was at most 6.05. For the [ = 0, n = 6 mode the fraction of detections made when
the scale factor was 2 was 0.60 and when the scale factor was 3 the fraction of simulated
spectra in which the mode was detected was 0.98.

Panel (b) in Figure 6.7 also shows the results from the simulations using the mode
properties predicted by method 1. However, this time the noise that was correlated be-
tween the two sets of data was independent of the amplitude of the excifations. Panels (c)
and (d) in Figure 6.7 show the results of the simulations performed using the powers and
widths predicted using method 2. Panel (c) shows the results for the simulations where
the common noise is correlated to the mode excitation and panel (d) shows the results
of the simulations where the common noise is independent of the excitation amplitude.
The basic shape of the results of all four sets of simulations are similar, with the fraction
of detections dropping off steeply at low frequencies.

Figure 6.8 shows a comparison between the four different cases shown in Figure 6.7.
The results shown are for the simulations performed using the powers and widths pre-
dicted by the different extrapolation methods. The results show that using the parameters

predicted by method 1 leads to more detections than the parameters predicted by method
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Figure 6.8: Comparison between the results of the simulations that are shown in Figure 6.7.
The results shown are for the actual predicted values.

2. This is expected as the powers predicted by method 1 are significantly larger than the
powers predicted by method 2. Also, more detections are made when the noise that is
coherent between the two sets of data is also correlated to the amplitude of the excitation
of the mode. This is also understandable. If, for example, at a point in time the level of
solar noise is larger than average the amplitude of the excitation of the mode will also
be larger than average enabling it to potentially remain distinguishable from the noise.
However, even for the best case scenario (method 1, noise correlated to the excitation
amplitude) the simulations show that the fraction of spectra in which the [ =0, n =6
mode should be detected is less than 0.05. Also plotted on Figure 6.8 are the results of
simulations performed using the theoretical widths and powers predicted by the stochas-
tic excitation model described in Chaplin et al. (2005). The theoretical powers have been
found using the model widths rather than the observed widths. Clearly more detections
are made when the theoretical parameters are used.

Figure 6.9 shows a comparison between the fraction of detections made using the
different statistical tests described in Section 6.3. The comparison shown here is for
simulations performed using the results of method 1 when the correlated noise is coherent
with the amplitude of the random excitation of the mode. This example has been chosen
as this combination led to the most detections in the single spike test. However, the basic

features are the same for all of the other cases shown in Figure 6.7. Above ~ 1150 pHz
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Figure 6.9: Comparison between the different statistical tests described in Section 6.2. The
results are shown for the simulations performed using the extrapolated values from method
1, where the noise that is common between the two sets of data is also correlated with the
excitation of the modes.

the most successful test is the search for any 5 prominent spikes over twice the width of
the mode. The test that searches for two consecutive prominent bins detects the fewest
modes above ~ 1150 pHz. Below ~ 1150 uHz the single spike test detects the most modes
while the 5 spike cluster test detects the least.

Figure 6.10 shows the results of the simulations performed using a timeseries contain-
ing 6142 d of simulated data. This is twice as long as the original timeseries. The results
are shown for the most optimistic case, when the mode properties are found using method
1 and the common noise is correlated to the amplitude of the excitations. Lengthening
the timeseries increases the number of frequency bins across the width of the mode, Av,
as the frequency bin width is halved, and the S/N of the mode is potentially doubled.
Therefore Figure 6.10 shows the results for the 5-spike cluster test, as this gives an indi-
cation of how the results are affected by both the increased S/N and the larger number

of frequency bins across the width of the mode.

6.5 Discussion

Clearly the visibility of the modes drops off significantly at low frequencies. The most

optimistic results are achieved when the extrapolation is performed using method 1 and
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Figure 6.10: The fraction of 5-spike cluster detections made when the length of the timeseries
is doubled. The power and widths were predicted using method 1 and the common noise is
correlated to the excitation amplitude. The black solid line shows the results for the standard
3071 d timeseries while the red dashed line shows the results for the 6142 d timeseries.

the common noise is correlated to the amplitude of the excitation of the mode. Clearly
more detections are made when the theoretical model parameters are used. However,
these results can only be treated as an upper limit as we have already seen that the
model underestimates the widths of the modes. This not only leads to the power of the
modes being overestimated but also means that this power is spread over fewer bins in
a frequency-power spectrum. Hence the height of a mode is increased, and so a mode is
more likely to be detected.

For both extrapolation methods, irrespective of whether the noise is correlated or
uncorrelated with the excitation amplitude, the fraction of detections at ~ 1000 pHz is
less than 0.1. On the assumption that method 1 produces a more accurate prediction of
the mode’s powers and widths than method 2 the simulations imply that if the power
S/N ratio can be increased by a factor of 2 a significantly higher proportion of modes
could be detected. It would therefore be beneficial to continue efforts to try and improve
the quality of the data further.

The total background continuum is a combination of instrumental noise, solar noise
and, for Earth-based instruments such as the BiSON network, a small amount of at-
mospheric noise. If the atmospheric and instrumental noise can be reduced this would
increase the S/N ratio of the mode making it easier to detect. The limiting factor to the

improvement that can be made to the data quality is the amount of solar noise present.
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Figure 6.11: The power of the solar noise predicted by the Harvey model and the characteristic
velocity and decay time found by Elsworth et al. (1994) (red dashed line) can be compared with
the mean power of the BiSON data, which was used when fitting the well-defined modes.
Harvey (1985) modelled the solar continuum as a superposition of noise due to three
scales of granulation (granulation, mesogranulation and supergranulation) and active re-
gions (see Chapter 2 for details). Above ~ 400 zHz the dominant source of solar noise
is the normal granulation. Elsworth et al. (1994) found values of the root mean square
velocity of the solar surface, o, and the characteristic decay time, 74, for the normal
granulation by fitting equation 2.1 to the cross-amplitude spectrum found using BiSON
data from two different sites. The red dashed line in Figure 6.11 shows the power of the
solar noise as predicted by characteristic values found by Elsworth et al. (1994), namely
o = 0.319ms~! and 74 = 260s. Also plotted is the mean power of the BiSON data,
which was used to predict the powers and widths of the low-frequency modes. The mean
power of the BiSON data is always more than twice the predicted power of the solar
noise. Therefore it is theoretically possible to significantly reduce the level of noise in
this frequency range.

At frequencies above ~ 1150 uHz the test that detected the highest proportion of
modes was the search for 5 prominent spikes across twice the width of the mode. However,
at lower frequencies this test detects the least number of modes. The width of the lowest-
frequency mode for which the simulations were performed, at a frequency of ~ 825 uHz,
covers 4 bins if the width is found using method 1. As we allow the spikes in a cluster to
be spread over twice the width of the mode the cluster test for five spikes can be used to

search for this mode. If method 2 is used to extrapolate the widths this test cannot be
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used to search for the | = 0, n = 5 mode as this method predicts that all of the power of
the mode will be confined to one bin. The five-spike cluster test can be used to search for
the | = 0, n = 6 mode although this would reqﬁire five consecutive spikes to be higher
than the threshold. At higher frequencies there is little difference between the results of
the five-spike cluster test and the four-spike qluster test. This implies that little would be
gained by performing statistical tests that look for clusters containing more than 5 spikes.
Since low-frequency modes have such long lifetimes all of the power from the signal of a
low-frequency mode is concentrated in a few frequency bins only. Therefore, they would
be too narrow to be detected by a test which searched for clusters that contain a larger
number of spikes.

Figure 6.10 shows that longer timeseries would be beneficial when searching for low-
frequency modes, as the chances of detecting modes are increased. It should be noted that
the results of these simulations are in good agreement with the results of the simulations
whén the power was increased by a factor of two. As mentioned earlier, this is expected
as the S/N should also be increased by a factor of 2 in the simulations where the length
of the timeseries is doubled.

It is possible to compare the results of these simulations to the observed candidates
found in Chapter 5. According to the simulations the [ = 0, n = 9 mode at ~ 1407 pHz
should be detected in the vast majority of spectra and this mode is observed to be very
prominent in the BiSON and GOLF data used in Chapter 5. In Chapter 5 we also detect
the | = 0, n = 8 mode at ~ 1263 uHz while the simulations indicate that the fraction
of time that this mode should be detected is at least 0.6. The | = 0, n = 7 mode at
~ 1118 uHz and the | = 0, n = 5 mode at ~ 825 uHz are not detected in the BiSON and
GOLF data used in Chapter 5. The fraction of simulated spectra in which the { = 0,
n = 7 mode was detected was, at most, 0.19, while the fraction of simulations in which
the l = 0, n = 5 mode was detected was less than 0.01. Therefore it is reasonable to
expect that the modes might not be detected in the BiSON and GOLF data.

It should of course be noted here that all of these results are based on the assumption
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that the simple relationships for the mode powers and widths"observed in well-defined
modes are still valid at low frequencies. The solar excitation model suggests that this
may not be an unreasonable assumption, although it is difficult to determine which
extrapolation method predicts the lifetimes and powers more accurately.

The | = 0, n = 6 mode is signiﬁcantly more prominent in the observations than the

simulations. Therefore this mode will now be considered in more detail.

6.5.1 Thel=10,n =06 mode

The | = 0, n = 6 mode is observed to be prominent in Sun-as-a-star data. However,
some modes with higher frequencies remain undetected. The most optimistic simulations
imply that the fraction of spectra in which the { = 0, n = 6 mode should be detected is
less than 0.05. In the simulations performed here, for method 1, with noise correlated to
the amplitude of the excitation, the average simulated S/N ratio in amplitude was ~ 2.1.
However, the observed amplitude S/N ratio in the GOLF and BiSON data examined in
Chapter 5 was greater than 3.4. In fact, the fraction of simulations in which the 5 /N ratio
of the mode was greater than 3.4 was 0.014. Therefore the simulations poorly represent
the observed properties of this mode. It should be noted that the amplitude S/N ratio
of other modes that were detected in Chapter 5 are well represented by the simuiations
in this chapter. For example, the [ = 0, n = 9 mode was observed to have a S/N ratio
of 3.1 while the average S/N ratio produced by the simulations ranged from 2.9 to 3.7
depending on which extrapolation method was used and whether the noise was correlated
to the excitation amplitude.

When the mean amplitude S/N ratio of the simulated [ = 0, n = 6 mode was set
as 3.4 the fraction of spectra in which the mode was detected increased to ~ 0.6. A
S/N ratio of 3.4 is ~ 30 from the mean amplitude S/N found in the original simulations
where extrapolation method 1 (In-linear) was used and the noise was correlated to the
excitation amplitude. Therefore, the simulations and the observations are not so different

that new physics is required to explain the observations. It is more likely that, at some
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point in time, the mode has been randomly excited to a larger amplitude because of the

stochastic nature of mode excitation.

6.6 Summary

To investigate whether the gaps in the list of modes detected in Chapter 5 are reasonable
we have made predictions of the detectability of low-frequency p modes. Estimates of
the powers and damping times of these low-frequency modes were determined by extrap-
olating the observed powers and widths of higher-frequency modes with large observed
S/N ratios. The extrapolations were made using two different methods. However, both
methods predict that the low-frequency modes will have small S/N ratios and narrow
widths in a frequency-power spectrum. Nonetheless, comparisons with the Cambridge
stochastic excitation model indicate that the extrapolated trends are tending towards the
right direction.

Monte Carlo simulations were then performed where timeseries containing mode sig-
nals and normally distributed noise were producéd. The mode signals were simulated
to have the powers and damping times predicted by the extrapolations. Various statis-
tical tests were then performed on the frequency-amplitude spectra formed from these
timeseries to investigate the fraction of frequency-amplitude spectra in which the modes
could be detected.

The fraction of simulated frequency-amplitude spectra in which modes were detected
decreases rapidly as the frequency of modes decreases and so the fraction of simulations
in which the low-frequency modes were detected was small. However, increasing the S/N
ratio of the low-frequency modes by a factor of 2 above the extrapolated values led to
significantly more detections. Similarly doubling the length of the simulated timeseries
led to more detections being made. Therefore efforts should continue to further improve
the quality of the solar data and the length of timeseries that are currently available.

Using the properties predicted by extrapolation method 1 led to more detections
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than when the properties predicted by method 2 were used in the simulations. An
upper limit on the number of detections that could be made was obtained by using the
properties predicted by the Cambridge stochastic excitation and damping codes. More
detections were made when the noise was correlated to the excitation of the modes. In
the simulations performed here it was assumed that the amount of data coherent with
the excitation of the modes was the same as the amount of coherent data present in
BiSON and GOLF timeseries, as this is solar in origin. However, as BiSON and GOLF
observe different heights in the atmosphere, and because of the effects of Doppler imaging
(see Chapter 8) not all of the granulation noise observed by the two instruments will be
coherent. In other words, each set of data will contain some independent solar noise.
Therefore, it is likely that a larger proportion of the noise in each timeseries is correlated
to the mode excitation than is simulated here. It would, therefore, be interesting to
investigate the effect of introducing some noise, which although not correlated between
the two simulated timeseries, is coherent with the mode excitation.

The | = 0, n = 6 mode at ~ 973 uHz is observed to be more prominent in real
data than in the simulations. However, we have shown here that the discrepancy is not
significant. It is, therefore, possible that the | = 0, n = 6 mode has just randomly been
excited to a larger amplitude because of the stochastic nature of the excitation. Similarly,
it is possible that the mode has been randomly more lightly damped, thereby increasing
its lifetime. Hence, a possible extension to this work is to study the evolution of the
[ =0, n =6 mode over time.

In this chapter we have shown that the gaps in the list of detected modes found in
Chapter 5 are not entirely unexpected. In Chapter 5 we compared contemporaneous
BiSON and GOLF data. We now move on to investigate whether any low-frequency
modes can be detected in contemporaneous sets of BiSON data. To do this we need
to find at least two sets of contemporaneous data with a relatively low coherency at

low-frequencies as the less coherent the data are the lower the threshold levels.
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The main focus of this thesis is to search for low-frequency p rﬁodes and g modes. We
have already outlined statistical techniques aimed at finding low-frequency modes and
we have used the statistics to search BiSON and GOLF data. We have previously shown
that deté&ioxf thresholds levels can be reduced by comparing two frequency-amplitude
spectra for coincident prominent spikes or structures of spikes. In this chapter we use
the statistical tests to search pairs of contemporaneous and non-contemporaneous BiSON
frequency-amplitude spectra. |

Usually a BiSON timeseries will contain the best data accumulated from 6 BiSON
sites, which are strategically positioned so that continuous observations of the Sun can,
potentially, be made. In reality bad weather and technical difficulties mean that the fill
of a BiSON timeseries is ~ 80%. However, the latitudes at which the instruments are
situated mean that much of the time at least two instruments are making contefnpora—
neous observations of the Sun. When creating a single BiSON timeseries we can take
advantage of time overlaps in the data measured by the different stations by including |
only the best quality data. However, we can also keep the overlapping data separate to
create multiple sets of contemporaneous timeseries that can be compared.

Until recently two of the BiSON sites, Las Campanas and Carnarvon, had two instru-
ments and these instruments were designated A and B. Furthermore, the instruments Las
Campanas A, Las Campanas B, Carnarvon B, Mount Wilson, Narrabri and Sutherland
each take two sets of measurements known as port and starboard observations. Usually
these port and starboard measurements are averaged to produce a mean timeseries for

each instrument. The data from the different stations can then be coherently added to
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create a timeseries with a high fill. However, it is possible to keep the data from the
individual instruments and the port and starboard data separate to create individual
timeseries.

Therefore, there are many different sets of contemporaneous BiSON data that can
be searched for low-frequency modes. For example, comparisons can be made between
the port and starboard data and the data from different stations. Furthermore, data
from the different sites can be coherently combined in numerous ways to create pairs of
contemporaneous BiSON timeseries that can be searched at low frequencies for p and g
modes.

As the behaviour of the data varies with frequency we have found it useful to split

many of the spectra plotted in the frequency domain into the following three regions:

1. The ‘low-frequency region’ covers the range 0 — 1500 uHz. This is the region where
we are searching for low-frequency p modes and g modes. The amplitudes of the
modes are very small at these frequencies and so the spectrum is dominated by
noise. In many of the graphs that follow in the rest of this chapter (e.g. Figure 7.1)
the upper boundary of the low-frequency region is given by the vertical dashed red

line.

2. The ‘five-minute region’ covers the range 1500 — 5500 uHz. This frequency band
contains the majority of the power from the oscillatory modes of the Sun. The
acoustic cut-off frequency is at 5500 pHz, while below 1500 uHz the power of the
modes are only just visible above the background noise. In this region the power
observed from the modes is significantly greater than the power of the noise. In
the majority of the figures in this chapter the ‘five-minute region’ is the frequency

range between the vertical red dashed line and the vertical blue dot-dashed line.

3. The ‘high-frequency region’ covers the range 5500 — 12500 Hz. This is above the
acoustic cut-off frequency and so there should be very little mode power present.

Therefore this region is dominated by noise. The upper limit is bounded by the
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cadence of the timeseries, which is 40 s for the data used in this chapter. The lower

limit of the high-frequency region is denoted by the vertical dot-dashed blue line.

When comparing two spectra with the aim of detecting modes with a low signal-
to-noise ratio (S/N) the presence of common noise increases the probability that any
prominent spike found in the same bin in each of the two spectra is due to noise. The
optimum circumstances for detecting modes occur when the coherency between the two
spectra in the region of interest is zero as the detection thresholds are lowest. In other
words we are more likely to detect a mode if the two spectra are completely independent.

In this chapter we have aimed to make use of the multitude of BiSON timeseries
available to search for low-frequency p modes and g modes. To do this we needed to
find two sets of BiSON data with as little common noise as possible that we ultimately
searched for low-frequency modes. With this in mind we begin this chapter by looking

at the coherency of different combinations of BiSON data.

7.1 Comparison of port and starboard data

As mentioned above six BiSON instruments are able to take port and starboard measure-
ments. The first pair of timeseries that were examined contained a combination of data
from the six instruments with port and starboard data available. However, the port and
starboard data were kept separate to form a port timeseries and a starboard timeseries.
Each time overlapping data from different stations occurred the best quality data point
was selected. To maximize the quality of the low-frequency data a rejection threshold of
150ms~! Hz! is set in the region of 800 — 1300 zHz. No moving mean has been taken as
this would suppress the low-frequency modes. Timeseries lasting 10 years, commencing
on the 1st January 1996, were used and so the data span the majority of activity cycle
23. The timeseries contained 7,890,481 data points and, as with most BiSON data, had
a cadence of 40s.

Figure 7.1 shows the ratios of the port and starboard mean absolute amplitudes,
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Figure 7.1: Ratio the port and starboard mean absolute amplitude smoothed over 139 uHz.

which are given by ([real amplitude]® + [imaginary amplitude]z)%. Later in this chapter
the coherency will be found using short 2hr timeseries with a 100% fill (for a description
of this method see Section 1.6.2). The bin width in the frequency-amplitude spectrum
formed from a 2 hr timeseries is ~ 139 uHz and so, to maintain consistency, the plotted
ratio has been smoothed over 139 uHz. As the ratio is less than one at frequencies
greater than ~ 500.Hz, Figure 7.1 shows that the port measurements are marginally less
noisy than the starboard measurements. However, the amplitude of the modes in the
five-minute peak are approximately the same.

The majority of the solar noise, atmospheric noise and some of the instrumental noise
will be common to both the port and starboard observations. The common instrumental
noise includes pointing noise, due to guidance errors, noise due to temperature variations
in the instrument, noise due to variations in the magnetic field that encloses the vapour
cell and noise due to the efficacy of the Pockels cell (see Section 2.3 for more details).
Some of the instrumental noise will be independent such as some electronic noise and the
photon statistical noise. The port and starboard detectors are positioned on opposite
sides of the vapour cell, which means that the observations will be weighted towards
different regions on the solar disc (see Chapter 8). Therefore, the solar background noise
observed by port and starboard detectors are perceptibly different.

Figure 7.2 shows the cross-amplitude, phase and coherency spectra of the multi-
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the port and starboard datasets containing the combined data from all of the sites that take
separate port and starboard measurements.
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Figure 7.3: The port and starboard absolute amplitude spectra between 5000 and 6000 p:Hz.
The data have been smoothed over 1 uHz bins.

site port and starboard data. Each was calculated by determining the average of all
available 2 hr spectra with a 100% fill (see Section 1.6.2 for method). In the low-frequency
region the cross amplitilde increases with decreasing frequency and the coherency is
~ 0.8. As there is little mode power at low-frequencies this implies that the port and
starboard frequency-amplitude spectra are dominated by common noise, which could be
atmospheric, solar or instrumental. The phase spectrum shows that this noise is almost
in phase. In the five-minute region the coherency is approximately unity, as the detectors
observed almost the same signal from the modes, which are dominant here.

Notice the sharp dip in the coherency at ~ 55001Hz in the bottom panel of Figure 7.2.
Figure 7.3 shows the smoothed port and starboard frequency-amplitude épectra between
5000 and 6000 uHz. A definite peak is present at ~ 5500 uHz that is significantly larger
in the starboard measurements than in the port observations. It is thought that this
peak is due to a ‘gear spike’. The gear on the motor that drives the direction in which an

instrument is pointing has teeth on it. Every time the gear steps over one of these teeth
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the alignment of the instrument is shifted slightly off centre. Another motor corrects for
this effect but it nonetheless leads to a periodic noise source in the data that becomes
evident when the power spectrum is examined. As the shift will alter the alignment in the
same direction every time and the port and starboard detectors are situated on opposite
sides of the vapour cell the misalignment will affect one detector more than the other.
As can be seen from Figure 7.3 the starboard instrument is affected more severely than
the port instrument. Furthermore, the noise created by this shift will be anti-correlated
between the port and starboard data, thus explaining the dip in coherency observed in
the bottom panel of Figure 7.2. The oscillatory signal observed below 5500 4Hz in Figure
7.3 is from high-frequency p modes. The short lifetimes of modes at the high-frequency
end of the spectrum mean that high-frequency modes are visible as broad peaks in a
frequency-amplitude spectrum. This is why their signal has the appearance of a regular
oscillation rather than the distinct features that are observed at low-frequencies.

We have seen that there is a large proportion of coherent data at low frequencies
that is common to the port and starboard data. This coherent data can be explained
in terms of solar, atmospheric and instrumental noise. However, it is also interesting
to note the presence of coherent data above the acoustic cut-off frequency (~ 5500pHz)
where there are no modes. The source of this high-frequency coherent noise is less obvious.
Slightly below the acoustic cut-off frequency the shape of the modes in a frequency-power
spectrum can be described by relatively wide Lorentzian profiles that have extended
tails. It is possible that the high-frequency coherent data is due to the accumulation of
these Lorentzian tails. We will now describe various simulations that were performed to
determine whether the power in the Lorentzian tails of mode profiles are able to explain

the observed high-frequency coherency.

7.1.1 The high-frequency coherency produced by the wings of Lorentzian mode profiles

To test whether the Lorentzian tails are a possible mechanism for generating the observed

high-frequency coherency two simulated timeseries, which contained the same modes and
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Figure 7.4: The coherency of two FLAG timeseries that contain identical modes but com-
pletely independent noise. The coherency was found by looking at 2hr spectra with 100%
fill.

totally incoherent noise, were generated. The simulated data were originally constructed
as frequency-amplitude spectra with both real and imaginary parts. Both the real and
imaginary noise were simulated to have a Gaussian distribution but the variance of the
noise was varied with frequency in an attempt to mimic the level of noise in real Sun-as-
a-star data. Two completely independent frequency-amplitude spectra were simulated
in this manner. The frequency-amplitude spectrum of FLAG modes was added to both
noise spectra and the inverse FFT was performed on both simulated frequency-amplitude
spectra to create two timeseries. The coherency was then found by taking the average
over all 2hr spectra (see Figure 7.4). Although the coherency decreased above the acoustic
cut-off frequency the minimum value reached was approximately 0.07. The only coherent
data in the two simulated timeseries were the signals from the modes, none of which had
frequencies above ~ 5500 uHz. Therefore the observed high-frequency coherency must
be due to the Lorentzian tails of the mode profiles. However, the coherency observed
in this simulation is still significantly less than the coherency observed in the real port
and starboard data at high frequencies (see Figure 7.2). Hence there must be at least
one other source of high-frequency noise that is coherent between the port and starboard
BiSON data.

The high-frequency coherency found in these simulations (see Figure 7.4) is in good
agreement with the high-frequency coherency found by Elsworth et al. (1994) between

data from Izafia and Sutherland. This implies that the high-frequency coherent noise
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shared by the port and starboard data that cannot be explained by the Lorentzian tails
is not common between instruments from different sites. Therefore, the extra coher-
ent noise shared by the port and starboard data could be instrumental and/or due to
transparency fluctuations. Although the solar noise observed in the port and starboard
data will not be identical it will still be more coherent than the solar noise observed by
two different stations. The solar background continuum decreases rapidly in power as
frequency increases and so should not be prominent in the high-frequency region. The
cfoss—amplitude spectrum in the top panel of Figure 7.2 indicates that there is almost
no coherent signal at high frequencies between the port and starboard data. Therefore
it is possible that, although the magnitude of solar noise is small af high frequencies, it
could make a significant contribution to the total high-frequency noise background as the
magnitudes of other noise sources are also small at these freciuencies. The common solar
noise could, therefore, account for some of the observed high-frequency coherency.

We can, therefore, conclude that although some of the high-frequency coherency ob-
served above the acoustic cut-off frequency in the real port and starboard data (see
Figure 7.2) may be due to the Lorentzian tails the majority is not. Hence another form
of noise must be responsible for the observed coherency and possible noise sources include
instrumental, atmospheric and solar noise. One other possible source of high-frequency
coherent data are pseudo-modes. These modes have been detected in various sets of
solar observations (see for example Jefferies et al. 1988, Libbrecht 1988, Duvall et al.
1991 and Garcia et al. 1998) including BiSON data (Chaplin et al., 2003a). Although
there is some speculation as to the source of these modes it is thought that they are
High-frequency Interference Peaks (HIPs). HIPs are thought to be the manifestation of
constructive interference between waves that are emitted in an outward direction from
their sources below the photosphere and waves that initially propagate inwards (Garcia
et al., 1998). However, as we are more interested in the low-frequency region here we will
not investigate this further.

The simulations used to determine the contribution of the Lorentzian tails to the
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high-frequency coherency also produced some unexpected results at low frequencies. We

move on to describe these results and discuss the reasons they are observed.

7.1.2 'The contribution to the low-frequency coherency of the wings of Lorentzian

mode profiles

As we have seen Figure 7.4 shows the coherency observed between two simulated time-
series that contained the same FLAG modes but independent noise. It is interesting to
notice that below ~ 1000 uHz the coherency decreases very slowly with frequency. This
is unexpected as all of the modes included in the timeseries had frequencies greater than
1000 pHz. Alsd, low-frequency modes have relatively narrow Lorentzian profiles that
cover a few bins only. Therefore the influence of the low-frequency modes’ Lorentzian
tails should be minimal. It is, however, possible that the low-frequency tails from higher-
frequency modes are not negligible here. Before investigating this further it should be
noted that it is possible that the overall effect of the Lorentzian tails are enhanced here
as the level of noise included in the simulation has been designed to mimic the level of
noise in real low-frequency déta approximately only.

Figure 7.5 shows the Lorentzian profiles of the modes included in the simulated time-
series used in Section 7.1.1. As can be seen when the total power from the Lorentzian
profiles is calculated power from the wings of the profiles is still present at low frequen-
cies. Therefore it is understandable that some coherency was found at low frequencies
in the simulation performed in Section 7.1.1. Figure 7.4 shows that at ~ 1000 uHz the
coherency in the simulated data is approximately 0.1, while the ratio of the sum of the
Lorentzian profiles and the simulated noise is ~ 0.1 at ~ 1000 zHz, implying that the
Lorentzian tails can explain the low-frequency coherency of the simulated data observed
in Figure 7.4.

It should be noted that the low-frequency coherency produced by the Lorentzian
profiles is not large enough to explain the low-frequency coherency observed in the real

data (see Figure 7.2). There are large amounts of data common to both the port and
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Figure 7.5: The Lorentzian profiles of FLAG modes. The black lines represent the individual
Lorentzian profiles and the red line represents the sum of all of the Lorentzian profiles.

starboard observations at low frequencies. Therefore using these timeseries to search
for low-frequency modes would not be ideal as the detection thresholds levels would be
relatively large. However, it is possible that shifting the start time of the timeseries so
they are no longer contemporaneous would remove the unwanted, coherent, low-frequency
noise. We will now describe the coherency found when non-contemporaneous port and

starboard data are compared.

7.2 Non-contemporaneous port and starboard data

In Section 7.1, the coherency was found using short 2hr timeseries. Therefore separating
the start times of the port and starboard timeseries by more than 2hrs would mean the
2hr frequency-amplitude spectra that are compared when calculating the coherency are
from independent blocks in time. If two timeseries come from independent blocks of time
the coherency of the noise in the data should, theoretically, be reduced to ~ 0.

The coherency of any individual mode depends on the length of separation between
the start times. In turn, the extent to which the length of the separation affects the
coherency depends on the damping rate of the mode. For example, if a mode has a
lifetime of the order of a few days, as is the case for modes with periods of about 5
minutes, the mode will experience significant damping over 24hrs. Therefore, if the start
times of two sets of observations are separated by ~ 1d the coherency of the mode will

be significantly attenuated. However, here we are concerned with low-frequency modes
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whose the damping times are of the order of months. Hence low-frequency modes should
still be reasonably coherent even if the start times of the two timeseries are separated by
24hrs. Separating the start times in such a manner will also provide a useful investigation
into the temporal behaviour of the noise in a frequency-amplitude spectrum. However,
before we investigate the coherency of non-contemporaneous port and starboard data we
ensure in more detail that separating the start times of two timeseries by ~ 1d will not

destroy the coherency of the low-frequency modes that we are trying to detect.

7.2.1 The effect of a mode’s lifetime on the coherency of shifted spectra

Simulations were performed to investigate how a modes’s lifetime affects the coherency
of the mode in non-contemporaneous data. The modes were simulated by creating a
damped oscillator that was re-excited randomly in time. The damping time of a mode
was calculated from the fitted width of the mode in an 8.5 year-long set of BiSON data.
The power of each mode in the simulation was scaled to match the fitted power from
the BiSON data. The results for each mode were simulated separately. Simulations were
performed for [ = 1 modes with 10 < n < 22. These modes are at higher frequencies than
the ones we are searching for in this thesis. However, they have a large S/N ratio and
so their properties, such as lifetime and power, can be determined accurately. Initially
simulations were performed using two identical timeseries that contained the signal from
a simulated mode only.

For this investigation the average coherency over all 5.5 hr timeseries was calculated
as increasing the length of the short timeseries reduces the frequency bin width in the
resulting frequency-amplitude spectra to 50 uHz. Timeseries that were 5.5 hrs in length
were not used when examining real data as the number of 5.5 hr segments with 100% fill
in a BiSON timeseries is small. The improved resolution in frequency-amplitude spectra
made from 5.5 hr timeseries enabled a clearer evaluation of the effect of a time shift on
the coherency of the modes to be made.

The top panel of Figure 7.6 shows the coherency of the modes when the start times
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of the simulated timeseries were shifted so that they were separated by 12hrs (black
crosses) and 24hrs (black diamonds). The coherency of two unshifted identical sets of
data is always unity independent of the power and width of the simulated mode. Clearly
the effect on the coherency is frequency dependent. Comparison with the lifetimes of the
modes, which are shown in the middle panel of Figure 7.6, implies that the magnitude of
the decrease in coherency is also lifetime dependent. The coherency of a low-frequency
mode with a long lifetime is reduced by less than the coherency of a higher-frequency mode
with a short lifetime. This is because the time shift represents a smaller proportion of the
low-frequency modes’ lifetime and so the low-frequency mode will experience less damping
over the length of the shift. The magnitude of the decrease in coherency increases as the
length of the shift in start times increases. Modes with a frequency of about 1500pHz
have a lifetime of approximately 1 month and so 24 hrs is equivalent to ~ 3th of the
mode’s lifetime. As a final test on the effect of shifting the start times of the timeseries
on the coherency of the modes, the start times of the two timeseries were separated by
%th of the lifetime of the mode being simulated. The top panel of Figure 7.6 shows that
this only decreases the coherency by a very small amount at all frequencies. More careful
examination shows that the coherency decreases slightly over the range of frequencies
examined here. This could be related to the power and width of the mode in frequency-
power spectra as they also decrease with frequency.

These simulations are not very realistic as the timeseries contain no noise. Therefore,
two timeseries were simulated to contain the same simulated mode signal but independent
noise. The start times of the timeseries were shifted by 12 hrs and 24 hrs and the coherency
at the simulated mode’s frequency was determined. The results of these simulations,
which can be seen in the bottom panel of Figure 7.6, show that the coherency of different
modes is still dependent on the length of the imposed shift in the start times. Notice
that the unshifted coherency decreases with frequency. This is because the power of the
mode decreases with frequency and so the S/N ratio of the mode decreases. Additionally

the width of a mode decreases with frequency and so a low-frequency mode covers a
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Figure 7.6: Top panel: The effect of separating the start time of timeseries that only contain
the signal from a mode. The pairs of timeseries were created to contain one mode that has
the same power and lifetime as is observed in ~ 8.5yrs of BiSON data. Middle panel: The
lifetimes of the modes simulated in the top and bottom panels. Bottom panel: The coherency
of simulated modes found when the start times of the timeseries are separated by various lengths
in time. The timeseries contain the signal from a mode and independent noise.
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Figure 7.7: The coherency when the start time of the port data has been shifted to begin
12hrs after the start of the starboard data.

smaller percentage of a 50uHz bin than a high-frequency mode. This means that at
low-frequencies the mode has less influence on the calculated coherency of the bin and,
as a result, the coherency of the noise, which is zero here, becomes more dominant. The
bottom panel of Figure 7.6 indicates that shifting the start times still has a less severe
effect on the coherency of lower-frequency modes than higher-frequency modes, even
when noise is included. The red triangles in the bottom panel of Figure 7.6 show the
result of separating the start times of the simulated timeseries by glﬁth of the lifetime of
the simulated mode. As can be seen, in each case the reduction in coherency is minimal
implying that shifting the data by both 12 hrs and 24 hrs would have little effect on the
coherency of low-frequency modes.

We have shown that separating the start times of two timeseries does not significantly
affect the coherency of low-frequency modes. Therefore, we now investigate the effect of
separating the start times of the port and starboard data by both 12 hrs and 24 hrs. This
will not only provide useful information about the time evolution of noise in BiSON data
but it may also lower the observed low-frequency coherency, thus producing the optimum
conditions for searching for coincident low-frequency modes in two frequency-amplitude

spectra.
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Figure 7.8: The coherency when the start time of the port data has been shifted to begin
24hrs after the start of the starboard data.

7.2.2 The coherency of non-contemporaneous port and starboard BiSON data

The start time of the port timeseries was shifted to be both 12hrs and 24hrs after the
start time of the starboard timeseries by removing 1080 and 2160 points, respectively,
from the start of the port timeseries. The equivalent number of points were removed
from the end of the starboard timeseries so that the port and starboard timeseries still
covered the same length in time. As can be seen in Figure 7.7 introducing the 12 hr shift
produced the desired effect of reducing the low-frequency coherency to approximately
zero. However, it should also be noted that the coherency of the five-minute peak has
also been significantly reduced. This means that these modes are less coherent, however,
as shown in Section 7.2.1 the coherency of the low-frequency modes will only be reduced
by a small amount. The coherency is still approximately zero at low frequencies because
low-frequency modes have a small S/N and a narrow width and so each bin in the 2 hr
frequency-amplitude spectra is dominated by noise that is, now, incoherent.
Interestingly when the data are shifted by 24 hrs the low-frequency coherency increases
(see Figure 7.8). The coherency in the low-frequency range has a maximum of 0.2 at very
low frequencies and a minimum of ~ 0.03 at ~ 1500zHz. Although not shown here this
behaviour can also be seen if the start times of the data are 48hrs apart. This implies
there is some source of low-frequency, coherent noise that repeats every 24hrs.
Simulations were run to investigate whether this effect was a real part of the data,

a side effect of the analysis or due to the window function of the data, which contains
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24hr periodicities. Two sets of Gaussian noise were created with a variance equal to
the variance of the amplitude of the port data at ~ 1400uHz. The two noise timeseries
were given a coherency of 50% and a frequency-amplitude spectrum of FLAG modes was
then added to both sets of data. The frequency-amplitude spectra were then Fourier
transformed back into timeseries. The window function of the port data was applied
to one timeseries and the window function of the starboard data was applied to the
other timeseries. The data are not plotted here but, as expected, the coherency was flat
and equal to 0.5 both below and above the frequencies of the modes. Also as expected
the coherency peaked at a value of 1 at ~ 3300 uHz, where the power of the modes
dominate.» When the data were shifted by 12hrs the coherency either side of the modes
was approximately zero. The five-minute peak had a coherency of just under 0.4, which is
the same as the coherency at the five-minute peak observed when the port and starboard
data are used. When the start time of the data was shifted by 24hrs the coherency of
the five-minute peak was reduced to 0.15, which is only slightly less than the coherency
of the port and starboard 24 hr shifted data. However, the low-frequency coherency of
the simulated data was zero. This implies that the effect observed in the real port and
starboard data was not a by-product of the analysis techniques or due to the data’s
window function and so must be present in the data themselves. It was possible that this
low frequency coherency was observed because two data points separated by 24 hrs have
probably been measured by the same instrument. To improve our understanding of the
low-frequency coherent noise present in 24hr shifted port and starboard data further we
investigated the autocorrelation of the port and starboard data. We now describe the

results.

7.2.3 Autocorrelation of the port and starboard data

To further investigate the observed low-frequency coherency when the data are shifted
by 24 hrs the autocorrelations of the port and starboard timeseries were determined. The

autocorrelation is a measure of how well a signal matches a time-shifted version of itself
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Figure 7.9: The upper image contains the autocorrelation of the port timeseries and the lower
image shows the autocorrelation of the starboard timeseries.

and so it can be used for finding repeated patterns in a signal. The top graph in Figure
7.9 shows the autocorrelation of the port timeseries. The autocorrelation shows dominant
peaks that are spaced at regular intervals of 24hrs. The strength of these peaks decreases
as the length of the separation in time increases. This indicates that there is some sort
of correlation in the noise every 24hrs but that the correlation decreases with time. The
autocorrelation of the starboard timeseries (see the lower image in Figure 7.9) is very
similar to the autocorrelation of the port timeseries. The main peaks all occur at the
same positions in time but the strength of the peaks are very slightly different. To ensure
that this effect is not due to the window function the autocorrelation of pure Gaussian
noise with the same window functions as the port and starboard data was found. The
resulting plot has not been included here but no features were visible implying that the
spikes in Figure 7.9 are not due to the window function. These regular peaks could be
due to the fact that two individual bins of data that are separated by 24hrs are likely to

have been measured by the same instrument.
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We have shown that the coherency of non-contemporaneous port and starboard multi-
site data is.less than the coherency of contemporaneous data. More precisely, the low-
frequency. coherency of the port and starboard data was approximately zero when the
start times were shifted by 12 hrs. However, when the start times were shifted by 24 hrs
some coherent data were present. The most probable explanatidn for this coherent data
is that two data points separated by 24 hrs have probably been measured by the same
instrument. We shall therefore go on to investigate the coherency of timeseries created

from the data of each site individually. .

7.3 Comparisons between port and starboard data from individual sites

BiSON timeseries can be created for individual sites while still keeping the port and
starboard data separate. For example the port data from Las Campanas B can be
compared to the starboard data from Las Campanas B. The cross-amplitude, phase and
coherency spectra for Las Campanas B port and starboard data are shown in Figure 7.10.
The results for the other five instruments that have port and starboard data available are
not included as they are all very similar to this. The three images are very similar to the
equivalent graphs for the port and starboard data from all of the sites combined (Figure
7.2). Although the low-frequency cross amplitude is slightly lower for the single site data
the coherency is slightly higher than when the data are from multiple sites, which implies
that the common noise makes up a higher proportion of the total noise in the single
site data. Furthermore, in general, the high-frequency coherency of the individual site
data is greater than the high-frequency coherency of the combined-site data. This may be
because time overlaps in the data observed from different sites mean that, at certain points
in time, the data in the port timeseries may have been observed by a different instrument
to the data in the starboard timeseries. For example, assume there to be data available
from both Las Campanas B and Sutherland at a given time. The Las Campanas B port

data may be of better quality than the Sutherland port data at that time and so the Las
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Campanas B data will be included in the final port timeseries. However, the reverse may
be true for the starboard data, and so the Sutherland observations are included in the
final starboard timeseries. This means that the atmospheric and intrumental noise will
no longer be common at that time and the solar noise will be less coherent because of
the effect of Doppler imaging, thereby reducing the coherency in the combined-site port
and starboard data.

Since the coherency is high for all frequencies, comparing port and starboard data
from one site would not be ideal for detecting low-frequency modes. When we compared
non-contemporaneous port and starboard timeseries that contained data from different
sites the low-frequency coherency was reduced. However, there was still some coher-
ent low-frequency noise present when the start times were separated by 24 hrs, which
could be observed because two points of data that are separated by 24 hrs are likely to
have been observed by the same instrument. If this is the case then there should be
some low-frequency coherent noise present in port and starboard data from an individual
instrument that have start times separated by 24hrs. Therefore, we now describe the
coherency found when the start times of port and starboard data from one site only were

separated by 24 hrs.

7.3.1 Non-contemporaneous data from the same site

Figure 7.11 shows the coherency found when the Las Campanas B port data is shifted
to start 24hrs after the Las Campanas B starboard data. Clearly there is a significant
amount of low-frequency coherent noise. Although not plotted here the coherency found
using data from the other sites also show significant amounts of low-frequency coherent
noise. This supports the conclusion that the low-frequency noise in the 24hr shifted
data is due to measurements being taken by the same instruments. In the combined site
timeseries data separated by 12hrs will have been measured by two different instruments
and so it is not possible to find the coherency for data from the same site that is shifted

by 12hrs. However, this also explains why the low-frequency coherency is approximately
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Figure 7.10: The top panel contains the cross-amplitude spectrum of the Las Campanas B
port only and starboard only data. The middle graph shows the phase of the two datasets and
the bottom graph gives the coherency.
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Figure 7.11: The coherency of the port and starboard Las Campanas B data found when the
start time of the port data was 24hrs after the start time of the starboard data.
zero when the data is shifted by 12hrs.

When the start of the timeseries are separated by 24 hrs any solar noise and at-
mospheric scintillation noise will no longer be common. It is possible that there will be
a small amount of coherent noise due to atmospheric transparency fluctuations. Some
of this noise is caused by the path length through the atmosphere of light arriving at
the instrument. This will be approximately the same for two measurements that are
taken 24hrs after one another. If there is a regular inaccuracy in the pointing this could
also lead to coherent noise in port and starboard data observed from the same site but
separated in time by 24 hrs.

The high level of coherency observed between the contemporaneous port and star-
board data means that using these sets of data to search for low-frequency p modes would
not be ideal. However, some of the noise sources that are coherent in data measured by
the same instrument will not be common in data from two different instruments and so
the low-frequency coherency may be reduced. Although some success has been achieved
in reducing the coherency at low-frequencies by looking at non-contemporaneous data we
would still like to find two contemporaneous BiSON timeseries with as little low-frequency
common noise as possible. Therefore, we move on to compare data from different sites.
This should reduce the amount of common data present as the atmospheric and instru-

mental noise will no longer be coherent.
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7.4 Comparing the port and starboard data from different instruments

The longitudes at which the BiSON sites are positioned around the world means that often
there are data available from more than one site at a particular time. When observations
from the sites are combined to form a coherent timeseries the ‘best quality’ data are
chosen. However, it is possible to compare data from two different sites, for example,
a comparison can be made between Las Campa_unas B observations and Mount Wilson
observations. This will provide further insight into the structure of the noise present in
BiSON frequency-power spectra. We begin by considering a special case where data are

available from two different instruments at the same observing site.

7.4.1 Las Campanas A and Las Campanas B

At Las Campanas there are two instruments, named A and B, on the same site. The
two Las Campanas instruments share the same mount and are positioned parallel to each
other with a separation of ~ 60 cm. Therefore, as long as both instruments are working,
they will both be observing the Sun from approximately the same place at the same time
and so there are large amounts of contemporaneous data that can be compared. The
electronics controlling the two instruments are completely separate apart from a common
ac mains power source and a common timing signal. This means that any noise from the
temperature regulators,' detectors and Pockels cell drivers are completely independent.
The solar noise will be similar but, because of Doppler imaging, not identical. The
small separation'between the two instruments means that the atmospheric transparency
noise will be coherent (Clette, 1993). However, noise from atmospheric scintillation is
only coherent over a distance of ~ 10cm in average conditions (Young, 1974) and so is
unlikely to be common between the A and B data. As the instruments share the same
mount any pointing noise will be common to both instruments. Photon arrival times are
totally independent between different detectors and so the photon noise will be incoherent

between the A and B instruments.
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Figure 7.12: Top panel: The coherency of the Las Campanas A port data and the Las
Campanas B port data. Bottom panel: The coherency of the starboard only data for Las
Campanas A and B.

The upper image in Figure 7.12 shows the coherency of the port only data from Las
Campanas A and Las Campanas B. Above ~ 2500uHz the coherency is similar to the
coherency found when looking at the port and starboard data from an individual site
(Figure 7.10) and the coherency found when the data from all of the sites were used to
create port and starboard timeseries (Figure 7.2). The coherency is approximately 1 at
the five-minute peak and then it decreases steadily to a coherency of approximately 0.4
at the high-frequency end of the spectrum. This implies that the high-frequency common
noise is still coherent. The observed high-frequency coherency implies that instrumental
noise is not the main cause of the high-frequency coherent noise that is observed when
the port and starboard data are compared. However, the high-frequency coherent noise
could be due to solar granulation, Lorentzian tails, atmospheric transparency noise and/or
pointing noise.

The lower image in Figure 7.12 shows the coherency of Las Campanas A and B star-
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Figure 7.14: The black crosses show the ratio of the absolute amplitudes of the port and
starboard data from Las Campanas A. The red plus signs represent the ratio of the absolute
amplitude of the port and starboard data from Las Campanas B.

board only observations. It is interesting to notice that the coherency drops off at a faster
rate at high frequencies. Above the acoustic cut-off frequency the coherency declines to
less than 0.2 at 12,500 uHz. Figure 7.13 shows the Las Campanas A-B starboard cross-
amplitude spectrum (black crosses) and the Las Campanas A-B port cross-amplitude
spectrum (red plus signs). Although the cross-amplitude of the five-minute modes is the
same the two cross-amplitude spectra diverge at high frequencies, with the port cross-
amplitude becoming increasingly larger than the starboard cross-amplitude. This, in
conjunction with the different coherency levels observed at high frequencies between the
Las Campanas A and B port data and the Las Campanas A and B starboard data,
implies that the Las Campanas A-B port data contains a more coherent high-frequency
noise than the Las Campanas A-B starboard data. Figure 7.14 shows the ratios of the

absolute amplitudes of the port and starboard data for Las Campanas A (black crosses)
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Figure 7.15: The ratio of the absolute amplitudes of the port and starboard data from Las
Campanas A. The starboard data from 1998 and the first half of 1999 have been set to zero.
and B (red plus signs). Both ratios are less than 1 above the acoustic cut-off frequency,
which implies that the starboard data is noisier than the port data for both instruments.
However, the disparity is significantly larger in the Las Campanas A data. Although
not shown here plotting the port-starboard ratios for individual years reveals that the
problem is confined to 1998 and the first half of 1999. Figure 7.15 shows Las Campanas
A port/starboard amplitude ratios, which were created by setting the Las Campanas A
starboard data from 1998 and the first half of 1999 to zero. Clearly this figure is very
different from Figure 7.14 and in fact implies that the port data now contains more noise
than the starboard data. Therefore the Las Campanas A starboard data from 1998 and
the first half of 1999 reduces the overall quality of the starboard data as it is very noisy.
This noise is not common to both Las Campanas instruments. We can conclude, there-
fore, that the level of coherency between Las Campanas A-B starboard observations is
reduced by the noisy Las Campanas A data in 1998-99. This analysis has shown that
poor quality data in a timeseries can be found by determining the coherency spectrum
of data from two different detectors.

Returning to Figure 7.12, there is a smaller proportion of common, low-frequency noise
in both the port and the starboard Las Campanas A-B data than when the port and
starboard data from the same instrument were compared. The atmospheric transparency
and pointing noise observed by the A and B instruments should be the same as the

instruments are on the same mount. This also means that the solar noise should be
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similar as Doppler imaging will only have small effect at this separation. One source of
noise that would no longer be coherent is the atmospheric scintillation noise. Also, as
mentioned earlier, a lot of the instrumental noise will not be common in Las Campanas
A and B data.

The low-frequency coherency between Las Campanas A and B is still ~ 0.5 and so
comparing contemporaneous data from these two instruments would not be optimal for
searching for low-frequency modes. However, as with the combined site and individual
site data it is likely that looking at non-contemporaneous data will reduce the coherency.
Therefore the coherency of non-contemporaneous Las Campanas A and B data was de—

termined and we will now describe the results.

7.4.2 Non-contemporaneous data from Las Campanas A and Las Campanas B

In Section 7.2.2 an unexpected amount of low-frequency coherent data was found when
the start times of the combined-site port and starboard timeseries were separated by
24hrs. This coherent data could be observed because two data points separated by 24hrs
are likely to have been measured by the same instrument. This theory was supported
by the results of Section 7.3.1, as a large amount of coherent data were observed when
the Las Campanas B port and starboard timeseries had start times separated by 24hrs.
The prime candidates for this coherent noise are instrumental noise and transparency
fluctuations.

Figure 7.16 shows the coherency found between the mean Las Campanas A data
(found by averaging the port and starboard data) and the mean Las Campanas B data
when the start time of the Las Campanas A timeseries was 24hrs after the start time of the
Las Campanas B timeseries. As can be seen, although there is very little low-frequency
coherent data, the coherency is not zero. As the atmospheric scintillation noise and the
solar noise will not be coherent with a 24hr time separation it is likely that this noise is
due to guidance errors or transparency noise. This also indicates that the majority of the

low-frequency coherency observed in the non-contemporaneous port and starboard Las
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Figure 7.16: The coherency between non-contemporaneous mean Las Campanas A and B
data. The Las Campanas A data has been shifted to start 24hrs after the Las Campanas B
data.

Table 7.1: Combinations of sites and the number of overlapping 2hr timeseries with 100% fill
available.

Site 1 Site 2 Number of Port Number of Starboard
Overlaps Overlaps
Las Campanas B Carnarvon B 0 0
Las Campanas B Mount Wilson 466 442
Las Campanas B Narrabri 78 64
Las Campanas B Sutherland 579 585
Carnarvon B Mount Wilson 0 0
Carnarvon B Narrabri 117 102
Carnarvon B Sutherland 157 131
Mount Wilson Narrabri 272 194
Mount Wilson Sutherland 0 0
Narrabri Sutherland 8 8

Campanas B data is instrumental.

The results for Las Campanas A and B are a special case as they share the same
mount. We will now describe the results for two well-separated instruments that are at
different observing sites. The only noise source common to contemporaneous data from
two different sites is the solar noise and even this will not be identical because of Doppler

imaging.

7.4.3 Comparisons between instruments at different sites

Table 7.1 shows the number of overlapping 2hr spectra with 100% fill in the port and

starboard data for different combinations of sites. Las Campanas and Mount Wilson are
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Figure 7.17: The top panel: The coherency of the Las Campanas B port only data and the
Mount Wilson port only data. Bottom panel: The coherency of the starboard only data for
Las Campanas B and Mount Wilson.

separated by only ~ 47° in longitude and so there are significant amounts of overlapping
data that can be compared for these sites. Las Campanas B was chosen in preference to
Las Campanas A for this analysis because it has a higher fill and so there are more 2hr
segments with 100% fill available.

Figure 7.17 shows the coherency of Las Campanas B and Mount Wilson data with the
top panel showing the port only comparison and the lower panel showing the starboard
coherency. Notice that the port and starboard graphs are almost identical, unlike the
port and starboard coherency of the Las Campanas A and B data. The low-frequency
coherency is smaller than the coherency of Las Campanas A and B. This is because the
atmospheric and instrumental noise of these observations are not coherent, as the data
are from different stations. Also Doppler imaging means that the observations from each
site will be biased towards different parts of the solar disc (see Chapter 8) and so the

solar noise observed by each instrument will be slightly less coherent.
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Figure 7.18: Top panel: The coherency of the Las Campanas B port data and the Sutherland
port data. Bottom panel: The coherency of the starboard only data for Las Campanas B and
Sutherland.

Notice that the high-frequency coherency is lower than when port and starboard
data from the same instruments were compared. The high-frequency coherency is also
smaller than the high-frequency coherency observed in Las Campanas A and B data.
This indicates that the majority of coherent noise at high frequencies was from a source
that is specific to the individual sites. Therefore, the high-frequency coherency could
be due to transparency fluctuations, guidance errors or solar noise, which will be more
coherent for instruments at the same site, or an accumulation of these noise sources. The
high-frequency coherency that is observed here is similar in value to the high-frequency
coherency observed when the simulations were performed using the FLAG data (see
Figure 7.4). Therefore this coherency could be caused by the Lorentzian tails of the
mode profiles.

There are also a large number of overlapping 2hr spectra with 100% fill observed by

Las Campanas B and Sutherland as the two sites are separated by only 91° in longitude.
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Notice that even though these two sites are further apart than Las Campanas and Mount
Wilsc;n there are more 2hr spectra available. This is because the Sutherland data has |
a greater fill than the Mount Wilson data. Figure 7.18 shows the port only (top panel)
and starboard only (bottom panel) coherency spectra from these two sites. Once again
the port and starboard coherency spectra aré very similar. The low-frequency coherency
is even smaller for these two sites than in the Las Campanas B-Mount Wilson example.
This can be explained in terms of Doppler imaging as the solar noise observed by Las
Campanas and Sutherland will be less coherent than the solar noise observed by Las
Campanas and Mount Wilson because Las Campanas and Sutherland are further apart.
The high-frequency coherency is similar to that observed by Las Campanas B and Mount
Wilson (Figure 7.17). Again the high-frequency coherency observed here could be caused
by the Lorentzian tails. This also supports the theory that the larger high-frequency
coherency observed in the noise of instruments from the same site is due to atmospheric
transparency, instrumental noise and/or solar noise.

Data from two different sites would be better for searching for low-frequency p modes
and g modes than data from the same station as the low-frequency coherency is smaller.
As the port and starboard data from a particular instrument are not 100% coherent it is
possible that comparing the Las Campanas B port data with the Sutherland starboard
data may reduce the low-frequency coherency. However, as can be seen from the top
image in Figure 7.19 the coherency is the same as the port-only and starboard-only
coherency (Figure 7.18). The lower image in Figure 7.19 shows the coherency of the
mean data (port and starboard averaged) from Las Campanas B and Sutherland. The
coherency is very similar to that observed in the port-only and starboard-only cases. The
advantage of using the mean data is that the fill and quality of the data is improved.
However, the fill of the two mean sets of data is still relatively low (~ 25%) and this will
reduce the quality of a frequency-amplitude spectrum formed using data from one site
only. Therefore we now consider combining data in such a way as to improve the fill of

the data while keeping the amount of common noise to a minimum.
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Figure 7.19: Top panel: The coherency of the Las Campanas B port data and the Sutherland
starboard data. Bottom panel: The coherency of the mean of the port and starboard data for
Las Campanas B and Sutherland. There is little or no difference between these two graphs and
the coherency shown in Figure 7.18.

7.5 Combining data from different sites

As we have already seen a lot of overlapping 2hr spectra are available between Las Cam-
panas B and Mount Wilson and between Las Campanas B and Sutherland. Conversely
there are no overlapping 2hr timeseries between Sutherland and Mount Wilson (see Ta-
ble 7.1). A timeseries containing data from both Mount Wilson and Sutherland would
provide even more overlapping data that can be compared to the Las Campanas B data.
Such a timeseries would have an improved fill compared to a one-site set of data and
therefore the quality of a frequency-amplitude spectrum produced by the combined-site
timeseries would be improved. Although the fill of a timeseries is less important when
calculating the coherency using the short 2hr spectra, as each short spectrum has 100%
fill, it does become important when the data are searched for low-frequency modes as it is
the frequency-amplitude spectrum created by taking the FFT of the complete timeseries

that will be searched.
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We have strategically and coherently combined data from all of the different BiSON
sites to create two timeseries. Importantly the data from a particular instrument did
not appear in more than one timeseries. The main aims of combining the data were to
maximize the amount of overlapping data in the two timeseries and to .share the fill as
evenly as possible between the two sets of data. A timeseries was created using data
from Las Campanas B, Narrabri, Izafia and Carnarvon B that had a fill of ~ 56%. From
now on we will refer to this timeseries as ‘Series 1’. A timeseries consisting of data from
Las Campanas A, Mount Wilson, Sutherland and Carnarvon A was also crfzated and had
a fill of ~ 63%. We refer to this timeseries as ‘Series 2’. For the sites that have both
port and starboard data available the mean of the two was used. If there were any time
overlaps in the observations from the stations in any one timeseries the highest quality
data was included in the final timeseries. Over 8600 overlapping 2hr spectra with 100%
fill were available between Series 1 and Series 2.

The cross-amplitude, phase and coherency spectra of Séries 1 and Series 2 were found
using short 2hr spectra (Figure 7.2'0). Not only is the low-frequency coherency smaller
than the coherency when data from just two different sites are used but the improved fill
means the signal-to-noise of the modes will be larger. Notice that the cross-amplitude of
the five-minute modes is significantly larger than the low-frequency coherent noise. The
only source of low-frequency coherent noise that should be present in Series 1 and 2 is the
solar noise and this will not be entirely coherent because of Doppler imaging. The phase
is slightly scattered at low frequencies compared to the five-minute mode region meaning
the low-frequency noise is not entirely in phase. The coherency over the five-minute mode
frequency range is very close to one implying that the modes are coherent.

Clearly this is the lowest coherency produced by a pair of contemporaneous BiSON
data investigated in this chapter. The timeseries also have the added advantage of having
a relatively high fill, compared to the single site data. Therefore these timeseries will be
used to search for low-frequency modes. However, as we have seen many times in this

chapter already comparing non-contemporaneous data reduces the coherency further and
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Figure 7.20: The cross-amplitude, phase and coherency of Series 1 and Series 2.
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Figure 7.21: Top panel: The coherency found between Series 1 and Series 2 when the start
time of Series 1 is 12hrs after the start time of Series 2. Bottom panel: The coherency found

between Series 1 and Series 2 when the start time of Series 1 is 24hrs after the start time of
Series 2.

so we have also found the coherency of Series 1 and Series 2 when the start times are

separated by both 12 hrs and 24 hrs.

7.5.1 Non-contemporaneous data from different sites

The data can be made non-contemporaneous by shifting the start time of one of the
timeseries by a given amount. Here the start time of Series 1 was shifted by both 12 hrs
and 24 hrs. The coherency of the resulting timeseries has been found for both cases and
the results are shown in Figure 7.21. As can be seen the coherency of the low-frequency
noise is approximately zero in both cases. This is expected as the only source of common
noise in the contemporaneous data. is the solar noise, which will not be coherent in non-
contemporaneous data. The modes in the 24hr shifted data are less coherent than the
modes in the 12hr shifted data. Even though this should have less of an effect on low-

frequency modes, as they have longer lifetimes, the 12hr shifted timeseries will be used
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when searching for low-frequency modes.

7.6 Results of searching BiSON data for low-frequency modes

When contemporaneous, Series 1 and Series 2 have a relatively small low-frequency co-
herency (compared to say port and starboard data taken by the same instrument). Series
1 and 2 also have a larger fill than when data from a single station is considered, which
has repercussions for the quality of their frequency-amplitude spectra. Therefore, we
have searched Series 1 and 2 for low-frequency p modes and g modes. We have shown
that when the start time of one series is shifted by 12 hrs, so that the data are no longer
contemporaneous, the low-frequency coherency is reduced to zero. Hence we have also
searched Series 1 and 2 when the start-times were separated by 12 hrs. We have used
the statistical tests described in Chapters 3, 4 and 5. We have compared Series 1 and
Series 2 for coincident prominent features in the frequency-amplitude domain. We have
also searched the frequency-power spectra of Series 1 and 2 individually for prominent
features. For all the statistical tests the threshold was set so that there was less than
a 1% chance that any detections in a 100 uHz range were noise. We will now describe
the results. It should be noted that phase changes in the modes when the data are
non-contemporaneous are not important as the statistics are designed to search absolute

frequency-amplitude spectra.

7.6.1 Searching contemporaneous BiSON data

Figure 7.22 is an Echelle diagram that shows the locations in frequency where prominent
spikes or patterns of spikes were found when Series 1 and Series 2 were searched for
low-frequency p modes and g modes. The methods for searching for the mddes described
in Section 5.2 were applied to the timeseries, including the bin shifting strategy. As in
Chapter 5 the vertical red dashed lines indicate the frequencies of the daily harmonics

that occur at multiples of 11.57uHz. As these harmonics are particularly prominent in
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Figure 7.22: An Echelle plot, modulo 147 uHz, marking the locations in frequency of occur-
rences uncovered by the test searches. Locations in frequency where spikes, or patterns of spikes,
were found in the same bin, or bins, of each spectrum at levels sufficient to record P < 1% are
marked by the black symbols in the middle of each row. A different symbol has been used for
each test (see figure legend). We have also recorded prominent spikes or patterns of spikes found
by searching both Series 1 (red symbols at bottom of each row) or Series 2 (blue symbols at top
of each row) alone. Symbols surrounded by a green square represent the prominent occurrences
listed in Table 7.2. The green vertical lines mark locations of the p-mode frequencies predicted
by the Saclay seismic model (Turck-Chiéze et al., 2001). The navy blue vertical lines show the
g-mode frequencies predicted by the M1 model from Provost et al. (2000). The vertical dashed
red lines mark locations in frequency that are overtones of the 11.57-uHz diurnal frequency.
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the low-frequency BiSON data any detections that were found to lie closer than 0.3 xHz
to one of the diurnal frequencies were disregarded.

The black symbols in the middle of each row represent the frequencies of spikes or
patterns of spikes that were found in the same bin in each of the spectra and which had
a probability of less than 1% of occurring by chance. Also shown are the frequencies of
prominent spikes or patterns of spikes that passed the tests when Series 1 was searched
alone (represented by the red symbols at the bottom of each row) and the spikes or
patterns of spikes that passed the tests when Series 2 was searched alone (represented
by the blue symbols at the top of each row). The symbols surrounded by a green square
correspond to features that lie less than 0.5 uHz from the location of one of the model
frequencies, predicted by the Saclay seismic model (Turck-Chieze et al., 2001) and the
M1 model (Provost et al., 2000). The prominent spikes or patterns of spikes that lie
within 0.5 pHz of a model frequency have been recorded in Table 7.2. The occurrences
listed in Table 7.2 have been identified with particular p-mode components on the basis
of their placement in frequency. The errors quoted in Table 7.2 have been calculated
in the manner described in Section 3.5. When the outer components of a rotationally
split mode have been found the mean of these components has been calculated to give
an estimate of the frequency of the centroid of that mode.

The frequencies of the candidates agree well with those found in Chapter 5. However,
it is disappointing that there are a large number of candidates observed in Chapter 5
that are not detected here. The threshold levels used here will be larger than those
used in Chapter 5 because the low-frequency coherency is larger when Series 1 and 2
are compared. However, it is more likely that the fact that fewer modes are detected
here is highlighting the improvement in the overall quality of a timeseries obtained by
combining data from all available sites. It is, nonetheless, interesting that all three
potentially visible components of the [ = 2, n = 8 mode at ~ 1395 uHz are detected in
Series 1 and 2. These modes are actually detected as a triplet. However, only the m = —2

component is detected when the BiSON and GOLF data are compared. This could be
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Table 7.2: Candidates found to be closer than 0.54Hz to predicted model frequencies of modes.

Il n m Frequency Probability = Number of Distance from model
(uHz) (P) tests passed  in frequency (uHz)

1 8 —1 1329.2354+£0.006 9.5x 1077 3 0.0621

2 8 —2 1393.871+0.007 8.3 x 1074 1

2 8 0 1394.702 £0.007 8.3 x 10~* 1 0.007

2 8 2 1395.469 £0.007 8.3 x 1074 1

0 9 0 1407.479+0.007 1.7x10~* 1 0.149

3 8 —3 1449.7434+0.008 7.3x 1073 21 0.1184

3 8 —1 1450.540+0.008 7.3x 1073 11 0.122%

1 9 —1 147243440007 9.1x1078 4

1 9 +1 1473.271+0.007 4.5x 107 4

mean 1472.853 + 0.005 0.121

1: Difference with model frequency assumes m = —1 component lies —0.4 uHz from central
frequency.
#: Difference with model frequency assumes m = —3 component lies —1.2 yHz from central
frequency.

i: These modes are detected as part of a triplet but the frequency of the third component
does not correspond to the frequency of a model multiplet component.

because [ = 2 modes are less prominent in GOLF data. Nonetheless, the detections must
be regarded with suspicion as the components only passed one of the statistical tests (the
triplet test). As we have seen in Chapter 3 ensuring that all candidates pass at least two
of the statistical tests dramatically reduces the number of false detections that are made.
It is encouraging to notice that the I = 0, n = 9 mode at ~ 1407 uHz is detected here.
This mode is not detected in Chaptef 5 when the BiSON data are searched alone. This
implies that is it beneficial to split the BiSON data into contemporaneous timeseries to

search for low-frequency modes.

7.6.2 Searching non-contemporaneous BiSON data

As we have seen in Chapter 4 the advantage gained by using two sets of data is greatest
when the level of common noise is zero. Furthermore at low frequencies the lifetimes of
the modes are similar to, if not longer than, the length of the observations. Therefore,
if only a small shift in the start times is implemented, the majority of the signal from

low-frequency modes should remain commensurate. Therefore, we have searched Series
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Figure 7.23: An Echelle diagram showing the results when the start of Series 1 begins 12hrs
after the start of Series 2. The lines and symbols have the same meaning here as in Figure 7.22.
1 and Series 2 for low-frequency p modes and g modes when the start time of Series
1 was 12hrs after the start time of Series 2. The methods for searching for the modes
described in Section 5.2 were applied to the non-contemporaneous timeseries, including
the bin shifting strategy.

The results of this search can be seen in Figure 7.23. Once again the results are
displayed in the form of an Echelle diagram. The candidates shown have less than a 1%
chance of being due to noise. The symbols and vertical lines have the same meaning as
in Figure 7.22. Candidates that lie within 0.5 uHz of the predicted frequencies are again
highlighted by a green square. These candidates are also shown in Table 7.3. Notice in
Figure 7.23 that there is a detection close to the [ = 1, n = 7 mode at ~ 1186 yHz that
is not highlighted by a green box. This is a multiplet detection and although one of the
detected components was close to a predicted frequency, the other detected component

was not. Also notice there is a detection close to the daily harmonic at ~ 1354 uHz.
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Table 7.3: Candidates found to be closer than 0.5uHz to predicted frequencies of modes from
the Saclay seismic model or the M1 model when Series 1 started 12hrs after Series 2.

Il n m Frequency Probability ‘Number of Distance from model
(uHz) (P) tests passed  in frequency (uHz)
1 8 —1 1329.237+0.006 1.97741 x 10~° 3 0.060
2 8 0 1394.701+£0.007 7.4 x107° 1 0.006
2 8 +2 1395.472+0.007 7.4x1073 1
1 9 -1 1472.432 + 0.007 3.5x107° 3
1 9 +1 1473.254 £+ 0.007 2.8 x 1077 2
mean 1472.843 + 0.005 0.130

Again this is a multiplet detection, where the plotted frequency is the mean frequency
of the two observed components. In this case the individual components lie on either
side of the harmonic frequency. Disappointingly less modes are detected when the non-

contemporaneous data are searched than when Series 1 and 2 are contemporaneous.

7.7 Summary

BiSON is a network of instruments that are positioned at strategic longitudes across
the surface of the Earth so that often there is more than one instrument observing
the Sun. Furthermore, many of the instruments have port and starboard detectors.
The data observed by these detectors and instruments can be kept separate to form
contemporaneous sets of BiSON data. The focus of this chapter was to find and compare
contemporaneous BiSON data, with the aim of detecting low-frequency modes. A pre-
requisite for any pairs of data that we wished to search was that they had a low coherency
at low-frequencies, to minimize detection threshold levels.

The first sets of BISON data that were compared took advantage of the port and star-
board detectors. Timeseries were created that contained data from all of the instruments
with port and starboard detectors. However, the data observed by the port and starboard
detectors were kept separate. We therefore had a combined-site port timeseries and a

combined-site starboard timeseries. The two timeseries had a large coherency (above
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0.8) at low-frequencies and so were not ideal for searching for low-frequency modes. This
common noise is likely to be solar, atmospheric and instrumental in origin. Coherent
data was also observed at high frequencies. The Lorentzian tails of the mode profiles
can account for some, but not all, of the observed high-frequency coherency. Comparison
with the high-frequency coherency found between data from different instruments (e.g.
Figures 7.12, 7.17 and 7.18) implies that the majority of the high frequency coherency is
due to transparency fluctuations, guidance errors and/or solar noise.

We have shown that shifting the start times of the data by 12 hrs and 24 hrs does
not significantly reduce the coherency of low-frequency modes as they have such long
lifetimes. When the combined-site port and starboard data were shifted so that the
start times were separated by 12 hrs the low-frequency coherency was reduced to zero.
Although not performed here this data could, therefore, be searched for low-frequency p
modes and g modes. When the start times were separated by 24 hrs the low-frequency
coherency was determined to be greater than zero. The low-frequency coherency is, most
likely, observed because two points of data that are separated by 24 hrs will probably
have been observed by the same instrument. This theory is supported by the fact that
coherent data is also observed at low-frequencies when the port and starboard data, with
the start times separated by 24 hrs, from one site only are compared. Additionally, the
low-frequency coherency is zero when data from different sites are compared and the start
times are separated by 24 hrs.

There are two instruments at the Las Campanas station, called A and B, and contem-
poraneous data from these two instruments were compared. Although the low-frequency
coherency was smaller than when the port and starboard data from the same instrument
were compared it was still reasonably large (~ 0.5). The majority of instrumental noise
and atmospheric scintillation noise was independent but the solar noise, atmospheric
transparency noise and pointing noise was still common. The high-frequency coherency
observed between the port Las Campanas A and B data was different to the starboard

Las Campanas A and B data. This was because the starboard Las Campanas A data in
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1998 and the first half of 1999 was poor in quality.

The smallest low-frequency coherency (~ 0.4) observed between contemporaneous
BiSON data was found when data from two different sites were compared. Here we
compared data from Las Campanas B and Mount Wilson and Las Campanas B and
Sutherland. Any coherent noise that is shared by data observed at different sites is solar
in origin. To improve the quality of the timeseries the port and starboard data were
averaged. The problem with comparing data from one site only was that there was only
a small fill, which has repercussions for the quality of a freqﬁency—amplitude spectrum
created from the data. However, it was possible to coherently combine data from various
different sites to create two separate timeseries, Series 1 and Series 2. The data from each
instrument were only included in one of the timeseries. Series 1 contained data from Las
Campanas B, Narrabri, Izafia and Carnarvon B, while Series 2 contained data from Las
Campanas A, Mount Wilson, Sutherland and Carnarvon A.

When Series 1 and 2 were compared the low-frequency coherency was determined to
be ~ 0.3, which is relatively low. Therefore, these data were searched for low-frequency
modes. The list of candidates detected when Series 1 and Series 2 were searched agreed
well with the list of candidates found when the BiSON and GOLF data were searched.
However, a lot of the candidates observed in Chapter 5 were not observed here. The
only modes that were detected here and not in Chapter 5 (the l =2, n =8, m = 0 and
+2 modes at ~ 1395 yHz) only passed one test and so must be regarded with suspicion.
Although we have combined data from different sites to improve the fill of the timeseries
the duty cycles of Series 1 and Series 2 are still less than the fill of the BiSON data
searched in Chapter 5. This could explain why less modes are detected here. However,
it was encouraging that one mode (the [ = 0, n = 9 mode at ~ 1407 uHz) was detected
here that was not detected when only the BiSON data used in Chapter 5 were searched.
When the start time of Series 1 was shifted to be 12 hrs after the start time of Series
2 the low-frequency coherency was zero. Therefore, we also searched Series 1 and 2

for low-frequency modes when they were not contemporaneous. However, no new mode
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candidates were detected and the list of modes was again disappointingly short.

A thorough understanding of the noise in unresolved Doppler velocity observations.
is useful for detecting low-frequency modes. Throughout this thesis we have been com-
menting on the fact that the’ solar noise observed by two different instruments will not
be identical because of Doppler imaging. In the next chapter we describe in detail how
Doppler imaging affects unresolved solar Doppler velocity observations and we also dis-

cuss differences in the data observed by the port and starboard instruments.



8. WEIGHTING OF THE SOLAR IMAGE

8.1 Introduction

BiSON instruments make unresolved observations of the Sun, which means that the
intensity recorded by the instrument is integrated over the entire solar disc. However,
the response of a BiSON instrument to different areas of the solar disc is not homogenous
and so the data obtained do not represent a uniform average over the entire surface.
This uneven weighting is known as Doppler imaging and is caused by several different
factors, which will be described in this chapter. The first two effects to be considered are
properties of the Sun itself; the effect of the Sun’s rotation and the weighting due to limb
darkening. These effects have been considered previously by Brookes et al. (1978b) and
the results are well known. Here we add a third factor, which is instrument specific as it
is dependent on the positioning of the detector with respect to the solar image observed
at the vapour cell. Once this effect is included various other observational parameters,
such as the size of the observed solar disc and the angle of inclination of the rotation
axis, can be altered to make the calculations more realistic.

As we have seen, in the previous chapter, the majority of BISON instruments take two
sets of observations that are known as port and starboard observations. The detectors
responsible for making these observations lie on opposite sides of the vapour cell (see
Figure 1.2). In this chapter we show that the port measurements are biased towards
the limb of the image of the solar disc in the vapour cell that lies closest to the port
detector. Similarly the starboard observations are biased towards the limb of the image
of the solar disc that is closest to the starboard detector. We will now describe each of

the three weighting processes mentioned above individually and then combine the effects



8. Weighting of the solar image 174
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Figure 8.1: The image of the solar disc can be described by Cartesian coordinates that are
constrained by the condition 22 +y2 < Ré, where R is the radius of the Sun.
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Figure 8.2: The Fraunhofer line observed when looking at the centre of the solar disc where
the line-of-sight velocity due to the solar rotation is zero (black crosses). Also plotted is a
Gaussian approximation to this line (red line).

together to produce a description of how the observations are weighted across the solar
disc.

First, it is important to set up a coordinate system to describe the solar disc so that
the results from each individual effect can be coherently combined. In what follows we
describe the solar disc in terms of Cartesian coordinates with the origin at the centre of
the solar disc (as shown in Figure 8.1). The edge of the observed Sun is constrained by
the equation =% + y* = R%, where R is the observed radius of the solar disc.

Before we consider the weighting across the solar disc it is useful to discuss the solar

Fraunhofer absorption line that is observed by the instrument.



8. Weighting of the solar image 175

8.2 Solar absorption line

If resolved observations are taken at the very centre of the solar disc, where z = 0 and
y = 0 in Figure 8.1, the line-of-sight velocity due to the solar rotation will be zero.
Doppler velocity observations of the centre of the solar disc have been made by Themis,
which is a 90cm solar telescope located at Izana, Tenerife. The observations used here
were provided by R. Simionello in a private communication. The spectral line observed
by Themis can be seen in Figure 8.2. Assuming the natural width of this line is caused
by thermal Doppler broadening only, the shape of the line will follow that of a Gaussian
distribution. Thermal Doppler broadening occurs because the emitting gas molecules in
the Sun have random motions that mean the wavelengths at which photons from the
Sun are emitted are Doppler shifted by a random amount. The spectral line shown in
Figure 8.2 is well represented by a Gaussian centred on 769.897nm, with a FWHM, T, of
0.018nm and a 77% depth. The equation of the Gaussian representation of the absorption

line is given by

I(\) =1—0.77exp [4 In?2 ((’\}—3)2)] : (8.1)

Here I()) is the intensity of light observed from the Sun, where an intensity of 1 means
that no light has been absorbed and an intensity of zero means that all of the light
at that wavelength is absorbed. 'Wavelength is represented by A and ). is the central
wavelength of the line. The red line in Figure 8.2 shows the Gaussian representation of
the Fraunhofer line given by equation 8.1. As mentioned, in this example A, = 769.897nm
but it is important to note that the wavelength of the line centre is dependent upon the
date and time at which the observations are made for reasons that follow. Both Themis
and the BiSON spectrometers observe the potassium line. If the line-of-sight velocity
between the observer and the target, in this case the Sun, is zero the centre of the line X,
has a wavelength of 769.898 nm. Any line-of-sight velocity between the observer and the
Sun shifts the centre of the line away from this value by an amount that is dependent on

the magnitude of the line-of-sight velocity. The line-of-site velocity between the observing
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site and the Sun will change as the Earth orbits the Sun and as the Earth spins on it's
own axis 1.e. as Vo and vgpin change. Therefore the central wavelength of an absorption
line received on Earth from the Sun varies throughout the year and over the course of a
day.

Now consider an observed spectral line centered on a wavelength, A., with a Doppler
FWHM, V,, that is caused by the thermal mofions of the absorbing gas. We take Vj to
be the same as the width of the solar absorption line observed by Themis. The change

in wavelength, A\, caused by a Doppler velocity, v, is given by
A = /\%, (8.2)

where c is the speed of light and X is the original wavelength. We can, therefore, use the
FWHM observed by Themis, A\ =I' = 0.018nm, to find the FWHM of the line in terms
of velocity and so V; = 6892m s~ 1. It should be noted that this is, in fact, larger than the
width expected due to Doppler thermal broadening only. This is because the width of
the solar line is increased by the Doppler velocity of turbulence in the Sun’s atmosphere.
However, as we have already seen a Gaussian shape is still a good approximation for the
observed solar Fraunhofer line.

We now go on to investigate the effect of rotation on the observed solar absorption

line.

8.3 Weighting due to solar rotation

As the Sun rotates one limb of the solar disc moves towards an observer on Earth while
the other limb moves away from an observer. In other words the rotation causes a line-
of-sight velocity between an observer and the Sun that varies across the solar disc. This
line-of-sight velocity will affect Doppler velocity observations, such as those made by the
BiSON instruments. Resolved Doppler velocity observations made of the eastern limb

of the solar disc will be blue shifted while observations of the western limb will be red
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shifted. In what follows the effect of the variation in the line-of-sight velocity across the
solar disc on unresolved Doppler velocity measurements will be investigated.

Consider the Sun to be a body that is circularly symmetric about its rotation axis
and assume that it rotates with a constant angular velocity, w. This is a rather simplistic
assumption as the surface of the Sun actually exhibits differential rotation. However, it
will still be able to give a general idea of how the rotation affects the Doppler velocity
measurements. We take the rotation to be in an anti-clockwise direction. We also assume
that the Sun is observed from a considerable distance along a line of sight that is perpen-
dicular to the rotation axis. We have taken the rotation axis to be the y axis in figure
8.1. Again this is a simplistic assumption and later in this chapter we will investigate
the effect of varying the orientation of the rotation axis. If the angular velocity is in an
anti-clockwise direction it can be shown that the radial velocity along the line of sight,

V;, of a point on the surface with coordinates (z,y) is given by
V, = wz. (8.3)

The material at the solar equator rotates once approximately every 25 days and so we will

take the Sun’s angular velocity to be 2.9 x 10~ rads™!

. Using equation 8.3 and taking
z = Rg we can see that the maximum line-of-sight velocity due to the solar rotation is
approximately 2000ms~!. Lines of constant velocity occur at constant values of z and
so they are parallel to the rotation axis and independent of the y coordinate (see Figure
8.3).

As shown in Figure 8.3 the solar disc can be split into contours of constant rotation
that are evenly spaced. These lines of constant rotation correspond to values of constant
z in the Cartesian coordinate system described by Figure 8.1. Here, the solar disc was
split into 501 evenly spaced values of = that range in position from one edge of the solar

disc to the other, and so —6.955 x 108m < z < 6.955 x 108m. Let z; represent a different

value of the x coordinate for each 7 = 0...500. We also divided the solar disc 501 times
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Figure 8.3: The black vertical lines represent contours of constant velocity on the solar disc.

in the vertical direction so that —6.955 X 10®m < y < 6.955 x 10°m. Let y; represent
a different value of the y coordinate for every j = 0...500. Let a line profile, centred
on a wavelength, A, ;, be observed from every position on the solar disc where x and y
coordinates cross. The line-of-sight velocity, brought about by solar rotation, means that
the central wavelength of each line is Doppler shifted. Let A\, be the central wavelength of
the line observed at the centre of the solar disc. This means that the value of . depends
only on the line-of-sight velocity between the observer and the Sun and is independent of
the solar rotation. The central wavelength of the line observed at (z;,y;), Ai;, is related

to the wavelength of the line observed at the centre of the solar disc, A, by

A (1 + “’Z‘) : (8.4)

The intensity of light that can be observed from each region of the Sun is related to
the area of that region. Let each coordinate (z;,y;) correspond to a ‘pixel’ on the Sun.
In both the x and y directions each pixel extends half way to its neighbouring point. In
other words the pixel is a rectangle limited by the regions z; — 0.5(z; — r,-;) < z <
z; + 0.5(xi1 — x;) and y; — 0.5(y; — yi1) < y < ¥y + 0.5(yi+1 — ¥i). Let us not forget
that the pixels are limited by the edge of the solar disc (2% + y*> = R). Therefore some
of the pixels will not form complete rectangles. Figure 8.4 shows a pixelated image of
the Sun. The two black crosses are at the centres of pixels that are complete rectangles.

The edges of each pixel are depicted by the black lines. The red triangle highlights the
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Figure 8.4: An example of pixels on the Sun. The edges of the pixels are marked by the black
lines. The two crosses show examples of complete pixels. The crosses are at the centre of the
pixels and so show the (z;,y;) coordinates. The red triangle shows an (z;,y;) coordinate whose
pixel is not a complete rectangle.

x and y coordinates of an incomplete pixel. The intensity of light observed on Earth
from each pixel is proportional to the area of the pixel. Pixels whose shapes are limited
by the edge of the solar disc will have a smaller area than the rectangular pixels and so
less light will be observed from an incomplete pixel than a complete pixel. Furthermore,
as all of the incomplete pixels are from the edge of the solar disc they will be more
susceptible to the effects of limb darkening (see Section 8.4), which will reduce their
intensity further. This means that the incomplete pixels contribute less to the total
unresolved observations than the complete pixels. As the vast majority of the pixels
are complete (~ 99%) it is possible to approximate the behaviour of unresolved solar
observations by only considering complete pixels.

Let a line profile be observed from each of the complete pixels on the solar disc. Now,
as the area of each pixel that we are considering is the same and as we are neglecting
the effect of limb darkening at this stage, the solar absorption line profile observed by
an instrument from each pixel has the same depth. Furthermore, as each pixel only
constitutes a small area on the solar disc the difference in the line-of-sight velocity due
to the solar rotation across the pixel will be small (~ 8 ms™!). Hence, the absorption
line from each pixel will not be noticeably broadened by the solar rotation. Therefore
the width of the absorption line observed from each pixel will be the same. We have,
therefore, taken the line profile observed from each pixel to be the same as the Fraunhofer

line observed by Themis, and so the FWHM of each line is 0.018 nm and the minimum
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intensity of each line is 0.23. It is now necessary to consider how the instrument will

observe these profiles.

8.3.1 Instrumental observations

We take the instrumental response in the vapour cell to have a Gaussian absorption
profile with a FWHM of 700ms~!. The height of the Gaussian is not important as we
are only interested in how the observed intensity varies over the solar disc and not the
value of the absolute intensity observed from each pixel.

Let the instrumental response of the vapour cell be centred on a wavelength A, in a
rest frame with no line-of-sight velocity. Some of the light received in the vapour cell from
the Sun is absorbed by the gas in the vapour cell and some of the light is transmitted.
The absorbed light is then re-emitted, allowing it to be detected. In other words the
intensity of light that is detected by an instrument is proportional to the intensity of
light that is absorbed by the vapour. The contribution of each region of the Sun to the
intensity of the absorbed light will now be calculated.

As mentioned in Chapter 1, the light entering a BiSON instrument is filtered before
it reaches the vapour cell. Let the light entering the vapour cell be restricted to the
wavelength range A\; < A < A2. Let L; () be the line profile that corresponds to the
coordinate (x;,;) on the solar disc. The total intensity of light received at the vapour

cell from a pixel (z;, y;) is given by |
A2 .
I, = A Ly (0)dX. (8.5)

The line profiles, L; ;(A), that are received at the vépour cell from two pixels with different
locations on the solar disc can be seen in panels (a) and (b) of Figure 8.5 (the orange and
black lines), as can the red instrumental absorption profile (red dot-dashed line). The
wavelength of the instrumental profile is only affected by the influence of the magnetic

field across the vapour cell. In other words it is not shifted by a line-of-sight velocity.
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Figure 8.5: Panels (a) and (b) show the spectrum of light received from two different pixels
on the Sun. In panel (a) the solar absorption line (the orange line) is blue shifted because the
pixel is on the side of the Sun which is approaching an observer on Earth. In panel (b) the
solar absorption line (the black line) is red shifted as the pixel is on the side of the Sun that is
moving away from an observer on Earth. Panels (c) and (d) show a comparison between the
light received and the light transmitted. In panels (a) to (d) the red dot-dashed line represents
the red component of the instrumental absorption line, whose wavelength is only shifted by the
influence of the magnetic field across the vapour cell. The difference between the light received
and the light transmitted is the light that is absorbed. Panels (e) and (f) show the difference
between the light received and the light transmitted, i.e. the light absorbed by the vapour.
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The solar absorption line in Figure (a) (the orange line) has been blue-shifted because
the pixel it comes from is moving towards an observer on Earth. The solar absorption
line in Figure (b) (the black line) has been red-shifted because the pixel it comes from is
moving away from an observer on Earth. The red instrumental line (the red dot-dashed
line) in both panels is on the red limb of both absorption lines because is has been shifted
to a longer wavelength by the magnetic field that is placed across the instrument vapour
cell. _

To determine the intensity of light that is absorbed by the instrument we must com-
pare the intensity of light that is received from the pixel of the Sun with coordinates
(z;,y;) with the intensity of the transmitted light. The total intensity of light that is
transmitted by the instrument from this region of the solar disc between the wavelengths

A1 and A, If;, is then given by

t Az
It, = A  Linst (N Lig (M, (8.6)

where Li, () is the instrument profile. The spectra of the light that are transmitted by
the vapour cell from the two chosen pixels can be seen in panels (c) and (d) of Figure 8.5
(the purple and green dashed lines).

The total intensity of light absorbed by the gas in the vapour cell from a pixel with
coordinates (z;,y;) is given by the difference between the intensity of light received from

the Sun and the intensity of light that is transmitted by the vapour:
T t

The intensity of light absorbed from a pixel with the coordinates z = —0.8Rq, y =0, is
equivalent to the area between the orange solid line and the purple dashed line in panel
(c) of Figure 8.5. The spectrum of light absorbed from this pixel can be seen in panel
(e) of Figure 8.5. Let the area under this sky blue curve be A;,. Similarly the intensity

of light absorbed from a pixel with the coordinates z = +0.8Rs, y = 0, is equivalent to
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the area between the black solid line and the green dashed line in panel (d) of Figure 8.5.
The spectrum of light absorbed from this pixél can be seen in panel (f) of Figure 8.5. Let
the area under the pink curve be Aj,. Clearly Aj, is smaller than Ay, meaning that the
red wing of the instrument will observe more light from the pixel with the coordinates

z = —0.8Rp, y = 0 than from the pixel with the coordinates r = +0.8Rg, y = 0.

8.3.2 The weighting of the solar disc due to the Sun’s rotation

Figure 8.6 shows a contour map that displays the relative weighting from different areas
of the solar disc. The weighting has been scaled relative to the intensities of the most
and least prominent pixels and so does not represent the true intensity observed by the
instrument from a particular pixel. The pixels that contribute the most to the total
observed intensity have been given a weighting of 100. The pixels that contribute the
least to the total intensity have been given a weighting of 0. The weighting of all other
pixels are distributed within the range 0-100. In other words, the larger the number
assigned to each contour, the greater the intensity of light that is observed from that
region on the solar disc. |

The central wavelength of the Fraunhofer line observed at the centre of the solar
disc, A., depends on the line-of-sight velocities due to the Earth’s spin and orbit and the
apparent gravitational redshift velocity. We define the line-of-sight velocity between the

observer and an instrument, vy, as
Vlos = Uorb + Uspin + Ugrs, (88)

where v, is the line-of-sight velocity due to the Earth’s orbit around the Sun, vgpin is the
line-of-sight velocity because of Earth’s spin on its own axis, and v is the gravitational
redshift velocity. A description of each of these velocities is given in Chapter 1. Here;
for simplicity, we have taken the line-of-sight velocity between the observer and the Sun,

Ules, to be zero. Therefore the wavelength of a solar line originating from the centre of
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Figure 8.6: A contour map showing the effect of rotation on the contribution of different
areas to the total observed intensity. The left hand panel shows the results for the blue wing

instrumental response and the right hand panel shows the results for the red wing. Here
Vs = 0ms™!

S

the solar disc, A, has the same value as the absorption wavelength of the potassium in
the vapour cell (A, = 769.898 nm). We take the magnetic field across the vapour cell
to have a strength of 1.8kG and so the two Zeeman components of the potassium line
are symmetrically split by 5200ms~!. Therefore the two instrumental components are
separated in wavelength by 0.013nm and so the centre of the red wing component of
the instrumental profile has a wavelength of 769.905nm and the centre of the blue wing
component has a wavelength of 769.891 nm.

The left hand panel of Figure 8.6 shows the weighting due to the rotation observed
by the instrumental blue wing and the right hand panel shows the weighting observed
by the instrumental red wing. Lines of constant weighting are vertical straight lines, as
expected, given that these also represent lines of constant line-of-sight velocity due to the
Sun’s rotation. The blue wing is weighted most strongly towards the limb that is moving
away from an observer on Earth, while the red wing is weighted towards the limb that is
approaching Earth. This is counterintuitive but can be explained when we look back at
Figure 8.5. There we saw that the instrumental red wing observes more light from the
pixel on the approaching side of the Sun (z = —0.8R) than the pixel on the receding
side of the Sun (z = +0.8R). The reverse is true for the blue wing. As v, = 0ms™! the

red and blue wing instrumental components are symmetrically split about the observed
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Figure 8.7: A contour map showing the effect of rotation on the contribution of different
areas to the total observed intensity. The left hand panel shows the results for the blue wing
instrumental response and the right hand panel shows the results for the red wing. Here the

line-of-sight between the Sun and the observer is 1100 ms™!.

line centre, A., and so the two panels in Figure 8.6 are mirror images.

As vy, varies with time so too does the observed weighting across the solar disc. The
results in Figure 8.7 were calculated when the line-of-sight velocity between the Sun and
an observer was 1100 m s~!. This is approximately the maximum orbital velocity between
the Sun and the Earth in any one year. The variation in the blue wing observations
across the solar disc is now less steep. The gradient of the weighting of the red wing
observations is steeper, with the observations weighted even more heavily towards the
approaching limb of the solar disc than when v, = 0ms™!.

In the next section we consider the effect of limb darkening on the weighting of Sun-
as-a-star observations. We will then combine the effect of limb darkening with the results

found in this section for the rotation.

8.4 Limb-darkening

The observed intensity of the limb of the Sun is diminished compared to the intensity at
the centre of the solar disc. This effect is known as limb darkening. The limb darkening

across the Sun can be calculated using the limb darkening function, which is given in
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Figure 8.8: A birds-eye view of the geometric set up for calculating the effect of solar limb
darkening. The observer is positioned at P, a distance d from the near edge of the Sun. The
solar radius is R and point O shows the centre of the Sun. If observations are made of a point
S on the solar disc then 1 is the angle between the vector from the observer to this point and
the radius vector between the centre of the Sun and S.

Allen (1955) as
700 = 0.57 4+ 0.43 cos 7, (8.9)

where I(v) is the intensity at a heliocentric angle v, I(0) is the intensity if no limb
darkening were present and v is the angle between the radius vector and the line of sight,
which is shown in Figure 8.8. Figure 8.8 shows a birds-eye view of the Sun with the
centre of the Sun at O. The observer is positioned at P and is observing a point S on the
solar disc. The radius of the Sun is denoted by Ry and the observer is a distance d from
the edge of the Sun. The heliocentric angle, v, is then the outside angle between OS
and PS. To calculate the intensity weighting across the solar disc due to limb darkening
1 must be related to the cartesian description of the solar disc. Projecting Figure 8.8
onto a flat image of the solar disc that would be seen by the observer at P (as in Figure
8.9), S will be observed as a point a distance r from the origin, O. Assuming the Sun
is spherical, every position on the Sun that is a distance r from O will have the same
heliocentric angle, 9, and these positions are shown by the dashed circle in Figure 8.9.

Looking back at Figure 8.8, r is given by the line connecting S with OP. Let this line
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Figure 8.9: The view of the solar disc from P. All positions on the solar disc a distance r from
the centre of the disc, O, such as S will have the same heliocentric angle, .

meet OP at a point, T, where T is positioned so that the angle between ST and OP is a

right angle. Let 7; be the distance between T and the edge of the Sun on the line OP.
To evaluate equation 8.9 it is necessary to find an expression for cos®) in terms of r,

Rg, and d as these are all either known or measurable. Let 6§ be the angle between PO

and PS. From Figure 8.8 it can be seen that

sinf = E,
T

Vri+(d+ r1)2’

r

2+ (d+ Ry — OT)?

= r : (8.10)

Now, using the sine rule on the triangle OPS and taking the angle at S to be (r —9) rad

we have

Ry = Rp+d
sinf ~ sin(w — )’
Ro +d

= g (8.11)
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Then, using cos?1) + sin? 1) = 1, it can be shown that

VR% — (Ro + d)?sin?6

cosp = Re

(8.12)

By using equation 8.10 to replace sin # in equation 8.12 an expression for cos) in terms

of r, Ry and d can be found:

2
\/R 1""+R2 d—l—R@ R%—r2) — (Rg + d)?r2
cosY = .

(8.13)

R@\/r2 +(d+Ro — /R% — r2)2

Finally this can be related to the initial Cartesian set of coordinates, which were used in

Section 8.3 to describe the solar disc, by taking
r’ =z} +yl. (8.14)

Then, using equation 8.9, the limb darkening of a pixel with the coordinates (z;,y;) can

be found. The intensity of a particular pixel, I! 4» With coordinates (zi,y;) is given by

l _
I} = 1(0) (0.57 + 0.43 cos ¥), (8.15)

where cos ) is given by equation 8.13. When combining the effects of rotation and limb

darkening we have taken I(0) = I?

{;» where I?; is the intensity observed from the pixel

when only the effect of the solar rotation is considered and is given by equation 8.7. The
total intensity can be found by summing I; ; ! over all ¢ and j.

We have, therefore, found an expression that takes into account both the solar rotation
and the limb darkening. We go on to use equation 8.15 to produce a contour map of the
solar disc that describes how a combination of the solar rotation and the limb darkening
affects the weighting of the observations across the solar disc. However, first we consider

the effec‘t of limb darkening alone.
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Figure 8.10: The weighting of observations of the solar disc when only limb darkening is
considered.

8.4.1 Weighting of the solar disc due to limb darkening

Figure 8.10 shows the weighting of the solar disc when the effect of limb darkening is
considered on its own. The relative weighting caused by limb darkening is independent of
the line-of-sight velocity between the Sun and the observer, vj,s. Furthermore, when con-
sidered on its own, the limb darkening affects blue and red wing observations in the same
manner. Once again the weighting has been scaled so pixels with the largest observed
intensity have a weighting of 100 and the pixels with the smallest observed intensity have
a weighting of zero. All of the other weightings are distributed accordingly between these
values. The weighting pattern consists of concentric circles with the observations being
most heavily weighted towards the central regions. This is expected because, as seen in

Figure 8.9, contours of constant i are also concentric circles.

8.4.2 Weighting of the solar disc due to the Sun’s rotation and limb darkening

We now combine the weighting due to limb darkening with the effect of the solar rotation.
Figure 8.11 shows the weighting of the solar disc when both the rotation of the solar sur-
face and limb darkening are considered. In Figure 8.11 the line-of-sight velocity between
the Sun and the observer, v\, is zero. As expected, given the weighting observed when
the rotation was considered alone, the contours are no longer centralized on the origin

but are shifted towards the limbs. The red wing is weighted more strongly towards the
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Figure 8.11: The weighting of the solar disc once the effect of limb darkening and the weighting
due to the solar rotation are combined. The left panel shows the results for the instrumental

blue wing, while the right panel shows the results for the instrumental red wing. The line of

sight velocity between the Sun and the observer, v, is Oms™ L.

advancing limb of the solar disc and the blue wing is weighted towards the receding limb.

Figure 8.12 shows the weighting across the solar disc when v, = 1100ms™!. The
introduction of a line-of-sight velocity between the Sun and the observer has shifted the
contours towards the approaching limb of the solar disc. The effect of introducing a
line-of-sight velocity is larger in the blue wing observations. This is because the red wing
observations are already shifted towards the approaching limb of the solar disc.

The heliocentric angle, ¥, is defined in Figure 8.8. When v,s = 0ms™! the heliocentric
angle of the pixel with the maximum weighting, ¥max, is 41.0° in both the red and the
blue wing observations. However, when v, = 1100ms™! the heliocentric angle, ¥max, of
the pixel with the maximum weighting is 49.3° for the red wing observations. For the blue
wing observations, the maximum weighted pixel has a heliocentric angle of ¥max = 32.0°.
This work can be compared with that of Underhill (1993), who performed a similar
analysis. Underhill also found that, when v;,s = Oms~! the red and blue contour maps
were mirror images of each other, with ¥ = 46.9°. When v, = 1000 ms~! Underhill
found that the heliocentric angle of the most heavily weighted bin, ¥ax, was 38.3° for the
blue wing observations and 52.8° for the red wing observations. The heliocentric angle of
the most heavily weighted pixels, ¥nax, determined here are in reasonable agreement with

the values found by Underhill. Small differences may occur because some of the inputs in
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Figure 8.12: The weighting of the solar disc once limb darkening has been included in addition
to the weighting due to the solar rotation. The left panel shows the results for the instrumental
blue wing, while the right panel shows the results for the instrumental red wing. This time vj.g
was 1100ms—!, which is approximately the maximum line-of-sight velocity between the Sun
and the Earth in any one year.

the calculations may vary, such as the width and depth of the unshifted solar Fraunhofer
line. However, it is encouraging that both Underhill and the calculations performed here
find that as v, increases Y¥ma, increases in the red wing observations and decreases in
the blue wing observations.

In this section we have shown that the introduction of the limb darkening has turned
the lines of constant weighting into ellipsoids. The exact positioning of the contours
depends on v,,s. However, the position of the detector with respect to the image of the
Sun observed by an instrument also affects the bias in the observations. Therefore, we

now model the effect of the position of a detector on the weighting of the observations

across the solar disc.

8.5 Weighting of the solar image due to the position of the detector

As mentioned in Chapter 7 the majority of BiSON instruments each have two detectors,
which are known as the port and starboard detectors. The port and starboard detectors
are on opposite sides of the vapour chamber (see Figure 8.13). We consider a vertical
slice through the vapour cell, which we take to be a square of side 15 mm. The intensity

of light detected from a particular region on the solar disc by the port detector depends
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Figure 8.13: A schematic of a vapour cell. The vapour cell is 15mm x 15 mm. At the centre of
the vapour cell is the observed image of the Sun (red circle). The port and starboard detectors
are positioned on either side of the vapour cell. Here we take the optical path of the light to
the detector to be horizontal. In this figure the optical path is shown by the dashed line and z
is the distance travelled by light through the vapour. Also shown are the axis and direction of
rotation.

on the distance between that region on the image of the Sun in a vapour cell and the
inside wall of the vapour cell on the side of the port detector (z in Figure 8.13). Here we
have only considered the perpendicular distance between the region on the image and the
wall of the vapour cell. This is not strictly true to a real instrument but it does provide
a first order approximation.

The intensity observed by the detector from a given region on the Sun, I, is determined

by the optical depth of the vapour in the cell, 7, and is given by

I=1%", (8.16)

where I° is the intensity of light received from the Sun. The differential optical depth
can be defined as

dr = Kdz, (8.17)

where dz is the optical path and K is the extinction coefficient. We have assumed that

K is constant throughout the vapour cell and have defined 2 as the distance between a
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pixel and the edge of the vapour cell along the optical path (see Figure 8.13). Therefore
7'=/OZKdz=Kz. | (8.18)

We can then substitute this expression for the optical depth into equation 8.16 to give
Iy = L™, (8.19)

where I?; is the intensity observed from a pixel with coordinates (;,y;) and I?; is the
intensity of light absorbed by the vapour in the cell from that pixel. We originally
assumed that the vapour has an optical depth of unity at the centre of the cell and so
K = 133.3m™!. Initially we gave the image of the solar disc in the vapour cell a radius
of 5mm and we took the centre of the image of the solar disc to coincide with the centre
of the vapour cell. We also took the image of the solar disc to be pixelated in the manner
described in Section 8.3 and the position of each pixel on the image of the solar disc is
determined by the positioning of the pixels in the real sized solar disc.

We now consider the effect on the weighting of unresolved solar observations of the
detector position alone. We will then combine this effect with the previously considered

results for limb darkening and solar rotation.

8.5.1 Weighting of the solar image due to the position of the detector

Figure 8.14 shows the results of considering just the effect of observing on different sides
of the vapour cell. As before the most heavily weighted region is given a weighting of
100 and the region from which the smallest intensity of light is observed has been given
a weighting of 0. As expected the observations are weighted most heavily towards the
side of the solar disc that is closest to the detector. Thus, the starboard observations are
weighted towards the receding limb of the Sun, while the port observations are weighted
towards the approaching solar limb. It should be noted that when considered on its

own the effect of the detector’s position is the same for both the blue and red wing
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Figure 8.14: The weighting across the solar disc when the positioning of the detector is
considered on its own.

instrumental observations. The results shown in Figure 8.14 are also independent of vj.s.
As we have only considered the horizontal distance between a pixel on the solar image
and the edge of the vapour cell the contours of constant weighting are vertical lines, and
so the weighting is independent of a pixel’s y coordinate.

We now move on to amalgamate the effects of the Sun’s rotation, limb darkening
and the position of the detector. We begin by discussing how these three effects were

combined.

8.5.2 Weighting of the solar disc due to the combined effect of the solar rotation, limb

darkening and the position of the detector

The weighting due to all three effects was found by combining equations 8.7, 8.15 and
8.19 in the following manner. I{; was found using equation 8.7 and then substituted
for 1(0) = I?; in equation 8.15. Equation 8.15 was used to find If_j and then If,j was

substituted for I?; in equation 8.19. In other words

i.J

I, = ;-1 (8.20)
Il; = I;(0.57 + 0.43cosv), (8.21)

3
i

= Le (8.22)



8. Weighting of the solar image 195

'[ 90 8070 605040 30 20 10 I

\_/ // L
¢, J

6070 80 90

(c) Blue wing, starboard detector (d) Red wing, starboard detector

Figure 8.15: Contour maps showing the weighting of the solar disc that is observed when the
position of the detector is considered as well as the limb darkening and the effect of the solar
rotation. The radius of the image in the vapour cell is 5mm and vjog = 0.
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In the following results the line-of-sight velocity between the Sun and the detectors
was Ujos = 0ms~! and the image was positioned at the céntre of the vapour cell. Figure
8.15 shows that, even when the other effects are introduced, the observed weighting
still depends on the positioning of the detector with respect to the solar image. This
means that the unresolved port and starboard data are not observing the same regions
of the Sun. Therefore the solar noise observed by the two instruments will be slightly
different. As vjos = O0ms™! the red, starboard map is the mirror image of the blue, port
map and the red, port map is the mirror image of the blue, starboard map. Before the
instrumental effect was considered the blue wing observations were weighted towards the
receding limb of the Sun (the western limb in Figure 8.15). When the Sun is observed by
the port detector the results are shifted towards the approaching solar limb. The balance
between these two effects results in the observations being weighted most heavily towards
the centre of the disc. This reasoning can be reversed to explain why the red, starboard
observations are also weighted towards the centre of the solar disc. Closer inspection
reveals that the blue port observations are weighted very slightly more heavily towards
the approaching limb of the Sun, while the red starboard observations are weighted
slightly more heavily towards the receding solar limb. Therefore, the results observed in
Figure 8.15 imply that the dominant effect is that of the position of the detector.

As mentioned previously the line-of-sight velocity between the Sun and an observer,
Vis, Varies throughout the year. Figure 8.16 shows contour maps of the weighting of the
solar image when v, = 1100ms™!. This line-of-sight velocity shifts the observations
so that they are more strongly weighted towards the approaching limb of the solar disc

than when v,s = Oms™L.

Notice the elongated contours that are observed in the red
wing, starboard detector map. These occur because the effect of the line-of-sight velocity
is to shift the observations towards the approaching solar limb. However, this effect is
counterbalanced by the effect of the position of the starboard detector, which shifts the

observations towards the receding solar limb.

We have now built up an image of the weighting of the Sun that takes account of the
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(c) Blue wing, starboard detector (d) Red wing, starboard detector

Figure 8.16: Contour maps showing the weighting of the solar disc that is observed when the
position of the detector is considered as well as the limb darkening and the effect of the solar
rotation. The radius of the image in the vapour cell is 5 mm and vjes = 1100 ms™!.
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solar rotation, limb darkening and the positioning of the detector. We have also shown
that the exact structure of this weighting varies with the line-of-sight velocity between
the Sun and the instrument. As the Earth orbits the Sun and spins on its own axis the
line-of-sight velocity between the Sun and an Earth-based instruﬁlent will vary. Hence we

move on to investigate in more detail how variations in v, affect the observed weighting.

8.6 Variation in the weighting with line of sight velocity

As we have already seen, the line-of-sight velocity of the solar surface varies with distance
from the rotation axis. Each pixel not only corresponds to an x and y coordinate but
it also corresponds to a line-of-sight Doppler velocity, which is given by equation 8.3.
As has been shown throughout this chapter the observations are weighted more heavily
towards some areas of the solar disc than others and so the observed data are weighted
towards some velocity in the line of sight, which occurs because of the solar rotation.
Therefore, the weighting of the solar disc means that a Doppler velocity shift could be
introduced into the Sun-as-a-star data. The weighted mean of the velocity observed over
the solar disc then gives an indication of the mean line-of-sight velocity observed by the
instrument. The weighting of a particular pixel is given by the ratio of the intensity of
light from the pixel observed by the instrument and the total intensity observed from the
whole Sun, which can be calculated by summing the observed intensity over all pixels.

In other words
500 500

Lot =Y. It (8.23)

=0 j=0
where I?; is given by equation 8.22. The weighted mean velocity was determined sepa-
rately for the blue and red wing observations and for the port and starboard detectors.
The results are shown in Figure 8.17. The calculated weighted mean velocity varies
with vj,s. The determined weighted mean velocity also depends on which detector is

being considered and which instrumental profile is used. Table 8.1 shows the weighted

mean velocity calculated for different combinations of the instrumental wing and detec-
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Figure 8.17: The weighted mean velocity of unresolved observations varies with the line-of-
sight velocity between the Sun and an observer. In both panels the red crosses represent the
red wing observations, while the blue plus signs represent the blue wing observations. The size
of the image in the vapour cell was 5 mm.

Table 8.1: The weighted mean velocity observed at different values of vju.

Weighted mean velocity Weighted mean velocity
when vjos = 0ms™! when 75 = 1100ms™!

(ms™?) (ms™1)

Blue wing, port detector -26.8 -94.5
Red wing, port detector -545.9 -565.2
Blue wing, starboard detector +545.9 +481.6
Red wing, starboard detector +26.8 +41.5

1 and when

tor. The weighted mean velocity has been calculated when v, = Oms™
Vs = 1100ms~!. The results in Table 8.1 indicate that when v, # Oms™ the ob-
servations, apart from the red wing, starboard measurements, are shifted towards the
approaching limb of the Sun. The increase in the weighted mean velocity with vj,s ob-
served in the red wing, starboard results probably occurs because the contours become
elongated, as seen in Figure 8.16. The change in the calculated weighted mean velocity is
larger for the blue wing observations as before the position of the detector was considered
the red wing observations were weighted towards the approaching limb of the Sun.

Real BiSON observations combine the results for the blue and red wing observations
in the manner described in Section 1.4.2. Therefore, the total observed weighted mean

velocity is a combination of the weighted mean velocities observed by the blue and red

wings. Hence, we have calculated the mean of the blue and red wing weighted mean
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Figure 8.18: Mean weighted velocity as a function of line-of-sight velocity. The black diamonds
represent the results when only the effect of rotation and limb darkening are considered. The
green crosses represent the starboard observations and the pink plus signs represent the port
observations. The size of the image in the vapour cell was 5 mm.

velocities for both the port and the starboard detectors. Figure 8.18 shows the mean
weighted velocity when only the effect of the rotation and the limb darkening are included
(black diamonds). As expected, when the line of sight velocity is zero the blue and red
wing observations are symmetric and so the weighted mean velocity is 0ms~!. However,
as the line-of-sight velocity increases the weighted mean velocity becomes increasingly
negative. Also plotted in Figure 8.18 are the weighted mean velocities calculated when
the position of the detector is included in the calculations. In the calculations the radius
of the image of the Sun in the vapour cell was 5mm. The results show that the weighted
mean velocity, which will be introduced into the observed data, depends on which detector

is considered. The difference between the port and starboard weighted mean velocity is

approximately constant at all values of v1,s. We will compare these results with a velocity
offset that is observed in the BiSON data.
8.6.1 Velocity offset in BiSON observations

In Chapter 1 we mentioned that the Doppler velocities observed by BiSON instruments

are calculated using the ratio

I — I,
ib‘f‘Ir
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where I, is the total intensity observed by the instrumental blue wing and I, is the
total intensity observed by the red wing. The value of k varies from day to day and

is approximately 3000 ms™!

. Determining the value of k is not a simple matter as the
relationship between the intensity ratio, R, and the observed velocity, vops, is not linear
because of the variation in the gradient of the solar Fraunhofer line.

The ratio, R, can be expanded in the form of a polynomial:

N

R(’UObs) = Z [ai (vdbs - 'Ugrs)i] ) (8.25)

i=0

where vgs is the line-of-sight velocity due to the gravitational redshift (see Section 1.5), N
is the order of the polynomial and a; are the coefficients of the polynomial. The order of
the polynomial must be chosen carefully, as if there are not enough terms the resolution
will be too poor to follow the change in sensitivity throughout the day. However, if
too many terms are included in the polynomial the fit becomes unstable and the signal
from the oscillations can be lost when the series is subtracted from the measured values.
Currently, a cubic (N = 3) polynomial is used, as it is found to remove many unwanted
low-frequency effects. It should be remembered that v, includes the orbital velocity,
the spin velocity and the gravitational redshift velocity in addition to any oscillation
velocities.

Once both v, and vgpin have been determined (see Section 1.5) a best fit algorithm
is used to determine the coefficients, a;, and vgs on a day-by-day basis. The power series

is then subtracted from the measured ratio, Rmeas:

N

Rosc = Rmeas — Z (ai ('vobs - 'Ugrs)i) ’ (826)

1=0

where R, is the ratio given by the oscillations and any noise. The ratio, Rosc, is then
divided by the the sensitivity, which is given by (6 Rosc/dv).
Here we are mainly interested in equation 8.25. Usually the ratio is calculated sepa-

rately for the port and starboard observations and then averaged. Here, the port and the
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starboard observations are kept separate. The daily cubic polynomial, given by equation
~ 8.25, pairs the observed daily ratio points with their instantaneous line-of-sight veloc-
ity. As equation 8.25 takes into account the varying values of v and vepin, each value
of R(vgps) should correspond to the same velocity from day to day. The change in the
line-of-sight velocity between the Sun and the instrument because of the spin and orbital
velocities should only alter the observed value of the ratio. We have plotted the value
determined for R(vebs), given by equation 8.25, as a function of veys using the calculated
best fit coefficients. We have then determined the velocity intercept that corresponds to
a value of R(vops) = 0.15. We have called this velocity the velocity offset. The value
of the velocity offset was found when R(vg,s) = 0.15 rather than when R(vohs) = 0 as
the value of the ratio is often greater than 0. Therefore, to determine the velocity that
corresponds to a ratio value of R(v.ps) = 0 we would have to extrapolate. This would
introduce errors into the determined value of the offset velocity. On the other hand a
ratio of R(vehs) = 0.15 is observed on the majority of days and so no extrapolation is
required. |

Figure 8.19 shows the velocity offset observed by two BiSON instruments as a function
of the known line-of-sight velocity between the Sun and the instrument. The analysis
was performed for different instruments (and although not shown here, different years)
to ensure the observed effects were not instrument (or year) specific. The data shown in
Figure 8.19 were observed in 2006, but only days where at least 500 ratios were observed
were used in the analysis. The results are very similar for both sites. As can be seen the
value of the velocity offset not only varies with Vs, but it is also dependent on which
detector is considered.

We can compare the observational results shown in Figure 8.19 with those calculated
in Figure 8.18. Some similarities can be observed, such as the fact that the starboard
observations are always positive and the port observations are always negative. Excluding
outliers the range in the observed velocity offset is of the order of 50ms™! for both

the port and the starboard observations, and for both instruments. The range in the
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Figure 8.19: Left panel: The velocity offset observed in Las Campanas A data in 2006 as a
function of line-of-sight velocity. Right panel: The velocity offset observed in Narrabri data in
2006 as a function of line-of-sight velocity. The red diamonds represent the results from the port
detector, while the green crosses show the velocity offset observed by the starboard detector.

calculated weighted mean velocity is also of the order of 50ms™ for both the port
and starboard observations. Additionally, both the observed and the calculated port
velocities decrease with increasing line-of-sight velocity. However, there are also some
clear differences between both panels of Figure 8.19 and Figure 8.18. For example, the
gradient of the observed starboard velocity offset changes from positive to negative at a

1

line-of-sight velocity of approximately 550 ms~!, whereas the gradient of the calculated

velocity is always negative. Furthermore, the calculated velocities are approximately

1 whereas the magnitude of

symmetrically split about a weighted mean velocity of 0m s~
the observed port velocity offset is greater than the magnitude of the observed starboard
velocity offset at all v,s. However, this is because the absolute value of the observed
velocity offset is dependent on the value of the ratio, R, that is used to calculate the
offset. Therefore, using a different value of the ratio, R, will shift the results to different
velocities. More importantly, the difference between the observed port and starboard
offset velocity (~ 250ms~!) is significantly less than the calculated difference between
the port and starboard weighted mean velocity (~ 600 ms™!).

It is, therefore, interesting to see whether we can replicate more accurately the main
features of the observed velocity offset by altering various input parameters in our cal-

culations. We therefore move on to investigate the sensitivity of the calculated weighted

mean velocity to various input parameters, with the aim of improving the agreement
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Figure 8.20: Sensitivity of the weighted mean velocity to the FWHM of the solar absorption
line. The different coloured symbols represent the results calculated using different values of
the FWHM of the solar absorption line.

between the observations and the calculations.

8.6.2 Sensitivity of the calculations to the width of the solar absorption line

One of the main input parameters in the calculations that determine the effect of the solar
rotation on the observed weighting is the width of the solar absorption line. In Section
8.2 the width of the solar absorption line was determined to be 0.018 nm, using resolved
observations of the centre of the solar disc. This value was then taken to be the width of
the absorption line observed from all pixels on the Sun. To investigate the sensitivity of
the weighted mean velocity to this width calculations were made where the width of the
solar absorption line observed from each pixel was doubled. In other words the FWHM
of the solar absorption line observed from each pixel on the solar disc was 0.036 nm. We
also performed the calculations using a FWHM of 0.009 nm. The weighted mean velocity
was calculated by only considering the effect of the rotation and limb darkening as the
sensitivity should be independent of the position of the detector. The results are shown
in Figure 8.20. The gradient of the slope is very sensitive to the assumed FWHM of
the solar absorption line. It is therefore possible that the FWHM can be scaled slightly
so that the range in the calculated weighted mean velocities matches the range in the

observed velocity offset.
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Figure 8.21: Sensitivity of the observed weighting to the solar rotation rate. The black
diamonds show the results when the rotation rate was 25 days and the blue triangles represent
the results when the rotation rate was 36 days.

8.6.3 Sensitivity of the calculations to the solar rotation rate

When calculating the effect of the solar rotation on the observed weighting we assumed
that the Sun rotated as a solid body with a period of 25 days. However, the Sun actually
exhibits differential rotation, which means that the rotation rate is latitude dependent.
The material at the solar equator does rotate with a period of approximately 25 days,
however, the material at the poles rotates with a period of approximately 36 days. To
investigate how sensitive the calculations are to the assumed rotation rate we calculated
the weighted mean velocity when the rotation rate was 36 days. The weighted mean
velocity was calculated considering the effect of the solar rotation and limb darkening
only. The results are shown in Figure 8.21. Although the sensitivity to the rotation rate
increases as vy, increases changing the rotation rate alters the weighted mean velocity
by, at most, 3.7ms~!. This implies that including differential rotation in the calculations

would make little difference to the observed results.

8.6.4 Sensitivity of the calculations to the width and separation of the instrumental

absorption lines

When calculating the effect of the rotation on the observed weighting we had to include

various parameters that described the instrumental absorption lines. We took the width
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Figure 8.22: Sensitivity of the calculated weighted mean velocity to the width and separation
of the instrumental absorption lines. The black diamonds show the results when the widths
of the instrumental absorption lines were 700 ms~! and the separation of the components was
5200ms—!. The blue asterisks represent the results when the separation of the components
was 5200ms~! the the FWHM of the instrumental absorption lines were 1400ms~!. The
green squares represent the results when the widths of the instrumental absorption lines were
700ms~! and the separation of the components was 2600 ms~!. The red crosses represent the
results when the widths of the instrumental absorption lines were 700 ms~! and the separation
of the components was 7800 ms~!.

of these lines to be 700 ms™! and we took the separation between the blue and red instru-
mental wings to be 5200 m s~—!. However, these value have not been measured accurately
and so it is important to determine how sensitive the calculations are to variations in
the input values. Therefore, we calculated the weighted mean velocity, due to solar ro-
tation and limb darkening, when the widths of the instrumental absorption lines were
1400 ms™!. Figure 8.22 indicates that doubling the width of the instrumental absorption
lines has little effect on the calculated weighted mean velocity. Also plotted on Figure
8.22 are the results obtained by altering the separation of the instrumental components.
The weighted mean velocity was calculated when the FWHM of the instrumental line was
700 ms~! but the separation of the blue and red wing components was both 2600 ms™!
and 7800 ms~!. Altering the separation of the instrumental components affects the gradi-
ent of the slope. Therefore, this parameter could also be altered to improve the agreement

between the range in the calculated weighted mean velocity and the observed velocity

offset.



8. Weighting of the solar image 207

8.6.5 Varying of the size of the solar image

The observed radius of the Sun varies throughout the year. More precisely the angular
radius of the Sun varies from ~ 16'16” in early January to ~ 15’44” in early July. This
variation constitutes approximately 3% of the maximum observed radius. To investigate
whether this variation would have a noticeable effect on the calculated weighted mean
velocity throughout the year we varied the size of the image of the Sun observed at the
vapour cell. The radius of the image was altered by a maximum of 3% and was varied
in a sinusoidal manner so that the image had the largest radius at the start of January
and the smallest radius at the start of July. However, changing the size of the image by
this small amount onl}.r altered the weighted mean velocity by a maximum of ~ 4ms™!.
Therefore the varying size of the solar image by this smgll amount does not explain
the differences observed between the calculated weighted velocity and the velocity offset
found in the BiSON data.

As varying the size of the image did alter the calculated weighted mean velocity
slightly, we investigated the effect of altering the size of the image by a larger amount.
Therefore, we calculated the weighted meaﬁ velocity observed at different \{alues of Vs
when the size of the image was 4 mm and 7.5 mm. Note that 7.5 mm is the largest possible
radius that the image can have, assuming that the vapour cell observes the whole disc.
Figure 8.23 shows that reducing the size of the observed image decreases the difference
between the port and starboard weighted mean velocity. Therefore, the observed velocity
offset is best replicated when the size of the image is less than 4 mm.

In all of the above calculations we have taken the optical depth to be unity at the
centre of the vapour cell. We move on to investigate the effect of changing the optical

depth on the weighting of the observations.

8.6.6 Varying the optical depth of the vapour

An optical depth of unity at the centre of the vapour cell is a reasonable but arbitrary

value and is based on no direct observations. Therefore, we investigated the effect of
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Figure 8.23: A comparison between the weighted mean velocity determined for different image
radii. The weighted mean velocity is plotted as a function of line-of-sight velocity. The different
colours show the results for the different detectors, while the different symbols represent the
results for various image sizes.

varying the optical depth at the centre of the vapour cell, 7. This was done by altering
the value of the extinction coefficient. Calculations were made when the optical depth
at the centre of the cell, 7, was 0.8 and 1.2. The results are plotted in Figure 8.24. The
radius of the image was again taken to be 5mm. Altering the optical depth of the vapour
has a similar effect on the calculated weighted mean velocity as altering the size of the
image. In fact, changing the optical depth by a value of 0.2 is equivalent to altering
the size of the image by 1 mm. The difference between the port and starboard velocities

is reduced at low optical depths, and so the agreement between the calculated and the

observed velocities is best when the optical depth at the centre of the vapour cell is less

than unity.

8.6.7 Closest agreement between the calculated and observed velocities

The overall separation of the port and starboard observed velocity offsets is best replicated
when the size of the image is small and the value of the optical depth at the centre of
the cell is reduced. The actual size of the image and optical depth in the vapour cell are
not yet known and thus need to be determined before accurate calculations can be made.

However, one estimate of the size of the image, obtained simply by observing the image
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Figure 8.24: A comparison between the weighted mean velocity calculated when the optical
depth of the vapour is altered. The weighted mean velocity is plotted as a function of line-
of-sight velocity. The different colours show the results for the different detectors, while the
different symbols represent the results for different optical depths. The radius of the image was
always 5 mm.
formed in a BiSON instrument, places the radius in the range of 4 — 5mm. We have
calculated the weighted mean velocity when the size of the image is 4 mm and we have
altered the optical depth of the vapour in the cell until the separation in the calculated
velocities is in agreement with the observed separation. We found that a separation
between the port and the starboard calculated velocities of approximately 250ms™! is
obtained when the optical depth at the centre of the vapour cell, 7, is 0.65. A comparison
between the observed and calculated results can be seen in Figure 8.25. An optical depth
of 7 = 0.65 is significantly less than the value of unity that was originally assumed and
so efforts should be made to measure this value directly. In Figure 8.25 the shape of the
observed starboard velocity offset is not well replicated by the calculations. Therefore,
efforts should continue to improve accuracy of the calculations.

With this in mind we considered the effect of altering the orientation of the Sun’s
rotation axis. The Sun’s rotation axis is tilted by an angle of ~ 7.25° from vertical and so
the observed orientation of the rotation axis varies as the Earth orbits the Sun. However,

the calculations show that varying the orientation of the solar rotation axis makes very

little difference to the calculated weighted mean velocity (less than 4.5 ms™?).
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Figure 8.25: A direct comparison between the observed and calculated velocity offset. The
calculations have been made for an image with a radius of 4 mm and the optical depth at the
centre of the cell, 7, was 0.65.

The observed ratio is determined using observations of the total solar Fraunhofer line.

Therefore, it is interesting to examine the total solar absorption line produced when the

effects of the solar rotation, limb darkening and the position of the detector are combined.

8.7 Total observed line

The total observed line from the whole solar disc, which will be measured by Sun-as-a-
star instruments, is given by the sum of the lines observed by all of the complete pixels
on the Sun. In other words the total intensity, Ly (\), which is a function of wavelength,
is given by
500 500
Liot(A) = Z Z L:.J'(’\)~ (8-27)
i=0 j=0
where L; ;()) is the line profile observed from the pixel centred on (x;,y;)- Liot(N) was
calculated when the effect of the rotation, limb darkening and the position of the detector
were considered together. The line produced can be seen in the top panel of Figure 8.26.
The resulting FWHM of this total observed line was calculated to be ~ 7.3kms™!. It

should be noted that this process does not give any information about the actual observed

intensity. Obviously this line was significantly larger than the individual lines, L; ;, and so
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Figure 8.26: Top panel: The line profile observed when the contributions from each pixel are
summed and the line is scaled to have an 78% depth. Middle panel: The difference between the
total observed line found here and a Gaussian profile. Bottom panel: The difference between
the total observed line found here and the profile suggested by Underhill (1993).

the line was scaled to have a 78% depth. This value has been chosen to allow a comparison
with the work of Underhill (1993), which was based on instrumental observations.

The shape of the total observed line can be compared to a Gaussian representation.
The middle panel of Figure 8.26 shows the difference between the total observed line and
a Gaussian profile with a 78% depth and the correct FWHM. The agreement between the
total line and the Gaussian representation is good at all wavelengths. However, the total

observed line does depart slightly from a Gaussian shape in the wings of the profile. As

a Gaussian profile is symmetric but the difference between the two profiles is not we can
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conclude that the total line profile calculated here is not symmetric. When calculating
the observed velocity from the red and blue wing intensities (equation 8.25) it is assumed
that the solar absorption line is symmetric. However, the departures from symmetry
observed here are small and so are unlikely to affect the results greatly.

Underhill (1993) ~empirically determined a suitable profile for Sun-as-a-star data by
comparing different model line shapes with the line profile observed by the BiSON in-
struments. Underhill found that the BiSON data was fitted well by a line profile with

the form

L) =exp[B(N)]  with  B(A) = 1.514exp [- (A g;(,) } , (8.28)

where they defined A in mA and ), was the line centre. The bottom panel of Figure
8.26 shows the difference between the total line profile determined here, L (1)), and the
profile suggested by Underhill. The agreement between this profile and L ()) is not as
good as the agreement between the Gaussian profile and Ly (A).

The Gaussian line profile is a better representation of the total line found in these
calculations than the line profile determined by Underhill (1993). As the profile found
by Underhill is based on observations of the line observed by the BiSON instruments it
is possible that this indicates that these calculations do not fully replicate' the real obser-

vations. Therefore, attempts should be made to make these calculations more realistic.

8.8 Summary

Unresolved Doppler velocity observations are not homogenous across the solar disc. In
fact, Sun-as-a-star observations are weighted more heavily towards some areas of the
solar disc than others. We began this chapter by considering the effect on unresolved
observations of the solar rotation. To do this we calculated the spectrum of light that is
absorbed by the potassium vapour in the instrument from pixels on the Sun. When the

effect of the solar rotation was considered on its own the contours of constant weighting
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were vertical lines. Counterintuitively the instrumental red wing observations were more
heavily weighted towards the approaching limb of the Sun, while the instrumental blue
wing observations were more heavily weighted towards the receding limb of the Sun. The
positioning of the contours were dependent on vjes.

We then moved on to determine the effect of limb darkening on the weighting of
the solar disc. When limb darkening was considered alone the contours of constant
weighting were concentric circles centred on the middle of the solar disc. The contours
were iﬁdependent of the instrumental wing being considered. We combined the effect
of the limb darkening with the effect of the Sun’s rotation and found that, when v =
Oms™!, the contours of constant weighting become ellipse-like. The blue and red wing
observations were mirror images, with the blue wing observations weightéd most heavily
towards the receding limb of the Sun and the red wing observations weighted most heavily.
towards the approaching limb of the Sun. When v, = 1100ms~! the contours were
shifted towards the approaching limb of the solar disc.

Both the solar rotation and the limb darkening were considered by Brookes et al.
(1978b). We added a third effect: the position of the detector with respect to the image
of the solar disc in the vapour cell. This is important in BiSON instruments as many of
them have two detectors, which are positioned on opposite sides of the vapour cell. When
the position of the detector was considered on its own we found that the observations
were most heavily weighted towards the side of the disc that was closest to the detector. -

We then combined the effects of the solar rotation, limb darkening and the position
of the detector. When v1,s = 0 ms™! we found that the starboard, blue wing observations
were a mirror image of the port, red wing observations and the contours of constant
weighting were ellipse-like. The port, blue wing observations were a mirror image of the
starboard, red wing observations and again the lines of constant weighting were ellipses.
The results implied that the position of the detector is the most dominant effect. Again
the results were affected by the line-of-sight velocity.

We investigated the effect of varying vy, on the weighting across the disc. The rota-
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tion of the Sun and the inhomogeneous weighting indicate that observations are weighted
towards a certain line-of-sight velocity. The calculated weighted mean velocity was de-
pendent on v}, which detector is considered and which instrumental wing is considered.
The calculated weighted mean velocity was compared to a velocity offset observed in
BiSON data. In an attempt to obtain better agreement between the calculated weighted
mean velocity and the observed BiSON velocity offsét we varied various input parameters.

The calculated weighted mean velocity is sensitive to the width of the solar absorp-
tion line observed from each pixel on the solar disc. Variations in the FWHM of the
solar absorption line alter the gradient of the variation in the calculated weighted mean
velocity with v,s. Comparison with the range in offset velocities observed in the BiSON
data indicated that our choice of FWHM produces approximately the correct gradient.
However, it is possible that a slight variatibn in the assumed FWHM of the solar ab-
sorption line would improve agreement further. We altered the assumed speed of solar
rotation but found this had little effect on the calculated weighted mean velocity. Thus
implying that including differential rotation in the calculations would only alter the re-
sults marginally. Additionally, the calculated weighted mean velocity is also relatively
insensitive to variations in the width of the instrumental absorption lines. However, the
calculated weighted mean velocity is sensitive to the separation of the instrumental com-
ponents. This also alters the gradient of the variation in the calculated weighted mean
velocity with v.s. Therefore, this is another parameter that could be altered to improve
the agreement between the calculated and observed velocities.

When we decreased the size of the image by a relatively large amount and when
the optical depth of the vapour in the cell was decreased better agreement between the
calculated weighted mean velocity and the observed BiSON velocity offset was obtained.
The best agreement between the observed and calculated velocities was obtained when
the radius of the image was 4 mm and the optical depth at the centre of the vapour cell
was 0.65.

Both the size of the image and the optical depth have not been measured accurately.
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This needs to be done before rigourous calculations can be made. Some of the assumptions
made in the calculations are simplistic. For example, when determining the effect of the
position of the detector on the observed weighting, we have assumed that the path length
of any detected photons is the horizontal distance between a pixel on the image of the
Sun and the wall of the vapour cell. However, this is nof necessarily true. Therefore, an
extension to this work would be to make the calculations more realistic. The fact that
the velocity offset varies throughout the year has an .effect on the long-term stability of
the BiSON observations, and thus affects the quality of the data. If the observed velocity
offset can be replicated by these calculations it can be removed from the data, thereby
reducing the noise in the data. As we have seen in Chapter 6, simulations imply that
if the level of noise in the data is reduced we will significantly improve the chances of

detecting Iow—frequency modes.



9. OVERVIEW

The main focus of this thesis was the development and application of techniques that aim
to search for low-frequency p modes and g modes. Low-frequency modes are sensitive to
the structure of the solar core and so provide stringent tests for models of the internal
structure of the Sun. Crucial fo the understanding and employment of these techniques
is a sound knowledge of the background noise that is present in solar observations. At
low frequencies the noise dominates a frequency-power spectrum making it extremely
difficult to observe solar modes. In Chapter 2 we discussed the main sources of noise
in BiSON data, which can be split into three main categories: solar noise, atmospheric
noise and instrumental noise. As the total noise is an amalgamation of many different
sources, the central limit theorem implies that the total background noise in the time
domain tends towards a Gaussian distribution. This means that the total background
noise in a frequency-amplitude spectrum should tend towards a normal distribution and
the background noise in a frequency-power spectrum should tend towards a x? 2 degrees
of freedom distribution. However, the noise in a frequency-power spectrum increases at
low frequencies, and so a statistical description of the noise departs from a x? 2 degrees
of freedom distribution at low frequencies. A flat frequency-power spectrum, with a x? 2
degrees of freedom distribution, can be approximated by calculating a running mean for
the data over regions of approximately 100uHz. However, this approximation falls short
at very low frequencies where the level of noise across a 100uHz range cannot be regarded
as constant. Pre-whitening of a spectrum, to make the level of noise flat, is difficult as
care must be taken not to alter the statistical distribution of the noise. We moved on

to take advantage of the statistical distribution of the noise in both frequency-amplitude
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and frequency-power spectra to search for low-frequency p modes and g modes.

In Chapter 3 we described statistical tests that can be applied to a frequency-power
spectrum. These tests determine the probability that a prominent spike or structure of
spikes is part of the noise background, which is the HO hypothesis. Much of this work is
based on that of Chaplin et al. (2002a), who use an approximation to determine threshold

'power levels. Here, we improved the accuracy of this approximation by including an
extra term in the binomial expansion of P;, the probability that a spike, larger than the
threshold level, will be observed at least once in a frequency range, A,. Various statistical
tests were developed that not only searched for individual prominent spikes but also took
advantage of known properties of the p modes to search for peaks and multiplets. The
statistical tests were used to search artificial FLAG data. The statistical tests were very
effective at detecting the modes that were included in the FLAG data. Initially the
thresholds were set so there was less than a 10% chance that any detections were noise.
However, it was found that the more stringent threshold level of a 1% chance that a
detection is noise and the requirement that each mode candidate pass at least two tests
significantly reduced the chances of making a false detection, whilst not dramatically
reducing the number of modes that were detected. In other words, the statistical tests
were able to detect the majority of the modes in the FLAG data, whilst making very few
false detections.

In Chapter 4 the statistics that allow contemporaneous sets of data to be searched
for prominent coincidences were considered. The probability of observing a prominent
spike or structure of spikes in the same frequency bin in each of two frequency-amplitude
spectra was found. Derivation of this probability was non-trivial, as proper account was
taken of the amount of common noise present in the two sets of data. The origin and
power of the common noise varies depending on the source of the data.

In Chapter 5 we used the statistics developed in the previous two chapters to search’
contemporaneous BiSON and GOLF data. The data were compared for prominent coin-

cident features and searched individually. In BiSON and GOLF data the common noise
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is solar in origin and, more specifically, is due to the solar granulation. Comparing the
data allowed threshold levels to be reduced to less than 10mms~! bin~'/2. By comparing
two frequency-amplitude spectra we were able to reduce threshold levels by ~ 28% in
amplitude, which is close to the maximum possible reduction of 29%. The exact mag-
nitude of the reduction is dependent on the amount of common noise present and the
optimal case is when no common noise is shared by the data. We also compared non-
contemporaneous BiSON and GOLF data, which contained no common noise, and so
the maximum reduction in threshold detection levels was obtained. The statistical tests
detected low-frequency modes in both the contemporaneous and non-contemporaneous
data, whose frequencies were in good agreement with those found in previous studies (for
example Chaplin et al. 2002a). However, despite the reduction in threshold levels there
were still gaps in the list of mode candidates.

We moved on to investigate whether or not we would expect to be able to detect more
low-frequency modes than we detected in Chapter 5. In Chapter 6 we made predictions
of how easily low-frequency modes could be detected. These predictions were based
on estimates of the modes’ powers and lifetimes, which were obtained using the simple
function relationships that were found to describe the variation of these properties with
frequency at higher frequencies. We extrapolated two relationships to low frequencies,
which we called method 1 (In-linear) and method 2 (In-In). A comparison was made
between the extrapolated powers and widths and those predicted by the Cambridge
stochastic excitation and damping codes. It is well known that the Cambridge model
underestimates mode linewidths, and so it was encouraging that the widths predicted by
both extrapolation methods were larger than the model widths. The underestimation
of the model widths means that the model powers are overestimated. Therefore, it was
again pleasing that the powers estimated by both extrapolation methods were smaller
than the model powers. Monte Carlo simulations were performed to determine how often
the modes could be detected.

The number of modes detected in the simulated data at low frequencies was small.
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Most detections were made when the simulations used the parameters predicted by
method 1 (the In-linear relationship) and the noise was correlated to the mode exci-
tation amplitude. Increasing the S/N of the mode by a factor of two led to significantly
more detections. The S/N of a mode can be enhanced by increasing the length of the
timeseries and by reducing the amount of noise in the data. Therefore, it is essential
that high-quality observations of solar oscillations continue to be made, thus increasing
the length of available timeseries. It is also important that efforts continue to reduce the
amount of noise in the data. The simulations performed here imply that if longer, cleaner
sets of data were available significantly more modes could be detected.

It is possible that this work has underestimated the amount of noise in the individual
simulated timeseries that is correlated to the mode excitation. Therefore future work
my include noise that is individual to the two timeseries but is still correlated to the
mode excitation. Chapter 6 concentrated on determining how prominent individual mode
peaks are. However, if | > 1 multiplet components are observed and so this work could
be developed further by determining the visibility of multiplets. A

In general the results of the simulations agreed well with those observed in Chapter 5.
However, the [ = 0, n = 6 mode, which is observed to be very prominent in the BiSON
and GOLF data, was only detected in a small fraction of simulated spectra (< 0.05).
One possible reason for the observed prominence of this mode in the solar data is that,
because of the stochastic nature of the mode excitation, it has been randomly excited to a
larger amplitude. This is encouraging as it is always possible that other modes could also
experience a randomly large excitation, making them easier to detect if the appropriate
epoch is considered. An extension to this work would be to examine the evolution with
time of the amplitude of this and other modes. It is possible that such an investigation
would enable information about the lifetime of this mode to be obtained. Furthermore, it
would also be interesting to investigate the evolution in time of other modes to determine
how their powers vary with time.

In Chapter 7 we concentrated on searching for low-frequency modes in BiSON data.
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To ensure relatively low detection threshold levels it was necessary to find a péir of con-
temporaneous BiSON timeseries whose frequency-amplitude spectra contained as little
common low-frequency noise as possible. The majority of BiSON instruments have two
detectors, which are called port and starboard detectors. Usually the data measured by
the port and starboard detectors are averaged to produce a mean timeseries for each
instrument. The data from the different stations can then be coherently added to create
a timeseries with a high fill. However, it is possible to keep the data from the individual
instruments and the port and starboard data separate to create individual timeseries.

The first pair of BiSON timeséries that were compared in Chapter 7 kept the data
from the port and starboard detectors separate. We created a timeseries that contained
the port data from several different BiSON instruments. We also created a timeseries that
contained the starboard data observed by different BiSON instruments. These combined-
site port and starboard timeseries were found to contain a large proportion of lqw-
frequency coherent noise. A comparison was also made between non-contemporaneous
combined-site port and starboard data. When the start times were separated by 12hrs
the coherency was ~ zero. However, when the start times were separated by 24 hrs the
low-frequency coherency was greater than zero. It was determined that this low-frequency
coherent noise was observed because two data points separated by 24 hrs were probably
measured by the same instrument.

The positioning of the BiSON stations around the world means that at any one time
as many as four stations could be observing the Sun. It is, therefore, possible to compare
contemporaneous data from different BiSON sites. When data from different sites are
compared the low-frequency coherency is relatively small, compared to the coherency of
the port and starboard data. However, the fill of a timeseries containing data from one
site only is limited and this has consequences for the quality of a frequency-amplitude
spectrum. A timeseries was created using data from Las Campanas B, Narrabri, Izana
and Carnarvon B that had a fill of ~ 56%. Additionally, a timeseries consisting of

data from Las Campanas A, Mount Wilson, Sutherland and Carnarvon A was created
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and had a fill of ~ 63%. The low-frequency coherency of these two timeseries was
relatively small and so these timeseries were compared, as both contemporaneous and
non-contemporaneous data, to search for low-frequency modes. The list of observed
candidates agreed well with those detected in Chapter 5. However, is it possible that
more defections would be made if the timeseries that were compared had a higher fill.
The statistical tests that allow data to be compared are a powerful and versatile
tool and they should continue to be used to help detect low-frequency p modes and g
modes. The statistical techniques could be used to search other sets of data, such as
MDI, VIRGO and GONG data. In Chapter 7 we showed that, because of their long
lifetimes, the coherency of low-frequency modes is only reduced by a small amount when
the start times of the timeseries are separated by ~ 24 hrs. Therefore, further advantage
could be taken of the large number of BiSON timeseries that are available by searching
non-contemporaneous data for low-frequency p and g modes. For example, the combined-
site port and starboard data were not searched here as, when contemporaneous, they
contained a large amount of common noise. However, when the start times were separated
by 12hrs the coherency was zero at low frequencies, meaning that detection threshold
levels would be relatively low. Furthermore, these timeseries have a reasonably high fill
and so window function effects would be reduced. It is also possible that the statistical
tests can be used in conjunction with other search techniques, such as collapsograms,
as comparing different sets of data would allow the detection threshold levels that are
relevant to such techniques to be reduced. As mentioned the tests used here were based
on the HO hypothesis. A further extension to this work would be to develop statistics
based on the H1 hypothesis, which assumes there is a mode present in the data. Also the
statistical tests described in this thesis are based on the observed properties of p modes.
To improve the chances of detecting g modes the statistical tests could be tailored to
take advantage of specific g mode properties. For example, the separation in periods
between g modes with the same [ and consecutive n is approximately constant. Overall

the statistical techniques developed in this thesis are advantageous to the search for low-
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frequency p modes and g modes because of the reduction in threshold levels that can be
potentially achieved.

When the data from two different stations are compared the only source of common
noise is the solar background. The amount of common noise present varies depending
on the separation of the sites being compared because of Doppler imaging. In Chapter
8 we investigated the consequences of Doppler imaging and other effects on unresolved
Doppler velocity observations, such as those made by BiSON. Unresolved Doppler veloc-
ity observations are more heavily weighted towards certain areas of the solar disc than
others. Two reasons for this are solar rotation and limb darkening, which have been
considered previously by Brookes et al. (1978b). When these two effects are combined
the instrumental red wing observations are weighted most heavily towards the approach-
ing limb of the solar disc and the instrumental blue wing observations are most heavily
weighted towards the receding solar limb.

We considered the additional effect of the positioning of the detector with respect to
the image of the solar disc seen by the vapour cell. The observations are weighted most
heavily towards the side of the solar image that is closest to the detector. When all three
effects are combined it is the position of the detector that is most dominant in determining
the weighting of the solar image. As the line-of-sight velocity of the solar surface varies
across the solar disc, the observations are weighted towards a certain line-of-sight velocity.
This velocity was calculated by determining the weighted mean velocity over the solar
disc. The weighting of the solar disc, and so the weighted mean velocity, is dependent
on the line-of-sight velocity between the Sun and an observer, vjos. The manner in which
the weighted mean velocity varies with v,,s is dependent on which instrumental wing
is considered and which detector is considered. The calculated weighted mean velocity
was compared to a velocity offset that is observed in BiSON data. The best agreement
between the observed velocity offset and the calculated weighted mean velocity was found
when the size of the image and the optical depth were small. More precisely, the calculated

weighted mean velocity is in good agreement with the observed velocity offset when the
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radius of the image was 4mm and the optical depth at the centre of the cell was 0.65.
The size of the image and the optical depth of the vapour have not been measured
and this should be done to improve the accuracy of the calculations further. Work within
the BiSON group is currently ongoing to determine the optical depth in the. vapour
cell. However, initial results imply that the optical depth is less than 1, in agreement
with the results found here. The calculations are also sensitive to input parameters,.
such as the FWHM of the absorption line observed at the centre of the Sun and the
separation of the blue and red instrumental components. Efforts should be made to
measure the input parameters in the calculations carefully as an improvement in the
accuracy of measurement would naturally lead to an improvement in the accuracy of the
calculations. Furthermore, some of the assumptions made in these calculations could be
improved. For example, we have assumed that the optical path between a pixel of the
image of the Sun seen in a vapour cell and the detector is horizontal. Although any
departures from this will be small making a more accurate assumption could improve the
agreement between the calculations and the observations further. Nonetheless, the gon
agreement between the results and the calculations obtained here is encouraging and it is
hoped that with further work this agreement can be improved further. A long term aim
for this work would be to eventually remove this offset from the data, thereby improving
the long-term stability of the results. This would improve the quality of the BiSON data
and the simulations performed in Chapter 6 imply that if we can reduce the ievel of noise

in the data we can significantly improve our chances of detecting low frequency modes.
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Refereed Publication

The work on searching for stétistica.lly prominent, coincident features in frequency-
amplitude spectra, which is described in Chapters 4 and 5 of this thesis, was accepted
to be published by Monthly Notices of the Royal Astronomical Society. The paper is

included here for reference.
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ABSTRACT

We show how to take advantage of contemporaneous data from two different instruments in the
search for low-frequency modes of oscillation of the Sun. Contemporaneous data allow searches
to be made for prominent, sharp concentrations of power which are coincident in frequency.
Crucial to determining objective measures of the joint probability of the random occurrence
of such features, which are potential candidates for modes, is a good understanding of the
characteristics of the background noise. In this paper we show how to make proper allowance,
in the calculation of the probability, for noise that is common to data from different instruments.
This common noise is solar in origin, and comes from the solar granulation. Its presence
makes calculation of the probability a non-trivial problem. We demonstrate application of the
technique in searches for low-frequency p modes. The data we searched comprised 3071 d
of contemporaneous Sun-as-a-star Doppler velocity observations made by the ground-based
Birmingham Solar-Oscillations Network (BiSON), and the GOLF instrument onboard the
ESA/NASA SOHO spacecraft.

Key words: methods: data analysis — methods: statistical — Sun: helioseismology — Sun:

oscillations.

1 INTRODUCTION

A high priority for helioseismology is the dctection of global acous-
tic and buoyancy, or gravity, modes of oscillation at very low
frequencies. Observational data have revealed a rich spectrum of
acouslic (p) modes. However, independently confirmed detections
of core-penctrating, low-degree (low-{) p modes are absent at fre-
quencies below ~970 uHz (e.g. Garcia et al. 2001; Chaplin et al.
2002). Obscrvation of the p modes anyway becomes difficult at
frequencies below 221400 uHz. The frequency of the fundamental
radial ({ = 0) p modc is predicted to be = 250 pHz. No indisputable
detections of gravity (g) modes, which for given / lie at frequencics
lower than the p modes, have been made 10 date (e.g. Appourchaux
et al. 2000; Gabriel et al. 2002; Turck-Chidze et al. 2004).
Detection of the g modes remains something of a Holy Grail.
The interior buoyancy waves, which form the g modes, are confined
within the radiativc interior and core. The high dwell time of the
buoyancy waves in the core in principle provides an cxquisite probe
of the core conditions. But observations of the modes are made at
the photospheric level, and the ( ) g-mode sig es are
attenuated significantly by the time they reach the photosphere. De-
tection of the g modes is therefore a major observational challenge.

*E-mail: amb@bison.ph.bham.ac.uk

While the low-frequency p modes are not as sensitive to the core
conditions as the g modes, detection of the p modes is still a high
priority.

The very low-frequency p modes are expected to have extremely
long lifetimes. Robust detection would therefore allow measure-
ment of their frequencies to very high accuracy and precision. But,
much more importantly, some of the low-/ overtones show a mixed
character (e.g. see Provost, Berthomieu & Morcl 2000). They have
a sensitivity to the intemal structure which looks like that of a g
mode in the core, giving excellent diagnostic potential, and like that
of a p mode at the surface, making detection comparatively easier
than for a g mode.

The low-frequency p- and g-mode signals arc very weak. This
places demands on two crucial pans of the detection problem: first,
on the quality of the obscrvations; and secondly, on the analysis
procedures used to process the data and flag potential candidate
detections. In this paper we deal with an important aspect of the
second part of the problem: how to take advantage in the analysis
of contemporaneous data collected by two instruments. Use of data
from two instruments allows searches for coincidences to be made.
In the context of searches for g and p modes, this means occurrences
of prominent concentrations of power, which lie significantly above
the local noise background, in the same frequency bin (or bins) of the
frequency-amplitude spectra of the data sets. If the frequency spec-
trum of background noisc is assumed to vary slowly in frequency,
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and have no sharp features, occurrences of coincident, prominent
concentrations of power will serve to pravide potential candidate
mode detections.

Crucial to determining objective measures of the joint probability
of occurrence of such features is a good understanding of the charac-
teristics of the background noise. In this paper we show how to make
proper allowance in the calculation of the probability for noise that
is common to data from two different instruments. This common
noise is solar in origin, and comes from the solar granulation. Its
presence makes calculation of the probability a tricky problem, and
the derivations by necessity involve some non-Lrivial mathematics.
The presentation of these derivations, and the formalism for calcu-
lating the probability, is the most important pan of this paper. The
derivations and formalism are presented in sufficient detail 1o allow
the reader to use them in their own data analysis. This could be in
searches for solar g or p modes; or in other astrophysical scenarios
where the problem is similar, that is, where searches for narrow-band
features necd to make allowance for partially correlated background
noise.

One could alternatively combine two data sets in an effort to form
an optimal combination for analysis. It is, however, unclear what the
optimal method for such a ¢c ion of helic ic data would
be. Potenlially one could argue that the analysis presented in this
paper could guide such a combination.

Here, we wish to keep discussion of other aspects of the solar
mode detection problemto a reasonable minimum to allow ustocon-
centrate on presentation of the new formalism. We therefore restrict
practical application of the method to searches for low-[requency p
modes in the frequency range from ~500 to ~ 1500 pHz, to illus-
trate use of the method. The data we searched comprised 3071 d
of contemporaneous Sun-as-a-star Doppler velocity observations
made by the ground-based Birmingham Solar-Oscillations Network
(BiSON), and the GOLF instrument onboard the ESA/NASA SOHO
spacecraft. Both data sets were prepared for the Phocbus collabo-
ration, Detailed results on the lower frequency range will be the
subject of foltow-up, Phoebus-related, studies.

The layout of the rest of the paper is as follows. In Section 2 we
give the reader the necessary background on the p-mode detection
problem at hand, including the basic approach to calculation of the
probabilities, Section 3 is the main part of the paper. In this section
we give full derivations on how to allow for common background
noise in calculatjon of the final probabilities. In Section 4 we discuss
results on application of the method in searches for coincidences in
the contemporaneous BiSON and GOLF data. Finally, we give a
brief summary of the paper in Section 5.

2 THE PROBLEM: SEARCHES FOR
LOW.FREQUENCY p MODES

2.1 The low-frequency spectrum

The p modes appear most prominently at frequencies of just over
3000 pHz. Here, the resonant peaks of the low-{ modes show widths
of ~1 uHz in the frequency spectrum. At successively lower fre-
quencies the observed amplitudes and widths decrease in magnitude.
The observed amplitudes decreasc because the tops of the acoustic
cavities move to greater depths below the photosphere. The p-mode
signals arc as a result mote strongly attenuated by the time they
reach the photosphere, making them harder to observe. The widths
decrease because the modes are more lightly damped.

The decrease of observed amplitude and width makes detection of
modes difficult at frequencies below about 1400 yHz. First, because
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the observed signal-to-noise ratio (S/N) of mode peaks in the fre-
quency spectrum is small; and secandly, because there will be very
few bins in the frequency spectrum that contain signal due to the
p modes. Detection is rendered more difTicult still by the observed
increase towards successively lower frequencies of the background
amplitude levels. By background amplitude, we mean amplitude
from sources other than the p modes. These sources include so-
lar background noise, from active regions and the various scales of
granulation, and instrumentat noise. Photon shot noise contributes a
flat background over the range in frequency occupied by the p modes
(see Garcia et al. 2005, for adiscussion of the behaviour at extremely
low frequencies). This combination of background sources gives a
smoothly varying total background in the frequency spectrum. The
distribution of amplitudes within any one bin is observed to follow
a normal distribution (e.g. Appourchaux et al. 2000; Garcfa et al.
2001; Chaplin et al. 2002; Gabriel et al, 2002).

Isolation of candidate p modes involves searches for prominent
spikes in the frequency spectrum, whose amplitudes exceed signif-
icantly the local mean background amplitude. By ‘spike’, we mean
a prominent amplitude in a single bin of the frequency spectrum.
A simple strategy based on searches for occurrences of individual
prominent spikes is appealing in that it makes no a priori assump-
tions regarding the properties of the p modes (aside from the fact
they are assumed to be sharp in frequency). Additional tests may
nevertheless be formulated, which do make some assumptions on
the expected structure (e.g. peak width giving spikes in consecutive
bins; or patterns of nearby spikes given by rotational splitting). We
discuss the various searches applied to the BiSON and GOLF data
in Section 4.2 below. For now, let as assume searches are confined to
the simplest test: searches for occurrences of individual prominent
spikes.

2.2 Probability of observing a8 prominent spike by chance

Suppose we observe a prominent spike, at an amplitude several
times the local mean background amplitude. Since the distribution
of background amplitudes is known, it is a trivial matter to find the
probability, p, of observing by chance a prominent spike of at least
that amplitude in that bin. The probability of observing by chance
at least one spike, of amplitude greater than or equal to the observed
relative amplitude, over a region of N bins in the frequency spectrum
is then

P=1-[l-p). 3]

The value of P gives an objective measure of the probability of the
spike being part of the broad-band, multicomponent background.
This is because the probability is formulated on the assumption
that the time-series contains only normally distributed noise. A low
value for P flags a spike as being deserving of consideration as a
possible candidate p mode. That said, it is important to stress that at
no point does this null (H0) hypothesis test give the probability that
the spike is a mode. Tests may be formulated that do. The p modes
may, for example, be modelled as sine waves, and the probabilities
calculated against the assumption the time-series contains normally
distributed noise and an embedded sine wave (Gabriel et al. 2002),
that is, the H1 hypothesis.

Crucial to fixing the value of P is the choice for N in equation (1).
In what follows we shall assume frequency spectra are scarched in
slices of N independcnt bins at a time. The number X of indcpendent
N-bin slices that are searched will depend on the range of interest
in the frequency spectrum. The total number of bins searched over
the entire range of interest is then given by M = KN.
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If N is too large, the probability of finding at least one spike by
chance within any one slice of N bins will increase. If N is too
small the number K of independent slices over the entire region of
interest will be large. The probability that at least one N-bin slice
will contain at least one prominent noise spike by chance will then
also increase. A trade-off must therefore be struck.

Here, we settled on a value for NV that was equal to the number of
bins in 100 uHz of the 3071-d BiSON and GOLF spectra, that is,
N = 26533 bins. We performed searches in N-bin ranges between
550 and 1550 uHz, implying X = 10.

2.3 Use of contemporaneous data from twe instruments

The discussion above gave some of the salient points on how 1o
estimate whether or not a prominent spike is likely to be part of
the background noise. It did so for searches of onc spectrum. What
if we have contemporaneous time-series from two different instru-
ments to analyse? The advance we offer in this paper is a formalism
for taking advantage of just such a siruation, and the extra diagnos-
tic power afforded by searches for coincidences that may then be
performed.

We ask the question: if prominent spikes (or patterns of spikes)
are uncovered in the same bin (or bins) of two frequency spectra,
how does one calculate the joint probability of occurrence? At first
glance this looks like a trivial problem. But it is not, because some
proportion of the background noise will be correlated in the two
(contemporaneous) time-series. This common noise, which is so-
lar in origin, comes from the solar granulation. There will also be
other independent sources of noise, as noted above, including some
independent solar noise.

In the next section we come to the main part of the paper: how to
calculate this joint probability, making allowance for the common
notse.

3 FORMULATION OF JOINT PROBABILITY
FOR SEARCHES IN TWO SPECTRA

We begin by defining a coefficient & 1o measure the proportion
of noise which is common in two sets of contemporaneous noise
data. The coefficient may be related formally to the cohcrence be-
tween the two scts (see equation 21 in Section 3 below). When o =
0 there is no coherent data, but when @ = 1 the two sets are
identical.

Next, we define x; and y, as the real and imaginary amplitudes of
the first of two contemporaneous noise spectra. These amplitudes
may be described by

n=aa+ab+(l —a)a=a+ab, )

n=actaed+(l —a)e=c+ad, 3)

where a, b, c and d are arrays of normally distributed random num-
bers. We also define x; and y; as the real and imaginary amplitudes
of the second spectrum. They are given by the equations

x; = aa +ab + k(1 — a)b, )

=ac+ad+k(l -a). (5)

Here aa + ab represents the common solar noise, and (1 — a)a
and (1 = a)b, in x; and x, respectively, represent all ‘other noise’
that is rot common 1o both sets of observations. Similarly ac + ad
represents the imaginary common solar noise and (1 — a)c and

(1 = a)d, in y, and y,, respectively, represent all ‘other noise' in the
imaginary part of the spectrum.

It is reasonable to assume that the variance of the real and imagi-
nary parts of each spectrum will be equal. However, any individual
noise that is not common to both spectra may have a different vari-
ance in the first spectrum compared to that in the second spectrum.
Therefore, while the variances of the distributions, a, b, ¢ and d have
been taken to be equal (i.c. a2 = 07 = 02 = ¢}) we have also in-
cluded a multiplying factor of k to alter the variance of the ‘other
noise’ in.x; and y;. The variance of the ‘other noise' in x; is therefore
k2 times the variance of the ‘other noise’ in x,.

Next, we define p (o be the probability that in a given bin the real
amplitude x; is greater than some threshold &;, and that the imag-
inary amplitude y; is greater than some threshold x;. The thresh-
old amplitudes are in practice set to high levels so that prominent
spikes whose amplitudes exceed the thresholds may be flagged
as being of interest as potential candidate modes. Put more for-
mally: should the amplitudes of a spike exceed §; and x;, the prob-
ability of that spike being present by chance will be small (sub-
ject, of course, to the assumptians made on the distribution of the
noise).

It can be shown that (see Appendix A)

P = e 4[a2+q(k—l)-k1 / xz/n-ll

_/H, /;#‘ﬂp{ZaI[a1+a(k-l)-lz]Z[

+k(1 —a) +a)(x} +y7) + (1 +a2)(x} + ¥2)
—20(1 + k(1 — @) + al(xix2 + 3132) } dx; dx; dyidy2.
©)
Changing the variables, such that 5, = p; cos; and y; = p; sin#;,

and replacing 6, and 8, with the difference between them, 6,
gives

1 27 o0 0
P Snoile? +atk— D—kI2 _Lo _/,m /»,=:.

1
x exp{m[lall +k(l —a)
+a)pypzcos8 — (a® + [k(1 — @)+ a)?)p]

—(1 +a?)p3) }mmdp.dp;d& )

Equation (7) may be integrated, with the help of the modified Bessel
function (see Appendix B), to give the sum

l 00 o X
p=o,‘[a’+a(k—l)-k|’[| /,., gm

L (el + K - @)+ alpipr |
202(a? + a(k — 1) — k]

-1
X e‘p{zﬁ[al oy vy Gl

+ [k(1 = o) +al)p} + (1 +a?)pd] }p.pzdp. dpa. ®)
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It is then possible 1o integrate equation (8) (see Appendix C) to give
the sum

= = {all + k(1 — @) + o]}
p= ;Z’T)zz"'ﬂ,,‘"*‘[a3+q(k_ D= ko

T 1 3 nirfem >\ e
AR | & = mAT | | 22 G- AT
x exp{~Airf — Aar}}, (&)

where

a? + [kl —a) + a)?

"= 2a? +alk - ) — k12 0
and
2
A (1 +a’) an

= 20 tatk =~ D=kF’
Equation (9) gives the probability that a spike in the first set of
data has an amplitude greater than r, and that a spike which lies in
the same frequency bin in the second sct of data has an amplitude
greater than r;. Substitution of equation (9) into equation (1) yields
the probability of at least one pair of such spikes occurring by chance
in N bins of the spectrum.

Equation (9) converges as the number of terms, n, increases. We
found thatuse of 20 terms gave accurate probability estimates. Simu-
lations were performed, with pairs of randomly g d pl
Gaussian noise spectra having various a, which confirmed equa-
tion (9) gave the expected results.

Equation (9) contains three variables that need to be found from
the data, namely o, k and o2. We now describe how to estimate the
values. Let V; be the variance of the real pan of the first spectrum
defined by equation (2). Since x; is the sum of two Gaussian distri-
butions it will have a zero mean, therefore the variance is given by
the mean of x3:

Vis (i) = +ahol. 12)
Let V; be the variance of the real part of the second spectrum defined
by equation (4). This is then given by
Vy = (x}) = {&® + [k(1 — @) + )0l a3
The variances may be estimated in practice by measurement of the
mean power in each spectrum in the 100-pHz slice being searched.
Additional information is provided by calculation of the mean cross-
amplitude (Elsworth et al. 1994), over the same 100-puHz slice. The
mean cross-amplitude of the two spectra, X) 3, is given by
X1z = ({0 + y)(x2 = )
= 2a02(1 + k[l —a)+a).
Equations (12)-(14) may then be used to find values for o, o2 and
k. Equation (12) may be rearranged to find o2 in terms of & and V;:
1 4

|
%= Tra
Equation (15) may be substituted into equations (13) and (14) 10
give

(14)

as)

v,
v, = (o? - 23—
1= ol + K - el s 16)
and

_ 2av,
Ya= g +k( —a)+al. an
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From equation (17) it may be shown that
A+a)Xiz
2aV,
which may be substituted into equation (16) to give
_ 4aVi(l +a®)aV) — X12) + X2,(1 +o?)?
- 4a2V((1 + a?)
The only unknown in equation (19) is now a. Equation (19) may be
used to find a quartic in terms of a:
(4vi+ X1, —avivy) a* -4V, X, 20®
+(@AVi+2X}, - 4viv) @ —4ViX e + X2, = 0. (20)
Use of equations (15) and (18) then yields estimates of o2 and &,
respectively. As an aside, we note that since a is found using an

equation for the cross-amplitude it is possible to relate a to the
coherency between the two spectra, ¥, 2:

Yy = X2
12 =
V¥ +53)
_ a(l+k{l—a)+a)
VO +ad)a? + k(1 — o) +aT)

The coherency gives the proportion of the cross-amplitude spectrum
that is due to coherent signal.

k= I, (18)

v . a9

(e2))

4 RESULTS ON CONTEMPORANEOUS BISON
AND GOLF TIME-SERIES

4.1 Observational data

The BiSON and GOLF time-series each consisted of 3071 d of
Sun-as-a-star Doppler velocity observations, made between 1996
April 20 and 2004 September 15, an epoch spanning most of so-
lar activity cycle 23. Both data sets were made for the Phoebus
collaboration. The BiSON data were processed in the manner de-
scribed by Appourchaux et al. (2000) and Chaplin et al. (2002).
The GOLF data were processed in the manner described by Garcfa
et al. (2005). The processing gave two time-series sampled at dif-
ferent cadence. The nominal cadence on which the BiSON data
are stored is 40 s. The corresponding cadence for the GOLF data
is 20 s. Both time-scries were rebinned to a common cadence of
120 s. The time-series therefore ¢ d 2211120 samples, giv-
ing a binwidth in the frequency domain of 3.77 nHz. The duty cycle
of the BiSON time-series was 78.6 per cent; the duty cycle of the
GOLF time-series was 93.4 per cent. The frequency specira of the
120-s time-series were then searched for prominent spikes.

4.2 Searches for candidate modes: tests applied to data

We searched both spectra, in slices of 100 uHz, for the presence
of promi spikes, or promi patterns of spikes, in the same
frequency bin, or bins. The tests were based on thosc discussed in
detail by Chaplin et al. (2002). The tests as outlined in that paper
involved searches for pr spikes, or promi patterns of
spikes, in a single frequency~-power spectrum. The power spectrum
was scarched because Chaplin et al. (2002) formulated the proba-
bility p (Section 2.2) in terms of the negative exponential statistics
displayed by the noise background in power. For this paper the
probability p was instead given by equation (9). This probability is
based on a description of the complex noise in amplitude, and gives
the probability that a spike in the same frequency bin in both the
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Figure 1. Upper panel: variance of the amplirude in the BiSON (red. dashed
line) and GOLF (black, solid line) data sets. eguivalent ia. respectively, V,
and V, in Section 3: and the cross-amplitude of the RiSON and GOLF daa
sets (blue, dotted line), which is equivalent ta X, ; in Section 3). Lower
panel value of o calculated nsing equation (20).

BiSON and GOLF frequency—amplitude spectra is greater than a
certain threshald in amplitude. Hence, we searched the frequency—
amplitude spectra.

The calculation of values of p required estimates of thc param-
eters @,k and a? locally in frequency The parameters, and proce-
dure, were described above, in Section 3. The procedure invalved
measurement aof the variance of the amplitude in the BiSON and
GOLF frequency spectra, and calculation of the BiSON-GOLF
cross-amplitude spectrum. The upper panel of Fig. | shows esti-
mates of the spectnim variances and the cross-amplitude. while the
lower panel shows the coefficient a, which measnres the proportion
of comman noise in the twa sets

Next, we give a hrief description of each of the tests that were
apyplied to the BiSON and GOLF data

Test I' This is a search for a pmminent spike in the same fre-
quency bin of each spectrum. We call this a “pair of spikes’. Sub-
stitution of the ahserved amplitudes of the spikes into equation (9)
yields an estimate for the jaint probahility p, which is the probahil
ity of both spikes appearing by chance in the same frequency bin of
each spectrum. The prohability, P, that this pair occurs hy chance at
least ance aver a range of N hins is then given hy use of equation (1),
which requires the calculated p as input.

Only those occurrences with P < | per cent were recorded for
further scruting. We adnpted the same probability threshald for the
other tests.

The next twa tests admit the passibiliry that power from a mode
may be spread aver twa, ar more, cansecutive bins. Power-law ex-
trapalation to lawer frequencies of the widths of modes between
~1500 and ~2000 pHz suggests that confinement of the majority
of power within a single bin of a 3071-d spectrum is expected a1
mode frequencies below about ~950 uHz (Chaplin et al 2002).
Even if the peak is not resolved in frequency, its maximum ampli-
nide may he diminished, and the majarity of its amplitude divided
between twa cansecutive hins, if the mode signal is not commen-
surate with the window function of the ohservations. We therefare
also applied the ‘hin-shifting’ strategy of Chaplin et al. (2002) in
an attempt to circumvent this problem. [An alternative strategy in-
valves zero-padding the time-senies; see, for example, Gabriel et al
(2002).]

Test 2: This is a search for the presence of twa prominent spikes
in the same consecutive frequency bins aof each spectrum The am-
plitudes of the least prominent spikes in each spectrum are used
in the calculation of p. The farmula for P now differs from. and
is more caomplicated than, the ‘single-spike’ equarion (1). We used
equation (13) of Chaplin et al. (2002).

Test 3: This is a search for twa or more pairs of spikes. Spikes
conshtuting each pair must of course lie in the same frequency bin of
each spectrum But the bins occupied hy different pairs may lie up to
rwice the predicted peak width apan. The power-law extrapolation,
mentioned briefly abave, was used 1o derive a look-up curve of the
predicted widih as a function of frequency. We used equation (12)
of Chaplin et al. (2002) ta determine estimates of P.

The final two tests look for pauerns of prominent spikes. where
those patierns mimic the patierns expected fram the ratational spit-
ting (with allawance made for the influence of magnetic fields).
Only every other component of the nan-radial modes is in princi-
ple detectable in the BiSON and GOLF Sun-as-a-star data That is
because the Sun-as-a-star observations have very poar sensitvity to
the I + m odd components The mean observed (synodic) separation
berween the { + m even components of high-S/N modes is about
0.8 uHz.

Test 4: This test is a search for twa pairs of spikes. Spikes consti-
tuting each pair must of course lie in the same frequency bin of each
spectrum. And hins occupied by different pairs must be separated
by 0.8 + 0.1 uHz. We used equatian (C6) of Chaplin et al. (2002)
ta determine estimates of P. This test can reveal patterns of spikes
that may he candidates for I = 1, 2 or 3 modes

Test 5: This test is a search for three pairs of spikes. Spikes con-
stituting each pair must of course lie in the same frequency bin of
each spectrum. And bins occupied by different pairs must bhe sep-
arated hy multiples of 0.8 + 0.1 uHz. We used equation (C7) of
Chaplin e1 al. (2002) 10 determine estimates of P. This test can re-
veal patterns of spikes that may be candidates for / = 2 or 3 modes.
(The { = 1 modes would only reveal two visible components in the
Sun-as-a-star data.)

The choice of the mean separation, and the choice of the allow-
ahle range in 1hat separation (+0.1 uH2), was discussed at length in
Chaglin et al_ (2002). In summary, the choices were predicaled on
assumptions that: (i) the rofational frequency splitting of very low-
frequency p modes would not differ significantly from the splitting
measured in the high-S/N modes and (ii) deparmres from a uniform
spacing (e.g due 1o the influence of magnetic fields) would be na
mare severe than in the high-S/N mndes.

© 2007 The Authors laumal compilation € 2007 RAS. MNRAS 379, 2-10
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Figure 2. Upper panel: threshald ampliludes (for RiSON) needed 1a recard
P £ 1 per ceni in each of the five tesis (see figure legend) Lower panel: per
centage ion in the threshold litudes. with respeci 1o the amplitudes
given hy analysis of the BiSON data alane

4.3 Results

We begin our discussion of the results by shawing threshald am-
plitudes for P £ | per cent. The upper panel of Fig. 2 plols
the absalute threshalds (in units of mms ' per root bin) far the
BiSON data, as a function of frequency, far each of the five tests
By how much have these threshald amplitudes been reduced by
making use of twa contempaoraneaus data sets, as oppased 10 just
one data set? The lower panel of Fig. 2 plats the percentage re-
duction in the threshald amplimdes, with respect ta the ampliludes
given hy analysis of the BiSON daia alane. Inspectian of the plot
reveals that use of twa sets has reduced the threshald amplitudes by
abaut 28 per cent an average The percentage reductian is seen ta
he frequency dependent

The percentage reduction in the threshald amplirudes is not far
fram the hest case reduction, camespanding 10 & = Q. Then, there
would be na comman hackground naise in the twa data sets. At
a particular frequency, v, the threshold amplitude in the BiSON
spectrum is given by some value, s, say. times the mean noise am-
plitude in the BiSON spectrum. At the same frequency the threshald
amplimude in the GOLF specoum is given hy the mean noise ampli-
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tude times this same value, 5,. Therefare, when a@ = O, the thresh-
ald amplitudes would both be reduced by a factor +/2, implying a
~29 per cent reduction in size,

Fig. 3 shaws visually locations in frequency where prominent
spikes. or patterns of spikes, were recorded. We also mark other fre-
quencies af interest. The plat is an echelle plat The entire range that
was searched has been split inta strips of 135 uHz. The strips have
then heen placed ane ahave anather. We chose a repeat frequency
af 135 uHz, rather than the 100-uHz slice on which searches were
perfarmed, becanse consecutive overiones of the low-{ p modes are
separated in frequency hy aboul this amount. The hlack vertical lines
mark locations of the frequencies predicted hy the Saclay seismic
model (Turck-Chi2ze et al 2001); the chaice of repeat frequency
causes the hlack lines ta be arranged in four near-vertical strips, ane
strip for each 1.

The vertical dashed red lines mark locations in frequency that are
averianes of the 11.57-pHz diurnal frequency. Artefacts may occa-
sionally be expected to show up in the frequency spectrum because
of window function (for the ground-based RiSON) or spacecraft
operatian (for the GOLF) signanires.

Locatians in frequency where spikes, or parems of spikes, were
found in the same hin, or bins, of each spectrum at levels sufficient
10 record P % | pet cent are marked by the hlack symbals in the
middle of each row. A different symbol has been used far each
test (see figure legend). We have alsa recarded prominem spikes or
pattems of spikes found hy searching either the BiSON (red symbals
at 1op of each row) ar GOLF (hlue symbals a1 bottam of each row)
specorum alane

Symbals surmounded hy a green square mark prominent spikes
or paitems of spikes that are listed in Table 1. These occurrences
all lie within +0.5 pH2 of the mode frequencies predicted by the
Saclay seismic model (Turck-Chi@ze et al. 2001). We have identified
the occurrences with particular p-mode camponents on the hasis
of their placement in frequency, and by comparisan with previous
detections. In cases where the outer components of a rotatianally
split mode appear ta have been uncavered, we have calculated the
mean of thase outer frequencies 1a give an estimate of the centrnid
frequency of the mode. Estimates of the uncertainties in frequency
were calculaled in the manner descrihed by Chaplin et al. (2002).

We find na new candidate detections. All listed candidates carre-
spond o previously claimed detections of p modes (e.g. see Toutain
et al. 1998; Bertello et al. 2000: Garcia et al. 2001; Chaplin et al.
2002). However, hy searching for caincidences in contemparaneaus
data we have reduced the threshald amplitudes required to recard
occurrences with P £ 1 per cent hy ~29 per cent, campared ta the
single-spectrum case Or, put in terms of power, the demands placed
an the S/N in pawer have been reduced by ~S8 per cent.

‘We make three additional important paints First, it is apparent
from Fig. 2 that the analysis uncavers several occurrences of P it
1 per cent that lie well away fram the predicted model fre:

It is also interesting ta note that while these occurrences da not sit
precisely an the diumnal frequencies (vertical dashed red lines), the
majarity da lie fairly clase to the diumal frequencies

Secandly, we demanded that prominent spikes, or prominent pat-
terns of spikes, had P £ 1 per cent tn menit further consideratian
as patential candidates for mades. This was in contrast 1o previous
studies in the literature (e.g. Appourchaux et al. 2000: Garcia et al
2001; Chaplin et al. 2002; Gabriel et al. 2002), which adapied a
value of P £ 10 per cent The change ta a probshility threshald
af 1 per cent was agreed recently by the Phoebus cansortium. We
note that use of a 10 per cent threshald did not result in any further
candidates heing flagged.
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y of oc uncavesed hy the test searches Locations in frequency where spikes,

or patterns of spikes, were found in the same hin, or hins. of each specoum al levels sufficient 10 record P % | per cent are marked hy the black symbals in the
middle of each pow A different symhnl has been used for each test (see figure legend). We have alsa recorded praminent spikes ar patiemns of spikes found by
searching either the RiSON (red symbols ar top of each raw) of GOLF (blue symbols a1 botlom of each rew) spectrum alone. Symbals surmounded by a green
square represeni the prominent accurrences listed in Table 1. The black venical lines mark locations of the frequencies predicied by the Saclay seismic mode!
(Turck-Chiéze et al. 2001). The venical dashed red lines mark locanions in frequency that are averiones af the [1.57- pHz diumal frequency

Table 1. Candidates found to be clocer than 0 S uHz ta predicted frequencies of modes from the
Saclay seismic mode]

i n m Frequency Probability Number of Distznce from model
(uHz) (73] tests passed in frequency (puH2)
1] ] a 972.613 + 0 002 34x 10 2 0132
i ) -1 1185196 £ 0005 19 x 10-3 ]
11 4 1185.981 £ 0005 30 x 107} 1
Mean 1185.589 & 0.004 0.027
[] ] a 1263210 + 0.007 60 x 107 k| 0314
1 ] -1 1329.236 % 0.005 0 0000 4
1 a +1 1330 037 + 0 007 17 x 1073 |
Mean 1329 637 £ 0 004 0.060
2 8 -2 1393.871 + 0.007 40 x 10°* 1 0036
[} 0 1407479 £ 0007 40 x [0°% 3 Q149
19 ~1 1472432+ 0008 38 x 107" 4
19 + 1473269 £ 0.009 3.7 x 10°% 4
Mean 1472 851 + 0.006 0.122
“Niffy with madel freq y m= -2 lies —0 8§ puH2 from ceniral
frequency
Thirdly, it is evident from Table 1 and Fig. 3 that there are gaps ber of recarded candidates consisteni with expeciations based an
in the list of candidate detections. The S/N is evidently low in estimates of the powers of the modes (e.2. from extrapolatian ta
this part of the spectrum, and destructive interfereaces with noise lawer frequencies of the ohserved powers of the high-S/N modes)?
would be expected ta hinder searches for the modes; but is the num- Even though use of contemporaneous data reduced the threshald
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amplitudes needed to flag possible detections, we found no new
modes. Is this a puzzle, or is the result expected given estimates
of the likely power of these modes? A follow-up study is be-
ing conducted, from which we hope to obtain answers to these
questions.

§ SUMMARY

We have shown how to take advantage of contemporancous data
from two different instruments in the search for low-frequency
modes of oscillation of the Sun. Use of contemporaneous data allows
searches to be made for prominent, sharp concentrations of power
which are coincident in frequency, and which are significantly above
the local background noise. Occurrences of this type are potential
candidate modes.

Crucial to determining objective measures of the joint probability
of the random occurrence of such features is a good understanding of
the characteristics of the background noise. In this paper we showed
how to make proper allowance in the calculation of the probability
for noise that is common to data from different instruments. This
common noise is solar in origin, and comes from the solar granula-
tion, The main part of the paper gave a derivation of the formula that
is needed to compute the probability, and a recipe for how to calcu-
late from the two data sets the observational parameters required as
input to the formula.

‘We demonstrated application of the technique by searching two
time-series of Sun-as-a-star Doppler velocity data for low-frequency
p modes. The data comprised 3071 d of contemporancous Sun-as-a-
star observations made by the ground-based BiSON, and the GOLF
instrument onboard the ESA/NASA SOHO spacecraft. Both data
sets were prepared for the Phoebus collaboration. Use of the two
data sets, as opposed to just one, reduced by more than 50 per cent
the S/N in power needed to flag potential mode candidates.
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APPENDIX A: DERIVATION OF EQUATION (5)

The general expression for a probability density function is

1 1 1
PX) = ———— -=XTC'x ). Al
X = G T ""‘p( 2 ) an
where z is the number of variables. Our analysis uses two amplitude

spectra that each has a real and imaginary part: so0 z =4. X is the
matrix of the variables given by

X = . (A2)

C is the coherency matrix given by the expectation values
E(x]) E(xiy) E(xix)) E(xiy2)
E(y)) E(y.x:) E

c= E(yixi)  E(y) (ylz ) E(ny2) ) A

E(x2x1) E(ny) E(x3) E(xy)

E(y2x1) E(ay) E(nx)  E())
Take the first element as an example. It is given by
E(x}) = (a® + 2aab + a®b?)

= (a?) + 2a(ab) + a?(b?)

=a?+a’ad, (A4)
since a and b have Gaussian distributions. We find the other
expectation values in a similar manner and substitute K =
all +k(] —a)+a)and J = a® + [k(1 —ar)+a]2 so that C can
be written as

1402 0 K O
0 1+a? 0 K
C=a? AS
“l x 0o J o (A3)
0 K 0 J
It is possible to show that
ICl = ofle® + etk — 1) — k}* (A6)
and
e B
T oot +alk — 1) — k]
J 0 -K ]
0o J 0 -K
(A7)

-k 0 1+a? 0
0 -XK 0 1+a?

These equations can then be substituted back into equation (A1) to
give equation (6).
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APPENDIX B: INTEGRATION OF EQUATION
(6) WITII RESPECT TO @

The modified Bessel function of the first kind is defined in intcgral
form as (Abramowitz & Stegun 1965)

1 ["
fy(z) = 1_1/ cxp{+zcosd} dg. (B1)
i}
It may also be expressed as a summation:
1 1,2\? 0,0
iz (17) i) y
h@y=1+25+ — (B2)
WS TE e
Comparison with equation (7) shows that

2
hel+ all+f(| —a)+aloo:
202{a + atk — 1) - k)?

1 (a[l +k(1 —a)+a]p,pz>"

22 \ 262(a’ + etk — 1) — kI
+ l‘ u[lj-{»—‘k(l—a)+a]p.p’3 6+___‘
39 \ 2020 +atk — N — kP
S~ 1 fall k(1 —a)+alop \T
—g(n!)l(2aj[a2+a(k—l)—-k]3) ’ ®3)

Applying this to equation (7) gives equation (8).

APPENDIX C: INTEGRATION OF EQUATION
(7) WITH RESPECT TO p, AND pg

By substituting equations (10) and (1 1) into equation (8), and letting

0 ( all + k(1 —a) + ) )2"

"t \ 20 tatk- D=k )

the nth term of the sum in equation (8) reduces to
1

x %
x / / B,,p,z""p,:"“cxp(—Alpf—-A;pg)dp, doa.
N

(C2)

cn

Pa=a =

Fori=1,2let
OO
Int, = / o exp(~ Aip}) dpi. (€3
Soforn=0
x
Ingo = / piexp( — A;p?) dp;
“
! 2
= Z—Aiexp(—A,-r,.), (Cq)
forn=1

x
Int;, =/ o} exp(=Aipl) dp:

i

= L exp(-anf) + i

24; A;
1 N H .
= —27’-”2 gxp(—A;r;) + —27‘2 exp(—A,»r;) s ©5)

and forn=2

x
I,y = / p} exp(—Aip?) dp;

= Lri‘ exp(—Air?) + 2 i

24; A;
1 N
= a'-r,‘cxp(—A;'{)
1 . ]
+ A_,‘r'z exp(—Air}) + n exp(~Air?). Cs)

In fact, more generally,

Hn-m)

| X ali .
= — _ —Air]) . (o7)
It = 54, > {n — myA7 exp(~-Air/) ©n

m=0
Substitution back into cquation (C2) for both i = 1 and 2, and
replacing B, with equation (C1), gives equation (9).

This paper has been typeset from a TEX/ASTEX file prepared by the author.
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The work on the visibility of low frequency modes, which is described in Chapters 6
of this thesis, was submitted to be published by Astronomische Nachrichten in October

2007. The paper is included here for reference.
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We make predictions of the detectability of low-frequency p modes. Estimates of the powers and damping times of these
low-frequency modes are found by extrapolating the observed powers and widths of higher-frequency modes with large
observed signal-to-noise ratios. The extrapolations predict that the low-frequency modes will have small signal-to-noise
ratios and narrow widths in a frequency-power spectrum. Monte Carlo simulations were then performed where timeseries
containing mode signals and nomally distributed Gaussian noise were produced. The mode signals were simulated to
have the powers and damping times predicted by the extrapolations. Various statistical tests were then performed on the
frequency-amplitude spectra formed from these timeseries to investigate the fraction of spectra in which the modes could
be detected. The results of these simulations were then cc d to the number of p-modes candidates observed in real
Sun-as-a-star data at low frequencies. The fraction of simulated spectra in which modes were detected decreases rapidly
as the frequency of modes decreases and so the fraction of simulations in which the low-frequency modes were detected
was very small. However, increasing the signal-to-noise (S/N) ratio of the low-frequency modes by a factor of 2 above the
extrapolated values led to significantly more detections. Therefore efforts should continue to further improve the quality

of solar data that is currently available.

1 Introduction

To date a multitude of solar acoustic (p) modes have been
observed over a wide range of frequencies. However, no in-
dependently confirmed detections of low-degree (low-1) p
modcs, with frequencies below ~ 970 zHz, have been made
(e.g. Garcia et al. 2001, Chaplin et al. 2002, Broomhall et al.
2007). As low-frequency p modes are expected to have very
long lifetimes their detection would allow their frequencies
to be measured to very high accuracies and precisions. This
is crucially important as the properties of low-{ p modes are
affected by conditions deep in the solar interior and so their
frequencies act as a probe of these regions. However, the
signal from low-frequency p modes is very weak. There-
fore, different analysis procedures have been developed in
attempts to detect these modes.

Broomhal) et al. (2007) used statistical techniques to
look for coincident prominent features in BiSON and GOLF
frequency-amplitude spectra. They found that many low-
frequency p modes remain undetected despite reducing am-
plitude detection thresholds to less than 3mms=! bin=1/2,
However, Broomhall et al. found the ! = 0, n = 6 mode
at ~ 973 uHz 10 be extremely prominent. This mode has
also been detected in other studies such as Garcia et al.
(2001) and Chaplin et al. (2002). The prominence of this
modc is conspicuous because of the lack of evidence for
higher-frequency modes such as the ! = 0, n = 7 mode
at ~ 1118 :Hz. As yet this mode has only been observed
in Sun-as-a-star data by Garcia et al. (2001). These higher-
frequency modes should be easier to obscrve as theoreti-
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cally they should exhibit larger amplitudes in the photo-
sphere, where the observations are made. It is, therefore,
of interest to investigate how prt thel=0,n=6
mode, and the modes surrounding it in frequency, should
be. This will provide an indication as to whether we should
be observing modes that we are not; or whether some effect
makes the [ = 0, n = 6 mode more prominent than the rest.

How easy low-frequency modes are to detect depends
upon their power and width in a frequency-power spectrum.
As many low-frequency modes have not yet been detected
their powers cannot be determined from solar data directly.
Here, predictions of the power in very low-frequency modes
have been made by extrapolating the power observed in well-
defined, higher-frequency modes. The height of a mede in
a frequency spectrum also depends upon the width in fre-
quency over which the power is spread. As the power in the
signal from a mode is damped over time the signal from
the mode may be spread over several bins of a frequency
spectrum. The lifetime of a mode varies with frequency and
50 it is also possible to infer from extrapolation the width a
mode at a particular frequency is expected to exhibit from
results for well-observed modes. The details of how the ex-
trapolations were made will be explained in Section 2. To
make the extrapolations we have assumed that the simple
functional relationships that turn out to describe the powers
and heights of the well-observed modcs arc still valid at low
frequencies. The validity of this assumplion was tested us-
ing predictions of the powers and widths of low-frequency
modes made by the Cambridge stochastic excitation and
damping codes (e.g. Houdek ct al. 1999). Monte Carlo sim-

@© DONO WILLY-VCH Worlsg Gmbl L& Co. KGaA, Weinheim
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ulations based on the results of the extrapolations were then
performed to investigate how often simulated modes could
be detected (Section 3). The simulations involved creating
timescries 10 mimic Sun-as-a-star data. The simulated data
contained mode signals that have the propertics predicted
by the extrapolations. Various statistical tests, which are de-
scribed in Section 4, were performed on the frequency-amp-
litude spectra that were created from the simulated lime-
series. The statistical tests followed those described in Broo-
mhall et al. (2007) and dctermined how often the simulated
modes could be detected. The results of thesc tests arc de-
tailed in Scction 5. A discussion of the results is presented
in Section 6. In this discussion we pay particular attention
to the unusval { = 0, n = G radial mode.

2 Predicting the Widths and Powers of
modes

Various properties of modes can be found by fitting frequency-

power spectra, These propertics include the width of a mode,
and therefore its damping time, and the height of a mode,
i.e. its maximum power spectral density. The product of the
height and width is proportional to the total power in the
mode. A BiSON spectrum, consisting of 3071 d of Sun-as-
a-star Doppler velocity observations, was fitted using the
methods described in Fletcher (2007). The fitting proce-
dure involved taking the Fourier transform of the timeseries
to producc a frequency-power spectrum and then fining a
Lorentzian-like model to the various mode peaks in the re-
sulting frequency-power spectrum. The observations were
made betwecen 1996 April 20 and 2004 September 15, an
epoch which spans most of solar activity cycle 23. The data
were processed in the manner described by Appourchaux et
al. (2000) and Chaplin et al. (2002). The data were the same
as the BiSON data used in Broomhall et al. (2007) except
that, instead of being rebinned to have a cadence of 120s,
the data were left with the nominal 40s cadence on which
the BiSON data are stored.

The visibility of a mode in a frequency-power spectrum
will depend on the power and lifetime of the mode. We will
now briefly discuss how these propertics affect the visibility.

2.1 How the power and width of a mode affects its
visibility

The width of a mode, A, is related to its Jifetime, 7, by

1
A= = 0]
If the Iength of a timescrics is significantly longer than the
lifetime of a mode the timeserics will extend over several
realizations of the mode and so the modal peak will be re-
solved across scveral bins in the frequency domain. How-
cver, if a mode’s lifctime is significantly longer than the

© DO WILLEY-VCH Verlag GmbH & Co. KGaA, Weinheim

length of a timeseries all of the mode’s power will be con-
tained in a single bin'.

If the width of a mode can be resolved the power of that
mode, V2, is given by

V2 = ZTAH, @
where T is the length of the timeseries and H is the maxi-
mum power spectral density per bin. When the power spec-
trum is fitted it is actually the maximum power spectral den-
sity, which corresponds to the height, H, of the Lorentzian,
that is determined. The width, A, and height, H, of the
mode can then be used to find the power of the mode. In this
paper the observed signal-to-noisc ratio of a mode refers to
the ratio of the height of the most prominent spike across
the width of the mode and the mean level of the background
around it. We define a spike as the powcer (or amplitude)
contained in one bin in a frequency-power (or amplitude)
spectrum. The height of the most prominent spike of a res-
onant peak in a frequency-power spectrum will be greater
than the height of the fitted Lorentzian. This is because of
the random nature of the excitation of the modes, which
mcans that the power will have a x? 2 degrecs of freedom
distribution about the underlying Lorentzian. Therefore, the
power in some of the bins across the width of the mode will
be greater than the height of the Lorentzian. These are the
spikes that are most likely to be detected.

Notice that it is the power, V2, that we arc going to
extrapolate and not the peak height of the mode. This is
because the height, H, of the mode is not a smooth func-
tion of frequency, as it depends on whether the power of
the mode is spread over more than one bin or whether the
mode’s power is confined to one bin only. On the other hand
the power of a mode is a smooth function of frequency and
so can be extrapolated more easily.

A well-defined mode is one with a power and a width
that are sufficiently large for the mode to be detected eas-
ily, allowing the shape of the mode in a frequency-power
spectrum to be fitted accurately. In the case of the Sun,
when fitting a set of data that spans ~ 8.5 yr, well-defined
modes have frequencies greater than ~ 1500 p:Hz. Here we
are concerned with modes at low frequencies that cannot be
observed clearly. Therefore it was necessary to extrapolate
the widths and powers of well-defined modes to obtain es-
timates of the widths and powers of low-frequency modes.
We have, therefore, assumed that simplc functional relation-
ships, which describe the variation of the paramcters with
frequency at higher frequencies. persist to lower frequen-
cies. In section 2.5 we have used predictions from a stochas-
tic excitation modcl to tcst the validity of this assumption.
The cxtrapolation can be performed in two different ways,
each of which will now be described in turn.

! The power can be split between 2 bins if the frequency of the mode
is not comumensurate with the spectrum’s frequency bins. Also the finite
length of a timeseries means that the mode will appear in a frequency-
power spectrum as a sinc squared function.

www.an-journal.org
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Fig.1 Results for method 1. Top panel: The biack crosses show
how the natural logarithm of the observed width of a mode varies
with frequency. The errors of the widths are those associated with
the fits. The red solid line shows the linear line of best fit for the
widths at frequencies between ~ 1530 uHz and ~ 2400 uHz.
The blue dashed lines indicate the errors on this linear fit. Bot-
tom panel: The black crosses show how the natural logarithm of
a mode’s power varies with frequency. The red solid line shows
the linear line of best fit for the powers at frequencies between
~ 1540 uHz and ~ 2500 p}z. The blue dashed lines indicate the
errors on this fit.

2.2 Method 1: The In-linear relationship

An approximately linear relationship is observed between
the natural logarithm of a mode’s width and its frequency
for well-observed modes with frequencies below ~ 2400 uHz
(see the top panel of Figure 1). The well-defined plateau in
the mode widths above ~ 2400 uHz (see for example Chap-
lin et al. 2005) means that the linearity does not extend 10
higher frequencies. The obscrved widths have been fitted
using data from modes with different degrees. In Sun-as-a-
star observations only low-/ modes can be clearly observed.
Here widths from [ = 0, 1 and 2 modes have been used.
The width of a mode is not independent of degree as high-l
modes have a lower inertia than low-{ modes and so high-{
modes have faster damping rates. However, the difference in
damping rates is minimal over the confined range of [ used
here,

The relationship between the natural logarithm of a mode’s
power and its frequency is also approximately linear for
well-defined modes with frequencies below ~ 2500 zHz
(see the bottom panel of Figure 1). The power of a mode
is dependent on its degree and so the values of the coeffi-
cients of the linear relationship are specific to each value of

www.an-journal.org

Table2 Predicted widths of various I = 0 modes found by ex-
trapolating both the relationship found in method 1 and the rela-
tionship found in method 2.

Frequency  Width Found Using  Wadth Found Using
(uHz) Method 1 (zHz) Method 2 (2Hz)
1407.627 0.091 +0.008 0.07 £ 0.01
1263.524 0.064 & 0.006 0.039 & 0.008
1118.15 0.044 +0.005 0.021 £+ 0.005
972.745 0.031 3 0.004 0.010 + 0.003
825.365 0.021 £ 0.003 0.0044 + 0.002

{. The bottom panel of Figure 1 shows the results for! = 0
modes only. The power is calculated from equation 2 us-
ing the width and the height of the best fit Lorentzian for
the mode. The width and height of a mode have a negative
correlation of ~ 0.95 and so the resulting error bars on the
calculated powers are small.

For both the power and the width a linear, least-squares
fit was performed to determine the gradients and the zero-
frequency intercepts. The gradients and zero-frequency in-
tercepts of these fits and the errors associated with them can
be seen in Table 1. This method of fitting the data will be
referred to as method 1.

23 Method 2: The In-In relationship

An approximately linear relationship is also observed be-
tween the natural logarithm of the width of a mode and the
natural logarithm of its frequency (sce the top panel of Fig-
ure 2). Once again the linearity is only found at frequencies
below ~ 2400 uHz. Likewise an approximately linear rela-
tionship is found when the natural logarithm of the power
of a mode is plotted against the natural logarithm of the fre-
quency of that mode (see the bottom panel of Figure 2). As
with method 1 a linear least squares fit was performed to
find the gradients and the zero-frequency intercepts for both
the width and the power. The gradients and zero-frequency
intercepts resulting from fitting the powers and widths in
this manner can be seen in Table 1. This approach to fitting
the data will be referred to as method 2.

2.4 Extrapolating method 1 and method 2 to fow
frequencies

To determine the value of the width and power of a mode at
very low frequencies the gradients and zero-frequency inter-
cepts were used to extrapolate the linear relationships from
method 1 and method 2 to lower frequencies. The widths
found using both method 1 and method 2 for I = 0 modes,
in the frequency range 800 to 1450 uHz, can be seen in Ta-
ble 2; and the powers for the same modes, also found using
both method 1 and method 2, can be seen in Table 3. Some
of these modes have not yet been observed and so we have
used the mode frequencies predicted by the Saclay Seismic
Model (Turck-Chiéze et al. 2001).

© 0000 WILEY-V(H Yerlag GrobH & Co. KGaA. Weinheim
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Table 1
each fit is also given.

Gradients and zero-frequency intercepts found by least squares fits for method | and method 2. The reduced x?2 value for

Gradient Zeto-frequency Intercept X3
Width
Method | (25+0.1) x 1077 —6.0+0.2 0.91
Method 2 (5.2 £0.2) x 10° —40+2 0.70
Power .
Method | (4.68 £0.06) x 107° —17.24+0.1 65
Method2 (9.8 0.1) x 10° —82.3+0.9 6.9

Table 3  Predicted powers of various I = 0 modes found by extrapolating the relationship found in method | and the relationship

found in method 2.

Frequency Power Found Using Power Found Using
(utlz) Method 1 (ms~?) Method 2 (ms™2)
1407.627 (2.38 £0.09) x 10> (1.32+£0.08) x 10>
1263.524  (1.21 £0.05) x 10~° (0.46 +£0.03) x 10~°
111815 (0.61 £ 0.03) x 1073 (0.14+ 0.01) x 107°
972745  (0.31£0.02) x 10~>  (0.035+0.002) x 10~°
825.365  (0.16 £0.01) x 10~%  (0.0078 + 0.0008) x 10~°

As can be seen the widths extrapolated using method 2
are consistently smaller than the widths extrapolated using
method 1. The difference between the estimated width of
a particular mode increases as the frequency of the mode
decreases. In fact the widths inferred by the two methods
do not agree to within their associated error bars at any [re-
quency. Below 1000 1Hz the widths predicted by method 1
are ~ 3 times larger than the widths predicted by method
2. Additionally method 2 consistently predicts lower pow-
ers than method 1. Again the difference between the two
cxtrapolations increases as the frequency of the mode de-
creases and at no time do the powers predicted by the two
methods agree to within their respective error bars. At the
higher frequencies the powers predicted by method 2 are
just under half the powers predicted by the method 1. How-
ever, below 1000 #Hz the powers predicted by method 1
are approximatcly a factor of 10 larger than the powers pre-
dicted by method 2. Clearly there is a significant discrep-
ancy between the powers and widths predicted by the two
methods.

Table 1 gives the reduced x2 values of the linear fits.
The lower the reduced x?2 valuc the better the fit is at repre-
senting the data. However, if the reduced x2 value is signif-
icantly less than unity either the model used to fit the data is
too complicated or the efrors on the data have been overesti-
mated. The x2 values are very similar for each method with
method 2 providing a slightly better fit for the widths but
method 1 giving a better representation of the powers. Both
methods appear to give very good fits to the width. The val-
ues of the reduced x2 determined for the linear power fits
are large because of the small error bars associated with the
obscrved powers.

Monte Carlo simulations were performed using the re-
sults of both extrapolations. These simulations will be de-
scribed in Scction 3. However, before we describe the sim-

© 0000 WILLY-VCH Verlag GmbH & Co. KGaA, Weinheim

ulations it is interesting to compare the extrapolated para-
meters with theoretical predictions that can be found using
a stochastic excitation model.

2.5 Comparing the results of the extrapolation with
solar excitation model predictions

Theoretical model mode damping and excitation rates can
be calculated using various analytical models, which de-
scribe the interaction of the convection and the oscillations.
The power of a mode, V2, is given by
P
2 = ——

T 2nAl @
where P is the energy supply rate, I is the mode inertia
and A is, as defined previously, the width of the mode in
a frequency-power spectrum. In what follows we will com-
pare the powers and linewidths that have been predicted by
one such stochastic excitation model with the linewidths
and powers that are observed in and can be extrapolated
from BiSON data. Chaplin et al. (2005) calculated model
energy supply rates and linewidths using the Cambridge sto-
chastic excitation and damping codes. Figure 3 shows that
the model widths drop off more rapidly than both the ob-
served and extrapolated widths at low frequencies. This is a
known, and as yet unresolved problem, with the modelling
of the linewidths (see for example Chaplin et al. 2005).

The top panel of Figure 4 shows a comparison between
the model, observed and extrapolated powers. As we are
interested in the frequency dependence of the power the
model powers have been scaled to ensure that the maximum
model power and the maximum observed power arc equal.
The model powers decrease Icss rapidly than the powers ob-
served in the BiSON data. Therefore the powers estimated
by both method 1 and method 2 are smaller than thc model
powers at low frequencies. Howcver, this is understandable

www.an-journal.org
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Fig.2 Results for method 2. Tap panel: The hlack crosses show
how the natural lagarithm of the ohserved width of a mode varies
with the natural logarithm of its frequency. The errors bars shown
for the widths are thase associaled with the fits. Battom panel- The
hlack crasses show how the namral loganthm of the mode power
varies with the natural loganthm of mode frequency. As in Figure
| the red salid lines in bath panels represent the linear hest fits and
the blue dashed lines represent the errors an the fits
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Fig.1 A comparisan betiween ohserved. modelled and extrapo-
lated linewidths The salid line represents the modelled linewidths,
the black crosses represent the linewidths found by fitting RiISON
data, the red diamonds shaw the widths found using extrapolation
method | and the blue triangles show the widths found using ex-
trapalation method 2.

as the model widths decrease mare rapidly than the ob-
served widths. Chaplin et al. (2005) note that the model
widths are 1oa narraw at law frequencies, which implies that
the extrapalatians perfarmed tend in the right direction

It is alsa of interest to find the model powers using the
observed widths. The battam panel Figure 4 shows that us-
ing the ohserved widths produces a far better agreement
with the pawers abserved in the BiSON data. This indicates
that the majority of the discrepancy between the abserved
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Fig.d Top panel: A comparisan between the observed. modelled
and extrapalated powers. The salid line represents the modelied
powers, the black crnsses represent the powers found by fitting
RiSON data, the red diamands show the powers found using ex-
trapalation method 1 and the blue triangles show the powers found
nsing extrapalation method 2. Rottom panel: A camparison be-
tween the ohserved, modelled and extrapolated paowers, hawever
the madel pawers have been found using the ohserved widths. The
symbols and lines have the same definitions as in the top panel
Alsa plotted are the model powers fonnd using the widths esti-
mated by extrapolation methad 1 and the model powers calculated
using the widths extrapolated using method 2.

and model powers seen in the tap panel of Figure 4 is due
ta the smaller model widths. The extrapolated pawers alsa
appear to agree bhetter with the model values calculated us-
ing the observed widths (bottam panel of Figure 4). How-
ever, it is difficult to tell which extrapalation methoad pro-
duces the best agreement with the model powers. Also plot-
ted in the battam panel of Figure 4 are the model powers
that are found when the widths estimated by bath extrapala-
tian methods are used. The agreement between the extrap-
alated powers and the model pawers is poor when method
1 is used. Hawever, the agreement hbetween the extrapolated
and model powers is betier when method 2 is used.

3 Simulating the modes

In this section we describe how we made anificial p-mode
timeseries. These timeseries were analyzed, and results on
detections of their anificial modes compared with the re-
sults of RBrvamhall et al. (2007). on real p-mode data. In
Broomhall et al. RiISON and GOLF frequency-amplirude
spectra were scarched for coincident prominent structures
that occurred at the same frequency in each spectrum. Here
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we needed to simulate pairs of timeseries, which both con-
tained the signal from a mode and normally distributed noise.
The statistical tests described in Broomhall et al. (2007)
wecre then applicd to the simulated data to determine how
often the simulated modcs could be detected.

Modes of a given frequency and lifetime (width) were
simulated by randomly exciting an oscillator that was damped
over the correct timescale. The damping time was predicted
using equation 1 and the extrapolations described in Sec-
tion 2 for linewidth. The simulations produced timeseries
that contained the signal from a simulated mode. The total
power of the simulated mode was scaled to the power pre-
dictcd by the simulations.

Two timeseries containing normally distributed random
noise were created. The signal from two sets of contempora-
ncous real Sun-as-a-star data taken by different instruments,
such as BiSON and GOLF, contains some coherent noise.
This noise is solar in origin and comes from the solar gran-
ulation. The level of coherent noise is frequency dependent
and at around 1000 1Hz the cohercncy between BiSON and
GOLF data is ~ 0.1. Thercfore 10% of the noise in the two
simulated timeseries was set so it was common to both sets
of simulated data. The timeseries containing the signal from
the simulated mode was then added to cach noise timeseries.

Solar modes are excited stochastically by turbulence in
the convection zone, which is caused by the solar granu-
lation. As the coherent noise in two sets of Sun-as-a-star
data is from the granulation it is possible that the coherent
noise found betwceen the BiSON and GOLF data is also cor-
related to the amplitude of excitation of the mode. In the
simulations the amplitude of the excitation was determincd
by a normally distributed array. For some of the simulations
the correlated noise that was added to the simulated data
was taken to be the array that determined the amplitude of
the excitation of the mode. Simulations werce also performed
when the noise that was coherent between the two simulated
sets of data was independent of the amplitude of excitatio
of the mode. :

The simulations have been performed for the { = 0
modes between ~ 800 and ~ 1450 uHz, the extrapolated
propertics of which are given in Tables 2 and 3. The time-
series were simulated to contain 2,211,120 points with a
cadence of 120s to be consistent with the sets of BiSON
and GOLF data used in Broomhall et al. (2007). The simu-
lated and BiSON timeseries cover the same length in time
(~ 8.5yrs), despite having different cadences and contain-
ing a different number of points. This means that thc power
of a mode in the simulated and observed timeseries is the
same. Furthermore, the number of frequency bins that cover
the width of a mode in the simulated frequency-power spec-
tra is the same as in the fitted BiSON spectrum, Thercfore,
the height of the mode in a simulated frequency-power spec-
trum will be the same as the height predicted by the ex-
trapolations. The leve! of noise in the simulated spectra was
scaled to mimic the mean level of noise obscrved in the Bi-

© NOOO WILLY-VCH Vertap GmbH & Co. KGaA. Weinheim

SON frequency-power spectrum in the 100 zHz surround-
ing the frequency of the mode that was simulated.

Each extrapolated power and width has an crror asso-
ciated with it. To obtain an upper limit on the fraction of
times a simulated mode could be detected Monte Carlo sim-
ulations were performed using the 1o error values of the
extrapolated widths and powers.

Once timeseries containing a mode and noise had been
created several tests were performed on the resulting frequency-
amplitude spectra to determine whether the mode could be
detected or not. For each mode 1000 pairs of timcseries
were simulated. Each pair of simulated timeseries corre-
sponds to a different realization. The number of pairs of
spectra in which a2 mode was detected was then counted.
Various statistical tests were used to detect the modes. We
will now outline each of these tests in turn.

4 Statistical Tests

The tests performed are bascd on the statistics described in
detail in Chaplin et al. (2002) and Broomhall et al. (2007).
Here we summarize the statistical tests that were used to
search the simulated spectra. The simplest test involves search-
ing for a single prominent spike that is above a given thresh-
old level in the same bin in each of the two simulated frequency-
amplitude spectra. The threshold level for detection was set
at a ] per cent chance of geiting at least one false delection
anywhere in 100 zHz. This level and frequency range were
chosen to maintain consistency with the detection methods
employed in Broomhall et al. (2007). The probability of
observing such a ‘pair of spikes’ takes proper account of
the level of common noise present in the two frequency-
amplitude spectra as this affects the probability that any
detection is due to noise. A detection was considered to
have been made if it was positioned within one linewidth
of the input frequency. The linewidths were determined by
the extrapolated values and so varied betwecn modes. As
the modes are damped it is possible to take advantage of
the width the mode may exhibit in frequency. Furthermore,
if the frequency of a mode is not commensurate with the
frequency bins of the spectrum the power of the mode may
be spread over more than one bin. The sccond test involves
searching for two prominent spikes in the same consecu-
tive frequency bins of each frequency-amplitude spectrum.
Both spikes must lie within one pcak width of the mode’s
input frequency for a detection to be counted. The third test
performed also searched for two prominent spikes but this
time the spikes did not need to be in consccutive bins. These
two spikes are known as a two-spike cluster. The bins occu-
pied by the two spikes could lie up to twice the predicted
peak width apart. However each spike had to lie lcss than
one linewidth from the mode’s input frequency for a detec-
tion to be counted. The two prominent spikes in the cluster
needed 1o be in the same bins in each frequency-amplitude
spectrum. This test was then extended to search for clus-
ters containing three, four and five prominent spikes. The
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highest and lowest frequency spikes in the cluster had ta be
separated hy less than twice the width of the mode. Further-
mare, each prominent spike in the cluster had ta be in the
same frequency bin in each frequency-amplitude spectrum.
All spikes in the clusters needed ta lie within ane linewidth
of the mode's input frequency for a detection ta be counted

The simulated spectra were searched ta determine haw
aften these statistical tests were passed for each made. The
results af these tests will now be described.

5 Results aof the Simulatians

Figure 5 shaws the fraction of the 1000 simulations that
were performed in which the mode being simulated was
detected when looking far a single spike in the same hin
in each spectrum. The results shaw that using the parame-
ters predicted by method 1 leads ta mare detections than
the parameters estimated by method 2. This is expected as
the pawers predicted by method 1 are significantly larger
than the powers predicted hy method 2. Mare detectians
are made when the naise that is coherent between the two
sets aof data is alsa carrelated to the amplitude of the exci-
tanon of the mode. This is alsa understandahle. If, for ex-
ample, at a point in time the level of solar naise is larger
than average the amplitude of the excitation of the made
will alsa be larger than average enabling it ta patentially
remain distinguishahle fram the noise. Hawever, all of the
simulatians that use the extrapalated values predict that the
number of detections at low frequencies will be small. Alsa
plotted an Figure § are the results of simulations perfarmed
using the model widths and pawers predicted hy the sto-
chashc excitation model described in Chaplin et al. (2005).
The model pawers have been found using the madel widths
rather than the ohserved widths. Clearly mare detectians are
made when the moadel parameters are used.

Figure 6 plats results from the spike tests where the co-
herent naise was carrelated 1o the mode excilation. Each
panel of Figure 6 shows three clusters of lines. The solid,
black lines in the clusters labelled sf=1 represent the re-
sults from simulations where the power and width of the

www.an-journal.arg

inpul mode were predicled hy the respective exirapolation
methods. The results show that the number of deteciions de-
creases rapidly as we move ta lower frequencies. As each of
the statistical tests are looking for prominent spikes it is the
height the mode exhibits in the frequency -amplitude/power
spectra thal determines whether or not it can be detected.
The height of a made in a frequency-power spectrum is pro-
portional to V2/A (see equation 2). The upper limit on the
number of detections is given by the case when the maxi-
mum power and minimum width is used. Using the maxi-
mum power and minimum width means that the height of
the mode, H, is, potentally, larger and so the signal-to-
noise ratio of the mode should be increased. I is therefore
understandahle that using the maximum power and min-
imum width leads 10 more detections. When the simula-
tions were performed using the maximum width the power
is spread aver a larger number of bins and so this negates the
effect on the signal-10-noise ratio of the mode of increasing
its power.

Simulabons were also performed 1o investigate the ef-
fect of increasing the ohserved signal-to-noise ratio. The
power given to each simulated mode was increased by fac-
tors of 2 (labelled sf=2 in each panel of Figure 6) and 3
(labelled sf=3 in each panel of Figure 6). This significantly
increases the number af detections made at law frequencies
The fraction of spectra in which the | = 0, n = 6 mode was
detected when the scale factor was 1 was at mast 0.05. How-
ever, the fraction of deteciions made when the scale factor
was 2 was (.60 and when Lhe scale factor was 3 the fraction
of simulated spectra in which the ] = 0, n = 6 mode was
detected was 0.98.

6 Discussion

Clearly the visibility of the modes drops off at low frequen-
cies. The most optimistic results are achieved when the ex-
trapolation is perfarmed using methad 1 and the comman
naise is carrelated 1o the amplitude of the excitation of the
mode. Clearly more detections are made when the stochas-
tic excilation model parameters are used. However, these
results can only be treated as an upper limit as we have al-
ready secn that the model underestimates the widths of the
modes. This not only leads to the power of the modes being
overestimated but also means that the height of a mode is
increased, and so a mode is more likely ta be detected.

For both extrapolation methods, irrespective of whether
the noise is comelated or uncarrelaled with the excitaton
amplitude, the fraction of detections al ~ 1000 zHz is less
than 0.1. On the assumptian that method | produces a mare
accurate prediction of the mode’s powers and widths than
method 2 the simulations imply that if the power signal-
1o-naise ratio can he increased by a facior of 2 a signif-
icanly higher proporion of modes could be delecied. It
would therefore be beneficial to continue efforts to try and
improve the quality of the data further.
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The total background continuum is a comhination of in-
strumental naise, solar noise and, for Earth-hased instru-
ments such as the RiSON netwoark, a small amount of at-
maspheric noise. If the amaspheric and instrumental noise
can be reduced this would increase the signal-to-noise rato
of a mode, making it easier 1a detect. The limiting factar to
the improvement that can he made ta the data quality is the
amount of salar naise present. Hawever, the mean power of
the RiSON data is always more than twice the pawer of so-
lar noise predicted hy the Harvey model and the character-
istic parameters for the granulation found hy Elsworth et al.
(1994). Therefore it is thearetically passible 1o significantly
reduce the level of noise in this frequency range.

Tt is passible to compare the results of these simulations
to the observed candidates found in Rroomhall et al. (2007).
According to the simulations the I = 0, n = 9 mode at
~ 1407 pHz should be detected in the vast majarity of spec-
tra and this mode is observed to be very praminent in the
BiSON and GOLF data used in Broomhall atal.. The | =0,
n = 8 mode at ~ 1263 yHz is also detected by Broomhall
et al.. The simulations indicate that the fraction of time that
this mode should be detected is at least 0.6. The I = 0,
n = 7 mode at ~ 1118 yHz and the | = 0, n = § mode at
~ 825 uHz are not detected in the BiISON and GOLF data
used in Rroombhall et al.. The fraction of simulated spectra
in which the I = 0, n = 7 mode was detected was, at mast,
0.35, while the fraction of simulations in which the ! = 0,
n = 5 mode was detected was less than 0.06. Therefore it is
reasonable 10 expect that the modes might not be detected
in the RiSON and GOLF data.

It shauld of course be noted here that all of these results
are based on the assumption that the simple relationships
for the mode powers and widths observed in well-defined
modes are still valid at low frequencies. The solar excita-
tion model suggests that this may not be an unreasonahle
assumption, although it is difficult ta determine which ex-
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trapolation method predicis the lifetimes and powers more
accurately.

The [ = 0, n = 6 made is significantly mare promi-
nent in the ohservations than the simulations. Therefare this
mode will now be considered in more detail.

6.1 Thel =0, n =6 mode

The | = 0, n = 6 mode is ahserved tn he prominent in Sun-
as-a-star data. However, some modes with higher frequen-
cies remain undetected. The mast aptimistic simulations im-
ply that the fraction of spectra in which the !l = 0, n = 6
mode should be detected is less than 0.05. In the simulations
performed here. for method 1. with naise correlated ta the
amplitude of the excitation, the average simulated signal-
to-noise ratio in amplitude was ~ 2.1. However, the ob-
served amplitude signal-to-noise ratio in the GOLF and Bi-
SON data examined in Broomhall et al. (2007) was greater
than 3.4. In fact, the fraction of simulations in which the
signal-to-noise ratio of the mode was greater than 3.4 was
0.014. Therefore the simulations poorly represent the ob-
served properties of this mode. It shauld be nated that the
amplitude signal-to-noise ratia of other modes that were de-
tected in Rroamhall et al. are well represented by the simu-
lations in this paper. For example, the | = 0, n = 9 mode
was ohserved 1o have a signal-to-naise ratio of 3.1 while the
average signal-to-noise ratio produced by the simulations
ranged from 2.9 to 3.7 depending on which extrapolation
method was used and whether the noise was correlated to
the excitation amplitude.

When the mean amplitude signal-to-noise ratio of the
simulated ! = 0, n = 6 mode was set as 3.4 the fraction of
spectra in which the mode was detected increased to ~ 0.6.
A signal-to-noise ratio of 3.4 is ~ 30 from the mean ampli-
tude signal-to-noise found in the original simulations where
extrapolation method 1 (In-linear) is used and the naise is
correlated 10 the excitation amglitude. Therefore, the sim-
ulations and the observations are not sa different that new
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physics is required to explain the observations. It is more
likely that at some point in time the mode has been ran-
domly excited to a larger amplitude because of the stochas-
tic nature of mode excitation,
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